
https://bibliotecadigital.exactas.uba.ar
https://bibliotecadigital.exactas.uba.ar
https://hdl.handle.net/20.500.12110/tesis_n6488_Lengyel
https://hdl.handle.net/20.500.12110/tesis_n6488_Lengyel
mailto:bibliotecadigital.exactas.uba.ar


U N I V E R S I D A D D E B U E N O S A I R E S
facultad de ciencias exactas y naturales

departamento de física

Oscilaciones y ruido en la expresión genética:
diálogos entre teoría y experimentos

Tesis presentada para optar al título de
Doctor de la Universidad de Buenos Aires en el área Ciencias Físicas

por I VÁ N M . L E N G Y E L

Director de Tesis: Dr. Luis G. Morelli

Consejero de Estudios: Dr. Pablo Mininni
Lugar de trabajo: Instituto de Investigación en Biomedicina de Buenos Aires,

Consejo Nacional de Investigaciones Científicas y Técnicas,
Instituto Partner de la Sociedad Max Planck

Buenos Aires , 2018

Fecha de defensa: 03/08/2018



Iván M. Lengyel: Oscilaciones y ruido en la expresión genética: diálogos entre teoría
y experimentos, 2018



Science [is] only real when shared

— Adapted from a quoate by A. Antonietti
inspired from "Into the Wild" by C. McCandless





O s c i l l a t i o n s  a n d  n o i s e  i n  g e n e
e x p r e s s i o n :  a  d i a l o g u e  b e t w e e n
t h e o r y  a n d  e x p e r i m e n t s

!"#$%!&$

The stochastic nature of biochemical reactions and fluctuations in the cellular
environment introduce variability in genetic expression and regulation as in
all processes at the cellular level. However, despite fluctuations, the cells are
able to perform complex tasks and function reliably. By means of gene regula-
tory networks, cells take decisions and generate precise patterns of temporal
and spatial activity. An example where the regulatory networks, the dynam-
ics of expression, the formation of patterns, and the control of noise converge
is the emergence of the structures that give rise to vertebrae during the em-
bryonic development of vertebrates controlled by the segmentation clock. In
this thesis we study aspects that arise from the dialogue between theory and
experiments whose common ingredients are the gene regulatory networks, os-
cillations, noise and the segmentation clock.

Cells can control protein level fluctuations through negative feedback, in
which proteins bind to specific sites in DNA and suppress their own produc-
tion. Theoretical studies usually assume the existence of a single binding site
for the repressor, while most species have multiple binding sites. In the first
part of this thesis, we study a stochastic description of a negative feedback
network with multiple sites for the repressor. We find that the increase in the
number of binding sites induces the regular expression of gene products. By
adjusting the repression threshold, we show that multiple binding sites can
also enhance noise suppression in gene expression. These results open up pos-
sible applications in synthetic biology as well as a theoretical framework for
understanding the existence of multiple binding sites in different genes.

A paradigmatic example of regulatory networks and dynamics in gene ex-
pression, pattern formation, and noise control is the segmented and repetitive
structure in vertebrates, in which the segments that give rise to vertebrae orig-
inate during embryonic development in a sequential and rhythmic manner.
The rhythm of the formation of the segments is controlled by a segmentation
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clock, based on the idea that there is a genetic network that has an oscillatory
expression and that is able to generate autonomous oscillations in the cells of
the clock. Although the evidence is consistent with the idea of a cellular clock,
due to the fluctuations and the complexity and limitations of the measurement
process as well as the quantification of this pattern of expression, it is yet not
clear whether there is a genetic network capable of generate autonomous oscil-
lations at cellular level. In the second part of this thesis we study whether in-
dividual cells are capable of producing oscillations autonomously. We analyse
time series of the concentration of the segmentation clock proteins obtained
from individual cells of a transgenic reporter in zebrafish. By analysing the
time series and using a Hopf normal form with colour noise in the amplitude
we show that single cells behave like oscillators and exhibit a heterogeneous
oscillatory dynamics.

Fluctuations limit the temporal precision of an oscillator. Temporal preci-
sion can be characterised by a quality factor, which quantifies the number of
coherent cycles. For an experimental time series, the quality factor can be deter-
mined either from the autocorrelation function or the periodogram. A feature
of experimental time series is that they have a finite duration, and particularly
in biology, oscillatory series usually have a small number of cycles. This intro-
duces major limitations for quantifying the properties of time series, such as
quantifying the accuracy of oscillations through quality factor. We show that
the quality factor value of time series depends on the method used and for
short time series there can be large discrepancies between the estimated value
and the actual value, limiting the accuracy of quantification. From a phase
oscillator with noise, and using a First Passage Time theory we find an esti-
mator for the quality factor that is based on the statistics of the periods and
that converges quickly to the real value and is robust even in short time se-
ries. We show that this estimator is robust and accurate for different models of
non-linear oscillators and even in the presence of amplitude fluctuations.

While the quality factor can be a robust precision estimator, when the pe-
riods of the oscillatory series are time correlated, this estimator fails to fully
capture the precision of the oscillations.From a phase oscillator with additive
colour noise, we generate oscillatory time series with correlated period and we
generalise the notion of quality factor by defining a generalized quality factor.
We show that this estimator correctly quantifies time accuracy in time series
whose periods are correlated in time even when time series are short.

Finally, using the proposed method to calculate the quality factor based
on the period statistics, we review the previous results and we discuss the
differences between the different methods of quantification.

To conclude, in this thesis we study complementary aspects to advance on
the understanding and quantification of gene regulation, gene expression dy-
namics, fluctuations, oscillations, and the segmentation clock using a theoreti-
cal approach.
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El carácter estocástico de las reacciones bioquímicas y las fluctuaciones del
ambiente celular introducen variabilidad en la expresión y regulación genética
como en todos los procesos a nivel celular. Sin embargo a pesar de las fluc-
tuaciones, las células son capaces de realizar tareas complejas y funcionar en
forma confiable y reproducible. A través de redes de regulación genética, las
células toman decisiones y generan patrones precisos de actividad temporal y
espacial. Un ejemplo en el que confluyen las redes de regulación, la dinámica
en la expresión, la formación de patrones, y el control del ruido es el surgi-
miento de las estructuras que dan origen a las vertebras durante el desarrollo
embrioario de los vertebrados, en el que se genera un patrón oscilatorio de
expresión genética controlado por un reloj de segmentación. En esta tesis nos
centramos en distintos aspectos que surgen del diálogo entre la teoría y los ex-
perimentos cuyos ingredientes en común son las redes de regulación genética,
las oscilaciones, el ruido y el reloj de segmentación.

Las células pueden controlar las fluctuaciones en los niveles de proteína por
medio del feedback negativo, donde las proteínas se unen a sitios en el ADN
para reprimir su propia producción. Los estudios teóricos usualmente asumen
la existencia de un único sitio de unión para el represor, mientras que en la
mayoría de las especies existen múltiples sitios de unión. En la primer parte
de esta tesis, estudiamos una descripción estocástica de una red de feedback
negativo con múltiples sitios de unión para el represor. Encontramos que el
aumento del número de sitios de unión induce la expresión regular de los
productos genéticos.. Al ajustar el umbral de la represión, mostramos que los
múltiples sitios de unión también pueden suprimir las fluctuaciones en la ex-
presión genética. Los resultados de este trabajo abren posibles aplicaciones en
la biología sintética así como un marco teórico para entender la existencia de
múltiples sitios de unión en diversos genes.
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Un ejemplo paradigmático de las redes de regulación y la dinámica en la
expresión, la formación de patrones, y control del ruido es la estructura seg-
mentada y repetitiva en los vertebrados en la que los segmentos que dan ori-
gen a las vertebras se originan durante el desarrollo embrionario de manera
secuencial y rítmica. El ritmo de formación de los segmentos es controlado por
un reloj de segmentación, basado en la idea de que existe una red genética que
tiene una expresión oscilatoria y que es capaz de generar oscilaciones autóno-
mas en las células del reloj. Si bien la evidencia es consistente con la idea de un
reloj celular, debido a las altas fluctuaciones y a la complejidad y limitaciones
del proceso de medición como a la cuantificación de dicho patrón de expre-
sión, aún no es claro que exista una red genética capaz de generar oscilaciones
a nivel autónomo. En la segunda parte de esta tesis estudiamos si las células
individuales son capaces de producir oscilaciones. Para ello estudiamos series
temporales de la concentración de las proteínas del reloj de segmentación ob-
tenidas de células individuales de un reportero transgénico en zebrafish. A
partir de la estadística de las series temporales y una forma normal de Hopf
con ruido de color en la amplitud logramos mostrar que las células individua-
les se comportan como osciladores y que exhiben una dinámica heterogénea
oscilatoria.

Las fluctuaciones limitan la precisión temporal de un oscilador. Esta preci-
sión puede ser caracterizada por el quality factor que cuantifica el número
de ciclos en los cuál la serie es coherente. En una serie temporal, esta preci-
sión puede ser determinada a partir de la función de autocorrelación o del
periodograma. Sin embargo, una característica de todas las series temporales
experimentales es que tienen una longitud finita, y en particular en biología,
las series oscilatorias suelen tener un número pequeño de ciclos. Esto introdu-
ce grandes limitaciones para cuantificar la precisión de las oscilaciones a través
del quality factor. En este trabajo mostramos que el valor del quality factor de
las series temporales depende del método usado y para series temporales cor-
tas puede haber grandes discrepancias entre el valor estimado y el valor real,
limitando la precisión de la cuantificación. A partir de un oscilador de fases
con ruido, y utilizando una teoría de First Passage Time encontramos un esti-
mador para el quality factor que se basa en la estadística de los periodos y que
converge rápidamente al valor real y es robusto inclusive en series temporales
cortas. Mostramos que este estimador es robusto y preciso para distintos mo-
delos de osciladores no lineales e inclusive en presencia de fluctuaciones de
amplitud.

Si bien el quality factor puede ser un estimador robusto de la precisión,
cuando los periodos de la serie oscilatoria se encuentran correlacionados tem-
poralmente, este estimador no logra capturar completamente la precision de
las oscilaciones. A partir de un oscilador de fase con ruido de color, generamos
series de tiempo oscilatorias con el periodo correlacionado y generalizamos la
noción de quality factor definiendo un quality factor generalizado. En el cuar-
to capítulo mostramos que este estimador logra cuantificar correctamente la
precisión temporal en series temporales cuyos periodos se encuentran correla-
cionados en el tiempo inclusive cuando las series temporales son cortas.
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Por último utilizando el método propuesto para calcular el quality factor
basado en la estadística de los periodos, revisamos los resultados previos y
discutimos las diferencias entre los distintos métodos de cuantificación.

Para concluir, en esta tesis estudiamos aspectos complementarios para avan-
zar sobre el entendimiento y la cuantificación de la regulación genética, las
fluctuaciones, las oscilaciones, y el reloj de segmentación a partir de un enfo-
que teórico.
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chapter 1

I N T R O D U C T I O N

Life is the result of stochastic interactions at the molecular level inside cells. From
the simplest to the most complex ones all living organisms are composed

by cells. Cells are the basic unit and the building blocks of living organisms
and they exhibit a variety of shapes, sizes and functions. These properties
together with the behavior and state of cells are determined by the type and
number of proteins they produce and the information needed to synthesize
these proteins encoded in the genes of DNA [1]. Cells can control the pro-
duction of proteins by means of different regulatory mechanisms and gene
regulatory networks which involve chemical and structural mechanisms and
the interaction between different molecules. By controlling the protein produc-
tion cells control their shape, state and properties at a particular time and these
features determine the function of the cell and the tissues and the organisms
they compose.

Gene expression and regulation are not a fairy tale but a complex stochastic
process, involving numerous components and reaction steps and spanning sev-
eral time and concentration scales [2, 3]. Since the number of some molecules
can be small and the process of molecular synthesis is subject to fluctuations
in the cellular environment, gene expression is a stochastic process resulting
in noisy outputs and variability across populations [3–9].

Despite this high complexity, the environmental fluctuations and the huge
span of the orders of magnitude of times and concentrations, cells manage to
perform complex tasks and organisms can achieve complex behaviors. Among
the vast number of examples of genetic regulation we can range from single
cell organisms such as prokaryotes to more complex ones such as mammals.
Just to enumerate some examples, in e. coli, cells change the regulation and
the type of proteins they produce when the source of food changes [10]. The
common red frog can change of sex from female to male when there is low
abundant males in the population [11]. Development is maybe one of the most
interesting/intriguing examples; one unique cell gives rise to the whole reper-
toire of cells that compose different type of tissues and organs that conform
living organism. All the cells within the organism have the same DNA, but
the cells properties are not characterized by the genetic material they contain
but by the genes they express in the differentiating process. This differentiat-
ing process is not random, but is precisely controlled to determine the type of
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2 introduction

cell that appears at a particular position at a particular time during develop-
ment [12].

An example of development is the appearance of the vertebrate column
in vertebrates, whose origin is determined by the oscillatory expression of
a group of proteins during development [13]. All these features and character-
istics in the different organisms are encoded in the DNA, and are controlled
and triggered by gene regulatory mechanisms in the presence of molecular
fluctuations.

By combining complex experiments and theory, nowadays we are able to
quantify and understand some of the origins and consequences of noise in
gene expression [14]. Genetic engineering and synthetic biology provide a
lot of tools to visualize and evidence the the dynamics of gene expression [3,
15, 16]. Using transgenes and genetic engineering it is possible to observe in
real time the dynamics of gene expression [17]. Since most of the processes
are highly complex involving the stochastic interaction of different molecules
at different timescales in a fluctuating environment, non-linear dynamics and
statistical physics provide tools and theory to tackle these kind of problems
together with experimental analysis [18–23].

1.1 gene regulation and regulatory networks

Gene expression is the process in which the information contained in genes
is used to synthesize functional gene products [1]. In most cases these gene
products are proteins but also there are non-protein coding genes that produce
functional RNA. The number of protein coding genes varies along species in
7 order of magnitudes (101-107) [24, 25]. Despite the enormous number of
coding genes, there are mechanisms that control which genes are expressed
and when they are expressed.

In multicellular organisms all the cells contain the same genetic informa-
tion but the shape and characteristics among different cells of different tissues
and organs can differ dramatically due to regulatory gene mechanisms and the
proteins they express [1]. Constitutive and housekeeping genes are expressed con-
tinually and are required to maintain basic cellular function [1]. Contrary to
constitutive genes, the expression of inducible and facilitative genes is regulated
either when needed or responding to environmental changes or a particular
time. These last genes include a variety of different examples: developmen-
tal genes that are expressed in a particular time in a particular region during
development [12] such as the homebox genes which establish the body axes
or the her family responsible of segmenting the tissue that gives rise to spine
column [13, 26], genes that are expressed in a particular phase of the cell cy-
cle [12, 27, 28], and genes whose expression depends on the availability of a
substrate, such as the lac genes [1, 10].

Since inducible and facilitative genes are not expressed all the time, there
are several mechanisms by which the cells can control the expression of par-
ticular genes such as DNA modifications and transcription regulation. In DNA
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Figure 1.1: Gene regulatory networks motifs examples. Sketch of some of the basic mo-
tifs that gene regulatory networks can use. We also include an example
of an hometic gene regulatory network in which one transcription factor
targets multiple genes and an example of a repressilator which generates
an oscillatory expression pattern [15, 26, 29].

modifications we have structural modifications such as chromatin restructura-
tion in which the density and exposure of DNA regions is modified and chem-
ical modifications such as methylation. In transctiptional regulation cells control
the amount and when RNA is synthesized

Genes have a particular region of DNA called promoter in which transcrip- promoter

tion factors and the RNA polymerase binds. Promoters also contain special
sites for particular transcription factors that can either increase or decrease the
binding rate of RNA polymerase. Activators boost the interaction of the RNA
polymerase and a particular enhancing the expression of a gene. Contrary,
repressors bind to promoters impeding the binding of the RNA polymerase or repressor

blocking the progress of the polymerase. Thus, repressors impact negatively
on the amount of protein that is synthesized. Negative autoregulation is a
common component of regulatory networks in which a transcription factor
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binds a specific site in the DNA and prevents its own synthesis [14]. In E. coli,
about 40% of transcription factors are negatively autoregulated [14, 30].

The architecture of a promoter is given by the particular sequence of DNA
that composes it. These different combination of sequences determine which
molecules molecules can bind to it and their affinity. In particular promoters
can have binding sites to both, activators and repressors. Some of them can
have binding sites to multiple transcription factors, and some can have more
than one site for a single transcription factor. Multiple binding sites have
been observed in E.coli, eukaryotes, invertebrates, vertebrates and humans [31–
34]. This suggests that multiple binding sites for transcription factors may
play an important role in gene regulation [34, 35]. With the exception of the
constitutive genes, the architecture of a promoter determines when and where
this gene is to be synthesized.

Cells and organisms use transcriptional regulation to create complex net-
works of gene regulation [14]. These genes code for transcription factors that
can regulate themselves or target other genes either by repressing or activat-
ing the expression, and these target genes also can have regulatory functions.
Using this principle cells can create a variety of network motifs [19, 36–39],
Fig. 1.1.

Gene regulatory networks play a key role in morphogenesis and differenti-
ation during development. In particular in development the gene regulatory
networks and the transcription factors regulate the transition of a cell from
one type to a more specialized one in the process of differentiation [40]. This
process is regulated by gene regulatory networks among other mechanisms.
In morphgenesis cells differentiate into different cells types giving rise to the
different structures that will form the body. Changes in the transcription factor
homeotic genes that regulate differentiation and morphogenesis usually gen-
erate big changes in the phenotype of the adults or even premature death [26,
29, 41–43].

1.2 noise and fluctuations in gene expression

Many processes in nature are stochastic, however this stochasticity often can
be neglected in the macroscopic world because of the law of large numbers.
This approach is valid for systems at equilibrium where the central theorem
apply. However when the system is driven out of equilibrium the central limit
theorem does not apply and even the macroscopic systems can exhibit large
fluctuations [44]. Life is out of equilibrium, thus it is not surprising that noise
plays a key role as is present in many biological processes [4–6, 18, 45], and
gene expression is no exception.

The process of gene regulation and gene expression is not a static and de-
terministic picture but is the result dynamic and stochastic processes. Exper-
iments show cell-to-cell variability in expression patterns even when experi-
mental conditions are equivalent for all the cells and variability within a cell
in time [3, 6, 18, 46–49]. As a result of these dynamic and stochastic processes,
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Figure 1.2: Noise in gene expression. Concentration of protein as a function of time
in different expression patterns. (a) Extrinsic fluctuations generate global
changes that affect all the cells in the same way. (b) Intrinsic fluctuations
are due to the stochastic nature of gene expression. (c) Bursts of gene
activity in which a big number of proteins are synthesis is short periods of
time. (d) Low fluctuations.

the result of gene expression is noisy. By noise we refer to the variation in time noise

or across populations in gene expression patterns within supposed identical
conditions.

The origin of noise can be divided in two components, intrinsic and extrinsic
noise. Global changes in the cell state or in the availability of a resource rep-
resent sources of extrinsic noise [3], Fig. 1.2(a). Between these we find physical
changes such as the temperature of the medium in which cells are, or changes
within the cell such as fluctuations in organelle number of distribution such as
the availability of polymerases or the mitochondria. However extrinsic noise
is not the only source of fluctuations. Even when the number of molecules
and the conditions are the same in a population of cells or across time within
a cell, the rate of expression of a particular gene would still vary because of
the stochastic and random microscopic fluctuations that govern the reactions,
Fig. 1.2(b). This source of noise is know as intrinsic noise and include the
stochastic binding an undinding of transcription factors and polymerases, the
elongation rate of the polymerase and transcription by the ribosomes among
others [4, 5, 50–53]. Since this noise is usually related to thermal fluctuations
and stochastic rates it is usually high frequency.

Cells have to maintain homeostasis in order to function properly and this in-
cludes the regulation of noise levels between certain bounds. Rapid responses
to changes in environment also require precise, noise-free response. For exam-
ple during development, expression patterns are requiered to be precise and
robust in time and space to correctly generate the different structures of the
organisms in the correct position [54].

Cells can control the noise in gene expression using switches, negative feed-
back and regulatory networks among other mechanisms. However lots of
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these strategies that reduce the variability of expression patterns are extremely
expensive in terms of energy that cells need to spend [55]. Therefore the
cells have to achieve a balance between cost and noise level sufficient order to
achieve a function. Typical experimental expression patterns show variability
in the concentration of proteins across populations, bursts of gene expression,
and fluctuations in time [3, 46, 47, 56], Fig. 1.2(c).

It is clear how noise can interfere with precise programs and mechanisms,
however it is not clear, and it is even counter-intuitive how noise can improve
cell regulation and generate benefits for organisms. There is evidence that
gene expression noise is not simply an unavoidable evil of the gene expres-
sion process, but is used by cells and organisms to achieve functions. Among
the physiological roles for the gene expression noise is the driving force that
generate phenotypic heterogenity in microbioal populations [5]. The bacte-
ria which generate the largest phenotypic variability to antibiotic resistante
is the best able to survive [57, 58]. Interesting the heterogenety of the pop-
ulation is related to the regulation of the gene. Also the effect of noise can
generate multi-stability and stochastic state switching [5, 9, 59]. This behavior
can be advantageous in unpredictable environments, and to stress, cancer and
pathogenicity response and is optimal when is tuned to the typical timescale
for environmental fluctuations. Also at the longest timescales, noise may fa-
cilitate evolutionary transitions [9]. Additionally, in differentiation noise can
bring benefits to create a repertoire of about 1500 olfactory neurons types; the
stochastic nature of gene expression may create a functional sense of smell [6].

Despite these examples where organisms and cells exploit noise and stochas-
ticity, noise is often an obstacle that we have to deal with in order to perform
functions in a robust manner. On top of this noise control has a related cost.
Thus there is a fine tuning in organisms to maintain the noise in functional lev-
els, without expending lots of resources, and allowing in some cases the use of
it for their benefit. Gene regulatory networks are one of the main mechanisms
of control and tunning of noise in organisms.

1.3 biological oscillations

Oscillations and periodic phenomena are ubiquitous in nature and span sev-
eral orders of magnitude in time and space. We can range from very fast
oscillations of the most precise optical atomic time keepers [60, 61] to geologi-
cal and astronomical cyclic phenomena. In Biology, oscillations and periodicity
appear in many contexts and at different scales ranging from molecules to cels
to whole populations of multicellular organisms [62, 63] and the period spans
in orders of magnitude from minutes to years. By oscillations we refer to aoscillations

rhythmic process behaviour which can be predicable over a period of time.
At the level of single cells, biochemical networks can produce cyclic varia-

tions in protein concentrations [19, 63], the p53 response to DNA damage [64],
segmentation clock cells [65] and synthetic genetic oscillators [15, 16, 66]. Sin-
gle cells can also produce cyclic electric activity like the rhythmic firing of



1.3 biological oscillations 7

neurons [67] and hair cells that transduce mechanical vibrations into electrical
signals in the ear [68]. Cell aggregates can display collective oscillations such
as the polymerizing and depolymerizing of actin filaments in Dictyostelium dis-
coideum [69]. Oscillations can also be observed at a multicellular level in tissues,
like in the segmentation clock [13, 70], the suprachiasmatic nucleus [71], in the
beating of the heart and in brain waves [72]. At the population level rhythms
and oscillations may appear as the collective flashing of fireflies, migration pat-
terns and epidemic outbreaks. Organisms can display slower rhythms such as
in the circannual cycles and supra-annual blossoming cycles in plants [73, 74].

Biological rhythms often have a functional role, which implies that it is im-
portant to keep the period of oscillation stable. Among these functions, and
given the properties of rhythm and predictability, biological oscillators can
serve as clocks. Maybe one of the most prominent examples of a biological
clock is circadian clocks [75, 76]. In mammals, the circadian clock is a bio-
chemical oscillator which is contained within the suprachiasmatic nucleus in
the hypothalamus. In this system a self regulatory mechanism leads to oscil-
lations in the celullar concentration of specific proteins that have a period of
24 hours. In most living organisms these clocks exist and are synchronized
with the day-night cycle. This clock makes it possible for the organism to
anticipate daily environmental changes and adjust its biology and behavior
accordingly. Besides the circadian clock, biological clocks have also functions
during development of organisms. For example the vertebrate segmentation
clock generates an oscillatory expression of specific proteins that determine de
position and sizes of the vertebrae bones in vertebrates [77]. Depending on the
species the circadian clock can vary from a period from 30 minutes in zebrafish
to 6 hours in humans [78]. The segmentation clock oscillator plays a central
role in this thesis and we will return to it later. Thus, oscillations occur in a
range of time scales and many contexts and control important aspects of cell
and organisms physiology. We will refer to the mentioned oscillations as bio-
chemical oscillations which consist in the periodic variation in the concentration biochemical

oscillationsof some gene products.
Biochemical oscillations as result of nonlinear interaction between elements

that are subject to fluctuations. Experimental data may provide insight about
the molecules involved in the reactions and about the interactions among these,
however is not enough to fully understand the mechanisms and principles be-
hind the oscillatory process. Since interactions are nonlinear, the system is
more complex than the sum of its parts, and bifurcations and other complex
behaviours product of this non-linearities may not be possible to capture from
a data/observation driven analysis. Additionally, features such as the period
of the oscillations may not be possible to obtain from the interactions without
a theoretical framework. Further more, the presence of noise may obscure the
interpretation of the observations. Thus, a theoretical and quantitative math-
ematical framework is necessary to fully understand the mechanisms which
drive the oscillatory process, the particular underlying biological processes
and the observables dynamic quantities of the system. Without the need to
enter into particular theoretical mechanisms, there are certain rules of thumb
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that the biological oscillators must satisfy in order to produce and sustain os-
cillations.

1.3.1 A theoretical approach to biological oscillations

requirements for

biochemical

oscillators

Not any biochemical network can generate and sustain oscillations, there are
some basic requirements on its properties that the network must satisfy. Tyson
and Novak [19] review the requirements a biochemical network must meet to
generate oscillations. First, negative feedback is necessary to carry a reaction
network back to the starting point of it’s oscillation. Second, the negative feed-
back has to be sufficiently delayed in time so the chemical reactions do not
settle on a stable steady state. Third, the kinetic rate laws of the reactions must
be sufficiently nonlinear in order to destabilize the steady state. Fourth, the re-
actions between the different compounds involved must occur in appropriate
timescales that permit the netwrok to generate oscillations.

Biochemical oscillations occur in a range of time scales and contexts, and
they control important aspects of cell and organisms physiology. As every re-
action in living cells, oscillations result from interactions which are no excep-
tion to stochasticity and mollecular noise giving rise to oscillatory expression
patterns which usually have variability, fluctuations and noise. Since many of
this oscillatory patterns have a specific functions, cells have mechanisms that
produce robust oscillatory patterns that are enough to satisfy its function. For
exmaple in the presence of noise, motifs such as the coupling negative and
positive feedback may reduce the fluctuations and increase the robustness of
the oscillations [79].

In the presence of noise, deterministic systems that don’t produce oscilla-
tions can oscillate or produce a perodic behaviour [80], such as the noise
induced oscillators in the circadian pacemaker [81]. Noise makes the inter-
pretation of experimental oscillatory signals more complex, and for example
noise induced or noise perturbed oscillations can generate similar patterns al-
though the origin of these signal is very different. Thus, in most of the cases,
a theoretical and quantitative mathematical framework it is essential to fully
understand the mechanism which drives the oscillatory process and the bio-
logical implications.

1.4 development, somitogenesis and the segmen-
tation clock

So far, in the previous sections we introduced the concepts of gene regulation,
noise in gene expression and biochemical oscillations. A prominent example of
a process which have all these concepts is the embryonic development. During
embryonic development a precisely organised adult organism is created from
a single cell. Development is a dynamic process in which the tissues of a
developing embryo simultaneously move, structure, develop and differentiate
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according to an exchange of information between the cells that constitute it.
The recipe and orders needed to carry out this whole process in an orderly,
sequential and precise way are encoded in the DNA. By means of genetic
regulation mechanisms, different sets and networks of genes are activated and
repressed creating complex and dynamic expression patterns that generate the
different cells, tissues, structures that will make up the adult organs.

We have already mentioned that cells and biological process are out of equi-
librium and are subject to fluctuations and stochasticity. Development is no
exception to this rule, thus organisms have mechanisms to generate order and
robust outputs in this stochastic and fluctuating environment during develop-
ment. Mutations in developmental genes generate big changes in the pheno-
type and sometimes even lead to interruption or premature death. Because of
the high sensitivity of development process to changes and the need to gen-
erate robust output during the development, the genetic regulatory networks
that control development are particularly relevant as mechanisms of control.
In this great repertoire of structural and organizational changes and mecha-
nisms of control, oscillations and clocks are also present.

A very interesting example of organization and differentiation during the
development is the origin and emergence of the vertebrate column. The verte-
brate column is composed of many repetitive segments ordered along the ante-
rior posterior axis of the body. Although the number of segments is precisely
defined within a species, it varies widely from one species to another [78].
However the process which generates the origin of these segments seems to
be conserved across many species and it is called somitogenesis [78]. During somitogenesis

somitogenesis pairs of packed tissue, the somites, are formed along the ante-
rior posterior axis of the body in a rhythmic and sequential way [86], Fig. 1.3.
The somites, after several differentiating process, give rise to vertebrae, ribs somites

and skeletal muscle in the fully developed body. Because a rhythmic process
generates a pattern, somitogenesis has become a paradigm in the field of de-
velopmental biology.

1.4.1 The clock and wavefront model

The rhythmicity and regularity of somitogensis suggest that a biological oscil-
lator plays a role in this process. Based on the observation of the rhythm and
sequential nature of the somitogenesis, in 1976 Cooke and Zeeman proposed
a ’clock and wavefront model’ to explain the process of somitogenesis [87].
They were led to this clock and wavefront model in an attempt to explain the
remarkable consistency of somite number within a species, despite substan-
tial variation in embryo sizes at the onset of somitogenesis [78, 88]. Without
dealing with the biochemical details, they proposed the existence of a clock,
the segmentation clock, which generates coherent oscillations at the tissue level, segmentation

clockthat sets the tempo or rhythm of the process. This clock is located in the un-
segmented part of the tissue, the pre-somitic mesoderm, and moves within the pre-somitic

mesodrem (PSM)body as long as it grows, Figs. 1.3 and 1.4. The phase of this temporal oscil-
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Figure 1.3: Zebrafish development and somitogenesis. (a) Zebrafish (Danio rerio) egg, sin-
gle cell [82]. (b) Zebrafish adult [83] (c) Zebrafish skeletal stains [84] (d)
Lateral view of zebrafish embryo during somitogenesis. Snapshot were
extracted from a video from [85]. (e) Lateral and dorsal view of a ze-
brafish embryo during somitogenesis. Snapshot were extracted from a
video from [85].

lation is frozen by a wavefront which travels along the tissue. As long as the
wavefront travels along the tissue fixes and translates the temporal phase of
the oscillation leaving behind different states of the phase oscillator over time
in a fixed period pattern in space. Subsequently this space pattern is read by
a biochemical process which triggers cell fate decision which determines the
reorganization of the tissue and the physical boundaries of the segments [89].
In this model, the size S of the formed segments is determined by the period
of the clock T and the speed of the wavefront v,

S = vT . (1.1)

The segmentation process is carried out over a fixed period of time d and
regardless of how the segmentation is terminated, together with the period
determines the number of segments n,

n = d/T . (1.2)
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Figure 1.4: Clock and wavefront model. [87] A biological clock located at the unseg-
mented tissue controls the somite formation. As long as the embryo grows
a wavefront moves at speed v freezing the state of the clock and leaving
behind the profile of the oscillations of the clock. A somite is formed ev-
erytime the clock makes a cycle with period T, and its size S is given by
the period and the wavefront S = vT.

A short period generates many long segments, while a long period generates
a few short segments. Since the number and size of the segments is fixed in
a given organism, the period and the wavefront speed have to be correctly set
so to give the correct output.

Despite giving a mechanistic description of the formation process, Cooke
and Zeeman did not specify the biochemical foundations nor the molecular
components of the processes involved of the clock. However, since they pro-
posed the model, many experiments were carried out that helped to under-
stand the molecular basis of the mechanism. Nowadays we know that there
is a gene expression oscillatory pattern at the tissue level which travels along
the the unsegmented tissue and arrests at some point in space leaving behind
the formed segments [90]. This pattern of expression can be understood at the
molecular level, but for complete description of the process it is necessary to
describe the processes involved that are found at different levels of organiza-
tion. One way to represent the mechanism by means of experimental results
and a conceptual framework that highlights different levels of organization is
through the three-tier model [13].

1.4.2 The segmentation clock and the three-tier model.

The three-tier model provides a framework in which different levels of orga-
nization and scales of the segmentation lock can be organized. At the most
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fundamental tier are the oscillations at the cellular level. The idea at this level
is that the pacemaker of tissue oscillations is coded at the cellular level. There
are different ways to produce oscillations at the population level; for example
that each individual cell is an autonomous oscillator and they synchronize to
produce synchronized oscillations at the tissue level, or alternatively oscilla-
tion can be the outcome of a population level coupling of non oscillatory cells.
Although there was no direct observation of single cell oscillations, there is
significant evidence to support the idea that each individual cell of the seg-
mentation clock is an autonomous oscillator.

In chick and mouse experiments are consistent with the idea that individ-
ual cells are able to produce genetic autonomous oscillations [91]. Individual
PSM cells with with a fluorescent reporter showed an oscillatory like expres-
sion pattern with variability in the amplitude and period. The noise in these
individual cells also appears much higher than in the tissue-level [85, 92]. Al-
though the data in this experiments is not conclusive, further experiments
suggest that the candidates genes for this single cell pace-making circuit are
the Hes/Her transciptional repressors family. These genes are transcription
factors that can repress its own expression via negative feedback,thus they can
produce an oscillatory gene expression. Mutation or knockdown in some of
these genes leads to change in the period of the oscillations, defective somite
formation or to the disruption of cyclic expression, indicating that they are
an essential part of the pace-making circuit [84, 93–97]. Theoretical models
that assume that Her/Hes proteins autoregulate themselves via negative feed-
back and generate an oscillatory expression pattern at the single cell level are
capable of producing autonomous oscillations reproduce some of these phe-
notypes [97–100]. Although the evidence seems to indicate that the cells are
capable of producing autonomous oscillations, due to the lack of direct obser-
vation it is still an open question. In this thesis we address this question and
we analyse whether single cells are able to produce autonomous oscillations.

The middle tier is the local synchronization of oscillatory cells. This level
has the idea that in order to achieve a coordinated oscillation of autonomous
oscillators at the tissue level it is necessary to have some local synchroniza-
tion mechanism. In this way the autonomous cells see their neighbours to
exchange information and accelerate or slow down to achieve coordination be-
tween them. Depending on the stage and species, the forming somites may
vary from 10 to 100 cells. On top of these, the output of each individual cell
of the population is a noisy oscillation. Thus the synchronization mechanisms
have to be robust and generate a more precise timing at the population level.

