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Resumen

Algoritmos aproximados para problemas de optimizacion
combinatoria

En esta tesis estudiamos algoritmos aproximados para cinco problemas de opti-
mizaciéon combinatoria. Exploramos los casos pesados y no pesados para diferentes
clases de grafos donde estos problemas son NP-completos.

Un transversal de cliques de un grafo G es un conjunto de vértices que interseca a
todas las cliques maximales de G. El problema de optimizacién asociado es encontrar
un transversal de cliques minimo.

Un conjunto clique independiente de un grafo GG es un conjunto de cliques ma-
ximales de G que no comparten vértices entre si. El problema de optimizacién
asociado es encontrar un conjunto clique independiente maximo.

Para estos dos problemas presentamos algoritmos aproximados para grafos de
linea, grafos con grado acotado, y grafos planares.

Un recubrimiento por vecindades cerradas de un grafo G es un conjunto de
vértices tal que toda arista del grafo pertenece a la vecindad cerrada de alguno de
estos vértices. El objetivo es encontrar un recubrimiento por vecindades cerradas
minimo. Para este problema presentamos un algoritmo con factor arbitrariamente
bueno para grafos planares.

Un conjunto vecindad independiente de un grafo G es un conjunto de aristas tal
que la vecindad cerrada de cualquier vértice de GG contiene a lo sumo una de estas
aristas. El objetivo es encontrar un conjunto vecindad independiente maximo. Para
este problema damos algoritmos aproximados para grafos sin diamantes y grafos
planares. Ademas mostramos un algoritmo polinomial para cografos.

Un matching inducido de un grafo G' es un matching tal que ninguna arista de
G conecta a dos aristas del matching. El objetivo es encontrar el matching inducido
méximo. Presentamos un algoritmo A(G)-aproximado para la versién pesada de este
problema, donde A(G) es el grado méximo de G. Ademés mostramos algoritmos
aproximados para grafos sin K y algunas subclases de estos.

Palabras clave. Algoritmos aproximados, optimizacién combinatoria, trans-
versal de cliques, conjunto clique independiente, recubrimiento por vecindades ce-

rradas, conjunto vecindad independiente, matching inducido.
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Introduccion

Un gran nimero de problemas de optimizacién que surgen de la actividad humana
tienen una naturaleza discreta. Es decir, uno ha de encontrar una solucion 6ptima
en un conjunto finito de posibles soluciones. Estos problemas se llaman problemas
de optimizacion combinatoria. Su naturaleza implica que mucha de la maquinaria
matematica desarrollada para optimizar funciones sobre el dominio de los reales y
complejos no sea de mucha utilidad para estos problemas. En la mayoria de los casos
practicos no parece ser viable encontrar soluciones analiticamente, lo que sugiere el
uso de computadoras para buscar soluciones a estos problemas.

Al tomar este enfoque nos enfrentamos con las limitaciones de poder de computo:
muchos de los problemas de optimizacién combinatoria son NP-dificiles [41]. Si bien
al dia de la fecha no se sabe si existen algoritmos eficientes para resolver tales
problemas, en la comunidad cientifica hay un amplio consenso sobre la tesis que
sostiene que no existen; y si llegasen a existir, se cree que serian muy poco utiles
desde el punto de vista practico. Sin embargo, esto no nos exime de la necesidad de
resolver estos problemas. Esto justifica el desarrollo de algoritmos para problemas
NP-dificiles que no cumplan con todas las propiedades deseables: ser eficientes,
computar una solucion éptima, y funcionar en cualquier instancia valida de input.
El sacrificio de cada una de estas propiedades nos introduce en amplios campos de
investigacion.

Si sacrificamos la eficiencia, es decir, la garantia de que el algoritmo termina
en tiempo polinomial, estamos en presencia de varias ramas de estudio: los algorit-
mos de optimizacién poliedral 25,76, 80], los algoritmos de fuerza bruta [26], los
algoritmos branch and reduce y otros [37,38,89].

Si sacrificamos generalidad, estamos restringiendo el dominio de nuestro algo-
ritmo. Por ejemplo, es NP-dificil encontrar una clique de tamano maximo en un
grafo general, sin embargo se puede hacer de forma eficiente para algunas familias
de grafos, como los grafos de intervalo [43].

Si sacrificamos optimalidad, estamos en el area de las heuristicas polinomiales.
Aqui encontramos algoritmos aleatorios® que funcionan “bien” con alta probabilidad

[75]; los algoritmos que funcionan “bien” en la practica [42,83]; y los algoritmos cuya

ITécnicamente también renunciamos al determinismo si hablamos de algoritmos aleatorios.



vi

solucién tiene cierta calidad garantizada por un argumento matemético [86, 88].
Estos ultimos son los algoritmos aproximados.

Formalmente diremos que, para un problema de minimizacion, un algoritmo es
a-aproximado si computa una solucién factible de costo a lo sumo « veces el costo
optimo en tiempo polinomial. De manera similar, un algoritmo para un problema
de maximizacion se dice a-aproximado si el valor de la solucion computada es al
menos una a-ésima parte del valor éptimo.

Para disenar algoritmos aproximados es de suma importancia encontrar buenas
cotas para el optimo tales que éstas puedan ser relacionadas con alguna solucién
factible computada en tiempo polinomial. Esta relacion es la que nos permite de-
mostrar el factor de aproximacion. Hay que enfatizar que estas cotas pueden ser de
caracter tedrico—es suficiente que uno pueda relacionar la solucién del algoritmo
con esta cota mediante algtin factor multiplicativo.

Existen varias técnicas ampliamente utilizadas en el diseno de algoritmos apro-
ximados. En este trabajo utilizaremos principalmente tres: algoritmos golosos, la
técnica de Baker para grafos planares [3], y fractional local ratio [5,20].

Los algoritmos golosos son aquellos algoritmos iterativos que buscan maximizar
el beneficio en cada iteracién. Las demostraciones de los factores de aproximacién se
basan muchas veces en relacionar directamente una solucion éptima con la compu-
tada.

La técnica de Baker para grafos planares permite obtener algoritmos con factor
(1 £ €)? para cualquier € > 0 fijo [3]. Sin embargo, el tiempo de ejecucién es expo-
nencial en 1/e, por lo cual estos algoritmos son poco ttiles en la préctica. Aun asi,
permiten establecer que un problema es “facil” en los grafos planares a pesar de
ser NP-dificil. La idea de este método es dividir el grafo planar en varias “capas”
de cierto grosor fijo (dependiente de €). Cada capa de un grosor fijo tiene treewidth
acotado, lo que muchas veces permite resolver el problema en cuestion en tiempo
polinomial en cada capa. Si logramos argumentar que el error incurrido para “com-
binar” las soluciones a las capas en una solucién global es “pequeno” relativo al
grosor de las capas, podemos argumentar que el factor es arbitrariamente bueno.

Por 1ltimo, local ratio es una técnica cuya idea central es encontrar una solu-
cion factible y una descomposicién de los costos de forma que podamos acotar los

errores incurridos por nuestra solucion computada respecto a cada componente. Si

2Para factores arbitrariamente buenos utilizamos una convencién diferente a la definida mas
arriba: para los problemas de maximizacién diremos que un algoritmo es (1 — €)-aproximado si el
valor computado es al menos (1 — ¢€) veces el valor 6ptimo.
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respecto de cada componente de la descomposicién de costos nuestra solucion es a-
aproximada, entonces—bajo supuestos muy generales—la solucion sera a-aproximada
para los costos originales. Aqui el punto crucial es encontrar una buena descomposi-
cién que nos permita probar un factor pequeno de aproximacion. Para esto podemos
utilizar informacién provista por una solucién fraccionaria a un programa lineal. El
uso de esta informacion en tal algoritmo se conoce como fractional local ratio.

En el Capitulo 2 estudiamos el matching inducido maximo con pesos. En el
Capitulo 3 estudiamos el problema transversal de cliques minimo. En el Capitulo 4
estudiamos el problema relacionado: conjunto clique independiente maximo. Segui-
do a esto estudiamos otros dos problemas que se relacionan entre si: en el Capitulo
5 exploramos el recubrimiento de aristas por vecindades cerradas minimo; y en el
Capitulo 6 el conjunto vecindad independiente méaximo. Por iltimo, las conclusiones

y preguntas que dejamos abiertas estan presentadas en el Capitulo 7.



Transversal de cliques

Un subconjunto S de vértices de un grafo G es un transversal de cliques si S
interseca a todas las cliques maximales de G. Hallar un transversal de cliques de
tamano minimo es un problema NP-completo para grafos de linea, planares y de
grado acotado [47].

En este capitulo analizamos el comportamiento de las cliques en los grafos de
linea. Este analisis nos permite dar un algoritmo 3-aproximado para el caso no
pesado y un 4-aproximado para el caso pesado.

Por otro lado, es facil ver que existe un algoritmo 4-aproximado para grafos
planares pesados. Para grafos planares sin pesos mejoramos este factor, dando
una 3-aproximacion. Siguiendo esta linea de investigacion, adaptamos resultados
ya conocidos para ver que existe un algoritmo lineal para grafos con treewidth
acotado para el caso pesado. Esta observacién nos sirve para derivar un algorit-
mo (1 + €)-aproximado para grafos planares pesados para cualquier ¢ > 0 fijo. Sin
embargo, el tiempo de ejecucion de este algoritmo es prohibitivo en la practica, a
diferencia de los algoritmos con factor 3 y 4 que damos antes.

Por ltimo, si el grado méaximo de G, A(G), estd acotado por una constante fija,

A(G)+1
2

probamos que existe un algoritmo [ —‘—aproximado para grafos no pesados.
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Conjunto clique independiente

Un subconjunto de cliques maximales de G mutuamente disjuntas es un conjunto
clique independiente. Hallar tal conjunto de tamano maximo es NP-completo para
grafos de linea, grafos planares y grafos de grado acotado [47]. En la variante pesada
del problema los pesos de cada clique estan dados por la suma de los pesos de los
vértices de dicha clique.

En este capitulo damos un algoritmo lineal para grafos pesados con treewidth
acotado, que luego utilizamos para dar un (1 — €)-aproximado para grafos planares
pesados para cualquier € > 0 fijo.

A(G)+3

Ademas, damos un méx{?); ==+ e}—aproximado para grafos de linea sin

pesos con gardo maximo A(G).
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Recubrimiento por vecindades

cerradas

Un subconjunto S de vértices de un grafo G es un recubrimiento por vecindades
cerradas de G si toda arista de GG pertenece a la vecindad cerrada de algin vértice
en S. Hallar un recubrimiento por vecindades cerradas minimo es un problema
NP-completo para grafos planares [47].

En este capitulo mostramos que este problema es lineal para grafos pesados con
treewidth acotado. Este resultado nos permite dar un algoritmo (1 + €)-aproximado

para grafos planares con vértices pesados.



Conjunto vecindad independiente

Un subconjunto de aristas S de un grafo GG es un conjunto vecindad independiente
si no existe un vértice de G que contenga dos aristas de S en su vecindad cerrada.
Hallar un conjunto vecindad independiente maximo es un problema NP-completo
para grafos planares [47].

En este capitulo damos un algoritmo goloso A(G)-aproximado para grafos pe-
sados. Ademads, para grafos pesados sin diamantes como subgrafos inducidos exhi-
bimos un algoritmo (A(G)/2 + 1)-aproximado.

Probamos que existe un algoritmo polinomial para grafos con treewidth acotado.
Utilizamos este resultado para derivar un algoritmo (1 — €)-aproximado para grafos
planares pesados, para cualquier € > 0 fijo.

Mostramos ademas que existe un algoritmo polinomial para cografos pesados.

Por ultimo, damos una cota superior asintéticamente ajustada de la cardinalidad

de un conjunto vecindad independiente para grafos regulares.
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Matching inducido

Un matching inducido de G' es un matching tal que no existe una arista de G' que
conecte dos aristas de este matching. Dicho en otras palabras, es un matching de G
tal que el subgrafo de GG inducido por los vértices que toca el matching es 1-regular,
o equivalentemente: es el mismo matching. Hallar un matching inducido de tamano
méximo es un problema NP-completo [81].

En varios trabajos se han estudiado algoritmos aproximados para este problema
restringido a grafos regulares y subclases de estos [32,46, 56, 78,91]. Sin embargo,
solo se conoce un algoritmo 2(A(G) — 1)-aproximado para grafos con grado a lo
sumo A(G) [91]. Nosotros presentamos un algoritmo A(G)-aproximado para el caso
pesado de este problema.

Por 1ltimo, exploramos el comportamiento de un algoritmo goloso en grafos

pesados que no tengan K7 j como subgrafo inducido y subclases de estos.
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Conclusiones

En esta tesis estudiamos cinco problemas de optimizacion combinatoria desde el
punto de vista de su aproximabilidad.

En el 2000, Guruswami y Rangan [47] demostraron que el transversal de cliques
minimo, conjunto clique independiente maximo, recubrimiento por vecindades ce-
rradas minimo y conjunto vecindad independiente maximo son NP-completos para
grafos planares. Nosotros presentamos algoritmos con factor de aproximacion arbi-
trariamente bueno para cada uno de estos problemas en sus versiones pesadas. De
esta forma contribuimos a la clasificacion de la complejidad de estos problemas en
los grafos planares: dentro de los NP-completos estos son los mas sencillos. Para
obtener estos resultados hemos dado algoritmos polinomiales para grafos pesados
cuyo treewidth es acotado. Cabe destacar que estos resultados son de indole tedrica,
ya que en la practica estos algoritmos tienen tiempos de ejecucién muy altos.

Ademads de los resultados de NP-completitud en grafos planares, en [47] se ha
probado que estos problemas son NP-completos para otras clases de grafos. Nosotros
dimos algunos algoritmos aproximados para algunos problemas restringidos a estas
clases. De esta forma, esta tesis contiene una respuesta parcial a [47] desde el drea
de algoritmos aproximados.

Por ultimo, logramos bajar el factor 2(A(G) — 1) de Zito [91] a A(G) para
matching inducido pesado con grafos de grado a lo sumo A(G). Ademés dimos

algunos resultados de aproximabilidad para grafos K; y-free y subclases pesadas.

Lista de resultados obtenidos
e Para transversal de clique.

— Una 3-aproximacion para grafos de linea no pesados.

— Una 4-aproximacién para grafos de linea pesados.

— Un algoritmo practico 3-aproximado para grafos planares sin pesos.
— Un algoritmo lineal para grafos pesados con treewidth acotado.

— Un PTAS para grafos planares con pesos.

x1il
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— Una [%-‘—aproximacién para grafos no pesados con A(G) acotado

por una constante fija.
e Para conjunto clique independiente.

— Un algoritmo lineal para grafos pesados con treewidth acotado.
— Un PTAS para grafos planares pesados.
A(G)+3

— Una max {3, ==+ e}—aproximacién para grafos de linea sin pesos.

e Para recubrimiento de vecindades cerradas.

— Un algoritmo lineal para grafos pesados con treewidth acotado.

— Un PTAS para grafos planares pesados.
e Para conjunto vecindad independiente.

— Una A(G)-aproximacion para grafos pesados.
— Una (A(G)/2 + 1)-aproximacién para grafos pesados sin diamantes.
— Un algoritmo polinomial para cografos pesados.

— Una cota asintéticamente ajustada de la cardinalidad de un conjunto

vecindad independiente en grafos regulares.
— Un algoritmo lineal para grafos pesados con treewidth acotado.

— Un PTAS para grafos planares pesados.
e Para matching inducido.

— Una A(G)-aproximacién para grafos pesados.
— Una (2k — 3)-aproximacién para grafos K y-free pesados.

— Una k-aproximacién para grafos (K, chair)-free pesados.
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Abstract

Approximation algorithms for combinatorial optimization
problems

In this thesis we study approximation algorithms for five combinatorial opti-
mization problems. We explore the weighted and the unweighted variations for
different graph classes where these problems are NP-complete.

A clique transversal set of a graph G is a subset of vertices that intersects
each maximal clique of GG. The optimization problem is to find a maximum clique
transversal set. For this problem we present approximation algorithms on line
graphs, bounded degree graphs, and planar graphs.

A clique independent set of a graph G is a set of maximal cliques of G such that
no two of them share a vertex. The optimization problem is to find a maximum
clique independent set. For this problem we present approximation algorithms on
line graphs and planar graphs.

A neighborhood covering set of a graph G is a subset of vertices such that each
edge of GG belongs to some closed neighborhood of these vertices. The optimization
problem is to find a minimum neighborhood covering set. For this problem we give
an arbitrary good approximation ratio for planar graphs.

A neighborhood independent set of a graph G is a subset of edges of G such
that the closed neighborhood of any vertex in GG contains at most one of these
edges. The optimization problem is to find a maximum neighborhood independent
set. For this problem we give approximation algorithms for bounded degree graphs,
diamond-free graphs, and planar graphs. Furthermore, we give a polynomial time
algorithm for cographs.

An induced matching of a graph G is a matching such that no edge of G' connects
two edges of this matching. The optimization problem is to find a maximum induced
matching. For the weighted case we give a A(G)-approximation algorithm, where
A(G) is the maximum degree of G. Furthermore, we give approximation algorithms
for K, y-free graphs and subclasses.

Keywords.  Approximation algorithms, combinatorial optimization, clique
transversal set, clique independent set, neighborhood covering set, neighborhood

independent set, induced matching.
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Nomenclature

ac(G) The clique independence number of G.
an(G) The neighborhood independence number of G.
d(e) If e is an edge uw, then d(e) = §(u) Ud(v).

A(G) The maximum degree of a vertex in G. If it is unambiguous, we simply write

A.
d(v) The edges incident to v, {uv : uwv € E}.
K(G) The set of all maximal cliques of G.
G The complement graph of G.
pn(G) The neighborhood covering number of G.
7¢(G) The clique transversal number of G.
tw(G) The treewidth number of G.
C(e) The conflicting elements with element e.
C,  The cycle graph on n vertices.
G — W The graph resulting of removing the vertices of W from G.
G U H The union graph of graphs G and H.

G @ H The join graph of G and H. It is the graph resulting of connecting each
vertex of G with each of H.

G[v] = (V[v], E[v]) The graph induced by the closed neighborhood of v, G[N[v]].

G[W] The subgraph of G induced by W. It is the graph resulting of removing all
vertices of V' \ W from G.

Gp If Bisanodein arooted tree decomposition 7" of GG, then G is the subgraph
of G induced by the vertices of the nodes in T'5.

xxil



1 CONTENTS
»  The complete graph on n vertices.
ij  The complete bipartite graph with 4 vertices on the one side and j on the
other.
L(G) The line graph of G.
L; The vertices of the i-th layer of a plane graph G.
m The number of edges of a graph G, if clarification is needed, we write mg.
n The number of vertices of a graph G, if clarification is needed, we write ng.
N(e) If e is an edge uv, then N(e) = N(u)U N(v).
N(v) The open neighborhood of v.
N[v] The closed neighborhood of v, that is N[v] = N(v) U {v}.
TB  If T is a rooted tree decomposition of G, then T'Z is the subtree of T' rooted
at B.
x(A) If z is a vector defined over B D A, then x(A) = >, Za.



Chapter 1

Introduction

“The man who grasps principles
can successfully select his own
methods. The man who tries
methods, ignoring principles, is

sure to have trouble.”
—FEmerson

The roots of many optimization problems studied in computer science can be
traced back to human activity. Unlike many arising in natural sciences as physics
or biology, most of these problems are of discrete nature: we are to find an optimal
solution within a finite set of feasible solutions. Therefore, a significant number of
mathematical tools for modeling and optimizing problems over the real or complex
fields are of little use for optimizing discrete problems. Developing useful tools and
solving such problems is the main activity in the discrete optimization field.

Discrete optimization problems are ubiquitous. For example, finding the shortest
route that a salesman should take for visiting all the shops in a city; assigning
workers to jobs according to some criteria; scheduling a set of jobs on different
machines to minimize the total completion time; monitoring every connection in a
network with the smallest number of monitors; and many many other examples.
Some of these problems are easy to solve using a computer, that is, there is an
algorithm that computes an optimal solution in time bounded by a polynomial on
the size of the input instance. Unfortunately, many of these problems are thought
to be hard, in a sense that there is no polynomial time algorithm for solving them,
unless some condition in complexity theory holds which many researchers consider
unlikely. On a high level, this condition can be thought of as the equivalence between
finding a feasible solution and checking whether some candidate solution is indeed
feasible. We refer the reader to the classic Garey and Johnson book [41] for further
presentation on this topic and from now on we assume the reader is familiar with

the basic definitions involved in the P vs. NP question.
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The fact that there are difficult problems is not an excuse for not dealing with
them. Clearly, unless one is equipped with amazing insight, a superb mind and a
great deal of luck, a reasonable step for tackling these problems is to sacrifice some
desirable property. As it happens many times there are three desirable properties:
efficiency, optimality and generality. Each choice is thoroughly researched. For
example, sacrificing efficiency means giving no polynomial running time guarantees.
Here we find the vast machinery for solving integer linear programs [25,76,80] and
smartly designed exponential algorithms that run fast in practice or have small
exponents [26,37,38,89]. If we sacrifice generality, then we are are restricting the
instances of the problem we are going to solve. Such restrictions are useful for
developing polynomial time algorithms [43]. Finally, if we sacrifice optimality we
are in the realm of algorithms that output possibly suboptimal solutions. Here we
can find randomized algorithms that work “well” with high probability [75]; the
polynomial time heuristics with no quality guarantees of the output [42,83]; and
the heuristics that are provably good [86,88]. In this thesis we focus on this last
approach, that is, we give polynomial time algorithms and prove how good they
perform compared to a theoretical optimum.

Many discrete optimization problems can be modeled with points (vertices)
connected by lines (edges). These structures are called graphs and are surprisingly
general. The most natural use of graphs is describing relations between elements.
For example, we can model persons with vertices and add an edge between two
individuals if they are friends in some social network—this models the social network
itself. Usually, we want to find a set of vertices or edges with some property of
interest. Most of times these sets may have a natural price we must pay for or get
paid for, defining thus a discrete optimization problem.

The wide range of problems that can be modeled with graphs made research in
graph theory a huge field in itself. Our results improve the understanding of these
problems from an algorithmic and structural point of view.

In the following sections we formally introduce most of the concepts used in this

thesis and review previous work.

