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Control coherente de sistemas cuánticos

Resumen

Durante las últimas décadas se han logrado grandes avances en la manipulación de

sistemas f́ısicos en la escala nano y subnanoscópica, donde la coherencia cuántica

juega un papel dominante. Algunos hitos registrados en los últimos años son la

manipulación óptica de part́ıculas individuales en trampas de iones, la interacción

controlada de un solo electrón con fotones individuales en puntos cuánticos de

silicio y la realización de bits cuánticos (qubits) con largos tiempos de coherencia

en circuitos superconductores. Actualmente, la habilidad de diseñar la evolución

de sistemas cuánticos con gran precisión está allanando el camino para una nueva

revolución en las tecnoloǵıas cuánticas.

En esta Tesis estudiamos desde el punto de vista teórico el problema de control

en sistemas cuánticos. Un aspecto central de este problema es que la presencia

de disipación y decoherencia por lo general impide que el sistema sea manipulado

arbitrariamente. Cuando estos efectos no pueden ser eludidos, es esencial efec-

tuar los protocolos de control de la manera mas rápida posible. En este contexto,

realizamos un estudio de los ĺımites fundamentales que existen para la velocidad

de evolución en sistemas cuánticos. Estos ĺımites surgen de generalizaciones de

la relación de incerteza entre tiempo y enerǵıa, que impone cotas inferiores a los

tiempos de evolución. Estudiando el escenario general de un problema de con-

trol, donde los operadores Hamiltonianos dependen expĺıcitamente del tiempo,

mostramos que en general estas relaciones no proveen información útil que per-

mita acotar tiempos mı́nimos en estos problemas. A la luz de estos resultados,

proponemos nuevos métodos que efectivamente pueden ser aplicados a cualquier

sistema cuántico controlado y que permiten estimar cotas para dichos tiempos.

Un ingrediente esencial de las aplicaciones modernas de la teoŕıa de control son los

métodos de optimización. En esta Tesis estudiamos e implementamos numéricamente

métodos de control óptimo para sistemas cuánticos en diversos modelos de interés.

En particular, utilizamos dichas herramientas para buscar los tiempos mı́nimos

de evolución en sistemas cuánticos que presentan múltiples cruces evitados en su

espectro de enerǵıas. Para este tipo de modelos, en primer lugar proponemos

y caracterizamos un método general para realizar tareas de control, que genera

evoluciones con velocidad óptima en cada cruce. Luego, usando métodos de opti-

mización mostramos que el tiempo de evolución puede disminuirse a medida que el

número de niveles del sistema aumenta. Finalmente, a partir de estudiar el efecto

de campos periódicos en estos sistemas, logramos identificar los mecanismos f́ısicos
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que generan este fenómeno y proponer una solución anaĺıtica para el campo de

control.

Adicionalmente, estudiamos la relación entre la controlabilidad de un sistema

cuántico y su complejidad. Usando control óptimo, obtuvimos los campos nece-

sarios para generar distintos procesos en una cadena de spines y estudiamos sis-

temáticamente las propiedades de dichos campos como función de distintos as-

pectos que hacen a la complejidad del sistema. Encontramos que el ancho de

banda de los campos es, por lo general, independiente de la dimensión del sis-

tema. Asimismo, la complejidad del espectro de Fourier del campo efectivamente

aumenta a medida que se incrementa el número de excitaciones en el sistema. Sin

embargo, también concluimos que la naturaleza regular o caótica del sistema no

afecta significativamente su controlabilidad.

Finalmente, estudiamos sistemas cuánticos abiertos en presencia de campos ex-

ternos. En ese contexto, actualmente se debate si los entornos no Markovianos

pueden ser usados como un recurso para mejorar la controlabilidad de dichos sis-

temas. Una de las caracteŕısticas más atractivas de estos sistemas es que describen

escenarios en los que la pérdida de información y de coherencia son reversibles y,

por lo tanto, es posible flujo temporario de información desde el entorno hacia el

sistema. Estudiamos la relación entre el grado de no-Markovianidad y la acción

de campos de control dependientes del tiempo en un sistema de dos niveles in-

teractuando con un entorno estructurado a baja temperatura. Para este sistema,

hallamos que aplicando campos periódicos sobre el sistema es posible aumentar

considerablemente el grado de no-Markovianidad con respecto al caso estático.

Asimismo exploramos la relación entre los efectos no Markovianos y el control, y

argumentamos que dichos efectos no pueden considerarse como un recurso para

realizar protocolos de control.

Palabras claves: Control cuántico, Modelo de Landau-Zener, Con-

trol óptimo, Sistemas cuánticos abiertos, Sistemas cuánticos com-

plejos
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Coherent control of quantum systems

Abstract

During the past decades, major technological advances have made it possible to ac-

curately manipulate in the laboratory physical systems in the nano- and subnano-

scale, where quantum coherence plays a dominant role. Examples range from

single site optical manipulation in ion traps, to coupling single electron to photons

in silicon quantum dots and the realization of long-lived coherent qubits in super-

conducting circuits, all of which have been realized over the past few years. In

this context, the increasing ability to precisely engineer the evolution of quantum

systems is paving the way for a new revolution in quantum technologies.

In this Thesis we study from a theoretical point of view the problem of control

in quantum systems. One key aspect of this problem is that the presence of de-

coherence and dissipation often prevents full control over a system. When such

effects are unavoidable, it is essential to drive the system in the fastest possible

way. To this end, we studied the fundamental limitations which exist to the speed

of evolution in quantum systems. These limitations arise from generalizations of

time-energy uncertainty relation which imposes bounds on the minimal evolution

time. By studying these relations in the general control scenario where quantum

Hamiltonians are time-dependent, we show that they give no meaningful infor-

mation about the minimal evolution time. In light of these results, we propose

new expressions which can be applied to any driven system, and that allow us to

obtain estimates for such bounds.

An essential ingredient of modern control applications is the use of optimization

methods. In this Thesis we studied and implemented numerically quantum opti-

mal control methods in numerous physical systems. In particular, we used them

as a tool for exploring the minimal evolution time in quantum systems with mul-

tiple avoided crossings in their energy spectrum. For this type of models, we first

propose and characterize a general method for performing control tasks which is

time-optimal at each avoided crossing. Then, using optimization methods, we

found that the evolution time can be further minimized as the number of levels

increases. Furthermore, we present a detailed study of the effects of time-periodic

fields in these systems, which allowed us to identify the physical mechanisms of the

optimal speed up, and propose an analytical closed form for the required control

fields.
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We also studied the connection between the complexity of a quantum system and

its controllability. By using optimal control theory, we derived the control fields

necessary to drive various physical processes in a spin chain. Then, we study the

spectral properties of such fields and how they relate to different aspects of the

system complexity. We find that the spectral bandwidth of the fields is, quite gen-

erally, independent of the system dimension. Conversely, the spectral complexity

of such fields does increase with the number of particles. Nevertheless, we find

that the regular or chaotic nature of the system does not affect significantly its

controllability.

Finally, we studied control and the effects of driving in open quantum systems.

There, it its currently debated whether non-Markovian effects could be used as a

resource which improves controllability. One of the most appealing features of non-

Markovianity is that it captures scenarios where loss of information and coherence

are reversible, and thus a temporary backflow of information from the environment

to the system is possible. We studied the interplay between the degree of non-

Markovianity and the action of time-dependent control fields in an open two-level

quantum system. We find that periodical modulation of a field acting solely on

the system can greatly enhance the degree of non-Markovianity with respect to

the undriven case. We also explore the interplay between non-Markovian effects

and control, and conclude that those effects cannot be regarded as a resource for

performing controlled operations in quantum systems.

Keywords: Quantum control, Landau-Zener, Optimal control, Open

quantum systems, Complex quantum systems
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Chapter 1

Introduction

During the past decades, major advances have been made in accurately controlling

in the laboratory physical systems in the nano- and subnano-scale, where quantum

coherence plays a dominant role. Examples range from single site optical manipu-

lation in ion traps [1, 2], to coupling single electron to photons in silicon quantum

dots [3] and the realization of long-lived coherent qubits in superconducting cir-

cuits [4], all of which have been realized over the past few years.

This ability to engineer the evolution of quantum systems is paving the way for

a new revolution in quantum technologies [5, 6]. The power of these is typically

based on the beautifully strange features of quantum mechanics, namely state su-

perposition and entanglement. For example, superposition allows for quantum

systems to exist in a combination of classically distinct states, where components

can evolve in time and interfere between each other. This extraordinary feature

gives rise to what is usually called quantum parallelism [7], which refers to the

ability of quantum systems to act as computer registers (such as qubits) which

take multiple values simultaneously. In virtue of this feature, in a computation

functions have to be called only once but are evaluated in all states in the super-

position. This feature allows to perform computational operations in much less

steps as opposed to classical registers, as illustrated by the famous Deutsch-Joza

algorithm [8].

In order to fully harness the useful properties of quantum systems, active control

has to be performed over them, and this represents a formidable technological and

theoretical challenge: one should be able to prepare a system in a chosen initial

state, perform the desired evolution, and finally measure the state in a very pre-

cise way [9]. Moreover, interactions between the system and the external controller

1
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inevitably brings around noise. This, in addition to the intrinsic environmental

noise, poses a threat to the quantum features of the system.

In this Thesis we study from a theoretical point of view several aspects related

to the control of quantum systems. For that, let us begin by posing a typical

quantum control problem in the following way. Consider a quantum system S
described by a free (also called “drift”) Hamiltonian H0. Suppose we can initialize

the system in some pure state |ψ0〉, which could for example be the ground state

of H0. We now wish the system to evolve into some target state |ψg〉 in some time

T . The free, uncontrolled dynamics of the system, given by

|ψ(t)〉 = e−
i
~ H0t |ψ0〉 (1.1)

will not, in general, take the system to the desired state; in other words, the fidelity

of the process at time T ,

F(T ) = |〈ψg|ψ(T )〉|2 (1.2)

will be far from one. In order to steer the dynamics to the target state, we

need to introduce a new term in the system Hamiltonian, V (t) which models the

interaction between the system and some external control agent

H0 → H(t) = H0 + V (t). (1.3)

The control Hamiltonian V (t) is a function of one or more generally time-dependent

control parameters, or control fields

V (t) = V ({(u1(t), u2(t), . . . , uk(t)}) . (1.4)

The functions {ui(t)} typically represent electromagnetic fields or forces (note

that in this picture the control fields are described classically). The goal is then

to engineer the time-dependence of these fields in such a way that the controlled

evolution of the system, now described via the equation

i~
d

dt
|ψ(t)〉 = (H0 + V (t)) |ψ(t)〉 , (1.5)

maximizes the fidelity F of the desired process, i.e. reaches |ψg〉 at time t = T with

probability as close to 1 as possible. Note that this formulation admits alternative

definitions of fidelity other than (1.2), which correspond to different objectives of

the control problem. For instance, we may be interested in reaching a definite

expectation value of an observable A or performing some unitary gate UG, for

which we will have other measures of success

F2 = 〈ψ(T )|A |ψ(T )〉 (1.6)

F3 = tr
[
U †GU(T )

]
, (1.7)
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respectively, where in the latter the process is independent of |ψ0〉. These varia-

tions are often referred to as state-to-state control, observable control and unitary

control, respectively.

There are two main paradigms for solving quantum control problems: open-loop

and closed-loop control [10]. The main characteristic of open-loop methods is that

complete knowledge of the system is assumed to be contained in the Hamiltonian

and so uncertainty about the parameters and about couplings between the system

and noise sources is taken to be negligible. This is the type of methods we will

study in this Thesis. Closed-loop procedures, on the other hand, require feedback

between the system and the control. In this way, information about the state

variables obtained from direct measurements is fed back to the system through a

controller to achieve the desired objective.

The quantum control problem stated above has an obvious practical appeal. As al-

ready mentioned, the ability to precisely manipulate physical systems in the atomic

scale is bound to generate technologies which can improve substantially commu-

nication, computation and measurement devices. From a fundamental point of

view, numerous questions arise naturally. The most important one is how can

we, in practice, engineer the required control fields in each situation of interest.

Interestingly, the first systematic studies about this were not done in the con-

text of quantum information processing, but in the field of quantum chemistry.

There, the advent of laser sources in the 1960s had encouraged scientists to try

to control chemical reactions not by changing the temperature or pressure of a

sample, but by shining it with monochromatic light which could selectively break

a specific bond in a polyatomic molecule, in a process called photodissociation

[11, 12]. However, the first attempts to do that, which consisted in continuously

exciting a vibrational mode of the molecule with laser radiation, proved to be un-

successful [13]. More sophisticated methods were needed, and the first proposals

and quantum-mechanical calculations were done by Tannor and Rice [14, 15], who

showed that the selectivity1 of a chemical reaction could be controlled by properly

tuning the time-delay between two laser pulses. Almost simultaneously, Brumer

and Shapiro [16] showed that tuning the phases of the different components on a

laser pulse acting on a coherent superposition of energetically degenerate states

allowed to control the interference between such states and thus to steer the pro-

duct ratio of a chemical reaction to a preferred value. Both ideas proved to be

successful, leading to experimental realizations of controlled ionization of Na2 [17]

1The selectivity of a reaction refers to choosing whether one product of a reaction is preferred
over another, e.g. ABC → AB + C with respect to ABC → A+BC.
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and dissociation of HI [18] molecules.

By the mid-1980s, technological advances had made it possible to shape fem-

tosecond laser pulses using spatial light modulators thus opening new pathways to

control chemical reactions. These advances naturally led to the issue of finding the

optimized pulse shape for different control problems [11]. Optimization methods

have a long history of success in various branches of science and engineering. The

most famous example is given by the optimal lunar landing problem studied dur-

ing the times of the Apollo Program, where Meditch [19] analytically figured out

how to minimize fuel consumption and landing time using Pontryagin maximum

principle [20]. The works of Rabitz and Tannor [21, 22, 23] were the first to adapt

tools of mathematical optimal control theory to quantum systems. The structure

of an optimization problem is simple: we first need to establish quantitative ob-

jectives, such as the fidelity measures of eqns. (1.2), (1.6) or (1.7), and penalties,

for example restrictions on the control field amplitude or bandwidth. These are

then casted as functionals of the control field [13],

J [u] = Jo + Jp, (1.8)

where Jo contain the objectives and Jp the penalties defined for the control pro-

blem. The goal is then to minimize the functional J [u] with respect to u(t), while

at the same time allowing u(t) and the system state vector |ψ(t)〉 to solve the cor-

responding Schrödinger equation (1.5). We will analyze in detail how to approach

this problem using Krotov’s method [24] in Chap. 2.

In the past three decades optimal control of quantum systems (or quantum optimal

control, QOC) has been a subject of intense investigation [25]. Many numerical

approaches have been put forward, including the already mentioned by Krotov and

extensions of it [24, 23] and gradient ascent algorithms such as GRAPE [26, 27].

The difference between these is given by the way the optimal field is obtained

in an iterative algorithm, which has an impact on convergence properties. Also,

extensions have been made to optimal control of open quantum system dynamics

[28, 29, 30]. Numerous works have also been devoted to studying the quantum

control landscape [31], which represents the functional dependence of objective

(1.8) on the control variables. Rigorous calculations and extensive numerical ev-

idence [32, 33, 34, 35, 36] show that the landscape has a benign topology if no

constraints are placed on the control problem [37], thus preventing local search

algorithms to fall into traps or local maxima during the optimization procedure.

The scope of quantum optimal control was quickly extended from the control
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of chemical reactions to problems in quantum information science. For instance,

theoretical state preparation protocols were proposed for squeezed states [38], non-

classical states in a cavity [39], as well for transport of ions and atoms [40]. Op-

timization of quantum gates has also been thoroughly studied in many setups,

such as cold ions [41], cold atoms [42], nitrogen vacancy centers [43] and super-

conducting qubits [44]. Experimental realizations of these sort of protocols have

flourished over the past decade, and optimal control is nowadays routinely used

as a tool for emerging quantum technologies, with applications to the transport

of ions in segmented traps [45], precision magnetometry [46], atom interferometry

[47] and gate generation in quantum circuits [48].

Besides the main question about how to design the shape of control fields, there

are many other theoretical aspects of quantum control which are of fundamental

interest. One of them is the existence of a quantum speed limit [49], that is,

a fundamental limitation on the speed of evolution of a quantum system. The

connection with quantum control is straightforward: if such a limitation exists,

then it is essential to take it into account in order to (i) do not attempt to perform

control operations below the minimum evolution time, (ii) try to control the system

of interest as fast as possible in order to minimize detrimental decoherence and

dissipation effects. The idea that the speed of evolution is bounded originates from

Heisenberg uncertainty relation between time and energy

∆E∆t ≥ ~
2
. (1.9)

This inequality is actually derived from wave mechanics, but it was put into firm

grounds for general quantum systems by Mandelstam and Tamm [50] and Bhat-

tacharyya [51], who derived an analogous inequality relating the evolution time of

a quantum state and its energy dispersion ∆E, for time-independent unitary evo-

lution. Investigation about the quantum speed limit gained much attention with

the early proposals of quantum information processing schemes, since the former

could imply limitations to the latter. Since then, a vast number of works have been

devoted to characterize bounds on the evolution time for pure and mixed states,

open quantum systems and time-dependent Hamiltonians [52, 53]. The connec-

tion with quantum control received much attention since the work of Caneva et

al. [54], who showed that optimal control methods could be used to explore what

is the minimal time needed to control a quantum system, and provided a link

with the quantum speed limit bounds for some specific systems. Later, results by

Sorensen et al. [55] showed that quantum control landscapes become increasingly

complicated when the evolution time is a limited resource, specially for complex

systems, and so the performance of optimization techniques could be dramatically
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affected. Both the question of how to perform optimization near the quantum

speed limit, and how to obtain bounds on the minimum time for time-dependent

closed and open systems still represent open challenges.

An important aspect of quantum control which is attracting increasing attention

is its relation with complexity in quantum systems. Optimal control protocols

have been studied for a variety of scenarios in quantum systems with large state

space dimension, such as generation of entangled states in many-body systems

[56], minimizing defects when crossing phase transitions [57] and optimization of

unitary gates for qudits [58]. Recently, a new method was developed in order

to enhance the performance of optimization in a many-body scenario, where the

computational cost of usual methods such as Krotov becomes prohibitively big

[59]. This work paved the way for a few systematic numerical [60] and analyti-

cal [61] studies about the interplay between the dimension of the system under

control and the complexity of the control fields. A lot of attention is still drawn

to these topics, and deeper understanding is needed about how to quantify the

resources needed for controlling complex quantum systems, and specially about

what aspects of complexity affect controllability.

Another fundamental aspect of interest in quantum control is its application to

open quantum systems. In these cases, the goal is to control the reduced dynamics

of a central system which is coupled to a larger system with many unaccessible

degrees of freedom, i.e., the environment [62]. Typically, the effects of large, un-

structured and/or high temperature environments are well described by completely

positive divisible maps [63], which are usually called Markovian [64, 65]. These

maps can always be casted in the form of a Lindblad equation, i.e. a time-local

master equation. Thanks to this, optimal control problems can be properly formu-

lated in this scenario, in a similar fashion as it is done with Schrödinger equation

[66]. However, this approach has obvious limitations, since the environmental ef-

fects are hard-wired in the Lindblandian, and the control has a limited capability

of counteracting decoherence and dissipation. Note that there are cases where

this can be beneficial; as noted by Verstraete and Cirac [67], if we can design the

environment in such a way that it drives the system to some fixed point in state

space, then this would result in a robust strategy for state preparation. If there is

no room for environment engineering, then the best route for control in Markovian

maps is usually to perform operations in the minimum possible time, and we will

address this case in Chap. 3.
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Figure 1.1: Schematic picture of the object of study of this Thesis, in which
we investigate control of quantum systems S by means of external driving fields

~u(t) while, in general, interacting with an environment E

There is, however, another scenario for control in open quantum systems. The

effects of small, structured and/or low temperature environments give rise to non-

Markovian maps, which are more intriguing and challenging to explore. Without

a doubt, one of the most appealing features of non-Markovian dynamics, is that

it captures scenarios where loss of information and coherence are reversible, and

thus a temporary backflow of information from the environment to the system is

possible [64, 65]. The lack of an unified mathematical framework to study these

systems determines that control problems in non-Markovian dynamics form part

of a still largely uncharted territory [66]. There have been interesting studies that

show that non-Markovianity may be beneficial to controllability [68, 69], but still

a more complete assessment about how these effects influence control in quantum

systems has to be developed.

In this Thesis we investigate various aspects related to control of quantum systems

in a general setting, which is schematically depicted in Fig. 1.1. There we have

three interacting parts: the system S, the environment E and the control ~u(t). Our

goal is to explore how the features of each agent affect our overall ability to con-

trol the system. We do so by taking a constructive approach, by means of which

we study in detail simple physical models, to later build on their complexity in

order to develop a more general understanding of the physical and mathematical

aspects of the general control problem. As we will see throughout this Thesis, ba-

sic but non-trivial phenomena found in the simplest cases will appear intertwined

in more complex scenarios. For instance, we will exhaustively analyze a driven

two-level quantum system described by the Landau-Zener Hamiltonian [70, 71],

using both fixed (oscillating, linear, piecewise constant) fields and also optimal

control techniques. This will allow us to construct a method for controlling mul-

tilevel systems, which is suitable for application in open quantum systems where

the environmental influence is adverse to the control. We also propose variations
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of this technique to perform time-optimal control. We will show that we are able

to derive a simple physical interpretation of the time-optimal fields derived numer-

ically for this multilevel systems based on an analytical study of the periodically

driven two-level model. This model, in turn, will also give us an important insight

about the interplay between driving in open quantum systems and the emergence

of non-Markovian effects. For those cases, we will also explore situations in which

the environment is essential for controlling a quantum system.

Relating the features of optimal control fields to the underlying physical mecha-

nisms they produce also bridges a gap in the literature concerning optimal and

coherent control as seemingly disconnected subjects [16]. We will also analyze how

systematic quantitative analysis of the shape of these fields can also be used as a

tool to assess the complexity of controlling a many-body quantum system, where

the system dimension is too large to be able to construct a control method from

physical intuition.

We will also use the two-level Landau-Zener model to test the quantum speed limit

bounds which we mentioned earlier. Analyzing this simple model in the context of

quantum control will already make us note that, in order to obtain useful informa-

tion about the minimum evolution times in control problems, a different approach

is needed. We will then propose a general framework for such an approach and

derive a new set of bounds that can be applied to any driven quantum system.

The outline of this Thesis is as follows. In Chap. 2 we introduce and discuss some

general topics related to quantum control. We review the notion of controllability

of quantum systems, and discuss the quantum speed limit, that is, the existence

of limitations to the speed of evolution in quantum mechanics. We link this topic

with quantum control, and propose a new methods to obtain bounds on the min-

imum evolution time. We also give an overview of Krotov’s method for quantum

optimal control, and discuss some of its salient features.

In Chap. 3 we study a method for performing state control in quantum systems.

The original proposal for the method [72] made use of adiabatic transitions at the

avoided crossings of the eigenenergy spectrum. We show that the we can enhance

the speed of the control protocol without using optimization by using sudden vari-

ations of the control field, and study its performance in closed and open quantum

systems. We also study the dynamics of a two-level system under the influence

of a time-periodic field. By analyzing the Floquet spectrum of quasienergies we
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identify the optimal working point for population transfer, and discuss the appli-

cability of these results in many-level models.

In Chap. 4 we study optimal control of quantum systems with many avoided

crossings in their energy spectrum. We begin by studying the solution for time-

optimal control in a two-level system, and relate the minimum evolution time with

the quantum speed limit formulation. We also make use of the methods derived

in Chap. 2 for bounding evolution times and assess their usefulness. We then

apply optimization techniques to improve the control method introduced in Chap.

3. We find that we can enhance the total control time in those systems, and we

investigate the physical mechanisms for such speed up by studying the shape of

the optimal control fields. From these results, we also propose a closed form for

the optimized fields, and derive an analytical approximate solution for the time-

evolution of the state of the system.

In Chap. 5 we investigate the connection between the complexity of a quantum

system and its controllability. For that we study optimal control on a chain of

spin-1/2 particles, both in the few- and many-body regimes and systematically

study the features of the control fields as a function of the complexity of the sys-

tem. Then, in Chap. 6 we turn our attention to driven open quantum systems.

By studying an exactly solvable model, we investigate how the non-Markovian

features of the dynamics are affected by the presence of time-dependent driving

fields. We also adapt the optimal control methods used in previous chapters to

non-unitary evolution and assess the role of non-Markovianity in the controllabi-

lity of the system. Finally, in Chap. 7 we summarize the conclusions of this thesis

and point out potential directions for future research.
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Introducción

Durante las últimas décadas, se han logrado grandes avances en el grado de manip-

ulación de sistemas f́ısicos en la escala nano y subnanoscópica, donde la coherencia

cuántica juega un papel dominante. Algunos hitos registrados en los últimos años

son: la manipulación óptica de part́ıculas individuales en trampas de iones, la

interacción controlada a través de fotones de electrones individuales en puntos

cuánticos de silicio y la realización de bits cuánticos (qubits) con largos tiempos

de coherencia en circuitos superconductores. Actualmente, la habilidad de diseñar

la evolución de sistemas cuánticos con gran precisión está allanando el camino

para una nueva revolución en las tecnoloǵıas cuánticas.

Con el fin de aprovechar plenamente las propiedades útiles de los sistemas cuánticos,

se debe realizar un control activo sobre ellos. Esto representa un desaf́ıo tecnológico

y teórico formidable: uno debe ser capaz de preparar un sistema en un estado ini-

cial determinado, realizar la evolución deseada, y finalmente medir el estado de

una manera muy precisa. Además, las interacciones entre el sistema y el con-

trol externo inevitablemente provocan ruido. Esto, además del ruido ambiental

intŕınseco, representa una amenaza para las caracteŕısticas cuánticas del sistema.

En esta Tesis investigamos varios aspectos relacionados con el control de los sis-

temas cuánticos en un contexto general, que se representa esquemáticamente en la

Figura 1.1, donde observamos tres partes que interactúan: el sistema S, el entorno

E y el control ~u(t). Nuestro objetivo es explorar cómo las caracteŕısticas de cada

agente afectan nuestra capacidad de controlar el sistema. Para ello utilizamos

un enfoque constructivo, mediante el cual estudiamos en detalle modelos f́ısicos

simples, para luego incrementar su complejidad y desarrollar una comprensión

más general de los aspectos f́ısicos y matemáticos del problema general de control.

Como veremos a lo largo de esta Tesis, los fenómenos básicos pero no triviales

encontrados en los casos más simples aparecerán entrelazados en escenarios más

complejos. Por ejemplo, analizaremos de forma exhaustiva un sistema cuántico

de dos niveles que se describe por medio de campos fijos (oscilantes, lineales,

11
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constantes por partes) y también técnicas de control óptimo. Esto nos permitirá

construir un método para controlar sistemas de muchos niveles, el cual es adecuado

para su aplicación en sistemas cuánticos abiertos donde la influencia ambiental es

adversa al control. También proponemos variaciones de esta técnica para realizar

un control en un tiempo óptimo. Vamos a demostrar que somos capaces de derivar

una interpretación f́ısica simple de los campos óptimos derivados numéricamente

para estos sistemas, basándonos en un estudio anaĺıtico del modelo de dos nive-

les forzado periódicamente. Este modelo, a su vez, también nos dará una visión

importante sobre la interacción entre la conducción en sistemas cuánticos abiertos

y la aparición de efectos no-Markovianos. Para esos casos, también exploraremos

situaciones en las que el entorno es esencial para controlar un sistema cuántico.

En este Caṕıtulo presentamos una introducción general a los diversos tópicos

mencionados anteriormente, incluyendo un resumen histórico de la aplicación de

métodos de control óptimo en sistemas cuánticos y una visión general de los avances

sobre el estudio del ĺımite de velocidades cuántico en los últimos años. Asimismo

mencionamos los antecedentes mas inmediatos relacionados al estudio de com-

plejidad y control en sistemas cuánticos, y al estudio de efectos no Markovianos

en sistemas cuánticos abiertos. Finalmente exponemos el esquema de esta Tesis

caṕıtulo por caṕıtulo, y enumeramos el listado de publicaciones desarrolladas en

base a este trabajo.



Chapter 2

General aspects of control in

quantum systems

In this chapter we present an overview of general aspects about control in quantum

systems. We do this before turning our attention to specific models and physical

setups, in order to gain insight about the global properties and potential limi-

tations which can be encountered when dealing with quantum control problems.

First, we will study the concept of controllability, which allows us to precisely

determine, given a certain control process and the structure of the system Hamil-

tonian, whether it is possible to find a control field which solves the problem or

not. Next, we discuss the existence of minimal evolution times for controlling

quantum systems, and introduce the concept of quantum speed limit. We will

then propose novel methods for obtaining lower bounds on such minimal times,

which represent one of the main novel contributions of this Thesis. Finally, we will

present the general theoretical framework of optimal control applied to quantum

systems, and give an overview of its more important features.

2.1 Controllability

Given a physical system in an experimental situation in which one or more exter-

nally controllable parameters are available, the question arises about what type

of (or how many different) transformations can be performed by properly tuning

those parameters in time. In other words, we can ask ourselves what is the degree

of controllability of the system in those conditions. Here, we will address this

question following the methods of the book by D’Alessandro [73].

13
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We begin by considering Schrödinger equation for quantum unitary evolution,

d

dt
|ψ(t)〉 = −i H(~u(t)) |ψ(t)〉 , (2.1)

where H(~u) represents the system Hamiltonian, which contains one or several of

the control parameters in ~u(t) = (u1(t), u2(t), . . . , uk(t)) and we set ~ = 1. The

system in (2.1) is said to be (pure state) controllable if, for all |ψ0〉 , |ψ1〉, there

exists a control function ~u(t) and a final time T > 0 such that there is a solution

|ψ(t)〉 that satisfies |ψ(0)〉 = |ψ0〉 and |ψ(T )〉 = |ψ1〉.

We will now see that a test can be performed in order to check whether a system

is controllable. To do this, we rewrite the time evolution equation (2.1) into its

operator form,

d

dt
U(t) = H(~u(t))U(t), U(0) = I, (2.2)

and define the reachable set R at time T > 0 of this system as the set of all uni-

tary matrices Ū such that there exists a function ~u(t) that gives a solution with

U(t) = Ū . The reachable set of the system thus characterizes the transformations

that can be performed by the system (2.2) by properly choosing the control fields.

From this definition, it is clear that a system is controllable if its reachable set

equals the set of all special unitary operators, R = SU(n), where n is the dimen-

sion of Hilbert space.

In order to characterize the reachable set R, we need to analyze the system Hamil-

tonian. Since H is a function of the time-dependent control fields ~u(t), there is

a whole set of different operators which can be obtained by changing these fields.

We call this set the dynamical Lie algebra L of the system,

L = span~u(t) {−i H(~u(t))} (2.3)

This Lie algebra, in turn, determines a Lie group via an exponential map eL. Given

the hermitian property of the Hamiltonian, L is a subalgebra of u(n), and thus eL

will be a subgroup of U(n). This subgroup is the reachable set introduced in the

previous paragraph; i.e.,

R = eL. (2.4)

This connection between the reachable set and the dynamical Lie algebra allows

us to test for controllability in a rather straightforward way: if we can prove that

L = su(n), then we know that R = SU(n) (or u(n) and U(n), if that is of inte-

rest), and thus the system is controllable.

To check whether the dynamical Lie algebra covers all su(n) we can compute its
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dimension by constructing a basis and counting linearly independent elements in it.

This basis can be constructed by means of a repeated Lie bracket (or commutator).

The procedure is as follows. For simplicity, let us assume a bilineal control problem

where the Hamiltonian takes the form

H(~u) = H0 +
K∑
j=1

ujHj. (2.5)

Now, take the operators which appear in H (which are called zero-depth elements

of L) and compute all the commutators between them. This will give a new set of

operators. By keeping only the ones that are linearly independent, we obtain the

set of depth 1 operators. We can continue this procedure by iteratively computing

the commutators between the operators with depth k and the zero-depth set,

[H1, [H2, [. . . , Hp−1, Hp]]] (2.6)

Eventually, we will obtain no new linearly independent operators by this procedure

[74]. At this point, we have constructed a basis of the dynamical Lie algebra, and

we can now check for controllability: if the dimension of the constructed basis set

is n2 − 1, then L = su(n) and the system is controllable.

Note that this procedure is analogous to computing all the operators which gener-

ate the Magnus expansion of U(t) in (2.2). Also, we point out that if the system is

not completely controllable, then the criterion put forward in the previous para-

graph will not hold. However, the system may still be controllable in some subset

of physically interesting operations, as studied in [75].

2.2 Bounds on the minimal evolution time: the

quantum speed limit

Given a control problem, it is usually of interest not only to derive the control

field which performs the desired process, but also to do so in the shortest possible

evolution time. This is typically the case in quantum computation, for example,

where a vast number of operations have to performed sequentially, and thus it

is essential for each of them to be realized as fast as possible, in order to avoid

undesirable environmental effects which can destroy the coherence properties of

the system.

In this context, during the past decade there has been a renewed interest on ob-

taining fundamental limitations on the speed of evolution for quantum systems.
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These limitations were originally formulated via Heisenberg-like uncertainty rela-

tions by Mandelstam and Tamm in the mid 20th century, and have since then been

generalized to a variety of scenarios, such as open quantum system dynamics, evo-

lution of mixed states and time-dependent Hamiltonians. In the following section

we will give an overview of this quantum speed limit (QSL) problem, with special

emphasis in those results which are relevant to our work. We will then discuss the

relation between QSL and quantum control.