The synchronization mechanisms between cells is the Delta-Notch pathway.
The Delta-Notch signalling pathway is a well-studied local cell to cell commu-
nication mechanisms, and DeltaC which is part of this pathway is an oscil-
lating gene in the PSM [101]. Mutations in the Delta-Notch signaling com-
ponents cause posterior segmentation defects [101, 102]. Additionally, exper-
iments in which an inhibitor of Delta-Notch is added to the PSM, gradually
loss the coherence once the inhibitor is added, generating a wrong patterning
of somites [102]. However once that this inhibitor is washed the cells syn-
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Figure 1.5: The three tier model of the segmentation clock [13]. Bottom tier, each cell of
the segmentation clock is an autonomous oscillator driven by a delayed
negative feedback loop. Each cells behaves as a clock or a peacemaker
coded ate the cellular level. Middle tier, by means of the Delta-Notch
pathway, local cells can interact and synchronise locally. This generates a
locally population of coordinated oscillators. Upper tier, gradients across
the tissue controls the oscillations slow down and arrest the oscillations of
the single cells. This generates a phase profile across the tissue and sets
the position of the wavefront.

chronize and produce well formed somites again. In zebrafish, Her genes are
target of Notch, and Delta overexpression alters Her expression [103], and gain
or loss of functions of Her genes perturbs Delta expression [95, 96, 104]. Thus
the Delta-Notch is intimately related with the pace-marker core circuit. From
the theoretical point of view, it is known that the coupling of noisy systems
can lead to synchronization [105]. Theoretical models which relate the core cir-
cuit and the Delta-Notch pathway though a positive and a negative feedback
correctly describe experimental phase shifts due to Notch signaling [103].

Finally the upper tier is the idea of how cell oscillations are arrested. This
level is related with how cells determine where to stop their oscillations and
leave behind a space oscillatory pattern. This tier is of fundamental importance
to determine velocity of the wavefront in the clock and wavefront model, and
thus the size of the formed somites. The arrest of the oscillations is one of the
most drastical changes in the behavior of the segmentation clock cells, since it
is the moment in which oscillators stop their cyclic behavior.

The stopping process is related to morphogens; Wnt, FGF and RA, have
gradients along the PSM and transient changes in them change the size of the
somites [106–110]. These morphgenes change the autonomous frequency of
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the oscillators and together with a Doppler effect [111, 112] sets a frequency
profile along the PSM and the position where they will stop. Current models
propose that as the cells move from the back to the front of the tissue the
concentration of FGF decreases [113]. There is a particular threshold given by
FGF, RA and Wnt which determines where the oscillator is arrested and the
segmental pattern is determined.

Thus, through the three tier model we can explain how autonomous oscilla-
tors can be coupled locally to generate an oscillatory pattern at the tissue level.
Through molecular gradients the oscillations are stopped leaving behind an
orderly pattern of formed segments. This set of processes is consistent with
the ideas of cooke and zeeman about a ’clock and wavefront’ model in somito-
genesis.

1.5 theoretical descriptions in biology

The behaviour of biological systems in general cannot be reduced to the el-
ementary properties of their individual components, and the whole is more
than the sum of its parts [114]. Explanatory and predictive mathematical mod-
els become very useful to fully understand the cellular functions and interac-
tions. Nonlinear dynamics and stochastic models can account for this type
of complex interactions which hinders the mechanisms and properties of the
system and add a layer of complexity to the interpretation of experiments.

Cells are dynamic systems, and to fill the gap between molecular interac-
tions and physiological consequences mathematical tools are needed [115]. A
network of interacting genes and proteins is a system evolving in space and
time, according to fundamental laws of reaction, diffusion and transport. The-
oretical models are able to account for these interactions; bifurcation analysis is
a powerfull tool for deducing qualitative dynamic features in complex reaction
networks which has led to predictions of excitation thresholds, timelags, check-
points, delays, oscillations which have been confirmed experimentally [115].

For example in developmental biology, the tissues of a developing embryo
simultaneously move, differentiate and pattern according to an exchange of
information between their constituent cells. To describe an evolutionary phe-
notype, we need information on how its properties and mechanisms vary over
time. Theoretical and quantitative mathematical frameworks allows hypothe-
sis to be formulated and tested. With new techniques of live imaging, quanti-
tative and dynamic spatiotemporal information with high resolution becomes
available and allows an iterative dialogue between theory and experiments to
understand the complexity of the developing embryo [54]. Thus, quantifica-
tion is not an option but must be taken into account in developmental biology.

In synthetic biology, in which different gene regulatory networks are engi-
neered by assembling the properties of other molecules and networks, theoret-
ical models are essential. Recent developments show that hybrid approaches
will become essential for further progress in synthetic biology and in the de-
velopment of synthetic organisms [114].
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We already mentioned that cells are out of equilibrium, that biochemical
reactions are inherently stochastic, and sometimes the number of interacting
molecules is low. This noise usually hinders the interpretation of the underly-
ing processes and mechanisms, for example such as in excitable systems. Thus,
in some cases fluctuations and stochastic effects are not negligible and have to
be taken into account to give a proper theoretical framework of the system.
Stochastic models such as chemical master equations, can account for these
effects and the fluctuations emerge naturally due to the probabilistic modeling
of the reactions of the components involved. Stochastic differential equations
can also account for the effects of fluctuations on the formalism of differen-
tial equations and also using tools from nonlinear dynamics and bifurcation
theory.

Taken all together, the new availability of live imaging experiments, the
underlying stochastic nature of biochemical reactions and the nonlinear inter-
actions between the different parts of biological systems highlight the need
of a dialogue between theory and experiments in order to describe different
biological systems.

1.6 closing remarks

To brief, so far we have introduced concepts about gene expression, noise, bio-
chemical oscillations and developmental biology. The main keys about these
topics that we will focus in this thesis are, (i) gene expression is an inherently
noisy process, (ii) gene regulatory networks and the promoter architecture
determines the output of the gene, (iii) among the outputs we can have dy-
namic outputs such as oscillations, (iv) in development noise, gene regulation
and dynamic patterns such as oscillations are involved, (v) it is challenging to
quantify dynamic patterns with noise in experimental time series, (iv) Biology
introduces new sources of theoretical challenges.

These ideas motivated the work of this thesis and we approach them from a
theoretical point of view. When it comes to theorize, we try to do it in a way
that is closely related to the motivations and feasibility of the conclusions and
hypotheses from the point of view of Biology. This modus operandi generates
a dynamic dialogue between theory and experiments and together with the
topics studied gave the name to this thesis1.

Some of the results in this thesis are motivated by experimental observations.
Based on these observations we develop theories that make quantitative pre-
dictions and can be testable experimentally. Some other results and part of this
thesis is to give a theoretical framework to biological observations. By doing
this we formalize the observations which allows us to analyse and interpret
the mechanisms behind these observations and gain a better understanding of
the biological system. Finally, biological systems are source of new challenges.
When it comes about analysing experimental time series the quality of the data,

1 The title of this thesis in English is "Oscillations and noise in gene expression: a dialogue between
theory and experiments"
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noise, sampling frequency, length of the time series, among other constrains,
impose limits on the observations, the statistics and the information that we
can obtain from them. Some of the biological observations require us to de-
velop new theory and methods in order to analyse the experimental data and
quantify it properly. Additionally, from the theoretical point of view, biology
is a source of new challenges that require the development of new tools and
theories. In this thesis, we perform these tasks by using nonlinear dynamics,
differential equations, stochastic processes, statistical physics, probability and
statistics.

1.7 outline of this thesis .

In this section we will briefly review the contents of the rest of the thesis.
In Chapter 2 we start with the most basic and fundamental part of this thesis

that is the mechanism of gene regulation and how changes in the regulatory
architecture generate changes in the gene expression dynamics. Based on the
observation that promoters have multiple binding sites for regulators, we use a
stochastic description to study the effects of multiple binding sites in a negative
feedback loop. We study the effects in the context of noise suppression and
regular bursting. In particular we analyse the effects of adding binding sites
for the transcription factor and the how the dynamics of protein production
varies when the repression threshold varies. This chapter highlight possible
roles for the presence of multiple binding sites in gene in the context of gene
regulatory networks.

In Chapter 3 we move on to the segmentation clock and the question of
whether single cell oscillations are autonomous. Based on the observations
and statistics of the single cells of a transgenic zebrafish reporter line for the
cyclic transcription factor Her1 we construct a generic theory for the individual
cells to address weather single cells can sustain autonomous oscillations. First
we analyse time traces from individual cells of a transgenic reporter line for
the cyclic transcription factor Her1. Then, we propose a theoretical description
using a Stuart-Landau normal form together with correlated noise, to address
the autonomy of cell oscillations. In this chapter we try to close the discus-
sion on whether the individual cells of the segmentation clock are capable of
producing autonomous oscillations.

We then continue with a more methodological approach and in Chapter 4

we generate a theory to quantify the precision of noisy oscillations. The tem-
poral precision of an oscillator is limited by amplitude and phase fluctuations.
Temporal precision of an oscillatory time series can be quantified by a quality
factor, and current methods obtain it from the autocorrelation function or the
periodogram. Observations of oscillatory time series span finite time windows,
with a finite number of cycles observed. In this chapter first we show that the
value of the quality factor depends on which method is used and the number
of cycles observed. To circumvent this issue we propose an alternative method
based on the period statistics of the time series to compute a quality factor.
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In Chapter 5 we extend the notion of quality factor to oscillators with an
extra timescale given by a characteristic time in the noise. This oscillations
exhibit period correlations and the quality factor fails to fully quantify the
precision of these oscillatory time series. Thus we proposed a generalized
quality factor with is able to capture and quantify the precision at different
timescales. In this context we also provide an estimate for the generalized
quality factor based on period statistics.

In Chapter 6 we revisit some results of Chapters 2 and 3 using the new
methods developed in 4. We analyse similarities and differences of the values
and methods, and the biological implications of the results.

We conclude with Chapter 7, where we review and discuss the central re-
sults of this thesis.





I N T R O D U C C I Ó N

La vida es el resultado de interacciones estocásticas a nivel molecular dentro
de las células, desde los más simples hasta los más complejas, todos los orga-
nismos vivos están compuestos por células. Las células son la unidad básica
y los bloques de construcción de los organismos y exhiben una variedad de
formas, tamaños y funciones. Estas propiedades, junto con el comportamiento
y el estado de las células, están determinadas por el tipo y el número de pro-
teínas que producen y la información necesaria para sintetizar estas proteínas
codificadas en los genes del ADN [1]. Las células pueden controlar la produc-
ción de proteínas por medio de diferentes mecanismos reguladores y redes
reguladoras de genes que implican mecanismos químicos y estructurales y la
interacción entre diferentes moléculas. Mediante el control de la producción
de proteínas, las células controlan su estado, forma y propiedades en un mo-
mento determinado, y estas características determinan la función de la célula
y de los tejidos y organismos que componen.

La expresión y regulación génica no es un cuento de hadas, sino un complejo
proceso estocástico que incluye numerosos componentes y pasos de reacción y
que abarca varias escalas de tiempo y concentración [2, 3]. Dado que el número
de algunas moléculas puede ser pequeño y el proceso de síntesis molecular
está sujeto a fluctuaciones en el ambiente celular, la expresión génica es un
proceso estocástico que resulta en outputs ruidosos y variabilidad a través de
las poblaciones [3-9].

A pesar de esta alta complejidad, las fluctuaciones ambientales y el enorme
rango de magnitud de tiempos y concentraciones, las células "se ingenian"para
realizar tareas complejas y los organismos pueden lograr comportamientos
complejos. Entre los vastos ejemplos de regulación genética podemos abarcar
desde los organismos unicelulares como los procariotas hasta los más comple-
jos como los mamíferos. Solo para enumerar algunos ejemplos, en e. coli, las
células cambian la regulación y el tipo de proteínas que producen cuando cam-
bia la fuente del alimento [10]. La rana roja común puede cambiar de sexo de
hembra a macho cuando hay pocos machos abundantes en la población [11]. El
desarrollo es quizás uno de los ejemplos más interesantes; una célula única da
lugar a todo el repertorio de células que componen diferentes tipos de tejidos
y órganos que conforman el organismo vivo. Todas las células del organismo
tienen el mismo ADN, pero las propiedades de las células no se caracterizan
por el material genético que contienen, sino por los genes que expresan en el
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proceso de diferenciación. Este proceso de diferenciación no es aleatorio, sino
que se controla con precisión para determinar el tipo de célula que aparece en
una posición particular en un momento determinado del desarrollo [12].

Un ejemplo de desarrollo es la aparición de la columna vertebral en verte-
brados, cuyos orígenes están determinados por la expresión oscilatoria de un
conjunto proteínas durante el desarrollo: en las zonas de alta abundancia se
formará un hueso y en las regiones de baja abundancia hay un hueco [13].
Todas estas características y características de los diferentes organismos están
codificadas en el ADN, y son controladas y activadas por mecanismos regula-
dores de genes en presencia de fluctuaciones moleculares.

Combinando experimentos y teorías complejas, hoy en día somos capaces
de cuantificar y comprender algunos de los orígenes y consecuencias del rui-
do en la expresión génica [14]. La ingeniería genética y la biología sintética
proporcionan muchas herramientas para visualizar y evidenciar la dinámica
de la expresión génica [3, 15, 16]. Mediante el uso de transgenes y la ingenie-
ría genética es posible observar en tiempo real la dinámica de la expresión
génica [17]. Dado que la mayoría de los procesos son altamente complejos e
implican la interacción estocástica de diferentes moléculas a diferentes escalas
de tiempo en un entorno fluctuante, la dinámica no lineal y la física estadística
proporcionan herramientas y teoría para abordar este tipo de problemas junto
con el análisis experimental [18-22].



chapter 2

M U LT I P L E B I N D I N G S I T E S
F O R T R A N S C R I P T I O N A L
R E P R E S S O R S C A N P R O D U C E
R E G U L A R B U R S T I N G A N D
E N H A N C E N O I S E
S U P P R E S S I O N

Cells use gene regulatory networks to control gene expression. Due to the inherent
fluctuations of the gene expression process, typical expression patterns involve noise
and fluctuations. Negative feedback, the process by which transcription factors bind
to DNA to inhibit their own synthesis, is one of the most ubiquitous regulatory mech-
anisms and is thought to tame fluctuations and increase response times. Usually the-
oretical descriptions assume a single binding site for repressors, however many genes
have regulatory domains that have multiple binding sites for the repressors. In this
chapter we study a stochastic description of negative feedback with multiple binding
sites for the repressor. We found that increasing the number of sites increases fluctua-
tions in protein expression and induces regular bursting of gene products. In addition,
given a fixed number of binding sites, by tunning the threshold of repression we can
reduce fluctuations to values lower than for a single site. Our results highlight possible
roles for multiple binding sites as well as possible applications in synthetic biology.

2.1 introduction

The control of many cellular processes requires the coordinated activation or
repression of genes in the correct spatial and temporal patterns [116, 117].
From simple processes such as changes in the proteins produced when the
source of food changes in bacteria to processes as complicated as embryonic
development in vertebrates, this regulation is carried out in large part by gene
regulatory networks [10, 13]. In these networks the transcription factors bind
to specific regions in the DNA and repress or activate the protein synthesis.
Negative autoregulation is a common component of these networks in which
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22 multiple binding sites for transcriptional repressors

a transcription factor binds a specific site in the DNA and prevents its own
synthesis [14]. In E. coli, about 40% of transcription factors are negatively
autoregulated [14, 30, 118].

Since the number of some molecules in the cell can be small and the pro-
cess of molecular synthesis is subject to fluctuations, the resulting molecule
numbers are in general noisy [4–6, 18, 45]. It is thought that negative autoreg-
ulation can speed up response times [14, 30] and tame fluctuations [4, 119, 120].
These circuits can suppress noise by regulating the number of molecules that
a cell produces, permitting or repressing synthesis depending on the relative
amount of molecules [119, 120]. A balance of timescales is key for negative
autoregulation to be able to act as a noise suppressor [121, 122]. However, it
has been argued that the cost of suppressing noise by negative autoregulation
may be high due to fluctuations in intermediate signalling events [55]. Thus
the effectiveness of negative feedback as a noise suppression mechanisms is
still not clear.

Although negative feedback seems to be a mechanisms that can suppress
fluctuations, negative autoregulation can also boost fluctuations if transcrip-
tion factor binding is too strong [123]. Together with effective delays, a balance
of timescales and nonlinearities, negative feedback is a key element in order
to generate a biochemical oscillator [19, 124–126].

Despite its ubiquity, the effects of noise on negative autorregulation are still
poorly understood. Theoretical studies often assume a single binding site for a
transcriptional repressor or an effective Hill function. However, multiple bind-
ing sites for the same transcription factor are known to form clusters within
regulatory domains [31–33, 127]. This feature has been widely observed in E.
coli [32], eukaryotes [128, 129], invertebrates [130, 131] and vertebrates [34]. In
fact, many Drosophila cis-regulatory modules overlap with binding site clusters,
in some cases containing more than 10 binding sites for a single transcription
factor [131]. Furthermore, more than half of the human genes contain clusters
of binding sites for the same transcription factor [34]. This suggests that mul-

r(m)

N binding sites , m bound proteins

ku
kb

df

db

Figure 2.1: Negative autoregulation with multiple binding sites. Protein (blue circles) is
synthesised from the information in the gene (blue stripe) at a rate r(m).
Protein binds to the N binding sites (orange) at a rate kb and falls off at a
rate ku. Bound proteins repress production when more than M proteins
are bound (blunted arrow). Free proteins are degraded at a rate d f and
bound proteins at a rate db.



2.2 multiple stochastic binding 23

tiple binding sites for transcription factors may play an important role in gene
regulation [34, 35].

The architecture of regulatory domains can affect bursting kinetics [132, 133].
In the presence of multiple binding sites, their occupation can have multiple
states. We hypothesize that stochastic switching between these states will oc-
cur and that this will set an additional timescale which affects fluctuations.
Here we study how fluctuations are affected by multiple binding sites, in the
framework of a stochastic binding theory in which a single transcription factor
represses its own production, Fig. 2.1.

2.2 multiple stochastic binding

We consider a single gene encoding a protein that can bind to any of N iden-
tical sites to repress its own synthesis. We introduce negative autoregulation
as a dependence of the production rate with the number m of DNA bound
proteins, r = r(m), Fig. 2.1. We focus on noncooperative binding, that is the
affinity of proteins for binding sites kb is not affected by how many molecules
are bound already. Bound proteins fall off from the binding site with a rate ku
per molecule. Free proteins have a decay rate d f and bound proteins have a
decay rate db per molecule.

The statistics of the stochastic process can be described by the probability
distribution P(n, m, t) to have a state with n free proteins and m bound proteins
at time t [134]. This probability distribution obeys the master equation

dP(n, m, t)
dt

= r(m) (P(n − 1, m, t) − P(n, m, t))

+ kb ((N − (m − 1))(n + 1)P(n + 1, m − 1, t))
− kb ((N − m)nP(n, m, t))
+ ku ((m + 1)P(n − 1, m + 1, t) − mP(n, m, t))
+ d f ((n + 1)P(n + 1, m, t) − nP(n, m, t))
+ db ((m + 1)P(n, m + 1, t) − mP(n, m, t)) .

(2.1)

The first line accounts for molecule production, the second and third for the
binding process, the fourth for the unbinding process, and the two last lines
for degradation of free and bound molecules.

The synthesis rate r(m) can be adjusted to describe different regulatory
mechanisms. For simplicity, here we consider the case of a sharp threshold:
synthesis occurs at a rate r0 while there are M or less bound proteins, and it is
fully repressed when there are more than M bound proteins

r(m) =





r0 if 0 ≤ m ≤ M ,

0 if M + 1 ≤ m ≤ N .
(2.2)

Although a function r(m) has not been determined experimentally, elegant ex-
periments have determined the regulatory relationship between transcription
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factor concentration and gene activity [135]. The form of the synthesis rate
as a function of the number of bound transcription factors that we chose here
gives rise to effective regulatory functions which are consistent with these ex-
perimental observations [136]. Additionally, below in Sec. 2.5 we discuss the
case of a graded synthesis rate to show that our conclusions do not depend
strongly on this choice.

In general, changing regulatory domain architecture will affect the total
number of proteins mean value and fluctuations. Here we are interested in
how changes to regulatory domains architecture affect fluctuations, under the
assumption that autoregulation controls the level of proteins to keep it at some
constant functional value in steady state [14]. With similar mean expression
levels, noise can vary by more than one order of magnitude when the regula-
tory domain architecture is changed [137]. Because adding binding sites to the
regulatory domain may change the mean number of molecules 〈nT〉 = 〈n + m〉,
to keep it constant we adjust the synthesis rate r0. In the following we choose
the value 〈nT〉 = 20 for illustration [122, 123, 138].

2.2.1 Statistics and trajectories

We generate trajectories satisfying equation (2.1) by means of a standard Gille-
spie algorithm [139, 140]. We obtain the free n(t), bound m(t) and total
nT(t) = n(t) + m(t) number of proteins. The total number of proteins nT
is useful to compare theoretical results with experiments which do not distin-
guish free and bound molecules.

We also employ a complementary approach to solve the master equation
(2.1) which is based on the probability distribution and not on stochastic tra-
jectories1. The master equation can be written in the form

dP(t)/dt = AP(t) , (2.3)

where A is a matrix and P(t) is a vector of probabilities composed by the ele-
ments P(n, m, t) in a truncated space m = 0, 1, . . . , N, n = 0, 1, . . . , n, . . . , nmax.
The components of the matrix A are the different rates of the master equa-
tion (2.1). Each line of the matrix A connects state {n, m} to other states {ñ, m̃}.
We obtain the steady-state probability distribution P(n, m) in the truncated
space by solving the system AP = 0 with the constraint ∑m,n P = 1. From
these probabilities P(n, m) we can compute the statistics of n, m and nT in
steady state.

We will see that the two approaches to compute the statistics of n and m
give the same results.

1 After after devising this approach and performing the calculations we found in the literature a
similar approach to obtain the probability distributions [141]
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Figure 2.2: Increasing the number of binding sites N increases size and temporal precision of
fluctuations. Time series of the total number of proteins nT(t) from stochas-
tic simulations for M = 0 and (a) N = 1, (b) N = 5 and (c) N = 14.
Orange line indicates the mean value 〈nT〉 and the shaded region indicates
the variance bounds. (d-f) Burst duration distribution for the panels (a-c)
resulting from Ns = 100 stochastic simulations of 200 [arb. units] for each
parameter set (g-i) Power spectral density (blue line) from data in panels
(a-c) resulting from averaging 100 times series of length 200 [arb. units]. Fit
to the spectrum with a Lorentz Distribution (red line) to obtain the central
frequency fc and the half width ∆ f . (j) Fano factor F of the total number of
proteins computed from times series (blue line with errors) and from the
stationary probability matrix (green circles). (k) Coefficient of variation of
burst duration T as a function of the number of binding sites N. (l) Quality
factor Q obtained from the power spectral density of time series. Parame-
ters: kb = ku = 335.5, d f = db = 1; the value of r0 is adjusted to keep 〈nT〉
constant: (a) r0 = 409, (b) r0 = 1743696 and (c) r0 = 9598311. (j,k) Dots
correspond to the mean value and error bars to the standard deviation over
Ns = 100 stochastic simulations. (l) Error bars are the error of the fit. (j-l)
Dots are joined by a dashed line to guide the eye.
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2.3 regular bursting

We first study the case M = 0 in which a single bound protein fully represses
production, and we analyse the effects of varying number of binding sites N.
For the sake of simplicity, we first consider the case in which bound proteins
are degraded at the same rate as free proteins, d f = db = 1. Deviations of
the total number of proteins nT from its mean value 〈nT〉 increase with N,
Fig. 2.2(a-c). Adding binding sites to the system leads to bursty kinetics, with
increasing burst size and consequently longer decay times. This is reflected on
an increasing Fano factor, defined as the variance to mean ratio F = σ

2
nT

/〈nT〉,
Fig. 2.2(j).

The increase in production bursts does not occur in an uncontrolled man-
ner, but as its size increases it also increases its temporal regularity. The time
interval between two consecutive maxima naturally defines burst duration T.
Varying N we compute the burst duration distribution from stochastic simula-
tions, Fig. 2.2(d-f). Burst duration becomes longer while the relative dispersion
of the distribution around the mean decreases with increasing N, as reflected
in the coefficient of variation CV = σT/〈T〉, Fig. 2.2(k). Thus, the characteristic
time governing burst timing becomes both longer and more precise.

Temporal precision can be further characterized by the quality factor

Q =
f0

π∆ f
. (2.4)

where ∆ f is the bandwidth and f0 the main frequency. Higher values of Q
indicate a narrower frequency spectrum and a more defined characteristic
time [124]. To estimate the quality factor we fit a Lorentzian distribution to
the power spectral density, see Appendix 2.A for the details. From this fit,
Fig. 2.2(g-i), we determine the main frequency f0 and half power bandwidth
∆ f . The quality factor increases with N reflecting the observed increased reg-
ularity of burst duration, Fig. 2.2(l). This indicates an increase in bursting
temporal precision, although the values of the quality factor remain low.

As indicated in Sec. 2.2 we keep the mean value of the total number of
proteins 〈nT〉 fixed by adjusting the value of the synthesis rate r0. The large
values of r0 employed in Fig. 2.2 are required to balance the large values of
binding affinity that occur as N is increased, see Appendix 2.B.

The multiple binding sites act as a buffer for the bound proteins: as long
as the occupation number m is larger than one, there can be fluctuations in m
and the system is still repressed. In this way, multiple binding sites give rise
to an effective timescale in the system, which manifests as the time taken to
exponentially decay from the maximum to the minimum value of total number
of proteins. In Sec. 2.7 below we further discuss the mechanism underlying
this observation.
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Figure 2.3: Increasing the number of binding sites N increases size and temporal precision
of fluctuations when bound proteins are not degraded. Time series of the total
number of proteins nT(t) from stochastic simulations for M = 0 and (a)
N = 1, (b) N = 5 and (c) N = 14. Orange line indicates the mean value
〈nT〉 and the shaded region indicates the variance bounds. (d) Fano factor
F of the total number of proteins computed from times series (blue line
with errors).(e) Coefficient of variation of burst duration T as a function
of the number of binding sites N. (f) Quality factor Q obtained from the
power spectral density of time series. Parameters: kb = ku = 335.5, d f =
db = 1; note the value of r0 is adjusted to keep 〈nT〉 constant: (a) r0 = 390,
(b) r0 = 2257059 and (c) r0 = 2257059. (d-f) each data point is computed
from 100 time series of 200 [arb. units] long. (d,e) Dots correspond to
the mean value and error bars to the standard deviation over Ns = 100
stochastic simulations. (f) Error bars are the error of the fit. (d-f) Dots are
joined by a dashed line to guide the eye.

2.3.1 Degradation of bound proteins is not required for regular bursting

In eukaryotic cells some proteins are actively degraded by the complex ma-
chinery of the proteasome [1]. The molecular machine of the proteasome rec-
ognizes specific domains in the proteins surface and targets these proteins for
destruction. When a transcription factor binds DNA, these protein domains
may or may not become obstructed. Therefore, bound and free proteins can
have different degradation rates. So far we have addressed the case in which
both bound and free proteins are degraded at the same rate d f = db = 1. Here
we study the case in which bound proteins cannot be degraded, setting db = 0.

Increasing the number of binding sites N with fixed value for the repression
threshold M = 0 also leads to bursty kinetics, Fig. 2.3(a-c). Since there is no
degradation of bound proteins, the number of bound proteins decreases only
when there is an unbinding event. Thus, the probability of finding m = 0 is
lower leading to longer decaying times under the mean and higher burst max-
imums. The fluctuations around the mean quantified by the Fano factor in-
crease with the number of binding sites N, Fig. 2.3(d). The bursty fluctuations
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Figure 2.4: (a) Distribution of peaks maxima from the simulations (blue histogram)
and from the theoretical estimation (red line). From the stochastic and
the estimation distributions we can compute the mean values of the maxi-
mums values, bottom panel. (b) Time series of total protein number (blue)
and the maximum values of the peaks (green dots). From the maximum
values we can estimate the decay of the oscillations with a deterministic
approach (red line). (c) Burst duration distribution of the cycles with the
estimation. From the stochastic distribution and the distribution (2.8) we
can compute the mean values of the periods, bottom panel. (a) and (c) the
distributions are computed from 100 time series of 200 [a.u] long.

have a characteristic time that becomes longer as N increases. The dispersion
around the mean of the maximum distribution decreases indicating that the
characteristic time becomes more precise although the decay times are longer,
Fig. 2.3(e). This increased regularity is also reflected in the quality factor Q,
Fig. 2.3(f).

2.4 amplitude , burst duration distribution, and

decay dynamics

So far we analysed the effects of adding multiple binding sites by analysing
the statistics of the time series and the probability distribution matrix. The
properties that depend on the dynamics such as the coefficient of variation of
the burst duration were obtained by analysing the stochastic realisations of the
times series. Here we show that we can estimate dynamic properties, such as
the values of the maxima of the bursts, the time decay of the time series and
the distribution of burst duration from the parameters of the time series and
the stationary probability distribution. Although the stationary probability
matrix and the parameters are fixed values in time, we can still obtain dynamic
quantities from these values in a system described by a master equation.

Here we first estimate the burst maxima distribution from the parameters
of the system. Later, using a deterministic approach we estimate de time evo-
lution of the burst decay. Lastly, using the burst maxima distribution and the
decay dynamics we estimate the distribution of the burst duration T.

When only one protein inhibits the synthesis, this is when M = 0, the oscilla-
tory dynamic is defined mainly by two types of events, the burst of expression,
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and the decay of the proteins, Fig. 2.2. We can estimate the amplitude, the de-
cay and the duration of the cycles from the parameters of the system.

For illustration suppose the initial state (n, m) = (0, 0), in this state a syn-
thesis event is the only possible reaction of the system with a rate r. After a
production event the system is in the state (n, m) = (1, 0), and now degrada-
tion and binding events are possible in the system. After ñ production events
the state of the system is (n, m) = (ñ, 0). In this situation the probabilities of
degradation, synthesis, and binding are:

pdeg,ñ =
ñd

r + ñd + kbNñ
(2.5)

psyn,ñ =
r

r + ñd + kbNñ
(2.6)

pbin,ñ =
kbNñ

r + ñd + kbNñ
(2.7)

and these are the only possible reactions during a burst event. For typical
parameters values of this work when M = 0 and ñ > 1, we have r % dñ and
kbNñ % dñ , so the probability of the degradation reaction pdeg,ñ ∼ 0. Thus, we
can neglect degradation events and only analyse synthesis and binding events
during the synthesis burst.

From probabilities (2.6) and (2.7) and the fact that we can neglect degrada-
tion, we can compute the probability of a binding event after ñ production
events as,

P(n = ñ − 1, m = 1 | n = ñ, m = 0) =

kbNñ
r + ñdn + kbNñ

ñ

∏
i

r
r + idn + kbNi

(2.8)

After a binding event the promoter is occupied, m > 0, and no more synthesis
events are possible. This sets the maximum value of the total protein of num-
ber nT = ñ during the cycle. Using the probability of a binding from Eq. (2.8)
we can define the probability distribution of maxima of the bursts Pmax(nT) as

Pmax(nT) = P(n − 1, m = 1 | n, m = 0) , (2.9)

and we can compute the distribution and statistics of the burst maxima,
Fig. 2.4(a).

Once we are able to estimate the distribution of the maximum values of the
burst, we want to estimate the burst duration distribution. To estimate the
duration distribution we divide the procedure in two steps: (i) we describe
the dynamic behaviour of the decay, (ii) using the dynamic description we
compute the time it takes to decay and thus we can estimate the burst duration.

First we analyse how protein number decays. When there is at least one pro-
tein bound to the DNA, only events of degradation, binding and unbinding are
possible. In terms of the total amount of protein nT = m + n, events of binding
and unbind do not change the total amount of proteins and only degradation
events change the number of proteins. We approximate the stochastic decay of
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the total number of proteins with the deterministic differential equations and
we neglect any stochastic effect. We now think that n and m are not any more
a finite and integer number of proteins and we think them as a concentration.
The deterministic differential equations when m > 0 for the the free, bound
and total proteins are






dn
dt

= −kb(N − m)n + kum − dn
dm
dt

= kb(N − m)n − kum − dm .
(2.10)

We can add both equations to analyse the evolution of the total number of
proteins nT = n + m






dnT

dt
= −dnT

nT(0) = A .
(2.11)

So in absence of synthesis, when m '= 0, the deterministic evolution of the total
number of proteins until a new burst synthesis event is

nT(t) = Ae−dt, (2.12)

where A maximum value of the burst. Thus, given a starting an initial condi-
tion of maximum number of proteins we can approximate the evolution of the
total number of proteins following Eq. (2.12). Although the dynamic descrip-
tion is deterministic while the real system is a stochastic, the decay is in very
good agreement with the numerical simulations, Fig. 2.4(b). The cycle stops
when the last bound protein m = 1 unbinds from the DNA or is degraded and
a new synthesis burst occurs.

So far we characterize the distribution of the maxima and the evolution of
the decay. To compute the period distribution of the cycles, once the decay
started we have to estimate when it stops and a new burst of gene synthesis
starts. Thus, we need to estimate up to what value the protein number expo-
nentially decays. This is, how many proteins nT there are in the system before
the regulatory region in the DNA is free again. From the stationary matrix,
we first compute the probability distribution for the total proteins nT in the
system given only one protein bound to the DNA, P(nt | m = 1). This proba-
bility distribution lets us compute the minimum value of total protein number
in the cycle nTmin before a unbinding or degradation of a bound protein event

nTmin = ∑
nT≥1

P(nt | m = 1)nT . (2.13)

With this value we can set the critical value of the decay and when new syn-
thesis events are possible, and a new cycle starts again.

Using the maximum value of the burst nT,max, the minimum nT,min, and the
decay evolution (2.12) we can compute the duration of the cycle as

τ = − (d ln (nTmin/nTmax))−1 . (2.14)
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Using the distribution of the burst maxima, Eq. (2.9), and the definition of the
minima , Eq. (2.13), we then define the distribution of the burst duration

P(τ) =
∞

∑
nmax=1

− (d ln (nTmin/nTmax))−1 Pmax(nmax) . (2.15)

Although there are some differences between the estimation and the numerical
distribution obtained from the time series, it is in fair good agreement with
the numerical distribution and it can be used to compute the mean and the
standard deviation of the time values, Fig. 2.4(c).

2.5 noise suppression

We now turn to the effects of changing the threshold M for a fixed value of
total number of binding sites N. We first consider the case in which bound
proteins are degraded at the same rate as free proteins, d f = db = 1. As M
changes, we adjust the synthesis rate r0 accordingly to keep the mean value
〈nT〉 fixed.

Increasing the threshold M, fluctuations decrease to a minimum and then
rise again, Fig. 2.5(a-d). This minimum occurs when synthesis events are
driven by stochastic binding and unbinding of proteins, see Sec. 2.7 for a fur-
ther discussion about the mechanism. For lower values of M, fluctuations
around the mean value of bound proteins 〈m〉 are not sufficient to give rise to
synthesis events because a small number of molecules is enough to overcome
the low threshold. For higher values of M, fluctuations that bring m below
threshold are more frequent and synthesis rate is slower, resulting in a lax
control of the mean value of proteins 〈nT〉.

Noise suppression with multiple binding sites outperforms the single bind-
ing site control system, see its smaller variance and Fano factor, Fig. 2.5(c,e).
This stronger noise suppression occurs for a range of M values, Fig. 2.5(f).
Even in cases in which single binding site regulation N = 1 increases fluctu-
ations [122, 123, 142], the presence of multiple binding sites may bring noise
below the level for unregulated synthesis. Moreover, the turnover of molecules
does not change with the threshold value, that is the number of molecules de-
graded per unit time is constant for different values of M, Fig. 2.5(g). This
indicates that this noise suppression mechanism comes at no extra cost for the
system.