1.1 Definitions and notations

Given a vector x over some finite set A we let z, (or z(a)) be the value this vector
takes on the element a € A. Given a subset B C A, we define x(B) = Y, 5 7.
A graph is a pair G = (V(G), E(G)), where E(G) C {{u,v} : u,v € V(G)}.
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If the context is clear, we will use V instead of V(G) and E instead of E(G).
The set V' is the vertex set and FE is the edge set of G. We let n = |V| and
m = |E|, when necessary we will write ng and mq. For convenience, we use the
notation uv instead of {u,v} for an edge {u,v} € E. We say that u is adjacent to
v whenever uv € E. Given a vertex v € V, we define the open neighborhood of v as
N(v) ={u €V :uv € E}, and the degree of v as deg(v) = |N(v)|. The closed neigh-
borhood of v is the set N[v] = N(v) U {v}. Let A = A(G) = max{deg(v) : v € V}
be the maximum degree of G. We say that an edge uv is incident to the vertices u
and v. For each vertex u € V, let 6(u) = {uv : uv € E} be the set of edges with
endpoint u. Given two subsets V' C V and E' C EN{uv : u,v € V'} the graph
(V' E') is a subgraph of G; and if E' = E N {uv : u,v € V'}, then (V', E’) is an
induced subgraph of G and we write G[V'] = (V', E’). Given a subset W C V| we
let G—W = G[V \ W] be the induced subgraph of G after removing the vertices in
W. For every v € V| let G[v] = (V[v], E]v]) be the subgraph induced by the closed
neighborhood of v, that is G[v] = G[N[v]].
Given two graphs, G and H, the union graph of G and H is defined as

GUH = (V(G)UV(H),E(G)UE(H)),

where the vertex and edge sets are disjoint. The join graph of G and H is defined

as

GoH=(V(G)UV(H),BG)UEH) U{w:ueV(G),ve V(H)}).

A complete graph K, is a graph with n vertices such that each pair or different
vertices are connected. Note that we have m = n(n —1)/2. A clique' C in a graph
G is a maximal subset of vertices that induces a complete subgraph with at least
two vertices. For convenience, we also refer with the term “clique” to the induced
subgraph. We let KC(G) denote the set of all cliques of G.

A cycle is a graph C,, = (V,E) with n > 3 and V = {v1,...,v,} such that
E = {vvg, 003, ..., 0p_10n, 0,01 }. A path on n vertices, denoted P,, results of
removing one edge of a cycle on n vertices.

The distance between two vertices u and v is the number of edges in the the

shortest path between them. We let dist(u,v) denote such value.

'We remark that in some literature the term “clique” refers to any complete subgraph of G.
In this work we use “clique” to denote only mazimal complete subgraphs of size at least two.
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A connected component C' of G is a maximal subgraph of G such that there is
a path between any two vertices in V(C'). A graph is connected if it has only one
connected component.

A tree T = (V, E) is a connected graph that contains no cycle as subgraph. A
rooted tree T is a tree with a distinguished vertex or node r called root. If uv € £
we say that u is the parent of v and v the child of u when dist(r,u) < dist(r,v). A
leaf is a vertex without children, and an internal vertex is a one that has at least
one child.

Given a graph G = (V, E), a subset I C V such that no two vertices in I are
adjacent is an independent set of G.

A bipartite graph is a graph whose set of vertices may be partitioned into two
independent sets. Given two integers ¢ and j, the complete bipartite graph K, ; is
a bipartite graph with independent sets of size ¢ and j, where each vertex on one
side is connected to each vertex of the other. The complete bipartite graph K; 3 is
a claw.

Given a graph G we define the complement graph G = (V, E) where the edges
missing in G are the edges of G, i.e., E = {uv : uv ¢ E and u # v}. If G is a graph
class, we define co-G to be the class of graphs whose complement is in G.

Given a graph family F, we say that a graph G is F-free if G has no induced
subgraph in the family F. Note that if F is a finite family, then we can check
in polynomial time whether G is F-free: for each graph F' € F we can take all
the induced subgraphs of G with np vertices, which are exactly (Z(;) € O(ng").
Since F' is fixed, checking if the subgraph is isomorphic to F'is O(1). Applying this
procedure for each F' € F implies a polynomial time algorithm for the recognition
problem of F-free graphs.

The line graph of G is a graph L = L(G) whose vertex set is F(G) and two
vertices in L are adjacent if and only if their corresponding edges in GG share a
vertex. Formally, E(L) = {ef : Jv € V(G) such that {e, f} C dg(v)}.

A planar graph G is a graph that can be drawn on a plane such that no two
edges cross each other. We call such a drawing an embedding and we refer to it as a
plane graph. A plane graph for which all vertices lie on the outer region (or face) is
outerplanar. A planar graph is k-outerplanar if the graph resulting of removing all
the vertices on the outer face is (k — 1)-outerplanar. We define the 1-outerplanar
graphs as the outerplanar graphs.

A cograph is a graph that can be constructed using the following rules.

e A graph with a single vertex is a cograph.
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e If G and H are cographs with disjoint vertex set, then G U H is a cograph.
e If G is a cograph, then G is a cograph.
Another recursive definition is the following.
e ({v},0) is a cograph.
o If G and H are cographs, then G & H is a cograph.
e If G and H are cographs, then G U H is a cograph.

A tree representing the above decomposition is called cotree, and it can be computed
in linear time due to an algorithm by Corneil et al. [28]. Alternatively, a graph G
is a cograph if and only if G is Py-free [27].

The remaining definitions and notation used in this work will be given when

needed.

1.1.1 Treewidth

In this subsection we introduce and discuss a measure of tree-likeness of graphs
known as treewidth. We first give a short motivation for these definitions, for a
more in depth reading we suggest [10-13,61]

Many optimization problems can be solved on trees using a dynamic program-
ming approach. This follows from the recursive nature of rooted trees: either a
vertex is a leaf, or it has a set of subtrees pending from it. If we can efficiently
optimize some problem on the leaves of the tree and we know how to efficiently
compute an optimal solution for an internal vertex based on the optimal solutions
of its children, then by induction we can solve efficiently the problem for the whole
tree.

If the input graph is not a tree, then the above dynamic programming ceases
to be useful because we lose the recursive structure. However, there are many
graphs that are very “similar” to trees. Similar in the sense that there is a way
of representing them such that they look like trees if we “zoom-out enough.” By
this we mean that there is some other tree which enables us to embed the original
graph into this tree such that the more “tree-like” the original graph, the “neater”
the embedding. This “neatness” tells us how much we must zoom-out to “confuse”
the original graph with a tree. Such an embedding is a decomposition of the graph

into several subsets of vertices connected in a tree structure that must have some
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(a) A graph G. (b) A tree decomposition of G of width 4.

Figure 1.1.1: Tree decomposition.

properties. The crucial point is that with this decomposition we obtain a recursive
structure of the original graph, which may allow the use of dynamic programming

for solving the problem on the original graph. We formalize these ideas in what

follows.
A tree decomposition of a graph G = (V, E) is a tree T with nodes By, ..., B,

where B; is a subset of V' for each 7 such that:
e the union of all the nodes B; is V,
e for every edge uwv in E there is a node B; such that {u,v} C B;, and

e if uisin B; and B; (i # j), then u is in every node in the path from B; to B,
inT.

See Figure 1.1.1 for an example.
The width of a tree decomposition is the size of the biggest node minus one. The

treewidth tw(G) of a graph G is the smallest width among its tree decompositions.
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If the treewidth of a graph is bounded by a fixed k, then obtaining a tree
decomposition of width at most k£ can be done in linear time by using the algorithm
introduced in 1993 by Bodlaender [9].

A very celebrated and profound result by Bruno Courcelle states that if some
graph has treewidth at most k, and the problem we are trying to optimize can be
expressed in a certain logic?, then there is a linear time algorithm for optimizing
the cardinality version of this problem [29].

However, when dealing with weighted generalizations of some problems the
Courcelle’s result does not seem to work. Thus, solving the problems using dy-
namic programming explicitly becomes the most reasonable approach. For this
purpose, a more comfortable tree decomposition might be used than the presented
above.

A nice tree decomposition is a rooted tree decomposition that has only the

following four possible node types.

e Leaf: a node B with only one element and no children.
e Join: a node B with two children B; and B,, such that B = By = Bs.

e Introduce: a node B with exactly one child B’, such that B = B’ U {v} and
v¢ B.

e [orget: a node B with exactly one child B’, such that B’ = B U {v} and
v ¢ B.

An example is given in Figure 1.1.2.

If the treewidth of the graph is bounded by a fixed constant k, then given a
tree decomposition one can obtain in linear time a nice tree decomposition with the
same width and with O(n) nodes [58].

We introduce some notations repeatedly used in the following chapters regarding
tree decompositions. For a node B in the decomposition let T2 be the subtree of T
rooted at B. Let Gp = (Vp, E) be the subgraph of G induced by Vg = Jg/crs B',

where B’ € T8 means that B’ is a node in the tree T5.

1.2 Approximation algorithms

In this section we introduce the basic definitions and discuss some notions of ap-

proximation algorithms. For a comprehensive reading on this topic we suggest the

2MSOL: Monadic Second Order Logic. We omit the details of these results in this introduction.
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(b) Tree decomposition of (¢) A nice tree decomposition of G.
G. L,J, I and F are Leaf, Join, Introduce

and Forget nodes, respectively.

Figure 1.1.2: Nice tree decomposition.

book of Shmoys and Williamson [88].

Given a minimization problem II, we say that an algorithm A is a-approzimate
or simply an a-approzimation if for every instance I of II we have A(I) < aOPT(I),
where OPT(I) is the optimal value of I and A(I) is the value of the computed
solution by A. In a similar way, if II is a maximization problem, we say that
A is a-approzimate or an a-approzimation if A(I) > 2OPT(I) for each instance
I. The number « is the approximation ratio, performance ratio or simply factor.
In both cases we will have @ € [1,400). The closer « is to 1, the better the
approximation is. If a = 1, then we have an exact algorithm. We say that II
admits a polynomial time approzimation scheme (PTAS) if for any fixed constant
€ > 0 there is a (1 £ €)-approximation algorithm for II. It is worth saying that in
some works other conventions are used, for instance using 0 < a < 1 and asking
that A(I) > aOPT(I) for maximization problems. In this thesis we use the former
convention, except for approximation schemes for convenience.

The natural question is how can we prove that a computed solution is related

by a multiplicative factor to the optimum. Since computing the optimum for the

current instance is not an option because of time constraints, we are to use some
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bound and relate it with the computed solution.

More formally, suppose that II is a minimization problem and I an instance of
II. Suppose that L(I) is a lower bound for OPT(I) and we can efficiently compute
a feasible solution of value A(I) < aL([). Then,

OPT(I) < A(I) < aL(I) < aOPT(I).

Analogously, suppose that I is a maximization problem and U([) is an upper
bound for OPT(I). If we can compute a solution of value A(I) in polynomial time
such that U(I) < «A(I), then

OPT(I) > A(I) > éU(I) > éOPT(I).

Note that in both cases A([) is an a-approximate solution for /. One observation
to be made is that the bounds are not required to be computable in polynomial
time—they may well be theoretical. The only requirement is the relation of the
bound by a factor a with the computed solution. Therefore, the crucial step in
designing approximation algorithms is obtaining bounds and algorithms which we
can relate with these bounds.

Each of the above inequalities poses two important questions.
e How tight is « in the relation of the bound with A(7)?
e How tight is the relation of the bound with OPT'(I)?

As expected, the tighter these inequalities, the better. In the first case, the tightness
means that the analysis of the algorithm is as good as possible with respect to this
bound. Since we look for a general analysis and not a per-instance approach, we
say that the analysis is tight whenever there is at least one instance that attains
equality. Moreover, in many cases we are satisfied with showing that there is an
instance that almost attains equality. If we cannot exhibit such an instance, then
we cannot guarantee that the analysis of the algorithm is good with respect to the
chosen bound, meaning that there might be room for improving the analysis.

The second question is independent of the algorithm. In fact, it is an interesting
question in itself, without any algorithm at hand. The maximum ratio over all
instances between the optimum and the bound tells us the best possible approxi-
mation ratio we can hope for if we use this bound in the analysis. In other words, if

we know that there is an instance such that the ratio between the optimal solution
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and the bound is , then we cannot design any approximation algorithm based on
the given bound with ratio better than 5. The maximum ratio between the opti-
mal solution and the bound is commonly called gap. This idea has two practical
applications.

The first scenario is when we already have an a-approximation for some problem
and we are trying to find a new algorithm with a better approximation ratio. When
a new bound is proposed, it is sensible to ask what the gap of this bound is. If the
gap is bigger than «, then there is no reason in wasting time thinking algorithms
that will use this bound because we will not be able to do any improvement with
respect to a.

The second scenario occurs when we proposed an algorithm and proved that it
is an a-approximation using the bound at hand. If we can see that the gap of the
bound is close to «, then we know that we cannot possibly design any algorithm
with an improved approximation ratio, unless we use a different bound with smaller
gap.

In what follows we give the intuitions behind some techniques for designing
approximation algorithms used in this thesis. We emphasize that in the following
subsections there is some lack of mathematical rigor, this is so for the sake of clarity.

Formal and rigorous proofs will be given when presenting the results.

1.2.1 Greedy algorithms

Greedy algorithms are among the most natural first attempts to solve many prob-
lems: iteratively make decisions that maximize the immediate benefit, disregarding
what may come later. We refer the reader to [26, Chapter 16] for an introduction
on this approach and to [88] for applications of this heuristic within the field of
approximation algorithms.

In what follows we describe a common scenario without formalizing the details.
Suppose we have a vertex-weighted graph G = (V, E') with weights w(v) € Qs for
every v € V. Assume that our goal is to find a subset U C V' that maximizes the
total weight w(U) = >, ., w(u) such that U satisfies some desired property. One
of the most natural approaches is to begin with an empty set U and iteratively
add the heaviest possible vertex to U ensuring that we never violate the property.
Eventually we reach a point where we cannot add any vertex to U, when this
happens we return the computed set.

In many cases the computed solution U is feasible by design. Unfortunately,
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for some problems such an algorithm can have an arbitrarily bad performance.
However, in some cases we can prove that this approach is an approximation algo-
rithm. Usually, a proof for the approximation ratio is based on a comparison of a
hypothetical optimal solution with the computed one. The idea is that as we add
some vertex to the set U, we “block” some previously unblocked candidate vertices
from being eligible in further iterations. Which vertices are blocked depends on the
property they must comply with. Let us denote B(u) to the vertices blocked by
u. It may be possible to show that the number of newly blocked vertices |B(u)| is
at most a. In fact, if S is some optimal solution, then it is enough to see that the
number of blocked vertices that are as well in the hypothetical optimal S are at
most « (i.e., |B(u) N S| < a)—a weaker condition. This is usually proved by using
some property that any feasible solution must have and the structure of the input.
If this is true, it means that we err by at most « in each iteration. This follows
from the fact that the weight of the added vertex is at least as big as the weight of
each newly blocked vertex in the optimal solution, and we proved that these are at
most .

This same idea can be thought of as a sequence of bets whose benefit we im-
mediately collect. The approximation factor is the ratio between the benefit w(u)
we obtain by making a bet on u and the price we pay for this bet (the weight of
the blocked vertices for which we have not payed in previous bets). A more careful
analysis is to pay for the bet no more than we could possibly win by betting other-
wise, that is, we pay for the newly blocked vertices that are in B(u) NS, where S

is some optimal solution.

1.2.2 Local ratio

Reuven Bar-Yehuda and Shimon Even championed the local ratio technique for
approximation algorithms. We suggest the survey by Bar-Yehuda et al. on this
topic [5].

We first introduce some vectorial notation to speak about problems and solu-
tions. Let w be a vector (or function) representing the weights of the elements in
some instance. Let z be a vector representing some solution to the instance. The
vector x may be, for example, a vector in {0,1}" taking the value z; = 1 if the
vertex v; is in the solution and 0 otherwise. If = represents a feasible solution,
then the value of the solution z is w - x = wx. If the problem is formulated over

graphs and the feasibility of x depends only on the graph structure and not upon
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the weight vector w, then z will be feasible for any w; however, for different weights
w the optimum solution x may differ.

The local ratio technique is an approach based on the decomposition of the
weight function into a sum of several functions or components. The idea is to
find a feasible solution that is a-approximate with respect to each of these com-
ponents. This will imply—under very general assumptions—that the solution is
a-approximate with respect to the original function as well. For completeness, we

reproduce the argument for the maximization version.

Theorem 1.2.1. (Local Ratio, Bar-Yehuda et al. [5]). Let w,wi,ws € R™ such
that w = wy + wy. Let x € R™ be a feasible a-approximate solution with respect to

wy, and with respect to we. Then, x is a-approximate with respect to w.

Proof. Let z*,z7 and x3 be optimal and feasible solutions with respect to w, w; and

wa, respectively. By definition, wya] > wqix*, and wyzh > wax™®. Therefore,
1 .1 L1 L. 1 Lo L
WL = WL + Wl 2> —WiT] + —Waly = —WIT + —Wek 2> —WI .
! Q@ « a Q@

In practice, the feasible solution is constructed recursively decomposing the
weight vector into two vectors: the current (or local) and the recursive. By proving
that the built solution is a-approximate with respect to the local vector and us-
ing an inductive reasoning for the recursive vector, one obtains an a-approximate
solution with respect to the original vector.

It is interesting to note that the general greedy case discussed in Subsection 1.2.1
can be seen as a particular case of local ratio. We use the same notation as in the
previous subsection. We can think about this recursively: in each recursive step we
choose a vertex u that maximizes w(u) and make the weight decomposition given

by w = w; + wy, where for each v € V

(o) = w(v) ifv € B(u), (o) = 0 if v € B(u),
1(v) = 2(V) =
0 otherwise, w(v) otherwise.

Let U be an a-approximation with respect to wy, computed recursively. Note that
{u} is a-approximate with respect to w; because |B(u)NS| < a and wq(u) > wq(z)
for each z € B(u)NS. It follows that U U {u} is a-approximate with respect to wy,
and with respect to we. (We are assuming that v € B(v) if and only if v € B(u).
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Furthermore, we assume no vertex of weight zero is in the recursive solution U.
Thus, no vertex in U can block u, and therefore U U {u} is feasible.) It follows by
Theorem 1.2.1 that U U {u} is an a-approximation with respect to w.

However, the above vector notation and the Theorem 1.2.1 does not give much
intuition by itself about how this approach works. Of course, we know that if we
find a suitable decomposition, then we might get an approximation algorithm. One
intuitive way of thinking about this is in terms of successive bets. For the above
example the bet argument is straightforward: we pay at most aw(u) when we bet
on u (that is an upper bound on what B(u) NS costs), and we know that we will
earn at least w(u) because we pick u into the solution. The ratio, locally, is «, and
hence the name of the technique. Note that each time we bet, we reduce the size of
the problem with respect to w by the definition of ws. The bet itself is represented
by w;.

The crucial observation is that in each bet the payment we make is some bound
of an optimal solution restricted to B(u) multiplied by some amount of weight. In
the above case, the payment is w(u)|B(u) N S| < aw(u), where S is some optimal
solution. If we could always find some u for which the bound involved is smaller
than «, then we could improve the approximation ratio.

The problem for finding such u is that we do not have much information about
S besides its optimality and feasibility. A way for circumventing this scarcity of
information is to use some computable structure that will enable us to search good
u’s and make a good bound. For this purpose, we can use the linear programming
machinery. In particular, we can model the problem at hand as an integer program,
relax the integrality constraints and use an optimal fractional solution x instead of
a hypothetical S for crafting the bound. Assume, for the sake of the argument, that

x can be computed in polynomial time. Note that

Zw(v)xv =wz > w(S) = Zw(v).

veV veS

If the linear program is “strong” enough, we may improve the bound by replacing
w(u)|B(u) N S| by
wu) Y wy =w(w)z(B(u)).

Now that we have gained the possibility of exploring the information provided
by x, suppose that we are able to show that there is always some u such that z, # 0

and z(B(u)) < . Let u be such a vertex. If we can guarantee that a bet on u will
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cost us at most w(u)z(B(u)) < fw(u) and we can always ensure that we earn at
least w(u) for this bet, then we have a S-approximation algorithm.

If we are to formulate this idea in a recursive way, we need to find a solution
which is [-approximate with respect to some weight decomposition w = w; + wo

representing the bet. Consider the following.

wn (o) = w(u) ifve B(u), (o) = w(v) —w(u) if v e B(u),
1(v) = 2(V) =
0 otherwise, w(v) otherwise.

Note the subtle difference in the definition of w;: we assign to all the vertices in
B(u) the weight of u. As before, let U be a S-approximate solution with respect to
wy. In this setting, we might have a problem that in the previous greedy approach
we did not have: U may contain some vertex in B(u), and therefore U U {u} may
not be feasible. If this is the case, then—if we look at U with weights w and not
only we—we gained at least w(u) by means of some vertex in U N B(u). If U does
not contain any vertex of B(u), then we can add u to U and thus earn w(u) due to
u. Therefore, either U or U U {u} is a feasible S-approximation with respect to w;
and wsy, and therefore with respect to w by Theorem 1.2.1.

This idea of using a fractional solutions and locality is know as the fractional local
ratio technique. The algorithms devised with this technique have little conceptual
differences, since the key ingredient for obtaining good approximation ratios is the
existence of vertices u such that x, # 0 and x(B(u)) is small. Clearly, the bound
on x(B(u)) depends upon the linear formulation.

As a final remark, when obtaining an approximation ratio for a fractional local
ratio algorithm, the upper bound for proving the approximation ratio will be given

by the the value of a fractional solution to the linear program, i.e.,

Z w(v)x, = wz.

veV

This means that if the integrality gap of some linear formulation is larger than [ for

some instance, then we cannot expect a S-approximation with such formulation.

1.2.3 Baker’s technique

In this subsection we introduce a technique for approximating many problems on

planar graphs within arbitrarily good ratios. We first give some definitions. Then,
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Figure 1.2.1: Layers and slices in a plane graph. The layer L; is shaded in light
gray and the slice G[Ly U - - U Lg] is shaded in a darker gray.

we give an intuitive explanation of how this method operates.

Let G be a plane graph. We define the layers L; for i € Z of G as follows: Lg
are the vertices that lie on the outer face of GG, L;; are the vertices that lie on the
outer face of G — (Lo U ---U L;), and L; = ) for any j < 0 (we define this last
case for notational convenience). We call slice to the subgraph induced by several
consecutive layers, that is, G[L; U---U L;4]. See Figure 1.2.1 for an example.