2.2.1 Quantum speed limit: overview

In 1945, Mandelstamm and Tamm [50] derived a generalization of Heisenberg un-

certainty relation between time and energy, that could be applied to any quantum

system. We re-derive it here, starting from Robertson’s inequality [76]

〈(δA)2〉〈(δB)2〉 ≥ 1

4
|〈[A,B]〉|2 , (2.7)

where δA = A− 〈A〉. For any operator A we can write Heisenberg’s equation

dA

dt
= − i

~
[A,H] (2.8)

By taking the expectation value in the last expression we obtain Ehrenfest equa-

tion,

〈dA
dT
〉 = − i

~
〈[A,H]〉. (2.9)

We now identify operator B in eqn. (2.7) with the system Hamiltonian H and

combine with eqn. (2.9) to obtain

∆E∆A ≥ ~
2

∣∣∣∣d〈A〉dt

∣∣∣∣ , (2.10)

where ∆A =
√
〈A− 〈A〉〉2, and ∆E ≡ ∆H. We can further define

∆tA =
∆A∣∣∣d〈A〉dt

∣∣∣ , (2.11)

which has units of time. We then arrive at the Mandelstam-Tamm relation

∆tA∆E ≥ ~
2
. (2.12)

In this formulation, ∆tA is interpreted as some characteristic time related to the

time evolution of observable A. The link between this quantity and the physical

evolution time was studied first by Fleming [77] and then by Bhattacharyya [51],

in the following way. Consider expression (2.12) under the specific choice of A =

|φ0〉〈φ0|, with |φ0〉 some arbitrary pure state. If we take the expectation values in

(2.12) with respect to the evolved state |φt〉 = U(t) |φ0〉, it is easy to observe that

〈A〉 = |〈φt|φ0〉|2 = Pt (2.13)
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where we have introduced the short-hand notation for Pt, the time-dependent

non-decay probability. Eqn. (2.12) can now be expressed as∣∣dPt
dt

∣∣√
Pt(1− Pt)

≤ 2
∆E

~
(2.14)

We can use the relation arccos′(x) = −(1 − x2)−1/2 to write (2.14) in a more

compact form

d

dt
arccos(

√
Pt) ≤

∆E(t)

~
, (2.15)

This is the main result by Bhattacharyya. If the initial state |φ0〉 evolves sub-

ject to a time-independent Hamiltonian, then the inequality above can be readily

integrated from t = 0 to t = T , obtaining

∆t∆E ≥ ~ arccos(
√
Pt) ⇒ t ≥ ~

∆E
arccos (|〈φ0|φt〉|) ≡ tMT

QSL (2.16)

The last expression in (2.16) is usually referred to Mandelstam-Tamm bound. In

the particular case where |φt〉 is orthogonal to |ψ0〉, we obtain tQSL = π~
2∆E

. This

expression sets a bound on the minimum time required for a system to evolve from

|φ0〉 to an orthogonal state. For this case, Margolus and Levitin [78] also derived

a similar bound, but in terms of the mean energy of the state,

t ≥ π~
2 E
≡ tML

QSL (2.17)

where E ≡ 〈H − ε0I〉, i.e. the expectation value of the Hamiltonian with re-

spect to the ground state. Giovannetti et al. [49] later generalized this result to

non-orthogonal states, and coined the term “quantum speed limit tim” for tQSL.

Finally, Levitin and Toffoli [79] showed that the unified bound

t ≥ min

{
π~

2 ∆E
,
π~
2 E

}
, (2.18)

is tight, meaning that for every time-independent Hamiltonian there is a choice of

initial state for which the equality in (2.18) holds.

2.2.2 Geometrical interpretation

Bhattacharyya’s result (2.15) has an insightful geometrical interpretation, which

was first noted by Anandan and Aharonov [80] in the following way. Let us define

the Fubini-Study distance between two pure states,

s(φ, ψ) = 2 arccos(|〈φ|ψ〉|). (2.19)

It can be easily seen that this definition has the usual properties required for a

distance,
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Figure 2.1: Schematic drawing of the time evolution of quantum states.
Anandan-Aharonov relation (2.20) expresses the fact that the length of the
actual path of the evolution is necessarily larger or equal than the length of the

geodesic path between the initial and evolved state.

1. s(φ, ψ) ≥ 0

2. s(φ, φ) = 0 ⇔ |φ〉 = |ψ〉 (up to a global phase)

3. s(φ, ψ) = s(ψ, φ)

4. s(φ, ψ) ≤ s(φ, χ) + s(χ, ψ)

With this definition, we can rewrite expression (2.15) in differential form

ds(φ0, φdt) ≤ 2∆E(t) dt ⇒ s(φ0, φt) ≤
∫ t

0

∆E(t′) dt′, (2.20)

where we have set ~ = 1. The last inequality in (2.20) is the Anandan-Aharonov

relation, and expresses a simple geometrical statement: the distance traversed in

state space by the quantum system going from |φ0〉 to |φt〉 is always larger than or

equal to the length of the geodesic path joining both states, as can be appreciated

in the schematic drawing of Fig. 2.1.

Note that expression (2.20) also tells us that energy variance ∆E(t) can be seen

as a measure of the Hilbert space velocity of the state |φt〉. In particular, ∆E

measures the component of ˙|φt〉 which is perpendicular to |φt〉 [81]. We can see

this in the following way. If we write the time derivative of the quantum state as
˙|φt〉 = ˙|φt〉

‖
+ ˙|φt〉

⊥
, then we have that, by definition,

˙|φt〉
‖

= |φt〉
〈
φt|φ̇t

〉
= −i〈E〉 |φt〉 , (2.21)

where we have used ˙|φt〉 = −iHt |φt〉 and noted 〈φt|Ht |φt〉 ≡ 〈E〉. This result

tells us that the phase of the quantum state evolves at a rate given by 〈E〉. The

remaining perpendicular component of the velocity, ˙|φt〉
⊥

= ˙|φt〉 − ˙|φt〉
‖
, is such
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that

‖ ˙|φt〉
⊥
‖2 =

〈
φ̇t|φ̇t

〉
+
〈
φ̇
‖
t |φ̇
‖
t

〉
−
〈
φ̇t|φ̇‖t

〉
−
〈
φ̇t|φ̇‖t

〉
= 〈H2〉 − 〈H〉2 = ∆E2 (2.22)

As we have already seen, the Mandelstam-Tamm bound is recovered from the

Anandan-Aharonov relation when the dynamics is generated by a time-independent

Hamiltonian, in which ∆E is always time-independent itself. As such, the inequal-

ity (2.16) has a purely geometrical nature, and its saturated if and only if the

motion of the system state is along a geodesic in Hilbert space.

Most of the extensions and generalizations of the quantum speed limit formulation

have been pursued in this geometrical setting. In particular, bounds have been

derived for the maximum speed of evolution under non-unitary dynamics almost

simultaneously by Deffner and Lutz [82], Del Campo et al. [83] and Taddei et al.

[84]. Special attention has been devoted to studying the predicted speed-up of the

evolution in open systems undergoing non-Markovian dynamics [85, 86, 87, 88].

Extensive analysis of the current results on these topics have been published as

reviews in Refs. [52, 53].

2.2.3 Connection with quantum control

Let us go back to the (unitary) quantum control problem described in the Intro-

duction. We consider a quantum system initially prepared in state |ψ0〉, evolving

according to a Hamiltonian H(u(t)), and we wish to drive the system to some

target state |ψg〉 at some final time T by properly choosing u(t). It is natural to

ask then, what does the quantum speed limit formulation tells us about the time

T required to perform that process? Can it be made arbitrarily fast? Can we

establish a lower bound for T?

At first glance, it is obvious that nor the Mandelstam-Tamm (2.14) nor the

Margolus-Levitin (2.17) bounds can be applied to this setting, since quantum

control problems deal generally with time-dependent Hamiltonians. We then go

back to Anandan - Aharonov relation (2.20) to obtain a bound on the evolution

time. This can be done in a number of ways: one of them was proposed by Deffner

and Lutz [89], and it simply consists on rewriting eq. (2.20) as

t ≥ arccos (|〈ψ0|ψ(t)〉|)
∆E

(2.23)
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where we defined the time-average of the energy variance simply as

∆E =
1

t

∫ t

0

∆E(t′) dt′. (2.24)

We can now evaluate (2.23) in τ = T , such that if there is a time T such that

|ψ(T )〉 = |ψg〉, then the following relation must hold

T ≥ arccos (|〈ψ0|ψg〉|)
∆E

≡ T ∗QSL (2.25)

However, a closer look at expression (2.25) reveals that, in order to compute the

bound, we need both an actual choice of u(t) and the complete time-evolved state

|ψ(t)〉. This contradicts our initial purpose, which is to estimate the minimum

evolution time without solving the dynamics, and moreover without knowing the

actual control field which will be used to drive the system. The contradiction is

also notorious when casting the expression (2.25) into the form

T ∗QSL =
s(ψ0, ψg)∫ T

0
∆E(t′) dt′

T =
sgeod

spath

T. (2.26)

In the last expression, we can see that the bound estimate T ∗QSL depends on two

geometrical quantities: the length of the geodesic between |ψ0〉 and |ψg〉 and the

length of the actual path. Moreover, the quantum speed limit time could go to

zero if the spath � sgeod. It is then clear that this quantity gives us information

about distances in Hilbert space, but not about the speed at which those paths

are traversed.

Let us also note that other bounds on the evolution time can be extracted from

the general Anandan - Aharonov relation. We will use them in Chapter 4 when

analyzing the problem of time-optimal control of a two-level system in detail. This

will allow us to show that, although valid, all of these bounds require complete in-

formation about the evolution of the system, and thus are not useful for obtaining

an a priori estimate on the minimum time required for a certain control process.

2.2.3.1 Methods for obtaining bounds on minimum evolution times

In the previous paragraphs we showed that the usual quantum speed limit for-

mulation is in general not suitable for obtaining bounds on the evolution time of

a controlled quantum system a priori (i.e., without needing to solve Schrödinger

equation). Here, we propose various methods to overcome this limitation which,

together with its application to different physical models in Chapter 4, represent
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one of the main results of this Thesis.

We begin by explicitly formulating the problem of interest. Consider a quan-

tum system which evolves unitarily under the action of a parameter-dependent

Hamiltonian H(~u), with ~u = ~u(t) the (generally time-dependent) control fields.

Although the form of the fields can be unknown, we consider that the control fields

may have constraints of the form |ui(t)| ≤ umaxi . Let us fix an initial state |ψ0〉
and a target state |ψg〉. We wish to obtain a lower bound on the evolution time

T , where T is such that |ψ(0)〉 = |ψ0〉 and |ψ(T )〉 = |ψg〉. The bound should be

computable with all given information, i.e., it should be of the form

T ≥ tmin (H, {umaxi }, |ψ0〉 , |ψg〉) (2.27)

Our first approach to this problem is to manipulate the Anandan - Aharonov

relation (2.20) in order to drop any implicit or explicit dependence on |ψ(t)〉 or

~u(t). This can be done by using the following inequality

2∆E(t) ≤
√

2‖H(t)‖ ≡
√

2 tr(H(t)2). (2.28)

Note that a weaker version of this inequality can be easily derived by expanding

the evolved state in the instantaneous eigenbasis of H, |ψ〉 =
∑

k ck |k〉 so that

4∆E2 = 4
∑
k

|ck|2ε2
k − 4

(∑
k

|ck|2εk

)2

≤ 4
∑
k

|ck|2ε2
k ≤ 4

∑
k

ε2
k = 4tr(H2), (2.29)

where {εk} are the eigenvalues of H. The derivation of the strong inequality (2.28)

is a bit more involved, and can be found in a paper by Brody [90]. Combining

(2.20) and (2.28) we can write

s(ψ0, ψ(T )) ≤
√

2

∫ T

0

‖H(t′)‖ dt′ ≤
√

2‖H‖maxT (2.30)

In the last step, we bounded ‖H‖ by its maximum value, which will be a function of

{umaxi } in general. In this way we have successfully derived an inequality without

using information about |ψ(t)〉 nor ~u(t). Rearranging the last expression, we obtain

that if there is a time T for which |ψ(T )〉 = |ψg〉, then it holds that

T ≥ s(ψ0, ψg)√
2‖H‖max

≡ tBmin (2.31)

where the superscript “B” refers to Brody. The definition of tBmin is clearly of the

form we initially proposed, c.f. eq. (2.27). Note, however, that this expression

scales unfavorably with the dimension n of the system, since its computed via
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‖H‖ =
∑

k ε
2
k, i.e., a sum of n positive numbers.

Another approach to obtain a bound of the form (2.27) can be derived from a result

by Pfeifer in Refs. [91, 92], in which he proposes that general time-energy uncer-

tainty relations for time-dependent Hamiltonians should be computable without

solving Schrödinger’s equation. The main result reads as follows: given a quantum

state |ψ(t)〉 which evolves according to i d
dt
|ψ(t)〉 = H(t) |ψ(t)〉 with |ψ(0)〉 = |ψ0〉,

and an arbitrary reference state |ϕ〉, then the following relation holds

|〈ϕ|ψ(t)〉| Q sin∗ (δ ± h(t)) (2.32)

where δ = arcsin(|〈ϕ|ψ0〉|) = π
2
− arccos(|〈ϕ|ψ0〉|), sin∗ is the a modified sine

function

sin∗(x) =


0 if x ≤ 0

sin(x) if 0 < x ≤ 1

1 if x > 1

(2.33)

and we defined

h(t) = min
|ψ0〉,|ϕ〉

{∫ t

0

∆Eϕ(t′) dt′,

∫ t

0

∆Eψ0(t′) dt′
}

(2.34)

where we use the notation ∆Eχ ≡ 〈χ|H2 |χ〉−〈χ|H |χ〉2. We show the derivation

of this theorem in Appendix A.1. Pfeifer’s relation (2.32) is appealing to the

quantum control problem studied here, since it gives bounds for the probability of

finding a driven system in an arbitrary state |ϕ〉 [91]. More interestingly, we can

extract a bound on the evolution time itself, in the following way. If we consider

the upper bound in (2.32) for such probability, and consider the reference state to

be our target state, |ϕ〉 = |ψg〉, we get that, at time t = T

|〈ψg|ψ(T )〉| ≤ sin∗ (δ + h(T )) . (2.35)

From this expression its clear that, in order to have a successful control process, we

need the upper bound to be as large as possible, i.e. 1. Looking at the definition

(2.33), it is then sufficient to impose

δ + h(T ) ≥ π

2
⇒ h(T ) ≥ π

2
− δ =

1

2
s(ψ0, ψg) (2.36)

Note that h(T ) depends on T via the control field ~u(T ). In order to obtain a

lower bound for the evolution time, we proceed as we did when deriving (2.30)

and bound the integral in (2.34) by

h(T ) ≤ ∆Emax
χ T with χ = ψ0, ψg, (2.37)

where, again, we expect ∆Emax
χ to be an explicit function of {umaxi }. Rearranging

the expression above we arrive at
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T ≥ s(ψ0, ψg)

2∆Emax
χ

≡ tPmin with χ = ψ0 or ψg, (2.38)

where “P” now stands for Pfeifer. Again, tPmin is also of the form (2.27) and thus

allows us to obtain a lower bound on the minimum evolution time without know-

ing the actual shape of ~u(t).

We now explore an interesting property of Pfeifer’s bound (2.38). Let us make the

following assumptions about our general control problem. We take the Hamilto-

nian of the system be of the form

H(u(t)) = H0 + u(t)Hc (2.39)

where we suppose that the control field u(t) has dimensionless units. We can then

explicitly write down the squared variance of the Hamiltonian as

∆E2 = ∆H2
0 + u2∆H2

c + u(〈{H0, Hc}〉 − 2〈H0〉〈Hc〉) (2.40)

Suppose now that our control problem is such that the initial and target states

|ψ0〉, |ψg〉 are eigenstates of Hc. Then, we trivially obtain that ∆Hc = 0, but also

that the crossed term in (2.40) vanishes. Inserting this into expression (2.38) we

get

tPmin =
s(ψ0, ψg)

min{∆H0|ψ0 ,∆H0|ψg}
when ψ0, ψg eigenstates of Hc. (2.41)

What is interesting about this result is that it is completely independent of u(t);

not only of its actual temporal shape, but also of its maximum possible value. This

means that, even in an unconstrained control problem where umax →∞, there is

still a fundamental limit for the speed in which we can control the system. That

limit is set only by the initial and final states, and the free Hamiltonian H0.

Another special case is when |ψ0〉, |ψg〉 are eigenstates of H0. Then, we can proceed

in an analogous way to find

tPmin =
s(ψ0, ψg)

umax min{∆Hc|ψ0 ,∆Hc|ψg}
when ψ0, ψg eigenstates of H0. (2.42)

Finally, we present a third method for obtaining a bound of the form (2.27). We

begin by considering two arbitrary time-dependent Hamiltonians H1 and H2, and

two respective states |ψ1(t)〉 and |ψ2(t)〉 such that d
dt
|ψk〉 = −iHk(t) |ψk(t)〉 with
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k = 1, 2 and |ψ1(0)〉 = |ψ2(0)〉 = |ψ0〉 We can then compute

d

dt
〈ψ1|ψ2〉 = i 〈ψ1|H1 |ψ2〉 i 〈ψ1|H2 |ψ2〉

= i 〈ψ1| (H1 −H2) |ψ2〉 (2.43)

We can then integrate the above expression from t = 0 to t = T , which yields

〈ψ1(T )|ψ2(T )〉 − 1 = i

∫ T

0

〈ψ1(t′)| (H1(t′)−H2(t′)) |ψ2(t′)〉 dt′

⇒ |〈ψ1(T )|ψ2(T )〉 − 1| ≤
∫ T

0

|〈ψ1(t′)| (H1(t′)−H2(t′)) |ψ2(t′)〉| dt′

≤
∫ T

0

‖H1(t′)−H2(t′)‖ dt′ (2.44)

We now take an approach proposed by Arenz [93]. We consider H1 to be of the

form (2.39), i.e. H1 = H0 + u(t)Hc, and also fix H2 = u(t)Hc. For a successful

control protocol, we have that |ψ1(T )〉 = |ψg〉, and we can also integrate |ψ2(t)〉
up to t = T , which trivially yields |ψ2(T )〉 = exp (−iα(T )Hc) |ψ0〉 where α(T ) =∫ T

0
u(t′)dt′. In this case, expression (2.44) can be casted as

| 〈ψg| e−iα(T )Hc |ψ0〉 ≤ ‖H0‖ T (2.45)

We can further bound this expression in order to get rid of the dependence on

the unknown function u(t). To do so, we use the spectral decomposition of Hc =∑
j ε

c
j|φcj〉〈φcj| and the inequality |

∑
j zj−1| ≥ 1−

∑
j |zj| (with |zj| ≤ 1) to obtain

1−
n∑
j

|
〈
ψg|φcj

〉 〈
φcj|ψ0

〉
≤ ‖H0‖T, (2.46)

which then gives us a new bound of the desired form (2.27)

T ≥
1−

n∑
j

|
〈
ψg|φcj

〉 〈
φcj|ψ0

〉
|

‖H0‖
≡ tR1

min (2.47)

A similar expression can be derived in an analogous fashion by choosing H2 = H0.

In that case we obtain

T ≥
1−

n∑
j

|
〈
ψg|φ0

j

〉 〈
φ0
j |ψ0

〉
|

umax‖Hc‖
≡ tR2

min (2.48)

where now {
∣∣φ0
j

〉
} are eigenstates of the free Hamiltonian H0. Expressions (2.47)

and (2.48) provide different ways to bound evolution times in quantum control

problems. An interesting feature of these is that they are explicit functions of ψ0,

ψg, H and umax, as opposed to the two previous results (2.31) and (2.38), where

the actual dependence on H and umax has to be worked out on each particular

problem. This means that, for example, tR1
min will always give a result independent
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of umax regardless the initial and target states.

In summary, in this subsection we proposed a new approach for bounding evolution

times in driven quantum systems, with the goal of obtaining information without

needing to solve the dynamics of the system. In Chapter 4 we will apply the re-

sults derived here to different specific problems, and asses their utility in each case.

2.3 Optimal control theory

In the previous sections of this Chapter, we have mentioned theoretical tools that

allows us to decide whether a control problem has a solution or not. Controllability

considerations (Sec. 2.1) can tell us whether certain states can be connected or

not, and bounds on the evolution times (Sec. 2.2) can help us estimate how long

the evolution should be for the control problem to be solvable. In this section we

will address the core problem of quantum control: how do we find a control field

u(t) that drives a quantum system in a predefined way?. In some situations we

can do so by exploiting our knowledge about the physics of the undriven system,

as we will do in the Chapter 3. But, in general, a more systematic approach is

needed. Such an approach is given by optimal control theory.

2.3.1 Krotov method of optimization

Here we describe an approach to optimization developed by Krotov [24] and used

by Tannor et al. for the first time in a quantum control problem [23, 94]. Other

methods for optimization have been developed since then, such as GRAPE (gradi-

ent ascent pulse engineering) [26] or CRAB (chopped random-basis optimization)

[59]. Krotov’s approach has the advantage to have a general analytical treatment

of the control problem, and a certified monotonic convergence of the objective, as

well as a nice geometrical interpretation.

Consider a state of a system defined through a vector x(t), which is controlled by

a set of variables u(t) evolving via the equation of motion

ẋ = f(x, u), x(0) = x0 (2.49)
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We define a process w as a pair w = (x(t), u(t)) which satisfies (2.49). We can

then define a functional of the process J [w] which we call the objective

J [w] = F (x(T )) +

∫ T

0

f 0(t, x(t), u(t))dt, (2.50)

where F and f 0 are functions that contain information about what aspects of the

dynamics we wish to optimize. The goal is then to find a process w such that J [w]

takes its minimum possible value. The approach by Krotov consists in introducing

an scalar function φ(t, x) and write down a new functional

L[w, φ] = G(x(T ))−
∫ T

0

R(t, x(t), u(t))dt− φ(0, x0), (2.51)

with

G(x(T )) = F (x(T )) + φ(T, x(T )) (2.52)

R(t, x, u) =
∂φ

∂x
f(t, x, u)− f 0(t, x, u) +

∂φ

∂t
. (2.53)

Is straightforward to see that for all processes w and for every choice of φ(t, x)

we have L[w, φ] = J [w]. Thus, minimizing the original objective J is equivalent

to minimizing the new functional L, which in turn can be done by separately

minimizing G(x(T )) and maximizing R(t, x, u). The main idea of this approach

is that we now have complete freedom to choose the function φ(t, x), and we can

then proceed in the following way:

1. We choose an initial trial process w0, given by u0(t) and the corresponding

solution to (2.49), x0(t).

2. We construct φ(t, x) such that L[w, φ] is a maximum with respect to x(t) in

w0. By doing this, we are sure that our current state x0(t) is the worst pos-

sible choice when it comes to minimize the objective; as a result, any change

in x brought by a new choice of u(t) can only improve the minimization of

J [w].

3. Once we find φ(t, x), we seek a control function u(t) which maximizesR(t, x, u)

(this is equivalent to minimizing J with respect to u, see eqn. 2.51). This

procedure will give us an expression of the form u = ũ(t, x), i.e., a function

of the state x.

4. Finally, we need to solve the equations of motion (2.49) together with the

requirement ũ(t, x) in a self-consistent way, in order to find the new process

w = (x(t), u(t)).

The intricate step in this procedure is to construct φ(t, x) so as to satisfy the

condition (2). As shown in [94], this can be casted as a Hamiltonian problem,
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where we define

h(t, x, u, y) ≡ R(t, x, u)− ∂φ

∂t
= y f(t, x, u)− f 0(t, x, u), (2.54)

where y = ∂φ/∂x is taken as an independent variable. We then obtain{
ẏ = − ∂

∂x
h(t, x, u, y)

y(T ) = −∂F (x(T ),u)
∂x(T )

and

{
ẋ = ∂

∂y
h(t, x, u, y)

x(0) = x0

(2.55)

We now apply this method to solving the controlled Schrödinger equation. Nev-

ertheless, the general treatment developed here will allow us to treat an optimal

control problem in an open quantum system in Chapter 6. In an unitary evolution,

we have
d

dt
|ψ〉 = −iH(u(t)) |ψ〉 with |ψ(0)〉 = |ψ0〉 (2.56)

Suppose now that we wish to maximize the probability of reaching a certain target

state |ψg〉 at time t = T . Then, we can define the function F in (2.50) as

F (ψ(T )) = −〈ψ(T )|P |ψ(T )〉 , with P = |ψg〉〈ψg|. (2.57)

As in the general treatment we have two conjugate state variables x and y, here

we define |χ〉 as the conjugate variable of |ψ〉. We also need to treat 〈ψ| and |ψ〉
as independent variables. The (optimization) Hamiltonian h can be written down

from expression (2.54),

h(t, ψ, u, χ) = −i 〈χ|H(u) |ψ〉+ i 〈ψ|H(u) |χ〉 − f 0(u) (2.58)

= 2 Im 〈χ|H(t) |ψ〉 − f 0(u) (2.59)

and thus we can explicitly write equations (2.55)

{
d
dt
|χ〉 = −iH(u) |χ〉

|χ(T )〉 = P |ψ(T )〉
and

{
d
dt
|ψ〉 = iH(u) |ψ〉

|ψ(0)〉 = |ψ0〉
(2.60)

Equations (2.60) then give us a method to systematically perform step 2 of the

iterative algorithm. In the third step we obtain a rule to update the control field,

via requiring ∂h/∂u = 0. To obtain an explicit expression for this, we have to

define f0(u), which via eq. (2.50) defines the intermediate-time cost function.

This is usually defined as

f 0(u) = α(t)u(t)2. (2.61)

This choice introduces a penalty on large field amplitudes, and forces the algorithm

to optimize the direction of u instead of just its magnitude. Imposing an extrema
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Figure 2.2: Schematic optimization algorithm. The initial state |ψ0〉 is evolved
using the current guess for the control field u(k)(t) from t = 0 to t = T . The
final state is then projected to the target state to obtain a boundary condition
for the adjoint state |χ(T )〉. That state then is evolved backwards using the
same field. Both trajectories are finally used to update the control field using

expression (2.64).

the optimization Hamiltonian h with respect to u now gives

∂

∂u

(
2 Im 〈χ|H(u) |ψ〉 − u2

)
= 0 (2.62)

⇒ u(t) =
1

α(t)
Im 〈χ| ∂H

∂u
|ψ〉 . (2.63)

In virtue of step (4), we need to solve this equation together with the equation

of motion in a self-consistent way to obtain u(t). Numerically, this can be done

as explained in [23] with a delayed feedback procedure, which is schematically

depicted in Fig. 2.2. We first evolve our initial state using the trial guess for

the field u0(t), obtaining |ψ0(t)〉. We then use the same field to the backwards

evolution of |χ(t)〉, c.f. eq. (2.60), using the same control function. We then use

both trajectories to update the control field,

u(k)(t) = u(k−1)(t) +
1

α(t)
Im 〈χ(t)|

(
∂H

∂u

)
u(k−1)

|ψ(t)〉 . (2.64)

The new field is then used in the following iteration. The procedure stops when

the functional J of eqn. (2.50) cannot be further minimized, or when a predefined

threshold is achieved. Note that the function α(t) introduced in (2.61) can be

chosen arbitrarily. In practice, it can be manipulated to ensure the stability of the

algorithm, and also to enforce certain features of the control field. For example,

if we want the field to turn on and off very slowly, we could propose α(t) to take

large initial and final values [95].

2.3.2 Quantum control landscapes

Although optimization problems such as the one described in the previous section

can be formally solved in theory, in practice almost all cases must be approached
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numerically. There, a maximization procedure is generally done using local search

algorithms, which systematically look for the direction where the objective func-

tional grows, and stops when a maximum is reached, i.e. δJ = 0. This is the case

whether we have found a global or a local extremum. Note that once the k control

fields u1(t), u2(t), . . . , uk(t) are discretized into N time steps, we are left with a

Nk-dimensional search space, and is thus reasonable to expect that if the space is

filled with local and global extrema, a local search algorithm may easily converge

to a poor-quality local control solution.

Surprisingly, when optimization methods began to be used to find control fields

in quantum systems, numerous works reported finding optimal solutions with no

“extra” efforts, as most control problems could be solved in small number of it-

erations to very large fidelity optimal solutions [96, 97, 98, 99, 100, 101] These

results gave evidence of the benign nature of optimal control problems in quan-

tum systems in general, which was pointed out for the first time in a seminal

paper by Rabitz et al. [31]. There, the authors studied the usual functional to

be maximized, Pi→f = | 〈i|U |f〉 |2, where |i〉 and |f〉 are initial and target states,

and U is the unitary evolution operator, which is a functional of the field u(t),

and defined the control landscape as the functional Pi→f [u(t)]. Their main result

is as follows: given a controllable system (in the sense described in Sect. 2.1),

with no constraints in the control field, then for every u(t) for which
δPi→f
δu

= 0, it

must also hold that Pi→f = 1. In words, this means that the control landscape has

no sub-optimal extrema. The situation is depicted in Fig. 2.3. In this situation,

every initial guess will be able to find, through local search, a global optimum, and

thus no poor-quality controls (traps) are expected. This remarkable result about

the topology of the control landscape motivated a number of detailed studies on

structure of this object [34, 36, 102].

2.3.3 Connection with the quantum speed limit

In Sect. 2.2 we discussed the quantum speed limit problem and proposed methods

to estimate a lower bound on the minimum evolution time in which a control

process can be achieved. However, those bounds may not necessarily be tight,

in the sense that there will generally be no specific control field which performs

the control process successfully in that time. During the past decade, optimiza-

tion methods have been proposed to explore and estimate the actual minimum

control times in an heuristic fashion. The first proposal came in a work from

Caneva et al. [54], in which it was shown that studying the performance (i.e.
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Figure 2.3: Simplified vision of the control landscape, which is defined as the
probability of reaching the final state Pi→f as a functional of the control field.
Here, the field u(t) is discretized into just two time steps, so that u = vi for
t < T/2 and u = vj for t ≥ T/2. For unconstrained, fully controllable problems,
Rabitz showed [31] that the landscape is trap-free, i.e. all extrema are global.
This implies that all initial guesses (depicted in the figure by the symbols ⊗)

will reach, upon local optimization, an equally good control solution.

the optimal achieved fidelity) of optimization methods as a function of the fixed

evolution time T fed to the algorithm provided a method to estimate the mini-

mum evolution time, which was termed the “quantum speed limit time”1. Since

that proposal, numerous studies have implemented this methodology [57, 56, 103],

including those presented in Chapter 4 of this Thesis. In particular, a work by

Sorensen et al. [55] emphasized the fact that such methods could only give an

upper bound to the QSL time, showing that different initial seeds for the opti-

mization can lead to different estimates of the minimum evolution time. This is

because most optimization algorithms perform a local search in the control land-

scape, and thus their results can depend strongly on the initial seed, specially

in complex, high-dimensional systems. Evidence was also presented in [55] that

optimization slows down when the evolution time is constrained, suggesting that

the benign landscape topology predicted by Rabitz (for unconstrained scenarios)

can suffer major changes, including the emergence of traps (local maxima). The

study of these changes is currently a matter of active investigation.

1This nomenclature can be confusing since this magnitude is, in principle, unrelated to the
original quantum speed limit results given by the Mandelstam-Tamm and Margolus-Levitin
bounds (2.16) and (2.17). Nevertheless, it has been adopted in most of the literature on quantum
optimal control



Aspectos generales del problema

de control en sistemas cuánticos

En este caṕıtulo presentamos una visión general sobre aspectos generales relaciona-

dos con el control en sistemas cuánticos. Hacemos esto antes de dirigir nuestra

atención a modelos espećıficos con el fin de obtener un primer enfoque sobre las

propiedades globales y las posibles limitaciones que se pueden encontrar cuando

se tratan problemas de control cuántico.

En primer lugar, estudiamos el concepto de controlabilidad, que permite deter-

minar con precisión, dado un determinado proceso de control y la estructura del

sistema hamiltoniano, si es posible encontrar un campo de control que resuelva el

problema o no. Este formalismo, que actualmente se encuentra desarrollado solo

para sistemas que evolucionan unitariamente, se basa en el estudio del denomi-

nado álgebra de Lie dinámico, el cual puede caracterizarse de manera sistemática

a partir del Hamiltoniano del sistema.

Luego, discutimos la existencia de tiempos de evolución mı́nimos para el control

de sistemas cuánticos, e introducimos el concepto de ĺımite de velocidad cuántico

(QSL). Dado un problema de control, normalmente es de interés no sólo derivar

el campo de control que realiza el proceso deseado, sino también hacerlo en el

tiempo de evolución más corto posible. Esto es de interés t́ıpicamente en com-

putación cuántica, por ejemplo, donde un gran número de operaciones tiene que

realizarse secuencialmente, por lo que es esencial que cada una de ellas se realice lo

más rápidamente posible, para evitar efectos ambientales indeseables que pueden

destruir las propiedades de coherencia del sistema. En este contexto, durante la

última década ha habido un renovado interés por estudiar los ĺımites fundamentales

a la velocidad de evolución de los sistemas cuánticos. Estas limitaciones fueron

originalmente formuladas a través de las relaciones de incertidumbre de Heisen-

berg por Mandelstam y Tamm a mediados del siglo XX y, desde entonces, se han

generalizado a una variedad de escenarios, como por ejemplo a sistemas cuánticos

31
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abiertos, a la evolución de los estados mixtos y a hamiltonianos dependientes del

tiempo. En la sección 2.2 presentamos una visión general de este problema, con

especial énfasis en los resultados que son relevantes para nuestro trabajo.

