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❲♦r❦✐♥❣ ●r♦✉♣✱ ❛r❡ ✉s❡❞ ❜② t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❝♦❧❧❛❜♦r❛t✐♦♥s ❆❚▲❆❙ ❛♥❞ ❈▼❙✳

❑❡②✇♦r❞s✿ ❍✐❣❣s ❇♦s♦♥✱ ◗✉❛♥t✉♠ ❈❤r♦♠♦❞②♥❛♠✐❝s✱ ▲❍❈✱ P❡rt✉r❜❛t✐✈❡ ❈❛❧❝✉❧❛✲

t✐♦♥s✱ ●❧✉♦♥ ❋✉s✐♦♥

✐✐✐



✐✈



❮♥❞✐❝❡ ❣❡♥❡r❛❧

✶✳ ■♥tr♦❞✉❝❝✐ó♥ ✶
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❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉❝❝✐ó♥

❊❧ ♠♦❞❡❧♦ ❡stá♥❞❛r ✭❙▼✮ ❞❡ ♣❛rtí❝✉❧❛s ❡❧❡♠❡♥t❛❧❡s ❡s ✉♥❛ t❡♦rí❛ ❛❧t❛♠❡♥t❡ ♣r❡❞✐❝t✐✈❛

q✉❡✱ ❞❡s❞❡ s✉ ❞❡s❛rr♦❧❧♦ ❛ ♣❛rt✐r ❞❡ ❧❛ ♠✐t❛❞ ❞❡❧ s✐❣❧♦ ❳❳✱ ❤❛ ❝♦s❡❝❤❛❞♦ ♠✉❝❤♦s é①✐t♦s ❛

tr❛✈és ❞❡ ♥✉♠❡r♦s❛s ② ♣r❡❝✐s❛s ❝♦♠♣r♦❜❛❝✐♦♥❡s ❡①♣❡r✐♠❡♥t❛❧❡s✳ ❙❡ tr❛t❛ ❞❡ ✉♥❛ t❡♦rí❛ ❞❡

❣❛✉❣❡ q✉❡ ❞❡s❝r✐❜❡ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ❡❧❡❝tr♦♠❛❣♥ét✐❝❛s✱ ❞é❜✐❧❡s ② ❢✉❡rt❡s ❡♥tr❡ ❧❛s ♣❛rtí❝✉❧❛s

s✉❜❛tó♠✐❝❛s✳ ▲❛s ♣❛rtí❝✉❧❛s ❡❧❡♠❡♥t❛❧❡s ❞❡❧ ♠♦❞❡❧♦ q✉❡ ❤❛♥ s✐❞♦ ❞✐r❡❝t❛ ♦ ✐♥❞✐r❡❝t❛♠❡♥t❡

♦❜s❡r✈❛❞❛s ❝♦♥s✐st❡♥ ❡♥ ✶✷ ❢❡r♠✐♦♥❡s ❞❡ ❡s♣í♥ 1
2
② s✉s r❡s♣❡❝t✐✈❛s ❛♥t✐♣❛rtí❝✉❧❛s✱ ♦r❣❛♥✐✲

③❛❞♦s ❡♥ tr❡s ❢❛♠✐❧✐❛s ❧❡♣tó♥✐❝❛s ② tr❡s ❢❛♠✐❧✐❛s ❞❡ q✉❛r❦s✱ ② ❜♦s♦♥❡s ❞❡ ❣❛✉❣❡ ❞❡ ❡s♣í♥ ✶

♠❡❞✐❛❞♦r❡s ❞❡ ❧❛s tr❡s ❢✉❡r③❛s✿ ❡❧ ❢♦tó♥ ♣❛r❛ ❡❧ ❡❧❡❝tr♦♠❛❣♥❡t✐s♠♦✱ ✽ ❣❧✉♦♥❡s ♠❡❞✐❛♥❞♦ ❧❛

❢✉❡r③❛ ❢✉❡rt❡✱ ② ❧♦s ❜♦s♦♥❡s ♠❛s✐✈♦s Z ② W± ♣❛r❛ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❞é❜✐❧✳

❉❡❜✐❞♦ ❛ ❧❛s r❡str✐❝❝✐♦♥❡s ♣r♦✈❡♥✐❡♥t❡s ❞❡ ❧❛s s✐♠❡trí❛s ❞❡ ❣❛✉❣❡ q✉❡ ❞❡✜♥❡♥ ❛❧ ♠♦❞❡❧♦✱

❝♦♥ ❡st❡ ❝♦♥t❡♥✐❞♦ ❞❡ ♣❛rtí❝✉❧❛s ♥♦ ❡s ♣♦s✐❜❧❡ ❛❣r❡❣❛r tér♠✐♥♦s q✉❡ ❞❡s❝r✐❜❛♥ ❧❛s ♠❛s❛s ❞❡

❧❛s ♠✐s♠❛s ❡♥ ❡❧ ❧❛❣r❛♥❣✐❛♥♦✳ ❊st❛ ❞✐✜❝✉❧t❛❞ ❡s s❛❧✈❛❞❛ ❡♥ ❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r ♠❡❞✐❛♥t❡

❡❧ ❞❡♥♦♠✐♥❛❞♦ ♠❡❝❛♥✐s♠♦ ❞❡ ❍✐❣❣s ❬✶✕✸❪✳ ❆ tr❛✈és ❞❡❧ ♠✐s♠♦✱ ❧❛s ♠❛s❛s ❞❡ ❧❛s ♣❛rtí❝✉❧❛s

s✉r❣❡♥ ❛ ♣❛rt✐r ❞❡ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❝♦♥ ✉♥ ❞♦❜❧❡t❡ ❞❡ ♣❛rtí❝✉❧❛s ❡s❝❛❧❛r❡s✱ ❧✉❡❣♦ ❞❡ ❧❛ ❞❡♥♦♠✐✲

♥❛❞❛ r✉♣t✉r❛ ❡s♣♦♥tá♥❡❛ ❞❡ s✐♠❡trí❛✳ ❈♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛✱ ❛♣❛r❡❝❡ ❡♥ ❡❧ ♠♦❞❡❧♦ ✉♥ ❜♦só♥

❡s❝❛❧❛r✱ ❞❡♥♦♠✐♥❛❞♦ ❝♦♠✉♥♠❡♥t❡ ❜♦só♥ ❞❡ ❍✐❣❣s✱ ❝✉②♦ ❛❝♦♣❧❛♠✐❡♥t♦ ❝♦♥ ❡❧ r❡st♦ ❞❡ ❧❛s

♣❛rtí❝✉❧❛s ❡s ♣r♦♣♦r❝✐♦♥❛❧ ❛ ❧❛s ♠❛s❛s ❞❡ ❡st❛s✳ ▲❛ ♠❛s❛ ❞❡ ❡st❡ ❜♦só♥✱ MH ✱ ❛♣❛r❡❝❡ ❧✉❡❣♦

❞❡ ✉t✐❧✐③❛r ❡st❡ ♠❡❝❛♥✐s♠♦ ❝♦♠♦ ✉♥ ♥✉❡✈♦ ♣❛rá♠❡tr♦ ❧✐❜r❡ ❞❡ ❧❛ t❡♦rí❛✳

❊❧ ❜♦só♥ ❞❡ ❍✐❣❣s ❢✉❡ ♣r♦♣✉❡st♦ ❡♥ ❡❧ ❛ñ♦ ✶✾✻✹✳ ▲✉❡❣♦ ❞❡ ❝❛s✐ ♠❡❞✐♦ s✐❣❧♦ ❞❡ ❜úsq✉❡❞❛✱

❧❛s ❝♦❧❛❜♦r❛❝✐♦♥❡s ❆❚▲❆❙ ② ❈▼❙ ❞❡❧ ▲❛r❣❡ ❍❛❞r♦♥ ❈♦❧❧✐❞❡r ✭▲❍❈✮ ❞❡❧ ❈❊❘◆ ❤❛♥ ❞❡s❝✉✲

✶



❜✐❡rt♦ ❡♥ ✷✵✶✷ ✉♥ ❜♦só♥ ❞❡ ❍✐❣❣s✱ q✉❡ ♣♦r ❡❧ ♠♦♠❡♥t♦ ❡s ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❛q✉❡❧ ❞❡❧ ♠♦❞❡❧♦

❡stá♥❞❛r ❬✹✱✺❪✳ ▲❛ ♠❛s❛ ❞❡ ❡st❛ ♥✉❡✈❛ ♣❛rtí❝✉❧❛✱ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ✉♥❛ ♠❡❞✐❝✐ó♥ ❝♦♠❜✐♥❛❞❛

❞❡ ❛♠❜❛s ❝♦❧❛❜♦r❛❝✐♦♥❡s ❬✻❪✱ ❡s ❞❡ MH = 125,09 ± 0,21 (❡st✳) ± 0,11 (s✐st✳) ●❡❱✳ ❙✉s

❛❝♦♣❧❛♠✐❡♥t♦s✱ ❝♦♥ ❧❛ ♣r❡❝✐s✐ó♥ q✉❡ ❤❛♥ s✐❞♦ ♠❡❞✐❞♦s ❤❛st❛ ❡st❡ ♠♦♠❡♥t♦✱ ♥♦ ♣r❡s❡♥t❛♥

❞❡s✈✐❛❝✐♦♥❡s s✐❣♥✐✜❝❛t✐✈❛s r❡s♣❡❝t♦ ❞❡ ❧♦ ♣r❡❞✐❝❤♦ ❡♥ ❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r✳

❆ ♠❡❞✐❞❛ q✉❡ ❡❧ ▲❍❈ ❝♦❧❡❝t❡ ✉♥❛ ♠❛②♦r ❝❛♥t✐❞❛❞ ❞❡ ❡✈❡♥t♦s✱ ❧❛s ✐♥❝❡rt❡③❛s ❡st❛❞íst✐❝❛s

❞✐s♠✐♥✉✐rá♥ ❝♦♥s✐❞❡r❛❜❧❡♠❡♥t❡✱ ❞❛♥❞♦ ❧✉❣❛r ❛ ♠❡❞✐❝✐♦♥❡s ♠✉② ❜✐❡♥ ❞❡t❡r♠✐♥❛❞❛s ❞❡ ❞✐✈❡r✲

s♦s ♦❜s❡r✈❛❜❧❡s✳ P❛r❛ ♣♦❞❡r ♦❜t❡♥❡r ✐♥❢♦r♠❛❝✐ó♥ ❝❡rt❡r❛ ❛ ♣❛rt✐r ❞❡ ❡❧❧❛s✱ ❡s ♥❡❝❡s❛r✐♦ q✉❡

❧♦s ❝á❧❝✉❧♦s t❡ór✐❝♦s s❡❛♥ ❛ s✉ ✈❡③ ❧♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣r❡❝✐s♦s✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❞❛❞♦ q✉❡ ❡❧

▲❍❈ ❡s ✉♥ ❝♦❧✐s✐♦♥❛❞♦r ❞❡ ❤❛❞r♦♥❡s✱ ❡s ❢✉♥❞❛♠❡♥t❛❧ ❡❧ ❡♥t❡♥❞✐♠✐❡♥t♦ ♣r♦❢✉♥❞♦ ❞❡ ❧❛ ❝r♦✲

♠♦❞✐♥á♠✐❝❛ ❝✉á♥t✐❝❛ ✭◗✉❛♥t✉♠ ❈❤r♦♠♦❞②♥❛♠✐❝s✱ ♦ ◗❈❉✮✱ q✉❡ ❞❡s❝r✐❜❡ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s

❡♥tr❡ q✉❛r❦s ② ❣❧✉♦♥❡s✳ P❛r❛ ❡st♦s ✜♥❡s✱ ❧♦s ❝á❧❝✉❧♦s ♣❡rt✉r❜❛t✐✈♦s ❛❧ ♦r❞❡♥ ♠ás ❜❛❥♦ ✭♦

▲❖✱ ♣♦r ❧❡❛❞✐♥❣ ♦r❞❡r✮ ❡♥ ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❛❝♦♣❧❛♠✐❡♥t♦ ❢✉❡rt❡ αS s♦♥ ❝♦♠♣❧❡t❛♠❡♥t❡ ✐♥s✉✲

✜❝✐❡♥t❡s✱ ♣✉❡s ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❛❧ ♦r❞❡♥ s✐❣✉✐❡♥t❡ ✭♥❡①t✲t♦✲❧❡❛❞✐♥❣ ♦r❞❡r✱ ♦ ◆▲❖✮ ♣✉❡❞❡♥ s❡r

❞❡❧ ♦r❞❡♥ ❞❡❧ 100%✱ ❡ ✐♥❝❧✉s♦ ❛q✉❡❧❧❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ◆◆▲❖ ✭♥❡①t✲t♦✲♥❡①t✲t♦✲❧❡❛❞✐♥❣

♦r❞❡r✮ ❛❧❝❛♥③❛♥ ♣❛r❛ ❛❧❣✉♥♦s ♣r♦❝❡s♦s ✈❛❧♦r❡s ❞❡❧ ♦r❞❡♥ ❞❡❧ 20%✳ ❆ú♥ ❛ ❡st❡ ♦r❞❡♥✱ ❡♥ ♦❝❛✲

s✐♦♥❡s ❧❛ ✐♥❝❡rt❡③❛ ❞❡ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s t❡ór✐❝❛s ♥♦ ❡s s❛t✐s❢❛❝t♦r✐❛✱ ❤❛❝✐❡♥❞♦ ❞❡s❡❛❜❧❡ ♣♦❞❡r

❛✈❛♥③❛r ❛ú♥ ♠ás ❡♥ ❧❛ ❡①♣❛♥s✐ó♥ ♣❡rt✉r❜❛t✐✈❛✳

❊♥ ❡st❛ t❡s✐s ♣r❡s❡♥t❛r❡♠♦s ❞✐✈❡rs♦s ❝á❧❝✉❧♦s ❞❡ ♣r❡❝✐s✐ó♥ r❡❧❛❝✐♦♥❛❞♦s ❝♦♥ ❧❛ ❢ís✐❝❛ ❞❡❧

❜♦só♥ ❞❡ ❍✐❣❣s q✉❡ s❡rá♥ r❡❧❡✈❛♥t❡s ♣❛r❛ ❧❛s ♠❡❞✐❝✐♦♥❡s ❞❡❧ ▲❍❈✳ P♦r ✉♥ ❧❛❞♦ tr❛❜❛❥❛r❡♠♦s

❡♥ ❡❧ ❝á❧❝✉❧♦ ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜♦só♥ ❞❡ ❍✐❣❣s ✈í❛ ❡❧ ♠❡❝❛♥✐s♠♦

❞❡ ❢✉s✐ó♥ ❞❡ ❣❧✉♦♥❡s ❛ tr❛✈és ❞❡ ✉♥ ❧♦♦♣ ❞❡ ✉♥ q✉❛r❦ ♣❡s❛❞♦✳ ❊st❡ ♠❡❝❛♥✐s♠♦ ❡s ❡❧ ♣r✐♥❝✐♣❛❧

❝❛♥❛❧ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ❡♥ ❡❧ ▲❍❈✱ ② ♣♦r ❧♦ t❛♥t♦ ❡s ✈✐t❛❧ ❝♦♥t❛r ❝♦♥

♣r❡❞✐❝❝✐♦♥❡s ❝❡rt❡r❛s✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❝❛❧❝✉❧❛r❡♠♦s ♣❛rt❡ ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❛ t❡r❝❡r ② ❝✉❛rt♦

♦r❞❡♥ ❡♥ ❧❛ ❡①♣❛♥s✐ó♥ ♣❡rt✉r❜❛t✐✈❛✱ ② ❛♥❛❧✐③❛r❡♠♦s s✉ ✐♠♣❛❝t♦ ❢❡♥♦♠❡♥♦❧ó❣✐❝♦✱ ♠❡❥♦r❛♥❞♦

❧♦s r❡s✉❧t❛❞♦s ❛ ◆◆▲❖ ❞✐s♣♦♥✐❜❧❡s ❛♥t❡r✐♦r♠❡♥t❡ ❬✼✕✾❪✳

P♦r ♦tr♦ ❧❛❞♦✱ ❡st✉❞✐❛r❡♠♦s ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❞♦s

❜♦s♦♥❡s ❞❡ ❍✐❣❣s✳ ❊st❡ ♣r♦❝❡s♦✱ ❛ú♥ ♥♦ ♦❜s❡r✈❛❞♦ ❡♥ ❡❧ ▲❍❈ ❞❡❜✐❞♦ ❛ ❧❛ ❛❧t❛ ❧✉♠✐♥♦s✐❞❛❞

r❡q✉❡r✐❞❛ ♣❛r❛ ❤❛❝❡r❧♦✱ ❡s ❛❝t✉❛❧♠❡♥t❡ ❧❛ ú♥✐❝❛ ❢♦r♠❛ ❞❡ ❛❝❝❡❞❡r ❛ ✉♥❛ ♠❡❞✐❝✐ó♥ ❞❡❧ ❛✉t♦✲

✷



❛❝♦♣❧❛♠✐❡♥t♦ ❞❡ ❡st❡ ❜♦só♥✱ ② ♣♦r ❡♥❞❡ ❛ ❧♦s ♣❛rá♠❡tr♦s ❞❡❧ ♣♦t❡♥❝✐❛❧ ❡s❝❛❧❛r q✉❡ ❣❡♥❡r❛ ❡❧

♠❡❝❛♥✐s♠♦ ❞❡ r✉♣t✉r❛ ❞❡ s✐♠❡trí❛✳ ❙❡ tr❛t❛ ♣♦r ❧♦ t❛♥t♦ ❞❡ ✉♥♦ ❞❡ ❧♦s ♣r✐♥❝✐♣❛❧❡s ♦❜❥❡t✐✈♦s

❞❡❧ ▲❍❈ ❡♥ ❧♦s ♣ró①✐♠♦s ❛ñ♦s✳ ❊♥ ❡st❛ t❡s✐s r❡❛❧✐③❛r❡♠♦s ❧♦s ❝á❧❝✉❧♦s ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s

❛ ◆◆▲❖ ♣❛r❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ✈í❛ ❢✉s✐ó♥

❞❡ ❣❧✉♦♥❡s✱ ♥✉❡✈❛♠❡♥t❡ ♠❡❥♦r❛♥❞♦ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s ❛ ◆▲❖ ❞✐s♣♦♥✐❜❧❡s ❛♥t❡r✐♦r♠❡♥t❡ ❬✶✵❪✳

❆❞❡♠ás✱ ✐♥❝❧✉✐r❡♠♦s ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❞♦♠✐♥❛♥t❡s ❞❡ ❧♦s tér♠✐♥♦s ❞❡ ♦r❞❡♥❡s s✉♣❡r✐♦r❡s

❡♥ ❧❛ ❡①♣❛♥s✐ó♥ ♣❡rt✉r❜❛t✐✈❛✱ ❛ tr❛✈és ❞❡ ❧❛ ❞❡♥♦♠✐♥❛❞❛ r❡s✉♠❛❝✐ó♥ ❞❡ ✉♠❜r❛❧✳

▲❛ ♣r❡s❡♥t❡ t❡s✐s s❡ ❡♥❝✉❡♥tr❛ ♦r❣❛♥✐③❛❞❛ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✳ ❊♥ ❡❧ ❝❛♣ít✉❧♦ ✷ ❤❛r❡✲

♠♦s ✉♥ ❜r❡✈❡ r❡s✉♠❡♥ ❛❝❡r❝❛ ❞❡ ❧♦s ❝♦♥❝❡♣t♦s r❡❧❡✈❛♥t❡s ❞❡ ◗❈❉ ♣❡rt✉r❜❛t✐✈❛✳ ▲✉❡❣♦✱ ❡♥

❡❧ ❝❛♣ít✉❧♦ ✸ ❞❡s❝r✐❜✐r❡♠♦s ❡❧ ❝á❧❝✉❧♦ ❞❡ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s ♣❛r❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜♦só♥ ❞❡

❍✐❣❣s ♠ás ❛❧❧á ❞❡❧ ◆◆▲❖✳ ❊♥ ❧♦s ❝❛♣ít✉❧♦s ✹ ② ✺ ♥♦s ❛❜♦❝❛r❡♠♦s ❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ♣❛r❡s

❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s✳ ❊♥ ❡❧ ♣r✐♠❡r♦ ❞❡ ❡❧❧♦s ❞❡s❝r✐❜✐r❡♠♦s ❡❧ ❝á❧❝✉❧♦ ❛ ◆◆▲❖ ❞❡ ❧❛ s❡❝❝✐ó♥

❡✜❝❛③ t♦t❛❧✱ ♠✐❡♥tr❛s q✉❡ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✺ ❞❡s❛rr♦❧❧❛r❡♠♦s ❧❛ r❡s✉♠❛❝✐ó♥ ❞❡ ✉♠❜r❛❧✱ ♠❡❥♦✲

r❛♥❞♦ ❛ú♥ ♠ás ❧❛s ♣r❡❞✐❝❝✐♦♥❡s ❞❡❧ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳ ❋✐♥❛❧♠❡♥t❡✱ ♣r❡s❡♥t❛r❡♠♦s ♥✉❡str❛s

❝♦♥❝❧✉s✐♦♥❡s✳

P❛r❛ ✜♥❛❧✐③❛r ❡st❡ ❝❛♣ít✉❧♦ ✐♥tr♦❞✉❝t♦r✐♦✱ ❤❛r❡♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ✉♥ ❜r❡✈❡ r❡s✉♠❡♥ ❞❡❧

❡st❛❞♦ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛❧❡s ❞❡❧ ▲❍❈ r❡❧❛❝✐♦♥❛❞♦s ❝♦♥ ❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s ❛❧❧í

❞❡s❝✉❜✐❡rt♦✳

✶✳✶✳ ❘❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛❧❡s ❞❡❧ ▲❍❈

❚❛❧ ❝♦♠♦ s❡ ♠❡♥❝✐♦♥ó ❛♥t❡r✐♦r♠❡♥t❡✱ ❡♥ ❡❧ ❛ñ♦ ✷✵✶✷ ❧❛s ❝♦❧❛❜♦r❛❝✐♦♥❡s ❆❚▲❆❙ ② ❈▼❙

❤❛♥ ❞❡s❝✉❜✐❡rt♦ ✉♥❛ ♥✉❡✈❛ ♣❛rtí❝✉❧❛ ❞❡ ❛❧r❡❞❡❞♦r ❞❡ 125 ●❡❱ ❡♥ ❡❧ ▲❍❈ ❬✹✱ ✺❪✳ ▲♦s ♣r✐♥✲

❝✐♣❛❧❡s ❝❛♥❛❧❡s ❞❡ ❞❡❝❛✐♠✐❡♥t♦ ✐♥✈♦❧✉❝r❛❞♦s ❡♥ ❞✐❝❤♦ ❞❡s❝✉❜r✐♠✐❡♥t♦ ❢✉❡r♦♥ H → γγ ②

H → ZZ∗✳ ❆❝t✉❛❧♠❡♥t❡✱ ❧❛ ♠❛②♦r ❝❛♥t✐❞❛❞ ❞❡ ❡✈❡♥t♦s ❛❝✉♠✉❧❛❞♦s ♣❡r♠✐t❡ ❡st✉❞✐❛r ♦tr♦s

❝❛♥❛❧❡s ❞❡ ❞❡❝❛✐♠✐❡♥t♦✱ ❝♦♠♦ ❛sí t❛♠❜✐é♥ tr❛t❛r ❞❡ ❞✐st✐♥❣✉✐r ❞✐st✐♥t♦s ❝❛♥❛❧❡s ❞❡ ♣r♦✲

❞✉❝❝✐ó♥✳ P♦r ❝♦♠♣❧❡t✐t✉❞✱ s❡ ♠✉❡str❛♥ ❡♥ ❧❛s ✜❣✉r❛s ✶✳✶ ② ✶✳✷ ❧♦s r❡s✉❧t❛❞♦s t❡ór✐❝♦s ❞❡❧

♠♦❞❡❧♦ ❡stá♥❞❛r ♣❛r❛ ❧❛s s❡❝❝✐♦♥❡s ❡✜❝❛❝❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧♦s ❞✐❢❡r❡♥t❡s ♠❡❝❛♥✐s♠♦s

❞❡ ♣r♦❞✉❝❝✐ó♥✱ ② ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s r❡❧❛t✐✈❛s ❞❡ ❧♦s ❞✐st✐♥t♦s ❝❛♥❛❧❡s ❞❡ ❞❡❝❛✐♠✐❡♥t♦✳ ❙❡

✸
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❱❇❋
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❱❇❋

V H

ttH

❋✐❣✉r❛ ✶✳✶✿ ❙❡❝❝✐♦♥❡s ❡✜❝❛❝❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧♦s ❞✐st✐♥t♦s ♠❡❝❛♥✐s♠♦s ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡❧ ❜♦só♥ ❞❡

❍✐❣❣s ❡♥ ✉♥ ❝♦❧✐s✐♦♥❛❞♦r ❞❡ ♣r♦t♦♥❡s✱ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❡♥❡r❣í❛ ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛ ❞❡❧ ♠✐s♠♦✳ ▲♦s ♣r✐♥❝✐♣❛❧❡s

❝❛♥❛❧❡s ❞❡ ♣r♦❞✉❝❝✐ó♥✱ ✐❧✉str❛❞♦s ♣♦r ❧♦s ❞✐❛❣r❛♠❛s ❛ ❧❛ ❞❡r❡❝❤❛✱ s♦♥ ❢✉s✐ó♥ ❞❡ ❣❧✉♦♥❡s ✭❣❧✉♦♥ ❢✉s✐♦♥✮✱ ❢✉s✐ó♥

❞❡ ❜♦s♦♥❡s ✈❡❝t♦r✐❛❧❡s ❞é❜✐❧❡s ✭❱❇❋✮✱ ♣r♦❞✉❝❝✐ó♥ ❛s♦❝✐❛❞❛ ❝♦♥ ✉♥ ❜♦só♥ ❞é❜✐❧ ② ♣r♦❞✉❝❝✐ó♥ ❝♦♥ ✉♥ ♣❛r ❞❡

q✉❛r❦s t♦♣✲❛♥t✐t♦♣✳

♣✉❡❞❡ ♦❜s❡r✈❛r q✉❡ ❡❧ ♣r✐♥❝✐♣❛❧ ❝❛♥❛❧ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❡s ❧❛ ❢✉s✐ó♥ ❞❡ ❣❧✉♦♥❡s✱ s✐❡♥❞♦ ❛♣r♦✲

①✐♠❛❞❛♠❡♥t❡ ✉♥ ♦r❞❡♥ ❞❡ ♠❛❣♥✐t✉❞ ♠❛②♦r q✉❡ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ s✐❣✉✐❡♥t❡✳ ❊♥ ❧❛ ✜❣✉r❛ ✶✳✶

s❡ ♠✉❡str❛♥ t❛♠❜✐é♥ ❞✐❛❣r❛♠❛s ❞❡ ❋❡②♥♠❛♥ r❡♣r❡s❡♥t❛t✐✈♦s ❞❡ ❧♦s ❝✉❛tr♦ ♠❡❝❛♥✐s♠♦s ❞❡

♣r♦❞✉❝❝✐ó♥ ♠ás ✐♠♣♦rt❛♥t❡s✳

▲❛ ❞❡t❡r♠✐♥❛❝✐ó♥ ♠ás ♣r❡❝✐s❛ ❞❡ ❧❛ ♠❛s❛ ❞❡ ❡st❡ ❜♦só♥ ❞❡ ❍✐❣❣s ❤❛ s✐❞♦ ❧❧❡✈❛❞❛ ❛ ❝❛❜♦ ❡♥

✷✵✶✺ ❝♦♥ ❧♦s ❞❛t♦s ❝♦♠❜✐♥❛❞♦s ❞❡ ❆❚▲❆❙ ② ❈▼❙ ❡♥ ❧♦s ❝❛♥❛❧❡s H → γγ ② H → ZZ → 4ℓ✱

r❡❝♦❧❡❝t❛❞♦s ❝♦♥ ❡♥❡r❣í❛s ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛ ❞❡ 7 ② 8 ❚❡❱✱ ② ❡❧ ✈❛❧♦r ♦❜t❡♥✐❞♦ ❡s ❞❡ MH =

125,09± 0,21 (❡st✳) ± 0,11 (s✐st✳) ●❡❱ ❬✻❪✳ ❊♥ ❧❛ ✜❣✉r❛ ✶✳✸ s❡ ♠✉❡str❛ ✉♥ ❣rá✜❝♦ q✉❡ r❡s✉♠❡

❡st❛ ♠❡❞✐❝✐ó♥✱ ♠♦str❛♥❞♦ s❡♣❛r❛❞❛♠❡♥t❡ ❧♦s r❡s✉❧t❛❞♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧♦s ❞♦s ❝❛♥❛❧❡s

❡st✉❞✐❛❞♦s✱ ② ❞✐st✐♥❣✉✐❡♥❞♦ t❛♠❜✐é♥ ❧❛s ♠❡❞✐❝✐♦♥❡s ❞❡ ❝❛❞❛ ❝♦❧❛❜♦r❛❝✐ó♥✳ ▲♦s r❡s✉❧t❛❞♦s

❝♦♠❜✐♥❛❞♦s ♣❛r❛ ❝❛❞❛ ❝❛♥❛❧ s♦♥ ❝♦♥s✐st❡♥t❡s ❛ 1σ✱ ♠✐❡♥tr❛s q✉❡ ❧❛s ❝✉❛tr♦ ♠❡❞✐❝✐♦♥❡s

✐♥❞✐✈✐❞✉❛❧❡s ❧♦ ❤❛❝❡♥ ❛ 2σ ❬✻❪✳

▲♦s r❡s✉❧t❛❞♦s ♠ás r❡❝✐❡♥t❡s✱ ❝♦♠❜✐♥❛♥❞♦ ❧❛s ♠❡❞✐❝✐♦♥❡s ❞❡ ❛♠❜♦s ❡①♣❡r✐♠❡♥t♦s✱ ♣❛r❛

❧❛ ♣r♦❞✉❝❝✐ó♥ ② ❡❧ ❞❡❝❛✐♠✐❡♥t♦ ❞❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s ② ❧❛s r❡str✐❝❝✐♦♥❡s ❛ s✉s ❛❝♦♣❧❛♠✐❡♥t♦s

s❡ ❡♥❝✉❡♥tr❛♥ ❡♥ ❧❛ ❘❡❢✳ ❬✶✶❪✳ ❉✐❝❤❛ ❝♦♠❜✐♥❛❝✐ó♥ s❡ ❜❛s❛ ❡♥ ❡❧ ❛♥á❧✐s✐s ❞❡ ❝✐♥❝♦ ❝❛♥❛❧❡s

❞❡ ♣r♦❞✉❝❝✐ó♥✿ ❢✉s✐ó♥ ❞❡ ❣❧✉♦♥❡s ✭gg❋✮✱ ❢✉s✐ó♥ ❞❡ ❜♦s♦♥❡s ✈❡❝t♦r✐❛❧❡s ❞é❜✐❧❡s ✭❱❇❋✮✱ ♣r♦✲

✹
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❋✐❣✉r❛ ✶✳✷✿ ❋r❛❝❝✐♦♥❡s ❞❡ ❞❡❝❛✐♠✐❡♥t♦ ❞❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉ ♠❛s❛✱ ❥✉♥t♦ ❝♦♥ ❧❛s ❝♦rr❡s♣♦♥✲

❞✐❡♥t❡s ✐♥❝❡rt❡③❛s t❡ór✐❝❛s✳

 [GeV]Hm
123 124 125 126 127 128 129

Total Stat. Syst.CMS and ATLAS
 Run 1LHC 						Total      Stat.    Syst.

l+4γγ CMS+ATLAS  0.11) GeV± 0.21 ± 0.24 ( ±125.09 

l 4CMS+ATLAS  0.15) GeV± 0.37 ± 0.40 ( ±125.15 

γγ CMS+ATLAS  0.14) GeV± 0.25 ± 0.29 ( ±125.07 

l4→ZZ→H CMS  0.17) GeV± 0.42 ± 0.45 ( ±125.59 

l4→ZZ→H ATLAS  0.04) GeV± 0.52 ± 0.52 ( ±124.51 

γγ→H CMS  0.15) GeV± 0.31 ± 0.34 ( ±124.70 

γγ→H ATLAS  0.27) GeV± 0.43 ± 0.51 ( ±126.02 

❋✐❣✉r❛ ✶✳✸✿ ❘❡s✉♠❡♥ ❞❡ ❧❛ ♠❡❞✐❝✐ó♥ ❞❡ ❧❛ ♠❛s❛ ❞❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s ❛ ♣❛rt✐r ❞❡ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛s ❝♦❧❛❜♦✲

r❛❝✐♦♥❡s ❆❚▲❆❙ ② ❈▼❙✱ ② s✉ ❝♦♠❜✐♥❛❝✐ó♥✳ ❙❡ ♠✉❡str❛♥ t❛♠❜✐é♥ ❧❛s ✐♥❝❡rt❡③❛s s✐st❡♠át✐❝❛s✱ ❡st❛❞íst✐❝❛s ②

t♦t❛❧❡s✳ ▲❛ ❧í♥❡❛ ✈❡rt✐❝❛❧ r♦❥❛ ② ❡❧ ár❡❛ s♦♠❜r❛❞❛ ❣r✐s r❡♣r❡s❡♥t❛♥ ❡❧ ✈❛❧♦r ❝❡♥tr❛❧ ❡ ✐♥❝❡rt❡③❛ ❞❡ ❧❛ ♠❡❞✐❝✐ó♥

❝♦♠❜✐♥❛❞❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✺



❞✉❝❝✐ó♥ ❛s♦❝✐❛❞❛ ❝♦♥ ✉♥ ❜♦só♥ W ♦ Z ✭❞❡♥♦t❛❞❛s WH ② ZH✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮ ② ❝♦♥ ✉♥

♣❛r ❞❡ q✉❛r❦s t♦♣✲❛♥t✐t♦♣ ✭ttH✮✳ ▲♦s ❝❛♥❛❧❡s ❞❡ ❞❡❝❛✐♠✐❡♥t♦ ✐♥❝❧✉✐❞♦s ❡♥ ❡❧ ❛♥á❧✐s✐s s♦♥

H → ZZ,WW, γγ, ττ, bb ② µµ✳ ▲❛s ❧✉♠✐♥♦s✐❞❛❞❡s ✐♥t❡❣r❛❞❛s ✉t✐❧✐③❛❞❛s s♦♥ ❞❡ ❛♣r♦①✐♠❛✲

❞❛♠❡♥t❡ 5 ❢❜−1 ❛
√
S = 7 ❚❡❱ ② 20 ❢❜−1 ❛

√
S = 8 ❚❡❱✳

❯♥♦ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ♠ás ✉t✐❧✐③❛❞♦s ♣❛r❛ ❝❛r❛❝t❡r✐③❛r ❛❧ ❜♦só♥ ❞❡ ❍✐❣❣s ❡s ❡❧ ❞❡♥♦♠✐✲

♥❛❞♦ s✐❣♥❛❧ str❡♥❣t❤ µ✱ ❞❡✜♥✐❞♦ ❝♦♠♦ ❡❧ ❝♦❝✐❡♥t❡ ❡♥tr❡ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ❡✈❡♥t♦s ♠❡❞✐❞♦s ② ❧♦s

❡s♣❡r❛❞♦s s❡❣ú♥ ❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r✳ P❛r❛ ✉♥ ❝❛♥❛❧ ❡s♣❡❝í✜❝♦ ❞❡ ♣r♦❞✉❝❝✐ó♥ ② ❞❡❝❛✐♠✐❡♥t♦

i→ H → f t❡♥❡♠♦s q✉❡

µi =
σi

(σi)❙▼
② µf =

❇❘f

(❇❘f )❙▼
, ✭✶✳✶✮

❡♥ ❞♦♥❞❡ σi ② ❇❘f r❡♣r❡s❡♥t❛♥ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❞❡ ♣r♦❞✉❝❝✐ó♥ ♣❛r❛ i → H ② ❧❛ ❢r❛❝❝✐ó♥

❞❡ ❞❡❝❛✐♠✐❡♥t♦ ♣❛r❛ H → f ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P♦r ❞❡✜♥✐❝✐ó♥✱ µi = µf = 1 ♣❛r❛ ❡❧ ♠♦❞❡❧♦

❡stá♥❞❛r✳ ❉❛❞♦ q✉❡ ♣r♦❞✉❝❝✐ó♥ ② ❞❡❝❛✐♠✐❡♥t♦ ♥♦ ♣✉❡❞❡♥ s❡r ♠❡❞✐❞♦s ❡♥ ❢♦r♠❛ s❡♣❛r❛❞❛✱

só❧♦ ❡❧ ♣r♦❞✉❝t♦ ❞❡ µi ② µf ♣✉❡❞❡ s❡r ❡①tr❛í❞♦ ❞❡❧ ❡①♣❡r✐♠❡♥t♦✳

▲❛ ❢♦r♠❛ ♠ás s✐♠♣❧❡✱ ❛✉♥q✉❡ ♠ás r❡str✐❝t✐✈❛✱ ❞❡ ♣❛r❛♠❡tr✐③❛r ❛ ❡st❛s ✈❛r✐❛❜❧❡s ❡s s✉✲

♣♦♥❡r q✉❡ t♦❞♦s ❧♦s ✈❛❧♦r❡s ❞❡ µi ② µf s♦♥ ✐❣✉❛❧❡s ♣❛r❛ t♦❞♦s ❧♦s ❝❛♥❛❧❡s ❞❡ ♣r♦❞✉❝❝✐ó♥

② ❞❡❝❛✐♠✐❡♥t♦✳ ❊♥ t❛❧ ❝❛s♦✱ t❡♥❡♠♦s s✐♠♣❧❡♠❡♥t❡ ✉♥ ♣❛rá♠❡tr♦ ❣❧♦❜❛❧ µ q✉❡ r❡❡s❝❛❧❡❛ ❧❛s

♣r❡❞✐❝❝✐♦♥❡s ❞❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r✳ ❊st❛ ♣❛r❛♠❡tr✐③❛❝✐ó♥ ♣r♦✈❡❡ ❧❛ ♣r✉❡❜❛ ♠ás s✐♠♣❧❡ ❞❡

❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r✳ ❊❧ ❛❥✉st❡ ❞❡ ❧❛s ♠❡❞✐❝✐♦♥❡s ❝♦♠❜✐♥❛❞❛s ❞❡ ❆❚▲❆❙

② ❈▼❙ ❞❛♥ ❝♦♠♦ r❡s✉❧t❛❞♦ ❡❧ ✈❛❧♦r

µ = 1,09+0,11
−0,10 , ✭✶✳✷✮

❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡❧ ✈❛❧♦r ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ♠♦❞❡❧♦ ❡stá♥❞❛r ❡♥ ♠❡♥♦s ❞❡ 1σ✳ ▲❛s ✐♥❝❡rt❡③❛s

❡st❛❞íst✐❝❛s s♦♥ ❞❡ +0,07
−0,07✱ ♠✐❡♥tr❛s q✉❡ ❧❛ ✐♥❝❡rt❡③❛ s✐st❡♠át✐❝❛ t♦t❛❧ ❡s ❞❡ +0,09

−0,08✱ ❝✉②❛ ♠❛②♦r

❝♦♥tr✐❜✉❝✐ó♥ ♣r♦✈✐❡♥❡ ❞❡ ❧❛ ✐♥❝❡rt❡③❛ t❡ór✐❝❛ ❡♥ ❧❛ ❞❡t❡r♠✐♥❛❝✐ó♥ ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❞❡

♣r♦❞✉❝❝✐ó♥ ❛ tr❛✈és ❞❡ ❢✉s✐ó♥ ❞❡ ❣❧✉♦♥❡s✳

▲❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛❧❡s ❝♦♥ ❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r ♣✉❡❞❡ s❡r

❝❤❡q✉❡❛❞❛ ❡♥ ✉♥❛ ❢♦r♠❛ ♠❡♥♦s ❞❡♣❡♥❞✐❡♥t❡ ❞❡ ✉♥ ♠♦❞❡❧♦ ♣❛rt✐❝✉❧❛r s✐ s❡ r❡❧❛❥❛♥ ❧❛s s✉✲

♣♦s✐❝✐♦♥❡s ❛❝❡r❝❛ ❞❡ ❧♦s ✈❛❧♦r❡s q✉❡ ♣✉❡❞❡♥ t♦♠❛r ❧♦s ♣❛rá♠❡tr♦s µi ② µf ✳ ❊♥ ♣❛rt✐❝✉❧❛r✱

✻



Parameter value
0 0.5 1 1.5 2 2.5 3 3.5 4

µ

ttH
µ

ZH
µ

WH
µ

VBF
µ

ggF
µ

 Run 1LHC
 PreliminaryCMS  and ATLAS ATLAS

CMS
ATLAS+CMS

σ 1±
σ 2±

❋✐❣✉r❛ ✶✳✹✿ ❘❡s✉❧t❛❞♦s ❞❡❧ ❛❥✉st❡ ❞❡ ❧♦s s✐❣♥❛❧ str❡♥❣t❤s ♣❛r❛ ❧♦s ❞✐st✐♥t♦s ❝❛♥❛❧❡s ❞❡ ♣r♦❞✉❝❝✐ó♥✱ s✉♣♦♥✐❡♥✲

❞♦ µf = 1 ♣❛r❛ ❧♦s ❞❡❝❛✐♠✐❡♥t♦s✳ ❙❡ ♠✉❡str❛ t❛♠❜✐é♥ ❡❧ r❡s✉❧t❛❞♦ ♣❛r❛ ❡❧ µ ❣❧♦❜❛❧✳

❡s ♣♦s✐❜❧❡ r❡❛❧✐③❛r ✉♥ ❛❥✉st❡ ✐♥❞✐✈✐❞✉❛❧ ❞❡ ❧♦s ♣❛rá♠❡tr♦s µi s✉♣♦♥✐❡♥❞♦ q✉❡ µf = 1 ♣❛r❛

t♦❞♦s ❧♦s ❝❛♥❛❧❡s ❞❡ ❞❡❝❛✐♠✐❡♥t♦✱ ② ✈✐❝❡✈❡rs❛✳ ▲♦s r❡s✉❧t❛❞♦s q✉❡ s❡ ♦❜t✐❡♥❡♥ ❞❡ ❡st❡ ♠♦❞♦

♣❛r❛ µi ✭µf ✮ s❡ ♠✉❡str❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✶✳✹ ✭✶✳✺✮✳

P❛r❛ ❡❧ ❛❥✉st❡ ❞❡ ❧♦s ❝❛♥❛❧❡s ❞❡ ♣r♦❞✉❝❝✐ó♥ s❡ s✉♣✉s♦ q✉❡ ❧♦s ♣❛rá♠❡tr♦s µi s♦♥ ❧♦s ♠✐s✲

♠♦s ♣❛r❛ 7 ② 8 ❚❡❱✳ ❊❧ p✲✈❛❧♦r ♦❜t❡♥✐❞♦ ♣❛r❛ ❧❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❡♥tr❡ ❧♦s ❞❛t♦s ② ❡❧ ♠♦❞❡❧♦

❡stá♥❞❛r ❡s ❞❡❧ 24%✳ P❛r❛ ❡❧ ❞❡❝❛✐♠✐❡♥t♦ ♥♦ ❡s ♥❡❝❡s❛r✐♦ ❛❣r❡❣❛r ♥✉❡✈❛s s✉♣♦s✐❝✐♦♥❡s✱ ②❛

q✉❡ ❧♦s µf s♦♥ ✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡ ❧❛ ❡♥❡r❣í❛ ❞❡ ❝♦❧✐s✐ó♥✳ ❊❧ p✲✈❛❧♦r ♦❜t❡♥✐❞♦ ❡♥ ❡st❡ ❝❛s♦ ❡s

❞❡❧ 60%✳

❖tr♦ ❞❡ ❧♦s ♠ét♦❞♦s ❝♦♠✉♥♠❡♥t❡ ✉t✐❧✐③❛❞♦s ♣❛r❛ ✐♥t❡r♣r❡t❛r ❧♦s ❞❛t♦s ❞❡❧ ▲❍❈ ❡s ❡❧

❞❡♥♦♠✐♥❛❞♦ κ✲❢r❛♠❡✇♦r❦✳ ❊❧ ♠✐s♠♦ ❝♦♥s✐st❡ ❡♥ ✐♥tr♦❞✉❝✐r ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐❛❜❧❡s✱ ~κ✱ ♣❛r❛

♣❛r❛♠❡tr✐③❛r ♣♦t❡♥❝✐❛❧❡s ❞❡s✈í♦s ❞❡ ❧♦s ❛❝♦♣❧❛♠✐❡♥t♦s ❞❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s ❝♦♥ ❧❛s ♣❛rtí❝✉❧❛s

❞❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r✳ ❯♥ ❞❛❞♦ ❝❛♥❛❧ ❞❡ ♣r♦❞✉❝❝✐ó♥ ♦ ❞❡❝❛✐♠✐❡♥t♦ ♣♦❞rá ❞❡♣❡♥❞❡r ❡♥ ❣❡♥❡r❛❧

❞❡ ♠ás ❞❡ ✉♥ ♣❛rá♠❡tr♦ κj✳ ❆❞❡♠ás ❞❡ ✐♥tr♦❞✉❝✐rs❡ ♠♦❞✐✜❝❛❞♦r❡s ✐♥❞✐✈✐❞✉❛❧❡s ♣❛r❛ ❧♦s

❛❝♦♣❧❛♠✐❡♥t♦s ❛ ór❞❡♥ ár❜♦❧✱ s❡ ✐♥tr♦❞✉❝❡♥ ♠♦❞✐✜❝❛❞♦r❡s ❡❢❡❝t✐✈♦s κg ② κγ q✉❡ ❞❡s❝r✐❜❡♥
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Parameter value
0 0.5 1 1.5 2 2.5 3 3.5 4

bbµ

ττµ

WWµ

ZZµ

γγµ

 Run 1LHC
 PreliminaryCMS  and ATLAS ATLAS

CMS

ATLAS+CMS

σ 1±

❋✐❣✉r❛ ✶✳✺✿ ❘❡s✉❧t❛❞♦s ❞❡❧ ❛❥✉st❡ ❞❡ ❧♦s s✐❣♥❛❧ str❡♥❣t❤s ♣❛r❛ ❧♦s ❞✐st✐♥t♦s ❝❛♥❛❧❡s ❞❡ ❞❡❝❛✐♠✐❡♥t♦✱

s✉♣♦♥✐❡♥❞♦ µi = 1 ♣❛r❛ ❧❛ ♣r♦❞✉❝❝✐ó♥✳

❧❛ ♣r♦❞✉❝❝✐ó♥ ❛ tr❛✈és ❞❡ ❢✉s✐ó♥ ❞❡ ❣❧✉♦♥❡s ② ❞❡❝❛✐♠✐❡♥t♦ ❛ ✉♥ ♣❛r ❞❡ ❢♦t♦♥❡s ✭s✐❡♥❞♦

❛♠❜♦s ♣r♦❝❡s♦s ✐♥❞✉❝✐❞♦s ♣♦r ✉♥ ❧♦♦♣✮✳ P♦r ♦tr❛ ♣❛rt❡✱ ♠♦❞✐✜❝❛❝✐♦♥❡s ❡♥ ❧♦s ❛❝♦♣❧❛♠✐❡♥t♦s

r❡s✉❧t❛♥ ❡♥ ✉♥❛ ✈❛r✐❛❝✐ó♥ ❞❡❧ ❛♥❝❤♦ ❞❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s✱ ΓH ✳ ❯♥ ♥✉❡✈♦ ♠♦❞✐✜❝❛❞♦r✱ κH ✱

❞❡✜♥✐❞♦ ❝♦♠♦ κ2H = Σj❇❘
j
❙▼κ

2
j ✱ s❡ ✐♥tr♦❞✉❝❡ ♣❛r❛ ❝❛r❛❝t❡r✐③❛r ❡st❛ ✈❛r✐❛❝✐ó♥✳ ❉❛❞♦ q✉❡

ΓH ♥♦ s❡ ❡♥❝✉❡♥tr❛ r❡str✐♥❣✐❞♦ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ❡♥ ✉♥❛ ❢♦r♠❛ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡❧ ♠♦❞❡❧♦

✉t✐❧✐③❛❞♦ ❝♦♥ s✉✜❝✐❡♥t❡ ♣r❡❝✐s✐ó♥✱ s✐ ♥♦ s❡ ✐♥tr♦❞✉❝❡♥ r❡str✐❝❝✐♦♥❡s ❛❞✐❝✐♦♥❛❧❡s só❧♦ ❡s ♣♦s✐❜❧❡

♠❡❞✐r ❝♦❝✐❡♥t❡s ❞❡ ❡st♦s ♠♦❞✐✜❝❛❞♦r❡s✳

❊♥ ❧❛ ✜❣✉r❛ ✶✳✻ s❡ ♠✉❡str❛♥ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧♦s ❛❥✉st❡s ♣❛r❛ ❧♦s ❞✐st✐♥t♦s ♠♦❞✐✜❝❛❞♦r❡s

✐♥tr♦❞✉❝✐❞♦s✳ ▲❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣❛r❛ gg → H → ZZ s❡ ❡♥❝✉❡♥tr❛ ♣❛r❛♠❡tr✐③❛❞❛ ❡♥ ❢✉♥❝✐ó♥

❞❡ κgZ = κg · κZ/κH ✳ ▲♦s ❞✐❢❡r❡♥t❡s ♣❛rá♠❡tr♦s λ ❞❡ ❧❛ ✜❣✉r❛ ✶✳✻ s❡ ❞❡✜♥❡♥ ❡♥ ❢♦r♠❛

❣❡♥ér✐❝❛ ❝♦♠♦ λAB = κA/κB✳

❚❛❧ ❝♦♠♦ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❛ ♣❛rt✐r ❞❡❧ ❣rá✜❝♦✱ t♦❞♦s ❧♦s r❡s✉❧t❛❞♦s s♦♥ ❝♦♥s✐st❡♥t❡s ❝♦♥

❧❛s ♣r❡❞✐❝❝✐♦♥❡s ❞❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r ❞❡♥tr♦ ❞❡❧ ✐♥t❡r✈❛❧♦ ❞❡ 2σ✱ ❡①❝❡♣t♦ ♣♦r λbZ ② λtg q✉❡

♠✉❡str❛♥ ✉♥❛ ♣❡q✉❡ñ❛ t❡♥s✐ó♥ r❡s♣❡❝t♦ ❞❡❧ ✈❛❧♦r λ = 1✳ ❊❧ p✲✈❛❧♦r ♣❛r❛ ❧❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞

❞❡ ❧♦s ❞❛t♦s ❝♦♥ ❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r ❡s ❞❡❧ 13%✳

✽
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❋✐❣✉r❛ ✶✳✻✿ ❆❥✉st❡ ❞❡ ❧♦s ❝♦❝✐❡♥t❡s ❞❡ ❧♦s ♣❛rá♠❡tr♦s κ ✐♥tr♦❞✉❝✐❞♦s ♣❛r❛ ♠♦❞✐✜❝❛r ❧♦s ❛❝♦♣❧❛♠✐❡♥t♦s ❞❡❧

❜♦só♥ ❞❡ ❍✐❣❣s ❛ ❧❛s ♣❛rtí❝✉❧❛s ❞❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r✳ ▲❛s ár❡❛s s♦♠❜r❡❛❞❛s ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧♦s ♣❛rá♠❡tr♦s

q✉❡ s❡ ❛s✉♠❡♥ ♣♦s✐t✐✈♦s s✐♥ ♣ér❞✐❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞✳

❆❞❡♠ás ❞❡ ❧❛s ♠❡❞✐❝✐♦♥❡s ❞❡s❝r✐♣t❛s ❡♥ ❧♦s ♣árr❛❢♦s ❛♥t❡r✐♦r❡s✱ t❛♠❜✐é♥ s❡ ❤❛♥ ❝♦♠❡♥✲

③❛❞♦ ❛ ✐♥✈❡st✐❣❛r s❡❝❝✐♦♥❡s ❡✜❝❛❝❡s ❞❡ ♣r♦❞✉❝❝✐ó♥ ② ❞❡❝❛✐♠✐❡♥t♦ ❞❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s ❞✐❢❡✲

r❡♥❝✐❛❧❡s ❡♥ ❞✐❢❡r❡♥t❡s ✈❛r✐❛❜❧❡s ❬✶✷✕✶✺❪✳ ❊♥ ❧❛ ✜❣✉r❛ ✶✳✼ s❡ ♠✉❡str❛♥ ❛ ♠♦❞♦ ❞❡ ❡❥❡♠♣❧♦

❧❛s ❞✐str✐❜✉❝✐♦♥❡s ❡♥ ❡❧ ✐♠♣✉❧s♦ tr❛♥s✈❡rs♦ ② r❛♣✐❞❡③ ❞❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s✱ r❡❛❧✐③❛❞❛s ♣♦r

❆❚▲❆❙ ✉t✐❧✐③❛♥❞♦ ❧♦s ❝❛♥❛❧❡s ❞❡ ❞❡❝❛✐♠✐❡♥t♦ H → γγ ② H → ZZ → 4ℓ ❬✶✹❪✱ ❥✉♥t♦ ❝♦♥

❧❛ ♣r❡❞✐❝❝✐ó♥ ♠ás ♣r❡❝✐s❛ ❞✐s♣♦♥✐❜❧❡ ❞❡❧ r❡s✉❧t❛❞♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ♠♦❞❡❧♦ ❡stá♥❞❛r✳ ❙❡

♣✉❡❞❡ ♦❜s❡r✈❛r q✉❡ ❧❛s ♠❡❞✐❝✐♦♥❡s ✐♥❞✐❝❛♥ q✉❡ ❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s s❡ ♣r♦❞✉❝❡ ❡♥ ♠❛②♦r

❝❛♥t✐❞❛❞ ② ❝♦♥ ✉♥ ♠❛②♦r ✐♠♣✉❧s♦ tr❛♥s✈❡rs♦ ❛❧ ♣r❡❞✐❝❤♦ ♣♦r ❡st♦s ❝á❧❝✉❧♦s t❡ór✐❝♦s✱ ❛✉♥q✉❡

♦❜✈✐❛♠❡♥t❡ ❡s ♥❡❝❡s❛r✐❛ ❧❛ ❛❝✉♠✉❧❛❝✐ó♥ ❞❡ ✉♥❛ ♠❛②♦r ❝❛♥t✐❞❛❞ ❞❡ ❞❛t♦s ♣❛r❛ ❝♦♥✜r♠❛r

❡st❛ ♦❜s❡r✈❛❝✐ó♥✳

❊♥ ❝♦♥❝❧✉s✐ó♥✱ ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡ ❧❛s ❝♦❧❛❜♦r❛❝✐♦♥❡s ❡①♣❡r✐♠❡♥t❛❧❡s ❞❡❧ ▲❍❈ ❤❛♥

r❡❛❧✐③❛❞♦ ②❛ ♥✉♠❡r♦s❛s ♠❡❞✐❝✐♦♥❡s q✉❡ ♣❡r♠✐t❡♥ r❡str✐♥❣✐r ❧♦s ❛❝♦♣❧❛♠✐❡♥t♦s ❞❡❧ ❜♦só♥ ❞❡

❍✐❣❣s✱ s✐❡♥❞♦ ♣♦r ❡❧ ♠♦♠❡♥t♦ ❧♦s r❡s✉❧t❛❞♦s ❝♦♠♣❛t✐❜❧❡s ❝♦♥ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s ❞❡❧ ♠♦❞❡❧♦

❡stá♥❞❛r✳ ❖❜✈✐❛♠❡♥t❡✱ ❛ ♠❡❞✐❞❛ q✉❡ s❡ ❛❝✉♠✉❧❡♥ ♠ás ❡✈❡♥t♦s ❧❛s ✐♥❝❡rt❡③❛s ❡st❛❞íst✐❝❛s

✾
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❋✐❣✉r❛ ✶✳✼✿ ❙❡❝❝✐ó♥ ❡✜❝❛③ ❞✐❢❡r❡♥❝✐❛❧ ❡♥ ❡❧ ✐♠♣✉❧s♦ tr❛♥s✈❡rs♦ ✭✐③q✉✐❡r❞❛✮ ② r❛♣✐❞❡③ ✭❞❡r❡❝❤❛✮ ♣❛r❛ ❧❛

♣r♦❞✉❝❝✐ó♥ ✐♥❝❧✉s✐✈❛ ❞❡ ✉♥ ❜♦só♥ ❞❡ ❍✐❣❣s✱ ❛ tr❛✈és ❞❡ ❧♦s ❝❛♥❛❧❡s ❞❡ ❞❡❝❛✐♠✐❡♥t♦ H → γγ ② H → ZZ → 4ℓ✳

s❡rá♥ ♠❡♥♦r❡s✱ ♣❡r♠✐t✐❡♥❞♦ ♦❜t❡♥❡r ❛❥✉st❡s ♠ás r❡str✐❝t✐✈♦s✳ ❆❞❡♠ás✱ ❧❛ ❛❝✉♠✉❧❛❝✐ó♥ ❞❡

♠ás ❞❛t♦s ♣❡r♠✐t✐rá t❛♠❜✐é♥ ✉♥❛ ♠❡❥♦r ❡①♣❧♦t❛❝✐ó♥ ❞❡ ❧❛s s❡❝❝✐♦♥❡s ❡✜❝❛❝❡s ❞✐❢❡r❡♥❝✐❛❧❡s✳

✶✵



❈❛♣ít✉❧♦ ✷

◗❈❉ ♣❡rt✉r❜❛t✐✈❛

❊♥ ❡st❡ ❝❛♣ít✉❧♦ ❤❛r❡♠♦s ✉♥❛ ❜r❡✈❡ r❡✈✐s✐ó♥ ❞❡ ❧♦s ❝♦♥❝❡♣t♦s ② ❤❡rr❛♠✐❡♥t❛s ❞❡ ◗❈❉

♣❡rt✉r❜❛t✐✈❛ q✉❡ s❡rá♥ ♥❡❝❡s❛r✐♦s ❛ ❧♦ ❧❛r❣♦ ❞❡❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦✱ ✐♥❝❧✉②❡♥❞♦ ❡❧ ❢❡♥ó♠❡♥♦ ❞❡

❧❛ ❧✐❜❡rt❛❞ ❛s✐♥tót✐❝❛✱ ❧❛ ❢❛❝t♦r✐③❛❝✐ó♥ ❞❡❧ ❧❛r❣♦ ② ❝♦rt♦ ❛❧❝❛♥❝❡ ❞❡ ❧♦s ♣r♦❝❡s♦s ❤❛❞ró♥✐❝♦s

② ❧♦s ♦rí❣❡♥❡s ❞❡ ❧❛s ❞✐✈❡r❣❡♥❝✐❛s ✐♥❢r❛rr♦❥❛s ❡♥ ❧♦s ❡❧❡♠❡♥t♦s ❞❡ ♠❛tr✐③✳ ❆♥❛❧✐③❛r❡♠♦s

t❛♠❜✐é♥ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡ s❡❝❝✐♦♥❡s ❡✜❝❛❝❡s ❞❡ ◗❈❉ ❛ tr❛✈és ❞❡❧ ❞❡♥♦♠✐♥❛❞♦ ❧í♠✐t❡ s♦❢t✱

❧♦ ❝✉❛❧ s❡rá r❡❧❡✈❛♥t❡ ❡♥ ❧♦s ❝❛♣ít✉❧♦s s✐❣✉✐❡♥t❡s✳

✷✳✶✳ SU(3) ❞❡ ❝♦❧♦r

❊♥ ✶✾✺✹ ❨❛♥❣ ② ▼✐❧❧s ❝♦♥str✉②❡r♦♥ ✉♥❛ t❡♦rí❛ ❛♥á❧♦❣❛ ❛ ❧❛ ❡❧❡❝tr♦❞✐♥á♠✐❝❛ ❝✉á♥t✐❝❛

✭◗✉❛♥t✉♠ ❊❧❡❝tr♦❞②♥❛♠✐❝s✱ ♦ ◗❊❉✮ ♣❛r❛ ✉♥ s✐st❡♠❛ ❡♥ ❡❧ ❝✉❛❧ ❧❛s ♣❛rtí❝✉❧❛s ❧❧❡✈❛♥ ♠ás

❞❡ ✉♥❛ ✏❝❛r❣❛✧ ❬✶✻❪✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❡❧ ❝❛s♦ ❞❡ tr❡s ❝❛r❣❛s ♠❡❞✐❛❞❛s ♣♦r ❜♦s♦♥❡s ✈❡❝t♦r✐❛❧❡s

♦❜❡❞❡❝✐❡♥❞♦ ❡♥ ❢♦r♠❛ ❡①❛❝t❛ ❧❛ s✐♠❡trí❛ ❞❡❧ ❣r✉♣♦ SU(3) ❧❧❡✈❛ ❛ ✉♥❛ t❡♦rí❛ ✭◗❈❉✮ q✉❡

❞❡s❝r✐❜❡ ❝♦♥ é①✐t♦ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❢✉❡rt❡✳

❊♥ ◗❈❉ ❝❛❞❛ q✉❛r❦ ❧❧❡✈❛ ✉♥❛ ❝❛r❣❛✱ ❞❡♥♦♠✐♥❛❞❛ ✏❝♦❧♦r✧✱ q✉❡ ♣✉❡❞❡ t♦♠❛r tr❡s ✈❛❧♦r❡s

❞✐❢❡r❡♥t❡s✿ r♦❥♦ ✭❘✮✱ ✈❡r❞❡ ✭●✮ ♦ ❛③✉❧ ✭❇✮✳ ❉✐❝❤❛ ❝❛r❣❛ ❡s ❧❛ ♠❛❣♥✐t✉❞ ❝♦♥s❡r✈❛❞❛ ✭❛ tr❛✈és

❞❡❧ t❡♦r❡♠❛ ❞❡ ◆♦❡t❤❡r✮ ❛s♦❝✐❛❞❛ ❝♦♥ ❧❛ s✐♠❡trí❛ SU(3)✳ ▲❛ ♣❛rtí❝✉❧❛ ♠❡❞✐❛❞♦r❛ ❞❡ ❞✐❝❤❛

✐♥t❡r❛❝❝✐ó♥ ❡s ❡❧ ❣❧✉ó♥✳ ❆❧ s❡r ◗❈❉ ✉♥❛ t❡♦rí❛ ♥♦ ❛❜❡❧✐❛♥❛✱ ❧♦s ❣❧✉♦♥❡s t✐❡♥❡♥ ❝❛r❣❛ ❞❡

❝♦❧♦r✱ ❛ ❞✐❢❡r❡♥❝✐❛ ❞❡ ❧♦ q✉❡ ♦❝✉rr❡ ❡♥ ◗❊❉ ❡♥ ❧❛ ❝✉❛❧ ❡❧ ❢♦tó♥✱ s✐ ❜✐❡♥ ❡s ♠❡❞✐❛❞♦r ❞❡ ❧❛

❝❛r❣❛ ❡❧é❝tr✐❝❛✱ ♥♦ ♣♦s❡❡ ❝❛r❣❛❀ ❡st♦ ❣❡♥❡r❛ q✉❡ ❡①✐st❛♥ ❛❝♦♣❧❛♠✐❡♥t♦s ❡♥tr❡ ❣❧✉♦♥❡s✳

✶✶



❊❧ ▲❛❣r❛♥❣✐❛♥♦ ❞❡ ◗❈❉ ❡s ❡❧ s✐❣✉✐❡♥t❡

LQCD = ψ̄i(iγ
µ∂µ −m)ψi + gSG

a
µ ψ̄i γ

µ t aij ψj −
1

4
G a

µνG
aµν , ✭✷✳✶✮

❞♦♥❞❡ ❧♦s ❡s♣✐♥♦r❡s ψi s♦♥ ❧♦s ❝❛♠♣♦s ❛s♦❝✐❛❞♦s ❛ ❧♦s q✉❛r❦s✱ ❝♦♥ ❡❧ í♥❞✐❝❡ i = 1, 2, 3 r❡❢❡r✐❞♦

❛❧ ❝♦❧♦r ❞❡ ❧♦s ♠✐s♠♦s❀ t aij s♦♥ ❧❛s ♦❝❤♦ ♠❛tr✐❝❡s ❞❡ 3× 3 ❣❡♥❡r❛❞♦r❛s ❞❡ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥

❢✉♥❞❛♠❡♥t❛❧ ❞❡ SU(3)✱ ❝♦♥ a = 1, . . . , 8❀ Ga
µ ❡s ❡❧ ❝❛♠♣♦ ❞❡ ❧♦s ❣❧✉♦♥❡s✱ γµ s♦♥ ❧❛s ♠❛tr✐❝❡s

❞❡ ❉✐r❛❝✱ gS ❡s ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❛❝♦♣❧❛♠✐❡♥t♦ ❢✉❡rt❡ ② G a
µν ❡s ❡❧ t❡♥s♦r ❞❡ ❝❛♠♣♦ ❣❧✉ó♥✐❝♦

❞❡✜♥✐❞♦ ❝♦♠♦

G a
µν = ∂µG

a
ν − ∂νG

a
µ + gSf

abcGb
µG

c
ν , ✭✷✳✷✮

❡♥ ❞♦♥❞❡ fabc s♦♥ ❧❛s ❝♦♥st❛♥t❡s ❞❡ ❡str✉❝t✉r❛ ❞❡ SU(3)✳ ▲♦s ♦♣❡r❛❞♦r❡s ❞❡ ❈❛s✐♠✐r

❝✉❛❞rát✐❝♦s ❡♥ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❛❞❥✉♥t❛ ② ❢✉♥❞❛♠❡♥t❛❧ s♦♥ ❞❡♥♦t❛❞♦s ♣♦r CA ② CF r❡s✲

♣❡❝t✐✈❛♠❡♥t❡✱ ② t♦♠❛♥ ❧♦s s✐❣✉✐❡♥t❡s ✈❛❧♦r❡s

CA = Nc = 3, CF =
N2

c − 1

2Nc

=
4

3
, ✭✷✳✸✮

❡♥ ❞♦♥❞❡ ❧❛ ♣r✐♠❡r ✐❣✉❛❧❞❛❞ ❝♦rr❡s♣♦♥❞❡ ❛❧ ❣r✉♣♦ SU(Nc)✱ ② ❡♥ ❧❛ s❡❣✉♥❞❛ ②❛ ❤❡♠♦s

❡✈❛❧✉❛❞♦ Nc = 3✳

▲♦s ❛♥t✐q✉❛r❦s ❧❧❡✈❛♥ ❝❛r❣❛s ♦♣✉❡st❛s ❛ ❛q✉❡❧❧❛s ❞❡ ❧♦s q✉❛r❦s ✭R̄, Ḡ, B̄✮✱ ② ❧♦s ❣❧✉♦♥❡s✱

❞❡ ❛❝✉❡r❞♦ ❛ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ●❡❧❧✲▼❛♥♥ ❞❡ ❧♦s ❣❡♥❡r❛❞♦r❡s ❞❡ SU(3)✱ ♣✉❡❞❡♥ s❡r

♣❡♥s❛❞♦s ❝♦♠♦ ❧❧❡✈❛♥❞♦ ❧♦s s✐❣✉✐❡♥t❡s ❝♦❧♦r❡s✿

g1 = (RḠ+GR̄)/
√
2 g2 = i(RḠ−GR̄)/

√
2

g3 = (RB̄ +BR̄)/
√
2 g4 = i(RB̄ − BR̄)/

√
2

g5 = (GB̄ +BḠ)/
√
2 g6 = i(GB̄ − BḠ)/

√
2

g7 = (RR̄−GḠ)/
√
2 g8 = (RR̄ +GḠ− 2BB̄)

√
6 , ✭✷✳✹✮

♦ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ❝♦♠♦ ❝✉❛❧q✉✐❡r ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ ❡st♦s ♦❝❤♦ q✉❡ ❣❡♥❡r❡ ❡❧ ♠✐s♠♦ ♦❝t❡t❡✳

▲❛s r❡❣❧❛s ❞❡ ❋❡②♥♠❛♥ ❛s♦❝✐❛❞❛s ❛❧ ❧❛❣r❛♥❣✐❛♥♦ ❞❡ ◗❈❉ s❡ ♠✉❡str❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✷✳✶✳

▲❛s ♠✐s♠❛s s❡ ❡♥❝✉❡♥tr❛♥ ❡s❝r✐t❛s ❡♥ ❡❧ ❣❛✉❣❡ ❞❡ ❋❡②♥♠❛♥✱ ❝♦♥ ♣♦❧❛r✐③❛❝✐♦♥❡s ♥♦ ❢ís✐❝❛s

✐♥❝❧✉✐❞❛s ❡♥ ❡❧ ♣r♦♣❛❣❛❞♦r ❣❧✉ó♥✐❝♦✱ ♣♦r ❧♦ q✉❡ ❡s ♥❡❝❡s❛r✐♦ ✐♥❝❧✉✐r ❧♦s ❞❡♥♦♠✐♥❛❞♦s ❣❤♦sts

♣❛r❛ ❝❛♥❝❡❧❛r ❞✐❝❤❛s ❝♦♥tr✐❜✉❝✐♦♥❡s✳

✶✷



j i

a, µ

−igSγµt aij

a, µ, k

b, ν, qc, σ, r

gSfabc [gµν(q − k)σ

+ gνσ(r − q)µ + gσµ(k − r)ν ]

a, µ b, ν

c, σd, ρ

−ig2S [fabefcde(gµσgνρ − gµρgνσ)

+ facefbde(gµνgσρ − gµρgνσ)

+ fadefcbe(gµσgνρ − gµνgρσ)]

a

b, µ, k

c, p

gSfabc(p+ k)µ

µ ν −igµν
k2 + iε

β α i(/k +m)αβ
k2 −m2 + iε

i

k2 + iε

❋✐❣✉r❛ ✷✳✶✿ ❘❡❣❧❛s ❞❡ ❋❡②♥♠❛♥ ♣❛r❛ ◗❈❉✱ ❡♥ ❡❧ ❣❛✉❣❡ ❞❡ ❋❡②♥♠❛♥✳ ❚♦❞♦s ❧♦s ♠♦♠❡♥t♦s s♦♥ ❡♥tr❛♥t❡s✳

✶✸



q

q

q − pp p q − p

q

q

❋✐❣✉r❛ ✷✳✷✿ ❉✐❛❣r❛♠❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❛❧ ♦r❞❡♥ ♠ás ❜❛❥♦ ❞❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ ❢✉❡rt❡

❞❡❜✐❞❛s ❛ ✉♥ ♣❛r qq̄ ✈✐rt✉❛❧ ✭✐③q✉✐❡r❞❛✮ ② ✉♥ ♣❛r ❞❡ ❣❧✉♦♥❡s ✈✐rt✉❛❧❡s ✭❞❡r❡❝❤❛✮✳

✷✳✷✳ ❘✉♥♥✐♥❣ ❝♦✉♣❧✐♥❣ ② ❧✐❜❡rt❛❞ ❛s✐♥tót✐❝❛

❙✉♣♦♥❣❛♠♦s q✉❡ q✉❡r❡♠♦s ❞❡t❡r♠✐♥❛r ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ❧❛ ❢✉❡r③❛ ❞❡ ❧❛ ✐♥t❡r❛❝❝✐ó♥

❢✉❡rt❡ ✭♣♦r ❡❥❡♠♣❧♦✱ ♦❜t❡♥❡r α0 = g2S/4π✮ ❛ tr❛✈és ❞❡ ❧❛ ❞✐s♣❡rs✐ó♥ ❞❡ ❞♦s q✉❛r❦s✱ ❝♦♠✲

♣❛r❛♥❞♦ ❧♦s r❡s✉❧t❛❞♦s ❝♦♥ ❧♦s ❝á❧❝✉❧♦s t❡ór✐❝♦s✳ ❊st❡ ♣r♦❝❡s♦ s❡ ✈❛ ❛ ✈❡r ❛❢❡❝t❛❞♦ ♣♦r ❧❛

♣r❡s❡♥❝✐❛ ❞❡ ❞✐❛❣r❛♠❛s ❝♦♥ ❧♦♦♣s✱ ❝♦♠♦ ❧♦s q✉❡ s❡ ♠✉❡str❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✷✳✷✳

❆❧ ✐♥t❡♥t❛r ❝❛❧❝✉❧❛r ❧♦s ❡❧❡♠❡♥t♦s ❞❡ ♠❛tr✐③ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ✉t✐❧✐③❛♥❞♦ ❧❛s r❡❣❧❛s ❞❡

❋❡②♥♠❛♥✱ s❡ ♣✉❡❞❡ ✈❡r rá♣✐❞❛♠❡♥t❡ q✉❡ ❧♦s r❡s✉❧t❛❞♦s s♦♥ ❞✐✈❡r❣❡♥t❡s✳ ❊st♦ s❡ ❞❡❜❡ ❛ q✉❡✱

s✐ ❜✐❡♥ ❡♥ ❝❛❞❛ ✈ért✐❝❡ ❡❧ ♠♦♠❡♥t♦ s❡ ❝♦♥s❡r✈❛✱ ❡❧ ♠♦♠❡♥t♦ p q✉❡ ❝✐r❝✉❧❛ ❞❡♥tr♦ ❞❡❧ ❧♦♦♣ ♥♦

s❡ ❡♥❝✉❡♥tr❛ ❡s♣❡❝✐✜❝❛❞♦✱ ② ♣♦r ❧♦ t❛♥t♦ ❞❡❜❡ s❡r ✐♥t❡❣r❛❞♦ s♦❜r❡ t♦❞♦s ❧♦s ✈❛❧♦r❡s ♣♦s✐❜❧❡s✱

❝♦♥ |p| ②❡♥❞♦ ❞❡ ❝❡r♦ ❛ ✐♥✜♥✐t♦✳ P❛r❛ ❡❧ ❝❛s♦ ❞❡❧ ❧♦♦♣ ❢❡r♠✐ó♥✐❝♦ ♣♦r ❡❥❡♠♣❧♦✱ ❤❛❜rá ✉♥❛

✐♥t❡❣r❛❧ ❞❡ ❧❛ ❢♦r♠❛

∫
d4p

(2π)4
tr

{
γµ
i(/p+m)

p2 −m2
γν
i(/p− /q +m)

(p+ q)2 −m2

}
. ✭✷✳✺✮

❊st❛ ✐♥t❡❣r❛❧ ♣❛r❡❝❡ ❡♥ ♣r✐♥❝✐♣✐♦ t❡♥❡r ✉♥ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞✐✈❡r❣❡♥t❡ ❝✉❛❞rát✐❝♦✱
∫
|p|d|p|

♣❛r❛ |p| → ∞✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❞❡❜✐❞♦ ❛ ❝❛♥❝❡❧❛❝✐♦♥❡s q✉❡ ♦❝✉rr❡♥ ❡♥tr❡ ❧♦s tér♠✐♥♦s ❞❡❧

✐♥t❡❣r❛♥❞♦✱ s❡ ♣✉❡❞❡ ✈❡r q✉❡ ❧❛ ❞✐✈❡r❣❡♥❝✐❛ ❡s só❧♦ ❧♦❣❛rít♠✐❝❛✳

▲❛ ❢♦r♠❛ ❞❡ s✉♣❡r❛r ❡st❡ ♦❜stá❝✉❧♦ ❡s r❡❝♦♥♦❝❡r q✉❡ ❧❛ ❝♦♥st❛♥t❡ α0 q✉❡ ❛♣❛r❡❝❡ ❡♥ ❡❧

▲❛❣r❛♥❣✐❛♥♦ ✭② ❡♥ ❧❛s r❡❣❧❛s ❞❡ ❋❡②♥♠❛♥✮ ♥♦ r❡♣r❡s❡♥t❛ ❧❛ ❢✉❡r③❛ ❞❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ q✉❡ s❡

♠✐❞❡ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡✱ s✐♥♦ q✉❡ ❡s ✉♥ ❛❝♦♣❧❛♠✐❡♥t♦ ✏❞❡s♥✉❞♦✧✱ ♥♦ ♦❜s❡r✈❛❜❧❡ ② ❞✐✈❡r✲

❣❡♥t❡✳ ❊st❛s ❞✐✈❡r❣❡♥❝✐❛s s❡ ❝❛♥❝❡❧❛♥ ❝♦♥ ❛q✉❡❧❧❛s q✉❡ ♣r♦✈✐❡♥❡♥ ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❞❡❜✐❞❛s

❛ ❧♦♦♣s✱ ♦❜t❡♥✐é♥❞♦s❡ ❛❧ ❝♦♠❜✐♥❛r❧❛s ✉♥ ❛❝♦♣❧❛♠✐❡♥t♦ ❡❢❡❝t✐✈♦ ✜♥✐t♦ αS✱ q✉❡ ❞❡♣❡♥❞❡rá ❞❡

✶✹



❧❛ ❡s❝❛❧❛ ❞❡❧ ♣r♦❝❡s♦ Q2 = −q2✱ ♣✉❡s ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❧♦ ❤❛❝❡♥✳

❊♥ ◗❊❉✱ s❡ ❞❡✜♥❡ ✉♥❛ ❝❛r❣❛ ❡❧é❝tr✐❝❛ ❡①♣❡r✐♠❡♥t❛❧ ❡♥ ❡❧ ❧í♠✐t❡ ❞❡ ❞✐st❛♥❝✐❛s ❣r❛♥❞❡s✱

α ≡ α❡✛(Q
2 = 0)✱ ❝✉②♦ ✈❛❧♦r ❡①♣❡r✐♠❡♥t❛❧ ❡s ❛♣r♦①✐♠❛❞❛♠❡♥t❡ 1/137✳ P❛r❛ ◗❈❉ s✐♥

❡♠❜❛r❣♦✱ ❡❧ ❧í♠✐t❡ Q2 → 0 ❡s ❞✐✈❡r❣❡♥t❡✱ ♣♦r ❧♦ q✉❡ ❧❛ ✏❝❛r❣❛ ❡①♣❡r✐♠❡♥t❛❧✧❞❡❜❡ s❡r ❞❡✜♥✐❞❛

❡♥ ✉♥❛ ❡s❝❛❧❛ ❞❡ ❡♥❡r❣í❛ ❛r❜✐tr❛r✐❛✱ Q2 = µ2
R✱ ❞❡♥♦♠✐♥❛❞❛ ❡s❝❛❧❛ ❞❡ r❡♥♦r♠❛❧✐③❛❝✐ó♥✳ ❊❧

✈❛❧♦r ❞❡ ❧❛ ❝♦♥st❛♥t❡ ❡❢❡❝t✐✈❛ αS(Q
2) ❡♥ tér♠✐♥♦s ❞❡ αS(µ

2
R) ❡s✱ ❛ ✉♥ ❧♦♦♣✱ ❡❧ s✐❣✉✐❡♥t❡✱

αS(Q
2) =

αS(µ
2
R)

1 + αS(µ2
R) β0 ln(Q

2/µ2
R)/(4π)

, ✭✷✳✻✮

❝♦♥ β0 = (11CA − 2Nf )/3✱ s✐❡♥❞♦ Nf ❡❧ ♥ú♠❡r♦ ❞❡ s❛❜♦r❡s ❞❡ q✉❛r❦s ❞❡ ❧❛ t❡♦rí❛✳ ❙❡ ✈❡

❡♥t♦♥❝❡s q✉❡ αS(Q
2) t✐❡♥❞❡ ❛ ❝❡r♦ ❝✉❛♥❞♦ Q2 → ∞✳ ❊st❡ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❡s ❝♦♥♦❝✐❞♦ ❝♦♠♦

✏❧✐❜❡rt❛❞ ❛s✐♥tót✐❝❛✧✿ ❛ ❞✐st❛♥❝✐❛s ❝♦rt❛s ✭❡♥❡r❣í❛s ❣r❛♥❞❡s✮ ❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ ❡♥tr❡ q✉❛r❦s