In 1994, Brenda Baker introduced a method for approximating optimization
problems on planar graphs with performance ratio 1 & € for any fixed ¢ > 0 [3].
This approach, which became known as the Baker’s technique, consists in separating
G into several slices and solving the problem on these subgraphs, and afterwards
extending these solutions to a global solution of G' arguing that the incurred error
is relatively small with respect to the number of layers in the slices. It turns out
that many problems are polynomially solvable on slices with at most k layers, if £ is
a fixed constant. This is because slices with k layers are k-outerplanar graphs, and
these in turn have bounded treewidth (see, e.g., the survey by Bodlaender [11]).
Hence we can compute optimal solutions for each of the slices. The key observation
is that a global optimal solution restricted to one slice may be at most as good as an
optimal solution for the slice itself. Therefore, locally in each slice we outperform

the optimal. However, we must pay a penalty for “gluing together” these sub-
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solutions in order to obtain a feasible solution for the whole graph. Many times
we can argue that the error incurred in this operation is small with respect to k,
and thus the more layers the slices have, the better the approximation. There is,
however, a significant drawback in this approach: the running time required for
solving the problem on each slice usually grows exponentially on the number of
layers in the slice. This poses the trade-off between speed and approximation ratio.

This trade-off calls for a natural question: what is the benefit in having such an
algorithm which is “efficient” in theory, but which runs terribly bad for small €’s
(i.e., big k’s)? One optimistic answer is that it contributes to a theoretical charac-
terization of this problem in terms of its approximation complexity. Some problems
are hard to approximate within some ratio, and here we know that a ratio of (1+e)
is attainable for any € > 0. The pessimistic answer is a bit more subtle: suppose
we design an a-approximation algorithm for this problem on planar graphs which
performs really well in practice, then the existence of the (1 + €)-approximation
algorithm tells us that we cannot hope to prove that there is no much room for

improvement for o.

1.3 The problems

In this section we formally define the five problems we focus on in this thesis and

overview the previous results.

1.3.1 Clique transversal set

Let G = (V,E) be a graph. A subset S C V such that C NS # ) for every
clique C' € K(G) is a clique transversal set (CT-set). The minimum CT-set (CTS)
problem is to find a CT-set of minimum cardinality. See Figure 1.3.1 for examples.
The clique transversal number 7¢(G) is the cardinality of such CT-set. The decision
version of CTS is formulated as follows: given an integer k and a graph G, decide
whether 7¢(G) < k. The weighted CT-set (WCTS) problem is defined over vertex-
weighted graphs, and the goal is to find a CT-set of G that minimizes its total
weight.

A closely related parameter to 7¢(G) is the clique independence number a¢(G),
which is the maximum number of disjoint cliques in G (see Subsection 1.3.2 for a
formal definition). These parameters are related by the following min-max duality

relation: ac(G) < 17¢(G). If the equality holds for every induced subgraph of G,
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(a) This is not a CT-set (b) A CT-set. (¢) A minimum cardinality
because the triangle at the CT-set.

right bottom is not trans-

versed.

Figure 1.3.1: Clique transversal examples.

then G is clique-perfect [47).

The CTS problem was studied intensively since the publication [85] by Tuza in
1990. An extremal study of this problem was done in [36] by Erdds, Gallai and
Tuza in 1991. The authors proved this problem to be NP-complete for triangle-
free graphs and gave a linear time algorithm to find a clique transversal of size at
most n— v/2n+ /2 for general graphs. To our best knowledge, it is unknown if this
problem is in NP for general graphs because the number of cliques in a general graph
can be exponential on n + m, and we do not know how to efficiently verify if a set
of vertices is indeed a clique transversal, and thus for general graphs this problem
is considered NP-hard. In 1993, Chang, Farber and Tuza proved this problem to
be NP-complete for split graphs (where the number of cliques is polynomial) and
gave a polynomial algorithm for strongly chordal graphs [21]. In the same year,
Lee and Chang proved that distance-hereditary graphs are clique-perfect and as
a by-product obtained a linear time algorithm for computing 7¢(G) for the same
class [65]. In 1996, a polynomial algorithm for comparability graphs was given by
Rangan et al. [4]. In 2000, Guruswami and Rangan proved that the problem remains
NP-hard when restricted to co-comparability, planar and line graphs [47]. They
were the first to attempt the weighted version of clique transversal—they obtained
polynomial time algorithms for strongly chordal graphs, chordal graphs of bounded
clique size and cographs. They also were the first to solve this problem for a non-
clique-perfect class: they gave a O(n?) time algorithm for Helly circular-arc graphs.
In 2002, Duran, Lin and Szwarcfiter proved that the problem of deciding whether

a set of vertices is a clique transversal is co-NP-complete [35]. In 2008, Durén,
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Lin, Mera and Szwarcfiter gave a general algorithm for computing a minimum-
cardinality clique transversal which runs in O(n?¢(@) time [34]. This algorithm is
used to compute a minimum-cardinality clique transversal in O(n?) time for 3K,-
free circular-arc graphs. They also developed two algorithms for Helly circular-arc
graphs: for the weighted case their algorithm runs in O(n?) and for the unweighted
case in linear time. In 2011, Liang and Shan proved that computing 7¢(G) and
ac(@) is NP-complete for cubic planar graphs of girth 3 [68]. For cubic graphs
they gave a 1.96-approximation for computing 7¢(G). In 2015, the same authors
presented a polynomial time algorithm for computing 7¢(G) for claw-free graphs
with degree at most 4 [69]. In 2017, Liang et al. gave a polynomial time algorithm
for (claw, Ky)-free planar graphs [70].

In 2001, Chang, Kloks and Lee gave a PTAS for transversing all the cliques
of mazrimum size on an unweighted planar graph with the minimum number of
vertices [23]. 10 years later, Lee gave a linear time algorithm for transversing all
the cliques of mazimum size for weighted graphs with bounded treewidth [64].

It is worth noting that with the reduction given by Bertossi [8] the dominating
set problem on split graphs is at least as difficult to approximate as the set cover
problem. On the other hand, it is easy to see that the size of a minimum-cardinality
dominating set equals 7¢(G) for each split graph G. Thus, CTS is at least as difficult

to approximate as the set cover problem.

1.3.2 Clique independent set

Let G = (V,E) be a graph. A subset S C K(G) such that C N C" = () for any
two different cliques C' and C” in S is clique independent (CI). The maximum CI-
set (CIS) problem is to find a maximum cardinality Cl-set. See Figure 1.3.2 for
examples. The clique independence number ac(G) is the size of such Cl-set. The
decision version of CIS is formulated as follows: given an integer k and a graph G,
decide whether ac(G) > k. The weighted Cl-set (WCIS) problem is defined over
vertex-weighted graphs. Suppose the weights of the vertices are w, for v € V. For
each clique C' € K(G) we let we = ), .- w, be the weight of C. The goal in the
WCIS problem is to find a Cl-set S that maximizes ). g wc.

The CIS problem is NP-complete when restricted to line graphs with maximum
degree at most 3 [47], and when restricted to cubic planar graphs of girth 3 [68].

Observe that ac(G) < 7¢(G) for any graph G.

To our best knowledge, there are no previous approximation results for this
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(a) Thisisnot a CI-set  (b) Thisisnot a CI-set (c¢) A maximal CI-set. (d) A maximum cardi-
because the selected because the selected nality Cl-set.

central triangle is not cliques share a vertex.

a clique since it is not

maximal.

Figure 1.3.2: Clique independent set examples.

N

(a) This is not a NC-set be- (b) A NC-set that is also a ) A NC-set that is not a
cause the two edges at the CT-set. CT set.

right bottom are not cov-

ered.

Figure 1.3.3: Neighborhood covering set examples.

problem.

1.3.3 Neighborhood covering set

Let G = (V, E) be a graph. A subset S C V such that every edge e € E is in
E[v] for some v € S is neighborhood covering (NC). The minimum NC-set (NCS)
problem is to find a NC-set of minimum cardinality. See Figure 1.3.3 for examples.
The neighborhood covering number py(G) of G is the minimum cardinality of a NC-
set. The decision version of NCS is formulated as follows: given an integer k and
a graph G, decide whether pn(G) < k. The weighted NC-set (WNCS) problem is
defined over vertex-weighted graphs and the goal is to find a NC-set that minimizes

its total weight.
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(a) This is not a NI-set (b) This is not a NI-set by (¢) A maximum cardinality
because FE[v] contains two the same reason. NI-set.
edges of S.

Figure 1.3.4: Neighborhood independent set examples. S is represented by bold
edges.

The NCS problem is NP-complete when restricted to planar graphs [47]. To our

best knowledge, there are no previous approximation results for this problem.

1.3.4 Neighborhood independent set

Let G = (V, E) be a graph. A subset S C FE is neighborhood independent (NI) if
|E[v]N S| < 1 for any vertex v € V. See Figure 1.3.4 for an example. The mazimum
Nl-set (NIS) problem is to find a NI-set of maximum cardinality. The neighborhood
independence number ay(G) of G is the size of such NI-set. The decision version
of the problem is formulated as follows: given an integer k£ and a graph G, decide
whether G contains a Nl-set of size at least k (i.e., decide whether an(G) > k).
The weighted NI-set (WNIS) problem is defined over edge-weighted graphs and the
goal is to find a Nl-set that maximizes its total weight.

To our best knowledge, the WNIS problem was not studied before. The un-
weighted version was explored in the literature: In 1986, Lehel and Tuza [67] gave
a linear time algorithm for on interval graphs. Wu [90] gave a O(n?) algorithm for
strongly chordal graphs. Tuza et al. [21] proved the problem to be NP-complete on
split graphs whose vertices of the independent set have degree 3; and gave a linear
time algorithm for strongly chordal graphs if a strong elimination order is given
as input. Guruswami and Rangan [47] proved the problem to be NP-complete for
diamond-free planar graphs with A = 3. In the same work it is shown that the
problem is NP-complete on line graphs with A = 3. Warnes [33,87] gave a linear
time algorithm for tree-cographs and Pj-tidy graphs, and proved the problem to be
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(a) This is not an induced (b) A maximum induced
matching because the cen- matching.

tral edge connects two edges

of M.

Figure 1.3.5: Induced matching examples. The set M is represented by bold edges.

NP-complete on co-bipartite graphs. Other non-algorithmic results related to this
problem can be found in [48,66]. A natural generalization of the NI-set problem
was considered in [53]. To our best knowledge, no approximation algorithms for
NIS or WNIS were explored before.

Observe that an(G) < pn(G) for any graph G.

1.3.5 Induced matching

Let G = (V, E) be a graph. A subset M C FE is an induced matching if M is
a matching and no edge of £\ M connects two endpoints of edges in M. See
Figure 1.3.5 for examples. The mazimum induced matching (MIM) problem is to
find an induced matching of maximum cardinality. The mazimum weight induced
matching (MWIM) is to find an induced matching of an edge-weighted graph that
maximizes its total weight.

In 1982, Stockmeyer and Vazirani studied some generalizations of the classical
maximum matching problem, among which was MIM, although they referred to
this problem as “risk-free” marriage problem. They proved it to be NP-complete
when restricted to bipartite graphs of degree at most 4 [81]. Independently, this
problem was introduced by Cameron in 1989, who gave a polynomial time al-
gorithm for chordal graphs [16]. Thereafter MIM was polynomially solved on
trees [39], circular-arc graphs [44], trapezoid, k-interval dimension, cocomparability
graphs [45], (Stary o3, Sung)-free bipartite graphs [72], weakly chordal graphs [18§]

and on bounded treewidth graphs [74]. Cameron exploited the relations between the
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families of G and L(G)? to conclude that MIM is polynomially solvable for polygon-
circle, AT-free, and filament-interval graphs; where the latter contains cocompara-
bility, circle, circular-arc, chordal and outerplanar graphs [17]. A polynomial time
algorithm for hhd-free graphs and a linear time algorithm for a subclass of hhd-free
graphs which is a more general class than chordal graphs were given in [62]. The
problem was proven to be NP-complete on bipartite graphs of maximum degree 3,
Cy-free bipartite graphs [72], d-regular graphs for d > 5, line graphs (which im-
plies that MIM is NP-complete on claw-free graphs and chair-free graphs) [60] and
on cubic planar graphs [32,59]. Chang gave several algorithms for classes related
to AT-free graphs, in particular he proved the MWIM problem to be polynomially
solvable on graphs with bounded asteroidal index [22]. Takaoka et al. observed that
orthogonal ray graphs have bounded asteroidal index [82], which by [22] implies a
polynomial time algorithm for MWIM for this class. In 2003, Kobler and Rotics
solved MIM in polynomial time for line graphs of Hamiltonian graphs, and proved
that the problem remains NP-complete on Hamiltonian graphs [60]. In the same
paper they gave some polynomial time algorithms for subclasses of Ps-free graphs
and they noted that if G is Ps-free, then L(G)? is Ps-free. In 2003 it was still an open
question whether the maximum independent set on Ps-free graphs was polynomial
time solvable, and therefore this observation did not directly yield a polynomial time
algorithm for MIM on Ps-free graphs. Remarkably, this long standing question was
affirmatively answered by Lokshantov et al. in 2014 [71]; which implies that MIM
is polynomial on Ps-free graphs. In [60] a polynomial time algorithm was given for
recognizing graphs where the size of a maximum induced matching is the same as
the size of a maximum matching, and a polynomial time algorithm was given to
find a MIM in such class. A simpler recognition algorithm for this class was given
in [19]. The line of research of [19,60] was continued by Duarte et al. in [31], where
they simplified further the proofs of [19] and gave a polynomial time algorithm for
recognizing graphs where the maximum induced matching differs in at most k with
the maximum matching. In 2011, Brandstadt and Mosca explored some generaliza-
tions of MIM and proved that MWIM is polynomially solvable on chordal graphs,

(claw, net)-free graphs and some other subclasses of claw-free graphs [15].

Regarding approximability, for graphs of degree at most A there is only a
2(A — 1)-approximation algorithm given by Zito in 1999 [91]. However, several
approximations were given for d-regular graphs with d > 3, which all used the
same theoretical upper bound for proving their approximation ratios—namely, that

any induced matching of a d-regular graph has at most m/(2d — 1) edges. This
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bound was first introduced by Zito in [91], where he gave a simple greedy algorithm
with performance ratio d — % + Tl—z' This was improved by Duckworth et al. in
2005 [32], where the authors gave an asymptotic approximation ratio d — 1. In
the same work they gave a PTAS for planar graphs of degree at most 3. In the
following year, Gotthilf and Lewenstein gave a 0.75d 4+ 0.15 approximation ratio for
d-regular graphs [46]. In 2015, this ratio was further improved to 0.7083d + 0.425
on (Cs, Cs)-free d-regular graphs by Rautenbach [78]. In 2014, Joos et al. gave an
algorithm for cubic graphs with performance ratio 9/5 [56].

Several results were given regarding lower bounds and algorithms attaining
them. Kang et al. proved that any subcubic planar graph has an induced matching
of size at least m/9 and gave an algorithm that finds such a solution [57]. Henning
and Rautenbach proved that in subcubic graphs without short cycles there must be
an induced matching of size at least (n — 1)/5 [51]. Joos considered the bounded

degree graphs and gave a polynomial time algorithm that computes an induced

n

([A/21+1)([A/2]+1
with no isolated vertices [54]. Joos and Nguyen proved that one can find an induced

matching of size at least ] for graphs with sufficiently large A and
matching in polynomial time with at least m/20 edges for graphs with degree at
most 4, and at least m/18 edges for a subclass these graphs [55].

On the negative side, MIM cannot be approximated on general graphs with a
constant performance ratio unless P=NP [91]. Furthermore, the problem cannot be
approximated within a factor n/2=¢ for some ¢ > 0, unless P=NP [77]. Moreover,
MIM is APX-complete for d-regular bipartite graphs for d > 3 [30].

Despite the vast amount of research done for induced matchings, not much
has been achieved for the weighted version of this problem besides [15,22,82]. To
our best knowledge, no approximation algorithm was given using a linear program
as an upper bound. However, in 2007, Fukunaga and Nagamochi considered a
generalization of MWIM with edge capacities, and for some particular cases (that
excluded the classical induced matching) they gave some constant approximation
ratios by relating a natural linear programming formulation with a capacitated

b-matching polytope [40].

1.4 Overview of our results

In Chapter 2 we give a A-approximation algorithm for MWIM on general graphs.
We furthermore explore the greedy approach and show results for K; y-free graphs

and subfamilies of this class.



25 CHAPTER 1. INTRODUCTION

In Chapter 3 we explore the CTS and WCTS problems for different graph classes.
In particular, for line graphs we give a 3-approximation algorithm for CTS and a 4-
approximation algorithm for WCTS. Furthermore, we observe that there is a trivial
4-approximation for WCTS on planar graphs and we give a 3-approximation for
CTS. To further improve this ratio we give a linear time algorithm for WCTS on
bounded treewidth graphs. Using this algorithm we give a PTAS for WCTS planar
graphs. Moreover, we show a [(A(G) + 1)/2]-approximation for graphs whose
maximum degree A(G) is bounded by a constant.

In Chapter 4 we give a max {3, % + e}—approximation algorithm for CIS on
general graphs. For the WCIS problem we give a linear time algorithm for bonded
treewidth graphs. Using this result we give a PTAS for WCIS on planar graphs.

In Chapter 5 we solve in linear time the WNCS problem on bounded treewidth
graphs and use this for designing PTAS for planar graphs.

In Chapter 6 we explore the WNIS problem giving a A-approximation algorithm
for general graphs, a (A/2 + 1)-approximation for diamond-free graphs, and an
exact polynomial time algorithm for cographs. Furthermore, we solve this problem
on bounded treewidth graphs in linear time and give a PTAS for planar graphs.

Finally, in Chapter 7 we give summarize our contributions and give possible

lines for further research.



Chapter 2

Induced Matching

“Fear those who crave power.
Join those who regard power as

a cross to be carried.”
—Nikita Mikhalkov

Let G = (V, E) be a simple undirected graph. A subset M C F is an induced
matching if M is a matching and no edge of E connects two edges of M. The
mazximum induced matching (MIM) problem is to find an induced matching of
maximum cardinality. In this chapter we consider the weighted version of the
problem: given an edge-weighted graph the mazimum weight induced matching
(MWIM) problem is to find an induced matching that maximizes its total weight.

We propose a fractional local ratio algorithm for MWIM with performance ratio
A. Furthermore, we show that a simple greedy algorithm yields an approximation
ratio 2k — 3 for K j-free graphs and k for (K, chair)-free graphs. Note that since
any claw-free graph is K y-free for £ > 3 and cannot contain a chair, it follows that

MIM is NP-complete on (K x, chair)-free graphs.

2.1 A A-approximation algorithm

Let G = (V, E) be an edge-weighted graph with weights w. € Qx. For an edge
uv = e € E we define N(e) = N(v)UN(u) and we extend the notation of ¢ to edges
as d(e) = 0(u) Ud(v), where N(v) is the open neighborhood of v and 6(v) is the set
of edges incident to v. We let C(e) C E be the set of edges which are in conflict!
with e; more formally,

C(e) = U d(w).

weN (e)

!The intuition is that the edges of C(e) cannot be in the same induced matching with e.
However, since e € C(e), this would not be an accurate definition.

26
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el D3

) The vertices of N(e ) The edges of (e

Figure 2.1.1: The conflict set C(e).

Note that in our definition e € C'(e). See Figure 2.1.1 for an example. The intuition
behind the following algorithm is given in Subsection 1.2.2.

We can model the MWIM problem with an integer linear program. We define
the binary variables z. for e € E such that e is included in the solution if and only

if z. = 1. Consider the following formulation, where x(A) denotes }_ ., 4.

st. z(d(e)) < 1 Ve e E,
r. € {0,1} Ve€kE.

Our algorithm uses linear relaxations of the above program restricted to different
sets of variables. Formally, for a subset I’ C E, we denote LPf to the following

linear program restricted to the variables z; for f € F.

max E Wele

eck
st. x(d(e)) < 1 Vee€kF,

r, > 0 VeePF.

In what follows we show that Algorithm 1 has performance ratio A provided
that in each recursive call one can find an edge e € F' such that 2(C(e)) < A. Note
that there is at most one recursive call in each call, and in each step |F'| decreases
by at least one. Therefore, the algorithm ends after at most |E| recursive calls. For

completeness, we reproduce the proof of the following theorem given in [20].

Theorem 2.1.1. (/5, 20]). Let F C E be a subset of edges. If for any non
empty F' C F and any feasible solution y to LPp there is some g € F' such
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Algorithm 1 IM(F,w)
1. if F =( then

2:  return ()

3: Compute an optimal solution x to LPp
4: Let Fy={e€ F:2. =0}

5: if Fy # () then

6: return IM(F'\ Fp,w)

7. Let e € F such that 2(C(e)) < A

we if f e C(e),
8: For each f € F, let Wy =

0  otherwise.
9: M+ IM(F \ {e},w — @)
10: if M U {e} is an induced matching (i.e. if C'(e) N M = ()) then
11: M+ MuU{e}

12: return M

that y(C'(g)) < A, then Algorithm 1 computes an induced matching M such that
w(M) >+ > jer WrZy, where x is the solution to LPr computed in Line 3.

Proof. We prove this by induction in the number of iterations. The base case is
handled in Line 2, which trivially holds.
Suppose the algorithm returns on Line 6. Let z’ be the solution to LPp\fg,

computed in the recursive call. Then

1 1 1
w(M) > x Z wyx'y > X Z Wy = Zwaxf,

feF\Fy feF\Fy fer

where the first inequality holds by inductive hypothesis; the second holds because
x' is an optimal solution for L Pp\ g, and x restricted to I\ F is feasible for LPp\p,;
and the last equality holds because xy = 0 for each f € Fj.

We now consider the case when the algorithm returns on Line 12. Let w = w—wo.
Denote 2’ to the computed optimal solution to LPp\ (o} with weights w. On the one

hand, we have

- 1 - 1 - 1 ~
w(M) > x Z wfx’f > X Z Wrrs =& waxf,
fer\{e} fer\{e} fer
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where the first inequality follows from the inductive hypothesis; the second from the
fact that 2’ is an optimal solution for LPp\ (¢ (with weights w) and z restricted to
F\{e} is feasible for LPp\{.}; and the last equality holds because w, = 0, regardless
of whether e € M or not. On the other hand, we have

z(C(e)) 1 .1 .