En dicha sección también se discute la relación entre QSL y control cuántico, y

mostramos que la formulación usual del ĺımite cuántico de velocidad no es en

general adecuada para obtener ĺımites en el tiempo de evolución de un sistema

cuántico controlado a priori (es decir, sin necesidad de resolver la ecuación de

Schrödinger). Proponemos entonces varios métodos para superar esta limitación

que, junto con su aplicación a diferentes modelos f́ısicos en el caṕıtulo 4, represen-

tan uno de los principales resultados de esta Tesis.

En la sección final de este Caṕıtulo abordamos el problema central del control

cuántico: ¿cómo encontrar un campo de control u(t) necesario para manipular un

sistema cuántico de una manera predefinida?. Si bien en algunas situaciones pode-

mos hacerlo explotando nuestro conocimiento sobre la f́ısica del sistema, como lo

haremos en el caṕıtulo 3, en general se necesita un enfoque más sistemático. Este

enfoque está dado por la teoŕıa de control óptimo. En dicha sección desarrollamos

el planteo general de esta teoŕıa y mencionaremos sus caracteŕısticas más impor-

tantes.

Aunque los problemas de optimización como el descrito en dicha sección anterior

pueden ser formalmente resueltos de manera teórica, en la práctica casi todos

los casos deben ser abordados numéricamente. Alĺı, un procedimiento de maxi-

mización se hace generalmente utilizando algoritmos de búsqueda local, que sis-

temáticamente buscan la dirección donde el objetivo funcional crece, y se detiene

cuando se alcanza un máximo. Este es el caso si hemos encontrado un extremo

global o local. Notar que una vez que los k campos de control se discretizan

en N pasos temporales, se obtiene como resultado un espacio de búsqueda Nk -

dimensional, por lo que es razonable esperar que si el espacio está lleno de extremos

locales y globales, un algoritmo de búsqueda local puede converger fácilmente en

una solución de control local de mala calidad. Sorprendentemente, cuando los

métodos de optimización comenzaron a usarse para encontrar campos de control en

sistemas cuánticos, numerosos trabajos informaron encontrar soluciones óptimas

sin esfuerzos “extra” ya que la mayoŕıa de los problemas de control podŕıan resol-

verse en un número pequeño de iteraciones a soluciones óptimas de gran fidelidad.

Discutimos sobre el final del Caṕıtulo algunos resultados previos relevantes sobre

este tópico.



Chapter 3

Quantum control via navigation

of the energy spectrum

In this Chapter we develop a method for implementing state-to-state control in

quantum systems without using optimization techniques. The method is based on

the knowledge of the spectrum of the system as a function of an external control

parameter, and is suitable for systems which show well-defined avoided crossings in

their energy spectrum. Although this characteristic may seem rather restrictive, it

is, in fact, a general property of systems with interaction between its energy levels

[104], at least in the low energy region. The method provides a way to derive a

well–defined series of fast (diabatic) and sudden (step–like) variations of the con-

trol parameter, which allows us to evolve through the state space of the system and

reach the desired target state. Although we will assess the time-optimality of the

method in Chapter 4, this scheme indeed meets the quantum speed limit bound

at each avoided crossing, and we will show that it can be applied successfully in

the presence of decoherence.

3.1 Avoided level crossings and the Landau-Zener

model

The building block of this method is the Landau-Zener (LZ) model [70, 71] for a

quantum system with two interacting levels. The Hamiltonian of this system can

be written as

HLZ =

(
αλ ∆

2
∆
2
−αλ

)
= αλ σz +

∆

2
σx, (3.1)

33
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Figure 3.1: Energy spectrum as a function of parameter λ for (a) the LZ
Hamiltonian (3.1). The dashed arrows represent the two limiting cases of the LZ
formula (3.3): the red path is the adiabatic transition for which P1(t→ +∞) =
1, while the green path is the diabatic evolution where P1(t → +∞) = 0. (b)
idem (a) for a generic multilevel system. The control method allows us to derive
the shape of λ(t) required to navigate the energy spectrum in the indicated path,

in order to connect states |ψ0〉 and |ψg〉

where ∆ is a constant, λ is the control parameter and we have set ~ = 1. The

eigenstates of σz form the so-called diabatic basis {|0〉 , |1〉}. The eigenvalues of

HLZ form an hyperbola in the (λ,E) plane (as shown in Fig. 3.1 a), whose vertex

represents an avoided crossing (AC) with an energy gap ∆. The eigenvectors of

HLZ form the adiabatic basis, {|φ0(λ)〉 , |φ1(λ)〉}, where the notation makes explicit

the asymptotic correspondence between both basis when λ→ −∞, i.e.

|φ0(λ→ −∞)〉 → |0〉 , |φ1(λ→ −∞)〉 → |1〉 . (3.2)

When λ → +∞, this correspondence is exchanged. The original LZ theory de-

scribes the transition probability of the system when the initial state is |ψ(−∞)〉 =

|0〉 and the parameter λ is swept linearly in time, i.e. λ(t) = v t, yielding the fa-

mous LZ formula

P1(t→∞) = 1− exp

(
− π∆2

4v|α|

)
. (3.3)

This result defines a critical velocity

vc =
π∆2

4|α|
(3.4)

which determines two limiting control scenarios. In the first place, we have the

fast diabatic (D) transitions, in which v � vc in such a way that P1(t→∞) ' 0,

leaving the initial state unchanged. On the other hand, the adiabatic (A) transi-

tions, in which v � vc and thus P1(t→∞) ' 1, take place when the state evolves

slowly following the adiabatic curve and finishes in state |1〉.

Let us now consider a many-level quantum system described by a Hamiltonian

H(λ), in which neighboring levels interact forming avoided crossings in its energy
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spectrum, as depicted in Fig. 3.1 b. If we set the initial and target states as

eigenstates of H(λ), then we can derive the temporal shape for λ(t) which would

connect both states. We do this by drawing a “navigation path” in the spectrum,

in which we eventually let the system jump to an adjacent energy curve only at

avoided crossings, where the levels interact strongly. LZ theory then gives a binary

recipe for determining the appropiate velocity of the driving field at each of the

avoided crossings, which we can use for translating the path in the spectrum into

a sequence of slopes of the resulting piecewise-linear control field. This method

was proposed and thoroughly studied in [72, 105, 106, 107].

However, the use of adiabatic transitions implies a fundamental limitation of this

method: in the presence of an environment, decoherence is bound to act within the

long periods of time required by these transitions, rendering the effective dynamics

of the system non-unitary and greatly diminishing the final fidelity of the protocol.

This can be shown with a very simple model, which we describe in the following.

We take a two level system described by the LZ Hamiltonian (3.1) and consider it

weakly coupled to a high-temperature bosonic bath. It is then straightforward to

write down the master equation for the reduced density matrix ρ(t) of the system,

which becomes independent of the particular election of time dependence of the

control parameter. Assuming bilinear coupling of the form σz ⊗
∑

j cjqj (the qj’s

being the position operators of the environmental oscillators), we have [62]

ρ̇(t) = −i
(
H ′(t)ρ(t)− ρ(t)(H ′)†(t)

)
− γ0T

2
[σz, [σz, ρ(t)]]

+ i
γ0∆

4
(σyρ(t)σz − σzρ(t)σy) ,

(3.5)

where γ0 is the (dimensionless) coupling constant between the system and the

environment at equilibrium temperature T (we set the Boltzmann constant kB =

1). H ′(t) = λ(t)σz + ∆
2

(
1− iγ0

2

)
σx is the renormalized non-hermitian effective

Hamiltonian of the system. We wish to study how the non-unitary dynamic affects

the fidelity of the control scheme, defined in this context as F(t) = Tr (ρ(t)ρgoal).

It has been shown [108, 109] by different analytical approaches that while diabatic

(ρgoal = |0〉〈0|) transitions in a dissipative LZ evolution do not seem to suffer de-

coherence and thus achieve high fidelity, adiabatic (ρgoal = |1〉〈1|) variations of the

control parameter render poor final state fidelity even for weak coupling. This can

be seen in Fig. 3.2 (b), where the fidelity as a function of time is plotted for differ-

ent values of γ0. As λ(t), being swept slowly, reaches the AC, the system becomes

extremely sensitive to decoherence and rapidly becomes mixed. The fidelity then

fails to achieve the desired value of 1. For sufficiently large γ0, the state losses its
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Figure 3.2: (a) Fidelity as a function of the dimensionless time ∆t for sudden-
switch variations of the control parameter (b) Fidelity as a function of ∆t for
adiabatic passages through the avoided crossing. In both fidelity plots, the solid
line corresponds to the isolated system calculations, and the dashed curves to
the system coupled to a bosonic environment. The temperature of the bath was

fixed at T = 10∆.

purity and evolves to ρ = I
2
, for which Ffinal = 1

2
.

To overcome this problem we propose an alternative method in which we use

the so-called sudden-switch transitions [110]. Consider the LZ system prepared

initially in the state |ψ(0)〉 = |0〉. We now consider λ(t) to be a piecewise constant

function with initial value λ(0) = −λ0, with λ0 � ∆/|α|. In this way, the initial

state is approximately an instantaneous eigenstate of the Hamiltonian HLZ(t = 0).

If now λ(t) undertakes a sudden variation to λ = 0 and the system is left to evolve

for a time T , the final state is given by

|ψ(T )〉 = cos

(
∆

2
T

)
|0〉+ sin

(
∆

2
T

)
|1〉 . (3.6)

It is clear that choosing T = π
∆

yields |ψ(T )〉 = |1〉. The final step in the evolution

is a second sudden switch of the control parameter from 0 to +λ0. Once again, the

instantaneous eigenstates of the Hamiltonian will be approximately those of σz, in

such a way that |ψ(t)〉 will be a stationary state for t > T , since |ψ(T )〉 = |1〉. In

sum, we have driven the system from |0〉 to |1〉 in a time T = π
∆

with a probability

of 1. In this way, this scheme represents a sort of shortcut to adiabaticity, as the

final state of the system is the same as if the parameter λ(t) had been modified

adiabatically. The total evolution time has been dramatically shortened, since an

adiabatic passage through the AC requires a total time much larger than a crit-

ical time of the order of ∆−2 (recall the critical velocity expression from the LZ

formula, c.f. eqn 3.4).
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Note also that if we apply the Mandelstam-Tamm bound (2.16) to this case, with

|ψ0〉 = |0〉, |ψg〉 = |1〉 and H = HLZ(λ = 0) = ∆
2
σx, we obtain

tMT
QSL =

π

∆
. (3.7)

The sudden-switch field protocol then saturates the quantum speed limit bound.

This has been taken a proof of time-optimality [54]; however, as we discussed in

Chap. 2, this result is actually telling us that the system is evolving through a

geodesic in Hilbert space. Nevertheless, as we will see in Chap. 4 using optimiza-

tion techniques, the control generated by the sudden-switch protocol is indeed

time-optimal at each avoided-crossing, although it will not necessarily be so in a

many level system.

We can now check the performance of the sudden-switch method in the presence of

a dissipative environment. Taking again the master equation (3.5), we now observe

that the desired transition to ρgoal = |1〉〈1| is indeed achieved with high probability

in this case. In Fig. 3.2 (a) we show how the fidelity in this case evolves favorably

even in the presence of the environment, making this method much more robust

under the action of external influences, due to its increased speed as opposed to

adiabatic method. In sum, this represents a relatively decoherence-resistant con-

trol recipe for achieving “adiabatic” (P1 ' 1) transitions at an avoided crossing

in the energy spectrum of a system. Together with the diabatic transitions, this

updated binary control protocol (which we will refer to as S-D) renders a shorter

control time and high fidelity at each AC, even in the presence of a dissipative

environment.

3.1.1 Example: two-photon generation in the Jaynes - Cum-

mings model

We will now apply the method presented in this section to an specific control

problem in the Jaynes-Cummings model [111], which describes a two-level system

coupled to single mode of the electromagnetic field. The Hamiltonian for the

system reads

HJC(λ) =
λ

2
σz + gσx(a

† + a) + Ωa†a, (3.8)

where λ is the control field, g measures the coupling between both subsystems and

Ω is the natural frequency of the oscillator. This model accurately describes the

low energy behavior of a superconducting junction capacitively coupled to a trans-

mission line, which is currently one of the most promising practical realizations of
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Figure 3.3: (a) Spectrum of Jaynes-Cummings model (3.8) as a function of
the control parameter λ/Ω.The symbols � and ⊕ refer to the initial and target
states, respectively, which are joined by a path following the energy levels. (b)
Control field derived using the control method described in this section, together
with the simulated time-dependent probabilities it generates. (c) Final fidelity
F(T ) as a function of the dimensionless coupling constant γ/g, for the dissipative

model described by eqn. (3.9), both using S-D and A-D control methods.

a qubit for quantum computation applications [112, 113]. The energy spectrum

of HJC as a function of λ is shown in Fig. 3.3 a, where avoided level crossings

appear as a result of qubit-oscillator interaction. Let us suppose that the system is

initially prepared in state |ψ0〉 = |↑, 0〉, where |↑↓, n〉 represents a separable state

of the composite system, with the qubit in an eigenstate of σz and the oscillator

in a Fock state |n〉. The initial state matches the ground state of the system for

λ � −Ω. We now intend to drive the system to the target state |↑, 2〉, so that

at the end of the process two photons will be generated in the cavity and the

qubit will keep its initial configuration. In Fig. 3.3 a we draw a path connecting

both states, from which we can infer the required control field λ(t), shown in Fig.

3.3 b. The process requires two sudden-switch instances to transfer population

at λ/Ω = 1 and −1, with an intermediate diabatic passage through the second

avoided crossing. The evolution of the diabatic state population is shown in Fig.

3.3 b, where it can be seen that the system evolves in the desired way.

Finally, we analyze the performance of the method in the presence of a dissipative

environment. We again take a master equation approach to solve the reduced

composite system dynamics when the oscillator couples to a high-temperature

bosonic bath via Hint = (a† + a) ⊗
∑

k ck(b
†
k + bk), where b†k, bk are the creation

/ annihilation operators of the k-th environmental mode. The equation of motion
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is given by [114]

ρ̇(t) = −i [HJC , ρ] +
γ

4
[Q, {P, ρ}]− γT

2Ω
[Q, [Q, ρ]] (3.9)

where HJC is the Hamiltonian of eqn. (3.8), T is the temperature of the bath,

Q = a†+ a and P = a†− a and γ measures the coupling between the transmission

line and the bath.

In order to obtain a comparison between the A-D method (which uses linear ramps

of the control field to obtain adiabatic transitions) and the S-D method (in which

we replace the linear ramps by sudden switches of λ), we studied the final fidelity

for the control process described above as a function of the coupling strength γ,

for both cases. Results are shown in Fig. 3.3 c. There, it can be seen that the

performance of the control decreases much slower when using the S-D method,

thus providing proof of the enhancement of the control methodology.

3.2 Time-periodic driving at avoided crossings

The method described in the previous section gives a robust strategy for control

in quantum systems with many avoided crossings. However, the fields derived by

means of this method have a temporal shape which is piecewise linear or constant,

and may be complicated to realize in actual physical experiments. Typically, os-

cillating fields with fixed bandwidth are preferred in most experimental situations,

for example in circuit QED. It is therefore desirable to study the dynamics of these

systems under the influence of this type of fields.

In this section we will approach the problem of population transfer in the two-level

model (3.1) using time-periodic fields. Beyond the control problem itself, this type

of external driving has raised increasing interest over the past decades, as it leads

to non-trivial steady state phenomena such as Landau-Zener-Stückelberg (LZS)

interference [115], Floquet time crystals [116], Floquet topological insulators [117]

and coherent destruction of tunneling (CDT). The latter is an striking phenomenon

first predicted by Grossmann et al. [118] and later observed experimentally [119].

A particle in a symmetric double-well potential usually oscillates back and forth, if

initially localized in one of the wells. However, if the depth of the wells oscillates in

time, the tunneling rate may dramatically change. In fact, for certain combinations

of the driving parameters, the rate vanishes, resulting in an effective localization

of the particle in the initial well. Grossmann studied this problem using Floquet

theory [120, 121], which states that for a time-periodic Hamiltonian H(t) = H(t+
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T ) a full set of orthonormal solutions for the corresponding Schrödinger equation

exists, which are of the form

|Ψα(t)〉 = exp (−iεαt) |Φα(t)〉 , α = 0, . . . , n− 1 (3.10)

where n is the dimension of the system. The real-valued quantities {εα} are called

quasienergies, and the states {|Φα(t)〉}, which share the periodicity of H(t), are

called Floquet states. As shown in [118], CDT takes place only when some Floquet

quasienergies are degenerate.

In the following, we will show that the Floquet spectrum of a two-level system

under a sinusoidal driving in the regime of intermediate frequencies (ω ' ∆, being

ω the driving frequency and ∆ the characteristic frequency of the system) has

a second kind of “special points”, defined by the condition that the quasienergy

separation is a local maximum, where population inversion is achieved after a time

interval that only depends on the quasienergy difference, and where the full time-

dependent evolution operator U(t) can be obtained in a very simple analytical

form.

We consider again a two-level system described by a Hamiltonian H(t) of the form

(3.1), where we now take the time-dependent field to be of the form

λ(t) = A cos (ωt) , (3.11)

such that T = 2π/ω is the period of H(t). When dealing with this type of systems,

it is customary to factorize the evolution operator as U(t) = U1(t) U2(t), where

U1(t) = exp [−i γz(t) σz/2] can be regarded as a transformation to a rotating frame,

since γz(t) = 2
∫
λ(τ) dτ = (2A/ω)sin (ωt). The remaining factor is obtained by

the transformed Schrödinger equation iU̇2(t) = H2(t)U2(t), where H2(t) = U †1HU1

as

H2(t) =
∆

2
{cos [γz(t)]σx + sin [γz(t)]σy} (3.12)

The time dependence in this expression can be averaged out over one period of the

driving field in the high frequency regime, i.e. ω � ∆, in what is usually referred

to as the rotating wave approximation (RWA) [122]. This gives

U2(t) = exp

(
−i∆

′

2
t σx

)
, with ∆′ = ∆J0 (2A/ω) , (3.13)

J0(x) being the first kind Bessel function For the values of 2A/ω corresponding

to the zeros of J0, the evolution operator U(t) is diagonal in the σz basis, , which

explains the occurrence of the CDT phenomenon in the two-level approximation,

where {|0〉 , |1〉} represent states localized in each one of the wells. For any other

value of the amplitude A the population inversion between these states takes place
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Figure 3.4: Top: Quasienergy spectrum for the two level Hamiltonian of
eq. (3.1) with λ(t) = A cos (ωt) as a function of A/ω. The boxed numbers
n = 1, 2, . . . label the points of the spectrum in which the quasienergy separation
is locally maximal. On top, we plot the analytical expression (3.15). Bottom:
Non decay probability PND at time TF , defined by eq. (3.14), calculated by
numerical simulations of the system prepared in the initial state |0〉, as a function
of A/ω. Near the degeneracies, where TF diverges, results are not displayed. In

all cases, the resonant case (i.e. ω = ∆) is studied.

in a finite lapse of time, given by

TF =
π

∆′
. (3.14)

When the RWA cannot be applied, we can resort to Floquet theory and study

the quasienergy spectrum. The quasienergies can be obtained in an easy way by

diagonalizing U(T ), something that can be done by numerically computing the

time evolution from t = 0 to t = T of an adequate basis set. In this way, the

eigenphases of U(T ) give the desired quasienergies, which in the case ω � ∆,

discussed above, simply correspond to

ε± = ±∆′

2
. (3.15)

This expression implies that the spectrum contains an infinite set of degeneracies as

A/ω increases, and also that expression (3.14) can be rewritten as TF = π/|ε+−ε−|.
When computed for lower frequencies, the quasienergy spectrum changes consid-

erably for small amplitudes [123], as shown in Fig. 3.4 (top) for the case ω = ∆.

However, the results still show the typical ribbon structure [124], and expression

(3.15) remains a reasonable approximation for A/ω & 3. To asses the valid-

ity of expression (3.14) in this regime, we simulate the evolution of the system

starting from |0〉 for different values of amplitude, calculating the non probability
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PND(t) = |〈0|ψ(t)〉|2 at time t = TF , in each case. The results that are shown

in Fig. 3.4 (bottom) reflect a more complex behavior than that predicted by the

high frequency model, in which PND(TF ) = 0 is expected for every value of A

corresponding to finite TF . More interesting is the fact that the results of Fig. 3.4

reveal the existence of a new outstanding feature: the points for which PND ' 0

pack around certain values of A, which correspond to the points of local maximum

separation between quasienergies, i.e. the “peaks” of the spectrum. We have la-

beled these points by n = 1, 2, . . . in the figure.

To analyze this behavior in more detail we consider the time evolution of PND(t)

for different values of the driving amplitude. Some representative numerical re-

sults are shown in Fig. 3.5, where it can be seen that PND shows a “ladder”-type

structure, decreasing through a series of steps, in each of which the probability

oscillates rapidly around a constant mean value. Moreover, as n grows, the fre-

quency of these oscillations increases,while the corresponding amplitude decreases.

These steps occur whenever the field λ(t) reaches a maximum or a minimum, and

then their amount can be estimated by the ratio 2ω/Ω, with Ω = 2π/TF .

The singular behavior shown by the dynamics at the extrema of the quasienergy

spectrum admits a deeper analytical analysis. Hamiltonian H2 in eq. (3.12) can

be regarded as equivalent to the interaction of a spin-1/2 particle with a unit

intensity magnetic field ~B(t) rotating periodically but non-uniformly in the x− y
plane, such that the instantaneous Larmor frequency is ∆. The components of

this field can be expanded in Fourier series

Bx(t) ≡ cos (γz) = J0 (ν) + 2
∞∑
n=1

J2n (ν) cos (2nωt) (3.16)

By(t) ≡ sin (γz) = 2
∞∑
n=1

J2n−1 (ν) sin [(2n− 1)ωt] , (3.17)

where ν = 2A/ω. If considered separately, the time integrals of both components

give the accumulated phase throughout the evolution. Note that integrating By(t)

shows that the leading term vanishes when J1(2A/ω) = 0, which results in a

small phase contribution of the whole series. Also notice that, because of the

relation J ′0(x) = −J1(x), the zeros of J1 match the extrema of J0, also giving the

position of the spectrum peaks mentioned above, as long as approximation (3.15)

holds. In this situation, U2(t) is well approximated by U2(t) = exp
[
− i

2
γx(t)σx

]
=
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Figure 3.5: Time evolution of the non-decay probability for the system start-
ing in state |0〉, in the resonant (ω = ∆) regime. (a) Amplitudes corresponding
to peaks n = 2, 3, 5, 6. (b) Left: Amplitude corresponding to n = 4. Right:
A = 4.5ω, between n = 2 and n = 3. Thick lines show the results given by
numerical simulations,while the black dashed curve is given by the analytical
solution (see text for details). For comparison, we show the solution predicted
in the high frequency regime (solid light gray line), and a cosine function with

the frequency of the driving field, ω (dashed light gray line).

exp
{
− i

2
[∆′t+ δ(t)]σx

}
with

δ(t) =
∆

ω

∑
n

J2n(2A/ω)

n
sin (2nωt) , (3.18)

which is T -periodic and can be seen to vanish in the limit ∆/ω → 0, as expected.

This result for U2(t) approximates very well the population dynamics when the

field parameters are set at the extrema of the quasienergy spectrum. A repre-

sentative example is shown in Fig. 3.5. In this case the full evolution operator

becomes

U = U1U2 = exp [−iγz(t)σz/2] exp [−iγx(t)σx/2] . (3.19)
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Figure 3.6: Top: (main) energy spectrum of the LiNC/LiCN molecular system
as a function of the electric field intensity E. (a) Schematic diagram of the LiCN
molecule, including the set of coordinates (R, θ) used. (b) Enlarged view of the
squared zone of the spectrum, showing the avoided crossing considered. At both
sides, density plots of the wave functions far from the crossing, which represent
excited isomerized states. The axis ranges are 0 < θ < 180◦ and 3 < R < 5.5
a.u. Bottom: numerically simulated population evolution, starting in state |1〉
and setting ω = ∆M and A = (1.23× 10−2)∆. Full black lines show the result

predicted by the two-level analytical solution (3.19) applied to this system.

3.2.1 Application to a multilevel system

As seen in the previous paragraphs, the degree of population transfer is related

to the quasienergy spectrum of a periodically-driven system. As was studied in

[123], such spectrum usually depends on the ratio between the driving amplitude

and frequency, A/ω. One thus has to be careful when studying this type of phe-

nomena in a two-level model derived from a more complicated system, since the

two-level approximation holds when the field amplitude remains on the vicinity

of the avoided crossing. For example, high-frequency results typically hold when

ω � ∆, and so the first degeneracy in the quasienergy spectrum is bound to ap-

pear for values of A � ∆. In that regime, however, the two-level approximation

may break down. Thus, our analysis of the intermediate frequency regime becomes

specially relevant for multilevel systems.
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Figure 3.7: Quasienergy spectrum for the LiNC/LiCN molecular system, fo-
cused in the energy range of the avoided crossing under study (see Fig. 3.6).
The values of driving field frequency used in each case are: (a) ω = ∆M , (b)

ω = 20∆M , (c) ω = 30∆M .

Here, we study a molecular model to to test our results: the LiNC/LiCN isomeriz-

ing system, which presents two stable isomers at the linear configurations: Li–N–C

and Li–C–N. We present a detailed description of this system in Appendix B. We

consider the system to be driven by a time-periodic electric field in the dipole

approximation, and compute the energy spectrum as function of the field value

in Fig. 3.6. We obtain a complex multilevel structure where, as a rule of thumb,

positive-slope energy lines correspond to LiNC states (that is, those localized in

the θ = 180◦ well) and the negative-slope lines to LiCN states (θ ∼ 0).

A careful analysis of the spectrum shows that most avoided crossings (ACs) in the

low-energy region are very narrow and thus correspond to interactions too weak

to be useful in controlling the isomerization. However, there is an AC centered at

E = Edc ≡ 2.39 × 10−3 a.u., with a spectral gap of ∆M = 0.15 cm−1 which seems

suitable for achieving such control. Indeed, far for from the AC, the involved

eigenstates, termed |LiNC〉 and |LiCN〉, show localization in opposite wells (see

Fig. 3.6 b). We then use an electric field of the form: E(t) = Edc + Acos (ωt) and

study the population dynamics.



Chapter 3. Quantum control via navigation of the energy spectrum 46

In Fig. 3.7 we show the quasienergy spectrum of our molecular system as a func-

tion of A′/ω 1, for different values of driving frequency ω. Note that only the region

of the spectrum corresponding to the marked AC in the Fig. 3.6 is displayed here.

As discussed in the beginning of this subsection, the typical ribbon structure be-

comes clearly distorted as the frequency increases. Therefore, we propose to work

in the intermediate frequency regime discussed before, so that the main results of

the previous sections become relevant for this problem. Actually, setting ω equal

to ∆M make expression 3.19) straightforwardly applicable. As an illustration, we

show in the bottom panel of Fig. 3.6 the evolution obtained starting from state

|LiNC〉 for A = (1.23 × 10−2)∆ (corresponding to n = 4). As can be seen, the

total control time is approximately 2.3 × 2π/∆M ' 0.51 ps, which is well below

the 400 ps reported in Ref. [? ]. Moreover, the results predicted by the analytical

model proposed in this subsection are in full agreement with the numerical results,

as can be seen in the Figure.

In summary, in this section we have shown the existence of a set of special points

in the quasienergy spectrum of a periodically driven TLS, where the evolution

of the populations takes place with maximum probability transfer, and show the

relevance of these results in a realistic multilevel model. We also develop an

analytical treatment for this model, which will be useful when we address time-

optimal control in Chap. 4.

1Note that the AC in model (3.1) is symmetrical; in the general case, the slopes of the diabatic
branches must be taken into account. This leads to the rescaling A→ A′ = ∆α

2 A, where ∆α is
the difference of slopes between the branches (in absolute value).



Control cuántico via navegación

del espectro de enerǵıas

En este caṕıtulo desarrollamos un método para implementar control en sistemas

cuánticos sin utilizar técnicas de optimización. El método se basa en el conocimiento

del espectro de enerǵıas del sistema en función de un parámetro de control externo

y es adecuado para sistemas que muestren cruces evitados bien definidos en su es-

pectro. Aunque esta caracteŕıstica puede parecer bastante restrictiva, es, de hecho,

una propiedad general de sistemas con interacción entre sus niveles de enerǵıa, al

menos en la región de bajas enerǵıas. El método proporciona una forma de deducir

una serie bien definida de variaciones rápidas (diabáticas) y repentinas (escalon-

adas) del parámetro de control, lo que nos permite evolucionar a través del espacio

de estados del sistema y alcanzar el estado objetivo deseado. Si bien evaluaremos

la optimalidad del método en el caṕıtulo 4, este esquema de hecho cumple con el

ĺımite de velocidad cuántica en cada cruce evitado, y por lo tanto demostraremos

que puede aplicarse con éxito en presencia de decoherencia.

En la sección 3.1 presentamos el modelo de Landau-Zener para un sistema de

dos niveles, el cual analizamos en detalle en distintos escenarios a lo largo de la

Tesis. Asimismo realizamos un resumen de un método de control desarrollado pre-

vio a este trabajo en [72] y discutimos sus propiedades mas importantes. Luego

proponemos un método modificado que permite efectuar protocolos de control en

tiempos mas cortos, y presentamos un estudio comparativo sobre la performance

de ambas variantes del método en un sistema abierto, en particular el modelo

de Jaynes Cummings acoplado a un entorno térmico. Mostramos que la variante

propuesta permite mejorar sustancialmente el éxito del control en presencia de un

entorno.

El método descrito anteriormente da una estrategia robusta para el control en sis-

temas cuánticos con muchos cruces evitados. Sin embargo, los campos derivados

por medio de este método tienen una forma temporal que es lineal o constante
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por piezas, y puede ser complicado de realizar en experimentos f́ısicos reales.

T́ıpicamente, los campos oscilantes con ancho de banda fijo son deseables en la

mayoŕıa de las situaciones experimentales, por ejemplo en circuit QED. Por lo

tanto, es deseable estudiar la dinámica de estos sistemas bajo la influencia de este

tipo de campos. En la sección 3.2 abordamos el problema de la transferencia de

población en el modelo de dos niveles usando campos periódicos. Alĺı mostramos

la existencia de un conjunto de puntos especiales en el espectro de cuasienerǵıas

donde la evolución de las poblaciones es tal que probabilidad de transferencia es

máxima. También mostramos que para estas combinaciones particulares de los

parámetros de control, el operador de la evolución del sistema puede ser aproxi-

mado por una expresión anaĺıtica simple. Al estudiar un modelo realista para la

dinámica vibracional de una molécula triatómica, mostramos que estos resulta-

dos son particularmente relevantes cuando el espectro de enerǵıa presenta varios

cruces evitados, donde el uso de los campos oscilantes de gran amplitud invalidaŕıa

la aproximación de dos niveles.



Chapter 4

Optimal control of quantum

systems

In this chapter we will use the optimization tools introduced in Chapter 2 to further

analyze control problems in systems with one and with many avoided crossings in

their energy spectrum, such as the ones discussed in Chapter 3. We will first re-

visit the two-level system described by the Landau-Zener Hamiltonian (3.1), where

we will see that it is possible to solve the problem of time-optimal control ana-

lytically. This will allow us to confirm the time-optimality of the sudden-switch

protocol introduced earlier, as well as test the methods presented in Section 2.2 to

obtain lower bounds for the minimum control time. We will then tackle the gen-

eral multilevel problem with the spectrum navigation method, and use numerical

optimization tools to further minimize the required evolution time.

4.1 Optimal evolution time in a two-level system

We go back to the two-level Hamiltonian originally presented in Sect. 3.1,

H(λ) =

(
λ ∆

2
∆
2
−λ

)
= λ σz +

∆

2
σx. (4.1)

We now redefine the notation |gγ〉 ≡ |φ0(γ)〉, which refers to the ground state of

H(γ) (i.e. its eigenstate with negative eigenvalue, see Fig. 4.1 a). Pursuing the

motivation of Chapter 3, we will focus on the following control problem: we start

in the initial state |ψ0〉 = |g−γ〉 and we wish to drive the system to the target state

|ψg〉 = |g+γ〉 (here γ > 0). Moreover, we wish to do so in the minimum possible

time. First of all, let us point out that this system is completely controllable in

the sense defined in Chap. 2. We can prove this computing the dimension of
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the dynamical Lie algebra L in the following way. We first take the zero-depth

operators in HLZ which are σx (the drift term) and σz (the control term). The

commutator gives

[σz, σx] = iσy (4.2)

Of course, there is no need to continue computing the nested commutators asso-

ciated with this system, since we have already found a set of n2 − 1 = 3 linearly

independent elements of L, {σx, σy, σz}, and thus we can assert that L = su(2).