2.5.1 Bound protein degradation is not required for noise suppression

So far we analysed noise suppression in a situation where bound and free
proteins are degraded at the same rate. Next we analyse the case in which
bound proteins are not degraded, that is db = 0. For fixed N, noise suppression
can be achieved by changing the value of the regulatory threshold M, Fig. 2.6(a-
d). There is a value which optimise the noise for fixed N, and there is a range
of values for which the noise suppression is larger than for the single site case,
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Figure 2.5: Multiple binding sites can reduce fluctuations without increasing the turnover.
(a-e) Time series of the total number of proteins (left panels) and corre-
sponding histograms (right panels). (a-d) N = 14 and M = 0, 4, 9 and
13, and (e) single binding site autoregulation N = 1, M = 0. Orange line
indicates the mean value and shaded region the variance bounds. (f) Fano
factor and (g) number of molecules degraded per unit of time, obtained
from time series. The single binding site result is displayed for reference
(dashed magenta line). Parameters: kb = ku = 335.5, d f = db = 1. In
(f) and (g) we first computed the Fano factor/Number of molecules from
time series of 200 [arb. units] long, and then averaged over 100 realisa-
tions. Dots correspond to the mean value and error bars to the standard
deviation. Dots are joined by a dashed line to guide the eye.



2.5 noise suppression 33

Protein Number Distribution

Fa
n

o
 F

ac
to

r

(a)

(b)

(c)

(d)

(e)

(f ) (g)
time [arb. units]

N
u

m
b

er
 o

f 
M

o
le

cu
le

s

Regulatory Threshold MRegulatory Threshold M

Figure 2.6: Multiple binding sites can reduce fluctuations without increasing the turnover
when bound proteins are not degraded. (a-e) Time series of the total number
of proteins (left panels) and corresponding histograms (right panels). (a-d)
N = 14 and M = 0, 4, 9 and 13, and (e) single binding site autoregulation
N = 1, M = 0. Orange line indicates the mean value and shaded region
the variance bounds. (f) Fano factor and (g) number of molecules degraded
per unit of time, obtained from time series (blue line) for N = 14. The
single binding site result is displayed for reference (dashed magenta line).
Parameters: kb = ku = 335.5, d f = 1, db = 0. In (f) and (g) we first
computed the Fano factor/Number of molecules from time series of 200

[arb. units] long, and then averaged over 100 realisations. Dots correspond
to the mean value and error bars to the standard deviation.
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Fig. 2.6(e,f). Turnover decreases as the regulatory threshold M increases due
to a sequestration effect, since bound proteins are not degraded, Fig. 2.6(g).

2.5.2 A sharp threshold synthesis rate is not required for noise suppression

In previous sections we analysed the case of a synthesis rate r(m) with a sharp
regulatory threshold, Eq. (2.2). Here we analyse the case of a graded synthesis
rate which decreases linearly with the number of bound proteins

r(m) =





r0(1 − m/(M + 1)) if 0 ≤ m ≤ M

0 if M + 1 ≤ m ≤ N .
(2.16)

The maximum value of bound proteins for which the system can synthesise
new molecules is m = M, if m > M the system is fully repressed 2.

Following the same approach as in the sharp regulatory threshold case, we
analyse noise levels when changing M for a fixed value of N. We analyse
the case in which bound and free proteins have the same degradation rate
d f = db = 1. As elsewhere, we adjust the value of r0 to keep the mean
value 〈nT〉 fixed for different values of M. As M increases the noise decreases
and then increase again Fig. 2.7(a-d). The noise suppression mechanism with
a graded synthesis rate can enhance noise suppression and outperforms the
single site case N = 1 and M = 0, Fig. 2.7(e), for a range of values of M,
Fig. 2.7(f). The turnover does not change while M changes, Fig. 2.7(g). Thus,
a sharp threshold is not required for noise suppression by multiple binding
sites.

2.6 regular bursting and noise suppression are

robust

So far we focused on a set of parameters in which the binding and unbinding
rates are equal, kb = ku. We now lift this constraint and analyse the effects of
multiple binding sites and changing the threshold M for different kb and ku
ratios, Fig. 2.8. In the three different cases spanning three orders of magnitude,
adding multiple binding sites generates regular bursting for low M, Fig. 2.8(a-
c). The smaller the ratio ku/kb, the larger the quality factor and the region
in {N, M} space where regular bursting is enhanced. Increasing the binding
affinity generates longer decay times of bursts together with a larger memory
effect.

The noise suppression mechanism discussed above is present for a wide
range of ku/kb ratios, Fig. 2.8(d-f). We introduce the relative Fano factor FR,
defined as the Fano factor normalised to its single binding site value (N = 1

2 For M = 0 this graded synthesis rate is equivalent to a sharp threshold Eq. (2.16). For this
reason we do not discuss regular bursting with a graded synthesis rate in Sec. 2.3. However
with multiple binding sites N > 1 and M > 0 Eq. (2.16) is different from Eq. (2.2).
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Figure 2.7: Multiple binding sites can reduce fluctuations without increasing the turnover in
the case of a graded synthesis rate. (a-e) Time series of the total number of
proteins (left panels) and corresponding histograms (right panels). (a-d)
N = 14 and M = 0, 4, 9 and 13, and (e) single binding site autoregulation
N = 1, M = 0. Orange line indicates the mean value and shaded region
the variance bounds. (f) Fano factor and (g) number of molecules degraded
per unit of time, obtained from time series (blue line) for N = 14. The
single binding site result is displayed for reference (dashed magenta line).
Parameters: kb = ku = 335.5, d f = db = 1. In (f) and (g) we first computed
the Fano factor/Number of molecules from time series of 200 [arb. units]
long, and then averaged over 100 realisations. Dots correspond to the mean
value and error bars to the standard deviation.



36 multiple binding sites for transcriptional repressors

1

Fa
n

o
 F

ac
to

r

Fa
n

o
 F

ac
to

r

Fa
n

o
 F

ac
to

r

10
(a) (b) (c)

(d) (e) (f)

0.0

0.45

Q
 F

ac
to

r

0.08

0.56

Q
 F

ac
to

r0.72

0.08

Q
 F

ac
to

r

Figure 2.8: Regular bursting and noise suppression are robust to different binding / unbinding
ratios. (a-c) Quality factor maps for different numbers of binding sites N
and threshold M. (d-f) Relative Fano factor FR. Orange lines correspond
to FR = 1. Parameters: (a) ku = 1, kb = 10, (b) ku = kb = 335 and (c)
ku = 10, kb = 1. In all panels d f = db = 1. Mean value of quality and Fano
factor are averaged over Ns = 100 stochastic simulations.

and M = 0). Values of FR smaller than one reveal a region in {N, M} space in
which noise suppression outperforms the single binding site case, Fig. 2.8(d-f).
For any number of binding sites N there is a threshold M that reduces fluctu-
ations. As the ratio ku/kb increases the region of noise suppression becomes
larger and the relative suppression effect stronger. This is in line with the
finding that weak binding is critical for the fidelity of autoregulation [122].

The particular form of the synthesis rate r(m) Eq. (2.2) is not crucial for
regular bursting and noise suppression. Both phenomena are observed also
with a graded synthesis rate that decreases linearly with m (Sections 2.3 and
2.5, and Fig. 2.7). While here we have chosen the same degradation rate for
free and bound proteins, regular bursting and noise suppression also occur in
a system in which bound proteins cannot be degraded (Section 2.3 and 2.5 and
Figs. 2.3 and 2.6). These observations suggest that the reported phenomena are
robust and do not depend on our simplifying assumptions.

2.7 bound protein dynamics drives regular burst-
ing and noise suppression

This section discusses in more detail the mechanism behind regular bursting
and noise suppression reported in the previous sections. We showed that
adding multiple binding sites induces regular bursting, Figs. 2.2 and 2.3. We
argued that this occurs because multiple binding sites introduce an effective
timescale in the system and act as a buffer of bound proteins. We further
showed that fluctuations are minimised for some value of the threshold M,
Figs. 2.5, 2.7 and 2.6. We argued that the minimum occurs when synthesis
events are short and frequent because the dynamics of the bound proteins m
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Figure 2.9: (a) Mean value and confidence interval of bound protein m. Solid blue
line indicates the mean value of m for the different regulatory thresholds
M. Dashed orange line indicates the reference value of the regulatory
threshold M. Shaded boxes indicate 90% (dark) and 99% (light) confidence
intervals. The colour scale goes from highest (black) to lowest (white) Fano
factor. (b) Probability Prob(m ≤ M) of finding synthesis unrepressed for
the case N = 14, solid blue line. Dashed magenta line indicates a reference
value of the probability for N = 1 and M = 0. (c) p-value of two sample
Kolmogorov-Smirnov test comparing the distribution of bound proteins in
two situations, with (r, d f , db '= 0) and without synthesis and degradation
(r = d f = dm = 0) . (d, f, h, j) Time series of the bound number of proteins
m(t). (e, g, i, k) Time series of total number of proteins nT(t). In panels (d-
k) shaded region (grey or magenta) indicates when m(t) ≤ M. Parameters:
kb = ku = 1, d f = db = 1. (a-c) Statistics computed over 100 realisations of
200 [arb. units] for every M.
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is dominated by the processes of stochastic binding and falling off. Below we
expand on these ideas and discuss how regular bursting and noise suppression
emerge as a consequence of the dynamics of bound proteins in the presence
of multiple binding sites.

With multiple binding sites and low values of M, bound protein m fluctua-
tions are not enough to cross the threshold, Fig. 2.9(a) and (d). No production
events are possible while m > M, so the system is inhibited most of the time,
Fig. 2.9(b). Only after degradation of most proteins the number of proteins
becomes very small and m ≤ M, making synthesis events possible for a brief
period of time, Fig. 2.9(d) and (e). During this short interval of time a burst of
synthesis occurs overshooting the total number of proteins nT over the mean,
Fig. 2.5(a) and (b) and Fig. 2.9(e). This overshoot over the mean together with
long degradation times lead to large fluctuations in the number of proteins and
high noise. These excursions over the mean have a characteristic timescale set
by the characteristic degradation time together with the time that takes the
bound proteins to go below M after a synthesis burst, Fig. 2.9(d). Stochastic
fluctuations of m which do not cross the threshold M do not lead to synthesis
events. In this way multiple binding sites confers a buffer of bound proteins
that avoids synthesis events due to stochastic fluctuations.

For high values of M bound protein m fluctuations are enough to cross the
threshold and the probability of finding the system active is large, Fig. 2.9(a)
and (b). Furthermore, for the highest values of M the mean value is below
threshold 〈m〉 ≤ M, Fig. 2.9(a) and (h), indicating that most of the time the
system can produce new molecules. In this situation the probability of find-
ing the gene active is large and the synthesis rate r is small in order to keep
〈nT〉 = 20, Fig. 2.9(i). On one hand, this small synthesis rate leads to a slow
response that keeps the total number of proteins below the mean. On the other
hand, since the number of free binding sites is typically low in this situation,
binding events that overcome the threshold and inhibit the synthesis are not
frequent, Fig. 2.9(h). This small number of free sites and lack of inhibition
keeps synthesis going even when the number of proteins is above the mean
value nt ≥ 〈nt〉. The slow response in both situations results in a lax control
which increases deviations from the mean. This causes poor noise regulation
for high values of regulatory threshold M.

When the mean value of bound proteins is close to the threshold noise sup-
pression is optimal, Fig. 2.9(a) and (f). Fluctuations around the mean value
are enough to cross the threshold frequently and the system is able to synthe-
sise new molecules. These excursions of the bound proteins are mainly due
to stochastic binding and unbinding events. To show this, it is instructive to
consider the particular case where there is no degradation and no production,
with fixed nT = 〈nT〉. This particular case provides a reference distribution,
where the dynamics of m(t) is only due to stochastic binding and unbinding
events. We can compare this reference distribution with the distribution of
m(t) for different values of thresholds M and N = 14 in the general case. We
compare the distributions for different M with the particular case with a two
sample Kolmogorov-Sminorv test. We test whether the values of m of the dif-
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ferent cases and the reference case come from the same distribution. High
p-values indicates that we cannot reject the hypothesis that the distributions
of the two samples are the same. Where the noise suppression is minimum
we see that the p-values are higher, Fig. 2.9(c). This indicates that excursions
of the bound proteins above and below threshold are mainly due to stochastic
binding and unbinding, and not because of changes in the total number of
proteins due to synthesis and degradation of molecules. Thus, since the mean
value and the threshold are close, the excursions and the short and frequent
synthesis events are due to fluctuations in the bound proteins.

We include the one-binding-site case N = 1, M = 0, Fig. 2.9(b,j) and (k) for
reference, to highlight the effects of adding multiple binding sites. Synthesis
events occur in bursts, and fluctuations from the mean value are large since
synthesis events are rare. However there is no characteristic timescale in the
system since fluctuations in the bound proteins drive the system in and out
from synthesis and there is no buffer, Fig. 2.9(j).

2.7.1 Binding and unbinding kinetics.

We have discussed how the regulatory domain architecture specified by the
number of binding sites N and the regulatory threshold M controls the mech-
anism giving rise to regular bursting and noise suppression. Here we show
how binding kinetics affects this mechanism by varying the binding kb and
unbinding ku rates for a fixed regulatory architecture.

Small ku/kb ratios increase the Fano and the quality factor, Fig. 2.10(a,b). The
increase in the Fano factor indicates that there is more dispersion in the total
number of proteins around the mean value. The increase in the quality factor
indicates that this dispersion comes with increased temporal precision and a
characteristic timescale. As the ratio ku/kb decreases, binding becomes more
stable. A stronger binding than unbinding rate generates more stably bound
proteins and larger decay times, setting a characteristic timescale or increasing
its length.

At large ku/kb ratios binding is unstable, Fig. 2.10(a,b). In this scenario there
are large fluctuations in the number of bound proteins under the threshold
M. Production events are frequent, but the number of molecules produced in
each event is small. This leads to small fluctuations around the mean value
of total number of proteins. Since production events are driven mainly by
stochastic fluctuations of m below M, there is no typical characteristic time
in the system. Thus, a stronger unbinding than binding rate generates small
fluctuations without a characteristic timescale and with a smaller Fano factor.

For kb = ku = k, the Fano and quality factor exhibit a non-monotonic be-
haviour as a function of k, Fig. 2.10(c,d). For low values of k the binding
probability is low. Binding events are not so frequent and 〈m〉 is small. Since
〈m〉 is small and M = 1, fluctuations of bound proteins that cross the threshold
are frequent and there is no characteristic timescale in the system. When we
increase the value of k the probability of binding increases. The mean value of
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Figure 2.10: The ratio ku/kb controls noise and bursting temporal precision. (a) Quality
factor and (b) Fano factor maps for different values of binding rate kb
and unbinding rate ku. (c) Quality factor and (d) Fano factor for different
rates with ku = kb. Parameters: N = 11, M = 1,d f = db = 1. (a,c) Data
points correspond to the quality factor obtained from the power spectral
density of 100 realisations 200 [arb. units] long, and error bar is the error
in the quality factor computed from the least squares fit. (b,d) Data points
correspond to the mean Fano factor of 100 realisations of 200 [arb. units]
long, and error bar is the standard deviation.

bound proteins 〈m〉 is not close to the threshold M as before. This give rise to
a memory effect in the bound proteins and a characteristic timescale in the sys-
tem. For even larger values of k both fluctuations and quality factor decrease.
The probability of binding and unbinding is large, so binding and unbinding
events are frequent. This generates high frequency fluctuations in the number
of bound proteins. As the burst decays and the number of bound proteins
becomes low, the probability of crossing the threshold increases because of
large high frequency fluctuations in m. Therefore the memory is shorter and
precision of the characteristic timescale is lower.

In summary, the regulatory domain architecture set by N and M together
with binding kinetics, determine the bound protein dynamics, the negative
feedback mechanism and the dynamics of the total number of proteins nT(t).

2.8 discussion

We studied the stochastic dynamics of a negatively autoregulated gene with
multiple binding sites for the repressor, Fig. 2.1. We showed that increasing the
number of binding sites induces regular bursting of gene products, Fig. 2.2. In
deterministic systems, explicit time delays or multiple intermediate steps are
required together with strong nonlinearity in order to generate biochemical
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oscillations [19, 143]. The system we study here does not include such inter-
mediate steps or delays yet it produces regular bursting [144]. The stochastic
dynamics of multiple binding sites occupation introduces an additional ef-
fective timescale that triggers regular bursting. The vertebrate segmentation
clock may be a good model system to test our results. This genetic oscillator
acting during embryonic development is thought to be driven by negative au-
toregulation of her/Hes genes, which have several regulatory binding sites for
the repressors [31, 97]. In zebrafish these genetic oscillations appear to be cell
autonomous (we will discuss this later on 4). Although is thought that autoreg-
ulation of her genes involves effective delays given by the time to synthesize
the proteins and import them into the nucleus [97, 98], it is possible that the
presence of multiple binding sites enhances these oscillations [136]. In mouse
it has been proposed that collective rhythms are not cell autonomous, but
arise as a consequence of intercellular communication from the stabilization
and synchronization of bursts [92]. The regular bursting induced by multiple
binding sites we observe here may underlie these noisy biochemical oscilla-
tions and collective rhythms in the mouse segmentation clock. In summary,
our results may establish paradigms for biochemical oscillations that could be
tested for example by interfering with binding sites [145].

For a fixed number of binding sites we showed that tuning the threshold
for autoregulation, noise suppression can be enhanced, Fig. 2.5. Noise sup-
pression appears to be strongest when synthesis events are directly driven by
fluctuations in binding and unbinding of transcription factors. This noise sup-
pression occurs without increasing the product turnover, suggesting a mech-
anism that could decrease the high cost of regulatory control systems [55].
Noise can be tamed even when single binding site regulation aggravates fluc-
tuations with respect to unregulated synthesis [122, 123, 142]. Thus, noise
suppression can be rescued from this situation without changing the affinity
of the molecules for the binding sites. A model system to test this idea may be
Drosophila, whose regulatory domains may contain more than 10 binding sites
for a single transcription factor [131].

Cellular control systems use negative autoregulation in different contexts ei-
ther to generate oscillations [13, 15, 146], or to control the level of some target
molecules by suppressing number fluctuations [14, 119, 120]. Multiple bind-
ing sites, occurring in different natural regulatory systems [31, 32, 34, 97], may
enhance these functions. While there may be other mechanisms that perform
these feats, as for example cooperativity [147] and cooperative binding [127,
148, 149], we argue that adding binding sites to the regulatory region of a gene
might be a simpler and more straightforward evolutionary path [14]. Short lo-
cal duplications of the genome can easily increase the copy number of binding
sites for transcription factors [35]. Microsatellites, which are tandem arrays of
multiple copies of a short sequence [35, 150], have a significant overlap with
transcription factor binding sites [151, 152]. Our results could be useful in the
design of synthetic control systems that either generate oscillations [15, 146] or
tightly control fluctuations around the mean number of molecules [119, 120].
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2.a appendix : power spectral density and qual-
ity factor estimation

Here we outline with more detail the calculation of the power spectral density
and the quality factor. We run Ns = 100 stochastic simulations for every set
of parameters {N, M, r, d f , kb, ku, db}. We use the Hilbert transform to obtain a
signal without amplitud fluctuations. We first compute the Hilbert transform
of the time series nT(t) minus the median, H(nT(t) − Med(nT)) [153], using
the signal processing package scipy of python. From the Hilbert transform we
extract the analytical phase value and take the cosine of this phase to obtain
hT(t). We then compute the Fourier transform ĥT( f ) of the time series hT(t) us-
ing the Fast Fourirer Transform algorithm implemented in the package scipy.
We obtain its power spectral density ShT = |ĥT( f )|2 [154]. We average the
power spectral density over the Ns realisations, and fit by least squares the
resulting average with a Lorentzian distribution

L(x) = Aγ

2/((πγ)((x − fc)
2 + γ

2)) , (2.17)

where A is a scale coefficient, fc specifies the peak location and γ is a disper-
sion parameter which specifies the half-width at half-maximum. From the fit
we compute the quality factor Q with main frequency f0 = fc and half power
bandwidth ∆ f = 2γ.

2.b appendix : balancing synthesis and binding

propensities to fix the average number of

molecules

To keep the mean number of proteins constant, as we increase the number
of binding sites N we also increase the value of the synthesis rate r0. Since
the binding propensity abin(n, m) = kb(N − m)n grows with the number of
binding sites N, increasing N increases the mean value of bound proteins 〈m〉.
Therefore the probability of finding the system open for synthesis P(m ≤ M)
decreases. As a consequence there are less synthesis events, so keeping 〈nT〉
constant requires a larger synthesis propensity asyn(n, m) = r(m). This balance
of increased synthesis rate together with a larger 〈m〉 maintains the average
number of proteins fixed as required.
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Figure 2.11: Large binding rates require large synthesis rates in order to fix the average num-
ber of proteins. (a) Rate of synthesis r0 for m ≤ M for different values
of binding kb and unbinding ku rates. (b) Average binding propensity
evaluated at burst peaks for different values of binding kb and unbind-
ing ku rates. We introduce ñ, the average of n values at burst peaks. (c)
Propensity ratio for different values of binding kb and unbinding ku rates.
Parameters: N = 11, M = 1, d f = db = 1.

For fixed N, changing the values of the binding and unbinding rates also re-
quire a change in the value of r0 since they modify 〈m〉 and P(m ≤ M). As kb
or ku vary, the value of r0 spans over several orders of magnitude, but the bind-
ing propensity also does, Fig. 2.11(a,b). The order of magnitude of the ratio
r0/abin remains constant in the region where the noise in the system is higher
and the value of r0 is larger, Fig. 2.11(c). High synthesis rates are required due
to the low probability of synthesising arising from the high binding rate.





M Ú LT I P L E S S I T I O S D E U N I Ó N
PA R A U N R E P R E S O R P U E D E N
G E N E R A R B U R S T I N G
R E G U L A R Y P R O M O V E R L A
S U P R E S I Ó N D E R U I D O

Las células utilizan redes de regulación para controlar la expresión génica. Debido
a las fluctuaciones inherentes al proceso de expresión génica, los típicos de expresión
muestran ruido y fluctuaciones. El feedback negativo, el proceso por el cual los factores
de transcripción se unen al ADN para inhibir su propia síntesis, es uno de los meca-
nismos reguladores más presentes y se cree que controla las fluctuaciones y aumenta
los tiempos de respuesta. En general, las descripciones teóricas asumen un solo sitio
de unión para los represores, sin embargo, muchos genes tienen dominios reguladores
que poseen múltiples sitios de unión para los represores. En este trabajo estudiamos
una descripción estocástica de un lazo de feedback negativo con múltiples sitios de
unión para el represor. Encontramos que el aumento del número de sitios aumenta las
fluctuaciones en la expresión de las proteínas e induce el bursting regular de los pro-
ductos génicos. Además, dado un número fijo de sitios de unión, al ajustar el umbral
de represión se puede reducir las fluctuaciones a valores más bajos que para un solo
sitio. Nuestros resultados realzan las posibles funciones de múltiples sitios de unión,
así como las posibles aplicaciones en biología sintética.

El control de los procesos celulares requiere la coordinación y regulación de
los genes en el correcto patrón espacial y temporal[116, 117]. Tanto en procesos
simples como la detección de cambios en el ambiente celular o en las fuentes
de alimento, así como en procesos complejos como el desarrollo embrionario,
esta regulación se lleva a cabo por redes de regulación genéticas [10, 13]. En
estas redes de regulación, el feedback negativo es uno de los motivos más co-
múnes, y es un mecanismo en el cuál una proteína se pega a sitios particulares
del ADN para reprimir su propia síntesis [14, 155]. En E. Coli un 40 % de los
factores de transcripción se encuentran autoregulados negativamente por el
feedback negativo.
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El número de moléculas en el ambiente celular puede ser bajo, y los procesos
bioquímicos de síntesis sos inherentemente estocásticos, motivo por el cuál el
número de proteínas dentro de las células fluctúa tanto en el tiempo como
a nivel poblacional [4-6, 18, 45]. Se piensa que el feedback negativo puede
disminuir las fluctuaciones en la síntesis de proteínas y que puede incremental
los tiempos de respuesta de los genes [4, 14, 30, 119, 120]. Sin embargo, se
piensa que el costo de regular las fluctuaciones a través del feedback negativo
puede ser alto [55]. Por este motivo no está claro la efectividad del feedback
negativo como un mecanismo supresor de fluctuaciones.

Por otro lado, si las escalas de tiempo en los distintos procesos están ba-
lanceadas, y existen retardos temporales, el feedback negativo es un elemento
clave para generar oscilaciones bioquímicas [19, 124-126].

A pesar de ser uno de los mecanismos de regulación genética más común,
aún no se entiende completamente los efectos del feedback negativo. Los es-
tudios teóricos suelen asumir un solo sitio de unión para el represor o una
función efectiva de Hill. Sin embargo se ha encontrado que existen múltiples
sitios de unión para factores de transcripción en las regiones regulatorias de los
genés tanto en vertebrados, eucariotas, invertebrados y E. coli [31-34, 127-131].
En algunos casos los dominios de regulación pueden tener más de 10 sitios
para un mismo factor de transcripción. En humanos más de la mitad de los
genes contienes múltiples sitios de regulación para los factores de transcrip-
ción [34]. Esto sugiere que los múltiples sitios de regulación pueden tener un
rol importante en la regulación genética [34, 35]. En este trabajo estudiamos
una red de feedback negativo con múltiples sitios de unión para el factor de
transcripción desde un punto de vista estocástico.

Analizamos un único gen que codifica para una proteína que puede unirse a
cualquier de los N sitios de regulación de su región regulatoria para inhibir su
propia síntesis. Introducimos la regulación negativa al como una dependencia
de la taza de producción en la cantidad de proteínas unidas m, r = r(m).
Asumimos que la unión es no cooperativa, la tasa de unión es kb y la taza
de desunión es ku. Las proteínas libres son degradadas a una taza d f y las
proteínas unidas a una taza db. Describimos la estadística de las proteínas
libres n y las unidas m a tiempo t utilizando una la ecuación maestra

dP(n, m, t)
dt

= r(m) (P(n − 1, m, t) − P(n, m, t))

+ kb ((N − (m − 1))(n + 1)P(n + 1, m − 1, t))
− kb ((N − m)nP(n, m, t))
+ ku ((m + 1)P(n − 1, m + 1, t) − mP(n, m, t))
+ d f ((n + 1)P(n + 1, m, t) − nP(n, m, t))
+ db ((m + 1)P(n, m + 1, t) − mP(n, m, t)) .

(2.18)

Generamos trayectorias numéricas utilizando un algoritmo de Gillespie y tam-
bién resolviendo la distribución de probabilidad para el estado estacionario.

Analizando la estadística de las proteínas total nt = n + m encontarmos que
al considerar que una sola proteína unida inhibe la síntesis, incrementar la
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cantidad de sitios de unión N aumenta las fluctuaciones en el sistema. Estás
fluctuaciones tienen un tiempo característico, y a medida que aumentamos N
este tiempo se hace más preciso. Por otro lado si consideramos fija la cantidad
de sitios N y variamos la cantidad de sitios ocupados necesarios para inhibir
la transcripción M encontramos que la existencia de múltiples sitios permite
disminuir las fluctuaciones comparado con un solo sitios.

Tanto la generación de bursting regular encontrada al aumentar la cantidad
de sitios como los efectos de supresión de ruido no dependen del mecanismo
de feedback negativo. Ambos efectos se observan en el caso en que la regula-
ción depende gradualmente de la cantidad de proteínas unidas, como si es un
switch. Estos efectos también se observan en el caso en el que las proteínas uni-
das no se degradan, db = 0. Esto indica que los efectos de los múltiples sitios
son robustos en diversos conjuntos de parámetros o condiciones biológicas.
Analizando la relación entre las tazas de unión y desunión, encontramos que
cuando la taza ku/kb aumenta se promueven la supresión de ruido mientras
que cuando disminuye aumentan las fluctuaciones del sistema.

Los resultados indican que si el promotor se encuentra mayormente ocupa-
do por encima del umbral M debido a que las proteínas unidas unión muy
estables tanto por los parámetros como por el efecto de la cantidad de sitios se
promueven las altas fluctuaciones. Por otro lado una unión laxa permite que el
sistema cense con mayor frecuencia el ambiente celular y se adapte rápidamen-
te a cambios generando un mejor control y disminuyendo las fluctuaciones.

En este trabajo encontramos que una red de feedback negativo con múltiples
sitios de unión para el represor puede generar burst con regularidad temporal.
Si bien no existen retardos temporales, que son una condición necesaria para
la existencia de oscilaciones o fenómenos periódicos, la existencia de múltiples
sitios introduce un retardo efectivo que se debe al tiempo característico nece-
sario para que todos los sitios de unión se liberen. Estos efectos se deben a la
descripción estocástica del sistema. Para un número de sitios fijo, encontramos
que existe un umbral de represión óptimo que permite disminuir las fluctua-
ciones en la expresión comparado con el caso de un solo sitios. Este efecto
parece ser máximo cuando las variaciones de las proteínas unidas se deben
puramente a efectos estocásticos.

El efecto de bursting regular debido a múltiples sitios puede ser relevante en
la biología sintética. También es sabido que algunos de los genes del reloj de
segmentación poseen múltiples sitios y que estos genes tienen una expresión
oscilatoria. Los resultados observados en este trabajo podrían explicar el origen
de estás oscilaciones o un mecanismo que las promueve. En cuanto al efecto
de supresión de ruido, el mecanismo presentado en este trabajo no aumenta
el gasto de energía por parte de la célula ya que no es necesario aumentar la
cantidad de proteínas producidas o degradas para generar una supresión de
ruido. Los resultados de este trabajo podrían explicar la existencia de múltiples
sitios de unión como la conservación evolutiva de los mismos en diversas
especies.





chapter 3

A R E S I N G L E C E L L S F R O M
T H E Z E B R A F I S H
S E G M E N TAT I O N C L O C K
A U T O N O M O U S
O S C I L L AT O R S ? : F R O M
E X P E R I M E N T S T O T H E O RY,
A N D B A C K

In vertebrate development, the sequential and rhythmic segmentation of the body is
regulated by a segmentation clock. This segmentation clock is composed by a popula-
tion of cells that produce an oscillatory gene expression pattern. Whether the single
cells that compose the segmentation clock can oscillate autonomously when is an open
question. In this chapter we analyse time traces of single cells of a transgenic reporter
of the zebrafish segmentation clock and we observe heterogeneous dynamics. By us-
ing a generic theory of a Stuart-Landau normal form with slow fluctuations in the
amplitude we can describe the heterogeneous dynamics and the amplitude and period
statistics and precision. The observed time traces together with the theoretical show
demonstrate that individual cells are consistent with the idea that they can function as
autonomous oscillators.

3.1 introduction : to be , or not to be autonomous

Synchronized oscillations of a population occur in different contexts in biology.
Examples range from cell to organism populations. Some of these examples
include the spiral aggregation of microbes, the circadian clock, the flashing of
fireflies, and the blossoming cycles in plants.

During the embryonic development of vertebrates, there are coordinated
genetic oscillations in a population of cells located in the tissue of the most
posterior part of the body, the tailbud and the presomitic mesoderm (PSM).
This oscillatory process, generate a spatial-temporal pattern of gene expres-
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sion that serves as a template to subdivide the embryonic body into morpho-
logical segments called somites. These somites arise one by one in a rhythmic
and sequential manner during somitogenesis. The somites, in later stages of
development, give rise to vertebrae and skeletal muscles.

The mechanism that drives the somitogenesis is known as the segmentation
clock, and in various organisms there is a correspondence between the pat-
tern of somite formation and genetic oscillations in a population of cells in the
tailbud and PSM [90, 156, 157]. Although the oscillatory nature of the cell pop-
ulation is accepted, whether the individual cells of the tissue are autonomous
oscillators is still an open question. Cell population oscillations can emerge as
the outcome of population level of non oscillatory cells. Conversely, through
communication mechanisms, individual oscillators can communicate to gener-
ate a synchronized oscillation in a population. In the latter case the coupling
between the different autonomous oscillators can change the period, robust-
ness, and accuracy between the autonomous oscillators and the population.
Both cases have been found; some microbial systems can exhibit oscillations
only when a critical density allow cell to cell communications, in which the
single cells were not rhythmic [158, 159]. In contrast, the individual cells of
the circadian clock can exhibit daily oscillations in gene expression and in the
firing rate for several cycles in isolation [160, 161]. Thus, to test if the cells of
the segmentation clock are autonomous oscillators it is essential to determine
if they can sustain oscillations in the absence of signals from their neighbors.

Early theoretical models of the segmentation clock support both hypothesis.
The clock and wavefront model [87] is consistent both with the idea that each
individual cell is able to sustain autonomous oscillations and that behaves as
a pacemaker. Contrary, other models support the idea that coupling generates
oscillations [162]. The genes of the Her/Hes family are known to oscillate in
the tailbud and PSM across different species [157]. The proteins of these genes
act as transcriptional repressors and via negative feedback they can inhibit
their own synthesis, which is consistent with the idea of a cell autonomous
mechanism [97–99, 163]. However, there has also been observed oscillations in
the Delta-Notch pathway and the genes of the FGF and Wnt signaling pathway,
which leaves open the possibility that the communication between cells gives
rises to the generation of the oscillations [156, 157, 164]. Without observing
the properties of individual cells, it is hard to determine the contributions of
individual and collective processes to tissue level oscillations.

There has been two experiments that tried to address the feasibility of au-
tonomous oscillations. In the first one, chick PSM single cells where cultured in
suspension. By reconstructing the time series from snapshots they proposed
that cell communication and a critical cell density are essential for the PSM
cells to exhibit a synchronized expression pattern [91]. On a most recent study,
in which a real time reporter of the Hes1 expression was used, they found
that in mouse three cells exhibit 4 expression pulses at most with amplitude
and duration variability [92]. In this last work, their authors conclude that the
cells may be unstable oscillators and they highlighted the role of intercellular
coupling. They described the cells as excitable systems that depended on the
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noise and signals from they neighbors. In both experiments, due to the limita-
tion of data, it is difficult to draw reliable conclusions about the autonomy of
oscillations.

In this chapter we address whether individual cells of the segmentation
clock of zebrafish are autonomous oscillators or not. Using a transgenic line of
zebrafish which expresses a Her1-YFP we measure the intrinsic properties of
single cells. We show that by comparing the properties of the measurements
with a Stuart-Landau normal form with slow fluctuations in the amplitude,
the single cells are consistent with the idea of autonomous genetic oscillators.

3.2 obtaining single cells from the segmenta-
tion clock

The cyclic bHLH transcription factor Her1 has been proposed to act as a cel-
lular pacemaker due to its ability to self-regulate its own expression using
a negative feedback loop [95, 97, 98, 165]. To observe the dynamics of the
expression pattern of this gene, we use a zebrafish line which expresses Her1-
VenusYFP (Her1-YFP) fusion reporter from the regulatory elements of the her1
locus [17]1. This line has a very accurate temporal and spatial dynamics in the
embryo.

Cells are thought to slow down their period once they leave the most an-
terior part of the tissue, the a tailbud, and differentiate in the PSM. However
progenitor cells in the tailbud are thought to maintain a regular period during
development [166–170]. These cells are the ones in which we are interested to
test the autonomy of the oscillators.