0 =0 > W, > W
’(U(./\/l) we|M N C(G)l Z We = We A A

where the first equality follows from the definition of w; the first inequality follows
since M N C(e) is always non-empty; the second inequality because x(C(e)) < A;
and the last equality follows because Wy = 0 for any f € F'\ C(e) and wy = w, for
each f € C(e).

Therefore, we have
(M) = BM) + BM) = S gy + + 3 iy =+ 3
w = w w = A Wwyek ¢ A Wy = A Weky.
feF fer feF

Lemma 2.1.1. Let x be a solution to LPr, then there is some edge e € I such
that z(C(e)) < A.

Proof. We suggest Figure 2.1.2 for a clarification of the following argument.
Let v € V be a vertex that maximizes 8 = x(J(v)). Take any edge uv = e € é(v)NF.
For each w € N(v) \ {u}, we have that

z(d(vw)) = z(0(v) Ud(w)) < 1,
and therefore z(6(w) \ 6(v)) <1—2(6(v)) =1 — . Hence,

2(Cle)) Sa(@(e)+ D z(@w)\ow)+ Y a(d(w)

weN (v)\{u} weN (u)\{v}
<S1+(A-1D(1-B)+ (A1)
= A,

where the first inequality holds because each variable of z(C'(e)) appears at least
once in the sum; and the second inequality holds since z(d(w)) < g for each
w € N(u) \ {v} by definition of £. [ |

Corollary 2.1.1. Algorithm 1 has performance ratio A.



2.1. A A-APPROXIMATION ALGORITHM 30

gz
g =
B>

S(A

ié

<(A—1)1—6)

Figure 2.1.2: The bounding argument for Lemma 2.1.1.
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Figure 2.1.3: Tightness of the Algorithm 1 for graphs of degree at most A.

Remark 1. For any A there is a A-reqular graph G and a subset of edges F' such
that the optimal solution x to LPrg is such that x(C(e)) = A —1/2 for each edge
e € F. In other words, Lemma 2.1.1 is almost tight.

Proof. Connect three matchings of A — 1 edges by three complete bipartite sub-
graphs. Define the set F' as the matchings. An example for A = 4 is depicted in
the first graph of Figure 2.1.3, where the solid edges are those in F'. An optimal
solution to LPr is given by assigning 1/2 to each edge in F' and zero to those in
E\ F, which implies z(C(e)) = A — 1/2 for each e € F. [ |

Remark 2. The integrality gap is at least A — 1. This means that unless we use
a stronger linear formulation, we cannot hope to improve much the approximation

ratio using the linear program as upper bound.

Proof. Consider two matchings of A — 1 edges connected by a complete bipartite
graph. With the remaining vertices of each matching form a clique. Assign a
zero weight to the edges in the complete bipartite subgraph and the cliques, and a
unitary weight to the edges of the matchings. An example for A = 5 is depicted
in the second graph of Figure 2.1.3, where the bold edges have weight 1. Clearly,
an optimal induced matching has weight 1, while assigning 1/2 to each edge of the

matchings yields a fractional solution of weight A — 1. [ |

2.2 A greedy algorithm

Consider the natural greedy approach: sort the edges by their weights in a non-

increasing order and iteratively keep adding the heaviest possible edge to the so-
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lution, making sure that at every moment the solution is an induced matching.
Return the constructed set once no more edges can be added.

Observe that this algorithm can be implemented in O(mlogn) time: sorting
is O(mlogn); then we iterate through the edge set and we take the first edge uv
whose endpoints are non-marked; we add this edge and we mark N (u) U N (v)—this
second phase takes O(m) time.

Recall that C(e) = U, n () d(w). Note that if M is a maximum weight induced
matching and |[M N C(e)| < a for each e € E, then in each iteration of the greedy
algorithm we pay at most « times what we receive for the edge we pick, and thus
the approximation ratio is . Formally, if S = {ey,...,e;} is the induced matching

constructed by the algorithm, where e; was added before e;,1, then

w(M) =w (U C(e;) N M)

i=1

—w (U Cle;) N M\ L_J C(ej)>

j=1

= Zw <C(ei) NM\ U C(ej)>
< iawei

= aw(9),

where the first equality holds because | J, .4 C(e) = E; the second is a rewriting of
the edges of M in the order of their appearances in C'(e;), ..., C(e;); the third equal-
ity holds because the above sets are disjoint; the inequality holds since w,, > wy
for each . .
feM\JC(ey) c BN Cley),
=1 j=1

and since
i1

Cle)) "M Clep)l < 1Cer) "M < o

J=1

and the final equality is simply the definition of w(.S). We thus proved the following.

Theorem 2.2.1. If for any induced matching M we have |[MNC(e)| < « for each

e € I, then the greedy algorithm has performance ratio o.
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2.2.1 K, j-free graphs

Observe that if £ = 2, then a K, j-free graph is a union of cliques and isolated

vertices. We thus consider the case k > 3.

Lemma 2.2.1. If G is K, j-free and M is an induced matching of G, then it holds
that IM N C(e)| < 2k — 3 for any edge uv =e € E.

Proof. If e € M, then |C(e) N M| = 1 < 2k — 3. Suppose that e ¢ M. If
d(u) N M # (), then since M is an induced matching, it follows that d(v) N M = ().
Since G is K j-free, there are at most k — 1 pairwise nonadjacent neighbors of v,
meaning that [6(N(v)) N M| < k — 1, where §(N(v)) = U, en( 6(w). Note that
d(N(u)) N M C 6(N(v)), and therefore |C(e) N M| < k —1 < 2k — 3. Suppose
now o(e) N M = . If |C(e) N M| > 2k — 2, then it must be the case that
|0(N(u)) N M| = |6(N(v)) N M| = k — 1 and these sets are disjoint, but this is
not possible because in N[u] there must be an induced Ky centered on w with k&

pairwise disjoint vertices given by k — 1 endpoints of M N §(N(u)) and v. [ |

Corollary 2.2.1. If G is Ky g-free (k > 3), then the greedy algorithm has perfor-

mance ratio 2k — 3.

2.2.2 Subclasses of chair-free graphs

Suppose now that G is chair-free and M is an induced matching of G. In what
follows we show that if there is some edge e € E such that [M N C(e)| = k > 4,
then G must have at least one of two possible graphs as induced subgraph.

Define G, (k > 3) to be the graph given by an induced matching of k edges
with a universal vertex. Let Hy (k > 4) be the graph given by an induced matching
of size k and two additional adjacent vertices, u and v, such that u is connected
to all the vertices of the first £ — 1 edges in the matching, and v is connected to
all the vertices of the last k — 1 edges in the matching (see Figure 2.2.1 for an
example). In what follows we say that an edge uv neighbors with a vertex w if
w € N(v)UN(u)\ {u,v}.

Lemma 2.2.2. Let G be a chair-free graph and M be an induced matching of G.
If v € V is not an endpoint of some edge in M and v neighbors with k > 3 edges
from M, then v and its neighboring edges in M induce a Gj,.
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S Ny

Figure 2.2.1: Graphs G4 and Hy.

Proof. Suppose for contradiction that there is some edge uw € M such that uwv € F
but v and w are not adjacent. Then, since k > 3, there must be at least two non-
adjacent vertices, x and y, neighboring v that are endpoints of edges in M. But

this is not possible, because {x,y, v, u,w} induces a chair. [ |

Theorem 2.2.2. Let G be a chair-free graph and M be an induced matching of G.
If there is some edge wv = e € E such that IM N C(e)| =k > 4, then there is an
mduced Gy, or an induced Hy, in G.

Proof. Clearly, e ¢ M because k > 4. If u is an endpoint of some edge in M, then
v must be neighboring k£ edges of M, and therefore by Lemma 2.2.2 there must be
an induced Gy, centered on v. Suppose now that e does not share any endpoint with
edges from M. Clearly, if u or v neighbors k£ edges from M, then by Lemma 2.2.2
there is an induced Gy. Suppose that there is an edge ry € M neighboring v but
not v, and an edge pg € M neighboring v but not u. Suppose w.l.o.g. that zu € £
and vg € E. It thus follows that {z,u,v,q} induces a P;, which means that any
endpoint of an edge in M (other than zy and pq) adjacent to u must be adjacent
to v and vice versa (because G is chair-free). Therefore, there are k — 2 edges in
M neighboring both, u and v. It follows that there are exactly k£ — 1 edges in M
neighboring u and k—1 edges in M neighboring v. Since k—1 > 3, by Lemma 2.2.2
there is a G, centered on u and a Gj,_; centered on v. It follows that the vertex
set of M N C(e) induces Hy. [ |

Corollary 2.2.2. If G is (G, Hy, chair)-free (k > 4), then the greedy algorithm

has performance ratio k — 1.

Corollary 2.2.3. If G is (G, chair)-free (k > 3), then the greedy algorithm has

performance ratio k.

Corollary 2.2.4. If G is (K, chair)-free (k > 3), then the greedy algorithm has

performance ratio k.
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Table 2.1: Random graphs with n = 100 and 100 < m < 1000.

Apx OPT OPT/Apx LP/Apx A

994.235 1313.783 1.321 1.981 16
586.682 1046.750 1.784 3.730 20
069.141 987.044 1.734 3.900 23
779.096 1071.847 1.376 2.735 20
531.683 979.944  1.843 4.280 29

2.3 Experimental results

Because of its simple structure and because we regard it as one of the main results
of this thesis, it is of interest to analyze the practical behavior of Algorithm 1.
The first thing to observe is that the linear program solved at the first iteration
has a constraint matrix of size |F| x |F|, which is the most expensive step in the
computation. This imposes a practical limit on the size of the problem to be solved.

To our best knowledge there are no benchmark graphs in the literature for
the induced matching problem. We thus explored the approximation behavior for
randomly generated graphs, bipartite graphs and regular graphs. We acknowledge
the experimental limitations of this approach. Unfortunately, we had no application
at hand for IM to perform tests on some real-world instances.

The weights were picked randomly with a uniform distribution between 1 and
100. The results are shown in Tables 2.1, 2.2, 2.3, 2.4, and 2.5.

The gap between our solution values and the optimal ones is much smaller
than the approximation factor. This suggests that the algorithm performs very
good in practice, disregarding the gap with respect to the linear relaxation. It is
worth noting that we computed the optimal values only for small instances, which
means we cannot claim good behavior with respect to the optimal value for large
instances. Furthermore, we observe that the denser the graph, the bigger is the
integrality gap. This is expected to be so due to the local nature of the constraints
in the linear program. Finally, we note that the gap with respect to the linear
relaxation for random graphs is usually much smaller than A. However, as we have

seen in Remark 2, there are instances where this gap is A — 1.
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Table 2.2: 20-regular graphs with n = 40.

Apx OPT OPT/Apx LP/Apx A

166.859 291.569 1.747 5.669 20
180.933 268.522 1.484 5.108 20
187.330 288.790 1.542 5.012 20
99.695  286.538 2.874 9.232 20
187.891 279.431 1.487 4.971 20

Table 2.3: 5-regular graphs with n = 40.

Apx OPT OPT/Apx LP/Apx A

490.066 625.157 1.276 1.548 )
418.108 628.044 1.502 1.905 )
436.627 568.391 1.302 1.724 )
459.120 654.537 1.426 1.717 )
336.008 587.630 1.749 2.294 )

Table 2.4: Bipartite graphs with ny = 20, ny = 30 and Probluv € E] = 0.2.

Apx OPT OPT/Apx LP/Apx A

470.472 745.622 1.585 1.735 9
540.191 701.684 1.299 1.501 10
473.746 719.346 1.518 1.839 9
647.261 647.896 1.001 1.224
430.503 667.672 1.551 1.988 13

Table 2.5: Bipartite graphs with ny = 20, ny = 30 and Probluv € E] = 0.8.

Apx OPT OPT/Apx LP/Apx A

175.597 287.360 1.636 6.260 29
196.746  287.731 1.462 5.588 27
184.185 268.497 1.458 5.802 27
185.272  352.590 1.903 5.929 28

198.288  266.653 1.345 5.671 29




Chapter 3

Clique Transversal Set

“The first principle is that you
must not fool yourself and you

are the easiest person to fool.”
—Richard Feynman

Let G = (V, E) be a graph. A subset S C V such that C' NS # 0 for every
clique C' € K(G) is a clique transversal set (CT-set). The minimum CT-set (CTS)
problem is to find a CT-set of minimum cardinality. The clique transversal number
7c(G) is the cardinality of such CT-set. The weighted CT-set (WCTS) problem
is defined over vertex-weighted graphs, and the goal is to find a CT-set of G that
minimizes its total weight.

In this chapter we present constant ratio approximation algorithms for the CTS
problem for line, planar and bounded degree graphs. We adapt the ideas of Lee,
Chang and Kloks [23,64] to give a linear time algorithm for weighted graphs with
bounded treewidth and a PTAS for WCTS on planar graphs.

3.1 Line graphs

In this section we give a 3-approximation algorithm for the CTS problem on un-
weighted line graphs and a 4-approximation algorithm for WCTS on line graphs.
In the following, we denote L(G) as the input of the algorithms. Recall that
due the algorithm of Roussopoulos we can find G = (V, E) given L(G) in linear
time [79]. We assume that G has no isolated edges. Both algorithms described in
this section consist in analyzing two types of cliques in L(G): the vertex-cliques and
triangle-cliques, where the former are given by §(v) = {e € E : v is an endpoint of e}
for some v € V, and the latter are triangles in G that will correspond to cliques of
size 3 in L(G). See Figure 3.1.1 for an example. These are all the possible cliques
in L(G). Indeed, if K} is clique of L(G) with &k > 4, then it must be associated to

37
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(a) A graph G. (b) The line graph of G, L(G).

Figure 3.1.1: Clique types in line graphs: the vertex-clique has a solid shading and
the triangle-clique a striped shading.

a vertex of degree k. If we have a triangle in L(G) which is a clique, then it may be
associated to a vertex of degree 3 in G or to a triangle in GG. Finally, if we have a Ko
that it is a clique, it must correspond to a vertex of degree 2 in G whose neighbors
are nonadjacent.

Let S C V be the set of vertices that have degree at least 3 or have degree 2
but its neighbors are nonadjacent. For each v € S it is easy to see that §(v) is a
clique in L(G). Furthermore, for any z € V' '\ S we have that 6(z) is not a clique.
To see this, suppose deg(z) = 1 and let u be the neighbor of z. Since we assumed
G without isolated edges, v must have another neighbor; therefore §(z) C d(u). If
deg(z) = 2, call z and y the neighbors of z (note that xy € E by assumption), and
thus d(z) C {zx, zy, zy}, and the latter induces a complete subgraph of L(G).

3.1.1 Unweighted case

Here we strongly exploit the fact that the graph is unweighted and the triangles
have three edges. The algorithm consists of two phases: we first transverse all the
triangle-cliques and afterwards extend this to transverse all the remaining vertex-
cliques.

Start by computing a maximal edge-disjoint set of triangles in GG, and take all
the edges from these triangles as part of the solution, and call this set of edges F'.
Observe that we have k = |F|/3 edge-disjoint triangles. It is clear that we need
at least one edge for each of the selected triangles, since they are edge-disjoint.
Let S C S be the set of vertices associated to vertex-cliques that were yet not
transversed by F'. We now introduce a technical result before explaining the second

phase of the algorithm.

Lemma 3.1.1. Let E* C E be a minimum clique transversal of L(G) and M a
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mazximum matching in G[S']. Then,
S| = M| < |E*\ F.

Proof. Let E' C F of minimum cardinality that spans each vertex in S’ (that is,
every vertex of S’ is an endpoint of some edge in E’). Consider the subgraph H
with vertex set S’ and the edges of £’ that have both endpoints in S’. Let M’ be
a maximum matching in H. Since E’ is minimal, it follows that |S’| = 2|M'| + p,
where p = |E"\ M'|. On the other hand, we have |M’'| < |M| and |E'| = |M'| + p.
Finally, E* \ F' spans each vertex of S, and then |E’| < |E*\ F|. Therefore,

|5 = |E'| + [M| < [E*\ F| + [M'| < |E"\ F| + [M].
n

In the second phase compute a maximum matching M in G[S’], and extend this
edge subset in G in a greedy fashion until the subset spans all the vertices in S’.

Name the resulting set E’. By definition we have
|E| = [M] + |5 = 2|M| = |5| — |M]

and that £’ U F' is a clique transversal for L(G). Let E* be an optimum clique
transversal for L(G). We have that

|E"UF| =S| = [M] +|F]
=S| — |M|+ 3k
<|E*\ F|+3|E*NF|
<3(|[E*\ F|+ |E*NF))
= 3|E7|.

At this point, we have shown that this algorithm gives a clique transversal of
size at most 3 times 7¢(L(G)). Next, we show the algorithm runs in O(n'® + m)
time.

If n and m are the number of vertices and edges of L(G) respectively, we
can find G in O(n 4+ m) [79]. Furthermore, we can find all the triangles of G
in O(|E|"®) = O(n'®) using [24]. Clearly, G has no isolated vertices. Therefore,

G has n edges and O(n) vertices; thus, we can find a maximum matching in G in
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O(y/]V]|E|) = O(n"?) using [73]. Hence, the resulting running time is O(n'® +m).

In order to see the tightness of the analysis consider the following scenario. We
build the graph G and make the analysis in G and not in L(G). For any integer k
take a path Py, and for each vertex of the path add two neighbors so that a triangle
is formed. The algorithm uses 3k edges, while an optimum solution uses only k
edges, and this may be constructed by taking one edge of each triangle that it is

incident to the vertex of P.

3.1.2 Weighted case

In this case we first transverse all the vertex-cliques of L(G). To do so, we solve
a minimum weighted edge cover in a graph resulting of adding a new vertex w
to G and adding the edges uw for each u € V' \ S with weight 0. It is easy to
see that the optimum solution to this weighted edge cover has the same value as
the best way of spanning the vertices in S. Furthermore, it is trivial to recover a
solution to the original problem from the edge cover. Recall that weighted edge cover
with nonnegative weights may be solved in polynomial time using the reduction to
maximum matching given in [80, Theorem 27.2]. The weight of this edge cover is
smaller than the weight of the optimum clique-transversal, since we covered only a
subset of all the cliques.

The second part of the algorithm consists in spanning all the triangle-cliques of
L(G) that were not yet transversed. Denote this family 7. We are interested in
selecting the smallest subset of edges of GG that will span all the triangles from 7.
This is a set cover problem, where the universe of objects is 7 and the subsets are
Se={T €T : T contains e} for e € E. Since each triangle appears exactly in three
sets S., we can solve this set cover problem with an approximation factor of 3 using
the well known frequency approximation algorithm given by Hochbaum in [52].

Taking the union of both sets of edges we get a feasible solution for clique
transversal. The weight of edges in the resulting set is at most the sum of the

weight of both parts of the algorithm, and thus the overall factor is 4.

3.2 A simple 3-approximation for planar graphs

In general, for a fixed integer ¢ one can approximate the CTS problem with factor
t on graphs where the maximum clique has size at most ¢. This may be achieved

by taking a maximal set of vertex-disjoint cliques and outputting all their vertices.
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This is a clique transversal because of the maximality of the set. On the other
hand, each of these cliques requires at least one vertex in order to be transversed,
and in our solution we use at most ¢ vertices per clique. Therefore, we have a
t-approximation algorithm. It is well known that any planar graph is Kj-free (see,
e.g., [63]); thus, the above approach leads to a 4-approximation algorithm. In the
following, we improve this idea yielding a 3-approximation algorithm for planar

graphs.

Begin by searching a maximal disjoint set of cliques of size 2 and 3, and use all
their vertices as part of the solution, and call this vertex set S;. It is clear that all
the cliques not yet transversed are of size 4. We look among these cliques a vertex
v that belongs only to one non-transversed clique. To see that is always possible
to find such vertex consider a planar representation of the graph, and assume for
contradiction that there is no such vertex. Take any non-transversed clique of size
4. Clearly, one of its vertices is drawn inside the triangle induced by the rest of
the vertices. Name this vertex w. Since there is no vertex that belongs to only
one non-transversed clique, there must be another non-transversed clique of size 4
containing u. This clique has its own vertex in the middle which cannot be shared
with the previous clique. We can apply this argument infinite times; thus, G has
infinite vertices—a contradiction. Now, take any such vertex among the uncovered
cliques and use the remaining 3 vertices of that clique as part of the solution. Iterate
the same process with the remaining non-transversed cliques of size 4. Call the set
of vertices added in the second phase S;. Clearly, S; U Ss is a clique transversal.
Furthermore, if in the first phase we considered k; disjoint cliques and in the second
ks, then ki + ko < 7¢(G) and

|S1 U S| = [S1] + [Sa| < 3Ky + 3ke < 37¢(G).

Now we show this analysis to be tight. For any integer £ consider the path
Py 11, and for each edge of P, add a vertex adjacent to both of its endpoints.
The algorithm may consider &k disjoint triangles and use all its vertices as part of
the solution, and thus the algorithm uses 3%k vertices. On the other hand, we may
construct a clique transversal of cardinality k& by only taking half of the vertices

from the initial path.

The presented algorithm is quite simple and fast in practice for unweighted
planar graphs. However, approximation-wise we can do better by using Baker’s

technique. This approach was used for transversing all the mazimum cliques in un-
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weighted planar graphs [23]. In the following two sections we use a similar approach
for transversing all mazimal cliques of a weighted planar graph. We note that since
we are dealing with weighted vertices we need to take a more careful approach than
the presented in [23] when combining the solutions of slices. In the next section
we give a linear time algorithm for bounded treewidth graphs for a slightly more
general problem and in the following section we show how to use this algorithm for

constructing a PTAS for weighted planar graphs.

3.3 Weighted bounded treewidth graphs

Consider the problem of transversing a given subset £ C K(G) of cliques in a vertex-
weighted graph GG with treewidth at most k. By the following lemma it follows that
IKK(G)| is O(2Fn), and therefore one can encode the input £ in linear space with

respect to G.

Lemma 3.3.1 (Bodlaender and Mohring [14]). For any tree decomposition of a

graph G, each clique of G is contained in at least one node of the tree.

Note that the WCTS problem is the instance where £ = K(G). In Lee’s work
L is defined implicitly as the set of cliques of mazimum cardinality [64]. In the
following paragraphs we replicate some of their ideas for completeness, adapting
the proofs when necessary.