② ❣❧✉♦♥❡s s❡ t♦r♥❛ ❞é❜✐❧✱ ♣❡r♠✐t✐❡♥❞♦ ❝á❧❝✉❧♦s ♣❡rt✉r❜❛t✐✈♦s ❡♥ ♣♦t❡♥❝✐❛s ❞❡ αS✱ ♠✐❡♥tr❛s

q✉❡ ♣❛r❛ ❞✐st❛♥❝✐❛s ❧❛r❣❛s ❝r❡❝❡✱ t♦♠❛♥❞♦ ✉♥ ✈❛❧♦r ❝❡r❝❛♥♦ ❛ 1 ♣❛r❛ ❞✐st❛♥❝✐❛s ❞❡❧ ♦r❞❡♥

❞❡ 1 ❢❡r♠✐✳

P❛r❛ ♠ás ❞❡t❛❧❧❡s ❛❝❡r❝❛ ❞❡ ❧❛ r❡♥♦r♠❛❧✐③❛❝✐ó♥ ❞❡ t❡♦rí❛s ❞❡ ❣❛✉❣❡ ♥♦ ❛❜❡❧✐❛♥❛s✱ ✈❡r ♣♦r

❡❥❡♠♣❧♦ ❧❛ ❘❡❢✳ ❬✶✼❪✳

✷✳✸✳ ❋❛❝t♦r✐③❛❝✐ó♥ ❞❡❧ ❝♦rt♦ ② ❧❛r❣♦ ❛❧❝❛♥❝❡

❊❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ r❡♥♦r♠❛❧✐③❛❞♦ αS(Q
2) ✈✐st♦ ❡♥ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r

t✐❡♥❡ ❞♦s ❝♦♥s❡❝✉❡♥❝✐❛s ✐♠♣♦rt❛♥t❡s✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r✱ ❡s ♣r❡s✉♠✐❜❧❡♠❡♥t❡ ❡❧ r❡s♣♦♥s❛❜❧❡

❞❡❧ ❝♦♥✜♥❛♠✐❡♥t♦ ❞❡ q✉❛r❦s ② ❣❧✉♦♥❡s ❞❡♥tr♦ ❞❡ ❧♦s ❤❛❞r♦♥❡s✳ P♦r ♦tr♦ ❧❛❞♦✱ ❣❡♥❡r❛ ❧❛

✐♠♣♦s✐❜✐❧✐❞❛❞ ❞❡ r❡❛❧✐③❛r ❝á❧❝✉❧♦s ♣❡rt✉r❜❛t✐✈♦s ♣❛r❛ ❞✐st❛♥❝✐❛s ❣r❛♥❞❡s✳

❆ ♣❡s❛r ❞❡ ❡st❛ ❞✐✜❝✉❧t❛❞✱ ❡♥ ❡❧ ❝á❧❝✉❧♦ ❞❡ ❧❛s s❡❝❝✐♦♥❡s ❡✜❝❛❝❡s ❞❡ ♣r♦❝❡s♦s ❝♦♥ ❤❛❞r♦♥❡s

❡♥ ❡❧ ❡st❛❞♦ ✐♥✐❝✐❛❧ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ❧♦s t❡♦r❡♠❛s ❞❡ ❢❛❝t♦r✐③❛❝✐ó♥ q✉❡ ♥♦s ♣❡r♠✐t❡♥ s❡♣❛r❛r

❧♦s ❝♦♠♣♦rt❛♠✐❡♥t♦s ❞❡ ❝♦rt♦ ② ❧❛r❣♦ ❛❧❝❛♥❝❡ ❬✶✽❪✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ❡❧ ❝á❧❝✉❧♦ ♣❡rt✉r❜❛t✐✈♦

❝♦♥s✐st✐rá ❡♥ ❝♦♠♣✉t❛r ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡ ❧♦s ❝♦♥st✐t✉②❡♥t❡s ❞❡ ❧♦s ❤❛❞r♦♥❡s✱ q✉❡ s♦♥

❞❡♥♦♠✐♥❛❞♦s ♣❛rt♦♥❡s✱ ♠✐❡♥tr❛s q✉❡ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ♥♦ ♣❡rt✉r❜❛t✐✈♦ s❡rá ❛❥✉st❛❞♦ ❛

♣❛rt✐r ❞❡ ❞❛t♦s ❡①♣❡r✐♠❡♥t❛❧❡s✳ ▲❛ ❢❛❝t♦r✐③❛❝✐ó♥ ♣✉❡❞❡ s❡r ❡♥t❡♥❞✐❞❛ ❡♥ ❢♦r♠❛ ✐♥t✉✐t✐✈❛ ❞❡

❧❛ ♠❛♥❡r❛ q✉❡ ✈❡r❡♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥✳
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❈♦♥s✐❞❡r❡♠♦s ❧❛ ❝♦❧✐s✐ó♥ ❡♥tr❡ ❞♦s ❤❛❞r♦♥❡s ❡♥ ✉♥ ❡①♣❡r✐♠❡♥t♦ ❞❡ ❛❧t❛s ❡♥❡r❣í❛s✳ ❱✐st♦

❞❡s❞❡ ❡❧ ❝❡♥tr♦ ❞❡ ♠❛s❛ ❞❡❧ s✐st❡♠❛ ❛♠❜♦s ❡stá♥ ♠♦✈✐é♥❞♦s❡ ❝♦♥ ❣r❛♥ ✈❡❧♦❝✐❞❛❞ ✭② ❡♥

s❡♥t✐❞♦s ♦♣✉❡st♦s✮✱ ② ♣♦r ❡♥❞❡ s❡ ❡♥❝✉❡♥tr❛♥ ❝♦♥tr❛í❞♦s ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥ ❞❡❧ ♠♦✈✐♠✐❡♥t♦✱

❞❡ ❛❝✉❡r❞♦ ❛ ❧❛s tr❛♥❢♦r♠❛❝✐♦♥❡s ❞❡ ▲♦r❡♥t③ ❞❡ ❧❛ r❡❧❛t✐✈✐❞❛❞ ❡s♣❡❝✐❛❧✳ ❆❞❡♠ás✱ ♣♦r ❧❛

❝♦rr❡s♣♦♥❞✐❡♥t❡ ❞✐❧❛t❛❝✐ó♥ t❡♠♣♦r❛❧✱ ❡s ❝♦rr❡❝t♦ s✉♣♦♥❡r q✉❡ ❞✉r❛♥t❡ ❡❧ t✐❡♠♣♦ ❞❡ ❧❛ ❝♦❧✐✲

s✐ó♥ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ♣❛rt♦♥❡s ❞❡ ❝❛❞❛ ❤❛❞ró♥ s❡ ❡♥❝✉❡♥tr❛ ✏❝♦♥❣❡❧❛❞❛✧✳ ▲♦s ♣❛rt♦♥❡s ❞❡

❝❛❞❛ ❤❛❞ró♥ ♥♦ t✐❡♥❡♥ ♣♦r ❧♦ t❛♥t♦ t✐❡♠♣♦ ♣❛r❛ ✐♥t❡r❛❝t✉❛r ❡♥tr❡ ❡❧❧♦s✳ P♦❞❡♠♦s ♣❡♥s❛r

❡♥t♦♥❝❡s q✉❡ ❧❛ ✐♥t❡r❛❝❝✐ó♥ s❡ ❞❛ ❡♥tr❡ ♣❛r❡s ❞❡ ♣❛rt♦♥❡s✱ ✉♥♦ ❞❡ ❝❛❞❛ ❤❛❞ró♥✳ ❙✐ ❡❧ ✐♥t❡r✲

❝❛♠❜✐♦ ❞❡ ❡♥❡r❣í❛ ❡♥tr❡ ❞✐❝❤♦s ♣❛rt♦♥❡s ❡s s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ✭❡s ❞❡❝✐r✱ s✐ s❡ ❛❝❡r❝❛♥

❧♦ s✉✜❝✐❡♥t❡✮✱ ❞✐❝❤❛ ✐♥t❡r❛❝❝✐ó♥ ♣♦❞rá s❡r ❝♦♠♣✉t❛❞❛ ♣❡rt✉r❜❛t✐✈❛♠❡♥t❡✳ ▲❛ ❢♦r♠❛❝✐ó♥ ❞❡

❧♦s ❤❛❞r♦♥❡s ✐♥✐❝✐❛❧❡s ② ❧❛ ♣♦st❡r✐♦r ❤❛❞r♦♥✐③❛❝✐ó♥ ❞❡ ❧♦s ❢r❛❣♠❡♥t♦s r❡st❛♥t❡s ♦❝✉rr❡♥ r❡s✲

♣❡❝t✐✈❛♠❡♥t❡ ♠✉❝❤♦ ❛♥t❡s ② ♠✉❝❤♦ ❞❡s♣✉és ❞❡ ❧❛ ❝♦❧✐s✐ó♥✱ ② ♣♦r ❧♦ t❛♥t♦ s❡ ❞❡s❛❝♦♣❧❛♥ ❞❡❧

❝♦♠♣♦rt❛♠✐❡♥t♦ ❛ ❞✐st❛♥❝✐❛s ❝♦rt❛s✳

▼❛t❡♠át✐❝❛♠❡♥t❡✱ ❧❛ ❢❛❝t♦r✐③❛❝✐ó♥ ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❤❛❞ró♥✐❝❛ dσH(S)✱ ❞♦♥❞❡ S ❡s

❧❛ ❡♥❡r❣í❛ ♠❡❞✐❞❛ ❞❡s❞❡ ❡❧ ❝❡♥tr♦ ❞❡ ♠❛s❛✱ s❡ ❡s❝r✐❜❡ ❝♦♠♦ ❧❛ ❝♦♥✈♦❧✉❝✐ó♥ ❞❡ ❧❛ s❡❝❝✐ó♥

❡✜❝❛③ ♣❛rtó♥✐❝❛ dσ(ξiS)✱ ❝❛❧❝✉❧❛❜❧❡ ♣❡rt✉r❜❛t✐✈❛♠❡♥t❡✱ ❝♦♥ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ❞✐str✐❜✉❝✐ó♥

♣❛rtó♥✐❝❛s ✭P❉❋s✮ fi/h(ξi)✱ q✉❡ ❞❡s❝r✐❜❡♥ ❧❛ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ ❡♥❝♦♥tr❛r ✉♥ ♣❛rtó♥ i ❞❡♥tr♦

❞❡❧ ❤❛❞ró♥ h ❝♦♥ ✉♥❛ ❢r❛❝❝✐ó♥ ❞❡ ♠♦♠❡♥t♦ ξi✳ ▲❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❝♦♠♣❧❡t❛ s❡ ♦❜t✐❡♥❡ ❡♥t♦♥❝❡s

s✉♠❛♥❞♦ s♦❜r❡ t♦❞♦s ❧♦s ♣❛rt♦♥❡s ❡ ✐♥t❡❣r❛♥❞♦ s♦❜r❡ t♦❞❛s ❧❛s ❢r❛❝❝✐♦♥❡s ❞❡ ♠♦♠❡♥t♦

♣♦s✐❜❧❡s✿

dσH
AB(S) =

∑

i,j

∫
dx1dx2fi/A(x1)dσij(s)fj/B(x2) +O

(
Λ2

QCD

s

)
, ✭✷✳✼✮

❡♥ ❞♦♥❞❡ s = x1x2S ❡s ❧❛ ❡♥❡r❣í❛ ❞❡❧ ❝❡♥tr♦ ❞❡ ♠❛s❛ ♣❛rtó♥✐❝♦✳ ❊st♦ s❡ ❡♥❝✉❡♥tr❛ ✐❧✉str❛❞♦

❡♥ ❧❛ ✜❣✉r❛ ✷✳✸✳ ▲❛s P❉❋s fi/A(x1) ② fj/B(x2) ♥♦ s♦♥ ❝❛❧❝✉❧❛❜❧❡s ♣❡rt✉r❜❛t✐✈❛♠❡♥t❡ ②

❞❡❜❡♥ s❡r ♦❜t❡♥✐❞❛s ❛ ♣❛rt✐r ❞❡ ❞❛t♦s ❡①♣❡r✐♠❡♥t❛❧❡s✱ ♣❡r♦ s♦♥ ✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡❧ ♣r♦❝❡s♦✳

❊❧ s❡❣✉♥❞♦ tér♠✐♥♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✼✮ r❡♣r❡s❡♥t❛ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ♣r♦✈❡♥✐❡♥t❡s ❞❡ ❡❢❡❝t♦s

♥♦ ♣❡rt✉r❜❛t✐✈♦s✱ ❡♥ ❞♦♥❞❡ ΛQCD ❡s ❥✉st❛♠❡♥t❡ ❡❧ ✈❛❧♦r ❞❡ ❡♥❡r❣í❛ ❞❡❜❛❥♦ ❞❡❧ ❝✉❛❧ ❞♦♠✐♥❛♥

❞✐❝❤♦s ❡❢❡❝t♦s✳

❈❛❜❡ ♠❡♥❝✐♦♥❛r q✉❡ ❡st❛ ✈✐s✐ó♥ s✐♠♣❧❡ ❞❡ ❧❛ ❢❛❝t♦r✐③❛❝✐ó♥ ❞❡ ❝♦rt♦ ② ❧❛r❣♦ ❛❧❝❛♥❝❡ ❡s

só❧❛♠❡♥t❡ ✈á❧✐❞❛ ❛❧ ♦r❞❡♥ ♠ás ❜❛❥♦ ❡♥ ❧❛ ❡①♣❛♥s✐ó♥ ♣❡rt✉r❜❛t✐✈❛❀ ❛❧ ❛❣r❡❣❛r ❧❛s ❝♦rr❡❝❝✐♦♥❡s
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P1

P2

x1P1

x2P2

i

j

σij





F

❋✐❣✉r❛ ✷✳✸✿ ❊sq✉❡♠❛ ✐❧✉str❛♥❞♦ ❧❛ ❢❛❝t♦r✐③❛❝✐ó♥ ❞❡❧ ❝♦rt♦ ② ❧❛r❣♦ ❛❧❝❛♥❝❡✳ ▲♦s ♣❛rt♦♥❡s i ② j ❝♦♥ ❢r❛❝❝✐♦♥❡s

❞❡❧ ♠♦♠❡♥t♦ ❞❡❧ ♣r♦tó♥ x1 ② x2 r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣❛rt✐❝✐♣❛♥ ❞❡ ❧❛ ❞✐s♣❡rs✐ó♥ ♣❡rt✉r❜❛t✐✈❛ ij → F ❞❡s❝r✐♣t❛

♣♦r ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣❛rtó♥✐❝❛ σij ✳

❞❡ ♦r❞❡♥❡s s✉♣❡r✐♦r❡s ❡①✐st❡♥ ❞✐✈❡r❣❡♥❝✐❛s ❛s♦❝✐❛❞❛s ❛ ❧❛ ❡♠✐s✐ó♥ ❞❡ r❛❞✐❛❝✐ó♥ ❝♦❧✐♥❡❛❧ ♣♦r

♣❛rt❡ ❞❡ ❧♦s ♣❛rt♦♥❡s ✐♥❝✐❞❡♥t❡s q✉❡ ❞❡❜❡♥ s❡r ❛❜s♦r❜✐❞❛s ❡♥ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❧❛s P❉❋s✱

❡♥ ❢♦r♠❛ ❞❡ ❛❧❣ú♥ ♠♦❞♦ ❛♥á❧♦❣❛ ❛ ❧♦ q✉❡ ♦❝✉rr❡ ❝♦♥ ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❛❝♦♣❧❛♠✐❡♥t♦ ② ❧❛s

❞✐✈❡r❣❡♥❝✐❛s ✉❧tr❛✈✐♦❧❡t❛s✳ ❊st♦ s❡ ❞✐s❝✉t✐rá ❡♥ ❧❛ s❡❝❝✐ó♥ ✷✳✹✳✹✳

✷✳✹✳ ❈♦rr❡❝❝✐♦♥❡s r❛❞✐❛t✐✈❛s

❈♦♠❡♥③❛♠♦s ❛ ❤❛❜❧❛r ❡♥ ❧❛ s❡❝❝✐ó♥ ✷✳✷ ❛❝❡r❝❛ ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s q✉❡ ❤❛② q✉❡ t❡♥❡r ❡♥

❝✉❡♥t❛ ❛❧ ❝♦♠♣✉t❛r ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❞❡ ✉♥ ❝✐❡rt♦ ♣r♦❝❡s♦ ❛❧ ♦r❞❡♥ s✐❣✉✐❡♥t❡ ❡♥ t❡♦rí❛ ❞❡ ♣❡r✲

t✉r❜❛❝✐♦♥❡s✳ ❊♥ ❞✐❝❤❛ s❡❝❝✐ó♥ ❛♣❛r❡❝í❛♥ ❞✐❛❣r❛♠❛s ❝♦♥t❡♥✐❡♥❞♦ ❧♦♦♣s ❞❡ ♣❛rtí❝✉❧❛s✳ ❉✐❝❤❛s

❝♦♥tr✐❜✉❝✐♦♥❡s s❡ ❞❡♥♦♠✐♥❛♥ ❝♦rr❡❝❝✐♦♥❡s ✈✐rt✉❛❧❡s✱ ② s♦♥ ✉♥♦ ❞❡ ❧♦s t✐♣♦s ❞❡ ❝♦rr❡❝❝✐♦♥❡s

r❛❞✐❛t✐✈❛s ❛ t❡♥❡r ❡♥ ❝✉❡♥t❛ ❡♥ ✉♥ ❝á❧❝✉❧♦ ♣❡rt✉r❜❛t✐✈♦✳ ❊st❛s ❝♦rr❡❝❝✐♦♥❡s ♣✉❡❞❡♥ t❡♥❡r

t❛♥t♦ ❞✐✈❡r❣❡♥❝✐❛s ✉❧tr❛✈✐♦❧❡t❛s ✭❡s ❞❡❝✐r✱ ❡❧ ❡❧❡♠❡♥t♦ ❞❡ ♠❛tr✐③ ❞✐✈❡r❣❡ ❝✉❛♥❞♦ ❡❧ ♠♦♠❡♥t♦

p q✉❡ r❡❝♦rr❡ ❡❧ ❧♦♦♣ t✐❡♥❞❡ ❛ ✐♥✜♥✐t♦✮ ❝♦♠♦ ❞✐✈❡r❣❡♥❝✐❛s ✐♥❢r❛rr♦❥❛s ✭❞✐✈❡r❣❡ ❝✉❛♥❞♦ ❡❧

♠♦♠❡♥t♦ p t✐❡♥❞❡ ❛ ❝❡r♦✮✳

❆ ❡st❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❤❛② q✉❡ ❛❣r❡❣❛r ❛q✉❡❧❧❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ❡♠✐s✐ó♥ ❞❡ ♣❛rtí❝✉✲

❧❛s ❡①tr❛ ❡♥ ❡❧ ❡st❛❞♦ ✜♥❛❧❀ ❡st❛s s♦♥ ❝♦♥♦❝✐❞❛s ❝♦♠♦ ❝♦rr❡❝❝✐♦♥❡s r❡❛❧❡s ✭❡♥ ❝♦♥tr❛♣♦s✐❝✐ó♥

❛ ❧❛s ❛♥t❡r✐♦r❡s✱ ❡♥ ❧❛s ❝✉❛❧❡s ❧❛s ♣❛rtí❝✉❧❛s ❡r❛♥ ❡♠✐t✐❞❛s ② r❡❛❜s♦r❜✐❞❛s ❢♦r♠❛♥❞♦ ❧♦♦♣s✮✱

② r❡s✉❧t❛♥ ❞✐✈❡r❣❡♥t❡s ❡♥ ❡❧ ❧í♠✐t❡ ❡♥ ❡❧ ❝✉❛❧ ❧❛ ❡♥❡r❣í❛ ❞❡ ❧❛s ♣❛rtí❝✉❧❛s ❡♠✐t✐❞❛s t✐❡♥❞❡

❛ ❝❡r♦ ✭❧í♠✐t❡ s♦❢t✮ ♦ ❝✉❛♥❞♦ s♦♥ ❝♦❧✐♥❡❛❧❡s ❛ ❧❛ ♣❛rtí❝✉❧❛ q✉❡ ❡♠✐t❡✳ ❊♥ ❡❧ ❧í♠✐t❡ s♦❢t ♦

❝♦❧✐♥❡❛❧✱ ❞✐❝❤❛s ♣❛rtí❝✉❧❛s ♥♦ ♣✉❡❞❡♥ s❡r ❞✐st✐♥❣✉✐❞❛s ♣♦r ❧♦s ❞❡t❡❝t♦r❡s✱ ❝♦♥ ❧♦ ❝✉❛❧ t✐❡♥❡
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s❡♥t✐❞♦ s✉♠❛r ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ♣r♦❞✉❝✐r❧❛s ❝♦♥ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❡♥ ❧❛ ❝✉❛❧

♥♦ ❤❛② ❡♠✐s✐ó♥ ❬✶✼❪✳ ❙✐♥ ❝♦♥s✐❞❡r❛r ❛♠❜♦s t✐♣♦s ❞❡ ❝♦♥tr✐❜✉❝✐♦♥❡s ✭r❡❛❧❡s ② ✈✐rt✉❛❧❡s✮ ♥♦ ❡s

♣♦s✐❜❧❡ ❧❧❡❣❛r ❛ ✉♥ r❡s✉❧t❛❞♦ ✜♥✐t♦✳

P✉❡st♦ ❡♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ❛❧ r❡❛❧✐③❛r ✉♥ ❝á❧❝✉❧♦ ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ♣❡rt✉r❜❛t✐✈❛s ♥♦s

❡♥❝♦♥tr❛r❡♠♦s ❝♦♥ ❞✐✈❡r❣❡♥❝✐❛s ✉❧tr❛✈✐♦❧❡t❛s ❡ ✐♥❢r❛rr♦❥❛s✳ ▲❛s ♣r✐♠❡r❛s s❡ ❡♥❝✉❡♥tr❛♥ ❛s♦✲

❝✐❛❞❛s ❛❧ ❞❡s❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ ❧❛ ❢ís✐❝❛ ❛ ❡s❝❛❧❛s ❞❡ ❡♥❡r❣í❛ ♠✉② ❣r❛♥❞❡s✱ ♦ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡

❞✐st❛♥❝✐❛s ♠✉② ♣❡q✉❡ñ❛s✱ ♠✐❡♥tr❛s q✉❡ ❧❛s ♦tr❛s s✉r❣❡♥ ❞❡ ❝♦♠♣✉t❛r ❡♥ ❢♦r♠❛ s❡♣❛r❛❞❛

❡st❛❞♦s ❞❡❣❡♥❡r❛❞♦s ✭❡s ❞❡❝✐r✱ ❝♦rr❡❝❝✐♦♥❡s r❡❛❧❡s ② ✈✐rt✉❛❧❡s✮✳ ▲❛s ♣r✐♠❡r❛s s♦♥ tr❛t❛❞❛s

♠❡❞✐❛♥t❡ ❧❛ r❡♥♦r♠❛❧✐③❛❝✐ó♥ ❞❡s❝r✐♣t❛ ❛♥t❡r✐♦r♠❡♥t❡✱ ♠✐❡♥tr❛s q✉❡ ❧❛s ú❧t✐♠❛s s❡ r❡s✉❡❧✈❡♥

s✉♠❛♥❞♦ s♦❜r❡ t♦❞♦s ❧♦s ❡st❛❞♦s ❞❡❣❡♥❡r❛❞♦s✳

✷✳✹✳✶✳ ❘❡❣✉❧❛r✐③❛❝✐ó♥ ❞✐♠❡♥s✐♦♥❛❧

P❛r❛ ♣♦❞❡r ❧❧❡✈❛r ❛ ❝❛❜♦ ❧❛ ❝❛♥❝❡❧❛❝✐ó♥ ❞❡ ❧❛s ❞✐st✐♥t❛s ❞✐✈❡r❣❡♥❝✐❛s q✉❡ ❛♣❛r❡❝❡♥ ❡♥

❧♦s ❝á❧❝✉❧♦s ♣❡rt✉r❜❛t✐✈♦s✱ ❡s ♥❡❝❡s❛r✐♦ ❡♥ ♣r✐♠❡r ❧✉❣❛r ✉t✐❧✐③❛r ❛❧❣ú♥ ♠ét♦❞♦ ❞❡ r❡❣✉❧❛✲

r✐③❛❝✐ó♥ ♣❛r❛ ♠❛♥❡❥❛r ❧♦s ♣❛s♦s ✐♥t❡r♠❡❞✐♦s✳ P♦r ❡❥❡♠♣❧♦✱ ✉♥ ♠ét♦❞♦ s✐♠♣❧❡ ♣❛r❛ r❡❣✉❧❛r

❧❛s ❞✐✈❡r❣❡♥❝✐❛s ✉❧tr❛✈✐♦❧❡t❛s ❝♦♥s✐st✐rí❛ ❡♥ ✐♠♣♦♥❡r ✉♥ ❝♦rt❡ Λ ♣❛r❛ ❧❛ ❡♥❡r❣í❛ ♠á①✐♠❛ ❡♥

❧❛s ✐♥t❡❣r❛❧❡s ❞❡ ❧♦♦♣✱ ❡♥ ❝✉②♦ ❝❛s♦ ❧❛s ❞✐✈❡r❣❡♥❝✐❛s s❡ ♠❛♥✐❢❡st❛rí❛♥ ❡♥ ❡❧ ❧í♠✐t❡ Λ → ∞✳

P❛r❛ ❧❛s ❞✐✈❡r❣❡♥❝✐❛s ✐♥❢r❛rr♦❥❛s✱ ✉♥♦ ♣♦❞rí❛ ❛s✐❣♥❛r ✉♥❛ ♠❛s❛ ✜❝t✐❝✐❛ mg ❛❧ ❣❧✉ó♥✱ ❡♥

❝✉②♦ ❝❛s♦ ❧❛s ❞✐✈❡r❣❡♥❝✐❛s ❛♣❛r❡❝✐❡rí❛♥ ❡♥ ❡❧ ❧í♠✐t❡ mg → 0✳ ❊st♦s ♠ét♦❞♦s✱ s✐♥ ❡♠❜❛r❣♦✱

t✐❡♥❡♥ ❞✐✜❝✉❧t❛❞❡s ❛ ❧❛ ❤♦r❛ ❞❡ s❡r ❣❡♥❡r❛❧✐③❛❞♦s ♣❛r❛ ❝✉❛❧q✉✐❡r ♣r♦❝❡s♦ ② ❛ ❝✉❛❧q✉✐❡r ♦r❞❡♥

❡♥ t❡♦rí❛ ❞❡ ♣❡rt✉r❜❛❝✐♦♥❡s✳ ❊❧ ♠ét♦❞♦ ♠ás ✉t✐❧✐③❛❞♦✱ ② ❡❧ q✉❡ ✉s❛r❡♠♦s ❡♥ ❡st❛ tés✐s✱ ❡s

❡❧ ❞❡♥♦♠✐♥❛❞♦ ♠ét♦❞♦ ❞❡ r❡❣✉❧❛r✐③❛❝✐ó♥ ❞✐♠❡♥s✐♦♥❛❧ ❬✶✾✱ ✷✵❪✱ ❡❧ ❝✉❛❧ ♥♦ ❝✉❡♥t❛ ❝♦♥ ❡st❛s

❞❡s✈❡♥t❛❥❛s✳

❊❧ ♠ét♦❞♦ ❝♦♥s✐st❡ ❡s❡♥❝✐❛❧♠❡♥t❡ ❡♥ ❡✈❛❧✉❛r ❧❛s ✐♥t❡❣r❛❧❡s ❡♥ n ❞✐♠❡♥s✐♦♥❡s ❡♥ ❧✉❣❛r ❞❡

4✱ ❡s ❞❡❝✐r
∫

d4p

(2π)4
−→

∫
dnp

(2π)n
, ✭✷✳✽✮

s✐❡♥❞♦ n ✉♥❛ ✈❛r✐❛❜❧❡ ❝♦♠♣❧❡❥❛✳ ❙❡ ❧♦❣r❛ ❞❡ ❡st❛ ❢♦r♠❛ r❡❣✉❧❛r✐③❛r s✐♠✉❧tá♥❡❛♠❡♥t❡ ❞✐✈❡r✲

❣❡♥❝✐❛s ✉❧tr❛✈✐♦❧❡t❛s ❡ ✐♥❢r❛rr♦❥❛s✱ ❧❛s ❝✉❛❧❡s ❝♦♥✈❡r❣❡♥ ♣❛r❛ ❝✐❡rt♦s ✈❛❧♦r❡s ❞❡ ❘❡(n)✱ s✐❡♥❞♦
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♣♦s✐❜❧❡ ❧✉❡❣♦ r❡❛❧✐③❛r ❧❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❛♥❛❧ít✐❝❛ ♣❛r❛ ❝✉❛❧q✉✐❡r n ❝♦♠♣❧❡❥♦✳ ▲❛ ❞✐♠❡♥s✐ó♥ ❞❡❧

❡s♣❛❝✐♦✲t✐❡♠♣♦ s✉❡❧❡ ❡s❝r✐❜✐rs❡ ❡♥ tér♠✐♥♦s ❞❡❧ ♣❛rá♠❡tr♦ ǫ✱ ❞❡✜♥✐❞♦ ❛ ♣❛rt✐r ❞❡ n = 4−2ǫ✳

❊❧ ❧í♠✐t❡ ❞❡ 4 ❞✐♠❡♥s✐♦♥❡s ❝♦rr❡s♣♦♥❞❡ ❡♥t♦♥❝❡s ❛ ǫ → 0✱ ② ❧❛s ❞✐✈❡r❣❡♥❝✐❛s ❛♣❛r❡❝❡rá♥

❡♥ ❧♦s ❝á❧❝✉❧♦s ✐♥t❡r♠❡❞✐♦s ❝♦♠♦ ♣♦❧♦s ❡♥ ǫ✱ ❧♦s ❝✉❛❧❡s ♦❜✈✐❛♠❡♥t❡ ❞❡❜❡♥ ❝❛♥❝❡❧❛rs❡ ❡♥ ❡❧

r❡s✉❧t❛❞♦ ✜♥❛❧✱ ❞❛♥❞♦ ❧✉❣❛r ❛ ❡①♣r❡s✐♦♥❡s ✜♥✐t❛s ♣❛r❛ n = 4✳

❈♦♠♦ ②❛ ❞✐❥✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ❧❛ ❝♦♥st❛♥t❡ α0 q✉❡ ❛♣❛r❡❝❡ ❡♥ ❡❧ ❧❛❣r❛♥❣✐❛♥♦ ❞❡ ◗❈❉

❡s ✉♥ ❛❝♦♣❧❛♠✐❡♥t♦ ✏❞❡s♥✉❞♦✧✭❞✐✈❡r❣❡♥t❡✮✱ q✉❡ ❞❡❜❡ s❡r r❡♠♣❧❛③❛❞♦ ♣♦r ❡❧ ❛❝♦♣❧❛♠✐❡♥t♦

r❡♥♦r♠❛❧✐③❛❞♦ ✭✜♥✐t♦✮ αS ♦r❞❡♥ ❛ ♦r❞❡♥ ❡♥ t❡♦rí❛ ❞❡ ♣❡rt✉r❜❛❝✐♦♥❡s✳ ❯t✐❧✐③❛♥❞♦ ❡❧ ♠ét♦❞♦

❞❡ r❡❣✉❧❛r✐③❛❝✐ó♥ ❞✐♠❡♥s✐♦♥❛❧✱ ② ❡❧ ❡sq✉❡♠❛ ❞❡ s✉str❛❝❝✐ó♥ ▼❙ ✱ ❧❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❛♠❜♦s ❡s

❧❛ s✐❣✉✐❡♥t❡

α0µ
2ǫ
0 Sǫ = αSµ

2ǫ
R

[
1− β0

ǫ

(αS

4π

)
+

(
β2
0

ǫ2
− β1

2ǫ

)(αS

4π

)2
+O(α3

S)

]
, ✭✷✳✾✮

❡♥ ❞♦♥❞❡ β0 = 11CA/3−2NF/3 ② β1 = 34C2
A/3−10CANF/3−2CFNF s♦♥ ❧♦s ❞♦s ♣r✐♠❡r♦s

❝♦❡✜❝✐❡♥t❡s ❞❡ ❧❛ ❢✉♥❝✐ó♥ β ❞❡ ◗❈❉ ✭✈❡r s❡❝❝✐ó♥ ✷✳✺✮✱ ② Sǫ = (4π)ǫe−ǫγE ✱ s✐❡♥❞♦ γE =

0,5772 . . . ❡❧ ♥ú♠❡r♦ ❞❡ ❊✉❧❡r✳

❊♥ ❧❛ ❡①♣r❡s✐ó♥ ❛♥t❡r✐♦r µ0 ❡s ✉♥ ♣❛rá♠❡tr♦ ❝♦♥ ✉♥✐❞❛❞❡s ❞❡ ♠❛s❛ ✐♥tr♦❞✉❝✐❞♦ ❡♥ r❡✲

❣✉❧❛r✐③❛❝✐ó♥ ❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ ♣r❡s❡r✈❛r ❧❛ ❛❞✐♠❡♥s✐♦♥❛❧✐❞❛❞ ❞❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ ❞❡ ◗❈❉✳

P♦r ❡st❛ r❛③ó♥✱ ❧❛s r❡❣❧❛s ❞❡ ❋❡②♥♠❛♥ ❞❡ ❧❛ ✜❣✉r❛ ✷✳✶ s❡ ✈❡♥ ❧✐❣❡r❛♠❡♥t❡ ♠♦❞✐✜❝❛❞❛s ❛❧

tr❛❜❛❥❛r ❡♥ n = 4 − 2ǫ ❞✐♠❡♥s✐♦♥❡s✱ ❞❡❜✐❡♥❞♦ ❤❛❝❡rs❡ ❡❧ r❡♠♣❧❛③♦ gS → gSµ
ǫ
0✳ P♦r ♦tr❛

♣❛rt❡✱ ❡♥ n ❞✐♠❡♥s✐♦♥❡s t❡♥❞r❡♠♦s q✉❡ ❧❛ ♠étr✐❝❛ ❝✉♠♣❧❡ ❧❛ r❡❧❛❝✐ó♥ gµνg
µν = n✳ ❊st♦

✐♥❞✉❝❡ ❛ s✉ ✈❡③ ✉♥ ❝❛♠❜✐♦ ❡♥ ❧❛s ✐❞❡♥t✐❞❛❞❡s q✉❡ ❝✉♠♣❧❡♥ ❧❛s ♠❛tr✐❝❡s ❞❡ ❉✐r❛❝✱ ♣✉❡st♦

q✉❡ {γµ, γν} = −2gµνI ❝♦♥ tr I = 4✳ ❚❡♥❞r❡♠♦s ♣♦r ❡❥❡♠♣❧♦ q✉❡ γαγµγα = 2(1− ǫ)γµ✳ P♦r

♦tr♦ ❧❛❞♦✱ ❧❛s ✐❞❡♥t✐❞❛❞❡s ♣❛r❛ ❧❛s tr❛③❛s✱ ❡s❝r✐t❛s ❡♥ tér♠✐♥♦s ❞❡ ❧❛ ♠étr✐❝❛ gµν ✱ r❡s✉❧t❛♥

✐♥❛❧t❡r❛❞❛s✳

✷✳✹✳✷✳ ❉✐✈❡r❣❡♥❝✐❛s ❡♥ ❡♠✐s✐♦♥❡s r❡❛❧❡s

▲❛ r❛③ó♥ ♣♦r ❧❛ ❝✉❛❧ ❡❧ ❡❧❡♠❡♥t♦ ❞❡ ♠❛tr✐③ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛s ❝♦rr❡❝❝✐♦♥❡s r❡❛❧❡s ❞❡

✉♥ ♣r♦❝❡s♦ ❡s ❞✐✈❡r❣❡♥t❡ ❝✉❛♥❞♦ ❧❛ ❡♥❡r❣í❛ ❞❡ ❧❛ ♣❛rt✐❝✉❧❛ ❡♠✐t✐❞❛ t✐❡♥❞❡ ❛ ❝❡r♦ ❡s ❢á❝✐❧ ❞❡

❡♥t❡♥❞❡r ❛ ♣❛rt✐r ❞❡ ❧❛s r❡❣❧❛s ❞❡ ❋❡②♥♠❛♥✳

✶✾



p
q

p − q

❋✐❣✉r❛ ✷✳✹✿ ❉✐❛❣r❛♠❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ❡♠✐s✐ó♥ ❞❡ ✉♥ ❣❧✉ó♥ ♣♦r ♣❛rt❡ ❞❡ ✉♥ ♣❛rtó♥ ❞❡❧ ❡st❛❞♦ ✐♥✐❝✐❛❧✳

❊♥ ❡st❡ ❞✐❛❣r❛♠❛ ❧❛s ❧í♥❡❛s r❡❝t❛s s✐♠❜♦❧✐③❛♥ t❛♥t♦ q✉❛r❦s ② ❛♥t✐q✉❛r❦s ❝♦♠♦ ❣❧✉♦♥❡s✳

❈♦♥s✐❞❡r❡♠♦s ❧❛ ❝♦rr❡❝❝✐ó♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ❡♠✐s✐ó♥ ❞❡ ✉♥ ❣❧✉ó♥ ❡①tr❛ ❞❡ ♠♦♠❡♥t♦

q ♣♦r ♣❛rt❡ ❞❡ ✉♥ ♣❛rtó♥ ❞❡ ♠♦♠❡♥t♦ p q✉❡ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❡❧ ❡st❛❞♦ ✐♥✐❝✐❛❧ ✭✜❣✉r❛ ✷✳✹✮✳

❊st❛ ❡♠✐s✐ó♥ ❣❡♥❡r❛ ❧❛ ❛♣❛r✐❝✐ó♥ ❞❡ ✉♥ ♣r♦♣❛❣❛❞♦r ❝✉②♦ ❞❡♥♦♠✐♥❛❞♦r ❡s (p − q)2✳ ❊♥ ❧❛

❛♣r♦①✐♠❛❝✐ó♥ ❞❡ q✉❛r❦s ♥♦ ♠❛s✐✈♦s t❡♥❡♠♦s q✉❡

1

(p− q)2
≃ 1

2 p · q =
1

2|p||q|(1− cos θ)
, ✭✷✳✶✵✮

s✐❡♥❞♦ θ ❡❧ á♥❣✉❧♦ ❡♥tr❡ ❛♠❜❛s ♣❛rtí❝✉❧❛s✳ ❊✈✐❞❡♥t❡♠❡♥t❡✱ t❛♥t♦ s✐ |q| → 0 ❝♦♠♦ s✐ θ → 0

t❡♥❡♠♦s q✉❡ ❡❧ ❝♦❝✐❡♥t❡ t✐❡♥❞❡ ❛ ✐♥✜♥✐t♦✳ ❊st♦s s♦♥ ❧♦s ♦rí❣❡♥❡s ❞❡ ❧❛s ❞✐✈❡r❣❡♥❝✐❛s s♦❢t

② ❝♦❧✐♥❡❛❧❡s r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥ ❡st❡ ❛r❣✉♠❡♥t♦ ❡st❛♠♦s ✉t✐❧✐③❛♥❞♦ ❢✉❡rt❡♠❡♥t❡ q✉❡ ❧❛

♣❛rtí❝✉❧❛ q✉❡ ❡♠✐t❡ s❡ ❡♥❝✉❡♥tr❛ ❡♥ s✉ ❝❛♣❛ ❞❡ ♠❛s❛ ✭♦♥✲s❤❡❧❧✮✱ ♣✉❡s ❞❡ ♦tr♦ ♠♦❞♦ p2 6= 0✳

❊❧ r❛③♦♥❛♠✐❡♥t♦ ❡s ❛♥á❧♦❣♦ s✐ ❡❧ ♣❛rtó♥ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❡❧ ❡st❛❞♦ ✜♥❛❧✳ ▲❛s ❞✐✈❡r❣❡♥❝✐❛s

✐♥❢r❛rr♦❥❛s ❛s♦❝✐❛❞❛s ❛ ❧❛ ❡♠✐s✐ó♥ ❞❡ ♣❛rtí❝✉❧❛s s♦❢t ❛♣❛r❡❝❡♥ ❡♥t♦♥❝❡s ú♥✐❝❛♠❡♥t❡ ❡♥ ❛q✉❡✲

❧❧♦s ❞✐❛❣r❛♠❛s ❡♥ ❧♦s ❝✉❛❧❡s ❧❛ ♣❛rtí❝✉❧❛ ❡♠✐t✐❞❛ s❡ ❡♥❝✉❡♥tr❛ ❛❝♦♣❧❛❞❛ ❛ ✉♥❛ ♣❛t❛ ❡①t❡r♥❛✳

❊❧ ❛❝♦♣❧❛♠✐❡♥t♦ ❛ ✉♥❛ ♣❛t❛ ✐♥t❡r♥❛ ✭♦✛✲s❤❡❧❧✮ ♥♦ ❣❡♥❡r❛ ❞✐✈❡r❣❡♥❝✐❛s ❡♥ ❞✐❝❤♦ ❧í♠✐t❡✶✳

✷✳✹✳✸✳ ▲í♠✐t❡ s♦❢t

❱❡r❡♠♦s ❛❤♦r❛ ♣♦r q✉é r❛③ó♥ ❡❧ ❧í♠✐t❡ s♦❢t ♣✉❡❞❡ s❡r ✉t✐❧✐③❛❞♦ ♣❛r❛ ❛♣r♦①✐♠❛r ❧❛ s❡❝❝✐ó♥

❡✜❝❛③ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛s ❝♦rr❡❝❝✐♦♥❡s r❡❛❧❡s ❞❡ ✉♥ ♣r♦❝❡s♦ ✐♥✐❝✐❛❞♦ ♣♦r ❤❛❞r♦♥❡s✳

❈♦♠♦ ✈✐♠♦s ❡♥ ❧❛ s❡❝❝✐ó♥ ✷✳✸✱ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❤❛❞ró♥✐❝❛ s❡ ♦❜t✐❡♥❡ ❛ ♣❛rt✐r ❞❡ ❧❛

❝♦♥✈♦❧✉❝✐ó♥ ❡♥tr❡ ❧❛s P❉❋s ② ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣❛rtó♥✐❝❛✳ ❊♥ ❧❛ ✜❣✉r❛ ✷✳✺ s❡ ♠✉❡str❛♥

❥✉st❛♠❡♥t❡ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ♣❛rt♦♥❡s ❞❡♥tr♦ ❞❡❧ ♣r♦tó♥ ♣❛r❛ ✉♥❛ ❡s❝❛❧❛ ❞❡ ❡♥❡r❣í❛

✶P♦r ❝♦♥s✐❞❡r❛❝✐♦♥❡s ❝✐♥❡♠át✐❝❛s✱ ✉♥❛ ♣❛rtí❝✉❧❛ ♥♦ ♠❛s✐✈❛ q✉❡ s❡ ❞❡s✐♥t❡❣r❛ ❡♥ ❞♦s ♦ ♠ás ♣❛rtí❝✉❧❛s ♥♦

s♦❢t ❞❡❜❡ ❡st❛r ♥❡❝❡s❛r✐❛♠❡♥t❡ ♦✛✲s❤❡❧❧✳

✷✵



❋✐❣✉r❛ ✷✳✺✿ ❋✉♥❝✐♦♥❡s ❞❡ ❞✐str✐❜✉❝✐ó♥ ♣❛rtó♥✐❝❛s ❞❡❧ ♣r♦tó♥ ♣❛r❛ Q2 = 10●❡❱2✱ s❡❣ú♥ ❧❛ ❞✐str✐❜✉❝✐ó♥

▼❙❚❲✳ ❖❜s❡✈❡s❡ q✉❡ ❡♥ ❡❧ ❡❥❡ ✈❡rt✐❝❛❧ s❡ ❡♥❝✉❡♥tr❛ ❣r❛✜❝❛❞♦ xf(x)✱ ② q✉❡ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❣❧✉♦♥❡s s❡

❡♥❝✉❡♥tr❛ ❞✐✈✐❞✐❞❛ ♣♦r ✉♥ ❢❛❝t♦r 10✳

❞❡ Q2 = 10●❡❱2 s❡❣ú♥ ❧❛ ❞✐str✐❜✉❝✐ó♥ ▼❙❚❲✷✵✵✽✱ ❝♦♥ ❝♦rr❡❝❝✐♦♥❡s ❤❛st❛ ◆▲❖ ❡♥ ❡st❡

❝❛s♦ ❬✷✶❪✳ ❙❡ ♣✉❡❞❡ ✈❡r ❛ ♣❛rt✐r ❞❡❧ ❣rá✜❝♦ q✉❡ t♦❞❛s ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ❝r❡❝❡♥ ♥♦t❛❜❧❡♠❡♥t❡

❛ ♠❡❞✐❞❛ q✉❡ ❧❛ ❢r❛❝❝✐ó♥ x ❞❡❧ ♠♦♠❡♥t♦ t♦t❛❧ ❞❡❧ ♣r♦tó♥ q✉❡ ❧❧❡✈❛ ❡❧ ♣❛rtó♥ t✐❡♥❞❡ ❛ ❝❡r♦

✭❞❡ ❤❡❝❤♦✱ ❡♥ ❧❛ ✜❣✉r❛ ✷✳✺ s❡ ❡♥❝✉❡♥tr❛ ❣r❛✜❝❛❞♦ xf(x)✱ ❝♦♥ ❧♦ ❝✉❛❧ ❡❧ ❝r❡❝✐♠✐❡♥t♦ ♣❛r❛ x

♣❡q✉❡ñ♦ ❡s ♠✉❝❤♦ ♠ás ❛❜r✉♣t♦✮✱ s✐❡♥❞♦ ❡❧ ♠ás ♥♦t❛❜❧❡ ❡❧ ❝❛s♦ ❞❡ ❧♦s ❣❧✉♦♥❡s✱ q✉❡ ❡♥ ❡❧

❣rá✜❝♦ s❡ ❡♥❝✉❡♥tr❛ ❞✐✈✐❞✐❞♦ ♣♦r ✉♥ ❢❛❝t♦r 10✳

❊st❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❧❛s P❉❋s ✐♠♣❧✐❝❛ q✉❡ ❡❧ ♣r♦❝❡s♦ ♣❛rtó♥✐❝♦ ♦❝✉rr✐rá ♣r❡❢❡r❡♥t❡♠❡♥t❡

❝♦♥ ❧❛ ♠❡♥♦r ❡♥❡r❣í❛ ♣♦s✐❜❧❡✳ ▲❧❛♠❛♥❞♦ S ❛ ❧❛ ❡♥❡r❣í❛ ❞❡❧ ❝❡♥tr♦ ❞❡ ♠❛s❛ ❤❛❞ró♥✐❝♦✱ x1

② x2 ❛ ❧❛s ❢r❛❝❝✐♦♥❡s ❞❡ ♠♦♠❡♥t♦ ❞❡ ❧♦s ❤❛❞r♦♥❡s q✉❡ ❧❧❡✈❛♥ ❧♦s ♣❛rt♦♥❡s ② Q ❛ ❧❛ ♠❛s❛

✐♥✈❛r✐❛♥t❡ ❞❡❧ s✐st❡♠❛ q✉❡ q✉❡r❡♠♦s ♣r♦❞✉❝✐r✱ t❡♥❞r❡♠♦s ❡♥ ❣❡♥❡r❛❧ q✉❡

s ≡ x1x2S ≈ Q2 , ✭✷✳✶✶✮

❡♥ ❞♦♥❞❡ s ❡s ❧❛ ❡♥❡r❣í❛ ❞❡❧ ❝❡♥tr♦ ❞❡ ♠❛s❛ ♣❛rtó♥✐❝♦✳ ❉✐❝❤♦ ❡♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ❧❛ ♠❛②♦r

♣❛rt❡ ❞❡ ❧❛s ✈❡❝❡s ❧❛ ❡♥❡r❣í❛ ❞❡ ❧♦s ♣❛rt♦♥❡s ✐♥✈♦❧✉❝r❛❞♦s ❡♥ ✉♥ ❝✐❡rt♦ ♣r♦❝❡s♦ s❡rá ❥✉st♦ ❧❛

♥❡❝❡s❛r✐❛ ♣❛r❛ q✉❡ ❞✐❝❤♦ ♣r♦❝❡s♦ ♣✉❡❞❛ ♦❝✉rr✐r✳ ❊♥ ❡st♦s ❝❛s♦s✱ ❛❧ ♥♦ ❤❛❜❡r ❛ ♥✐✈❡❧ ♣❛rtó♥✐❝♦

❡♥❡r❣í❛ r❡st❛♥t❡✱ t♦❞❛ ❡♠✐s✐ó♥ ❞❡ ♣❛rtí❝✉❧❛s ❡①tr❛ ❞❡❜❡ s❡r ♥❡❝❡s❛r✐❛♠❡♥t❡ s♦❢t✳ ➱st❛ ❡s ❧❛

r❛③ó♥ ♣♦r ❧❛ ❝✉❛❧ r❡s✉❧t❛ ✉♥❛ ❜✉❡♥❛ ❛♣r♦①✐♠❛❝✐ó♥ ❝♦♥s✐❞❡r❛r ú♥✐❝❛♠❡♥t❡ ❡❧ ❝❛s♦ ❡♥ q✉❡ ❧❛s

♣❛rtí❝✉❧❛s ❡♠✐t✐❞❛s s♦♥ s♦❢t ♣❛r❛ ❧❛s ❝♦rr❡❝❝✐♦♥❡s r❡❛❧❡s✳ ❊♥ ❡st❡ ❧í♠✐t❡✱ ❡stás ❝♦rr❡❝❝✐♦♥❡s

✷✶



P1

P2

x1P1

x2P2

i

j
σij





Q2 ≃ x1x2S

E ∼ 0

E ∼ 0

❋✐❣✉r❛ ✷✳✻✿ ❊sq✉❡♠❛ r❡♣r❡s❡♥t❛♥❞♦ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❤❛❞ró♥✐❝❛ ❞❡ ✉♥ ❡st❛❞♦ ✜♥❛❧ ❞❡ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ Q✱

❥✉♥t♦ ❝♦♥ ❧❛ ❡♠✐s✐ó♥ ❞❡ ♣❛rt♦♥❡s s♦❢t✳

s✉❡❧❡♥ s❡r ❧❧❛♠❛❞❛s ❝♦rr❡❝❝✐♦♥❡s ❞❡ ✉♠❜r❛❧✱ ❞❛❞♦ q✉❡ ❡stá♥ ❛s♦❝✐❛❞❛s ❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡

✉♥ ❝✐❡rt♦ ❡st❛❞♦ ✜♥❛❧ ♠❛s✐✈♦ ❝❡r❝❛ ❞❡ s✉ ✉♠❜r❛❧ ❞❡ ♣r♦❞✉❝❝✐ó♥✳ ❊st♦ s❡ ❡♥❝✉❡♥tr❛ ✐❧✉str❛❞♦

❡♥ ❧❛ ✜❣✉r❛ ✷✳✻✳

▲♦s tér♠✐♥♦s ❞✐✈❡r❣❡♥t❡s ❡♥ ❡❧ ❧í♠✐t❡ s♦❢t s♦♥ ❡♥t♦♥❝❡s ❧♦s q✉❡ ❞♦♠✐♥❛rá♥ ❧❛s ❝♦rr❡❝❝✐♦♥❡s

r❡❛❧❡s✱ s✐ ❜✐❡♥ ❡st♦s s♦♥ ♦❜✈✐❛♠❡♥t❡ ❡♥ ♣❛rt❡ ❝❛♥❝❡❧❛❞♦s ♣♦r ❧❛s ❝♦rr❡❝❝✐♦♥❡s ✈✐rt✉❛❧❡s ♣❛r❛

❛sí ♦❜t❡♥❡r ✉♥ r❡s✉❧t❛❞♦ ✜♥✐t♦✳ ❊st♦s tér♠✐♥♦s✱ ❧✉❡❣♦ ❞❡ ❧❛ ❝❛♥❝❡❧❛❝✐ó♥ ❞❡ ❧❛s ❞✐✈❡r❣❡♥❝✐❛s✱

❞❛♥ ❧✉❣❛r ❛ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ❧❛ ❢♦r♠❛

Di(x) =

(
lni(1− x)

1− x

)

+

✭✷✳✶✷✮

❡♥ ❡❧ r❡s✉❧t❛❞♦ ✜♥❛❧✱ s✐❡♥❞♦ x = Q2/s✱ ② ❡♥ ❞♦♥❞❡ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ♣❧✉s ❡stá♥ ❞❡✜♥✐❞❛s

❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

∫ 1

0

dx f(x)+ g(x) =

∫ 1

0

dx f(x) (g(x)− g(1)) . ✭✷✳✶✸✮

❊st❛s ❞✐str✐❜✉❝✐♦♥❡s t✐❡♥❡♥ ✉♥ ♣❡s♦ ✐♠♣♦rt❛♥t❡ ❡♥ ❧❛ r❡❣✐ó♥ s♦❢t ✭x→ 1✮✱ ② ❡s ♣♦r ❡s♦ q✉❡

❡s ✉♥❛ ❜✉❡♥❛ ❛♣r♦①✐♠❛❝✐ó♥ ❝♦♥s❡r✈❛r ú♥✐❝❛♠❡♥t❡ ❧♦s t❡r♠✐♥♦s ❞✐✈❡r❣❡♥t❡s✳

❯t✐❧✐③❛♥❞♦ ❡st❡ ❧í♠✐t❡✱ ❤❡♠♦s ♦❜t❡♥✐❞♦ ❡♥ ❧❛ ❘❡❢✳ ❬✷✷❪ ❡①♣r❡s✐♦♥❡s ♣❛r❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③

♣❛rtó♥✐❝❛ ❞❡ ✉♥ ♣r♦❝❡s♦ ❛r❜✐tr❛r✐♦ s✐♥ ❝♦❧♦r ❡♥ ❡❧ ❡st❛❞♦ ✜♥❛❧ ❤❛st❛ ◆◆▲❖✱ ❞❡♥tr♦ ❞❡ ❧♦ q✉❡

s❡ ❞❡♥♦♠✐♥❛ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ s♦❢t✲✈✐rt✉❛❧✳ ❊st♦s r❡s✉❧t❛❞♦s✱ ❝♦♠♣❧❡t❛♠❡♥t❡ ❣❡♥❡r❛❧❡s✱ ❞❡✲

♣❡♥❞❡♥ ❞❡❧ ♣r♦❝❡s♦ ♣❛rt✐❝✉❧❛r ❛ tr❛✈és ❞❡ ❧♦s r❡♠❛♥❡♥t❡s ✜♥✐t♦s ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ✈✐rt✉❛❧❡s✳

▲❛s ❡①♣r❡s✐♦♥❡s ❞❡❞✉❝✐❞❛s ❡♥ ❧❛ ❘❡❢✳ ❬✷✷❪ s❡rá♥ ❞❡ ✉t✐❧✐❞❛❞ ❡♥ ❡st❛ t❡s✐s✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ❡♥

❡❧ ❈❛♣ít✉❧♦ ✺✳

✷✷



✷✳✹✳✹✳ ❈♦♥tr❛tér♠✐♥♦s ❝♦❧✐♥❡❛❧❡s

❈♦♠♦ ❢✉❡ ♠❡♥❝✐♦♥❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❧✉❡❣♦ ❞❡ ❝♦♠❜✐♥❛r ❝♦rr❡❝❝✐♦♥❡s r❡❛❧❡s ② ✈✐rt✉❛❧❡s✱

② ❞❡ r❡♥♦r♠❛❧✐③❛r ❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ ❢✉❡rt❡✱ ❧❛s s❡❝❝✐♦♥❡s ❡✜❝❛❝❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❝♦❧✐s✐♦♥❡s

❤❛❞ró♥✐❝❛s ❛ú♥ ❝♦♥t✐❡♥❡♥ ❡♥ ❣❡♥❡r❛❧ ❞✐✈❡r❣❡♥❝✐❛s ♠ás ❛❧❧á ❞❡❧ ▲❖✱ ❛s♦❝✐❛❞❛s ❛❧ ❧í♠✐t❡ ❡♥

❡❧ ❝✉❛❧ ❞♦s ♣❛rt♦♥❡s s❡ ✈✉❡❧✈❡♥ ❝♦❧✐♥❡❛❧❡s✳ ❊st❡ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❡s ❜✐❡♥ ❡♥t❡♥❞✐❞♦ ❡♥ ❡❧

♠❛r❝♦ ❞❡ ❧❛ ❢❛❝t♦r✐③❛❝✐ó♥ ❞❡ ❝♦rt♦ ② ❧❛r❣♦ ❛❧❝❛♥❝❡✱ ② ❧❛ ❝❛♥❝❡❧❛❝✐ó♥ ❞❡ ❡st❛s ❞✐✈❡r❣❡♥❝✐❛s s❡

❞❛ ❛ tr❛✈és ❞❡ ❧❛ s✉str❛❝❝✐ó♥ ❞❡ ❧♦s ❞❡♥♦♠✐♥❛❞♦s ❝♦♥tr❛tér♠✐♥♦s ❝♦❧✐♥❡❛❧❡s✳

❈♦♥s✐❞❡r❡♠♦s✱ ❝♦♠♦ ✉♥ ❡❥❡♠♣❧♦ ♣❛r❛ ✐❧✉str❛r ❡❧ ❝♦♥❝❡♣t♦✱ ❡❧ ♣r♦❝❡s♦ ❞❡ ♣r♦❞✉❝❝✐ó♥

❤❛❞ró♥✐❝❛ ❞❡ ♣❛r❡s ❞❡ ❧❡♣t♦♥❡s ❝❛r❣❛❞♦s✳ ❆❧ ♦r❞❡♥ ♠ás ❜❛❥♦ ❡♥ t❡♦rí❛ ❞❡ ♣❡rt✉r❜❛❝✐♦♥❡s✱

❡st❡ ♦❝✉rr✐rá ❛ tr❛✈és ❞❡❧ s✉❜♣r♦❝❡s♦ ♣❛rtó♥✐❝♦ qq̄ → γ/Z → ℓ+ℓ−✳ ❆❧ ✐♥❝❧✉✐r ❧❛s ❝♦rr❡❝❝✐♦♥❡s

r❛❞✐❛t✐✈❛s✱ t❡♥❞r❡♠♦s ♣♦r ❡❥❡♠♣❧♦ ✉♥❛ ❝♦♥tr✐❜✉❝✐ó♥ ❞❡ ❧❛ ❢♦r♠❛ qq̄ → γ/Z → g ℓ+ℓ−✱ ❡♥

❞♦♥❞❡ ❡❧ ❣❧✉ó♥ ❡①tr❛ ❞❡❧ ❡st❛❞♦ ✜♥❛❧ ❢✉❡ ❡♠✐t✐❞♦ ♣♦r ❛❧❣✉♥♦ ❞❡ ❧♦s ♣❛rt♦♥❡s ✐♥❝✐❞❡♥t❡s✳ ❊s

❝❧❛r♦ ❛ ♣❛rt✐r ❞❡ ❧❛ ✐♥s♣❡❝❝✐ó♥ ❞❡❧ ♣r♦♣❛❣❛❞♦r q✉❡ ❛♣❛r❡❝❡ ❡♥ ❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛♠♣❧✐t✉❞✱

q✉❡ ♣❛r❛ q✉❛r❦s ♥♦ ♠❛s✐✈♦s ❡①✐st❡ ✉♥❛ ❞✐✈❡r❣❡♥❝✐❛ ❝✉❛♥❞♦ ❡❧ ♠♦♠❡♥t♦ ❞❡❧ ❣❧✉ó♥ ❡s ❝♦❧✐♥❡❛❧

❛❧ ❞❡ ❧❛ ♣❛rtí❝✉❧❛ ❡♠✐s♦r❛✳

❆❤♦r❛ ❜✐❡♥✱ ❛ tr❛✈és ❞❡ ❧❛ ❢❛❝t♦r✐③❛❝✐ó♥ ❞❡s❝r✐t❛ ❡♥ ❧❛ s❡❝❝✐ó♥ ✷✳✸✱ ❤❡♠♦s s❡♣❛r❛❞♦ ❧❛s

✐♥t❡r❛❝❝✐♦♥❡s ♥♦ ♣❡rt✉r❜❛t✐✈❛s q✉❡ ♦❝✉rr❡♥ ❞❡♥tr♦ ❞❡❧ ♣r♦tó♥ ❞❡ ❛q✉❡❧❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ❝♦♥

❛❧t♦ ✐♥t❡r❝❛♠❜✐♦ ❞❡ ♠♦♠❡♥t♦✱ ❝❛❧❝✉❧❛❜❧❡s ♣❡rt✉r❜❛t✐✈❛♠❡♥t❡✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❧❛ ❡♠✐s✐ó♥ ❞❡

✉♥ ❣❧✉ó♥ ❝♦❧✐♥❡❛❧ ❛ ✉♥ ♣❛rtó♥ ❞❡❧ ❤❛❞ró♥✱ ❡s ❞❡❝✐r ❝♦♥ ✉♥ ✐♠♣✉❧s♦ tr❛♥s✈❡rs♦ ♠✉② ♣❡q✉❡ñ♦✱

❡s ✉♥❛ ❝♦♥tr✐❜✉❝✐ó♥ q✉❡ t❛♠❜✐é♥ s❡ ❡♥❝✉❡♥tr❛ ✐♥❝❧✉í❞❛ ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❡✈♦❧✉❝✐ó♥ ❞❡ ❧❛s

P❉❋s✳ ❉✐❝❤♦ ❞❡ ♦tr❛ ❢♦r♠❛✱ ❧❛ ❡♠✐s✐ó♥ ❞❡ ✉♥ ❣❧✉ó♥ ❝♦❧✐♥❡❛❧ ❝♦♥tr✐❜✉②❡ t❛♥t♦ ❛ ❧❛ s❡❝❝✐ó♥

❡✜❝❛③ ♣❛rtó♥✐❝❛ ❝♦♠♦ ❛ ❧❛ ❞❡✜♥✐❝✐ó♥ ♠✐s♠❛ ❞❡ ❧❛s P❉❋s✱ ② ❞❡❜❡♠♦s ❞❡ ❛❧❣✉♥❛ ❢♦r♠❛ s❡♣❛r❛r

❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s q✉❡ ❢♦r♠❛rá♥ ♣❛rt❡ ❞❡ ♥✉❡str♦ ❝á❧❝✉❧♦ ♣❡rt✉r❜❛t✐✈♦ ② ❧❛s q✉❡ ♥♦ ❧♦ ❤❛rá♥✳

❊♥ ❡st❛ s❡♣❛r❛❝✐ó♥ ❛♣❛r❡❝❡ ✉♥❛ ♥✉❡✈❛ ❡s❝❛❧❛ ❛r❜✐tr❛r✐❛ ❝♦♥ ✉♥✐❞❛❞❡s ❞❡ ❡♥❡r❣í❛✱ q✉❡ ❡s ❧❛

❞❡♥♦♠✐♥❛❞❛ ❡s❝❛❧❛ ❞❡ ❢❛❝t♦r✐③❛❝✐ó♥✱ µF ✳ ❊st♦ s❡ ❡♥❝✉❡♥tr❛ r❡♣r❡s❡♥t❛❞♦ ❡♥ ❧❛ ✜❣✉r❛ ✷✳✼✳

▲❛ ❢♦r♠❛ ❞❡ ✐♥t❡r♣r❡t❛r ❡♥t♦♥❝❡s ❧❛s ❞✐✈❡r❣❡♥❝✐❛s ❝♦❧✐♥❡❛❧❡s✱ ❡s ❝♦♥s✐❞❡r❛r q✉❡ ❡♥ ❧❛

✷✸



P
xP

zxP
µF

Q σij





Q2

(1− z)xP

❋✐❣✉r❛ ✷✳✼✿ ❊sq✉❡♠❛ r❡♣r❡s❡♥t❛♥❞♦ ❧❛ ❢❛❝t♦r✐③❛❝✐ó♥ ❝♦❧✐♥❡❛❧ ♠ás ❛❧❧á ❞❡❧ ▲❖✳ ▲❛ ❡s❝❛❧❛ µF ♠❛r❝❛ ❧❛

s❡♣❛r❛❝✐ó♥ ❡♥tr❡ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❝♦♥s✐❞❡r❛❞❛s ❡♥ ❡❧ ❝á❧❝✉❧♦ ♣❡rt✉r❜❛t✐✈♦ ② ❧❛s q✉❡ ♥♦ ❧♦ ❡stá♥✳

❡①♣r❡s✐ó♥ ♣❛r❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❤❛❞ró♥✐❝❛ q✉❡ ✈✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱

dσH
AB(S) =

∑

i,j

∫
dx1dx2fi/A(x1)dσij(s)fj/B(x2) , ✭✷✳✶✹✮

❧❛s ❝❛♥t✐❞❛❞❡s dσij ② fi/A(x) s♦♥ ❞✐✈❡r❣❡♥t❡s ♠ás ❛❧❧á ❞❡❧ ▲❖✱ ♣❡r♦ ❞❡ ❢♦r♠❛ t❛❧ q✉❡ s✉s

❞✐✈❡r❣❡♥❝✐❛s s❡ ❝❛♥❝❡❧❛♥ ♦r❞❡♥ ❛ ♦r❞❡♥ ❡♥ t❡♦rí❛ ❞❡ ♣❡rt✉r❜❛❝✐♦♥❡s✱ ❞❛♥❞♦ ❧✉❣❛r ❛ ✉♥ r❡s✉❧✲

t❛❞♦ ✜♥✐t♦ ♣❛r❛ dσH
AB✳ ❉❡❜❡♠♦s ❡♥t♦♥❝❡s r❡❞❡✜♥✐r t❛♥t♦ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣❛rtó♥✐❝❛ ❝♦♠♦

❧❛s P❉❋s✱ ❞❡ ❢♦r♠❛ t❛❧ ❞❡ r❡❛❝♦♠♦❞❛r ❡st❛s ❞✐✈❡r❣❡♥❝✐❛s✱ ♦❜t❡♥✐❡♥❞♦ ♥✉❡✈❛s ❝❛♥t✐❞❛❞❡s q✉❡

s❡❛♥ ✜♥✐t❛s✳ ■♥tr♦❞✉❝✐♠♦s ❡♥t♦♥❝❡s ✉♥❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣❛rtó♥✐❝❛ ❢❛❝t♦r✐③❛❞❛ ✭✜♥✐t❛✮ dσ̄✱ ②

❢✉♥❝✐♦♥❡s ❞❡ tr❛♥s✐❝✐ó♥ Γab t❛❧❡s q✉❡

dσab(p1, p2) = dσ̄cd(z1p1, z2p2) Γca(z1) Γdb(z2) dz1dz2 . ✭✷✳✶✺✮

▲❛s ✈❛r✐❛❜❧❡s z1, z2 ∈ [0, 1] ❞❛♥ ❧❛ ❢r❛❝❝✐ó♥ ❞❡ ♠♦♠❡♥t♦ q✉❡ r❡st❛ ❡♥ ❡❧ ♣❛rt♦♥ q✉❡ ♣❛rt✐❝✐♣❛

❡♥ ❡❧ ♣r♦❝❡s♦ ❧✉❡❣♦ ❞❡ ❧❛ ❡♠✐s✐ó♥✱ ② ❧♦s í♥❞✐❝❡s r❡♣❡t✐❞♦s s❡ s✉♠❛♥✳ ▲♦s tér♠✐♥♦s s✐♥❣✉✲

❧❛r❡s s♦♥ ❛❜s♦r❜✐❞♦s ❞❡♥tr♦ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ tr❛♥s✐❝✐ó♥ ❞❡ ♠♦❞♦ q✉❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③

❢❛❝t♦r✐③❛❞❛ r❡s✉❧t❡ ✜♥✐t❛✳ ▲❛s P❉❋s t❛♠❜✐é♥ ❛❞q✉✐❡r❡♥ ✉♥❛ ♥✉❡✈❛ ❢♦r♠❛ ❢❛❝t♦r✐③❛❞❛✿

f̄k/A(η) ≡
∫ 1

0

∫ 1

0

dxdzfi/A(x)Γik(z)δ(η − xz) =

∫ 1

η

dz

z
fi/A

(η
z

)
Γik(z) = (fi/A ⊗ Γik)(η)

✭✷✳✶✻✮

❞❡ ❢♦r♠❛ t❛❧ q✉❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❤❛❞ró♥✐❝❛ ❡s❝r✐t❛ ❡♥ tér♠✐♥♦s ❞❡ ❝❛♥t✐❞❛❞❡s ❢❛❝t♦r✐③❛❞❛s

✭✜♥✐t❛s✮✿

dσH
AB(S) =

∑

i,j

∫
dx1dx2 f̄i/A(x1, µF ) dσ̄ij(s, µF ) f̄j/B(x2, µF ) , ✭✷✳✶✼✮

❝♦✐♥❝✐❞❛ ❝♦♥ ❧❛ ❡①♣r❡s✐ó♥ ✭✷✳✶✹✮✱ ❡s❝r✐t❛ ❡♥ tér♠✐♥♦s ❞❡ ❝❛♥t✐❞❛❞❡s ❞❡s♥✉❞❛s✳ ❊❧ s✐♠❜♦❧♦

⊗ ✐♥❞✐❝❛ ❧❛ ❝♦♥✈♦❧✉❝✐ó♥ ❡♥ ❢♦r♠❛ ❝♦♠♣❛❝t❛✳ ▲❛s ✈❛r✐❛❜❧❡s η1, η2 ∈ [0, 1] s❡ ❞❡✜♥❡♥ ❝♦♠♦

✷✹



η1 = x1z1 ② η2 = x2z2✳ ▲❛ ❡q✉✐✈❛❧❡♥❝✐❛ ❡♥tr❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✷✳✶✹✮ ② ✭✷✳✶✼✮ ♣✉❡❞❡ ✈❡rs❡

❢á❝✐❧♠❡♥t❡ ✉t✐❧✐③❛♥❞♦ ❧❛s ❞❡✜♥✐❝✐♦♥❡s ✭✷✳✶✺✮ ② ✭✷✳✶✻✮✳ ❊♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✶✼✮ ❤❡♠♦s ✐♥❞✐❝❛❞♦

❡①♣❧í❝✐t❛♠❡♥t❡ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❞❡ ❧❛s ❝❛♥t✐❞❛❞❡s ❢❛❝t♦r✐③❛❞❛s ❝♦♥ ❧❛ ❡s❝❛❧❛ ❞❡ ❢❛❝t♦r✐③❛❝✐ó♥✳

▲❛s ❢✉♥❝✐♦♥❡s ❞❡ tr❛♥s✐❝✐ó♥ Γab s♦♥ ❝❛❧❝✉❧❛❜❧❡s ♣❡rt✉r❜❛t✐✈❛♠❡♥t❡✱ ❡♥ tér♠✐♥♦s ❞❡ ❧♦s

♥ú❝❧❡♦s ❞❡ ❆❧t❛r❡❧❧✐✲P❛r✐s✐✱ Pab ✭✈❡r s❡❝❝✐ó♥ ✷✳✺✮✳ ❍❛st❛ ◆▲❖ ♣♦r ❡❥❡♠♣❧♦✱ ② ✉t✐❧✐③❛♥❞♦

r❡❣✉❧❛r✐③❛❝✐ó♥ ❞✐♠❡♥s✐♦♥❛❧ ② ❡❧ ❡sq✉❡♠❛ ❞❡ s✉str❛❝❝✐ó♥ ▼❙ ✱ t❡♥❡♠♦s q✉❡

Γab(z) = δabδ(1− z)− 1

ǫ

αS

2π
P

(0)
ab (z) +O(α2

S), ✭✷✳✶✽✮

❡♥ ❞♦♥❞❡ ❤❡♠♦s ❞❡s❛rr♦❧❧❛❞♦ t❛♠❜✐é♥ ❡❧ ♥ú❝❧❡♦ Pab✱

Pab(z, αS) =
∞∑

i=0

(αS

2π

)i+1

P
(i)
ab (z) . ✭✷✳✶✾✮

❉❡✜♥✐❡♥❞♦ ❧♦s ❞❡s❛rr♦❧❧♦s ❞❡ dσ ② dσ̄ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✱

dσab =
∞∑

i=0

(αS

2π

)i
dσ

(i)
ab , dσ̄ab =

∞∑

i=0

(αS

2π

)i
dσ̄

(i)
ab , ✭✷✳✷✵✮

♦❜t❡♥❡♠♦s ❧❛s s✐❣✉✐❡♥t❡s ❡①♣r❡s✐♦♥❡s

dσ
(0)
ab (p1, p2) = dσ̄

(0)
ab (p1, p2) ✭✷✳✷✶✮

dσ
(1)
ab (p1, p2) = dσ̄

(1)
ab (p1, p2)−

1

ǫ
P

(0)
cb (z2)dσ̄

(0)
ac (p1, z2p2)dz2

− 1

ǫ
P (0)
ca (z1)dσ̄

(0)
cb (z1p1, p2)dz1, ✭✷✳✷✷✮

q✉❡ ❞❡✜♥❡♥ ❡♥ ❢♦r♠❛ ✐♠♣❧í❝✐t❛ ❧❛s s❡❝❝✐♦♥❡s ❡✜❝❛❝❡s ❢❛❝t♦r✐③❛❞❛s ❛ ♣❛rt✐r ❞❡ ❧❛s ❝❛❧❝✉❧❛❜❧❡s

♣❡rt✉r❜❛t✐✈❛♠❡♥t❡ ❡♥ ◗❈❉✳ ❈❛❜❡ ❛❝❧❛r❛r q✉❡ ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s αS r❡♣r❡s❡♥t❛

❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ ❢✉❡rt❡ r❡♥♦r♠❛❧✐③❛❞♦ ❛ ♣❛rt✐r ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✾✮✱ ② q✉❡ ❧♦s ♥ú❝❧❡♦s ❞❡

❆❧t❛r❡❧❧✐✲P❛r✐s✐✱ ❧♦s ❝✉❛❧❡s ❡♥ r❡❣✉❧❛r✐③❛❝✐ó♥ ❞✐♠❡♥s✐♦♥❛❧ t❡♥❞rá♥ ✉♥ ❞❡s❛rr♦❧❧♦ ♥♦ ♥✉❧♦ ❡♥

ǫ✱ ❞❡❜❡♥ s❡r ❡✈❛❧✉❛❞♦s ❡♥ ǫ = 0✳

✷✳✺✳ ❊❝✉❛❝✐♦♥❡s ❞❡ ❡✈♦❧✉❝✐ó♥

❍❡♠♦s ❞❡✜♥✐❞♦ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❡st❡ ❝❛♣ít✉❧♦ ❞♦s ❝❛♥t✐❞❛❞❡s✱ ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❛❝♦♣❧❛♠✐❡♥t♦

❢✉❡rt❡ αS ② ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ♣❛rt♦♥❡s fi/h(x)✱ ❧❛s ❝✉❛❧❡s ❛❧ r❡❛❧✐③❛r ❝á❧❝✉❧♦s ♣❡rt✉r❜❛t✐✈♦s

❛❞q✉✐❡r❡♥ ✉♥❛ ❞❡♣❡♥❞❡♥❝✐❛ ❝♦♥ ❧❛ ❡s❝❛❧❛ ❞❡ ❡♥❡r❣í❛ ❡♥ ❧❛ ❝✉❛❧ s❡ ❡♥❝✉❡♥tr❛♥ ❡✈❛❧✉❛❞❛s✱ µR

✷✺



② µF r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙✐ ❜✐❡♥ ♥✐♥❣✉♥❛ ❞❡ ❡❧❧❛s ♣✉❡❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ♣❡rt✉r❜❛t✐✈❛♠❡♥t❡✱ ②

❞❡❜❡♥ s❡r ❡①tr❛í❞❛s ❛ ♣❛rt✐r ❞❡ ♠❡❞✐❝✐♦♥❡s ❡①♣❡r✐♠❡♥t❛❧❡s✱ s✉ ❞❡♣❡♥❞❡♥❝✐❛ ❝♦♥ ❧❛ ❡s❝❛❧❛ ❞❡

❡♥❡r❣í❛ sí ❧♦ ❡s✱ ❞❛♥❞♦ ❧✉❣❛r ❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❡✈♦❧✉❝✐ó♥ q✉❡ s❡ ❞❡t❛❧❧❛♥ ❛ ❝♦♥t✐♥✉❛❝✐ó♥✳

▲❛ ❡✈♦❧✉❝✐ó♥ ❞❡ ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❛❝♦♣❧❛♠✐❡♥t♦ ❢✉❡rt❡ ❡stá ❞❡t❡r♠✐♥❛❞❛ ♣♦r ❧❛ ❞❡♥♦♠✐♥❛❞❛

❢✉♥❝✐ó♥ β ❞❡ ◗❈❉✱ ❞❡✜♥✐❞❛ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✱

d

d lnµ2

(αS

4π

)
= β(αS) = −

∑

l=0

(αS

4π

)l+2

βl, ✭✷✳✷✸✮

❡♥ ❞♦♥❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ♣❡rt✉r❜❛t✐✈♦s ❛ ✉♥♦ ② ❞♦s ❧♦♦♣s✱ ❧♦s ❝✉❛❧❡s ②❛ ❢✉❡r♦♥ ♠❡♥❝✐♦♥❛❞♦s

❛♥t❡r✐♦r♠❡♥t❡✱ s♦♥ β0 = 11CA/3 − 2NF/3 ② β1 = 34C2
A/3 − 10CANF/3 − 2CFNF ✳ ❊♥ ❧❛

❛❝t✉❛❧✐❞❛❞✱ s❡ ❝♦♥♦❝❡♥ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ s✉ ❡①♣❛♥s✐ó♥ ❤❛st❛ ❝✉❛tr♦ ❧♦♦♣s ❬✷✸✱✷✹❪✳

▲❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❡✈♦❧✉❝✐ó♥ ♣❛r❛ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ♣❛rt♦♥❡s s✉❡❧❡♥ ❞❡♥♦♠✐♥❛rs❡

❉●▲❆P✱ ♣♦r ❉♦❦s❤✐t③❡r✕●r✐❜♦✈✕▲✐♣❛t♦✈✕❆❧t❛r❡❧❧✐✕P❛r✐s✐✱ q✉✐❡♥❡s ❧❛s ❞❡❞✉❥❡r♦♥ ❡♥ ❢♦r♠❛

✐♥❞❡♣❡♥❞✐❡♥t❡ ❡♥ ❧♦s ❛ñ♦s ✶✾✼✷ ❬✷✺❪ ② ✶✾✼✼ ❬✷✻✱ ✷✼❪✳ ▲❛s ♠✐s♠❛s ❝♦♥s✐st❡♥ ❡♥ ✉♥ ❝♦♥❥✉♥t♦

❞❡ ❡❝✉❛❝✐♦♥❡s ❛❝♦♣❧❛❞❛s✱ q✉❡ ♣✉❡❞❡♥ ❡s❝r✐❜✐rs❡ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛ ❝♦♠♣❛❝t❛✱

d

d lnµ2
fi/h = Pij ⊗ fj/h , ✭✷✳✷✹✮

s✐❡♥❞♦ Pij(z) ❡❧ ✉s✉❛❧♠❡♥t❡ ❞❡♥♦♠✐♥❛❞♦ ♥ú❝❧❡♦ ❞❡ ❆❧t❛r❡❧❧✐✲P❛r✐s✐✱ ♦ ❜✐❡♥ ❢✉♥❝✐ó♥ ❞❡ ♣❛r✲

t✐❝✐ó♥ ❝♦❧✐♥❡❛❧ ✭❡♥ ✐♥❣❧és✱ s♣❧✐tt✐♥❣ ❢✉♥❝t✐♦♥✮✱ ② ❡♥ ❞♦♥❞❡ ❧❛ s✉♠❛ s♦❜r❡ j s❡ ❡♥❝✉❡♥tr❛

s♦❜r❡♥t❡♥❞✐❞❛✳ ❊st❡ ♥ú❝❧❡♦ t❛♠❜✐é♥ ♣✉❡❞❡ s❡r ❡①♣❛♥❞✐❞♦ ♣❡rt✉r❜❛t✐✈❛♠❡♥t❡✱ s✐❡♥❞♦ ❡❧ ❝á❧✲