In order to obtain these cells first we explanted tailbud from 8-somite staged
embryos homozygous for the looping transgene into culture and recorded
the signal of Her1-YFP. After background subtraction we observed persis-
tent oscillations in the time series with a period T that did not slow down,
T = 42.5 ± 11.4min. Following the primary culture protocol [171], we next
generate low density cultures of tailbud cells which were recorded for 10hrs,
Fig. 3.1(a). We record the bright field in which we tracked the position of
the cells, and the YFP channel in which we record the fluorescent signal of
Her1:YFP, Fig. 3.1(a-c). Initially cells only displayed few pulses which damp
out early in the recording. However when Fgf8b was added to the cell sus-
pension a persistent rhythmic behavior was observed and with an increased
number of cycles compared with the absence of Fgf , Fig. 3.1(d). Fgf is known
to be expressed in high concentration in the tailbud and is proposed to play
roles in maintaining an oscillatory progenitor state. For the rest of this chapter
we focus on the cells treated with Fgf8b as a model to understand the proper-
ties of the segmentation clock autonomous oscillators.

Typically an image field contained between 15 to 20 cells and more than
50% of these cells expressed the YFP marker, Fig. 3.1(a). We discarded the

1 This chapter shows some of the results a collaboration. The experiments were designed at Oates
Lab. and were performed by A. Webb.
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Figure 3.1: Single cells from the zebrafish segmentation clock can oscillate autonomously in
culture. (a) A representative light transmitted field with dispersed individ-
ual transgenic tailbud cells. Reference black arrows indicates the position
of the individual cells in the field, red arrow indicates the cell whose time
series is plotted in (c), scale bar = 10µm. (b) Timelapse image of a single
tailbud individual cells (red arrow in panel (a)) over 10hrs of recording.
Top panel: light transmited field. Bottom panel: YFP signal intensity. Scale
bar = 10µm. (c) Time series of YFP signal intensity (arbitrary units) of a
single tailbud cell recorded over 10hrs. Red line is the corresponding in-
tensity of the red arrow in panel (a) and is reconstructed from timelapse
images.

cells that move out from the image field during the experiment. We also dis-
carded the cells that divided during the recording, died or touched another
cell. Aditionally, for each individual cell we record the signal next to each
cell to have a timetrace of the local background signal. We then remove the
local background from the signal to remove any low frequency trends in the
baseline of the raw intensity traces. Filtering the recorded cells with these con-
strains we obtained 149 cells which displayed two or more pulses of expression.
To rule out that the pulses were artifacts or influenced by the focal drift, we
recorded from individual cells coexpressing Her1-YFP and the nuclear marker
H2A-mCherry, and we found that the Her1-YFP signal colocalizated with the
nuclear marker which did not oscillate. Aditionally, to rule out other potential
diffusive communication mechanisms between cells, we use a serial dilution to
obtain cells in individual culture chambers and these cells can also sustain os-
cillations. Combined, these results show that cells from zebrafish do not need
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cell to cell contact to maintain oscillations and the existence of a population of
autonomous oscillators in the segmentation clock of zebrafish. Mechanisms of
oscillations based on reaction-diffusion or which require cell contact are then
not supported by our results.

3.3 single cells statistics : heterogeneity in the

population

A remarkable feature of the single cells is the variability that they exhibit,
Fig. 3.2(a) (see also auxiliary Figs. 3.a and 3.b). Some cells oscillate during the
whole recording, some others start or stop oscillating during the recording,
some exhibit isolated peaks, and some others have missing cycles. Since all
of these behaviors affect the dynamics and the number of cycles during the
recording, to quantify the heterogeneity in the population we first compute the
number of peaks occurring during a time series. We found that the number
of cycles of the cells range from 1 to 8, with a median number of 5.Although
this quantity is informative, it is relative to the time length of the time series.
Therefore we compute a quantity independent of the length of the time series,
the fraction of time that cells spend oscillating. For a mean period 〈T〉 and
fixed time length of the series of ∆T, we define the fraction of time F that cells
are oscillating as the ratio of the number of peaks n actually observed during
the time ∆T, to the average number of possible peaks in this interval ∆T/ 〈T〉,

F =
n 〈T〉
∆T

(3.1)

Using the mean value of the period reporter, ∆T = 600min and the distribution
of number of cycles we found a median value of F = 0.65, Fig. 3.2(b).

In an oscillatory time series, one of the main features is the periodicity, and
the period is one of the most natural quantities to measure. Thus, we next esti-
mate the periods of the time series as the time differences between consecutive
maxima, Fig. 3.c(a). Period estimates are discarded when their value is larger
than 140 minutes, we interpret that these two peaks are are not part of the
same cycle. From 442 cycles measured in all the time series, we found a period
of T = 78.8 ± 15.3min (mean ± std.), and we found no systematic slowing
down, suggesting that the cells were in a stationary state during the recording
interval, Figs. 3.2(c) (see also auxiliary Fig. 3.c where we plot the periods as
a function of time). Furthermore, we plotted the normalized consecutive peri-
ods from the whole dataset and we did not observe any correlation between
them, Fig. 3.2(b).

We then proceed to analyse the amplitude of the oscillations. Since the
maxima and minima values of the cycles exhibit variability, there are multiple
ways to define the amplitude. Here, we choose to define it as the average of
the distances between two consecutive maxima to the minimum that remains
between these two (see auxiliary Fig. 3.c(b)). Contrary to the period, by ploting
the amplitudes of consecutive cycles we found a correlation between cycles,
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Figure 3.2: (a) Background subtracted time traces displaying different dynamic behav-
iors; persistent oscillations, cells that stop, cells that initiate and cells that
initiate and stop during recording. (b) Histogram of fraction of time that
cells are oscillating F for the experimental time series. (c) Period and (d)
amplitude correlation in successive cycles from the experimental time se-
ries. Blue circles correspond to the pooled consecutive data of the time se-
ries, red squares correspond to the randomized pooled experimental data.
(e) Heatplot of the fraction of time that cells are oscillating for the numer-
ical time series as a function of the correlation time of the noise τ

µ

and
the noise intensity σ

2
µ

. Black line indicates the numerical values that corre-
spond to the experimental value and the shade indicates the region with
values between F = 0.63 and F = 0.67. (f) Period and (g) amplitude cor-
relation in successive cycles from the numerical time series. Purple circles
correspond to the pooled consecutive data of the time series, red squares
correspond to the randomized pooled numerical data. (h) Numerical time
traces simulated with an SL oscillator with slow fluctuations in the pa-
rameter µ and additive white noise. The numerical time series display
different dynamic behaviors; persistent oscillations, oscillations that stop,
oscillations that initiate and those that initiate and stop during simulation.
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denoting a low frequency fluctuation in the amplitude, Fig. 3.2(d). Although
there is a correlation between consecutive amplitudes, there is no correlation
between period and amplitude of the same cycles, see auxiliary Fig. 3.c(c).

To conclude the characterization of the experimental series we proceed to
analyse the temporal precision of the autonomous oscillators. We evaluate the
precision by means of the quality factor Q. The quality factor is defined by the
ratio of the correlation time of the autocorrelation tc and the period T,

Q =
tc

T
. (3.2)

The correlation time is a measure of the coherence time of the time series which
informs the time interval in which the timing is predictable. Since we use the
autocorrelation to compute the temporal precision, and the amplitude fluctu-
ations change the autocorrelation function as well, we first perform a wavelet
transform to generate an oscillatory signal without amplitude fluctuations, see
Appendix 3.B. We then compute the quality factor for the different time series
by means of the autocorrelation function, from were we extract the period T
and the correlation time τc of the oscillations, see Appendix 3.B for the details
of the procedure. In this analysis we only include time series which exhibit
oscillations at least 80% of the recording time. From the results of the auto-
correlation we found a mean period of T = 78.3 which is consistent with the
period measured by the interpeak time interval. We then compute the quality
factor which resulted in a median quality factor of Q = 4.6.

We compared the quality factor reported from single cells with the quality
factor of the tailbud of the embryos during the same developmental window
using tissue level oscillations data from the embryos. We calculate a median
quality factor of Q ∼ 10 in the embryo. Thus, the oscillations in the embryo
are more precise than the single cells. This suggest that the coupling between
cells in the tissue increase the precision of the oscillations.

3.4 supercritial hopf with slow amplitude fluc-
tuations

On the basis of the experimental results, we are interested in finding out if
there is a theoretical description of an oscillator that reproduces the features
observed in the data. The main features of the data in which we are inter-
ested in are the variability and heterogeneity exhibited by the population, the
slow fluctuations in the amplitude, and the value of the precision of the cells.
The properties observed serve as a guide for to select an useful theoretical
description and its properties. Motivated by the fact that existing regulatory
networks models posses a supercritical Hopf bifurcation, we choose a generic
Stuart-Landau (SL) description [172–174]. Furthermore, the Stuart-Landau de-
scription allows us to examine the effects of amplitude and period fluctuations
independently and in combination [175, 176]. Lastly, this particular theory is
the normal form near a Hopf bifurcation and the amplitude is particular sen-
sitive to changes in the parameters [153], which may explain the amplitude
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variability in the data and the turning on and off of the oscillatory state. Tak-
ing all these results together we use a SL description with slow fluctuations in
the parameters and additive noise.

We describe the noisy oscillations through a Hopf bifurcation for a complex
variable z as

dz
dt

= (µ(t) + iω)z − (b + iq)z|z|2 + ξz(t) , (3.3)

where ω, b, q are real constant parameters, µ(t) is a real random variable and
ξz(t) is a complex are random variable. The parameter µ(t) is given by

µ(t) = µ0 + ξ

µ

(t) , (3.4)

where µ0 is a constant value and ξ

µ

(t) is a colored noise term given by an
Ornstein-Uhlenbeck (OU) process with statistics

〈ξ

µ

(t)〉 = 0
〈ξ

µ

(t)2〉 = σ

2
µ

〈ξ

µ

(t)ξ

µ

(t′)〉 = σ

2
µ

e−|t−t′|/τ

µ .

(3.5)

The additive noise is given by

ξz(t) = ξx(t) + iξy(t) , (3.6)

and ξx(t) and ξy(t) are real white noise variables with statistics

〈ξx(t)〉 = 〈ξy(t)〉 = 0
〈ξx(t)2〉 = 〈ξy(t)2〉 = σ

2
z

〈ξx(t)ξx(t′)〉 = 〈ξy(t)ξy(t′)〉 = σ

2
z δ(t − t′)

(3.7)

and

〈ξx(t)ξy(t)〉 = 0 . (3.8)

The oscillating signal observed in the time series is related with the polar
form. Thus we can map the oscillatory time signal to a phase and amplitude
space. To gain some intuition about the parameters of the model it is insightful
to analyse the noiseless version of the SL oscillator, Eq. (3.3), in polar form by
using z = reiθ ,

dr
dt

= µr
(

1 − b
µ

r2
)

, (3.9)

dθ

dt
= ω − qr2 (3.10)

where r ≡ r(t) is an amplitude and θ ≡ θ(t) a phase. In this representation we
have two differential equations that describe the evolution of the amplitude
and the phase, and the interpretation of the parameters are more intuitive.
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Figure 3.3: Fluctuations, signal, amplitude and phase of a realization of the Stuart-Landau
description. (a) Time series of µ(t). In all the panels regions in which
µ(t) > 0 are shaded to denote the effect of the slow fluctuations. (b) Time
series of the white noise ξx(t) (c) Oscillatory time signal of x(t) (purple
line) and y(t) gray line. (d) Amplitude r(t) =

√
x2(t) + y2(t). (e) Phase

θ(t) = atan2(y, x).

The parameter µ determines the evolution of the amplitude and if the system
is able to generate oscillations, for µ < 0 the amplitude decays toward the fixed
point r∗

0 = 0 and there is no signal, for µ > 0 and b > 0 Eq. (3.9) has a stable
fixed point which is given by r∗ =

√
µ/b. The evolution of the amplitude is

independent of the phase evolution, Eq. (3.9). The frequency of the oscillations
is given by Eq. (3.10). The non-isochronicity q describes the effects of the
amplitude on the phase evolution. For q '= 0 the frequency of the oscillations
is given by θ̇ = ω − qr∗ and depends on the value of the amplitude and for
q = 0 the frequency is set by the parameter ω, θ̇ = ω, and is independent of
amplitude fluctuations.

So far to gain intuition about the oscillator and the influence of the parame-
ters, we analyse the noisless SL oscillator in polar coordinates, we now use the
observed features and variability in the data to define the different parameters
of the model and the noise. First using the mean value of the period, we set
the value of ω = 2π/T = 0.0797 so that the description has the same mean pe-
riod as the data. Then, relying on the fact that there is no correlation between
amplitude and period we set the value of non-isochronicity q = 0.

Amplitude fluctuations observed in the data occur in a timescale that is
similar to the period and can be thought as a form of extrinsic noise which can
be the result of global changes in the state of the cell. Slow fluctuations in gene
expression and signaling has been observed in a variety of systems [48, 49, 177].
We represent this variability by a slow fluctuating parameter µ(t) described by
the OU process which has a characteristic time τ

µ

. When µ(t) has a positive
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Figure 3.4: Single cells have precise oscillations. (a) Normalized population quality factor
histogram for the single cells. (b) Precision decreases as white additive
noise σ

2
z increases. Top panel: Quality factor of numerical simulations as

a function of the strength of the additive white noise. Dots correspond
to the median value ,the error bars to the 68% c.i. for 1000 stochastic
simulations of 600min and the black full line is a reference line for the
observed quality factor in the experiments. Bottom panel: p-value of the
two sample Kolmogorov-Smirnov test vs variance σ

2
z . We test for the null

hypothesis that the distribution of the population quality factor and the
distribution of the numerical simulations quality factor are drawn from the
same distribution. In the absence of amplitude fluctuations σ

2
z = 0.486 we

have a median Q = 4.6 and a p-value of 0.78. (c) Normalized population
quality factor histogram for the single cells (blue) and for the numerical
simulations (purple).

mean value, µ0 > 0, the values of µ(t) can be positive or negative depending
on the balance of the parameters µ0 and σ

µ

, Fig. 3.3(a). For the details of the
OU process and the numerical integration of Eq. (3.3) see Appendix 3.C. Since
the parameter µ(t) is continuously changing in time, the amplitude is going
to fluctuate as well because the fixed point r∗ is not a static value any more,
r∗ = r∗(t) =

√
µ(t)/b, Fig. 3.3(c,d). For negative values µ(t) < 0 the system

will evolve to the value r∗
0 which is the only fixed point. Thus, by tunning the

relationship between the parameters µ0, b, σ

µ

and τ

µ

we can tune the fraction
of the time that the value µ(t) is positive or negative and for how long the
sign does not change. We use this property of the to define the value of the
fraction of time that cells oscillate F in the numerical simulations. Given a
fixed value of µ0, by tunning the values of the characteristic time τmu and the
strenght of the noise σ

µ

we obtain a region in the space of these two parameters
which satisfies the experimental observation F = 0.65, Fig. 3.2(e). Additionally,
the time series generated exhibit correlated amplitude fluctuations, Fig. 3.2(f).
Since q = 0 and ω is a fixed value, we also observe noncorrelated period
fluctuations, Figs.3.2(g) and Fig. 3.3(c,d). Thus, by tuning all the parameters to
satisfy the observed statistics we also find an heterogeneous behaviour in the
population with cells that exhibit persistent oscillations, oscillations that stop,
oscillations that initiate and those that initiate and stop during simulation,
Fig. 3.2(h).
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Since we are using wavelets transform to get rid of amplitude fluctuations
and q = 0, the parameters that control the properties and variability in the
amplitude do not change timing precision. Thus, we use the value σz to tune
the precision of the oscillations quantified by the quality factor. We generate
numerical simulations in which we vary the value of σz and we measure the
value of Q in the numerical simulations, Figs. 3.3(b) and 3.4. For each of the
values of σz we test values the distribution of quality factor from the numer-
ical simulations and the data are drawn from the same distribution using a
Kolmogorov-Smirnov test [178], Fig. 3.4(b). The observed precision of the cells
was located within a restricted range of variance in this noise.

3.5 subcritical hopf bifurcation

So far we describe the dyncamics of the expression of her1:yfp the cells as an
oscillator close to supercritical Hopf bifurcation by using a Stuart-Landau de-
scription. We show that if the parameter µ which controls the fixed point is a
function of time and fluctuates slowly, we can describe many of the features
observed in the data. Here we show another approach to describe the oscil-
latory behaviour of cells by using a differential equation with higher order
terms

ż = (µ1 + iω)z + (µ3 + ib3)|z|2z + (µ5 + ib5)|z|4z + ξz(t) . (3.11)

The particular choice

b3 = b5 = 0
µ1 = −m1

µ3 = m3

µ5 = −m5

m1,m3, m5 > 0

(3.12)

generates a subcritical Hopf bifurcation for the amplitude with the noiseless
polar representation

ṙ = −m1r + m3r3 − m5r5 (3.13)
θ̇ = ω . (3.14)

This choice of parameters generates three fixed points, at

r∗
0 = 0

r∗
1 =

√
m3 −

√
m32 − 4m1m5

2m5

r∗
2 =

√
m3 +

√
m32 − 4m1m5

2m5

(3.15)
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Figure 3.5: A subcritical bifurcation in the amplitude can generate a heterogeneous oscillatory
population with amplitude correlations.

which generate two stable limit cycles at r∗
0 and r∗

2, and an unstable one at r∗
1,

Fig. 3.5(a,b). By tunning the parameters m1, m3 and m5 we can set the position
of the fixed points r∗

1 and r∗
2 and the values of the maximum and minimum

between r = 0 and r = r2.
Considering z = x + iy and the noise ξz(t) = ξx(t) + iξy(t), we can write

Eq. (3.11) as real and imaginary part

dx
dt

= (x2 + y2)(µ3x − b3y + (µ5x − b5y)(x2 + y2)) − yω + µ1x + ξx(t)

dx
dt

= (x2 + y2)(µ3x + b3y + (µ5x − b5y)(x2 + y2)) + xω + µ1y + ξy(t) .
(3.16)

We generate numerical trajectories for the system by numerical integration of
Eq. (3.16) using an Euler-Maruyam scheme. If the noise is strong enough, no
matter on which side of the unstable limit cycle the system starts, it can cross
the unstable limit cycles due to fluctuations Fig. 3.5(c-e). If the system is close
to the origin it is the non-oscillatory regime, while for the outer stable limit
cycle it is the oscillatory regime. Thus, we can generate numerical trajectories
that exhibit amplitude fluctuations which can oscillate all the measured time,
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Figure 3.5: (a) Vector field of ṙ (b) Phase portraits in the circle of (x(t), y(t)). (c) Nu-
merical time trace of x(t), Eq. (3.16). (d) Evolution of x(t) as a function
of y(t) for the time trace displayed in (c). (e) Numerical time trace of r(t)
for the time trance displayed in displayed in (c). (c-e) The three subpanels
have the same reference color code which indicates the position in time.
(f) Numerical time traces simulated with an subcritical oscillator with ad-
ditive white noise. The numerical time series display different dynamic
behaviors; persistent oscillations, oscillations that stop, oscillations that ini-
tiate and those that initiate and stop during simulation. (g) Period and (h)
amplitude correlation in successive cycles from the numerical time series.
Purple circles correspond to the pooled consecutive data of the time series,
red squares correspond to the randomized pooled numerical data.

start, stop, or exhibit isolated oscillations cycles as the observed ones in the ex-
perimentes, Fig. 3.5(d). If the value of the derivate ṙ close to the unstable limit
cycle is small enough, the transition between one regime an the other is smooth
and the change of state has a characteristic time. If this characteristic time is
close to the period or slower, the amplitude of consecutive cycles is going to
be correlated while the consecutive period it is not correlated, Fig. 3.5(e,f).

3.6 a brief interlude : what can we learn from

the theory?

One of the main features of the observed time series is the the heterogeneous
behaviour they exhibit. This characteristic could be due to the fact that they
are different types of cells or they are in in different states and that each one
of them has a particular behaviour such as in the circadian cells in the mam-
malian suppachiasmatic nuclei [161, 179]. While our results cannot rule out
potential cell-type differences, the theory is consistent with one type of cells
having the same oscillatory mechanisms captured during different time win-
dows of their dynamics. Both theories presented here suggest that if if there
is a slow timescale which drives the oscillator in and out from the oscillatory
state, the numerical trajectories exhibit the observed behavior. Further more,
both theories can generate correlated amplitude fluctuations and uncorrelated
period variability.

The subcritical bifurcation seems to be more elegant from the mathematical
point of view: there is no need to impose an extra process with a timescale,
the OU process, to generate a correlation in the amplitude fluctuations and a
change from the oscillatory to the non-oscillatory state and vice-versa. Using
a simple white noise, the dynamic behaviour of the system generates corre-
lated amplitude fluctuations and a change of oscillatory state. Unfortunately
the elegance of a theory is not sufficient to determine its correct applicabil-
ity. The supercritical bifurcation needs the existence of a correlated noise in
the amplitude in order to be able to generate correlated amplitude fluctua-
tions and a dynamic changes in the oscillatory state. Although this theory is



62 single cell oscillations

more complex from the dynamical and mathematical point of view since it
involves more differential equations and parameters, it has a simpler biolog-
ical interpretation which makes it more attractive and plausible. It is known
that extrinsic fluctuations affect the global state of cells and the availability of
resources for the different processes. Here we hypothesized that these slow
fluctuation in the parameter µ are due to this extrinsic fluctuations although
we do not specify the biochemical mechanism. Additionally, existing regula-
tory networks models posses a supercritical Hopf bifurcation. Having said
this, due to knowledge of the biochemical context we chose the supercritical
bifurcation with a time correlated noise to explain the dynamics observed in
the cells. To further investigate into this hypothesis, one possibility is to de-
scribe the different biochemical species involved in the reactions. By using this
approach, it is possible to analyse if slow fluctuations in any of the molecular
components reproduce the observations in the data.

3.7 discussion

In this chapter we show that single cells from the zebrafish segmention clock
are autonomous oscillators. First we show that single cells can generate an
oscillatory synthesis of Her1. This population of cells exhibit an heterogeneous
expression pattern which is captured by the different behaviours of the cells
during the experiment. We show that the amplitude of consecutive cycles are
correlated but period is not. Additionally we also showed that the period of
the cells do not slow down during the experiment reflecting that the cells are
in a stationary state.

Here describe the autonomous oscillators with a Stuart Landau theory with
colored noise in the amplitude and white noise in the variables. The theory
proposed in this article complements the experimental results and allows us
to come to conclusions about the observations. First, since the output of single
cells is erratic and noisy, the existence of an underlying oscillatory mechanisms
becomes obscure. However, here we show that oscillators such as the SL can
generate similar outputs, thus this observation show that the behaviour of the
single cells is compatible with the idea that they are autonomous oscillators.
Then by assuming that single cells are oscillators, other mechanisms such as
reaction-diffusion which rely on diffusion across the tissue and do not contain
cell-autonomous oscillations are not supported by our results.

The heterogeneously in the cell expression patterns could indicate that in
the population there are different type of cells; cells that oscillate all the time,
some others which are arresting, some others which are starting to oscillate,
and some other which exhibits only a couple of activity bursts. Our theory
suggest that population is composed by only one type of oscillatory cells, and
the difference in the behaviors is due to the observation during different time
windows of their dynamics.

Single cell experiments show a two fold difference of period compared to
the wildtype zebrafish segmentation period. If we take into account the ef-
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fects of coupling between cells [166, 180], a Doppler effect exiting during the
segmentation [111] and a modification of the period due to the transgene [181]
this discrepancy can be explained. However we can not rule out other possible
mechanisms such as coupling pathways and other signals or culture conditions
different from embyonic environment which can alter the base period of the
single cells.

Previous works did not conclude that single cells could sustain single cell
oscillations. The cells used in these studies where from chick and mouse and
may have different properties. Also in one of these, they reconstruct the time
series from snapshots of different cells [91]. From the results in this chapter we
know that different cells may be in different stages of the oscillatory process,
thus, by reconstructing the time series using snapshots from different cells we
may obtain stochastic patterns of gene expression although they are oscilla-
tory cells. In the other study [92] they analyse a luciferase reporter of Hes1

expression in mouse allowing PSM cells to be observed in vitro. Although
mouse and zebrafish single cells properties can differ, it is also a possibility
that the transgene may modify the dynamics or properties changing the ex-
pression pattern compared to the wildtype cells [181]. Our results contribute
to the understanding of the segmentation clock both at tissue and at single
cell level since they provide evidence for the ideas presented in the Clock and
Wavefront model.
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3.a appendix : auxiliary figures

Figure 3.a: Experimental time traces. Part I
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Figure 3.b: Experimental time traces. Part II
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Figure 3.c: Auxiliary Figures of the main text. (a) Period and amplitude computations.
We copute the period as the time differences between consecutive maxima.
The amplitude is computed as the average of the distances between two
consecutive maxima to the minimum that remains between these two. (b)
Period statistics as a function of time. Each data point corresponds to the
average value of the data falling at interval binned every 100 minutes. Er-
ror bars correspond to the standard deviation. (f) Period as a function of
the amplitude of each cycle. Purple circles correspond to the pooled con-
secutive data of the time series, red squares correspond to the randomized
pooled data.



3.B appendix : time series analysis 67

3.b appendix : time series analysis

3.b.1 Peak finding

For each background subtracted cell trace, we detected peaks using a custom
Matlab script that uses the findpeaks function. The algorithm first smoothens
the time series and then detects local maxima. Local minima are then found
between pairs of maxima using the function min restricted to the time interval
between successive peaks. Peaks are subsequently discarded if they are smaller
than 0.1 times the dynamic range of the time series, or if they are too close (less
than 40 min) to the beginning or end of the time series.

3.b.2 Wavelet transform and quality factor

wavelet transform . Usually, the quality factor is determined by di-
rectly calculating the autocorrelation function of an oscillatory time series [124].
However, the time series analysed here show large amplitude variations which
introduce a spurious weighting effect to the autocorrelation. This impedes the
direct use of the autocorrelation for precision measurements. Instead, we first
generate a phase time series of the oscillatory time series using a wavelet trans-
form [184]. In the wavelet transform there is a local convolution of a scaled
mother wavelet with the original time series. When the mother wavelet is com-
plex the phase and amplitude of the signal can be obtained from the original
time series. By changing the scale of the mother wavelet different timescales
can be analysed. Here we employ the Paul wavelet function of order 4 [184] to
compute the wavelet transform. The phase time series φ(t) obtained from the
wavelet transform is independent of the amplitude of the oscillations. Then
we can compute the cosine of the phase to obtain an oscillatory time signal
with the same timing properties as the original signal but without amplitude
fluctuations, x(t) = cos (φ(t)), Fig. 3.d.
For more details about the wavelet procedure please refer to [182].

autocorrelation and quality factor . From the oscillatory signal
constructed from the phase, we compute the autocorrelation by means of the
autocorrelation function for a time lag τ

R(τ) =
〈(x(t) − 〈x(t)〉)(x(t + τ) − 〈x(t)〉)〉〈

(x(t) − 〈x(t)〉)2
〉 (3.17)

where 〈·〉 denotes the time average. We then fit the autocorrelation function
up to half of the total time with the function

R(t) ∼ e−τ/tc cos
(

2π

T
τ

)
, (3.18)

from where we obtain the correlation time tc and the mean period of the time
series T, Fig. 3.d. We discard the tail of the autocorrelation because it has less
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Figure 3.d: Auxiliary Figs.

statistics and then introduces errors into the fit. We then compute the quality
factor using

Q =
tc

T
. (3.19)

We apply this procedure for a set of wavelet scales centered around the
characteristic period of oscillations and take averages of the period T and the
quality factor Q to ensure robustness of the results.

To summarize, the procedure to compute the quality factor for each indi-
vidual cell is the following: for each time series we (i) compute the wavelet
transform to obtain a phase time series, (ii) compute the cosine to obtain an
oscillatory time series without amplitude fluctuations, (iii) compute the auto-
correlation, (iv) fit the first part of the autocorrelation function, (v) compute
the quality factor. We repeat this procedure for different wavelet scales.

precision and quality factor of simulated timeseries . In the
analysis of the precisión of the experimental time series, we used wavelet trans-
forms to avoid amplitude variations and produce a phase time-series, from
which we computed the quality factor. We hypothesize that the imprecisions
of the time series are due to phase fluctuations and not because amplitude
fluctuations. In the case of the simulations, instead of performing a wavelet
transform to the simulations and get rid of the amplitude fluctuations, we
generate numerical traces without amplitude fluctuations. By doing this, the
imprecisions arise from phase fluctuations.

We base our analysis on times series that contain 6.5 complete cycles, similar
to the average persistent cell in the persistent cells subset. Thus, we generate
numerical simulations of 507 min = 6.5 × 78 min, with the approach described
below, see 3.C. We vary σ

2
z to generate fluctuations of different strengths, and

compute the quality factor Q with the same approach described previously.
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3.c appendix : numerical methods

generating white noise . We generate additive white noise with statis-
tics (3.7–3.8) as

ξ(t) = σzw(t) , (3.20)

where w is a Markovian, uncorrelated unit normal distribution, see (3.22) be-
low.

generating color noise . We generate color noise with statistics (3.26)
by solving the Stochastic Differential Equation (SDE) of an Ornstein-Uhlenbeck
process

dξ

dt
=

1
τ

ξ(t) +
√

Dw(t) , (3.21)

where w is a Markovian, zero mean and uncorrelated Gaussian process

〈w(t)〉 = 0 ,
〈w(t)w(t′)〉 = δ(t − t′) .

(3.22)

The analytical solution of the Ornstein-Uhlenbeck process (3.21) is [185]

ξ(t) = ξ(0)e−t/τ +
√

D
∫ t

0
e−(t−t′)/τw(t) dt . (3.23)

Choosing

D = 2σ

2/τ (3.24)

and the initial condition

ξ(0) = σw(0) , (3.25)

the solution ξ(t) has the properties (3.26).

〈ξ

µ

(t)〉 = 0
〈ξ

µ

(t)2〉 = σ

2
µ

〈ξ

µ

(t)ξ

µ

(t′)〉 = σ

2
µ

e−|t−t′|/τ

µ .

(3.26)

3.c.1 Solution of Stuart-Landau equation with color noise in µ and additive
white noise

While the polar form is useful in some calculations, the phase becomes ill-
defined when r = 0 and this may pose problems for numerical integration
schemes. Therefore, in numerical simulations we use the cartesian form z =
x + iy where x and y are the real and the imaginary part of z. The polar and
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cartesian forms are connected by the transformation x = r cos θ and y = r sin θ,
and the cartesian form of the Stuart-Landau Eq. (3.9) and Eq. (3.10) is

dx
dt

= x
(
µ − b(x2 + y2)

)
+ y

(
−ω + q(x2 + y2)

)
,

dy
dt

= x
(
ω − q(x2 + y2)

)
+ y

(
µ − b(x2 + y2)

)
.

(3.27)

Numerical integration is straight forward in this form since this system is well
defined for all values of x and y, Fig. 3.3.

We generate numerical trajectories of the SDE with color noise (3.21) with
the following recurrence relation [186]

ξ

µ

(0) = σ

µ

w(0)

ξ

µ

(t + h) = ξ

µ

(t)e−h/τ +
√

(1 − e−h/τ)σ

µ

w(t + h)
(3.28)

Noise generated by this process has properties Eq. (3.26).
White noise is generated using a pseudo random number generator for a

unit normal distribution w

ξx = σzwx(t)
ξy = σzwy(t) ,

(3.29)

where wx and wy have the same statistics but are independent.
Redefining parameter µ as in Eq. (3.4), and discretizing time ti = ih and

variables x(ti) = xi for i = 0, . . . , n, we generate numerical simulations of the
Stuart-Landau Oscillator with color noise in the amplitude and additive white
noise with the following system of equations

xn+1 = xn + h
[
xn

(
µn − bn(x2

n + y2
n)

)
+ yn

(
−ωn + cn(x2 + y2)

)]
+

√
hσzwxn

yn+1 = yn + h
[
xn

(
ωn − cn(x2

n + y2
n)

)
+ yn

(
µn − bn(x2

n + y2
n)

)]
+

√
hσzwyn

µn = µ + ξ

µn

ξ

µn+1 = ξ

µne−h/τ

µ +
√

(1 − e−h/τ

µ )σ

µ

wn+1

(3.30)

We set initial conditions





x0 = µ sin(u2π

)

y0 = µ cos(u2π

)

ξ

µ0 = σ

µ

w0

(3.31)

where u2π

is the uniform distribution in [0, 2π), see Fig. 3.3.
The integration step h has to be kept smaller than the correlation time τ.

This limitation arises from the way we include the noise in the equations us-
ing Euler’s method. However, this approach lets us include noise in all the
parameters simultaneously. If one is interested in small correlation times it
may be better to turn to Runge-Kutta methods, where the limitation is that
only one noise can be included in the equations; a more detailed discussion
can be found in [186].



¿ L A S C É L U L A S
I N D I V I D U A L E S D E L R E L O J D E
S E G M E N TA C I Ó N D E L P E Z
C E B R A S O N O S C I L A D O R E S
A U T Ó N O M O S ? : D E L O S
E X P E R I M E N T O S A L A T E O R Í A ,
Y V I C E V E R S A .

Durante el desarrollo de los vertebrados, la segmentación secuencial y rítmica del
cuerpo está regulada por un reloj de segmentación. Este reloj de segmentación está
compuesto por una población de células que producen un patrón oscilatorio de expre-
sión genética. Aún no es claro si las células individuales del reloj de segmentación son
capaces de producir oscilaciones autónomas. En este trabajo analizamos las trazas de
tiempo de células individuales de un reportero transgénico del reloj de segmentación
de zebrafish y observamos una expresión dinámica heterogéneas. Usando una teoría de
Stuart-Landau con fluctuaciones lentas en la amplitud podemos describir la dinámica
heterogénea y las estadística y precisión de la amplitud y el período. Las series de tiem-
po observadas junto con la descripción teórica muestran que las células individuales
tienen un comportamiento consistente con un oscilador.

Durante el desarrollo embrionario de los vertebrados, existe una población
de células en la parte más posterior del tejido, que generan oscilaciones ge-
néticas. A medida que el tejido crece, estás oscilaciones van dejando atrás un
patrón oscillatorio de expresión que subdivide al embrión en segmentos. Estas
estructuras, las somitas, van apareciendo una a una de manera secuencial y
rítmica durante la somitogénesis. Las somitas en estadios más avanzados del
desarrollo dan origen a las vetebras y músculos esqueléticos. El mecanismo
de somitogénesis suele explicarse a partir de la teoría del reloj y frente de on-
das [87] que es consistente con la idea de que cada célula puede actuar como
un oscilador autónomo convirtiéndolas en marcapasos.

71
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El periodo de formación de las somitas está controlado por un reloj, el reloj
de segmentación, y en diversos organismos existe una correspondencia entre
el patrón de formación de somitas y oscilaciones genéticas en un conjunto
de células [90, 156, 157]. Este reloj está compuesto por un conjunto de células
que exhiben una expresión oscilatoria en la expresión de algunos genes. Si bien
está aceptada la idea de que el tejido es capaz de generar oscilaciones genéticas,
todavía no se sabe si las células individuales del reloj de segmentación pueden
generar oscilaciones cuando se encuentran asiladas. En este trabajo estudiamos
si las células aisladas son capaces de generar oscilaciones en la expresión de
las proteínas cíclicas del reloj de segmentación.