An L simplicial augmentation of a graph G is the graph resulting of adding to
G one vertex per clique in £, adding all the edges between that vertex and the
vertices of the clique it represents, and removing all the vertices of G' that do not
appear in any clique of L.

The following observation appears in [64], but here we give a constructive proof.

Lemma 3.3.2. For a graph G of treewidth at most k and a set of cliques L, the L

simplicial augmentation of G has treewidth at most k + 1.

Proof. Take any tree decomposition of G of width at most k. For each clique C
in £, take any node B in the decomposition that contains C' (this exists because
of Lemma 3.3.1). Add a new node neighboring with B with the vertices of C' and
the vertex associated to C' in the L simplicial augmentation. Clearly, this new
node has at most w(G) + 1 < k + 2 vertices. Now, from each node in this tree
remove the vertices that do not appear in the augmentation. This new tree is a tree

decomposition of width at most k£ + 1 for the £ simplicial augmentation of G. W
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Observe, therefore, that once we build an £ simplicial augmentation for G, we
can obtain its tree decomposition in linear time. It is easy to probe the following

lemma, similar statements were proved in [64] and [2].

Lemma 3.3.3. A subset S C V is a minimum weight transversal of the cliques
wm L if and only if S is a minimum weight dominating set of the L simplicial
augmentation, where the weights of the vertices are the same as in G when possible

and +oo for those introduced when building the augmentation.

Theorem 3.3.1. Given a vertex-weighted graph G with treewidth at most k and a
set of cliques L of G, we can find a transversal of L of minimum weight in O(4*n)

time.

Proof. This follows from solving in O(4*n) time the weighted dominating set on the
L simplicial augmentation of G using the algorithm given by Alber and Niedermeier
in [1, Theorem 3.1]. [ |

3.4 An approximation scheme for planar graphs

In the following we give a PTAS for WCTS on planar graphs using the algorithm

explained in the previous section. Let G be a vertex-weighted plane graph.

Lemma 3.4.1. Any clique C' of G is either contained in one layer or in two con-

secutive layers.

Proof. 1f C' is contained in only one layer, then there is nothing to prove. Assume
C' has vertices in more than one layer. Let L; be the layer with smallest index (i.e.,
the outermost) that intersects C'. Since G is a plane graph, it follows that after
removing Lo U - - - U L; the remaining vertices of C' must lie on the outer face of this
graph since otherwise there must be two crossing edges each other, and thus L,

contains the rest of the vertices of C. |

Assume a fixed k > 2. For each offset [ € {0,...,k — 1} and each j € Z, let
G{ = GLiyjk U+ U Ly (j11)6—1) and Hlj = G[Liyjk—1 U Li1ji|. See Figure 3.4.1 for
an example. Note that if r is the number of layers in GG, then, for a fixed [, there are
at most O(r/k) non-empty graphs G and H}, and therefore at most O(r) graphs
G{ and H z] are non-empty.

If we now were to compute a weighted clique transversal on each of these sub-
graphs and output a union of these sets, we would not get any reasonable per-

formance ratio. Consider for example the case when a maximal triangle has two
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(a) The subgraphs G7. (b) The subgraphs Hj .

Figure 3.4.1: Decomposition for [ =1 and k£ = 4.

vertices u, v in G{ and one z in G{ *1 and there is no common neighbor to u and
v in G{ . Suppose their weights are w, = w, = 100 and w, = 1. Clearly, the above
solution will pick u or v because uv is a clique of G{ , while it is clear that picking

x for transversing this clique would be convenient.

In order to circumvent this problem we enforce transversing only the “original”
cliques of G in each of these subgraphs. Formally, we are to transverse K(G)NK (G{ )
in GJ and KC(G)NK(HY) in Hj. Let S} be the computed solution for G; and T} the
computed for Hlj . Let S, =1 ; Slj and let T; = i le . The output of our algorithm
is S = S;UT; which minimizes its total weight over [ € {0,...,k—1}. Clearly, S is
a feasible solution because by Lemma 3.4.1 every clique of GG is contained in some of

the subgraphs in the decomposition. We are now to prove the approximation ratio.

Let S* be an optimal solution for G. For each 0 <1 <k —1,let V; = J; V(H))
be the vertices of the graphs with two layers in the decomposition for offset [. On

the one hand, we have that
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and therefore there is some [ such that

2w(S*)

w(Vins?) < =

On the other hand, by definition each clique of C(G) N K(GY) has to be met by a
vertex of G{ .

Therefore, we have that w(S/) < w(S* N V(GY)), and thus by summing over j
we get w(S;) < w(S*). The same argument implies that w(7;) < w(V; N S*). It
follows that there is some 0 <[ < k — 1 such that

2w(S*)

w(S) <w(S) +w(T)) < w(S) +w(V;NS*) <w(S*)+ k

Which implies the approximation ratio 1 + % We thus have the following.

Theorem 3.4.1. There is a PTAS for the WCTS problem on planar graphs.

Proof. For any € > 0 run the above algorithm with k£ = max {2, EW } |

3.5 Bounded degree graphs

A(G)+1 Lo :
TW -approximation algorithm for the CTS prob-

lem when restricted to bounded degree graphs. The algorithm consists in selecting

In this section we introduce a [

a maximal vertex-disjoint set of small cliques, and uses all their vertices in the
solution. If there are still non-transversed cliques, these must be big. In order to
transverse these big cliques we take one of them and select a small subset of its ver-
tices as part of the solution. As long as there are non-transversed cliques we apply
the same procedure until every clique is transversed. The approximation ratio is
yielded by the definition of small and a technical result.

Start by searching a maximal family F; of disjoint cliques of size at most
[%W Denote Vi to the vertices in the cliques of F;. Take Vi as part of
the solution. If all cliques were transversed, the algorithm ends here. Otherwise,
let K be a non-transversed clique. By definition, |K| > {%-‘ , and K is disjoint
with all previously transversed cliques. Take any subset S C K of size {%-‘
and add it to the solution.

Lemma 3.5.1. Any non-transversed clique that intersects K must intersect S.
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Proof. For contradiction assume that there exists a non-transversed clique C' that
intersects K but does not intersect S. Since all the cliques of size at most {%—‘

A(G)+1
==

were transversed, |C] > [ Take a vertex v € K N C. The vertex v is

adjacent to each vertex from S and C'. Thus,
A 1
deg(v) > |S|+1|C|—1>2 {%W — 1> A(G).
[ |

Once K is transversed apply the same procedure if there are still non-transversed
cliques. Call the set of cliques used in the second phase of the algorithm F, and
the selected vertices of these cliques V5. Clearly, all these cliques are disjoint by
the above lemma. Furthermore, Vi U V5 constitute a clique transversal set. The
following holds:

Vol = i+l < [ 2 g+ 1 < | 7(C).

A(G) + 1}

The analysis is tight. To see this, it is enough to fix an integer k£ and consider a
graph with two disjoint cliques, G' = K[(;+1)/21 U Ki11. Because of the larger clique
we get A(G) = k. On the other hand, the algorithm takes all the vertices from
the smaller clique and {%-‘ from the bigger. Thus, the solution has 2 {%-‘
vertices while 7¢(G) = 2.

A possible linear-time implementation of this algorithm is the following. To
build F; initialize F; = 0, V; = (0, and take any ordering vy,...,v, of V. For
i=1,...,n and v; ¢ V4, consider all the subsets of N(v;) N {viy1,...,v,} NV} of
%—‘ — 1. If T is one of these subsets and T'U {v;} is a clique
(clearly, v; is the vertex of this clique with smallest index), then add this clique

size at most {

to JF; and its vertices to V; and continue with the next iteration. Observe that

IN(vi) N {vig1,..., v} N V1] < deg(v;) and may be obtained in O(deg(v;)). Let
A(G)+1
2

Jj=1

r; = min {deg(vi), { _‘ - 1}. Thus, this procedure yields a running time of

@) (i (deg(vi) +

=1

= O(n).

To build F, the procedure is similar. We avoid considering the already trans-
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versed cliques by searching big cliques in N(v;) N {vit1,...,v,} N V3N Vs, for each
v; ¢ Vi UVy. The selection of the subset S in each big clique is arbitrary. The
running time of this phase is also O(n).

Note that in [68], the authors gave a 1.96-approximation algorithm for cubic
graphs. When relaxed to graphs with A(G) < 3 our {%—‘ -approximation for

bounded degree graphs yields a 2-approximation.



Chapter 4

Clique Independent Set

“What seems to us as bitter
trials are often blessings in
disquise.”

—Oscar Wilde

Let G = (V, E) be a graph. A subset S C K(G) such that C N C" = () for any
two different cliques C' and C" in S is clique independent (CI). The mazimum Cl-set
(CIS) problem is to find a maximum cardinality Cl-set. The clique independence
number ac(G) is the size of such Cl-set. The weighted Cl-set (WCIS) problem is
defined over vertex-weighted graphs. Suppose the weights of the vertices are w, for
v € V. For each clique C' € K(G) we let we = ), . w, be the weight of C. The
goal in the WCIS problem is to find a Cl-set S that maximizes ) . s wc.

In this chapter we first give an approximation algorithm for CIS on line graphs
in Section 4.1. Next, we proceed to build a PTAS for the WCIS problem on planar
graphs. For this purpose, in Section 4.2 we give a linear time algorithm for a
generalized version of WCIS problem on bounded treewidth graphs, and then in

Section 4.3 we use this result to build a PTAS for planar graphs.

4.1 Line graphs

As we already mentioned, we can obtain a graph G in linear time from a line graph
L such that L(G) = L using the algorithm of Roussopoulos [79]. Recall as well the
discussion of Section 3.1, where we defined the vertex-cliques and triangle-cliques of
L. Tt is easy to see that a Cl-set in L corresponds to a vertex-disjoint set of triangles
in G and an independent set of vertices in V(G) corresponding to vertex-cliques,
such that no triangle shares a vertex with the independent set.

Suppose we are to compute an independent set for a triangle-free graph G. If we
had a [-approximation for Cl-set on line graphs, then we could use this algorithm

to provide a -approximation for a(G). To do so, add one neighbor to each vertex

48
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of degree 1 in GG, and let H be the resulting graph. It is easy to see that there
is a natural 1-1 mapping from Cl-sets in L(H) and independent sets in G which
preserves the sizes of the sets. Therefore, a S-approximate Cl-set on L(G) is a

[B-approximate independent set for G. This calls for the following question.

Question. Is it possible to approximate the independent set problem within a

constant ratio on triangle-free graphs?

A negative answer would stand as well for Cl-sets on line graphs by the above
argument. To our best knowledge, no positive result nor an inapproximability
result is known for this restriction of independent set. This motivates the search
for algorithms with approximation ratios depending upon the maximum degree of
the input graph.

Consider the approach of Algorithm 2 for computing a Cl-set for a line graph
L.

Algorithm 2 CIS(L) where L is a line graph
1: Compute G such that L(G) = L

2: Compute a maximal set of vertex-disjoint triangles 7" of G

Let W C V(G) be the vertices of G associated to the vertex-cliques of L
3: Let H = G[W \ V(T)], where V(T') is the vertex set of the triangles in T'
4: Compute a [-approximate independent set I of H
5: return [UT

Note that by definition I U T corresponds to a Cl-set in L. In what follows we
analyze the performance ratio.

Let S = Sy U Sty be an optimal Cl-set for L, where Sy are the vertex-cliques
and St the triangle-cliques in S. Let us abuse slightly the notation and refer with
St to the corresponding triangles in G and with Sy to the corresponding vertices
of G.

Lemma 4.1.1. Sy U (Sy N V(T))| < 3|T.

Proof. 1t follows from the maximality of T that any triangle in St has at least one
vertex in V(7). We use a “charging argument” for proving this result. Take any
element € Sy U (Sy NV(T)) and “charge” it to some triangle in 7" with which z

shares a vertex. Note that a triangle in 7" can be charged at most 3 times by this
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procedure. Moreover, each element in Sy U (Sy NV(T)) is charged to some triangle
in T'. The result follows. ]

By definition of I we have that g|I| > «(H) > |Sy \ V(T')|. Therefore,

S| = [Sz| + |Sv N V(T)| + Sy \ V(T)]
< 3|T| + B|1|
< max{3, B}(|T| + |I|).

So far we have left out of the discussion the S-approximation of Line 4. In what
follows we will relate A(H) with A(L) and suggest an approximation algorithm for
independent set on bounded degree graphs.

Note that since L has degree at most A(L), then any edge uv € FE(G) has
at most A(L) neighboring edges. Moreover, if wv € E(H), then by definition of
vertex-cliques it must be that deg,(u) > 2 and deg(v) > 2. This means that if u

is the vertex of maximum degree in H, then we have
A(H) < degg(u) + degg(v) — 2 < A(L).

Several approximation algorithms are known for the independent set problem with
ratios depending on the maximum degree of the input graph. For an overview on
this topic we suggest the survey by Halldorssén [49]. In particular, there is an

AUEFS 4 ¢ for a small € > 0 which runs in time

approximation algorithm with ratio a =

n®W for a fixed € > 0 due to Berman et al. [6,7]. Unfortunately, the running time
polynomial appears to have prohibitive degree [49,50]. Thus, in an implementation
a larger  should be used. Nevertheless, the results of Berman et al. enable us to

establish the following theoretical result.

Theorem 4.1.1. For any € > 0 there is a maX{B, % + 6}-app7"0ximati0n algo-

rithm for Cl-set on line graphs of degree at most A.

Question. For any edge uv € E(H) we have that
ey () + degyy(v) — 2 < A(L).

We ask if some better approximation ratio may be achieved for such H. In a

more generic way: is there a way improving the ratio % + € if any edge uv of
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the input graph is such that deg(u) + deg(v) < k7

4.2 Weighted bounded treewidth graphs

In this section we present a linear time algorithm for a generalization of the WCIS
problem on graphs with treewidth at most k&, where k is a constant. In the definition
of WCIS we gave before, we had a vertex-weighted graph as input; for convenience,
in this section we use a more general formulation with a clique-weighted graph G
as input, where each clique C' € (@) has an associated weight we € Qs(. Note
that since G has treewidth at most k, then G has at most O(2%n) = O(n) cliques.

The problem we solve in this section is the following: Given a subset £ C K(G)
of cliques of GG, we are to find a subset S C £ of maximum weight such that no
two cliques of S share a vertex. Note that if we define £ = K(G) with we =1 we
get the WCIS problem. In order to make the dynamic programming algorithm we
generalize further this problem.

For a node B and a subset of vertices X C B, we are to find a vertex-disjoint
subset of cliques S C L N K(Gp) of maximum weight such that no clique in § has
a vertex in B\ X. In other words, V(S) N (B \ X) = 0, where V(S) = Uges C-
Think of X as the available vertices from those in B. We denote this instance with
[B, X] (we omit writing £ since it is defined only once).

Our algorithm will compute a table for each node B, which will have an entry
M|B, X] for each X C B that will hold the optimum value for the problem [B, X].
Clearly, there will be at most 2* entries for each node and the optimum value will
be the one that is allowed to use any vertex of the root node of the decomposi-
tion. In the following we give the inductive rules for each node type of a nice tree

decomposition.

e Leaf. B has exactly one vertex, and thus it is not a clique. We set

M|[B,0] = M[B,B] = 0.
e Join. Assume By and B, are the children of B. For each X C B we set
M[B,X] = max M[Bl,X1]+M[BQ,XQ],
X=X1UX>

where X;UX5 is a partition of X.
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o Introduce. Let B’ be the child of B such that B = B’ U{v} and v ¢ B’. For
every X C B’ we set M[B, X] = M[B’, X], and for every X C B with v € X

we set

M|B, X] = max M[B’,X\{v}],cmﬁaé(()M[B’,X\C’]—i—wc )
€
vel

where £(X) is the subset of cliques of £ contained in X.

e [orget. Let B’ be the child of B such that B’ = BU {v} and v ¢ B. We set
M[B,X| = M[B', X U{v}] for each X C B.

Theorem 4.2.1. Let B be some node in the tree decomposition and X C B. Let
S* C LNK(Gg) be an optimal solution for [B, X]|, then M[B, X] = w(S*).

Proof. The leaf case is trivial.

e [orget. Let 8" C L be the computed optimal solution to [B’, X U {v}]. Note
that by inductive hypothesis w(S") = M[B’, XU{v}]. Observe that G = G
and B\ X = B"\ (X U{v}). Thus, on the one hand we have

V(S n(B'\ (X U{v}) =0,

which implies that S* is feasible for [B’, XU{v}], and therefore w(S*) < w(S’).
On the other hand, V(S’) N (B \ X) = 0, which means that S’ is feasible for
[B, X], and thus w(S’) < w(S*).

e [ntroduce. We first show that w(S*) < M|[B, X]. We have the following two

cases.

— v € V(8*%). Then there is some clique C' € §* such that v € C. Since
v ¢ B and C € L, it follows that C' C B. Moreover, V(S*)N(B\X) =0
implies that C' C X, and thus C' € L(X). Observe that S* \ {C} is a
feasible solution for [B’, X \ C] because

V(ST\{CHN(B\ (X\C)) = (V(S) N (BN (X\O))\C
(SN B\ (X\CO)\C)
(§)N(B"\ X)
(

SN (B\ X)=0.

Vv
V
V
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Hence, w(S*\ {C}) < M[B’, X \ C], and thus
w(S*) < M[B', X \ C] + we < M[B, X].

— v ¢ V(8"). Clearly, V(S*)N(B\(X\{v})) = V(S )N(B\(X\{v})) =
Furthermore, V(8*) C V(Gp), which implies that S* is feasible for
(B, X \ {v}]. Hence, w(S*) < M[B', X \ {v}] < M|[B, X].

We now show that w(S8*) > M[B, X]. Let 8’ be the solution returned by the
algorithm, note that &’ C KC(Gg) N L. There are two possible cases.

— &' is a solution to [B’, X \ {v}]. Since V(S') C V(Gp), it follows that
v ¢ V(S'). Then,

0

V(SN B\ (X \{v}))
(&) N ((B\{v) \ (X \{v}))
(&) N(B\X).

V
V

Therefore, S’ is feasible for [B, X], and thus w(S*) > w(S’") = M[B, X].

— &’ is a solution to [B’, X \ C] for some C' € £(X) and v € C. We will
show that &’ U {C'} is feasible for [B, X]. The first thing to see is that
this is a Cl-set. Suppose that there is some u € V(S') N C. This means
that there is some clique in &’ C K(Gp) N L that contains w, which
implies that u # v. By definition, we have V(S§) N (B"'\ (X \ C)) =
But v € V(§'), u € B = B\ {v}, and u ¢ X \ C—a contradiction.
Therefore, S’ U {C'} is a Cl-set.

On the one hand, C' N (B \ X) = () because C' C L(X). On the other
hand, since C NV (S') =0 and v ¢ V(S'), it follows that

0=V(S)N(B'\(X\C)=V(S)N(B\X)=V(S)N(B\X).

Therefore, V(S'U{C})N(B\X) = 0. In other words, S’U{C} is feasible
for [B, X], and thus w(S*) > w(S') + we = M[B, X].

e Join. We first prove that w(S*) < M[B,X]. Let & = §&* N K(Gp,) and
S =8"\S1. Let X = X\ V(S2) and Xy = X \ X;. In the following we
show that S is feasible for [By, X;], and S, for [Bs, Xs].
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We first prove the following technical claim:
K(Gp)NL=(K(Gg,) UK(Gp,))NL.

On the one hand, if a clique C is in K(Gp), then there must be some node in
the tree decomposition T2 containing the vertices of C. Since B = B, = By,

one such node must be in 77" or in 7%2. This implies that
IC(GB) - ’C(GB1) U }C(GB2)>

and therefore K(Gp) N L C (K(Gp,) UK(Gp,)) N L. On the other hand, let
C' be a clique in K(Gp,) N L (or in C € K(Gp,) N L). Since L C K(G) and
C € L, it follows that C is a maximal clique of G. Since C' € K(Gp,), there
is a complete subgraph in G that contains C', which cannot be extended
by some vertex in Vg, by the maximality of C' in G. This implies the other

contention.

Recall that we are to prove that S is feasible for [By, Xi], and Ss for [Bs, Xs].
The first thing to note is that by definition §; C K(Gp,). Since

K(Gg)NL=(K(Gp,)UK(GB,))NL,

it follows that So = S*\ &1 = S*\ K(Gp,) € K(Gp,). It is trivial that S; and
S, are Cl-sets, both contained in £. It remains to prove the relation of these

proposed solutions with X; and X,. For §; we have that

V(&) N(Bi\ X1) =V(S)N(B\ (X \V(S5)))
=V(S)N(B\X)U(BNV(S)))
=V(S)N(B\X)
CV(S)N(B\X)
= 0.

For Sy we have that

V(S2) N (Ba \ X2)

V(S2) N (B\ (X \ X))
(S2) N (B\ (X \ (X \V(52))))
(S2) N (B\ (X NV(S,)))

v
v
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V(&) N (B\ X)
V(S )N (B\X)
0.

N

Since X = X;UX, and 8* = §;US,, we conclude

We now show that w(8*) > M[B, X]. For any partition X;UX,; = X, let §
and Sy be some optimal solutions to [By, Xi] and [Bs, X3|, respectively. In
the following we show that S; US, is a feasible solution to [B, X]. Suppose it
is not a Cl-set, then there is some vertex u € C; N Cy for some C; € & and
Cy € Sy. Since € € K(Gp,) and Cy € K(Gp,), it follows that u € B. Since
V(S1) N (B \ X1) =0, it follows that u € X;. Moreover, u € X,. This is a
contradiction because X; N Xy = (). Then §; US, C K(Gp) is a Cl-set, and
both are in £ by definition.

We have that V(S;) N (B\ X) C V(S))N(B;\ X;) =0, and in the same way
V(S2) N (B\ X) = 0. This implies that

V(S1US)N(B\ X)=0.

Since this holds for any X;UX, = X it follows that M[B, X] < w(S*).

Remark 3. Given some subset L C K(G), we can compute the M|e, o] table in

linear time in a bottom-up fashion. The optimal solution to the generalized WCIS

problem will be given by the entry M|Bg, Bg| where Bg is the root node of the nice

tree decomposition of G.

4.3 An approximation scheme for planar graphs

In the following we present a (1 — €)-approximation algorithm for this problem using

the algorithm given in the previous section.