❝✉❧♦ ♠ás ♣r❡❝✐s♦ ❡①✐st❡♥t❡ ❛ tr❡s ❧♦♦♣s ❬✷✽✱✷✾❪✳

❋✐♥❛❧♠❡♥t❡ ❝❛❜❡ r❡s❛❧t❛r q✉❡✱ ❧✉❡❣♦ ❞❡ ❧❛ r❡♥♦r♠❛❧✐③❛❝✐ó♥ ② ❧❛ s✉str❛❝❝✐ó♥ ❞❡ ❞✐✈❡r✲

❣❡♥❝✐❛s ❝♦❧✐♥❡❛❧❡s✱ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣❛rtó♥✐❝❛ t❛♠❜✐é♥ ❛❞q✉✐❡r❡ ✉♥❛ ❞❡♣❡♥❞❡♥❝✐❛ ❡①♣❧í❝✐t❛

❝♦♥ ❧❛s ❡s❝❛❧❛s ❞❡ r❡♥♦r♠❛❧✐③❛❝✐ó♥ ② ❢❛❝t♦r✐③❛❝✐ó♥✳ ❆❤♦r❛ ❜✐❡♥✱ ❞❛❞♦ q✉❡ ❡st❛s ❡s❝❛❧❛s s♦♥

❛r❜✐tr❛r✐❛s✱ ② s♦♥ ✐♥tr♦❞✉❝✐❞❛s ♣♦r r❛③♦♥❡s té❝♥✐❝❛s ♣❛r❛ ♣♦❞❡r ❧❧❡✈❛r ❛ ❝❛❜♦ ❧♦s ❝á❧❝✉❧♦s

♣❡rt✉r❜❛t✐✈♦s✱ ❡s ❡✈✐❞❡♥t❡ q✉❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❤❛❞ró♥✐❝❛✱ ❡♥ ❡❧ ❝❛s♦ ✐❞❡❛❧ ❡♥ q✉❡ s❡❛ ❝♦♠✲

♣✉t❛❞❛ ❛ t♦❞♦ ♦r❞❡♥ ❡♥ t❡♦rí❛ ❞❡ ♣❡rt✉r❜❛❝✐♦♥❡s✱ ❞❡❜❡ s❡r ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ ❡❧❧❛s✱ ❡s ❞❡❝✐r

q✉❡
d

d lnµ2
σH
∞ = 0 , ✭✷✳✷✺✮

❡♥ ❞♦♥❞❡ ❝♦♥ ❧❛ ♥♦t❛❝✐ó♥ σH
∞ q✉❡r❡♠♦s r❡♠❛r❝❛r q✉❡ s❡ tr❛t❛ ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❛ t♦❞♦

✷✻



♦r❞❡♥ ❡♥ αS✳ ❊♥ ❣❡♥❡r❛❧ ♥♦ ❝♦♥t❛r❡♠♦s ❝♦♥ ✉♥ r❡s✉❧t❛❞♦ ❞❡ ❡st❡ t✐♣♦✱ s✐♥♦ ❝♦♥ s✉ ❛♣r♦①✐✲

♠❛❝✐ó♥ ♣❡rt✉r❜❛t✐✈❛ ❛ ♦r❞❡♥ k✱ ② ❡♥ t❛❧ ❝❛s♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✷✺✮ s❡ ❞❡s♣r❡♥❞❡ q✉❡

d

d lnµ2
σH
k = O(αk+1

S ) , ✭✷✳✷✻✮

❡♥ ❞♦♥❞❡ ❛q✉í σH
k r❡♣r❡s❡♥t❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❤❛❞ró♥✐❝❛ ❝❛❧❝✉❧❛❞❛ ❤❛st❛ ♦r❞❡♥ αk

S✳

▲❛ ❡❝✉❛❝✐ó♥ ✭✷✳✷✻✮ t✐❡♥❡ ❞♦s ❝♦♥s❡❝✉❡♥❝✐❛s ✐♠♣♦rt❛♥t❡s✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r s❡ ❞❡s♣r❡♥❞❡

q✉❡ ❞❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥✱ q✉❡ ❞❡♣❡♥❞❡rá ❞❡ αS✱ ❧❛s P❉❋s ② ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③

♣❛rtó♥✐❝❛✱ ❧♦s tér♠✐♥♦s ❞❡ ♦r❞❡♥ αk
S ♦ ♠❡♥♦r ❞❡❜❡♥ ❛♥✉❧❛rs❡✳ ❉❛❞♦ q✉❡ ❝♦♥♦❝❡♠♦s ❧❛ ❡✈♦❧✉✲

❝✐ó♥ ❞❡ αS ② ❧❛s P❉❋s ❛ tr❛✈és ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✷✳✷✸✮ ② ✭✷✳✷✹✮✱ ❡st♦ ♥♦s ♣❡r♠✐t❡ ♦❜t❡♥❡r ❧❛

❞❡♣❡♥❞❡♥❝✐❛ ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣❛rtó♥✐❝❛ ❝♦♥ ❧❛s ❡s❝❛❧❛s µR ② µF ✳ P♦r ❡st❛ r❛③ó♥✱ ♠✉❝❤❛s

✈❡❝❡s ♣♦r s✐♠♣❧✐❝✐❞❛❞ s❡ ❜r✐♥❞❛♥ ❧♦s r❡s✉❧t❛❞♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ✉♥ ✈❛❧♦r ❡s♣❡❝í✜❝♦ ❞❡

µR ② µF ✱ q✉❡ r❡s✉❧t❛♥ ♠ás ❝♦♠♣❛❝t♦s✱ ②❛ q✉❡ ❧✉❡❣♦ s✉ ❞❡♣❡♥❞❡♥❝✐❛ ♣✉❡❞❡ s❡r ❝❛❧❝✉❧❛❞❛ s✐♥

♠❛②♦r❡s ❞✐✜❝✉❧t❛❞❡s✳

▲❛ s❡❣✉♥❞❛ ❝♦♥s❡❝✉❡♥❝✐❛ ❡s q✉❡✱ ♦❜✈✐❛♠❡♥t❡✱ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❤❛❞ró♥✐❝❛ ❝❛❧❝✉❧❛❞❛ ❛ ✉♥

♦r❞❡♥ ✜❥♦ k ❡♥ t❡♦rí❛ ❞❡ ♣❡rt✉r❜❛❝✐♦♥❡s ♥♦ s❡rá ❝♦♠♣❧❡t❛♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ ❧❛s ❡s❝❛❧❛s

❞❡ r❡♥♦r♠❛❧✐③❛❝✐ó♥ ② ❢❛❝t♦r✐③❛❝✐ó♥✱ s✐♥♦ q✉❡ ❡①✐st❡ ✉♥❛ ❞❡♣❡♥❞❡♥❝✐❛ r❡♠❛♥❡♥t❡ ❝♦♠❡♥③❛♥❞♦

❛ ♣❛rt✐r ❞❡ ✉♥ ♦r❞❡♥ ♠ás ❛❧ ❛❧❝❛♥③❛❞♦ ❡♥ ❡❧ ❝á❧❝✉❧♦✳ ❙✐ ❝♦♥tár❛♠♦s ❝♦♥ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❞❡

♦r❞❡♥ k+1✱ ♣❛rt❡ ❞❡ ❡st❛ ❞❡♣❡♥❞❡♥❝✐❛ s❡ ❝❛♥❝❡❧❛rí❛✱ ❝♦♠❡♥③❛♥❞♦ r❡❝✐é♥ ❛❧ ♦r❞❡♥ s✐❣✉✐❡♥t❡✱

k + 2✳ P♦r ❧♦ t❛♥t♦✱ ❡st❛ ❞❡♣❡♥❞❡♥❝✐❛ ❝♦♥ ❧❛s ❡s❝❛❧❛s ❞❡ ❛❧❣✉♥❛ ❢♦r♠❛ ♥♦s ♣❡r♠✐t❡ t❡♥❡r

✉♥❛ ✐❞❡❛ ❞❡❧ ♦r❞❡♥ ❞❡ ♠❛❣♥✐t✉❞ q✉❡ ❞❡❜❡♥ t❡♥❡r ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❞❡ ór❞❡♥❡s s✉♣❡r✐♦r❡s

❛ú♥ ♥♦ ❝❛❧❝✉❧❛❞❛s✱ ②❛ q✉❡ ❡st❛s ❞❡❜❡♥ ❝❛♥❝❡❧❛r ❡st❛ ❞❡♣❡♥❞❡♥❝✐❛✳ ❊s ♣♦r ❡st❛ r❛③ó♥ q✉❡

❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❤❛❞ró♥✐❝❛ ❝♦♥ ❧❛s ❡s❝❛❧❛s µR ② µF ❡s ✉t✐❧✐③❛❞❛ ♣❛r❛

❝✉❛♥t✐✜❝❛r ❡❧ t❛♠❛ñ♦ ❞❡ ❧♦s ór❞❡♥❡s s✉♣❡r✐♦r❡s✱ ② ❜r✐♥❞❛r ❛sí ✉♥❛ ✐♥❝❡rt❡③❛ t❡ór✐❝❛ ❞❡❜✐❞❛

❛ ❧❛ ❛✉s❡♥❝✐❛ ❞❡ ❧♦s ♠✐s♠♦s ❡♥ ❧❛ ♣r❡❞✐❝❝✐ó♥✳

❊❧ ✈❛❧♦r ❝❡♥tr❛❧ ❡❧❡❣✐❞♦ ♣❛r❛ ❡st❛s ❡s❝❛❧❛s✱ ② ❡❧ r❛♥❣♦ ❡♥ q✉❡ s❡ ✈❛rí❛♥ ♣❛r❛ ❡st✐♠❛r

❧❛ ✐♥❝❡rt❡③❛ t❡ór✐❝❛✱ ❡s ❡♥ ♣r✐♥❝✐♣✐♦ ❛r❜✐tr❛r✐♦✳ ❙✉♣♦♥❣❛♠♦s ♣♦r s✐♠♣❧✐❝✐❞❛❞ q✉❡ ♥✉❡str♦

♣r♦❜❧❡♠❛ t✐❡♥❡ ✉♥❛ ú♥✐❝❛ ❡s❝❛❧❛ Q✱ ❧❛ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ ❞❡❧ ❡st❛❞♦ ✜♥❛❧✳ ◆✉❡str❛ s❡❝❝✐ó♥

❡✜❝❛③ ♣❛rtó♥✐❝❛ ❡♥t♦♥❝❡s t❡♥❞rá ✉♥❛ ❞❡♣❡♥❞❡♥❝✐❛ ❝♦♥ ❧❛s ❡s❝❛❧❛s ❞❡ r❡♥♦r♠❛❧✐③❛❝✐ó♥ ②

✷✼



❢❛❝t♦r✐③❛❝✐ó♥ ❛ tr❛✈és ❞❡ tér♠✐♥♦s ❞❡ ❧❛ ❢♦r♠❛

ln
µ2
R

Q2
, ln

µ2
F

Q2
, ln

µ2
R

µ2
F

, ✭✷✳✷✼✮

❡♥ ❞♦♥❞❡ ♦❜✈✐❛♠❡♥t❡ ❡❧ ú❧t✐♠♦ ♣✉❡❞❡ ❡s❝r✐❜✐rs❡ ❡♥ tér♠✐♥♦s ❞❡ ❧♦s ♣r✐♠❡r♦s ❞♦s✳ ❙✐ s❡ ❡❧✐✲

❣❡♥ ✈❛❧♦r❡s ❞❡ µR ② µF ♠✉② ❞✐❢❡r❡♥t❡s ❛ Q✱ ❡st♦s ❧♦❣❛r✐t♠♦s t♦♠❛rá♥ ✈❛❧♦r❡s ♠✉② ❣r❛♥❞❡s✱

❣❡♥❡r❛♥❞♦ tér♠✐♥♦s q✉❡ ♣✉❡❞❡♥ ♣♦t❡♥❝✐❛❧♠❡♥t❡ ❛rr✉✐♥❛r ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ❞❡ ❧❛ s❡r✐❡ ♣❡rt✉r✲

❜❛t✐✈❛✳ P♦r ❡st❛ r❛③ó♥✱ ❡♥ ✉♥ ❝❛s♦ ❝♦♠♦ ❡st❡ s❡ ❡❧✐❣❡♥ tí♣✐❝❛♠❡♥t❡ ✈❛❧♦r❡s ♣❛r❛ ❧❛ ❡s❝❛❧❛

❝❡♥tr❛❧ µ0 ❝❡r❝❛♥♦s ❛ Q✳ ▲✉❡❣♦ ❧❛s ❡s❝❛❧❛s s♦♥ ✈❛r✐❛❞❛s ❡♥ ✉♥ ❝✐❡rt♦ r❛♥❣♦✱ q✉❡ ♣♦r r❛③♦♥❡s

❤✐stór✐❝❛s s✉❡❧❡ s❡r [µ0/2, 2µ0]✳ ❋✐♥❛❧♠❡♥t❡✱ ❡♥ ♦❝❛s✐♦♥❡s s❡ ✐♠♣♦♥❡ t❛♠❜✐é♥ ❧❛ r❡str✐❝❝✐ó♥

1/2 ≤ µR/µF ≤ 2✱ ♣❛r❛ ❡✈✐t❛r q✉❡ ❧♦s ❧♦❣❛r✐t♠♦s ❞❡❧ ❝♦❝✐❡♥t❡ ❡♥tr❡ ❧❛s ❡s❝❛❧❛s t♦♠❡♥

✈❛❧♦r❡s ❣r❛♥❞❡s✳

❖❜✈✐❛♠❡♥t❡✱ ❡st❡ ♣r♦❝❡❞✐♠✐❡♥t♦ ♣❛r❛ ❡st✐♠❛r ❧❛ ✐♥❝❡rt❡③❛ t❡ór✐❝❛ ❡s ♠❛s ❜✐❡♥ ❝✉❛❧✐t❛t✐✈♦✱

② ♥♦ ❣❛r❛♥t✐③❛ q✉❡ ❡❧ ❝á❧❝✉❧♦ ❛ ♦r❞❡♥ k + 1 s❡ ❡♥❝✉❡♥tr❡ ✐♥❝❧✉í❞♦ ❡♥ ❧❛s ❜❛♥❞❛s ❞❡ ❡rr♦r ❞❡

❧❛ ♣r❡❞✐❝❝✐ó♥ ❛ ♦r❞❡♥ k✳ ❊st❛ s✉❜❡st✐♠❛❝✐ó♥ ❞❡ ❧♦s ❡rr♦r❡s s✉❡❧❡ ♦❝✉rr✐r ❝♦♠ú♥♠❡♥t❡ ♣❛r❛

❡❧ ♦r❞❡♥ ♠ás ❜❛❥♦ ❡♥ ❧❛ ❡①♣❛♥s✐ó♥ ♣❡rt✉r❜❛t✐✈❛✱ ❞❡❜✐❞♦ ❛ q✉❡ ❡♥ ♦❝❛s✐♦♥❡s ❧❛s ❝♦rr❡❝❝✐♦♥❡s

❛ ◆▲❖ ♣✉❡❞❡♥ s❡r ♠✉② ❣r❛♥❞❡s✱ ② ❛❞❡♠ás ❡♥ ♠✉❝❤♦s ❝❛s♦s ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❝♦♥ µR ❡s ♥✉❧❛

❛ ▲❖✳

✷✽



❈❛♣ít✉❧♦ ✸

Pr♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜♦só♥ ❞❡ ❍✐❣❣s ♠ás
❛❧❧á ❞❡❧ ◆◆▲❖

❊♥ ❡st❡ ❝❛♣ít✉❧♦ ❛❜♦r❞❛r❡♠♦s ❡❧ ❝á❧❝✉❧♦ ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜♦só♥

❞❡ ❍✐❣❣s ❡♥ ❡❧ ▲❍❈✳ ❊❧ ❞❡s❝✉❜r✐♠✐❡♥t♦ ❞❡ ❡st❛ ♥✉❡✈❛ ♣❛rtí❝✉❧❛ ❡s❝❛❧❛r ❡s s✐♥ ❞✉❞❛s ❡❧ ♠❛②♦r

❧♦❣r♦ ❞❡❧ ▲❍❈✱ ② ❧❛ ♦❜t❡♥❝✐ó♥ ❞❡ ✉♥❛ ♣r❡❞✐❝❝✐ó♥ t❡ór✐❝❛ ♣r❡❝✐s❛ ❡s ❞❡ ✈✐t❛❧ ✐♠♣♦rt❛♥❝✐❛ ♣❛r❛

♣♦❞❡r t❡st❡❛r ❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r✳ ❊♥ ❧❛ s❡❝❝✐ó♥ ✸✳✶ ❤❛r❡♠♦s ✉♥❛ ✐♥tr♦❞✉❝❝✐ó♥✱ ❞❡s❝r✐❜✐❡♥❞♦

❡❧ ❡st❛❞♦ ❞❡❧ ❛rt❡ ❞❡❧ ❝á❧❝✉❧♦ ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜♦só♥ ❞❡ ❍✐❣❣s ❡♥

❡❧ ▲❍❈✳ ❊♥ ❧❛ s❡❝❝✐ó♥ ✸✳✷ ❞❡s❝r✐❜✐r❡♠♦s ❧❛s ♣r❡❞✐❝❝✐♦♥❡s q✉❡ s❡ ♦❜t✐❡♥❡♥ ♣❛r❛ ❧♦s tér♠✐♥♦s

❛ú♥ ❞❡s❝♦♥♦❝✐❞♦s ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❛ tr❛✈és ❞❡❧ ❞❡♥♦♠✐♥❛❞♦ ❦❡r♥❡❧ ❢ís✐❝♦✱ ② ❡♥ ❧❛ s❡❝❝✐ó♥

✸✳✸ ♠♦str❛r❡♠♦s ❧♦s r❡s✉❧t❛❞♦s ❢❡♥♦♠❡♥♦❧ó❣✐❝♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s✳ ❋✐♥❛❧♠❡♥t❡✱ ❡♥ ❧❛ s❡❝❝✐ó♥

✸✳✹ ♣r❡s❡♥t❛r❡♠♦s ❧❛s ❝♦♥❝❧✉s✐♦♥❡s ❞❡ ❡st❡ ❝❛♣ít✉❧♦✳

✸✳✶✳ ■♥tr♦❞✉❝❝✐ó♥

▲✉❡❣♦ ❞❡❧ ❞❡s❝✉❜r✐♠✐❡♥t♦ ❞❡ ✉♥ ♥✉❡✈♦ ❜♦só♥ r❡❛❧✐③❛❞♦ ♣♦r ❧❛s ❝♦❧❛❜♦r❛❝✐♦♥❡s ❆❚▲❆❙

② ❈▼❙ ❬✹✱ ✺❪ ❡♥ ❡❧ ▲❍❈✱ ❡s ♥❡❝❡s❛r✐♦ ❝♦♥t❛r ❝♦♥ ♣r❡❞✐❝❝✐♦♥❡s t❡ór✐❝❛s ♣r❡❝✐s❛s ♣❛r❛ ♣♦❞❡r

❞❡t❡r♠✐♥❛r s✐ ❡♥ ❡❢❡❝t♦ ❡st❛ ♣❛rtí❝✉❧❛ ❡s✱ t❛❧ ❝♦♠♦ ♣❛r❡❝❡ ❤❛st❛ ❛❤♦r❛✱ ❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s

❞❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ❡st✉❞✐❛r s✉s ♣r♦♣✐❡❞❛❞❡s ② ❛sí ♣♦❞❡r ❞✐st✐♥❣✉✐r

❡♥tr❡ ❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r ② ♦tr♦s ❡s❝❡♥❛r✐♦s ❞❡ ♥✉❡✈❛ ❢ís✐❝❛✱ ❡s ✐♠♣♦rt❛♥t❡ ♣r♦✈❡❡r ❝á❧❝✉❧♦s

♠✉② ♣r❡❝✐s♦s ❞❡ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s q✉❡ s❡ ❡s♣❡r❛♥ ♦❜s❡r✈❛r✱ ② ❞❡ s✉s ❞✐✈❡rs❛s

❞✐str✐❜✉❝✐♦♥❡s✳

✷✾



❋✐❣✉r❛ ✸✳✶✿ ❉✐❛❣r❛♠❛ ❞❡ ❋❡②♥♠❛♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ♣r♦❝❡s♦ ❞❡♥♦♠✐♥❛❞♦ ❢✉s✐ó♥ ❞❡ ❣❧✉♦♥❡s✱ ❞❛♥❞♦ ❧✉❣❛r

❛ ✉♥ ❜♦só♥ ❞❡ ❍✐❣❣s ✈✐❛ ✉♥ ❧♦♦♣ ❞❡ ✉♥ q✉❛r❦ ♣❡s❛❞♦✳

❊❧ ♣r✐♥❝✐♣❛❧ ♠❡❝❛♥✐s♠♦ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s ❞❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r ❡♥ ❡❧ ▲❍❈

❡s ❡❧ ❞❡♥♦♠✐♥❛❞♦ ❢✉s✐ó♥ ❞❡ ❣❧✉♦♥❡s✳ ❊❧ ❞✐❛❣r❛♠❛ ❞❡ ❋❡②♥♠❛♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ❝á❧❝✉❧♦

❛ ▲❖ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✸✳✶✳ ❊st❡ ♣r♦❝❡s♦ s❡ ❡♥❝✉❡♥tr❛ ♠❡❞✐❛❞♦ ♣♦r ✉♥ ❧♦♦♣ ❞❡ ✉♥

q✉❛r❦ ♣❡s❛❞♦✳ ▲❛ ♣r✐♥❝✐♣❛❧ ❝♦♥tr✐❜✉❝✐ó♥ ♣r♦✈✐❡♥❡ ❞❡❧ q✉❛r❦ t♦♣✱ ❞❛❞♦ q✉❡ ❡st❡ ❡s q✉✐❡♥ s❡

❛❝♦♣❧❛ ♠ás ❢✉❡rt❡♠❡♥t❡ ❛❧ ❜♦só♥ ❞❡ ❍✐❣❣s✳ ▲❛s ❝♦rr❡❝❝✐♦♥❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ❞❡s❛rr♦❧❧♦

♣❡rt✉r❜❛t✐✈♦ ❞❡ ◗❈❉ ♣❛r❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ✐♥❝❧✉s✐✈❛ ❤❛♥ s✐❞♦ ❝❛❧❝✉❧❛❞❛s ❛ ◆◆▲❖ ❡♥ ❧❛

t❡♦rí❛ ❡❢❡❝t✐✈❛ ❬✼✕✾❪ ❜❛s❛❞❛s ❡♥ ❡❧ ❧í♠✐t❡ ❡♥ q✉❡ ❧❛ ♠❛s❛ ❞❡❧ q✉❛r❦ t♦♣ ❡s ❣r❛♥❞❡✱mt ≫ mH ✱ ②

♠ás t❛r❞❡ ♣❛r❛mH
<
∼ 2mt ❡♥ ❧❛ t❡♦rí❛ ❝♦♠♣❧❡t❛ ❬✸✵✕✸✷❪✳ ❊❧ ❣r❛♥ t❛♠❛ñ♦ ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s

❞❡ ◗❈❉ ❛ ❡st❡ ♦r❞❡♥ ② ❡♥ ❧♦s ♦r❞❡♥❡s ❛♥t❡r✐♦r❡s ❬✸✸✕✸✻❪✱ ❞❡❜✐❞♦ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❛ ❧❛s ❣r❛♥❞❡s

❝♦♥tr✐❜✉❝✐♦♥❡s ♣r♦✈❡♥✐❡♥t❡s ❞❡❧ ❧í♠✐t❡ z→ 1✱ ❡♥ ❞♦♥❞❡ z ❡s ❡❧ ❝♦❝✐❡♥t❡ ❛❧ ❝✉❛❞r❛❞♦ ❡♥tr❡

❧❛ ♠❛s❛ ❞❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s mH ② ❧❛ ❡♥❡r❣í❛ ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛ ♣❛rtó♥✐❝♦
√
ŝ ✭❡s ❞❡❝✐r

z = m 2
H/ŝ✮✱ ❥✉♥t♦ ❝♦♥ ❧❛s t♦❞❛✈í❛ ✐♠♣♦rt❛♥t❡s ✐♥❝❡rt❡③❛s ♣r♦✈❡♥✐❡♥t❡s ❞❡ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡

❧❛s ❡s❝❛❧❛s ❞❡ ❢❛❝t♦r✐③❛❝✐ó♥ ② r❡♥♦r♠❛❧✐③❛❝✐ó♥✱ ❤❛♥ ♠♦t✐✈❛❞♦ ❞✐✈❡rs♦s ✐♥t❡♥t♦s ❞❡ ♠❡❥♦r❛r

❡st❛s ♣r❡❞✐❝❝✐♦♥❡s✱ ②❡♥❞♦ ♠ás ❛❧❧á ❞❡❧ ◆◆▲❖✳

❆ ♥❡①t✲t♦✲♥❡①t✲t♦✲♥❡①t✲t♦✲❧❡❛❞✐♥❣ ♦r❞❡r ✭◆3▲❖✮ t♦❞❛s ❧❛s ❞❡♥♦♠✐♥❛❞❛s ❞✐str✐❜✉❝✐♦♥❡s

♣❧✉s✱ Dk = [(1−z)−1 ln k (1−z)]+ ❝♦♥ 0 ≤ k ≤ 5✱ ❧❛s ❝✉❛❧❡s s♦♥ ❞♦♠✐♥❛♥t❡s ❡♥ ❡❧ ✉♠❜r❛❧

❞❡ ♣r♦❞✉❝❝✐ó♥✱ s♦♥ ❝♦♥♦❝✐❞❛s ❡♥ ❡❧ ❧í♠✐t❡ ❞❡ ♠❛s❛ ❞❡❧ t♦♣ ❣r❛♥❞❡ ❬✸✼❪✳ ❘❡❝✐❡♥t❡♠❡♥t❡✱

t❛♠❜✐é♥ ❧♦s tér♠✐♥♦s ♣r♦♣♦r❝✐♦♥❛❧❡s ❛ δ(1−z) ❤❛♥ s✐❞♦ ❝❛❧❝✉❧❛❞♦s ❬✸✽❪✳ ❊st♦s ✐♥❝❧✉②❡♥ ❧❛s

❝♦rr❡❝❝✐♦♥❡s ✈✐rt✉❛❧❡s ❛ ✸ ❧♦♦♣s✳ ❊♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ▼❡❧❧✐♥✱ s✐❡♥❞♦ N ❧❛ ✈❛r✐❛❜❧❡ ❝♦♥❥✉❣❛❞❛

❞❡ z✱ ❧♦s ❧♦❣❛r✐t♠♦s q✉❡ ❞♦♠✐♥❛♥ ❡♥ ❡❧ ✉♠❜r❛❧ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❛♣❛r❡❝❡♥ ❝♦♠♦ ln kN ❝♦♥

1 ≤ k ≤ 2n ❛❧ n✲és✐♠♦ ♦r❞❡♥✱ ♠✐❡♥tr❛s q✉❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ✈✐rt✉❛❧❡s ❞❛♥ ❧✉❣❛r ❛ tér♠✐♥♦s

❝♦♥st❛♥t❡s ❡♥ N ✳ ❇❛sá♥❞♦s❡ ❡♥ ❝♦♠♣❛r❛❝✐♦♥❡s ❝♦♥ ❧♦ q✉❡ ♦❝✉rr❡ ❛ ór❞❡♥❡s ❛♥t❡r✐♦r❡s✱ s❡

❤❛ ❞❡s♠♦str❛❞♦ q✉❡ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ s♦❢t✲✈✐rt✉❛❧ ✭❙❱✮ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ▼❡❧❧✐♥ ❞❛ ❝♦♠♦

✸✵



r❡s✉❧t❛❞♦ ♣r❡❞✐❝❝✐♦♥❡s ❝♦♥✜❛❜❧❡s ♣❛r❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜♦só♥ ❞❡

❍✐❣❣s ❬✷✷✱✸✼✱✸✾✕✹✶❪✳ ❊st❛ ❛♣r♦①✐♠❛❝✐ó♥ ❝♦♥s✐st❡ ❡♥ ♠❛♥t❡♥❡r só❧❛♠❡♥t❡ ❛q✉❡❧❧♦s tér♠✐♥♦s

q✉❡ ♥♦ s❡ ❛♥✉❧❛♥ ❡♥ ❡❧ ❧í♠✐t❡ s♦❢t z → 1✱ q✉❡ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ▼❡❧❧✐♥ ❝♦rr❡s♣♦♥❞❡ ❛ N → ∞✳

❖❜✈✐❛♠❡♥t❡✱ ♦❜t❡♥❡r só❧❛♠❡♥t❡ ❡st♦s tér♠✐♥♦s r❡s✉❧t❛ ♠✉❝❤♦ ♠ás s❡♥❝✐❧❧♦ q✉❡ r❡❛❧✐③❛r ❡❧

❝á❧❝✉❧♦ ❝♦♠♣❧❡t♦✳

❊♥ ❡st❡ ❝❛♣ít✉❧♦ ♣r❡s❡♥t❛r❡♠♦s r❡s✉❧t❛❞♦s ❛ ◆3▲❖ ② ◆4▲❖ ♠ás ❛❧❧á ❞❡ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥

s♦❢t✲✈✐rt✉❛❧✳ P❛r❛ ❡❧❧♦✱ ✉t✐❧✐③❛r❡♠♦s ❧♦s ❞❡♥♦♠✐♥❛❞♦s ❦❡r♥❡❧s ❞❡ ❡✈♦❧✉❝✐ó♥ ❢ís✐❝♦s ✭t❛♠❜✐é♥

❧❧❛♠❛❞♦s ❞✐♠❡♥s✐♦♥❡s ❛♥ó♠❛❧❛s ❢ís✐❝❛s✮✱ q✉❡ s❡ ♦❜t✐❡♥❡♥ ❛ ♣❛rt✐r ❞❡ ❧❛ ❢❛❝t♦r✐③❛❝✐ó♥ ❡stá♥❞❛r

❞❡ ◗❈❉✱ ❧✉❡❣♦ ❞❡ q✉❡ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ♣❛rt♦♥❡s s♦♥ ❡❧✐♠✐♥❛❞❛s ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡

❡✈♦❧✉❝✐ó♥ ♣❛r❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③✱ ❝♦♠♦ ✈❡r❡♠♦s ❡♥ ❧❛ ♣ró①✐♠❛ s❡❝❝✐ó♥✳ ❊st♦s ❦❡r♥❡❧s ❢ís✐❝♦s

t✐❡♥❡♥ ✉♥❛ ♣r♦♣✐❡❞❛❞ ✐♠♣♦rt❛♥t❡✱ q✉❡ ❝♦♥s✐st❡ ❡♥ q✉❡ ❛❧ ❛✉♠❡♥t❛r ✉♥ ♦r❞❡♥ ❡♥ t❡♦rí❛ ❞❡

♣❡rt✉r❜❛❝✐♦♥❡s ❛♣❛r❡❝❡ só❧❛♠❡♥t❡ ✉♥❛ ♣♦t❡♥❝✐❛ ❡①tr❛ ❞❡ ln(1− z) ✭❡st♦ ❡s ❞❡♥♦♠✐♥❛❞♦✱ ❡♥

✐♥❣❧és✱ s✐♥❣❧❡ ❧♦❣❛r✐t❤♠✐❝ ❡♥❤❛♥❝❡♠❡♥t ❬✹✷✱ ✹✸❪✮✳ ❊st❛ ♣r♦♣✐❡❞❛❞ ♥♦s ♣❡r♠✐t✐rá ❡st❛❜❧❡❝❡r

r❡str✐❝❝✐♦♥❡s ❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣❛rtó♥✐❝❛✱ ♦❜t❡♥✐❡♥❞♦ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s s✉❜❞♦♠✐♥❛♥t❡s ❛

◆3▲❖ ❞❡❧ t✐♣♦ ln k (1−z) ✭♦ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ▼❡❧❧✐♥ N −1 ln kN ✮ ♣❛r❛ k = 5, 4, 3✳ ❆❞❡♠ás✱

✉t✐❧✐③❛♥❞♦ ❧♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❞✐s♣❡rs✐ó♥ ✐♥❡❧ást✐❝❛ ✐♥❝❧✉s✐✈❛ ✭❉■❙✱ ♣♦r s✉s s✐❣❧❛s ❡♥ ✐♥❣❧és✮ ❛

tr❛✈és ❞❡❧ ✐♥t❡r❝❛♠❜✐♦ ❞❡ ✉♥ ❜♦só♥ ❞❡ ❍✐❣❣s✱ q✉❡ s♦♥ ❝♦♥♦❝✐❞♦s ❡♥ ❢♦r♠❛ ❡①❛❝t❛ ❛ ◆3▲❖ ❬✹✸❪✱

♣♦❞❡♠♦s t❛♠❜✐é♥ ❡st✐♠❛r ❡♥ ❢♦r♠❛ s✐st❡♠át✐❝❛ ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧♦s tér♠✐♥♦s r❡st❛♥t❡s ❞❡

O(N −1)✳

❇❛s❛❞♦s ❡♥ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s s♦❢t✲✈✐rt✉❛❧❡s✱ ❥✉♥t♦ ❝♦♥ ❧♦s ♥✉❡✈♦s tér♠✐♥♦s s✉❜❞♦♠✐✲

♥❛♥t❡s ❞❡ ❧❛ ❢♦r♠❛ N−1 ln kN ✱ ♣r❡s❡♥t❛♠♦s ♣r❡❞✐❝❝✐♦♥❡s ♣r❡❝✐s❛s ♣❛r❛ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❛

◆3▲❖ ❝♦♠♣❧❡t❛s✳ ❆❞❡♠ás✱ ❝♦♠♦ ✉♥ ❡st✉❞✐♦ ❛❞✐❝✐♦♥❛❧ ❞❡ ❧❛ ✐♥❝❡rt❡③❛ t❡ór✐❝❛ r❡st❛♥t❡✱ ❡st✉✲

❞✐❛♠♦s ❡❧ ✐♠♣❛❝t♦ ♥✉♠ér✐❝♦ ❞❡ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❛ ◆4▲❖ ❡♥ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ s♦❢t✲✈✐rt✉❛❧✳

❈❛❜❡ ♠❡♥❝✐♦♥❛r q✉❡ ❧✉❡❣♦ ❞❡ ❧❛ ♣✉❜❧✐❝❛❝✐ó♥ ❞❡ ❡st❡ tr❛❜❛❥♦✱ ♣❡r♦ ❛♥t❡s ❞❡ ❧❛ ✜♥❛❧✐③❛❝✐ó♥

❞❡ ❧❛ ♣r❡s❡♥t❡ t❡s✐s ❞♦❝t♦r❛❧✱ ✉♥❛ ❡①♣❛♥s✐ó♥ ❛❧r❡❞❡❞♦r ❞❡ z = 1 ❛ ◆3▲❖ ❝♦♥ ✉♥ ❣r❛♥ ♥ú♠❡r♦

❞❡ tér♠✐♥♦s✱ q✉❡ ♣❡r♠✐t❡♥ ♣r❡❞❡❝✐r ❡❧ ✈❛❧♦r ❞❡❧ ❝á❧❝✉❧♦ ❛ ◆3▲❖ ❝♦♠♣❧❡t♦✱ ❤❛ s✐❞♦ r❡❛❧✐③❛❞♦

♣♦r ❆♥❛st❛s✐♦✉ ❡t ❛❧✳ ❬✹✹❪ ✭✈❡r t❛♠❜✐é♥ ❘❡❢✳ ❬✹✺❪✮✳ ▲♦s r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ❛❧❧í ♦❜t❡♥✐❞♦s

❝♦✐♥❝✐❞❡♥ ❝♦♥ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s ♣r❡s❡♥t❛❞❛s ❡♥ ❡st❡ ❝❛♣ít✉❧♦✳
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✸✳✷✳ ❘❡str✐❝❝✐♦♥❡s ♦❜t❡♥✐❞❛s ❛ ♣❛rt✐r ❞❡❧ ❦❡r♥❡❧ ❢ís✐❝♦

P❛r❛ mH ≃ 125 ●❡❱ ❬✹✱ ✺❪✱ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ♣❡rt✉r❜❛t✐✈❛s ❞❡ ◗❈❉ ♣❛r❛ ❧❛ ♣r♦❞✉❝❝✐ó♥

❞❡ ✉♥ ❜♦só♥ ❞❡ ❍✐❣❣s ♣✉❡❞❡♥ s❡r ❡✈❛❧✉❛❞❛s ❝♦♥ ✉♥❛ ♣r❡❝✐s✐ó♥ ❞❡❧ ♦r❞❡♥ ❞❡❧ 1% ❡♥ ❧❛

❛♣r♦①✐♠❛❝✐ó♥ ❞❡ ♠❛s❛ ❞❡❧ q✉❛r❦ t♦♣ ❣r❛♥❞❡✱ ❞❡♥tr♦ ❞❡ ❧❛ ❝✉❛❧ ❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ ❡❢❡❝t✐✈♦

❡♥tr❡ ❡❧ ❍✐❣❣s ② ❣❧✉♦♥❡s ❡stá ❞❛❞♦ ♣♦r ❡❧ s✐❣✉✐❡♥t❡ ▲❛❣r❛♥❣✐❛♥♦

Leff = − 1

4υ
C(µ 2

R)H G a
µνG

µν
a , ✭✸✳✶✮

❡♥ ❞♦♥❞❡ υ ≃ 246 GeV ❡s ❡❧ ✈❛❧♦r ❞❡ ❡①♣❡❝t❛❝✐ó♥ ❡♥ ❡❧ ✈❛❝í♦ ❞❡❧ ❍✐❣❣s ② G a
µν ❞❡♥♦t❛ ❡❧ t❡♥s♦r

❣❧✉ó♥✐❝♦✳ ❊❧ ❞❡♥♦♠✐♥❛❞♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❲✐❧s♦♥ C(µ 2
R)✱ q✉❡ t❛♠❜✐é♥ ♣✉❡❞❡ s❡r ❞❡s❛rr♦❧❧❛❞♦

❡♥ ♣♦t❡♥❝✐❛s ❞❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ ❢✉❡rt❡✱ ❡s ❝♦♥♦❝✐❞♦ ❤❛st❛ ◆3▲❖ ❬✹✻✕✹✽❪✳ ❊st❡ ❧❛❣r❛♥❣✐❛♥♦

❡❢❡❝t✐✈♦ ❡s r❡♥♦r♠❛❧✐③❛❞♦ ❡♥ ❡❧ ❡sq✉❡♠❛ ▼❙ ♣♦r ❡❧ s✐❣✉✐❡♥t❡ ❢❛❝t♦r ❣❧♦❜❛❧✱

Z(αS) = 1− β0
ǫ

(αS

4π

)
+

(
β2
0

ǫ2
− β1

ǫ

)(αS

4π

)2
+O(α3

S), ✭✸✳✷✮

❡♥ ❞♦♥❞❡ β0 = 11CA/3−2NF/3 ② β1 = 34C2
A/3−10CANF/3−2CFNF ✳ ▲❛ ❢❛❝t♦r✐③❛❝✐ó♥ ❞❡

◗❈❉ ♣❡r♠✐t❡ ❡①♣r❡s❛r ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❤❛❞ró♥✐❝❛ ✐♥❝❧✉s✐✈❛ ♣❛r❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡❧ ❜♦só♥

❞❡ ❍✐❣❣s ❛ ✉♥❛ ❡♥❡r❣í❛ ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛ Ecm =
√
S ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

σ(S,m 2
H) = τ

∑

a,b

∫ 1

0

dx1
x1

dx2
x2

fa/h
1
(x1, µ

2
F ) fb/h2

(x2, µ
2
F )

∫ 1

0

dz δ
(
z − τ

x1x2

)
×

× σ̃0 cab(z, αS(µ
2
R), m

2
H/µ

2
R, m

2
H/µ

2
F ) , ✭✸✳✸✮

❡♥ ❞♦♥❞❡ τ = m 2
H/S✱ ② µF ② µR s♦♥ ❧❛s ❡s❝❛❧❛s ❞❡ ❢❛❝t♦r✐③❛❝✐ó♥ ② r❡♥♦r♠❛❧✐③❛❝✐ó♥ r❡s✲

♣❡❝t✐✈❛♠❡♥t❡✳ ▲❛s ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ♣❛rt♦♥❡s ❞❡ ❧♦s ❤❛❞r♦♥❡s ✐♥❝✐❞❡♥t❡s s❡ ❞❡♥♦t❛♥ ♣♦r

fa/h(x, µ
2
F )✱ ❡♥ ❞♦♥❞❡ ❧♦s í♥❞✐❝❡s a, b ✐♥❞✐❝❛♥ ❡❧ t✐♣♦ ❞❡ ♣❛rtó♥✳ ▲❛ ✈❛r✐❛❜❧❡ z = m 2

H/ŝ ❡s

❡❧ ❡q✉✐✈❛❧❡♥t❡ ♣❛rtó♥✐❝♦ ❞❡ τ ✱ ❝♦♥ ŝ = x1x2S s✐❡♥❞♦ ❡❧ ❝✉❛❞r❛❞♦ ❞❡ ❧❛ ❡♥❡r❣í❛ ❞❡ ❝❡♥tr♦

❞❡ ♠❛s❛ ♣❛rtó♥✐❝❛✳ ▲❛ ❡①♣❛♥s✐ó♥ ❝♦♠♣❧❡t❛ ❡♥ ♣♦t❡♥❝✐❛s ❞❡ αS ❞❡❧ ✈ért✐❝❡ ❡❢❡❝t✐✈♦ ❡♥tr❡ ❡❧

❜♦só♥ ❞❡ ❍✐❣❣s ② ❣❧✉♦♥❡s ❡stá ✐♥❝❧✉✐❞❛ ❡♥ σ̃0✱ ❡s ❞❡❝✐r

σ̃0 =
π C(µ 2

R)
2

64 υ2
❝♦♥ C(µ 2

R) = − αS(µ
2
R)

3π

{
1 + 11

αS(µ
2
R)

4π
+ . . .

}
. ✭✸✳✹✮

▲❛s ❢✉♥❝✐♦♥❡s cab✱ q✉❡ ✐♥❝❧✉②❡♥ t♦❞❛s ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❞❡ ◗❈❉ ❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣❛rtó♥✐✲

❝❛✱ s♦♥ ❡①♣❛♥❞✐❞❛s ❡♥ ♣♦t❡♥❝✐❛s ❞❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ ❢✉❡rt❡ ❝♦♥ as ≡ αS(µ
2
R)/(4π)✱

cab(z, αS(µ
2
R), m

2
H/µ

2
R, m

2
H/µ

2
F ) =

∞∑

n=0

an
s c

(n)
ab (z, m

2
H/µ

2
R, m

2
H/µ

2
F ) . ✭✸✳✺✮

✸✷



❆ ▲❖ t❡♥❡♠♦s c(0)ab = δag δbg δ(1−z)✳ ❈♦♠♦ ❢✉❡ ♠❡♥❝✐♦♥❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❧❛s ❝♦rr❡❝❝✐♦♥❡s

❞❡ ◗❈❉✱ ❞❡♥tr♦ ❞❡ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡ ❧❛ ♠❛s❛ ❞❡❧ q✉❛r❦ t♦♣ ❣r❛♥❞❡✱ s♦♥ ❝♦♥♦❝✐❞❛s ❤❛st❛

◆◆▲❖ ❬✼✕✾❪✱ ♠✐❡♥tr❛s q✉❡ ❛❧ ♠♦♠❡♥t♦ ❞❡ ❧❛ ♣✉❜❧✐❝❛❝✐ó♥ ❞❡ ❡st❡ tr❛❜❛❥♦ só❧❛♠❡♥t❡ ❧❛s

❝♦♥tr✐❜✉❝✐♦♥❡s s♦❢t ② ✈✐rt✉❛❧❡s ❞❡❧ ◆3▲❖✱ ❡s ❞❡❝✐r ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ♣❧✉s Dk(z) = [(1−

z)−1 lnk(1− z)]+ ② ❧♦s tér♠✐♥♦s ♣r♦♣♦r❝✐♦♥❛❧❡s ❛ δ(1− z)✱ ❡r❛♥ ❝♦♥♦❝✐❞♦s ❬✸✼✱ ✸✽❪✳ ❊st❛s

❝♦♥tr✐❜✉❝✐♦♥❡s só❧♦ ✐♥✈♦❧✉❝r❛♥ ❛❧ s✉❜♣r♦❝❡s♦ ♣❛rtó♥✐❝♦ ✐♥✐❝✐❛❞♦ ♣♦r ❣❧✉♦♥❡s✱ ❡s ❞❡❝✐r c(3)gg ✳

❊s ♣♦s✐❜❧❡ ❡①tr❛❡r ♠ás ✐♥❢♦r♠❛❝✐ó♥ ❛❝❡r❝❛ ❞❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ♣❛r❛ z → 1 ❞❡❧ ❝♦❡✜✲

❝✐❡♥t❡ ❛ ◆3▲❖ c
(3)
gg ❛ tr❛✈és ❞❡❧ ❦❡r♥❡❧ ❞❡ ❡✈♦❧✉❝✐ó♥ ❢ís✐❝♦✳ P❛s❛♠♦s ❛ ❞❡✜♥✐r❧♦ ❛ ❝♦♥t✐♥✉❛❝✐ó♥✳

P♦r s✐♠♣❧✐❝✐❞❛❞✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❡❧ ❝❛s♦ µF = µR ≡ µ✱ ② ❛❞❡♠ás µ = mH ✭❧♦s tér♠✐♥♦s

❞❡♣❡♥❞✐❡♥t❡s ❞❡ ❡st❛s ❡s❝❛❧❛s ♣✉❡❞❡♥ s❡r r❡❝♦♥str✉✐❞♦s ❛ ♣❛rt✐r ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡❧ ❣r✉♣♦

❞❡ r❡♥♦r♠❛❧✐③❛❝✐ó♥✮✳ ❉❡✜♥✐♠♦s ❡♥t♦♥❝❡s ❧❛s s✐❣✉✐❡♥t❡s ✏❢✉♥❝✐♦♥❡s ❞❡ ❡str✉❝t✉r❛✑ ❛❞✐♠❡♥✲

s✐♦♥❛❧❡s ♣❛rtó♥✐❝❛s Fab

σ(S,m 2
H) =

∑

a,b

σ̃0 Fab . ✭✸✳✻✮

▲❛s ❢✉♥❝✐♦♥❡s Fab ♥♦ s♦♥ ♠ás q✉❡ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ❞❡❧ ❝❛♥❛❧ ♣❛rtó♥✐❝♦ ab ❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③

❤❛❞ró♥✐❝❛✱ s✐♠♣❧❡♠❡♥t❡ ♥♦r♠❛❧✐③❛❞❛s ♣♦r ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣❛rtó♥✐❝❛ ❛ ▲❖ σ̃0✳ P❛r❛ ❧♦s

tér♠✐♥♦s s✉❜❞♦♠✐♥❛♥t❡s (1−z)0 ♣♦❞❡♠♦s r❡str✐♥❣✐r♥♦s ❛ tr❛❜❛❥❛r ❝♦♥ ❡❧ ❝❛s♦ ✏♥♦ s✐♥❣❧❡t❡✑✱

❡♥ ❡❧ ❝✉❛❧ só❧♦ ❡s ♥❡❝❡s❛r✐♦ t❡♥❡r ❡♥ ❝✉❡♥t❛ ❡❧ ❝♦❡✜❝✐❡♥t❡ cgg ② ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ♣❛rt✐❝✐ó♥

❝♦❧✐♥❡❛❧❡s Pgg❀ ♦tr❛s ❝♦♥tr✐❜✉❝✐♦♥❡s s❡ ❡♥❝✉❡♥tr❛♥ s✉♣r✐♠✐❞❛s r❡s♣❡❝t♦ ❞❡ ❧♦s tér♠✐♥♦s ❞♦✲

♠✐♥❛♥t❡s (1−z)−1 ♣♦r ❞♦s ♣♦t❡♥❝✐❛s ❞❡ (1−z)✳

❯t✐❧✐③❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❡✈♦❧✉❝✐ó♥ ♣❛r❛ αS ② ♣❛r❛ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ♣❛rt♦♥❡s✱

s❡ ♣✉❡❞❡ ❧❧❡❣❛r ❛ ✉♥❛ ❡①♣r❡s✐ó♥ ♣❛r❛ ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡ Fab ❬✹✷❪✳ ▲❛ ❢✉♥❝✐ó♥ ❞❡ ❡str✉❝t✉r❛

Fgg ♣✉❡❞❡ s❡r ❡s❝r✐t❛✱ ❡♥ ✉♥❛ ❢♦r♠❛ ❜❛st❛♥t❡ ❡sq✉❡♠át✐❝❛ ♣❡r♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ♥✉❡str♦s

♣r♦♣ós✐t♦s✱ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

Fgg = fg/h1
⊗ fg/h2

⊗ cgg(as), ✭✸✳✼✮

❡♥ ❞♦♥❞❡⊗ r❡♣r❡s❡♥t❛ ❧❛ ❝♦♥✈♦❧✉❝✐ó♥ ✉s✉❛❧✳ ▲❛ ❡❝✉❛❝✐ó♥ ❞❡ ❡✈♦❧✉❝✐ó♥ ♣❛r❛ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s

❞❡ ♣❛rt♦♥❡s fg/h ❡s✱ ❡♥ ❡❧ ❝❛s♦ ✏♥♦ s✐♥❣❧❡t❡✧✱ ❧❛ s✐❣✉✐❡♥t❡

d

d lnµ2
fg/h = Pgg ⊗ fg/h =

∑

l=0

al+1
s P (l)

gg ⊗ fg/h ✭✸✳✽✮

✸✸



♣✉❡st♦ q✉❡ ♥♦ ✐♥❝❧✉✐♠♦s ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❞❡ ❢✉♥❝✐♦♥❡s ❞❡ ♣❛rt✐❝✐ó♥ ♥♦ ❞✐❛❣♦♥❛❧❡s✳ ❆q✉í

P
(ℓ)
gg s♦♥ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ♣❛rt✐❝✐ó♥ ❝♦❧✐♥❡❛❧ ❣❧✉ó♥✲❣❧✉ó♥ ❛ (ℓ+1) ❧♦♦♣s✳ P♦r ♦tr♦ ❧❛❞♦✱ ♣❛r❛

❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡ ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❛❝♦♣❧❛♠✐❡♥t♦ ❢✉❡rt❡ t❡♥❡♠♦s q✉❡

das
d lnµ2

= β(as) = −
∑

l=0

al+2
s βl, ✭✸✳✾✮

❡♥ ❞♦♥❞❡ β(as) r❡♣r❡s❡♥t❛ ❧❛ ❢✉♥❝✐ó♥ β ❞❡ ◗❈❉✱ ❝♦♥ β0 = 11/3 CA − 2/3 Nf ✳

❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❡st❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❡✈♦❧✉❝✐ó♥✱ ♣♦❞❡♠♦s ♦❜t❡♥❡r ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦

d

d lnµ2
Fgg = 2Pgg ⊗Fgg + fg/h1

fg/h2
⊗ dcgg(as)

d lnµ2
= 2Pgg ⊗Fgg + fg/h1

fg/h2
⊗ β(as)

dcgg(as)

das
.

✭✸✳✶✵✮

❊❧ s❡❣✉♥❞♦ tér♠✐♥♦ ♣✉❡❞❡ r❡❡s❝r✐❜✐rs❡ ♣❛r❛ r❡❝♦♥str✉✐r Fgg ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

fg/h1
fg/h2

⊗ β(as)
dcgg(as)

das
= β(as)

dcgg(as)

das
⊗ (cgg(as))

−1 ⊗Fgg, ✭✸✳✶✶✮

❡♥ ❞♦♥❞❡ (cgg(as))−1 s❡ ❞❡✜♥❡ ❞❡ ❢♦r♠❛ t❛❧ q✉❡ s✉ ❝♦♥✈♦❧✉❝✐ó♥ ❝♦♥ cgg(as) ❡s ✐❣✉❛❧ ❛ δ(1−z)✳

❊st♦ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ♣❡❞✐r q✉❡ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ▼❡❧❧✐♥ ❡❧ ♣r♦❞✉❝t♦ ❡♥tr❡ ❛♠❜♦s s❡❛ ✐❣✉❛❧

❛ ✶✳ ❊①♣❛♥❞✐❡♥❞♦ ❡♥ ♣♦t❡♥❝✐❛s ❞❡ as✱ s❡ ♦❜t✐❡♥❡♥ ❛ ♣❛rt✐r ❞❡ ❡st❛ ❝♦♥❞✐❝✐ó♥ ❧♦s s✐❣✉✐❡♥t❡s

r❡s✉❧t❛❞♦s ♣❛r❛ ❧♦s ✺ ♣r✐♠❡r♦s tér♠✐♥♦s

(cgg)
−1,(0) = c(0)gg = δ(1− z),

(cgg)
−1,(1) = −c(1)gg ,

(cgg)
−1,(2) = −c(2)gg + c(1)gg ⊗ c(1)gg ,

(cgg)
−1,(3) = −c(3)gg + 2c(1)gg ⊗ c(2)gg − c(1)gg ⊗ c(1)gg ⊗ c(1)gg , ✭✸✳✶✷✮

(cgg)
−1,(4) = −c(4)gg + 2c(1)gg ⊗ c(3)gg + c(2)gg ⊗ c(2)gg − 3c(1)gg ⊗ c(1)gg ⊗ c(2)gg + c(1)gg ⊗ c(1)gg ⊗ c(1)gg ⊗ c(1)gg .

P♦r ♦tr♦ ❧❛❞♦✱ ❡❧ tér♠✐♥♦ ❝♦♥t❡♥✐❡♥❞♦ ❧❛ ❞❡r✐✈❛❞❛ ❞❡ cgg r❡s♣❡❝t♦ ❞❡ as ♣✉❡❞❡ s❡r ❝♦♠♣✉t❛❞♦

tr✐✈✐❛❧♠❡♥t❡ ❧✉❡❣♦ ❞❡ ❧❛ ❡①♣❛♥s✐ó♥ ♣❡rt✉r❜❛t✐✈❛✳

❈♦♥ ❧♦ ❤❡❝❤♦ ❡♥ ❧♦s ♣❛s♦s ❛♥t❡r✐♦r❡s✱ ❤❡♠♦s ❧♦❣r❛❞♦ ❢❛❝t♦r✐③❛r Fgg ❞❡ ❧❛ ❡①♣r❡s✐ó♥ r❡s✉❧✲

t❛♥t❡ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✵✮✱ ♦❜t❡♥✐❡♥❞♦ ❞❡ ❡st❛ ❢♦r♠❛ ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ ♣❛r❛ ❧❛ ❡✈♦❧✉❝✐ó♥

✸✹



❞❡ ❡st❛ ❝❛♥t✐❞❛❞ ❬✹✷❪✱

d

d lnm 2
H

Fgg =

{
2Pgg(as) + β(as)

dcgg(as)

das
⊗ (cgg(as))

−1

}
⊗Fgg

≡ Kgg ⊗Fgg ≡
∞∑

ℓ=0

a ℓ+1
s K (ℓ)

gg ⊗Fgg

=

{
2asP

(0)
gg +

∞∑

ℓ=1

a ℓ+1
s

(
2P (ℓ)

gg −
ℓ−1∑

k=0

βk c̃
(ℓ−k)
gg

)}
⊗Fgg ✭✸✳✶✸✮

❧❛ ❝✉❛❧ ❞❡✜♥❡ ❡❧ ❦❡r♥❡❧ ❞❡ ❡✈♦❧✉❝✐ó♥ ❢ís✐❝♦ Kgg ② s✉ ❡①♣❛♥s✐ó♥ ♣❡rt✉r❜❛t✐✈❛✱ ② ❡♥ ❞♦♥❞❡

②❛ ❤❡♠♦s ✜❥❛❞♦ ❧❛ ❡s❝❛❧❛ µ = mH ✳ ❍❛st❛ ◆4▲❖ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧❛ ❡①♣❛♥s✐ó♥ c̃ (ℓ)gg ❞❡ ❧❛

ú❧t✐♠❛ ❧í♥❡❛ ❡stá♥ ❞❛❞♦s ♣♦r ❬✹✾❪

c̃ (1)gg = c(1)gg ,

c̃ (2)gg = 2c(2)gg − c(1)gg ⊗ c(1)gg ,

c̃ (3)gg = 3c(3)gg − 3c(2)gg ⊗ c(1)gg + c(1)gg ⊗ c(1)gg ⊗ c(1)gg , ✭✸✳✶✹✮

c̃ (4)gg = 4c(4)gg − 4c(3)gg ⊗ c(1)gg − 2c(2)gg ⊗ c(2)gg + 4c(2)gg ⊗ c(1)gg ⊗ c(1)gg − c(1)gg ⊗ c(1)gg ⊗ c(1)gg ⊗ c(1)gg .

❊❧ ❝á❧❝✉❧♦ ❞❡❧ ❦❡r♥❡❧ ❢ís✐❝♦✱ ❞❛❞♦ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ❝♦♥t✐❡♥❡ ✈❛r✐❛s ❝♦♥✈♦❧✉❝✐♦♥❡s✱ s❡ ❧❧❡✈❛ ❛

❝❛❜♦ ♠ás ❢á❝✐❧♠❡♥t❡ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❝♦♥❥✉❣❛❞❛ N ✳ ▲♦s N ✲♠♦♠❡♥t♦s ❞❡ ▼❡❧❧✐♥

❡stá♥ ❞❡✜♥✐❞♦s ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

f(N) =

∫ 1

0

dz
(
zN−1{−1}

)
f(z){+} , ✭✸✳✶✺✮

❡♥ ❞♦♥❞❡ ❧❛s ♣❛rt❡s ❡♥tr❡ ❧❧❛✈❡s ❛♣❧✐❝❛♥ ❛ ❞✐str✐❜✉❝✐♦♥❡s ♣❧✉s✳

P❛r❛ ❡st❡ ❝á❧❝✉❧♦✱ ❧❛s s✐❣✉✐❡♥t❡s r❡❧❛❝✐♦♥❡s ❛♣r♦①✐♠❛❞❛s ❡♥tr❡ ❧♦s ❧♦❣❛r✐t♠♦s ❡♥ ❡❧ ❡s♣❛❝✐♦

❞❡ z ② ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ N s♦♥ ❞❡ ✉t✐❧✐❞❛❞

(−1)k

(
ln k−1(1−z)

1− z

)

+

M
=

1

k

(
[S1(N)] k +

1

2
k(k − 1)ζ2 [S1(N)] k−2 + O([S1(N)] k−3)

)
,

(−1)k ln k(1−z) M
=

1

N

(
ln kÑ +

1

2
k(k − 1)ζ 2 ln k−2Ñ + O(ln k−3Ñ)

)
+ O

(
1

N 2

)

✭✸✳✶✻✮

❝♦♥ S1(N) = ln Ñ +1/(2N)+O(1/N 2) ❧❛ s✉♠❛ ♣❛r❝✐❛❧ ❞❡ ❧❛ s❡r✐❡ ❛r♠ó♥✐❝❛ ② Ñ = Ne γE ✱

❡s ❞❡❝✐r✱ ln Ñ = lnN + γE ❝♦♥ γE ≃ 0,577216✳ ❆q✉í M
= ✐♥❞✐❝❛ q✉❡ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ❧❛

✸✺



❡❝✉❛❝✐ó♥ ❡s ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▼❡❧❧✐♥ ✭✸✳✶✺✮ ❞❡ ❧❛ ❡①♣r❡s✐ó♥ ❞❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦✳ ▲❛s ❢✉♥❝✐♦♥❡s

❞❡ ♣❛rt✐❝✐ó♥ ❝♦❧✐♥❡❛❧✱ ❧♦s ❝♦❡✜❝✐❡♥t❡s cgg ② s✉s ♣r♦❞✉❝t♦s ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ▼❡❧❧✐♥ ♣✉❡❞❡♥

s❡r ❡①♣r❡s❛❞♦s ❡♥ tér♠✐♥♦s ❞❡ s✉♠❛s ❛r♠ó♥✐❝❛s ❬✺✵❪✳ ❊st❛s ❞❛♥ ❧✉❣❛r ❛ ♣♦❧✐❧♦❣❛r✐t♠♦s

❛r♠ó♥✐❝♦s ❬✺✶❪ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ z ❛ ♣❛rt✐r ❞❡ ❧♦s ❝✉❛❧❡s s❡ ♣✉❡❞❡♥ ❡①tr❛❡r ❧❛s ❡①♣❛♥s✐♦♥❡s

♣❛r❛ z ② N ❣r❛♥❞❡s ✭✐✳❡✳ z → 1 ② N → ∞✮✳ ❚♦❞❛s ❡st❛s ♠❛♥✐♣✉❧❛❝✐♦♥❡s ❢✉❡r♦♥ r❡❛❧✐③❛❞❛s

✉t✐❧✐③❛♥❞♦ ❡❧ s✐st❡♠❛ ❞❡ ♠❛♥✐♣✉❧❛❝✐ó♥ s✐♠❜ó❧✐❝❛ ❋♦r♠ ❬✺✷✕✺✹❪✳ ▼ás ❞❡t❛❧❧❡s ❛❝❡r❝❛ ❞❡ ❡st❡

❝á❧❝✉❧♦✱ ❝♦♠♦ ❛sí t❛♠❜✐é♥ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ✐♥✈♦❧✉❝r❛❞❛s✱ ♣✉❡❞❡♥ ❡♥❝♦♥tr❛rs❡ ❡♥ ❡❧ ❆♣é♥❞✐❝❡

❆✳

❚❛❧ ❝♦♠♦ ❢✉❡ ✐♥❞✐❝❛❞♦ ♣r❡✈✐❛♠❡♥t❡✱ ❧❛ ♣r♦♣✐❡❞❛❞ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ❡st♦s ❦❡r♥❡❧s ❞❡ ❡✈♦❧✉✲

❝✐ó♥ ❢ís✐❝♦s ✭q✉❡ ❛❞❡♠ás s♦♥ ✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡❧ ❡sq✉❡♠❛ ❞❡ ❢❛❝t♦r✐③❛❝✐ó♥✮ ❡s ❡❧ ❤❡❝❤♦ ❞❡

q✉❡ ♣♦s❡❡♥ ❧♦ q✉❡ ❡♥ ✐♥❣❧és s❡ ❞❡♥♦♠✐♥❛ s✐♥❣❧❡ ❧♦❣❛r✐t❤♠✐❝ ❡♥❤❛♥❝❡♠❡♥t✱ ❡s ❞❡❝✐r q✉❡ ♣♦r

❝❛❞❛ ♦r❞❡♥ q✉❡ s❡ ❛✈❛♥③❛ ❡♥ ❧❛ ❡①♣❛♥s✐ó♥ ♣❡rt✉r❜❛t✐✈❛✱ ❛♣❛r❡❝❡ ú♥✐❝❛♠❡♥t❡ ✉♥❛ ♣♦t❡♥❝✐❛

❡①tr❛ ❞❡ ln(1 − z)✳ ❉❡ ❡st❛ ❢♦r♠❛✱ ❡❧ ❦❡r♥❡❧ ❢ís✐❝♦ ❛ ◆n▲❖ ♣♦s❡❡ ❝♦♠♦ ♠á①✐♠♦ lnn(1−z)✳

❊st❡ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❝♦♥tr❛st❛ ❝♦♥ ❛q✉❡❧ ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s c(n)gg ✱ ❧♦s ❝✉❛❧❡s ❛ ❝❛❞❛ ♦r❞❡♥

❛❞q✉✐❡r❡♥ ❝♦♥tr✐❜✉❝✐♦♥❡s ❧♦❣❛rít♠✐❝❛s ❞♦❜❧❡s✱ ♣r❡s❡♥t❛♥❞♦ ❡♥t♦♥❝❡s tér♠✐♥♦s ❞❡ ❧❛ ❢♦r♠❛

ln k(1−z) ❝♦♥ k > n ≥ 1 ❛ ◆n▲❖✱ ❛ t♦❞♦ ♦r❞❡♥ ❡♥ ❧❛ ❡①♣❛♥s✐ó♥ ❛❧r❡❞❡❞♦r ❞❡ z = 1✳ ❊st❡

❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡❧ ❦❡r♥❡❧ ❞❡ ❡✈♦❧✉❝✐ó♥ ❢ís✐❝♦ ❤❛ s✐❞♦ ♦❜s❡r✈❛❞♦ ❛ ór❞❡♥❡s ♠ás ❛❧t♦s ♣❛r❛

✉♥❛ ✈❛r✐❡❞❛❞ ❞❡ ♦❜s❡r✈❛❜❧❡s ❡♥ ❉■❙✱ ❛♥✐q✉✐❧❛❝✐ó♥ e+e− s❡♠✐✲✐♥❝❧✉s✐✈❛ ② ♣r♦❞✉❝❝✐ó♥ ❞❡ ♣❛r❡s

❞❡ ❧❡♣t♦♥❡s ✭❝♦♥♦❝✐❞♦ ❝♦♠♦ ♣r♦❝❡s♦ ❞❡ ❉r❡❧❧✲❨❛♥✱ ❉❨✮ ❬✹✷✱✹✸❪✳ P❛r❛ ❧♦s ❞♦s ♣r✐♠❡r♦s✱ ❡st❡

❝♦♠♣♦rt❛♠✐❡♥t♦ ♣✉❡❞❡ s❡r ❞❡r✐✈❛❞♦ ❛ ♣❛rt✐r ❞❡ ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣❛rtó♥✐❝❛

♥♦ ❢❛❝t♦r✐③❛❞❛ ❡♥ r❡❣✉❧❛r✐③❛❝✐ó♥ ❞✐♠❡♥s✐♦♥❛❧✱ ✈❡r ❘❡❢s✳ ❬✺✺✱✺✻❪✳

❍❛st❛ ◆◆▲❖✱ ❡❧ ❦❡r♥❡❧Kgg ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✸✮ t❛♠❜✐é♥ ♣♦s❡❡ ❡st❛ ♣r♦♣✐❡❞❛❞✳ P♦r ❡♥❞❡✱

❡s r❛③♦♥❛❜❧❡ ❝♦♥❥❡t✉r❛r q✉❡ ❡st❡ ❝♦♠♣♦rt❛♠✐❡♥t♦ ♦❝✉rr❡ ❛ t♦❞♦ ♦r❞❡♥ ❡♥ ❧❛ ❡①♣❛♥s✐ó♥ ❡♥

♣♦t❡♥❝✐❛s ❞❡ αS✳

❊♥ ♣❛rt✐❝✉❧❛r✱ ♣✐❞✐❡♥❞♦ q✉❡ s❡ ❝❛♥❝❡❧❡♥ ❧♦s tér♠✐♥♦s ♣r♦♣♦r❝✐♦♥❛❧❡s ❛ ln 5(1−z) ② ln 4(1−z)

❡♥ ❧❛ t❡r❝❡r❛ ❧í♥❡❛ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✹✮✱ ♣♦❞❡♠♦s ❞❡t❡r♠✐♥❛r ❧♦s ❝♦❡✜❝✐❡♥t❡s ❝♦rr❡s♣♦♥✲

❞✐❡♥t❡s ❞❡ c(3)gg ✳ ▼ás ❛ú♥✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❧♦s ❧♦❣❛r✐t♠♦s ❞♦♠✐♥❛♥t❡s ❞❡ Kgg t♦♠❛♥

✸✻



❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛ s✐♠♣❧❡ ♣❛r❛ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s s✉❜❞♦♠✐♥❛♥t❡s ❞❡ ♦r❞❡♥ N −1✱

K(1)
gg

∣∣
N −1

= −
(
8 β0CA + 32C 2

A

)
lnN + O(1) ,

K(2)
gg

∣∣
N −1

= −
(
16 β2

0 CA + 112 β0C
2
A

)
ln 2N + O(lnN) ,

K(3)
gg

∣∣
N −1

= −
(
32 β3

0 CA + ξ
(3)
H β2

0 C
2
A

)
ln 3N + O(ln 2N) , ✭✸✳✶✼✮

❡♥ ❞♦♥❞❡ |N −1 ✐♥❞✐❝❛ q✉❡ s❡ t♦♠❛♥ só❧❛♠❡♥t❡ ❧♦s tér♠✐♥♦s ♣r♦♣♦r❝✐♦♥❛❧❡s ❛ N−1✳ ▲❛s

♣r✐♠❡r❛s ❞♦s ❧í♥❡❛s ♣r♦✈✐❡♥❡♥ ❞❡❧ ❝á❧❝✉❧♦ ❡①♣❧í❝✐t♦ ❛ ♣❛rt✐r ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❛ ◆▲❖ ②

◆◆▲❖✳ ▲❛ ú❧t✐♠❛ ❧í♥❡❛ ❡s ❧❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ♦❜✈✐❛ ❜❛s❛❞❛ ❡♥ ❧♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❉■❙ ② ❉❨

✭♣❛r❛ ❡❧ ❝✉❛❧ ❧♦s ❝♦❡✜❝✐❡♥t❡s s♦♥ ❧♦s ♠✐s♠♦s ❧✉❡❣♦ ❞❡❧ ❝❛♠❜✐♦ CA → CF ✮✳ ❊❧ ❝♦❡✜❝✐❡♥t❡

❞❡s❝♦♥♦❝✐❞♦ ξ(3)H ♣✉❡❞❡ s❡r ❡st✐♠❛❞♦ ❝♦♠♣❛r❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✼✮ ❝♦♥ s✉ ❛♥á❧♦❣♦ ❝♦♥♦✲

❝✐❞♦ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ❉■❙✱ ❞❛❞❛ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✷✮ ❞❡ ❧❛ ❘❡❢✳ ❬✹✷❪✳❊st❡ r❡s✉❧t❛❞♦ ❜r✐♥❞❛

✐♥❢♦r♠❛❝✐ó♥ ❛❝❡r❝❛ ❞❡❧ tér♠✐♥♦ ♣r♦♣♦r❝✐♦♥❛❧ ❛ ln 3(1−z) ❞❡❧ ❝♦❡✜❝✐❡♥t❡ cgg ❛ ◆3▲❖✳ ❈❛❜❡

♠❡♥❝✐♦♥❛r q✉❡ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ♣❛rt✐❝✐ó♥ ❝♦❧✐♥❡❛❧ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✸✮ ♥♦ ❝♦♥tr✐❜✉②❡♥ ❛

❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✼✮ ♠ás ❛❧❧á ❞❡❧ ◆▲❖✱ ❞❛❞♦ q✉❡ P (n)
gg ♥♦ ♣r❡s❡♥t❛ ♣♦t❡♥❝✐❛s ❧♦❣❛rít♠✐❝❛s

s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡s ♣❛r❛ ❧♦s tér♠✐♥♦s ❞❡ ♦r❞❡♥ N 0 ② N −1 ❬✷✽✱ ✷✾✱✺✼❪✳

▲❛s ❡❝✉❛❝✐♦♥❡s ✭✸✳✶✸✮ ✕ ✭✸✳✶✼✮ ❞❛♥ ❧✉❣❛r ❛ ❧❛s s✐❣✉✐❡♥t❡s ♣r❡❞✐❝❝✐♦♥❡s ❛ ◆3▲❖ ② ◆4▲❖

c(3)gg (z) = c(3)gg (z)
∣∣∣
Dk,δ(1−z)

− 512C 3
A ln 5(1−z) +

{
1728C 3

A +
640

3
C 2

A β0

}
ln 4(1−z)

+

{(
− 1168

3
+ 3584 ζ2

)
C 3

A −
(
2512

3
+

1

3
ξ
(3)
H

)
C 2

A β0 −
64

3
CA β

2
0

}
ln 3(1−z)

+ O
(
ln 2(1−z)

)
✭✸✳✶✽✮

②

c(4)gg (z) = c(4)gg (z)
∣∣∣
Dk,δ(1−z)

− 4096

3
C 4

A ln 7(1−z) +
{
19712

3
C 4

A +
3584

3
C 3

A β0

}
ln 6(1−z)

+

{
(− 2240 + 23552 ζ2)C

4
A −

(
19136

3
+

8

3
ξ
(3)
H

)
C 3

A β0 −
1024

3
C 2

A β
2
0

}
ln 5(1−z)

+ O
(
ln 4(1−z)

)
✭✸✳✶✾✮

♣❛r❛ µR = µF = mH ✱ ❡♥ ❞♦♥❞❡ c(n)gg (z)
∣∣
Dk,δ(1−z)

❞❡♥♦t❛ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ s♦❢t✲✈✐rt✉❛❧ ❡♥ ❡❧

❡s♣❛❝✐♦ ❞❡ z ❛ ◆n▲❖✳ ▲♦s ❝♦❡✜❝✐❡♥t❡s ♣❛r❛ n = 3 ♣✉❡❞❡♥ ❡♥❝♦♥tr❛rs❡ ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✶✼✮

✕ ✭✷✷✮ ❞❡ ❧❛ ❘❡❢✳ ❬✸✼❪ ② ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✶✵✮ ❞❡ ❧❛ ❘❡❢✳ ❬✸✽❪✳ ▲♦s ❝♦❡✜❝✐❡♥t❡s q✉❡ ♠✉❧t✐♣❧✐❝❛♥ ❧♦s
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tér♠✐♥♦s ❞♦♠✐♥❛♥t❡ ② s✉❜❞♦♠✐♥❛♥t❡ ln k(1−z) ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✸✳✶✽✮ ② ✭✸✳✶✾✮ ❝♦✐♥❝✐❞❡♥

❝♦♥ ❧♦s ❞❡ ❉❨ s✐ CF ❡s r❡❡♠♣❧❛③❛❞♦ ♣♦r CA ❡♥ ❡st♦s ú❧t✐♠♦s✳ P❛r❛ ❡❧ t❡r❝❡r ❧♦❣❛r✐t♠♦ ❡st♦

❡s ❝✐❡rt♦ só❧❛♠❡♥t❡ ♣❛r❛ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ♣r♦♣♦r❝✐♦♥❛❧ ❛ β2
0 ✳

❙✐❡t❡ ❞❡ ❧❛s ♦❝❤♦ ❞✐str✐❜✉❝✐♦♥❡s ♣❧✉s ❞❡ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ s♦❢t✲✈✐rt✉❛❧ ❛ ◆4▲❖✱ c(4)gg (z)
∣∣
Dk,δ(1−z)

❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✾✮✱ ♣✉❡❞❡♥ s❡r ♦❜t❡♥✐❞❛s ❡①♣❛♥❞✐❡♥❞♦ ② ❛♥t✐tr❛♥s❢♦r♠❛♥❞♦ ❡♥ ▼❡❧❧✐♥ ❡❧

r❡s✉❧t❛❞♦ ❞❡ ❧❛ ❡①♣♦♥❡♥❝✐❛❝✐ó♥ ❞❡ ❣❧✉♦♥❡s s♦❢t ❛ ◆3▲❖ ✰ ◆3▲▲✳

▲♦s ❝♦❡✜❝✐❡♥t❡s ♠✉❧t✐♣❧✐❝❛♥❞♦ Dk ♣❛r❛ 2 ≤ k ≤ 7 ♣✉❡❞❡♥ ❡♥❝♦♥tr❛rs❡ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥

✭✶✻✮ ❞❡ ❧❛ ❘❡❢✳ ❬✺✽❪ ② ❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ D 1 ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✶✸✮ ❞❡ ❧❛ ❘❡❢✳ ❬✺✾❪✳ P♦r ♦tr♦

❧❛❞♦✱ ❧♦s tér♠✐♥♦s r❡st❛♥t❡s✱ ❡s ❞❡❝✐r ❛q✉❡❧❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ D 0 ② δ(1−z)✱ r❡q✉✐❡r❡♥ ✉♥

❝á❧❝✉❧♦ ❡①♣❧í❝✐t♦ ❛ ❝✉❛rt♦ ♦r❞❡♥ ♣❛r❛ s❡r ♦❜t❡♥✐❞♦s✳ ❊❧ tér♠✐♥♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ D 0 ♣✉❡❞❡

s❡r ♣r❡❞✐❝❤♦ ❛ ♠❡♥♦s ❞❡ ❞♦s ❞✐♠❡♥s✐♦♥❡s ❛♥ó♠❛❧❛s ❛ ❝✉❛tr♦ ❧♦♦♣s q✉❡ ❛ú♥ s♦♥ ❞❡s❝♦♥♦❝✐❞❛s✱

✉s✉❛❧♠❡♥t❡ ❞❡♥♦t❛❞❛s ♣♦r Ag,4 ② Dg,4✱ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

c(4)gg

∣∣∣
D0

= Dg,4 + C 4
A

(
− 50096

9
+

11328416

729
ζ2 +

8392600

81
ζ3 +

1581760

81
ζ 2
2 +

3461120

9
ζ5

− 6894080

27
ζ2ζ3 +

372416

15
ζ 3
2 − 217184 ζ 2

3 − 595616

15
ζ 2
2 ζ3 − 562176 ζ2ζ5 + 983040 ζ7

)

+ C 3
ANf

(
191776

81
− 3613696

729
ζ2 −

2285696

81
ζ3 −

401920

81
ζ 2
2 +

492800

9
ζ2ζ3

− 729088

9
ζ5 −

69248

15
ζ 3
2 + 30400 ζ 2

3

)

+ C 2
AN

2
f

(
− 17920

81
+

290816

729
ζ2 +

89344

81
ζ3 +

2560

9
ζ 2
2 − 69376

27
ζ2ζ3 +

32768

9
ζ5

)

+ C 2
A CF Nf

(
108272

81
− 62752

27
ζ2 −

340712

27
ζ3 − 256 ζ 2

2 +
13312

9
ζ2ζ3 +

512

5
ζ 3
2 + 9088 ζ 2

3

)

+ CACF N
2

f

(
− 15008

81
+

2144

9
ζ2 +

3584

27
ζ3 −

512

3
ζ2ζ3

)
. ✭✸✳✷✵✮

P❛r❛ ❞❡r✐✈❛r ❡st❡ r❡s✉❧t❛❞♦ s❡ ❡①t❡♥❞✐❡r♦♥ ❧♦s ❝á❧❝✉❧♦s ❞❡ ❧❛ ❘❡❢✳ ❬✸✼❪ ❤❛st❛ ❡❧ tér♠✐♥♦ ❞❡

♦r❞❡♥ α 4
S ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❡①♣♦♥❡♥❝✐❛❝✐ó♥ g5✱ ✈❡r t❛♠❜✐é♥ ❘❡❢s✳ ❬✸✾✱✻✵❪✳

❊❧ ❝♦❡✜❝✐❡♥t❡ Ag,4 ❤❛ s✐❞♦ ❡st✐♠❛❞♦ ✉s❛♥❞♦ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡ P❛❞é ♦❜t❡♥✐❡♥❞♦ Ag,4 =

(17,7; 9,70; 3,49) · 10 3 ♣❛r❛ Nf = 3, 4, 5 s❛❜♦r❡s ❞❡ q✉❛r❦s ♥♦ ♠❛s✐✈♦s✳ ▲❛ ❡st✐♠❛❝✐ó♥
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❝♦rr❡s♣♦♥❞✐❡♥t❡ ♣❛r❛ Dg,4 ❡s

Dg,4(Nf = 3) = 12 ·10 5 , Dg,4(Nf = 4) = 9,3 ·10 5 , Dg,4(Nf = 5) = 6,8 ·10 5 , ✭✸✳✷✶✮

❧❛ ❝✉❛❧ ❡s ♠❡♥♦s ❝♦♥✜❛❜❧❡✱ ❞❛❞♦ q✉❡ Dg,1 = 0 ♣♦r ❧♦ q✉❡ só❧❛♠❡♥t❡ ❞♦s ❝♦❡✜❝✐❡♥t❡s ♥♦

♥✉❧♦s ❛ ♦r❞❡♥❡s ❛♥t❡r✐♦r❡s s❡ ❡♥❝✉❡♥tr❛♥ ❞✐s♣♦♥✐❜❧❡s ❬✸✼✱ ✸✾✱ ✻✵✕✻✷❪✳ ▲❛s ❡st✐♠❛❝✐♦♥❡s ❝♦✲

rr❡s♣♦♥❞✐❡♥t❡s ♣❛r❛ ❡❧ ♣r♦❝❡s♦ ❞❡ ❉r❡❧❧✲❨❛♥✱ Aq,4 ② Dq,4✱ ♣✉❡❞❡♥ ♦❜t❡♥❡rs❡ ♠✉❧t✐♣❧✐❝❛♥❞♦