En primera instancia, obtuvimos células individuales de la parte más ante-
rior del tejido de un reportero transgénico del reloj de segmentación de ze-
brafish [171]. Este zebrafish es reportero del gen her1 que se sabe que tiene
una expresión oscilatoria en el tejido y se cree que es un candidato a funcio-
nar como el marcapasos de las células individuales [17] Analizamos la señal
fluorecente en función del tiempo y observamos un comportamiento heterogé-
neo en la población de células. Observamos que algunas células no oscilaban,
otras que oscilaban durante todo el tiempo de observación, otras que se dete-
nían, otras que comenzaban a oscilar durante el experimento, y algunas que
mostraban solo unos picos durante el experimento.

Caracterizamos la fracción de tiempo que las células oscilaban durante el
experimento encontrando un valor de F = 0,65. Por otro lado cuantificamos el
periodo de las mismas encontrando un periodo medio de T = 78,8 ± 15,3min.
Encontramos que la amplitud de ciclos consecutivos está correlacionada mien-
tras que el periodo no. A partir de este análisis estadístico de la señal del
reportero en función del tiempo nos preguntamos si existe algún oscilador
compatible con la estadística observada.

Utilizando una forma normal de Hopf a través de una teória de Stuart-
Landau con ruido de color en la amplitud logramos generar series temporales
con las mismas estadísticas que las observadas en los experimentos. La princi-
pal característica de la teoría es las fluctuaciones lentas en la amplitud a partir
de un proceso de Ornstein–Uhlenbeck. Al incorporar estás fluctuaciones en
el parámetro que modula la amplitud logramos por un lado generar correla-
ciones temporales entre la amplitud de ciclos consecutivos. Por otro lado este
ruido también genera una población heterogénea con variabilidad en la diná-
mica debido a que la modulación de la amplitud conduce al sistema fuera y
dentro del estado oscilatorio.

Las observaciones experimentales junto con la teoría muestran que las célu-
las individuales del reloj de segmentación de zebrafish tiene un comportamien-
to compatible con la idea de que sean osciladores autónomos. Existen algunos
trabajos anteriores sobre células única pero con resultados inconclusos ya sea
por la interpretación de los resultados como por la calidad de las series ana-
lizadas [91, 92] Nuestros resultados contribuyen al entendimiento del reloj de
segmentación tanto a nivel de tejido como a nivel autónomo dado que aporta
evidencia a las ideas presentadas en el mecanismo del Reloj y Frente de ondas.



chapter 4

C H A R A C T E R I S AT I O N O F
T E M P O R A L P R E C I S I O N I N
S H O RT O S C I L L AT O RY T I M E
S E R I E S

The temporal precision of an oscillator is limited by fluctuations. Temporal precision
can be characterized by a quality factor which quantifies the number of coherent cy-
cles. For an observed time series, the quality factor can be determined either from the
autocorrelation function or the periodogram. However, for these methods the value of
the quality factor depends on the number of cycles observed. This raises a problem
because observations span finite time windows with a finite number of cycles. Here we
propose an alternative method based on period statistics to compute the quality factor
that is reliable even for a low number of cycles. We show that this method is robust
in the presence of amplitude fluctuations and for a variety of nonlinear oscillators. We
expect that the method will prove useful in a range of situations where the number of
cycles observed is finite either because of intrinsic system properties or experimental
constraints on the observation time.

4.1 introduction

Oscillations and rhythms occur at many scales in nature, from the very fast
oscillations of the most precise optical atomic time keepers [60, 61, 187] to
geological and astronomical cyclic phenomena. In Biology, rhythms are ob-
served across the range of biological organization levels, from cells to organ-
isms and populations [62, 63]. At the level of single cells, biochemical net-
works can produce cyclic variations in protein concentrations [19, 63], as in
circadian clocks [75], the p53 response to DNA damage [64], segmentation
clock cells [65] and synthetic genetic oscillators [16]. Single cells can also pro-
duce cyclic electric activity like the rhythmic firing of neurons [67] and hair
cells that transduce mechanical vibrations into electrical signals in the ear [68].
Oscillations can also be observed at a multicellular level in tissues, like in the
segmentation clock [13, 70], the suprachiasmatic nucleus [71], in the beating
of the heart and in brain waves [72]. Cell aggregates can display collective

73
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Figure 4.1: Quality factor depends on the length of the time series. (a) Signal x(t) for a
phase model with white noise Eq. (4.7). (b) Mean autocorrelation R(τ),
Eq. (4.2). (c) Mean periodogram S( f ), Eq. (4.5). The autocorrelation (b)
and the periodogram (c) are the result of averaging the respective func-
tions over 100 realizations of 2 × 104 [a.u.] long, Appendix 4.B. (d) Quality
factor obtained from mean autocorrelation (up blue triangles) and mean
periodogram (down green triangles) is plotted as a function the number of
cycles in the time series. Parameters: ω = 2π/10 and σ

2 = 2/100.

oscillations such as the polymerizing and depolymerizing of actin filaments in
Dictyostelium discoideum [69]. Higher organisms can display very slow rhythms
such as in circannual cycles and supra-annual blossoming cycles in plants [73,
74]. Whole populations can produce collective rhythms such as in the flashing
of fireflies, migration patterns and epidemic outbreaks [62, 188].

These biological rhythmic phenomena result from complex interactions be-
tween elements which are subject to fluctuations. Intrinsic and extrinsic fluctu-
ations induce changes in the period and the amplitude of the oscillations [15,
16]. These changes accumulate during subsequent cycles giving rise to a fi-
nite temporal coherence and thereby limiting oscillator precision. Biological
rhythms often have a functional role, meaning that it is important for the os-
cillations to be precise in time. For example the heart rate needs to be kept
between bounds, the circadian rhythm has to be close to the period of the Earth
rotation, and the segmentation clock is required to have a precise period to set
the correct size and number of body segments [13]. Thus, reliably quantifying
period precision is important to understand the physical limits of a system
and its functionality.
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In general, methods to reliably quantify temporal coherence require the ob-
servation of many cycles of the oscillation [189]. However, the observation of
biological systems is often restricted by (i) intrinsic limitations, where the sys-
tem only makes a finite number of cycles like p53 or the segmentation clock,
or (ii) experimental constraints, where we can only observe the system for a
short number of cycles like the circadian clock which have slow cycles. In this
chapter we analyse how to quantify precision of an oscillator from short time
series. We propose how to use period statistics to estimate a quality factor that
quantifies temporal coherence relative to the period. We show that this pe-
riod statistics method is particularly reliable for short time series, where other
methods fail. The method is also valid when there are amplitude fluctuations
in the time series while other methods fail in this condition.

This chapter is organised as follows. In Sec. 4.2 we introduce an estimator of
the precision of an oscillator, the quality factor. We show the pitfalls that arise
in its estimation when the time series is short. Then in Sec. 4.3 we propose an
alternative estimate of the quality factor based of period statistics. In particular
we show how to compute the quality factor of an effective phase oscillator with
uncorrelated fluctuations and we develop a theory that allows us to relate it
with simple period statistics. We show that this estimate is much more robust
and outperforms other estimates for short time series. Later in Sec. 4.4 we
show that amplitude fluctuations do not change the value of our estimator
while it does change it for the others estimators. In Sec. 4.5 we show that this
estimate can be used for a variety of noisy oscillators. Finally in Sec. 4.6 we
discuss our results and the implications of this chapter.

4.2 quality factor quantifies temporal precision

The precision of an oscillatory time series can be quantified by the quality
factor Q, defined as the ratio between a temporal coherence time τc and the
period T

Q =
τc

T
. (4.1)

In other words, the quality factor is a dimensionless quantity that represents
the relative characteristic time over which the phase of an oscillating signal is
coherent or predictable.

We can compute the quality factor of an oscillatory process Xt by calculating
the autocorrelation function at time t and lag τ

R(t, τ) =
〈(Xt − 〈Xt〉)(Xt+τ

− 〈Xt+τ

〉)〉√〈
(Xt − 〈Xt〉)2

〉 〈
(Xt+τ

− 〈Xt+τ

〉)2
〉 (4.2)

where 〈X〉 stands for the expectation value of X at a given time. For a wide-
sense stationary oscillatory process, a process in which the mean and the auto-



76 characterisation of temporal precision

covariance do not vary in time, the autocorrelation function becomes indepen-
dent of time t and often takes the form [65, 124, 190, 191]

R(τ) = e−τ/τc cos
(

2π

τ

T

)
, (4.3)

see Fig. 4.1(a,b), from which we can obtain the period T and coherence time τc
to compute the quality factor according to Eq. (4.1).

We can also define the quality factor in terms of the spectral content of the
time series, as the ratio between the central frequency of the spectrum fc and
a resonance width ∆ f

Q =
fc

π∆ f
. (4.4)

With this definition, the quality factor represents the inverse bandwidth of the
spectral content relative to the central frequency. To compute Q we can first
obtain the power spectral density

S( f ) = |x̂( f )|2 (4.5)

were x̂( f ) stands for the Fourier transform of the time series x(t). The power
spectral density (PSD) is defined in terms of the Fourier transform of an infinite
time series. In practice the periodogram is used as an estimate of the PSD for
finite time series [189]. The normalized PSD or periodogram of an oscillatory
noisy time series often takes the form of a Lorentzian distribution [50, 192–194]

S( f ) =
2

π∆ f

(
1 +

(
f − fc

∆ f /2

)2
)−1

(4.6)

see Fig. 4.1(c) and Appendix 4.A, from which we can obtain the central fre-
quency fc and full width at half maximum ∆ f to compute the quality factor
according to Eq. (4.4).

Thus, the quality factor Q of a time series can be obtained from the autocor-
relation function or the periodogram of the signal. Both definitions Eq. (4.1)
and Eq. (4.4) give equivalent values of the quality factor for infinite time series,
see Appendix 4.A for a discussion. However, it is unclear to what extent these
results hold in the more realistic situation of a finite number of short time se-
ries. Considering a finite set of oscillatory time series x(t) with t ∈ (0, t f ), we
can compute the autocorrelation function and the periodogram. Fitting with
Eqs. (4.3) and (4.6) respectively we obtain the corresponding parameters and
compute the quality factor by the two methods. We find that the values of the
two estimates depend on the length of the time series t f . For short time series
the values differ from each other and from the asymtptotic value for large t f ,
Fig. 4.1(d).

Since all experimental oscillatory signals are finite, and in biology for ex-
ample may have only a few number of cycles, it is crucial to find a robust,
consistent and non-biased way to estimate the quality factor. In the follow-
ing we develop a theory providing an alternative estimate that overcomes the
limitations of current methods.



4.3 uncorrelated phase fluctuations 77

4.3 uncorrelated phase fluctuations

We first consider the simple case of a noisy phase oscillator. This system will
allow us to obtain analytical expressions for most of the relevant statistical
observables, and thus let us gain valuable insight that sets the stage for the
rest of this chapter.

4.3.1 Description of phase fluctuations

We describe the phase evolution θ(t) of an oscillator as a Wiener process with
a drift 




θ̇ = ω + σξ(t)

θ(0) = θ0

(4.7)

where ω is the mean speed of the phase, σ the strength of the noise and ξ(t)
is a white noise with statistics

〈ξ(s)ξ(t)〉 = δ(s − t) . (4.8)

Eq. (4.7) has the solution

θ(t) = θ0 + ωt + σW(t) (4.9)

where W(t) is the Wiener process with statistics

〈W(t)〉 = 0
Cov (W(s), W(t)) = t − s

(4.10)

where t > s. From this result we can define a stochastic process Xt with
oscillatory trajectories

x(t) = cos (θ(t)) , (4.11)

see Fig. 4.1a.

4.3.2 Autocorrelation and power spectral density

For the stochastic process Xt defined in Eq. (4.11) we can compute the autocor-
relation function Eq. (4.2). We compute expectation values in Eq. (4.2) on the
ensemble of all possible trajectories of the stochastic process Xt. Given fixed
values of σ and ω, the autocorrelation depends on time t, the lag τ and initial
condition θ0

R(t, τ, θ0) =
〈XtXt+τ

〉 − 〈Xt〉 〈Xt+τ

〉
σtσt+τ

, (4.12)
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where

〈Xt〉 = e− 1
2 (σ

2t) cos(θ0 + tω) (4.13)

〈Xt+τ

〉 = e− 1
2 σ

2(t+τ) cos(θ0 + ω(t + τ)) (4.14)

〈XtXt+τ

〉 =
1
2

e− 1
2 σ

2(4t+τ) cos(2θ0 + 2tω + τω)

+
1
2

e− 1
2 (σ

2
τ) cos(τω)

(4.15)

σ

2
t =

〈
(Xt − 〈Xt〉)2

〉

=
1
2

e−2σ

2t
(

eσ

2t − 1
)

×
(

eσ

2t − cos(2(θ0 + tω))
)

(4.16)

σ

2
t+τ

=
〈

(Xt+τ

− 〈Xt+τ

〉)2
〉

=
1
2

e−2σ

2(t+τ)
(

eσ

2(t+τ) − 1
)

×
(

eσ

2(t+τ) − cos(2(θ0 + ω(t + τ)))
)

(4.17)

In steady state, when enough time has elapsed, all values of the phase are
equally probable. We describe this state with an initial condition in which the
phase θ0 takes values from the uniform distribution U (0, 2π). We compute
expectation values averaging across the ensemble of different stochastic trajec-
tories and initial conditions. In this ensemble the autocorrelation Eq. (4.12)
takes the simple form

R(τ) = e−σ

2
τ/2 cos(ωτ). (4.18)

Note that the autocorrelation does not depend on the time t and only depends
on the lag τ. This is because when considering θ0 ∼ U (0, 2π), and averaging
over the ensemble of stochastic trajectories and initial conditions the system
is a wide-sense stationary process. For infinite time series with fixed initial
condition the autocorrelation Eq. (4.12) also simplifies. For any of the observ-
ables defined in Eqs. (4.13-4.17), which are functions of time t and lag τ, we
can compute the average across the time series

s(τ) = lim
Tf →∞

1
Tf

∫ Tf

0
s(t, τ)dt . (4.19)

Taking these averages in Eq. (4.12), the autocorrelation also takes the simple
form of Eq. (4.18). In other words, when the time series are long enough the
contributions from initial conditions are negligible. For infinite time series we
can also compute a closed form for the power spectral density,

S( f ) =
2

πσ

2

(
1 +

(
2π f − ω

σ

2/2

)2
)−1

. (4.20)
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Eq. (4.20) is exact only for infinite time series. For finite time series this expres-
sion may not be exact, yet it provides insight about the relationship between
the periodogram and the parameters and is in very good agreement with nu-
merical results, see Appendix 4.A.

4.3.3 Quality Factor

Both for randomly distributed initial conditions and for infinite time series,
the autocorrelation function is of the form Eq. (4.3). Comparing Eq. (4.18) with
Eq. (4.3) the mean oscillatory period is determined by the phase speed ω

T =
2π

ω

, (4.21)

and the coherence time is defined by the strength of the noise σ

τc =
2
σ

2 . (4.22)

Comparing Eq. (4.20) with Eq. (4.6), these two parameters also define the cen-
tral frequency

fc =
ω

2π

, (4.23)

and the width of the power spectral density or periodogram

∆ f =
σ

2

2π

. (4.24)

From any of these two approaches we can use Eq. (4.1) or Eq. (4.4) to define
the quality factor in terms of the parameters of the model, obtaining the same
result

Q =
ω

πσ

2 . (4.25)

Thus, the quality factor is set by the relationship between the speed of the
phase and the strength of the noise.

This result might be useful when we know the parameters of the stochastic
process that drives the phase time evolution. In most cases however, we do not
know the underlying parameters but we can measure the oscillatory output
of the system. From this output we can estimate statistical observables that
characterize the oscillations. Below we show how to connect the parameters ω

and σ of phase dynamics to simple observables that can be obtained from the
time series.

4.3.4 First passage time and period statistics

Given an oscillatory time series it is possible to determine an average period
and its variance. Here we show how to link the parameters of the phase model
to these statistical observables. To do this we determine the theoretical period
distribution ρ(T) by means of the first passage time (FPT) distribution of θ(t).



80 characterisation of temporal precision

For the stochastic process θ(t) defined in Eq. (4.7), the first passage time
distribution is the probability distribution for θ(t) to reach a value θ̃ = θ0 + 2π

in time T [195, 196]

ρ(T) =
2π√

2πσ

2T3
e− (2π−ωT)2

2σ

2T . (4.26)

This distribution is in very good agreement with the numerical period distri-
bution of the process, Fig. 4.2b. From Eq. (4.26) we compute the mean and
variance of the period

µT ≡ 〈T〉 =
∫ ∞

0
Tρ(T)dT =

2π

ω

, (4.27)

σ

2
T ≡ 〈(T − µT)2〉

=
∫ ∞

0
(T − µT)2

ρ(T)dT =
2πσ

2

ω

3 . (4.28)

The mean period of the oscillator is independent of the noise but the vari-
ance of the period has a dependence on the strength of the noise. These two
expressions connect parameter values to simple period statistics.

As we show below, for low sampling rates it is more accurate to determine
the period from measurements of multiple cycles [197]. For this reason it is
useful to determine the first passage time distribution for a phase increase of
k cycles, θ(Tk) = θ0 + k2π

ρ(Tk) =
k2π√

2πσ

2T3
k

e
− (k2π−ωTk)2

2σ

2Tk , (4.29)

with mean and variance

µTk =
k2π

ω

, (4.30)

σ

2
Tk

=
k2πσ

2

ω

3 . (4.31)

4.3.5 Quality factor estimation

We can now express the quality factor in terms of the parameters of the model
with Eq. (4.25), and we know how to connect these parameters with simple
statistics of the time series Eqs. (4.27) and (4.28). We can further relate these
quantities both to the period T and the correlation time τc, and to the central
frequency fc and full width at half maximum ∆ f

T =
2π

ω

=
1
fc

= µT, (4.32)

τc =
2
σ

2 =
1

π∆ f
=

µ

3
T

2π

2
σ

2
T

. (4.33)
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Figure 4.2: Period statistics method estimates the quality factor reliably and robustly. (a)
Time series x(t) of the phase model Eq. (4.7) (blue line) and reference times
used to compute the period distribution (dots). The times used to compute
the period distribution are the values when the signal x(t) crosses the mean
value ascendingly. (b) Histogram of periods (blue bars) and theoretical first
passage distribution (dashed violet line). (c) Mean autocorrelation R(τ)
Eq. (4.2) (solid blue line) and estimation using period statistics in (b) (dot-
ted orange line). (d) Mean periodogram S( f ), Eq. (4.5) (solid blue line) and
estimation using period statistics in (b) (dotted orange line). The autocorre-
lation (c) and the periodogram (d) are the result of averaging the respective
functions over 100 realizations of 2 × 104 [a.u.] long, Appendix 4.B. (e) and
(f) Quality factor as a function of the number of cycles in the time series.
Black solid line indicates the theoretical value. Ensembles and statistics
are computed over 30 realisations in (e) and 100 realisation in (f). Values
computed from the ensemble autocorrelation (aut.), the autocorrelation av-
eraged in time (aut. time), the periodogram (pdg.), the period statistics
method (psm.) and the k-period statistics method (k-psm.) with k = 4. (g)
Quality factor as a function of the number of realizations, for a time se-
ries of 10 cycles. Lines correspond to the median and the shaded areas to
the 68% confident interval computed across 10 independent experiments.
Shades are the same color as lines except for aut. time, where we employ
diagonal lines. Parameters: ω = 2π/10 and σ

2 = 2/100.

Using Eqs. (4.3) and (4.6) together with these relations we estimate the auto-
correlation function and the periodogram, Fig. 4.2(c,d).

We can now estimate the quality factor in terms of observables of the time
series,

Q =
µ

2
T

2π

2
σ

2
T

. (4.34)

This result circumvents the need to know theoretical parameters of the model
and is based on simple statistics of the time series. Introducing the dimension-
less coefficient of variation of the period

C =
σT

µT
(4.35)
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the quality factor can be expressed as

Q =
1

2π

2C2 . (4.36)

The coefficient of variation is often used to characterize period variability in
oscillations [16, 197–200]. Still, the merit of this expression is to provide a
specific physical meaning to this quantity. In this section we derived this esti-
mation for a simple phase model but in the next sections we are going to see
that it is still valid for general oscillators even in the presence of amplitude
fluctuations.

In the remaining of this section we show that this result is particularly robust
for short time series. From now on we are going to refer to the estimate
Eq. (4.34) based on period statistics to compute the Q oscillator precision as
period statistics method.

4.3.6 Quality factor estimation is robust in short time series

We consider here the oscillatory signal generated by a process as in Eq. (4.11)
with the phase given by Eq. (4.7), and estimate its quality factor, see methods
details in Appendix 4.B. We observe that the estimation of the quality factor us-
ing the different methods introduced above depends on the length of the time
series. However, the estimation using the period statistics method converges
much faster than the other two, Fig. 4.2(e-g).

For short time series the periodogram underestimates the value of the qual-
ity factor. This is because frequency resolution is inversely proportional to
the length of the time series, δ f = 1/t f [189]. Thus, for short time series the
frequency resolution is poor and is not able to resolve the power spectral dis-
tribution correctly close to the central frequency. This gives rise to a broader
periodogram which underestimates the quality factor. Improving the statistics
of the periodogram by increasing the number of realizations smooths the noise
of the estimation of the PSD and provides a consistent estimator [189]. How-
ever this does not improve the estimation since this is physically limited by
the frequency resolution of the periodogram, Fig. 4.2g. Furthermore, we also
tested a Hamming filter to decease any bias present in the estimation of the
periodogram [189], yet the estimation did not improve.

Using random initial conditions for the phase, the autocorrelation does not
depend on time nor on the length of the time series, Eq. (4.18). However, the
quality factor estimated using the autocorrelation function does depend on the
length of the time series, Fig. 4.2(e-g). This discrepancy in the estimation can
be explained in terms of the amount of data points that we use to compute
the numerical autocorrelation. In order to correctly estimate the autocorrela-
tion function we need enough statistics for each value for every lag τ. For
short time series and a fixed number of realizations in the ensemble, the au-
tocorrelation estimation includes a lower number of data points for increasing
lags. This results in an incorrect estimation of the autocorrelation function and
other quantities derived from it. There are two different ways to improve the
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statistics for large lags. One is to increase the length of the time series, which
extends the range of lags with good statistics. This is why the autocorrela-
tion converges to the theoretical value when the time series are long enough,
Fig. 4.2(e,f). A second way is to increase the number of realisations, improving
statistics across the whole lag range. However, in experiments or measure-
ments sometimes we only have access to a limited number of short time series
and none of these two strategies is possible.

Furthermore, there is an additional obstacle that arises when estimating the
quality factor from the autocorrelation function. Even for the same data set,
the value of the quality factor obtained from the autocorrelation depends on
the lag window used to fit the function, Appendix 4.D.

Another valid approach to estimate the autocorrelation function is first to
compute the autocorrelation for single traces and then average across the en-
semble. This approach suits an experiment that starts from a synchronised
initial condition, or a situation in which the time series have different lengths.
In the same way as before, the results of this other approach also depend
on the length of the time series and the number of realisations. For further
details on these two approached to estimate the autocorrelation function see
Appendix 4.B.

We have shown that both the periodogram and the autocorrelation func-
tion methods to estimate the quality factor have severe limitations for a small
number of short time series. The period statistics method Eq. (4.34) provides
a better estimation in both conditions, Fig. 4.2(e-g). With a fixed number of
realisations, the period statistics method provides a reliable estimate for low
number of cycles, even as low as 5 cycles, Fig. 4.2(e,f). This is important be-
cause as discussed in the motivation of this chapter many experiments and
observations are constrained in the number of accessible cycles. For fixed
length of the time series, the period statistics method reliably estimates the
value of quality factor even with a relatively low number of realisations, that
is the average estimated value stays close to the theoretical one, Fig. 4.2(g).
Furthermore, the variability observed in repetitions of an experiment with the
same number of realisations is much smaller for the period statistics method,
see shaded regions in Fig. 4.2(g). This is a key result, because it means that
with the period statistics method we can distinguish close values of the quality
factor that the other methods could not tell apart. While the autocorrelation
method displays a large variability for low number of realisations, time series
with different quality factor may appear to have the same value in this zone.
Finally, both the mean value of the quality factor and its variability decrease
much faster with increasing number of realisations for the period statistics
method, Fig. 4.2(g).

Therefore, by pooling the period statistics across different experiments and
different times the estimator based on period statics method seems to be more
consistent than the autocorrelation function or the periodogram methods, and
thus converges faster than the other two in the estimation of the quality factor.

The period statistics method is limited by our ability to reliably estimate the
period from data. Period estimation may be unreliable in situations where



84 characterisation of temporal precision

the time resolution of the time series is low or where there are concurrent
amplitude fluctuations, discussed later in Sec. 4.4. In such cases one can resort
to strategies to improve the period estimation. One possibility is to estimate
the period using multiple cycles, as previously discussed in Sec. 4.3.4. From
this k-period statistics, we can introduce the definition of a Qk quality factor,

Qk =
1
k

µTk
2

2π

2
σ

2
Tk

,

see Appendix 4.C for details. This estimate is as good as the single period qual-
ity factor estimate, Fig. 4.2(e,f), for the phase diffusion equation considered in
this section.

4.4 amplitude fluctuations

So far we considered pure phase fluctuations, however experimental data may
show amplitude fluctuations as well [15, 16, 50, 65, 66, 146, 201, 202]. In this
section we analyse estimates of the quality factor in signals that have both
amplitude and phase fluctuations. For simplicity, we first consider decoupled
amplitude fluctuations to asses their independent contribution to precision.
Below in Sec. 4.5 we consider the more general situation where noise couples
amplitude and phase fluctuations.

4.4.1 Pure amplitude fluctuations

To gain insight into how amplitude fluctuations affect quality factor estimation,
we first analise a process with a deterministic phase and stochastic amplitude

x(t) = a(t) cos(ωt + θ0). (4.37)

We introduce variability in the amplitude a(t) by means of a stationary Ornstein-
Uhlenbeck (OU) process






ȧ(t) =
1
β

(µ − a(t)) +

√
2
β

σaξ(t)

a(0) = a0

(4.38)

with initial condition a0 sampled from the normal distribution N (µ, σ

2
a ). Then

the statistics of a(t) are

〈a(t)〉 = µ

Cov (a(t), a(s)) = σ

2
a e−|s−t|/β.

(4.39)

Although the phase is deterministic, amplitude fluctuations may create ir-
regularities in the signal Eq. (4.37) and affect estimations of timing precision.
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The autocorrelation function of the signal Eq. (4.37), with initial phase θ0 uni-
formly distributed in U (0, 2π) is [190]

R(τ) =
µ

2 + σa
2e−τ/β

µ

2 + σa2 cos(ωτ) (4.40)

with corresponding power spectrum

S( f ) ∝
µ

2

µ

2 + σa2 δ(2π f − ω) +

σa
2

µ

2 + σa2 L( f ; ω, 1/β) (4.41)

where L is the Lorentzian distribution. In the limit of small correlation time
of the OU process β 0 1, the envelope of the autocorrelation Eq. (4.40) is a
constant

R(τ) =
µ

2

µ

2 + σa2 cos(ωτ). (4.42)

Thus, amplitude fluctuations can change the envelope of the autocorrelation
Eq. (4.40) and add spectral content to the PSD Eq. (4.41). These effects will af-
fect the estimation of timing precision even though the phase is deterministic.

4.4.2 Independent phase and amplitude fluctuations

We have considered the separate effect of pure phase fluctuations Eq. (4.7) and
pure amplitude fluctuations Eq. (4.38). Here we analyse a signal with concur-
rent decoupled phase and amplitude fluctuations. We introduce a signal x(t)
described by a noisy phase θ(t) modulated by amplitude fluctuations a(t)

x(t) = a(t) cos(θ(t)) (4.43)





ȧ(t) =
1
β

(µ − a(t)) +

√
2
β

σaξa(t)

a(0) = a0





θ̇ = ω + σξ(t)

θ(0) = θ0

. (4.44)

When we have both amplitude fluctuations and phase fluctuations, the stochas-
tic ensemble is represented by the probability density function defined over
the phase space composed by the probability functions of initial conditions,
the phase fluctuations and the amplitude fluctuations. If the amplitude and
phase fluctuations are independent, the probability density function splits into
a product of these two contributions. Then the autocorrelation function can be
obtained from Eq. (4.2) as a product of the two corresponding contributions

R(τ) =
µ

2 + σa
2e−τ/β

µ

2 + σa2 e−σ

2
τ/2 cos(ωτ) (4.45)

and the power spectrum of the time series is

S( f ) ∝
µ

2

µ

2 + σa2 L( f ; ω, σ

2/2) +

σa
2

µ

2 + σa2 L( f ; ω, σ

2/2 + 1/β) (4.46)
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Figure 4.3: The period statistics method is reliable in the presence of amplitude fluctuations.
(a) Numerical autocorrelation R(t) (solid blue line) and theoretical auto-
correlation (point dashed purple line) for an OU amplitude modulation.
We also plot the contributions of amplitude modulation (point dashed yel-
low line), phase fluctuation (point dashed green line) and the product
of these two (point dashed black line). (b) Numerical normalised peri-
odogram (solid blue line) with Lorentzian theoretical estimation (point
dashed purple line). We also include the amplitude (point dashed yel-
low line) and phase (point dashed green line) contributions. (c) Time se-
ries x(t) of the phase model with amplitude fluctuations Eq. (4.44), pa-
rameters: ω = 2π/10, σ

2 = 2/100, β = 10, µ = 1, σ

2
a = 0.025. (d)

Quality factor for numerics and estimation as a function of the number
of cycles in the time series for an amplitude modulation with OU noise.
Ensembles and statistics are computed over 100 realisations. Solid black
line indicates the theoretical value. (e) Time series x(t) of the phase
model with a Feller process in the amplitude, parameters: ω = 2π/10,
σ

2 = 2/100, c = 2, β = 10, σF
2 = 1. (f) Quality factor for numerics and

estimation as a function of the number of cycles in the time series for an
amplitude modulation from a Feller process. Ensembles and statistics are
computed over 100 realisations. Solid black line indicates the theoretical
value.

The autocorrelation has two independent exponential modulations and the
power spectral density or periodogram is the sum of two Lorentzian functions
with same central frequency but different widths, Fig. 4.3(a,b).

4.4.3 Quality factor estimation

Using the same arguments as in the previous subsection we do not expect
that amplitude fluctuations are going to generate long-range loss of temporal
coherence. Thus, we neglect amplitude fluctuations and the k-quality factor is

Qk =
1
k

µTk
2

2π

2
σ

2
Tk
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for k = 1, . . . , N, which is the estimation of the quality factor for a phase diffu-
sion process. The contributions of short-term amplitude fluctuations become
smaller for larger k values.

We generated numerical traces with amplitude fluctuations by means of
Eqs. (4.43, 4.44), Fig. 4.3(c). For long time series all methods correctly estimate
the theoretical value of the quality factor, Fig. 4.3(d). However for short time
series the period statistics method outperforms the other two and is more
robust.

To generate large amplitude fluctuations, we consider a Feller process [203].
The advantage of this process compared to the OU process is that it is bounded
from below. This property allows us to generate large amplitude fluctuations
compared to the mean without changing the sign of the amplitude, that is
a(t) > 0 ∀t. Changes of amplitude sign introduce unphysical time traces. We
thus generate amplitude fluctuations a(t) using the Feller process

ȧ(t) = −a(t)/β + c + σF

√
a(t)
cβ

ξ(t) . (4.47)

If c ≥ σ/
√

2β then a(t) > 0∀t and β is the correlation time and in the steady
state

〈a(t)〉 = cβ,

Var(a(t)) =
βσF

2

2
.

(4.48)

Using this Feller process to generate large amplitude fluctuations, Fig. 4.3(e),
the period statistics method converges much faster than the autocorrelation or
the periodogram methods, even for short time series, Fig. 4.3(f).

Estimation of the quality factor using the autocorrelation or periodogram
pose some additional problems. The periodogram contains a sum of two
Lorentzian functions with the same central frequency, Eq. (4.46). Separating
these two contributions with a fit can be difficult. This is the reason why the
value for 8 cycles is out of scale in Fig. 4.3(f), where the fit mixes the contribu-
tions of the two Lorentzians largely overestimaiting the value of Q. We could
not avoid this behavior no matter how close we set the initial conditions of
the fit to the actual parameter values. A similar problem arises when trying
to fit the sum of exponential terms [204]. If we fit the autocorrelation using
Eq. (4.45) we may obtain large deviations from actual parameter values. One
way to deal with this issue is to include a separation of timescales in the fit.
The autocorrelation function is composed of two exponentials for short lags,
but for large lags one of the exponentials decays and the tail is described by
a single exponential. To implement this strategy we can add an extra term to
the error function that we want to minimize with the fit

Ei = R̂i − R(τi) + H(2T)(R̂i − R
β=0(τi)). (4.49)

Here R̂i are the numerical values at lag τi of the function that we want to fit,
H stands for the Heavisde step function, and R

β=0 stands for the autocorrela-
tion function Eq. (4.45) with β = 0. By adding the extra term that separates
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timescales, we avoid the fit to assign the long lag decay to amplitud fluctua-
tions, which would overestimate temporal precision.

Thus, the period statistics method is not only more robust than the autocor-
relation and the periodogram methods, but also is much simpler to implement
since it does not require convolved fitting strategies.

4.5 autonomous oscillators

In previous sections, we first set up the theory for a phase oscillator and pro-
pose an estimate for the quality factor that is robust even for short time series.
We further show the effect of amplitude fluctuations on the quality factor. In
this section we first generalize the results of previous sections to arbitrary non-
linear oscillators. Then we derive a phase diffusion equation for oscillatory
time series, and show that the period statistics estimate is also robust for a
variety of autonomous noisy oscillators including normal forms, delayed dif-
ferential equations and discrete oscillators described by master equations.

4.5.1 Phase diffusion equation for nonlinear oscillators

We first consider a smooth limit cycle oscillator driven by the Ornstein-Uhlenbeck
process with characteristic time τ

η

,





ẋ = F(x) + σ

x

G(x)η(t)

η̇ = − η

τ

η

+

√
2
τ

η

ξ(t)
(4.50)

where 〈ξ(t)ξ(t′)〉 = δ(t − t′) and x(t) ∈ RN represents the state of the oscillator
at time t. Considering that F(x) has a stable limit cycle, then the dynamics
can be described by a phase variable φ defined around the limit cycle, and a
N − 1 dimensional amplitude coordinate vector ρ ∈ RN−1. For a stable limit
cycle there is a relaxation time τ

ρ

, which can depend on φ, describing the
characteristic time for an amplitude perturbation to decay.

If we assume that the limit cycle is sufficiently stable, it is possible to elimi-
nate the amplitude variables and describe the phase effectively

φ̇ = 1 +
1

1 + k(φ)
σ

x

2Y(φ)
︸ ︷︷ ︸

f (φ)

+ σ

x

Z(φ)
︸ ︷︷ ︸

g(φ)

ξ(t) , (4.51)

where Y(φ) and Z(φ) are functions of the timescales of the problem and have
closed expressions that depend on the functions F and G and the choice of ρ =
0 [205]. These closed expressions for Y(φ) and Z(φ) can also be approximated
in the limits of (i) a white noise τ

η

/τ

ρ

→ 0 [205, 206], and (ii) a very stable limit
cycle τ

η

/τ

ρ

→ ∞ [207]. Introducing f (φ) and g(φ) as defined in Eq. (4.51),

φ̇ = f (φ) + g(φ)ξ(t) . (4.52)
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Figure 4.4: Period statistics method is reliable for different autonomous oscillator models. (a-
d) Quality factor as a function of the number of cycles in the time series
computed from the autocorrelation, the periodogram and the period statis-
tics for four different stochastic oscillators: (a) Mackey-Glass, (b) van der
Pol, (c) Stuart-Landau and (d) Multiple Steps stochastic oscillator. Insets
in (a-d) illustrate part of the time series. (e) Quality factor computed from
periodogram (down triangles), autocorrelation (up triangles) and period
statistics (solid black line) as a function of 1/(2π

2CVT
2). The statistics for

each datapoint are computed from 100 realisations of time series of 1000

cycles long. See details of the different autonomous oscillators and param-
eters in Table 1.