For a fixed k& > 2 and every offset [ € {0,...,k — 1}, consider the graph G,

that results of removing the edges E(L;, Li11) for each ¢ = [ mod k, where L,
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(j € Z) are the layers of G, and E(L;, L;11) denotes the edges with one endpoint
in L; and the other in L;;;. We can think of G; as a union of slices G{ (using the
notation of Section 3.4). Clearly, each G{ has at most k layers, and therefore it
is a k-outerplanar graph, which in turn implies that its treewidth is bounded by a
constant which depends on k. Let C(GY) = K(G) N K(GY) be the set of original
cliques of G that are in G{ . For each [ we run the algorithm described in the
previous subsection on each G{ with C (Gf ) as parameter, and we take the union
of all these outputs. Name this solution &;. We output the set S, that maximizes
{w(&):1=0,...,k—1}.

In what follows we prove that this is a (1 — %)—approximation. Clearly, each S
is feasible because for each G{ we output a clique independent set, and since we
removed E(L;, L;11), no clique of §; can span two different subgraphs G{ and G{ B

We are now to prove the factor.

Suppose S* is an optimal solution. Let C; C K(G) be the set of cliques that
intersect both, L; and L;,q, for : =1 mod k. We have that

N
—

w(§*NEC) <w(S*),
1

Il
o

and thus there must be some [ € {0,...,k — 1} such that

w(S NC) < w(:*).
Therefore,
w(S,) > w(S)) = Zw(sl NC(GY))
> Xj:w(S* ne(Gy)
=w (3* N UC(G{)>
= w(S*\ cl)j Because S*\ ¢, = 8" n| JC(GY)

J

=w(S") —w(S§* NG)
> w(S") (1 - %) |
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Theorem 4.3.1. There is a PTAS for the WCIS problem on planar graphs.

Proof. For any € > 0 run the above algorithm with k£ = max {2, (H } |



Chapter 5

Neighborhood Covering Set

“If you are going through hell,

keep going.”
1

— Unknown

Let G = (V, E) be a graph. A subset S C V such that every edge e € E is in
E[v] for some v € S is neighborhood covering (NC). The minimum NC-set (NCS)
problem is to find a NC-set of minimum cardinality. The weighted NC-set (WNCS)
problem is defined over vertex-weighted graphs and the goal is to find a NC-set that
minimizes its total weight.

In Section 5.1 we first give a linear time algorithm for a generalized version of
WNCS problem on bounded treewidth graphs, and then in Section 5.2 we use this
result to build a PTAS for planar graphs. Finally, in Section 5.3 we discuss the
approximability of bounded degree graphs and line graphs.

5.1 Weighted bounded treewidth graphs

Given a graph G = (V| F), we say that a vertex v covers an edge e if v is an endpoint

of e or both endpoints of e are neighbors of v. Given a subset X C V', we define

cov(X) ={uv € F:Jx € X where u,v € Nz]} = U Elz]

zeX

to be the edges of G' covered by vertices in X. If U is a vertex set we let E(U)
denote the set of edges with both endpoints in U.

Let T be a nice tree decomposition of G. Given a node B, a set of vertices
X C B and a set of edges F' we define the problem [B, X, F], a generalization of
WNCS, as follows. We must pick exactly X from B into the solution, and we are

not required to cover the edges in F—think of these as those already covered by

'This quote seems to be wrongly attributed to Sir Winston Churchill.

o8
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vertices chosen higher up in the tree decomposition. We must cover the remaining
edges of Gg. The objective is to minimize the total weight of the chosen set of
vertices. More formally, [B, X, F| asks for a minimum weight set O C Vg such that
Ep\F C cov(O) and ONB = X. For efficiency reasons we assume that F' C E(B).
Note that unlike the original WNCS problem, this modified version may have some
unfeasible instances, for which we define the optimum value to be +oo.

The algorithm computes a solution using memoization in a top-down approach.
We use [B, X, F] to denote the problem and the states of the dynamic program. We
let M[B, X, F| denote the computed value for state [B, X, F/|. Assume the recursion
is at state [B, X, F'], we proceed as follows depending upon the type of the node B.

w, ifvelX,
0 ifvéX.

e Leaf. Set M[{v}, X, F] =

e Forget. Suppose v ¢ B and B’ = B U {v} is the child of B. We set
M|B, X, F] = min{M[B, X, F\], M|B', X U {v}, F]},

where F; = (F \ cov(X))N Ep and Fy = (F \ cov(X U{v})) N Ep.

e Introduce. Suppose B’ is the child of B, v ¢ B’ and B = B"U {v}. We set

(

M[B", X\ {v},F'] +w, ifveX and

Vuv € E(B) : uwv € cov(X) U F,
M[B,X,F| =< M[B', X, F| if v ¢ X and
Yuv € E(B) : uv € cov(X) U F,

400 otherwise,
\

where F' = ((F U cov(X)) \ cov(X \ {v})) N Ep.

e Join. Suppose By and Bs are the children of B. We set

M[B,X,F]= min M][By, X, Fi] + M[Bsy, X, Fy] — w(X),
E'CE(B)\F

where

Fi=(FUE")\ cov(X))N Eg,,
Fy=((FUFE)\ cov(X))N Eg,,
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E' = E(B)\ (F U E").

The intuition behind this rule is that we split the responsibility between B,
and By for covering the edges not yet covered. We need to guess which
splitting of responsibilities is the best one, and thus we need to take any

possible £’ as defined above.

We first prove that the recursive rules enforce the invariant F' C E(B) through-
out all reached states. Then, in Theorem 5.1.1 we prove that these rules yield the

optimal solution.

Lemma 5.1.1. If the computation begins at [B, X, F| such that F' C E(B), then
for every reached state [B', X', F'] it holds that F' C E(B’).

Proof. We prove by induction in the tree decomposition. The statement clearly
holds if the state [B’, X', F'] is the state on which the computation begins. Suppose
[B’, X', F’] is not the root state, then it must have some parent or invoking state
[B, X, F] such that ' C E(B) by inductive hypothesis. The following are the

possible cases for B.

e Forget. We have that BU {v} = B, v ¢ B and

Fy = (F\ covo(X)) N Ep € F C E(B) C E(B),
Fy=(F\ coo(X U{v}))NEp C F C E(B) C E(B).

Since [B/, X', F'] is one of the two children of the state [B, X, F] (i.c., either
[B', X, Fy] or [B', X U{v}, F3)), the result follows.

e Introduce. We have that B = B'U {v} and v ¢ B’. By definition,

F' = (FUcov(X))\ cov(X \ {v})) N Ep
= ((F'\ cov(X \ {0})) U (cov(X) \ cov(X \ {v}))) N Epr.

Observe that F\ cov(X\{v}) C E(B) and E(B)NEg = E(B\§(v)) = E(B’).
It remains to show that (cou(X) \ cov(X \ {v})) N Ep C E(B'). Take an
edge zy € (cov(X) \ cov(X \ {v})) N Ep and suppose for contradiction that
zy ¢ BE(B). Since zy € cov(X) \ cov(X \ {v}), zy must be covered by v.
Since zy € Ep and v ¢ Vp, it follows that @ # v, y # v, and {vy,vz} C E5.

Since vry is a triangle and T' B 3 tree decomposition, there must be a node
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B" in T® such that {v,z,y} C B”. Since xry € Ep/, there must be a node B"”
in 7% that contains z and y, and since B” ¢ T®" and every node lying in the
path from B"” to B” must contain x and y, it must be the case that E(B’)
contains xy because B’ lies in this path.

e Join. The result follows directly from the fact that £’ C E(B) = E(B;) and

' C B(B) = B(By).
]

Theorem 5.1.1. The value M[B, X, F| computed using the above rules is the value

of an optimum solution to [B, X, F] if it is feasible, and +o00 otherwise.
Proof. By induction in the tree decomposition.
o Leaf. Trivial.
e Forget. Throughout this part of the proof we use several times the fact that

Ep = Ep if B is a Forget node and B’ its child.

It is easy to prove that [B, X, F| is feasible if and only if [B’, X, Fi] or
[B', X U {v}, F3] is feasible. We now assume that [B, X, F] is feasible.

Let S* be an optimal solution to the instance [B, X, F)|. We first prove that
w(S*) < M[B, X, F).

Suppose [B’, X, F}] is feasible and let S’ be an optimal solution to [B’, X, Fi],
we prove that S is feasible for [B, X, F|. First note that S'NB = S'NB' = X

because v ¢ S’. Furthermore, S” covers the edges of

EB’ \ F1 = EB’ \ ((F \ CO’U(X)) N EB/)
= FEp\ (F\ cov(X)).

Since F'\ cov(X) C F, it follows that Ex \ FF C Ep \ (F \ cov(X)), which
implies that S’ covers Fp \ F', and thus S’ is feasible for [B, X, F.

Suppose now [B’, X U {v}, F3] is feasible and let S’ be an optimal solution
to [B', X U {v}, F»], we prove that S’ is feasible for [B, X, F]. Observe that
S'NB = S5"N(B"\{v}) = X. Let us show that every edge in Fg\ F is covered
by S’. By definition, S” covers

o\ By = Ep \ ((F \ cov(X U{v})) N Ep)
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= FEp\ (F\ cov(X U{v})).

Since F'\ cov(X U{v}) C F, it follows that Eg\ F C Ep\ (F\ cov(X U{v})),
which implies that S” covers Ep \ F, and thus it is feasible for [B, X, F]. We
have thus proven w(S*) < M[B, X, F].

We now prove that w(S*) > M[B, X, F]. For this purpose, we first show that
if v ¢ S*, then S* is feasible for [B’, X, F|, and if v € S*, then S* is feasible
for [B', X U {v}, F3).

If v ¢ S* then B'NS* = (BU{v})NS*=X. Furthermore,

Ep \ F1 = Ep \ ((F\ cov(X))N Eg)
=FEp\ (F\ cov(X))
= (Ep\ F)U(EpNcov(X)),

where the first term of the union is covered by S* by definition; and the
second one because X C S*. This implies that if v ¢ S* then S* is feasible
B, X, F}].

If v € S*, then by definition we have S* N B’ = X U {v}. Furthermore,

E \ By = B \ ((F\ cou(X U {o})) 1 )
= FEp\ (F\ cov(X U{v}))
=(Eg\ F)U(EgNcov(X U{v})),

where the first term is covered by definition; and the second one because
X U{v} C S*. Thus, w(S*) > M[B, X, F].

Introduce. In what follows we will prove that [B, X, F] admits a feasible
solution if and only if [B’', X \ {v}, F"] is feasible and uv € cov(X) U F for
each wv € E(B). It will follow from the proof that the optimum value for
(B, X, F|is M|B, X, F|.

We begin showing the only if part. Let S* be an optimal feasible solution to
[B, X, F]. Suppose for contradiction that there is an edge uv € E(B) such
that uv ¢ cov(X) U F, that is, not covered by X but which is mandatory to
cover since uv ¢ F. Then, there must be some vertex w € S* \ X such that

ww,vw € Ep. Since TP is a tree decomposition, there must be some node B”
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in TP that contains the triangle uvw, which is not possible because w ¢ B
and v ¢ B’
It remains to see that [B’, X \ {v}, F'] is feasible. We claim that S* \ {v} is

a feasible solution to this problem.

First note that (S*\ {v})N B = X\ {v}. To see that S*\ {v} covers Ep/ \ F’,

take any edge xy € Fp and consider the following three cases.

— xy € Elu] for some u € S*\ {v}. Then clearly zy € cov(S* \ {v}).
— xy € E[v] and xy ¢ Elu| for any u € S*\ {v}. Then, zy ¢ cov(X \ {v}),
and therefore zy € F.

— xy ¢ cov(S*). Since S* is feasible for [B, X, F], it must be the case that
zy € F. Moreover, xy ¢ cov(X \ {v}), and therefore zy € F".

Which proves that zy € cov(S* \ {v}) for any zy € Ep \ F".

Observe that this feasibility relation implies that w(S*) > M[B', X, F'] if
v ¢ X and w(S*) > M[B', X \ {v},F'] + w, if v € X. In other words
w(S*) > M[B, X, F.

We now prove the if part. Let S’ be an optimal solution to [B’, X \ {v}, F"].

Consider the following two cases.

— v ¢ X. In the following we show that S’ is feasible for [B, X, F|. First
observe that S'NB = S"N(B'U{v}) =5 NB = X\ {v} = X. Suppose
that there is an edge zy € Ep \ F not covered by S’. Since v ¢ X, we
have F' = (F'\ cov(X)) N Ep C F, and therefore Eg \ F C Ep \ F'. It
follows that xy € Ep \ F', and therefore xy € Ep \ Ep.. Hence, it must
be the case that either x = v or y = v. Since wv € cov(X) U F for each
uv € E(B), it follows that zy € cov(X) U F C cov(S’) U F, which is a
contradiction. Therefore, S’ is feasible for [B, X, F], which implies that
w(S*) <w(S") = M[B, X, F| for some optimal solution S* of [B, X, F].

— v € X. In the following we prove that S=5U {v} is a feasible solution
to [B, X, F]. First note that

SNB=(SU{v))Nn(BU{v}) =(SNB)U{v}=X.

Now we show that each zy € Ep \ F is covered by S. Ifz =vor
y = v, then zy is clearly covered by S. Assume z # v,y # v, and
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for contradiction suppose xy is not covered by S. Since ry € Ep and
zy ¢ 6(v), it follows that zy € Ep. Recall that &' C S and S’ covers
Ep \ F'. Therefore, zy ¢ Ep \ F’, and thus zy € F’, which implies
that xy € F'Ucov(X). If it is the case that zy € F', then zy ¢ Ep \ F,
which is a contradiction. If it is the case that zy € cov(X), then zy
is covered by X C S—another contradiction. We conclude that S cov-
ers Ep \ F, and therefore S is feasible for [B, X, F]. It follows that
w(S) = M[B', X \ {v}, F'] + w, > w(S*) for some optimal solution of
(B, X, F).

Combining both cases we obtain w(S*) > M[B, X, F] if [B, X, F] admits a

feasible solution.

We thus conclude that M[B, X, F] is the optimal value for the problem

[B, X, F] if such exists, or +00 otherwise.

e Join. It is easy to see that [B, X, F| admits a feasible solution if and only
if there is some E' C E(B) \ F such that [By, X, Ey| and [Bs, X, 5| admit

feasible solutions. We assume this in what follows.

Let S* be an optimal solution to the instance [B, X, F|. We first show that
’LU(S*) Z M[B,X, F] Let Sl =5*N VB17 52 =5"N V32 and

E' = (E(B) N cou(Ss)) \ F. (5.1.1)

We claim that S; is feasible for [By, X, Fi| and S, for [Bs, X, F3| (note that
Fy and F, depend of E').

— 5 is feasible for [By, X, Fi]|. The first thing to note is that ;N B; = X
and S; C Vp, by definition of S;. Let us prove that S; covers uv € Ep, \ F}.
Since uv ¢ Fi, it must be because uv € cov(X) or uv ¢ F'U E’. In the
former case there is nothing to prove. For the latter, we can furthermore
assume uv ¢ cov(X). Since uwv ¢ F and S* is a feasible solution for
[B, X, F], then S* covers uv, which means that there is some w € S*
such that wv € Fw]. If w € Sy, then there is nothing to prove. Suppose
w € S*\S;. Therefore, w € Sy, which means that uv € cov(Sy). Observe
that if uv ¢ F(B), then without losing overall generality (w.l.o.g.) v ¢ B,
and therefore w € B, which implies w € X, and thus w € S;—which is
a contradiction. Therefore, uv € F(B), which implies that uv € E’ by



65

CHAPTER 5. NEIGHBORHOOD COVERING SET

definition of E’, which is a contradiction because uv ¢ F'U E’. We have

thus seen that uv € cov(S;), and thus Sy covers Eg, \ Fi.

— S, is feasible for [Bs, X, F3|. Note that Sy N By = X and Sy C Vp,. Let
us prove that Sy covers uv € Ep, \ Fy. Since uv ¢ Fy, it must be the case
that uv € cov(X) or uv ¢ FUE'. In the former case there is nothing to
prove. For the latter, we can assume that uv ¢ cov(X). Since uv ¢ F
and S* covers Eg\ F, it follows that there is some w € S* that covers uv.
If w € 95, then there is nothing to prove. Suppose no vertex of Sy covers
uv, which means that w € Vg, \ B. Since T is a tree decomposition
and w covers uv, it must be the case that uv € E(B). Since Sy does not
cover uv and wv € E(B) \ F, it follows that uv € E’ (by the definition
of ' in 5.1.1), and this in turn implies that uv € Fy—a contradiction.

Hence Sy covers Ep, \ Fb.

It follows from these two cases that

w(S*) = w(St) + w(S) — w(X)

min M[Bl,X,F1]+M[BQ,X,F2]—UJ(X)
E'CE(B)\F

M][B, X, F).

v

We now prove w(S*) < M[B,X,F]. Let E' C E(B) \ F that minimizes
M[By, X, Fi] + M[By, X, Fi]. Let S; and S, be the optimal solutions for
[B1, X, Fi] and [Bs, X, F], respectively. In what follows we prove that the set
S" = 51 U S, is feasible for [B, X, F]. First note that SN B =5 NB; =X
and S” C Vp. Let us show that S’ covers every zy € Ep \ F. We have the

following two cases.

— xy € E(B). Suppose xzy € E'. Since Sy covers Ep, \ Fy and F(B) C Ep,,

it follows that Sy covers

E(B)\ (FUE)\ cov(X)) = (E(B) Necov(X)) U (E(B) \ (FUE))
D E(B)\ (FUE).

Since zy ¢ F and vy ¢ E(B)\ (F U E') = ', it follows that S, covers
zy.
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Suppose now that xy ¢ E’, that is zy € E’. Since S covers Ep, \ F} and
E(B) C Ep,, we have that S; covers

E(B)\ (FU E') \ coo(X)) = (E(B) N cov(X)) U (E(B) \ (F U E)).

Since zy ¢ F U E', it follows that S; covers zxy.

— xy ¢ E(B). Since xy € Fg and xy ¢ F(B), we can assume w.l.o.g. that
x ¢ B. It cannot be the case that © € Vp, and « € Vjp, at the same time.
If x € Vp,, then there must be a node B’ of T5' such that xy € E(B’).
Since Sy covers Ep, \ 1, and xy ¢ F} = (FUE")\ cov(X))NEp, because
E' C E(B) and xy ¢ F, it follows that xy is covered by S;. If x € Vp,,
then 2y € B’ for some node B’ of TP2. As before, S, covers Ep, \ Fy and
vy ¢ Fy = ((FUPE)\ cov(X)) N Eg,, and therefore zy is covered by Ss.

We have seen that w(S*) < w(S') = w(S1) + w(S2) — w(X) = M[B, X, F].
Hence w(S*) = M[B, X, F].

In the following we show that the above algorithm admits a linear time im-
plementation. The first observation is that we cannot have an explicit adjacency
matrix for G. In other words, it is not obvious how to check adjacencies within a
node B in constant time. As to solve this issue we propose having an adjacency
matrix of size | B| x | B| for each node B of the tree decomposition. Clearly, comput-
ing such matrix for a fixed node is O(n + m), which means that this construction
has to be done in a more clever way than paying O(n + m) for each node of the de-
composition. One way of doing this is by using the computed matrix of the parent
node, and paying O(n + m) only at the root node. Clearly, for introduce, leaf and
join nodes this is O(1). If the node is a forget node, then we need to add a new
entry to the matrix we already have and check adjacencies for each vertex in the
parent node. This can be done in O(deg(v)), where v is the vertex added in the
forget node. The key observation is that each vertex v can be added into the tree
decomposition in a forget node at most once, and therefore the time for computing
all the forget cases is O(m). Hence, this construction requires O(n+m) at the root
node, and O(n + m) for the rest of the nodes since the number of nodes is O(n).

This yields the following.
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Lemma 5.1.2. Let G be a graph of bounded treewidth. Given a nice tree de-
composition for G of size O(n) with nodes By, ..., Bs, one can compute the set
{A1,..., As} in O(poly(tw(G)) - (n 4+ m)) time, where A; is the adjacency matriz
for G|B;] (1 <i<s) and poly(tw(G)) is some polynomial on tw(QG).

Theorem 5.1.2. Assuming the representation of the above lemma, the running
time for computing M[B, X, F] is O(poly(tw(G)) - n2°™().

Proof. On the one hand, for every node B’ reached in the computation there
are at most 2™"(@+1 subsets X’ C B, and for every X’ C B’ there are at most
O((2™(@+12) = O(2#(@)) subsets F' C E(B’). Since the tree decomposition has
O(n) nodes, it follows that there are at most O(n23"(@)) recursive states. On the
other hand, the worst case scenario for a computation within a recursive state occurs
in join nodes, where the computing time is at most O(poly(tw(G))-22"(@)) using the
representation of Lemma 5.1.2. Therefore, given the representation of Lemma 5.1.2
we need at most O(poly(tw(G)) - n2°(@) time for computing M[B, X, F]. [ |

Corollary 5.1.1. The WNCS problem on bounded treewidth graphs is solvable in
O (poly(tw(@G)) - (n2°%(E) 4 n +m)) time.

Proof. First compute the representation of Lemma 5.1.2 in O(poly(tw(G))-(n+m))
time. Then compute minycp{M[B, X, 0]}, where B is the root of a nice tree
decomposition of GG. Note that this minimization does not add a multiplicative
O(2""(@)) factor to the running time given in Theorem 5.1.2, because in the proof

of Theorem 5.1.2 we counted for these possible recursive states. |

5.2 An approximation scheme for planar graphs

We first introduce a slight variation of the WNCS problem which will be useful
for obtaining a PTAS for WNCS on planar graphs. Given a vertex-weighted graph
G = (V,E), and a subset £ C E, we are to find a subset S C V such that
E" C U,es E(N[v]). In other words, we are to cover the edges of £’ using the
vertices of G. The goal is to find S that minimizes w(S). Within this subsection,
we let (G, E') denote the instance of the problem.