❧♦s r❡s✉❧t❛❞♦s ❛♥t❡r✐♦r❡s ♣♦r CF/CA✳

❯t✐❧✐③❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✸✳✶✻✮✱ ♥✉❡str♦ ♥✉❡✈♦ r❡s✉❧t❛❞♦ ✭✸✳✶✽✮ ❥✉♥t♦ ❝♦♥ ❧♦s ❝♦❡✜❝✐❡♥t❡s

❞❡ c(3)gg (z)
∣∣
Dk,δ(1−z)

❡♥ ❧❛s r❡❢❡r❡♥❝✐❛s ❬✸✼✱ ✸✽❪ ♣✉❡❞❡ s❡r ✉t✐❧✐③❛❞♦ ♣❛r❛ ❡①t❡♥❞❡r ❧❛ ❡①♣❛♥s✐ó♥

❡♥ ❡❧ ❧í♠✐t❡ ❞❡ N ❣r❛♥❞❡ ❛ ◆3▲❖ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

κ3 c
(3)
gg (N) ≃ 1,152 ln 6N + 5,46171 ln 5N + 23,8352 ln 4N + 44,9659 ln 3N ✭✸✳✷✷✮

+ 85,6361 ln 2N + 60,7085 lnN + 57,0781

+ N −1
{
3,456 ln 5N + 19,7023 ln 4N + (61,7304 + 0,0115 ξ

(3)
H ) ln 3N +O(ln 2N)

}

❡♥ ❞♦♥❞❡ κ3 = 1/2000 ≃ 1/(4π)3✳ ❊♥ ❡st❛ ❡①♣r❡s✐ó♥ ❤❡♠♦s ②❛ r❡❡♠♣❧❛③❛❞♦ ❧♦s ✈❛❧♦r❡s

CA = 3✱ CF = 4/3 ② Nf = 5✳ ❊❧ ❢❛❝t♦r κ3✱ t❛❧ ❝♦♠♦ κ4 ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✸✮ ❛ ❝♦♥t✐♥✉❛❝✐ó♥✱

❝♦♥✈✐❡rt❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❧❛ ❡①♣❛♥s✐ó♥ ❡♥ ✉♥❛ ❡♥ ♣♦t❡♥❝✐❛s ❞❡ αS✳

❈❛❜❡ ♠❡♥❝✐♦♥❛r q✉❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ♦r❞❡♥ N −1 r❡❝✐❜❡♥ ❝♦♥tr✐❜✉❝✐♦♥❡s t❛♥t♦ ❞❡ ❧❛s

❞✐str✐❜✉❝✐♦♥❡s ♣❧✉s ❝♦♠♦ ❞❡ ❧♦s tér♠✐♥♦s ❞❡ ❧❛ ❢♦r♠❛ ln k(1−z) ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✽✮✱ ♣♦r ❧♦

q✉❡ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ s♦❢t✲✈✐rt✉❛❧ ❞❛ ❧✉❣❛r ❛ ❞✐❢❡r❡♥t❡s ♣r❡❞✐❝❝✐♦♥❡s s❡❣ú♥ s❡❛ r❡❛❧✐③❛❞❛ ❡♥

❡❧ ❡s♣❛❝✐♦ ❞❡ z ♦ ❞❡ N ✳ ❊s ❝❧❛r♦ ❛ ♣❛rt✐r ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✷✮ q✉❡ ❡❧ ❝♦❡✜❝✐❡♥t❡ ξ(3)H ♥♦ ❡s

✉♥❛ ❢✉❡♥t❡ ✐♠♣♦rt❛♥t❡ ❞❡ ✐♥❝❡rt❡③❛❀ s✉ ❝♦♥tr✐❜✉❝✐ó♥ ❛❧ ❝♦❡✜❝✐❡♥t❡ ❞❡❧ tér♠✐♥♦ ♣r♦♣♦r❝✐♦♥❛❧

❛ N −1 ln 3N ❡s ❞❡ ❡s♣❡r❛r q✉❡ s❡❛ ♠❡♥♦r ❛❧ 10%✳

❊❧ r❡s✉❧t❛❞♦ ❛ ◆4▲❖ ❛♥á❧♦❣♦ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✷✮ ❡s ❡❧ s✐❣✉✐❡♥t❡✱

κ4 c
(4)
gg (N) ≃ 0,55296 ln 8N + 3,96654 ln 7N + 21,2587 ln 6N + 62,2985 ln 5N

+ 150,141 ln 4N + 212,443 ln 3N + (256,373 + 2κ4Ag,4) ln
2N ✭✸✳✷✸✮

+ (142,548 + κ4 [4 γE Ag,4 −Dg,4]) lnN + κ4 g0,4

+ N −1
{
2,21184 ln 7N + 19,6890 ln 6N + (86,4493 + 552κ4 ξ

(3)
H ) ln 5N +O(ln 4N)

}
,
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❝♦♥ κ4 = 1/25000 ≃ 1/(4π)4✳ ❆q✉í ❡❧ ❝♦❡✜❝✐❡♥t❡ Ag,4 ❡s ♣rá❝t✐❝❛♠❡♥t❡ ❞❡s♣r❡❝✐❛❜❧❡✱ ❞❛✲

❞♦ q✉❡ s✉ ❝♦♥tr✐❜✉❝✐ó♥ ❛ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧♦s tér♠✐♥♦s ln 2N ② lnN ❡s ❞❡❧ ♦r❞❡♥ ❞❡❧

0,1%✳ ▲❛ ✐♥❝❡rt❡③❛ ❞❡❧ ❝♦❡✜❝✐❡♥t❡ Dg,4 ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✶✮✱ ❡❧❡❣✐❞❛ ❡♥ ❢♦r♠❛ ❝♦♥s❡r✈❛❞♦r❛

✐❣✉❛❧ ❛❧ 100%✱ t✐❡♥❡ ✉♥ ❡❢❡❝t♦ ❞❡❧ ♦r❞❡♥ ❞❡ ± ✷✵✪ ♣❛r❛ ❡❧ tér♠✐♥♦ ♣r♦♣♦r❝✐♦♥❛❧ ❛ lnN ✳

▲❛ ❝♦♥tr✐❜✉❝✐ó♥ ❝♦♥st❛♥t❡ ❡♥ N ✱ g
0,4✱ ♣✉❡❞❡ s❡r ❡st✐♠❛❞❛ ✉t✐❧✐③❛♥❞♦ tr❡s ❛♣r♦①✐♠❛❝✐♦♥❡s

❞❡ P❛❞é q✉❡ ❞❛♥ ❝♦♠♦ r❡s✉❧t❛❞♦ ✈❛❧♦r❡s ❞✐s♣❡rs♦s✱ s✉❣✐r✐❡♥❞♦ ✉♥ r❡s✉❧t❛❞♦ ❞❡❧ ♦r❞❡♥ ❞❡

κ4 g0,4 = 65± 65✳

▲❛s ❡①♣r❡s✐♦♥❡s ❡①❛❝t❛s ♣❛r❛ ❙❯✭◆✮ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✸✳✷✷✮ ② ✭✸✳✷✸✮ s❡

❡♥❝✉❡♥tr❛♥ ❡♥ ❡❧ ❆♣é♥❞✐❝❡ ❆✱ ❥✉♥t♦ ❝♦♥ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s ❛ t❡r❝❡r ② ❝✉❛rt♦ ♦r❞❡♥ ♣❛r❛ ❧❛s

r❡s♣❡❝t✐✈❛s tr❡s ♠❛②♦r❡s ♣♦t❡♥❝✐❛s ❞❡ ln(1 − z) ♠ás ❛❧❧á ❞❡ ❧♦s tér♠✐♥♦s ❞❡ ♦r❞❡♥ (1−z)0

❞❛❞♦s ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✸✳✶✽✮ ② ✭✸✳✶✾✮✳

✸✳✸✳ ❘❡s✉❧t❛❞♦s ❢❡♥♦♠❡♥♦❧ó❣✐❝♦s

❆♥t❡s ❞❡ ❛♥❛❧✐③❛r ❡❧ ✐♠♣❛❝t♦ ♥✉♠ér✐❝♦ ❞❡ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❞❡ ♦r❞❡♥ N −1✱ ❞✐s❝✉t✐r❡♠♦s

❜r❡✈❡♠❡♥t❡ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ s♦❢t ✈✐rt✉❛❧ ✭❙❱✮✳ ❊♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ z✱ ❡st❛ ❛♣r♦①✐♠❛❝✐ó♥ ♣✉❡❞❡

❞❡✜♥✐rs❡ r❡t❡♥✐❡♥❞♦ só❧❛♠❡♥t❡ ❧♦s tér♠✐♥♦s ♣r♦♣♦r❝✐♦♥❛❧❡s ❛ Dk(z) ② δ(1−z) ❡♥ ❧❛ s❡❝❝✐ó♥

❡✜❝❛③✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❧♦s ❝♦❡✜❝✐❡♥t❡s s♦❢t ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ z s❡ ✈❡♥ ❛❢❡❝t❛❞♦s ♣♦r ❧❛ ♣r❡s❡♥❝✐❛

❞❡ tér♠✐♥♦s s✉❜❞♦♠✐♥❛♥t❡s ❡s♣✉r✐♦s q✉❡ ❝r❡❝❡♥ ❢❛❝t♦r✐❛❧♠❡♥t❡✱ ❝✉②♦ ♦r✐❣❡♥ ❡s ❡❧ tr❛t❛♠✐❡♥✲

t♦ ✐♥❝♦rr❡❝t♦ ❞❡ r❡str✐❝❝✐♦♥❡s ❝✐♥❡♠át✐❝❛s t❛❧❡s ❝♦♠♦ ❧❛ ❝♦♥s❡r✈❛❝✐ó♥ ❞❡ ❧❛ ❡♥❡r❣í❛✳ ❊st♦s

tér♠✐♥♦s ❛rr✉✐♥❛♥ ❧❛ ♣r❡❝✐s✐ó♥ ❞❡ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❬✻✸❪✳

▲❛ ❡❧❡❝❝✐ó♥ ♥❛t✉r❛❧ ♣❛r❛ ❝❛❧❝✉❧❛r ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❞❡ ❣❧✉♦♥❡s s♦❢t ❡s ❡❧ ❡s♣❛❝✐♦ ❞❡ ▼❡❧❧✐♥✱

❡♥ ❞♦♥❞❡ ❡♥ ❧✉❣❛r ❞❡ t❡♥❡r ❞✐str✐❜✉❝✐♦♥❡s ♣❧✉s ❡♥ ❧❛ ✈❛r✐❛❜❧❡ z✱ ❧♦s tér♠✐♥♦s ❞♦♠✐♥❛♥t❡s

❡♥ ❡❧ ✉♠❜r❛❧ ❡stá♥ ❞❛❞♦s ♣♦r ♣♦t❡♥❝✐❛s ❞❡ lnN ✱ ② ❡♥ ❞♦♥❞❡ ❧❛s r❡str✐❝❝✐♦♥❡s ❝✐♥❡♠át✐❝❛s

s❡ ✐♠♣♦♥❡♥ ❛✉t♦♠át✐❝❛♠❡♥t❡✳ ❈♦♥s❡❝✉❡♥t❡♠❡♥t❡✱ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❙❱ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ N

s❡ ❞❡✜♥❡ r❡t❡♥✐❡♥❞♦ ❛q✉❡❧❧♦s tér♠✐♥♦s ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣❛rtó♥✐❝❛ q✉❡ ♥♦ s❡ ❛♥✉❧❛♥ ❡♥ ❡❧

❧í♠✐t❡ N → ∞✳

▲❛ ❝♦♥tr✐❜✉❝✐ó♥ ♥✉♠ér✐❝❛ ❞❡ ❧♦s tér♠✐♥♦s ❞❡ ❧❛ ❢♦r♠❛ ln kN ✱ ❝♦♥ 0 ≤ k ≤ 2n✱ ❞❡ ❧❛

tr❛♥s❢♦r♠❛❞❛ ❞❡ ▼❡❧❧✐♥ ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s c (n)gg ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✺✮ ❛ ❧❛ s❡❝✐ó♥ ❡✜❝❛③ ✭✸✳✸✮
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❡stá♥ ✐❧✉str❛❞♦s ❤❛st❛ ◆3▲❖ ❡♥ ❧❛ ❚❛❜❧❛ ✸✳✶✱ ❡♥ ❞♦♥❞❡ t♦❞♦s ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❡stá♥

♥♦r♠❛❧✐③❛❞♦s ♣♦r ❡❧ r❡s✉❧t❛❞♦ ❛❧ ♦r❞❡♥ ♠ás ❜❛❥♦✳ ❚♦❞♦s ❧♦s r❡s✉❧t❛❞♦s ❤❛♥ s✐❞♦ ❝❛❧❝✉❧❛❞♦s

❡♥ ❡❧ ❧í♠✐t❡ ❡♥ q✉❡ ❧❛ ♠❛s❛ ❞❡❧ q✉❛r❦ t♦♣ ❡s ❣r❛♥❞❡✱ ❝♦♥ ❧♦s ✈❛❧♦r❡s mH = 125 ●❡❱✱

Ecm =
√
S = 14 ❚❡❱✱ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❣❧✉♦♥❡s ❝❡♥tr❛❧ ❞❡ ▼❙❚❲✵✽ ❛ ◆◆▲❖ ❬✷✶❪ ②

❡❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ✈❛❧♦r ❞❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ ❢✉❡rt❡ αS(M
2
Z ) = 0,1171 q✉❡ ❞❛ ❧✉❣❛r ❛❧ ✈❛❧♦r

αS(m
2
H) = 0,1118 ♣❛r❛ µF = µR = mH ✳ ❚❛♠❜✐é♥ s❡ ♠✉❡str❛ ❡♥ ❧❛ t❛❜❧❛ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ❞❡❧

n✲és✐♠♦ tér♠✐♥♦ ❞❡ ❧❛ ❡①♣❛♥s✐ó♥ ❞❡❧ ❢❛❝t♦r [C(µ 2
R = m 2

H)]
2 ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✹✮✳

❚♦❞❛s ❡st❛s ❝♦♥tr✐❜✉❝✐♦♥❡s r❡s✉❧t❛♥ s❡r ♣♦s✐t✐✈❛s❀ ❡st♦ ♦❝✉rr❡ t❛♠❜✐é♥ ♣❛r❛ ❧♦s tér♠✐♥♦s

❧♦❣❛r✐t♠✐❝♦s ❛ ◆4▲❖ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✸✮✳ ▲♦ ♠✐s♠♦ ♦❝✉rr❡ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡❧ ♣r♦❝❡s♦

❞❡ ❉r❡❧❧✲❨❛♥✱ ❝♦♠♦ ❛sí t❛♠❜✐é♥ ♣❛r❛ ❧❛ ❛♥✐q✉✐❧❛❝✐ó♥ e+e− s❡♠✐✲✐♥❝❧✉s✐✈❛ ✭✈❡r ❧❛ ❚❛❜❧❛

✶ ② ❡❝✉❛❝✐ó♥ ✭✸✼✮ ❞❡ ❧❛ ❘❡❢✳ ❬✻✹❪✮✱ ♠✐❡♥tr❛s q✉❡ ♣❛r❛ ❉■❙ só❧❛♠❡♥t❡ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s

an
s ln k≥nN s♦♥ ♣♦s✐t✐✈❛s ♣❛r❛ n ≤ 4✱ ✈❡r ❚❛❜❧❛ ✶ ❞❡ ❧❛ ❘❡❢✳ ❬✻✺❪✳ ❊♥ t♦❞♦s ❡st♦s ❝❛s♦s✱ ❡❧

r❡s✉❧t❛❞♦ ✜♥❛❧ ❞❡ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❙❱ ❡s ❛❧❝❛♥③❛❞♦ ❞❡ ❢♦r♠❛ s✉❛✈❡ ❝✉❛♥❞♦ ❧♦s ❞✐st✐♥t♦s

tér♠✐♥♦s ❞❡ ❧❛ ❢♦r♠❛ ln kN s♦♥ ✐♥❝❧✉í❞♦s ❞❡ ✉♥♦ ❡♥ ✉♥♦✳ ❊st♦ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❝♦♥tr❛st❡

❝♦♥ ❧♦ q✉❡ s✉❝❡❞❡ ❡♥ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❙❱ ❞❡✜♥✐❞❛ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ z✱ ❧❛ ❝✉❛❧ ❡①❤✐❜❡ ❣r❛♥❞❡s

❝❛♥❝❡❧❛❝✐♦♥❡s ❡♥tr❡ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❞❡ ❧❛ ❢♦r♠❛ Dk(z) ❬✸✽❪✳

▲❖ ◆▲❖ ◆◆▲❖ ◆3▲❖

❝♦♥st❛♥t❡ 100 77,4 32,2 8,04

✭❞❡❧t❛✮ (100) (35,1) (1,72) (5,07)

lnN 14,8 12,0 5,14

ln2N 7,16 7,56 4,04

ln3N 1,07 1,09

ln4N 0,18 0,27

ln5N 0,025

ln6N 0,002

❙❱ 100 99,4 53,0 18,6

C 2(m 2
H) 100 19,6 2,05 0,12

❚❛❜❧❛ ✸✳✶✿ ❈♦♥tr✐❜✉❝✐♦♥❡s ✐♥❞✐✈✐❞✉❛❧❡s ❞❡ ❧♦s tér♠✐♥♦s ln k N ❡♥ ❧♦s ❝♦❡✜❝✐❡♥t❡s c
(n≤3)
gg ❛ ❧❛ s❡❝❝✐ó♥

❡✜❝❛③ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜♦só♥ ❞❡ ❍✐❣❣s✱ ♣❛r❛ mH = 125 ●❡❱ ② Ecm = 14✳ ❚♦❞♦s ❧♦s r❡s✉❧t❛❞♦s

❡stá♥ ❞❛❞♦s ❡♥ ❢♦r♠❛ ❞❡ ♣♦r❝❡♥t❛❥❡s ❞❡ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ❛ ▲❖✳ ❚❛♠❜✐é♥ s❡ ♠✉❡str❛ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥

❞❡❧ ú❧t✐♠♦ tér♠✐♥♦ ❞❡ ❧❛ ❡①♣❛♥s✐ó♥ ❞❡❧ ❝♦❡✜❝✐❡♥t❡ [C(µ 2
R = m 2

H ]2✳
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P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❧♦s tér♠✐♥♦s q✉❡ s♦♥ ❢♦r♠❛❧♠❡♥t❡ ❞♦♠✐♥❛♥t❡s✱ ✐✳❡✳✱ ❛q✉❡❧❧♦s ❝♦♥

♣♦t❡♥❝✐❛s ♠ás ❣r❛♥❞❡s ❞❡ lnN ✱ ❞❛♥ ❝♦♠♦ r❡s✉❧t❛❞♦ ❝♦♥tr✐❜✉❝✐♦♥❡s ♥✉♠ér✐❝❛♠❡♥t❡ ♣❡q✉❡ñ❛s

❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧❀ ❧❛ ♣❛rt❡ ❞♦♠✐♥❛♥t❡ ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❞❡ ✉♠❜r❛❧ ✈✐❡♥❡ ❞❛❞❛ ♣♦r

❧♦s ❧♦❣❛r✐t♠♦s ❝♦♥ ♠❡♥♦r❡s ♣♦t❡♥❝✐❛s ② ❧♦s tér♠✐♥♦s ❝♦♥st❛♥t❡s✳ ❊st♦ s❡ ❞❡❜❡✱ ♣♦r ✉♥ ❧❛❞♦✱

❛❧ ♣❛tró♥ q✉❡ s✐❣✉❡♥ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡✱ ♣♦r ❡❥❡♠♣❧♦✱ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✷✮✳ ❈♦♠♦ s❡ ♣✉❡❞❡

♦❜s❡r✈❛r✱ ❧♦s ❝♦❡✜❝✐❡♥t❡s ♠✉❧t✐♣❧✐❝❛♥❞♦ ❧❛s ♣♦t❡♥❝✐❛s ♠ás ❣r❛♥❞❡s ❞❡ ❧♦s ❧♦❣❛r✐t♠♦s s♦♥

s✉st❛♥❝✐❛❧♠❡♥t❡ ♠❡♥♦r❡s ❛ ❛q✉❡❧❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛s ♣♦t❡♥❝✐❛s ♠ás ❜❛❥❛s✳ P♦r ♦tr♦

❧❛❞♦✱ ❧♦s ✈❛❧♦r❡s ❞❡ ❧❛ ♠❛s❛ ❞❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s ② ❞❡ ❧❛ ❡♥❡r❣í❛ ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛ ❞❡❧ ▲❍❈✱

❧❧❡✈❛♥ ❛ ✉♥ ✈❛❧♦r ♣r♦♠❡❞✐♦ ❞❡ τ ♣❡q✉❡ñ♦✱ ❧♦ ❝✉❛❧ s❡ tr❛❞✉❝❡ ❡♥ ✉♥ ✈❛❧♦r ❡❢❡❝t✐✈♦ ❞❡ N ❞❡❧

♦r❞❡♥ ❞❡ Neff ≈ 2 ♣❛r❛ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❧♦❣❛rít♠✐❝❛s ❞❡ ❧❛ ❚❛❜❧❛ ✸✳✶✳

❖tr♦ ❤❡❝❤♦ ✐♥t❡r❡s❛♥t❡ ✐❧✉str❛❞♦ ❡♥ ❧❛ ❚❛❜❧❛ ✸✳✶ ❡s ❡❧ ✈❛❧♦r r❡❧❛t✐✈❛♠❡♥t❡ ❣r❛♥❞❡ ❞❡ ❧❛

❝♦♥tr✐❜✉❝✐ó♥ ♣r♦♣♦r❝✐♦♥❛❧ ❛ δ(1−z) ❛ ◆3▲❖ ❬✸✽❪✱ s✐❡♥❞♦ ❡st❡ ❛❧r❡❞❡❞♦r ❞❡ tr❡s ✈❡❝❡s ♠ás

❣r❛♥❞❡ q✉❡ ❡❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ◆◆▲❖✳ ❊st❡ tér♠✐♥♦ r❡♣r❡s❡♥t❛ ❡❧ 63% ❞❡ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥

❝♦♥st❛♥t❡ ❡♥ N ❛ ❡st❡ ♦r❞❡♥✱ ❞❡ ❧❛ ❝✉❛❧ ❡❧ r❡st♦ s✉r❣❡ ❞❡ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ▼❡❧❧✐♥ ❞❡ ❧❛s

❞✐str✐❜✉❝✐♦♥❡s ♣❧✉s✱ Dk✳

❆❤♦r❛ sí ❝♦♠❡♥③❛♠♦s ❝♦♥ ❡❧ ❛♥á❧✐s✐s ❞❡ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s s✉❜❞♦♠✐♥❛♥t❡s ❞❡ O(N−1)✳

❆♥t❡s ❞❡ ♦❜s❡r✈❛r q✉é ❡s ❧♦ q✉❡ ♦❝✉rr❡ ❛ t❡r❝❡r ♦r❞❡♥✱ ❝♦♠♣❛r❛r❡♠♦s ❧♦s ❡❢❡❝t♦s ❞❡ ✐♥❝❧✉✐r

❡st♦s tér♠✐♥♦s ❛ ◆▲❖ ② ◆◆▲❖✱ ❡♥ ❞♦♥❞❡ ❡❧ r❡s✉❧t❛❞♦ ❡①❛❝t♦ ❡s ❝♦♥♦❝✐❞♦✳ ❊st♦ s❡ ♠✉❡str❛ ❡♥

❧❛ ❋✐❣✉r❛ ✸✳✷✳ ❊s ❝❧❛r♦ q✉❡ ❧❛ ✐♥❝❧✉s✐ó♥ ❞❡ ❧♦s tér♠✐♥♦s ❞❡ ♦r❞❡♥N−1 ♠❡❥♦r❛ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥

♣❛r❛ ✈❛❧♦r❡s ❣r❛♥❞❡s ❞❡ N ✳ ■♥t❡r❡s❛♥t❡♠❡♥t❡✱ ❡❧ r❡s✉❧t❛❞♦ ❡①❛❝t♦ s✐❡♠♣r❡ s❡ ❡♥❝✉❡♥tr❛ ❡♥tr❡

❧❛s ❛♣r♦①✐♠❛❝✐♦♥❡s ❙❱ ② ❙❱+N−1 ❡♥ ❡❧ r❛♥❣♦ N >
∼ 2✱ t❛♥t♦ ❛ ◆▲❖ ❝♦♠♦ ❛ ◆◆▲❖✳ P♦r ❧♦

t❛♥t♦✱ r❡s✉❧t❛ r❛③♦♥❛❜❧❡ s✉♣♦♥❡r q✉❡ ❡st❡ ❝♦♠♣♦rt❛♠✐❡♥t♦ t❛♠❜✐é♥ s❡ ♠❛♥t✐❡♥❡ ❛ ◆3▲❖✱ ②

❡♥t♦♥❝❡s ❡s ♣♦s✐❜❧❡ r❡str✐♥❣✐r ❡❧ ✈❛❧♦r ❞❡ c(3)gg (N) ❡♥ ❞✐❝❤❛ r❡❣✐ó♥✳

P❛r❛ ♣♦❞❡r ❝♦♥str✉✐r ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❙❱+N−1 ❛ ◆3▲❖✱ t♦❞❛✈í❛ ❡s ♥❡❝❡s❛r✐♦ ❡st✐♠❛r ❡❧

✈❛❧♦r ❞❡ ❧♦s tér♠✐♥♦s ❞❡ ♦r❞❡♥ N−1 ❞❡s❝♦♥♦❝✐❞♦s✱ ❡s ❞❡❝✐r✱ ❛q✉❡❧❧♦s ❞❡ ❧❛ ❢♦r♠❛ N−1 lnkN

❝♦♥ k = 2, 1, 0✳ P❛r❛ ❡❧❧♦ ❝♦♠♣❛r❛r❡♠♦s ❝♦♥ ❡❧ ❝❛s♦ ❞❡ ❉■❙ ✈í❛ ❡❧ ✐♥t❡r❝❛♠❜✐♦ ❞❡ ✉♥ ❜♦só♥

❞❡ ❍✐❣❣s✱ q✉❡ ❡s ✉♥ ♣r♦❝❡s♦ r❡❧❛❝✐♦♥❛❞♦ ❝♦♥ ❡❧ ❞❡ ♥✉❡str♦ ✐♥t❡rés ✈í❛ ❡❧ ✐♥t❡r❝❛♠❜✐♦ ❞❡

✉♥ ❣❧✉ó♥ ❞❡❧ ❡st❛❞♦ ✜♥❛❧ ❛❧ ✐♥✐❝✐❛❧✱ ② ❝✉②♦ r❡s✉❧t❛❞♦ ❛♥❛❧ít✐❝♦ ❡s ❝♦♥♦❝✐❞♦ ❛ ◆3▲❖ ❬✹✸❪✳

❈♦♠♣❛r❛r❡♠♦s ❡♥t♦♥❝❡s ❧❛s ❡①♣r❡s✐♦♥❡s ♣❛r❛ c(n)gg (N) ② c(n)DIS(N) ❛ ◆◆▲❖ ② ◆3▲❖✳ P♦r ✉♥
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❋✐❣✉r❛ ✸✳✷✿ ❘❡s✉❧t❛❞♦s ❡①❛❝t♦s ♣❛r❛ ❡❧ ❝♦❡✜❝✐❡♥t❡ cgg(N) ❛ ◆▲❖ ✭❛rr✐❜❛✮ ② ◆◆▲❖ ✭❛❜❛❥♦✮ ❡♥

❡❧ ❧í♠✐t❡ ❞❡ ♠❛s❛ ❞❡❧ q✉❛r❦ t♦♣ ✐♥✜♥✐t❛ ② ♣❛r❛ µR = µF = mH ✱ ❥✉♥t♦ ❝♦♥ ❧❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s

❛♣r♦①✐♠❛❝✐♦♥❡s ❙❱ ✭❧í♥❡❛ ♣✉♥t❡❛❞❛✮ ② ❙❱ ♠ás ❧♦s tér♠✐♥♦s ❞❡ ♦r❞❡♥ N −1 ✭❧í♥❡❛ r❛②❛❞❛✮✳ ▲♦s

♣❛♥❡❧❡s ✐♥❢❡r✐♦r❡s ♠✉❡str❛♥ ❧❛s ♣♦s✐❝✐♦♥❡s r❡❧❛t✐✈❛s ② ❡❧ ❛♥❝❤♦ ❞❡ ❧❛s ❜❛rr❛s ❞❡ ✐♥❝❡rt❡③❛ ❞❡✜♥✐❞❛s

♣♦r ❡st❛s ❞♦s ❛♣r♦①✐♠❛❝✐♦♥❡s✳
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❧❛❞♦ t❡♥❡♠♦s q✉❡

c
(2)
DIS

∣∣∣
N−1 ln k N

∝ ln3N + 5,732 ln2N + 8,244 lnN − 3,275 , ✭✸✳✷✹✮

c
(3)
DIS

∣∣∣
N−1 ln k N

∝ ln5N + 12,65 ln4N + 52,56 ln3N + 92,01 ln2N + 18,13 lnN − 24,30

♣❛r❛ CA = 3✱ CF = 4/3 ② Nf = 5✱ ② ❡♥ ❞♦♥❞❡ ❤❡♠♦s ♥♦r♠❛❧✐③❛❞♦ ❧❛s ❡①♣r❡s✐♦♥❡s ❞❡ ❢♦r♠❛

t❛❧ q✉❡ ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡❧ ❧♦❣❛r✐t♠♦ ❞♦♠✐♥❛♥t❡ ❡s ✐❣✉❛❧ ❛ ✶✳ ▲❛s ❡①♣r❡s✐♦♥❡s ❛♥á❧♦❣❛s ♣❛r❛

❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜♦só♥ ❞❡ ❍✐❣❣s s♦♥

c(2)gg

∣∣∣
N−1 ln k N

∝ ln3N + 2,926 ln2N + 5,970 lnN + 2,007 , ✭✸✳✷✺✮

c(3)gg

∣∣∣
N−1 ln k N

∝ ln5N + 5,701 ln4N +
(
17,86 + 0,00333 ξ

(3)
H

)
ln3N +O(ln2N) .

❈♦♠♣❛r❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✸✳✷✹✮ ② ✭✸✳✷✺✮ s✉r❣❡ ✉♥ ♣❛tró♥ ✐♥t❡r❡s❛♥t❡✿ ❡❧ t❛♠❛ñ♦ ❞❡ ❧♦s

❝♦❡✜❝✐❡♥t❡s ❞❡ ❧♦s ❧♦❣❛r✐t♠♦s ♥♦ ❞♦♠✐♥❛♥t❡s ♣❛r❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜♦só♥ ❞❡ ❍✐❣❣s ❡s

s✐❡♠♣r❡ ♠❡♥♦r q✉❡ ❡❧ ❛♥á❧♦❣♦ ♣❛r❛ ❉■❙❀ ❡❧ ❝♦❝✐❡♥t❡ ❡♥tr❡ ❛♠❜♦s ❡s ✉♥ ❢❛❝t♦r ❞❡❧ ♦r❞❡♥ ❞❡

✶✴✷ ♦ ✭♠✉❝❤♦✮ ♠❡♥♦r ❡①❝❡♣t♦ ♣♦r ❡❧ tér♠✐♥♦ ln1N ✳ P♦r ❧♦ t❛♥t♦✱ ✉t✐❧✐③❛r❡♠♦s ❧❛ s✐❣✉✐❡♥t❡

❡st✐♠❛❝✐ó♥ ❝♦♥s❡r✈❛❞♦r❛ ❞❡ ❧♦s tér♠✐♥♦s r❡st❛♥t❡s

c(3)gg

∣∣∣
estimate

N−1 ln k N
∝ ln5N + 5,701 ln4N + 18,9 ln3N + 46 ln2N + 18 lnN + 9 , ✭✸✳✷✻✮

❡♥ ❞♦♥❞❡ ❤❡♠♦s ✉t✐❧✐③❛❞♦ ξ(3)H = 300 t❛❧ ❝♦♠♦ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✐♥❞✐❝❛♥ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡❧

❦❡r♥❡❧ ❢ís✐❝♦ ❡♥ ❧❛ ❘❡❢✳ ❬✹✷❪✳

▲❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r ✐♥❝❧✉②❡ ✉♥❛ ❡st✐♠❛❝✐ó♥ ♣❛r❛ ❡❧ tér♠✐♥♦ ♥♦ ❧♦❣❛rít♠✐❝♦ N−1✳ ❊❧

❝♦❝✐❡♥t❡ ❡♥tr❡ ❞✐❝❤♦ ❝♦❡✜❝✐❡♥t❡ ② ❡❧ ❞❡ N−1 lnN ❡s ♠♦❞❡r❛❞♦✱ ②❡♥❞♦ ❞❡ 0,58 ❛ ◆▲❖ ❤❛st❛

0,34 ❛ ◆◆▲❖✱ ❧♦ ❝✉❛❧ ♣♦❞rí❛ ✐♥❞✐❝❛r ✉♥❛ t❡♥❞❡♥❝✐❛ ❤❛❝✐❛ ✈❛❧♦r❡s ♠ás ♣❡q✉❡ñ♦s ❛❧ ❛✉♠❡♥t❛r

✉♥ ♦r❞❡♥ ♠ás✳ P♦r ❧♦ t❛♥t♦✱ ✉t✐❧✐③❛♠♦s ✉♥ ✈❛❧♦r ❞❡ ❡st❡ ❝♦❝✐❡♥t❡ ❞❡ 0,5 ❛ ◆3▲❖✱ ❝♦♠♦ s❡

♣✉❡❞❡ ✈❡r ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✻✮✱ ❧♦ ❝✉❛❧ ♣❛r❡❝❡ s❡r ❡♥ ♣r✐♥❝✐♣✐♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❝♦♥s❡r✈❛❞♦r

✭r❡❝♦r❞❡♠♦s q✉❡ ❞❛❞♦ q✉❡ t♦❞♦s ❡st♦s tér♠✐♥♦s t✐❡♥❡♥ ✉♥❛ ❝♦♥tr✐❜✉❝✐ó♥ ♣♦s✐t✐✈❛ ❛ ❧❛ s❡❝❝✐ó♥

❡✜❝❛③✱ ❝♦❡✜❝✐❡♥t❡s ♠ás ❣r❛♥❞❡s ❧❧❡✈❛♥ ❛ ✉♥ r❡s✉❧t❛❞♦ ❙❱+N−1 ♠❛②♦r✱ ② ♣♦r ❧♦ t❛♥t♦ ✉♥❛

❜❛♥❞❛ ❞❡ ✐♥❝❡rt❡③❛ ♠ás ❣r❛♥❞❡✮✳

❋✐♥❛❧♠❡♥t❡✱ ❡♥ ❧❛ ❋✐❣✉r❛ ✸✳✸ s❡ ♠✉❡str❛ ❡❧ ❝♦❡✜❝✐❡♥t❡ c(3)gg (N) ♣❛r❛ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❙❱✱

♣❛r❛ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❙❱ ♠ás ❧♦s tér♠✐♥♦s ❞❡ ❧❛ ❢♦r♠❛ N −1 ln kN ❝♦♥ k ≥ 3 ✭❡❝✉❛❝✐ó♥
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❋✐❣✉r❛ ✸✳✸✿ ❊❧ ❝♦❡✜❝✐❡♥t❡ c
(3)
gg (N) ❛♣r♦①✐♠❛❞♦✱ ♣❛r❛ N >

∼ 2✱ ♣♦r ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s N 0 ❙❱ ❞❡ ❧❛

❡❝✉❛❝✐ó♥ ✭✸✳✷✷✮ ✭❧í♥❡❛ ♣✉♥t❡❛❞❛✮✱ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ❙❱ ♠ás ❧♦s tr❡s tér♠✐♥♦s N −1 ln kN ❝♦♥♦❝✐❞♦s

❛ ♣❛rt✐r ❞❡ ❧❛s r❡str✐❝❝✐♦♥❡s ❞❡❧ ❦❡r♥❡❧ ❢ís✐❝♦ ✭♣✉♥t❡❛❞❛✲r❛②❛❞❛✮✱ ② ♣♦r ❧♦s tér♠✐♥♦s ❙❱ ♠ás ❧❛s

❡st✐♠❛❝✐♦♥❡s ❝♦♠♣❧❡t❛s ❤❛st❛ ♦r❞❡♥ N −1 ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✻✮ ✭r❛②❛❞❛✮✳

✭✸✳✷✷✮✮ ② ♣❛r❛ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❙❱ ♠ás ❧❛ ❡st✐♠❛❝✐ó♥ ❞❡ t♦❞♦s ❧♦s tér♠✐♥♦s ❞❡ ♦r❞❡♥ N−1

✭❡❝✉❛❝✐ó♥ ✭✸✳✷✻✮✮✳ ❱❛r✐❛♠♦s ❡❧ ✈❛❧♦r ❞❡ ξ(3)H ❡♥ ✉♥ ±50%✱ ❡♥❝♦♥tr❛♥❞♦ ✉♥ ♠✉② ♣❡q✉❡ñ♦

✐♠♣❛❝t♦ ❡♥ ❧♦s r❡s✉❧t❛❞♦s✳ ❇❛s❛❞♦s ❡♥t♦♥❝❡s ❡♥ ❡❧ ♣❛tró♥ ♦❜s❡r✈❛❞♦ ❛ ◆▲❖ ② ◆◆▲❖✱ ❡s ❞❡

❡s♣❡r❛r q✉❡ ❡❧ r❡s✉❧t❛❞♦ ❡①❛❝t♦ ❞❡ c(3)gg (N) s❡ ❡♥❝✉❡♥tr❛ ❞❡♥tr♦ ❞❡ ❧❛ ❜❛♥❞❛ ♠♦str❛❞❛ ❡♥ ❧❛

✜❣✉r❛✱ ♣❛r❛ N >
∼ 2✳

▲❛ ❝♦♥s✐st❡♥❝✐❛ ❡♥tr❡ ❧❛s ❜❛♥❞❛s ❞❡ ❧❛ ❋✐❣✉r❛ ✸✳✷ ❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ❡①❛❝t♦s ♣❛r❛ N >
∼ 2

♥♦ ❣❛r❛♥t✐③❛ q✉❡ ♦❝✉rr❛ ❧♦ ♠✐s♠♦ ♣❛r❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❤❛❞ró♥✐❝❛✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❡s ❞❡

❡s♣❡r❛r q✉❡ ❤❛②❛ ❞✐❢❡r❡♥❝✐❛s ♣❛r❛ ❡♥❡r❣í❛s ❛❧t❛s✱ ❞❛❞♦ q✉❡ ✈❛❧♦r❡s ❣r❛♥❞❡s ❞❡ Ecm ✐♠♣❧✐❝❛♥

✈❛❧♦r❡s ♠ás ♣❡q✉❡ñ♦s ❞❡ N ✱ ② ❡♥ ♣❛rt✐❝✉❧❛r ❧❛ r❡❣✐♦♥ N < 2 ❝♦♠✐❡♥③❛ ❡♥ ❛❧❣ú♥ ♣✉♥t♦ ❛

s❡r r❡❧❡✈❛♥t❡✳ P♦r ❧♦ t❛♥t♦✱ ♣❛r❛ ❛♥❛❧✐③❛r ❧❛s ❡♥❡r❣í❛s ❛ ❧❛s ❝✉❛❧❡s ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❡s ✈á❧✐❞❛

❣r❛✜❝❛♠♦s ❡♥ ❧❛ ❋✐❣✉r❛ ✸✳✹ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ❞❡❧ ❝❛♥❛❧ ✐♥✐❝✐❛❞♦ ♣♦r ❣❧✉♦♥❡s ❛ ❧❛ s❡❝❝✐ó♥

❡✜❝❛③ ❤❛❞ró♥✐❝❛ ❛ ◆▲❖ ② ◆◆▲❖✱ ♣❛r❛ ❞✐❢❡r❡♥t❡s ❡♥❡r❣í❛s ❞❡ ❝♦❧✐s✐ó♥✳ ❆q✉í✱ ② ❡♥ t♦❞♦s ❧♦s

r❡s✉❧t❛❞♦s q✉❡ s❡ ❡♥❝✉❡♥tr❛♥ ❛ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❤❡♠♦s ✉t✐❧✐③❛❞♦ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❡①❛❝t❛ ❝♦♥

❧❛ ♠❛s❛ ❞❡❧ q✉❛r❦ t♦♣ ❛ ▲❖✳ ■♥❞❡♣❡♥❞✐❡♥t❡♠❡♥t❡ ❞❡❧ ♦r❞❡♥ ❞❡❧ ❝á❧❝✉❧♦✱ ✉t✐❧✐③❛♠♦s ❡♥ ❡st❡

❝❛s♦ ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❛❝♦♣❧❛♠✐❡♥t♦ ❢✉❡rt❡ ② ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ♣❛rt♦♥❡s ❛ ◆◆▲❖✳ ❊♥ ❧❛ ✜❣✉r❛

t❛♠❜✐é♥ s❡ ♠✉❡str❛♥ ❧♦s ❞❡♥♦♠✐♥❛❞♦s ❢❛❝t♦r❡s K ❛ ◆▲❖ ② ◆◆▲❖✱ ❞❡✜♥✐❞♦s ❡♥ ❡st❡ ❝❛s♦

❝♦♠♦ KNkLO = σNkLO/σNk−1LO ✳ ■♥❝❧✉✐♠♦s ❡♥ ❡s❡ ❝❛s♦ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ♣❡q✉❡ñ❛s✱ ♣❡r♦

✹✺



♥♦ ❞❡s♣r❡❝✐❛❜❧❡s✱ ❞❡ ❧♦s ♦tr♦s ❝❛♥❛❧❡s ♣❛rtó♥✐❝♦s r❡❧❡✈❛♥t❡s✳

P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❧♦s r❡s✉❧t❛❞♦s ❡①❛❝t♦s✱ t❛♥t♦ ♣❛r❛ ❡❧ ❝❛♥❛❧ ❣❧✉ó♥✲❣❧✉ó♥ ❝♦♠♦ ♣❛r❛

❧❛ s✉♠❛ ❞❡ t♦❞♦s ❧♦s ❝❛♥❛❧❡s✱ s♦♥ ❝♦♥s✐st❡♥t❡s ❝♦♥ ❧❛ ❜❛♥❞❛ ❞❡✜♥✐❞❛ ♣♦r ❧❛s ❛♣r♦①✐♠❛❝✐♦♥❡s

❙❱ ② ❙❱+N −1 ♣❛r❛ Ecm
<
∼ 20 ❚❡❱ ❛ ◆▲❖ ✭❧❛ ❞❡s✈✐❛❝✐ó♥ ♣❛r❛ ❡♥❡r❣í❛s ♠❛②♦r❡s ❡s ❞❡

t♦❞♦s ♠♦❞♦s ♣❡q✉❡ñ❛✮ ② ❡♥ t♦❞♦ ❡❧ r❛♥❣♦ ❞❡ ❡♥❡r❣í❛s ❝♦♥s✐❞❡r❛❞❛s ❛ ◆◆▲❖✳ ❊st♦ ♣♦❞í❛

♣r❡❞❡❝✐rs❡ ♦❜s❡r✈❛♥❞♦ ❡♥ ❞❡t❛❧❧❡ ❧❛ ❋✐❣✉r❛ ✸✳✷✱ ❡♥ ❞♦♥❞❡ s❡ ♣✉❡❞❡ ✈❡r q✉❡ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥

❡s ❛♣❧✐❝❛❜❧❡ ❤❛st❛ ✈❛❧♦r❡s ❞❡ N ♠ás ♣❡q✉❡ñ♦s ❛ ◆◆▲❖✳

❊♥ ✈✐st❛ ❞❡ ❡st♦s r❡s✉❧t❛❞♦s✱ ♣♦❞❡♠♦s ❝♦♥✜❛r ❡♥ ♥✉❡str❛ ❛♣r♦①✐♠❛❝✐ó♥ ♣❛r❛ ❡❧ ❝♦❡✜✲

❝✐❡♥t❡ c(3)gg (N) ♣❛r❛ ♣r❡❞❡❝✐r ❡❧ ✈❛❧♦r ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❛ ◆3▲❖ ❡♥ ❡❧ r❛♥❣♦ ❞❡ ❡♥❡r❣í❛s

Ecm
<
∼ 20 TeV✳ ❊st♦ s❡ ♠✉❡str❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✸✳✺✳ ❆q✉í t♦❞♦s ❧♦s ❝❛♥❛❧❡s ♣❛rtó♥✐❝♦s s❡

❡♥❝✉❡♥tr❛♥ ✐♥❝❧✉✐❞♦s ❤❛st❛ ◆◆▲❖✱ ♠✐❡♥tr❛s q✉❡ ❛ ◆3▲❖ só❧♦ ❝♦♥s✐❞❡r❛♠♦s ❡❧ ❝❛♥❛❧ ❣❧✉ó♥✲

❣❧✉ó♥✳ ❊♥ ❡st❡ ❝❛s♦✱ ✉t✐❧✐③❛♠♦s ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❝♦♥ ❧❛s ❡s❝❛❧❛s ❞❡ αS ❛ ◆3▲❖ ❬✷✸✱ ✷✹❪✱ ❝♦♥

αS(M
2
Z ) = 0,1165✳

P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❛ ◆3▲❖ ❡s ♠ás ❣r❛♥❞❡ q✉❡ ❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛

◆◆▲❖✳ P❛r❛ µR = mH ✱ ❡❧ ❛✉♠❡♥t♦ ❡s ❞❡ 11,3%± 1,9% ♣❛r❛ Ecm = 7 TeV ② 9,7%± 1,7%

♣❛r❛ Ecm = 20 TeV✳ P❛r❛ µR = mH/2✱ q✉❡ ❡s ✉♥ ✈❛❧♦r ♠ás ❝❡r❝❛♥♦ ❛ ❛q✉❡❧ ❞❡ ♠❡♥♦r

❞❡♣❡♥❞❡♥❝✐❛ ❝♦♥ ❧❛s ❡s❝❛❧❛s ② q✉❡ ♣❡r♠✐t❡ r❡♣r♦❞✉❝✐r ❛❧❣✉♥♦s ❡❢❡❝t♦s ❞❡ r❡s✉♠❛❝✐ó♥ ❬✹✵❪✱

❧❛s ❝♦rr❡❝❝✐♦♥❡s s♦♥ s✉st❛♥❝✐❛❧♠❡♥t❡ ♠❡♥♦r❡s✱ ❝♦♥ ❛✉♠❡♥t♦s ❞❡ 4,1%±2,9% ② 2,7%±2,5%

♣❛r❛ ❡♥❡r❣í❛s ❞❡ ✼ ❚❡❱ ② ✷✵ ❚❡❱✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♥❝❧✉✐♠♦s ❡♥t♦♥❝❡s q✉❡ ❡❧ t❛♠❛ñ♦ ❞❡

❧❛s ❝♦rr❡❝❝✐♦♥❡s✱ ❝♦♠♦ ❛sí t❛♠❜✐é♥ s✉ ✐♥❝❡rt❡③❛✱ ❞❡♣❡♥❞❡ ❞é❜✐❧♠❡♥t❡ ❞❡ ❧❛ ❡♥❡r❣í❛ ❞❡ ❝❡♥tr♦

❞❡ ♠❛s❛ ❡♥ ❡st❡ r❛♥❣♦✳ ▲❛ ✐♥❝❡rt❡③❛ ❞❡ ♥✉❡str❛ ❛♣r♦①✐♠❛❝✐ó♥✱ ♣❛r❛ ✉♥❛ ❡❧❡❝❝✐ó♥ ❞❛❞❛ ❞❡

❧❛s ❡s❝❛❧❛s✱ ❡s ❞❡❧ ♦r❞❡♥ ❞❡❧ ✷✲✸✪✳

▲❛ ❋✐❣✉r❛ ✸✳✻ ♠✉❡str❛ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧ ❛ ✶✹ ❚❡❱ ❝♦♥ ❧❛s ❡s❝❛❧❛s

❞❡ r❡♥♦r♠❛❧✐③❛❝✐ó♥ ② ❢❛❝t♦r✐③❛❝✐ó♥ µR ② µF ♣❛r❛ ❧♦s ❞✐st✐♥t♦s ♦r❞❡♥❡s ❡♥ ❧❛ ❡①♣❛♥s✐ó♥

♣❡rt✉r❜❛t✐✈❛✱ ❡♥ ❡st❡ ❝❛s♦ ❝❛❧❝✉❧❛❞♦s ✉t✐❧✐③❛♥❞♦ ❝♦♥s✐st❡♥t❡♠❡♥t❡ ✭❡♥ ❧♦s ❝❛s♦s ❡♥ q✉❡ s❡

❡♥❝✉❡♥tr❛♥ ❞✐s♣♦♥✐❜❧❡s✮ ❧♦s ✈❛❧♦r❡s ② ❡✈♦❧✉❝✐ó♥ ❞❡ αS ② ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ♣❛rt♦♥❡s✳ P❛r❛

❧❛ ❜❛♥❞❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ◆3▲❖ s❡ ✉t✐❧✐③❛r♦♥ ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ♣❛rt♦♥❡s ❛ ◆◆▲❖✱ ❞❛❞♦

q✉❡ ♥♦ s❡ ❡♥❝✉❡♥tr❛ ❞✐s♣♦♥✐❜❧❡ ♥✐♥❣✉♥❛ ❞✐str✐❜✉❝✐ó♥ ❛ t❡r❝❡r ♦r❞❡♥✳ ❈♦♠♦ s❡ ♣✉❡❞❡ ✈❡r ❡♥

❡❧ ❣rá✜❝♦ s✉♣❡r✐♦r✱ ❧❛ ✈❛r✐❛❝✐ó♥ ❝♦♥ ❧❛ ❡s❝❛❧❛ µF ♣❛r❛ ✉♥ ✈❛❧♦r ✜❥♦ ❞❡ µR ❡s ♣❡q✉❡ñ❛ ②❛

✹✻



10

100

50

20

30

15

150

70

∆
Σ

N
LO
@
pb
D

7

Exact gg
SV+N -1
SV

10 5020 3015
2.0

2.1

2.2

2.3

2.4

K
N

LO

7
Ecm @TeVD

All channels

2

5

10

20

50

100

∆
Σ

N
N

LO
@
pb
D

Exact gg
SV+N -1
SV

10 5020 3015
1.1

1.2

1.3

1.4

1.5

K
N

N
LO

7
Ecm @TeVD

All channels

❋✐❣✉r❛ ✸✳✹✿ ▲❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❛ ◆▲❖ ✭❛rr✐❜❛✮ ② ◆◆▲❖ ✭❛❜❛❥♦✮ ❞❡❧ ❝❛♥❛❧ ❣❧✉ó♥✲❣❧✉ó♥ ❛ ❧❛

s❡❝❝✐ó♥ ❡✜❝❛③ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜♦só♥ ❞❡ ❍✐❣❣s ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❡♥❡r❣í❛ ❞❡❧ ❝♦❧✐s✐♦♥❛❞♦r✱ ♣❛r❛

❡❧ r❡s✉❧t❛❞♦ ❡①❛❝t♦ ✭❧í♥❡❛ só❧✐❞❛✮✱ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❙❱ ✭♣✉♥t❡❛❞❛✮ ② ❙❱+N −1 ✭r❛②❛❞❛✮✳ ▲♦s ♣❛♥❡❧❡s

✐♥❢❡r✐♦r❡s ♠✉❡str❛♥ ❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❢❛❝t♦r❡s K✱ ✐♥❝❧✉②❡♥❞♦ ❡❧ ❡❢❡❝t♦ ❞❡❧ r❡st♦ ❞❡ ❧♦s ❝❛♥❛❧❡s

♣❛rtó♥✐❝♦s ✭r❛②❛❞❛✲♣✉♥t❡❛❞❛✮✳

✹✼
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❋✐❣✉r❛ ✸✳✺✿ ▲❛s ❝♦♥tr✐❜✉❝✐ó♥ ❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜♦só♥ ❞❡ ❍✐❣❣s ❛ ◆3▲❖ ❡♥

❢✉♥❝✐ó♥ ❞❡ ❧❛ ❡♥❡r❣í❛ ❞❡❧ ❝♦❧✐s✐♦♥❛❞♦r✱ ♣❛r❛ ❧❛s ❛♣r♦①✐♠❛❝✐♦♥❡s ❙❱ ✭❧í♥❡❛ ♣✉♥t❡❛❞❛✮ ② ❙❱+N−1

❞❡✜♥✐❞❛ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✻✮ ✭r❛②❛❞❛✮✳ ❙❡ ♠✉❡str❛♥ ❧♦s r❡s✉❧t❛❞♦s ♣❛r❛ µR = mH ✭❝✉r✈❛s s✉♣❡✲

r✐♦r❡s✱ ❡♥ r♦❥♦✮ ② µR = 0,5mH ✭❝✉r✈❛s ✐♥❢❡r✐♦r❡s✱ ❡♥ ❛③✉❧✮✳ ❊❧ ♣❛♥❡❧ ✐♥❢❡r✐♦r ♠✉❡str❛ ❡❧ ❝♦❝✐❡♥t❡

❡♥tr❡ ❧❛ ♣r❡❞✐❝❝✐ó♥ ❛ ◆3▲❖ ② ❡❧ r❡s✉❧t❛❞♦ ❛ ◆◆▲❖ ❝♦♠♣❧❡t♦✳

❛ ▲❖✱ ❛ ♣❡s❛r ❞❡ ❧❛s ✈❛r✐❛❝✐♦♥❡s q✉❡ s✉❢r❡♥ ❧❛s ❞❡♥s✐❞❛❞❡s ❞❡ ♣❛rt♦♥❡s✳ ▲❛ ❞❡♣❡♥❞❡♥❝✐❛

❝♦♥ µF ❡s ❞❡ ❤❡❝❤♦ ♠ás ❣r❛♥❞❡ ❛ ◆3▲❖ q✉❡ ❛ ◆◆▲❖✳ ❊st♦ s❡ ❞❡❜❡ ❛❧ ❤❡❝❤♦ ❞❡ q✉❡ s❡

❡stá♥ ✉t✐❧✐③❛♥❞♦ ❞✐str✐❜✉❝✐♦♥❡s ❛ ◆◆▲❖ ♣❛r❛ ❡❧ ❝á❧❝✉❧♦ ❛ t❡r❝❡r ♦r❞❡♥✳ ❆❞❡♠ás✱ ❛ ◆3▲❖

♥♦ s❡ ❡♥❝✉❡♥tr❛♥ ✐♥❝❧✉✐❞♦s ❡❧ r❡st♦ ❞❡ ❧♦s ❝❛♥❛❧❡s ♣❛rtó♥✐❝♦s✱ q✉❡ ❡♥ ❧♦s ♦r❞❡♥❡s ❛♥t❡r✐♦r❡s

t✐❡♥❞❡♥ ❛ ❡st❛❜✐❧✐③❛r ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❝♦♥ ❧❛ ❡s❝❛❧❛ ❞❡ ❢❛❝t♦r✐③❛❝✐ó♥✳

◆✐♥❣✉♥♦ ❞❡ ❡st♦s ♣r♦❜❧❡♠❛s ❛♣❧✐❝❛ ❛ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❝♦♥ ❧❛ ❡s❝❛❧❛ µR ♣❛r❛ µF ✜❥♦✱

❞❛❞♦ q✉❡ ❧♦ ú♥✐❝♦ q✉❡ s❡ r❡q✉✐❡r❡ ❡s ❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❜❡t❛ ❞❡ ◗❈❉ ❛ ❝✉❛tr♦

❧♦♦♣s ❬✷✸✱✷✹❪✱ ♣❡r♦ ♥♦ ❧❛s ❛ú♥ ❞❡s❝♦♥♦❝✐❞❛s ❢✉♥❝✐♦♥❡s ❞❡ ♣❛rt✐❝✐ó♥ ❛ ❝✉❛rt♦ ♦r❞❡♥✳ ❯s❛♥❞♦

❡❧ ✐♥t❡r✈❛❧♦ mH/4 ≤ µR ≤ 2mH ✱ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ✈❛ ❞❡s❞❡ ✸✷ ❛ ✺✻ ♣❜ ❛ ◆▲❖✱ ❞❡s❞❡ 42,5

❛ ✺✼ ♣❜ ❛ ◆◆▲❖✱ ② ❞❡s❞❡ 49,5 ❛ 54,5 ♣❜ ♣❛r❛ ❡❧ ❝❡♥tr♦ ❞❡ ♥✉❡str❛ ❜❛♥❞❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡

❛❧ ◆3▲❖✳ ▲❛s ❝♦t❛s ✐♥❢❡r✐♦r❡s ❝❛♠❜✐❛♥ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❛ ✸✽✱ 47,5 ② 52,5 ♣❜ ❛❧ ✉t✐❧✐③❛r ❧❛

✈❛r✐❛❝✐ó♥ ❝♦♥✈❡♥❝✐♦♥❛❧ ❞❡ ✉♥ ❢❛❝t♦r ✷ ❛❧r❡❞❡❞♦r ❞❡ ❧❛ ❡s❝❛❧❛ mH/2✳ ❊st♦s r❡s✉❧t❛❞♦s ✐♥❞✐❝❛♥

✉♥ ✐♥❝❡rt❡③❛ t❡ór✐❝❛ ❞❡❜✐❞❛ ❛❧ tr✉♥❝❛♠✐❡♥t♦ ❞❡ ❧❛ s❡r✐❡ ♣❡rt✉r❜❛t✐✈❛ ✉♥ ♣♦❝♦ ♠❡♥♦r ❛❧ ± 5%

✹✽
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❋✐❣✉r❛ ✸✳✻✿ ❉❡♣❡♥❞❡♥❝✐❛ ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜♦só♥ ❞❡ ❍✐❣❣s ❝♦♥ ❧❛ ❡s❝❛❧❛ ❞❡

❢❛❝t♦r✐③❛❝✐ó♥ µF ♣❛r❛ µR = mH ✭❛rr✐❜❛✮✱ ❧❛ ❡s❝❛❧❛ ❞❡ r❡♥♦r♠❛❧✐③❛❝✐ó♥ µR ♣❛r❛ µF = mH ✭♠❡❞✐♦✮✱

② ❝♦♥ µ ≡ µF = µR ✭❛❜❛❥♦✮ ♣❛r❛ Ecm = 14 TeV✳ ◆✉❡str❛ ❜❛♥❞❛ ❛ ◆3▲❖ s❡ ❡♥❝✉❡♥tr❛ ❞❡✜♥✐❞❛

♣♦r ❧❛s ❛♣r♦①✐♠❛❝✐♦♥❡s ❙❱ ② ❙❱+N −1✳

✹✾



❛ ◆3▲❖✳

❋✐♥❛❧♠❡♥t❡✱ ❡♥ ❡❧ ❣rá✜❝♦ ✐♥❢❡r✐♦r ❞❡ ❧❛ ❋✐❣✉r❛ ✸✳✻✱ ❛♠❜❛s ❡s❝❛❧❛s s♦♥ ✈❛r✐❛❞❛s s✐♠✉❧tá♥❡❛✲

♠❡♥t❡✳ ▲❛ ❞❡♣❡♥❞❡♥❝✐❛ ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❛ ▲❖✱ ◆▲❖ ② ◆◆▲❖ ❡s s✐♠✐❧❛r ✭❧✐❣❡r❛♠❡♥t❡

♠❡♥♦r✮ ❛ ❧❛ ❞✐s❝✉t✐❞❛ ❛♥t❡r✐♦r♠❡♥t❡✳ ▲❛ ❞✐s♠✐♥✉❝✐ó♥ ❡♥ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ q✉❡ s❡ ♦❜s❡r✈❛ ❛

◆3▲❖ ♥♦ ♣✉❡❞❡ s❡r ❝♦♥✜❛❞❛ ❝✉❛♥t✐t❛t✐✈❛♠❡♥t❡✱ ❞❛❞♦ q✉❡ ❧❛ t❡♥❞❡♥❝✐❛ ❤❛❝✐❛ ✈❛❧♦r❡s ♠❡♥♦r❡s

❞❡ s❡❝❝✐ó♥ ❡✜❝❛③ ♣❛r❛ µR ❝r❡❝✐❡♥t❡ s❡ ❝❛♥❝❡❧❛ ❝♦♥ ❡❧ ✐♥❝r❡♠❡♥t♦ ❡s♣✉r✐♦ q✉❡ s❡ ♦❜s❡r✈❛ ❡♥

❡❧ ❣rá✜❝♦ s✉♣❡r✐♦r ♣❛r❛ ✈❛❧♦r❡s ❣r❛♥❞❡s ❞❡ µF ✳ P♦r ❧♦ t❛♥t♦✱ r❡s✉❧t❛ ♠ás ❝♦♥✜❛❜❧❡ ♣♦r ❡❧

♠♦♠❡♥t♦ ✉t✐❧✐③❛r ❧♦s r❡s✉❧t❛❞♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ µF ✜❥♦ ♣❛r❛ ❡st✐♠❛r ❧❛ ✐♥❝❡rt❡③❛ ❞❡ ❧❛

s❡❝❝✐ó♥ ❡✜❝❛③✳

❙✐ ❜✐❡♥ ❡♥ ♠✉❝❤♦s ❝❛s♦s s♦♥ ✐♥❡✈✐t❛❜❧❡s✱ ❧❛s ❡st✐♠❛❝✐♦♥❡s ❞❡ ❧❛ ✐♥❝❡rt❡③❛ ✉t✐❧✐③❛♥❞♦ ❧❛

✈❛r✐❛❝✐ó♥ ❞❡ ❡s❝❛❧❛ ♥♦ s♦♥ ❝♦♠♣❧❡t❛♠❡♥t❡ ❝♦♥✜❛❜❧❡s✱ ② ❛❞❡♠ás ♣♦r s✉♣✉❡st♦ ❡❧ r❛♥❣♦ ❡♥

q✉❡ s❡ ✈❛rí❛♥ ❧❛s ♠✐s♠❛s ❡s ❞❡ ❛❧❣ú♥ ♠♦❞♦ ❛r❜✐tr❛r✐♦✳ ❯♥❛ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ ♣♦❞❡r ♦❜t❡♥❡r

❡st❛ ✐♥❝❡rt❡③❛ ❡s✱ ❡♥ ❧♦s ❝❛s♦s ❡♥ q✉❡ s❡❛ ♣♦s✐❜❧❡✱ r❡❛❧✐③❛r ✉♥❛ ❡st✐♠❛❝✐ó♥ ❞❡❧ t❛♠❛ñ♦ ❞❡

❧❛s ❝♦rr❡❝❝✐♦♥❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ s✐❣✉✐❡♥t❡ ♦r❞❡♥ ❡♥ ❧❛ ❡①♣❛♥s✐ó♥ ♣❡rt✉r❜❛t✐✈❛✱ ♣❛r❛ ✉♥❛

❡s❝❛❧❛ ✜❥❛ ✭♣❛r❛ ♦tr♦s ♠ét♦❞♦s ✈❡r ♣♦r ❡❥❡♠♣❧♦ ❧❛s ❘❡❢s✳ ❬✻✻✱ ✻✼❪✮✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ❡❧

❝❛s♦ ❞❡ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜♦só♥ ❞❡ ❍✐❣❣s ❡st♦ ❡s ♣♦s✐❜❧❡✱ ❞❛❞♦ q✉❡ ❡❧ t❛♠❛ñ♦ ❛♣r♦①✐♠❛❞♦

❞❡ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ❙❱ ❝♦♠♣❧❡t❛ ❛ ◆4 ▲❖ ♣✉❡❞❡ s❡r ♦❜t❡♥✐❞♦ ❛ ♣❛rt✐r ❞❡ ❧♦s r❡s✉❧t❛❞♦s ❞❡

❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✸✮✳ P❛r❛ ❡❧❧♦ ❡s ♥❡❝❡s❛r✐♦ ❡st✐♠❛r ❡❧ ✈❛❧♦r ❞❡ ❧♦s ♣❛rá♠❡tr♦s Dg,4 ② g0,4✳

❙✐❣✉✐❡♥❞♦ ❧❛s ❧í♥❡❛s ❞✐s❝✉t✐❞❛s ❡♥ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r✱ ✉t✐❧✐③❛♠♦s Dg,4 = 0 ② κ4 g0,4 = 130

❝♦♠♦ ✉♥❛ ❡st✐♠❛❝✐ó♥ ✏❣r❛♥❞❡✑ ♣❛r❛ ❡❧ ❝♦❡✜❝✐❡♥t❡ cgg ❛ ◆4▲❖✱ ② κ4Dg,4 = 55✱ ✐✳❡✳✱ ❞♦s ✈❡❝❡s

❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡ P❛❞é ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✶✮ ② g0,4 = 0 ♣❛r❛ ✉♥❛ ❡st✐♠❛❝✐ó♥ ✏♣❡q✉❡ñ❛✑✳

❊♥ ♣r✐♥❝✐♣✐♦✱ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❛ ◆4▲❖ ❡♥ ❡❧ ❧í♠✐t❡ ❙❱ t❛♠❜✐é♥ ✐♥✈♦❧✉❝r❛ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥

❞❡ ♦r❞❡♥ α 5
s ❛❧ ❝♦❡✜❝✐❡♥t❡ C(µ 2

R) ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✹✮✱ ❡❧ ❝✉❛❧ ❞❡ ❤❡❝❤♦ ❡s ❝♦♥♦❝✐❞♦ ❡①❝❡♣t♦

♣♦r ❧❛ ♣❛rt❡ ❞❡♣❡♥❞✐❡♥t❡ ❞❡ Nf ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❜❡t❛ ❞❡ ◗❈❉ ❛ ❝✐♥❝♦ ❧♦♦♣s ❬✹✼✱ ✹✽❪✳ ❙✐♥

❡♠❜❛r❣♦✱ ❝♦♠♦ r❡s✉❧t❛ ❡✈✐❞❡♥t❡ ❛ ♣❛rt✐r ❞❡ ❧❛ ú❧t✐♠❛ ✜❧❛ ❞❡ ❧❛ ❚❛❜❧❛ ✸✳✶✱ ❡st❛ ❝♦♥tr✐❜✉❝✐ó♥

♣✉❡❞❡ s❡r ♦♠✐t✐❞❛ ②❛ q✉❡ t✐❡♥❡ ✉♥ ✐♠♣❛❝t♦ ♥✉♠ér✐❝♦ ♠✉② ♣❡q✉❡ñ♦✳

❋✐♥❛❧♠❡♥t❡ ❡♥t♦♥❝❡s✱ ♥✉❡str❛s ❡st✐♠❛❝✐♦♥❡s ♣❛r❛ ❧❛ ❝♦rr❡❝❝✐ó♥ ❞❡ ❝✉❛rt♦ ♦r❞❡♥ s❡ ♠✉❡s✲

tr❛♥ ❡♥ ❧❛ ❋✐❣✉r❛ ✸✳✼✱ ❡♥ ❢♦r♠❛ ❛♥á❧♦❣❛ ❛ ❧♦ ❤❡❝❤♦ ♣❛r❛ ❡❧ r❡s✉❧t❛❞♦ ❛ ◆3▲❖ ❡♥ ❧❛ ❋✐❣✉r❛

✸✳✺✳ ❙❡ ♣✉❡❞❡ ♦❜s❡r✈❛r t❛♠❜✐é♥ ❡♥ ❡st❡ ❝❛s♦ q✉❡ ❡❧ t❛♠❛ñ♦ r❡❧❛t✐✈♦ ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s✱

✺✵



✐❧✉str❛❞♦ ❡♥ ❡❧ ♣❛♥❡❧ ✐♥❢❡r✐♦r ❛ tr❛✈és ❞❡❧ ❢❛❝t♦r K✱ ❞❡♣❡♥❞❡ só❧♦ ❧❡✈❡♠❡♥t❡ ❞❡ ❧❛ ❡♥❡r❣í❛ ❞❡❧

❝♦❧✐s✐♦♥❛❞♦r✱ r❡s✉❧t❛♥❞♦ ❡♥ ✉♥ ❡❢❡❝t♦ ❞❡ 3,0% ❛ 2,5% ♣❛r❛ µR = mH ② −0,4% ❛ −0,5%

♣❛r❛ µR = mH/2 ❛❧ ✐r ❞❡s❞❡ ✼ ❚❡❱ ❛ ✷✵ ❚❡❱✳ P❛r❛ Ecm = 14 ❚❡❱ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ❞❡ ❧♦s

tér♠✐♥♦s ❙❱ ❛ ◆4▲❖ ❝❛♠❜✐❛♥ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❡♥ ❛❧r❡❞❡❞♦r ❞❡ 1,5 ♣❜ ② −0,5 ♣❜ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✱ ♣❛r❛ ❧❛s ❞♦s ❡❧❡❝❝✐♦♥❡s ❞❡ ❧❛ ❡s❝❛❧❛ ❞❡ r❡♥♦r♠❛❧✐③❛❝✐ó♥ ❛♥t❡r✐♦r❡s✳ ❆ú♥ ❡♥ ❡❧ ❝❛s♦

❡♥ q✉❡ ❡st♦s r❡s✉❧t❛❞♦s s✉❜❡st✐♠❛r❛♥ ❝♦♥s✐❞❡r❛❜❧❡♠❡♥t❡ ❧❛ ✈❡r❞❛❞❡r❛ ❝♦rr❡❝❝✐ó♥ ❛ ❝✉❛rt♦

♦r❞❡♥✱ ❞❡ t♦❞♦s ♠♦❞♦s ❧❛ ♠✐s♠❛ r❡s✉❧t❛rí❛ ❡♥ ✉♥ ❡❢❡❝t♦ ♠❡♥♦r ❛❧ 5%✳ ❈❛❜❡ r❡❝❛❧❝❛r q✉❡ ❧❛s

❜❛♥❞❛s ❞❡ ❧❛s ❋✐❣✉r❛s ✸✳✺ ② ✸✳✼ t✐❡♥❡♥ q✉❡ s❡r s✉♠❛❞❛s ❛ ❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s r❡s✉❧t❛❞♦s ❞❡

❧♦s ór❞❡♥❡s ✐♥❢❡r✐♦r❡s✱ ✉t✐❧✐③❛♥❞♦ ❡♥ ❝❛❞❛ ❝❛s♦ ❧❛ ♠✐s♠❛ ❡❧❡❝❝✐ó♥ ❞❡ ❧❛s ❡s❝❛❧❛s✳ P♦r ❡♥❞❡✱ ❧❛

❞✐❢❡r❡♥❝✐❛ q✉❡ ❡①✐st❡ ❡♥tr❡ ❧❛s ❜❛♥❞❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ µR = mH ② µR = mH/2 ❡♥ ❞✐❝❤❛s

✜❣✉r❛s ♥♦ ✐♥❞✐❝❛ ❧❛ ✐♥❝❡rt❡③❛ ❞❡ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s ❛ ◆3▲❖ ② ◆4▲❖✳

❊♥ ✈✐st❛s ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ♣♦❞❡♠♦s ❛s✐❣♥❛r ✉♥❛ ✐♥❝❡rt❡③❛

♣❡rt✉r❜❛t✐✈❛ ❛ ♥✉❡str❛ ♣r❡❞✐❝❝✐ó♥ ❛ ◆3▲❖ ❞❡❧ ♦r❞❡♥ ❞❡ ± 5%✳ ❊st❛ ✐♥❝❡rt❡③❛ t✐❡♥❡ ❡♥

❝✉❡♥t❛ ❡❧ ❝❛r❛❝t❡r ❛♣r♦①✐♠❛❞♦ ❞❡ c(3)gg (N)✱ ❧❛ ♦♠✐s✐ó♥ ❞❡ ❧♦s ❝❛♥❛❧❡s q✉❛r❦✲❣❧✉ó♥ ② q✉❛r❦✲

✭❛♥t✐✮q✉❛r❦ ❛ ◆3▲❖ ② ❡❧ tr✉♥❝❛♠✐❡♥t♦ ❞❡ ❧❛ ❡①♣❛♥s✐ó♥ ♣❡rt✉r❜❛t✐✈❛✳ ❈❛❧❝✉❧❛♥❞♦ t♦❞❛s ❧❛s

❝♦rr❡❝❝✐♦♥❡s ❡♥ ❡❧ ❧í♠✐t❡ ❞❡ ❧❛ ♠❛s❛ ❞❡❧ q✉❛r❦ t♦♣ ❣r❛♥❞❡ ♣❡r♦ ♥♦r♠❛❧✐③❛♥❞♦ ❝♦♥ ❡❧ r❡s✉❧t❛❞♦

❛ ▲❖ ❡①❛❝t♦✱ ♦❜t❡♥❡♠♦s ❡♥t♦♥❝❡s ✉♥❛ s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧ ❞❡ 54,3 ± 2,7 ♣❜ ❛ ✶✹ ❚❡❱ ♣❛r❛

❧❛s ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ♣❛rt♦♥❡s ❛ ◆◆▲❖ ❞❡ ❧❛ ❘❡❢✳ ❬✷✶❪✱ ② ❝♦♥ αS(M
2
Z ) = 0,1165✳ ❊❧ ✈❛❧♦r

❝❡♥tr❛❧ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❡❧❡❝❝✐ó♥ µR = mH/2 ② µF = mH ✳ ❆❧ ✐❣✉❛❧ q✉❡ ❡♥ ❡❧ r❡st♦ ❞❡

♥✉❡str♦s r❡s✉❧t❛❞♦s✱ ❧♦s ✈❛❧♦r❡s ❛♥t❡r✐♦r❡s ♥♦ ✐♥❝❧✉②❡♥ ❝♦rr❡❝❝✐♦♥❡s ❡❧❡❝tr♦❞é❜✐❧❡s ♥✐ ❡❢❡❝t♦s

❞❡ ❧❛ ♠❛s❛ ❞❡❧ q✉❛r❦ ❜♦tt♦♠✳

◆✉❡str❛ ♣r❡❞✐❝❝✐ó♥ ♣❛r❛ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❛ ◆3▲❖ ✐♥❝❧✉②❡♥❞♦ ❧♦s tér♠✐♥♦s N −1 ln kN ❡♥

❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✻✮ ♣✉❡❞❡ s❡r ❝♦♠♣❛r❛❞❛ ❝♦♥ ❧❛s ❘❡❢s✳ ❬✻✽✱✻✾❪✱ ❡♥ ❞♦♥❞❡ ❢✉❡ ❝♦♥str✉✐❞❛ ✉♥❛

❛♣r♦①✐♠❛❝✐ó♥ ♣❛r❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❛ ◆3▲❖ ❜❛s❛♥❞♦s❡ ❡♥ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ♣❛r❛ ✈❛❧♦r❡s

❣r❛♥❞❡s ② ♣❡q✉❡ñ♦s ❞❡ N ✭t❡♥✐❡♥❞♦ ❡st♦s ú❧t✐♠♦s ✉♥ ❡❢❡❝t♦ ♠✉② ♣❡q✉❡ñ♦ ♣❛r❛ ❧❛s ❡♥❡r❣í❛s

❞❡❧ ▲❍❈✮✳ ▲♦s tér♠✐♥♦s s✉❜❞♦♠✐♥❛♥t❡s N −1 ln kN ✐♥❝❧✉✐❞♦s ❡♥ ❞✐❝❤❛ ❛♣r♦①✐♠❛❝✐ó♥ ♥♦

❝♦✐♥❝✐❞❡♥ ❝♦♥ ❧♦s ♦❜t❡♥✐❞♦s ❛ ♣❛rt✐r ❞❡ ♥✉❡str♦ ❝á❧❝✉❧♦✱ ♠ás ❛❧❧á ❞❡❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛

N−1 ln 5N ✳ ❉❡ t♦❞❛s ❢♦r♠❛s✱ ❡❧ ✈❛❧♦r ❝❡♥tr❛❧ ❞❡ ❞✐❝❤❛s ♣r❡❞✐❝❝✐♦♥❡s ♣❛r❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❛

t❡r❝❡r ♦r❞❡♥ s♦♥ s✐♠✐❧❛r❡s ❛ ♥✉❡str♦s r❡s✉❧t❛❞♦s✳
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❋✐❣✉r❛ ✸✳✼✿ ❙✐♠✐❧❛r ❛ ❧❛ ❋✐❣✉r❛ ✸✳✺✱ ❡♥ ❡st❡ ❝❛s♦ ♣❛r❛ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❛ ◆4▲❖✱ ♦❜t❡♥✐❞❛s ❛ tr❛✈és

❞❡ ❧❛s ❡st✐♠❛❝✐♦♥❡s ✏❣r❛♥❞❡✑ ② ✏♣❡q✉❡ñ❛✑ ❞❡❧ ❝♦❡✜❝✐❡♥t❡ c
(4)
gg (N) ❞✐s❝✉t✐❞❛s ❡♥ ❡❧ t❡①t♦ ♣r✐♥❝✐♣❛❧✳

❊♥ ❡❧ ♣❛♥❡❧ ✐♥❢❡r✐♦r s❡ ♠✉❡str❛ ❡❧ ❝♦❝✐❡♥t❡ ❝♦♥ ❡❧ ♦r❞❡♥ ❛♥t❡r✐♦r✳

❋✐♥❛❧♠❡♥t❡✱ ❝♦♥ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ♣❡rt✉r❜❛t✐✈❛s ❞❡ ◗❈❉ ❛❧ ❝♦❡✜❝✐❡♥t❡ cgg s✉✜❝✐❡♥t❡♠❡♥t❡

❜❛❥♦ ❝♦♥tr♦❧✱ ❧❛s ♠ás ❣r❛♥❞❡s ❢✉❡♥t❡s ❞❡ ✐♥❝❡rt❡③❛s r❡st❛♥t❡s ♣❛r❛ ❡❧ ❝á❧❝✉❧♦ ❞❡ ❧❛ s❡❝❝✐ó♥

❡✜❝❛③ s♦♥ ❧❛ ❞❡t❡r♠✐♥❛❝✐ó♥ ❞❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ ❢✉❡rt❡ αS ② ❞❡ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ♣❛rt♦♥❡s✳

P♦r ❡❥❡♠♣❧♦✱ ✉t✐❧✐③❛♥❞♦ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❆❇▼✶✷ ♣❛r❛ αS ② P❉❋s ❬✼✵❪✱ ❡❧ ✈❛❧♦r ❝❡♥tr❛❧

♦❜t❡♥✐❞♦ ❡s ♠❡♥♦r ❡♥ ✉♥ ✶✶✲✶✹✪ ✭❞❡♣❡♥❞✐❡♥❞♦ ❞❡ ❧❛ ❡♥❡r❣í❛ ❞❡❧ ❝♦❧✐s✐♦♥❛❞♦r✮ q✉❡ ❧♦s

r❡♣♦rt❛❞♦s ❛q✉í✳ ❊st♦ s❡ ❞❡❜❡ ❛❧ ♠❡♥♦r ✈❛❧♦r ❞❡ αS(M
2
Z ) ✉t✐❧✐③❛❞♦ ❡♥ ❆❇▼✶✷ ② ❛ ✉♥❛

❞✐str✐❜✉❝✐ó♥ ❞❡ ❣❧✉♦♥❡s ♠ás ♣❡q✉❡ñ❛ ❡♥ ❡❧ r❛♥❣♦ ❞❡ ❢r❛❝❝✐ó♥ ❞❡ ✐♠♣✉❧s♦ ❞❡❧ ♣r♦tó♥ r❡❧❡✈❛♥t❡✳

❘❡❝✐❡♥t❡♠❡♥t❡✱ t❛♠❜✐é♥ ❧❛ ❝♦❧❛❜♦r❛❝✐ó♥ ◆◆P❉❋ ❤❛ r❡♣♦rt❛❞♦ ♥✉❡✈♦s ✈❛❧♦r❡s✱ q✉❡ ❞❛♥

❝♦♠♦ r❡s✉❧t❛❞♦ ✉♥❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣❛r❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜♦só♥ ❞❡ ❍✐❣❣s ❧✐❣❡r❛♠❡♥t❡