Thus, Eq. (4.52) describes the phase evolution of a noise perturbed oscillator
accounting effectively for the effects of amplitude fluctuations. The functional
form of Eq. (4.52) also describes a variety of noise induced oscillators [208].

The non-uniform phase Eq. (4.52) can be subsequently mapped into a uni-
form phase diffusion equation

θ̇ = ω + σξ(t),

where ω and σ have cumbersome but closed expressions [208–210]. For a full
discussion of this mapping φ → θ see [208, 209].

For this uniform phase diffusion equation, with frequency ω and noise
strength σ, we can use the result obtained in Sec. 4.3, Eq. (4.25), to compute
the quality factor Q = ω/πσ

2. Therefore, for any nonlinear oscillator that
can be described by Eq. (4.50) we can compute the quality factor through this
mapping into a uniform phase diffusion equation. This provides an alternative
approach to find an analytical expression for the quality factor that does not
require solving Eq. (4.50).
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Model Equation Parameters

Stuart-Landau





ẋ = µx − ωy − (x2 + y2)x + σξ1(t)

ẏ = µx − ωy − (x2 + y2)x + σξ2(t)
µ = 1, ω = 2π/10, σ

2 =
0.005, 0.007, 0.009, 0.01, 0.05, 0.08

van der Pol





ẋ = y

ẏ = µ(1 − x2)y − ω0x + σξ2(t)
µ = 2, ω0 = 1 , σ

2 =
0.5, 0.6, 0.75, 1, 1.5, 2., 5, 10,
D =
0.0008, 0.001, 0.002, 0.005, 0.01

Mackey-Glass ẋ = − 1
τr

x + C0
Kn

d
Kn

d + x(t − τd)n +
√

2Dξ(t) C0 = 2, τr = 2, Kd = 0.25,
τd = 1.82 and n = 100

multiple steps assem-
bly model

master equation ref. [124] N0 = 15, α = 100, h =
100, k = 0.5, λ = 60, S =
25, 40, 80, 100, 150

Table 1: Noisy autonomous oscillator models and parameters.

4.5.2 Phase diffusion equation for an oscillatory time series

In the previous section we show how to construct an effective description in
terms of a phase that is derived from the equations of a nonlinear oscillator.
Here we show that for a noisy oscillatory signal x(t) we can construct an
effective phase description [209, 211] in which we can apply the theory and
results from the previous sections.

We consider a noisy oscillatory time series x(t). From this observed signal
we can obtain phase φ(t) and amplitude a(t) estimates using a Hilbert trans-
form or wavelet transforms [50, 153, 189, 212, 213]. As we showed above in
Sec. 4.4 amplitude fluctuations do not affect timing precision so we focus on
the phase φ(t). From individual trajectories Φ(t) we can compute the proba-
bility density for the phase φ [214]

P(φ) = 〈δ(φ − Φ(t))〉 (4.53)

which in general will be non-uniform. So we look for a change of variables to
a uniform phase θ satisfying the phase diffusion Eq. (4.7)

θ̇ = ω + σξ(t)

with

ω =

〈Φ(Tf ) − Φ(0)

Tf

〉
, (4.54)

σ

2 =

〈(
Φ(Tf ) − Φ(0) −

〈
Φ(Tf ) − Φ(0)

〉)2

Tf

〉
(4.55)

and uniform probability distribution

P
θ

(θ) =
1

2π

. (4.56)
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From the realtion between probability distributions

P(φ)dφ = P
θ

(θ)dθ, (4.57)

we obtain the change of variables

dθ

dφ

= 2πP(φ) ≡ f (φ). (4.58)

Using Eqs. (4.58) and (4.7) we obtain an effective equation for non-uniform
phase

φ̇ =
ω

f (φ)
+

σ

f (φ)
ξ(t). (4.59)

In this way we can map an oscillatory time series x(t) to a uniform phase
diffusion description θ(t). Therefore, the estimation of the quality factor using
period statistics that we obtained for a phase diffusion oscillator can be applied
to the time series x(t). This suggests that our results for the estimation of the
quality factor from period statistics may be of wide applicability.

4.5.3 Application to nonlinear oscillators

Motivated by the mapping of an oscillatory time series into a phase diffusion
equation, here we analyse the quality factor as a function of the number of
cycles for different models. We consider four different autonomous oscilla-
tors, the van der Pol and Stuart-Landau oscillators which are described by
ODEs [175], the Mackey-Glass model which is a delayed differential equa-
tion [215] and a stochastic oscillator with multiple steps described by a master
equation [124], Table 1 and Fig. 4.4. We compute the quality factor numerically
using the autocorrelation function, the periodogram and the period statistics
method for different lengths of time series, Fig. 4.4. In all cases we see a de-
pendence on the number of cycles of the quality factor computed from the
autocorrelation or the periodogram. For low number of cycles, quality factor
values can differ by more than 50% from the asymptotic value. The values of
Q obtained with these two methods tend to converge to an asymptotic value
when the number of cycles increase. In all these cases the value of Q obtained
from period statistics is much more robust to estimate the asymptotic value,
even when the length of the time series is as short as five cycles.

As for the phase diffusion equation discussed in Sec. 4.3.6, this estimate is
robust even when the time series are short and there are a few number of
cycles, outperforming the other two estimates, assuming that the best quality
factor estimate is close to the asymptotic value of the different methods. For
all the oscillator models analised here we find a good agreement with Q ∼
(2π

2CV2
T)−1, Fig. 4.4e. These results confirm that the period statistics method

may indeed be of wide applicability, as anticipated in Sec. 4.5.2.
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4.6 discussion

In this chapter we propose a method to quantify temporal precision, that re-
lies on a relation between the quality factor and period statistics. We first show
that methods that estimate the quality factor from a time series, using the au-
tocorrelation function or the periodogram, are inaccurate for short time series,
Fig. 4.1. Using a noisy phase oscillator theory, we show that there is a relation
between the quality factor and the coefficient of variation of the period distri-
bution, Eq. (4.36). Motivated by this result, we propose a method to estimate
the quality factor from period statistics and show that it is reliable even for
short time series where other methods are inaccurate, Fig. 4.2. The method is
also reliable in the presence of amplitude fluctuations, Fig. 4.3. Finally we con-
sider a range of nonlinear oscillator models and find that the relation Eq. (4.36)
also holds in these cases, Fig. 4.4.

The period distribution is often measured from oscillatory data and it gives
an idea of the precision in the time series. The distribution is a measure of
how disperse the period measurements are, and this can be quantified by the
dimensionless coefficient of variation. The coefficient of variation tells us how
disperse the period is, but it is not so obvious how this translates into temporal
coherence. The quality factor can be interpreted as the number of cycles during
which the oscillation remains coherent. That is, for how long the oscillation
remains predictable. With the results presented in this chapter we connect
these two ways of describing precision. With a different perspective, we can
say that quality factor informs about the coherence time in the autocorrelation
function, the spectral content of the periodogram, and the width of the period
distribution.

Although some normal forms as the Stuart-Landau can be re-writed as
phase oscillators close to the bifurcation point [216], and there are theoretical
expressions of the quality factor for particular models [124, 191, 217], not all the
oscillatory models have a theoretical quality factor expression. Additionally,
in experimental time series sometimes it is not known the underlying mech-
anisms of the oscillators. Thus a widely and robust method to compute the
quality factor in oscillatory time series is needed. The effective phase model ap-
proach presented in this work seems to satisfy this requirements since avoids
restricting the computation of precision to particular cases in which normal
forms or phase reduction methods are valid. Computing the quality factor
using period statistics has some advantages over the periodogram or the auto-
correlation function. First we show that the method proposed converges fast
to the real value and is robust. By fast convergence we refer that it converges
to the real value for short time series, and for low number of stochastic re-
alizations, Fig. 4.2(e-g). By robustness we mean to the fact that there is low
variability across different experiments with the same conditions, Fig. 4.2(g).
Additionally we show that, differently to the autocorrelation function or the
periodogram, there is no need to introduce extra terms to account for the effect
of amplitude fluctuations and the estimate is robust and converges fast. Lastly,
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although the theory is presented for a phase oscillatory, we show that a variety
of nonlinear stochastic models can be effectively described by a phase difus-
sion process, and the estimate converges fast and is robust. These features
make this a reliable estimator for the precision of oscillatory time series and of
wide applicability.

From the methodological point of view, the estimation of the quality factor
relies on the quantification of period. Situations in which the period cannot
be estimated properly will directly affect the precision estimation. However,
we also provide an alternative estimate using k periods, the k-qualilty factor
Qk, that if the time series are long enough can overcome poor sampling rate
and errors in very noisy time series. In terms of the applicability using peri-
ods measurements it is important to note that the method proposed here is
only valid if we consider that during the time whole time series there is an
oscillatory process. Gaps of oscillations in the signal will introduce spurious
long periods that will impact directly on the quantification of the quality fac-
tor. Thus, before measuring the periods to then compute the estimation it is
important to determine whether the whole time series is oscillatory or not and
if the gaps are because of real fluctuations of the phase evolution or external
artifacts. This limitation is also present in quality factor estimation obtained
from autocorrelation function or the periodogram.

From the theoretical point of view the estimation in this chapter is based
on the assumption that there is an underlying effective or phenomenological
phase model which is a drifted diffusion process. Using this phase model we
compute the theoretical autocorrelation of the oscillatory time series that we
connect with the period statistics. In this situation, the precision is naturally
defined by the ratio between the coherence time and the period of the time
series which can be directly mapped to the period statistics. Situations that
have a correlation time in the noise, or and extra time scale in the diffusion
process may not be correctly quantified by the method proposed here, since the
autocorrelation function may change. It is worth noting that the method which
use the autocorrelation function or the periodogram may fail as well. The
estimate proposed in this chapter is limited by the hypothesis that the phase
can be effectively described by a phase diffusion model. There are alternative
model free definitions for the coherence time [218], however this estimate relies
on very long time series which in general tend to be more of an exception than
a rule. Exploring different model-free approaches which are robust for finite
time series can take the theory presented in this manuscript to a next level.

The duration of experimental time series is always finite. In Biology, time
series often have a small number of cycles due to intrinsic or experimental
constraints. Intrinsic limitations arise in systems that naturally make a finite
number of cycles, such as the segmentation clock making around 31 cycles
in zebrafish [13], p53 oscillations after DNA damage [219], and Dictyostelium
discoideum can sustain around 10 oscillations [220]. Experimental constraints
arise in systems that make slow cycles and require long observation times. For
example observing 50 cycles of a circadian clock would require an experiment
of 50 days [221, 222]. As we show, even time series with 50 cycles might not be
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enough to characterize the quality factor reliably using the autocorrelation or
the periodogram. Furthermore, the number of realizations of an experiment is
also finite and limits the statistics accuracy. For these reasons it is important to
have a reliable estimator of precision from a limited amount of short oscillatory
time series. Thus, we expect that the approach we describe in this chapter will
prove useful in a wide range of experimental situations where these limitations
occur.

4.a appendix : autocorrelation, power spectral

density and wiener–khinchin theorem

We can obtain the quality factor of a time series by computing the autocorre-
lation or the power spectral density. Given a stochastic process Xt with expec-
tation value µt and variance σ

2
t at time t we can compute the autocorrelation

between times t and t + τ as

R(t, τ) =
〈(Xt − 〈Xt〉)(Xt+τ

− 〈Xt+τ

〉)〉√〈
(Xt − 〈Xt〉)2

〉 〈
(Xt+τ

− 〈Xt+τ

〉)2
〉 . (4.60)

For a second-order stationary random process Xt, the mean 〈Xt〉 = µ and
variance Var(Xt) = σ

2 are time-independent, and the autocorrelation of the
process can be expressed as a function of time τ between events as

R(τ) =
〈(Xt − µ)(Xt+τ

− µ)〉
σ

2 (4.61)

The autocorrelation of a noisy oscillatory process takes the form of a damped
cosine [65, 124, 190, 191], and it is given by

R(τ) = e−τ/τc cos(
2π

T
τ) . (4.62)

from which we can obtain the period T and the correlation time τc of the
oscillations. From these two quantities we can compute the quality factor
using Eq. (4.1).

If the process is a second-order or a wide sense stationary process, we can
connect the autocorrelation function with the Power Spectral Distribution S( f )
by means of the Wiener-Khinchin (WK) theorem [185]. If we we can extend
or assume that the autocorrelation function is defined for τ ∈ (0, ∞) we can
rewrite Eq. (4.62) to the complex plane and to the negative time domain

R(t) =





e t

τ

+i 2π

T t if t < 0

e− t
τ

+i 2π

T t if t ≥ 0

using the WK theorem we obtain

S( f ) =
1

πγ

(
1 +

(
f − fc

γ

)2
) (4.63)
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which is a Lorentzian function with central frequency fc = 1/T and 2γ =
1

πτc
which is the resonance width. We can also compute the quality factor

from this result by means of Eq. (4.4) which gives the same result using the
autocorrelation and Eq. (4.1).

The WK theorem is only valid for an autocorrelation defined in the infinite
time interval, for a discrete limited time series the discrete Fourier transform
of the autocorrelation gives the periodogram, which is the best estimate of
the PSD in a limited time series [189]. Although the exact result of the discrete
Fourier transform in discrete finite time series is a sum of terms multiplied by a
complex exponential, the Lorentzian distribution is a very good estimate of the
periodogram. Thus we can fit the periodogram with a Lorentzian distribution
to obtain estimates for fc and ∆ f to estimate the quality factor.

If we consider a truncated autocorrelation

R(t) =






e t
τ

+i 2π

T t if − Tf < t < 0

e− t
τ

+i 2π

T t if 0 ≤ t < Tf

0 if other

then we obtain Eq. (4.63) plus correction terms. When Tf is in the order of
20 cycles or less we obtain negative values for the approximate periodogram,
which is wrong since the power spectral density or the periodogram are mod-
ulus squared quantities. Alternatively we can also compute the fourier series

cn = 1
2Tf

∫ Tf
−Tf

R(t) e
−2πi

(
n

2Tf

)
t
dt , but this procedure also leads to negative val-

ues of cn for short time series. Thus fitting with a lorentzian function is the
best approach to estimate the coefficients to compute the quality factor.

4.b appendix : signal generation and statistics

computation

4.b.1 Ensemble and signal generation

Given a set of parameters ω and σ we generate numerical simulations of the
phase Eq. (4.7) with a random initial condition θ0 ∼ U (0, 2π) by means of the
Euler-Mayurama method with sampling rate dt. We then generate a numerical
ensemble Θt = {θ1(t), . . . , θNs (t)} of Ns numerical stochastic traces of θi(t),
t ∈ (0, t f ). We integrate the system numerically, each trajectory consists of
N values at fixed time points tj = j ∗ dt, for j = 1, . . . , N. From each phase
realization we compute the signal xi(t) = cos θi(t) to generate a numerical
ensemble of the signal Xt = {x1(t), . . . , xNs (t)}.

4.b.2 Autocorrelation and power spectral density calculations

Given an ensemble of oscillatory signals Xt = {x1(t), . . . , xNs (t)} we compute
the autocorrelation in two different ways, the ensemble average or the time av-
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[t]

Figure 4.5: Scheme to represent the ensemble scheme and the time average scheme to compute
the averaged autocorrelation function R. Given Ns realizations of a stochastic
process we can compute R in two different ways. R̃ stands for the time
average result in which we compute (1.) the time average of R, 〈〉t for all
the realizations, obtaining R̃i, i = 1, ..., Ns and then (2.) the average over
i, 〈〉i to obtain the final value. An other way to obtain R is the ensemble
average in which (1a.) we compute auxiliary observables (if needed), (1b.)
we compute R for every realization obtaining Ri, then (2.) then we average
Ri across the ensemble obtaining R(t). Finally (3.) we average across the
time 〈〉t to obtain R.

erage. In the ensemble average, first we compute the mean µ(t) and variance
σ

2(t) as a function of time

µ(t) =
1
Ns

Ns

∑
i=1

xi(t) (4.64)

σ

2(t) =
1
Ns

Ns

∑
i=1

xi(t)2 − µ(t)2 (4.65)

and then we compute the individual autocorrelation

Ri(τ) =

〈
(xi(t) − µ(t))(xi(t + τ) − µ(t + τ))

σ(t)σ(t + τ)

〉

t
. (4.66)

We then average across the ensemble

R(τ) =
1
Ns

Ns

∑
i=1

Ri(τ) . (4.67)

This scheme is illustrated in Fig. 4.5. Since all the calculations in this chapter
were performed by means of the ensemble means we adopt this procedure as
the main one.
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However we also performed an alternative procedure which produce the
same results and the same dependences in the number of realisations and the
length of the temporal series. In this second alternative, the time average, we
first compute the mean and variance for each realization across the time

µi = 〈xi(t)〉t (4.68)
σi

2 = Var(xi(t))t (4.69)

and we obtain the time independent means and variances. We then compute
the autocorrelation by averaging over time

R̃i(τ) =
〈(xi(t) − µi)(xi(t + τ) − µi)〉t

σi2
, (4.70)

and finally we average over the different realisations for every lag τ

R̃(τ) =
1
Ns

Ns

∑
i=1

R̃i(τ). (4.71)

The ensemble average is suitable to perform theoretical calculations since
for a stochastic process equation we usually obtain the probability distribution
function. The time average can be better suited in situations in which we have
a synchronized initial condition or low number of numerical simulations.

To compute the periodogram we proceed in the time average framework.
First we compute the individual periodogram for each realization

Pi( f ) = x̂i( f )x̂i( f ) = |x̂i( f )|2 (4.72)

where the x̂i( f ) = F (xi(t)) stands for the discrete fourier transform of x(t).
We then average the individual periodograms across the ensemble for every
frequency f

P( f ) =
1
Ns

Ns

∑
i=1

P̃i( f ) . (4.73)

Averaging across individual periodgrams reduces the noise and generates a
consistent estimator of the periodogram [189].

4.b.3 Period computation and period distribution

Given an oscillatory time series x(t) we can obtain the numerical distribution
of periods by computing the time intervals of crossing a threshold in a speci-
fied direction. This procedure is known as the marker event method and can
be useful to compute the time intervals in which the underlying phase of the
oscillation increases in 2π [153]. In this chapter we choose crossing the mean
of x(t) ascendingly to define the period to compute the period distribution
ρ(T), Fig. 4.2a. We can then use the period distribution to compute different
statistics such as the mean 〈T〉 and the variance

〈
(T − 〈T〉)2

〉

However for very noisy oscillations or low frequency sampling the k-cycle
period distribution can provide a better estimate for the mean, variance and
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precision [197]. The k-cycle is defined as the time taken for the phase to in-
crease in 2kπ. In terms of the oscillatory time series, if we consider that Tk
is the time interval of crossing k times a threshold in a direction, then we
can relate the single cycle T1 and k cycles as Tk,i = ∑k+i

i T1,j where the index
j = i, ..., i + k stands for consecutive cycles from cycle i to cycle i + k.

4.c appendix : k-quality factor

Using the Tk distribution we can compute the mean µTk and the variance σ

2
Tk

from the k-period distribution. Using the theoretical result for the quality
factor Eq. (4.25) and the results of the k-passage time, Eqs. (4.30) and (4.31) we
can compute the quality factor as

Qk =
1
k

µTk
2

2π

2
σ

2
Tk

(4.74)

Note that if consecutive periods are uncorrelated it follows that

µTk =

〈
k

∑
i

Ti

〉
=

k

∑
i

〈Ti〉 = kµT

σ

2
Tk

=

〈(
k

∑
i

Ti − 〈µTk 〉
)2〉

=
k

∑
i

〈
(Ti − 〈Ti〉)2

〉
= kσ

2
T

(4.75)

and replacing in Eq. (4.74)

Qk(µTk (µT), σTk (σT)) =
1
k

k2
µT

2

2π

2kσ

2
T

= Q . (4.76)

4.d appendix : the value of quality factor com-
puted from the autocorrelation depends on

the time window used to perform the fit

Let’s say that we have computed the autocorrelation for a series of samples
xi(t), i = 1, ..., N and we compute the autorocorrelation using any of the two
schemes presented in Appendix 4.B. As a result we have the autocorrelation as
a function of the lag, R(τ). This function usually takes the form of a damped
cosine, Eq. (4.3), which we use to fit the autocorrelation and obtain the charac-
teristic time τ and period T to compute the quality factor Q = τ/T. The value
of the quality factor obtained from the fit not only depends on the length of
the time series but also on the interval τ ∈ (0, τf inal) in which we fit the auto-
correlation, Fig. 4.6.

This introduces an additional problem when fitting the autocorrelation to ob-
tain the quality factor, since the values of Q obtained from the fit can under or
overestimate the Q. However, when the number of realizations is large enough
and the time series are long, the autocorrelation converges to the asymptotic
one for all the lags and the value of Q does not depend on the lag, Fig. 4.6(c,d).
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Figure 4.6: Given an numerical autocorrelation function, the value of the quality factor depen-
des on the window used the fir the function. (a,c) Autocorrelation as a function
of time. (b,d) Fit of the autocorrelation of panel (a,d) up to time t. The au-
tocorrelation is computed for an ensemble of 100 realizations of (a,c) 100au
long and (c,d) 500au long. The time series are realization of Eq(4.7) with
parameters ω = 2π/10 and σ

2 = 0.0395





C A R A C T E R I Z A C I Ó N D E L A
P R E C I S I Ó N T E M P O R A L E N
S E R I E S O S C I L AT O R I A S
C O RTA S

La precisión temporal de un oscilador está limitada por las fluctuaciones. La precisión
temporal puede caracterizarse por un quality factor que cuantifica el número de ciclos
por el cuál la fase es coherente. Para una serie de tiempo, el quality factor puede de-
terminarse a partir de la función de autocorrelación o del periodograma. Sin embargo,
para estos métodos el valor del quality factor depende del número de ciclos observados.
Esto plantea un problema porque las observaciones abarcan períodos de tiempo finitos
con un número finito de ciclos. Aquí proponemos un método alternativo basado en las
estadística del periodo para calcular el quality factor que resulta fiable incluso para un
número bajo de ciclos. Mostramos que este método es robusto en presencia de fluctua-
ciones de amplitud y para una variedad de osciladores no lineales. Esperamos que el
método resulte útil en una serie de situaciones en las que el número de ciclos observa-
dos es finito, ya sea debido a las propiedades intrínsecas del sistema o a las limitaciones
experimentales del tiempo de observación.

Las oscilaciones y los ritmos aparecen en muchos fenómenos de la naturale-
za, desde los relojes atómicos hasta oscilaciones geológicas y astronómicas [60,
61, 187]. En biología las oscilaciones y los fenómenos periódicos aparecen en
distintos niveles de organización; en células únicas, en tejidos, en organismos,
y en poblaciones [13, 16, 19, 62-65, 67, 68, 70, 73, 75] Estas series oscilatorias en
general son el resultado de interacciones complejas de distintos elementos que
están sujetos a fluctuaciones. Tanto las fluctuaciones intrínsecas como intrínse-
cas introducen variabilidad en el periodo y amplitud de las oscilaciones. Estos
cambios se acumulan durante los ciclos generando una coherencia temporal
finita y limitando la precisión del oscilador. Los ritmos biológicos en general
tienen asociada una funcionalidad, por lo cuál es importante que sean preci-
sos. Cuantificar de una manera fideligna las precisión de las oscilaciones en
series temporales es importante para poder entender los límites físicos y la
funcionalidad de un sistema.
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En general los métodos para cuantificar la precisión temporal requieren la
observación de muchos ciclos de oscilación [189]. Sin embargo las series expe-
rimentales tienen una longitud finita. En particular en biología las series tem-
porales suelen estar limitadas (i) intrínsecamente porque el sistema solo realiza
una cantidad finita de ciclos, (ii) por limitaciones experimentales por las cuales
solo podemos observar el fenómenos por una cantidad finita de ciclos. En este
trabajo analizamos como cuantificar la precisión en series temporales cortas
cuando los otros métodos fallan.

Cuantificamos la precisión de las oscilaciones a través del quality factor (qua-
lity factor Q) definido como el cociente entre el el tiempo de coherencia y el
periodo medio de las oscilaciones

Q =
τc

T
.

Los parámetros T y τc pueden obtenerse de la función de autocorrelación de
una serie temporal oscilatoria ya que estas suelen tomar la forma funcional

R(τ) = e−τ/τc cos
(

2π

τ

T

)
.

El quality factor también puede calcularse a través del contenido espectral
del periodograma de las series temporales obtenido, a partir de la frecuencia
central fc y el ancho de banda ∆ f ,

Q =
fc

π∆ f
. (4.77)

Si la serie es lo suficientemente larga y contiene la suficiente cantidad de ci-
clos ambos métodos de cuantificación dan como resultado el mismo valor. Sin
embargo, para series cortas los resultados de ambos métodos difieren, Fig. 4.1.
Dado que todas las series temporales son finitas, y en biología en particular
pueden contener unos pocos ciclos, es crucial tener un método robusto, consis-
tente y no sesgado para cuantificar el quality factor.

A partir de un modelo de un oscilador de fases




θ̇ = ω + σξ(t)

θ(0) = θ0

construimos una serie temporal oscilatoria

x(t) = cos (θ(t)) .

utilizando la función de autocorrelación calculamos el quality factor teórico
para este modelo,

Q =
ω

πσ

2 .

Utilizando una teoría de First Passage Time también calculamos la relación
entre los parámetros del modelo y la estadística de los periodos,

µTk =
k2π

ω

,

σ

2
Tk

=
k2πσ

2

ω

3 .
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Vinculando ambos resultados podemos calcular el quality factor en función de
la estadística de los periodos

Q =
µ

2
T

2π

2
σ

2
T

.

El estimador del quality factor basado en la estadística de los periodos con-
verge mucho rápido al valor teórico y tiene mucha menos variabilidad, Fig. 4.2.
Así mismo, en series temporales cortas necesita mucho menos estadística y es
más robusto que los otros dos métodos.

Este método no solamente es robusto en un oscilador de fase sino también
cuando la señal tiene fluctuaciones de amplitud. Tanto en los valores del qua-
lity factor obtenidos a partir de la función de autocorrelación como del pe-
riodograma es necesario primero, adaptar el calculo para introducir las fluc-
tuaciones de amplitud. El método basado en la estadística de los periodo no
requiere correcciones. Por otro lado, una vez contempladas las fluctuaciones
de amplitud en los otros métodos, el método basado en la estadística de los
periodos converge mucho más rápidamente al valor real y es más robusto que
los otros dos, Fig. 4.3.

Adicionalmente el método propuesto es robusto y se desempeña mucho
mejor como cuantificador que los otros dos en una variedad de osciladores no
lineales, Fig. 4.4. Para sustentar esta idea mostramos que una gran cantidad
de osciladores no-lineales pueden escribirse efectivamente como una ecuación
de fases con ruido validando el uso de la estadística de los periodos como un
cuantificador del quality factor.

De esta manera en este trabajo proponemos un método para cuantificar la
precisión de las oscilaciones en series temporales cortas utilizando la estadís-
tica de los periodos. Este método es robusto y mejora la estimación en com-
paración a los métodos ya conocidos en una gran cantidad de oscilaciones
y situaciones. Una limitación de nuestro método es que en el calculo asumi-
mos una forma funcional para la función de autocorrelación. Si bien permite
cuantificar la precisión de una gran cantidad de osciladores, explorar teorías
que no dependan de formas funcionales permitiría generar una teoría más ro-
busta. Otra limitación de nuestro modelo está dada por la precisión con la se
cuantifica la estadística de los periodos, sin embargo mostramos también algu-
nas manera de mejorar dicha cuantificación en situaciones de poca resolución
temporal o con grandes fluctuaciones. Esperamos que los resultados de este
trabajo permitan avanzar en el proceso de cuantificación de series oscilatorias
en un amplio rango de situaciones experimentales.





chapter 5

T E M P O R A L P R E C I S I O N O F A N
O S C I L L AT O R W I T H M U LT I P L E
T I M E S C A L E S .

The temporal precision of an oscillator is limited by fluctuations. By using a phase
model with additive time-correlated noise we show the quality factor fails to fully
characterise the precision of the oscillatory time series in some cases. Here we proposed
a generalized quality factor which is able to characterise the precision when there are
multiple timescales in the oscillatory time series and the period is time-correlated. By
using the generalised quality factor we analyse the effects of the correlation time of the
noise and we show that the increase in the correlation time of the noise can increase
the precision of the oscillations at short timescales at the expenses of low precision at
long timescales. We propose also an estimate based on period statistics to compute the
generalised quality factor. We show that this estimate is robust even for short time
series in which the length of the time series is similar to the correlation time of the
noise.

5.1 introduction

We already showed in Chapter 4 that the temporal precision of oscillatory time
series can be characterized by a quality factor. We saw that the methods that
estimate the quality factor of a time series assume that there are two timescales
in the system. One of these is given by the intrinsic period of the oscillations T,
which sets the interval at which the cycle is repeated. The other time scale is
the coherence time τc which is set by the strength of the fluctuations and limits
the time in which the oscillator can be predictable, and so limiting the precision
of the oscillations. We showed that the ratio between these two timescales
naturally define the quality factor

Q = τc/T . (5.1)

We described different approaches to compute the quality factor. We showed
that we can obtain the needed quantities from the autocorrelation function.
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Given an oscillatory time series x(t) at time t we can compute the autocorrela-
tion for a time lag τ

R(t, τ) =
〈(xt − 〈xt〉)(xt+τ

− 〈xt+τ

〉)〉√〈
(xt − 〈xt〉)2

〉 〈
(xt+τ

− 〈xt+τ

〉)2
〉 . (5.2)

In particular we saw that for a stationary time series this function is indepen-
dent of the time and if the process has only two timescales this function usually
takes the form

R(τ) = e−τ/τc cos
(

2π

τ

T

)
(5.3)

from which we can obtain the correlation or coherence time τc and the mean
period of the oscillations T. We also showed that we can obtain the quality fac-
tor of an oscillatory time series by analysing the time series in the frequency
domain computing the periodogram. In this case, we can also define the qual-
ity factor in terms of the spectral content of the time series as the ratio between
the central frequency of the spectrum fc and a resonance width ∆ f

Q =
fc

π∆ f
. (5.4)

Finally we showed that we can also compute the quality factor using period
statistics by comparing the mean µT and the variance σT

2

Q =
µ

2
T

2π

2
σ

2
T

. (5.5)

All these estimates of the precision by means of the quality factor are valid
as long we can describe the underlying phase as a drifted Wiener process. In
this case only two time scales are enough to correctly estimate the precision
of the oscillatory time series. Slow fluctuations in the cellular state has been
observed and described in several systems [3, 6, 65, 223, 224] and in Chapter 3.
These slow fluctuations can affect or interfere with one or more components
or processes in an oscillator generating slow period fluctuations. This slow
fluctuations in the period generate a third timescale and the hypothesis to
quantify the precision by means of the quality factor are not valid. Motivated
by this observation we ask how to characterize the precision of a system that
exhibits slow fluctuations in the period. In this chapter we describe and anal-
yse precision of an system with these features using a phase oscillator with a
time-correlated noise. We discuss how to extend the concept of a quality factor
in this situation, and how to estimate it from short time series.
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5.2 phase fluctuations with correlated noise

Here we consider a phase model for θ(t) where the noise V(t) is an Ornstein-
Uhlenbeck (OU) process,






θ̇ = ω + V(t)

V̇ = −V
β

+

√
2
β

σvξ(t)

θ(0) = θ0

V(0) = V0 ,

(5.6)

where ω is the phase speed, β is the correlation time of the OU process, σv is
the strength of the noise, ξ(t) a white noise with statistics 〈ξ(s)ξ(t)〉 = δ(s − t),
θ0 and V0 the initial conditions of the phase and noise. Considering that the
initial condition of the noise is given by V0 ∼ N (0, σv

2), the OU process is in
the steady state

V(t) = V0e−t/β +
√

2/βσv

∫ t

0
e−(t−s)/βdWs, (5.7)

with statistics

〈V(t)〉 = 0

Cov (V(s), V(t)) = σv
2e−|s−t|/β.

(5.8)

Introducing the integrated OU process random variable U(t) =
∫ t

0 V(s)ds
we can write the solution of Eq. (5.6) for the phase as

θ(t) = θ0 + ωt + U(t). (5.9)

The integrated OU process U(t) is a Gaussian variable with statistics

〈U(t)〉 = 0

Cov(U(s), U(t)) = σv
2
β

2
(

e−s/β + e−t/β − e−(t−s)/β + 2s/β − 1
) (5.10)

for s > t.
We generate an oscillatory time signal signal by computing the cosine of the

phase

x(t) = cos(θ(t)). (5.11)

This signal x(t) is oscillatory, and if the correlation time of the noise β is
comparable or larger than the period T of the oscillation, consecutive periods
are correlated, Fig. 5.1(a-c).
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Figure 5.1: Statistics for an oscillator with correlated phase fluctuations. (a) Signal x(t)
for a phase model with OU noise (blue line) and reference times used to
compute period statistics (blue dots). Bottom panel shows corresponding
periods as a function of time with average period reference (black line). (b)
Period histogram (blue bars) and estimation of period distribution (dashed
purple line). (c) Periods autocorrelation as a function of lag in period num-
bers (solid blue line with dots) and its estimation (dashed magenta line
with stars). (d) Autocorrelation of the signal (solid blue line) and theoret-
ical calculation (dashed purple line). (e) Envelope of the autocorrelation
function for OU noise with β = 100 and σv = 0.47 (solid violet line), β = 1
and σv = 0.70 (point dashed black line), and β = 0.01 and σv = 5.78
(dashed blue line). Parameters: (a-d) ω = 2π, β = 10, σv = 0.39

5.2.1 Autocorrelation function

The effect of this new timescale β on the coherence time can be revealed by the
autocorrelation of the signal. Assuming that we are in the steady state and θ0
takes values from the uniform distribution U (0, 2π), the mean and variance of
the signal x(t) defined in Eq. (5.11) are

〈x(t)〉 = 0
Var(x(t)) = 1/2.

(5.12)

Using these results in Eq. (5.2) the autocorrelation is

R(t, τ) = 〈cos(θ(t + τ) + θ(t))〉
+ 〈cos(θ(t + τ) − θ(t))〉 . (5.13)

In the first term we can replace

θ(t + τ) + θ(t) = 2θ0 + ω(2t + τ) + U(t) + U(t + τ)

= 2θ0 + ω(2t + τ) + U+(t, τ) (5.14)
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where U+(t, τ) is a normal variable with 〈U+〉 = 0 and

Var(U+) = Var(U(t)) + Var(U(t + τ))

+ 2Cov(U(t + τ), U(t)). (5.15)

In the second term we replace

θ(t + τ) − θ(t) = ωτ + U(t + τ) − U(t)
= ωτ + U−(t, τ) (5.16)

where U−(t, τ) is a normal variable with 〈U−〉 = 0 and

Var(U−) = Var(U(t)) + Var(U(t + τ))

−2Cov(U(t), U(t + τ))

= 2σv
2
β

2
(

−1 + e−τ/β + τ/β

)
. (5.17)

For a uniform distributed initial condition θ0 ∼ U (0, 2π) the first term in
Eq. (5.13) averages to zero. Therefore the autocorrelation can be expressed as

R(t, τ) = 〈cos(ωτ + U−(τ))〉

=
∫ 2π

0
(cos(ωτ) cos(φ) − sin(ωτ) sin(φ))

×
∞

∑
n=−∞

e

(
− (φ+2πn)2

2Var(U−)

)

√
2πVar(U−)

dφ (5.18)

Solving the integral using that sin(φ) is an odd function and the probability
function is symmetric with respect to φ = 0, we obtain

R(τ) = e−σv
2
β

2(τ/β−1+e−τ/β) cos(ωτ), (5.19)

see Fig. 5.1(d). Although the original equation might have a dependence on
time t, since we use the hypothesis that the OU process is in the steady state,
Eq. (5.8) and θ0 ∼ U (0, 2π), the autocorrelation only depends on the lag τ.