Lemma 5.2.1. There is a linear time algorithm for (G,E') if G is a bounded
treewidth graph.
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Proof. Add a vertex v, adjacent only to u and v for each edge wv = e € E\ F/,
and set w,, = 0. Let G’ be the resulting graph. We claim that tw(G’) = tw(G)
if tw(G) > 2; and tw(G’) = 2 if tw(G) = 1. To see this, consider any tree de-
composition of G such that every node has at most tw(G) + 1 vertices. For every
wv = e € E\ E' add a neighboring node with vertices {v.,u,v} to some node
that contains both, v and v. Clearly, the resulting tree is a tree decomposition of
G’'. Furthermore, tw(G’) = tw(G) if G had treewidth at least 2 and tw(G’) = 2
otherwise.

Finally, if S is a solution for the problem (G, E'), then SU{v. : e € E\ E'} is a
NC-set for G’; and if S” is a NC-set for G', then S"NV(G) is a solution for (G, E').
Therefore, it is enough to compute a minimum weight NC-set for G’, which is linear
by Corollary 5.1.1. [ |

Let £ > 4. Assume G is a plane graph and its layers L; (i € Z) defined
as before. Suppose we fix some offset [ € {0,...,k — 1}. For each j € Z, let
G} = G[Litx; U -+ U Liypgi1)-1). Observe that {V(G7) : j € Z} is a partition of
vertices of G. Let Hlj = G[Lisgj—2 U -+ U Liygjp1]. Observe that Hlj contains two
layers of G{ ~!and two layers of G{ .

The idea is to optimally cover the “internal” edges for each G{ , and then “glue
together” the solutions without incurring in a big error by carefully covering the
remaining edges in H; l] .

Solve the problems (G{, le ) for j € Z, where le are the edges that have both
endpoints in the set Liygjp1 U -+ U Ligpp1)—2. Let Slj be an optimal solution of
the problem (G7,77), and S; be the set U, S7. Solve as well the problems (H;, U})
for j € Z, where U] are the edges of Hj that have at least one endpoint in the set
Litkj—1 U Liig;. Let R} be an optimal solution of the problem (Hj,U7), and R; be
the set Uj R{. Let O; = R;US;. Observe that O; is a NC-set for G for any [ because
E=J; T} UU]. Our algorithm outputs S = O; that minimizes w(0;) over all the
offsets [ € {0,...,k —1}.

Let S* be an optimal weighted NC-set for GG. In the following we prove that

4
w(S) < (1 + E) w(S™).
Lemma 5.2.2. There is an offset | € {0,...,k — 1} such that

w(RZ) §

o

w(S™).
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Proof. Let By = J; V(H). On the one hand, we have that V(H/) NV (H/*") =0
because k > 4. Then, each layer of GG is contained in exactly four different subgraphs
H z] , and thus

o

—1
w(S* N By) = 4w(SY).
l

It follows that there is some [ € {0,...,k — 1} such that

Il
o

w(S* N Bl) S

|

w(S™).

On the other hand, any edge of the set Ulj can be covered only by vertices from
V(H]) among the sets V(Hlj/) (j/ € Z). Therefore, S* NV (Hj) covers the edges in
U/. In other words, w(R}) < w(S* NV (H})). This implies

w(R) <w(S*N B)) < —w(S").

ENS N

Let [ be some offset as in the above Lemma. Since all the edges in le can only
be covered by vertices from V(G7) among the sets V(G‘Z/), j' € Z, it follows that
w(S}) < w(S*NV(GY)), and thus w(S;) < w(S*).

Observe that w(S) = miny w(Oy) < w(0,), and therefore w(S) < (14 ) w(S*).

We thus conclude the following result.
Theorem 5.2.1. There is a PTAS for WNCS on planar graphs.

Proof. For any € > 0, run the above algorithm with k£ = max {4, (‘ﬂ } |
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5.3 Further remarks

Let G = (V, F) be a graph with maximum degree A(G). We may model the WNCS
problem as a set cover instance, where the universe to be covered is E(G) and the
sets are {e : v covers e} = E[v]| for v € V(G). Observe that each edge uv =e € E
can be covered by any vertex in the set N[u] N N[v], and this set has cardinality
at most A(G) + 1. This means that each edge appears in at most A(G) + 1 sets
E[v]. By using the set cover approximation for bounded frequency systems given

by Hochbaum [52] we obtain trivially an approximation ratio A(G) + 1.

Question. Is it possible to improve the trivial A(G)+ 1 ratio for WNCS or NCS
on bounded degree graphs?

On the other hand, it is known that deciding whether a graph has an NC-set of
size at most k is NP-complete, even for line graphs with maximum degree 3 [47]. Tt
would be interesting to find a constant approximation ratio for NCS or WNCS on
line graphs. Recall that given a line graph L one can find some pre-image G of L in
linear time due to an algorithm by Roussopoulos [79]. Therefore, a sensible approach
would be to analyze the problem on the pre-image G. The interpretation in G of an
NC-set is quite simple: we are to choose a set of edges in F(G) such that the cor-
responding vertex set in V(L) covers all the edges in L. There are many things one
can observe when looking at the problem from this perspective. For example, given
a vertex v € V(G) and two incident edges to v, e and f, the edge ef € E(L) can be
covered only by edges of F(G) that are incident to v (i.e., in §(v)) and the “opposite”
edge to v that forms the triangle with edges e and f (if such edge exists). In other
words, if there is some vertex v and a pair of edges e, f € d(v) such that they do
not form a triangle (i.e. without an opposite edge), then any feasible solution must
have at least one edge in d(v). This suggests solving at first an edge-cover in G of
the the set {v : there are e, f € d(v) such that they do not form a triangle in G}.
The accurate way of doing this is modeling an edge cover on a graph where we add a
zero weight edge incident to each v not in the described set. This may be computed
in polynomial time (see, e.g., [80, Theorem 27.2]). It is easy to see that the cost
of this edge cover is at most one time the optimum. However, there might remain
uncovered edges of E(L), but these have an interesting property. Say ef € E(L) is
uncovered by the edge cover and v is the endpoint e and f share. By our modeling
it follows that e and f are part of the same triangle in G. Moreover, since any edge

in 6(v) would cover ef and ef is not covered, it must be the case that N[v] induces
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a complete subgraph in G. The standard problem arises. On the one hand, we need
to establish a lower bound on some optimal cover of the remaining edges of F(L).
On the other hand, we need to compute some feasible cover and relate its size with
that bound. A final comment: when covering some edge ef, it seems that there is
no clear way of telling whether it is preferable to choose the opposite edge or an
edge from §(v)—instances that benefit either are easy to construct. Unfortunately,
reasonable compromises as “choosing all three” or “choosing one in §(v) and one
opposite” seem to guarantee feasibility, but the bound becomes harder to establish.

This is a problem we leave for further research.

Question. Is there a fixed constant approximation algorithm for NCS on line

graphs?




Chapter 6

Neighborhood Independent Set

“The pleasures arising from
thinking and learning will make

us think and learn all the more.”
—Aristotle

Nicomachean Ethics

Let G = (V, E) be a graph. A subset S C F is neighborhood independent (NI) if
|E[v]N S| <1 for any vertex v € V. The mazimum NI-set (NIS) problem is to find
a NI-set of maximum cardinality. The weighted NI-set (WNIS) problem is defined
over edge-weighted graphs and the goal is to find a Nl-set that maximizes its total
weight.

In Section 6.1 we argue that WNIS is hard to approximate. In Section 6.2 we
show that a simple greedy algorithm yields an approximation ratio A for general
graphs. In Section 6.3 we propose a fractional local ratio algorithm for diamond-
free graphs with performance ratio A/2 4+ 1. In Section 6.4 we prove that WNIS is
polynomial on cographs. We show a tight bound on the cardinality of a NI-set on
regular graphs in Section 6.5. In Section 6.6 we show a linear time algorithm for
weighted graphs with bounded treewidth. This last result is used in Section 6.7 to
obtain a PTAS on weighted planar graphs.

6.1 Inapproximability

Let us first briefly observe that the Nl-set problem is hard to approximate within a
ratio O(A'™¢) for any € > 0. The implications of this are twofold: on the one hand,
it rules out any constant approximation ratio; and on the other hand, it proves that

our algorithms are in a sense tight.

72
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Theorem 6.1.1. For A > 4, WNIS is NP-hard to approximate within a ratio

A—-1
20(w /log(A—l)) '

Proof. To show this we give a reduction from independent set that preserves ap-
proximability and use a hardness result given by Trevisan in [84].

Let G be a graph with A(G) > 3 and suppose we are to compute an independent
set of G. Construct the graph H as follows. For each vertex u € V(G) add two
adjacent vertices u and u' to H. For each edge uv € E(G) add a new vertex ¢, in
H adjacent to u,u’,v and v’. For an edge of type uu’ we set w,,» = 1; and w, = 0 for
any edge e incident to some c¢,,. There is a direct correspondence between NI-sets
of H with no zero-weight edges and independent sets in G preserving their sizes:
for an independent set I of G we define the Nl-set {uv’' : v € I} in H; and for an
NI-set S of H we define the independent set {u : uu’ € S} in G. It is clear that a
[-approximate NI-set of H amounts to a S-approximate independent set of G.

A key observation is that A(H) = max{A(G)+ 1,4} = A(G) + 1. Trevisan [84]
observed that it is NP-hard to approximate the maximum independent set problem
within a ratio A(G)/ 20( v logA(G)). Therefore, it is NP-hard to approximate WNIS

within a ratio

Remark 4. For any ¢ > 0 and A > 4, WNIS cannot be approrimated within a
ratio O(A'™¢), unless P=NP.

Proof. This follows because for any constant ¢ > 0 we have

Ao B (At
Delog A 9¢ log(A—1) ’

6.2 A A-approximation algorithm

If A <2, then computing a maximum weighted NI-set amounts to finding a max-
imum weighted matching; the set S is the maximum weighted matching. We thus

consider graphs with A > 3.
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For an edge uv = e € F, let C(e) C E be the set of edges which are in conflict
with e; more formally,
C(e) = U Elw].
wEN [u]NN[v]
Note that e € C(e).

We first introduce a technical result.

Lemma 6.2.1. If S is a Nl-set of G and A > 3, then |S N C(e)] < A for each
uw =e¢€ k.

Proof. Let W = Nu] N N[v] \ {u,v}. Observe that |W| <A —1. If [W|=A -1,
then SN C(e) = SN U ew £lw], and therefore

1SNC(e)| < > |Ew]NS| < [W|=A-1.
weW
If W] < A—=2,then SNC(e) = SN (Efu] UE[v]U,cn Elw]), and therefore
ISNC(e)] <2+ |W| <A. [ |

Consider the natural greedy approach: begin with an empty solution S, and
in each iteration add to S the edge e € E \ S of maximum weight such that
|(SU{e}) N E[v]| <1 for each v € V. Return the constructed set once no more
edges can be added.

Let S* be an optimal NI-set of G. Each time we add an edge e to .S, the edges in
C'(e) cease to be candidates for future iterations—they become blocked. Among the
edges in C'(e) some may have been blocked in a previous iteration while some in the
current. Those in S* N C(e) blocked in a previous iteration are already accounted
for by some ¢’ € S. And those in S* N C(e) blocked in the current iteration are at
most A by the above lemma, and each of them has weight at most w, by the choice
of e. When the algorithm ends, all edges in S* are blocked by S, and it follows that
w(S*) < Aw(S). This implies an approximation ratio A.

Remark 5. The analysis of the algorithm is tight.

Proof. Consider the graph of Figure 6.2.1. The greedy algorithm outputs the sole
edge of weight 1 + ¢, while the optimum corresponds to the bold edges of total
weight A. Therefore, the ratio between the optimum and the computed solution is
A/(1+e). [ |
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Figure 6.2.1: Tightness of the greedy algorithm.

6.3 An approximation algorithm for diamond-free
graphs

In this section we present an algorithm using the fractional local ratio, which already
appeared in the thesis when we explored induced matchings in Section 2.1.

Let G = (V, E) be an edge-weighted diamond-free graph with weights w, € Q.
Consider the following linear relaxation of the WNIS problem.

max g WeLe

eckE

st. x(Ep]) < 1 WYoely,
xr. > 0 VeelF.

For a subset F' C E, we denote LPp to the above linear program restricted to
the variables x; for f € F.

In what follows we show that Algorithm 3 has performance ratio A/2+1 provided
that in each recursive call one can find an edge e € F' such that z(C'(e)) < A/2+1.
Note that there is at most one recursive call in each step, and in each iteration |F|
decreases by at least one. Therefore, the algorithm ends after at most | F| recursive
calls. The proof of the following theorem is the same as in Theorem 2.1.1; although
for a different problem, ratio @ and method of finding the decomposition of the

weight vector.

Theorem 6.3.1. (/5,20]). Let « = AJ2 — 1 and F C E. If for any non empty
subset F' C F and any feasible solution y to LPp there is some g € F' such that
y(C(9)) < a, then Algorithm 3 computes a NI-set S such thatw(S) > X > fer WrTs,

where x is the solution to LPr computed in Line 3.

In what follows we show that there is always some edge e € F such that
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Algorithm 3 NI(F,w)
1. if F' = () then

2:  return ()

3: Compute an optimal solution x to LPp
4: Let Fy={e€ F:2. =0}

5: if Fy # () then

6: return NI(F'\ Fy,w)

7. Let e € F such that 2(C(e)) < A/2+1

we if f e C(e),
8: For each f € F, let Wy =

0  otherwise.
9: S« NI(F\ {e},w — W)
10: if SU{e} is an NI-set (i.e. if C(e) NS = () then
11: S« Su{e}

12: return S

z(C(e)) < A/2 + 1. Note that since G is diamond-free, each edge is contained

in exactly one clique.

Lemma 6.3.1. Let x be an optimal solution to LPg. If each clique K such that
z(E(K)) > 0 has at least A/2 + 1 vertices, then there is some clique K' such that
z(E(K') > 1/2.

Proof. Let v be a vertex associated to a tight constraint of L Pr, that is, such that
z(Ev]) = 1. Let K be a clique containing v. If x(E(K)) > 1/2, then there is
nothing to prove. Suppose z(E(K)) < 1/2. Then there must be some other clique
K’ such that x(E(K")) > 0 containing v because of the tightness of v. Observe that
K N K" = {v} because K and K’ cannot share another vertex since G is diamond-
free. Since A > deg(v) > |[V(K)| + |[V(K")| —2 > A, it follows that we have
equality throughout and the only cliques containing v are K and K’, and therefore
z(E(K') > 1/2. [ |

Lemma 6.3.2. Let x be an optimal solution to L Pr, then there is some edge e € F
such that x(C(e)) < A/2+ 1.

Proof. First suppose that there is some clique K such that z(E(K)) > 0 and
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[V(K)| < A/24 1. Take an edge e € F N E(K). Clearly,

weV(K)

z(C(e)) < Z z(Ew)]) < |[V(K)| < §+ L.

If the above assumption does not hold, then we can suppose that for any clique
K such that z(E(K)) > 0 we have |V(K)| > A/2 + 1. By Lemma 6.3.1 there is
some clique K such that x(E(K)) > 1/2. Take an edge uv = e € FN E(K). We
have that

2(C(e)) < 2(Bl) +=(El) + Y x(E[w]\ B(K))
weV (K)\{u,v}
[V(K)| -2

where the first inequality holds because each variable z; with f € C(e) appears in
the sum; the second because z(E[w] \ E(K)) <1 —z(F(K)) < 1/2; and the third
because if |V (K)| = A+1, then K must be an isolated clique, and therefore z(C'(e))

would trivially be at most 1, which means that we can assume |V (K)| < A. [ |

Corollary 6.3.1. Algorithm 3 has performance ratio A/2 + 1.

6.4 A polynomial time algorithm on cographs

Let us first restate the definition of cographs. Given two graphs G and H, the join
graph G & H is the graph obtained after connecting all the vertices of G' with all
the vertices of H. A cograph is a graph that can be constructed using the following

rules.
e ({v},0) is a cograph.
e If G and H are cographs, then G @& H is a cograph.
e If G and H are cographs, then G U H is a cograph.

A tree representing the above decomposition is called cotree, and it can be computed

in linear time due to an algorithm by Corneil et al. [28].
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In what follows we give the recursive rules for building a polynomial time algo-
rithm using the cotree of G for computing a NI-set of maximum weight. Note that
the unweighted case is linear for Py-tidy graphs [33,87], which is a superclass of
cographs. However, it is not clear how to generalize that algorithm for the weighted
case.

The base and union cases are trivial. We are to analyze the G & H case. Let F'

denote the set of edges introduced when joining G and H.

Lemma 6.4.1. If S is a Nl-set of G& H and it contains an edge e € E(G)UE(H),
then it is the only edge in S.

Proof. Suppose e € E(G) N S and that there is another edge f € S. If f € E(G),
then for any vertex v € V(H) we have |E[v] N S| > 2. If f € E(H), then
|E[v] N S| > 2 for each endpoint v of e and f. Finally, if uv = f € F with
v € V(H), it follows that |E[v] N S| > 2 because v is adjacent to both endpoints of
e. |

The optimum of G & H will thus be either a sole edge from E(G)U E(H) or
some subset of F'. In what follows we show how to find the best possible NI-set
contained in F.

Let G’ be the complete bipartite graph given by vertex sets {cg(v) : v € V(G)}
and {cy(u) : u € V(H)}, where cg(v) is the connected component of G containing
v, and cy(u) the connected component of H containing u. Define the weight of an

edge cq(v)ey(u) as max{w,y, : ¢ € cg(v) and y € cy(u)}.

Lemma 6.4.2. ([27]) Each connected component of a cograph has diameter at most
2.

Lemma 6.4.3. If M is a maximum matching of G' and N a maximum weighted

Nl-set contained in F', then w(M) = w(N).

Proof. We first prove w(M) < w(N). To see this it is enough to prove that M is
a Nl-set contained in F'; where M in the edge set of G & H is given by the weight
definition of G'. Under this interpretation it is clear that M C F. Suppose M is
not a Nl-set. Then, without losing overall generality, there must be some vertex
v € V(G) such that |E[v] N M| > 2. Suppose {e, f} C E[v] N M. Note that if e
has no endpoint in c¢g(v), then e ¢ E[v]. In the same way, if f has no endpoint
in cg(v), then f ¢ E[v]. Therefore, e and f have both at least one endpoint in

ci(v)—a contradiction because M is a matching.
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We now prove w(M) > w(N). First suppose that there are two edges e, f € N
with endpoints in one connected component of G. Suppose these endpoints are u
and v, respectively. Clearly, u and v must be different vertices. If distg(u,v) = 1,
then |E[v] N {e, f}| = |E[u] N {e, f}| = 2. Finally, if diste(u,v) = 2, then for any
vertex w € V(G) adjacent to w and v we have |E[w] N {e, f}| = 2. Note that by
Lemma 6.4.2 it cannot be the case that distg(u,v) > 2. Therefore, each connected
component of G and H contains at most one endpoint of N. In other words, NV is a
matching in G’. By the weight definition of G’, it follows that w(M) > w(N). W

Theorem 6.4.1. The WNIS problem on cographs is polynomially solvable.

Question. We ask whether WNIS can be solved in polynomial time for Py-tidy

graphs.

6.5 A bound for regular graphs

In this section we present an asymptotically tight upper bound on the cardinality

of a Nl-set for d-regular graphs.

Theorem 6.5.1. Let G be a d-regular graph and S a NI-set. Then |S| < 7.

m

Proof. First note that in a d-regular graph 2m = nd. Suppose that [S| > ;.

ds(v) =2[S] > 2 where dgs(v)

is the number of edges in S incident to v. Therefore, by the pigeonhole principle,

Then, multiplying by 2 on each side we get >

there must be some vertex v € V such that dg(v) > % = -4 > 1, which is a

contradiction since |E[v] N S| < 1. [ |

Remark 6. The bound is asymptotically tight. Indeed, for any d > 2 there is a
d-reqular graph G such that for a mazimum NI-set S,

g __d_

S| d—1
Proof. Consider the graph given by two copies of K(4_1),4—1) where each vertex is
adjacent to its copy as in Figure 6.5.1. Clearly, m = 2d(d — 1) and |S| = 2(d — 1)

because Nl-sets are exactly matchings in triangle-free graphs. |
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Figure 6.5.1: Tightness of Theorem 6.5.1 for d = 4.

6.6 Weighted bounded treewidth graphs

Let G = (V, E) be a graph. As in Chapter 5, we say that a vertex v covers an edge

e if v is an endpoint of e or both endpoints of e are neighbors of v. Define

cov(X) ={uv € F:3Jx € X where u,v € N[z]} = U Elz]
zeX

to be the edges of G covered by vertices in X. If U is a vertex set we let E(U)
denote the set of edges with both endpoints in U.

Suppose G has treewidth at most &£ and assume a nice tree decomposition 1" of
G is given as input. We solve slightly more general version of the WNIS problem:
given a node B, a subset X C F(B), and a subset W C B, we are to find a subset

S C FEp of maximum weight such that
(i) S is a Nl-set of Gp,
(ii) SN E(B) =X, and

(iii) SN EgNcov(W) C E(B).

We let [B, X, W] denote an instance of this problem.

Intuitively, the vertices in W are “saturated” by edges picked up into the solution
in the current or an ancestor state. We use this set for avoiding adding any edge that
would saturate a previously saturated vertex (making thus the solution unfeasible).
We need to keep W in a consistent state during the execution of the algorithm.
Observe that it may be the case that we add an edge into the solution at a node B,
but we cannot add to W all the vertices that are saturated by this edge (because
they may not be in B). Therefore, in order to maintain feasibility we need to
remember which edges we have added to the solution. For this purpose, we use the
set X. The intuition behind condition (iii) is that S cannot pick any edge covered

by W that it is not in the current node B and is lower in the tree decomposition.
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In what follows we give the recursive rules for the dynamic program. We use
a top-down approach with memoization. We let M|[B, X, W] denote the computed
value for the instance [B, X, W]. For e € E(B), let {g(e) = {w € B : e € E[w]} be
the set of saturated vertices by e in B. For convenience, given a subset L C E we
write (L) = e Ea(€)-

Suppose we are to solve [B, X, W]. We will assume |Efu] N X| < 1 for each
u € B (i.e., the current state does not imply infeasibility), and {g(X) C W (that
is, every saturated vertex by X from the set B is already listed in W). Depending

upon the type of the node B, we have the following cases.
e Leaf. Set M[B, X, W] =0.

e Forget. This is the only type of node where we can add new edges to the
solution. Suppose B’ is the child of B, v ¢ B, and B" = B U {v}. If
|E[v] N X| > 2, then the instance [B’, X, W] is unfeasible, and thus we set
M[B,X,W| = —oc0. If |E[v] N X| = 1, then we cannot add any new edge
of the set d(v) N E(B’) to the solution because v is saturated, and thus we
set M[B, X, W] = M[B',X,W U {v}]|. Finally, if F[v]N X = ), then we set
M[B, X, W| =max{M[B', X,W], M,}, where

M, = max{M[B', X U{uv}, W U &g (uwv)] : uv € 6(v) N E(B’) \ cov(W)}.