The problem of finding the required control field for this process was solved by

Hegerfeldt in 2013 [125], which proved that different protocols arise whether we

place constraints on the amplitude |λ(t)| of the control field or not. In the uncon-

strained case, the optimal field is

λ(t) =


+λ0 for 0 < t < t0

0 for t0 < t < t0 + T

−λ0 for t0 + T < t < 2t0 + T

, (4.3)

where λ0 � ∆, λ0t0 = π/4, and as |λ(t)| has no restrictions, we can choose

λ0 →∞ so as to have t0 → 0. The total evolution time is then given by

Tmin = T + 2t0 → T =
2

∆
arctan

(
2γ

∆

)
(4.4)

The control sequence in (4.3) was in fact derived previously in [126] by numerical

methods for an specific value of γ, and received the name “composite pulse pro-

tocol”. In the constrained case, where |λ(t)| ≤ Λ, the optimal solution is similar,

λ(t) =


+Λ for 0 < t < TΛ

0 for TΛ < t < TΛ + Toff

−Λ for TΛ + Toff < t < 2TΛ + Toff

(4.5)

The optimal time here is given by Tmin = Toff + 2TΛ. The expressions for TΛ and

Toff differ whether the maximum field Λ is smaller or larger than ∆2

4γ
. For Λ ≥ ∆2

4γ
,

we have

TΛ =
1√

Λ2 + ∆2

4

arcsin

(
Λ2 + ∆2

4

2Λ(Λ + γ)

)

Toff =
2

∆
arctan

 Λγ − ∆2

4

∆
2

√
Λ2 + 2Λγ − ∆2

4

 , (4.6)
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Figure 4.1: (a) Energy spectrum of Hamiltonian (4.1) as a function of λ.
Initial and final states for the control problem are shown with symbols � and
⊕, and are shown in Bloch sphere in the bottom drawing. (b) Bloch sphere
representation of the two-level system state space. Blue line shows the evolution
generated by the composite pulse protocol, the gray line shows the evolution for
λ = 0 and the dashed line represents the geodesic path linking |g−γ〉 and |g+γ〉.
(c) Bloch sphere trajectories for the protocol with constrained λ. Bang-off-bang

protocol is shown with c = 1.5∆2

4γ , while for the bang-bang protocol, c = 0.5∆2

4γ
was used.

while for Λ < ∆2

4γ
, the result is

TΛ =
1√

Λ2 + ∆2

4

arcsin

Λ
(

Λ2 + ∆2

4

)
∆2

2
(Λ + γ)


Toff = 0 (4.7)

Although expressions (4.4) through (4.7) may be rather involved, the evolutions

generated in this three scenarios are easy to visualize and interpret in Bloch sphere.

In Fig. 4.1 we draw the initial and final states, which can be parametrized by an

angle θ, such that

|g−γ〉 = cos

(
θ

2

)
|0〉 − sin

(
θ

2

)
|1〉 (4.8)

|g+γ〉 = sin

(
θ

2

)
|0〉 − cos

(
θ

2

)
|1〉 , (4.9)

where

tan(θ) =
∆

2γ
(4.10)

As seen in Fig. 4.1 (b), the composite pulse protocol (4.3) generates a rotation

around the x axis preceded and followed by instantaneous z-rotations, thanks to

the unconstrained magnitude of the control field. In the constrained case, however,
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optimality is reached by generating rotations about a tilted axis in the x-z plane,

as seen for the bang-bang and the bang-off-bang evolutions in 4.1 (c).

Before we continue, let us look at these results in the limit γ → ∞. In virtue of

eqn. (4.10) we have that θ → 0 in this limit, and thus the initial and target states

are |ψ0〉 = |0〉 and |ψg〉 = |1〉, as was considered for the control problem in Chap.

3. In this case, all three solutions (4.3) and (4.5) coincide and we get exactly the

sudden-switch protocol, with the optimal evolution time given by, for example,

eqn. (4.4)

Tmin →
π

∆
when γ →∞, (4.11)

which is consistent with what we saw in Chap. 3. This confirms the time-

optimality of the sudden-switch protocol for a two-level system. As we will see at

the end of this Chapter, this will not hold for a multilevel system, although we

can modify the method in order to further minimize the total evolution time.

4.2 Analysis of the quantum speed limit bounds

In Sect. 2.2.3 we presented the quantum speed limit (QSL) formalism based

on Mandelstam-Tamm relation (2.16) and mentioned that obtaining a bound

on the evolution time for a time-dependent Hamiltonian would require solving

Schrödinger equation. We also proposed a number of expressions of the form

(2.27) which, in principle, allow us to bound the evolution time with minimal

knowledge about the system evolution. Here we apply all those results to the

controlled two-level system presented in the previous paragraphs.

As mentioned in Sect. 2.2.3 there is more than one way to extract a bound on the

evolution time from the Anandan-Aharonov relation

s(ψ0, ψ(τ)) ≤
∫ τ

0

∆E(t′) dt′. (4.12)

One of them follows a proposal in [84], also later used in [87]. For that we set

|ψ(τ)〉 = |ψg〉 in the l.h.s. of eq. (4.12), set TQ1 as the upper bound of the integral

in the r.h.s., and impose the equality. We can then solve the integral for TQ1,

which is the desired the evolution time bound. Note that, in this case, the QSL

time TQ1 is interpreted as the time required by the process to traverse a distance

equal to s(ψ0, ψg) in state space, regardless of the states being actually connected

in the evolution. An alternative method, proposed in Ref. [82] was mentioned in
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Chap. 2, c.f. eqn. (2.25), which we rewrite here

T ≥ arccos (|〈ψ0|ψg〉|)
∆E

≡ TQ2 (4.13)

As already described, in this case TQ2 = s
sp
T ≤ T , where s is the distance between

ψ0 and ψg measured by Fubini-Study metric, sp is the length of the actual path

traversed by the system during the evolution and clearly sp ≥ s.

Let us begin by analyzing the composite pule protocol of eq. (4.3) in the uncon-

strained case. In order to obtain the bounds TK (with K = Q1, Q2) it is necessary

to calculate the integral on the r.h.s. of expression (4.12). To do so, we express

the state of the system at time t using the usual Bloch parametrization

|ψ〉 = cos
(χ

2

)
|0〉+ eiϕsin

(χ
2

)
|1〉 , (4.14)

where χ = χ(t) and ϕ = ϕ(t) are the usual polar and azimuthal angles used in

spherical coordinates. The variance of Hamiltonian (4.1) can then be expressed as

∆E2 = λ2 sin2 (χ) +

(
∆

2

)2 (
1− sin2 (χ) cos2 (ϕ)

)
−λ∆ sin (χ) cos (χ) cos (ϕ) . (4.15)

Due to the piecewise-constant time-dependence of λ(t), i.e. expression (4.3),

this protocol has three steps. In the first one, t ∈ [0, t0] and the last one t ∈
[T + t0, T + 2t0], we have χ = const. = θ and ϕ varies fromπ to 3

2
π (or in reverse)

with angular velocity 2λ0. This results in

2

∫ t0

0

∆E(t′) dt′ = 2

∫ T+2t0

T+t0

∆E(t′) dt′ =
π

2
sin (θ) , (4.16)

which, naturally, is the length of the path travelled by the system in each step.

For t ∈ [t0, T + t0], we have ϕ = 3
2
π = const. and the polar angle runs from θ to

π − θ with velocity ∆, so we get

2

∫ t0+T

t0

∆E(t′) dt′ =

∫ t0+T

t0

∆ dt′ = ∆T. (4.17)

As was discussed in before, to obtain the bound TQ1 we have to solve

s(θ) = 2

∫ TQ1

0

∆E(t′) dt′, (4.18)

in which different results are be obtained depending on the values of θ, yielding

TQ1(θ) =

{
0 if π

2
sin (θ) ≥ s(θ)

s(θ)−π
2

sin(θ)

∆
if not

, (4.19)

We remark that, in order to obtain eq. (4.19), the integral on the r.h.s. of eq.

(4.18) is computed along the composite trajectory generated by the field in eq.

(4.3) in the limit λ0 → ∞. As discussed above, TQ1 is equivalent to the time
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required by the process to traverse a distance equal to s(ψ0, ψg). Note that, in

light of expression (4.9), here the distance is given by

s(ψ0, ψg) = π − 2θ ≡ s(θ). (4.20)

Since in the first z-rotation the system covers a distance (π sin θ)/2 with infinite

speed, it is easy to see that, for s(ψ0, ψg) ≤ (π sin θ)/2, we have TQ1 = 0. Other-

wise, the lengths covered in the first and second rotation both contribute, while

the length from the third step of the procedure does not need to be computed. It

can be seen by comparing expression (4.19) to eq. (4.4) that TQ1 < Tmin for all θ.

The bound TQ2, given by eq. (4.13), can also be evaluated directly and gives

TQ2(θ) =
s(θ)

spath(θ)
T (θ) =

s(θ)

s(θ) + πsin (θ)
Tmin(θ). (4.21)

Before we go on to compare the actual minimum evolution time Tmin of eq. (4.4)

with the QSL bounds of eqns. (4.19) and (4.21), we will use the methods proposed

in Sect. 2.2.3 and analyze the new bounds tXmin with X=B, P, R1 and R2 which

are of the form

T ≥ tmin (H,λmax, |ψ0〉 , |ψg〉) . (4.22)

We stress that, since these expressions are independent of the actual dynamics of

the system, we will derive them for the constrained and unconstrained protocols

in the same way. This is a key aspect of the approach we propose, since we should

be able to obtain some information about the minimum evolution time without

any knowledge about the actual optimal protocol. Let us start with tBmin of eqn

(2.28), for which we calculate the norm of H

H2 =

(
∆2

4
+ λ2

)
I⇒ ‖H‖ =

√
tr (H2) =

√
2

(
∆2

4
+ λ2

)
(4.23)

We bound this expression to obtain

tBmin =
π
2
− θ√

∆2

4
+ λ2

max

(4.24)

For computing the bound (2.38) obtained via Pfeifer’s theorem, tPmin, we need to

evaluate the variance ∆E of (4.15) in both the initial and final states. This can

be done in a straightforward way, and we obtain

∆E|ψ0/ψg =
∆

2
cos (θ) |1± 2λ

∆
tan (θ)|, (4.25)

which in turn gives

h(t) =
∆

2
cos (θ)

∫ t

0

min

{
|1 +

2λ

∆
tan (θ)|, |1− 2λ

∆
tan (θ)|

}
(4.26)
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In this way we obtain

tPmin =
π
2
− θ

∆
2

cos (θ) + λmaxsin (θ)
(4.27)

We finally consider tR1
min, which was defined in eq. (2.47) to be of the form,

tR1
min =

1−
n∑
j

|
〈
ψg|φcj

〉 〈
φcj|ψ0

〉
|

‖H0‖
. (4.28)

We recall that here H0 = ∆
2
σx is the free term of the Hamiltonian, and

∣∣φcj〉 refer

to |0〉 and |1〉, i.e. the eigenstates of the control operator σz. Straightforward

calculation gives

tR1
min =

1− sin (θ)
√

2
2

∆
. (4.29)

We point out that tR2
min defined in eq. (2.48) as

tR2
min =

1−
n∑
j

|
〈
ψg|φ0

j

〉 〈
φ0
j |ψ0

〉
|

λmax‖σz‖
(4.30)

gives 0 for this problem since the numerator of this expression can be seen to

vanish for all θ.

Up to this point we have computed five bounds for the evolution time in this

control problem: (4.19) and (4.21) derived from the geometrical QSL formulation,

for which we had to use the optimal solution derived by Hegerfeldt; in addition to

(4.24), (4.27) and (4.29) which are computed without knowledge of such solution.

Let us first compare this expressions with the optimal time Tmin for the case of

full population transfer, i.e. γ →∞ or θ → 0. In this case, Tmin = π
∆

, while

TQ1 = TQ2 =
π

∆
(4.31)

Since these were the geometrical expressions, it is reasonable to have obtained a

tight bound: when θ = 0, the optimal evolution (which is generated by setting

λ = 0) is along a geodesic, which is precisely when the Anandan-Aharanov relation

is saturated. For the other expressions, we obtain tBmin = 0 due to the dependence

on λmax →∞ and

tPmin =
π

∆
>

√
2

∆
= tR1

min. (4.32)

It is interesting to see that Pfeifer’s bound tPmin matches the optimal evolution time

also, although we didn’t use any information about the optimal solution itself to

compute it. This result gives us confidence about the usefulness of this method to

bound evolution times in optimal control problems.
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Figure 4.2: Optimal evolution time Tmin and bounds TQ1, TQ2, t
R1
min obtained

from eqs. (4.19), (4.21) and (4.29) for the composite-pulse protocol (with un-
constrained λ) as a function of parameter θ.

Let us now analyze the general case of finite γ. For the unconstrained control,

we have that λmax → ∞. Note that this immediately gives tBmin = tPmin = 0, but

tR1
min remains finite since it does not depend on the control field constraints, as we

pointed out in Chap. 2. In Fig. 4.2 we plot this quantity along with the actual

optimum time Tmin and the QSL estimates TQ1 and TQ2 as a function of angle θ,

which defines the initial and target states (see Fig. 4.1 a). Note that for θ = π/2

(γ = 0) both states are the same, and thus Tmin = 0. From the figure we can

observe that the TQ1 and TQ2 curves (in dashed lines) cross for certain value of a

θ, so we cannot assert that one gives a tighter bound than the other. Moreover,

TQ1 vanishes for a certain range of θ, meaning that in that regime, it does not give

a meaningful limitation for the evolution time. Note that in the time-independent

case, the MT bound (eq. 2.16) gives zero only if ψ0 = ψ(τ) (which is trivial) or if

∆E → ∞, which means that the system evolves uniformly with infinite velocity.

In the time-dependent formulation, the velocity of the system in state space is

not constant, and the QSL time can vanish if, for some period, ∆E → ∞. Note

also that tR1
min, which was computed without knwoledge of the optimal evolution,

is never tight (except for θ = π
2
, which is trivial). However, its interesting to point

out that it is nonzero in spite of the fact that the control field is unconstrained

(and is infinite in this case), and thus gives a meaningful bound as opposed to tPmin
and tBmin.

We now compare the bounds for the case of constrained control, where |λ(t)| ≤ Λ.

As already mentioned, here the optimal solution depends on the relation between

Λ and γ. For Λ ≥ ∆2

4γ
, we have the bang-off-bang protocol described by expressions

(4.5) and (4.7),while for Λ < ∆2

4γ
, the solution is the bang-bang protocol, c.f. eqns.

(4.5) and (4.6). For both cases, we can compute TQ1 and TQ2 as described before;

the calculations are a bit more tedious than in the unconstrained case and we show
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Figure 4.3: Optimal evolution time Tmin and its bounds obtained from the
expressions discussed in the text for: (a) Bang-off-bang protocol, where Λ > ∆2

4γ

(in this calculations Λ = 6∆2

4γ ). In the inset we show a zoom of the zone

where curves cross. (b) Bang-bang protocol, where Λ ≤ ∆2

4γ (in this calculations

Λ = 0.2∆2

4γ ). Note that in this last case, TQ1 = TQ2 = tPmin.

the analytical expressions in Appendix A.2.

In Fig. 4.3 (a) we show the results for the bang-off-bang case. All the bounds

considered yield different curves in general, and all coincide for θ = 0 (except

for tR1
min). Moreover, there is no bound tighter than another for all θ. Of all the

bounds computed without the optimal protocol, tPmin stands out as the better one

(although its in general less tight than the QSL bounds TQ1 and TQ2).

In Fig. 4.3 (b) we show results for the bang-bang case. Interestingly, in this

case ∆E is constant throughout the evolution, albeit the Hamiltonian being time-

dependent itself (see Appendix A.2). As a result, we have TQ1 = TQ2. In this

case, they also coincide with tPmin, all of them being equal to the Mandelstam-

Tamm bound from the time-independent case. These three are in turn tighter

than tR1
min as before. Notably, however, the bound derived from Pfeifer’s theorem

tPmin is bigger or equal than all of the others for all θ, and results in the tighter

bound, albeit being computed without knowledge of the optimal protocol. This

result provides further evidence about the usefulness of this particular expression

for bounding minimal evolution times in quantum control problems. In the last

part of the following section we will continue to explore the bounds given by this

expressions, but in more complicated systems.
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4.3 Optimal evolution time for systems with many

avoided crossings

We will now use quantum optimal control (QOC) as a tool to study the quantum

speed limit in many-level systems which show several avoided-crossings (ACs) in

their energy spectrum, as the ones described in Chap. 3. There, we saw that

we could engineer control fields by a series of sudden variations of the control

parameter, which turned out to generate time-optimal evolution at each AC. In

the remainder of this chapter we will show that the minimum evolution time for

processes involving more than one AC is in general smaller than the algebraic sum

of the optimal times for each crossing, even when they appear to be well-isolated.

Then, through an analysis of the optimal fields derived by QOC, we will study

the physical mechanism involved in such speed up. Finally we will discuss the

importance of the spectrum navigation method in generating the initial seeds for

the optimization.

4.3.1 Multilevel model

The two-level model of eqn. (4.1) studied in the beginning of this chapter can be

extended and generalized to account for the presence of several ACs in a many-

level scenario. Here we construct a model for such situation. Consider an N -level

system with the following Hamiltonian

HN(λ) =

[N−1
2 ]∑

n=0

(λ− n ε0) |2n〉〈2n|+
[N−2

2 ]∑
n=0

n ε0|2n+ 1〉〈2n+ 1|

+
N−2∑
n=0

∆n

2
(|n〉〈n+ 1|+ |n+ 1〉〈n|) , (4.33)

where [x] denotes the integer part of x and {|n〉} is the basis of diabatic states.

When ∆n = 0 for n = 0, 1, . . . , N − 2, the Hamiltonian is diagonal in that basis,

and the energy spectrum consists merely on a series of horizontal and diagonal

straight branches with degeneracies at values of λij = (i + j)ε0 corresponding to

states |2i〉 and |2j + 1〉. If one of the couplings is non-zero, say ∆n 6= 0, the degen-

eracy at λn = nε0 is lifted and an AC is generated with a minimum energy gap of

∆n. As a consequence, transitions between the states |n〉 and |n+ 1〉 become per-

mitted. The overall shape of the energy spectrum for this model is schematically

depicted in Fig. 4.4 (e). There, it can be seen that ε0 measures how far apart are
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(a)

(e)

(b)

(c)

(d)

Figure 4.4: (a) A single avoided crossing as a function of the control parameter
λ. (b) Control field λ(t) as a function of time for a simple realization of complete
population transfer between the diabatic states. Note that time is represented
on the vertical axis. (c) and (d) same as (a) and (b) but for the three-level
Hamiltonian (4.34). (e) Schematical representation of the energy spectrum of
Hamiltonian HN (λ), c.f. Eq. (4.33), as a function of control parameter λ. In
the most general setting, the spectrum shows N −1 avoided crossings separated
by ε0, each of which generate a coupling between states |n〉 and |n+ 1〉 with

n < N − 1.

the locations of the ACs. Note that, when all the interaction rates are non-zero,

the number of ACs equals N−1. In a regime where ε0 � ∆n for all n, this model is

very convenient for analyzing dynamical processes which are dictated by local two-

level interactions. This can be seen as follows: if the system is initially preparred

in some state |n〉 and the control parameter λ does not deviate much from the

position of the corresponding AC (i.e. |λ−λn| � ∆n [104]), then the dynamics of

the system is effectively confined to a two-dimensional subspace, as the remaining

N − 2 levels can be adiabatically eliminated [127]. This is the key characteristic

of this model, and we will expand on its consequences on the QSL analysis later on.

Evaluating Eq. (4.33) for N = 2 we recover the two-level (one AC) Hamiltonian

similar to eq. (4.1). Taking the next step in complexity, the case N = 3 renders

the following Hamiltonian matrix

H3(λ) =

 λ ∆0

2
0

∆0

2
0 ∆1

2

0 ∆1

2
λ− ε0

 , (4.34)
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which has two ACs, one at λ0 = 0 and other at λ1 = ε0. The corresponding gaps

are ∆0 and ∆1 when ε0 � ∆0,∆1. The energy spectrum for this case is depicted

in Fig. 4.4 (c). This model has been widely studied in many different contexts

[127, 128, 129], as it is suitable for describing a three-level atom in a Λ configura-

tion. Note that, in that case, the parameters ∆0 and ∆1 correspond to detunings

between the energy levels and the frequencies of two external laser fields, which

are generally regarded as the control paraneters, while λ and ε0 are related to

the bare energy splittings. In this work this is not the case, as the off-diagonal

couplings are fixed and we implement control protocols by variying solely λ(t).

For this multiple AC model, we are interested in control processes which connect

diabatic states of the system. Without loss of generality, we consider the initial

state |ψ0〉 = |0〉 and define the process PK as the one which drives the system

to the state |K〉, with 0 ≤ K ≤ N − 1 (generalization to a different diabatic

initial state is straightforward). Our goal will be to find the control field λK(t)

which generates PK in a time T with maximum fidelity. Note that, if the ACs are

sufficiently isolated, we can use the method introduced in Chap. 3 to solve the

problem. By succesively setting the control field λ(t) = λn constant during time

intervals of length π/∆n, with 0 ≤ n ≤ K− 1 the dynamics navigates through the

K ACs turning them on and ensuring full population transfer one at the time. The

system then evolves through the sequence |0〉 → |1〉 → . . . → |K〉. The control

field λ
(S)
K (t) is depicted for K = 1 and K = 2 in Fig. 4.4 (b) and (d), respectively.

The total evolution time for this protocol equals

T
(K)
S ≡

K−1∑
n=0

π

∆n

. (4.35)

Note that we have constructed the model in Eq. (4.33) in such a way that the

degeneracies between states |n〉 and |n+ k〉 (for k 6= 1) are exact, and cannot be

lifted. For this protocol, this means that there is only one path in the energy

spectrum between |0〉 and |K〉, which involves exactly K ACs. We point out that

we do not lose generality by making this assumption: if there were a shorter path

between those states, it would be equivalent to a process PL with L < K, which

is accounted for in our model.
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4.3.2 Exploring the quantum speed limit with optimal con-

trol

We now numerically investigate the QSL or minimum evolution time1 for the con-

trol processes described in the previous section. For that purpose we use optimal

control techniques, inspired by the basic idea introduced by Caneva et al. [54] that

the optimization performance is limited by the maximum speed allowed by quan-

tum evolution. The basic procedure is as follows. First, we fix the state dimension

N and choose a control process PK (which starts in |0〉 and targets |K〉) for the

model described the previous subsection. Then, we run the optimization algorithm

developed in Chap. 2 in order to find the control field λK(t) which generates the

desired process, for different values of the total evolution time T . In each run,

this procedure takes as an input the value of T and an initial guess for the field

λ
(0)
K (t). In order to choose these inputs, we take advantage of the physical features

of the model discussed in the previous section. The values of T were taken from

an interval centered around T
(K)
S , cf. Eq. (4.35). Note that, if the ACs are well

isolated, we are certain that the sudden switch field generates the desired process

when T = T
(K)
S . Similarly, the initial guess for the control function were chosen

to be close to the sudden switch field. Actually, we used

λ
(0)
K (t) = a(t)λ

(S)
K (b t) + c(t) (4.36)

where b is a parameter which shrinks or expands the shape of the function to fit

the total evolution time (i.e. b = 1 when T = T
(K)
S ), while a(t) is a function

which smooths the discontinuities of λ
(S)
K and c(t) is a small linear correction. The

latter functions are introduced in order to force the algorithm to take a minimum

number of steps (of the order of 100) before the required convergence is achieved.

Each run of the algorithm finishes after a fixed number of steps, or when the

process is sufficiently converged. This is determined by evaluating the value of the

infidelity at each step m, which is defined as

Im ≡ 1−
∣∣〈ψg|ψ(m)(T )

〉∣∣2 , (4.37)

where
∣∣ψ(m)(t)

〉
is the state of the system obtained at step m of the algorithm. The

function Im decreases monotonically as m increases, but its shape and asymptotic

1In this section we will take “quantum speed limit time” and “minimal evolution time” as
synonyms, regardless of the discussion about the geometrical QSL formulation, so as to be
consistent with the optimal control literature
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(a)

(b)

Figure 4.5: A typical procedure for determining the QSL time TQSl for a
particular control process. This example corresponds to a PK=2 process in a
Hilbert space of dimension N = 3, cf. Eq. (4.34), where ε0 = 10∆0 and ∆1 =
∆0. (a) Infidelity Im as a function of the step number m for each optimization.
(b) Second derivative I ′′m of the curves in (a). The dotted line corresponds to the
minimum value of T which asymptotically renders I ′′m < 0 and so is identified
as TQSL within error margin. Thin full lines correspond to T < TQSL while,

thick full lines to T > TQSL.

behaviour depends critically on the input parameters. In Fig. 4.5 (a) we plot

this function for a particular case, as an example. We argue, as in Ref. [54] that

the infidelity cannot decrease indefinitely if the fixed evolution time T is smaller

than the QSL time. In that case, Im should look asymptotically flat. We use this

feature to obtain the estimator of the QSL time T
(K)
QSL. Formally, for each value

of T we look at the second derivative of Im (with respect to m), see Fig. 4.5

(b), and analyze its sign. Then, the minimum value of T which gives I ′′(k) < 0

asymptotically, is chosen as the QSL time.

We now turn our focus to the model of Eq. (4.34) which presents two ACs. We

begin by considering the QSL time for process P1, for which the system starts in

state |0〉 and evolves to |1〉, in the minimum possible time. Note that this process

involves just one AC, as seen from the sudden-switch protocol mentioned earlier.

In Fig. 4.6, we plot the calculated QSL time T
(1)
QSL for this case as a function of

ε0, the parameter which measures the distance between the ACs in the energy

spectrum (see Fig. 4.4), for fixed values of interaction parameters ∆0,∆1. There,

it can be seen that T
(1)
QSL is larger than T

(1)
S = π/∆0 for small values of ε0. This

is reasonable in this regime, since the ACs are closer together and thus interact

considerably, which leads to significant variations of the interaction rates (see Ref.

[127] for more details). Away from that regime, T
(1)
QSL converges to T

(1)
S , which is
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Figure 4.6: (a) QSL time calculated from the optimal control procedure (see
text for details) as a function of ε0/∆0, for processes P1 (crossing one AC) and
P2 (crossing two ACs). Dashed lines correspond to expression (4.35), i.e. the

time required by the sudden-switch protocol in each case, T
(1)
S and T

(2)
S . (b)

Close-up of (a) in the region of low ε0/∆0, where the ACs strongly interact. (c)
QSL time for the case ε0/∆0 = 5 as a function of ∆1/∆0, for process P2.

the well-known result for the two-level system. This is a sound result, since only

the states |0〉 and |1〉 are involved in the process. However, it is interesting to

point out that this behavior allows us to identify the regime in which the ACs are

well isolated. In the case shown in the figure, for which ∆0 = ∆1, this is achieved

for ε0/∆A & 5.

Next, we discuss control process P2, which involves both ACs. Following the same

procedure as for the previous case, we get the results of Fig. 4.6 (a). There, it can

be seen that the estimated QSL time T
(2)
QSL is smaller than the sudden switch evo-

lution time T
(2)
S . Remarkably, this result holds in all cases, even for large ε0. The

difference between T
(2)
QSL and our prediction is larger for small ε0, and decreases

as the ACs are brought apart. However, for ε0/∆0 as large as 100, the difference

is still larger than 7%. This striking behaviour indicates that the QOC optimiza-

tion can generate successful (i.e., with arbitrary fidelity) control processes which

are significantly shorter in time than the double sudden-switch, a process wich is

time-optimal at each AC, as discussed above. We point out that this behaviour

persists even when the relative magnitude of the gap sizes ∆0,∆1 is modified as

we can see in Fig. 4.6 (c). We will analyze the physical mechanisms that cause

this speed-up in the next section.

Finally, we address the results obtained for the QSL time for control processes
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Figure 4.7: Ratio between the calculated QSL time TQSL and T
(K)
S as a

function of the number of avoided crossings K involved in the control process.
Full red line corresponds to the estimation in ec. (4.39). The parameter τ was
chosen so to fit the data. For all cases, the distance between the ACs was set

to ε0 = 10∆, where ∆ = 1 is minimum gap for all the ACs.

involving more than two ACs, i.e. PK with K > 2. Applying the same procedure

outlined in the previous paragraphs, we obtained TQSL for various values of the

number of avoided crossings K involved in the process. In Fig. 4.7 we plot the

ratio between TQSL and T
(K)
S as a function of K. There, it can be seen that the

optimal evolution time (measured with respect to the corresponding sudden switch

protocol evolution time) decreases as the number of ACs involved increases. This

means that, as more ACs get involved in the evolution, the connection between

diabatic states can be performed faster. However, the improvement reaches a

saturation point for large values of K.

4.4 Analysis of optimal control fields

We now turn to analyze the shape of the control fields derived via the optimiza-

tion procedure outlined in the previous section. We will focus on the optimal fields

obtained for T = TQSL, but for larger evolution times its description is similar. In

Fig. 4.8 (a) and (b) we plot the optimized field λ(t) together with the evolution of

the populations for two particular cases: processes involving two ACs (K = 2) and

three ACs (K = 3). At first sight, it can be seen that the field shows oscillations

wich are mounted on a step-like function. The latter feature is preserved from the

sudden-switch field, wich we used as an initial guess for the optimization. Fourier

transform of the driving signal reveals that there is only one dominant frequency

fε, which together with the maximum amplitude Amax, characterizes the overall
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Figure 4.8: (a) Initial and optimized control fields λ(t) for process P2, using
∆1/∆0 = 1 and ε0/∆0 = 10. Inset show the time evolution of the populations
for each one of the diabatic states |k〉 (k = 0, 1, 2), given by the optimized field.

Evolution time is set at T = T
(2)
QSL ' 0.91T

(2)
S . (b) same as (a) for process P3,

with same parameter values and ∆2/∆0 = 1 as well. Evolution time is set at

T = T
(3)
QSL ' 0.85T

(3)
S . (c) Frequency fε (right axis) and maximum oscillation

amplitude Amax (left axis) of the optimal field for process P2 as a function of
ε0. Dashed lines indicate lineal dependences of both quantities with ε0.

shape of the field. Remarkably, this behaviour is common to all high-order con-

trol processes studied in our model, even for K > 3. In order to quantitatively

analyze the driving field, we studied the dependance of fε and Amax as a function

of the distance ε0 between the ACs. Results are shown in Fig. 4.8 (c) for K = 2,

where the linear dependence of both quantities with ε0 is clear and can even be

regarded as exact for the frequency, for which we can write fε = ε0/2π. Note that,

from the insets of Fig. 4.8 (a) and (b), it can be seen that the diabatic states

which do not correspond either to the intial nor the target state do not get fully

populated, as opposed to the dynamics of the sudden-switch protocol discussed in

Chap. 3. We remark here that a similar result for the optimized evolution of the

populations was shown in Ref. [130]. There, the authors investigated control in a

system of bosonic atoms in a double-well potential. Interestingly, they show that

this type of dynamics is present even for piecewise-constant control fields and for

strong interaction between the ACs, as opposed to our case where we allow for

any waveform for the field and considere isolated ACs.

We will now describe how the particular shape of the optimized fields provides

the physical mechanism for the overall speed-up of the evolution. As pointed out

before, the field preserves the step-wise feature of the original sudden-switch field

but with the novelty of showing oscillations. This behaviour can be understood

in terms of navigation of the energy spectrum (Fig. 4.4). At the beginning of

the protocol, the field activates the |0〉 ↔ |1〉 interaction by setting λ = λ0 = 0.
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As a consequence, the initial population of state |0〉 starts to move to state |1〉.
Simultaneously, the control parameter λ starts to oscillate both rapidly (i.e. with

a frequency fε ∼ ε0 � ∆A) and with large amplitude (again, of the order of ε0).

This makes the control parameter λ navigate areas of the spectrum close to the

adjacent avoided crossing. As a consequence, the previously uncoupled state |2〉
starts to get populated. Note that this is the target state |ψg〉 for this process.

When the first step is finalized, i.e. when the mean value of λ switches to λ1, the

three diabatic states have non-zero population. This is the key of the speed-up

with respect to the sudden-switch field: the target state is already activated in

the first half of the evolution. The protocol finishes by activating the dominant

interaction |1〉 ↔ |2〉, so that the population of |2〉 continues to grow to 1. As

happened in the first half of the evolution, the field also oscillates, now to drive λ

close the previous AC with the purpose of depopulating state |0〉.

The previous analysis allows us to quantify the speed-up produced by the opti-

mization as a function of the number of avoided crossings involved in the protocol.

As seen above, the key to the speed-up is that in each step, the control field draws

a small population to an adjacent level, originally not coupled to the AC. Also,

given the shape of the spectrum, there cannot be more than three ACs simul-

tanously active during the protocol: the one activated by the sudden-switch field

and its adjacent neighbors. As a consequence, the QSL time will be smaller or

equal than T
(N−1)
S for all N ≥ 2, and the difference is proportional to N , so that

we can write

TQSL = T
(N−1)
S − (N − 2)τ (4.38)

for some value of τ < T
(N−1)
S . This leads to

β = 1− N − 2

N − 1

τ∆

π
. (4.39)

The parameter β(N) is then found to decay with N to a constant value below 1,

thus proving the existence of a speed-up for this control process. The proposed

form for TQSL is plotted in Fig. 4.7, and it can be seen that it describes the nu-

merical findings with good accuracy.

For this problem we can also explore how is the behavior for the minimum time

bounds tmin already discussed in this Chapter. Since this is, in principle, an

unconstrained control problem, were do not pose explicit restrictions for λ(t), we
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get two non-zero bounds, tPmin and tminR1, which we plot as a function of the

number of ACs in Fig. 4.7. The expression derived from Pfeifer’s theorem, eqn.

(2.38) is computed as described in Appendix A.2, yielding the simple result

tPmin =
π

min (∆0,∆K−1)
(4.40)

which is independent of λ. This is because the initial and target states are eigen-

states of the control Hamiltonian, a feature already pointed out in Chap. 2. Also

in the Appendix we show that

tR1
min =

1

‖H(0)
N ‖

. (4.41)

In Fig. 4.7 we can see that both expressions are in general well below the actual

optimal time, albeit tPmin being optimal for K = 1 as we saw at the beginning

of this Chapter. In general, the information given by this expressions becomes

less significant as the number of levels increases, specially for tR1
min as was already

pointed out in [93]. However, they both give a non-zero bound even when there is

no constrain on the control field amplitude.