♠❡♥♦r❡s ❬✼✶❪✳

✺✷



✸✳✹✳ ❈♦♥❝❧✉s✐♦♥❡s

P♦r ❝❛s✐ ❞✐❡③ ❛ñ♦s ❧♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜♦só♥

❞❡ ❍✐❣❣s ❡♥ ❡❧ ❧í♠✐t❡ ❡♥ q✉❡ ❧❛ ♠❛s❛ ❞❡❧ q✉❛r❦ t♦♣ ❡s ❣r❛♥❞❡ s❡ ❤❛♥ r❡❞✉❝✐❞♦ ❛❧ r❡s✉❧t❛❞♦

❡①❛❝t♦ ❛ ◆◆▲❖ ❬✼✕✾❪ ♠ás ❧❛ r❡s✉♠❛❝✐ó♥ ❞❡ ❣❧✉♦♥❡s s♦❢t ❛ ◆3▲▲ ❬✸✼✱ ✻✶✱ ✻✷❪✱ ❧❛ ❝✉❛❧ ✜❥❛

❧❛s s❡✐s ♣♦t❡♥❝✐❛s ♠ás ❣r❛♥❞❡s ❞❡ ❧♦s ❧♦❣❛r✐t♠♦s ❞❡ ✉♠❜r❛❧ ❛ t♦❞♦ ♦r❞❡♥ ❡♥ t❡♦rí❛ ❞❡

♣❡rt✉r❜❛❝✐♦♥❡s✳ ❘❡❝✐❡♥t❡♠❡♥t❡✱ ❡❧ ❝á❧❝✉❧♦ ❞❡ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❛ ◆3▲❖ ❡♥ ❡❧ ❧í♠✐t❡ s♦❢t

✈✐rt✉❛❧ ❤❛ s✐❞♦ ❝♦♠♣❧❡t❛❞♦ ❬✸✽❪✱ ❛ñ❛❞✐❡♥❞♦ ❡♥t♦♥❝❡s ❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ❞❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡

δ(1−z) ❡♥ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣❛rtó♥✐❝❛✳

P♦r ♦tr♦ ❧❛❞♦✱ ❡♥ ❧♦s ú❧t✐♠♦s ❛ñ♦s t❛♠❜✐é♥ s❡ ❤❛ ❛✈❛♥③❛❞♦ ❡♥ ❧❛ r❡s✉♠❛❝✐ó♥ ❞❡ ❧♦s

❧♦❣❛r✐t♠♦s s✉❜❞♦♠✐♥❛♥t❡s✱ (1−z)a ln k (1−z) ❝♦♥ a ≥ 0✱ ❛ tr❛✈és ❞❡ ❧♦s ❞❡♥♦♠✐♥❛❞♦s ❦❡r♥❡❧s

❞❡ ❡✈♦❧✉❝✐ó♥ ❢ís✐❝♦s ❬✹✷✱✹✸❪✳

❊♥ ❡st❡ ❝❛♣ít✉❧♦✱ ❤❡♠♦s ❝♦♥s✐❞❡r❛❞♦ ❡❧ ❝❛♥❛❧ ♣❛rtó♥✐❝♦ ❞♦♠✐♥❛♥t❡ ❣❧✉ó♥✲❣❧✉ó♥ ② ❤❡♠♦s

❡①t❡♥❞✐❞♦ ❧♦s ❝á❧❝✉❧♦s ❞❡ ❧❛ ❘❡❢✳ ❬✹✷❪ ❛❧ ♣r♦❝❡s♦ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜♦só♥ ❞❡ ❍✐❣❣s✳ ❇❛s❛✲

❞♦s ❡♥ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛s ❘❡❢s✳ ❬✼✕✾❪ ❤❡♠♦s ❞❡r✐✈❛❞♦ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❙❱ s✉❜❞♦♠✐♥❛♥t❡s

ln k (1−z) ❝♦♥ k = 5, 4, 3✱ ❡♥ ❢♦r♠❛ ❝♦♠♣❧❡t❛ ♣❛r❛ ❧♦s ♣r✐♠❡r♦s ❞♦s ② ❛ ♠❡♥♦s ❞❡ ✉♥❛ ❝♦♥s✲

t❛♥t❡ ❝♦♥ ❡s❝❛s♦ ✐♠♣❛❝t♦ ♥✉♠ér✐❝♦ ♣❛r❛ ❧❛ t❡r❝❡r❛✳ P❛r❛ ❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s r❡s✉❧t❛❞♦s ❝♦♥

a ≥ 1✱ ❤❡♠♦s ♦❜t❡♥✐❞♦ ❛q✉❡❧❧♦s tér♠✐♥♦s ♥♦ ♣r♦♣♦r❝✐♦♥❛❧❡s ❛ CF ✳ ❚♦❞♦s ❡st♦s r❡s✉❧t❛❞♦s✱

✐♥❝❧✉✐❞♦s ❡♥ ❡❧ ❆♣é♥❞✐❝❡ ❆ ❥✉♥t♦ ❝♦♥ ❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❝✉❛rt♦ ♦r❞❡♥✱ ❝♦♥st✐t✉②❡♥ ✉♥❛

❝♦rr♦❜♦r❛❝✐ó♥ ♥♦ tr✐✈✐❛❧ ♣❛r❛ ✉♥ ❢✉t✉r♦ ❝á❧❝✉❧♦ ❝♦♠♣❧❡t♦ ❛ ◆3▲❖✳

P❛s❛♥❞♦ ❛❧ ❡s♣❛❝✐♦ ❞❡ ▼❡❧❧✐♥ ♣❛r❛ ✜♥❡s ❢❡♥♦♠❡♥♦❧ó❣✐❝♦s✱ ❤❡♠♦s ❝♦♠♣❛r❛❞♦ ❧♦s ❝♦❡✜✲

❝✐❡♥t❡s ❛ ◆▲❖✱ ◆◆▲❖ ② ◆3▲❖ ❝♦♥ ❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❉■❙ ✈í❛ ❡❧ ✐♥t❡r❝❛♠❜✐♦ ❞❡ ✉♥

❍✐❣❣s✱ ❡♥ ❞♦♥❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ♣❡rt✉r❜❛t✐✈❛s s♦♥ ❝♦♠♣❧❡t❛♠❡♥t❡ ❝♦♥♦❝✐❞❛s ❛ t❡r❝❡r ♦r✲

❞❡♥ ❬✹✸❪✳ ❉❡ ❡st❡ ♠♦❞♦✱ ❤❡♠♦s ♦❜t❡♥✐❞♦ ❡st✐♠❛❝✐♦♥❡s ♣❛r❛ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s r❡st❛♥t❡s ❞❡

♦r❞❡♥ N−1✱ ✐✳❡✳✱ N −1 ln 2, 1, 0N ✳ ❍❡♠♦s ❡♥❝♦♥tr❛❞♦ q✉❡ t❛♥t♦ ❧♦s ❝♦❡✜❝✐❡♥t❡s c(1)gg ② c(2)gg ♣❛r❛

N >
∼ 2 ❝♦♠♦ ❧❛s s❡❝❝✐♦♥❡s ❡✜❝❛❝❡s ❛ ◆▲❖ ② ◆◆▲❖ ♣❛r❛ ❡♥❡r❣í❛s ❞❡❧ ▲❍❈ s❡ ❡♥❝✉❡♥tr❛♥

❝♦♥t❡♥✐❞❛s ❡♥ ❧❛ ❜❛♥❞❛ ❞❡✜♥✐❞❛ ♣♦r ❧❛s ❛♣r♦①✐♠❛❝✐♦♥❡s ❙❱ ② ❙❱+O(N−1)✳ ❙✉♣♦♥✐❡♥❞♦ q✉❡

❡st♦ ♠✐s♠♦ ♦❝✉rr❡ ❛❧ ♦r❞❡♥ s✐❣✉✐❡♥t❡✱ ❤❡♠♦s ♠❡❥♦r❛❞♦ ❧❛s ❡st✐♠❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s ❬✸✼✱ ✻✽❪

r❡s♣❡❝t♦ ❞❡❧ t❛♠❛ñ♦ ② ❧❛ ✐♥❝❡rt❡③❛ r❡♠❛♥❡♥t❡ ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❛ ◆3▲❖✳

✺✸



❍❡♠♦s ❡st✉❞✐❛❞♦ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❞❡ ♥✉❡str♦s r❡s✉❧t❛❞♦s ❛♣r♦①✐♠❛❞♦s ❛ ◆3▲❖ ❝♦♥ ❧❛s

❡s❝❛❧❛s ❞❡ r❡♥♦r♠❛❧✐③❛❝✐ó♥ ② ❢❛❝t♦r✐③❛❝✐ó♥✱ ❝♦♠♦ ❛sí t❛♠❜✐é♥ ❡✈❛❧✉❛❞♦ ❡❧ t❛♠❛ñ♦ ❞❡ ❧❛s

❝♦rr❡❝❝✐♦♥❡s ❛ ◆4▲❖ ❡♥ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❙❱✳ ❈♦♥❝❧✉✐♠♦s q✉❡ ❧❛ ✐♥❝❡rt❡③❛ ♣❡rt✉r❜❛t✐✈❛

r❡st❛♥t❡ ♥♦ ❡s ♠❛②♦r ❛±5%✱ ✐♥❝❧✉②❡♥❞♦ ❛q✉í ❡❧ ❡❢❡❝t♦ ❞❡❧ ❝❛rá❝t❡r ❛♣r♦①✐♠❛❞♦ ❞❡ c(3)gg (N)✱ ❧❛

♦♠✐s✐ó♥ ❞❡ ❧♦s ❞❡♠ás ❝❛♥❛❧❡s ♣❛rtó♥✐❝♦s ❛ t❡r❝❡r ♦r❞❡♥ ② ❧❛ ✐♥❝❡rt❡③❛ ❞❡❜✐❞❛ ❛❧ tr✉♥❝❛♠✐❡♥t♦

❞❡ ❧❛ s❡r✐❡ ♣❡rt✉r❜❛t✐✈❛✳ ❯t✐❧✐③❛♥❞♦ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ♣❛rt♦♥❡s ❛ ◆◆▲❖ ❞❡ ❧❛ ❘❡❢✳ ❬✷✶❪ ❝♦♥

µF = mH ② ❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ ❢✉❡rt❡ ❛ ◆3▲❖ ❝♦♥ αS(M
2
Z ) = 0,1165✱ ♦❜t❡♥❡♠♦s ❛ t❡r❝❡r ♦r❞❡♥

✉♥ ❛✉♠❡♥t♦ ❡♥ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❞❡ (10±2)% ♣❛r❛ µR = mH ② (3±2,5)% ♣❛r❛ µR = mH/2

❝♦♥ r❡s♣❡❝t♦ ❛❧ r❡s✉❧t❛❞♦ ❛ ◆◆▲❖ ♣❛r❛ ✉♥❛ ❡♥❡r❣í❛ ❞❡ ✶✹ ❚❡❱✳ ▲❛ ❡①♣❛♥s✐ó♥ ♣❡rt✉r❜❛t✐✈❛

❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣❛rtó♥✐❝❛ s❡ ❡♥❝✉❡♥tr❛✱ ♣♦r ❧♦ t❛♥t♦✱ s✉✜❝✐❡♥t❡♠❡♥t❡ ❜❛❥♦ ❝♦♥tr♦❧✱

tr❛♥s❢♦r♠❛♥❞♦ ❛ ❧❛ ❞❡t❡r♠✐♥❛❝✐ó♥ ❞❡ ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❛❝♦♣❧❛♠✐❡♥t♦ ❢✉❡rt❡ ② ❞✐str✐❜✉❝✐♦♥❡s

❞❡ ♣❛rt♦♥❡s ❡♥ ✉♥❛ ❢✉❡♥t❡ ❞❡ ✐♥❝❡rt❡③❛ s✐♠✐❧❛r ♦ ❛ú♥ ❞❡ ♠❛②♦r ✐♠♣♦rt❛♥❝✐❛✳

❚❛❧ ❝♦♠♦ ❢✉❡ ♠❡♥❝✐♦♥❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❧✉❡❣♦ ❞❡ ❧❛ ♣✉❜❧✐❝❛❝✐ó♥ ❞❡❧ tr❛❜❛❥♦ ❞❡s❝r✐♣t♦ ❡♥

❡st❡ ❝❛♣ít✉❧♦ ❢✉❡r♦♥ ❝❛❧❝✉❧❛❞❛s ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❛ ❡st❡ ♣r♦❝❡s♦ ❡♥ ✉♥❛ ❡①♣❛♥s✐ó♥ q✉❡ ♣❡r♠✐t❡

♣r❡❞❡❝✐r ❡❧ r❡s✉❧t❛❞♦ ❝♦♠♣❧❡t♦ ❛ ◆3▲❖ ❬✹✹❪✳ ▲♦s r❡s✉❧t❛❞♦s ❛❧❧í ♦❜t❡♥✐❞♦s s♦♥ ❝♦♠♣❧❡t❛♠❡♥t❡

❝♦♠♣❛t✐❜❧❡s ❝♦♥ ♥✉❡str❛s ♣r❡❞✐❝❝✐♦♥❡s✳ P♦r ♦tr♦ ❧❛❞♦✱ ♥♦ ❡①✐st❡♥ ♣♦r ❡❧ ♠♦♠❡♥t♦ r❡s✉❧t❛❞♦s

❛❧ ♦r❞❡♥ s✐❣✉✐❡♥t❡✱ ◆4▲❖✱ ♠ás ♣r❡❝✐s♦s q✉❡ ❧♦s q✉❡ ❤❡♠♦s ❝❛❧❝✉❧❛❞♦ ❡♥ ❡st❡ ❝❛♣ít✉❧♦✳
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❈❛♣ít✉❧♦ ✹

Pr♦❞✉❝❝✐ó♥ ❞❡ ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ❛
◆◆▲❖

❊♥ ❡st❡ ❝❛♣ít✉❧♦ ♥♦s ❝❡♥tr❛r❡♠♦s ❡♥ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ♣❛r❡s ❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ❡♥

❡❧ ▲❍❈✳ ❊st❡ ♣r♦❝❡s♦ ❡s ✉♥♦ ❞❡ ❧♦s ♣r✐♥❝✐♣❛❧❡s ♦❜❥❡t✐✈♦s ❞❡ ❧❛s ♣ró①✐♠❛s ❜úsq✉❡❞❛s q✉❡

s❡ r❡❛❧✐③❛rá♥ ❡♥ ❡❧ ❈❊❘◆✱ ♣♦r ❡st❛ r❛③ó♥ ❡s ♥❡❝❡s❛r✐♦ ❝♦♥t❛r ❝♦♥ ♣r❡❞✐❝❝✐♦♥❡s t❡ór✐❝❛s

❝♦♥✜❛❜❧❡s✳ ❊♥ ❧❛ s❡❝❝✐ó♥ ✹✳✶ ❤❛r❡♠♦s ✉♥❛ ❜r❡✈❡ ✐♥tr♦❞✉❝❝✐ó♥✱ ❡①♣❧✐❝❛♥❞♦ ❧❛s ♣r✐♥❝✐♣❛❧❡s

♠♦t✐✈❛❝✐♦♥❡s ❛s♦❝✐❛❞❛s ❛ ❡st❛ ♠❡❞✐❝✐ó♥✱ ❝♦♠♦ ❛sí t❛♠❜✐é♥ ❧♦s ❝❛♥❛❧❡s ❞❡ ♣r♦❞✉❝❝✐ó♥ ②

❞❡❝❛✐♠✐❡♥t♦ ♠ás ✐♠♣♦rt❛♥t❡s✳ ▲✉❡❣♦ ♥♦s ❝❡♥tr❛r❡♠♦s ❡♥ ❧❛ ♣r♦❞✉❝❝✐ó♥✱ ❞❡♥tr♦ ❞❡❧ ♠♦❞❡❧♦

❡stá♥❞❛r✱ ❛ tr❛✈és ❞❡ ❧❛ ❞❡♥♦♠✐♥❛❞❛ ❢✉s✐ó♥ ❞❡ ❣❧✉♦♥❡s✳ ❊♥ ❧❛ s❡❝❝✐ó♥ ✹✳✷ ❞❡s❝r✐❜✐r❡♠♦s

❡❧ ❝á❧❝✉❧♦ ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ✈✐rt✉❛❧❡s ❛ s❡❣✉♥❞♦ ♦r❞❡♥ q✉❡ ❤❡♠♦s r❡❛❧✐③❛❞♦✱ ♠✐❡♥tr❛s

q✉❡ ❡♥ ❧❛ s❡❝❝✐ó♥ ✹✳✸ ♠♦str❛r❡♠♦s ❧♦s r❡s✉❧t❛❞♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ❝á❧❝✉❧♦ ❝♦♠♣❧❡t♦ ❛

◆◆▲❖✳ ❋✐♥❛❧♠❡♥t❡✱ ❡♥ ❧❛ s❡❝❝✐ó♥ ✹✳✹ ♣r❡s❡♥t❛r❡♠♦s ♥✉❡str❛s ❝♦♥❝❧✉s✐♦♥❡s✳ ▲✉❡❣♦✱ ❡♥ ❡❧

❝❛♣ít✉❧♦ ✺✱ s❡❣✉✐r❡♠♦s ❛❜♦❝❛❞♦s ❛ ❡st❡ ♣r♦❝❡s♦✱ ② ❞❡s❝r✐❜✐r❡♠♦s ❡❧ ❝á❧❝✉❧♦ ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s

♣r❡✈❡♥✐❡♥t❡s ❞❡ ❧❛ r❡s✉♠❛❝✐ó♥ ❞❡ ❣❧✉♦♥❡s s♦❢t✳

✹✳✶✳ ■♥tr♦❞✉❝❝✐ó♥

❊❧ ❜♦só♥ q✉❡ ❤❛ s✐❞♦ ❞❡s❝✉❜✐❡rt♦ r❡❝✐❡♥t❡♠❡♥t❡ ❡♥ ❡❧ ▲❍❈ ♣♦r ❧❛s ❝♦❧❛❜♦r❛❝✐♦♥❡s ❆❚▲❆❙

② ❈▼❙ ❬✹✱ ✺❪ ❡s✱ ♣♦r ❡❧ ♠♦♠❡♥t♦✱ ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s ♣r❡❞✐❝❤♦ ♣♦r ❡❧ ♠♦✲

❞❡❧♦ ❡stá♥❞❛r✳ P❛r❛ ♣♦❞❡r ❞❡❝✐❞✐r s✐ ❡♥ ✈❡r❞❛❞ ❡st❛ ♣❛rtí❝✉❧❛ ❡s ❧❛ r❡s♣♦♥s❛❜❧❡ ❞❡ ❧❛ r✉♣✲

t✉r❛ ❡s♣♦♥tá♥❡❛ ❞❡ s✐♠❡trí❛ ❞❡❧ s❡❝t♦r ❡❧❡❝tr♦❞é❜✐❧ ❡s ♥❡❝❡s❛r✐♦ ♠❡❞✐r ❝♦♥ ♣r❡❝✐s✐ó♥ s✉s

✺✺



❛❝♦♣❧❛♠✐❡♥t♦s✱ ② ❝♦♠♣r♦❜❛r q✉❡ ❧♦s ♠✐s♠♦s s❡❛♥ ♣r♦♣♦r❝✐♦♥❛❧❡s ❛ ❧❛s ♠❛s❛s✳ ▼ás ❛ú♥✱ ❡s

❞❡ ❝r✉❝✐❛❧ ✐♠♣♦rt❛♥❝✐❛ ♠❡❞✐r ❧❛ ❛✉t♦✲✐♥t❡r❛❝❝✐ó♥ ❞❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s✳

▲❛ ♠❡❞✐❝✐ó♥ ❞❡ ❞✐❝❤♦s ❛❝♦♣❧❛♠✐❡♥t♦s ❡s ❧❛ ú♥✐❝❛ ❢♦r♠❛ ❞❡ ❝♦♠❡♥③❛r ❛ r❡❝♦♥str✉✐r ❡❧

♣♦t❡♥❝✐❛❧ ❡s❝❛❧❛r ❞❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s✳ ▲✉❡❣♦ ❞❡ ❧❛ r✉♣t✉r❛ ❡s♣♦♥tá♥❡❛ ❞❡ s✐♠❡trí❛✱ ❡❧ ♠✐s♠♦

t♦♠❛ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛✿

V (H) =
1

2
M2

HH
2 + λ vH3 +

1

4
λ′H4 . ✭✹✳✶✮

❊♥ ❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r ❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ tr✐♣❧❡ ② ❡❧ ❝✉á❞r✉♣❧❡ t♦♠❛♥ ❡❧ ♠✐s♠♦ ✈❛❧♦r✱ λ =

λ′ = M2
H/(2v

2)✱ ❞♦♥❞❡ v ≃ 246●❡❱ ❡s ❡❧ ✈❛❧♦r ❞❡ ❡①♣❡❝t❛❝✐ó♥ ❡♥ ❡❧ ✈❛❝í♦ ❞❡❧ ❍✐❣❣s ② MH

s✉ ♠❛s❛✳ ❊♥ ❧❛ ♠❛②♦r ♣❛rt❡ ❞❡ ❧♦s ❡s❝❡♥❛r✐♦s ❞❡ ♥✉❡✈❛ ❢ís✐❝❛ ❡st♦s ❛❝♦♣❧❛♠✐❡♥t♦s s❡ ❞❡s✈í❛♥

❞❡ ❧♦s ✈❛❧♦r❡s ♣r❡❞✐❝❤♦s ❡♥ ❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r✳ P♦r ❡st❛ r❛③ó♥✱ ✉♥❛ ❞❡t❡r♠✐♥❛❝✐ó♥ ❞❡ ❧♦s

❛✉t♦✲❛❝♦♣❧❛♠✐❡♥t♦s ❞❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s ❡s ♥❡❝❡s❛r✐❛ t❛♥t♦ ♣❛r❛ ❡♥t❡♥❞❡r ❡❧ ♠❡❝❛♥✐s♠♦ ❞❡

r✉♣t✉r❛ ❡s♣♦♥tá♥❡❛ ❞❡ s✐♠❡trí❛✱ ❝♦♠♦ ♣❛r❛ ✐♥t❡♥t❛r ❞✐st✐♥❣✉✐r ❡♥tr❡ ❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r ②

♦tr♦s ♠♦❞❡❧♦s✳

❊❧ ❛❝♦♣❧❛♠✐❡♥t♦ ❝✉á❞r✉♣❧❡ ♣✉❡❞❡✱ ❡♥ ♣r✐♥❝✐♣✐♦✱ s❡r ❡st✉❞✐❛❞♦ ✈í❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ tr❡s

❜♦s♦♥❡s ❞❡ ❍✐❣❣s ❛ tr❛✈és ❞❡❧ ♣r♦❝❡s♦ pp → H∗ → HHH✱ ❡♥ ❞♦♥❞❡ ❡❧ ❍✐❣❣s ❞❡❧ ❡st❛❞♦

✐♥t❡r♠❡❞✐♦ s❡ ❡♥❝✉❡♥tr❛ ♦❜✈✐❛♠❡♥t❡ ❢✉❡r❛ ❞❡ s✉ ❝❛♣❛ ❞❡ ♠❛s❛✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❧❛ s❡❝❝✐ó♥

❡✜❝❛③ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❡s ❞❡♠❛s✐❛❞♦ ♣❡q✉❡ñ❛ ❝♦♠♦ ♣❛r❛ s❡r ♠❡❞✐❞❛ ❡♥ ❡❧ ▲❍❈✱ ❞❡❧ ♦r❞❡♥

❞❡ 0,05 ❢❜ ♣❛r❛ Ecm = 14 ❚❡❱ ❬✼✷❪✱ ② ♣♦r ❧♦ t❛♥t♦ ♥♦ s❡rá ♣♦s✐❜❧❡ ❞❡t❡r♠✐♥❛r s✉ ✈❛❧♦r ❡♥

❡❧ ♣r❡s❡♥t❡ ♦ ❢✉t✉r♦ ❝❡r❝❛♥♦✳ ▲❛ s✐t✉❛❝✐ó♥ ❡s ❞✐st✐♥t❛ ♣❛r❛ ❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ tr✐♣❧❡ λ✱ ♣❛r❛

❡❧ ❝✉❛❧ ✉♥❛ ♠❡❞✐❝✐ó♥ ♣✉❡❞❡ s❡r ♣♦s✐❜❧❡ ❛ tr❛✈és ❞❡ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ♣❛r❡s ❞❡ ❜♦s♦♥❡s ❞❡

❍✐❣❣s✱ ❡♥ ♣❛rt✐❝✉❧❛r ✈✐❛ pp → H∗ → HH✳ P❛r❛ ❡❧❧♦✱ s❡rá ♥❡❝❡s❛r✐♦ ❛❧❝❛♥③❛r ✈❛❧♦r❡s ❞❡

❧✉♠✐♥♦s✐❞❛❞ ✐♥t❡❣r❛❞❛ ♠✉② ❛❧t♦s✳

▲❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ ♦❜s❡r✈❛r ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ♣❛r❡s ❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ❡♥ ❡❧ ▲❍❈ ❤❛

s✐❞♦ ❛♥❛❧✐③❛❞❛ ❡♥ ♥✉♠❡r♦s♦s tr❛❜❛❥♦s✱ ♣♦r ❡❥❡♠♣❧♦ ❡♥ ❧❛s ❘❡❢s✳ ❬✼✸✕✽✵❪✳ ❙✐ ❜✐❡♥ ❡❧ ❛♥á❧✐s✐s ❡s

❞❡s❛✜❛♥t❡✱ ❞❡❜✐❞♦ ❛ q✉❡ ❧❛ s❡ñ❛❧ ❡s ♠✉② ♣❡q✉❡ñ❛ ✭❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✸ ór❞❡♥❡s ❞❡ ♠❛❣♥✐t✉❞

♠❡♥♦r ❛ ❧❛ ❞❡ ✉♥ ú♥✐❝♦ ❜♦só♥ ❞❡ ❍✐❣❣s✮ ② q✉❡ ❡①✐st❡ ✉♥ ❣r❛♥ ❜❛❝❦❣r♦✉♥❞ ❞❡ ◗❈❉✱ ❤❛ s✐❞♦

❞❡♠♦str❛❞♦ q✉❡ ✉♥❛ ♠❡❞✐❝✐ó♥ ❡s ♣♦s✐❜❧❡ ❡♥ ❡❧ ❞❡♥♦♠✐♥❛❞♦ ❍✐❣❤ ▲✉♠✐♥♦s✐t② ▲❍❈ ✭▲❍❈ ❞❡

❛❧t❛ ❧✉♠✐♥♦s✐❞❛❞✮✱ ✉♥❛ ♠❡❥♦r❛ ❞❡❧ ▲❍❈ q✉❡ ❛✉♠❡♥t❛rá s✉ ❧✉♠✐♥♦s✐❞❛❞ ♣♦r ✉♥ ❢❛❝t♦r ✶✵✳ P♦r

✺✻
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❋✐❣✉r❛ ✹✳✶✿ ❋r❛❝❝✐♦♥❡s ❞❡ ❞❡❝❛✐♠✐❡♥t♦ ❞❡ ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ❡♥ ❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r✱ ♣❛r❛ ❛❧❣✉♥♦s ❞❡

❧♦s ❝❛♥❛❧❡s ♠ás r❡❧❡✈❛♥t❡s✳

❡❥❡♠♣❧♦✱ ♣❛r❛ ❧♦s ❡st❛❞♦s ✜♥❛❧❡s bb̄γγ ② bb̄τ+τ−✱ ❧✉❡❣♦ ❞❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❝♦rt❡s ❛♣r♦♣✐❛❞♦s✱

s❡ ❤❛♥ ♣r♦②❡❝t❛❞♦ s✐❣♥✐✜❝❛♥❝✐❛s ❞❡❧ ♦r❞❡♥ ❞❡ 5−10 ♣❛r❛ ❝❛❞❛ ✉♥♦ ❞❡ ❡❧❧♦s✱ ♣❛r❛ ✉♥❛ ❡♥❡r❣í❛

❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛
√
sH = 14❚❡❱ ② ✉♥❛ ❧✉♠✐♥♦s✐❞❛❞ ✐♥t❡❣r❛❞❛

∫
L = 3000 ❢❜−1 ❬✼✻❪✳

❊st♦s s♦♥✱ ♣♦r ❡❧ ♠♦♠❡♥t♦✱ ❧♦s ❝❛♥❛❧❡s ❞❡ ❞❡❝❛✐♠✐❡♥t♦ ♠ás ♣r♦♠❡t❡❞♦r❡s✳ ❘❡❝✐❡♥t❡♠❡♥t❡✱

❛❞❡♠ás✱ s❡ ❤❛♥ r❡❛❧✐③❛❞♦ ❡st✉❞✐♦s q✉❡ ❞❡st❛❝❛♥ ❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ ✉t✐❧✐③❛r ❡❧ ❡st❛❞♦ ✜♥❛❧

bb̄bb̄ ❬✽✶✱ ✽✷❪✱ ❡❧ ❝✉❛❧ s✐ ❜✐❡♥ ❝✉❡♥t❛ ❝♦♥ ✉♥ ❡♥♦r♠❡ ❜❛❝❦❣r♦✉♥❞✱ ❡s ❡❧ ❝❛♥❛❧ ❞❡ ❞❡❝❛✐♠✐❡♥t♦

♠ás ♣r♦❜❛❜❧❡✱ ❝♦♥ ✉♥❛ ❢r❛❝❝✐ó♥ ❞❡ ❞❡❝❛✐♠✐❡♥t♦ ❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ 33%✳ ▲❛ ❛♣❧✐❝❛❝✐ó♥

❞❡ té❝♥✐❝❛s ❞❡ s✉❜❡str✉❝t✉r❛ ❞❡ ❥❡ts t❛♠❜✐é♥ ♣✉❡❞❡ ♠❡❥♦r❛r ❛ú♥ ♠ás ❧❛ s❡♥s✐❜✐❧✐❞❛❞ ❞❡

❡st♦s ❝❛♥❛❧❡s ❬✼✹✱ ✼✺✱ ✽✸❪✳ P♦r ❝♦♠♣❧❡t✐t✉❞✱ s❡ ♠✉❡str❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✶ ❧❛s ❢r❛❝❝✐♦♥❡s ❞❡

❞❡❝❛✐♠✐❡♥t♦ ❞❡ ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ♣❛r❛ ❛❧❣✉♥♦s ❞❡ ❧♦s ❝❛♥❛❧❡s ♠ás r❡❧❡✈❛♥t❡s✳

❙✐ ❜✐❡♥ ❧❛ s❡ñ❛❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ❞❡❧ ♠♦❞❡❧♦

❡stá♥❞❛r ❡s ♠✉② ♣❡q✉❡ñ❛ ♣❛r❛ s❡r ❞❡t❡❝t❛❞❛ ❝♦♥ ❧♦s ❞❛t♦s q✉❡ ❡❧ ▲❍❈ ❤❛ r❡❝♦❧❡❝t❛❞♦

❤❛st❛ ❛❤♦r❛✱ ②❛ ❡①✐st❡♥ r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛❧❡s ❛❝❡r❝❛ ❞❡ s✉ ❜úsq✉❡❞❛ q✉❡ ✐♠♣♦♥❡♥ ✉♥❛

❝♦t❛ s✉♣❡r✐♦r ❡①♣❡r✐♠❡♥t❛❧ ❛ s✉ ✈❛❧♦r✳ ❊❧ ❧í♠✐t❡ ♦❜t❡♥✐❞♦ ♣♦r ❆❚▲❆❙ ❡s ❞❡ 70 ✈❡❝❡s ❡❧

✈❛❧♦r ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❞❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r✱ ❝♦♥ ✉♥ ♥✐✈❡❧ ❞❡ ❝♦♥✜❛♥③❛ ❞❡❧ 95% ❬✽✹❪✱

✺✼



② ❤❛ s✐❞♦ ♦❜t❡♥✐❞♦ ❝♦♠❜✐♥❛♥❞♦ ❧♦s ❝❛♥❛❧❡s HH → γγbb̄, bb̄bb̄, bb̄τ+τ− ② γγW+W−✳ P♦r

s✉ ♣❛rt❡✱ ❈▼❙ r❡♣♦rt❛ ✉♥❛ ❝♦t❛ ❞❡ 74 ✈❡❝❡s ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❞❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r ❬✽✺❪✱

✉t✐❧✐③❛♥❞♦ ❡❧ ❞❡❝❛✐♠✐❡♥t♦ HH → γγbb̄✳ ❊st❛s ❝♦t❛s r❡s✉❧t❛♥ ✐♠♣♦rt❛♥t❡s ②❛ q✉❡ ❡①✐st❡♥

❡s❝❡♥❛r✐♦s ❞❡ ♥✉❡✈❛ ❢ís✐❝❛ ❡♥ ❧♦s ❝✉❛❧❡s ❡st❛ s❡ñ❛❧ s❡ ❡♥❝✉❡♥tr❛ ♠✉② ❛♠♣❧✐✜❝❛❞❛ r❡s♣❡❝t♦

❞❡❧ ✈❛❧♦r ❞❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r✳ P♦r ♦tr♦ ❧❛❞♦✱ ❞✐✈❡rs♦s ♠♦❞❡❧♦s ♣r❡❞✐❝❡♥ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡

♥✉❡✈❛s ♣❛rtí❝✉❧❛s q✉❡ ♣♦❞rí❛♥ ❞❡❝❛❡r ❛ ✉♥ ♣❛r ❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s✱ ♣♦r ❧♦ q✉❡ t❛♠❜✐é♥

s❡ ❧❧❡✈❛♥ ❛ ❝❛❜♦ ❜úsq✉❡❞❛s ❞❡ r❡s♦♥❛♥❝✐❛s✱ q✉❡ ♣♦r ❡❧ ♠♦♠❡♥t♦ ♥♦ ❤❛♥ ❞❡t❡❝t❛❞♦ ♥✐♥❣ú♥

❡①❝❡s♦ s✐❣♥✐✜❝❛t✐✈♦ ❬✽✹✱ ✽✻✕✽✽❪✳ ❊♥tr❡ ❡st♦s ú❧t✐♠♦s ♠♦❞❡❧♦s s❡ ✐♥❝❧✉②❡♥ s✉♣❡rs✐♠❡trí❛ ♦

♠♦❞❡❧♦s ❡♥ ❣❡♥❡r❛❧ ❝♦♥ ♠ás ❞❡ ✉♥ ❞♦❜❧❡t❡ ❞❡ ❍✐❣❣s✱ ♠♦❞❡❧♦s ❝♦♥ ❞✐♠❡♥s✐♦♥❡s ❡①tr❛✱ ❝♦♥

✉♥ ♥✉❡✈♦ s❡❝t♦r ❛❝♦♣❧❛♥❞♦ ❝♦♥ ❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r ú♥✐❝❛♠❡♥t❡ ❛ tr❛✈és ❞❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s

✭❞❡♥♦♠✐♥❛❞♦s ❍✐❣❣s ♣♦rt❛❧✮✱ ❡♥tr❡ ♦tr♦s✳ ❱❡r✱ ♣♦r ❡❥❡♠♣❧♦✱ ❘❡❢s✳ ❬✽✸✱✽✾✱✾✵❪✳

●r❛♥ ♣❛rt❡ ❞❡ ❧❛s ❜úsq✉❡❞❛s ♥♦ r❡s♦♥❛♥t❡s ❞❡ ♥✉❡✈❛ ❢ís✐❝❛✱ ❡♥ ❡st❡ ② ❡♥ ♦tr♦s ♣r♦❝❡s♦s✱ s❡

✐♥t❡r♣r❡t❛♥ ❛ tr❛✈és ❞❡ ❧❛❣r❛♥❣✐❛♥♦s ❡❢❡❝t✐✈♦s✳ ❊st♦s ❧❛❣r❛♥❣✐❛♥♦s✱ q✉❡ ❝♦♥t✐❡♥❡♥ ❡♥ ❣❡♥❡r❛❧

♦♣❡r❛❞♦r❡s ❞❡ ❞✐♠❡♥s✐ó♥ ♠❛②♦r ❛ 4✱ s❡ ❝♦rr❡s♣♦♥❞❡♥ ❝♦♥ ❡❧ ❧í♠✐t❡ ❞❡ ❜❛❥❛s ❡♥❡r❣í❛s ❞❡

❞✐✈❡rs❛s t❡♦rí❛s✱ ♣❡r♠✐t✐❡♥❞♦ ✉♥ ❛♥á❧✐s✐s ♠✉② ❣❡♥❡r❛❧✳ ❖❜✈✐❛♠❡♥t❡✱ ❡st♦s t❡♥❞rá♥ s❡♥t✐❞♦

❡♥ ❧❛ ♠❡❞✐❞❛ q✉❡ ❧❛s ♥✉❡✈❛s ♣❛rtí❝✉❧❛s s❡❛♥ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡s❛❞❛s✱ ❞❡ ❢♦r♠❛ t❛❧ q✉❡

♥♦ ♣✉❡❞❛♥ s❡r ♦❜s❡r✈❛❞❛s ♥✉❡✈❛s r❡s♦♥❛♥❝✐❛s✱ s✐♥♦ ú♥✐❝❛♠❡♥t❡ ❧♦s ❡❢❡❝t♦s ♣r♦✈❡♥✐❡♥t❡s

❞❡❧ ✐♥t❡r❝❛♠❜✐♦ ❞❡ ❡st❛s ♣❛rtí❝✉❧❛s ❢✉❡r❛ ❞❡ s✉ ❝❛♣❛ ❞❡ ♠❛s❛✳ ❙❡ ❞❡✜♥❡ ❡♥ ❣❡♥❡r❛❧ ✉♥❛

❜❛s❡ ❞❡ ♦♣❡r❛❞♦r❡s✱ ❥✉♥t♦ ❝♦♥ ❧♦s ♣❛rá♠❡tr♦s q✉❡ ❧♦s ♠✉❧t✐♣❧✐❝❛♥✱ ② ❧✉❡❣♦ ❡st♦s ú❧t✐♠♦s

s♦♥ ❛❥✉st❛❞♦s ❡♥ ❜❛s❡ ❛ ❧♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛❧❡s✳ P♦r ❡❥❡♠♣❧♦✱ ❤❛st❛ ❞✐♠❡♥s✐ó♥ 6✱ ②

❝♦♥s✐❞❡r❛♥❞♦ ú♥✐❝❛♠❡♥t❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ❛ tr❛✈és ❞❡ ❢✉s✐ó♥ ❞❡ ❣❧✉♦♥❡s✱ s❡

♣✉❡❞❡ ✉t✐❧✐③❛r ❡❧ s✐❣✉✐❡♥t❡ ❧❛❣r❛♥❣✐❛♥♦ ❡❢❡❝t✐✈♦ ❞❡ ✐♥t❡r❛❝❝✐ó♥✱

L✐♥t = −κλλ❙▼vH3 − mt

v

(
κtH +

c2
v
H2
)
(t̄LtR + h.c.) +

1

4

αS

3πv

(
cgH − c2g

2v
H2
)
GµνGµν ,

✭✹✳✷✮

❡♥ ❞♦♥❞❡ ú♥✐❝❛♠❡♥t❡ ❤❡♠♦s ❡s❝r✐t♦ ❧♦s tér♠✐♥♦s ❞❡ ❧❛ ❜❛s❡ q✉❡ s♦♥ r❡❧❡✈❛♥t❡s ♣❛r❛ ❧❛

♣r♦❞✉❝❝✐ó♥ ❞❡ ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s✳ ▲♦s ❢❛❝t♦r❡s κλ ② κt ♣❛r❛♠❡tr✐③❛♥ ❞❡s✈✐❛❝✐♦♥❡s ❞❡

❧♦s ✈❛❧♦r❡s ❞❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r ♣❛r❛ ❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ tr✐♣❧❡ λ❙▼ ② ❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ ❞❡❧

❍✐❣❣s ❝♦♥ ❡❧ q✉❛r❦ t♦♣✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♠✐❡♥tr❛s q✉❡ ❧♦s ♣❛rá♠❡tr♦s cg, c2g ② c2 ❞❡s❝r✐❜❡♥

♥✉❡✈❛s ✐♥t❡r❛❝❝✐♦♥❡s✳ ❖❜✈✐❛♠❡♥t❡✱ ❛❞❡♠ás ❞❡ ❛❥✉st❛r ❡st♦s ♣❛rá♠❡tr♦s ❝♦♥ ❧♦s r❡s✉❧t❛❞♦s
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HH production at pp colliders at NLO in QCD

MH=125 GeV, MSTW2008 NLO pdf (68%cl)

pp→HH (EFT loop-improved)

pp→HHjj (VBF)
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❋✐❣✉r❛ ✹✳✷✿ ❙❡❝❝✐♦♥❡s ❡✜❝❛❝❡s t♦t❛❧❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧♦s ♣r✐♥❝✐♣❛❧❡s ♠❡❝❛♥✐s♠♦s ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡

♣❛r❡s ❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ❡♥ ❝♦❧✐s✐♦♥❛❞♦r❡s ❤❛❞ró♥✐❝♦s✱ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❡♥❡r❣í❛ ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛ ❞❡❧

♠✐s♠♦✳

❡①♣❡r✐♠❡♥t❛❧❡s ✭✉♥❛ ✈❡③ q✉❡ ❧❛ ♣r❡❝✐s✐ó♥ ❞❡ ❡st♦s ❧♦ ♣❡r♠✐t❛✮✱ ❡s ♥❡❝❡s❛r✐♦ ❝♦♥t❛r ❝♦♥ ✉♥❛

t❡♦rí❛ ❜✐❡♥ ♠♦t✐✈❛❞❛ q✉❡ ❝♦✐♥❝✐❞❛ ❝♦♥ ❞✐❝❤♦ ❛❥✉st❡ ❡♥ ❡❧ ❧í♠✐t❡ ❞❡ ❜❛❥❛s ❡♥❡r❣í❛s✳

❊♥ ❡❧ ❝❛s♦ ❞❡ ❜úsq✉❡❞❛ ❞❡ ♥✉❡✈❛ ❢ís✐❝❛ ❡♥ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ♣❛r❡s ❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s✱

✉♥♦ ❝✉❡♥t❛ ❝♦♥ ❧❛ r❡str✐❝❝✐ó♥ ❛❞✐❝✐♦♥❛❧ q✉❡ ♣r♦✈✐❡♥❡ ❞❡ ❧♦s ❧í♠✐t❡s ♦❜t❡♥✐❞♦s ❛ tr❛✈és ❞❡ ❧❛

♠❡❞✐❝✐ó♥ ❞❡ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ú♥✐❝♦ ❍✐❣❣s✳ P♦r ❧♦ t❛♥t♦✱ ❡s ♥❡❝❡s❛r✐♦ ♣r♦♣♦♥❡r ♠♦❞❡❧♦s

q✉❡ ♠♦❞✐✜q✉❡♥ ❧❛ s❡ñ❛❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ♣❛r❡s s✐♥ ❛❧t❡r❛r ❞❡♠❛s✐❛❞♦

❧❛s ♣r❡❞✐❝❝✐♦♥❡s ♣❛r❛ ❧❛ ❝r❡❛❝✐ó♥ ❞❡ ✉♥ ú♥✐❝♦ ❜♦só♥ ❞❡ ❍✐❣❣s✱ ♣♦r ❡❥❡♠♣❧♦ ❣❡♥❡r❛♥❞♦ ✉♥❛

❞❡s✈✐❛❝✐ó♥ ❡♥ ❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ tr✐♣❧❡✳ ❊♥tr❡ ❧♦s ♠✉❝❤♦s ❡s❝❡♥❛r✐♦s q✉❡ ❤❛♥ s✐❞♦ ❡st✉❞✐❛❞♦s

♣♦❞❡♠♦s ♠❡♥❝✐♦♥❛r ♠♦❞❡❧♦s ❡♥ ❞♦♥❞❡ ❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s ❡s ✉♥ ❡st❛❞♦ ❧✐❣❛❞♦ ❞❡ ✉♥ ♥✉❡✈♦

s❡❝t♦r ❢✉❡rt❡♠❡♥t❡ ✐♥t❡r❛❝t✉❛♥t❡ ✭♠♦❞❡❧♦s ❞❡ ❍✐❣❣s ❝♦♠♣✉❡st♦✮✱ ♠♦❞❡❧♦s ❝♦♥ ❝♦♠♣❛ñ❡r♦s

♣❡s❛❞♦s ❞❡❧ q✉❛r❦ t♦♣✱ ❡♥tr❡ ♦tr♦s✳ ❱❡r✱ ♣♦r ❡❥❡♠♣❧♦✱ ❧❛s ❘❡❢s✳ ❬✾✶✱✾✷❪✳

◆♦s ❡♥❢♦❝❛♠♦s ❛ ♣❛rt✐r ❞❡ ❛❤♦r❛ ❡♥ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s ❞❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r✳ ▲❛s s❡❝❝✐♦♥❡s

❡✜❝❛❝❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧♦s ♣r✐♥❝✐♣❛❧❡s ❝❛♥❛❧❡s ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ♣❛r❡s ❞❡ ❜♦s♦♥❡s ❞❡

❍✐❣❣s s❡ ♠✉❡str❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✷✳ ❆❧ ✐❣✉❛❧ q✉❡ ❝♦♠♦ ♦❝✉rr❡ ♣❛r❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❝♦✲

rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ❝r❡❛❝✐ó♥ ❞❡ ✉♥ ú♥✐❝♦ ❜♦só♥ ❞❡ ❍✐❣❣s ❬✾✸❪✱ ❡❧ ♣r✐♥❝✐♣❛❧ ♠❡❝❛♥✐s♠♦ ❞❡

♣r♦❞✉❝❝✐ó♥ ❞❡ ♣❛r❡s ❞❡ ❍✐❣❣s ❡♥ ❡❧ ▲❍❈✱ ❞❡♥tr♦ ❞❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r✱ ❡s ❧❛ ❢✉s✐ó♥ ❞❡ ❞♦s

✺✾



❋✐❣✉r❛ ✹✳✸✿ ❉✐❛❣r❛♠❛s ❞❡ ❋❡②♥♠❛♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛s ❞♦s t♦♣♦❧♦❣í❛s q✉❡ ❝♦♥tr✐❜✉②❡♥ ❛ ❧❛ ♣r♦❞✉❝❝✐ó♥

❞❡ ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ❛ ▲❖✿ tr✐á♥❣✉❧♦ ✭✐③q✉✐❡r❞❛✮ ② ❝✉❛❞r❛❞♦ ✭❞❡r❡❝❤❛✮✳

300 400 500 600 700
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Sum

❋✐❣✉r❛ ✹✳✹✿ ❙❡❝❝✐ó♥ ❡✜❝❛③ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ❛ ▲❖ ❡♥ ❢✉♥❝✐ó♥ ❞❡

❧❛ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ Q ❞❡❧ ♣❛r ❞❡ ❍✐❣❣s❡s✳ ❆❞❡♠ás ❞❡❧ r❡s✉❧t❛❞♦ t♦t❛❧ ✭❧í♥❡❛ ♥❡❣r❛✱ só❧✐❞❛✮ s❡ ♠✉❡str❛♥ ♣♦r

s❡♣❛r❛❞♦ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ❞❡ ❧❛ t♦♣♦❧♦❣í❛ ❞❡❧ t✐♣♦ ❝✉❛❞r❛❞♦ ✭❛③✉❧ r❛②❛❞♦✮✱ tr✐á♥❣✉❧♦ ✭r♦❥♦ r❛②❛❞♦✲♣✉♥t❡❛❞♦✮

② ❧❛ ✐♥t❡r❢❡r❡♥❝✐❛ ❡♥tr❡ ❡❧❧❛s ✭✈❡r❞❡ ♣✉♥t❡❛❞♦✮✳

❣❧✉♦♥❡s ♠❡❞✐❛❞❛ ♣♦r ✉♥ ❧♦♦♣ ❞❡ ✉♥ q✉❛r❦ ♣❡s❛❞♦✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❡❧ q✉❛r❦ t♦♣✳ ▲❛ s❡❝✲

❝✐ó♥ ❡✜❝❛③ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❤❛ s✐❞♦ ❝❛❧❝✉❧❛❞❛ ❛ ▲❖ ❡♥ ❧❛s ❘❡❢s✳ ❬✾✹✕✾✻❪✳ ▲❛s ❞♦s t♦♣♦❧♦❣í❛s

q✉❡ ❝♦♥tr✐❜✉②❡♥ ❛ ❡st❡ ♦r❞❡♥ s❡ ♠✉❡str❛♥ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✸✳ ▲❛s ♠✐s♠❛s s♦♥ ❞❡♥♦♠✐♥❛❞❛s

tr✐á♥❣✉❧♦ ② ❝✉❛❞r❛❞♦✱ ♣♦r ❧❛ ❢♦r♠❛ ❞❡❧ ❧♦♦♣ ❢❡r♠✐ó♥✐❝♦✳ ❈❛❜❡ r❡❝❛❧❝❛r q✉❡ ❞❡ ❡st❛s ❞♦s

❝♦♥tr✐❜✉❝✐♦♥❡s✱ só❧♦ ❧❛ ♣r✐♠❡r❛ ❞❡ ❡❧❧❛s ❡s s❡♥s✐❜❧❡ ❛❧ ✈❛❧♦r ❞❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ tr✐♣❧❡ λ✳ ❖tr❛

❝❛r❛❝t❡ríst✐❝❛ ✐♥t❡r❡s❛♥t❡✱ ❡s q✉❡ ❡st❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ✐♥t❡r✜❡r❡♥ ❛♠♣❧✐❛♠❡♥t❡ ② ❡♥ ❢♦r♠❛

❞❡str✉❝t✐✈❛✳ ❊st♦ s❡ ❡♥❝✉❡♥tr❛ ✐❧✉str❛❞♦ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✹✱ ❡♥ ❞♦♥❞❡ s❡ ♠✉❡str❛♥ ❧❛s ❝♦♥✲

tr✐❜✉❝✐♦♥❡s ✐♥❞✐✈✐❞✉❛❧❡s ❞❡❧ tr✐á♥❣✉❧♦ ② ❡❧ ❝✉❛❞r❛❞♦✱ ❝♦♠♦ ❛sí t❛♠❜✐é♥ ❧❛ ✐♥t❡r❢❡r❡♥❝✐❛ ② ❡❧

r❡s✉❧t❛❞♦ ✜♥❛❧✱ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ Q ❞❡❧ s✐st❡♠❛ ❢♦r♠❛❞♦ ♣♦r ❧♦s ❞♦s ❜♦s♦♥❡s

❞❡ ❍✐❣❣s✳

❉❛❞♦ q✉❡ ❡❧ ❝á❧❝✉❧♦ ❝♦♠♣❧❡t♦ ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❞❡ ◗❈❉ ♣❛r❛ ❡st❡ ♣r♦❝❡s♦ ❡s ❞❡ ✉♥❛

♠✉② ❛❧t❛ ❝♦♠♣❧❡❥✐❞❛❞✱ ❞❡❜✐❞♦ ❛ q✉❡ ②❛ ❛ ▲❖ ❡s ✉♥ ❝á❧❝✉❧♦ ❛ ✉♥ ❧♦♦♣ ❝♦♥ ♣❛rtí❝✉❧❛s ♠❛s✐✈❛s✱

✻✵



❡❧ s✐❣✉✐❡♥t❡ tér♠✐♥♦ ❡♥ ❡❧ ❞❡s❛rr♦❧❧♦ ♣❡rt✉r❜❛t✐✈♦ ❡♥ ♣♦t❡♥❝✐❛s ❞❡ αS ❤❛ s✐❞♦ ❝❛❧❝✉❧❛❞♦ ❡♥

❡❧ ❧í♠✐t❡ ❞❡ ❧❛ ♠❛s❛ ❞❡❧ q✉❛r❦ t♦♣ t❡♥❞✐❡♥❞♦ ❛ ✐♥✜♥✐t♦✳ ❊♥ ❡st❡ ❧í♠✐t❡✱ ❡s ♣♦s✐❜❧❡ tr❛❜❛❥❛r

❝♦♥ ✉♥ ❛❝♦♣❧❛♠✐❡♥t♦ ❡❢❡❝t✐✈♦ ❡♥tr❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ② ❣❧✉♦♥❡s ✭q✉✐❡♥❡s ♣♦r s✉♣✉❡st♦ ♥♦

✐♥t❡r❛❝tú❛♥ ❛ ♦r❞❡♥ ár❜♦❧ ❞❛❞♦ q✉❡ ❧♦s ú❧t✐♠♦s ♥♦ t✐❡♥❡♥ ♠❛s❛✮✳ ▲❛s ❝♦rr❡❝❝✐♦♥❡s ❛ ◆▲❖

❝❛❧❝✉❧❛❞❛s ❞❡ ❡st❛ ❢♦r♠❛ s♦♥ ❣r❛♥❞❡s✱ s✐❣♥✐✜❝❛♥❞♦ ✉♥ ❛✉♠❡♥t♦ ❡♥ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧

❝❡r❝❛♥♦ ❛ ✉♥ ❢❛❝t♦r 2 ❬✶✵❪✱ ✉♥❛ s✐t✉❛❝✐ó♥ ♠✉② s✐♠✐❧❛r ❛ ❧❛ q✉❡ ♦❝✉rr❡ ♣❛r❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡

✉♥ ú♥✐❝♦ ❜♦só♥ ❞❡ ❍✐❣❣s ❬✸✸✱✸✺✱✾✼❪✳ ❈♦♥s✐❞❡r❛♥❞♦ q✉❡ ❛ ◆◆▲❖ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ♣❛r❛ ♣r♦✲

❞✉❝❝✐ó♥ ❞❡ ✉♥ ❍✐❣❣s t❛♠❜✐é♥ s♦♥ ✐♠♣♦rt❛♥t❡s ❬✼✕✾❪✱ s❡ ✈✉❡❧✈❡ ♥❡❝❡s❛r✐♦ ❛❧❝❛♥③❛r ❡❧ ♠✐s♠♦

♥✐✈❡❧ ❞❡ ♣r❡❝✐s✐ó♥ ♣❛r❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞♦❜❧❡ ♣❛r❛ ♣♦❞❡r ❜r✐♥❞❛r ♣r❡❞✐❝❝✐♦♥❡s t❡ór✐❝❛s ❝♦♥✲

✜❛❜❧❡s✳ ❊st❛ ❡s ❧❛ r❛③ó♥ q✉❡ ♠♦t✐✈❛ ❧♦s ❝á❧❝✉❧♦s q✉❡ ❤❡♠♦s ❞❡s❛rr♦❧❧❛❞♦ ② q✉❡ ♣r❡s❡♥t❛♠♦s

❡♥ ❡st❛ t❡s✐s✳

P♦r ú❧t✐♠♦✱ ❛♥t❡s ❞❡ ❝♦♠❡♥③❛r ❛ ❞❡s❝r✐❜✐r ❡♥ ❞❡t❛❧❧❡ ❧♦s ❝á❧❝✉❧♦s ② r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s✱

r❡st❛ ❡✈❛❧✉❛r ❧❛ ❝♦♥✜❛❜✐❧✐❞❛❞ ❞❡❧ ❧í♠✐t❡ ❞❡ ♠❛s❛ ❞❡❧ q✉❛r❦ t♦♣ ❣r❛♥❞❡ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❝❛❧❝✉❧❛r

❡st❛s ❝♦rr❡❝❝✐♦♥❡s✳ ❊s ❝❧❛r♦ q✉❡ ❡❧ ❝♦❝✐❡♥t❡ ❡♥tr❡ ❧❛ ♠❛s❛ ❞❡❧ t♦♣ ② ❧❛ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ ❞❡❧

♣❛r ❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s✱ ❧❛ ❡s❝❛❧❛ tí♣✐❝❛ ❞❡ ❡♥❡r❣í❛ ❞❡❧ ♣r♦❝❡s♦✱ ♥♦ só❧♦ ♥♦ ❡s ❣r❛♥❞❡ s✐♥♦

q✉❡ ❡s ♠❡♥♦r ❛ ✉♥♦✱ ❞❛❞♦ q✉❡ ❡❧ ✉♠❜r❛❧ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❡st❡ ♣r♦❝❡s♦ ❡s Q > 2MH ② ❛

s✉ ✈❡③ 2MH ≃ 250 ●❡❱ > Mt✳ P♦r ❧♦ t❛♥t♦✱ ❡s ❞❡ ❡s♣❡r❛r q✉❡ ❡st❛ ❛♣r♦①✐♠❛❝✐ó♥ ♥♦ s❡❛

♣r❡❝✐s❛ ❡♥ ❣❡♥❡r❛❧✱ ② ❡s♦ s❡ ♣✉❡❞❡ ✈❡r ✐❧✉str❛❞♦ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✺✱ ❡♥ ❞♦♥❞❡ s❡ ♠✉❡str❛ ❧❛

❞✐str✐❜✉❝✐ó♥ ❡♥ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ ❛ ▲❖ ♣❛r❛ ❧❛ t❡♦rí❛ ❝♦♠♣❧❡t❛ ② ❧❛ ❡❢❡❝t✐✈❛✳ ❙✐♥ ❡♠❜❛r❣♦✱

❞❛❞♦ q✉❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❞❡ ◗❈❉ ❡stá♥ ❡♥ ❣❡♥❡r❛❧ ❞♦♠✐♥❛❞❛s ♣♦r ❧❛ ❡♠✐s✐ó♥ ❞❡ ♣❛rtí❝✉❧❛s

s♦❢t ❞❡s❞❡ ❡❧ ❡st❛❞♦ ✐♥✐❝✐❛❧✱ ❡s ❞❡ ❡s♣❡r❛r q✉❡ ❞✐❝❤❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ♥♦ s❡❛♥ s❡♥s✐❜❧❡s ❛ ❧❛

❡str✉❝t✉r❛ ✐♥t❡r♥❛ ❞❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ ❍✐❣❣s✲❣❧✉♦♥❡s✳ ❉❡ ❡st❡ ♠♦❞♦✱ ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ✉s✉❛❧

❝♦♥s✐st❡ ❡♥ ❝❛❧❝✉❧❛r ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❡♥ ❡❧ ❧í♠✐t❡ Mt → ∞ ② ❧✉❡❣♦ ♥♦r♠❛❧✐③❛r ❡❧ r❡s✉❧t❛❞♦

✉t✐❧✐③❛♥❞♦ ❡❧ r❡s✉❧t❛❞♦ ❡①❛❝t♦ ❛ ▲❖✳ P❛r❛ ❡❧ ❝❛s♦ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ú♥✐❝♦ ❜♦só♥ ❞❡ ❍✐❣❣s✱

❡❧ ❡rr♦r q✉❡ s✉r❣❡ ❞❡ ✉t✐❧✐③❛r ❡st❛ ❛♣r♦①✐♠❛❝✐ó♥ s❡ ❡st✐♠❛ ❞❡❧ ♦r❞❡♥ ❞❡❧ 1%✳ P❛r❛ ❡❧ ❝❛s♦ ❞❡

❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s✱ ❞❡❜✐❞♦ ❛ ❧❛ ♠❛②♦r ♠❛s❛ ✐♥✈❛r✐❛♥t❡ ❞❡❧ ❡st❛❞♦ ✜♥❛❧✱

❧♦s ❡st✉❞✐♦s ❛❝t✉❛❧❡s ❡st✐♠❛♥ q✉❡ ❡❧ ❡rr♦r ❡♥ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧ ❡s ❞❡❧ ♦r❞❡♥ ❞❡ ±10% ❛

◆▲❖ ❬✾✽✕✶✵✵❪✳ ❯♥❛ ✈❡③ q✉❡ s❡ ❝♦♥♦③❝❛ ❡❧ r❡s✉❧t❛❞♦ ❛ ◆▲❖ ❡①❛❝t♦✱ ❧❛ ✐♥❝❡rt❡③❛ r❡♠❛♥❡♥t❡

❞❡❜✐❞❛ ❛ ❡❢❡❝t♦s ❞❡ ♠❛s❛ ❞❡❧ q✉❛r❦ t♦♣ ✜♥✐t❛ s❡ ❡st✐♠❛ ❞❡❧ ♦r❞❡♥ ❞❡ ±5% ❛ ◆◆▲❖ ❬✶✵✵❪✳

✻✶
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❋✐❣✉r❛ ✹✳✺✿ ❙❡❝❝✐ó♥ ❡✜❝❛③ ❛ ▲❖ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s✱ ❡♥ ❢✉♥❝✐ó♥ ❞❡

❧❛ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ ❞❡ ❧♦s ♠✐s♠♦s✳ ❙❡ ♠✉❡str❛ ❡❧ r❡s✉❧t❛❞♦ ❡①❛❝t♦ ✭❧í♥❡❛ ❛③✉❧✱ só❧✐❞❛✮ ② ❡❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡

❛❧ ❧í♠✐t❡ ❞❡ ♠❛s❛ ❞❡❧ q✉❛r❦ t♦♣ ❣r❛♥❞❡ ✭r♦❥❛✱ r❛②❛❞❛✮✳

✹✳✷✳ ❈á❧❝✉❧♦ ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ✈✐rt✉❛❧❡s ❛ ✷ ❧♦♦♣s

▲❛ ♦❜t❡♥❝✐ó♥ ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❛ ◆◆▲❖ r❡q✉✐❡r❡ ❡❧ ❝á❧❝✉❧♦ ❞❡ ❧❛s ❛♠♣❧✐t✉❞❡s ❝♦rr❡s✲

♣♦♥❞✐❡♥t❡s ❛ ❧❛ ❡♠✐s✐ó♥ ❞♦❜❧❡ ❞❡ r❛❞✐❛❝✐ó♥ ❡①tr❛ ❛ ♦r❞❡♥ ár❜♦❧✱ ❧❛ ❡♠✐s✐ó♥ s✐♠♣❧❡ ❛ ✉♥ ❧♦♦♣✱

② ❧❛s ❝♦rr❡❝❝✐♦♥❡s ✈✐rt✉❛❧❡s ❛ ❞♦s ❧♦♦♣s✳ ❈♦♠❡♥③❛♠♦s ❡♥t♦♥❝❡s ♣♦r ❞❡s❝r✐❜✐r ❡❧ ❝á❧❝✉❧♦ ❞❡

❡st❛s ú❧t✐♠❛s ❝♦rr❡❝❝✐♦♥❡s✳ P❛r❛ ❡❧❧♦✱ ❡♥ ♣r✐♠❡r ❧✉❣❛r ❞❡s❝r✐❜✐r❡♠♦s ❧♦s ♠ét♦❞♦s ❡①✐st❡♥t❡s

❞❡ r❡❞✉❝❝✐ó♥ ❞❡ ✐♥t❡❣r❛❧❡s ❞❡ ❋❡②♥♠❛♥ ❛ ✉♥❛ ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ ❧❛s ❞❡♥♦♠✐♥❛❞❛s ✐♥t❡❣r❛❧❡s

♠❛❡str❛s✳ ▲✉❡❣♦ ♣❛s❛r❡♠♦s ❛ ♣r❡s❡♥t❛r ❧♦s r❡s✉❧t❛❞♦s ❛ ❞♦s ❧♦♦♣s ♣❛r❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❞♦s

❜♦s♦♥❡s ❞❡ ❍✐❣❣s✳

✹✳✷✳✶✳ ❘❡❞✉❝❝✐♦♥ ❞❡ ✐♥t❡❣r❛❧❡s ❞❡ ❋❡②♥♠❛♥

❆❧ r❡❛❧✐③❛r ❡❧ ❝á❧❝✉❧♦ ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ✈✐rt✉❛❧❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❛❧❣ú♥ ♣r♦❝❡s♦ ❡♥

♣❛rt✐❝✉❧❛r✱ ♥♦s ❡♥❝♦♥tr❛r❡♠♦s ❝♦♥ ✉♥❛ ❝✐❡rt❛ ❝❛♥t✐❞❛❞ ❞❡ ✐♥t❡❣r❛❧❡s s♦❜r❡ ❡❧ ❝✉❛❞r✐♠♦♠❡♥t♦

❝✐r❝✉❧❛♥❞♦ ❡♥ ❡❧ ❧♦♦♣✱ t❛♠❜✐é♥ ❧❧❛♠❛❞❛s ✐♥t❡❣r❛❧❡s ❞❡ ❋❡②♥♠❛♥✳ ▲❛ ❝❛♥t✐❞❛❞ ❞❡ ✐♥t❡❣r❛❧❡s ❞❡

❋❡②♥♠❛♥ q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ❧♦s ❝á❧❝✉❧♦s q✉❡ s❡ r❡❛❧✐③❛♥ ❡♥ ❧❛ ❛❝t✉❛❧✐❞❛❞ ❤❛❝❡ ♥❡❝❡s❛r✐❛ ❛❧❣ú♥

t✐♣♦ ❞❡ ❛✉t♦♠❛t✐③❛❝✐ó♥ ♣❛r❛ ♣♦❞❡r ❧❧❡✈❛r❧♦s ❛ ❝❛❜♦✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ✉♥♦ ❞❡ ❧♦s ♠ét♦❞♦s

✉t✐❧✐③❛❞♦s ❝♦♥s✐st❡ ❡♥ r❡❞✉❝✐r t♦❞❛s ❧❛s ✐♥t❡❣r❛❧❡s ❛ ✉♥❛ ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ ✉♥ s✉❜❝♦♥❥✉♥t♦

♣❡q✉❡ñ♦ ❞❡ ❡❧❧❛s✳ ❊st❛s ú❧t✐♠❛s s♦♥ ❧❛s q✉❡ s❡ ❞❡♥♦♠✐♥❛♥ ✐♥t❡❣r❛❧❡s ♠❛❡str❛s✳
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P❛r❛ ♣♦❞❡r r❡❞✉❝✐r ♥✉❡str❛s ✐♥t❡❣r❛❧❡s ❞❡ ❋❡②♥♠❛♥ ❡s ♥❡❝❡s❛r✐♦ ❡♥t♦♥❝❡s ❤❛❧❧❛r r❡❧❛❝✐♦♥❡s

❡♥tr❡ ❡❧❧❛s✳ ❊①✐st❡♥ ❞✐✈❡rs♦s t✐♣♦s ❞❡ r❡❧❛❝✐♦♥❡s ✉t✐❧✐③❛❞❛s ❝♦♠✉♥♠❡♥t❡✱ s✐❡♥❞♦ ❧❛s ♠ás

✐♠♣♦rt❛♥t❡s ❛q✉❡❧❧❛s ❞❡❧ t✐♣♦ ✏✐♥t❡❣r❛❝✐ó♥ ♣♦r ♣❛rt❡s✑ ❬✶✵✶❪✱ ❣❡♥❡r❛❞❛s ♣♦r ❧❛ ✐❞❡♥t✐❞❛❞

∫
dnk1 . . . d

nkN
∂

∂kµj

(
kµl
∏

i

(p · k)bii
(q2i −m2

i )
ai

)
= 0 , ✭✹✳✸✮

s✐❡♥❞♦ ki ❧♦s ♠♦♠❡♥t♦s ❞❡❧ ❧♦♦♣✱ qi = k1+ · · ·+ ki✱ pi ❛❧❣✉♥❛ ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ ❧♦s ♠♦♠❡♥t♦s

❞❡ ❧❛s ♣❛rtí❝✉❧❛s ❡①t❡r♥❛s ② ai, bi ❡♥t❡r♦s✳ ❙✐♠♣❧❡♠❡♥t❡ ♣❛r❛ ✐❧✉str❛r ❡❧ ❢✉♥❝✐♦♥❛♠✐❡♥t♦ ❞❡

❡st❡ t✐♣♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s✱ ✈❡❛♠♦s ✉♥ ❡❥❡♠♣❧♦ s❡♥❝✐❧❧♦ ❛ ✉♥ ❧♦♦♣✳

❈♦♥s✐❞❡r❡♠♦s ❧❛s ✐♥t❡❣r❛❧❡s ❞❡ ❋❡②♥♠❛♥ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛

F (a) =

∫
dnk

(k2 −m2)a
. ✭✹✳✹✮

❯t✐❧✐③❛♠♦s ❡♥t♦♥❝❡s ❧❛ s✐❣✉✐❡♥t❡ ✐❞❡♥t✐❞❛❞

∫
dnk

∂

∂kµ

(
kµ

1

(k2 −m2)a

)
= 0 . ✭✹✳✺✮

❍❛❝✐❡♥❞♦ ❛❝t✉❛r ❧❛ ❞❡r✐✈❛❞❛✱ t❡♥❡♠♦s q✉❡

0 =

∫
dnk

[
n

(k2 −m2)a
− 2a

k2

(k2 −m2)a+1

]
. ✭✹✳✻✮

❘❡❡s❝r✐❜✐❡♥❞♦ k2 = (k2 −m2) +m2 s❡ ❧❧❡❣❛ ❡♥t♦♥❝❡s ❛ q✉❡

0 =

∫
dnk

[
n− 2a

(k2 −m2)a
− 2am2

(k2 −m2)a+1

]
= (n− 2a)F (a)− 2am2F (a+ 1) , ✭✹✳✼✮

❝♦♥ ❧♦ ❝✉❛❧ ❤❡♠♦s ❧❧❡❣❛❞♦ ❛ ❧❛ s✐❣✉✐❡♥t❡ r❡❧❛❝✐ó♥ ❞❡ r❡❝✉rs✐ó♥✿

F (a) =
n− 2a+ 2

2(a− 1)m2
F (a− 1) . ✭✹✳✽✮

❉❡ ❡st❛ ❢♦r♠❛✱ ❝✉❛❧q✉✐❡r ✐♥t❡❣r❛❧ ❞❡ ❧❛ ❢♦r♠❛ F (a) ❝♦♥ a > 1 ♣✉❡❞❡ s❡r ❡①♣r❡s❛❞❛ r❡❝✉rs✐✲

✈❛♠❡♥t❡ ❡♥ tér♠✐♥♦s ❞❡ F (1)✱ ❧❛ ❝✉❛❧ ♣♦r ❧♦ t❛♥t♦ s❡rí❛ ♥✉❡str❛ ✐♥t❡❣r❛❧ ♠❛❡str❛✳

❖❜✈✐❛♠❡♥t❡✱ ❛❧ ❛✉♠❡♥t❛r ❧❛ ❝♦♠♣❧❡❥✐❞❛❞ ❞❡ ❧❛ ✐♥t❡❣r❛❧ ❞❡ ❋❡②♥♠❛♥ ❛ r❡❞✉❝✐r✱ ❧❛ ❝❛♥t✐❞❛❞

❞❡ r❡❧❛❝✐♦♥❡s q✉❡ s❡ ♣✉❡❞❡♥ ♦❜t❡♥❡r ❛ ♣❛rt✐r ❞❡ ✐♥t❡❣r❛❝✐ó♥ ♣♦r ♣❛rt❡s t❛♠❜✐é♥ ❛✉♠❡♥t❛✳

P♦r ❧♦ t❛♥t♦✱ ♣✉❡❞❡ r❡s✉❧t❛r ❛❧t❛♠❡♥t❡ ♥♦ tr✐✈✐❛❧ ❡♥❝♦♥tr❛r ❧❛ ❝♦♠❜✐♥❛❝✐ó♥ ❝♦rr❡❝t❛ ❞❡ r❡❧❛✲

❝✐♦♥❡s q✉❡ s✐♠♣❧✐✜q✉❡♥ ❡❧ r❡s✉❧t❛❞♦✳ ❊❧ ♠ét♦❞♦ ♠ás ✉t✐❧✐③❛❞♦ ♣❛r❛ r❡s♦❧✈❡r ❡st❡ ♣r♦❜❧❡♠❛
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❡s ❡❧ ❞❡♥♦♠✐♥❛❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ▲❛♣♦rt❛ ❬✶✵✷❪✳ ▲❛ ✐❞❡❛ ❝❧❛✈❡ ❞❡trás ❞❡❧ ♠✐s♠♦ ❝♦♥s✐st❡ ❡♥

✐♥tr♦❞✉❝✐r ✉♥❛ ♣r❡s❝r✐♣❝✐ó♥ s❡❣ú♥ ❧❛ ❝✉❛❧ s❡ ❞❡t❡r♠✐♥❛✱ ❞❛❞♦ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ✐♥t❡❣r❛❧❡s ❞❡

❋❡②♥♠❛♥✱ ❝✉á❧ ❡s ❧❛ ✐♥t❡❣r❛❧ ♠ás ❞✐❢í❝✐❧ ❞❡ r❡s♦❧✈❡r✳ P❛r❛ ♠ás ❞❡t❛❧❧❡s✱ ✈❡r ❘❡❢✳ ❬✶✵✷❪✳ ❊①✐s✲

t❡♥ tr❡s ❝ó❞✐❣♦s ♣ú❜❧✐❝♦s q✉❡ ✉t✐❧✐③❛♥ ❡❧ ❛❧❣♦r✐t♠♦ ❞❡ ▲❛♣♦rt❛ ♣❛r❛ r❡❞✉❝✐r ✐♥t❡❣r❛❧❡s ❞❡

❋❡②♥♠❛♥✿ ❆■❘ ❬✶✵✸❪✱ ❋■❘❊ ❬✶✵✹❪ ② ❘❡❞✉③❡ ❬✶✵✺❪✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ❧♦s ❝á❧❝✉❧♦s q✉❡ ❞❡✲

t❛❧❧❛♠♦s ❡♥ ❡st❛ s❡❝❝✐ó♥✱ ❤❡♠♦s ❤❡❝❤♦ ✉s♦ ❞❡ ❋■❘❊✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥ ❞❡t❛❧❧❛♠♦s ❜r❡✈❡♠❡♥t❡

❝ó♠♦ ❤❡♠♦s ✐♠♣❧❡♠❡♥t❛❞♦ ❧❛ r❡❞✉❝❝✐ó♥✳

P❛r❛ r❡❞✉❝✐r ✉♥❛ ✐♥t❡❣r❛❧ ❞❡ ❧♦♦♣ ✉t✐❧✐③❛♥❞♦ ❡❧ ❝ó❞✐❣♦ ❋■❘❊ ✭❋❡②♥♠❛♥ ■♥t❡❣r❛❧ ❘❊❞✉❝✲

t✐♦♥✮ ❡s ♥❡❝❡s❛r✐♦ ❡♥ ♣r✐♠❡r ❧✉❣❛r ❞❡✜♥✐r ✉♥❛ ❜❛s❡ ♣❛r❛ ❧♦s ♣r♦❞✉❝t♦s ❞❡ ❝✉❛❞r✐♠♦♠❡♥t♦s

r❡❧❡✈❛♥t❡s✳ P♦r ❡❥❡♠♣❧♦✱ ♣❛r❛ ✉♥❛ ❛♠♣❧✐t✉❞ ❛ l ❧♦♦♣s ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ✉♥ ♣r♦❝❡s♦ ❝♦♥

N ♣❛rtí❝✉❧❛s ❡①t❡r♥❛s✱ ❧❧❛♠❛♥❞♦ p1, p2, . . . , pN ❛ ❧♦s ♠♦♠❡♥t♦s ❡①t❡r♥♦s✱ ② q1, q2, . . . , ql ❛

❧♦s ♠♦♠❡♥t♦s q✉❡ ❝✐r❝✉❧❛♥ ❡♥ ❧♦s ❧♦♦♣s s♦❜r❡ ❧♦s ❝✉❛❧❡s ❞❡❜❡♠♦s ✐♥t❡❣r❛r✱ t❡♥❞r❡♠♦s ❧♦s

s✐❣✉✐❡♥t❡s ♣r♦❞✉❝t♦s ✐♥❞❡♣❡♥❞✐❡♥t❡s q✉❡ ❞❡✜♥❡♥ ✉♥❛ ❜❛s❡✿

qi · qk ❝♦♥ i = 1, 2, . . . , l ② k = i, i+ 1, . . . , l

qi · pj ❝♦♥ i = 1, 2, . . . , l ② j = 1, 2, . . . , N − 1 ✭✹✳✾✮

♣✉❡st♦ q✉❡ ♣♦r ❝♦♥s❡r✈❛❝✐ó♥ ❞❡ ♠♦♠❡♥t♦ ♣♦❞❡♠♦s ❡s❝r✐❜✐r pN ❡♥ tér♠✐♥♦s ❞❡❧ r❡st♦✳ ❊❧

t❛♠❛ñ♦ ❞❡ ❧❛ ❜❛s❡ ❡s ❡♥t♦♥❝❡s l(l + 1)/2 + l(N − 1)✳ ❈♦♠♦ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r✱ ♥♦ ❤❛❝❡♠♦s

r❡❢❡r❡♥❝✐❛ ❛ ♣r♦❞✉❝t♦s ❡♥tr❡ ♠♦♠❡♥t♦s ❡①t❡r♥♦s✱ ♣✉❡s ❡st♦s ♥♦ ❞❡♣❡♥❞❡♥ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s

❞❡ ✐♥t❡❣r❛❝✐ó♥✳ ❯♥❛ ✈❡③ ❞❡✜♥✐❞❛ ✉♥❛ ❜❛s❡✱ t♦❞♦s ❧♦s ♣r♦❞✉❝t♦s ❞❡ ❝✉❛❞r✐♠♦♠❡♥t♦s q✉❡

❛♣❛r❡❝❡♥ ❡♥ ♥✉❡str❛ ❛♠♣❧✐t✉❞ ❞❡❜❡♥ s❡r ❡s❝r✐t♦s ❡♥ tér♠✐♥♦s ❞❡ ❡❧❧❛✱ ② ❧❛ ❛♠♣❧✐t✉❞ ❞❡❜❡

s❡r ❡①♣❛♥❞✐❞❛ ❞❡ ❢♦r♠❛ t❛❧ q✉❡ ❝❛❞❛ tér♠✐♥♦ ❝♦♥s✐st❡ s✐♠♣❧❡♠❡♥t❡ ❡♥ ✉♥ ♣r♦❞✉❝t♦ ❞❡ ❧♦s

❡❧❡♠❡♥t♦s ❞❡ ❧❛ ❜❛s❡ ❡❧❡✈❛❞♦s ❛ ❞✐❢❡r❡♥t❡s ♣♦t❡♥❝✐❛s ✭❧❛s ❝✉❛❧❡s ♣✉❡❞❡♥ s❡r ♥❡❣❛t✐✈❛s✮✳

❖❜✈✐❛♠❡♥t❡✱ ❧❛ ❜❛s❡ ❞❡✜♥✐❞❛ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✾✮ ❡s ♣❡r❢❡❝t❛♠❡♥t❡ ✈á❧✐❞❛✱ s✐♥ ❡♠❜❛r❣♦ ♥♦

s❡rá ❡♥ ❣❡♥❡r❛❧ ❧❛ ❜❛s❡ ✉t✐❧✐③❛❞❛✳ ▲♦ q✉❡ ❤❛r❡♠♦s✱ ❡♥ ❝❛♠❜✐♦✱ ❡s ❞❡✜♥✐r ❧❛ ❜❛s❡ ❛ ♣❛rt✐r ❞❡ ❧♦s

♣r♦♣❛❣❛❞♦r❡s q✉❡ ❛♣❛r❡③❝❛♥ ❡♥ ❧❛ ❛♠♣❧✐t✉❞ q✉❡ ❞❡s❡❛♠♦s r❡❞✉❝✐r✳ ❊st♦ ♥♦s ♣❡r♠✐t❡ ❡s❝r✐❜✐r

❧♦s ❞❡♥♦♠✐♥❛❞♦r❡s ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❜❛s❡ ❡♥ ❢♦r♠❛ ✐♥♠❡❞✐❛t❛✱ ② ♣♦r ❧♦ t❛♥t♦ s✐♠♣❧✐✜❝❛

❡❧ ♣r♦❝❡s♦ ❞❡ ❡①♣❛♥s✐ó♥ ❞❡ ❧❛ ❛♠♣❧✐t✉❞ ❡♥ tér♠✐♥♦s q✉❡ só❧♦ ❝♦♥s✐st❛♥ ❞❡ ♣r♦❞✉❝t♦s ❞❡

❡❧❡♠❡♥t♦s ❞❡ ❧❛ ❜❛s❡✳

✻✹



p2

p1

q1

q1 − p1

q1 + p2

❋✐❣✉r❛ ✹✳✻✿ ❉✐❛❣r❛♠❛ ❞❡ ❋❡②♥♠❛♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ✉♥❛ ❝♦♥tr✐❜✉❝✐ó♥ ❛ ❧❛ ❛♠♣❧✐t✉❞ gg → H ❛ ✉♥ ❧♦♦♣✱