Which can be thought of the best alternative between skipping an addition
at this step, and the best solution we can build recursively if we add some

previously unseen edge to the solution. Thus,

M[B', X, W U {v}] if |E[v] N X| =1,
M[B,X,W] = max{M|[B', X, W], M,} if Ev]nX =0,

—00 otherwise.

e [ntroduce. Suppose B = B’ U {v}, where B’ is the child of B, and v ¢ B'.
We pay for the edges at the deepest nodes in the tree decomposition, which
are always the introduce nodes. Furthermore, we need to remove the vertex
v and update the sets X and W to be consistent with B’. We thus set
M[B, X, W] =M[B, X\ ), W\ {v}] +wXnNdiw)).

e Join. Suppose By and B, are the children of B. We need to avoid that some
non-saturated vertex at state [B, X, W] gets saturated by one edge in the
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subgraph G, and by other in Gpg,. In order to do so, we split the possible
saturations between the two subtrees. Since we do not know the best splitting,

we simply guess it. We thus compute

M[B,X,W] = max M[By,X,WUT]+ M[Bs, X,WUT] — w(X),

TCB\W
where T = (B\ W)\ T.

Theorem 6.6.1. Let [B, X, W] be an instance such that |Elu] N X| < 1 for each
u € B and {g(X) CW. Then M[B, X, W] is the value of an optimum solution for

(B, X, W] if there is a feasible solution, or —oo otherwise.

Proof. We prove by induction on the tree decomposition T'. In each case we will
prove that [B, X, W1 is feasible if and only if some other instance is feasible, implying
thus the proposition.

If B is a leaf of T', then there is nothing to prove. We have the following cases.

e Forget. Recall that B’ = BU{v} and v ¢ B. Note that for this type of nodes
Gp = Gp/, and therefore whenever we have a NI-set for one of them, it will

be so for the other. We have the following cases.

— |Ev] N X| = 1. Suppose [B, X, W] is feasible and let S* be an optimal
solution. We claim that S* is feasible for [B’, X, W U {v}]. Observe that
d(v) N.S* = 0, because otherwise there would be two edges in E[v] N S*
(note that X C F(B) = E(B') \ d(v)).

(i) Trivial.
(il) S*NEB)=5S"N(EB)UGv)NEDB))=S"NEDB)=X.
(iii) Since X C S*, [ X N Ev]| =1 and |S* N Ev]| < 1 (because S* is a
Nl-set), it follows that [S* N E[v]| = 1. Let {zy} = S* N Ev]. We
have that

S*NEg Ncov(W U{v}) =(S"NEg Ncov(W))U
(S* N EB/ N E[U])
C E(B)U {zy}
C E(B').

Thus, w(S*) < M[B', X, W U {v}].
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Suppose now that [B’, X, W U {v}] is feasible and let S’ be an optimal
solution. Let us prove that S’ is feasible for [B, X, W].

(i) Trivial.

(ii) Since X C E(B), SSNE(B)=SNE(B)\div)=X\d0v)=X.
(iii) S'"NEgncov(W) C S'"NEpNcov(WU{v}) C S'’NE(B') = X C E(B).
Since [B, X, W] is feasible, let S* be an optimal solution. It follows that
w(S*) > w(S'") = M[B', X, WU{v}]. Combining both cases we conclude
that M[B’, X, W U {v}] is the value of [B, X, W].

— Ev] N X = 0. Suppose [B,X,W] is feasible and let S* be an opti-
mal solution. We claim that S* is feasible for at least one subproblem
considered in the maximization. We have the following two cases.

x S*No(v)NE(B')\ cov(IW) = (. We are to show that S* is feasible
for [B', X, W].
(i) Trivial.
(i) We have

S* N E(B') = §* N (E(B) U (5(v) N E(B)))
= (S"NE(B)) U (5" Né(v) N E(B'))
= X U(S*Né(v) N E(B)).

Suppose that S*Nd(v)NE(B’) # ), then there is necessarily some

uwv € S*NE(B'). Since S*N§(v)NE(B")\ cov(W) = 0, it follows

that uv € cov(W). We also know that S*NEgNcov(W) C E(B).

This implies that wv € F(B), but this is not possible because

v ¢ B. Therefore, S*NE(B")Né(v) = 0, and thus S*NE(B’) = X.
(iii) S*NEp Necov(W)=S5*NEgNcov(W)C E(B) C E(B).
Thus, S* is feasible for [B’, X, W].

* S*No(v) N E(B)\ coo(W) # 0. In what follows we prove that
S* is feasible for some subproblem considered in M,. Since S* is a
Nl-set, we have that S* N d(v) N E(B') = {uv} for some u € B'.
Note that uv ¢ cov(W). We show that S* is feasible for the in-
stance [B', X U{uv}, WUEp (uv)], which is considered in M, because
wv € 6(v) N E(B') \ cov(W).

(i) Trivial.



6.6. WEIGHTED BOUNDED TREEWIDTH GRAPHS 84

Figure 6.6.1: Possible configurations for uv and w. Any dotted edge may be e.

(i)

S*NE(B') =S*N(E(B)U(6(v)NE(B")))
= (S*NE(B))U(S*Né(v)N E(B))
= X U {uv}.

(iii) Since cov(W U&p(uv)) = cov(W) U cov(Ep(uv)), it follows that

S*NEg Ncov(W U&p (uv)) CE(B)U
(S* N Ep N cov(Ep(uv))).

Clearly, uv € S*NEg Ncov(Ep (uv)). Suppose that there is some
other edge e € S* N Ep N cov({p (uv)). Since e € cov(Ep (uv)),
there is some w € {p/(uv) such that e € E[w]. There are two
possibilities, either uvw is a triangle, or v = w (or v = w). In
either case, it follows that |E[w] N S*| > 2 (for clarification see
Figure 6.6.1), and thus S* is not a NI-set for Gg. Therefore, it
follows that

E(B)U(S*NEp Ncov(ép(uwv))) C E(B)U{uw} C E(B').

Thus, S* is feasible for the problem [B’, X U {uv}, W U &g (uv)].

The above two cases imply w(S*) < M[B, X,W]. It remains to prove
the other inequality. Suppose there is at least one feasible subproblem
that appears in the expression of M[B, X, W]. Let S’ be an optimal
solution of such problem. There are two possible cases, in both of them
we will show that S’ is feasible for [B, X, W].

% S’ is a solution to [B', X, W]. It is clear that (i) holds. Since
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S"NE(B) =X and X C E(B), it follows that ' N E(B) = X,
and therefore (ii) holds. To see (iii), note that

S'"NEgNecov(W) =S NEgNcow(W)C S NE(B)=X C E(B).

xS’ is a solution to some subproblem considered in M, say the in-
stance [B', XU{uv}, WUEp (uv)] for some uv € 6(v)NE(B’)\cov(W).
(i) Trivial.
(i) We know that S"N E(B’) = X U{uv}. Since E[v]N X = 0, it
follows that S’ N E(B) =S NE(B")\d(v) = X.
(iii)

S'"NEgNcov(W) C S NEg Necov(W U Ep(uv))
CS'NE(B)
= S'N(E(B)U(E(B)Nd(v)))
C E(B)U (S Né(v))
= E(B) U {uv}.

Since uv ¢ cov(W), it follows that S’ N Eg N cov(W) C E(B).

This implies that if S* is an optimal solution for [B, X, W], then
w(S*) > w(S") = M[B,X,W].
— |Efv] N X| > 2. There is nothing to prove.

Summarizing, we have seen that if [B, X, W] admits a feasible solution then
there is at least one feasible subproblem in the right hand side, and that the
converse is also true. It thus follows that the optimal value of [B, X, W] is
M[B, X, W].

e [ntroduce. Suppose [B, X, W] is feasible and let S* be an optimal solution.
We claim that S* \ d(v) is a feasible solution for [B’, X \ 6(v), W \ {v}].

(i) S*\ d(v) is a Nl-set for Gp' because S* is a Nl-set for G and G is a
subgraph of Gp.

(i) (S\o(W)NE(B') = (S\0(0))N(E(B)\d(v)) = S*NE(B)\d(v) = X\d(v).
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(i)

(S*\ d(v)) N Ep Necov(W\{v}) CS*NERNcov(W)\ d(v)
C B(B)\ 6(v) = E(B).

On the one hand, since X C S*, it follows that X Nd(v) € S* N J(v). On
the other hand, we have S* N J(v) C S* N E(B) = X, because otherwise
there would be an edge wv in S* N d(v) but not in E(B), and thus uv must
be in the subgraph Gp/, which does not contain the vertex v. Therefore,
S*No(v) € X Né(v), which implies that S* N d(v) = X NJ(v). Combining

these two observations we get

w(S*) =w(S*\ d(v)) + w(S* N(v))

< M[B, X\ 5(v), W\ {v}] + w(X Né(v)).

Suppose now that [B’, X \ d(v), W \ {v}] is feasible and let S’ be an optimal
solution. In the following we prove that S = S’ U (X N é(v)) is a feasible
solution for [B, X, W]. Note that §(v) N.S" = 0.

(i) Let w € Vp, we have the following two cases.

— w =v. We have that
E]N(S"U (X Ndw))) = (E]NS)U(E[]NXNE§0W)).

If there is some edge e € E[v] NS, then e € E(B’) because T
is a tree decomposition. It follows that e € E(B') NS = X \ 6(v).
Therefore, E[v]NS" C E[v]NX. Moreover, XNd(v) C X NE[v], and
thus E[v]NS C E[v]NX. Since we have assumed that |E[u]NX| < 1
for each u € B, it follows that |E[v] N S| < 1.

— w # v. We have that

EwlNS = (Ew NS)U(Ew NXnNiv)).

Suppose there is some e € Ejw]NX Nd(v). Since e € 6(v), e € Efw]
and v ¢ Vg, it must be the case that w € B. By assumption,
we know that g(e) C W, and thus w € W \ {v}. Recall that
S"N Ep Ncov(W \ {v}) C E(B’) by the feasibility of S’. There-
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fore, if there exists some f € Elw] NS’ then f € E(B’), and thus
f € X. This implies that {e, f} C X and therefore |E[w] N X| > 2,
which contradicts the assumption that for each u € B we have
|E[u]NX| < 1. Therefore, it can not be the case that e and f exist as
we described. Thus, if there is such e, then E[w] NS =0, and thus
|E[w]NS| = 1. If there is no such e, then |E[w]NS| = |E[w]ns’| < 1
by the feasibility of S’.

E(B)N(S'U(X Né(v) = (E(B)N S') U (E(B)N X Nd))
= (X'\d(v)) U (X Ndv))
= X.

(ili) We are to prove that SN Egz N cov(W) C E(B). First note that if there
is some edge xy € S’ N Ep N Efv], then x and y must be in B because

TP is a tree decomposition, zyv is a triangle and xy € Ep.. Therefore,
S"N Ep N E[v] C E(B'). Using this we get

SN Egncov(W)=5n0((E(B)N&w))UEg) N cov(W)
= (SN E(B)N () U(SNEg))N cov(W)
C E(B)U (S N Eg Ncov(W))
C E(B)U (SN Eg Ncov(W\ {v})) U
(S' N Eg N E])
C E(B)

Hence S is a feasible solution for [B, X, W]. If S* is an optimum solution for
B, X, W], it follows that

w(S*) > w(S)

=w(S") +w(X Ndw))
=M[B, X\ §(v), W\ {v}]+w(X Ndw)).

And thus the value of the problem [B, X, W] is M[B, X, W].

e Join. Suppose [B, X, W] is feasible and let S* be an optimal solution. Let
ST = S*NEp and S5 = S*N Ep,. In the following we prove that for
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T =¢p(S5)\ W, Sf and S are feasible for [By, X, WUT| and [By, X, W UT],

respectively.

(i) Since S* is a Nl-set for Gp, S; C Ep, and S5 C Ep,, it follows that ST
and S5 are Nl-sets for G, and Gp,, respectively.
(ii) Since E(B) = E(By) = E(Bs), then S; N E(B;) = 5; N E(By) = X.
(iii) We prove this property for each subproblem separately.
— [B, X,WUT].

St N Ep Necov(WUT) =S8N Ep, Ncov(W U (E5(S3)\ W))
= S} N Ep, Ncov(W UER(Sy))
C E(B) U (ST N Ep, Necov(€p(S3))).

Suppose that there is some e € ST N Ep, N cov({p(S5)) such that
e ¢ E(B). Since e € cov(ép(S3)), e is covered by some vertex
u € B, where u is saturated by some edge ¢/ € S5 C Ep,. Ob-
serve that since e € Ep, \ E(B) and ¢ € Eg,, it follows that
e # €. This implies |E[u] N S*| > 2—a contradiction. Therefore,
ST N Eg Ncov(ép(S5)) € E(B).

— [By, X, W UT]. By definition we have that

T=(B\W)\T = (B\W)\ (£(55) \ W) = (B\ £5(S3)) \ W.
Hence,

SiNEg, Ncov(WUT) =850 Eg, Ncov(W U ((B\ £p(S3))\ W)
= 53 N Ep, Ncov(W U (B\ £5(53)))
C B(B) U (831 Es, N coo( B\ €5(55))).

Suppose that there is some edge e € S5 N Ep, N cov(B \ £5(55))
such that e ¢ F(B). Then there is some u € B\ £5(S5) such that
e € Elu]. By definition we have that u € g(e). Since e € S5, then
¢p(e) C €p(S;). This is a contradiction because u € B\ £5(S3) and
u € £p(S5). Hence, S5 N Ep, Ncov(B\ £p(S5)) C E(B).

Therefore, w(S*) = w(S}) +w(S5) —w(X) < M[B, X, W].
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Conversely, suppose there is some 7" C B \ W such that the subproblems
[By, X, WUT) and [By, X, W UT] are feasible. Take the set T that maximizes
the expression M[B, X, W]. Let S; be an optimal solution for [By, X, W UT],

and Sy for [By, X, WUT]. In the following we show that S = S;UJS, is feasible
for [B, X, W].

(i) Suppose, for contradiction, that S it is not a Nl-set for G. Then there
must be at least two edges e; and ey from S that belong to E[v] for some
vertex v € Vg. Note that Eg, N Ep, = E(B), and thus S; NSy = X. It
is clear that it cannot be that both, e; and ey, are at the same time in
Sy or Sy. Therefore, e; € Ep, \ E(B) and ey € Ep, \ E(B). It follows
that v € B. We thus have v € WUT or v € WUT. Assume w.l.o.g. the
former case, then it must be the case that e; € 51N Ep, Ncov(W UT),
but by feasibility we have Sy N Eg, Ncov(W UT) C E(B;) = E(B),

which is a contradiction because e; ¢ E(B).
(ii) Since B = By = By, we have SNE(B) = (S1NE(B))U(S:NE(B)) = X.
(i)
SN EgNcov(W) = (SN EgNcov(W))U (Se N EgNcov(W))
C (SN Ep Ncov(WUT))U (SeN Ep, Ncov(W UT))
C B(B) U E(B,)
= E(B).

This implies that [B, X, W] is feasible, and therefore for an optimal solution
S* we have w(S*) > w(S1) +w(Ss) — w(X) = w(S).

Combining both cases we have that M[B, X, W] is the value of an optimum
solution to [B, X, W].

Observe that for every considered state we have W C B and X C E(B). Hence

there are at most O(2™(%)°) possible states for each node B of T. Each recursive

step can be computed in O(1) time, and therefore the running time of this algorithm

is O(n).

Corollary 6.6.1. The mazimum weight neighborhood independent set is solvable

in linear time for bounded treewidth graphs.
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Proof. Suppose B is the root node of a nice tree decomposition for GG. Solve the
maximization problem M[B, X, £g(X)] over X C FE(B) such that X is a Nl-set for
G[B]. [ |

6.7 An approximation scheme for planar graphs

Assume a fixed integer k > 2. Let G be an edge-weighted plane graph with layers
L; (i € Z). For each offset 1 € {0,...,k — 1} and j € Z let

Gl = (V/, Bl) = GlLuyry U+ U Ligagg 1.

Note that the number of layers in G{ is k (except maybe the border cases). For
each G{ set the weights of the edges whose both endpoints are in L;;4; or both
in Liyx(j+1)-1 to zero. Solve the weighted NI-set on each of these subgraphs using
the algorithm described above. Let Slj be the edge set computed for G{. We can
assume that Slj contains no edge of weight zero. Let S; = | ; Slj . We output the set
S = S; that maximizes w(S;) over l. Since there is no edge in S} that is covered by
some vertex from Vljl for some j’ # j and Slj is a Nl-set for G{ , it follows that .S; is
a Nl-set for G for any offset [. In what follows we prove the approximation factor.

Let Flj C E be the set of edges with both endpoints in Ljiyj—1 U Ljjx;. Let
F = F7 and S* be an optimal Nl-set for G. On the one hand,

k—1
> w(ST N F) < 2w(SY),

=0

and therefore there is some [ € {0,...,k — 1} such that

w(S* N F) < Zw(S).

Eral )

On the other hand, since S* N (B} \ F}) is a NI-set for GJ for each j, it follows that
w(S)) > w(S* N (E\ F)).
Therefore,

w(S) =Y w(S) =D w(S N(E\F))=wS" N(E\R)).

JEZ JEL.
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Finally, since w(S*) = w(S* N (E\ F})) + w(S* N F}), we conclude

(1 - %) w(S*) <w(S*) —w(S*NEF)=w(S"N(E\ F)) <w(S).

We therefore get the following result.
Theorem 6.7.1. There is a PTAS for WNIS on planar graphs.

Proof. For any € > 0, run the above algorithm with £ = max {2, (%W } |



Chapter 7

Conclusions and further work

“Life is what you make of it.
You are dealt a pack of cards
... Your job is to make the best
of the cards that have been

handed out to you.”
—Lee Kuan Yew

Guruswami and Rangan explored the complexity of the CTS, CIS, NCS, and
NIS problems [47]. They proved their NP-completeness on planar graphs with
maximum degree 3, and that CTS, CIS, and NIS are NP-complete when restricted
to line graphs with bounded maximum degree. We explored the approximability of
these four problems. We gave a PTAS for each of them in their weighted variations
for planar graphs. Furthermore, we proposed approximation algorithms for CTS,
CIS and NIS on line graphs. Thus, in a sense, part of this thesis an answer to [47]
from the approximability point of view.

On the other hand, we improved a long standing approximation ratio by Zito
for weighted induced matchings and gave some simple graph classes where a greedy
approach yields reasonable results.

It is of interest to characterize on a higher level the nature of the properties
that were exploited for obtaining the algorithms in this thesis. The property used
for obtaining polynomial time approximation schemes on planar graphs is quite
evident: a planar representation enables one to divide the graph into big chunks of
controlled size, such that in each of these chunks we can find a sub-solution that will
outperform any optimal solution restricted to this chunk. Moreover, as we increase
the size of the chunks, the outperforming sub-solutions get bigger and bigger, and
thus the approximation ratio improves.

The greedy algorithms in this work exploit a property that is found in many
packing problems: if the graph is sparse in some sense, then adding an element

to the solution affects a small part of the graph—the key is to bound how small

92
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this is and compare it with an optimum solution. Local ratio algorithms are in a
sense similar, what differs is that the argument uses a fractional solution to build
the bound instead of comparing the constructed solution with some hypothetical
optimum. Thus, these two techniques rely heavily on the idea of locality.

In Section 3.5 we gave an algorithm for a covering problem (CTS), using the
idea that a big enough set of somehow related elements must span many structures
that we are to cover. This is useful when it is not clear which addition of elements
to the solution will enable us to make a good bound.

In what follows we list the main results of this thesis.

7.1 Results

e For clique transversal set.

— A 3-approximation algorithm for unweighted line graphs.

— A 4-approximation algorithm for weighted line graphs.

— A practical 3-approximation algorithm for unweighted planar graphs.
— A linear time algorithm for weighted bounded treewidth graphs.

— A PTAS for weighted planar graphs.

- A #W-approximation algorithm for unweighted graphs with A(G)

bounded by a fixed constant.
e For clique independent set.

— A linear time algorithm for weighted bounded treewidth graphs.
— A PTAS for weighted planar graphs.

— A max {3, % + e}—approximation algorithm for unweighted line graphs.

e For neighborhood covering set.

— A linear time algorithm for weighted bounded treewidth graphs.
— A PTAS for weighted planar graphs.

e For neighborhood independent set.

— A A(G)-approximation algorithm for weighted graphs.
— A (A(G)/24+1)-approximation algorithm for weighted diamond-free graphs.
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— A polynomial time algorithm for weighted cographs.
— An asymptotically tight bound on the cardinality of a neighborhood

independent set for regular graphs.
— A linear time algorithm for weighted bounded treewidth graphs.
— A PTAS for weighted planar graphs.

e For induced matching.

7.2

— A A(G)-approximation algorithm for weighted graphs.
— A (2k — 3)-approximation algorithm for weighted K y-free graphs.
— A k-approximation algorithm for weighted (K j, chair)-free graphs.

Further work

The inapproximability results can be further explored for the problems considered

in this thesis. Clearly, these questions are not of much interest for planar graphs

since we gave a PTAS for most of them. For other graph classes, however, this

question is an interesting and important one.

Besides the obvious proposal for searching improved approximation ratios, we

point out the following questions regarding approximability.

Can the trivial A(G) + 1 ratio be improved for the WNCS problem? See

Section 5.3 for a brief discussion.

Is there a constant approximation ratio for WNCS or NCS on line graphs?

See Section 5.3 as well.

Is it possible to approximate the unweighted independent set problem within
a constant ratio for triangle-free graphs? In Section 4.1 we relate this problem

with the clique independence number.

Is there a constant approximation algorithm for the neighborhood indepen-

dent set on line graphs?

In [33,87] the authors solved NIS in linear time for P-tidy graphs. In Sec-
tion 6.4 we gave a polynomial time algorithm for WNIS on cographs—a sub-
class of P,-tidy graphs. We ask whether WNIS can be solved in polynomial
time for P,-tidy graphs.
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