4.4.1 Analytical approximate solution for the time-dependent

problem

The regular behavior shown by the numerically optimized control field has some

interesting consequences. First, note that as ε0 increases and the avoided cross-

ings get further apart, the driving field will require a bigger intensity and a larger

bandwidth in order to be implemented. In practice, at some point this require-

ment will no longer be fulfilled, and most likely the QSL time will tend to T
(K)
S for

all practical purposes. This is indeed reasonable, since technical limitations would

then imply that the ACs are effectively isolated, with no possible coupling between

them. However, from a theoretical standpoint, this is a much different scenario

than the one usually obtained in QOC optimizaton, where the broad bandwidth

requirements originates from the highly irregular features of the optimized field.

In our case the control function λ(t) can be readily described by a few parameters.

We associate this remarkable feature with the special characteristics of our model,

which shows localized two-level interactions in a many-level spectrum, a scenario

which is common in many different physical setups, as previously mentioned.

Remarkably, we found that an analytical approximation for the time-dependent

evolution can be drawn inspired from the results of the optimization process. We

will show this solution in the following for the case K = 2, although the idea can
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extended higher order processes. Recall the Hamiltonian H3(λ) from Eq. (4.34),

which can be written as the sum of its non-diagonal and diagonal parts

H3(λ) = HND +HD(λ), (4.42)

in such a way that HND depends on the coupling parameters ∆0 and ∆1 while the

dependence on the control parameter is concentrated in HD(λ). We propose the

following expression for the driving field

λ(t) =

{
λAcos (ωt+ φ) , 0 ≤ t < tm

ε0 + λAcos
(
ω(t− tm) + φ̃

)
, tm ≤ t ≤ T

. (4.43)

This field has the form of a step-wise constant function with oscillations of angular

frequency ω mounted on each step (note that, from the previous analysis, we can

infere that ω = ε0). The field then oscillates around a fixed value at each step,

corresponding to the localization of the two ACs: a t = 0 it begins at λ = λ0 = 0,

and then turns to λ = λ1 = ε0 at some t = tm. The overall shape of λ(t) then

emulates the optimized field seen in Fig. 4.8 (a) and (b), with the difference that

we use a constant amplitude λA for the oscillating term, for convenience. We recall

that this situation is very similar to what we studied in Chap. 3 (section 2) for a

single avoided crossing.

Let us first consider the dynamics from t = 0 to t = tm. We propose that the total

evolution operator for this evolution can be factorized as

U0(t, 0) = U
(A)
0 (t)U

(B)
0 (t), (4.44)

where U0(A)(t) = exp
(
−i
∫ tm

0
HD(t′)dt′

)
is diagonal in the diabatic basis and the

superscript emphasizes the fact that we are working on the AC located at λ = λ0 =

0. The problem is then to find the unitary operator U (B)(t), which satisfies the

Schrödinger equation in the interaction picture iU̇ (B)(t) = H̃ND(t)U (B)(t), with

H̃ND ≡ U
(A)†
0 HNDU

(A)
0 being the corresponding transformed Hamiltonian, which

takes the form

H ′ND(t) =
e−iλi

2

 0 e2iλi∆0 0

∆0 0 eiε0t∆1

0 e2i(λi−ε0t)∆1 0

 , (4.45)

where we have defined λi ≡ λi(t) =
∫ tm

0
λ(t′)dt′ = λA

ω
sin (ωt+ φ) − φ0 and φ0 =

λA
ω

sin (φ). The unitary evolution problem is then casted in terms of this time-

dependent Hamiltonian. The key to consider here is that the exponentials that

appear in the previous expression can be written in Fourier series using the identity

eiz sin γ =
n=∞∑
n=−∞

Jn (z) einγ, (4.46)
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where Jn(z) symbolyzes the Bessel J-function of order n. The results we obtained

from the QOC procedure indicates us that the frequency of the driving at each

step ω is much larger than ∆0,∆1. Then, most of the terms in Eq. (4.45) oscillate

very quickly and can thus be neglected.

e−i(λi(t)−ε0t) = eiφ0

∑
n

Jn

(
λA
ω

)
e−i(nω−ε0)−inφ (4.47)

' ei(φ0−φ)J1

(
λA
ω

)
,

where we used the argument of the previous paragraph to identify the term n = 1

as the resonant one and set the field angular frequency ω = ε0, which was expected

from the numerical analysis of the optimal fields. Its straightforward to calculate

the rest of the elements of Hamiltonian of Eq. (4.45), which can be approximated

by a time-independent expression

H ′ND =
1

2

 0 e−iφ0∆′0 0

eiφ0∆′0 0 ei(φ0−φ)∆′1
0 e−i(φ0−φ)∆′1 0

 , (4.48)

where we have introduced the renormalized interaction rates

∆′0 ≡ J0

(
λA
ε0

)
∆0

∆′1 ≡ J1

(
λA
ε0

)
∆1 (4.49)

Then, the evolution of the system for 0 ≤ t < tm is completely determined by

the evolution operator in Eq. (4.44) where U
(B)
0 (t) = exp (−iH ′NDt). Note that

this factor introduces the couplings between the diabatic states which generate

the time evolution of the operators. The role of the driving in this process is clear.

In the absence of the oscillatory field, i.e. λA = 0, Eq. (4.49) gives ∆′0 = ∆0 and

∆′1 = 0, and so only states |0〉 and |1〉 can be connected in this evolution. This

is exactly what we expected from the sudden-switch protocol and the adiabatic

elimination procedure discussed in the previous section. When the oscillatory field

is turned on, ∆0 decreases and ∆1 takes a non-zero value, thus coupling weakly

states |1〉 and |2〉. This generates an evolution where the target state of the pro-

tocol |2〉 can draw a portion of the population of the other levels even when the

dynamics is mainly dictated by the first AC. Thanks to this feature, the evolution

towards the target state is accelerated, thus providing the overall enhancement

of the QSL time shown in the previous Section. Note that Eq. (4.49) formalizes

the fact that the amplitude λA cannot be neglected with respect to ε0. Moreover,

setting λA/ε0 to a constant value is consistent with the analysis shown in Fig. 4.8

(c), where both quantities showed a linear correlation.
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(a)

(c)

(b)

(d)

Figure 4.9: (a) and (c) Optimized and analytical proposal of Eq. (4.43)
for the control field as a function of time. (b) and (d): time-evolution of the
populations for each of the diabatic states. Thin dashed lines corresponds to
the analytical solution of Eq. (4.50). (a) and (b) Case ε0 = 10 ∆0. (c) and (d)

Case ε0 = 20 ∆0.

An analogous procedure can be done for the evolution between t = tm and t = T ,

in such a way that we can finally write for the whole evolution as

U(t) =

{
U

(A)
0 (t)U

(B)
0 (t) , 0 ≤ t < tm

U
(A)
1 (t)U

(B)
1 (t)U

(A)
0 (tm)U

(B)
0 (tm) , tm ≤ t ≤ T

, (4.50)

where we have defined U
(A)
1 (t) = exp

(
−i
∫ T
tm
HD(t′)dt′

)
and U

(B)
1 (t) = exp (−iH ′′ND(t− tm))

with an effective time-independent Hamiltonian given by

H ′ND =
1

2

 0 e−i(φ̃0−φ̃)∆′′0 0

ei(φ̃0−φ̃)∆′′0 0 eiφ̃0∆′′1
0 e−iφ̃0∆′′1 0

 . (4.51)
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(a) (b)

Figure 4.10: Results of the optimization procedure using different initial
guesses for the control field. Top: Optimized control field as a function of
time. Bottom: Infidelity Im as a function of the step number m for each opti-
mization. (a) Initial guess is a linear function. (b) Initial guess is a sinusoidal
function. For both cases, we used the same parameter values as in Fig. 4.8 (a).

The renormalized interaction rates are now interchanged with respect to the pre-

vious case,

∆′′0 ≡ J1

(
λA
ε0

)
∆0

∆′′1 ≡ J0

(
λA
ε0

)
∆1, (4.52)

which is natural since in the second step the dominant interaction is due to the

AC between states |1〉 and |2〉. In Fig. 4.9 we show the time evolution of the pop-

ulations for different cases, as predicted by the analytical formula (4.50). There, it

can be seen how this expression approximates very well the optimized evolution,

even though the driving fields are not exactly equal. Finally, we point out that

the solution we provide here is based on the process PK=2, being the next step in

complexity of the two-level case, where these novel effects are, of course, absent.

We believe that a similar procedure could be applied to find analytical expressions

for higher-order processes.
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4.4.2 Initial guess and performance of the optimization

We recall that the previous analytical discussion was motivated by the fact that

the control field obtained from QOC had a simple shape. This, in turn, related

with the fact that the optimized field preserved certain features of the initial guess

λ0(t) we employed, for example, the step-wise structure. We will now briefly dis-

cuss the role of the initial guess in the optimization. In Fig. 4.10 we show the

infidelity and optimized field obtained for two choices of λ0(t) different from the

one shown in Fig. 4.8. In one of the cases, Fig. 4.10 (a), the field has a linear

dependence and connects the positions of the ACs. The corresponding optimized

field develops fast oscillations and overall looks very similar to the one in Fig. 4.8.

Moreover, the frequency of the oscillations fε is the same for both cases, and the

total number of iterations required for the convergence of the algorithm is also of

the same order (around 4000). On the other hand, in Fig. 4.10 (b) we used as an

initial guess a sinusoidal field, with initial and final value at λ = λ0 = 0, and for

which we deliberately change the parity with respect to the other cases. In that

case, the number of iterations required by the optimization to converge raises by

a factor of 10. Moreover, the optimized fields has a very irregular shape, showing

peaks of very large amplitude (50 times bigger than the other cases).

As we mentioned previously, the fact that the QSL time for control processes can

be drawn from the optimization procedure enforces the power of QOC as a tool in

this context. The results we show here also tell us that the performance of QOC,

and its ability to give us information about the physical mechanisms involves in

a control processes can be enhanced by properly providing the optimization with

a good initial guess. In this case we have done so by analyzing the characteristics

of the system, and more precisely by studying the structure of the energy spectrum.



Control óptimo en sistemas

cuánticos

En este caṕıtulo utilizamos las herramientas de optimización presentadas en el

caṕıtulo 2 para analizar más a fondo los problemas de control en sistemas con uno

y con muchos cruces evitados en su espectro de enerǵıa, como los discutidos en el

caṕıtulo 3. En primer lugar volvemos a analizar el sistema de dos niveles descrito

por el hamiltoniano de Landau-Zener (3.1) en la sección 4.1. Alĺı veremos que es

posible resolver anaĺıticamente el problema de controlar el sistema en un tiempo

óptimo. Esto nos permite confirmar la optimización temporal del protocolo de

control introducido en el caṕıtulo anterior.

En la sección siguiente aplicamos los métodos presentados en la sección 2.2 para

obtener cotas inferiores para el tiempo de control mı́nimo. Un conjunto de ellos se

desprenden de la relación geométrica de Anandan-Aharonov (2.20), y comparten

la caracteŕıstica de que es preciso conocer la evolución completa del sistema para

ser calculadas. El resto de los métodos forman parte de un nuevo enfoque para

obtener estas cotas, que implica necesariamente no tener que resolver la ecuación

de Schrödinger, ni conocer la forma exacta de los campos de control. Este enfoque

fue desarrollado en el Caṕıtulo 2. En dicha sección concluimos que estos nuevos

métodos pueden proveer un grado de información similar a los primeros, a pesar

de requerir menos información. Sin embargo, cuando los campos de control no

poseen restricciones en su amplitud, su utilidad se ve disminuida.

En la sección 4.3 utilizamos control óptimo como herramienta para estudiar el

QSL en los sistemas de muchos niveles que muestran varios cruces evitados (ACs)

en su espectro de enerǵıa, como los descritos en el Cap. 3. En ese caso vimos que

pod́ıamos diseñar campos de control mediante una serie de variaciones repentinas

del parámetro de control, que resultó en una evolución óptima en cada AC. En el

resto de este caṕıtulo mostramos que el tiempo mı́nimo de evolución para proce-

sos que involucran más de un AC es en general menor que la suma algebraica de
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los tiempos óptimos para cada cruce, incluso cuando parecen estar bien aislados.

Luego, a través del análisis de los campos óptimos derivados por control óptimo,

estudiamos el mecanismo f́ısico implicado en dicha mejora. Inclusive mostramos

que podemos resolver la dinámica completa del sistema proponiendo una forma

cerrada para los campos de control, inspirada en los resultados de la optimización.

Finalmente, concluimos que el hecho de que el tiempo QSL para los procesos de

control se puedan extraer del procedimiento de optimización muestra la potencia

de las técnicas de control óptimo (OC) como una herramienta en este contexto.

Los resultados que mostramos aqúı también nos dicen que el desempeño de OC,

y su capacidad para darnos información sobre los mecanismos f́ısicos implica que

un proceso de control se puede mejorar proporcionándole a la optimización una

buena semilla inicial. En este caso lo hemos hecho analizando las caracteŕısticas

del sistema y, más precisamente, estudiando la estructura del espectro energético.



Chapter 5

Complexity and control in

quantum systems

In the last section of Chap. 4 we showed that by analyzing the shape of optimal

control fields, we could gain information about the physical mechanisms involved

in the controlled dynamics of a quantum system. In this Chapter we will revisit

this idea but in a much more complex scenario: performing control on many-body

quantum systems. Our goal is to investigate the connection between the complex-

ity of a quantum system and its controllability. To this end, we study control

protocols in a chain of spin-1/2 particles with short-range interactions, both in

the few- and many-body regimes. By using this model, we are able to tune the

physical complexity of the system in two different ways: by adding excitations to

the system, we can increase the effective state space dimension; and by tuning

the interparticle coupling, we can drive the system through a transition from a

regular energy spectrum to a chaotic one. We will start by briefly reviewing some

important features of quantum chaos, and then we will turn our attention to the

spin chain model and the problem of performing optimal control on that system.

5.1 Signatures of quantum chaos

As already mentioned, here we will study the structure of the energy spectrum of

a quantum system in relation to its complexity. Interestingly, this link takes place

in connection to quantum chaos, i.e. the study of the quantum mechanical prop-

erties of systems which classical analogs display a chaotic behavior [131, 132, 133].

Here we give an overview of the spectral properties of such systems.
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An n-dimensional quantum system described by some Hamiltonian H has an en-

ergy spectrum given by the eigenvalues of H: {E1, E2, . . . , En}. We define the

(nearest-neighbor) level spacing distribution P (s) is as the probability that the

spacing between two neighboring levels is s,

Ēn+1 − Ēn = s. (5.1)

Here, the set {Ēn} is called the unfolded spectrum of H, and its calculated by

locally rescaling the energies so that the mean level density of the new spectrum

is equal to 1 [134, 135]. The resulting distribution satisfies∫ ∞
0

P (s) ds = 1 and

∫ ∞
0

s P (s) ds = 1. (5.2)

Berry and Tabor proved [131] that quantum systems for which the corresponding

classical dynamics is regular, exhibit a Poissonian level spacing distribution

PP (s) = e−s (Regular). (5.3)

This behavior implies that level spacings can be seen as randomly distributed in an

uncorrelated fashion: the amount of levels with different spacings are independent

from each other. Another property derived from this conjecture is that, since p(s)

is maximum at s = 0, then the energy levels show clustering, in the sense that

many of them will be close together. As opposed to the type of systems studied

in Chap. 3, here the energy levels do not repel to form avoided crossings, and

instead are prone to exhibit degeneracies.

On the other hand, Bohigas, Giannoni and Schmidt (BGS) [136] conjectured in

1984 that quantum systems whose classical analogs are chaotic should display a

different level spacing distribution. In particular, the BGS conjecture says that

the statistical properties of the energy spectra of such systems is the same as pre-

dicted for the Gaussian Orthogonal Ensemble (GOE), an specific type of random

matrices. Random matrix theory (RMT) was put forward by Wigner [137] in the

context of nuclear physics and the main idea behind it is that the Hamiltonian de-

scribing a complicated many-level system such as heavy nucleus should be similar

to some element of an ensemble of matrices which, apart from having some defined

symmetry properties (like, for example, being hermitian), have completely random

elements [138]. In particular, it can be seen that the level spacing statistics for

the GOE is given by the Wigner-Dyson distribution

PWD(s) =
π

2
s exp

(
−π

4
s2
)

(Chaotic). (5.4)

Note that, in clear contrast with the regular case, c.f. eqn. (5.3), the distribution

vanishes for s = 0, which is a sign of level repulsion and thus of the appearance

of avoided crossings in the energy spectrum. In this way, we can argue that a
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quantum system with a chaotic energy spectrum is more complex than a regular

one, since in the former there is a degree of correlation between the energy levels,

which is absent in the latter.

The above characterization was proposed by Percival as a way to distinguish the

quantum mechanical properties of classically regular or chaotic systems [139]. An

elegant way to quantify the level of chaoticity in a quantum system is to employ

the Brody parameter β. This number is obtained by fitting the actual level spacing

distribution P (s) with the Brody distribution [140]

PB(s) = (β + 1)bsβexp(−bsβ+1), b =

[
Γ

(
β + 2

β + 1

)]β+1

. (5.5)

Note that Γ(x) refers here to the usual gamma function. The function PB(s) tends

to a Poisson distribution PP (s) for β → 0, while for β → 1 resembles the Wigner-

Dyson distribution PWD(s).

5.2 Spin chain model

We will now turn our attention to a quantum many-body model in which we

will study control problems. Let us consider a one-dimensional chain of L spin-

1/2 particles that interact through nearest-neighbor (NN) and next-to-nearest-

neighbor (NNN) homogeneous couplings with open boundary conditions. The

Hamiltonian for this models reads

H01 = H0 + ΓH1, (5.6)

H0 =
J

2

L−1∑
i=1

σxi σ
x
i+1 + σyi σ

y
i+1 + αzσ

z
i σ

z
i+1, (5.7)

H1 =
J

2

L−2∑
i=1

σxi σ
x
i+2 + σyi σ

y
i+2 + αzσ

z
i σ

z
i+2, (5.8)

where σx,y,zi are the Pauli matrices for the i-th particle and we have taken ~ = 1.

The Hamiltonian H0, which has only NN couplings, is the usual XXZ Heisenberg

model, which can be exactly solved via the Bethe ansatz [141]. The parameter Γ

measures the ratio between the NNN exchange and the NN couplings. Although

the full Hilbert space of this system has dimension dim(H) = 2L, the Hamiltonian

(5.6) has a block-diagonal structure due to it symmetry properties.
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5.2.1 Symmetries and sources of complexity

The most evident symmetry of the system arises from the conservation of the total

magnetization in the z direction Sz = 1
2

∑L
i=1 σ

z
i , since [H01, Sz] = 0 for all values

of αz as we show in Appendix C. This conserved quantity allows us to break up

the total state space into subspaces SK of fixed number K of spins up which will

not mix under the evolution of Hamiltonian (5.6). We refer to the number of spins

up in each subspace as “excitations”, and note that the following relation holds

H =
L⊕

K=0

SK (5.9)

In this way, the single-excitation subspace S1 will contain states such as

S1 : |↑↓↓ . . . ↓〉 , |↓↑↓ . . . ↓〉 , . . . (5.10)

while S2 will be spanned by

S2 : |↑↑↓ . . . ↓〉 , |↓↑↑↓ . . . ↓〉 , . . . (5.11)

and so on. The dimension of each subspace can be easily computed by combina-

torial considerations, since its equal to the number of ways we can choose K sites

out of a L long chain, that is

DK ≡ dim(SK) =

(
L

K

)
=

L!

K!(L−K)!
. (5.12)

Note that the dimension of the effective state space will grow from 0 for K = 1

to its maximum value at K = L−1
2

(for odd L). Up to that point, we will take

the number of excitations K as a parameter which increases the complexity of the

dynamics since it allows the system to evolve in a larger manyfold.

The model in (5.6) may also preserve the value of total spin S2 depending on the

value of αz, since for example we have that[
H0, S

2
]

=
J

4
(αz − 1)

(
L∑
n=1

2σznσ
z
n+1 − σxnσxn+1 − σynσ

y
n+1

)
(5.13)

and a similar result is obtained for [H1, S
2]. We deliberately take αz = 1

2
6= 1 in

order to avoid conservation of S2.

Finally, let us consider the parity symmetry of the system. For that, let us define

the permutation operator Pij between sites i and j as

Pij =
1

2
(I + ~σi.~σj) . (5.14)

Pij acts on the two-site basis exchanging the state of spins i and j, in such a way

that for example P12 |↑↓〉 = |↓↑〉. The parity operator Π is then defined as the
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collective permutation of mirrored sites in the chain. For example, in a chain of

length 5 it would act as

Π |↑↓↓↑↓〉 = |↓↑↓↓↑〉 (5.15)

For odd L we can write the general form of Π as

Π = P1,LP2,L−1 . . . PL−1
2
,L+3

2
. (5.16)

Given that the interparticle couplings in Hamiltonian (5.6) are homogeneous, it

is obvious to see that [H01,Π] = 0 for all values of σz and Γ and thus parity is

preserved. Taking it into account, each subspace SK is further divided into two

subspaces of definite (positive or negative) parity SK,±. The dimension of each of

those is such that DK,± ' DK/2.

The model described in the previous paragraphs has been extensively studied in

the literature in many contexts, including the analysis of thermal entanglement

[142] and quantum phase transitions [143], but it has attracted much attention as

a model of quantum chaos. Albeit lacking a semiclassical counterpart, this spin

model displays a transition in its level spacing distribution as Γ changes. Following

the discussion of the previous Section, we computed the level spacing distribution

P (s) for the (unfolded) energy spectrum of Hamiltonian (5.6) for various values

of the NNN coupling parameter Γ. From this, we then calculated the Brody

parameter β by fitting the corresponding distribution (5.5) to P (s). Results are

shown in Fig. 5.1, where it can be seen that for Γ . 0.5, β → 0 and thus level

spacings follow a Poisson distribution as in (5.3); in this case the energy spectrum

is regular. On the other hand, for Γ & 0.5 we have β → 1, the distribution follows

Wigner-Dyson statistics, eqn. (5.4), and the spectrum is deemed chaotic.

Note that results are shown in Fig. 5.1 for different subspaces SK,+ of fixed ex-

citation number K and positive parity. The dimension of such subspaces range

from D2,+ ' 52 to D5,+ ' 1500. The distinction between regular and chaotic

spectra can be effectively seen for K larger or equal than 3, where the state space

dimension becomes large enough so that we can draw sufficient statistics to see

the full distribution.

5.2.2 Control processes

For this model we are interested in studying control problems for various regimes

of state space dimension (given by parameter K) and chaoticity in the energy

spectrum (measured by parameter Γ). In order to do so, we first need to define a
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Figure 5.1: Dashed lines: Brody parameter β as a function of the NNN cou-
pling Γ for the free spin chain Hamiltonian (5.6). The four plots correspond
to various values of the number K of excitations in the chain. In each case,
curves in light colors correspond to the results obtained by fixing the adimen-
sional control parameter ε to values in the range [−3, 3] in the full Hamiltonian
(5.19). Thick full lines denote the mean value of all curves. The dash-dotted
vertical line shows the critical value of Γ for the regular-chaotic transition in the
energy spectrum. In all cases we consider only the eigenenergies corresponding

to positive eigenstates of the parity operator Π.

control Hamiltonian by means of which we intend to steer the free chain Hamil-

tonian H01. Many different alternatives have been studied in the literature. For

example, in Ref. [144], the author proposed using a global parabolic magnetic

potential to control the transfer of excitations from one end of the chain to the

other. Later, the same configuration was used to study the optimal evolution

time for such processes in the single excitation subspace [54, 145]. Other control

configurations have also been proposed in scenarios where only one [146] or two

[147, 148, 149] sites are locally addressed by external fields. Here, we will consider

time-dependent magnetic fields in the z direction which are locally applied at each

site of the chain, i.e.

Hc =
J

2

L∑
i=1

εi(t)σ
z
i (5.17)

Note that, since we want to explore in particular the relation between the chaotic

properties of the system and its controllability, the control Hamiltonian we in-

troduce must comply with the symmetries of the free Hamiltonian H01. This is

because if the interaction where to mix subspaces with different symmetry prop-

erties, then the full level statistics may have no dependence on Γ, as discussed

in Ref. [150]. Clearly the expression in (5.17) preserves the total magnetization,

since [Hc,
∑

i σ
z
i ] = 0. On the other hand, when analyzing the parity operator
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defined in eqn. (5.16), we obtain (derivation can be found in Appendix C)

[Hc,Π] =
J

2

L∑
i=1

[εL−i+1(t)− εi(t)]σzi Π, (5.18)

which indicates us that the commutator vanishes only if the fields applied on

mirrored sites of the chain are equal. So, in order to preserve parity we will

consider the situation where the first and last spin of the chain are affected by the

same field ε(t), whereas all the other spins do not interact with any external field.

Consequently, the full Hamiltonian can be written as

H(t) = H01 + ε(t)Hc, where Hc =
J

2
(σz1 + σzL) . (5.19)

We point out that we have explicitly checked that for any fixed value of the field,

the full Hamiltonian H still shows a transition between a regular and a chaotic

spectrum for Γ ' 0.5. Numerical results are shown in Fig. 5.1, where we com-

puted the Brody parameter for different fixed values of ε(t).

The next step is to define the control processes we aim to perform. We will

consider two different protocols (A and B) in order to obtain general results about

the controllability of the system. In both cases, we define initial and target states

which we denote |ψα0 〉 and
∣∣ψαf 〉, where α = A,B. These states are deliberately

defined to allow the system to evolve within a particular subspace with fixed

(positive) parity and number of excitations K of the complete Hilbert space, as

discussed previously. First, process “A” involves the system initially prepared in a

state with all excitations in the middle sites of the chain (in this scheme, the central

site has no excitations if K is even). We then intend to drive this configuration

into a coherent superposition as defined by∣∣ψA0 〉 = |↓ . . . ↓↑↑↑↓ . . . ↓〉 (5.20)∣∣ψAf 〉 =
1√
2

(|↑↑↑↓ . . . ↓〉+ |↓ . . . ↓↑↑↑〉) . (5.21)

Process A then represents and ordered control process in which entanglement is

generated between both ends of the chain.

On the other hand, we define a disordered process B, where the system starts from

the ground state of H0 and is steered into a random superposition of excited states

(with positive parity). ∣∣ψB0 〉 = |g.s.0〉 (5.22)∣∣ψBf 〉 =

DK,+−1∑
n=1

an |n0〉 (5.23)

where {|n0〉}, n = 0, . . . , DK,+ are the positive eigenvectors of H0 in the subspace
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of K excitations and |g.s.0〉 ≡ |00〉. The coefficients {an} are a set of random

complex numbers so that
∑

i |an|2 = 1.

For these two processes, we applied the same optimal control algorithm described

in Chap. 2 and already used in Chap. 4. As we intend to compare the control

fields obtained by this procedure, we fix the input parameters of the optimization

as follows. For the total evolution time T we set T = 15×TL where TL = (L−1)π
J

can be regarded as the typical evolution time required for transferring a single

excitation from one end of the chain to the other [145]. We have checked that

using this value we are operating well beyond the quantum speed limit [54], and

so that fidelities up to 0.99 or greater can be achieved, for both control processes

and every value of the number of excitations K and the NNN coupling Γ consid-

ered. Also, we used a constant initial guess ε(0)(t) = 0.1 in all cases. We have

checked that the results we present in the next section hold for other choices of

this function, and also for larger values of the evolution time T .

Note that the optimal control algorithm requires to propagate forward and back-

ward the state of the system at each iteration. This can be computationally ex-

pensive especially for large values of K, since for example for K = 4 the relevant

subspace of state space has dimension D4 = 1365. We avoid having to explic-

itly diagonalize the Hamiltonian at each iteration by employing the split-operator

technique which is outlined in Appendix C.2.

We point out that previous works have studied the relationship between optimal

control and the dimension of the quantum system under analysis [60, 61]. There,

a suitable measure for the control field complexity was defined, related with the

number of frequencies in the field, as allowed by the optimization procedure. Then,

it was shown that the complexity required to achieve control scaled polynomially

with the dimension of the manifold supporting the dynamics. Here, we focus on

studying the complexity of the control fields regardless of the details of the op-

timization method itself. We do this by deliberately allowing many frequency

components in the control fields, and then analyzing which of those components

are required to effectively drive the system. Other studies relating chaos and con-

trol can be found in [151, 152].
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Figure 5.2: (a) A typical optimized control field ε(t) obtained for process A
and Γ = 1 and (b) its normalized Fourier transform.

5.3 Optimal control fields

In Fig. 5.2 (a) we show a typical example of the control field ε(t) obtained by

optimal control methods, together with its Fourier spectrum in Fig. 5.2 (b). The

time signal shown can be seen to be complex and have many spectral components

up to certain frequency threshold. In order to characterize quantitatively these

features, we define two measures of complexity for the control fields: the frequency

bandwidth and the spectral inverse participation ratio (sIPR). In the following we

investigate these quantities.

5.3.1 Frequency bandwidth

Given a time-varying signal ε(t) and its Fourier transform ε̂(ω), we first define its

frequency bandwidth as the value ωbw such that∫ ωbw

0

dω |ε̂(ω)|2 = 1− β, (5.24)

where 0 < β < 1 and the frequency distribution is normalized∫ ∞
0

dω |ε̂(ω)|2 = 1. (5.25)

By this definition, the frequency interval [0, ωbw] concentrates the [(1−β)×100]%

of the power spectrum (here, we use β = 10−2). In other words, ωbw is a measure

of the maximum frequency present in ε(t).

In Fig. 5.3 (a) we show the frequency bandwidth ωbw as a function of the NNN

or chaos parameter Γ, for different number K of excitations in the chain. Results

obtained for both processes A and B are shown in the same plot. Remarkably, we
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Figure 5.3: (a) Spectral bandwidth of the optimized control fields (in units of
J) as a function of the adimensional NNN coupling Γ, for various values of K
(the number of excitations in the spin chain). Data shown is for both control
processes A and B. State space dimension ranges from 15 (K=1) to 1365 (K=4).
The dashed curves show the energy spread (in units of J) of the free Hamiltonian
H01 (5.6) for different values of K. The dash-dotted vertical line indicates the
critical value of Γ = 0.5 for which the regular-chaotic transition occurs in the
energy spectrum of H01. (b) same as in (a), but plotted as a function of the

NN coupling J , for a fixed value of Γ = 1.

find that all data roughly coincides in the same curve. This result indicates that

the bandwidth is independent not only of the control processes considered, but

also of the state space dimension. Note that, in each case, ωbw is approximately

constant for Γ < 0.5 and then increases steadily for Γ > 0.5. Although this

behavior correlates with the onset of chaos in the system (as discussed in the

previous section), we must first consider that increasing the interparticle coupling Γ

necessarily increases the energy of the chain. As previously discussed in the context

of quantum optimal control [96, 153], we expect the frequency distribution of the

control fields to present peaks located at the resonances of the free Hamiltonian

H01. Following this criterion, the maximum frequency is bounded by the energy

spread ∆E of H01, defined as

∆E = Emax − E0, (5.26)

where Emax and E0 are the maximum and minimum (ground state) energies of

the Hamiltonian. Note that ∆E is a function of the interparticle interaction pa-

rameters J and Γ and of the number of excitations K. We show such functions as

dashed lines in Fig. 5.3 (a). It is clear that the dependence of the bandwidth with

Γ closely resembles the energy spread with K = 1. The same observation can be
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drawn by studying both quantities as a function the NN coupling J (for fixed Γ).

There, the behaviour is obviously linear, as shown in Fig. 5.3 (b).

Note, however, that the surprising independence of the bandwidth with the space

dimension cannot be explained by its relation with the energy spread of the free

Hamiltonian, since ωbw is in every case significantly smaller than ∆E for K > 1.

In order to gain a deeper insight about this result, we turn to investigate the role

of the control Hamiltonian Hc, defined in eq. (5.19). We first study the structure

of the matrix Hc written in the basis of (positive) eigenvectors of the free chain

Hamiltonian H01. In Fig. 5.4 (a) and (b) we plot the absolute value of such matrix

elements for fixed values of Γ and K. From this plots we can see that Hc does not

connect eigenstates which distant energies: for example, the ground state is not

connected with excited states beyond the middle of the spectrum. This explains

the absence of such high transition frequencies in the spectrum of the control fields.

In order to provide numerical proof about this feature, we studied the implemen-

tation of one of the control processes with a different choice of control operator H ′c
which presents a higher connectivity [134] between distant states in the spectrum.

Such Hamiltonian matrix is shown in Fig. 5.4 (c) and (d). Results for the new

optimized fields are shown in Fig. 5.4 (e), where we show the frequency bandwidth

as a function of Γ for this case. It can be seen that ωbw is greater for K = 2 than

for K = 1, for all values of Γ considered. We point out that, by looking at the

representation of H ′c in the computational basis, Fig. 5.4 (c), we can see that

this alternative control procedure would involve tuning a complex combination of

multi-spin interactions, in clear contrast with the simple structure of Hc.

The results shown so far allow us to assert that the control bandwidth, which

measures the range of frequencies present in the fields is determined exclusively

by the energy spread of the free Hamiltonian and the structure of the control

Hamiltonian. This gives us a measure of the physical complexity of the control field

which turns to be independent of the number of particles in the system. We point

out here that we are not interested in analyzing the complexity of the optimization

itself, as has been done in previous works which have obtained interesting results

[60, 61]. We work our way around this issue by fixing the time step of our numerical

implementation to very small values, J∆t = 10−2. This determines that the

maximum allowed frequency in the fields is in every case at least on order of

magnitude higher than the actual physical frequencies found by Fourier analysis

in the control fields.
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Figure 5.4: (a)-(d) Absolute values of the matrix elements for the control
Hamiltonian (in units of J) in the computational basis (left panels) and in the
energy eigenbasis with positive parity (right panels). Top panels: local control
with Hc as in eq. 5.19. Bottom panels: long-range control with H ′c described
in text. (e) Frequency bandwidth of the optimized control fields (in units of J)
as a function of the adimensional NNN coupling Γ, for K = 1, 2 (the number
of excitations in the spin chain). Data shown is for process A, using the long

range control Hamiltonian H ′c.