❡♥ ❡❧ ❧í♠✐t❡ ❞❡ ♠❛s❛ ❞❡❧ q✉❛r❦ t♦♣ ✐♥✜♥✐t♦✳

❖tr♦ ❞❡t❛❧❧❡ ❛ t❡♥❡r ❡♥ ❝✉❡♥t❛ ❡s q✉❡ ❡❧ ❛❧❣♦r✐t♠♦ ❞❡ r❡❞✉❝❝✐ó♥ só❧♦ ♣✉❡❞❡ tr❛❜❛❥❛r ❝♦♥

♣r♦❞✉❝t♦s ❡♥tr❡ ♠♦♠❡♥t♦s ❡①t❡r♥♦s ② ❞❡ ❧♦♦♣✱ ♣♦r ❧♦ q✉❡ ♥♦ ♣✉❡❞❡♥ ❛♣❛r❡❝❡r ♠♦♠❡♥t♦s ❞❡

❧♦♦♣ s✐♥ ❝♦♥tr❛❡r ♦ ❝♦♥tr❛í❞♦s ❝♦♥ ✈❡❝t♦r❡s ❞❡ ♣♦❧❛r✐③❛❝✐ó♥✳ ▲♦ q✉❡ ❤❡♠♦s ❤❡❝❤♦✱ ❡♥t♦♥❝❡s✱

❡s tr❛❜❛❥❛r ❝♦♥ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❛❧ ❡❧❡♠❡♥t♦ ❞❡ ♠❛tr✐③ ❛❧ ❝✉❛❞r❛❞♦✱ ②❛ s✉♠❛❞❛s s♦❜r❡

❧❛s ♣♦❧❛r✐③❛❝✐♦♥❡s ❞❡ ❧❛s ♣❛rtí❝✉❧❛s ❡①t❡r♥❛s✳ ❯♥❛ ❛❧t❡r♥❛t✐✈❛ ❛ ❡st♦ s❡rí❛ ✉t✐❧✐③❛r ❞✐st✐♥t♦s

♣r♦②❡❝t♦r❡s ♣❛r❛ ❝♦♥tr❛❡r ❧♦s í♥❞✐❝❡s ❧✐❜r❡s ✭✉♥❛ ✈❡③ r❡♠♦✈✐❞♦s ❧♦s ✈❡❝t♦r❡s ❞❡ ♣♦❧❛r✐③❛❝✐ó♥✮✳

P❛r❛ ♠❛②♦r ❝❧❛r✐❞❛❞✱ ♠♦str❛♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❛ ♠♦❞♦ ❞❡ ❡❥❡♠♣❧♦ ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦

❞❡ r❡❞✉❝❝✐ó♥ ❞❡ ✉♥❛ ❛♠♣❧✐t✉❞ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ♣r♦❝❡s♦ gg → H ❛ ✉♥ ❧♦♦♣ ✭❡♥ ❡❧ ❧í♠✐t❡

❞❡ ♠❛s❛ ❞❡❧ q✉❛r❦ t♦♣ ✐♥✜♥✐t❛✮✱ ❧❛ ❝✉❛❧ s❡ ♠✉❡str❛ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✻✳ ▲♦s ❞❡♥♦♠✐♥❛❞♦r❡s

♣r❡s❡♥t❡s ❡♥ ❞✐❝❤❛ ❛♠♣❧✐t✉❞ s♦♥

1

q21

1

(q1 − p1)2
1

(q1 + p2)2
, ✭✹✳✶✵✮

② ♣♦r ❧♦ t❛♥t♦✱ ♣♦r ❧♦ ❞✐❝❤♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ✉t✐❧✐③❛r❡♠♦s ❧❛ ❜❛s❡ {q21, (q1 − p1)
2, (q1 + p2)

2}✳

❚r❛❜❛❥❛♠♦s ❧✉❡❣♦ ❝♦♥ ❡❧ ♣r♦❞✉❝t♦ ❞❡ ❡st❛ ❛♠♣❧✐t✉❞ ② ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ❛ ♦r❞❡♥ ár❜♦❧✱

s✉♠❛♥❞♦ s♦❜r❡ ♣♦❧❛r✐③❛❝✐♦♥❡s ② ❝♦❧♦r❡s ❞❡ ❧❛s ♣❛rtí❝✉❧❛s ❡①t❡r♥❛s✳ ❈♦♥tr❛②❡♥❞♦ t♦❞♦s ❧♦s

í♥❞✐❝❡s ❞❡ ▲♦r❡♥t③ ② s✐♠♣❧✐✜❝❛♥❞♦✱ s❡ ♦❜t✐❡♥❡ ❧❛ s✐❣✉✐❡♥t❡ ❡①♣r❡s✐ó♥

2iα3
SC

2
ACF

9πv2

∫
dnq1
(2π)n

1

k21

1

(k1 − p1)2
1

(k1 + p2)2
×

(
2(5n− 6)s(k1 · k1)2 + k1 · k1(−2p1 · k1((7n− 10)s+ 2(4n− 5)p2 · k1)

+s((34− 13n)s+ 2(7n− 10)p2 · k1)) + 2(2(p1 · k1)2((n− 2)s

+(4n− 6)p2 · k1) + (n− 2)s(s2 − 3s p2 · k1 + 2(p2 · k1)2) + p1 · k1(3(n− 2)s2

+4(n− 7)s p2 · k1 + (12− 8n)(p2 · k1)2))
)
, ✭✹✳✶✶✮

❡♥ ❞♦♥❞❡ n ❡s ❡❧ ♥ú♠❡r♦ ❞❡ ❞✐♠❡♥s✐♦♥❡s ② s = 2p1 · p2✳ ▲✉❡❣♦ ❝❛❞❛ ♣r♦❞✉❝t♦ ❞❡ ❝✉❛❞r✐♠♦✲

✻✺



♠❡♥t♦s ❡s ❡s❝r✐t♦ ✉s❛♥❞♦ ❧♦s ❡❧❡♠❡♥t♦s ❞❡ ❧❛ ❜❛s❡✱ ② ✜♥❛❧♠❡♥t❡ ❡❧ r❡s✉❧t❛❞♦ ❡s ❡①♣❛♥❞✐❞♦✱

♦❜t❡♥✐❡♥❞♦

4iC2
ACFα

3
S

9π4v2

(
F [{−2, 1, 1}] + 2(n− 2)F [{−1, 0, 1}] + 2(n− 2)F [{−1, 1, 0}]

+18sF [{−1, 1, 1}]− 4nsF [{−1, 1, 1}] + 3F [{0,−1, 1}]− 2nF [{0,−1, 1}] + 7F [{0, 0, 0}]

−4nF [{0, 0, 0}]− 20sF [{0, 0, 1}] + 7nsF [{0, 0, 1}] + 3F [{0, 1,−1}]− 2nF [{0, 1,−1}]

−20sF [{0, 1, 0}] + 7nsF [{0, 1, 0}] + 22s2F [{0, 1, 1}]− 7ns2F [{0, 1, 1}]− 3F [{1,−1, 0}]

+2nF [{1,−1, 0}]− 2sF [{1,−1, 1}] + nsF [{1,−1, 1}]− 3F [{1, 0,−1}] + 2nF [{1, 0,−1}]

+14sF [{1, 0, 0}]− 2nsF [{1, 0, 0}] + 6s2F [{1, 0, 1}]− 3ns2F [{1, 0, 1}]− 2sF [{1, 1,−1}]

+nsF [{1, 1,−1}] + 6s2F [{1, 1, 0}]− 3ns2F [{1, 1, 0}] + 2(n− 2)s3F [{1, 1, 1}]
)
, ✭✹✳✶✷✮

❡♥ ❞♦♥❞❡

F [{a, b, c}] =
∫

dnq1
(2π)n

(
1

q21

)a(
1

(q1 − p1)2

)b(
1

(q1 + p2)2

)c

. ✭✹✳✶✸✮

❈❛❜❡ ♦❜s❡r✈❛r q✉❡ ❛❧❣✉♥♦s ❞❡ ❧♦s ❛r❣✉♠❡♥t♦s ❞❡ ❡st❛s ❢✉♥❝✐♦♥❡s s♦♥ ♥❡❣❛t✐✈♦s✱ ❧♦ ❝✉❛❧

❝♦rr❡s♣♦♥❞❡ ❛ ♣r♦❞✉❝t♦s ❞❡ ♠♦♠❡♥t♦s ❡♥ ❡❧ ♥✉♠❡r❛❞♦r✳

❊s❝r✐t❛ ❞❡ ❡st❛ ❢♦r♠❛✱ ❧❛ ❡①♣r❡s✐ó♥ ②❛ ♣✉❡❞❡ s❡r r❡❞✉❝✐❞❛ ✉t✐❧✐③❛♥❞♦ ❡❧ ❛❧❣♦r✐t♠♦ ❋■❘❊✳

❯♥❛ ✈❡③ s✐♠♣❧✐✜❝❛❞♦✱ ❡❧ r❡s✉❧t❛❞♦ q✉❡ s❡ ♦❜t✐❡♥❡ ❡s

− iα
3
SC

2
ACF (36n3 − 249n2 + 520n− 304) s2F [{0, 1, 1}]

9π(n− 4)(n− 1)v2
, ✭✹✳✶✹✮

❡♥ ❡❧ ❝✉❛❧ ❧❛ ú♥✐❝❛ ✐♥t❡❣r❛❧ ❛ r❡s♦❧✈❡r ❡s

F [{0, 1, 1}] =
∫

dnq1
(2π)n

1

(q1 − p1)2
1

(q1 + p2)2
. ✭✹✳✶✺✮

❊♥ ♣❛rt✐❝✉❧❛r✱ ❡st❛ ✐♥t❡❣r❛❧ ✭❛sí ❝♦♠♦ ❡❧ r❡st♦ ❞❡ ❧❛s ✐♥t❡❣r❛❧❡s ♠❛❡str❛s q✉❡ ♥❡❝❡s✐t❛r❡♠♦s

♣❛r❛ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❡st❛ t❡s✐s✮ ②❛ s❡ ❡♥❝✉❡♥tr❛ ❝❛❧❝✉❧❛❞❛ ② ♣✉❡❞❡ ♦❜t❡♥❡rs❡✱ ♣♦r ❡❥❡♠♣❧♦✱

❞❡ ❧❛ ❘❡❢✳ ❬✶✵✻❪✳ ❊st❡ ❡❥❡♠♣❧♦ ✐❧✉str❛ ❝❧❛r❛♠❡♥t❡ ❡❧ ♣♦❞❡r ❞❡ s✐♠♣❧✐✜❝❛❝✐ó♥ ❞❡ ❧♦s ❛❧❣♦r✐t♠♦s

❞❡ r❡❞✉❝❝✐ó♥ ❞❡ ✐♥t❡❣r❛❧❡s ❞❡ ❋❡②♥♠❛♥✳

✹✳✷✳✷✳ ❘❡s✉❧t❛❞♦s ❛ ✷ ❧♦♦♣s

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ♣r❡s❡♥t❛♠♦s ❧♦s r❡s✉❧t❛❞♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ✈✐rt✉❛❧❡s

❛ ✷ ❧♦♦♣s✳ ▲❛s ❞✐✈❡r❣❡♥❝✐❛s ❢✉❡r♦♥ r❡❣✉❧❛r✐③❛❞❛s ✉t✐❧✐③❛♥❞♦ r❡❣✉❧❛r✐③❛❝✐ó♥ ❞✐♠❡♥s✐♦♥❛❧ ❝♦♥

n = 4− 2ǫ ❞✐♠❡♥s✐♦♥❡s✳ ❯t✐❧✐③❛♠♦s ❡❧ ❡sq✉❡♠❛ ❞❡ r❡♥♦r♠❛❧✐③❛❝✐ó♥ ▼❙✳

✻✻



❈♦♠♦ ❢✉❡ ♠❡♥❝✐♦♥❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ tr❛❜❛❥❛♠♦s ❞❡♥tr♦ ❞❡ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡❧ q✉❛r❦

t♦♣ ♣❡s❛❞♦✱ ❡♥ ❞♦♥❞❡ ❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ ❡♥tr❡ ✉♥♦ ② ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ❝♦♥ ❧♦s ❣❧✉♦♥❡s

❡stá ❞❛❞♦ ♣♦r ❡❧ s✐❣✉✐❡♥t❡ ▲❛❣r❛♥❣✐❛♥♦ ❡❢❡❝t✐✈♦✿

L❡✛ = −1

4
GµνG

µν

(
CH

H

v
− CHH

H2

v2

)
, ✭✹✳✶✻✮

❡♥ ❞♦♥❞❡ Gµν r❡♣r❡s❡♥t❛ ❡❧ t❡♥s♦r ❣❧✉♦♥✐❝♦✳ ▲♦s ❞❡♥♦♠✐♥❛❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❲✐❧s♦♥ CH

② CHH t✐❡♥❡♥ s✉s r❡s♣❡❝t✐✈❛s ❡①♣❛♥s✐♦♥❡s ❡♥ ♣♦t❡♥❝✐❛s ❞❡ ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❛❝♦♣❧❛♠✐❡♥t♦

❢✉❡rt❡

CH = −1

3

αS

π

{
1 +

∑

i=1

(αS

π

)i
C

(i)
H

}
,

CHH = −1

3

αS

π

{
1 +

∑

i=1

(αS

π

)i
C

(i)
HH

}
. ✭✹✳✶✼✮

P❛r❛ ♣♦❞❡r ♦❜t❡♥❡r ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❛ ◆◆▲❖ ♣❛r❛ gg → H✱ ♥❡❝❡s✐t❛♠♦s ❝♦♥♦❝❡r ❧♦s

❝♦❡✜❝✐❡♥t❡s CH ② CHH ❤❛st❛ ♦r❞❡♥ O(α3
S)✳ P❛r❛ ❡❧ ♣r✐♠❡r♦ ❞❡ ❡❧❧♦s t❡♥❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s

r❡s✉❧t❛❞♦s ❬✶✵✼✱✶✵✽❪✿

C
(1)
H =

11

4
, C

(2)
H =

2777

288
+

19

16
log

µ2
R

M2
t

+Nf

(
−67

96
+

1

3
log

µ2
R

M2
t

)
, ✭✹✳✶✽✮

❡♥ ❞♦♥❞❡Mt ❡s ❧❛ ♠❛s❛ ❞❡❧ q✉❛r❦ t♦♣✱ µR ❡s ❧❛ ❡s❝❛❧❛ ❞❡ r❡♥♦r♠❛❧✐③❛❝✐ó♥ ② Nf ❡s ❡❧ ♥ú♠❡r♦

❞❡ s❛❜♦r❡s ❞❡ q✉❛r❦s ❧✐✈✐❛♥♦s✳ P♦r ♦tr♦ ❧❛❞♦✱ ♣❛r❛ ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❲✐❧s♦♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡

❛❧ ❛❝♦♣❧❛♠✐❡♥t♦ ❞❡ ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s s❡ t✐❡♥❡ q✉❡ ❬✾✼✱✶✵✾❪

C
(1)
HH = C

(1)
H , C

(2)
HH = C

(2)
H +

35

24
+

2

3
Nf . ✭✹✳✶✾✮

❘❡s✉❧t❛ ✐♥t❡r❡s❛♥t❡ r❡♠❛r❝❛r q✉❡✱ ❞❡❜✐❞♦ ❛ ❧❛ ❢♦r♠❛ ❞❡❧ ▲❛❣r❛♥❣✐❛♥♦ ❡❢❡❝t✐✈♦ ❞❡ ❧❛

❡❝✉❛❝✐ó♥ ✭✹✳✶✻✮✱ ❧♦s ✈ért✐❝❡s ❞❡ ✉♥ ú♥✐❝♦ ❍✐❣❣s ❝♦♥ ❣❧✉♦♥❡s t✐❡♥❡♥ ❧❛ ♠✐s♠❛ ❡str✉❝t✉r❛ q✉❡

❛q✉❡❧❧♦s ❞❡ ❞♦s ❍✐❣❣s✱ ❞❛❞♦ q✉❡ ❡st❛ ❡stá ❞❛❞❛ ♣♦r ❡❧ ❢❛❝t♦r GµνG
µν ✳ ❉✐❝❤♦ ❞❡ ♦tr♦ ♠♦❞♦✱

❧❛s r❡❣❧❛s ❞❡ ❋❡②♥♠❛♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧♦s ✈ért✐❝❡s ❡♥tr❡ ✉♥ ❍✐❣❣s ② ❣❧✉♦♥❡s s❡rá♥ ✐❣✉❛❧❡s✱

❛ ♠❡♥♦s ❞❡ ✉♥❛ ❝♦♥st❛♥t❡✱ ❛ ❛q✉❡❧❧❛s ❞❡ ❞♦s ❍✐❣❣s❡s ② ❣❧✉♦♥❡s✳ ❊st♦ s✐♠♣❧✐✜❝❛rá ❡♥ ❣r❛♥

♠❡❞✐❞❛ ❧♦s ❝á❧❝✉❧♦s q✉❡ ❞❡❜❡♠♦s r❡❛❧✐③❛r✳ P♦r ❝♦♠♣❧❡t✐t✉❞✱ ♠♦str❛♠♦s ❡♥ ❧❛ ✜❣✉r❛ ✹✳✼ ❧❛s

r❡❣❧❛s ❞❡ ❋❡②♥♠❛♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❡st❡ ❧❛❣r❛♥❣✐❛♥♦ ❡❢❡❝t✐✈♦✳

❊♥ ❧❛ ✜❣✉r❛ ✹✳✽ ♠♦str❛♠♦s ❛❧❣✉♥♦s ❞❡ ❧♦s ❞✐❛❣r❛♠❛s ❞❡ ❋❡②♥♠❛♥ ♥❡❝❡s❛r✐♦s ♣❛r❛ ❡❧

❝á❧❝✉❧♦✱ ❡ ✐♥tr♦❞✉❝✐♠♦s ❧❛ ♥♦t❛❝✐ó♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❝❛❞❛ ❝♦♥tr✐❜✉❝✐ó♥✳ ❊♥ ❧❛ ♣r✐♠❡r❛ ✜❧❛

✻✼



a, µ, p

b, ν, q

iδab
CH

v
(gµν p · q − pν qµ)

a, µ, p

b, ν, q

−iδab
CHH

v2
(gµν p · q − pν qµ)

a, µ, p b, ν, q

c, σ, r

CH

v
gSfabc [gµν(q − k)σ

+ gνσ(r − q)µ + gσµ(k − r)ν ]

a, µ b, ν

c, σd, ρ

−CH

v
ig2S [fabefcde(gµσgνρ − gµρgνσ)

+ facefbde(gµνgσρ − gµρgνσ)

+ fadefcbe(gµσgνρ − gµνgρσ)]

❋✐❣✉r❛ ✹✳✼✿ ❘❡❣❧❛s ❞❡ ❋❡②♥♠❛♥ ♣❛r❛ ❧♦s ❛❝♦♣❧❛♠✐❡♥t♦s ❡❢❡❝t✐✈♦s ❡♥tr❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ② ❣❧✉♦♥❡s✳ ❙❡

♦♠✐t❡♥ ❧♦s ✈ért✐❝❡s ❡♥tr❡ ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ② ♠ás ❞❡ ❞♦s ❣❧✉♦♥❡s✱ ②❛ q✉❡ t✐❡♥❡♥ ❧❛ ♠✐s♠❛ r❡❧❛❝✐ó♥ ❝♦♥ ❧♦s

✈ért✐❝❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ✉♥ ú♥✐❝♦ ❍✐❣❣s q✉❡ ❧❛ q✉❡ s❡ ♦❜s❡r✈❛ ❡♥tr❡ ggH ② ggHH✳ ❚♦❞♦s ❧♦s ♠♦♠❡♥t♦s

s♦♥ ❡♥tr❛♥t❡s✳ ▲♦s ❝♦❡✜❝✐❡♥t❡s CH ② CHH s❡ ❡♥❝✉❡♥tr❛♥ ❞❡✜♥✐❞♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✼✮✳

s❡ ❡♥❝✉❡♥tr❛♥ ❧♦s ❞✐❛❣r❛♠❛s ❞❡❧ ▲❖✳ ❊st♦s s❡ ❝♦rr❡s♣♦♥❞❡♥ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❛❧ ❝✉❛❞r❛❞♦

② tr✐á♥❣✉❧♦ ❞❡ ❧❛ ✜❣✉r❛ ✹✳✸✱ ♣❡r♦ ❡♥ ❧❛ t❡♦rí❛ ❡❢❡❝t✐✈❛✳ ❈♦♠♦ ❢✉❡ ✐♥❞✐❝❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱

❞❛❞♦ q✉❡ ❧❛ ❡str✉❝t✉r❛ ❞❡ ❧♦s ✈ért✐❝❡s ggH ② ggHH ❡s ❧❛ ♠✐s♠❛✱ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❞❡ ❧♦♦♣

❞❡ ❛♠❜♦s ❞✐❛❣r❛♠❛s ❞❡❧ ▲❖ s❡rá♥ s✐♠✐❧❛r❡s✱ ② ♣♦❞❡♠♦s ♦❜t❡♥❡r❧❛s ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❛

❞♦s ❧♦♦♣s ♣❛r❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜♦só♥ ❞❡ ❍✐❣❣s✳ ❊s❛s ❝♦rr❡❝❝✐♦♥❡s ❢♦r♠❛♥ ♣❛rt❡ ❞❡❧

❞❡♥♦♠✐♥❛❞♦ ❢❛❝t♦r ❞❡ ❢♦r♠❛ ❞❡ ❧♦s ❣❧✉♦♥❡s✱ ♣♦r ❧♦ q✉❡ ❡t✐q✉❡t❛♠♦s ❞✐❝❤❛s ❝♦♥tr✐❜✉❝✐♦♥❡s

❝♦♠♦ ❋❋✭✶✮ ② ❋❋✭✷✮✳ ❉✐❝❤❛s ❝♦♥tr✐❜✉❝✐♦♥❡s✱ ❡♥t♦♥❝❡s✱ ♣✉❡❞❡♥ s❡r ♦❜t❡♥✐❞❛s ❛ ♣❛rt✐r ❞❡ ❧♦s

❢❛❝t♦r❡s ❞❡ ❢♦r♠❛ ❞❡ ❧♦s ❣❧✉♦♥❡s ❝❛❧❝✉❧❛❞♦s ❛ ❞♦s ❧♦♦♣s ❡♥ ❧❛s ❘❡❢s✳ ❬✶✶✵✕✶✶✸❪✳

✻✽



LO LO

FF (1)

FF (2)

2V (1)

2V (2)

O(g2S)

O(g4S)

O(g6S)

❋✐❣✉r❛ ✹✳✽✿ ❊❥❡♠♣❧♦s ❞❡ ❧♦s ❞✐❛❣r❛♠❛s ❞❡ ❋❡②♥♠❛♥ ♥❡❝❡s❛r✐♦s ♣❛r❛ ❡❧ ❝ó♠♣✉t♦ ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s

✈✐rt✉❛❧❡s ♣❛r❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ❛ ◆◆▲❖✱ ② ❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ♥♦t❛❝✐ó♥ ♣❛r❛ ❝❛❞❛

✉♥❛ ❞❡ ❡❧❧❛s✳

P♦r ♦tr♦ ❧❛❞♦✱ ❡stá♥ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s q✉❡ s✉r❣❡♥ ❞❡ ❞✐❛❣r❛♠❛s ❛ ♦r❞❡♥ ár❜♦❧ ❝♦♥ ❞♦s

✈ért✐❝❡s gHH ✭❡t✐q✉❡t❛❞❛s ❝♦♠♦ ✷❱✭✶✮✮ ② s✉s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❝♦rr❡❝❝✐♦♥❡s ❛ ✉♥ ❧♦♦♣

✭❡t✐q✉❡t❛❞❛s ❝♦♠♦ ✷❱✭✷✮✮✳ ❊st♦s ❞✐❛❣r❛♠❛s✱ ❛ ♣❡s❛r ❞❡ ❝♦♥t❡♥❡r ✉♥ ❧♦♦♣ ♠❡♥♦s ❡♥ ❧❛ t❡♦rí❛

❡❢❡❝t✐✈❛✱ s♦♥ ❞❡❧ ♠✐s♠♦ ♦r❞❡r q✉❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❋❋✭✶✮ ② ❋❋✭✷✮ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊st♦ ❡s

❝❧❛r♦ s✐ s❡ ♣✐❡♥s❛ ❡♥ ❧❛ t❡♦rí❛ ❝♦♠♣❧❡t❛✱ ❡♥ ❧❛ ❝✉❛❧ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ✈ért✐❝❡s gHH ✐♠♣❧✐❝❛

✉♥ ❧♦♦♣✳ P❛r❛ ❡st❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❧❛ ❝✐♥❡♠át✐❝❛ ❡s ♠ás ❝♦♠♣❧❡❥❛ q✉❡ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧❛s

❝♦♥tr✐❜✉❝✐♦♥❡s ❞❡❧ t✐♣♦ ❢❛❝t♦r ❞❡ ❢♦r♠❛✱ ② ♣♦r ❧♦ t❛♥t♦ ❡s ♥❡❝❡s❛r✐♦ r❡❛❧✐③❛r ✉♥ ❝á❧❝✉❧♦

❡①♣❧í❝✐t♦✳

▲❛ ❝♦♥tr✐❜✉❝✐ó♥ ❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣r♦✈❡♥✐❡♥t❡ ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ✈✐rt✉❛❧❡s ❛ ◆◆▲❖

✐♥❝❧✉②❡ ❧❛ ✐♥t❡r❢❡r❡♥❝✐❛ ❡♥tr❡ ❧♦s ❞✐❛❣r❛♠❛s ❋❋✭✷✮✰✷❱✭✷✮ ② ❧♦s ❞❡❧ ▲❖✱ ❧♦s ❝✉❛❞r❛❞♦s ❞❡

❋❋✭✶✮ ② ✷❱✭✶✮✱ ② s✉ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ✐♥t❡r❢❡r❡♥❝✐❛✳ ❊❧ ❝á❧❝✉❧♦ ❞❡ ❡st❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❢✉❡

r❡❛❧✐③❛❞♦ ✉t✐❧✐③❛♥❞♦ ❧♦s ♣❛q✉❡t❡s ❞❡ ▼❛t❤❡♠❛t✐❝❛ ❋❡②♥❆rts ❬✶✶✹❪ ② ❋❡②♥❈❛❧❝ ❬✶✶✺❪

♣❛r❛ ❧❛ ❣❡♥❡r❛❝✐ó♥ ❞❡ ❧♦s ❞✐❛❣r❛♠❛s ② ❧❛ ♠❛♥✐♣✉❧❛❝✐ó♥ ❞❡ ❧❛s ❛♠♣❧✐t✉❞❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s✱ ②

❡❧ ❛❧❣♦r✐t♠♦ ❋■❘❊ ❬✶✵✹❪ ♣❛r❛ ❧❛ r❡❞✉❝❝✐ó♥ ❞❡ ❧❛s ❡①♣r❡s✐♦♥❡s r❡s✉❧t❛♥t❡s ❛ ✐♥t❡❣r❛❧❡s ♠❛❡s✲

tr❛s✱ ❧❛s ❝✉❛❧❡s ❢✉❡r♦♥ ♦❜t❡♥✐❞❛s ❞❡ ❧❛ ❘❡❢✳ ❬✶✵✻❪✳ ❈♦♥ ❡❧ ✜♥ ❞❡ ❝❤❡q✉❡❛r ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦

✻✾



✉t✐❧✐③❛❞♦✱ ❧♦s ❢❛❝t♦r❡s ❞❡ ❢♦r♠❛ ❞❡ ❧♦s ❣❧✉♦♥❡s ❛ ❞♦s ❧♦♦♣s ❢✉❡r♦♥ ❝❛❧❝✉❧❛❞♦s✱ r❡♣r♦❞✉❝✐❡♥❞♦

❡①✐t♦s❛♠❡♥t❡ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛s ❘❡❢s✳ ❬✶✶✵✱✶✶✶❪✳

▲❛s ❝♦rr❡❝❝✐♦♥❡s ✈✐rt✉❛❧❡s ♣❛r❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣❛rtó♥✐❝❛✱ σ̂v✱ s❡ ♦❜t✐❡♥❡♥ ✐♥t❡❣r❛♥❞♦ ❡❧

❝✉❛❞r❛❞♦ ❞❡ ❧❛s ❛♠♣❧✐t✉❞❡s ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢❛s❡s ❞❡❧ ♣❛r ❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s✱ ❡s ❞❡❝✐r

σ̂v =
1

2s

1

2 2282(1− ǫ)2

∫ ∣∣M
∣∣2 dP❙ , ✭✹✳✷✵✮

❡♥ ❞♦♥❞❡ ✐♥❝❧✉✐♠♦s t❛♠❜✐é♥ ❡❧ ❢❛❝t♦r ❞❡ ✢✉❥♦✱ ❡❧ ♣r♦♠❡❞✐♦ s♦❜r❡ ❤❡❧✐❝✐❞❛❞❡s ② ❝♦❧♦r❡s ❞❡

❧♦s ❣❧✉♦♥❡s ② ❡❧ ❢❛❝t♦r ♣♦r ♣❛rtí❝✉❧❛s ✐❞é♥t✐❝❛s ❡♥ ❡❧ ❡st❛❞♦ ✜♥❛❧✳ ❊①♣❛♥❞✐❡♥❞♦ ❡♥ ♣♦t❡♥❝✐❛s

❞❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ ❢✉❡rt❡ αS✿

σ̂v =
(αS

2π

)2 [
σ̂(0) +

αS

2π
σ̂(1) +

(αS

2π

)2
σ̂(2) +O(α3

S)

]
. ✭✹✳✷✶✮

▲❛ ❝♦rr❡❝❝✐ó♥ ✈✐rt✉❛❧ ❛ ◆▲❖ r❡♥♦r♠❛❧✐③❛❞❛ σ̂(1) ❡stá ❞❛❞❛ ♣♦r

σ̂(1) =

∫ t+

t−

dt

{
2❘❡

[
I
(1)
g

] dσ̂
dt

(0)

+
dσ̂

(1)
✜♥

dt

}
, ✭✹✳✷✷✮

♠✐❡♥tr❛s q✉❡ ❡❧ tér♠✐♥♦ r❡♥♦r♠❛❧✐③❛❞♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ✈✐rt✉❛❧❡s ❛ ◆◆▲❖

σ̂(2) ♣✉❡❞❡ s❡r ❡①♣r❡s❛❞♦ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

σ̂(2) =

∫ t+

t−

dt

{(∣∣∣I(1)
g

∣∣∣
2

+ 2❘❡

[(
I
(1)
g

)2]
+ 2❘❡

[
I
(2)
g

]) dσ̂

dt

(0)

+ 2❘❡
[
I
(1)
g

] dσ̂(1)
✜♥

dt
+
dσ̂

(2)
✜♥

dt

}
, ✭✹✳✷✸✮

❡♥ ❞♦♥❞❡ ❤❡♠♦s ✉t✐❧✐③❛❞♦ ❧❛ ❢ór♠✉❧❛ ❞❡ ❈❛t❛♥✐ ♣❛r❛ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ s✐♥❣✉❧❛r ❞❡ ❧❛s

❛♠♣❧✐t✉❞❡s ❞❡ ◗❈❉ ❛ ❞♦s ❧♦♦♣s ❬✶✶✻✕✶✶✽❪✱ ② ❡♥ ❞♦♥❞❡ ❤❡♠♦s ❞❡✜♥✐❞♦ ❧❛s s✐❣✉✐❡♥t❡s ❝❛♥t✐✲

❞❛❞❡s✿

dσ̂

dt

(0)

= F▲❖|C▲❖|2(1− ǫ), CLO =
3M2

H

s−M2
H + iMHΓH

− 1,

F▲❖ =
G2

F

2304π(1− ǫ)2
f(ǫ) , f(ǫ) =

1

Γ(1− ǫ)

[
s(s− 4M2

H)− (t− u)2

16πs

]−ǫ

. ✭✹✳✷✹✮

❚♦❞❛ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❡♥ ❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ tr✐♣❧❡ λ ❡stá ✐♥❝❧✉✐❞❛ ❡♥ ❡❧ ❝♦❡✜❝✐❡♥t❡ C▲❖✳ ▲♦s

✼✵



♦♣❡r❛❞♦r❡s ❞❡ ✐♥s❡r❝✐ó♥ ❞❡ ✉♥♦ ② ❞♦s ❧♦♦♣s t♦♠❛♥ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛✿

I
(1)
g = −

(
−4πµ2

R

s

)ǫ
S−1
ǫ

Γ(1− ǫ)

(
CA

1

ǫ2
+ γg

1

ǫ

)
, ✭✹✳✷✺✮

I
(2)
g =

(
−4πµ2

R

s

)ǫ
S−1
ǫ

72ǫ4Γ(1− ǫ)

{
12ǫ(CA + ǫγg)(11CA − 2Nf )− 36

S−1
ǫ

Γ(1− ǫ)

(
−4πµ2

R

s

)ǫ

(CA + ǫγg)
2

+ ǫ(−1)ǫ
(
µ2
R

s

)ǫ [
36ǫ2Hg + 2(3 + 5ǫ)(CA + 2ǫγg)Nf + CA(CA + 2ǫγg)(−33− 67ǫ+ 3ǫπ2)

]}
.

❝♦♥

Sǫ = (4π)ǫe−ǫγE , γg =
11

6
CA − 1

3
Nf , ✭✹✳✷✻✮

Hg = C2
A

(1
2
ζ3 +

5

12
+

11π2

144

)
− CANf

(29
27

+
π2

72

)
+

1

2
CFNf +

5

27
N2

f .

❈♦♠♦ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r✱ ❡st♦s ♦♣❡r❛❞♦r❡s s♦♥ ❢✉♥❝✐♦♥❡s ❞❡❧ ♣❛rá♠❡tr♦ ❞❡ r❡❣✉❧❛r✐③❛❝✐ó♥ ❞✐✲

♠❡♥s✐♦♥❛❧ ǫ✱ ❝♦♥ ♣♦❧♦s ❞❡ ♣♦t❡♥❝✐❛s ♠á①✐♠❛s 1/ǫ2 ② 1/ǫ4 r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ▲❛s ❝♦rr❡❝❝✐♦♥❡s

✈✐rt✉❛❧❡s s♦♥ ♦❜✈✐❛♠❡♥t❡ ❞✐✈❡r❣❡♥t❡s✱ ② ❡s ♥❡❝❡s❛r✐♦ ❝♦♠❜✐♥❛r❧❛s ❝♦♥ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s

r❡❛❧❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ♣❛r❛ ♣♦❞❡r ♦❜t❡♥❡r ✉♥ r❡s✉❧t❛❞♦ ✜♥✐t♦ ② ❝♦♥ s✐❣♥✐✜❝❛❞♦ ❢ís✐❝♦✳ ▲❛

❢✉♥❝✐ó♥ f(ǫ) s✉r❣❡ ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❢❛s❡s ❡♥ n = 4− 2ǫ ❞✐♠❡♥s✐♦♥❡s✱ ② ✈❡r✐✜❝❛ q✉❡ f(0) = 1✳

❚❛❧ ❝♦♠♦ s❡ ♣✉❡❞❡ ✈❡r ❛ ♣❛rt✐r ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✸✮✱ ② s✐❡♥❞♦ q✉❡ ❧♦s ♦♣❡r❛❞♦r❡s I(1)
g ❡ I(2)

g

s♦♥ ✉♥✐✈❡rs❛❧❡s✱ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ s✐♥❣✉❧❛r ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ✈✐rt✉❛❧❡s ❛ ◆◆▲❖ ✭❡s ❞❡❝✐r✱

❧♦s ❝♦❡✜❝✐❡♥t❡s ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❧♦s ♣♦❧♦s ❡♥ ǫ✮ ♣✉❡❞❡♥ s❡r ❛♥t✐❝✐♣❛❞♦s ❝♦♠♣❧❡t❛♠❡♥t❡ ✉♥❛

✈❡③ ❝♦♥♦❝✐❞♦ ❡❧ r❡s✉❧t❛❞♦ ❛ ◆▲❖✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ✜♥✐t❛s σ̂✜♥ só❧♦ ♣✉❡❞❡♥

s❡r ♦❜t❡♥✐❞❛s ❛ ♣❛rt✐r ❞❡ ✉♥ ❝á❧❝✉❧♦ ❡①♣❧í❝✐t♦ ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❛ ❞♦s ❧♦♦♣s ❝♦♠♣❧❡t❛s✳

◆✉❡str♦s r❡s✉❧t❛❞♦s ❝♦✐♥❝✐❞❡♥ ❝♦♥ ❧❛ ❡str✉❝t✉r❛ ❞❡ ♣♦❧♦s ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✷✷✮ ② ✭✹✳✷✸✮✱

② ♣❛r❛ ❧♦s r❡♠❛♥❡♥t❡s ✜♥✐t♦s ❛❧❧í ❞❡✜♥✐❞♦s ♦❜t❡♥❡♠♦s ❧❛s ❡①♣r❡s✐♦♥❡s q✉❡ s❡ ♠✉❡str❛♥ ❛

❝♦♥t✐♥✉❛❝✐ó♥✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r s❡♣❛r❛♠♦s ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

dσ̂
(1)
✜♥

dt
= F▲❖

{
|C▲❖|2 F (1) + ❘❡(C▲❖)R(1) +O(ǫ3)

}
, ✭✹✳✷✼✮

dσ̂
(2)
✜♥

dt
= F▲❖

{
|C▲❖|2 F (2) + ❘❡(C▲❖)R(2) + ■♠(C▲❖) I(2) + V (2) +O(ǫ)

}
.

P♦r s✐♠♣❧✐❝✐❞❛❞✱ t♦♠❛♠♦s µ2
R = s ❡♥ ❧❛s s✐❣✉✐❡♥t❡s ❡①♣r❡s✐♦♥❡s✳ ▲❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❛ ✉♥

✼✶



❧♦♦♣ ✈✐❡♥❡♥ ❞❛❞❛s ♣♦r

R(1) =
4

3
− ǫ

[
4M2

H

3s
− 2M4

H

3s

(
1

t
+

1

u

)
+

2

3

]
, ✭✹✳✷✽✮

F (1) = 11 + ǫ

(
7

6
ζ2(2Nf − 33) + 12ζ3 − 17

)

+ ǫ2
(
7

6
ζ2(33− 2Nf ) +

1

9
ζ3(2Nf − 141) + 18ζ4 − 12

)
.

▲❛ ❡①♣❛♥s✐ó♥ ❞❡ σ̂(1)
✜♥ ❡s ♥❡❝❡s❛r✐❛ ❤❛st❛ ♦r❞❡♥ ǫ2 ❞❡❜✐❞♦ ❛ ❧♦s ♣♦❧♦s ❞♦❜❧❡s ♣r❡s❡♥t❡s ❡♥ I

(1)
g ✳

▲❛ ❝♦♥tr✐❜✉❝✐ó♥ F (1) s✉r❣❡ ❞❡ ❧❛ ✐♥t❡r❢❡r❡♥❝✐❛ ❡♥tr❡ ❋❋✭✶✮ ② ❡❧ ▲❖✱ ♠✐❡♥tr❛s q✉❡ R(1) s❡

♦r✐❣✐♥❛ ❛ ♣❛rt✐r ❞❡ ❧❛ ✐♥t❡r❢❡r❡♥❝✐❛ ❡♥tr❡ ✷❱✭✶✮ ② ❡❧ ▲❖✳ ▲❛ ❡①♣❛♥s✐ó♥ ❤❛st❛ O(ǫ0) ❝♦✐♥❝✐❞❡

❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ♣r❡s❡♥t❡s ❡♥ ❧❛ ❘❡❢✳ ❬✶✵❪✳

▲♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❡❧ r❡♠❛♥❡♥t❡ ✜♥✐t♦ ❞❡ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ✈✐rt✉❛❧❡s ❛ ◆◆▲❖ s♦♥ ❧♦s

s✐❣✉✐❡♥t❡s✿

V (2) =
1

(3stu)2
[
M8

H(t+ u)2 − 2M4
Htu(t+ u)2 + t2u2

(
4s2 + (t+ u)2

)]
, ✭✹✳✷✾✮

I(2) = 4π

(
1 +

2M4
H

s2

)
log

(
(M2

H − t)(M2
H − u)

t u

)
, ✭✹✳✸✵✮

F (2) =

(
8Nf

3
+

19

2

)
log

(
s

M2
t

)
+Nf

(
217ζ2
12

− 17ζ3
6

− 3239

108

)

−
11ζ2N

2
f

18
− 249ζ2

2
− 253ζ3

4
+

45ζ4
8

+
8971

36
, ✭✹✳✸✶✮

R(2) = −
(
1 +

2M4
H

s2

){
−24

3
ζ2 + 2▲✐2

(
1− M4

H

t u

)
+ 4▲✐2

(
M2

H

t

)
+ 4▲✐2

(
M2

H

u

)

+ 4 log

(
1− M2

H

t

)
log

(
−M

2
H

t

)
+ 4 log

(
1− M2

H

u

)
log

(
−M

2
H

u

)
− log2

(
t

u

)}

+
4M2

H

s
+

314

9
− 20

27
Nf −

33− 2Nf

9
log

(
t u

s2

)
+ 8(C

(2)
H − C

(2)
HH) . ✭✹✳✸✷✮

❆q✉í F (2) s❡ ♦r✐❣✐♥❛ ❞❡ ❧❛ ✐♥t❡r❢❡r❡♥❝✐❛ ❡♥tr❡ ❧♦s ❞✐❛❣r❛♠❛s ❞❡❧ t✐♣♦ ❢❛❝t♦r ❞❡ ❢♦r♠❛ ❛ ❞♦s

❧♦♦♣s ❋❋✭✷✮ ② ❡❧ ▲❖✱ ♠❛s ❡❧ ❝✉❛❞r❛❞♦ ❞❡ ❋❋✭✶✮✱ ♠✐❡♥tr❛s q✉❡ V (2) ❝♦rr❡s♣♦♥❞❡ ❛❧ ❝✉❛❞r❛❞♦

❞❡❧ ❞✐❛❣r❛♠❛ ❛ ♥✐✈❡❧ ár❜♦❧ ✷❱✭✶✮✳ ▲♦s tér♠✐♥♦s R(2) ② I(2) ❝♦♠❜✐♥❛♥ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❞❡

❞♦s ✐♥t❡r❢❡r❡♥❝✐❛s✿ ✷❱✭✷✮ ❝♦♥ ❡❧ ▲❖✱ ② ✷❱✭✶✮ ❝♦♥ ❋❋✭✶✮✳ ▲❛s ✈❛r✐❛❜❧❡s ❞❡ ▼❛♥❞❡❧st❛♠ ❡stá♥

✼✷



❞❛❞❛s ♣♦r ❧❛s s✐❣✉✐❡♥t❡s ❡①♣r❡s✐♦♥❡s✿

s = Q2 ,

t = −1

2

[
Q2 − 2M2

H −
√
Q2(Q2 − 4M2

H) cos θ

]
, ✭✹✳✸✸✮

u = −1

2

[
Q2 − 2M2

H +
√
Q2(Q2 − 4M2

H) cos θ

]
,

② ❧♦s ❧í♠✐t❡s ❞❡ ✐♥t❡❣r❛❝✐ó♥ t± ❝♦rr❡s♣♦♥❞❡♥ ❛ cos θ = ±1✳ ❘❡❝♦r❞❛♠♦s q✉❡ Q ❡s ❧❛ ♠❛s❛

✐♥✈❛r✐❛♥t❡ ❞❡❧ s✐st❡♠❛ ❢♦r♠❛❞♦ ♣♦r ❧♦s ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s✳

❊❧ ú❧t✐♠♦ tér♠✐♥♦ ❡♥ R(2)✱ ❡❧ ❝✉❛❧ s✉r❣❡ ❞❡ ❝♦♥tr✐❜✉❝✐♦♥❡s ❞❡❧ t✐♣♦ ❢❛❝t♦r ❞❡ ❢♦r♠❛✱ ❡s

♣r♦♣♦r❝✐♦♥❛❧ ❛ ❧❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❛ ❞♦s ❧♦♦♣s ❞❡ ❧♦s ✈ért✐❝❡s ggHH ② ggH✳

✹✳✷✳✸✳ ❋❡♥♦♠❡♥♦❧♦❣í❛ s♦❢t✲✈✐rt✉❛❧

❚❛❧ ❝♦♠♦ s❡ ❡♥❝✉❡♥tr❛♥ ❡①♣r❡s❛❞❛s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✸✮✱ ❧❛s ✭♣❛rt❡s ✜♥✐t❛s ❞❡ ❧❛s✮ ❝♦rr❡❝✲

❝✐♦♥❡s ✈✐rt✉❛❧❡s ❛ ❞♦s ❧♦♦♣s ♣✉❡❞❡♥ s❡r ❞✐r❡❝t❛♠❡♥t❡ ✐♠♣❧❡♠❡♥t❛❞❛s ❡♥ ❧❛ ❢ór♠✉❧❛ ✉♥✐✈❡rs❛❧

♣❛r❛ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ s♦❢t✲✈✐rt✉❛❧ ✭❙❱✮ ❛ ◆◆▲❖ ❞❡r✐✈❛❞❛ ♣♦r ♥♦s♦tr♦s ❡♥ ❧❛ ❘❡❢✳ ❬✷✷❪✳ ◆♦

♣r❡t❡♥❞❡♠♦s ❛q✉í r❡❛❧✐③❛r ✉♥ ❛♥á❧✐s✐s ❢❡♥♦♠❡♥♦❧ó❣✐❝♦ ♠✉② ❝♦♠♣❧❡t♦✱ s✐♥♦ s✐♠♣❧❡♠❡♥t❡ ✉t✐✲

❧✐③❛r ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❙❱ ♣❛r❛ ❡✈❛❧✉❛r ❡❧ ✐♠♣❛❝t♦ ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ✈✐rt✉❛❧❡s ❡♥ ❧❛ s❡❝❝✐ó♥

❡✜❝❛③✳

❈♦♥ ❡st❡ ✜♥ ♠♦str❛♠♦s ❡♥ ❧❛ ✜❣✉r❛ ✹✳✾ ❧♦s ❢❛❝t♦r❡s ❑ ♣❛r❛ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s ❛ ◆▲❖ ②

◆◆▲❖✲❙❱✱ ♣❛r❛ ❝♦❧✐s✐♦♥❡s ♣r♦tó♥✲♣r♦tó♥ ❝♦♥ ✉♥❛ ❡♥❡r❣í❛ ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛ ❞❡ 14 ❚❡❱✱

❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ ❞❡❧ s✐st❡♠❛ ❢♦r♠❛❞♦ ♣♦r ❡❧ ♣❛r ❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s✳

▲❛ ❛♣r♦①✐♠❛❝✐ó♥ ◆◆▲❖✲❙❱ s❡ ❡♥❝✉❡♥tr❛ ❞❡✜♥✐❞❛ s✉♠❛♥❞♦ ❛❧ r❡s✉❧t❛❞♦ ❝♦♠♣❧❡t♦ ❛ ◆▲❖

❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ❙❱ ❞❡ ♦r❞❡♥ α4
S✳ ❯t✐❧✐③❛♠♦s ❛ ❝❛❞❛ ♦r❞❡♥ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ♣❛rt♦♥❡s

② ❛❝♦♣❧❛♠✐❡♥t♦ ❢✉❡rt❡ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ♣r♦✈✐st❛s ♣♦r ▼❙❚❲✷✵✵✽ ❬✷✶❪✳ ▲❛s ❜❛♥❞❛s ❢✉❡r♦♥

♦❜t❡♥✐❞❛s ✈❛r✐❛♥❞♦ ❡♥ ❢♦r♠❛ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❧❛s ❡s❝❛❧❛s µR ② µF ❡♥ ❡❧ r❛♥❣♦ 0,5Q ≤ µR, µF ≤

2Q✱ ❝♦♥ ❧❛ r❡str✐❝❝✐ó♥ 0,5 ≤ µR/µF ≤ 2✳ ▲❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❛ ▲❖ q✉❡ ♥♦r♠❛❧✐③❛ ❧♦s ❢❛❝t♦r❡s

❑ ❢✉❡ ❝❛❧❝✉❧❛❞❛ ❡♥ t♦❞♦s ❧♦s ❝❛s♦s ❝♦♥ µR = µF = Q✳ ❘❡❝♦r❞❛♠♦s q✉❡ ❡♥ t♦❞♦s ❧♦s ❝❛s♦s

tr❛❜❛❥❛♠♦s ❡♥ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡❧ q✉❛r❦ t♦♣ ♣❡s❛❞♦✱ ② q✉❡ ✉t✐❧✐③❛♠♦s ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❙❱

t❛❧ ❝♦♠♦ s❡ ❡♥❝✉❡♥tr❛ ❞❡✜♥✐❞❛ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ▼❡❧❧✐♥✱ ✐✳❡✳✱ ❞❡s♣r❡❝✐❛♥❞♦ t♦❞♦s ❧♦s tér♠✐♥♦s

q✉❡ s❡ ❛♥✉❧❛♥ ❡♥ ❡❧ ❧í♠✐t❡ N → ∞✳
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❋✐❣✉r❛ ✹✳✾✿ ❋❛❝t♦r❡s ❑ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ♣❛r❡s ❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ❡♥ ❡❧ ▲❍❈ ❡♥

❢✉♥❝✐ó♥ ❞❡ ❧❛ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ ❞❡❧ ♣❛rQ✳ ▲❛s ❜❛♥❞❛s ❢✉❡r♦♥ ♦❜t❡♥✐❞❛s ✈❛r✐❛♥❞♦ ❧❛s ❡s❝❛❧❛s ❞❡ r❡♥♦r♠❛❧✐③❛❝✐ó♥

② ❢❛❝t♦r✐③❛❝✐ó♥ t❛❧ ❝♦♠♦ s❡ ❞❡s❝r✐❜❡ ❡♥ ❡❧ t❡①t♦ ♣r✐♥❝✐♣❛❧✳

❚❛❧ ❝♦♠♦ ♣✉❡❞❡ ♦❜s❡r✈❛rs❡ ❛ ♣❛rt✐r ❞❡❧ ❣rá✜❝♦✱ ♦❜t❡♥❡♠♦s ✉♥ ❢❛❝t♦r ❑ ❣r❛♥❞❡✱ ❝♦♥

K ❙❱
◆◆▲❖ = 2,37 ♣❛r❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧✱ ❧♦ ❝✉❛❧ r❡s✉❧t❛ ❡♥ ✉♥ ✐♥❝r❡♠❡♥t♦ ❞❡ ✉♥ 23%

❝♦♥ r❡s♣❡❝t♦ ❛❧ ♦r❞❡♥ ❛♥t❡r✐♦r ✭K◆▲❖ = 1,92✮✳ ❆ ♣❡s❛r ❞❡ q✉❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s s♦♥ ❣r❛♥❞❡s✱

s❡ ♣✉❡❞❡ ❛♣r❡❝✐❛r q✉❡ ❡①✐st❡ ✉♥❛ ♠❡❥♦r❛ ❡♥ ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ❞❡ ❧❛ ❡①♣❛♥s✐ó♥ ♣❡rt✉r❜❛t✐✲

✈❛✱ ♠♦str❛♥❞♦ ✉♥ ♣❡q✉❡ñ♦ s♦❧❛♣❛♠✐❡♥t♦ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s r❡s✉❧t❛❞♦s ❞❡❧ ♦r❞❡♥ ❛♥t❡r✐♦r✳

❚❛♠❜✐é♥ s❡ ♦❜s❡r✈❛ ✉♥❛ r❡❞✉❝❝✐ó♥ ❡♥ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❝♦♥ ❧❛s ❡s❝❛❧❛s ❞❡ r❡♥♦r♠❛❧✐③❛❝✐ó♥ ②

❢❛❝t♦r✐③❛❝✐ó♥✳

❈❛❜❡ r❡❝❛❧❝❛r q✉❡ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ú♥✐❝♦ ❜♦só♥ ❞❡ ❍✐❣❣s✱ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥

s♦❢t✲✈✐rt✉❛❧ r❡♣r♦❞✉❝❡ ❝♦♥ ♠✉② ❜✉❡♥❛ ❡①❛❝t✐t✉❞ ❡❧ r❡s✉❧t❛❞♦ ❝♦♠♣❧❡t♦ ❛ ◆◆▲❖✱ t❛❧ ❝♦♠♦

s❡ ♣✉❞♦ ✈❡r ❡♥ ❡❧ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳ ❊s ❞❡ ❡s♣❡r❛r q✉❡ ❡st♦ s❡❛ ❛ú♥ ♠❡❥♦r ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧❛

♣r♦❞✉❝❝✐ó♥ ❞❡ ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s✱ ❞❡❜✐❞♦ ❛ ❧❛ ♠❛②♦r ♠❛s❛ ✐♥✈❛r✐❛♥t❡ ❞❡❧ ❡st❛❞♦ ✜♥❛❧✱ ❧♦

❝✉❛❧ ✐♠♣❧✐❝❛ ✉♥❛ ♠❡♥♦r ❡♥❡r❣í❛ r❡♠❛♥❡♥t❡ ♣❛r❛ ❡♠✐t✐r r❛❞✐❛❝✐ó♥ ❡①tr❛✳ ❉❡ ❤❡❝❤♦✱ ❛❧ ♦r❞❡♥

❛♥t❡r✐♦r t❡♥❡♠♦s q✉❡ K ❙❱
◆▲❖ = 1,95✱ ❧♦ ❝✉❛❧ ❞✐✜❡r❡ ❞❡❧ r❡s✉❧t❛❞♦ ❡①❛❝t♦ ❡♥ ♠❡♥♦s ❞❡ ✉♥

2%✳ ❊♥ ❧♦ q✉❡ r❡st❛ ❞❡❧ ❝❛♣ít✉❧♦ ❝❛❧❝✉❧❛r❡♠♦s ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❛ ◆◆▲❖ ❡♥ ❢♦r♠❛ ❡①❛❝t❛✱

② ❝♦♠♣r♦❜❛r❡♠♦s q✉❡ ❡♥ ❡❢❡❝t♦ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ s♦❢t✲✈✐rt✉❛❧ r❡♣r♦❞✉❝❡ ❝♦♥ é①✐t♦ ❧❛ ♠❛②♦r

♣❛rt❡ ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❛ ◆◆▲❖✳ ❊st♦ ❛ s✉ ✈❡③ ♣❡r♠✐t✐rá ♠♦t✐✈❛r ❡❧ ❝á❧❝✉❧♦ ❞❡ ❧♦s tér♠✐♥♦s

❧♦❣❛rít♠✐❝♦s ❞♦♠✐♥❛♥t❡s ❛ t♦❞♦ ♦r❞❡♥ ❡♥ t❡♦rí❛ ❞❡ ♣❡rt✉r❜❛❝✐♦♥❡s✱ ❧♦ ❝✉❛❧ s❡ ❧❧❡✈❛rá ❛ ❝❛❜♦
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❡♥ ❡❧ ❈❛♣ít✉❧♦ ✺✳

✹✳✸✳ ❈á❧❝✉❧♦ ❝♦♠♣❧❡t♦ ❛ ◆◆▲❖

❊♥ ❡st❛ s❡❝❝✐ó♥ ❝✉❧♠✐♥❛r❡♠♦s ❡❧ ❝á❧❝✉❧♦ ❝♦♠♣❧❡t♦ ❛ ◆◆▲❖✱ ❛❣r❡❣❛♥❞♦ ❛ ❧♦s r❡s✉❧t❛❞♦s

❞❡ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r ❧❛s ❝♦rr❡❝❝✐♦♥❡s r❡❛❧❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r ❞❡s❝r✐❜✐r❡✲

♠♦s ❡❧ ♠ét♦❞♦ ✉t✐❧✐③❛❞♦✱ ❤❛❝✐❡♥❞♦ ❤✐♥❝❛♣✐é ❡♥ ❡❧ ♠ét♦❞♦ ❞❡ s✉❜str❛❝❝✐ó♥ ❋❑❙✱ ② ❧✉❡❣♦

♣r❡s❡♥t❛r❡♠♦s ❧♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣❛rtó♥✐❝❛✳ ❋✐♥❛❧♠❡♥t❡ ♣r❡s❡♥t❛r❡♠♦s

❧♦s r❡s✉❧t❛❞♦s ❢❡♥♦♠❡♥♦❧ó❣✐❝♦s ♣❛r❛ ❝♦❧✐s✐♦♥❛❞♦r❡s ❤❛❞ró♥✐❝♦s✳

✹✳✸✳✶✳ ❉❡s❝r✐♣❝✐ó♥ ❞❡❧ ❝á❧❝✉❧♦

P❛r❛ ❝❛❧❝✉❧❛r ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ❛ ◆◆▲❖✱ ❡s ♥❡❝❡✲

s❛r✐♦ ❡✈❛❧✉❛r ❧❛ s❡r✐❡ ♣❡rt✉r❜❛t✐✈❛ ❞❡ ◗❈❉ ❤❛st❛ O(α4
S)✳ ❱❛♠♦s ❛ s❡♣❛r❛r ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s

❛❧ ❡❧❡♠❡♥t♦ ❞❡ ♠❛tr✐③ ❛❧ ❝✉❛❞r❛❞♦ ❡♥ ❞♦s ❝❛t❡❣♦rí❛s✿ ✭❛✮ ❛q✉❡❧❧❛s q✉❡ ❝♦♥t✐❡♥❡♥ ❞♦s ✈ért✐❝❡s

❡❢❡❝t✐✈♦s ❣❧✉♦♥❡s✲❍✐❣❣s ✭②❛ s❡❛♥ ❞❡❧ t✐♣♦ ggH ♦ ggHH✮ ② ✭❜✮ ❛q✉❡❧❧❛s q✉❡ ❝♦♥t✐❡♥❡♥ tr❡s

♦ ❝✉❛tr♦ ✈ért✐❝❡s ❡❢❡❝t✐✈♦s✳ ❘❡❝♦r❞❡♠♦s q✉❡ ❡st❛♠♦s ❤❛❜❧❛♥❞♦ ❞❡❧ ❝✉❛❞r❛❞♦ ❞❡❧ ❡❧❡♠❡♥✲

t♦ ❞❡ ♠❛tr✐③✱ ♣♦r ❧♦ q✉❡ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❝♦♥s✐st❡♥ ❡♥ ❡❧ ♣r♦❞✉❝t♦ ❞❡ ❞♦s ❞✐❛❣r❛♠❛s ❞❡

❋❡②♥♠❛♥✳ ❊♥ ❡❧ ❝♦♥t❡♦ ❞❡ ✈ért✐❝❡s ❡❢❡❝t✐✈♦s ✐♥❞✐❝❛❞♦ ❛rr✐❜❛ ✐♥❝❧✉í♠♦s ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❞❡

❛♠❜♦s ❞✐❛❣r❛♠❛s✳

❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛ s❡♣❛r❛❝✐ó♥ r❡❝✐é♥ ✐♥❞✐❝❛❞❛✱ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣❛rtó♥✐❝❛ s❡ ♣✉❡❞❡

❡s❝r✐❜✐r ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

Q2 dσ̂

dQ2
= σ̂a + σ̂b , ✭✹✳✸✹✮

❞♦♥❞❡ Q2 ❡s ❧❛ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ ❞❡❧ s✐st❡♠❛ ❢♦r♠❛❞♦ ♣♦r ❡❧ ♣❛r ❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s✳ P♦r

❝♦♠♣❧❡t✐t✉❞✱ ✐♥❝❧✉í♠♦s ❡♥ σ̂a ② σ̂b ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❛ ▲❖ ② ◆▲❖✳

▲❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❛ σ̂a só❧❛♠❡♥t❡ ❝♦♥t✐❡♥❡♥ ❞✐❛❣r❛♠❛s ❝♦♥ ✉♥ ✈ért✐❝❡ ❡❢❡❝t✐✈♦ ❝❛❞❛

✉♥♦✳ ❊st❡ ✈ért✐❝❡ ♣✉❡❞❡ s❡r t❛♥t♦ ❞❡❧ t✐♣♦ ggH ♦ ggHH✳ ❆❤♦r❛ ❜✐❡♥✱ ♣❛r❛ ❝❛❞❛ ❞✐❛❣r❛♠❛

❝♦♥ ✉♥ ✈ért✐❝❡ ggH ✭♠ás ❡❧ ♣r♦♣❛❣❛❞♦r ❞❡❧ ❍✐❣❣s ② ❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ tr✐♣❧❡✮ ❡①✐st❡ ✉♥♦ ❡♥

❡❧ ❝✉❛❧ ❡st❡ s❡ ❡♥❝✉❡♥tr❛ r❡❡♠♣❧❛③❛❞♦ ♣♦r ✉♥ ✈ért✐❝❡ ggHH✱ ② ✈✐❝❡✈❡rs❛✳ ❊s ❞❡❝✐r✱ ❤❛②

✉♥❛ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ✉♥♦ ❛ ✉♥♦ ❡♥tr❡ ❞✐❛❣r❛♠❛s ❝♦♥ ✉♥ ✈ért✐❝❡ ggH ② ❞✐❛❣r❛♠❛s ❝♦♥ ✉♥
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✈ért✐❝❡ ggHH✳ ❉❡❜✐❞♦ ❛❧ ❤❡❝❤♦ q✉❡✱ ❝♦♠♦ ❢✉❡ ♠❡♥❝✐♦♥❛❞♦ ❡♥ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r✱ ❛♠❜♦s

✈ért✐❝❡s ❡❢❡❝t✐✈♦s t✐❡♥❡♥ ❧❛s ♠✐s♠❛s r❡❣❧❛s ❞❡ ❋❡②♥♠❛♥ ✭❛ ♠❡♥♦s ❞❡ ❢❛❝t♦r❡s ❝♦♥st❛♥t❡s✮✱

♥♦ ❡s ♥❡❝❡s❛r✐♦s ❝❛❧❝✉❧❛r❧♦s ❞♦s ✈❡❝❡s✳ ❉❡ ❤❡❝❤♦✱ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ♣❡rt❡♥❡❝✐❡♥t❡s ❛ σ̂a s❡rá♥

✐❣✉❛❧❡s ❛ ❛q✉❡❧❧❛s ❛s♦❝✐❛❞❛s ❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ú♥✐❝♦ ❜♦só♥ ❞❡ ❍✐❣❣s✱ ♣❛r❛ ❡❧ ❝✉❛❧ ❧❛s

❝♦rr❡❝❝✐♦♥❡s ❛ ◆◆▲❖ s❡ ❡♥❝✉❡♥tr❛♥ ❞✐s♣♦♥✐❜❧❡s ❬✼✕✾❪✱ ❛ ♠❡♥♦s ❞❡ ✉♥❛ ♥♦r♠❛❧✐③❛❝✐ó♥ ❣❧♦❜❛❧

❛ ▲❖✳ ❊s♣❡❝í✜❝❛♠❡♥t❡✱ ♣❛r❛ ❝❛❞❛ s✉❜♣r♦❝❡s♦ ♣❛rtó♥✐❝♦ ij → HH +X t❡♥❡♠♦s q✉❡ ✭♣❛r❛

❡s❝❛❧❛s ❞❡ ❢❛❝t♦r✐③❛❝✐ó♥ ② r❡♥♦r♠❛❧✐③❛❝✐ó♥ µF = µR = Q✮

σ̂a
ij = σ̂▲❖

{
η
(0)
ij +

(αS

2π

)
2 η

(1)
ij +

(αS

2π

)2 [
4 η

(2)
ij ✭✹✳✸✺✮

+8 δigδjgδ(1− x)
❘❡(CLO)

|CLO|2
(C

(2)
H − C

(2)
HH)

]}
,

❡♥ ❞♦♥❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❛ ▲❖ ❡s

σ̂▲❖ =

∫ t+

t−

dt
G2

F α
2
S

512(2π)3
{
|C△F△ + C�F�|2 + |C�G�|2

}
. ✭✹✳✸✻✮

▲❛s ❢✉♥❝✐♦♥❡s ηij✱ q✉❡ ❞❛♥ ❝✉❡♥t❛ ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❞❡ ◗❈❉ ❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧✱ ② ❧♦s

❢❛❝t♦r❡s ❞❡ ❢♦r♠❛ C△✱ F△✱ C�✱ F� ② G�✱ q✉❡ ❞❡s❝r✐❜❡♥ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡ ❣❧✉♦♥❡s ② ❍✐❣❣s

✈í❛ ✉♥ ❧♦♦♣ ❞❡ q✉❛r❦ ❛ ▲❖✱ ♣✉❡❞❡♥ ❡♥❝♦♥tr❛rs❡ ❡♥ ❡❧ ❆♣é♥❞✐❝❡ ❇✳ ❊❧ tér♠✐♥♦ ♣r♦♣♦r❝✐♦♥❛❧

❛ δigδjg ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✺✮ s✉r❣❡ ❞❡ ❧❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥

❞❡ ❧♦s ✈ért✐❝❡s ggH ② ggHH ✐♥❞✐❝❛❞❛ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✾✮✳

❈❛❜❡ r❡❝❛❧❝❛r q✉❡✱ s✐ ❜✐❡♥ ❡st❛♠♦s ✉t✐❧✐③❛♥❞♦ ❡❧ ❧í♠✐t❡ Mt → ∞ ♣❛r❛ ❝❛❧❝✉❧❛r ❧❛s ❝♦rr❡❝✲

❝✐♦♥❡s ❞❡ ◗❈❉✱ ❧♦s r❡s✉❧t❛❞♦s s❡ ❡♥❝✉❡♥tr❛♥ ♥♦r♠❛❧✐③❛❞♦s ♣♦r ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣❛rtó♥✐❝❛

❛ ▲❖ ❡①❛❝t❛✱ ❡s ♣♦r ❡s♦ q✉❡ ❧❛ ❡①♣r❡s✐ó♥ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✻✮ ❞❡♣❡♥❞❡ ❞❡ ❧♦s ❞✐st✐♥t♦s

❢❛❝t♦r❡s ❞❡ ❢♦r♠❛ ❞❡✜♥✐❞♦s ❡♥ ❡❧ ❆♣é♥❞✐❝❡ ❇✳ ❊♥ ❡❧ ❧í♠✐t❡ ❡♥ q✉❡ ❧❛ ♠❛s❛ ❞❡❧ q✉❛r❦ t♦♣ ❡s

♠✉② ❣r❛♥❞❡✱ σ̂▲❖ t♦♠❛ ❧❛ ❢♦r♠❛ s✐♠♣❧❡ q✉❡ t❡♥í❛♠♦s ❡♥ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r✱ ❡s ❞❡❝✐r

σ̂▲❖ =

∫ t+

t−

dt
(αS

2π

)2
FLO |CLO|2 , ✭✹✳✸✼✮

❝♦♥

FLO =
G2

F

2304π
, CLO =

3M2
H

Q2 −M2
H + iMHΓH

− 1 . ✭✹✳✸✽✮

❘❡s♣❡❝t♦ ❞❡ ❧❛s ❞❡✜♥✐❝✐♦♥❡s ❞❡ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r ♣❛r❛ FLO ② CLO✱ q✉❡ s❡ ❡♥❝✉❡♥tr❛♥ ❡♥

❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✹✮✱ ❧❛ ú♥✐❝❛ ❞✐❢❡r❡♥❝✐❛ ❝♦♥s✐st❡ ❡♥ q✉❡ ❡♥ ❡st❡ ❝❛s♦ ❤❡♠♦s t♦♠❛❞♦ ǫ = 0✱ ②❛
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❋✐❣✉r❛ ✹✳✶✵✿ ❊❥❡♠♣❧♦ ❞❡ ❧♦s ❞✐❛❣r❛♠❛s ❞❡ ❋❡②♥♠❛♥ ♥❡❝❡s❛r✐♦s ♣❛r❛ ❡❧ ❝á❧❝✉❧♦ ❛ ◆◆▲❖ ♣❛r❛ ❧♦s ❝❛♥❛❧❡s

gg → HHg ✭❛rr✐❜❛✮ ② qg → HHq ✭❛❜❛❥♦✮✳ ▲♦s ♦tr♦s ❝❛♥á❧❡s ♣❛rtó♥✐❝♦s ♣✉❡❞❡♥ ♦❜t❡♥❡rs❡ ❛ ♣❛rt✐r ❞❡❧

✐♥t❡r❝❛♠❜✐♦ ❞❡ ♣❛rtí❝✉❧❛s ❞❡❧ ❡st❛❞♦ ✐♥✐❝✐❛❧ ② ✜♥❛❧✳

q✉❡ ❡st♦s r❡s✉❧t❛❞♦s ②❛ ♥♦ s♦♥ ❞✐✈❡r❣❡♥t❡s✱ ② q✉❡ ❡♥ ❡st❡ ❝❛s♦ ②❛ ♥♦ ❡s ❝✐❡rt♦ q✉❡ s = Q2✱

❞❡❜✐❞♦ ❛ q✉❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s r❡❛❧❡s ✐♠♣❧✐❝❛♥ ❧❛ ❡♠✐s✐ó♥ ❞❡ ♣❛rtí❝✉❧❛s ❛❞✐❝✐♦♥❛❧❡s✳

❘❡st❛ ❛❤♦r❛ ♦❜t❡♥❡r ❧♦s r❡s✉❧t❛❞♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ σ̂b✳ ❉❛❞♦ q✉❡ ❝❛❞❛ ✈ért✐❝❡ ggH

② ggHH ❡s ♣r♦♣♦r❝✐♦♥❛❧ ❛ αS✱ ❡st❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❛♣❛r❡❝❡♥ ♣♦r ♣r✐♠❡r❛ ✈❡③ ❛ ◆▲❖✱

❝♦♠♦ ✉♥❛ ❝♦♥tr✐❜✉❝✐ó♥ ❛ ♦r❞❡♥ ár❜♦❧ ❛❧ ♣r♦❝❡s♦ ♣❛rtó♥✐❝♦ gg → HH✳ ❊♥t♦♥❝❡s✱ ❛ ◆◆▲❖

t❡♥❞r❡♠♦s ❝♦♥tr✐❜✉❝✐♦♥❡s ❛ ✉♥ ❧♦♦♣ ② ❝♦rr❡❝❝✐♦♥❡s r❡❛❧❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ❡♠✐s✐ó♥ ❞❡

✉♥❛ ♣❛rtí❝✉❧❛ ❡①tr❛✳ ▲❛s ❝♦rr❡❝❝✐♦♥❡s ✈✐rt✉❛❧❡s q✉❡ ❝♦♥tr✐❜✉②❡♥ ❛ σ̂b ②❛ ❢✉❡r♦♥ ❝❛❧❝✉❧❛❞❛s

❡♥ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r✱ ② ❡stá♥ ❞❛❞❛s ♣♦r ❧❛s ❢✉♥❝✐♦♥❡s R(2)✱ I(2) ② V (2)✳ ▲❧❛♠❛r❡♠♦s ❛ ❞✐❝❤❛

❝♦♥tr✐❜✉❝✐ó♥ σ̂(v)✳

❋✐♥❛❧♠❡♥t❡ ❡♥t♦♥❝❡s✱ ❧❛ ú♥✐❝❛ ❝♦♥tr✐❜✉❝✐ó♥ r❡st❛♥t❡ ❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❛ ◆◆▲❖ s✉r❣❡ ❞❡

❧♦s ❞✐❛❣r❛♠❛s ❝♦♥ ❡♠✐s✐ó♥ r❡❛❧ ♣r❡s❡♥t❡s ❡♥ σ̂b✱ ❛ ❧♦s ❝✉❛❧❡s ❧❧❛♠❛r❡♠♦s σ̂(r)✳ ▲♦s ❝❛♥❛❧❡s

♣❛rtó♥✐❝♦s ✐♥✈♦❧✉❝r❛❞♦s s♦♥ gg → HH+g ② qg → HH+q ✭♠ás ❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❝r✉❝❡s

❡♥tr❡ ♣❛rtí❝✉❧❛s ❞❡❧ ❡st❛❞♦ ✐♥✐❝✐❛❧ ② ✜♥❛❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡s✮✳ ❊♥ ❧❛ ✜❣✉r❛ ✹✳✶✵ s❡ ♠✉❡str❛♥

❡❥❡♠♣❧♦s ❞❡ ❧♦s ❞✐❛❣r❛♠❛s ❞❡ ❋❡②♥♠❛♥ ♥❡❝❡s❛r✐♦s ♣❛r❛ ❡st❡ ❝á❧❝✉❧♦✳

P❛r❛ r❡❛❧✐③❛r ❡st❛ ♣❛rt❡ ❞❡❧ ❝á❧❝✉❧♦ ♥✉❡✈❛♠❡♥t❡ s❡ ✉t✐❧✐③❛r♦♥ ❧♦s ♣❛q✉❡t❡s ♣❛r❛ ▼❛t❤❡✲

♠❛t✐❝❛ ❋❡②♥❆rts ❬✶✶✹❪ ② ❋❡②♥❈❛❧❝ ❬✶✶✺❪ ♣❛r❛ ❣❡♥❡r❛r ❧♦s ❞✐❛❣r❛♠❛s ② ❡✈❛❧✉❛r ❧❛s

❛♠♣❧✐t✉❞❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s✳ ❊❧ ❝á❧❝✉❧♦ s❡ r❡❛❧✐③ó ✉t✐❧✐③❛♥❞♦ ♣♦❧❛r✐③❛❝✐♦♥❡s ♥♦ ❢ís✐❝❛s ♣❛r❛

❧♦s ❣❧✉♦♥❡s✱ ❞❡ ❢♦r♠❛ t❛❧ q✉❡
∑

♣♦❧

εµε
∗
ν = −gµν . ✭✹✳✸✾✮
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P❛r❛ ❝❛♥❝❡❧❛r ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❞❡ ❧❛s ♣♦❧❛r✐③❛❝✐♦♥❡s ❡①tr❛✱ s❡ ✐♥❝❧✉②❡r♦♥ ❧❛s ❝♦rr❡❝❝✐♦♥❡s

❞❡ ❣❤♦sts ❡♥ ❧♦s ❡st❛❞♦s ✐♥✐❝✐❛❧❡s ② ✜♥❛❧❡s✳

▲❛ ❝♦♥tr✐❜✉❝✐ó♥ σ̂(r) q✉❡ q✉❡r❡♠♦s ❝❛❧❝✉❧❛r ❝♦♥t✐❡♥❡ ❞✐✈❡r❣❡♥❝✐❛s ❛s♦❝✐❛❞❛s ❛ ❧❛s ❝♦♥✜✲

❣✉r❛❝✐♦♥❡s ❝✐♥❡♠át✐❝❛s ❡♥ ❧❛s ❝✉❛❧❡s ❧❛ ♣❛rtí❝✉❧❛ ❡①tr❛ ❡♠✐t✐❞❛ s❡ ✈✉❡❧✈❡ s♦❢t ✭s✉ ♠♦♠❡♥t♦

t✐❡♥❞❡ ❛ ❝❡r♦✮ ♦ ❝♦❧✐♥❡❛❧ ❛ ❧❛ ♣❛rtí❝✉❧❛ q✉❡ ❧❛ ❡♠✐t❡✳ ❊st❛s ❞✐✈❡r❣❡♥❝✐❛s ❞❡❜❡♥ ❝❛♥❝❡❧❛rs❡ ❝♦♥

❧❛s q✉❡ ❡stá♥ ♣r❡s❡♥t❡s ❡♥ σ̂(v)✳ P❛r❛ ❛✐s❧❛r ❡st❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❞✐✈❡r❣❡♥t❡s ② ❛sí ❧♦❣r❛r ❧❛

❝❛♥❝❡❧❛❝✐ó♥ ❡♥tr❡ ❧♦s ❞✐st✐♥t♦s tér♠✐♥♦s✱ ✉t✐❧✐③❛♠♦s ❡❧ ❞❡♥♦♠✐♥❛❞♦ ♠ét♦❞♦ ❞❡ s✉❜str❛❝❝✐ó♥

❞❡ ❋r✐①✐♦♥❡✱ ❑✉♥s③t ② ❙✐❣♥❡r ✭❋❑❙✮ ❬✶✶✾❪✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥ ❡①♣❧✐❝❛♠♦s ❜r❡✈❡♠❡♥t❡ ❡♥ q✉é

❝♦♥s✐st❡ ❡❧ ♠✐s♠♦✳

❙✉❜str❛❝❝✐ó♥ ❋❑❙

❙❡❛♥ p1 ② p2 ❧♦s ♠♦♠❡♥t♦s ❞❡ ❧♦s ♣❛rt♦♥❡s ✐♥❝✐❞❡♥t❡s✱ k1 ② k2 ❧♦s ♠♦♠❡♥t♦s ❞❡ ❧♦s ❞♦s

❜♦s♦♥❡s ❞❡ ❍✐❣❣s ② k ❡❧ ♠♦♠❡♥t♦ ❞❡❧ ♣❛rtó♥ s❛❧✐❡♥t❡✳ ❉❡✜♥✐♠♦s ❧❛s ✈❛r✐❛❜❧❡s x ❡ y✱ ❡♥ ❞♦♥❞❡

x = Q2/s✱ ❡ y ❡s ❡❧ ❝♦s❡♥♦ ❞❡❧ á♥❣✉❧♦ ❡♥tr❡ p1 ② k✳ ❘❡❝♦r❞❡♠♦s q✉❡ s ❡s ❡❧ ❝✉❛❞r❛❞♦ ❞❡ ❧❛

♠❛s❛ ✐♥✈❛r✐❛♥t❡ ❞❡❧ ♣❛r ❞❡ ♣❛rt♦♥❡s ✐♥❝✐❞❡♥t❡s✱ ♠✐❡♥tr❛s q✉❡ Q ❡s ❧❛ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ ❞❡❧ ♣❛r

❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s✳ ❊♥ tér♠✐♥♦s ❞❡ ❡st❛s ✈❛r✐❛❜❧❡s✱ ❧❛s s✐♥❣✉❧❛r✐❞❛❞❡s s♦❢t ❝♦rr❡s♣♦♥❞❡♥ ❛❧

❧í♠✐t❡ x→ 1✱ ♣✉❡s ❡♥ ❡s❡ ❝❛s♦ Q2 ≃ s✱ ❡s ❞❡❝✐r q✉❡ ❧❛ r❛❞✐❛❝✐ó♥ ❡①tr❛ t✐❡♥❡ ✉♥❛ ❡♥❡r❣í❛ q✉❡

t✐❡♥❞❡ ❛ ❝❡r♦✳ P♦r ♦tr♦ ❧❛❞♦✱ ❧❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❝♦❧✐♥❡❛❧❡s ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧♦s ❧í♠✐t❡s y → ±1✳

▲♦s s✉❜♣r♦❝❡s♦s ✐♥✐❝✐❛❞♦s ♣♦r ❣❧✉♦♥❡s ❝♦♥t✐❡♥❡♥ ❧♦s tr❡s t✐♣♦s ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s✱ ♠✐❡♥tr❛s

q✉❡ ❛q✉❡❧❧♦s ✐♥✐❝✐❛❞♦s ♣♦r ✉♥ q✉❛r❦ ② ✉♥ ❣❧✉ó♥ só❧♦ ❝♦♥t✐❡♥❡♥ s✐♥❣✉❧❛r✐❞❛❞❡s ❝♦❧✐♥❡❛❧❡s✱ ②

❧♦s ✐♥✐❝✐❛❞♦s ♣♦r ✉♥ ♣❛r q✉❛r❦✲❛♥t✐q✉❛r❦ s♦♥ ✜♥✐t♦s✳

❊❧ ❡s♣❛❝✐♦ ❞❡ ❢❛s❡s ✭P❙✱ ♣♦r s✉s s✐❣❧❛s ❡♥ ✐♥❣❧és✮ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ tr❡s ♣❛rtí❝✉❧❛s ❡♥ ❡❧

❡st❛❞♦ ✜♥❛❧✱ ❞♦s ❞❡ ❡❧❧❛s ❝♦♥ ♠❛s❛ MH ② ✉♥❛ ❞❡ ❡❧❧❛s ♥♦ ♠❛s✐✈❛✱ s❡ ❡s❝r✐❜❡ ❡♥ n = 4− 2ǫ

❞✐♠❡♥s✐♦♥❡s ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

dP❙3 = (4π)−2+ǫ Γ(1− ǫ)

Γ(1− 2ǫ)
dP❙(x)

2

s1−ǫ

2π
(1− x)1−2ǫ(1− y2)−ǫdy sin−2ǫ θ2 dθ2 , ✭✹✳✹✵✮

❡♥ ❞♦♥❞❡ dP❙(x)
2 s❡ ♦❜t✐❡♥❡ ❛ ♣❛rt✐r ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❢❛s❡s ❞❡ ❞♦s ♣❛rtí❝✉❧❛s ❧✉❡❣♦ ❞❡❧ r❡❡♠♣❧❛③♦

s→ x s✱ ❡s ❞❡❝✐r

dP❙(x)
2 =

(16π)−1+ǫ

Γ(1− ǫ)
(x s)−ǫ

(
1− 4M2

H

x s

)1
2
−ǫ

sin−2ǫ θ1 d cos θ1 dx , ✭✹✳✹✶✮

✼✽



▲❛s ✈❛r✐❛❜❧❡s θ1 ② θ2 s♦♥ ❧♦s á♥❣✉❧♦s ♣♦❧❛r ② ❛③✐♠✉t❛❧ ❞❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s ❝♦♥ ♠♦♠❡♥t♦ k1

♠❡❞✐❞♦s ❞❡s❞❡ ❡❧ s✐st❡♠❛ ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛ ❞❡❧ ♣❛r ❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s✱ ② ❛♠❜♦s t♦♠❛♥

✈❛❧♦r❡s ❡♥tr❡ 0 ② π✳ ❚♦❞♦s ❧♦s ✐♥✈❛r✐❛♥t❡s r❡❧❡✈❛♥t❡s ♣❛r❛ ❡st❡ ♣r♦❝❡s♦ ♣✉❡❞❡♥ s❡r ❡①♣r❡s❛❞♦s

❡♥ tér♠✐♥♦s ❞❡ x✱ y✱ θ1 ② θ2✳ ❊s♣❡❝í✜❝❛♠❡♥t❡✱ ❡st♦s ✐♥✈❛r✐❛♥t❡s s♦♥

s = (p1 + p2)
2 , s2 = (k1 + k2)

2 = s+ tk + uk ,

tk = (p1 − k)2 , q̂1 = (p1 − k2)
2 = 2M2

H − s− tk − q1 ,

uk = (p2 − k)2 , q̂2 = (p2 − k1)
2 = 2M2

H − s− uk − q2 , ✭✹✳✹✷✮

q1 = (p1 − k1)
2 , w1 = (k + k1)

2 =M2
H − q1 + q2 − tk ,

q2 = (p2 − k2)
2 , w2 = (k + k2)

2 =M2
H + q1 − q2 − uk ,

② ♣✉❡❞❡♥ s❡r ❡s❝r✐t♦s ❡♥ tér♠✐♥♦s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ♠❡♥❝✐♦♥❛❞❛s ✉t✐❧✐③❛♥❞♦ ❧❛s s✐❣✉✐❡♥t❡s

r❡❧❛❝✐♦♥❡s

tk = −1
2
s(1− x)(1− y) , ✭✹✳✹✸✮

uk = −1
2
s(1− x)(1 + y) ,

q1 = M2
H − 1

2
(s+ tk)(1− βx cos θ1) ,

q2 = M2
H − 1

2
(s+ uk)(1 + βx cos θ2 sin θ1 sinψ + βx cos θ1 cosψ) ,

❡♥ ❞♦♥❞❡ ❤❡♠♦s ❞❡✜♥✐❞♦ ❧❛s s✐❣✉✐❡♥t❡s ❝❛♥t✐❞❛❞❡s

βx =

√
1− 4M2

H

x s
, ✭✹✳✹✹✮

cosψ = 1− 8x

(1 + x)2 − (1− x)2y2
.