The functional form of the autocorrelation function is more complex than
for the white noise case, Eq. (4.18). The autocorrelation is modulated by an
exponential decay ∼ e−σv

2
βτ but also by a double exponential and a constant

factor ∼ e−1+eτ/β , Fig. 5.1(e). This additional factor introduces nonlinearities
into the decay and hinders the definition of a coherence time and consequently
a quality factor.

5.3 generalized quality factor

In the previous chapter where we considered white noise, the precision of
the oscillator was defined by the ratio between two timescales, the correlation
time τc and the period T. The correlation time τc is a natural measure for the
coherence time of the oscillations in that case. When there is an additional
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timescale in the noise, the correlation time β, there is no longer such natural
choice for the coherence time.

In the case of white noise, the correlation time τc is the time where the
envelope of the autocorrelation function decays to e−1. This suggests a natural
extension of the coherence time for the case of correlated noise: we may define
a coherence time as the time needed for the envelope of the autocorrelation
function to decay to the value e−1. This is given by the solution to the equation

β

2
σv

2(τ/β − 1 + e−τ/β) = 1. (5.20)

This coherence time can be expressed in terms of the Lambert W-function,

τ1 = (σv
2
β)

−1
+ β

(
1 + W

(
−e−1−(σvβ)−2 ))

. (5.21)

We can then define a quality factor as the dimensionless ratio between this
coherence time and the period

Q1 =
τ1

T
. (5.22)

However, this single number is not enough to characterize precision. Differ-
ent combinations of β and σv can have the same value Q1, yet differ in precision
at timescales shorter and longer than τ1, Fig. 5.1(e). In Eq. (5.19) there are three
independent timescales ω, β and σ. From these we can construct two indepen-
dent dimensionless numbers. This is in contrast with the white noise case,
where only two timescales are involved and a single dimensionless quantity,
the quality factor, characterizes precision.

To identify meaningful dimensionless numbers that completely characterize
precision in this more general case, we first aim to generalize the concept of
the quality factor. We introduce a generalized coherence time τ

α

given by the
solution to the equation

β

2
σv

2(τ

α

/β − 1 + e−τ

α

/β) = α (5.23)

where α is a positive real number. This coherence time τ

α

is the time needed
for the envelope of the autocorrelation function to decay to the value e−α. Sim-
ilarly, from this generalized coherence time we define a generalized quality
factor

Q
α

=
τ

α

αT
. (5.24)

Since α is a real number, this expression defines a continuum of values. The
value α = 1 represents the usual decay of the autocorrelation envelope to e−1.
Values α < 1 describe precision at shorter timescales, while α > 1 describe
precision at longer timescales. A natural choice for one of the two numbers
characterizing precision is Q1. Since for α > 1 the oscillation already lost co-
herence below e−1, for the second number we favor a value of α that describes
how correlations are affected at shorter timescales. Here we set the second di-
mensionless number to Q0.1, such that e−0.1 ≈ 0.9. The value of Q1 represents
the global precision of the system, and indicates for how long the system is
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predicable in terms of the characteristic time of the oscillations. Contrary of
Q1 which sets a limit for the coherence time, Q0.1 represents the short term
precision.

We can compare the generalized quality factor Q
α

of an OU process with
that of a white noise process, both with same Q1, Fig. 5.2(a). Even though
both processes have the same global coherence time and so the same Q1, the
OU process is much more coherent for short timescales than the white noise
process. However, the system with OU noise loses the remaining coherence
much faster than the white noise for α > 1. Thus, a correlated time noise
increases coherence and precision at short timescales at the expense of low
coherence and precision for long timescales.

Having defined the generalized quality factor, now we can use two different
values α = 1 and α = 0.1 to fully characterise the precision. Given the values
of Q1 and Q0.1 we can univocally determine the relationships between the
parameters β, σv and these values. From Q1 and Q0.1 we can obtain τ1 and τ0.1
and they verify

β

2
σv

2(τ1/β − 1 + e−τ1/β) = 1 (5.25)
β

2
σv

2(τ0.1/β − 1 + e−τ0.1/β) = 0.1 . (5.26)

Solving the system we obtain unique values of β and σv and thus we can fully
characterize the precision of the system, see App.5.A for a proof.

5.3.1 Asymptotic and physical limits of the quality factor

Here we analyse the limits of Q
α

in terms of the correlation time and the
noise strength. We introduce dimensionless parameters s = σvT, b = β/T and
t
α

= τ

α

/T in Eq. (5.23)

b2s2(t
α

/b − 1 + e−t
α

/b) = α. (5.27)

The number b is the noise relative correlation time, t
α

the relative coherence
time and s a dimensionless noise strength.

First we analyse the limits of the quality factor in terms of the noise relative
correlation time. For fixed s and large values of relative correlation time b the
quality factor takes the form

Q
α

∼
√

2
α

1
s

for b % 1 (5.28)

and becomes independent of b, Fig. 5.2(b). For very long correlation time,
fluctuations are approximately fixed in time and the process of Eq. (5.6) is
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Figure 5.2: (a) Q
α

for a OU process with β = 1, σ = 1 and Q1 = 1.84 (full violet line)
compared to an equivalent Q1 for a white noise process (dashed black line).
(b) Q1 as a function of the number b for s = 1 (full violet line) and the
reference curves indicating the limits for very large b % 1 (pointed dashed
gray line) and b 0 1 (dashed light purple line). (c) Q1 as a function of the
number s for b = 1 full violet line) and the reference curves indicating the
limits for very large s % 1 (dashed light purple line) and b 0 1 (pointed
dashed gray line). (d) Physical bounds of the autocorrelation envelope as
a function of time. (e) Physical bound of the generalized quality factor. In
panels (d) and (e) the upper and lower bounds for short times are defined
by the parameters β = 106 and β = 10−7 respectively, and the reference
curve is given by β = 1, all the curves have Q1 = 4 which sets the value of
σv.

then represented by an ensemble with a distribution of frequencies and no
noise






θ̇ = ω + v

v̇ ∼ 0

θ(0) = θ0

v(0) = v0 ,

(5.29)

where v0 ∼ N (0, σv
2) and θ0 ∼ U (0, 2π), see Appendix 5.C. This also is re-

flected in the fact that the variance of the phase evolution, Eq. (5.9), is β inde-
pendent, Var(U(t)) 3 σv

2t2. Thus, the dynamics of the phase is independent
of the noise correlation time and so is the quality factor.

For fixed s and very small values of the noise relative correlation time b the
quality factor takes the form

Q
α

∼ 1
bs2 for b 0 1, (5.30)
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see Fig. 5.2(b). In this case, the variance of the phase evolution, Eq. (5.9),
behaves as Var(V(t)) ∼ 2βσv

2t, which can be thought of as the variance of
a Wiener process with effective noise strength σ

2
ef ≡ 2βσv

2. Replacing the
dimensionless parameters and α = 1 we can then write

Q1 =
ω

2πβσv2 =
ω

πσ

2
ef

. (5.31)

This quality factor has functional form of the white noise case Eq. (4.25), high-
lighting that the limit of very small correlation time has the same quality factor
as in the effective white noise case.

Next we analyse the limits of the quality factor in terms of the dimensionless
noise strength s. For fixed b and large values of s we obtain

Q
α

∼
√

2
α

1
s

for s % 1, (5.32)

see Fig. 5.2(c). This quality factor is the same as the quality factor for very long
noise correlation times, Eq. (5.28). For fixed b and very weak dimensionless
noise s the quality factor behaves as

Q
α

∼ 1
bs2 for s 0 1, (5.33)

Fig. 5.2(c), which is the same quality factor as the case of short noise correlation
times, Eq. (5.30).

Finally, we analyse the physical limits of the system. Given a value of Q1,
how much can we increase the precision for short timescales? In other words,
which is the maximum value of Q

α

for α < 1 with a fixed Q1? To gain insight
into this question, in Fig. 5.2(d) we plot the envelope of the autocorrelation
function displaying the limits b % 1 and b 0 1 for the same Q1. Increasing
the value of the relative correlation time of the noise b increases short time
precision, which can be quantified by Q

α

for α < 1. The maximum short time
precision for a given value of Q1 can be achieved for b → ∞. Using the result
for b % 1, Eq. (5.28), we set the value s =

√
2/Q1, so this maximum precision

is given by

Q
α|max =

Q1√
α

. (5.34)

The short term precision is bounded from below by the white noise limit b 0 1.
Using Eq. (5.30) we set bs2 = 1/Q1 and obtain

Q
α|min = Q1. (5.35)

These upper and lower physical limits of short term precision are displayed in
Fig. 5.2(e).

brief pause...
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Now that we provided some limits and intuition about the precision using
the generalized quality factor, we would like to estimate it from oscillatory
time series. To achieve this, we want to extract the parameters of the under-
lying phase model from observables or statistics of the oscillatory time series
x(t), to then compute the generalized quality factor using Eq. (5.23). One op-
tion is to compute the autocorrelation function of the time series, and then
fit it with the corresponding theoretical expression, Eq. (5.19). This approach
can be valid, however we already showed in Chapter 4 that the parameters
obtained from the autocorrelation function may deviate from the originals re-
sulting in a imprecise quality factor estimate. Additionally, the expression of
the autocorrelation function for time correlated fluctuations has three param-
eters increasing the complexity of the fit and the possibility of introducing
deviations in the parameter estimation.

In the previous chapter we showed that period statistics can be a reliable
source to extract the parameters of the underlying phase model. Since this
methods seems to be robust even for short time series, in the next section we
are going to analyse period statistics of the oscillatory time series with time
correlated phase fluctuations. Additionally we are going to see an efective ap-
proach to extract the phase model parameters from the oscillatory time series.

5.4 period statistics

In the cases in which the phase is a Wiener process with a drift, the parameters
of the underlying phase model can be obtained without approximations from
the period statistics. As we showed in Chapter 4, this is possible using the
first passage time distribution (FPT) Eqs. (4.32) and (4.33). Although there are
approximate expressions for the FPT of the integrated Ornstein-Uhlenbeck pro-
cess [225], and expressions for specific cases and parameters [226, 227], there
is no closed form for the general integrated OU process that allow us to com-
pute the statistics of the different moments of the distribution. Some of these
expressions approximate the probability distribution in a restricted regime,
and furthermore they are not integrable without more approximations. Given
these limitations and the lack of closed useful forms of the FPT distribution,
here instead of trying to solve the FPT we choose an alternative approach.

Given an oscillatory time series with correlated phase fluctuations, we look
for a change of variables that allows to map the period statistics to the phase
variables. Suppose that we have a phase θ which increases with speed θ̇. At
time ti−1 the phase is θ(ti−1) and at a later time ti, θ(ti) = θ(ti−1) + 2π. Then,
the i-period Ti is defined as the time it takes for the phase to increase its value
in 2π, Ti = ti − ti−1 and the integral of the velocity verifies

∫ ti
ti−1

θ̇(t)dt = 2π.
We can rearrange these definitions to obtain

Ti = ti − ti−1 =
2π

1
ti−ti−1

∫ ti
ti−1

θ̇(t)dt
=

2π

〈θ̇(t)〉(ti−1,ti)
(5.36)
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where 〈. . .〉(t1,t2) denotes the time average restricted to the interval (t1, t2). This
expression reflects the fact that the period of a cycle it given by the phase
increase divided its mean velocity.

In this way we can introduce a continuous effective period

T(t) =
2π

〈θ̇(t)〉(t−T(t),t)
=

2π

1
T(t)

∫ t
t−T(t) θ̇(t)dt

. (5.37)

This is a self-consistent relationship, in order to compute the period at any
given time we need to average in a time window that depends on that period.
However this approach is useful for a phase that increases with a constant
average speed, such as the OU noise defined in Eq. (5.6). Since 〈θ̇(t)〉 = ω,
we can use the average time interval 〈T(t)〉 ≈ 2π/ω = T to approximate the
continuous period

T(t) ≈ 2π

1
T

∫ t
t−T θ̇(t)dt

=
2π

θ̇T (t)
, (5.38)

where θ̇T (t) ≡ 〈θ̇(t)〉T is the average phase speed at time t, over the time
interval (t − T , t). In the case of a constant speed with an OU noise considered
here we can compute the statistics of θ̇T (t)

〈
θ̇T (t)

〉
= ω (5.39)

Var
(
θ̇T (t)

)
=

2β

2
σv

2

T 2 (−1 + e−T /β + T /β) (5.40)

Cov
(
θ̇T (t), θ̇T (t + τ)

)
=

β

2
σv

2

T 2

(
e−(τ−T )/β − 2e−T /β+

+e−(−|τ−T |+τ−T )/β (5.41)

+ e(τ−T )/β(|τ − T | − (τ − T ))
)

with τ > 0. Since we are assuming a stationary process for the noise, both the
mean and the variance of the average phase speed are independent of time t,
and the covariance depends on the time difference τ. To simplify the notation
we introduce Var

(
θ̇T (t)

)
≡ σ

2
θ̇

. The average phase speed distribution is

P(θ̇T ) =
1√

2πσ

2
θ̇

e
−

(θ̇T − ω)2

2σ

2
θ̇ . (5.42)

Following the definition Eq. (5.38) we can define the random variable T =
2π/θ̇T . Changing variables we can get the probability distribution for T

P(T) =
1√

2πσ

2
θ̇

e
−

(2π/T − ω)2

2σ

2
θ̇

2π

T2 (5.43)

which is known as the inverse normal distribution [228].
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To fully characterise the precision of the system we need to obtain the val-
ues of ω, β and σv. Using the distribution of the periods we can obtain val-
ues for ω and σ

θ̇

. However we still need an additional quantity in order to
obtain the three parameters. Here we aim to obtain the correlation time β

using the autocorrelation of periods. We first compute the period covariance
Cov(T(t), T(s)) = 〈T(t)T(s)〉 − 〈T(t)〉 〈T(s)〉. From definition Eq. (5.38),

T(t)T(s) =
4π

2

θ̇T (t)θ̇T (s)
, (5.44)

and expanding the covariance in terms of the moments of θ̇T (t) in a Taylor
series we obtain

Cov(T(t), T(t + τ)) 3
(

2π

ω

2

)2
Cov

(
θ̇T (t), θ̇T (t + τ)

)
. (5.45)

In Appendix 5.B we discuss this approximation to obtain the autocovariance.
If we assume that the covariance is in the steady state, then we can ob-
tain the autocorrelation by renormalizing the autocovariance dividing it by
4π

2Var
(
θ̇T (t)

)
/ω

2 which is the Variance of the periods in the Taylor expan-
sion. We evaluate the expression Eq. (5.45) in discrete times ti = iT and τj = jT
with i, j = 0, 1, 2, . . .. This approximation of the autocorrelation is in very good
agreement with numerical results, Fig. 5.1(c).

To compare the results of the period statistics presented in this sections with
numerical results, we construct an oscillatory time series x(t) = cos(θ(t)) were
the phase follows Eq. (5.6). We measure the period from the numerical time
series as the time interval between the times in which the signal crosses the
mean value from below, Fig. 5.1(a). From this set of periods {Ti} we obtain a
distribution that we compare with the approximation Eq. (5.43), observing a
very good agreement, Fig. 5.1(b). Finally we compute the autocorrelation of
the periods and compare it with the estimated autocorrelation Eq. (5.45), again
in very good agreement, Fig. 5.1(c).

Thus, the proposed estimates based on the average phase speed provide a
reliable way to fully characterize period statistics. In the next section we use
this approach to estimate the parameters of the model by means of period
statistics, and from these obtain a quality factor estimation.

5.5 quality factor estimation

Although we have an estimation of the period distribution Eq. (5.43), it is not
possible to obtain closed forms for the mean and the variance. [228]. However,
we can still fit the period distribution using the estimation Eq. (5.43) and obtain
the parameters ω and σ

2
θ̇

from the fit. Additionally, fitting the period autocor-
relation from Eq. (5.45) we obtain β. Finally using Eq. (5.40) we obtain σv in
terms of the phase speed variance. With these three values of the parameters
we can estimate the generalized quality factors.
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Figure 5.3: (a,b,d,e) Quality factor Qk/k as a function of the length of the times series
in number of cycles for k = 0.1 and k = 1. Ensembles and statistics are com-
puted over (a,d) 25 realisations and (b,e) 100 realisations (c,f) Quality factor
as a function of number of realizations for a fixed length of time series of
10 cycles. The lines correspond to the median and the shaded areas to the
68% confident interval computed across 10 independent experiments. (a-f)
Parameters: ω = 2π, β = 10, σv = 0.39.

We compute the quality factor for different lengths of the time series and
number of realizations, Fig. 5.3. We compare the quality factor obtained from
estimates of period statistics with that obtained from the autocorrelation of
the signal Eq. (5.19). From these two approaches we obtain the estimates of
parameters β, σv and ω and then we use Eqs. (5.25) and (5.26) to compute
the generalized quality factors. In a first inspection, both methods appear
to provide similar results for the quality factors as a function of the number
of cycles, Fig. 5.3(a-d). However, for short time series, the period statistics
method converges faster and with a smaller error to the asymptotic values of
the generalized quality factors, Fig. 5.3(c,f).

5.6 discussion

In this chapter we propose a method to quantify the temporal precision of an
oscillatory time series with time correlated phase fluctuations. To achieve this
we extend the idea of the quality factor as a measure of precision and we pro-
posed a generalized quality factor. This generalized quality factor quantifies
temporal precision in different time scales allowing us to quantify properly
systems with more than two timescales. Using the generalized quality factor
we analyse the precision of a phase model with correlated phase fluctuations.
We analyse the limits in terms of the noise correlation time, the noise inten-
sity, and the physical limits of the precision that the system can achieve. We
observed that a correlated noise in the phase can increase the timing precision
in more than two-fold in short timescales, at the expenses of low precision for
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long timescales. Finally we proposed an estimate for the generalized quality
factor based on period statistics. We show that this estimate is robust even
for short time series in which the length of the time series is similar to the
correlation time of the noise, and outperforms the estimated based on the au-
tocorrelation function.

Celular systems exhibit slow fluctuations in their state and properties [3, 6,
65, 223, 224] If the system produce an oscillatory output, this fluctuations can
interfere generating slow fluctuations in the oscillatory output. To analyse a
system with this features we use a phase model with an Ornstein Uhlenbeck
additive noise. This phase model generates an oscillatory time series with time
correlated period fluctuations, Fig. 5.1. The novelty of this oscillatory signal
is that precision of the time series it is given not only by the strength of the
noise but also by the correlation time of the OU process. The correlation time
of the noise time not only introduces an extra timescale in the system but also
changes the coherence time and the precision together with the noise strength.
The usual definition of the quality factor in this system is not enough to fully
quantify the precision since multiple sets of parameters can have the same
quality factor but different short and long timescales precision.

To overcome this limitation of the quality factor, we define the generalized
quality factor. The generalized quality factor is an extension of the quality
factor, which allows to contemplate multiple coherence times. We show that
for a system with three time scales, the period, the strength of the noise and the
characteristic time of the (period) fluctuations, two generalized quality factors
are enough to fully characterise the temporal precision of the system. In the
absence of correlated fluctuations the generalized quality factor gives the same
results as the quality factor.

Although the generalized quality factor maybe be good theoretical estimate
of precision, it also has to be reliable in experimental time series. To estimate
the generalized quality factor in oscillatory time series we construct an esti-
mate based on period statistics. In order to correctly estimate the period statis-
tics we introduce an effective continuous period distribution. We obtained a
distribution for the theoretical period distribution and the statistics obtained
from this distribution are in very good agreement with the numerical results.
Remarkably the precision of a time series with 10 cycles and a noise with a
characteristic time equals to the length of the times series can be correctly esti-
mated with the proposed strategy. Thus, we show that this estimate is robust
even in short times series and with a correlation time similar to the length of
the time series.

From the theoretical point of view, the method proposed here assumes a
theoretical form for the autocorrelation. Although the proposed quality fac-
tor may correctly estimate the precision in other models with slow temporal
fluctuations, exploring other model free approaches could increase the appli-
cability of generalized quality factor. We hope that the generalized quality
factor proposed in this chapter and its estimate can be useful and improve the
methods to quantify precision in oscillatory time series.
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5.a appendix : two generalized quality factors

of univocally define precision.

Given the equation generalized quality factor Eq. (5.23),

β

2
σv

2(τ

α

/β − 1 + e−τ

α

/β) = α ,

and two pairs of points (τ

α1 , α1) and (τ

α2 , α2) that satisfy Eq. (5.23) for fixed
values of {σv, β}, then there no other values of {σv, β} that can make the pairs
(τ

α1 , α1) and (τ

α2 , α2) solution of equation. In other words, if to set of points
(τ

α1 , α1) and (τ

α2 , α2) which verify equation Eq. (5.23), they univocally define
the values of {σv, β}.

The proof is a little guitarreada, but still provides insight into a possible more
rigorous proof. Given σv > 0, β > 0 lets consider two sets of points, (τ

α1 , α1)
and (τ

α2 , α2), that verify

β

2
σv

2(τ

α1 /β − 1 + e−τ

α1 /β) = α1 (5.46)
β

2
σv

2(τ

α2 /β − 1 + e−τ

α2 /β) = α2 , (5.47)

where α2 > α1 > 0. First note that

f (β, σv, τ

α

) = β

2
σv

2(τ

α

/β − 1 + e−τ

α

/β) (5.48)

is a monotonically increasing function as as a function of τ > 0, β > 0, σv > 0,
then also 0τ

α2 > τ

α1 > 0. Now lets suppose that there are other two values
σ̃v > 0, β̃ > 0 that verify

β̃

2
σ̃

2
v(τ

α1 /β̃ − 1 + e−τ

α1 /β̃) = α1 (5.49)

β̃

2
σ̃

2
v(τ

α2 /β̃ − 1 + e−τ

α2 /β̃) = α2 . (5.50)

Then these equations verify

β

2
σv

2(τ

α1 /β − 1 + e−τ

α1 /β) = β̃

2
σ̃

2
v(τ

α1 /β̃ − 1 + e−τ

α1 /β̃) (5.51)

β

2
σv

2(τ

α2 /β − 1 + e−τ

α2 /β) = β̃

2
σ̃

2
v(τ

α2 /β̃ − 1 + e−τ

α2 /β̃) (5.52)

Dividing Eq. (5.51) by Eq. (5.52) we have

(τ

α1 /β − 1 + e−τ

α1 /β)

(τ

α2 /β − 1 + e−τ

α2 /β)
=

(τ

α1 /β̃ − 1 + e−τ

α1 /β̃)

(τ

α2 /β̃ − 1 + e−τ

α2 /β̃)
. (5.53)

and by defining

g(β; τ1, τ2) ≡ (τ

α1 /β − 1 + e−τ

α1 /β)

(τ

α2 /β − 1 + e−τ

α2 /β)
(5.54)

we have that
g(β; τ1, τ2) = g(β̃; τ1, τ2) ∀τ1, τ2 . (5.55)

Then in order to satisfy Eq. (5.55), since g(β; τ

α1 , τ

α2) = f (β, σv, τ

α1)/ f (β, σv, τ

α

)
and f is monotonically increasing function, then g is a monotonically decreas-
ing function and β = β̃. Replacing in Eq. (5.51)

β

2
σv

2(τ

α1 /β − 1 + e−τ

α1 /β) = β

2
σ̃

2
v(τ

α1 /β − 1 + e−τ

α1 /β) (5.56)

that yields σv
2 = σ̃

2
v, and since σv

2, σ̃

2
v > 0 by definition then σv = σ̃v.
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5.b appendix : covariance of period

Given the normal random variables z(t), we construct the random variable
2π/z(t) which has a inverse normal distribution, Eq (5.43). The first and
higher moments of this distribution do not exist [228]. However we approxi-
mate the values by Taylor series following

〈
2π

z(t)

〉
3 2π

〈z(t)〉 +
2πVar(z(t))

〈z(t)〉3 (5.57)

〈
4π

2

z(s)z(t)

〉
3 4π

2

〈z(s)〉 〈z(t)〉 +
4π

2Var(z(s))
〈z(s)〉3 〈z(t)〉

+
4π

2Var(z(t))
〈z(s)〉 〈z(t)〉3 +

4π

2Cov(z(s), z(t))
〈z(s)〉2 〈z(t)〉2 (5.58)

thus we can compute the covariance of Cov
(

2π

x , 2π

y

)
replacing

Cov
(

2π

z(s)
,

2π

z(t)

)
=

〈
4π

2

xy

〉
−

〈
2π

x

〉 〈
2π

y

〉

3 4π

2Cov(z(s), z(t))
〈z(s)〉2 〈z(t)〉2 (5.59)

−2πVar(z(s))
〈z(s)〉3

2πVar(z(t))
〈z(t)〉3

3 4π

2Cov(z(s), z(t))
〈z(s)〉2 〈z(t)〉2 . (5.60)

In the last line we make use of the fact that 〈z(t)〉 > Var(z(t)) ∼ Cov(z(s), z(t)),
then Cov(z(s), z(t))/ 〈z(t)〉4 % Var(z(t))/ 〈z(t)〉6 and we neglect the variance
contribution.

5.c appendix : quality factor for a gaussian dis-
tribution of frequencies

Consider the phase evolution of the system




θ̇ = ω + ∆

ω

θ(0) = θ0

(5.61)

Then the solution and the phase evolution it is given by

θ(t) = θ0 + (ω + ∆
ω

)t (5.62)

and we construct an oscillatory signal by x(t) = cos(θ(t)).

x(t) = cos(θ0 + (ω + ∆
ω

)t). (5.63)



5.C appendix 121

Given a fixed value of the initial condition θ0 and parameters ω and ∆
ω

x(t) is
a deterministic variable.

We now consider a wide sense stationary process and random variable x(t)
by considering an ensemble with the initial condition θ0 ∼ U (0, 2π). Both
the mean the variance are time independent, 〈x(t)〉 = 0 and Var(x(t)) = 1/2.
Note that the precision of this system is infinite since it is noiseless, and thus
the autocorrelation is a perfect cosine function.

We then generate an ensemble with a distribution of frequencies by con-
sidering ∆

ω

∼ N (0, σ

ω

2). In this situation both the mean and the variance
and the cross correlation 〈x(t)x(t + τ)〉 = 1

2 exp(−1/2σ

2t2) cos(ωt). Then the
ensemble autocorrelation is given by

R(τ) = e− 1
2 σ

ω

2t2
cos(ωτ), (5.64)

and the quiality factor Q1 is given by

Q1 =

√
2ω

2πσv
. (5.65)

Note that each individual trace has an infinite quality factor since each inde-
pendent trajectory is noiseless and a perfect oscillatory signal. However, if we
consider the population autocorrelation, it has a finite precision.





P R E C I S I O N T E M P O R A L D E U N
O S C I L A D O R C O N M Ú LT I P L E S
E S C A L A S D E T I E M P O .

La precisión temporal de un oscilador está limitada por las fluctuaciones. Al utilizar
un modelo de fase con ruido aditivo correlacionado en el tiempo, mostramos que el qua-
lity factor (factor de calidad) no consigue caracterizar completamente la precisión de las
series temporales oscilatorias en algunos casos. En este trabajo proponemos un quality
factor generalizado que es capaz de caracterizar la precisión cuando hay múltiples esca-
las de tiempo en las series temporales oscilatorias y el período está correlacionado en el
tiempo. Utilizando el quality factor generalizada analizamos los efectos del tiempo de
correlación del ruido y mostramos que el aumento del tiempo de correlación del ruido
puede aumentar la precisión de las oscilaciones en escalas de tiempo cortas a expensas
de la baja precisión en escalas de tiempo largas. Proponemos también una estimación
basada en la estadística del periodo para calcular el quality factor generalizado. Mos-
tramos que esta estimación es robusta incluso para series temporales cortas en las que
la longitud de la serie temporal es similar al tiempo de correlación del ruido.

La precisión de un oscilador puede caracterizarse usando el quality factor.
Este estimador puede calcularse utilizando la función de autocorrelación, la
estadística de los periodos o el periodograma de la serie temporal, Chapter 4

Como vimos en el Chapter 4, estas estimaciones de precisión son válidas siem-
pre y cuando podamos describir la fase subyacente de manera efectiva como
un proceso de Wiener con un drift. En este caso, solo dos escalas de tiempo
son suficientes para estimar correctamente la precisión de las series tempora-
les. Sin embargo, los experimentos indican que pueden haber fluctuaciones
lentas en el estado celular y sus componentes. Estás fluctuaciones podrían ge-
neran cambios lentos en el periodo e introducir una escala temporal adicional.
En este trabajo discutimos cómo ampliar el concepto de quality factor en esta
situación, y cómo estimarlo a partir de series temporales cortas.
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Consideramos un modelo de fase donde el ruido es un proceso de Orns-
tein–Uhlenbeck,






θ̇ = ω + V(t)

V̇ = −V
β

+

√
2
β

σvξ(t)

θ(0) = θ0

V(0) = V0 .

(5.66)

Considerando que la condición inicial del ruido esta dada por V0 ∼ N (0, σv
2),

el proceso de OU se encuentra en el estado estacionario,

V(t) = V0e−t/β +
√

2/βσv

∫ t

0
e−(t−s)/βdWs, (5.67)

con estadísticas

〈V(t)〉 = 0

Cov (V(s), V(t)) = σv
2e−|s−t|/β.

(5.68)

Introduciendo la variable aleatoria del proceso de integrado de OU U(t) =∫ t
0 V(s)ds podemos escribir la solución de Eq. (5.6) para la fase como

θ(t) = θ0 + ωt + U(t). (5.69)

El proceso integrado de OU U(t) es ua variable Gausiana con estadísticas

〈U(t)〉 = 0

Cov(U(s), U(t)) = σv
2
β

2
(

e−s/β + e−t/β − e−(t−s)/β + 2s/β − 1
) (5.70)

para s > t. A partir de la evolución de la fase generamos series oscilatorias

x(t) = cos(θ(t)). (5.71)

Esta señal x(t) es oscilatoria, y si el el tiempo de correlación del ruido β es
comparable o más grande que el periodo de las oscilaciones T los periodos
consecutivos se encuentran correlacionados,Fig. 5.1.

Calculamos la función de autocorrelación para el proceso oscilatorio

R(τ) = e−σv
2
β

2(τ/β−1+e−τ/β) cos(ωτ), (5.72)

Fig. 5.1. A partir de esta función de autocorrelación definimos el tiempo de
coherencia generalizado τ

α

a la solución de la ecuación como el tiempo nece-
sario para que la envolvente de la autocorrelación decaiga a e−α

β

2
σv

2(τ

α

/β − 1 + e−τ

α

/β) = α (5.73)

y utilizando este tiempo definimos el quality factor generalizado

Q
α

=
τ

α

αT
. (5.74)
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El valor α = 1 representa el valor habitual del tiempo de coherencia. Los
valores deα < 1 describen la precisión a escalas de tiempo corto, y α > 1 a
tiempos largos.

Utilizando el quality factor generalizado comparamos el valor de precisión
para un oscilador con ruido blanco y otro con ruido de OU. Vemos que el ruido
correlacionado permite incrementar la precisión temporal a tiempos cortos a
expensas de que a tiempos largos la correlación sea más baja, 5.2.

Dado que el problema con ruido de color tiene tres escalas temporales, el
periodo, el tiempo de correlación del ruido, y la tercera dada intensidad de
la fluctuaciones, el quality factor no permite caracterizar completaente la pre-
cisión ya que es la comparación de solo dos escalas temporles. Sin embargo
si utilizamos dos valores del quality factor generalizado podemos caracterizar
completamente la precisón temporal de las oscilaciones. El sistema

β

2
σv

2(τ1/β − 1 + e−τ1/β) = 1 (5.75)
β

2
σv

2(τ0,1/β − 1 + e−τ0,1/β) = 0,1 . (5.76)

define de manera univoca los valores de β y σv y permiten calcular cualquier
valor del quality factor generalizado.

Analizamos los límites del quality factor generalizado y los límites físicos.
Vemos que disminuyendo el tiempo de correlación de las fluctuaciones o in-
crementando la intensidad de las fluctuaciones el quality factor generalizdo
disminuye. Contrariamente aumentando el tiempo de correlación o disminu-
yendo la intensidad de las fluctuaciones el quality factor generalizado aumenta.
Por más de que que se incremente el tiempo de correlación del ruido el quality
factor generalizado tiene un límite físico dado por la expresión

Q
α|max =

Q1√
α

. (5.77)

Por último generamos una estimación para el quality factor generalizado
utilizando la estadística de los periodos. En vez de utilizar una teoría de First
Passage Time como en el capítulo anterior, dado que no se conoce la expresión
del First Passage Time para el proceso integrado de OU, utilizamos un calculo
efectivo para calcular la estadística de los periodos. Si bien el calculo de la
estadística de los periodos es efectivo y tiene algunas aproximaciones, muestra
un muy buen acuerdo con los resultados numéricos, Fig. 5.1. El estimador
utilizando la estadística de los periodos es robusto inclusive cuando el tiepo
de correlación del ruido es similar a la longitud de la serie temporal, Fig. 5.3.

En este trabajo propusimos un método para cuantificar la precisión tempo-
ral de una serie temporal oscilatoria con fluctuaciones de fase correlacionadas
en el tiempo. Para ello ampliamos la idea del quality factor como medida de
precisión y planteamos un quality factor generalizado. Este quality factor ge-
neralizada cuantifica la precisión temporal en diferentes escalas de tiempo, lo
que nos permite cuantificar correctamente sistemas con más de dos escalas
de tiempo. Utilizando el quality factor generalizada analizamos la precisión
de un modelo de fase con fluctuaciones de fase correlacionadas en el tiempo.
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Analizamos los límites en términos del tiempo de correlación del ruido, la in-
tensidad del ruido y los límites físicos de la precisión que el sistema puede
alcanzar. Observamos que un ruido correlacionado en la fase puede aumen-
tar la precisión demporal en más de dos veces en escalas de tiempo cortas, a
expensas de una precisión baja para escalas de tiempo largas. Por último, pro-
pusimos una estimación del quality factor generalizado basada en estadísticas
periódicas. Demostramos que esta estimación es robusta incluso para series
temporales cortas en las que la longitud de la serie temporal es similar al tiem-
po de correlación del ruido, y supera la estimación basada en la función de
autocorrelación. Notablemente la precisión de una serie de tiempo con 10 ci-
clos y un ruido con un tiempo característico también de 10 ciclos se puede
estimar correctamente con la estimación propuesta.