5.3.2 Spectral localization

We now turn our attention to another measure of the control field complexity. In

this case, we study how the number of frequencies which appear in the spectrum of

the field varies as the system complexity is increased. For this purpose, we define

the following quantity

sIPR =

(∫ ∞
0

dω |ε̂(ω)|4
)−1

, (5.27)

which we call “spectral inverse participation ratio” (sIPR) as it is inspired in the

commonly known IPR [154, 155] used to study eigenstate localization in many-

body quantum systems. Here, the sIPR quantifies the localization in the Fourier

transform of a time signal, and thus allows us to asses how complex the control field

is inside its bandwidth. Note that localized frequency spectra give sIPR→ 0, and

complex signals with delocalized spectrum tend to higher sIPR. As an example,

take a completely random signal with frequency components up to ωbw. We expect

such a signal to have a flat Fourier transform ε̂(ω) = 1/ωbw for 0 < ω < ωbw and

ε̂(ω) = 0 for ω > ωbw. Calculating the sIPR in that case is straightforward and

gives ωbw. We point out that here we intend to quantify the optimal control field

complexity regardless of the frequency distribution width. For this purpose, we

evaluate the normalized sIPR

sIPRn =
sIPR

ωbw
. (5.28)
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(a)

Process A Process B

(b)

Figure 5.5: (a) Various normalized spectral densities of the optimal control
fields found for process A. Values for the excitation number K and the adi-
mensional next to nearest-neighbour (NNN) coupling Γ are shown for each case
I-IV. (b) Normalized spectral inverse participation ratio (sIPRn), which mea-
sures the control field complexity, as a function of Γ, for various values of K
(the number of excitations in the spin chain). Data shown is for process A (left)
and B (right). The points indicated by labels I-IV correspond to the spectra
shown in (a). State space dimension ranges from 15 (K = 1) to 1365 (K = 4).
The dash-dotted vertical line shows the critical value of Γ for the regular-chaotic

transition in the energy spectrum. All quantities shown are dimensionless.

Following the discussion in the previous paragraph, we expect sIPRn to range be-

tween 0 and 1, and we can interpret it as a measure of resemblance between the

signal under study and a completely random time signal.

In Fig. 5.5 we plot the normalized spectral IPR as a function of the NNN exchange

Γ for different values of the number K of excitations in the spin chain, and for

both control processes A and B. We show also some examples of the frequency

spectra we obtained, and it can be corroborated that sIPRn effectively measures

how localized the spectrum is in Fourier space. More generally, it can be seen

from the figure that sIPRn takes small values for K = 1 and then grows with K,

and thus with state space dimension of the system. This is in sharp contrast with

the behavior of the frequency bandwidth ωbw, which was found to be independent

of K. We point out that this behavior is common to both control processes. It

is interesting to note that the high-dimensional cases (K = 3, 4) roughly converge

to the same value of sIPRn, indicating that there maybe an upper bound for this

measure which is below its maximal theoretical sIPRn= 1, which is achieved when

the frequency spectrum is flat. Physically, the existence of an upper bound < 1

means that optimal control fields can always be distinguished from completely
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random, white noise type fields.

Despite the dependence of normalized spectral IPR with the space dimension, it

can be seen also that this indicator does not exhibit any clear trend with the NNN

parameter Γ. We observe that, for small values of K, this parameter shows large

fluctuations which tend to attenuate when for larger space dimensions. We recall

that, for K ≥ 3, the system exhibits a clear transition from a regular energy spec-

trum to a more complex (chaotic) one at Γ = 0.5. As can be seen from Fig. 5.5,

there is no evidence of such leap in complexity in our numerical study. In this way,

we can assert that the optimal fields required to control the dynamics of regular

or chaotic Hamiltonians display a similar spectral complexity.

As a final remark, we point out that it would not be correct to claim that the

spectral properties analyzed in this section are completely independent of the

choice of initial and final state. This can be easily seen by considering a processes

where we intend to connect the ground state of the free Hamiltonian H01 and

one of its excited states |n(Γ)〉. If the control Hamiltonian Hc connects both

states, we expect that the bandwidth of the control field will be given by the

energy difference between both levels En(Γ) − E0(Γ), which can be significantly

lower than the obtained ωbw for processes A and B if |n〉 lies in the low-energy

region. Nevertheless, our results do apply to general linear combinations of energy

eigenstates, which is the more common scenario.

5.3.3 Control fields and energy spectrum

We will now look more closely at the connection between the spectral features

of the optimal control fields and the structural properties of the system energy

spectrum. We have already pointed out in the previous Section that the free chain

Hamiltonian H01 (5.6) shows a transition in its level spacing distribution {δEn}
as the NNN coupling parameter Γ changes, where

δEn = En+1 − En, (5.29)

and En is the nth ordered eigenvalue of H01. If the space dimension is high enough

(K ≥ 3), the level spacings statistics show a Poisson distribution for Γ . 0.5, and

a Wigner-Dyson distribution Γ & 0.5. We have also discussed at the beginning

of this Section that we observed a connection between the frequency components

present in the optimized control field and the resonances of the free Hamiltonian

H01. Thus, an interesting point arises: if the energy spectrum of H01 changes its

structure with Γ, why is there no evidence about those changes in the frequency



Chapter 5. Complexity and control in quantum systems 89

distribution of the optimal control fields?

The key point here is to note that the resonances of H01, which feed the frequency

distribution of the control field, are not only formed by the difference of two

consecutive energies δEn (5.29). If connected by the control Hamiltonian, every

energy difference present in the spectrum is also a suitable candidate for appearing

the control field frequency spectrum. Following this discussion, we studied the

distribution of the energy differences defined as

δEn,m = En+m − En with 0 < m ≤M, (5.30)

such that δEn,1 ≡ δEn. Note that, for every n, the value of M indicates how many

levels above En are considered, and is thus bounded by the space dimension DK,+.

In Fig. 5.6 we show the distributions of normalized energy differences for different

values of M , using Γ = 0 and Γ = 1. There, it can be seen that both distributions

show the expected Poisson and Wigner-Dyson shapes when M = 1 (as discussed

in the previous paragraph), but start to converge to a common form when M

grows. As an example, for K = 4 we have that dimension of the positive sub-

space is D4,+ ' 700, and already taking M ' D4,+/10 already gives near perfectly

matching distributions for both values of the chaos parameter Γ. This analysis

indicates that, while consecutive level spacing distributions are quite different for

regular and chaotic spectra, the overall energy difference distributions converge to

a same shape. This interesting behavior determines that the frequency spectrum
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Figure 5.6: Distribution of energy differences δEn,m defined in eq. (5.30) for
Γ = 0 (regular) and Γ = 1 (chaotic), where Γ is the NNN coupling parameter.
All cases are normalized such that their mean value is 1. In the top left plot, we
show the M = 1 case corresponding to the standard level spacing distribution.
Poisson and Wigner-Dyson distributions are shown on top of the histograms.
In all cases, we consider the positive subspace with K = 4 excitations in the

chain (D4,+ ' 700). All quantites shown are dimensionless.
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of the optimal field which control both type of systems have the same complexity.



Complejidad y control en

sistemas cuánticos

En la última sección del Cap. 4 mostramos que el análisis de la forma de los

campos de control óptimos nos permitió obtener información sobre los mecanis-

mos f́ısicos involucrados en la dinámica controlada de un sistema cuántico. En

este caṕıtulo volvemos a utilizar este enfoque, pero en un escenario mucho más

complejo: realizar control en un sistema cuántico de muchos cuerpos. Nuestro

objetivo es investigar la conexión entre la complejidad del sistema y su controla-

bilidad. Para ello, estudiamos protocolos de control en una cadena de part́ıculas

de esṕın 1/2 con interacciones de corto alcance, tanto en el reǵımen de pocos y

muchos cuerpos. Usando este modelo, podemos ajustar la complejidad f́ısica del

sistema de dos maneras diferentes: en primer lugar, agregando excitaciones al

sistema podemos aumentar la dimensión eficaz del espacio de estados; también,

variando el acoplamiento entre sitios, podemos conducir el sistema a través de una

transición de un espectro de enerǵıa regular a uno caótico.

En la primera parte del Caṕıtulo mostramos algunas caracteŕısticas importantes

del caos cuántico y luego nos centraremos en el modelo de la cadena de espines.

Luego, discutimos distintas variantes propuestas en la literatura para controlar el

estado de la cadena, y definimos dos tipos de procesos de interés que pretende-

mos obtener aplicando campos locales que afectan a cada sitio por separado. En

la sección 5.3 proponemos y desarrollamos un estudio sistemático de los campos

óptimos obtenidos. Con el fin de caracterizar cuantitativamente dichos campos,

definimos dos medidas de complejidad para ellos: el ancho de banda de frecuencia

ωbw y la coeficiente de participación espectral inversa (sIPR). Mientras que ωbw

mide la frecuencia máxima presente en el espectro de Fourier del campo, el sIPR

mide cuantas componentes distintas surgen en dicho espectro.

Los resultados principales del caṕıtulo se hallan en la Fig. 5.3 y 5.5. En la primera

91



Chapter 5. Complexity and control in quantum systems 92

mostramos que el ancho de banda de los campos depende del acoplamiento a se-

gundos vecinos de la cadena Γ pero no la dimensión K del sistema, ni del proceso

de control considerado. También observamos que la dependencia con Γ no muestra

correlación con las caracteŕısticas caóticas del espectro, y por lo tanto deducimos

que esta caracteŕıstica de los campos no permite evaluar la complejidad del sis-

tema. Existe, sin embargo, una excepción interesante a estos resultados, que surge

cuando variamos el tipo de control que proponemos. De hecho, si acoplamos el

campo a un operador que actua de manera no local sobre la cadena, podemos

observar que ωbw si depende de la dimensión del sistema.

En la Fig. 5.5 mostramos el IPR espectral normalizado como una función de Γ

nuevamente para diferentes valores del número K de excitaciones en la cadena.

Alĺı mostramos que sIPR toma valores pequeños para K = 1 y luego crece con

K, y por lo tanto con dimensión de espacio de estado del sistema. Esto contrasta

claramente con el comportamiento del ancho de banda de frecuencia ωbw, que se

encontró que era independiente de K. Señalamos que este comportamiento es

común a ambos procesos de control. Es interesante observar que los casos de di-

mensión alta (K = 3, 4) convergen aproximadamente al mismo valor de sIPRn. A

pesar de la dependencia del IPR espectral normalizado con la dimensión espacial,

puede observarse también que este indicador no muestra ninguna tendencia clara

con el parámetro Γ. Observamos que, para valores pequeños de K, este parámetro

muestra grandes fluctuaciones que tienden a atenuarse cuando para dimensiones

espaciales mayores. Dado que para K ≥ 3, el sistema muestra una clara tran-

sición de un espectro de enerǵıa regular a uno más complejo (caótico) en Γ = 0.5,

podemos ver que no hay evidencia de tal salto en complejidad en nuestro estudio

numérico. De esta manera, podemos afirmar que los campos óptimos requeridos

para controlar la dinámica de hamiltonianos regulares o caóticos muestran una

complejidad espectral similar.

En la última sección del caṕıtulo nos centramos en explicar este último resultado

estudiando distintas distribuciones asociadas al espectro de enerǵıas del Hamiltoni-

ano. Encontramos que la distribución de niveles de enerǵıa se vuelve independiente

de la naturaleza regular o caótica del sistema a medida que consideramos niveles

cada vez mas alejados en el espectro. Dado que es esta distribución, y no la de

niveles consecutivos, la que determina las frecuencias presentes en los campos de

control, este análisis nos permite entender nuestros resultados.



Chapter 6

Control in open quantum systems

and non-Markovian effects

In this Chapter we turn our attention to controlling open quantum system dyna-

mics. Although we already studied some control problems in dissipative systems

in Chap. 3, in that case we focused on how to speed up the evolution in order to

reduce the impact of environmental effects, which could not be manipulated. Here

we will take a more general approach, and discuss to what extent we can control

open quantum systems depending on the features of their environments. After

presenting an overview about open quantum systems and control under Marko-

vian evolutions, we will focus completely on non-Markovian quantum maps, which

show a more fertile (and also less explored) ground for quantum control.

6.1 Open quantum systems and dynamical maps

A quantum system S is said to be open if it interacts with a (typically larger)

system, its environment E , which is formed by degrees of freedom which are not

available for measurements and in general unreachable to the observer. In this

way, the state ρSE of the total system S ⊗ E evolves unitarily according to

ρSE(t) = U(t)ρSE(0)U †(t) with
d

dt
U(t) = −iH U(t) (6.1)

where H describes the full system-environment Hamiltonian and is of the form

H = HS ⊗ IE + IS ⊗HE +HSEint . (6.2)

By definition we may only access information about the reduced density matrix ρ

of the system S, which is defined as

ρ ≡ trE (ρSE) , (6.3)
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and which will in general evolve non-unitarily. The goal of open quantum systems

theory is to describe the evolution of reduced dynamics of the system S by means

of, for example, effective equations of motion for ρ(t) [62, 63].

We can characterize the dynamics of the reduced system in the following way. If

we consider the initial state of the full system to be uncorrelated, i.e. of the form

ρSE(0) = ρ(0)⊗ ρS(0) (6.4)

then it is easy to see that we can combine expressions (6.1), (6.3) and (6.4) to

write down a general expression for ρ(t)

ρ(t) = trE
[
U(t)ρ(0)⊗ ρE(0)U †(t)

]
. (6.5)

From this we see that the relation between ρ(t) and ρ(0) at each fixed t ≥ 0 is

given by a linear map Φ(t, 0) such that

ρ(0)→ ρ(t) = Φ(t, 0)ρ(0) (6.6)

These objects are called CPTP (completely positive trace preserving) maps since

they satisfy the important properties of preserving hermiticity, trace and positiv-

ity1. In this way, a CPTP map applied to a density operator gives also a density

operator.

6.1.1 Markovian quantum maps and control

An important type of dynamical maps Φ(t, 0) are those forming a semigroup,

meaning that

Φ(t+ s, 0) = Φ(t, 0)Φ(s, 0) (6.7)

for all t, s ≥ 0. This property also implies that the dynamical map is divisible, in

the sense that there exists a map Φ(t2, t1) such that Φ(t2, 0) = Φ(t2, t1)Φ(t1, 0).

This property is taken as the definition of a Markovian dynamical map. The

analogy with the classical version of a Markovian process originates because in

both cases the process is memoryless, as seen by looking at the following identity

derived from the divisibility property:

ρ(t2) = Φ(t2, t1)ρ(t1). (6.8)

There we see that the state of the system at time t2 depends only on the state at

time t1, and thus does not have any memory of its state before that time [157].

1These maps are in fact completely positive, meaning that an extended map Φ ⊗ In acting
over S and an auxiliary system of dimension n is still positive [156].
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We will later on discuss more in detail the definition and quantification of Marko-

vianity in dynamical maps.

The semigroup property in turn implies the existence of a generator L such that

we can always write Φ(t, 0) = exp (Lt) [156]. We can also cast this expression in

master equation form for the reduced density matrix ρ(t)

d

dt
ρ(t) = Lρ(t). (6.9)

The most important result about quantum dynamical semigroups is a theorem

due to Gorini, Kossakowski, Sudarshan [158] and Lindblad [159] that tells us that

L is a generator of a semigroup of CPTP maps if and only if it can be written in

the following form

Lρ = −i [Hs, ρ] +
∑
k

γk

[
LkρL

†
k −

1

2

{
L†kLk, ρ

}]
. (6.10)

Combination of eqns. (6.9) and (6.10) yields the famous GKSL equation (or, sim-

ply, Lindblad equation). This result is of tremendous practical importance since

it provides a unified mathematical framework to simulate divisible (Markovian)

dynamical maps to any degree of precision.

This useful mathematical framework has enabled thorough investigations over the

past decade and a half about quantum control problems in open systems undergo-

ing Markovian dynamics. Here we review the most salient features and results of

this subject [25, 66]. First of all, let us consider a generic quantum control problem

where we intend to steer a system from some initial to some target state by means

of a control field u(t). The system is coupled to an environment as described in

eqn. (6.2) and the HS is now of the form

HS = HS(u(t)). (6.11)

Deriving an equation of motion for the reduced density matrix is, in general, hard

without making any further approximations, specially if u(t) is a generic control

function of time [68]. One of two approaches can be followed: on one hand, we

can model the effects of the environment phenomenologically by using Lindblad

equations (6.9), in which case such effects will be independent of the way we drive

the system by construction [156]. Or we can propose a microscopical model for

the environment and its coupling to the system and work out an equation for

ρ(t). This approach generally relies on the Born and Markov approximations,

which consider that the coupling between system and environment is weak, and

also that correlations in the environmental degrees of freedom have a characteris-

tic duration which is much shorter than the timescale in which the system state
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changes appreciably. This is usually the case for large, unstructured at high tem-

peratures. These considerations (in some cases in addition to the rotating wave

approximation) allows us to derive a master equation of Lindblad form for various

types of systems and environments [62].

In these cases, having an equation of motion to simulate the dynamics of the open

system allows for properly formulating and solving optimal control problems. Note

that the Krotov scheme discussed in Chap. 4 can be applied to Markovian evolu-

tions in a straightforward way, since it is derived for general dynamical systems.

However, it is key to note that the dissipation and decoherence generated by the

interaction between system and environment are set by the structure of the Lind-

blandian (6.10). It is also worth pointing out that the problem of determining

whether a system is controllable or not (in the sense discussed in Chap. 2) is

much more complicated in open quantum system dynamics [66], and up to now

it has only been addressed for specific cases [160, 161, 162]. With these consider-

ations in mind, the most likely scenario is that control fields affecting solely the

unitary terms of Lindblad equations may not suffice to perform arbitrary control

over the reduced dynamics of the system.

For Markovian dynamics, then, it is generally considered that there are two basic

scenarios which encompass control problems; those where the environmental effects

are detrimental to the objective, and those in which it is favorable to the objective

[66]. In the first case, in which for example we may consider driving the system

between pure states or generating unitary gates, the usual approach consists in

combining the usual unitary control protocol and one of the following

• driving the system to the target as fast as possible, so as to minimize deco-

herence and dissipation effects. This brings about the question about what

is the minimum time required to perform a certain process and the quantum

speed limit, which we have discussed extensively in this Thesis. Note that

this scenario for control in open systems was studied in Chap. 3.

• if possible, shielding the system from environmental effects by operating in

a subset of its Hilbert space commonly known as decoherence-free subspace

[163]. This subspace is composed by states which are invariant under the

system-bath Hamiltonian. A famous example is given by the problem of

two interacting qubits which can be combined to yield one decoherence-free

two-level effective system [164].
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• introducing and additional driving field which effectively reduces the mag-

nitude of the coupling between system and environment, in an scheme com-

monly known as dynamical decoupling [165, 166]. In general, this implies

appliying high-frequency pulses on the system that prevent it from inter-

act with the environment. We will come back to this phenomenon when

analyzing a particular model in the next section.

In all of these cases, the use of optimization techniques can improve the perfor-

mance of the control [66, 167, 168].

On the other hand, there may be cases where the environment may have a “good”

or even vital effect on controlling a system. This is the case, for example, when

we want to drive a mixed state to a pure state, since purity is invariant under

unitary evolution. A famous example of a control process where this happens is

laser cooling [68, 169]. A more general approach to this subject was layed out by

Cirac and Verstraete [67], which showed that robust state preparation of strongly

correlated states can be performed via coupling of subsystems to dissipative en-

vironments, whose dynamics are described by Lindblad equations. This can be

easily seen if we consider that eqn. (6.9) admit the existence of an steady state,

i.e. ρ̇(ρ0) = Lρ0 = 0 to which the system relaxes asymptotically irrespective of

its initial configuration [170]. Although the asymptotic state may sometimes be

thermal or even of maximum entropy, careful engineering of the environment via

its Lindblad operators {Lk} can steer the system to any desired configuration. Of

course, this scheme requires control over the environment itself (which, in a way,

contradicts the very definition of environment) and although it seems to be too

difficult to perform in condensed matter experiments, it has been demonstrated

in quantum optics.

6.1.2 Non-Markovian quantum maps

Non-Markovian dynamical maps encompass all cases where the semigroup prop-

erty (6.7) is not fulfilled [156] and thus describe a more general kind of open

quantum system evolutions. Numerous interesting effects signature the onset of

non-Markovianity (NM) such as backflow of coherence from the environment back

to the system, non-steady asymptotic states and correlation revivals [65, 66]. Un-

fortunately, there is currently no unified mathematical framework to study these

type of evolutions. Different approaches have been studied, such as stocastic

Schrödinger equations, time-local master equations and path-integral methods
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[65]. We will later on describe a particular method usually referred to as hier-

archy equations of motion [171].

Over the past decade, numerous works have studied the role of NM in a variety

of scenarios in open quantum system evolution, and there is currently a debate

about whether NM is a useful resource for quantum technologies such as comput-

ing, simulation and communication [66, 172]. For instance, the task of generating

steady entangled states in open quantum systems has been showed to rely upon

non-Markovian effects in some cases [173], but not in others [174], where NM does

act as catalyst to speed up the process. Also, the problem of the maximum speed

of evolution for open quantum systems or quantum speed limit [83], has also been

linked with NM. In particular, it was argued that non-Markovian effects could

actually speed up the system evolution and thus reduce the QSL time [82, 175].

A recent work on the subject revealed that non-Markovian effects could not be

inferred from the QSL bounds [87].

Regarding quantum control, studies which assessed the effectiveness of optimal

control methods in open quantum system evolutions showed that NM allowed

for an improved controllability [68, 176, 177]. However, non-Markovian effects

were also related to reduction of efficiency in dynamical decoupling schemes [178].

Besides investigations on particular systems, there has been no rigorous studies

about controllability in non-Markovian evolutions, and currently there is very lim-

ited knowledge about which features of NM can be exploited for control [25, 66].

Whether NM is a valuable resource or an unwanted effect, it is important to be

able to quantify non-Markovian effects in an open quantum system evolution.

This allows to study quantitatively the relation between NM and other physical

quantities involved in any dynamical process. Given that there are many aspects

which characterize non-Markovian dynamics, during the last few years there have

been a large number of proposals of NM measures, a complete review of which

can be found in [179]. The two most popular approaches for measuring NM were

proposed by (i) Rivas, Huelga and Plenio (RHP) [180], who proposed to measure

the amount of non-divisibility of a dynamical map, and (ii) Breuer, Laine and Piilo

(BLP), who propose to quantify revivals of distinguishability between quantum

states during the dynamics [181, 64]. Here we explore in more detail the latter.

For that we define the trace distance between states ρ1 and ρ2 as

D(ρ1, ρ2) =
1

2
||ρ1 − ρ2||, with ‖A‖ = tr(

√
A†A) (6.12)
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This quantity fulfills the requirements of a distance measure (i.e. the ones already

mentioned in Sect. 2.2.2) and has important additional properties:

1. 0 ≤ D(ρ1, ρ2) ≤ 1

2. Unitary transformations leave D invariant: D(Uρ1U
†, Uρ2U

†) = D(ρ1, ρ2)

3. CPTP maps contract D: D(Φρ1,Φρ2) ≤ D(ρ1, ρ2)

If we look at the last property as a function of time we can write

D(ρ1(t), ρ2(t)) ≤ D(ρ1(0), ρ2(0)) (6.13)

where ρ(t) = Φ(t, 0)ρ(0). It is important to point out that relation (6.13) does

not exclude the existence of time intervals during which D(ρ1(t), ρ2(t)) increases

(although it can never exceed its initial value).

Note that the first property stated above also entails that that D(ρ1, ρ2) = 0 if and

only if ρ1 = ρ2 and D(ρ1, ρ2) = 1 if ρ1 and ρ2 are orthogonal; thus D quantifies

how different the states are, as expected from a distance measure. Moreover, it

can formally interpreted as the distinguishability between such states in the sense

of being a measure of the bias in favor of the correct identification of states ρ1 and

ρ2 [181].

The BLP criterion states that a map Φt ≡ Φ(t, 0) is non-Markovian if there exists

at least a pair of initial states ρ1(0), ρ2(0) such that

σ(ρ1(0), ρ2(0), t) =
d

dt
D(ρ1(t), ρ2(t)) > 0 (6.14)

for some time interval. Note that σ > 0 implies that the states ρ1(t) and ρ2(t)

are moving away from each other in state space, thus becoming momentarily more

distinguishable. This means that information about the initial state of the system,

which had been partly lost at the beginning of the evolution due to the inequality

(6.13), is re-gained: information has flowed from the environment back to the

system. In Markovian dynamics, the opposite occurs: since σ ≤ 0 for all times,

information is continuously lost to the environment, and the map ultimately bears

no memory of the initial state of the system.

The BLP criterion can also be naturally extended to define a measure of the

degree of NM in a quantum process. The original proposal aims at quantifying

the total amount of information backflow during the evolution of the system, and

its calculated via

NBLP = max
{ρ1(0),ρ2(0)}

∫
σ>0

σ(ρ1(0), ρ2(0), t′)dt′. (6.15)
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We can see that computing NBLP implies an optimization all possible pairs of ini-

tial states. Wissmann et al. showed that the pair of states that maximizes (6.15)

should be orthogonal and thus D(ρ1(0), ρ2(0)) = 1, and also that for a two level

system, those states are pure [182].

This proposal for a NM measure possesses a number of inconvenient properties,

which have been pointed out and thoroughly studied by Pineda and coworkers

in [183]. The main issue is that it overestimates the weight of fluctuations in

D(ρ1(t), ρ2(t)). Note that fluctuations may arise from finite-sized environments,

but also from temporal driving and the contribution of counter-rotating terms in

the Hamiltonian [184], as we shall see later on. This issue be readily seen from

the integral expression in (6.15), which will continuously increase for a fluctuating

function as the evolution time increases. As a result, for a given quantum channel

NBLP may easily diverge for increasing evolution time. In [183], the authors

propose another method to quantify non-Markovian effects. Applied to the BLP

criterion of distinguishability, this new measure is calculated as the largest revival

of D(ρ1(t), ρ2(t)) with respect to its minimum value prior to the revival, i.e.

NLR = max
tf,t≤tf

[D(ρ1(tf ), ρ2(tf ))−D(ρ1(t), ρ2(t))] (6.16)

This quantity clearly avoids the aforementioned pitfalls of the BLP measure. For

instance, it is insensitive to fluctuations by construction: once the largest revival

has been taken into account, all subsequent features of the evolution do not affect

NLR (unless, of course, a larger revival appears). Also, quantum channels with

different evolution times can be compared on firm grounds via the evaluation NLR,

and it is guaranteed that the measures will not diverge. Note, as well, that wit-

nessing of non-Markovianity is equivalent in both cases, since naturally NBLP = 0

if and only if NLR = 0. Finally, the physical interpretation is clearer in this case.

Take for example two quantum channels A and B, where NA
LR > NB

LR. This means

that channel A shows the biggest revival of distinguishability, and so it shows a

higher capacity to reverse the flow of information from the environment back to

the system.



Chapter 5. Control in open quantum systems and non-Markovian effects 101

6.2 Driven open quantum systems: an exactly

solvable model

Up to now in this Chapter we have given an overview about the main features of

the theory of open quantum systems and mentioned some relevant results regard-

ing quantum control of Markovian dynamics. We also discussed how to quantify

the degree of non-Markovianity of a dynamical map, and from now on we will focus

on investigating the relation between control of quantum systems and the degree

of NM. Given the lack of a general Lindblad-like formalism for non-Markovian

maps, we will concentrate on an exactly solvable model, i.e. a model for which

we can derive the equations of motion without resorting to neither the Markov

nor Born approximation, consequently describing the (generally non-Markovian)

dynamics of the system.

Let us consider a two-level quantum system interacting with a set of N harmonic

oscillators. The total Hamiltonian which describes the dynamics is of the form

(6.2), i.e.

H = HS +HE +Hint (6.17)

where

HS = ω0(t)σ+σ− (6.18)

HE =
N∑
k=1

ωkbkb
†
k (6.19)

Hint = σx

N∑
k=1

gk(bk + b†k) (6.20)

where σ± = 1
2

(σx ± iσy) and σα with α = x, y, z are Pauli matrices, bk and b†k are

the usual annihilation and creation operators corresponding to the kth mode of

the bath, gk are the coupling constants and ω0(t) is the time dependent energy

difference between states |1〉 and |0〉 of the two-level system 2, which we will assume

to be of the form

ω0(t) = Ω0 + ∆(t). (6.21)

For now we consider ∆(t) to be an arbitrary driving field, and proceed to derive

an equation for the reduced dynamics of the two-level system. To do this, we go to

the interaction representation with respect to HS and HE by means of an unitary

2Note that here we take σ+ |0〉 = |1〉 and σ− |1〉 = |0〉, such that σ+σ− = |1〉〈1|
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transformation U0 and obtain the transformed interaction Hamiltonian (6.20)

H̃int(t) = U †0HU0 with U0 = exp

(
−i
∫ t

0

HS(t′)dt′
)
⊗ exp (−iHEt) , (6.22)

which gives

H̃int(t) = σ̃+(t)B(t) + σ̃−(t)B†(t) + σ̃+(t)B†(t) + σ̃−(t)B(t) (6.23)

where he have defined

σ̃±(t) = σ±e±iε(t) and B(t) =
∑
k

gkbke
−iωkt (6.24)

and

ε(t) =

∫ t

0

ω0(t′)dt′. (6.25)

Note that the last two terms of (6.24) are proportional to ei(ε(t)+ωkt) and e−i(ε(t)+ωkt)

respectively. We now perform the rotating wave approximation (RWA) and dis-

card those terms from the interaction Hamiltonian. The idea is that these counter

rotating contributions oscillate at a frequency ∼ ωk+Ω0 plus a correction given by

the time-dependent field, and thus average out quickly with respect to the first two

terms which have frequency ∼ ωk − Ω0. This makes sense if the time-dependent

correction is small with respect to Ω0. Nevertheless, we will later on relax this ap-

proximation and derive a set of equations for the reduced dynamics of the system

taking account the counter rotating terms.

After performing the RWA, the interaction Hamiltonian yields

H̃int(t) = σ̃+(t)B(t) + σ̃−(t)B†(t)., (6.26)

and the full system-environment state in the interaction picture |Ψ〉 obeys

d

dt
|Ψ(t)〉 = −iH̃int(t) |Ψ(t)〉 . (6.27)

Note that H̃int commutes with N̂ = σ+σ− +
∑

k b
†
kbk, which can be viewed as an

extended number operator. This means that the total number of excitations is

preserved, and if we take the environment to be initially in vacuum |0〉E, i.e. a

state with no excitations in the bath, then the dynamics of the total system will

take place in the subspace spanned by

|ψ0〉 = |0〉S ⊗ |0〉E (6.28)

|ψ1〉 = |1〉S ⊗ |0〉E (6.29)

|φk〉 = |0〉S ⊗ |k〉E = |0〉S ⊗
(
b†k |0〉E

)
(6.30)

In this way we can write down an expression for |Ψ(t)〉

|Ψ(t)〉 = c0(t) |ψ0〉+ c1(t) |ψ1〉+
∑
k

dk(t) |φk〉 (6.31)
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We can now combine eqns. (6.24), (6.26), (6.27) and (6.31) straightforwardly to

obtain a set of equations for the time-dependent coefficients in (6.31). First of

all we get ċ0(t) = 0, which is obvious for number-preserving dynamics. We then

obtain

ċ1(t) = −i
∑
k

gke
i(ε(t)−ωkt)dk(t) (6.32)

ḋk(t) = −ig∗ke−i(ε(t)−ωkt)c1(t) (6.33)

We can integrate (6.33) using dk(0) = 0 (due to our choice of initial state) and

then replace dk(t) in (6.32) to obtain

ċ1(t) = −
∫ t

0

dt′
∑
k

|gk|2ei[ε(t)−ε(t
′)−ωk(t−t′)]c1(t′) (6.34)

= −
∫ t

0

dt′F (t, t′)ei[ε(t)−ε(t
′)]c1(t′) (6.35)

For simplicity we now assume the environment to be composed of a continuum of

modes, replace the sum with an integral and introduce the spectral density J(ω),

such that the correlation function F (t, t′) of the environment takes the form

F (t, t′) =

∫ ∞
0

dωJ(ω)e−iω(t−t′) (6.36)

The correlation function condenses all the information of the environment relevant

to the evolution of the reduced density matrix of the two-level system, ρ̃(t). We

can see this by writing the full density matrix in the interaction picture and tracing

out the environmental degrees of freedom

ρ̃(t) = trE (|Ψ(t)〉〈Ψ(t)|) (6.37)

= |0〉〈0|

(
|c0|2 +

∑
k

|dk(t)|2
)

+ |0〉〈1|c∗0c1(t) + (6.38)

+ |1〉〈0|c0c
∗
1(t) + |1〉〈1||c1(t)|2 (6.39)

Going back to the Schrödinger picture we then obtain, in the {|1〉 , |0〉} basis

ρ(t) =

(
ρ11(0)|G(t)|2 ρ10(0)G(t)e−iε(t)

ρ∗10(0)G∗(t)eiε(t) 1− ρ11(0)|G(t)|2

)
, (6.40)

where c1(t) = c1(0)G(t) and so G(0) = 1. Note also that eqn. (6.32) implies

Ġ(0) = 0.

From now on we will consider the spectral density J(ω) to be of Lorentzian form,

i.e.