P❛r❛ ♠ás ❞❡t❛❧❧❡s ❛❝❡r❝❛ ❞❡ ❡st❛ ♣❛r❛♠❡tr✐③❛❝✐ó♥ s❡ ♣✉❡❞❡ ❝♦♥s✉❧t❛r✱ ♣♦r ❡❥❡♠♣❧♦✱ ❧❛ ❘❡❢✳

❬✶✷✵❪✳

◆♦s ❡♥❢♦❝❛♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❡♥ ❡❧ ❝❛♥❛❧ gg → HH + g✱ ❞❛❞♦ q✉❡ ❡s ❡❧ q✉❡ ❝♦♥t✐❡♥❡

t♦❞♦s ❧♦s t✐♣♦s ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s✳ ❊♥ ❡❧ ❧í♠✐t❡ s♦❢t✱ ❡❧ ❡❧❡♠❡♥t♦ ❞❡ ♠❛tr✐③ ❛❧ ❝✉❛❞r❛❞♦ t✐❡♥❡

✉♥ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞✐✈❡r❣❡♥t❡ ♣r♦♣♦r❝✐♦♥❛❧ ❛ (1−x)−2✱ ♠✐❡♥tr❛s q✉❡ ❡♥ ❡❧ ❧í♠✐t❡ ❝♦❧✐♥❡❛❧ ❡❧

♠✐s♠♦ s❡ ❝♦♠♣♦rt❛ ❝♦♠♦ (1−y2)−1✳ ❈♦♠❜✐♥❛♥❞♦ ❡st♦s ❢❛❝t♦r❡s ❝♦♥ ❛q✉❡❧❧♦s q✉❡ s✉r❣❡♥ ❞❡❧

❡s♣❛❝✐♦ ❞❡ ❢❛s❡s✱ s❡ ♦❜t✐❡♥❡ ✉♥ ❢❛❝t♦r ❣❧♦❜❛❧ (1−x)−1−2ǫ(1−y2)−1−ǫ q✉❡ r❡❣✉❧❛r✐③❛ t♦❞❛s ❧❛s

❞✐✈❡r❣❡♥❝✐❛s✱ ❣r❛❝✐❛s ❛ ❧❛ ♣r❡s❡♥❝✐❛ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ǫ ❡♥ ❧♦s ❡①♣♦♥❡♥t❡s✳ ▲❛ ❝❧❛✈❡ ♣❛r❛ ❛✐s❧❛r

✼✾



❧❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❡♥t♦♥❝❡s✱ ② ❛sí ♣♦❞❡r ❝❛♥❝❡❧❛r❧❛s ❡①♣❧í❝✐t❛♠❡♥t❡ ❝♦♥ ❧❛s ♣r♦✈❡♥✐❡♥t❡s ❞❡

❡❧ r❡st♦ ❞❡ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③✱ ❡s ❡①♣❛♥❞✐r ❡s❡ ❢❛❝t♦r ❡♥ ♣♦t❡♥❝✐❛s ❞❡ ǫ ❞❡

❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛ ❬✶✷✵❪✿

(1− x)−1−2ǫ(1− y2)−1−ǫ = − 1

2ǫ
δ(1− x) (1− y2)−1−ǫ

− 2−2ǫ

2ǫ
[δ(1− y) + δ(1 + y)]

[(
1

1− x

)

+

− 2ǫ

(
log(1− x)

1− x

)

+

]

+
1

2

(
1

1− x

)

+

[(
1

1− y

)

+

+

(
1

1 + y

)

+

]
,

❡♥ ❞♦♥❞❡ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ♣❧✉s ❡stá♥ ❞❡✜♥✐❞❛s ❞❡ ❛❝✉❡r❞♦ ❛ ❧♦ s✐❣✉✐❡♥t❡✿

∫ 1

0

dxG+(x) f(x) =

∫ 1

0

dxG(x) [f(x)− f(1)] , ✭✹✳✹✺✮

∫ 1

−1

dy f(y)

(
1

1± y

)

+

=

∫ 1

−1

dy
f(y)− f(∓1)

1± y
. ✭✹✳✹✻✮

▲❛s ❞❡❧t❛s ❞❡ ❉✐r❛❝ q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ❧♦s ❞♦s ♣r✐♠❡r♦s tér♠✐♥♦s ❞❡ ❧❛ ❡①♣❛♥s✐ó♥ ♣❡r♠✐t❡♥

r❡❞✉❝✐r ❝♦♥s✐❞❡r❛❜❧❡♠❡♥t❡ ❧❛ ❝♦♠♣❧❡❥✐❞❛❞ ❞❡❧ ❡❧❡♠❡♥t♦ ❞❡ ♠❛tr✐③ ❛❧ ❝✉❛❞r❛❞♦✱ ❞❛♥❞♦ ❧✉❣❛r

❛ ✉♥❛ ✐♥t❡❣r❛❝✐ó♥ ❛♥❛❧ít✐❝❛ s♦❜r❡ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢❛s❡s ♠✉❝❤ís✐♠♦ ♠ás s❡♥❝✐❧❧❛✳ ❊st♦s ❞♦s

tér♠✐♥♦s ✐♥❝❧✉②❡♥ t♦❞♦s ❧♦s ♣♦❧♦s ❡♥ ❧❛ ✈❛r✐❛❜❧❡ ❞❡ r❡❣✉❧❛r✐③❛❝✐ó♥ ❞✐♠❡♥s✐♦♥❛❧ ǫ✳ ❊st♦s

♣♦❧♦s s❡ ❝❛♥❝❡❧❛♥ ❡♥ ❡❧ r❡s✉❧t❛❞♦ ✜♥❛❧ ❧✉❡❣♦ ❞❡ s✉♠❛r ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ✈✐rt✉❛❧❡s σ̂(v) ✭②

❧♦s ❝♦♥tr❛tér♠✐♥♦s ❝♦❧✐♥❡❛❧❡s r❡❧❛❝✐♦♥❛❞♦s ❝♦♥ ❧❛ ❢❛❝t♦r✐③❛❝✐ó♥ ❞❡ ◗❈❉✮✳ P♦r ♦tr♦ ❧❛❞♦✱ ❡❧

ú❧t✐♠♦ tér♠✐♥♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✹✺✮ ❡s ✜♥✐t♦✱ ② ♣♦r ❡♥❞❡ ❧❛ ✐♥t❡❣r❛❝✐ó♥ s♦❜r❡ ❡❧ ❡s♣❛❝✐♦ ❞❡

❢❛s❡s ♣✉❡❞❡ s❡r r❡❛❧✐③❛❞❛ ❡♥ ❝✉❛tr♦ ❞✐♠❡♥s✐♦♥❡s✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❡s ♣♦s✐❜❧❡ ❤❛❝❡r❧♦ ❡♥t♦♥❝❡s

❡♥ ❢♦r♠❛ ♥✉♠ér✐❝❛✳

✹✳✸✳✷✳ ❙❡❝❝✐ó♥ ❡✜❝❛③ ❛ ◆◆▲❖

Pr❡s❡♥t❛♠♦s ❛q✉í ❧♦s r❡s✉❧t❛❞♦s ✜♥❛❧❡s✳ ▲❛ ❝♦♥tr✐❜✉❝✐ó♥ ❛ σ̂b ❞❡❧ ❝❛♥❛❧ ♣❛rtó♥✐❝♦ ✐♥✐❝✐❛❞♦

♣♦r ❞♦s ❣❧✉♦♥❡s s❡ ♣✉❡❞❡ ❞❡s❝♦♠♣♦♥❡r ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

σ̂b
gg = σ̂(r)

gg + σ̂(v) = σ̂(sv)
gg + σ̂(c+)

gg + σ̂(c−)
gg + σ̂(f)

gg , ✭✹✳✹✼✮

✽✵



❡♥ ❞♦♥❞❡ ❧♦s r❡s✉❧t❛❞♦s ②❛ r❡♥♦r♠❛❧✐③❛❞♦s ✭♣❛r❛ µF = µR = Q✮ t♦♠❛♥ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛

σ̂(sv)
gg =

σ̂▲❖
|CLO|2

δ(1− x)

{(αS

2π

) 4

3
❘❡(CLO) ✭✹✳✹✽✮

+
(αS

2π

)2 [
❘❡(CLO)

(
8π2

3
+R(2) − 8(C

(2)
H − C

(2)
HH)

)
+ ■♠(CLO)I(2) + V (2)

]}
,

σ̂(c+)
gg = σ̂(c−)

gg =
σ̂▲❖

|CLO|2
(αS

2π

)2
8 [1− (1− x)x]2

[
2

(
log(1− x)

1− x

)

+

− log x

1− x

]
❘❡(CLO) ,

σ̂(f)
gg =

∫
d cos θ1 dθ2 dy

√
x(x− 4M2

H/s)

1024 π4

(
1

1− x

)

+

×
[(

1

1− y

)

+

+

(
1

1 + y

)

+

]
fgg(x, y, θ1, θ2) .

❊♥ ❡st❛s ❡①♣r❡s✐♦♥❡s s❡ ❡♥❝✉❡♥tr❛♥ ✐♥❝❧✉í❞♦s ❧♦s ❝♦♥tr❛tér♠✐♥♦s q✉❡ s✉r❣❡♥ ❞❡ ❧❛ ❢❛❝t♦r✐③❛✲

❝✐ó♥ ❝♦❧✐♥❡❛❧✳ ▲❛s ❡①♣r❡s✐♦♥❡s ♣❛r❛ R(2)✱ I(2) ② V (2) s♦♥ ❧❛s ♦❜t❡♥✐❞❛s ❡♥ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r

♣❛r❛ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ✈✐rt✉❛❧❡s✳ ▲❛ ❡①♣r❡s✐ó♥ ❡①♣❧í❝✐t❛ ♣❛r❛ ❧❛ ❢✉♥❝✐ó♥ fgg(x, y, θ1, θ2)✱ ❧❛

❝✉❛❧ ❡s r❡❧❛t✐✈❛♠❡♥t❡ ❡①t❡♥s❛✱ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❡❧ ❆♣é♥❞✐❝❡ ❈✳ ❈♦♠♦ s❡ ♣✉❡❞❡ ✈❡r ❞❡ ❧❛s

❡①♣r❡s✐♦♥❡s ❛♥t❡r✐♦r❡s✱ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ◆▲❖ ❛ σ̂b s❡ ❡♥❝✉❡♥tr❛ ✐♥❝❧✉í❞❛ ❡♥ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡

σ̂
(sv)
gg ✳

❯s❛♥❞♦ ✉♥ ♣r♦❝❡❞✐♠✐❡♥t♦ s✐♠✐❧❛r s❡ ♦❜t✐❡♥❡♥ ❧♦s r❡s✉❧t❛❞♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧♦s ❝❛♥❛❧❡s

qg ② gq ✭❡♥ ❞♦♥❞❡ q ❞❡♥♦t❛ ❝✉❛❧q✉✐❡r q✉❛r❦ ♦ ❛♥t✐q✉❛r❦ ♥♦ ♠❛s✐✈♦✮✱ ❧♦s ❝✉❛❧❡s ♣✉❡❞❡♥ s❡r

❞✐✈✐❞✐❞♦s ❡♥ ❞♦s ❝♦♥tr✐❜✉❝✐♦♥❡s

σ̂b
qg = σ̂(r)

qg = σ̂(c+)
qg + σ̂(f)

qg , ✭✹✳✹✾✮

σ̂b
gq = σ̂(r)

gq = σ̂(c−)
gq + σ̂(f)

gq ,

q✉❡ t♦♠❛♥ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛

σ̂(c+)
qg = σ̂(c−)

gq =
σ̂▲❖

|CLO|2
(αS

2π

)2 16
9

{ [
1 + (1− x)2

]
[2 log(1− x)− log x] + x2

}
❘❡(CLO) ,

σ̂(f)
qg =

∫
d cos θ1 dθ2 dy

√
x(x− 4M2

H/s)

512 π4

(
1

1− y

)

+

fqg(x, y, θ1, θ2) , ✭✹✳✺✵✮

σ̂(f)
gq =

∫
d cos θ1 dθ2 dy

√
x(x− 4M2

H/s)

512 π4

(
1

1 + y

)

+

fgq(x, y, θ1, θ2) .

◆✉❡✈❛♠❡♥t❡✱ ❧♦s ❝♦♥tr❛tér♠✐♥♦s ❝♦❧✐♥❡❛❧❡s ②❛ s❡ ❡♥❝✉❡♥tr❛♥ ✐♥❝❧✉✐❞♦s ❡♥ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡

σ̂
(c+)
qg ② σ̂(c−)

gq ✳ ❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ ❡❧ s✉❜♣r♦❝❡s♦ ✐♥✐❝✐❛❞♦ ♣♦r ✉♥ ♣❛r q✉❛r❦✲❛♥t✐q✉❛r❦ t❡♥❡♠♦s

✽✶
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❋✐❣✉r❛ ✹✳✶✶✿ ❉✐str✐❜✉❝✐ó♥ ❡♥ ❧❛ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ ❞❡❧ ♣❛r ❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ❛ ▲❖ ✭❧í♥❡❛ ❛③✉❧✱ ♣✉♥t❡❛❞❛✮✱

◆▲❖ ✭r♦❥♦ r❛②❛❞♦✮ ② ◆◆▲❖ ✭♥❡❣r♦ só❧✐❞♦✮ ♣❛r❛ ❡❧ ▲❍❈ ❝♦♥ ❡♥❡r❣í❛ ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛ Ecm = 14❚❡❱✳

▲❛s ❜❛♥❞❛s ❢✉❡r♦♥ ♦❜t❡♥✐❞❛s ✈❛r✐❛♥❞♦ µF ② µR ❡♥ ❡❧ r❛♥❣♦ 0,5Q ≤ µF , µR ≤ 2Q ❝♦♥ ❧❛ r❡str✐❝❝✐ó♥

0,5 ≤ µF /µR ≤ 2✳

q✉❡

σ̂b
qq̄ =

∫
d cos θ1 dθ2 dy

√
x(x− 4M2

H/s)

512 π4
fqq̄(x, y, θ1, θ2) . ✭✹✳✺✶✮

▲❛s ❡①♣r❡s✐♦♥❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ fqg✱ fgq ② fqq̄ s❡ ❡♥❝✉❡♥tr❛♥ ❡♥ ❡❧ ❆♣é♥❞✐❝❡ ❈✳

❊♥ r❡s✉♠❡♥✱ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✸✺✮✱ ✭✹✳✹✽✮✱ ✭✹✳✺✵✮ ② ✭✹✳✺✶✮ ❝♦♥t✐❡♥❡♥ t♦❞❛s ❧❛s ❝♦♥tr✐❜✉✲

❝✐♦♥❡s ❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣❛rtó♥✐❝❛ ❛ ◆◆▲❖✳ ◆✉❡str♦s r❡s✉❧t❛❞♦s ❝♦✐♥❝✐❞❡♥ ❝♦♥ ❧❛s ♣r❡❞✐❝✲

❝✐♦♥❡s ❛ ◆▲❖ ❞❡ ❧❛ ❘❡❢✳ ❬✶✵❪✳

✹✳✸✳✸✳ ❋❡♥♦♠❡♥♦❧♦❣í❛ ❛ ◆◆▲❖

Pr❡s❡♥t❛♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❧♦s r❡s✉❧t❛❞♦s ❢❡♥♦♠❡♥♦❧ó❣✐❝♦s ♣❛r❛ ❡❧ ▲❍❈✳ ❊♥ t♦❞♦s

❧♦s ❝❛s♦s ✉t✐❧✐③❛♠♦s ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ♣❛rt♦♥❡s ② ❝♦♥st❛♥t❡ ❞❡ ❛❝♦♣❧❛♠✐❡♥t♦ ❢✉❡rt❡

❞❡ ▼❙❚❲✷✵✵✽ ❬✷✶❪✱ ❛❧ ♦r❞❡♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡✳ ▲❛s ❜❛♥❞❛s ❞❡ ✐♥❝❡rt❡③❛ ❢✉❡r♦♥ ♦❜t❡♥✐❞❛s

✈❛r✐❛♥❞♦ ✐♥❞❡♣❡♥❞✐❡♥t❡♠❡♥t❡ ❧❛s ❡s❝❛❧❛s ❞❡ ❢❛❝t♦r✐③❛❝✐ó♥ ② r❡♥♦r♠❛❧✐③❛❝✐ó♥ ❡♥ ❡❧ r❛♥❣♦

0,5Q ≤ µF , µR ≤ 2Q✱ ❝♦♥ ❧❛ r❡str✐❝❝✐ó♥ 0,5 ≤ µF/µR ≤ 2✳ ❘❡❝♦r❞❛♠♦s q✉❡ ♥✉❡str♦s r❡s✉❧✲

t❛❞♦s s❡ ❡♥❝✉❡♥tr❛♥ ♥♦r♠❛❧✐③❛❞♦s ❝♦♥ ❡❧ ▲❖ q✉❡ ❝♦♥t✐❡♥❡ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❡①❛❝t❛ ❡♥ ❧❛ ♠❛s❛

❞❡ ❧♦s q✉❛r❦s t♦♣ ② ❜♦tt♦♠✳ P❛r❛ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❡st❛ s❡❝❝✐ó♥ ✉t✐❧✐③❛♠♦s MH = 126●❡❱✱

Mt = 173,18●❡❱ ② Mb = 4,75●❡❱✳

❊♥ ❧❛ ✜❣✉r❛ ✹✳✶✶ s❡ ♠✉❡str❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❤❛❞ró♥✐❝❛ ♣❛r❛ ❡❧ ▲❍❈ ❡♥ ❢✉♥❝✐ó♥ ❞❡

✽✷



❧❛ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ ❞❡❧ s✐st❡♠❛ ❢♦r♠❛❞♦ ♣♦r ❧♦s ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s✱ ♣❛r❛ ✉♥❛ ❡♥❡r❣í❛

❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛ Ecm =
√
sH = 14❚❡❱✱ ❛ ▲❖✱ ◆▲❖ ② ◆◆▲❖✳ P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡

❡s só❧♦ ❛ ❡st❡ ú❧t✐♠♦ ♦r❞❡♥ q✉❡ ❛♣❛r❡❝❡♥ ❧♦s ♣r✐♠❡r♦s s✐❣♥♦s ❞❡ ❝♦♥✈❡r❣❡♥❝✐❛ ❞❡ ❧❛ s❡r✐❡

♣❡rt✉r❜❛t✐✈❛✱ ❡♥❝♦♥tr❛♥❞♦ ✉♥❛ s✉♣❡r♣♦s✐❝✐ó♥ ♥♦ ♥✉❧❛ ❡♥tr❡ ❧❛s ❜❛♥❞❛s ❞❡❧ ◆▲❖ ② ◆◆▲❖✳

▲❛s ❝♦rr❡❝❝✐♦♥❡s ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ s♦♥ ❝♦♥s✐❞❡r❛❜❧❡s✱ ❡st♦ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r t❛♠❜✐é♥ ❛❧

♥✐✈❡❧ ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧

σ▲❖ = 17,8+5,3
−3,8 ❢❜

σ◆▲❖ = 33,2+5,9
−4,9 ❢❜ ✭✹✳✺✷✮

σ◆◆▲❖ = 40,2+3,2
−3,5 ❢❜

❡♥ ❞♦♥❞❡ ❧❛ ✐♥❝❡rt❡③❛ ♣r♦✈✐❡♥❡ ❞❡ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛s ❡s❝❛❧❛s✳ ❊❧ ❛✉♠❡♥t♦ r❡s♣❡❝t♦ ❞❡ ❧❛

♣r❡❞✐❝❝✐ó♥ ❛ ◆▲❖ ❡s ❞❡❧ ♦r❞❡♥ ❞❡❧ 20%✱ ② ❡❧ ❝♦❝✐❡♥t❡ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ▲❖ ✭✉s✉❛❧♠❡♥t❡

❞❡♥♦♠✐♥❛❞♦ ❢❛❝t♦r K✮ ❡s ❛♣r♦①✐♠❛❞❛♠❡♥t❡ K◆◆▲❖ = 2,3✳ ▲❛ ❞❡♣❡♥❞❡♥❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛

❧❛ ❡❧❡❝❝✐ó♥ ❞❡ ❧❛s ❡s❝❛❧❛s ❞❡ r❡♥♦r♠❛❧✐③❛❝✐ó♥ ② ❢❛❝t♦r✐③❛❝✐ó♥ s❡ ✈❡ ❝❧❛r❛♠❡♥t❡ r❡❞✉❝✐❞❛ ❛ ❡st❡

♦r❞❡♥✱ r❡s✉❧t❛♥❞♦ ❡♥ ✉♥❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ±8% ❛❧r❡❞❡❞♦r ❞❡❧ ✈❛❧♦r ❝❡♥tr❛❧✱

❝♦♠♣❛r❛❞❛ ❝♦♥ ✉♥❛ ✈❛r✐❛❝✐ó♥ t♦t❛❧ ❞❡ O(±20%) ❛ ◆▲❖✳

❊♥ ❧❛ ✜❣✉r❛ ✹✳✶✷ ♠♦str❛♠♦s ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❡♥❡r❣í❛ ❞❡ ❝❡♥tr♦

❞❡ ♠❛s❛ Ecm✱ ❡♥ ❡❧ r❛♥❣♦ ❞❡ 8❚❡❱ ❛ 100❚❡❱✳ P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❡❧ t❛♠❛ñ♦ ❞❡ ❧❛s

❝♦rr❡❝❝✐♦♥❡s ♣❡rt✉r❜❛t✐✈❛s ❞❡❝r❡❝❡ ❛ ♠❡❞✐❞❛ q✉❡ ❧❛ ❡♥❡r❣í❛ ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛ ❛✉♠❡♥t❛✳

P♦❞❡♠♦s ♦❜s❡r✈❛r ♥✉❡✈❛♠❡♥t❡ q✉❡✱ ❡♥ t♦❞♦ ❡❧ r❛♥❣♦ ❞❡ ❡♥❡r❣í❛s ❛♥❛❧✐③❛❞♦✱ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛

❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛s ❡s❝❛❧❛s s❡ ✈❡ s✉st❛♥❝✐❛❧♠❡♥t❡ r❡❞✉❝✐❞❛ ❛❧ ❛❣r❡❣❛r ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❞❡

s❡❣✉♥❞♦ ♦r❞❡♥✳

❊♥ ❧❛ t❛❜❧❛ ✹✳✶ s❡ ❡♥❝✉❡♥tr❛ ❡❧ ✈❛❧♦r ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❛ ◆◆▲❖ ♣❛r❛ Ecm = 8✱ ✶✹✱

✸✸ ② 100❚❡❱✳ ❍❡♠♦s ❝♦♥s✐❞❡r❛❞♦ tr❡s ❢✉❡♥t❡s ❞❡ ✐♥❝❡rt❡③❛s t❡ór✐❝❛s ❞✐st✐♥t❛s✿ ❧♦s ór❞❡♥❡s

s✉♣❡r✐♦r❡s ❢❛❧t❛♥t❡s ❡♥ ❧❛ ❡①♣❛♥s✐ó♥ ♣❡rt✉r❜❛t✐✈❛ ❞❡ ◗❈❉✱ ❧♦s ❝✉❛❧❡s s♦♥ ❡st✐♠❛❞♦s ❛ tr❛✈és

❞❡ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛s ❡s❝❛❧❛s ❝♦♠♦ ✐♥❞✐❝❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ② ❧❛ ✐♥❝❡rt❡③❛s ❡♥ ❧❛ ❞❡t❡r✲

♠✐♥❛❝✐ó♥ ❞❡ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ♣❛rt♦♥❡s ② ❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ ❢✉❡rt❡✳ P❛r❛ ❡st✐♠❛r ❡st❛s

❞♦s ú❧t✐♠❛s✱ ✉t✐❧✐③❛♠♦s ❧♦s ❝♦♥❥✉♥t♦s ❞❡ ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ♣❛rt♦♥❡s ❝♦♥ 90% ❞❡ ♥✐✈❡❧ ❞❡

❝♦♥✜❛♥③❛ ❞❡ ▼❙❚❲✷✵✵✽ ❬✶✷✶❪✱ ❧❛s ❝✉❛❧❡s ❜r✐♥❞❛♥ r❡s✉❧t❛❞♦s ♠✉② ❝❡r❝❝❛♥♦s ❛ ❧❛ r❡❝♦♠❡♥✲
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❋✐❣✉r❛ ✹✳✶✷✿ ❙❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❡♥❡r❣í❛ ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛ Ecm ♣❛r❛ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s ❛

▲❖ ✭❛③✉❧ ♣✉♥t❡❛❞♦✮✱ ◆▲❖ ✭r♦❥♦ r❛②❛❞♦✮ ② ◆◆▲❖ ✭♥❡❣r♦ só❧✐❞♦✮✳ ▲❛s ❜❛♥❞❛s ❢✉❡r♦♥ ♦❜t❡♥✐❞❛s ✈❛r✐❛♥❞♦ µF

② µR t❛❧ ❝♦♠♦ s❡ ✐♥❞✐❝❛ ❡♥ ❡❧ t❡①t♦ ♣r✐♥❝✐♣❛❧✳ ❊❧ ❣rá✜❝♦ ✐♥s❡rt❛❞♦ ♠✉❡str❛ ❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❢❛❝t♦r❡s K✳

Ecm 8 ❚❡❱ 14 ❚❡❱ 33 ❚❡❱ 100 ❚❡❱
σ◆◆▲❖ 9,76 ❢❜ 40,2 ❢❜ 243 ❢❜ 1638 ❢❜
❙❝❛❧❡ [ %] +9,0− 9,8 +8,0− 8,7 +7,0− 7,4 +5,9− 5,8

P❉❋ [ %] +6,0− 6,1 +4,0− 4,0 +2,5− 2,6 +2,3− 2,6

P❉❋+αS [ %] +9,3− 8,8 +7,2− 7,1 +6,0− 6,0 +5,8− 6,0

❚❛❜❧❛ ✹✳✶✿ ❙❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❡♥❡r❣í❛ ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛ ❛ ◆◆▲❖✳ ❯t✐❧✐③❛♠♦s ❡❧ r❡s✉❧✲

t❛❞♦ ❡①❛❝t♦ ❛ ▲❖ ♣❛r❛ ♥♦r♠❛❧✐③❛r ♥✉❡str♦s r❡s✉❧t❛❞♦s✳ ▲❛s ❞✐❢❡r❡♥t❡s ❢✉❡♥t❡s ❞❡ ✐♥❝❡rt❡③❛s s❡ ❡♥❝✉❡♥tr❛♥

❞✐s❝✉t✐❞❛s ❡♥ ❡❧ t❡①t♦ ♣r✐♥❝✐♣❛❧✳

❞❛❝✐ó♥ ❞❡❧ ❣r✉♣♦ P❉❋✹▲❍❈ ❬✶✷✷❪✳ P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❧❛s ✐♥❝❡rt❡③❛s ♣❡rt✉r❜❛t✐✈❛s ② ♥♦

♣❡rt✉r❜❛t✐✈❛s s♦♥ ❞❡❧ ♠✐s♠♦ ♦r❞❡♥ ❞❡ ♠❛❣♥✐t✉❞✳

❊❧ ❝♦❝✐❡♥t❡ ❡♥tr❡ ❧❛s ♣r❡❞❝❝✐♦♥❡s ❛ ◆◆▲❖ ② ◆▲❖ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❡♥❡r❣í❛ ❞❡ ❝❡♥tr♦ ❞❡

♠❛s❛ ❡s r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♥st❛♥t❡✳ ❈♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❢❛❝✐❧✐t❛r ❡❧ ✉s♦ ❞❡ ♥✉❡str♦s r❡s✉❧t❛❞♦s ❛

◆◆▲❖✱ ♣r♦✈❡❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❡①♣r❡s✐ó♥ ❛♥❛❧ít✐❝❛ ❛♣r♦①✐♠❛❞❛ ♣❛r❛ ❞✐❝❤♦ ❝♦❝✐❡♥t❡✱ ✈á❧✐❞❛

❡♥ ❡❧ r❛♥❣♦ 8❚❡❱ ≤ Ecm ≤ 100❚❡❱✿

σ◆◆▲❖
σ◆▲❖

= 1,149− 0,326

(
Ecm

1❚❡❱

)−1

+ 0,327

(
Ecm

1❚❡❱

)−1/2

, ✭✹✳✺✸✮

q✉❡ ✈❛ ❞❡s❞❡ 1,22 ❛ 8❚❡❱ ❤❛st❛ 1,18 ❛ 100❚❡❱✳ P♦r ♦tr♦ ❧❛❞♦✱ ❡❧ ❝♦❝✐❡♥t❡ ❡♥tr❡ ◆◆▲❖

② ▲❖ ✈❛ ❞❡ 2,39 ❛ 1,74 ❡♥ ❡❧ ♠✐s♠♦ r❛♥❣♦ ❞❡ ❡♥❡r❣í❛s✱ ② ♣✉❡❞❡ s❡r ♣❛r❛♠❡tr✐③❛❞❛ ♣♦r ❧❛

s✐❣✉✐❡♥t❡ ❡①♣r❡s✐ó♥ ❛♣r♦①✐♠❛❞❛

σ◆◆▲❖
σ▲❖

= 1,242− 7,17

(
Ecm

1❚❡❱

)−1

+ 5,77

(
Ecm

1❚❡❱

)−1/2

. ✭✹✳✺✹✮
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❋✐♥❛❧♠❡♥t❡✱ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❡s❝❛❧❛s ❛ ◆◆▲❖ ❡stá ❞❛❞❛ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ♣♦r ±p(Ecm)%✱

❝♦♥

p(Ecm) = 4,07− 9,8

(
Ecm

1❚❡❱

)−1

+ 18,6

(
Ecm

1❚❡❱

)−1/2

. ✭✹✳✺✺✮

❊♥ ❡st❡ ❝❛s♦✱ t❡♥❡♠♦s ±9,4% ② ±5,8% ❛ 8 ② 100❚❡❱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❱❛❧❡ ❧❛ ♣❡♥❛ ♠❡♥❝✐♦♥❛r q✉❡ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ s♦❢t✲✈✐rt✉❛❧ ♣r❡s❡♥t❛❞❛ ❡♥ ❧❛ ❙❡❝❝✐ó♥ ✹✳✷✳✸

❜r✐♥❞❛ ✉♥❛ ♣r❡❞✐❝❝✐ó♥ ❛❧t❛♠❡♥t❡ ♣r❡❝✐s❛ ♣❛r❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❛ ◆◆▲❖✱ s♦❜r❡st✐♠❛♥❞♦ ♣♦r

❡❥❡♠♣❧♦ ❡❧ r❡s✉❧t❛❞♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ Ecm = 14❚❡❱ ♣♦r ♠❡♥♦s ❞❡ ✉♥ 2%✳ ❚❛❧ ❝♦♠♦ ❢✉❡

♠❡♥❝✐♦♥❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❡s ❞❡ ❡s♣❡r❛r q✉❡ ❡st❛ ❛♣r♦①✐♠❛❝✐ó♥ ❢✉♥❝✐♦♥❡ ❡♥ ❢♦r♠❛ ❛ú♥ ♠ás

♣r❡❝✐s❛ ❛ ❧♦ q✉❡ ♦❝✉rr❡ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ú♥✐❝♦ ❜♦só♥ ❞❡ ❍✐❣❣s✱ ❞❡❜✐❞♦ ❛

❧❛ ♠❛②♦r ♠❛s❛ ✐♥✈❛r✐❛♥t❡ ❞❡❧ ❡st❛❞♦ ✜♥❛❧✳

✹✳✹✳ ❈♦♥❝❧✉s✐♦♥❡s

❊♥ ❡st❡ ❝❛♣ít✉❧♦ ❤❡♠♦s ❞❡s❛rr♦❧❧❛❞♦ ♥✉❡str♦ ❝á❧❝✉❧♦ ❛ ◆◆▲❖ ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❞❡

♣r♦❞✉❝❝✐ó♥ ❞❡ ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ❡♥ ❝♦❧✐s✐♦♥❛❞♦r❡s ❤❛❞ró♥✐❝♦s✱ ❛ tr❛✈és ❞❡ ❧❛ ❢✉s✐ó♥ ❞❡

❣❧✉♦♥❡s ♠❡❞✐❛❞❛ ♣♦r ✉♥ q✉❛r❦ ♣❡s❛❞♦✳ ❍❡♠♦s tr❛❜❛❥❛❞♦ ❞❡♥tr♦ ❞❡ ❧❛ t❡♦rí❛ ❡❢❡❝t✐✈❛ q✉❡

s✉r❣❡ ❛❧ t♦♠❛r ❡❧ ❧í♠✐t❡ ❞❡ ♠❛s❛ ❞❡❧ q✉❛r❦ t♦♣ ❣r❛♥❞❡✱ ♥♦r♠❛❧✐③❛♥❞♦ ♥✉❡str♦s r❡s✉❧t❛❞♦s

❢❡♥♦♠❡♥♦❧ó❣✐❝♦s ♣♦r ❡❧ r❡s✉❧t❛❞♦ ❛ ▲❖ ❡①❛❝t♦ ✭❡s ❞❡❝✐r✱ ♦❜t❡♥✐❞♦ ❡♥ ❧❛ t❡♦rí❛ ❝♦♠♣❧❡t❛✮✳

❉❡ ❡st❛ ❢♦r♠❛✱ ❤❡♠♦s ♠❡❥♦r❛❞♦ ❧❛ ♣r❡❞✐❝❝✐ó♥ t❡ór✐❝❛ ❞✐s♣♦♥✐❜❧❡ ❛♥t❡r✐♦r♠❡♥t❡ ♣❛r❛ ❡st❡

♣r♦❝❡s♦✱ q✉❡ ❝♦♥st❛❜❛ ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❛ ◆▲❖ ❝❛❧❝✉❧❛❞❛s ❡♥ ❧❛ ♠✐s♠❛ t❡♦rí❛ ❡❢❡❝t✐✈❛

❤❛❝❡ ♠ás ❞❡ q✉✐♥❝❡ ❛ñ♦s ❬✶✵❪✳ ◆✉❡str♦ ❝á❧❝✉❧♦ ♣❡r♠✐t❡ ❛❝❝❡❞❡r ❛ ♣r❡❞✐❝❝✐♦♥❡s ♠ás ♣r❡❝✐s❛s

② ❡①❛❝t❛s✱ ❡♥ ✉♥ ♠♦♠❡♥t♦ ❡♥ ❡❧ ❝✉❛❧ ❧❛ ♠❡❞✐❝✐ó♥ ❞❡ ❧❛ ❛✉t♦ ✐♥t❡r❛❝❝✐ó♥ ❞❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s

❛ tr❛✈és ❞❡ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ❞❡ ❡st❡ ♣r♦❝❡s♦ ❡s ♠✉② r❡❧❡✈❛♥t❡ ❞❡ ❝❛r❛ ❛ ❧❛s ♣ró①✐♠❛s ❡t❛♣❛s

❞❡❧ ▲❍❈✳

P❛r❛ r❡❛❧✐③❛r ❡❧ ❝á❧❝✉❧♦ ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❛ s❡❣✉♥❞♦ ♦r❞❡♥ ❞❡ ◗❈❉ ❢✉❡ ♥❡❝❡s❛r✐♦ ❝♦♠✲

♣✉t❛r ❧❛s ❝♦rr❡❝❝✐♦♥❡s ✈✐rt✉❛❧❡s ❛ ❞♦s ❧♦♦♣s✱ ❝♦♠♦ ❛sí t❛♠❜✐é♥ ❧❛s ❝♦rr❡❝❝✐♦♥❡s r❡❛❧❡s ❝♦rr❡s✲

♣♦♥❞✐❡♥t❡s ❛ ❧❛ ❡♠✐s✐ó♥ ❞❡ ♣❛rtí❝✉❧❛s ❡①tr❛✳ P❛r❛ ❧❛s ♣r✐♠❡r❛s✱ ❤❡♠♦s ✉t✐❧✐③❛❞♦ ❧❛ té❝♥✐❝❛

❞❡ r❡❞✉❝❝✐ó♥ ❛ ✐♥t❡❣r❛❧❡s ♠❛❡str❛s✱ ❡♥ ♣❛rt✐❝✉❧❛r ✉s❛♥❞♦ ❡❧ s♦❢t✇❛r❡ ♣❛r❛ ▼❛t❤❡♠❛t✐❝❛

❞❡♥♦♠✐♥❛❞♦ ❋■❘❊ ❬✶✵✹❪✳ P❛r❛ ❧❛s s❡❣✉♥❞❛s✱ ❤❡♠♦s ❛✐s❧❛❞♦ ❧❛s s✐♥❣✉❧❛r✐❞❛❞❡s ✐♥❢r❛rr♦❥❛s

✽✺



✉t✐❧✐③❛♥❞♦ ❡❧ ♠ét♦❞♦ ❞❡ s✉❜str❛❝❝✐ó♥ ❋❑❙ ❬✶✶✾❪✳ ❊♥ ❛♠❜♦s ❝❛s♦s✱ ❤❡♠♦s ❛♣r♦✈❡❝❤❛❞♦ s✐❡♠✲

♣r❡ q✉❡ ❢✉❡r❛ ♣♦s✐❜❧❡ ❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ú♥✐❝♦ ❜♦só♥

❞❡ ❍✐❣❣s ❛ ◆◆▲❖✱ ❝✉②❛ s✐♠✐❧✐t✉❞ ♣❡r♠✐t✐ó s✐♠♣❧✐✜❝❛r ❛❧❣✉♥❛s ❝✉❡♥t❛s✳

❉❡s❞❡ ❡❧ ♣✉♥t♦ ❞❡ ✈✐st❛ ❢❡♥♦♠❡♥♦❧ó❣✐❝♦✱ ❤❡♠♦s ❡♥❝♦♥tr❛❞♦ q✉❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❛ s❡❣✉♥❞♦

♦r❞❡♥ ❞❡ ◗❈❉ ♣❛r❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ♣❛r❡s ❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ❡♥ ❡❧ ▲❍❈ s♦♥ ❣r❛♥❞❡s✱

r❡s✉❧t❛♥❞♦ ❡♥ ✉♥ ❛✉♠❡♥t♦ ❞❡ ❧❛s s❡❝❝✐ó♥ ❡✜❝❛③ ❞❡❧ ♦r❞❡♥ ❞❡❧ 20% ❝♦♥ r❡s♣❡❝t♦ ❛❧ r❡s✉❧t❛❞♦ ❛

◆▲❖✳ ❚❛♠❜✐é♥ ♣✉❞✐♠♦s ♦❜s❡r✈❛r ✉♥❛ r❡❞✉❝❝✐ó♥ s✉st❛♥❝✐❛❧ ❞❡ ❧❛ ✐♥❝❡rt❡③❛ ♣r♦✈❡♥✐❡♥t❡ ❞❡ ❧❛

✈❛r✐❛❝✐ó♥ ❞❡❧ r❡s✉❧t❛❞♦ ❝♦♥ ❧❛s ❡s❝❛❧❛s ❞❡ ❢❛❝t♦r✐③❛❝✐ó♥ ② r❡♥♦r♠❛❧✐③❛❝✐ó♥✳ ❆❞❡♠ás✱ ♣✉❞✐♠♦s

❝♦♠♣r♦❜❛r ❧♦s ♣r✐♠❡r♦s s✐❣♥♦s ❞❡ ❝♦♥✈❡r❣❡♥❝✐❛ ❞❡ ❧❛ s❡r✐❡ ♣❡rt✉r❜❛t✐✈❛✱ ❡♥❝♦♥tr❛♥❞♦ ✉♥

s♦❧❛♣❛♠✐❡♥t♦ ♥♦ ♥✉❧♦ ❡♥tr❡ ❧❛s ❜❛♥❞❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ◆▲❖ ② ◆◆▲❖✱ s✐t✉❛❝✐ó♥ q✉❡ ♥♦

♦❝✉rr❡ ❛❧ ♦r❞❡♥ ❛♥t❡r✐♦r✳

❊♥ ❡❧ s✐❣✉✐❡♥t❡ ❝❛♣ít✉❧♦ s❡❣✉✐r❡♠♦s ❛♥❛❧✐③❛♥❞♦ ❡st❡ ♣r♦❝❡s♦✱ ② ♠❡❥♦r❛r❡♠♦s ❛ú♥ ♠ás ❡❧

❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ ❧❛ ❡①♣❛♥s✐ó♥ ♣❡rt✉r❜❛t✐✈❛ ❞❡ ◗❈❉ ♣❛r❛ s✉ s❡❝❝✐ó♥ ❡✜❝❛③ ❛ tr❛✈és ❞❡ ❧❛

✐♥❝❧✉s✐ó♥ ❞❡ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ❡♠✐s✐ó♥ ❞❡ ❣❧✉♦♥❡s s♦❢t ❛ t♦❞♦ ♦r❞❡♥

❡♥ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ αS✳
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❈❛♣ít✉❧♦ ✺

❘❡s✉♠❛❝✐ó♥ ❞❡ ✉♠❜r❛❧ ♣❛r❛ ❧❛
♣r♦❞✉❝❝✐ó♥ ❞❡ ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s

▲❛ ✉♥✐✈❡rs❛❧✐❞❛❞ ❞❡ ❧❛s ❡♠✐s✐♦♥❡s ❞❡ ❣❧✉♦♥❡s s♦❢t✱ ❥✉♥t♦ ❝♦♥ ❧❛ ❢❛❝t♦r✐③❛❝✐ó♥ ❞❡❧ ❡s♣❛❝✐♦

❞❡ ❢❛s❡s q✉❡ ♦❝✉rr❡ ❡♥ ❡s❡ ❧í♠✐t❡✱ ❞❛♥ ❧✉❣❛r ❛ ❧❛ ❡①♣♦♥❡♥❝✐❛❝✐ó♥ ❞❡ ❡st❛s ❝♦♥tr✐❜✉❝✐♦♥❡s✳

❊st♦✱ ♣♦r ❧♦ t❛♥t♦✱ ♣❡r♠✐t❡ ♦❜t❡♥❡r r❡s✉❧t❛❞♦s q✉❡ ✐♥❝❧✉②❡♥ ❝♦♥tr✐❜✉❝✐♦♥❡s ❞❡ ❣❧✉♦♥❡s s♦❢t ❛

t♦❞♦ ♦r❞❡♥ ❡♥ t❡♦rí❛ ❞❡ ♣❡rt✉r❜❛❝✐♦♥❡s✳ ❊st❡ ♣r♦❝❡❞✐♠✐❡♥t♦ ❡s ❞❡♥♦♠✐♥❛❞♦ r❡s✉♠❛❝✐ó♥ ❞❡

❣❧✉♦♥❡s s♦❢t✱ ♦ ❜✐❡♥ r❡s✉♠❛❝✐ó♥ ❞❡ ✉♠❜r❛❧✳ ▼❡❞✐❛♥t❡ ❡❧ ♠✐s♠♦✱ ❧♦s tér♠✐♥♦s ❞♦♠✐♥❛♥t❡s ❞❡

❧♦s ♦r❞❡♥❡s ♣❡rt✉r❜❛t✐✈♦s ❛ú♥ ♥♦ ❝❛❧❝✉❧❛❞♦s ♣✉❡❞❡♥ s❡r ✐♥❝❧✉✐❞♦s ❡♥ ♥✉❡str❛s ♣r❡❞✐❝❝✐♦♥❡s✳

❊♥ ❡st❡ ❝❛♣ít✉❧♦ ❞❡s❝r✐❜✐r❡♠♦s ❡❧ ❝á❧❝✉❧♦ ❞❡ ❡st❛s ❝♦♥tr✐❜✉❝✐♦♥❡s r❡s✉♠❛❞❛s ♣❛r❛ ❧❛ s❡❝✲

❝✐ó♥ ❡✜❝❛③ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s✳ ❨❛ ❤❛❜✐❡♥❞♦ ♠♦t✐✈❛❞♦

❧❛ r❡❧❡✈❛♥❝✐❛ ❞❡ ❡st❡ ♣r♦❝❡s♦ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ♣❛s❛r❡♠♦s ❞✐r❡❝t❛♠❡♥t❡ ❛ ❞❡s❝r✐❜✐r ❧♦s

❞❡t❛❧❧❡s ❞❡❧ ❝á❧❝✉❧♦✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r✱ ❡♥ ❧❛ s❡❝❝✐ó♥ ✺✳✶ ❤❛r❡♠♦s ✉♥❛ ✐♥tr♦❞✉❝❝✐ó♥ ❣❡♥❡r❛❧

❛ ❧❛ r❡s✉♠❛❝✐ó♥ ❞❡ ✉♠❜r❛❧✳ ▲✉❡❣♦✱ ❡♥ ❧❛ s❡❝❝✐ó♥ ✺✳✷ ❞❡✜♥✐r❡♠♦s ❡❧ ❢♦r♠❛❧✐s♠♦ ♥❡❝❡s❛r✐♦

♣❛r❛ r❡❛❧✐③❛r ❡st❡ ❝á❧❝✉❧♦✱ ② ♠♦str❛r❡♠♦s ❧♦s r❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦s ❡①♣❧í❝✐t♦s ♣❛r❛ ❡❧ ♣r♦❝❡s♦

❡♥ ❝✉❡st✐ó♥✳ ❊♥ ❧❛ s❡❝❝✐ó♥ ✺✳✸ ❞❡t❛❧❧❛r❡♠♦s ❧♦s r❡s✉❧t❛❞♦s ❢❡♥♦♠❡♥♦❧ó❣✐❝♦s ♣❛r❛ ❡❧ ▲❍❈✳

❋✐♥❛❧♠❡♥t❡✱ ❡♥ ❧❛ s❡❝❝✐ó♥ ✺✳✹ ♣r❡s❡♥t❛r❡♠♦s ♥✉❡str❛s ❝♦♥❝❧✉s✐♦♥❡s✳

✺✳✶✳ ❘❡s✉♠❛❝✐ó♥ ❞❡ ✉♠❜r❛❧

❊♥ ❡st❛ s❡❝❝✐ó♥ ❞❛r❡♠♦s ✉♥❛ ♠♦t✐✈❛❝✐ó♥ ♣❛r❛ ❧❛ ❢ór♠✉❧❛ ❞❡ r❡s✉♠❛❝✐ó♥ q✉❡ ✉t✐❧✐③❛r❡♠♦s

❛ ❧♦ ❧❛r❣♦ ❞❡ ❡st❡ ❝❛♣ít✉❧♦✳ ❊❧ ♦❜❥❡t✐✈♦ ♥♦ ❡s ❞❛r ✉♥❛ ❞❡♠♦str❛❝✐ó♥ ❢♦r♠❛❧ ❞❡ ❧❛ ♠✐s♠❛✱
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pi

q1q2q3qn

❋✐❣✉r❛ ✺✳✶✿ ❯♥ ♣❛rtó♥ ❞❡ ❛❧t♦ ♠♦♠❡♥t♦ pi ❡♠✐t✐❡♥❞♦ n ❣❧✉♦♥❡s s♦❢t ❞❡ ♠♦♠❡♥t♦s q1, q2, . . . , qn✳ ❚♦❞♦s

❧♦s ♠♦♠❡♥t♦s s♦♥ ❝♦♥s✐❞❡r❛❞♦s s❛❧✐❡♥t❡s✳

♥✐ t❛♠♣♦❝♦ ♦❜t❡♥❡r ✉♥❛ ❡①♣r❡s✐ó♥ ✈á❧✐❞❛ ♣❛r❛ ❧♦s ❧♦❣❛r✐t♠♦s s✉❜❞♦♠✐♥❛♥t❡s✱ s✐♥♦ s✐♠♣❧❡✲

♠❡♥t❡ ♠♦str❛r ❡♥ ❢♦r♠❛ s✐♠♣❧❡✱ ♣❡r♦ ✉t✐❧✐③❛♥❞♦ ✉♥ ❧❡♥❣✉❛❥❡ s✐♠✐❧❛r ❛❧ ✉t✐❧✐③❛❞♦ ❡♥ ❡❧ r❡st♦

❞❡❧ ❝❛♣ít✉❧♦✱ ❡❧ ♦r✐❣❡♥ ❞❡ ❧❛ ♠✐s♠❛✳ ❈♦♥ ❡s❡ ✜♥✱ ✈❛♠♦s ❛ ❝♦♥s✐❞❡r❛r só❧❛♠❡♥t❡ ❧❛ ❝♦♥tr✐❜✉✲

❝✐ó♥ ♣r♦✈❡♥✐❡♥t❡ ❞❡ ❧❛ ❡♠✐s✐ó♥ ❞❡ ❣❧✉♦♥❡s s♦❢t ✐♥❞❡♣❡♥❞✐❡♥t❡s✱ ❡s ❞❡❝✐r q✉❡ ♥♦ ✈❛♠♦s ❛

❝♦♥s✐❞❡r❛r ❛❝♦♣❧❛♠✐❡♥t♦s ❡♥tr❡ ❧♦s ❣❧✉♦♥❡s s♦❢t ❡♠✐t✐❞♦s✳ ▲❛s ❝♦rr❡❧❛❝✐♦♥❡s q✉❡ s✉r❣❡♥ ❞❡

❞✐❝❤❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ✐❣♥♦r❛❞❛s s❡ ❝❛♥❝❡❧❛♥ ❞❡ t♦❞❛s ❢♦r♠❛s ❝♦♥ ❧❛s ♣❛rt❡s ❛♥á❧♦❣❛s ❞❡ ❧❛s

❝♦rr❡❝❝✐♦♥❡s ✈✐rt✉❛❧❡s✱ ❡♥ ❝✉❛♥t♦ ❛ ❧♦ q✉❡ r❡s♣❡❝t❛ ❛ ❧♦s ❧♦❣❛r✐t♠♦s ❞♦♠✐♥❛♥t❡s✳ ❚❛♠♣♦❝♦

❝❛❧❝✉❧❛r❡♠♦s ❡①♣❧í❝✐t❛♠❡♥t❡ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ♣r♦✈❡♥✐❡♥t❡s ❞❡❧ ✐♥t❡r❝❛♠❜✐♦ ❞❡ ❣❧✉♦♥❡s s♦❢t

✈✐rt✉❛❧❡s ♥✐ ❛q✉❡❧❧❛s q✉❡ s✉r❣❡♥ ❞❡ ❧♦s ❝♦♥tr❛tér♠✐♥♦s ❛s♦❝✐❛❞♦s ❛ ❧❛ ❢❛❝t♦r✐③❛❝✐ó♥ ❝♦❧✐♥❡❛❧✱

s✐♥♦ q✉❡ s✐♠♣❧❡♠❡♥t❡ ✐♥❞✐❝❛r❡♠♦s s✉ ❡❢❡❝t♦ ❡♥ ❡❧ r❡s✉❧t❛❞♦ ✜♥❛❧✳

❈♦♥s✐❞❡r❡♠♦s ✉♥ ♣r♦❝❡s♦ ❣❡♥❡r❛❧ ❞❡ ❧❛ ❢♦r♠❛

pp→ F +X ✭✺✳✶✮

❝♦♥ F ✉♥ ❡st❛❞♦ ✜♥❛❧ s✐♥ ❝♦❧♦r ② ❞❡ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ Q✳ ❆❧ ♦r❞❡♥ ♠ás ❜❛❥♦ ❡♥ t❡♦rí❛

❞❡ ♣❡rt✉r❜❛❝✐♦♥❡s ❡❧ ♣r♦❝❡s♦ s❡ ❡♥❝✉❡♥tr❛ ✐♥✐❝✐❛❞♦ ❛ ♥✐✈❡❧ ♣❛rtó♥✐❝♦ ♣♦r ✉♥ ♣❛r q✉❛r❦✲

❛♥t✐q✉❛r❦ ♦ ❜✐❡♥ ✉♥ ♣❛r ❞❡ ❣❧✉♦♥❡s✳ ■♥❞❡♣❡♥❞✐❡♥t❡♠❡♥t❡ ❞❡ ❝✉❛❧ s❡❛ ❡❧ ❝❛s♦✱ ❧❛ ❛♠♣❧✐t✉❞

❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ❡♠✐s✐ó♥ ❞❡ ✉♥ ❣❧✉ó♥ s♦❢t ❡s

|M1〉 ≃ gS

(
2∑

i=1

Ti
pµi
pi · q

)
|M0〉, ✭✺✳✷✮

❡♥ ❞♦♥❞❡ |M〉 r❡♣r❡s❡♥t❛ ✉♥ ✈❡❝t♦r ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❡s♣✐♥⊗❝♦❧♦r✱ ② |M0〉 ✐♥❞✐❝❛ ❡❧ ❡❧❡♠❡♥t♦

❞❡ ♠❛tr✐③ ❛❧ ♦r❞❡♥ ♠ás ❜❛❥♦✳ ❊❧ ♦♣❡r❛❞♦r ❞❡ ❝❛r❣❛ ❞❡ ❝♦❧♦r Ta ❡s t❛❧ q✉❡ T
2
a = Ca✱ ❝♦♥

Ca = CA ② Ca = CF s❡❣ú♥ s✐ ❧❛ ♣❛rtí❝✉❧❛ q✉❡ ❡♠✐t❡ ❡s ✉♥ ❣❧✉ó♥ ♦ ✉♥ q✉❛r❦ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❆❞❡♠ás✱ ♣♦r ❝♦♥s❡r✈❛❝✐ó♥ ❞❡❧ ❝♦❧♦r s❡ ❝✉♠♣❧❡ q✉❡
∑

i Ti|M0〉 = 0✳ ❈♦♥s✐❞❡r❛♠♦s ♣♦r

s✐♠♣❧✐❝✐❞❛❞ q✉❡ t♦❞♦s ❧♦s ♠♦♠❡♥t♦s s♦♥ s❛❧✐❡♥t❡s✳

❆❤♦r❛ ❝♦♥s✐❞❡r❡♠♦s ✉♥❛ ♣❛t❛ i ✭②❛ s❡❛ q✉❛r❦ ♦ ❣❧✉ó♥✮ q✉❡ ❡♠✐t❡ n ❣❧✉♦♥❡s✱ ❡♥ ✉♥
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❝✐❡rt♦ ♦r❞❡♥ q1, q2, . . . , qn ✭✈❡r ✜❣✉r❛ ✺✳✶✮✳ ❱❛♠♦s ❛ t❡♥❡r ❡♥ ❡❧ ❞❡♥♦♠✐♥❛❞♦r ❧♦s s✐❣✉✐❡♥t❡s

♣r♦♣❛❣❛❞♦r❡s

1

(pi + q1)2(pi + q1 + q2)2 . . . (pi + q1 + q2 + · · ·+ qn)2
=

n∏

j=1

1

2pi · (
∑j

l=1 ql)
, ✭✺✳✸✮

❡♥ ❞♦♥❞❡ ✉s❛♠♦s q✉❡ p2i = 0 ② ❞❡s♣r❡❝✐❛♠♦s ❧♦s tér♠✐♥♦s ❝✉❛❞rát✐❝♦s ❡♥ ql ✭✐❣✉❛❧ q✉❡

❡♥ ❧❛ ❡①♣r❡s✐ó♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ❡♠✐s✐ó♥ ❞❡ ✉♥ ú♥✐❝♦ ❣❧✉ó♥ s♦❢t✮✳ ❈♦♥s✐❞❡r❛♥❞♦ t♦❞♦s

❧♦s ♦r❞❡♥❛♠✐❡♥t♦s ♣♦s✐❜❧❡s✱ ✈❛♠♦s ❛ t❡♥❡r ❡st❛ ♠✐s♠❛ ❡①♣r❡s✐ó♥ s✉♠❛❞❛ s♦❜r❡ t♦❞❛s ❧❛s

♣♦s✐❜❧❡s ♣❡r♠✉t❛❝✐♦♥❡s✳ ❯t✐❧✐③❛r❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ✐❞❡♥t✐❞❛❞

∑

♣❡r♠ π

n∏

j=1

1

pi · (
∑j

l=1 qπ(l))
=

n∏

j=1

1

pi · qj
. ✭✺✳✹✮

P❛r❛ ❞❡♠♦str❛r❧❛✱ ❧♦ ❤❛r❡♠♦s ♣♦r ✐♥❞✉❝❝✐ó♥ ❬✶✼❪✳ P❛r❛ n = 2 t❡♥❡♠♦s q✉❡

∑

π

2∏

j=1

1

pi · (
∑j

l=1 qπ(j))
=

∑

π

1

pi · qπ(1)
1

pi · (qπ(1) + qπ(2))
✭✺✳✺✮

=
1

pi · q1
1

pi · (q1 + q2)
+

1

pi · q2
1

pi · (q2 + q1)
=

1

pi · q1
1

pi · q2
.

▲✉❡❣♦✱ ♣❛r❛ r❡❛❧✐③❛r ❡❧ ♣❛s♦ ✐♥❞✉❝t✐✈♦✱ ♥♦t❡♠♦s q✉❡ ❡❧ ú❧t✐♠♦ tér♠✐♥♦ ❡♥ ❧❛ ♣r♦❞✉❝t♦r✐❛

❡s s✐❡♠♣r❡ ❡❧ ♠✐s♠♦ ✐♥❞❡♣❡♥❞✐❡♥t❡♠❡♥t❡ ❞❡ ❧❛ ♣❡r♠✉t❛❝✐ó♥✱ ♣✉❡s ✐♠♣❧✐❝❛ s✉♠❛r ❧♦s n

♠♦♠❡♥t♦s s♦❢t✳ P♦r ❧♦ t❛♥t♦

∑

π

n∏

j=1

1

pi · (
∑j

l=1 qπ(j))
=

1

pi · (
∑
qm)

∑

π

n−1∏

j=1

1

pi · (
∑j

l=1 qπ(j))
. ✭✺✳✻✮

P❛r❛ ❝✉❛❧q✉✐❡r ♣❡r♠✉t❛❝✐ó♥✱ ❧❛ ❝❛♥t✐❞❛❞ ❞❡♥tr♦ ❞❡ ❧❛ s✉♠❛t♦r✐❛ ❡s ❛❤♦r❛ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡

qπ(n)✳ ▲❧❛♠❛♥❞♦ k = qπ(n) ♣♦❞❡♠♦s ❡s❝r✐❜✐r ❧❛ s✉♠❛ s♦❜r❡ ♣❡r♠✉t❛❝✐♦♥❡s ❝♦♠♦

∑

π

=
n∑

k=1

∑

π′

, ✭✺✳✼✮

❡♥ ❞♦♥❞❡ π′ r❡♣r❡s❡♥t❛ ❛❧ ❝♦♥❥✉♥t♦ ❞❡ ♣❡r♠✉t❛❝✐♦♥❡s ❞❡ ❧♦s r❡st❛♥t❡s n − 1 ♠♦♠❡♥t♦s✳

❆❤♦r❛ ❜✐❡♥✱ ♣♦r ❧❛ ❤✐♣ót❡s✐s ✐♥❞✉❝t✐✈❛ ♥✉❡str♦ r❡s✉❧t❛❞♦ ✈❛❧❡ ♣❛r❛ n− 1 ② ♣♦r ❧♦ t❛♥t♦

∑

π

n∏

j=1

1

pi · (
∑j

l=1 qπ(j))
=

1

pi · (
∑
qm)

n∑

k=1

1

pi · q1
. . .

1

pi · qk−1

1

pi · qk+1

. . .
1

pi · qn
. ✭✺✳✽✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ② ❞✐✈✐❞✐❡♥❞♦ ❝❛❞❛ tér♠✐♥♦ ❞❡ ❧❛ s✉♠❛ ♣♦r pi · qk✱ ❧❧❡❣❛♠♦s ✜♥❛❧♠❡♥t❡ ❛❧

r❡s✉❧t❛❞♦ ❞❡s❡❛❞♦✳

✽✾



▲❛ ✐❞❡♥t✐❞❛❞ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✹✮ ✐♠♣❧✐❝❛ q✉❡ ❝❛❞❛ ❡♠✐s✐ó♥ ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ ❧❛ ❛♥t❡✲

r✐♦r✱ ② s✐♠♣❧❡♠❡♥t❡ t❡♥❡♠♦s q✉❡ ❛❣r❡❣❛r ✉♥ ❢❛❝t♦r Ti p
µ
i /pi · qj ♣♦r ❝❛❞❛ ✉♥❛ ❞❡ ❡❧❧❛s✳ P❛r❛

✈❡r❧♦ ❡♥ ♠ás ❞❡t❛❧❧❡✱ s❡ ♣✉❡❞❡♥ ❝♦♥s✐❞❡r❛r ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❞❡ t♦❞♦s ❧♦s ❞✐❛❣r❛♠❛s q✉❡

t✐❡♥❡♥ ✉♥❛ ❝✐❡rt❛ ❞✐str✐❜✉❝✐ó♥ ❞❛❞❛ ❞❡ n− 1 ❣❧✉♦♥❡s s♦❢t ❡♥ ❧♦s ❞✐st✐♥t♦s ♣❛rt♦♥❡s ❤❛r❞✱ ②

❝♦♥s✐❞❡r❛r t♦❞❛s ❧❛s ✐♥s❡r❝✐♦♥❡s ♣♦s✐❜❧❡s ❞❡ ♦tr♦ ❣❧✉ó♥ ❡①tr❛ j✳ ❊♥ t❛❧ ❝❛s♦✱ ♣♦r ❧♦ ❞❡♠♦str❛✲

❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❞❡ ❞✐❝❤♦ ❣❧✉ó♥ j s❡ ❢❛❝t♦r✐③❛♥ ✐♥❞✐✈✐❞✉❛❧♠❡♥t❡ ♣❛r❛

❝❛❞❛ ♣❛rtó♥ ❤❛r❞ ❝♦♥ ❡❧ ❢❛❝t♦r Ti p
µ
i /pi · qj✱ ② ❛❧ s✉♠❛r s♦❜r❡ t♦❞♦s ❧♦s ♣❛rt♦♥❡s ❤❛r❞ ❡s❡

❢❛❝t♦r s✐♠♣❧❡♠❡♥t❡ s❡ ❝♦♥✈✐❡rt❡ ❡♥
∑

i Ti p
µ
i /pi · qj✱ ② ❛sí ❡♥ ❢♦r♠❛ ✐t❡r❛t✐✈❛ s❡ ❞❡♠✉❡str❛

♣❛r❛ ❧♦s n ❣❧✉♦♥❡s✳ ❋✐♥❛❧♠❡♥t❡ ❡♥t♦♥❝❡s✱ ❧♦ q✉❡ t❡♥❡♠♦s ❡s q✉❡

|Mn〉 ≃
[

n∏

j=1

gS

(
2∑

i=1

Ti
p
µj

i

pi · qj

)]
|M0〉 ✭✺✳✾✮

❯s❛♥❞♦ ❧❛ ❝♦♥s❡r✈❛❝✐ó♥ ❞❡ ❝♦❧♦r ② ❧❛ ❡①♣r❡s✐ó♥ ♣❛r❛ ❡❧ ❝✉❛❞r❛❞♦ ❞❡ ❧♦s ♦♣❡r❛❞♦r❡s ❞❡ ❝❛r❣❛

❞❡ ❝♦❧♦r✱ ② ❛❣r❡❣❛♥❞♦ ✉♥ ❢❛❝t♦r 1/n! ♣♦r ❧♦s n ❣❧✉♦♥❡s ✐❞é♥t✐❝♦s t❡♥❡♠♦s q✉❡

|Mn|2 ≃
1

n!

(
n∏

j=1

g2SCa
2p1 · p2

p1 · qjp2 · qj

)
|M0|2 , ✭✺✳✶✵✮

❝♦♥ Ca = CA ♦ ❜✐❡♥ Ca = CF s❡❣ú♥ ❡❧ ♣r♦❝❡s♦ s❡❛ ✐♥✐❝✐❛❞♦ ♣♦r ❣❧✉♦♥❡s ♦ ✉♥ ♣❛r q✉❛r❦✲

❛♥t✐q✉❛r❦✳ ❊❧ ❡❧❡♠❡♥t♦ ❞❡ ♠❛tr✐③ s❡ ❡♥❝✉❡♥tr❛ ❡♥t♦♥❝❡s ❝♦♠♣❧❡t❛♠❡♥t❡ ❢❛❝t♦r✐③❛❞♦✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ❞❡❜❡♠♦s ❢❛❝t♦r✐③❛r ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢❛s❡s✳ ❊❧ ❡s♣❛❝✐♦ ❞❡ ❢❛s❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡

❛❧ ♣r♦❝❡s♦ q✉❡ ✐♥❝❧✉②❡ n ❣❧✉♦♥❡s s♦❢t ❡s

dP❙ =

[
n∏

i=1

d4qi
(2π)3

δ+(q2i )

][
l∏

j=1

d4kj
(2π)3

δ+(k2j −m2
j)

]
(2π)4δ4(p1+p2−q1− . . . qm−k1− . . . kl),

✭✺✳✶✶✮

❡♥ ❞♦♥❞❡ kj s♦♥ ❧♦s ♠♦♠❡♥t♦s ❞❡ ❧❛s ♣❛rtí❝✉❧❛s s✐♥ ❝♦❧♦r q✉❡ ❝♦♥❢♦r♠❛♥ ❡❧ ❡st❛❞♦ ✜♥❛❧ F ✳

■♥tr♦❞✉❝✐❡♥❞♦ ✉♥ ♠♦♠❡♥t♦ K ❛ tr❛✈és ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ✐❞❡♥t✐❞❛❞ ✭❡❧ sí♠❜♦❧♦ ❞❡ ❧❛ ✐♥t❡❣r❛❧

s❡ ❡♥❝✉❡♥tr❛ ✐♠♣❧í❝✐t♦✮

1 = d4K δ4(K − k1 − . . . kl) dQ
2 δ+(K2 −Q2) . ✭✺✳✶✷✮

♣♦❞❡♠♦s r❡❡s❝r✐❜✐r ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢❛s❡s ❝♦♠♦

dP❙ =
dQ2

2π

[
l∏

j=1

d4kj
(2π)3

δ+(k2j −m2
j)

]
(2π)4δ4(K − k1 − . . . kl) ✭✺✳✶✸✮

·
[

n∏

i=1

d4qi
(2π)3

δ+(q2i )

] [
d4K

(2π)3
δ+(K2 −Q2)

]
(2π)4δ4(p1 + p2 −K − q1 − . . . qm) .

✾✵



❆❤♦r❛ ❧❛ ♣r✐♠❡r ❧í♥❡❛ ❡s ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢❛s❡s ♦r✐❣✐♥❛❧✱ ② ♥♦ ❞❡♣❡♥❞❡ ❡①♣❧í❝✐t❛♠❡♥t❡ ❞❡ ❧♦s

♠♦♠❡♥t♦s ❞❡ ❧❛s ♣❛rtí❝✉❧❛s s♦❢t✱ só❧♦ ❧♦ ❤❛❝❡ ❛ tr❛✈és ❞❡❧ ✈❛❧♦r ❞❡❧ ♠♦♠❡♥t♦ K✱ q✉❡ s❡

❡♥❝✉❡♥tr❛ ✜❥❛❞♦ ♣♦r ❧❛s ❞❡❧t❛s ❞❡ ❉✐r❛❝ ❛ t❡♥❡r ✉♥❛ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ K2 = Q2✳ P♦❞❡♠♦s

✐❞❡♥t✐✜❝❛r❧♦ ❡♥t♦♥❝❡s ❝♦♠♦ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢❛s❡s s✐♥ ❡♠✐s✐ó♥✱ ❡✈❛❧✉❛❞♦ ❡♥ ✉♥❛ ♠❛s❛ ✐♥✈❛r✐❛♥t❡

Q✱ ❡s ❞❡❝✐r dP❙0(Q)✳ ❈❛♥❝❡❧❛♥❞♦ ❛❞❡♠ás ❧❛ ✐♥t❡❣r❛❧ ❡♥ d4K ❝♦♥ ❧❛ ❞❡❧t❛ ❞❡❧ s❡❣✉♥❞♦ r❡♥❣❧ó♥✱

t❡♥❡♠♦s q✉❡

dP❙ = dQ2dP❙0(Q)

[
n∏

i=1

d4qi
(2π)3

δ+(q2i )

]
δ+(K2 −Q2) ✭✺✳✶✹✮

❆❤♦r❛ ②❛ t❡♥❡♠♦s ♣rá❝t✐❝❛♠❡♥t❡ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢❛s❡s ❢❛❝t♦r✐③❛❞♦✳ ❏✉♥t❛♥❞♦ ❝♦♥ ❧❛ ❡①♣r❡s✐ó♥

♣❛r❛ ❡❧ ❡❧❡♠❡♥t♦ ❞❡ ♠❛tr✐③✱ ♦❜t❡♥❡♠♦s ♣❛r❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣❛rtó♥✐❝❛ q✉❡

dσn
dQ2

= σ0(Q)
1

n!

[
n∏

j=1

d4qj
(2π)3

δ+(q2j )g
2
SCa

2p1 · p2
p1 · qjp2 · qj

]
δ+(K2 −Q2) ✭✺✳✶✺✮

❡♥ ❞♦♥❞❡ ❝♦♠❜✐♥❛♠♦s ❡❧ ❡❧❡♠❡♥t♦ ❞❡ ♠❛tr✐③ s✐♥ ❡♠✐s✐ó♥ ❝♦♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢❛s❡s ❝♦rr❡s♣♦♥✲

❞✐❡♥t❡ ♣❛r❛ ♦❜t❡♥❡r ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣❛rtó♥✐❝❛ s✐♥ ❡♠✐s✐ó♥ σ0✳

❚❡♥❡♠♦s t♦❞❛✈í❛ ✉♥❛ ❝♦rr❡❧❛❝✐ó♥ ❡♥tr❡ ❧❛s ❡♠✐s✐♦♥❡s ❞❡❜✐❞♦ ❛ ❧❛ δ+(K2 − Q2)✱ q✉❡ ✜❥❛

❞❡ ❤❡❝❤♦ ❧❛ ❡♥❡r❣í❛ t♦t❛❧ q✉❡ s❡ ❧❧❡✈❛♥ ❧❛s ♣❛rtí❝✉❧❛s s♦❢t✳ ❙✐ tr❛❜❛❥❛♠♦s ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡

▼❡❧❧✐♥✱ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣❛rtó♥✐❝❛ ❡s

σ(N) =

∫ 1

0

zN−1σ(z) ✭✺✳✶✻✮

❝♦♥ z = Q2/s✳ ❊♥t♦♥❝❡s✱

dσn
dQ2

(N) =

∫ 1

0

zN−1σ0(Q)
1

n!

[
n∏

j=1

d4qj
(2π)3

δ+(q2j )g
2
SCa

2p1 · p2
p1 · qjp2 · qj

]
δ+(K2 −Q2) ✭✺✳✶✼✮

P♦❞❡♠♦s ✉t✐❧✐③❛r ❧❛ δ+(K2 − Q2) ♣❛r❛ r❡❛❧✐③❛r ❧❛ ✐♥t❡❣r❛❧ ❡♥ z✱ ②❛ q✉❡ Q2 = zs✱ ❡♥t♦♥❝❡s

δ+(K2 −Q2) = δ+(K2/s− z)/s✳ ❚❡♥❡♠♦s ❡♥t♦♥❝❡s ✜♥❛❧♠❡♥t❡ q✉❡

dσn
dQ2

(N) =
σ0(Q)

s

1

n!
zN−1

[
n∏

j=1

d4qj
(2π)3

δ+(q2j )g
2
SCa

2p1 · p2
p1 · qjp2 · qj

]
✭✺✳✶✽✮

❋✐♥❛❧♠❡♥t❡ ✈❛♠♦s ❛ r❡❡s❝r✐❜✐r ❡❧ ❢❛❝t♦r zN−1✳ ❙❡❛ ωq ❧❛ ❝♦♠♣♦♥❡♥t❡ ❝❡r♦ ❞❡ ❧❛ s✉♠❛ ❞❡ ❧♦s

❝✉❛❞r✐♠♦♠❡♥t♦s s♦❢t✱ ② ❝♦♥s✐❞❡r❡♠♦s ❡❧ s✐st❡♠❛ ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛ ❞❡ ❧♦s ♣❛rt♦♥❡s ❤❛r❞ p1

② p2✱ q✉❡ t✐❡♥❡♥ ❡♥❡r❣í❛ E =
√
s/2✳ ◗✉❡r❡♠♦s ✈❡r q✉❡✱ ♣❛r❛ z = Q2/s ❝❡r❝❛♥♦ ❛ 1✱ ✈❛❧❡ q✉❡

z ≃ 1 − ωq/E✳ ❆❤♦r❛ ❜✐❡♥✱ ωq ❡s ❧❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❧❛ ❡♥❡r❣í❛ ❞❡ ❧♦s ♣❛rt♦♥❡s ❡♥tr❛♥t❡s ②

✾✶



❛q✉❡❧❧❛ ❧❧❡✈❛❞❛ ♣♦r ❡❧ s✐st❡♠❛ F ✱ ❞❡ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ Q✳ ❉❛❞♦ q✉❡ ❧❛ ❡♠✐s✐ó♥ ❡s s♦❢t✱ F s❡

❡♥❝✉❡♥tr❛ ♣rá❝t✐❝❛♠❡♥t❡ ❡♥ r❡♣♦s♦ ❡♥ ❡❧ s✐st❡♠❛ ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛ ❞❡ ❧♦s ♣❛rt♦♥❡s ❤❛r❞✱

❛ ♠❡♥♦s ❞❡ ❝♦rr❡❝❝✐♦♥❡s ❞❡ ♦r❞❡♥ ωq/E✱ ② ♣♦r ❧♦ t❛♥t♦ s✉ ❡♥❡r❣í❛ ❡s ❛♣r♦①✐♠❛❞❛♠❡♥t❡ Q✳

❊♥t♦♥❝❡s✱

1− ωq

E
≃ 1− 2E −Q

E
= 1− 2 + 2

√
z ≃ z ✭✺✳✶✾✮

❛ ♠❡♥♦s ❞❡ ❝♦rr❡❝❝✐♦♥❡s ❞❡ ♦r❞❡♥ (1− z)2✳ ❆ ❧❛ ✈❡③✱ ωq =
∑n

i=1 ωi✳ ❉❛❞♦ q✉❡ ωq/E ≪ 1✱ ②

♣♦r ❡♥❞❡ t❛♠❜✐é♥ ωi/E ≪ 1✱ ♣♦❞❡♠♦s ❛♣r♦①✐♠❛r

z ≃
(
1− ωq

E

)
≃

n∏

i=1

(
1− ωi

E

)
✭✺✳✷✵✮

❛ ♠❡♥♦s ❞❡ ❝♦rr❡❝❝✐♦♥❡s ❞❡ ♦r❞❡♥ (ωi/E)
2✳ ❱♦❧✈✐❡♥❞♦ ❡♥t♦♥❝❡s ❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✶✽✮✱ t❡♥❡♠♦s

✉♥❛ ❢❛❝t♦r✐③❛❝✐ó♥ ❝♦♠♣❧❡t❛ ❞❡ ❧❛ ❢♦r♠❛

dσn
dQ2

(N) =
σ0(Q)

s

1

n!

[
n∏

j=1

d4qj
(2π)3

δ+(q2j )g
2
SCa

2p1 · p2
p1 · qjp2 · qj

(
1− ωi

E

)N−1
]

✭✺✳✷✶✮

▲♦s n ❢❛❝t♦r❡s ❞❡ ❧❛ ♣r♦❞✉❝t♦r✐❛ s♦♥ n ✐♥t❡❣r❛❧❡s ✐❞é♥t✐❝❛s✱ ❝♦♥ ❧♦ ❝✉❛❧ ♣♦❞❡♠♦s ❡s❝r✐❜✐r❧❛s

❝♦♠♦
dσn
dQ2

(N) =
σ0(Q)

s

1

n!