Desde el punto de vista teórico, el método propuesto en este capítulo asume
una forma teórica para la autocorrelación. Aunque el quality factor propuesto
puede estimar correctamente la precisión en otros modelos con fluctuaciones
temporales lentas, la exploración de otros enfoques model free podría aumentar
la aplicabilidad del quality factor generalizado. Esperamos que el quality fac-
tor generalizado propuesto en este trabajo y su estimación puedan ser útiles
y mejorar los métodos para cuantificar la precisión en las series temporales
oscilatorias.



chapter 6

Q U A L I T Y FA C T O R
E S T I M AT I O N S R E V I S I T E D .

In Chapters 2 and 3 we analyse the precision of oscillatory time series by means of the
quality factor. We obtain the quality factor from the time series using the periodogram
and the autocorrelation function. In Chapter 4 we show that these estimates can differ
from the real value when the time series are short. To circumvent these limitations, we
proposed a estimate for the quality based on the period statistics. We showed that this
estimate is robust and reliable, even for short time series. Here we reanalyse the time
series using the method based on period statistics.

6.1 precision of regular bursting , revised.

In Chapter 2, we analyse the effect of multiple binding sites for a repressor
in a negative feedback loop. We find that increasing the number of binding
sites enhances the regular bursting. We quantify the regular bursting by the
coefficient of variation of the periods, and by the quality factor.

Given a set of parameters, we generate numerical time series with a fixed
time length. These time series exhibit fluctuations in the maxima of the bursts.
To obtain the quality factor first we generate independent time series without
maxima fluctuations, using a Hilbert transform, Sec. 2.A. Then we compute
the periodogram and we fit it with a Lorentzian function, Fig. 2.2, to obtain
the central frequency fc and the spectral with ∆ f . From the fit we compute the
quality factor following

Q =
fc

π∆ f
, (6.1)

see Figs. 2.2 and 2.3.
One of the effects of the parameters in the regular bursting, is the change

of the length of the bursting and degradation processes. Given a fixed length
of time series, if the length of the bursts are longer the number of cycles in
the time series is going to be smaller. In Chapter 4 we show that for a small
number of cycles, the periodogram underestimates the value of the quality
factor, Figs. 4.2 and 6.1(a). Thus, here we revise the values of the estimates of
quality factor using the period statistics since its convergence is faster for short
time series and is more robust.
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Figure 6.1: The quality factor computed from the periodogram underestimates the value of
the quality factor if the number of cycles is low. (a) Scheme of the relative
quality factor as a function of the length of the time series in number of
cycles computed using the periodogram (green inverted triangles) and the
period statistics method (orange starts). Figure adapted from the results
of Chapter 4. The relative quality factor is computed as the ratio between
the numerical and theoretical ones. (b-c) Quality factor as a function of the
number of binding sites computed using the periodogram (green circles)
and the period statistics method (orange squares). Reanalysis of Fig. 2.3(f)
and Fig. 2.2 correspondingly using also the period statistics method. (d-e)
Coefficient of variation used to compute the quality factor in panels (b)
and (c).

When degradation target sites became hidden or obstructed, the binding of
transcription factor could prevent bound proteins to be degraded, Sect. 2.3.1.
We show that one of the effects of the absence of degradation of bound pro-
teins is that the bursting times becomes longer, Fig. 2.3. Thus, on the basis
of Chapter 4 this could lead to an underestimated value of quality factor,
Fig. 6.1(a). Here we revise the values of the quality factor for this case and
we also compute the values using the period statistics method and the value
of the coefficient of variation of the times Cv, Eq. (4.36)

Q =
1

2π

2Cv2 . (6.2)

We observe that the estimated values for large number of binding sites N
differs between the two methods, Fig. 6.1(b). The region were they differ is
the particular one in which the bursts time become longest and where the
time series have a small number of cycles. This result is consistent with the
idea that the periodogram underestimates the value of quality factor if the
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time series have a low number of cycles, no matter how many realizations the
statistic has, Fig. 4.2(g).

When bound proteins can be degraded, and we increase the number of
binding sites, we observed a increase in the precision without substantially
lengthening the length of the burst cycles times, Fig. 2.2. As we already show,
if the number of cycles within a time series is long enough we observed that
the periodogram quality factor estimate converges to the theoretical one or
asymptotic one, Figs. 4.2(e,f) and 6.1(a). When bound proteins can be degraded
we observed that both methods estimate the same quality factor, 6.1(c).

6.2 precision of zebrafish isolated cells peace-
maker , revised

In chapter 3 we analyse weather the single cells of the zebrafish segmentation
clock can generate autonomous oscillations. We find that the single cells gene
expression pattern is consistent with the idea that they behave as heteroge-
neous autonomous oscillators We quantify the precision of their oscillations
by means of the quality factor.

For each independent cell we first compute wavelets transform to get an
oscillatory series without amplitude fluctuations, Sec. 3.B. From these time se-
ries without amplitude fluctuations we compute the autocorrelation function,
Fig. 3.d. We fit the autocorrelation with a damped oscillation with a correlation
time τc and a mean period T,

R(τ) = e−τ/τc cos
(

2π

τ

T

)
(6.3)

and then we computed the quality factor

Q =
τc

T
. (6.4)

Following this procedure we obtain a quality factor for each independent cell.
From the population distribution of quality factors we obtain a median value
of Qmed = 4.6 and a mean of Qmean = 6.4. We compare this value with the qual-
ity factor of the embryos during the same developmental window using tissue
level oscillations data from the embryos which resulted in a median value of
Qmed = 10 and a mean of Qmean = 19.4. On the basis of the results of Chapter 4

we know that the quality factor obtained from the autocorrelation function can
differ from the theoretical or asymptotic value, in particular when there is a
limited number of short time series. Here we reanalyse the dataset and give
some intuition about possible mismatches between the different methods for
this particular dataset.

When we obtain the quality factor from the autocorrelation function there
are two limitations that may deviate the compute value from the theoretical
one: (i) when the length of the time series is low the value of the quality factor
differs from the theoretical one, Fig. 6.2(a), (ii) when the time series are short
and we have a small number of stochastic realisations the the quality factor
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Figure 6.2: The quality factor computed from the autocorrelation function overestimates the
value of the quality factor if the number of cycles is low and we have a limited
number of time series. (a) Scheme of the relative quality factor as a func-
tion of the length of the time series in number of cycles computed using
the autocorrelation function averaged in time (purple triangles) and the
period statistics method (orange starts). Figure adapted from the results
of Chap. 4. In (a) and (b) the relative quality factor is computed as the
ratio between the numerical and theoretical ones. (b)Scheme of the rela-
tive quality factor as a function of the number of realisations for a fixed
length of time series of 10 cycles. The relative quality factor is computed
using the autocorrelation function averaged in time. (c) Averaged autocor-
relation (blue line) and fit (red dashed line). Here we use only the solid
portion of the autocorrelation function (from 0 to 400 minutes). (d) Period
distribution.

overestimates the asymptotic or theoretical one, Figs. 6.2(b). In particular, in a
time series of 10 cycle length, the quality factor obtained from a single autocor-
relation function can overestimated between 3 to 8 times the theoretical value,
Fig. 6.2(b), and also see Fig. 4.2(g) for a quantitative figure. Thus, to reduce the
bias and increasing the accuracy of the estimation we have to average across
multiple autocorrelation functions before computing the quality factor. Single
autocorrelation functions, especially for short time series are not accurate to
compute the quality factor.

When we average the autocorrelation functions of the single cells from the
segmentation clock, and we fit the average autocorrelation we obtain a value
of Q = 1.9 which is considerable smaller than the mean or median value
obtained from the population, Fig. 6.2(b). If the number of realisations is not
big enough, this result can still deviate from the theoretical one, Fig. 6.2(b).
Additionally, for low number of cycles we show that the autocorrelation fitting
process also introduces errors, Fig. 4.6. Thus, we reanalyse the quality factor
using the period statistics methods which we show that is a robust method
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to compute the quality factor in short time series and when the number of
realisations is low.

We use the statistics of the periods from Chapter 3 to compute the period
distribution, 6.2(d), and the coefficient of variation Cv of the periods. Then,
we compute the quality factor using coefficient of variation Cv of the periods
of the single cells, Eq. (4.36), and we obtain a quality factor of Q = 1.3. Re-
analysing also the period of the tailbud of the embryos using period statistics,
we found a quality factor of Q = 2.5.

By comparing the results from the two methods, the autocorrelation function
Q = 1.9 6.2(c), and the period statistics method, Q = 1.3 6.2(d) ,we still observe
some discrepancies. Although we do not value of the quality factors for this
particular system, these results that the estimation using the autocorrelation
may still be overestimating the value because the value did not convert to
the asymptotic due to the possible insufficient number of realisations in the
statistics.

6.3 remarks and discussion

The limitations imposed by the features of biological time series, such as the
short length, motivated us to develop new quantification methods. In Chap-
ter 4 we develop a method based on period statistics to quantify the precision
of oscillatory time series that outperforms the other methods when the time se-
ries are short. Given this improvement in the methods of quantification, here
we reanalyse the estimation of the quality factor using the period statistics
method which is a more robust method and was not available at the time that
we analysed the results presented in Chaps. 2 and 3.

In terms of the results obtained in Chapter 2 addressing the effects of mul-
tiple binding sites, we found a very good agreement between the values of
the quality factor obtained from the periodogram and the ones obtained us-
ing the period statistics. This is due to the fact that: (i) by using the Hilbert
transform we remove the spurious frequency contribution due to amplitude or
burst maxima fluctuations to the timing frequency profile, (ii) the time series
in most of the cases were long enough. In the cases were there is a difference
in the results using the two methods, we attribute these differences to the in-
trinsic bias of the periodogram in short time series that was reported. Indeed,
the differences are consistent with the idea that the periodogram method un-
derestimates the value of the quality factor for time series with low number of
cycles. The results and conclusions presented in Chapter 2 do not change and
the slightly differences observed in Fig. 6.1(b) reinforce even more the effect of
regular bursting.

For the results obtained in Chapter 4 addressing weather single cells can sus-
tain autonomous oscillations, we found non-negligible discrepancies between
the quality factor obtained from the autocorrelation and the one obtained us-
ing period statistics. Although we do not know the value of the quality factor
for this particular system, since the period statistics method converges faster
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and is more robust in all the cases analysed, we choose this value as the best
estimate of the quality factor. In terms of the current values of the quality
factor we do not find any disagreements with the statements and results using
the autocorrelation: Although the value of the single cells quality factor is low,
Q ∼ 1.3, quality factors bigger than 1 indicate that there is a predictability or
regularity in the temporal pattern consistent with an oscillatory process. Thus,
in terms of the quality factor, the time series are still oscillations although of
low precision. When we reanalyse also the tissue level oscillations, the preci-
sion of these oscillations, as the one present in the tailbud, is bigger than the
precision of single cells oscillations. Although the absolute numbers of the
quantification vary, this result still suggests that the coupling between cells in-
crease the precision of the oscillations. Thus by reanalysing the whole dataset
of Chapter 4 using the period statistics method we only find quantitative dif-
ferences and the qualitative results and conclusions do not change.



U N A R E V I S I Ó N D E L A
E S T I M A C I Ó N D E L Q U A L I T Y
FA C T O R .

En los Capítulos 2 y 3 analizamos la precisión de las series temporales oscilatorias
mediante el factor de calidad. Obtuvimos quality factor a partir de las series temporales
mediante el periodograma y la función de autocorrelación. En el Capítulo 4 mostramos
que estas estimaciones pueden diferir del valor real cuando las series temporales son
cortas. Para evitar estas limitaciones en dichos métodos, propusimos una estimación
de la precisión basada en las estadísticas del período. Demostramos que esta estimación
es robusta y fiable, incluso para series temporales cortas. Aquí volvemos a analizar las
series temporales de los Capítulos 2 y 3 utilizando el método basado en las estadísticas
de períodos.

En primera instancia analizamos las series temporales del Capítulo 2. Ob-
servamos que en general la estimación calculada a partir de la estadística de
los periodos y la estimación calculada a partir el periodograma estiman el
mismo valor del quality factor en ambos casos. Esto se debe en principio a
que las series temporales utilizadas eran lo suficientemente largas, y de es-
ta manera ambos métodos estimaron el mismo valor. Para algunos conjuntos
de parámetros se encontraron diferencias entre las dos estimaciones. Esto se
debe principalmente a que en estos casos el periodo del bursting regular se
incrementa considerablemente y en las simulaciones el tiempo de simulación
siempre es fijo. De esta manera si el periodo aumenta las series temporales tie-
nen menos ciclos y la estimación a partir del periodograma subestima el valor
real. Las diferencias entre los dos métodos es consistentes con los resultados
presentados en el Capítulo 4. Si bien al utilizar la estadística de los periodos
el valor número del quality factor en algunos casos cambió, estos cambios son
solo cuantitativos y no afectan los resultados ni las conclusiones del Capítulo
2.

En cuanto a los resultados del Capítulo 3, analizamos nuevamente el quality
factor calculado para las series temporales de las células aisladas. En este caso
la estimación la habíamos hecho a partir de la función de autocorrelación. En-
contramos discrepancias entre ambas estimaciones y que los resultados resul-
tados a partir de la función de autocorrelación sobrestiman el valor obtenido
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a partir de la estadística de los periodos. Esta sobrestimación en consistente
con la teoría presentada en el Capítulo 4, en el que vimos que la estimación
a partir de la autocorrelación sobrestima el valor de quality factor para series
cortas, en particular cuando se utiliza una sola realización temporal en la es-
tadística de la función de autocorrelación. De esta manera los resultados del
capítulo 3 respecto a la precisión se encuentran sobrestimados. Si bien el valor
numérico estaba sobrestimado en un factor 3 las conclusiones y los resultados
cualitativos del trabajo siguen siendo válidos utilizando la estimación a partir
de los periodos.



chapter 7

S U M M A RY A N D O U T L O O K

In this thesis we analysed noise and oscillations in the process of gene expres-
sion. Motivated by the segmentation clock and by more general processes of
molecular biology such as gene regulation, fluctuations and oscillations, we
developed models and theory that allow us to make predictions, understand,
and quantify the properties and mechanisms of different biological systems. To
develop the theory presented in this thesis we used tools of statistical physics,
non-linear dynamics, stochastic processes, time series analysis and probabil-
ity. Among the main results of this thesis, we provided predictions that can
be tested experimentally, theoretical frameworks that allow us to interpret dy-
namic and noisy results, tools that allow us to statistically quantify oscillatory
systems in a reliable way, and new theoretical results and quantifiers.

multiple binding sites can suppress fluctuations

and enhance regular bursting .

Negative feedback is one of the most common motifs in gene regulatory net-
works. The architecture of the promoter of a gene determines which molecules
interact with the activity of that gene and which is the genetic network that
regulates it. These two features motivate us to study in Chapter 2 the effects
of multiple binding sites in a negative feedback loop. Since the binding and
unbinding kinetics of transcription factor and the gene expression process are
inherently stochastic processes, and the number of transcription factors can be
small, we address the effects of multiple binding sites from a stochastic point
of view. To emphasize the stochastic properties of the system, we modelled
a negative feedback loop with multiple binding sites using a chemical mas-
ter equation. Using a master equation, the intrinsically stochastic behaviour
emerges naturally since it describes the chemical reactions in a probabilistic
way.

By generating numerical simulations or solving the stationary probability
distribution we found that increasing the number of bindings sites, can en-
hance regular bursting. This emerges because the binding and unbinding ki-
netics generates an effective time delay which triggers regular bursting. A
time delay is a necessary condition for the appearance of recursive dynam-
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ics [19]. For a fixed number of binding sites, we showed that by tuning the
threshold for inhibition noise suppression can be enhanced. The mechanism
of noise suppression is due to the fact that the multiple binding sites act as a
buffer for the bound proteins taming the effects of the stochastic binding and
unbinding. This mechanism of noise suppression does not increases the turn
over, suggesting that this mechanism could decrease the high cost of noise
control [55]. Although the effects of multiple binding sites can be addressed
by a deterministic approach and the effects on a regulatory function [136], it is
worth to notice that none of this two mechanisms and effects could be obtained
if we modelled this system with deterministic kinetics, since both behaviours
emerge from the stochastic nature of the system.

In the context of this thesis and the interplay between biology and theoretical
modelling, based on the biological features about the promoters architecture
and the regulatory networks, we proposed a theoretical model to study the
effects of a the multiple binding sites. The theory and results proposed here
provides a plausible explanation for the appearance of multiple binding sites in
gene regulatory networks both as a control mechanism for noise suppression
or to enhance a regular dynamic. Additionally, the proposed mechanisms can
be testable experimentally using synthetic biology.

single cells from the zebrafish segmentation

clock behave as autonomous oscillators .

In Chapter 3 we move to the gene regulatory networks, fluctuations and os-
cillations in the context of developmental biology. We analysed whether sin-
gle cells from the zebrafish segmentation clock can sustain oscillations. We
addressed this question combining experiments and a theoretical framework.
On the experimental side, we measure the temporal expression pattern of her1
in a reporter zebrafish of this gene. On the theoretical point of view, we pro-
posed a description using a Stuart-Landau equation form together with slow
fluctuations and white noise. By combining these two features we found that
the single cells are able to sustain autonomous oscillations.

We found an erratic and heterogeneous behaviour in the expression patterns,
Figs. 3.1 and 3.2, which by itself was not enough to show that the oscillations
can be autonomous. By using a theoretical description of an oscillator, we were
able to reproduce the different behaviours of the single cells and their statistics.
One of the key points of this work was the combination of the experiments and
the theory, and by doing these, we showed that although they are noisy and
erratic, single cells behave as autonomous oscillators.

From the theoretical point of view, the choice of the description was mo-
tivated by the fact that existing gene regulatory networks models posses a
supercritical Hopf bifurcation which is accounted by the Stuart-Landau de-
scription [172–174]. The slow fluctuations were motivated by the fact that
amplitude fluctuations exhibit time correlations, which seems to indicate that
some of the main or complementary components of the clock are slowly fluc-
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tuating. Although here we did not use a biochemical description, it is known
that there are slow fluctuations in different components of the cells which we
referred as extrinsic noise, that can be the responsible of this behaviour.

Going back to the main question, previous works did not conclude that
single cells could sustain single cell oscillations [91, 92]. In mouse, previous
results reported the cells as unstable oscillators [92] and recent results show
that in mouse single cells behave as excitable systems and the oscillation of the
cells are triggered by a cell-density effect [229]. Our results in zebrafish show
that the time expression pattern of single cells is consistent with the idea that
are noisy autonomous oscillators. These differences suggests that might be
differences in the single cell mechanisms across different species. Despite this
differences, our results contribute to the understanding of the segmentation
clock both at the single cell level and in the general context of the the Clock
and Wavefront model.

analysis and characterisation of temporal pre-
cision in short oscillatory time series .

Experimental time series have a finite duration, particularly in biology. A clear
example of this are the oscillations of Her1 analysed in Chapter 3. Due to the
limitation of the current methods to quantify reliably the precision in short
time series, we turn to a more methodological question in Chapter 4 that is
how to quantify the precision of oscillations in short time series.

First by reviewing the most used methods to compute the quality factor, we
found that when the autocorrelation function or the periodogram are used
to compute the quality factor, there is a dependence on its value with the
length of the time series. In particularly for short time series there may be non-
negligible differences between the correct and the estimated value. Based on
a phase diffusion model, we developed an additional definition of the quality
factor in terms of period statistics. We showed that this definition provides an
estimate for the quality factor which is robust and reliable, even in short time
series, with amplitude fluctuations and in different nonlinear oscillators.

Compared to simulations, obtaining longer and a larger number of oscilla-
tory time series could be very hard and/or expensive when is possible. In
these situations, both the length and the number of time series then become a
limiting factor. Thus, it is important to be able to characterise the precision of
oscillatory time series in these conditions.

In terms of the applicability our method, the estimation of the quality factor
relies on the quantification of period. Although there might be situations in
which the period can not be estimated reliable, we also provide a k-quality
factor estimation which improves the estimate in time signals with high noise
or big amplitude fluctuations. We expect that the estimate proposed in this
work provides a strategy to improve the tools for quantifying accuracy in short
time series.
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temporal precision in the presence of fluctua-
tions with multiple timescales .

In Chapter 4 we analysed how to quantify the precision of oscillatory time
series with uncorrelated period fluctuations and in the presence of fast and
slow amplitude fluctuations. In order to complete the possibilities of period
and amplitude fluctuations, in Chapter 5 we analysed how to quantify the
precision in oscillatory time series with slow or correlated period fluctuations.

To analyse the precision in oscillatory time series with correlated period
fluctuations, we used a phase model with additive Ornstein–Uhlenbeck noise
to generate oscillatory time series. We found that the quality factor, although
it can be very useful in a variety of situations to quantify the precision, fails
to fully capture all the features of precision when there are more than two
timescales in the problem. Compared to the previous cases in which the period
was uncorrelated, here the new timescale is the correlation time in the period.
To circumvent the limitations of the quality factor, we proposed a generalized
quality factor which is able to characterise the precision unambiguously in the
presence of multiple timescales.

By using the generalized quality factor, we show that the correlation time
of the OU noise can increase the short timescales precision of the oscillator at
expenses of a small long timescales precision. In order to make this estimator
not only a theoretical quantifier but also a useful in experimental time series
we proposed an estimate of the generalised quality factor in terms of period
statistics. We showed that this estimator is robust and reliable even in short
timeseries.

Thus, in Chapters 4 and 5 we systematically analysed the precision of time
series in a variety of situations. Additionally we constructed estimates based
on period statistics which are robust and reliable. To achieve this we first
obtained the theoretical autocorrelation for the phase models and then we
connect this result with the period statistics. The limitation of this procedure
is that we need to obtain a theoretical autocorrelation which is based on a
particular model. Although the models can describe a variety of situations as
we showed, we are still limited the particular underlying models. The next
step of in the roadmap of the quantification of precision in oscillatory time
series is to be able to obtain reliable an general methods and estimators which
are model free.

improving the estimation of quality factor from

previous work .

In Chapter 6 we revised the quality factor estimations obtained in Chapters 2

and 3 using the estimate based of period statistics obtained in Chapter 4. In
terms of the results of analysing the effects of multiple binding sites, we found
no significant changes in the reported values of the temporal precision ob-
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served in regular bursting. The discrepancies between previous values ob-
tained using the periodogram or the period statistics were consistent with the
limitations of the periodogram already reported. In terms of the results ob-
tained regarding the precision of the single cells of the segmentation clock, we
found that the precision values were overestimated. Although the values we
believe to be correct are different from the previous ones, the conclusions and
biological implications obtained did not change.

To summarize, here we analysed noise and oscillations in gene expression
from a theoretical point of view. Noise is ubiquitous to any biological process,
and gene regulatory networks are involved in every stage of cell life and of
the organisms they compose. Motivated by the segmentation clock, we cover
both general and specific aspects of gene expression dynamics and regulation.
We hope that in this thesis we have provided new answers and quantification
tools in the study of the dynamics and regulation of gene expression and
developmental biology.





R E S U M E N Y D I S C U S I Ó N .

En esta tesis analizamos el ruido y las oscilaciones en el proceso de expre-
sión genética. Motivados por el reloj de segmentación y por procesos más
generales de la biología molecular como la regulación genética, las fluctuacio-
nes y las oscilaciones, desarrollamos modelos y teoría que nos permiten hacer
predicciones, comprender y cuantificar las propiedades y mecanismos de di-
ferentes sistemas biológicos. Para desarrollar la teoría presentada en esta tesis
utilizamos herramientas de física estadística, dinámica no lineal, procesos esto-
cásticos, análisis de series temporales y probabilidad. Entre los principales re-
sultados de esta tesis, proporcionamos predicciones que pueden ser probadas
experimentalmente, marcos teóricos que nos permiten interpretar resultados
dinámicos y ruidosos, herramientas que nos permiten cuantificar estadística-
mente sistemas oscilatorios de forma fiable, y nuevos resultados teóricos y
cuantificadores.

múltiples sitios de unión para un represor pue-
den generar bursting regular y promover la su-
presión de ruido.

El feedback negativo es uno de los motivos más comunes en las redes de regu-
lación genéticas y la arquitectura del promotor determina el nivel de actividad
de un gen. Estas dos características nos motivan a estudiar en el Capítulo 2

los efectos de múltiples sitios de enlace en un bucle de retroalimentación ne-
gativa. Dado que la cinética de unión y desunión del factor de transcripción y
el proceso de expresión génica son procesos inherentemente estocásticos, y el
número de factores de transcripción puede ser pequeño, abordamos los efectos
de múltiples sitios de unión desde un punto de vista estocástico. Para hacer
énfasis en las propiedades estocásticas del sistema, modelamos un loop de
feedback negativo con múltiples sitios de unión con ecuación química maestra.
Usando una ecuación maestra, el comportamiento intrínsecamente estocástico
emerge naturalmente ya que describe las reacciones químicas de una manera
probabilística.

Al generar simulaciones numéricas o resolver la distribución de probabili-
dad estacionaria, descubrimos que el aumento del número de sitios de unión
puede generar una regularidad temporal en el bursting Esto se debe a que la
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cinética de unión y desunión genera un retardo de tiempo efectivo que desen-
cadena el bursting regular. Un retardo de tiempo es una condición necesaria
para la aparición de la dinámica recurrente u oscilatoria [19]. Para un número
fijo de sitios de unión, demostramos que al configurar el umbral de regulación
se puede generar un efecto de supresión del ruido. El mecanismo de supresión
de ruido se debe al hecho de que los múltiples sitios de unión actúan como un
buffer para las proteínas unidas, amansando los efectos de la unión y desaco-
plamiento estocástico. Este mecanismo de supresión de ruido no aumenta el
número de moléculas producidas, lo que sugiere que este mecanismo podría
disminuir el alto costo del control de ruido [55]. Aunque los efectos de múlti-
ples sitios vinculantes pueden ser abordados en el enfoque determinista y los
efectos sobre una función reguladora [136], vale la pena notar que ninguno de
estos dos mecanismos y efectos podrían obtenerse si modeláramos este siste-
ma con cinética determinista, ya que ambos comportamientos emergen de la
naturaleza estocástica del sistema.

En el contexto de esta tesis y de la interacción entre la biología y la modeli-
zación teórica basada en observaciones biológicas sobre la arquitectura de los
promotores y las redes reguladoras, estos resultados proporcionan una expli-
cación plausible para la aparición de múltiples emplazamientos vinculantes en
las redes reguladoras, tanto como mecanismo de control para la supresión del
ruido como para mejorar una dinámica regular. Adicionalmente, los mecanis-
mos propuestos pueden ser probados experimentalmente mediante el uso de
la biología sintética.

¿las células individuales del reloj de segmen-
tación del pez cebra son osciladores autóno-
mos?: de los experimentos a la teoría , y vicever-
sa .

En el Capítulo 3 proseguimos con el estudio de las redes reguladoras de ge-
nes, fluctuaciones y oscilaciones en el contexto de la biología del desarrollo.
Analizamos si las células individuales del reloj de segmentación del zebrafish
pueden sostener oscilaciones cuando se encuentran aisladas. Abrdamos esta
pregunta combinando experimentos y un marco teórico. En el lado experimen-
tal, medimos el patrón de expresión de her1 en un zerbafish reportero de este
gen. Se sabe que este gen tiene un patrón de expresión oscilatoria en células in
vivo, y es uno de los responsables del pacificador. Desde el punto de vista teó-
rico, propusimos una descripción utilizando una ecuación de Stuart-Landau
con fluctuaciones lentas y ruido blanco. Combinando estos dos enfoques en-
contramos que las células individuales son capaces de sostener oscilaciones
cuando están aisladas.

Uno de los puntos clave de este trabajo fue la combinación de los experimen-
tos y la teoría. Encontramos un comportamiento errático y heterogéneo en los
patrones de expresión, Figuras. 3.1 y 3.2, que por sí solos no eran suficientes pa-
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ra demostrar que las oscilaciones pueden ser autónomas y efectivamente sean
ideas con la idea de que son un oscilador. Utilizando una descripción teórica
de un oscilador, pudimos reproducir los diferentes comportamientos de las cé-
lulas individuales y sus estadísticas. Así, estos resultados juntos muestran que
aunque sean ruidosas y erráticas, las células individuales se comportan como
osciladores autónomos.

Desde el punto de vista teórico, la elección de la descripción estuvo motiva-
da por el hecho de que los modelos existentes de redes reguladoras de genes
poseen una bifurcación supercrítica del Hopf que se implementamos utilizan-
do la ecuación de Stuart-Landau [172-174]. Las fluctuaciones lentas fueron
motivadas por el hecho de que las fluctuaciones de amplitud muestran co-
rrelaciones de tiempo, lo que parece indicar que algunos de los componentes
principales o complementarios del reloj están fluctuando lentamente. Aunque
aquí no utilizamos una descripción bioquímica, se sabe que hay fluctuaciones
lentas en los diferentes componentes de las células que denominamos ruido
extrínseco, que pueden ser las responsable de este comportamiento.

Volviendo a la pregunta principal, los trabajos anteriores no concluyeron
que las células individuales pudieran generar oscilaciones autónomas [91, 92].
Nuestros resultados contribuyen a la comprensión del reloj de segmentación
tanto a nivel de célula única como en el contexto general del modelo reloj y
frente de ondas.

caracterización de la precisión temporal en se-
ries oscilatorias cortas .

Las series temporales experimentales tienen una duración finita, especialmen-
te en biología. Un claro ejemplo de esto son las oscilaciones de Her1 analizadas
en el Capítulo 3. Debido a la limitación de los métodos actuales para cuanti-
ficar de forma fiable la precisión en series temporales cortas, en el Capítulo 4

nos enfocamos en una cuestión más metodológica que es cómo cuantificar la
precisión de las oscilaciones en series temporales cortas.

En primer lugar, revisando los métodos más utilizados, encontramos que
cuando se utiliza la función de autocorrelación o el periodograma para calcular
el quality factor, existe una dependencia de su valor con la longitud de la serie
temporal. En particular, en el caso de las series temporales cortas puede haber
diferencias no despreciables entre el valor correcto y el estimado. Basándonos
en un modelo de difusión de fase, desarrollamos una definición adicional del
factor de calidad en términos de las estadísticas del periodo. Demostramos que
esta definición proporciona una estimación del factor de calidad que es robusta
y fiable, incluso en series temporales cortas, con fluctuaciones de amplitud y
en diferentes osciladores no lineales.

En comparación con las simulaciones, la obtención de series de tiempo osci-
latorias más largas y con un mayor número de ellas puede ser muy difícil y/o
costosa en los casos en que es posible. En estas situaciones, tanto la longitud
como el número de series temporales se convierten en un factor limitante. Por
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lo tanto, es importante poder caracterizar la precisión de las series temporales
oscilatorias en estas condiciones. Esperamos que la estimación presentada en
este trabajo ayude a mejorar las herramientas para cuantificar la precisión en
series de tiempo cortas.

precisión temporal en presencia de fluctuacio-
nes con múltiples escalas de tiempo.

En el Capítulo 4 analizamos cómo cuantificar la precisión de series temporales
oscilatorias con fluctuaciones de período no correlacionadas y en presencia
de fluctuaciones de amplitud rápidas y lentas. Para completar en panorama
de las posibilidades de fluctuaciones de período y amplitud, en el Capítulo 5

analizamos cómo cuantificar la precisión en series de tiempo oscilatorias con
fluctuaciones de período lentas o correlacionadas.

Para analizar la precisión de las series temporales oscilatorias con fluctua-
ciones de período correlacionadas, utilizamos un modelo de fase con ruido
aditivo de Ornstein-Uhlenbeck para generar series temporales oscilatorias. En-
contramos que el quality factor, aunque puede ser muy útil para cuantificar la
precisión en una variedad de situaciones, no logra captar completamente todas
las características de precisión cuando hay más de dos escalas de tiempo en el
problema. En comparación con los casos anteriores en los que el período no
estaba correlacionado, aquí la nueva escala de tiempo es el tiempo de correla-
ción en el período. Para sortear las limitaciones del quality factor, propusimos
un quality factor generalizado que es capaz de caracterizar unívocamente la
precisión en presencia de múltiples escalas de tiempo.

Utilizando el factor de calidad generalizado, demostramos que el tiempo
de correlación del ruido OU puede aumentar la precisión de las escalas de
tiempo cortas del oscilador a expensas de una pequeña precisión de escalas de
tiempo largas. Para hacer de este estimador no sólo un cuantificador teórico,
sino también un útil en series temporales experimentales, propusimos una
estimación del quality factor generalizado en términos de la estadístico de los
periodos. Hemos demostrado que este estimador es robusto y fiable incluso en
series de tiempo cortas.

De esta manera, en los capítulos 4 y 5 analizamos sistemáticamente la pre-
cisión de las series temporales en diversas situaciones. Adicionalmente, cons-
truimos estimaciones basadas en estadísticas de períodos que son robustas y
confiables. Para conseguirlo, primero obtuvimos la autocorrelación teórica pa-
ra los modelos de fase y luego conectamos este resultado con las estadísticas
del período. La limitación de este procedimiento es que necesitamos obtener
una autocorrelación teórica basada en un modelo particular. Aunque los mo-
delos pueden describir una variedad de situaciones como mostramos, todavía
estamos limitados a los modelos subyacentes particulares. El siguiente paso
en la hoja de ruta de la cuantificación de la precisión en series de tiempo osci-
latorias es poder obtener métodos y estimadores fiables y generales que sean
independientes de un modelo subyacentes.
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revisión del quality factor .

Los métodos de cuantificación avanzan constantemente, y a lo largo del ca-
mino quedan los resultados del pasado analizados con los mejores métodos
disponibles en el momento, que pueden diferir de los actuales. En el Capítu-
lo 6 revisamos las estimaciones del factor de calidad obtenidas en los Capítulos
2 y 3 utilizando la estimación basada en las estadísticas periódicas obtenidas
en el Capítulo 4.

En cuanto a los resultados del análisis de los efectos de múltiples sitios de
unión, no se encontraron cambios significativos en los valores informados de
la precisión temporal observada en la bursting regular. Las discrepancias en-
tre los valores anteriores obtenidos usando el periodograma o las estadísticas
del periodo fueron consistentes con las limitaciones del periodograma ya re-
portado. En términos de los resultados obtenidos con respecto a la precisión
de las células individuales del reloj de segmentación, encontramos que los
valores de precisión fueron sobreestimados. Aunque los valores que conside-
ramos correctos difieren de los anteriores, las conclusiones y las implicaciones
biológicas obtenidas no han cambiado.

En cuanto a la decisión de incluir un capítulo separado con el nuevo análisis,
consideramos apropiado incluir un capítulo independiente para poder dar la
importancia adecuada a la discusión. La tesis, además de ser el formato en
el que se reportan y evalúan los resultados de un doctorado, es un trabajo
que permite un análisis riguroso y profundo de los resultados obtenidos a lo
largo de un período de tiempo considerable y que ofrece la posibilidad de
compartirlos con la comunidad. Por lo tanto, en lugar de reportar sólo los
valores más recientes y apropiados, pensamos que la mejor manera de ser
críticosy discutir y compartir nuestro propio trabajo era incluir un capítulo
extra.

En resumen, en esta tesis analizamos el ruido y las oscilaciones en la ex-
presión génica desde un punto de vista teórico. El ruido es ubicuo a cualquier
proceso biológico, y las redes reguladoras de genes están involucradas en cada
etapa de la vida celular y de los organismos. Motivados por el reloj de segmen-
tación, cubrimos aspectos generales y específicos de la dinámica y regulación
de la expresión génica. Esperamos que en esta tesis hayamos aportado nue-
vas respuestas y herramientas de cuantificación en el estudio de la dinámica y
regulación de la expresión génica y la biología del desarrollo.
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