J(ω) =
γ0

2π

λ2

(ω − Ω0)2 + λ2
, (6.41)

where Ω0 is a characteristic frequency, λ determines the broadening of the spectral
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Figure 6.1: Plots of the Lorentzian spectral density of eqn. (6.41). (a) In
the static case, the characteristic frequency of the two-level system is detuned
∆ from the central frequency of the environment Ω0. (b) In the driven case,
the detuning changes between −∆ and ∆ with sinusoidal time dependance and

frequency ωD.

peak, and γ0 sets the coupling strength between the system and the bath. A plot

of J(ω) is shown in Fig. 6.1. A known example of a physical system which is

accurately described by this model is that of an atom coupled to an imperfect

cavity [63]. We point out that, by considering this model, we are studying an

structured environment which is usually the scenario where non-Markovian effects

are more prone to manifest themselves [65]. By inserting expression (6.41) in

(6.36) we can evaluate the correlation function which yields, when Ω0 � λ,

F (t, t′) =
γ0λ

2
e−(λ+iΩ0)(t−t′). (6.42)

Following a procedure already put forward in the literature [185] for this model,

the equation for G(t) can be casted in a time-local form due to the exponential

dependence of F (t − t′). We show the derivation in Appendix D.1. By defining

dimensionless variables and parameters λt ≡ τ and x/λ → x, where x is any

parameter with units of energy (Ω0 or γ0 for instance), the resulting dynamical

equation for G(t) is

G′′(τ) + [1− i∆(t)]G′(τ) +
γ0

2
G(τ) = 0, (6.43)

where we established the notation f ′(τ) ≡ df
dτ

. Equation (6.43) is the exact equa-

tion of motion for the reduced dynamics of the driven two-level system coupled to

a Lorentzian bath at zero temperature, under the RWA. Note that the equation

also holds when ∆(t) is constant, that is, when the system Hamiltonian is time-

independent, and an exact solution for G(t) is available [63, 183, 87]. In that case,

∆ plays the role of a static detuning between the system and the central frequency

of the environment. We will use this eqn. (6.43) extensively in the remainder of

this Chapter to investigate the interplay between non-Markovianity and driving

in this system.
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Since the complex-valued function G(t) determines the complete dynamics of the

system, we can also express the non-Markovianity measures N of eqns. (6.15)

and (6.16) in terms of that function rather easily. In order to do that, we need to

compute the distance between two states ρA(t) and ρB(t),

ρA(t)− ρB(t) =

(
a|G(t)|2 b G(t)e−iε(t)

b∗ G∗(t)eiε(t) −a|G(t)|2

)
, (6.44)

where a ≡ ρA11(0) − ρB11(0) and b ≡ ρA10(0) − ρB10(0). We can now use expression

(6.12) to obtain

D(ρA(t), ρB(t)) = |G(t)|
√
|G(t)|2a2 + |b|2 (6.45)

Taking the time derivative gives

σ(ρA, ρB, t) =
2|G(t)|2a2 + |b|2√
|G(t)|2a2 + |b|2

d

dt
|G(t)| (6.46)

Recall from eqn. (6.15) that we need to obtain the maximum of over all pairs of

initial states. As mentioned in [186] this happens for a = 0 and |b| = 1, which

correspond for example to initial conditions taken to be the eigenstates of σx, |+〉
and |−〉. Also interesting is a result shown by Zeng et al. that the BLP and RHP

measures are equivalent for this system [187].

Before we move on to study the interplay between driving, control and non-

Markovianity, we finally point out that it is possible to find an approximate solu-

tion for the reduced density matrix ρ(t) without using the rotating wave approxi-

mation. We will do this by employing the hierarchy equations of motion method

developed by Tanimura et al. [171] and then successfully applied to a variety of

interesting problems [188, 86, 189, 190, 191]. This method can be used if (i) the

initial state of the system plus bath is separable, (ii) the interaction Hamiltonian

is bilinear (i.e. HSE = XS⊗YE), and (iii) if the environmental correlation function

can be casted in multi-exponential form. All of these requirements are met in our

system, see equations (6.17) and (6.42). We give some details about this method in

Appendix D.2. The interest to compare both methods reside on previous studies

which show that including counter-rotating terms in the interaction Hamiltonian

can affect significantly the value of NM measures [184, 86].
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6.3 Non-Markovian effects in periodically driven

systems

As already mentioned, the ultimate goal of this Chapter is to study the interplay

between non-Markovianity and control in open quantum systems. However, a more

general unanswered question arises first: how does the presence of a driving field

affect the non-Markovian features of open quantum system dynamics? Addressing

this issue is of paramount importance given that non-Markovianity could in some

cases be used as a resource for different tasks in quantum information, as already

mentioned. Control is needed to harness resources appropriately, so its natural to

understand how driving affects NM. We will address this problem in this Section.

For that, we will study numerically the dynamics of the reduced two-level system

discussed in the previous section.

We begin by proposing a particular choice of driving field, namely

ω0(τ) = Ω0 + ∆cos (ωDτ) . (6.47)

Here ∆ and ωD are driving amplitude and frequency, respectively. Recall that we

have derived the exact equation of motion under the RWA (6.43) for the function

G(t) which completely describes the dynamics, and also we can obtain the reduced

density matrix beyond the RWA with the hierarchy equations method of D.2.

First of all, let us consider the static case, i.e. when the driving frequency is set

to ωD = 0, such that ∆ represents the static detuning between system and en-

vironment, as depicted in Fig. 6.1 (a). Under the RWA, this model admits an

exact solution of the equation of motion (6.43) [87, 64]. The behaviour of the

NM measure NBLP has been extensively studied in the literature [179, 181], and

it has also been compared with the largest revival measure NLR [183]. In Fig. 6.2

(a) and (b) we plot both quantities as a function of the dimensionless coupling

strength γ0 and static detuning ∆. In both cases, the NM increases with γ0 and

in general decreases with ∆ for fixed γ0 (except at weak coupling).

An important result arises when comparing the NM measures calculated beyond

the RWA. In Fig. 6.2 (c) and (d) we plot NBLP and NLR calculated using the

hierarchy equation method mentioned in the previous section, which takes into

account the effects of the counter-rotating terms in the interaction Hamiltonian.

There, it can be seen that the largest revival measure NLR shows a very similar

behavior compared to the RWA case, while the BLP measure NBLP not only takes
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Figure 6.2: (a)-(b) Density plots for the non-Markovianity measures NBLP
and NLR as a function of the dimensionless coupling parameter γ0 and detuning
∆ for the static case (ωD = 0). Results were obtained under using the equation
of motion (6.43), i.e. using the RWA. (c)-(d) Same as (a) and (b), but results
obtained using the hierarchy equation method (beyond RWA). Dimensionless
parameter values: Ω0 = 20. (e) An example of the distance between the states
evolved from initial conditions ρ+x and ρ−x calculated with and without the

RWA.

larger values (as already noted in [184]) but also displays a completely different

dependence with the system parameters. Note that, by setting Ω0 >> 1, we are

working in a regime where the RWA and non-RWA evolutions are very similar,

apart from fluctuations, as can be seen in Fig. 6.2 (e). This results shows us that

the largest revival measure is much more reliable than the BLP measure, which

leads to an incorrect quantification of non-Markovian effects in the presence of

fluctuations. This robustness is a desired characteristic for a NM quantifier, spe-

cially when we consider the system to be driven by a time-dependent field, as we

shall do next.
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We now turn our attention to the time-dependent case, by tuning the driving

frequency ωD to non-zero values. In order to assess quantitatively how the non-

Markovian character of the evolution is affected by the driving, we define a figure

of merit called “relative NM value” as

N rel
x (γ0,∆, ωD) =

Nx(γ0,∆, ωD)

max
∆′
Nx(γ0,∆′, 0)

, (6.48)

where x = BLP or LR. This quantity measures the obtained NM value for the

driven case in units of the maximum possible degree of NM achieved in the system

with no driving (ωD = 0), at a fixed value of the coupling parameter γ0. As such,

it allows us to assess how the NM is affected by the periodic driving itself and not

by, for example, introducing new interactions or injecting energy in the system

Hamiltonian (which has been studied, for example, in Refs. [178, 192]). This is

because the driven system can be interpreted as the static Hamiltonian

Hs = (Ω0 + ∆)σ+σ−, (6.49)

but with a time-dependent detuning ∆ → ∆ cos(ωDτ), as depicted in Fig. 6.1

(b). In other words, by studying N rel
x we are analyzing the effects of dynamically

changing the detuning in time, and not merely by increasing or diminishing its

value.

First of all we wish to asses to what extent the external driving, which acts only

on the two-level system, can enhance the non-Markovian character of the evolu-

tion. To do this, we compute the maximum of N rel
x over all values of the driving

frequency and amplitude

Mx(γ0) = max
∆, ωD

N rel
x (γ0,∆, ωD), (6.50)

where x = BLP or LR. Mx indicates the maximum relative NM value, and so

quantifies how much bigger can the NM measure be in the driven case when com-

pared to the static case. Of course, Mx ≥ 1 since, even in the worst case, the

driven case will be equal to the static case for ωD = 0.

In Fig. 6.3 (a) we show a plot of MLR as a function of the coupling strength γ0,

calculated both with and without the RWA. As was observed in the static regime,

the LR measure presents a similar behaviour in both cases. In particular, it can

be seen that MLR takes values of the order of 10 for small γ0, and then decays

to its minimum possible value of 1 as the coupling increases. Physically, this tells

us that the driving is able to increase the non-Markovianity of the evolution well

above the value of the static case, but can only do so in the weak coupling regime.
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(a) (b)

Figure 6.3: Maximum relative NM value, as defined in Eq. (6.50), as a
function of the coupling parameter γ0, calculated with (dashed lines) and with-
out (full lines) the rotating wave approximation. Values were obtained for (a)
LR measure, (b) BLP measure. Dimensionless parameter values: Ω0 = 20,

∆, ωD ∈ [0, 20].

For strong coupling, on the other hand, the driving fails to reach values of NM

significantly above the static ones. This is the main result of this Section. We

stress that the large enhancement of the NM values appear because the revivals of

the distinguishability in the static case are small, i.e., when γ0 � 1 the undriven

dynamics is essentially Markovian. Nevertheless, it is surprising that the influence

of the driving field is much stronger in the weak-coupling case, which is precisely

where non-Markovian effects are usually neglected or discarded by perturbative

approaches.

In Fig. 6.3 (b) we show results obtained for MBLP , the maximum NM relative

value computed with the BLP measure. There, it can be seen that calculations

made using the rotating wave approximation also describe the phenomenon of

NM enhancement at weak coupling. However, in the case where the RWA is not

applied, NBLP shows a completely different behaviour, remaining practically con-

stant as the coupling γ0 varies. These findings are reminiscent of the analysis we

performed for the static case. This provides further proof of the reliability of the

LR measure as opposed to the BLP measure.

It is interesting to point out that a number of previous works have reported the

appearance of non-Markovian effects for small coupling due to driving acting on
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(a) (b)

(c) (d)

(e) (f)

Figure 6.4: Density plots for the relative non-Markovianity value N rel
LR com-

puted for the largest revival (LR) measure for different values of the coupling
strength γ0. Results are shown as a function of the dimensionless driving ampli-
tude ∆ and frequency ωD in all cases. (a) and (b) γ0 = 0.1. (c) and (d) γ0 = 1.4.
(e) and (f) γ0 = 10. Plots in the right column were obtained under using the
equation of motion (6.43), i.e. using the RWA. Plots in the left column were
obtained using the hierarchy equation method (beyond RWA). Dimensionless

parameter values: Ω0 = 20.

the system [178, 192, 193, 194]). In those cases, however, the driving was intro-

duced as a new interaction term in the Hamiltonian of the system. Here we show

that non-Markovian effects can be generated by just allowing the original system

parameters to change in time.

We will now explore in more detail the enhancement of non-Markovian effects in-

duced by the driving field. In Fig. 6.4 we show several density plots of the relative

LR measure N rel
LR for different values of the coupling strength, as a function of the

driving frequency ωD and amplitude ∆. From the figure, we can roughly separate

the behaviour of the NM values for the regions where ωD/∆ > 1 and ωD/∆ < 1,

which we will refer to as high and low frequency regimes, respectively. In particu-

lar, for small coupling (top row in Fig. 6.4), we observeN rel
LR ' 0 for high frequency
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driving, while for ωD/∆ < 1 we observe the enhancement of NM discussed earlier.

When the system is strongly coupled to the environment (bottom row in Fig. 6.4),

the situation is inverted, and the largest values of N rel
LR ' 1 occur when ωD/∆ > 1.

For low frequencies, the relative NM is significantly smaller than 1, meaning that

the turning on the driving actually causes distinguishability revivals to decrease

during the evolution of the system. In the intermediate coupling regimes, we ob-

serve a clear transition between both cases. It can also be seen that there is a

large region, corresponding to ωD/∆ ' 1, where NM is suppressed altogether.

We will now look closer to the high frequency case ωD/∆ > 1. There, the driving

fails to increase the degree of NM with respect to the static case (N rel
LR ≤ 1), for all

coupling strengths. This behaviour can be explained analytically in the following

way. First, let us transform the original Hamiltonian (6.17) to a rotating frame

via the transformation

UR(t) = exp

(
−i
(∫ t

0

∆cos(ωDs)ds

)
σ+σ−

)
, (6.51)

The complete (system plus bath) state in this frame |ΨR(t)〉 is related to rest

frame representation via |ΨR(t)〉 = UR(t) |Ψ(t)〉. The equation for the evolution

of |ΨR(t)〉 can be expressed in the following way

d

dt
|ΨR(t)〉 = i HR(t) |ΨR(t)〉 , (6.52)

where HR(t) is the transformed Hamiltonian

HR(t) = UR(t) [H(t)−∆cos(ωDt)]U
†
R(t) (6.53)

= Ω0σ+σ− + σRx (t)
∑
k

gk(bk + b†k) +
∑
k

ωkbkb
†
k, (6.54)

where σRx (t) = UR(t)σxU
†
R(t). By using the following identity

eiγ sin(Ωt) =
+∞∑

n=−∞

Jn(γ)einΩt, (6.55)

which we already used in Chap. 3 and in Chap. 4, we can express σRx (t) in the

following way

σRx (t) = cos(α(t))σx + sin(α(t))σy (6.56)

where

α(t) =
∆

ωD
sin(ωDt). (6.57)

We can now take the high-frequency limit by assuming that ωD � 1 (recall that

all quantities are assumed to be measured in units of λ and thus dimensionless).

In such case, we can neglect the fast-oscillating terms in (6.55) and keep only the
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constant contribution, such that eqn. (6.56) now takes the form

σRx (t) ' J0

(
∆

ωD

)
σx ≡ βσx, (6.58)

and thus the transformed Hamiltonian (6.54) is time-independent to zeroth order

in ω−1
D .

It can be easily seen that HR of eqn. (6.54) has the same form of the origi-

nal Hamiltonian (6.17) but with no driving, zero detuning and modified coupling

constants gk → βgk. This, in turn, is equivalent to having a modified coupling

parameter in the Lorentzian spectral density (6.41)

γ0 → β2γ0 ≤ γ0, (6.59)

where the inequality arises from the fact that 0 ≤ J0(x) ≤ 1.

In short, when the driving frequency is high (compared to λ), the driven system

dynamics is equivalent (up to a unitary transformation) to that of a static system

which couples less strongly to the environment. As we showed in Fig. 6.2, the

degree of NM in that case increased monotonically with γ0. Note also that, since

the trace distance (6.12) is invariant under unitary transformations, the degree of

NM is independent of UR(t). As a result, the high frequency driving fails to in-

crease the NM measures above the static case, thus proving our numerical finding.

We point that that, interestingly, this result is a manifestation of a phenomenon

already mentioned in this Chapter: dynamical decoupling [195]. From expression

(6.59) it can be seen that by properly choosing the driving parameters we can set

the effective coupling between system and environment to zero (to zeroth order in

ω−1
D ), thus significantly slowing down the relaxation of the system.

We now return to the results in Fig. 6.4. For the weak coupling case we observe

the largest values of NM in the low frequency regime, see Fig. 6.4 (a) and (b). We

show a detailed plot of the NM relative value for this region in Fig. 6.5. There,

it can be seen that maxima for N rel
LR spread along straight lines in the (∆, ωD)

plane. Interestingly, this lines coincide with the appearance of zeros of J0

(
∆
ωD

)
and J1

(
∆
ωD

)
. In fact, this behavior can be explained from the analytical solution

for G(τ) which can be obtained under the RWA to first order in the dimensionless

coupling parameter γ0, which we show in Appendix D.3. It is interesting to point

out that parameter regions determined by the Bessel functions are typical in pe-

riodically driven quantum systems [118], as we have already discussed in Chapter 3.
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Figure 6.5: Density plot for the relative non-Markovianity value N rel
LR com-

puted for the largest revival (LR) measure. Parameters as in Fig. 6.4 (b).

Dashed lines represents the values of ωD/∆ for which J0

(
∆
ωD

)
= 0 (gray) and

J1

(
∆
ωD

)
= 0 (white).

6.4 Optimal control and non-Markovianity

In the previous section of this Chapter we investigated how the presence of a

time-dependent driving field can affect the degree of non-Markovianity in an open

two-level quantum system. There we learned that a generic field could change

substantially the non-Markovian features of the dynamical map. Now, we set to

study a more specific scenario, where we intend to control the system by using

these fields. The questions naturally arise: how does the degree of NM relate to

the success of the control protocol? can NM be regarded as a resource for control-

ling open quantum systems?.

To tackle this problem, we will use optimal control methods, which give us a sys-

tematic approach to finding successful control fields as already described many

times in this Thesis. For convenience, we will restrict ourselves to controlling the

dynamics of the system as described under the RWA, c.f. eqn. (6.43). However, we

point out that hierarchy equations as described in Appendix D.2 are also suitable

for implementation of optimal control techniques, although this is a path currently

unexplored as far as our knowledge is concerned. Note that the RWA equation of

motion (6.43) is a second order linear differential equation with non-constant coef-

ficients. This can be easily casted as a linear system of the form (2.49), which we

introduced when deriving Krotov’s method, so it is easy to adapt that formalism to

this problem. We do so explicitly here by defining the vector ~x(τ) = (x1(τ), x2(τ))
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Figure 6.6: Density plots of the fidelity of the control process, eqn. (6.73)
as a function of the coupling strength γ0 and evolution time T for undriven

dynamics (left) and optimally controlled dynamics (right).

where

x1(τ) = G(τ) (6.60)

x2(τ) = G′(τ), (6.61)

such that eqn. (6.43) can be written as the system{
~x′(τ) = A(τ)~x(τ)

~x(0) = (1, 0) ≡ ~x0

(6.62)

where we defined

A(τ) = A0 + u(τ)Ac with A0 =

(
0 1

−γ0

2
−1

)
and Ac =

(
0 0

0 i

)
(6.63)

and we changed the notation for the field u(τ) ≡ ∆(τ). We can now proceed to

write the Krotov Hamiltonian h(τ, ~x, u, ~y) starting from expression (2.54),

h(τ, ~x, u, ~y) = 2Re
(
~y †A(τ)~x

)
− λf 0(u) (6.64)

where ~y(τ) is the costate of ~x(τ) (in complete analogy with |χ〉 and |ψ〉 for

Schrödinger’s equation) and f 0 is as in eqn. (2.61). We then write down the

equation of motion for the costate from eqn. (2.55),{
~y′(τ) = −A†(τ)~y(τ)

~y(T ) = − ∂J
∂~xT

(6.65)

The field update rule we obtain is analogous to (2.63),

u(t)→ u(t) +
1

λ
Re
(
~y †(τ)Ac ~x(τ)

)
(6.66)

We now need to define our control objective, which is of the form J (~x(T )). We

will consider the following protocol. For some initial value ρ11(0) of the population
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of state |1〉, we intend to steer the system into a final state at time τ = T in which

population has halved. Looking at ρ(t) in eqn. (6.40), we can see that this is

achieved if

|G(T )|2 ≡ gT = 0.5 . (6.67)

In order to do this, we recall that G(τ) ≡ x1(τ) and propose a functional of the

form

J (~x(T )) = (|x1(T )|2 − gT )2 (6.68)

for which we seek to obtain a minimum. We can rewrite this in a more familiar

way for the control theory notation

J (~x(T )) =
(
~x †(T )P~x(T )− gT

)2
, where P =

(
1 0

0 0

)
. (6.69)

This allows us to write down an explicit boundary condition for the costate equa-

tion (6.65)

~y(T ) = −
(

∂J
∂~x(T )

)
~x(T )

(6.70)

= = −2(|x1(T )|2 − gT )

(
x1(T )

0

)
(6.71)

Putting together expressions (6.62), (6.65), (6.66) and (6.71) we have the neces-

sary tools to tackle the optimization problem numerically.

Before we continue, let us point out that this choice of control problem relies on

the presence of the environment, since the isolated evolution of the system given

by

HS = ω0(t)σ+σ− (6.72)

would give invariant populations for any choice of the driving field. In this way,

we are investigating how to manipulate the way the system relaxes because of the

presence of the environment, by using a time-dependent field which couples to

the two-level system alone. We point out that we used the same value of target

(relative) population (6.67) for all results shown in this section. We have checked

that other choices of gT give similar results.

We proceed as follows. We fix the coupling parameter γ0 and the final evolution

time T and run the optimization algorithm to find the control field required to

minimize the functional (6.68), which is equivalent to maximizing the fidelity

F = 1− 2J , with 0 ≤ F ≤ 1 (6.73)
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Figure 6.7: Evolution of function |G(τ)|2 which determines the reduced dy-
namics of the two-level system, for the cases of no driving (dashed line) and
optimal driving (full line), together with the control field that generates the
optimal evolution. (a) Results for T = 1.5 and γ0 = 3. (b) Results for T = 3.5

and γ0 = 3.

No additional constraints are placed to the problem, and the initial guess for the

field is chosen to be u0(τ) = 0.1. We have checked that other choices of initial

seed give similar results. In Fig. 6.6 we show density plots of the best achieved

fidelity as a function of γ0 and T . For comparison, we show the same results when

we perform no driving, i.e. u(t) = 0. It is important to point out the we cannot

guarantee that the system is completely controllable, since the tools of dynamical

Lie algebras discussed in Chap. 2 do not apply to this case, and general controlla-

bility analysis for open quantum system dynamics remains an open subject [66].

Nevertheless we can see from the figure that the we are able to reach the desired

target with near perfect fidelity for a vast region of parameter space. One clear

exception arises: for small couplings and small evolution times, fidelities are far

from ideal, and is arguable that in that case we are trying to control the system

below the quantum speed limit time. Note that, although there have been gener-

alizations of the QSL bounds for open systems [83, 84, 82], the connection between

these bounds and quantum control has not been studied thoroughly up to now.

From our results we can observe that there is a clear minimum evolution time for

control which depends on γ0, but we leave a more thorough study of this for future

investigation.

We now turn to the question of whether the non-Markovianity of a dynamical map
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Figure 6.8: Non-Markovianity measure for the undriven (A) and controlled
(B) evolution for the two-level model discussed in this Chapter. Results were
obtained using the largest revival (LR) measure (6.16). Gray area shows a
contour plot of the fidelity of the control process as shown in Fig. 6.6, indicating

the region of parameter space where the system is not controllable.

can be regarded as a resource for quantum control. To analyze this, we calculated

for each optimization run the largest revival measure of NM (6.16) already studied

in this Chapter. We point out that we also calculated the BLP measure for all

cases, rendering very similar results which are not shown here. We plot the LR

measure as a function of the evolution parameters in Fig. 6.8 for the controlled

dynamics and again for the undriven case for comparison. By comparing these

plots with Fig. 6.6, we can observe that the degree of NM does not present a clear

correlation with the success of the control: there is a large region of parameter

space where optimization renders a much larger degree of NM as compared to

the undriven case, but also there is a regime where the undriven dynamics of the

system is Markovian and turns non-Markovian upon optimization of the control.

This can be seen directly from the last plot of Fig. 6.8, where we show the sign

of the difference between the NM measure in both cases. The red zone indicates

parameter values where the control turns the evolution less Markovian, while the

opposite happens in the blue zone. The large white region indicates that in both

cases the level of NM is very similar, and this includes the (grayed-colored) non-

controllable region where T . TQSL.

The results shown here represent a compelling argument against regarding non-

Markovianity as a resource for control. The basic reason for this is at the core

of our main result from last section: driving fields (used for control or not) can

greatly change the values of NM with respect to the static case. From the results

in this section, we confirm that the level of NM which the system “possesses” in

the static case does not influence the success of the optimization (since good fi-

delities are found even when the undriven dynamics is Markovian). Moreover, the
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controlled dynamics may or may not increase the degree of NM. These results tell

us that NM cannot be viewed as something that can be stored and/or expended

in order to successfully perform a control process.

It is, however, interesting to note that the control field does actively manipulate

the appearance of revivals (irrespectively of their magnitude) to drive the system

to the desired target. This can be appreciated from the evolutions in Fig. 6.7 and

from the fact that most of the optimized evolutions are non-Markovian, in spite

of the very small values shown by of NM measures. This also in agreement with

our result from the previous section, which shows that the driving can easily turn

on the degree of non-Markovianity, even for small couplings. So we can conjecture

that, albeit the degree of NM does not play the role of a resource per se, the fact

that our model admits non-Markovian effects affects controllability of the system

significantly. This is in agreement with previous results on the subject: in Ref. [69]

Reich et al. showed that coupling a multilevel system to a structured environment

(which, in turn, generated non-Markovian effects) increased the dimension of the

set of possible unitaries that could be generated by optimal control. It would be

interesting to study a driven quantum system whose reduced dynamics could be

described by a Lindblad-like equation for arbitrary field, and study the degree of

controllability displayed there. We leave this matter for future research.



Control en sistemas abiertos y

efectos no Markovianos

En este caṕıtulo centramos nuestra atención en el control de la dinámica de sis-

temas cuánticos abiertos. Aunque ya hemos estudiado algunos problemas de con-

trol en sistemas disipativos en el Cap. 2, alĺı nos enfocamos en cómo acelerar

la evolución con el fin de reducir el impacto de los efectos ambientales, que no

pod́ıan ser manipulados. Aqúı tomamos un enfoque más general, y analizamos

hasta qué punto podemos controlar los sistemas cuánticos abiertos dependiendo

de las caracteŕısticas de sus entornos. Después de presentar una visión general

sobre los sistemas cuánticos abiertos y el control bajo evoluciones Markovianas,

nos enfocamos completamente en mapas cuánticos no-Markovianos, que muestran

un terreno más fértil (y también menos explorado) para el control cuántico.

Para sistemas Markovianos se considera generalmente que hay dos escenarios

básicos que engloban problemas del control; aquellos en los que los efectos am-

bientales son perjudiciales para el objetivo, y aquellos en los que son favorables

al objetivo. En el primer caso, en el que, por ejemplo, podemos intentar con-

ducir al sistema entre estados puros o generar compuertas unitarias, el enfoque

habitual consiste en combinar el protocolo de control unitario usual y otros es-

quemas adicionales, como desacople dinámico o el estudio de espacios libres de

decoherencia. Por otro lado, puede haber casos donde el entorno puede tener un

efecto favorable o incluso vital en el control de un sistema. Este es el caso, por

ejemplo, cuando queremos llevar un estado inicial mixto a un estado puro, dado

que la pureza es invariante bajo la evolución unitaria. Cirac y Verstraete [67]

estudiaron un escenario más general, y demostraron que es posible preparar de

manera robusta estados fuertemente correlacionados mediante el acoplamiento de

subsistemas a entornos disipativos, cuya dinámica está descrita por las ecuaciones

de Lindblad. Aunque el estado asintótico a veces puede ser térmico o incluso de

entroṕıa máxima, una ingenieŕıa cuidadosa del entorno a través de sus operadores

de Lindblad puede conducir el sistema a cualquier configuración deseada. Por

119
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supuesto, este esquema involucra la habilidad de controlar la estructura propia del

entorno (lo que, de alguna manera, contradice la definición misma de entorno) y

aunque parece demasiado dif́ıcil de realizar en experimentos de materia conden-

sada, se ha demostrado en óptica cuántica.

Las evoluciones no Markovianas describen un tipo más general de evoluciones

para sistemas abiertos, en donde pueden producirse efectos interesantes como la

aparición de estados asintóticos no estacionarios o un flujo de información desde

el entorno de vuelta hacia el sistema. Actualmente se debate la utilidad de es-

tos efectos no Markovianos en el contexto de las tecnoloǵıas cuánticas, y surge

entonces una pregunta natural: ¿cómo se ven modificados estos efectos ante la

presencia de un campo externo variable que, por ejemplo, controle el sistema?.

En la Sección 6.2 presentamos un modelo simple pero paradigmático para estu-

diar la evolución de un sistema abierto de dos niveles con la inclusión de driving.

Luego, atacamos de lleno el interrogante planteado estudiando cuantitativamente

las distintas medidas de no-Markovianidad en un sistema forzado periódicamente.

Mostramos un resultado llamativo: la presencia del campo dependiente del tiempo

puede cambiar aumentar significativamente el grado de no-Markovianidad de un

mapa (con respecto al caso estático), pero solo cuando el acoplamiento entre el

sistema y el entorno es débil. En el régimen de acoplamiento fuerte, este efecto

se pierde y el efecto del driving pasa a ser el de disminuir la intensidad de dichos

efectos.

Finalmente, en la sección 6.4 estudiamos el rol de la no-Markovianidad en proble-

mas de control. Para ello, adaptamos el algoritmo de control óptimo descripto en

el Cap. 2 a nuestro problema y lo utilizamos para realiazar distintos protocolos de

control. Encontramos que el grado de no-Markovianidad de un mapa no guarda

correlación con el éxito de un proceso de control, y que por lo tanto no puede ser

visto como un recurso en este contexto. Sin embargo, notamos que la evolución

controlada en general se ve beneficiada por la descripción no-Markoviana de la

dinámica, la cual permite por ejemplo manipular revivals de coherencia y distin-

guibilidad en el sistema.



Chapter 7

Conclusions

In this Thesis we have studied the problem of controlling quantum systems from

a wide perspective, with the goal of determining which aspects of the system,

the driving field and the environment are relevant to achieving successful control

strategies in different scenarios. We have approached this problem by studying

various models and using several methods. As a result, we have obtained novel

and interesting results about the design of control strategies, both based on physi-

cal intuition about the system (coherent control) and using optimization methods

(optimal control). We have thoroughly analyzed the important issue about the

minimum time needed to control a system, where we proposed a new framework

for constructing bounds on the evolution time for a quantum system undergoing

unitary dynamics, which is specially suitable for control problems. We have also

investigated the interplay between the complexity of a system and its controlla-

bility, and used the power of optimal control to systematically assess the relation

between the features of a many-body quantum system and the shape of the control

field. Finally, we studied the role of non-Markovian effects on the control of open

quantum systems, and showed that time-dependent control fields can substantially

change the degree of non-Markovianity while controlling the system.

The problems tackled throughout this work are of current relevance in the area of

quantum control and our results represent a step forward in the body of knowl-

edge on that subject. This Thesis is thus meant to serve as a basis for future

research on topics which are becoming of increasing relevance for a wider scope of

investigations, including the development of quantum information processing and

measurement devices. For instance, we expect the development of faster process-

ing capabilities to rely on methods to correctly assess the fundamental limitations

about the speed of quantum evolution. Also, as devices operating on the quantum

regime expand to interacting many-body systems, it is necessary to understand

121



Conclusions 122

how complex the manipulation of those systems tends to become. Finally, from

a fundamental point of view, we expect our study about driven open quantum

systems to trigger a definitive discussion about what can and what cannot be ac-

complished by actively manipulating non-Markovian effects in such systems.

Here we proceed to give a brief overview of the results obtained in this Thesis,

and point out some relevant open questions derived from them. In Chap. 3 we

presented the Landau-Zener (LZ) model for a two-level quantum system, based on

which we proposed and implemented an efficient method to control the state of a

multilevel system. The method is founded on the navigation of the energy spec-

trum using fast variations of a control parameter, and is successful in overcoming

the adverse influence of decoherence, a feature wich relies in the speed with which

the transitions are performed. We also studied the dynamics of the LZ model un-

der the effects of time-periodical driving fields, where we derive analytical results

showing the possibility of complete population transfer in the intermediate driving

frequency regime. This allowed us also to show the feasibility of such protocols in

a realistic multilevel system.

In Chap. 4 we studied optimal control of systems with many avoided crossings

in their energy spectrum. For the two-level case, we confirmed that the control

method presented previously is time-optimal at each avoided crossing. We also

used this model to explore the results obtained from the usual Quantum Speed

Limit (QSL) formulation for the case of time-dependent Hamiltonians. We show

that a number of bounds on the evolution time can be obtained, which can be

in general different for the same physical process. In our analysis, we discuss the

specific meaning of the QSL time, which can be described as the minimum time

required by a quantum system to traverse a certain distance in state space, under

the action of a fully determined Hamiltonian. Following the analysis proposed in

Sect. 2.2.3.1 we connect the QSL problem with quantum control, and prove that

in some cases no meaningful bound for the total evolution time of a control pro-

tocol (i.e., only T ≥ 0) can be drawn from this expressions, a feature that is only

possible in the time-dependent regime (in non-trivial cases). We also point out

that for time-dependent Hamiltonians, the QSL formulation in general requires

knowledge about the state of the system at all times.

In the multilevel setup, where the energy spectrum of the system show several

avoided crossings (ACs), we use standard numerical optimal control tools to as-

sess the time-performance of the navigation method. We found that the procedure
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introduced in Ref. [54] allows to correctly estimate the minimum evolution time

for N -level systems with multiple ACs, and we show the minimum time required

to cross two ACs is smaller than the sum of the optimal times at each crossing. We

then generalized this result to N -level systems, showing that the derived speed-up

still holds but reaches a saturation points as N increases.

It is worth pointing out that using optimal control to obtain the actual quantum

speed limit time can be troublesome, specially for complex quantum systems, as

pointed out in Ref. [55]. There, the authors show that different initial guesses

could lead to different estimations of the QSL time, a behavior that can be ex-

plained from the fact that the control landscape becomes increasingly complex

when the evolution time is constrained. It is argued that in those cases the land-

scape may lose partially or completely its bening topological features [31]. It is

currently of great practical interest to design more robust optimization methods

that could overcome these limitations, for example using global optimization me-

thods [196]. Related to this, and from a more fundamental point of view, it is

becoming increasingly important to devise methods to probe the landscape in or-

der to comprehensively analyze the relation between the structure of the landscape

and the complexity of the system under control.

For the control problems analyzed in Chap. 4 we were able to test a new ap-

proach for bounding evolution times for quantum control problems proposed by

us in Chap. 2. The main idea of our approach is to derive bounds which are inde-

pendent on the actual shape of the control field, and that can be derived without

solving the full time-evolution of the state. We show that this new method suc-

cesses in deriving meaningful bounds for the evolution time which are comparable

with the ones obtained from the usual QSL formulation, albeit using much less

information about the dynamics. However, we also show that applications to more

complex system lead to weaker bounds due to unfavorable scaling with the system

space dimension. Nevertheless, the main concept of our approach remains valid,

and there is room for obtaining improved bounds, for example using information

about nested commutators between free and controlled Hamiltonians as pointed

out in [74], or geometrical tools as discussed in [197].

As an interesting byproduct of our analysis of the multilevel model, we found that

the control fields derived by optimal control are easily described by means of a few

well-defined parameters. Thanks to that, we found that the physical mechanism

that cause the QSL enhancement is based on the collective effects between the
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states which interact at each AC and others, which are dynamically coupled by

the control fields. Based on these results, we were able to construct a model for the

control problem which we solved analytically. We also studied how the outcome

and performance of the optimization were modified when varying the initial guess

for the control protocol. We found that using different initial guesses can lead to

very different shapes of the optimized control field. We point out that, in light of

the novel results about the complexity of the landscape mentioned previously, it

is of paramount practical importance to be able to engineer robust choices for the

initial guess in optimal control. Our results indicate that a preliminary analysis of

the system spectrum, as done here, can act as pre-optimization method as it lead

us to a good choice of such initial field.

In Chap. 5 we investigated how the complexity of the physical system affects its

controllability, based on studying the complexity of the control field used to drive

it. For that we studied control processes in a chain of spin-1/2 particles which

allowed us to consider separately different space dimensions by adding excitations

to the system. By allowing next-to-nearest neighbour interactions, we were also

able to parametrically tune the system from regular to chaotic. We found the time-

dependent control fields required to drive different processes using optimal control

theory and defined two measures of complexity based on the Fourier spectra of

those fields. By doing so, we could identify which aspects of the system complexity

affect the control fields. For instance, we found that the spectral bandwidth, which

measures the maximum frequency present in the field, is quite generally indepen-

dent of the system space dimension. However, we showed that exceptions to this

rule occur if we choose highly non-local control fields. Also, we investigated how

many frequencies are present inside the signal bandwidth, by defining a measure

of localization: the spectral inverse participation ratio (sIPR). We found that this

measure of field complexity does increase when excitations are added to system.

Finally, we assessed the role of quantum chaos in the control of the system by

studying the fields as a function of the chaos parameter. We found no evidence of

the regular - chaotic transition in the field spectral measures, allowing us to assert

that the fields required to control chaotic and integrable systems display the same

complexity.

We believe that these results shed light in the relation between quantum control

and complexity in many-body systems. When considering a more realistic sce-

nario, a number of important issues are raised, such as the role of disorder in

the inter-particle couplings and the bandwidth limitations of the control source.

It would be interesting to study the robustness of our results in such scenarios.
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Concerning the role of quantum chaos in the dynamics of many-body systems, it

is interesting to point out that a previous work [198] studied relaxation processes

in such systems. Although working in an opposite scenario to coherent control,

the authors there also found no trace of the chaoticity of the system in the relax-

ation dynamics. In our case, we present further evidence about the irrelevance of

quantum chaos in the coherent dynamics of many-body system.

In Chap. 6 we explored the interplay between driving and non-Markovianity (NM)

on the dynamics of an open quantum system. We derived the exact equation of

motion for the reduced dynamics of a two-level system coupled to an structured

environment, and found a remarkable result: the driving can produce a large en-

hancement non-Markovian effects, but only when the coupling between system

and environment is small. In the strong-coupling regime, on the other hand, the

driving is unable to increase the degree of NM. We performed extensive numerical

calculations which prove that this effect is present also beyond the rotating wave

approximation. We also provide analytical arguments which allows us to explain

the effects of the driving in the high-frequency regime, and also in the weak cou-

pling regime.

Finally, we set out to study the role of NM in the controllability of the system. By

adapting the Krotov scheme used in previous chapters to a general linear system of

differential equations, we derived the optimal fields required to control the reduced

dynamics of the system in various situations. By comparing the non-Markovianity

values displayed by the controlled evolution as opposed to the undriven case, we

observe that there are cases where the system may require to show a higher or a

lower degree of NM to efficiently be controlled. This simple yet novel result tells

us that NM cannot be regarded as a proper resource for this type of tasks, since

it cannot be expended or stored in order to achieve a better control. However, we

also conjecture that potentially non-Markovian models (regardless of the magni-

tude of the NM measures) allow for better controllability. It would be interesting

to show this by studying a model described by a Lindblad-like equation which al-

lowed for arbitrary control field shapes, and compare it to the model studied here.

Another interesting direction for future research would be adapting the hierarchy

equations of motion method for optimal control, which seems feasible. This would

allow for a systematic approach for tackling control problems in more complicated

open systems, which is currently lacking. Having this tool will, in turn, allow for

a broader range of studies about the specific features of non-Markovian dynamics

that can affect controllability [66].





Conclusiones

En esta Tesis hemos estudiado el problema de control en sistemas cuánticos desde

una perspectiva amplia, con el objetivo de determinar qué aspectos del sistema, los

campos y el entorno son relevantes para lograr estrategias de control exitosas en

diferentes escenarios. Hemos abordado este problema estudiando varios modelos

y usando diversos métodos. Como resultado, hemos obtenido resultados nove-

dosos e interesantes sobre el diseño de estrategias de control, basadas tanto en

la intuición f́ısica sobre el sistema (control coherente) como en el uso de métodos

de optimización (control óptimo). Hemos discutido extensamente la existencia

de tiempos mı́nimos de evolución al controlar un sistema, en cuyo contexto pro-

pusimos un nuevo marco para construir cotas para dichos tiempos en sistemas

cuánticos cerrados. Este marco es especialmente adecuado para problemas de con-

trol. También hemos investigado la relación entre la complejidad de un sistema y

su controlabilidad y hemos utilizado herramientas de control óptimo para evaluar

sistemáticamente la relación entre las caracteŕısticas de un sistema cuántico de

muchos cuerpos y la forma del campo de control. Finalmente, se estudió el papel

de los efectos no-Markovianos en el control de los sistemas cuánticos abiertos y

se demostró que los campos de control dependientes del tiempo pueden cambiar

sustancialmente el grado de no-Markovianidad mientras se controla el sistema.

Los problemas abordados a lo largo de este trabajo son de relevancia actual en

el área de control cuántico y nuestros resultados representan un paso adelante en

el conjunto de conocimientos sobre el tema. Por lo tanto, esta Tesis sirve como

base para futuras investigaciones sobre temas que están adquiriendo una relevancia

creciente en una clase mas amplia de investigaciones, incluyendo el desarrollo de

dispositivos de medición y procesamiento de información cuántica. Por ejemplo,

esperamos que el desarrollo de capacidades de procesamiento más rápido se basen

en métodos para evaluar correctamente las limitaciones fundamentales sobre la

velocidad de la evolución cuántica. Además, a medida que los dispositivos que op-

eran en el régimen cuántico se vuelvan mas sofisticados e involucran dinámica de

muchos cuerpos interactuantes, será necesario evaluar la complejidad de manipular
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estos sistemas. Por último, desde un punto de vista fundamental, esperamos que

nuestro estudio sobre sistemas cuánticos abiertos forzados genere una discusión

definitiva sobre qué puede y qué no puede lograrse manipulando activamente efec-

tos no-Markovianos en estos sistemas.

Procedemos a elaborar una breve reseña de los resultados obtenidos en esta Tesis.

En el cap. 3 presentamos el modelo de Landau-Zener (LZ) para un sistema

cuántico de dos niveles, basado en el cual propusimos e implementamos un método

eficiente para controlar el estado de un sistema de muchos niveles. El método se

basa en la navegación del espectro de enerǵıa utilizando variaciones rápidas de

un parámetro de control y tiene éxito en superar la influencia adversa de la de-

coherencia. También se estudió la dinámica del modelo LZ bajo los efectos de

los campos de conducción periódica, donde se obtienen resultados anaĺıticos que

muestran la posibilidad de transferencia de población completa en el régimen de

frecuencia de conducción intermedia. En el cap. 4 estudiamos el control óptimo

de sistemas con muchos cruces evitados en su espectro energético. Para el caso de

dos niveles, hemos confirmado que el método de control presentado previamente

es óptimo en su duración en cada cruce evitado. También utilizamos este modelo

para explorar los resultados obtenidos de la formulación habitual del Ĺımite de

Velocidad Cuántica (QSL) para el caso de hamiltonianos dependientes del tiempo.

Siguiendo el análisis propuesto en la sec. 2.2.3.1 conectamos el problema QSL con

el control cuántico y probamos que en algunos casos no se puede extraer ningún

ĺımite significativo para el tiempo de evolución total de un protocolo de control a

partir de este formalismo.

En dicho caṕıtulo tambien utilizamos herramientas numéricas de control óptimo

para evaluar el tiempo de funcionamiento del método de navegación. Se encontró

que el procedimiento introducido en la Ref. [54] permite estimar correctamente

el tiempo de evolución mı́nimo para sistemas varios niveles con múltiples ACs,

y mostramos que el tiempo mı́nimo requerido para cruzar varios ACs es menor

que la suma de los tiempos óptimos en cada cruce. Asimismo, para estos sistemas

aplicamos un nuevo enfoque para establecer cotas para los tiempos de evolución en

problemas de control cuántico, el cual proponemos en el Cap. 2. La idea principal

de nuestro enfoque es derivar ĺımites que son independientes de la forma expĺıcita

del campo de control, y que se pueden derivar sin resolver la evolución a tiempo

completo del estado. Mostramos que este nuevo método logra derivar ĺımites sig-

nificativos para el tiempo de evolución que son comparables con los obtenidos a

partir de la formulación QSL usual, aunque utilizando mucha menos información
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sobre la dinámica.

En el cap. 5 investigamos cómo la complejidad de un sistema f́ısico afecta su

controlabilidad, a partir del estudio de la complejidad del campo de control uti-

lizado para controlarlo. Para ello estudiamos diversos procesos en una cadena

de part́ıculas de spin-1/2, que nos permitió estudiar por separado diferentes di-

mensiones del espacio mediante la adición de excitaciones al sistema. Al permitir

interacciones más allá del régimen de primeros vecinos, también pudimos modificar

paramétricamente el espectro de enerǵıa del sistema de regular a caótico. Encon-

tramos los campos de control dependientes del tiempo necesarios para conducir

diferentes procesos usando la teoŕıa de control óptimo y definimos dos medidas

de complejidad basadas en los espectros de Fourier de esos campos. A partir de

ello, identificamos qué aspectos de la complejidad del sistema afectan a los cam-

pos de control. Por ejemplo, encontramos que el ancho de banda espectral, que

mide la frecuencia máxima presente en el campo, es en general independiente de la

dimensión del sistema. Además, investigamos cuántas frecuencias se encuentran

presentes dentro del ancho de banda de la señal, mediante la definición de una me-

dida de localización: la relación de participación inversa espectral (sIPR). Encon-

tramos que esta medida de la complejidad de campo aumenta cuando se agregan

las excitaciones al sistema. Por último, se evaluó el papel del caos cuántico en el

control del sistema mediante el estudio de los campos en función del parámetro

caos. No encontramos evidencia de la transición caótica-regular en las medidas

espectrales de campo, lo que nos permite afirmar que los campos requeridos para

controlar sistemas caóticos e integrables muestran la misma complejidad.

En el cap. 6 exploramos la relación entre campos dependientes del tiempo y

efectos no-Markovianos en la dinámica de un sistema cuántico abierto. Derivamos

la ecuación exacta de movimiento para la dinámica reducida de un sistema de dos

niveles acoplado a un entorno estructurado, y encontramos un resultado notable: el

forzado puede producir un gran aumento de la no-Markovianidad (NM), pero sólo

cuando el acoplamiento entre el sistema y el entorno es pequeño. En el régimen de

acoplamiento fuerte, por otro lado, el forzado es incapaz de aumentar el grado de

NM. Realizamos cálculos numéricos exhaustivos que demuestran que este efecto

está presente también más allá de la aproximación de la onda rotante. También

estudiamos la relación entre NM y control, mostrando que herramientas de control

óptimo permiten encontrar protocolos de control cuyo éxito no guarda correlación

con las medidas de NM de la evolución.





Appendix A

Quantum speed limit calculations

A.1 Derivation of Pfeifer’s theorem

Here we derive eqn. (2.32). Consider a quantum system described by a state

ρ(t) = |ψ(t)〉〈ψ(t)| which evolves according to a time-dependent Hamiltonian H(t),

together with some reference state |ϕ〉. The evolution operator U(t, s) satisfies

i~
∂Ut,s
∂t

= HtUt,s and Us,s = I, (A.1)

where we use subscripts to denote time-dependence so as to lighten the notation.

By noting that Ut,s = U †s,t we can also write

i~
∂Ut,s
∂s

= −Ut,sHs and Ut,t = I. (A.2)

We now define

ρt,s = Ut,sρ0U
†
t,s, (A.3)

where ρ0 ≡ ρ(0) and also

pt,s = tr (Pρt,s) where P = |ϕ〉〈ϕ|. (A.4)

Deriving eqn. (A.3) and its adjoint with respect to t and s and using eqns. (A.1)

and (A.2) we obtain

i~
∂ρt,s
∂t

= [Ht, ρt,s] (A.5)

i~
∂ρt,s
∂s

= −Ut,s [Hs, ρ0]U †t,s. (A.6)

We can now express the derivatives of pt,s by combining eqns. (A.4) and (A.5).

Looking at its absolute value we get

~
∣∣∣∣∂pt,s∂t

∣∣∣∣ = |tr (P [Ht, ρt,s])| ≤ 2f(P,Ht)f(P, ρt,s), (A.7)
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where we defined

f(|φ〉〈φ|, A) =
√
〈φ| (A− 〈A〉)2 |φ〉 ≡ ∆A|φ (A.8)

and also used Theorem 1 from Ref. [92]. Combining eqns. (A.4) and (A.6) now

yields

~
∣∣∣∣∂pt,s∂s

∣∣∣∣ =
∣∣∣tr(PUt,s [Hs, ρ0]U †t,s

)∣∣∣ ≤ 2f(ρ0, Hs)f(ρt,s, P ) (A.9)

The last factors in eqns. (A.7) and (A.9) are simply evaluated to give
√
pt,s − p2

t,s

and so we are left with two intermediate results

±∂pτ,s
∂τ

≤ 2

~
f(P,Hτ )

√
pτ,s − p2

τ,s (A.10)

±∂pt,σ
∂σ

≤ 2

~
f(ρ0, Hσ)

√
pt,σ − p2

t,σ. (A.11)

Noting that pt,t = ps,s ≡ p0 = | 〈ψ(0)|ϕ〉 |2, we can see that both inequalities

compete in the sense that they can be casted as

±
∫ pt,s

p0

dp√
p− p2

≤ 2

~
min

{∫ t

s

∆Eϕ(τ) dτ,

∫ t

s

∆Eψ0(σ) dσ

}
(A.12)

Calculating the integral on the l.h.s. of the expression above, setting s = 0 and

identifying h(t) as in eqn. (2.34) we get

±
(
arcsin(

√
p0)− arcsin(

√
pt,0)

)
≤ h(t). (A.13)

Finally, we can work out pt,0 and get

arcsin
(√

pt,0
)
Q δ ± h(t) (A.14)

where we introduced δ = arcsin(
√
p0) as in the main text. We finally apply the

function sin∗ which is monotonic increasing to both sides of the inequality and

obtain
√
pt,0 = |〈ϕ|ψ(t)〉| Q sin∗ (δ ± h(t)) . (A.15)

A.2 QSL for a constrained two-level problem

Here we derive the QSL bounds TQ1 and TQ2 for the constrained optimal control

solutions of Sect. 4.1. We begin by the bang-off-bang protocol, and we first

compute TQ2 by using expression (4.21). To do so we calculate the distance of the

evolution path as

2

∫ Tmin

0

∆E(t′) dt′ = dI + dII + dIII , (A.16)

where we consider explicitly the three steps of the protocol. For simmetry we have

that dI = dII , and also we can see that in each step ∆E is time-independent. We
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can then calculate dI simply by evaluating the variance (4.15) in the initial state

dI = 2

∫ TΛ

0

(
Λsin (θ) +

∆

2
cos (θ)

)
dt′ = 2

(
Λsin (θ) +

∆

2
cos (θ)

)
TΛ (A.17)

We can proceed in a similar way to calculate dII . There it is easier to evaluate the

variance in intermediate state where χ = ϕ = π
2
. Note that in this second step we

have λ = 0, so we end up with ∆E = ∆/2 and then

dII = 2∆E Toff = Toff∆ (A.18)

We now put the results together and obtain

TQ2 =
s(θ)

spath

Tmin =
s(θ)

4
(
Λsin (θ) + ∆

2
cos (θ)

)
TΛ + Toff∆

Tmin (A.19)

For obtaining TQ1 we have to solve

s(θ) = 2

∫ TQ1

0

∆E(t′) dt′ (A.20)

Given the piecewise dependence of ∆E with time, is clear that TQ1 will have

different results whether s(θ) ≤ dI , in which case the above expression translates

to

s(θ) = 2

(
Λsin (θ) +

∆

2
cos (θ)

)
TQ1, (A.21)

or whether s(θ) > dI , in which case we get

s(θ) = dI + ∆ (TQ1 − TΛ) (A.22)

So, working out TQ1 from this expressions we obtain

TQ1 =

{
s(θ)

2(Λsin(θ)+ ∆
2

cos(θ))
if s(θ) ≤ dI(θ)

TΛ + s(θ)−dI
∆

if s(θ) > dI(θ)
(A.23)

For the bang-bang protocol, it is straightforward to evaluate the energy variance

(4.15) to see that it is constant for this protocol,

∆E =

(
Λsin (θ) +

∆

2
cos (θ)

)
. (A.24)

As a result, TQ1 and TQ2 coincide,

TQ1 = TQ2 =
s(θ)

4
(
Λsin (θ) + ∆

2
cos (θ)

)
TΛ

Tmin =
s(θ)

2
(
Λsin (θ) + ∆

2
cos (θ)

) . (A.25)

A.3 Minimum time bounds for the many-level

problem

Here we calculate tPmin and tR1
min for the N level Hamiltonian of eqn. (4.33). For

the first one we need to evaluate the variance of HN in the initial and target states
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|0〉 and |K〉, which yield

∆HN ||0〉 =
∆0

2
(A.26)

∆HN ||K〉 =
∆K−1

2
(A.27)

Since both states are ortogonal, s(0, K) = π and we finally get

tPmin =
π

min (∆0,∆K−1)
(A.28)

For tR1
min, we need to write down HN(λ) = H

(0)
N +λH

(C)
N . Although we do not write

its full expression here, is easy to see that H
(C)
N is diagonal in the diabatic basis,

and thus we can calculate the denominator of (2.47) in a straightforward way

N−1∑
j=0

|〈ψg|j〉 〈j|ψ0〉| =
∑
j

|〈K|j〉 〈j|0〉| = 0. (A.29)

We then have

tR1
min =

1

‖H(0)
N ‖

, (A.30)

where ‖‖H(0)
N ‖ is computed numerically, but is independent of λ(t).
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The LiCN/LiNC isomerizing

system

The LiNC/LiCN isomerizing system presents two stable isomers at the linear con-

figurations: Li–N–C and Li–C–N, which are separated by a relatively modest

energy barrier of only 0.0157376 a.u. The C and N atoms are strongly bounded

by a triple covalent bond, while the Li is attached to the CN moiety by mostly

ionic forces, due to the large charge separation existing between them. For these

reasons, the CN vibrational mode effectively decouples from the other degrees of

freedom of the molecule, and it can be considered frozen at its equilibrium value,

re = 2.186. On the other hand, the relative position of Li with respect to the center

of mass of the CN is much more flexible. In particular the bending along the angu-

lar coordinate is very floppy, and the corresponding vibration performs very large

amplitude motions even at moderate values of the excitation energy. Accordingly,

the vibrations of the whole system can be adequately described by the following 2

degrees of freedom. Using scattering or Jacobi coordinates (R, r, θ), where R is the

distance from the Li atom to the center of mass of the CN fragment, r the C–N

distance, and θ the angle formed by these two vectors, the corresponding classical

(J = 0) Hamiltonian is given by

H =
P 2
R

2µLi−CN

+
1

2

(
1

µLi−CNR2
+

1

µCNr2
e

)
P 2
θ + V (R, θ), (B.1)

where PR and Pθ are the associate conjugate momenta, and the correspond-

ing reduced masses are given by µLi−CN = mLimCN/(mLi + mCN) = 10072 and

µCN = mCmN/mCN = 11780.

Note that we assume that the isomerization process is fast compared with the
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rotation of the molecule. The potential interaction, V (R, θ), is given by a 10–

terms expansion in Legendre polynomials,

V (R, θ) =
9∑

λ=0

vλ(R)Pλ(cos θ), (B.2)

where the coefficients, vλ(R), are combinations of long and short–term interac-

tions whose actual expressions have been taken from the literature [199]. This

potential has a global minimum at (R, θ) = (4.349, π), a relative minimum at

(R, θ) = (4.795, 0), and a saddle point at (R, θ) = (4.221, 0.292π). The two min-

ima correspond to the stable isomers at the linear configurations, LiNC and LiCN,

respectively. The LiNC configuration, θ = π, is more stable than that for LiCN,

θ = 0. The LiCN molecule is a polar molecule, i.e., it has a permanent dipole

moment, so that in the presence of an electric field, ~E , an additional potential

energy term appears, this leading to the following effective Hamiltonian function

H = HLiCN − ~d(R, θ) · ~E , (B.3)

where ~d(R, θ) is the dipole moment of the LiNC/LiCN molecular system. For the

dipole moment, we have taken from the literature the ab initio calculations fitted

to an analytic expansion in associated Legendre functions of Brocks et al. [200].

The energy spectrum of the full Hamiltonian (B.3) is plotted in Chapter 3.
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Spin chain model

C.1 Symmetries

Here we show that the total magnetization Sz = 1
2

∑L
i=1 σ

z
i is a constant of motion

of Hamiltonian (5.6). We do this by computing the commutator

[H01, Sz] = [H0, Sz] + Γ [H1, Sz] (C.1)

We calculate the first term in the last expression

[H0, Sz] =
J

8

L−1∑
i=1

L∑
j=1

([
σxi σ

x
i+1, σ

z
j

]
+
[
σyi σ

y
i+1, σ

z
j

]
+ αz

[
σzi σ

z
i+1, σ

z
j

])
=

J

8

L−1∑
i=1

L∑
j=1

(
σxi
[
σxi+1, σ

z
j

]
+
[
σxi , σ

z
j

]
σxi+1 + σyi

[
σyi+1, σ

z
j

]
+
[
σyi , σ

z
j

]
σyi+1

)
=

J

8

L−1∑
i=1

L∑
j=1

(
σxi (−iδj,i+1σ

y
i+1) + (−iδj,iσyi )σxi+1 + σyi (iδj,i+1σ

x
i+1) + (iδj,iσ

x
i )σyi+1

)
= i

J

8

L−1∑
i=1

(
−σxi σ

y
i+1 − σ

y
i σ

x
i+1 + σyi σ

x
i+1 + σxi σ

y
i+1

)
= 0 (C.2)

The procedure is analogous for the second commutator [H1, Sz].

The conservation of the total spin S2 in the free Hamiltonian H01 was avoided

by setting the interparticle couplings in the z direction to be different than 1.

Although that derivation is a bit tedious, we can easily see that just by using an

non-homogeneous control field such as Hc = J
2
ε(t)(σz1 +σzL) we already achieve our

goal. For that purpose we can calculate the commutator between S2 and a general
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sum of local fields in the z-direction,[
1

2

L∑
n=1

εnσ
z
n, S

2

]
=

1

8

L∑
n,i,j=1

∑
k=x,y,z

εn
[
σzn, σ

k
i σ

k
j

]
=

1

8

∑
n,i,j

∑
k

εn
(
σki
[
σzn, σ

k
j

]
+
[
σzn, σ

k
i

]
σkj
)

=
1

8

∑
n,i

∑
k

εn
(
σki
[
σzn, σ

k
n

]
+
[
σzn, σ

k
n

]
σki
)

=
i

8

∑
n,i

εn (σxi σ
y
n + σynσ

x
i − σ

y
i σ

x
n − σxnσ

y
i )

=
i

4

({
Sx,
∑
n

εnσ
y
n

}
−

{
Sy,
∑
n

εnσ
x
n

})
, (C.3)

where we define Sk = 1
2

∑L
i=1 σ

k
i in the last line. The above expression clearly

shows that S2 is conserved only if εn = ε for all n. This is not the case for the

proposed control Hamiltonian Hc.

Finally we prove that our choice for the control Hamiltonian also commutes with

the parity operator, c.f. eqn. (5.18). For that we again calculate the commutator

between Π and a general sum of local fields,[
1

2

L∑
n=1

εnσ
z
n,Π

]
=

1

2

L∑
n=1

εn [σzn,Π] , (C.4)

and we use that, by definition, Π is unitary and that

ΠσznΠ = σzn̄ ⇒ Πσzn = σzn̄Π ⇒ [σzn,Π] = (σzn̄ − σzn) Π (C.5)

where n̄ = L − n + 1 is the mirrored position of n. So, for the commutator we

obtain [
1

2

L∑
n=1

εnσ
z
n,Π

]
=

1

2

(
L∑
n=1

εnσ
z
n̄Π−

L∑
n=1

εnσ
z
nΠ

)
=

1

2

∑
n=1

(εn̄ − εn)σznΠ. (C.6)

In light of this expression, we can see that any choice that ensures εn̄ = εn will

preserve the parity of the system.

C.2 Split-operator technique

For a bilineal control Hamiltonian of the form

H(t) = H0 + λ(t)Hc (C.7)
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we can approximate the time evolution operator as

U(t+ ∆t, t) ' exp (−i(H0 + λ(t)Hc)∆t) (C.8)

which is a good approximation for small enough ∆t. Even in this case, this im-

plementation would require to diagonalize the full Hamiltonian H(t) at each time

step. We can work around this issue by approximating (C.8) by the expression

U(t+ ∆t, t) ' exp

(
−iH0

∆t

2

)
exp (−iλ(t)Hc∆t) exp

(
−iH0

∆t

2

)
(C.9)

' U0

(
∆t

2

)
Uc(∆t, λ(t))U0

(
∆t

2

)
(C.10)

By using this method, called the split-operator technique [201], we can compute

and store U0 in the basis of eigenstates of Hc, and then use it at each time step to

approximate the full evolution operator (C.8).
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Driven open two-level system

D.1 Time-local equation of motion under the RWA

In this section we derive the (time-local) differential equation for G(t), eqn. (6.43)

from the integrodifferential equation (6.35). We start from this last expression

and divide it by c1(t) to obtain

ċ1(t)

c1(t)
≡ g(t) = −

∫ t

0

dt′F (t, t′)ei[ε(t)−ε(t
′)] c1(t′)

c1(t)
. (D.1)

We introduce the function h(t, t′) such that the above equation has the form

g(t) = −
∫ t

0

dt′F (t, t′)h(t, t′) (D.2)

Now, we use that F (t, t′) has actually an exponential dependance on t − t′, see

eqn. (6.36). For convenience we write it as

F (t, t′) = p0eq0(t−t′) (D.3)

and we compute the time derivative of g(t) from eqn. (D.2)

d

dt
g(t) = − d

dt

(∫ t

0

dt′F (t, t′)h(t, t′)

)
(D.4)

= −F (0)h(t, t)−
∫ t

0

dt′
(
∂

∂t
[F (t, t′)h(t, t′)]

)
(D.5)

where we have used that
d

dx

∫ x

0

f(x, y)dy = f(x, x) +

∫ x

0

∂f

∂x
(x, y)dy. (D.6)

We can then evaluate (D.5) rather easily to obtain

d

dt
g(t) = −p0 + g(t) (q0 + iω0(t)− g(t)) (D.7)
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In this case, p0 = γ0λ/2 and q0 = −λ − iΩ0 so we finally get, remembering that

ω0(t) = Ω0 + ∆(t),

d

dt
g(t) = −γ0λ

2
− g(t) (λ+ g(t)− i∆(t)) (D.8)

This equation is indeed time-local, but for g(t). But, we can further use that

g =
ċ1

c1

⇒ ġ =
c̈1c1 − ċ1

2

c2
1

(D.9)

to finally express

c̈1(t) = −γ0λ

2
c1(t)− (λ− i∆(t))ċ1(t). (D.10)

Note that, although this equation is independent of Ω0, it relies on the assumption

Ω0 � λ.

D.2 Hierarchy equations of motion

Consider the total system Hamiltonian which describes the dynamics of the two-

level system and the environment

H = ω0(t)σ+σ− + σx
∑
k

gk(bk + b†k) +
∑
k

ωkbkb
†
k. (D.11)

From Eq. (D.11), it is straightforward to write down a formal solution for the

reduced density matrix of the two-level system in the interaction picture

ρ̃(t) = T exp

{
−
∫ t

0

dt2

∫ t2

0

dt1 σ̃x(t2)×
[
FR(t2 − t1)σ̃x(t1)× (D.12)

+ i FI(t2 − t1)σ̃x(t1)◦
]}

ρ̃(0), (D.13)

where Õ denotes an operator in the interaction picture and T is the usual time-

ordering operator. Functions CR(t) and CI(t) are the real and imaginary parts of

the environmental correlation function, which is defined as

F (t− t′) = tr [ρEYE(t)YE(t′)] =

∫ ∞
0

dω J(ω)e−iω(t−t′). (D.14)

In (D.13) we have also used a short-hand notation for the commutator and an-

ticommutator operations: A◦B = {A,B} and A×B = [A,B]. The hierarchy

equation method casts the expression (D.13) into a set of ordinary differential
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equations

d%~n
dτ

= −
[
iHs(τ)× + ~n.~ν

]
%~n − i

2∑
k=1

{
σ×x %~n+~ek (D.15)

+
γ0

2
nk
[
σ×x + (−1)kσ◦x

]
%~n−~ek

}
, (D.16)

where we have defined ~ν = (1− iΩ0, 1 + iΩ0) and ~n = (nx, ny), where nx, ny ≥ 0.

Note that equations (D.16) have been expressed in dimensionless units as explained

in the main text. This system can be solved for the operator %~n(τ), with initial

conditions

%~n(0) =

{
ρ(0) for ~n = (0, 0)

0 otherwise
(D.17)

Of course, the hierarchy equations (D.16) must be truncated for large enough ~n

for numerical purposes. In this work we take nx, ny ≤ N . Using N of the order of

10 gives a converged, positive density matrix ρ(τ).

D.3 Weak coupling solution

Consider the equation of motion for G(τ) under the rotating wave approximation

(RWA) as introduced in the main text

G′′(τ) + [1− i∆cos (ωDτ)]G′(τ) +
γ0

2
G(τ) = 0, (D.18)

where G(0) = 1 and G′(0) = 0. We now treat the term γ0

2
G(τ) as a perturbation

and expand the solution in powers of γ0

G(τ) =
∑
n

γn0 gn(τ). (D.19)

By inserting (D.19) in (D.18) we obtain∑
n

γn0 g
′′
n(τ) + [1− i∆(τ)]

∑
n

γn0 g
′
n(τ) +

1

2

∑
n

γn+1
0 gn(τ) = 0, (D.20)

where we have used the short-hand notation ∆(τ) ≡ ∆cos(ωDτ). By arranging

powers of γ0 we obtain the equation for the zeroth-order term g0(τ),


g′′0 + [1− i∆(τ)]g′0 = 0

g0(0) = 1

g′0(0) = 0

, (D.21)
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which has the trivial solution g0(τ) = 1. For the following order, we obtain
g′′1 + [1− i∆(τ)]g′1 + 1

2
g0 = 0

g1(0) = 0

g′1(0) = 0

, (D.22)

This system can be integrated in a straightforward fashion to obtain

g′1(τ) = −1

2

∑
n

∑
m

Jn

(
∆
ωD

)
Jm

(
∆
ωD

)
1− inωD

(
e−i(n−m)ωDτ − e−τeimωDτ

)
(D.23)

We can obtain g1(τ) by integrating expression (D.23). The full approximated

solution is then given by

G(τ) ' g0(τ) + γ0g1(τ) = 1 + γ0g1(τ). (D.24)

The dependence of G(τ) with the Bessel functions evaluated in ∆/ωD is evident

from expression (D.23).
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R. Kosloff, I. Kuprov, B. Luy, S. Schirmer, T. Schulte-Herbrüggen, et al.,
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