[
d4q

(2π)3
δ+(q2)g2SCa

2p1 · p2
p1 · q p2 · q

(
1− ωq

E

)N−1
]n

✭✺✳✷✷✮

❯♥ ❞❡t❛❧❧❡ ❛ t❡♥❡r ❡♥ ❝✉❡♥t❛ ❡s q✉❡ s✐ ❜✐❡♥ ❧❛s ✐♥t❡❣r❛❧❡s s♦♥ t♦❞❛s ✐❞é♥t✐❝❛s✱ ❡♥ ♣r✐♥❝✐♣✐♦

s❡ ❡♥❝✉❡♥tr❛♥ r❡❧❛❝✐♦♥❛❞❛s ❡♥ ❢♦r♠❛ ♥♦ tr✐✈✐❛❧ ♣♦r r❡str✐❝❝✐♦♥❡s ❝✐♥❡♠át✐❝❛s✳ P♦r ❡❥❡♠♣❧♦✱

❧❛ s✉♠❛ ❞❡ ❧❛s ❡♥❡r❣í❛s ❞❡ ❧♦s ❣❧✉♦♥❡s s♦❢t✱ ωq✱ ❞❡❜❡ s❡r ♠❡♥♦r ❛ E✱ ❧♦ ❝✉❛❧ ✐♠♣❧✐❝❛ q✉❡ ❧♦s

❧í♠✐t❡s ❞❡ ✐♥t❡❣r❛❝✐ó♥ ❞❡ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ✐♥t❡❣r❛❧❡s ❡♥ d4qi s❡ ❡♥❝✉❡♥tr❛♥ ❝♦♥❝❛t❡♥❛❞♦s ❡♥tr❡

sí✳ ❙✐♥ ❡♠❜❛r❣♦✱ ♣♦❞❡♠♦s ♦♠✐t✐r ❡s❛ r❡str✐❝❝✐ó♥ s✐ só❧♦ ♣r❡t❡♥❞❡♠♦s ✉♥ r❡s✉❧t❛❞♦ ✈á❧✐❞♦ ❡♥

❡❧ ❧í♠✐t❡ s♦❢t✱ ♣✉❡st♦ q✉❡ ❡♥ ❞✐❝❤♦ ❧í♠✐t❡ ωq ≪ E ❞❡ t♦❞❛s ❢♦r♠❛s✳ ❋✐♥❛❧♠❡♥t❡ ❡♥t♦♥❝❡s✱ ❡❧

r❡s✉❧t❛❞♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✷✷✮ s❡ ♠❛♥t✐❡♥❡ ✈á❧✐❞♦ ❡♥ ❞✐❝❤♦ ❧í♠✐t❡✳

❊✈✐❞❡♥t❡♠❡♥t❡✱ s✐ ❛❤♦r❛ ❞❡s❛♠♦s ❝♦♥s✐❞❡r❛r ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❞❡ ❧❛ ❡♠✐s✐ó♥ ❞❡ ❣❧✉♦♥❡s

s♦❢t ❛ t♦❞♦ ♦r❞❡♥ ❡♥ t❡♦rí❛ ❞❡ ♣❡rt✉r❜❛❝✐♦♥❡s✱ ❧❛ s✉♠❛ s♦❜r❡ n ❞❡ ❧❛ ❡①♣r❡s✐ó♥ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥

✭✺✳✷✷✮ ❞❛rá ❝♦♠♦ r❡s✉❧t❛❞♦ ✉♥❛ ❡①♣♦♥❡♥❝✐❛❧✳ ❉❡✜♥✐❡♥❞♦ ❡❧ ❢❛❝t♦r ❞❡ ❙✉❞❛❦♦✈ ❞❡ ❧❛ s✐❣✉✐❡♥t❡

♠❛♥❡r❛
∞∑

n=0

dσn
dQ2

(N) =
σ0(Q)

s
∆̃N ✭✺✳✷✸✮

✾✷



t❡♥❡♠♦s q✉❡

ln ∆̃N =
d4q

(2π)3
δ+(q2)g2SCa

2p1 · p2
p1 · q p2 · q

(
1− ωq

E

)N−1

✭✺✳✷✹✮

❉❡ ❡st❛ ❢♦r♠❛✱ ❡♥t♦♥❝❡s✱ ❤❡♠♦s ❡①♣♦♥❡♥❝✐❛❞♦ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❞❡ ❧♦s ❣❧✉♦♥❡s s♦❢t✳ ❍❡♠♦s

♣✉❡st♦ ✉♥ t✐❧❞❡ s♦❜r❡ ❡❧ ❢❛❝t♦r ❞❡ ❙✉❞❛❦♦✈✱ ♣✉❡s ❡♥ r❡❛❧✐❞❛❞ ❤❛st❛ ❡st❡ ♠♦♠❡♥t♦ só❧♦ ❤❡♠♦s

❝♦♥s✐❞❡r❛❞♦ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ♣r♦✈❡♥✐❡♥t❡s ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s r❡❛❧❡s✳

❘❡❛❧✐③❛♠♦s ❧❛ ♣r✐♠❡r ✐♥t❡❣r❛❝✐ó♥ s♦❜r❡ d4q ✉t✐❧✐③❛♥❞♦ ❧❛ s✐❣✉✐❡♥t❡ ✐❞❡♥t✐❞❛❞

d4qδ+(q2) =
d3q

2ωq

✭✺✳✷✺✮

▲✉❡❣♦✱ ❧❛s ✐♥t❡❣r❛❧❡s r❡st❛♥t❡s ❧❛s ♣♦❞❡♠♦s ❡s❝r✐❜✐r ❡♥ tér♠✐♥♦s ❞❡ ❧❛ ❡♥❡r❣í❛✱ ❡❧ ✐♠♣✉❧s♦

tr❛♥s✈❡rs♦ qt ② ❡❧ á♥❣✉❧♦ ❛③✐♠✉t❛❧ φ✿

~q = (qt cosφ, qt sinφ, qz) ✭✺✳✷✻✮

dqxdqy = qtdqtdφ = 1
2
dq2t dφ ✭✺✳✷✼✮

P❛r❛ ❧❛ ✐♥t❡❣r❛❧ ❡♥ dqz s❡♣❛r❛♠♦s ❡♥ ❞♦s ❝❛s♦s✱ qz ♣♦s✐t✐✈♦ ♦ ♥❡❣❛t✐✈♦✱ ② ❡♥ ❝❛❞❛ ❝❛s♦

♣❛s❛♠♦s ❛ ❧❛ ✈❛r✐❛❜❧❡ ωq✳ ❚❡♥❡♠♦s r❡s♣❡❝t✐✈❛♠❡♥t❡ q✉❡ dqz = ±dωqωq/|qz|✳ ❊st❛s ❞♦s

✐♥t❡❣r❛❧❡s s❡ ♣✉❡❞❡♥ ❥✉♥t❛r ❡♥ ✉♥❛ s♦❧❛✱ ❝♦♥ ❧♦ ❝✉❛❧ ❛♣❛r❡❝❡ ✉♥ ❢❛❝t♦r ✷ ❡①tr❛✱ ❝♦♥ ❧♦ ❝✉❛❧

❡♥t♦♥❝❡s ♣♦❞❡♠♦s r❡❡♠♣❧❛③❛r dqz → 2dωqωq/|qz|✱ ②❛ q✉❡ ❡❧ ✐♥t❡❣r❛♥❞♦ ❡s ✐♥✈❛r✐❛♥t❡ ❢r❡♥t❡

❛❧ ✐♥t❡r❝❛♠❜✐♦ qz → −qz✳ ❉❡ ❡st❡ ♠♦❞♦✱ ❡♥t♦♥❝❡s✱ t❡♥❡♠♦s q✉❡

d3q = dωqdq
2
t dφωq/|qz| ✭✺✳✷✽✮

dωq = −E dz ✭✺✳✷✾✮

d3q = −Edzdq2t dφωq/|qz| ✭✺✳✸✵✮

2p1 · p2
p1 · q p2 · q

=
4s

sω2
q (1− cos θ)(1 + cos θ)

=
4

ω2
q sin

2 θ
=

4

q2t
✭✺✳✸✶✮

❋✐♥❛❧♠❡♥t❡✱ ❝♦♠♦ ❡st❛♠♦s ✐♥t❡r❡s❛❞♦s ❡♥ r❡s✉♠❛r ❡❧ ❧♦❣❛r✐t♠♦ ❞♦♠✐♥❛♥t❡✱ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥

s❡ ♦r✐❣✐♥❛rá ❞❡ ❝♦♥✜❣✉r❛❝✐♦♥❡s s♦❢t ② ❝♦❧✐♥❡❛❧❡s s✐♠✉❧tá♥❡❛♠❡♥t❡✳ ❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❡♥✲

t♦♥❝❡s q✉❡ qt ≪ ωq✱ s❡ ❧❧❡❣❛ ❛ q✉❡ qz ≃ ωq✳ ❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ t♦❞♦s ❡st♦s r❡s✉❧t❛❞♦s✱ ❡❧

❢❛❝t♦r ❞❡ ❙✉❞❛❦♦✈ t♦♠❛ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛

ln ∆̃N = 2

∫ 1

0

dz
zN−1

1− z

∫ (q♠❛①
t )2

(q♠✐♥
t )2

dq2t
q2t

αS

π
Ca ✭✺✳✸✷✮

✾✸



❡♥ ❞♦♥❞❡ ❤❡♠♦s r❡❛❧✐③❛❞♦ tr✐✈✐❛❧♠❡♥t❡ ❧❛ ✐♥t❡❣r❛❧ s♦❜r❡ φ✱ ② ❡❧ s✐❣♥♦ ♠❡♥♦s ❞❡❧ ❥❛❝♦❜✐❛♥♦

s❡ ❛❜s♦r✈✐♦ ❡♥ ❧♦s ❧í♠✐t❡s ❞❡ ✐♥t❡❣r❛❝✐ó♥ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ z✳ ▲♦s ❧í♠✐t❡s ❞❡ ✐♥t❡❣r❛❝✐ó♥ s♦♥

q♠✐♥
t = 0 ② q♠❛①

t = (1− z)Q✳

▲❛ ❡①♣r❡s✐ó♥ ♦❜t❡♥✐❞❛ ❡s ♦❜✈✐❛♠❡♥t❡ ❞✐✈❡r❣❡♥t❡❀ ♣❛r❛ ❧❧❡❣❛r ❛ ✉♥ r❡s✉❧t❛❞♦ ✜♥✐t♦ ❞❡❜❡✲

♠♦s ✐♥❝❧✉✐r ❧❛s ❝♦rr❡❝❝✐♦♥❡s ✈✐rt✉❛❧❡s ② ❧♦s ❝♦♥tr❛tér♠✐♥♦s ♣r♦✈❡♥✐❡♥t❡s ❞❡ ❧❛ ❢❛❝t♦r✐③❛❝✐ó♥

❝♦❧✐♥❡❛❧✳ ▲♦s ♣r✐♠❡r♦s r❡❣✉❧❛r✐③❛rá♥ ❧❛ ❞✐✈❡r❣❡♥❝✐❛ ♣r❡s❡♥t❡ ❡♥ z = 1✱ ♠✐❡♥tr❛s q✉❡ ❧♦s

s❡❣✉♥❞♦s s❡ ❡♥❝❛r❣❛rá♥ ❞❡ ❧❛ ❞✐✈❡r❣❡♥❝✐❛ ♣❛r❛ qt = 0 r❡♠❛♥❡♥t❡✳ ◆♦ ❞❡♠♦str❛r❡♠♦s ❧♦s

s✐❣✉✐❡♥t❡s r❡s✉❧t❛❞♦s✱ ♣❡r♦ s❡ ♣✉❡❞❡ ✈❡r q✉❡ ❧❛ ✐♥❝❧✉s✐ó♥ ❞❡ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ✈✐rt✉❛❧❡s ✐♠✲

♣❧✐❝❛ ❡❧ r❡❡♠♣❧❛③♦ zN−1 → zN−1 − 1✱ ❧♦ ❝✉❛❧ ❡♥ ❡❢❡❝t♦ ❝✉r❛ ❧❛ ❞✐✈❡r❣❡♥❝✐❛ s♦❢t ② ❣❛r❛♥t✐③❛

❧❛ ✉♥✐t❛r✐❡❞❛❞✱ ♠✐❡♥tr❛s q✉❡ ❧♦s ❝♦♥tr❛tér♠✐♥♦s ❝♦❧✐♥❡❛❧❡s ❣❡♥❡r❛♥ ❡❧ r❡❡♠♣❧❛③♦ q♠✐♥
t → µF ✱

s✐❡♥❞♦ ❡st❛ ❧❛ ❡s❝❛❧❛ ❞❡ ❢❛❝t♦r✐③❛❝✐ó♥✳

❊❧ ❢❛❝t♦r ❞❡ ❙✉❞❛❦♦✈ t♦♠❛ ❡♥t♦♥❝❡s ✜♥❛❧♠❡♥t❡ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛✿

ln∆N = 2

∫ 1

0

dz
zN−1 − 1

1− z

∫ (1−z)2Q2

µ2
F

dq2t
q2t

αS

π
Ca. ✭✺✳✸✸✮

❙✐ ❜✐❡♥ ❡♥ ♣r✐♥❝✐♣✐♦ ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❛❝♦♣❧❛♠✐❡♥t♦ ❢✉❡rt❡ ❞❡❜❡rí❛ ❡st❛r ❡✈❛❧✉❛❞❛ ❡♥ ❛❧❣✉♥❛

❡s❝❛❧❛ ❞❡♣❡♥❞✐❡♥t❡ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ✐♥t❡❣r❛❝✐ó♥✱ ♣♦r ❡❥❡♠♣❧♦ qt✱ ❛ ❧♦s ✜♥❡s ❞❡ ❝❛❧❝✉❧❛r ❧❛s

❝♦♥tr✐❜✉❝✐♦♥❡s ❞❡❧ ❧♦❣❛r✐t♠♦ ❞♦♠✐♥❛♥t❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r❧❛ ❝♦♥st❛♥t❡✱ ♣♦r ❧♦ t❛♥t♦

ln∆N = 2
αS(Q

2)

π
Ca

∫ 1

0

dz
zN−1 − 1

1− z

∫ (1−z)2Q2

µ2
F

dq2t
q2t
. ✭✺✳✸✹✮

❘❡❛❧✐③❛♥❞♦ ❧❛ ♣r✐♠❡r ✐♥t❡❣r❛❧✱ t❡♥❡♠♦s q✉❡

ln∆N = 2
αS(Q

2)

π
Ca

∫ 1

0

dz
zN−1 − 1

1− z

[
2 ln(1− z) + ln

(
Q2

µF

)]
, ✭✺✳✸✺✮

❧♦ ❝✉❛❧ ♣✉❡❞❡ s❡r ❡①♣r❡s❛❞♦ ❡♥ tér♠✐♥♦s ❞❡ ❞✐str✐❜✉❝✐♦♥❡s ♣❧✉s ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

ln∆N = 2
αS(Q

2)

π
Ca

∫ 1

0

dz zN−1

[
2D1(z) + ln

(
Q2

µF

)
D0(z)

]
. ✭✺✳✸✻✮

▲❛ ❝♦♥tr✐❜✉❝✐ó♥ ❞♦♠✐♥❛♥t❡ ✈✐❡♥❡ ❞❛❞❛ ♣♦r ❡❧ ♣r✐♠❡r tér♠✐♥♦✱ ♣✉❡s
∫ 1

0

dz zN−1 Dk(z) =
(−1)k+1

k + 1
lnk+1N +O(lnkN). ✭✺✳✸✼✮

❉❡ ❡st❡ ♠♦❞♦✱ ♦❜t❡♥❡♠♦s ✜♥❛❧♠❡♥t❡ q✉❡

ln∆N = 2
αS(Q

2)

π
Ca ln

2N +O(lnN) ✭✺✳✸✽✮

✾✹



❊st❛ ❡①♣r❡s✐ó♥ r❡s✉♠❛ ❡♥t♦♥❝❡s t♦❞♦s ❧♦s ❧♦❣❛r✐t♠♦s ❞♦♠✐♥❛♥t❡s✱ ❞❡ ❧❛ ❢♦r♠❛ αk
S ln

2kN ✳

P❛r❛ ❤❛❝❡r ❡①♣❧í❝✐t♦ ❡❧ s✐❣♥✐✜❝❛❞♦ ❞❡ ❡st♦✱ ❡①♣❛♥❞✐♠♦s ♥✉❡str♦ r❡s✉❧t❛❞♦ ❡♥ ♣♦t❡♥❝✐❛s ❞❡

αS✿

∆N = 1 +
αS

π

[
2Ca ln

2N +O(lnN)
]
+
(αS

π

)2 [
2C2

a ln
4N +O(ln3N)

]

+
(αS

π

)3 [
4
3
C3

a ln
4N +O(ln3N)

]
+O(α4

S), ✭✺✳✸✾✮

② ❛ ❝❛❞❛ ♦r❞❡♥ s❡ ♣r❡❞✐❝❡ ❡♥ ❢♦r♠❛ ❝♦rr❡❝t❛ ❡❧ ❝♦❡✜❝✐❡♥t❡ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❧❛ ♠❛②♦r ♣♦t❡♥❝✐❛

❞❡ lnN ✳

✺✳✷✳ ❋♦r♠❛❧✐s♠♦ ② r❡s✉♠❛❝✐ó♥ ❛ ◆◆▲▲

❈♦♠❡♥③❛r❡♠♦s ❡♥t♦♥❝❡s ♣♦r ❞❡✜♥✐r ❡❧ ❢♦r♠❛❧✐s♠♦ ♥❡❝❡s❛r✐♦ ♣❛r❛ r❡❛❧✐③❛r ❧❛ r❡s✉♠❛❝✐ó♥

❞❡ ✉♠❜r❛❧✳ ❆❧ ✐❣✉❛❧ q✉❡ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ❝♦♥s✐❞❡r❛♠♦s ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❞♦s ❜♦s♦♥❡s

❞❡ ❍✐❣❣s ✈í❛ ❧♦♦♣s ❞❡ q✉❛r❦s t♦♣✱ ② tr❛❜❛❥❛♠♦s ❞❡♥tr♦ ❞❡ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡ q✉❛r❦ t♦♣

♣❡s❛❞♦✳ ❘❡❝♦r❞❡♠♦s q✉❡ ❡♥ ❞✐❝❤♦ ❧í♠✐t❡ ❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ ❡❢❡❝t✐✈♦ ❡♥tr❡ ❣❧✉♦♥❡s ② ❜♦s♦♥❡s

❞❡ ❍✐❣❣s ✈✐❡♥❡ ❞❛❞♦ ♣♦r ❡❧ ▲❛❣r❛♥❣✐❛♥♦

L❡✛ = −1

4
GµνG

µν

(
CH

H

v
− CHH

H2

v2

)
. ✭✺✳✹✵✮

❊♥ ♣r✐♠❡r ❧✉❣❛r✱ ✜❥❛r❡♠♦s ❧❛ ♥♦t❛❝✐ó♥ ♣❛r❛ ❡❧ ❝á❧❝✉❧♦ ❛ ♦r❞❡♥ ✜❥♦ ❡♥ ❧❛ ❡①♣❛♥s✐ó♥ ♣❡rt✉r✲

❜❛t✐✈❛✳ ▲❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❤❛❞ró♥✐❝❛✱ ❞✐❢❡r❡♥❝✐❛❧ ❡♥ ❧❛ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ ❞❡❧ s✐st❡♠❛ ❢♦r♠❛❞♦

♣♦r ❧♦s ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s Q✱ ♣✉❡❞❡ ❡s❝r✐❜✐rs❡ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛

Q2 dσ

dQ2
(sH , Q

2) ≡ σ(sH , Q
2) =

∑

a,b

∫ 1

0

dx1 dx2 fa/h1
(x1, µ

2
F ) fb/h2

(x2, µ
2
F )

×
∫ 1

0

dz δ

(
z − τ

x1x2

)
σ̂0 z Gab(z;αS(µ

2
R), Q

2/µ2
R;Q

2/µ2
F ) ,

✭✺✳✹✶✮

❡♥ ❞♦♥❞❡ τ = Q2/sH ✱ µR ② µF s♦♥ ❧❛s ❡s❝❛❧❛s ❞❡ r❡♥♦r♠❛❧✐③❛❝✐ó♥ ② ❢❛❝t♦r✐③❛❝✐ó♥ r❡s✲

♣❡❝t✐✈❛♠❡♥t❡✱ ② σ̂0 ❡s ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣❛rtó♥✐❝❛ ❛ ▲❖✳ ▲❛s ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ♣❛rt♦♥❡s ❞❡

❧♦s ❤❛❞r♦♥❡s ✐♥❝✐❞❡♥t❡s s♦♥ fa/h(x, µ
2
F ) ② ❧♦s s✉❜í♥❞✐❝❡s a, b ❡t✐q✉❡t❛♥ ❡❧ t✐♣♦ ❞❡ ♣❛rtó♥

✭a, b = g, qf , q̄f ✱ ❝♦♥ Nf = 5 s❛❜♦r❡s ❞❡ q✉❛r❦s ❧✐✈✐❛♥♦s✮✳ ❊❧ ❝♦❡✜❝✐❡♥t❡ ♣❛rtó♥✐❝♦ Gab ♣✉❡❞❡

✾✺



s❡r ❡①♣❛♥❞✐❞♦ ❡♥ ♣♦t❡♥❝✐❛s ❞❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ r❡♥♦r♠❛❧✐③❛❞♦ ❞❡ ◗❈❉ αS(µ
2
R) ✭❞❡ ❛q✉í ❡♥

❛❞❡❧❛♥t❡✱ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❞❡ αS ❝♦♥ µR s❡ ❡♥❝✉❡♥tr❛ s♦❜r❡❡♥t❡♥❞✐❞❛✮✿

Gab(z;αS, Q
2/µ2

R;Q
2/µ2

F ) =
+∞∑

n=0

(αS

2π

)n
G

(n)
ab (z;Q

2/µ2
R;Q

2/µ2
F ) . ✭✺✳✹✷✮

❯t✐❧✐③❛♠♦s ❡❧ ❡sq✉❡♠❛ ▼❙ ♣❛r❛ ❧❛ r❡♥♦r♠❛❧✐③❛❝✐ó♥ ❞❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ ❢✉❡rt❡✳

❉❛❞♦ q✉❡ ❧❛ r❡s✉♠❛❝✐ó♥ ❞❡ ✉♠❜r❛❧ ❞❡❜❡ s❡r r❡❛❧✐③❛❞❛ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ▼❡❧❧✐♥ ❬✶✷✸✱✶✷✹❪✱

✐♥tr♦❞✉❝✐♠♦s ❛q✉í ❧❛ ♥♦t❛❝✐ó♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡✳ ❈♦♥s✐❞❡r❛♠♦s ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▼❡❧❧✐♥

❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❤❛❞ró♥✐❝❛✱ σN(Q2)✳ ▲♦s ♠♦♠❡♥t♦s ❞❡ ▼❡❧❧✐♥ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ✈❛r✐❛❜❧❡

τ = Q2/sH ♣❛r❛ Q ❝♦♥st❛♥t❡ s❡ ❞❡✜♥❡♥ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

σN(Q
2) ≡

∫ 1

0

dτ τN−1 σ(sH , Q
2) . ✭✺✳✹✸✮

❊♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ▼❡❧❧✐♥✱ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✹✶✮ t♦♠❛ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛ ❢❛❝t♦r✐③❛❞❛✿

σN−1(Q
2) = σ̂0

∑

a,b

fa/h1, N(µ
2
F ) fb/h2 N(µ

2
F ) Gab,N(αS, Q

2/µ2
R;Q

2/µ2
F ) , ✭✺✳✹✹✮

❡♥ ❞♦♥❞❡ ❤❡♠♦s ✐♥tr♦❞✉❝✐❞♦ ❧♦s ♠♦♠❡♥t♦s ❞❡ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ♣❛rt♦♥❡s ② ❞❡❧ ❝♦❡✜❝✐❡♥t❡

♣❛rtó♥✐❝♦ ❝♦♠♦

fa/h,N(µ
2
F ) =

∫ 1

0

dx xN−1 fa/h(x, µ
2
F ) , ✭✺✳✹✺✮

Gab,N =

∫ 1

0

dz zN−1 Gab(z) . ✭✺✳✹✻✮

❯♥❛ ✈❡③ q✉❡ ❡st♦s ♠♦♠❡♥t♦s s♦♥ ❝♦♥♦❝✐❞♦s✱ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❢ís✐❝❛ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ z ❡s

♦❜t❡♥✐❞❛ ❛ tr❛✈és ❞❡ ❧❛ ✐♥✈❡rs✐ó♥ ❞❡ ▼❡❧❧✐♥

σres(sH , Q
2) = σ̂0

∑

a,b

∫ CMP+i∞

CMP−i∞

dN

2πi

(
Q2

sH

)−N+1

fa/h1, N(µ
2
F ) fb/h2 N(µ

2
F )

× Gab,N(αS, Q
2/µ2

R;Q
2/µ2

F ) , ✭✺✳✹✼✮

❡♥ ❞♦♥❞❡ ❧❛ ❝♦♥st❛♥t❡ CMP q✉❡ ❞❡✜♥❡ ❡❧ ❝♦♥t♦r♥♦ ❞❡ ✐♥t❡❣r❛❝✐ó♥ ❡♥ ❡❧ ♣❧❛♥♦ ❞❡ ❧❛ ✈❛r✐❛❜❧❡

N s❡ ❡♥❝✉❡♥tr❛ ❛ ❧❛ ❞❡r❡❝❤❛ ❞❡ t♦❞❛s ❧❛s ♣♦s✐❜❧❡s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡❧ ✐♥t❡❣r❛♥❞♦✱ t❛❧ ❝♦♠♦

s❡ ❡♥❝✉❡♥tr❛ ❞❡✜♥✐❞♦ ❡♥ ❧❛ Pr❡s❝r✐♣❝✐ó♥ ▼í♥✐♠❛ ❡♥ ❧❛ ❘❡❢✳ ❬✻✸❪✳

❱❛♠♦s ❛ ❝♦♥s✐❞❡r❛r ❧❛ s✉♠❛ ❛ t♦❞♦ ♦r❞❡♥ ❡♥ t❡♦rí❛ ❞❡ ♣❡rt✉r❜❛❝✐♦♥❡s ❞❡ ❧♦s tér♠✐♥♦s

❞♦♠✐♥❛♥t❡s ❡♥ ❡❧ ✉♠❜r❛❧ ❞❡ ♣r♦❞✉❝❝✐ó♥ ✭z → 1✮✱ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛❧ ❧í♠✐t❡ N → ∞ ❡♥ ❡❧

✾✻



❡s♣❛❝✐♦ ❞❡ ▼❡❧❧✐♥✳ ❊♥ ❡st❡ ❧í♠✐t❡✱ ❡❧ ú♥✐❝♦ ❝❛♥❛❧ ♣❛rtó♥✐❝♦ ♥♦ s✉♣r✐♠✐❞♦ ❡s ❛q✉❡❧ ✐♥✐❝✐❛❞♦ ♣♦r

❣❧✉♦♥❡s✱ ♣♦r ❧♦ t❛♥t♦ só❧♦ ❝♦♥s✐❞❡r❛r❡♠♦s s✉ ❝♦♥tr✐❜✉❝✐ó♥✳✶ ▲❛ r❡s✉♠❛❝✐ó♥ ❞❡ ❧♦s ❣❧✉♦♥❡s

s♦❢t s❡ r❡❛❧✐③❛ ❡s❝r✐❜✐❡♥❞♦ ❡❧ ❝♦❡✜❝✐❡♥t❡ ♣❛rtó♥✐❝♦ Ggg,N ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

G
(res)
gg,N(αS, Q

2/µ2
R;Q

2/µ2
F ) = Cgg(αS, Q

2/µ2
R;Q

2/µ2
F )∆N(αS, Q

2/µ2
R;Q

2/µ2
F ), ✭✺✳✹✽✮

▲❛s ❝♦rr❡❝❝✐♦♥❡s ❧♦❣❛rít♠✐❝❛s ❞♦♠✐♥❛♥t❡s ✭q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ❧❛ ❢♦r♠❛ αn
S ln

2n−kN ❡♥ ❡❧ ❡s♣❛✲

❝✐♦ ❞❡ ▼❡❧❧✐♥✮ s♦♥ ❡①♣♦♥❡♥❝✐❛❞❛s ❡♥ ❡❧ ❢❛❝t♦r ❞❡ ❙✉❞❛❦♦✈ ∆N ✱ ❡❧ ❝✉❛❧ ❞❡♣❡♥❞❡ ú♥✐❝❛♠❡♥t❡

❞❡ ❧❛ ❞✐♥á♠✐❝❛ ❞❡ ❧❛ ❡♠✐s✐ó♥ ❞❡ ❣❧✉♦♥❡s s♦❢t ❛ ♣❛rt✐r ❞❡ ❧♦s ♣❛rt♦♥❡s ❞❡❧ ❡st❛❞♦ ✐♥✐❝✐❛❧✳

P✉❡❞❡ s❡r ❡①♣❛♥❞✐❞♦ ❝♦♠♦

ln∆N

(
αS, lnN ;

Q2

µ2
R

,
Q2

µ2
F

)
= lnN g(1)(b0αS lnN) + g(2)(b0αS lnN,Q

2/µ2
R;Q

2/µ2
F )

+ αS g
(3)(b0αS lnN,Q

2/µ2
R;Q

2/µ2
F )

+
+∞∑

n=4

αn−2
S g(n)(b0αS lnN,Q

2/µ2
R;Q

2/µ2
F ) , ✭✺✳✹✾✮

❡♥ ❞♦♥❞❡ b0 ❡s ❡❧ ♣r✐♠❡r ❝♦❡✜❝✐❡♥t❡ ❞❡ ❧❛ ❢✉♥❝✐ó♥ β ❞❡ ◗❈❉✳

▲❛ ❢✉♥❝✐ó♥ lnN g(1) r❡s✉♠❛ t♦❞❛s ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❧♦❣❛rít♠✐❝❛s ❞♦♠✐♥❛♥t❡s ❞❡ ❧❛ ❢♦r♠❛

αn
S ln

n+1N ✭▲▲✱ ♣♦r ❧❡❛❞✐♥❣ ❧♦❣❛r✐t❤♠✐❝✮✱ g(2) ❝♦♥t✐❡♥❡ ❧♦s tér♠✐♥♦s s✉❜❞♦♠✐♥❛♥t❡s αn
S ln

nN

✭◆▲▲✱ ♣♦r ♥❡①t✲t♦✲❧❡❛❞✐♥❣ ❧♦❣❛r✐t❤♠✐❝✮✱ αS g
(3) ❛q✉❡❧❧♦s ❞❡ ❧❛ ❢♦r♠❛ αn+1

S lnnN ✭◆◆▲▲✮✱ ②

❛sí s✉❝❡s✐✈❛♠❡♥t❡✳

❊❧ ♦❜❥❡t✐✈♦ q✉❡ ❜✉s❝❛♠♦s ❡s ❧♦❣r❛r ❡✈❛❧✉❛r ❧❛s ❢✉♥❝✐♦♥❡s g(n) ❛ ♣❛rt✐r ❞❡ ✉♥♦s ♣♦❝♦s

❝♦❡✜❝✐❡♥t❡s ❝❛❧❝✉❧❛❜❧❡s ♣❡rt✉r❜❛t✐✈❛♠❡♥t❡✳ ❊st♦ ♣✉❡❞❡ ❧♦❣r❛rs❡ r❡❡s❝r✐❜✐❡♥❞♦ ❧❛ ❢ór♠✉❧❛ ❞❡

r❡s✉♠❛❝✐ó♥ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

G
(res)
gg,N(αS, Q

2/µ2
R;Q

2/µ2
F ) = Cgg(αS, Q

2/µ2
R;Q

2/µ2
F ) ✭✺✳✺✵✮

× ∆N(αS, Q
2/µ2

R;Q
2/µ2

F ) +O(1/N).

❊❧ ❢❛❝t♦r Cgg ❡s ❝♦♠♣❧❡t❛♠❡♥t❡ ❛♥á❧♦❣♦ ❛❧ ❢❛❝t♦r Cgg✱ ② só❧❛♠❡♥t❡ ❞✐✜❡r❡ ❡♥ q✉❡ ❛❧❣✉♥♦s

tér♠✐♥♦s ❝♦♥st❛♥t❡s ❡♥ N ✱ ♣r❡s❡♥t❡s ❡♥ Cgg✱ ❤❛♥ s✐❞♦ tr❛s❧❛❞❛❞♦s ❛ ∆N ✳ ❊st❡ ú❧t✐♠♦ ♣✉❡❞❡

✶❊st♦ ❡s ❡str✐❝t❛♠❡♥t❡ ❝✐❡rt♦ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜♦só♥ ❞❡ ❍✐❣❣s✱ ❡♥ ❞♦♥❞❡ ❡❧ ú♥✐❝♦ ♦tr♦

♣♦s✐❜❧❡ ❝❛♥❛❧ ❞❛♥❞♦ ❧✉❣❛r ❛ ❞✐✈❡r❣❡♥❝✐❛s s♦❢t ❡s ❡❧ ✐♥✐❝✐❛❞♦ ♣♦r ✉♥ ♣❛r q✉❛r❦✲❛♥t✐q✉❛r❦ ✈í❛ ❧♦♦♣s ❞❡ ❣❧✉♦♥❡s✱

♣❡r♦ ❡st❡ s❡ ❛♥✉❧❛ ♣♦r ❡❧ ❡s♣í♥ ❝❡r♦ ❞❡❧ ❡st❛❞♦ ✜♥❛❧✳ ❊♥ ♥✉❡str♦ ❝❛s♦✱ ✉♥❛ ❝♦♥tr✐❜✉❝✐ó♥ ❞❡ ❧❛ ❢♦r♠❛ qq̄ → HH

sí ❡s ♣♦s✐❜❧❡✱ ♣❡r♦ ❡♥ ❡❧ ❧í♠✐t❡ ❞❡ ❧❛ ♠❛s❛ ❞❡❧ q✉❛r❦ t♦♣ ❣r❛♥❞❡ s✉ ❝♦♥tr✐❜✉❝✐ó♥ ♣♦❞rí❛ ❛♣❛r❡❝❡r r❡❝✐é♥ ❛

◆4▲❖✱ ② ❞❡ t♦❞❛s ❢♦r♠❛s s❡rí❛ ♥✉♠ér✐❝❛♠❡♥t❡ ❞❡s♣r❡❝✐❛❜❧❡✳

✾✼



❡①♣r❡s❛rs❡ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿ ❬✸✾❪

ln∆N(αS, Q
2/µ2

R;Q
2/µ2

F ) =

∫ 1

0

dz
zN−1 − 1

1− z
✭✺✳✺✶✮

×
[
2

∫ (1−z)2Q2

µ2
F

dq2

q2
A(αS(q

2)) +D(αS((1− z)2Q2))

]
,

❡♥ ❞♦♥❞❡ A(αS) ② D(αS) s♦♥ ❢✉♥❝✐♦♥❡s ♣❡rt✉r❜❛t✐✈❛s

A(αS) =
∞∑

n=1

(αS

π

)n
A(n), D(αS) =

∞∑

n=2

(αS

π

)n
D(n). ✭✺✳✺✷✮

▲♦s ❝♦❡✜❝✐❡♥t❡s A(n) ② D(n) ♣✉❡❞❡♥ s❡r ❡①tr❛✐❞♦s✱ ♣♦r ❡❥❡♠♣❧♦✱ ❞❡❧ ❝á❧❝✉❧♦ ❞❡ Ggg,N ❛ ◆n▲❖✳

❈❛❜❡ ♠❡♥❝✐♦♥❛r q✉❡ ❛❧ ♦r❞❡♥ ♠ás ❜❛❥♦ só❧❛♠❡♥t❡ ❝♦♥tr✐❜✉②❡ ❧❛ ❢✉♥❝✐ó♥ A(αS)✱ s✐❡♥❞♦ ❡st❛

A(αS) =
αS

π
Ca+O(α2

S)✱ ❝♦♥ ❧♦ ❝✉❛❧ s❡ ♦❜t✐❡♥❡ ✉♥❛ ❡①♣r❡s✐ó♥ s✐♠✐❧❛r ❛ ❧❛ q✉❡ ❤❡♠♦s ♠♦t✐✈❛❞♦

❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✸✸✮✳

▲❛ ❢✉♥❝✐ó♥ g(1) ❞❡♣❡♥❞❡ ❞❡ A(1)✱ ❧❛ ❢✉♥❝✐ó♥ g(2) t❛♠❜✐é♥ ❞❡♣❡♥❞❡ ❞❡ A(2) ✭♦❜s❡r✈❛r q✉❡

D(1) = 0✮✱ ❧❛ ❢✉♥❝✐ó♥ g(3) t❛♠❜✐é♥ ❞❡♣❡♥❞❡ ❞❡ A(3) ② D(2)✱ ② ❛sí s✉❝❡s✐✈❛♠❡♥t❡✳ ❚♦❞♦s

❧♦s ❝♦❡✜❝✐❡♥t❡s ♣❡rt✉r❜❛t✐✈♦s r❡q✉❡r✐❞♦s ♣❛r❛ ❝♦♥str✉✐r ❧❛s ❢✉♥❝✐♦♥❡s g(1), g(2) ② g(3) s♦♥

❝♦♥♦❝✐❞♦s ② ❞❡♣❡♥❞❡♥ ú♥✐❝❛♠❡♥t❡ ❞❡ ❧❛ ♥❛t✉r❛❧❡③❛ ❞❡ ❧♦s ♣❛rt♦♥❡s ✐♥❝✐❞❡♥t❡s✳ ▲♦s r❡s✉❧t❛❞♦s

❡①♣❧í❝✐t♦s s♦♥ ❧♦s s✐❣✉✐❡♥t❡s✿ ❬✸✾✱ ✻✵✱✻✺❪

A(1) = Ca, A(2) =
1

2
Ca

[
CA

(
67

18
− ζ2

)
− 5

9
Nf

]
,

A(3) =
1

4
Ca

[
C2

A

(
245

24
− 67

9
ζ2 +

11

6
ζ3 +

11

5
ζ22

)
+ CFNf

(
−55

24
+ 2ζ3

)

+ CANf

(
−209

108
+

10

9
ζ2 −

7

3
ζ3

)
+N2

f

(
− 1

27

)]
,

D(2) = Ca

[
CA

(
−101

27
+

11

3
ζ2 +

7

2
ζ3

)
+Nf

(
14

27
− 2

3
ζ2

)]
, ✭✺✳✺✸✮

❡♥ ❞♦♥❞❡ Ca = CA ♦ ❜✐❡♥ Ca = CF s❡❣ú♥ s✐ ❡❧ ♣r♦❝❡s♦ s❡ ❡♥❝✉❡♥tr❛ ✐♥✐❝✐❛❞♦ ♣♦r ❣❧✉♦♥❡s ♦

✉♥ ♣❛r q✉❛r❦✲❛♥t✐q✉❛r❦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ✭❡♥ ♥✉❡str♦ ❝❛s♦✱ Ca = CA✮✳ ❊♥ tér♠✐♥♦s ❞❡ ❡❧❧❛s✱

✾✽



❧❛s ❢✉♥❝✐♦♥❡s g(1), g(2) ② g(3) t♦♠❛♥ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛ ❬✸✾✱✻✵❪

g(1)(λ) = +
A(1)

πb0λ
[2λ+ (1− 2λ) ln(1− 2λ)] , ✭✺✳✺✹✮

g(2)(λ,Q2/µ2
R;Q

2/µ2
F ) =− A(2)

π2b20
[2λ+ ln(1− 2λ)]− 2A(1)γE

πb0
ln(1− 2λ)

+
A(1)b1
πb30

[
2λ+ ln(1− 2λ) +

1

2
ln2(1− 2λ)

]

+
A(1)

πb0
[2λ+ ln(1− 2λ)] ln

Q2

µ2
R

− 2A(1)

πb0
λ ln

Q2

µ2
F

, ✭✺✳✺✺✮

g(3)(λ,Q2/µ2
R;Q

2/µ2
F ) = +

4A(1)

π
(ζ(2) + γ2E)

λ

1− 2λ
− 2A(1)γEb1
πb20(1− 2λ)

[2λ+ ln(1− 2λ)]

+
A(1)b21

πb40(1− 2λ)

[
2λ2 + 2λ ln(1− 2λ) +

1

2
ln2(1− 2λ)

]

+
A(1)b2
πb30

[
2λ+ ln(1− 2λ) +

2λ2

1− 2λ

]
+

2A(3)

π3b20

λ2

1− 2λ
− D(2)

π2b0

λ

1− 2λ

+
4γEA

(2)

π2b0

λ

1− 2λ
− A(2)b1

π2b30

1

1− 2λ

[
2λ+ ln(1− 2λ) + 2λ2

]

− 2A(2)

π2b0
λ ln

Q2

µ2
F

− A(1)

π
λ ln2 Q

2

µ2
F

+
2A(1)

π
λ ln

Q2

µ2
R

ln
Q2

µ2
F

+
1

1− 2λ

(A(1)b1
πb20

[2λ+ ln(1− 2λ)]− 4A(1)γE
π

λ− 4A(2)

π2b0
λ2
)
ln
Q2

µ2
R

+
2A(1)

π

λ2

1− 2λ
ln2 Q

2

µ2
R

, ✭✺✳✺✻✮

❡♥ ❞♦♥❞❡

λ = b0αS(µ
2
R) lnN , ✭✺✳✺✼✮

② b0, b1, b2 s♦♥ ❧♦s ♣r✐♠❡r♦s tr❡s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧❛ ❢✉♥❝✐ó♥ β ❞❡ ◗❈❉✿ ✷

b0 =
1

12π
(11CA − 2Nf ) , b1 =

1

24π2

(
17C2

A − 5CANf − 3CFNf

)
,

b2 =
1

(4π)3

(
2857

54
C3

A − 1415

54
C2

ANf −
205

18
CACFNf + C2

FNf +
79

54
CAN

2
f +

11

9
CFN

2
f

)
.

✭✺✳✺✽✮

❈♦♥ ❧♦s r❡s✉❧t❛❞♦s ❛♥t❡r✐♦r❡s✱ ②❛ ❡st❛♠♦s ❡♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❡✈❛❧✉❛r ❡❧ ❢❛❝t♦r ❞❡ ❙✉❞❛❦♦✈

∆N ✳ ❙✐♥ ❡♠❜❛r❣♦✱ t♦❞❛✈í❛ ❡s ♥❡❝❡s❛r✐♦ ♦❜t❡♥❡r ❧❛ ❢✉♥❝✐ó♥ Cgg(αS) ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✹✽✮✱

✷◆♦t❛r ❧❛ ❞✐❢❡r❡♥t❡ ♥♦r♠❛❧✐③❛❝✐ó♥ r❡s♣❡❝t♦ ❞❡ ❧❛ ❝♦♥✈❡♥❝✐ó♥ ✉t✐❧✐③❛❞❛ ❡♥ ❧♦s ❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s✱ ♣♦r ❡s❛

r❛③ó♥ ✉t✐❧✐③❛♠♦s ❧❛ ♥♦t❛❝✐ó♥ bi ❡♥ ❧✉❣❛r ❞❡ βi✳

✾✾



❧❛ ❝✉❛❧ ❝♦♥t✐❡♥❡ t♦❞❛s ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s q✉❡ s♦♥ ❝♦♥st❛♥t❡s ❡♥ ❡❧ ❧í♠✐t❡ ❞❡ N ❣r❛♥❞❡✳

❊st❛s s♦♥ ❣❡♥❡r❛❞❛s ♣♦r ❧❛s ❝♦rr❡❝❝✐♦♥❡s ✈✐rt✉❛❧❡s✱ ❝♦♠♦ ❛sí t❛♠❜✐é♥ ♣♦r ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s

♥♦ ❧♦❣❛rít♠✐❝❛s ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s s♦❢t✱ ② ♣✉❡❞❡♥ s❡r ❝❛❧❝✉❧❛❞❛s ❝♦♠♦ ✉♥❛ ❡①♣❛♥s✐ó♥ ❡♥

♣♦t❡♥❝✐❛s ❞❡ αS✿

Cgg(αS, Q
2/µ2

R;Q
2/µ2

F ) = 1 +
+∞∑

n=1

(αS

2π

)n
C(n)

gg (Q2/µ2
R;Q

2/µ2
F ) . ✭✺✳✺✾✮

❊❧ ❝♦❡✜❝✐❡♥t❡ C(i)
gg ✱ ♥❡❝❡s❛r✐♦ ♣❛r❛ r❡❛❧✐③❛r ❧❛ r❡s✉♠❛❝✐ó♥ ❛ ◆i▲▲✱ ♣✉❡❞❡ s❡r ♦❜t❡♥✐❞♦ ❛

♣❛rt✐r ❞❡❧ ❝á❧❝✉❧♦ ❛ ♦r❞❡♥ ✜❥♦ ❛ ◆i▲❖✳ ❉❛❞❛ ❧❛ ♥❛t✉r❛❧❡③❛ ✉♥✐✈❡rs❛❧ ❞❡ ❧❛s ❡♠✐s✐♦♥❡s ❞❡

❣❧✉♦♥❡s s♦❢t✱ ❧❛ ú♥✐❝❛ ❝♦♥tr✐❜✉❝✐ó♥ ❛ C(i)
gg q✉❡ ❞❡♣❡♥❞❡ ❞❡❧ ♣r♦❝❡s♦ q✉❡ s❡ ❡sté ❡st✉❞✐❛♥❞♦

♣r♦✈✐❡♥❡ ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ✈✐rt✉❛❧❡s✳ ❉❡ ❤❡❝❤♦✱ ❡♥ ❧❛ ❘❡❢✳ ❬✷✷❪ ❤❡♠♦s ❞❡r✐✈❛❞♦ ✉♥❛ ❢ór♠✉❧❛

✉♥✐✈❡rs❛❧ ♣❛r❛ ❧♦s ❝♦❡✜❝✐❡♥t❡s ♥❡❝❡s❛r✐♦s ❤❛st❛ ◆◆▲▲✱ q✉❡ ú♥✐❝❛♠❡♥t❡ ❞❡♣❡♥❞❡♥ ❞❡ ❧❛s

❛♠♣❧✐t✉❞❡s ❛ ✉♥♦ ② ❞♦s ❧♦♦♣s ✭♠ás r❡❝✐❡♥t❡♠❡♥t❡ ❡st❡ r❡s✉❧t❛❞♦ ❢✉❡ ❡①t❡♥❞✐❞♦ ❤❛st❛ ◆3▲▲

❡♥ ❧❛ ❘❡❢✳ ❬✶✷✺❪✮✳ P♦r ❧♦ t❛♥t♦✱ ♣♦❞❡♠♦s ♦❜t❡♥❡r ❧❛s ❡①♣r❡s✐♦♥❡s ❝♦rr❡♣♦♥❞✐❡♥t❡s ❛ C(1)
gg ②

C
(2)
gg ❛ ♣❛rt✐r ❞❡ ♥✉❡str♦ ❝á❧❝✉❧♦ ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ✈✐rt✉❛❧❡s ❛ ❞♦s ❧♦♦♣s ❞❡s❝r✐♣t♦ ❡♥ ❧❛

❙❡❝❝✐ó♥ ✹✳✷ ✭❘❡❢✳ ❬✶✷✻❪✮✳ ❊s♣❡❝í✜❝❛♠❡♥t❡✱ t❡♥❡♠♦s q✉❡

C(1)
gg = CA

4π2

3
+ 4CAγ

2
E +

σ̂
(1)
✜♥

σ̂0
, ✭✺✳✻✵✮

C(2)
gg = C2

A

(
− 55ζ3

36
− 14γEζ3 +

607

81
+

404γE
27

+
134γ2E

9
+

44γ3E
9

+ 8γ4E

+
67π2

16
+

14γ2Eπ
2

3
+

91π4

144

)
+ CANf

(
5ζ3
18

− 82

81
− 56γE

27
− 20γ2E

9
− 8γ3E

9
− 5π2

8

)

+ b20
11π4

3
+ CA

σ̂
(1)
✜♥

σ̂0

(
4π2

3
+ 4γ2E

)
+
σ̂
(2)
✜♥

σ̂0
, ✭✺✳✻✶✮

❡♥ ❞♦♥❞❡ γE ❡s ❡❧ ♥ú♠❡r♦ ❞❡ ❊✉❧❡r ② ζn r❡♣r❡s❡♥t❛ ❧❛ ❢✉♥❝✐ó♥ ③❡t❛ ❞❡ ❘✐❡♠❛♥♥✳ ▲❛s ❝♦rr❡❝✲

❝✐♦♥❡s ❛ ✉♥♦ ② ❞♦s ❧♦♦♣s r❡❣✉❧❛r✐③❛❞❛s σ̂(1)
✜♥ ② σ̂(2)

✜♥ s❡ ❡♥❝✉❡♥tr❛♥ ❞❡✜♥✐❞❛s ♣♦r ❧❛s s✐❣✉✐❡♥t❡s

❢ór♠✉❧❛s ✭♣❛r❛ µR = µF = Q✮

CLO =
3M2

H

Q2 −M2
H + iMHΓH

− 1 ,

σ̂
(1)
✜♥

σ̂0
=

1

|CLO|2
(
11 |CLO|2 +

4

3
❘❡ (CLO)

)
, ✭✺✳✻✷✮

σ̂
(2)
✜♥

σ̂0
=

1

|CLO|2 (t+ − t−)

∫ t+

t−

dt
{
|CLO|2 F (2) + ❘❡ (CLO)R(2) + ■♠ (CLO) I(2) + V (2)

}
,

✶✵✵



❝♦♥ t± = −1
2

(
Q2 − 2M2

H ∓Q
√
Q2 − 4M2

H

)
② ❡♥ ❞♦♥❞❡ ❧❛s ❡①♣r❡s✐♦♥❡s ♣❛r❛ F (2)✱ R(2)✱

I(2) ② V (2) ♣✉❡❞❡♥ ❡♥❝♦♥tr❛rs❡ ❡♥ ❧❛ ❙❡❝❝✐ó♥ ✹✳✷✳

❋✐♥❛❧♠❡♥t❡✱ ❝♦♥ ❡❧ ✜♥ ❞❡ ❛♣r♦✈❡❝❤❛r ❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ❞❡❧ r❡s✉❧t❛❞♦ ❛ ♦r❞❡♥ ✜❥♦✱ r❡❛❧✐③❛♠♦s

❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ✉s✉❛❧✿ ❡①♣❛♥❞✐♠♦s ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ r❡s✉♠❛❞❛ ❤❛st❛ O(α4
s)

✸✱ s✉str❛❡♠♦s ❡❧

r❡s✉❧t❛❞♦ ❡①♣❛♥❞✐❞♦ ❛❧ r❡s✉♠❛❞♦✱ ② s✉♠❛♠♦s ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❛ ◆◆▲❖ ❝♦♠♣❧❡t❛✱ ❡s ❞❡❝✐r✿

σNNLL(sH , Q
2) = σres(sH , Q

2)− σres(sH , Q
2)|O(α4

s)
+ σNNLO(sH , Q

2) , ✭✺✳✻✸✮

② ❡♥ ❢♦r♠❛ s✐♠✐❧❛r ♣❛r❛ ❡❧ ▲▲ ② ◆▲▲✳

❈♦♥ ❧❛s ❞❡✜♥✐❝✐♦♥❡s ❞❡ ❡st❛ s❡❝❝✐ó♥✱ ②❛ ❡st❛♠♦s ❡♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ r❡❛❧✐③❛r ❧❛ r❡s✉♠❛❝✐ó♥

❞❡ ✉♠❜r❛❧ ❤❛st❛ ◆◆▲▲✳ P❛r❛ ♠ás ❞❡t❛❧❧❡s ❛❝❡r❝❛ ❞❡❧ ❢♦r♠❛❧✐s♠♦✱ ✈❡r ♣♦r ❡❥❡♠♣❧♦ ❧❛ ❘❡❢✳

❬✸✾❪✳

✺✳✸✳ ❋❡♥♦♠❡♥♦❧♦❣í❛ ❛ ◆◆▲▲

❊♥ ❡st❛ s❡❝❝✐ó♥ ♣r❡s❡♥t❛r❡♠♦s ❧♦s r❡s✉❧t❛❞♦s ❢❡♥♦♠❡♥♦❧ó❣✐❝♦s✳ P❛r❛ ♥✉❡str♦s ❝á❧❝✉❧♦s

✉t✐❧✐③❛♠♦s ✉♥ ✈❛❧♦r ❞❡ ❧❛ ♠❛s❛ ❞❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s MH = 125 ●❡❱✳ ❚♦❞♦s ♥✉❡str♦s r❡s✉❧t❛✲

❞♦s s❡ ❡♥❝✉❡♥tr❛♥ ♥♦r♠❛❧✐③❛❞♦s ♣♦r ❡❧ ▲❖ q✉❡ ❝♦♥t✐❡♥❡ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❡①❛❝t❛ ❝♦♥ ❧❛ ♠❛s❛

❞❡❧ q✉❛r❦ t♦♣✱ ❝♦♥ Mt = 173,21 ●❡❱✳ P❛r❛ ❧❛s ❞❡♥s✐❞❛❞❡s ❞❡ ♣❛rt♦♥❡s ② ❡❧ ❛❝♦♣❧❛♠✐❡♥t♦

❢✉❡rt❡ ✉t✐❧✐③❛♠♦s ❧♦s r❡s✉❧t❛❞♦s ❞❡ ▼❙❚❲✷✵✵✽ ❬✷✶❪✱ ❡♥ ❢♦r♠❛ ❝♦♥s✐st❡♥t❡ ❛ ❝❛❞❛ ♦r❞❡♥ ❡♥

t❡♦rí❛ ❞❡ ♣❡rt✉r❜❛❝✐♦♥❡s ✭✐✳❡✳✱ P❉❋s ❛ ▲❖ ② ❡✈♦❧✉❝✐ó♥ ❞❡ αS ❛ ✉♥ ❧♦♦♣ ♣❛r❛ ❧❛s s❡❝❝✐♦♥❡s

❡✜❝❛❝❡s ❛ ▲❖ ② ▲▲✱ ❡t❝✳✮✳ ▲❛ ✐♥❝❡rt❡③❛ ❞❡❜✐❞❛ ❛ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❞❡❧ r❡s✉❧t❛❞♦ ❝♦♥ ❧❛s ❡s❝❛❧❛s

❞❡ r❡♥♦r♠❛❧✐③❛❝✐ó♥ ② ❢❛❝t♦r✐③❛❝✐ó♥ ❢✉❡ ❡✈❛❧✉❛❞❛ ✈❛r✐❛♥❞♦ ❡st❛s ❡♥ ❢♦r♠❛ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❡♥

❡❧ r❛♥❣♦ µ0/2 ≤ µR, µF ≤ 2µ0 ❝♦♥ ❧❛ r❡str✐❝❝✐ó♥ 1/2 ≤ µR/µF < 2✱ ❡♥ ❞♦♥❞❡ µ0 ❡s ❧❛ ❡s❝❛❧❛

❝❡♥tr❛❧✳ ◆✉❡str♦ ❛♥á❧✐s✐s ❢✉❡ r❡❛❧✐③❛❞♦ ♣❛r❛ ❞♦s ❡❧❡❝❝✐♦♥❡s ❞❡ ❡st❛ ú❧t✐♠❛ ❡s❝❛❧❛✿ µ0 = Q ②

µ0 = Q/2✱ s✐❡♥❞♦ Q ❧❛ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ ❞❡❧ s✐st❡♠❛ ❢♦r♠❛❞♦ ♣♦r ❡❧ ♣❛r ❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s✳

❊♥ ♥✉❡str♦s r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s s✐❡♠♣r❡ s❡ ❡♥❝✉❡♥tr❛ ✐♥❝❧✉í❞❛ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ❞❡ t♦❞♦s

❧♦s ❝❛♥❛❧❡s ♣❛rtó♥✐❝♦s r❡❧❡✈❛♥t❡s✳ ❚❛❧ ❝♦♠♦ s❡ ✐♥❞✐❝ó ❡♥ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r✱ ❧❛ r❡s✉♠❛❝✐ó♥

❞❡ ✉♠❜r❛❧ só❧♦ s❡ ❛♣❧✐❝❛ ❛❧ ❝❛♥❛❧ ✐♥✐❝✐❛❞♦ ♣♦r ❣❧✉♦♥❡s✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❝♦♥ ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦

✸▲❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❛❧ ♦r❞❡♥ ♠ás ❜❛❥♦ σ̂0 ❝♦♠✐❡♥③❛ ❛ O(α2
s)
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❋✐❣✉r❛ ✺✳✷✿ ▲❛ ❞✐str✐❜✉❝✐ó♥ ❡♥ ❧❛ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ ❞❡❧ ♣❛r ❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ♣❛r❛ Ecm = 14 ❚❡❱

② ♣❛r❛ ❧❛ ❡s❝❛❧❛ ❝❡♥tr❛❧ µ0 = Q✱ ♣❛r❛ ❧♦s r❡s✉❧t❛❞♦s ❛ ♦r❞❡♥ ✜❥♦ ✭❧❡❢t✮ ② r❡s✉♠❛❞♦s ✭r✐❣❤t✮✳ ❊♥

❡❧ ❣rá✜❝♦ ❞❡ ❧❛ ✐③q✉✐❡r❞❛ ✭❞❡r❡❝❤❛✮ s❡ ❡♥❝✉❡♥tr❛♥ ❧❛s ❝✉r✈❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ▲❖ ✭▲▲✮✱ ◆▲❖

✭◆▲▲✮ ② ◆◆▲❖ ✭◆◆▲▲✮✱ ❝♦♥ ❧í♥❡❛s ❛③✉❧ ♣✉♥t❡❛❞❛✱ r♦❥❛ r❛②❛❞❛ ② ♥❡❣r❛ só❧✐❞❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
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❋✐❣✉r❛ ✺✳✸✿ ▲❛ ❞✐str✐❜✉❝✐ó♥ ❡♥ ❧❛ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ ❞❡❧ ♣❛r ❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ♣❛r❛ Ecm = 14 ❚❡❱

② ♣❛r❛ ❧❛ ❡s❝❛❧❛ ❝❡♥tr❛❧ µ0 = Q/2✱ ♣❛r❛ ❧♦s r❡s✉❧t❛❞♦s ❛ ♦r❞❡♥ ✜❥♦ ✭❧❡❢t✮ ② r❡s✉♠❛❞♦s ✭r✐❣❤t✮✳ ▲♦s

❝♦❧♦r❡s ❞❡ ❧❛s ❞✐❢❡r❡♥t❡s ❝✉r✈❛s s♦♥ ❧♦s ♠✐s♠♦s q✉❡ ❡♥ ❧❛ ✜❣✉r❛ ✺✳✷✳

✐♥❞✐❝❛❞♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✻✸✮✱ ❡❧ r❡st♦ ❞❡ ❧♦s ❝❛♥❛❧❡s ♣❛rtó♥✐❝♦s s♦♥ t❡♥✐❞♦s ❡♥ ❝✉❡♥t❛ ❤❛st❛

❡❧ ♦r❞❡♥ ✜❥♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡✳

▼♦str❛♠♦s ❡♥ ♣r✐♠❡r ❧✉❣❛r ❧❛ ❞✐str✐❜✉❝✐ó♥ ❡♥ ❧❛ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ ❞❡❧ ♣❛r ❞❡ ❜♦s♦♥❡s ❞❡

❍✐❣❣s ♣❛r❛ ✉♥❛ ❡♥❡r❣í❛ ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛ ❞❡❧ ❝♦❧✐s✐♦♥❛❞♦r ❞❡ Ecm = 14 ❚❡❱✳ ❊♥ ❧❛ ✜❣✉r❛ ✺✳✷

s❡ ❡♥❝✉❡♥tr❛♥ ❧♦s r❡s✉❧t❛❞♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ❡s❝❛❧❛ ❝❡♥tr❛❧ µ0 = Q✱ ♠✐❡♥tr❛s q✉❡ ❡♥ ❧❛

✜❣✉r❛ ✺✳✸ s❡ ♣✉❡❞❡♥ ♦❜s❡r✈❛r ❛q✉❡❧❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ µ0 = Q/2✳ P❛r❛ ❛♠❜❛s ✜❣✉r❛s✱ ❡❧

❣rá✜❝♦ ❞❡ ❧❛ ✐③q✉✐❡r❞❛ ♣r❡s❡♥t❛ ❧♦s r❡s✉❧t❛❞♦s ❛ ♦r❞❡♥ ✜❥♦ ✭❛ ▲❖✱ ◆▲❖ ② ◆◆▲❖✮ ♠✐❡♥tr❛s

q✉❡ ❡❧ ❞❡ ❧❛ ❞❡r❡❝❤❛ ♠✉❡str❛ ❧❛s s❡❝❝✐♦♥❡s ❡✜❝❛❝❡s r❡s✉♠❛❞❛s ✭❛ ▲▲✱ ◆▲▲ ② ◆◆▲▲✮✳

❊♥ ♣r✐♠❡r ❧✉❣❛r ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡✱ ❝♦♥ ❧❛ ❡①❝❡♣❝✐ó♥ ❞❡ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s r❡s✉♠❛❞❛s

♣❛r❛ µ0 = Q/2✱ ♥♦ ❡①✐st❡ ✉♥ s♦❧❛♣❛♠✐❡♥t♦ ❡♥tr❡ ❧❛s ❜❛♥❞❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ▲❖ ✭▲▲✮ ②
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◆▲❖ ✭◆▲▲✮✱ ② ❡s ú♥✐❝❛♠❡♥t❡ ❛ s❡❣✉♥❞♦ ♦r❞❡♥ q✉❡ ❛♣❛r❡❝❡ ✉♥❛ s✉♣❡r♣♦s✐❝✐ó♥ ♥♦t❛❜❧❡ ❞❡ ❧❛s

❜❛♥❞❛s ❞❡ ✐♥❝❡rt❡③❛✳ P♦❞❡♠♦s ✈❡r t❛♠❜✐é♥ q✉❡✱ ❛ ❝❛❞❛ ♦r❞❡♥✱ ❧❛ ✐♥❝❧✉s✐ó♥ ❞❡ ❧❛s ❝♦♥tr✐❜✉✲

❝✐♦♥❡s r❡s✉♠❛❞❛s r❡s✉❧t❛ ❡♥ ✉♥ ❛✉♠❡♥t♦ ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③✳ ❚❛♠❜✐é♥ ♣♦❞❡♠♦s ♦❜s❡r✈❛r

q✉❡ ❡❧ t❛♠❛ñ♦ ❞❡ ❧❛s ❜❛♥❞❛s ❞❡ ✐♥❝❡rt❡③❛ ❛ ◆◆▲▲ ❡s s✐❡♠♣r❡ ♠❡♥♦r q✉❡ ❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡

❛ ◆◆▲❖✳ ❊st❡ ❡❢❡❝t♦ ❡s ♠ás ♥♦t♦r✐♦ ♣❛r❛ ❧❛ ❡❧❡❝❝✐ó♥ µ0 = Q✱ ♣❛r❛ ❧❛ ❝✉❛❧ t❛♠❜✐é♥ s❡ ♣✉❡❞❡

♦❜s❡r✈❛r ✉♥ ♠❛②♦r s♦❧❛♣❛♠✐❡♥t♦ ❡♥tr❡ ❧❛s ❜❛♥❞❛s ❞❡❧ ◆▲▲ ② ◆◆▲▲✱ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛s ❞❡❧

◆▲❖ ② ◆◆▲❖✳ ▲❛s ❞✐str✐❜✉❝✐♦♥❡s ❛ ♦r❞❡♥ ✜❥♦ ② r❡s✉♠❛❞❛s t✐❡♥❡♥ ♠❡♥♦s ❞✐❢❡r❡♥❝✐❛s ♣❛r❛

µ0 = Q/2❀ ❡st♦ ❤❛❜í❛ s✐❞♦ ♦❜s❡r✈❛❞♦ t❛♠❜✐é♥ ♣❛r❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ú♥✐❝♦ ❜♦só♥ ❞❡

❍✐❣❣s✱ ❡♥ ❞♦♥❞❡ ❧❛ ❡❧❡❝❝✐ó♥ µ0 =MH/2 ❡♥ ❡❧ ♦r❞❡♥ ✜❥♦ ✐♠✐t❛ ♣❛r❝✐❛❧♠❡♥t❡ ❧♦s ❡❢❡❝t♦s ❞❡ ❧❛

r❡s✉♠❛❝✐ó♥ ❞❡ ✉♠❜r❛❧ ❬✸✾❪✳ ❈♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ❢♦r♠❛ ❞❡ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s✱ ♣♦❞❡♠♦s ✈❡r q✉❡

❧❛s ❞✐❢❡r❡♥❝✐❛s ❧✉❡❣♦ ❞❡ r❡❛❧✐③❛r ❧❛ r❡s✉♠❛❝✐ó♥ s♦♥ ♠✉② ♣❡q✉❡ñ❛s✳ ❊st♦ s❡ ❞❡❜❡ ❛❧ ❤❡❝❤♦ ❞❡

q✉❡ ❡❧ t❛♠❛ñ♦ r❡❧❛t✐✈♦ ❞❡ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s r❡s✉♠❛❞❛s t✐❡♥❡ ✉♥❛ ❞❡♣❡♥❞❡♥❝✐❛ ♠✉② ❞é❜✐❧

❝♦♥ ❧❛ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ ❞❡❧ ♣❛r ❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s✳

❊♥ ❧❛ ✜❣✉r❛ ✺✳✹ ♠♦str❛♠♦s ❧♦s ❢❛❝t♦r❡s K✱ ❞❡✜♥✐❞♦s ❝♦♠♦ ❡❧ ❝♦❝✐❡♥t❡ ❡♥tr❡ ✉♥❛ ❞❛❞❛

♣r❡❞✐❝❝✐ó♥ ② ❡❧ ▲❖✳ P❛r❛ ❡❧ ❞❡♥♦♠✐♥❛❞♦r ✜❥❛♠♦s µR = µF = µ0✳ P♦❞❡♠♦s ♦❜s❡r✈❛r ❛q✉í

❝♦♥ ♠ás ❞❡t❛❧❧❡ ❧❛s ♠✐s♠❛s ❝❛r❛❝t❡ríst✐❝❛s q✉❡ ❢✉❡r♦♥ ❞❡s❝r✐♣t❛s ❛♥t❡r✐♦r♠❡♥t❡ ❛❧ ♥✐✈❡❧

❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ s❡ ♣✉❡❞❡ ✈❡r q✉❡ ❧❛ s❡r✐❡ r❡s✉♠❛❞❛ t✐❡♥❡ ✉♥❛ ♠❡❥♦r

❝♦♥✈❡r❣❡♥❝✐❛ q✉❡ ❧❛ ❞❡ ♦r❞❡♥ ✜❥♦✱ ♠♦str❛♥❞♦ ✉♥ ♠❛②♦r s♦❧❛♣❛♠✐❡♥t♦ ❡♥tr❡ ❧❛s ❜❛♥❞❛s ❛

♣r✐♠❡r ② s❡❣✉♥❞♦ ♦r❞❡♥✳

❊♥ ❧❛ ✜❣✉r❛ ✺✳✺ ♠♦str❛♠♦s ❡❧ ❝♦❝✐❡♥t❡ ❡♥tr❡ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s ❛ ◆◆▲▲ ② ◆◆▲❖✱ ♥✉❡✈❛✲

♠❡♥t❡ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ ❞❡❧ ♣❛r ❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s✱ ♣❛r❛ ❞✐❢❡r❡♥t❡s ❡♥❡r❣í❛s

❞❡❧ ❝♦❧✐s✐♦♥❛❞♦r✳ ❊❧ ❝♦❝✐❡♥t❡ ♠✉❡str❛ ✉♥❛ ❞❡♣❡♥❞❡♥❝✐❛ ♣rá❝t✐❝❛♠❡♥t❡ ❧✐♥❡❛❧ ❡♥ Q✱ ❛✉♠❡♥✲

t❛♥❞♦ s✉ ✈❛❧♦r ❛ ♠❡❞✐❞❛ q✉❡ ❛✉♠❡♥t❛ ❧❛ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ ❞❡❧ s✐st❡♠❛✳ ❊st❛ ❝❛r❛❝t❡ríst✐❝❛

❡s ❡s♣❡r❛❜❧❡✱ ❞❡❜✐❞♦ ❛ q✉❡ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s r❡s✉♠❛❞❛s s♦♥ ♥✉♠ér✐❝❛♠❡♥t❡ ♠ás r❡❧❡✈❛♥t❡s

❛ ♠❡❞✐❞❛ q✉❡ ❡❧ ♣r♦❝❡s♦ s❡ ❡♥❝✉❡♥tr❛ ♠ás ❝❡r❝❛ ❞❡❧ ✉♠❜r❛❧ ❞❡ ♣r♦❞✉❝❝✐ó♥ ♣❛rtó♥✐❝♦✳ ❊st♦

♠✐s♠♦ s❡ ✈❡ r❡✢❡❥❛❞♦ ❡♥ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ❡❧ ❝♦❝✐❡♥t❡ s❡ ✈✉❡❧✈❡ ♠ás ♣❡q✉❡ñ♦ ♣❛r❛ ❡♥❡r❣í❛s

♠❛②♦r❡s ❞❡❧ ❝♦❧✐s✐♦♥❛❞♦r✳ P♦❞❡♠♦s ♦❜s❡r✈❛r t❛♠❜✐é♥ q✉❡✱ t❛❧ ❝♦♠♦ s❡ ♦❜s❡r✈❛ ❡♥ ❧❛s ✜❣✉r❛s

✺✳✷ ② ✺✳✸✱ ❡❧ ❝♦❝✐❡♥t❡ ❡♥tr❡ ❡❧ ◆◆▲▲ ② ❡❧ ◆◆▲❖ ❡s s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ♠❡♥♦r ♣❛r❛ ❧❛ ❡❧❡❝❝✐ó♥

❞❡ ❡s❝❛❧❛s µR = µF = µ = Q/2✳ ❆❧ ♥✐✈❡❧ ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧✱ ♣♦r ❡❥❡♠♣❧♦✱ ❡❧ ❛✉♠❡♥t♦
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❋✐❣✉r❛ ✺✳✹✿ ▲♦s ❢❛❝t♦r❡s K ♣❛r❛ ❧❛s s❡❝❝✐♦♥❡s ❡✜❝❛❝❡s ❛ ♦r❞❡♥ ✜❥♦ ② r❡s✉♠❛❞❛s ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛

♠❛s❛ ✐♥✈❛r✐❛♥t❡ ❞❡❧ ♣❛r ❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s✱ ♣❛r❛ Ecm = 14 ❚❡❱✳ ▲♦s ❣rá✜❝♦s ❞❡ ❧❛ ✐③q✉✐❡r❞❛

✭❞❡r❡❝❤❛✮ ♠✉❡str❛♥ ❧♦s r❡s✉❧t❛❞♦s ♣❛r❛ µ0 = Q ✭µ0 = Q/2✮✳ ▲♦s ❝♦❧♦r❡s ❞❡ ❧❛s ❞✐❢❡r❡♥t❡s ❝✉r✈❛s

s♦♥ ❧♦s ♠✐s♠♦s q✉❡ ❡♥ ❧❛ ✜❣✉r❛ ✺✳✷✳

❡♥ ❡❧ r❡s✉❧t❛❞♦ ❛ ◆◆▲▲ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ◆◆▲❖ ❡s ❞❡❧ 6,8% ♣❛r❛ Ecm = 14 ❚❡❱ ② µ = Q✱

♠✐❡♥tr❛s q✉❡ ❝❛❡ ❛ 0,65% ♣❛r❛ µ = Q/2✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ♥♦s ❡♥❢♦❝❛♠♦s ❡♥ ❧❛ ✐♥❝❡rt❡③❛ t❡ór✐❝❛ ♣r♦✈❡♥✐❡♥t❡ ❞❡ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s

❛ ♦r❞❡♥❡s ♥♦ ❝❛❧❝✉❧❛❞❛s✱ ❧❛ ❝✉❛❧ s❡ ❡st✐♠❛ ❛ tr❛✈és ❞❡ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛s ❡s❝❛❧❛s t❛❧ ❝♦♠♦

✐♥❞✐❝❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡✳ ❊♥ ❧❛ t❛❜❧❛ ✺✳✶ s❡ ♠✉❡str❛♥ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s ❛ ◆◆▲❖ ② ◆◆▲▲

♣❛r❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧✱ ❥✉♥t♦ ❝♦♥ ❧❛ ✐♥❝❡rt❡③❛ ♣r♦✈❡♥✐❡♥t❡ ❞❡ ❧❛s ❡s❝❛❧❛s✳ P♦❞❡♠♦s

♦❜s❡r✈❛r q✉❡ ❡♥ t♦❞♦s ❧♦s ❝❛s♦s ❧❛ ✐♥❝❡rt❡③❛ ❞❡❧ r❡s✉❧t❛❞♦ r❡s✉♠❛❞♦ ❡s ♠❡♥♦r q✉❡ ❧❛ ❞❡❧

❝á❧❝✉❧♦ ❛ ♦r❞❡♥ ✜❥♦✳ P♦r ❡❥❡♠♣❧♦✱ ♣❛r❛ Ecm = 14 ❚❡❱ ❧❛ ✐♥❝❡rt❡③❛ t♦t❛❧ ❛ ◆◆▲❖ ❡s ❞❡❧ 17%

♣❛r❛ µ0 = Q✱ ♠✐❡♥tr❛s q✉❡ ❡s ❞❡❧ 11% ❛ ◆◆▲▲✳ ❊st❛ r❡❞✉❝❝✐ó♥ ❡s ♠❡♥♦s ✐♠♣♦rt❛♥t❡ ♣❡r♦

❛ú♥ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ♣❛r❛ µ0 = Q/2✱ ❡♥ ❞♦♥❞❡ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ✐♥❝❡rt❡③❛ ❞✐s♠✐♥✉②❡ ❞❡❧ 13%

❛❧ 10% ♣❛r❛ ❡❧ ♠✐s♠♦ ✈❛❧♦r ❞❡ ❧❛ ❡♥❡r❣í❛ ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛✳

❖tr♦ ❤❡❝❤♦ ✐♥t❡r❡s❛♥t❡ q✉❡ ✈❛❧❡ ❧❛ ♣❡♥❛ r❡❝❛❧❝❛r✱ ❡s ❧❛ ❡st❛❜✐❧✐❞❛❞ ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③

r❡s✉♠❛❞❛ ❛ ◆◆▲▲✱ q✉❡ r❡s✉❧t❛ s❡r ♣rá❝t✐❝❛♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ ❧❛ ❡❧❡❝❝✐ó♥ ❞❡ ❧❛ ❡s❝❛❧❛

❝❡♥tr❛❧✳ ▲❛s ❞✐❢❡r❡♥❝✐❛s ❡♥tr❡ ❧♦s r❡s✉❧t❛❞♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ µ0 = Q ② µ0 = Q/2 s♦♥

♠❡♥♦r❡s ❛❧ 2%✱ ② ♣r❡s❡♥t❛♥ ❜❛♥❞❛s ❞❡ ✐♥❝❡rt❡③❛ ❝♦♠♣❛t✐❜❧❡s✳
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❋✐❣✉r❛ ✺✳✺✿ ❊❧ ❝♦❝✐❡♥t❡ ❡♥tr❡ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s ❛ ◆◆▲▲ ② ◆◆▲❖ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ♠❛s❛ ✐♥✈❛r✐❛♥t❡

❞❡❧ ♣❛r ❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s✱ ♣❛r❛ ❧❛s ❡s❝❛❧❛s µ = Q ✭✐③q✉✐❡r❞❛✮ ② µ = Q/2 ✭❞❡r❡❝❤❛✮✳ ❙❡ ♠✉❡str❛♥

❧♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❡♥❡r❣í❛s ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛ ❞❡ 8 ❚❡❱ ✭❝✉r✈❛ ♥❛r❛♥❥❛ só❧✐❞❛✮✱ 14 ❚❡❱ ✭♠❛❣❡♥t❛

r❛②❛❞❛✮✱ 33 ❚❡❱ ✭✈✐♦❧❡t❛ r❛②❛❞❛✲♣✉♥t❡❛❞❛✮ ② 100 ❚❡❱ ✭♥❡❣r❛ ♣✉♥t❡❛❞❛✮✳

µ0 = Q ◆◆▲❖ ✭❢❜✮ s❝❛❧❡ ✉♥❝✳ ✭✪✮ ◆◆▲▲ ✭❢❜✮ s❝❛❧❡ ✉♥❝✳ ✭✪✮
8 ❚❡❱ 9,92 +9,3− 1✵ 10,8 +5,4− 5,9

13 ❚❡❱ 34,3 +8,3− 8,9 36,8 +5,1− 6,0

14 ❚❡❱ 40,9 +8,2− 8,8 43,7 +5,1− 6,0

33 ❚❡❱ 247 +7,1− 7,4 259 +5,0− 6,1

100 ❚❡❱ 1660 +6,8− 7,1 1723 +5,2− 6,1

µ0 = Q/2 ◆◆▲❖ ✭❢❜✮ s❝❛❧❡ ✉♥❝✳ ✭✪✮ ◆◆▲▲ ✭❢❜✮ s❝❛❧❡ ✉♥❝✳ ✭✪✮
8 ❚❡❱ 10,8 +5,7− 8,5 11,0 +4,0− 5,6

13 ❚❡❱ 37,2 +5,5− 7,6 37,4 +4,2− 5,8

14 ❚❡❱ 44,2 +5,5− 7,6 44,5 +4,2− 5,9

33 ❚❡❱ 264 +5,3− 6,6 265 +4,6− 6,1

100 ❚❡❱ 1760 +5,3− 6,7 1762 +4,9− 6,4

❚❛❜❧❛ ✺✳✶✿ ❙❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧ ❥✉♥t♦ ❝♦♥ ❧❛ ✐♥❝❡rt❡③❛ ♣r♦✈❡♥✐❡♥t❡ ❞❡ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛s ❡s❝❛❧❛s

❞❡ ❢❛❝t♦r✐③❛❝✐ó♥ ② r❡♥♦r♠❛❧✐③❛❝✐ó♥✱ ♣❛r❛ ❞✐st✐♥t❛s ❡♥❡r❣í❛s ❞❡ ❝♦❧✐s✐ó♥✱ ❛ ◆◆▲❖ ② ◆◆▲▲✱ ② ♣❛r❛

µ0 = Q ② µ0 = Q/2✳

✶✵✺



❈♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ✐❧✉str❛r ❝♦♥ ♠ás ❞❡t❛❧❧❡ ❧❛ r❡❞✉❝❝✐ó♥ ❞❡ ❧❛ ✐♥❝❡rt❡③❛✱ ♣r❡s❡♥t❛♠♦s ❡♥

❧❛ ✜❣✉r❛ ✺✳✻ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧ ❝♦♥ ❧❛s ❡s❝❛❧❛s✱ t❛♥t♦ ♣❛r❛ ❡❧ ❝á❧❝✉❧♦ ❛

♦r❞❡♥ ✜❥♦ ❝♦♠♦ ♣❛r❛ ❡❧ r❡s✉♠❛❞♦✱ ❛ ❧♦s ❞✐st✐♥t♦s ♥✐✈❡❧❡s ❞❡ ♣r❡❝✐s✐ó♥ ❝❛❧❝✉❧❛❞♦s✳ ▲♦s ❣rá✜❝♦s

❞❡ ❧❛ ✐③q✉✐❡r❞❛ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛ ✈❛r✐❛❝✐ó♥ s✐♠✉❧tá♥❡❛ ❞❡ ❧❛s ❡s❝❛❧❛s ❞❡ r❡♥♦r♠❛❧✐③❛❝✐ó♥

② ❢❛❝t♦r✐③❛❝✐ó♥ ❝♦♥ µR = µF = µ✱ ❧♦s ❞❡❧ ❝❡♥tr♦ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❝♦♥ ❧❛

❡s❝❛❧❛ ❞❡ r❡♥♦r♠❛❧✐③❛❝✐ó♥ ♣❛r❛ µF = Q✱ ♠✐❡♥tr❛s q✉❡ ❡♥ ❧♦s ❞❡ ❧❛ ❞❡r❡❝❤❛ s❡ ❡♥❝✉❡♥tr❛ ❧❛

❞❡♣❡♥❞❡♥❝✐❛ ❝♦♥ ❧❛ ❡s❝❛❧❛ ❞❡ ❢❛❝t♦r✐③❛❝✐ó♥✱ ♣❛r❛ µR = Q✳

❊♥ t♦❞♦s ❧♦s ❣rá✜❝♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ❝á❧❝✉❧♦ ❛ ♦r❞❡♥ ✜❥♦ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❧❛

✐♥❝❧✉s✐ó♥ ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❞❡ ór❞❡♥❡s s✉♣❡r✐♦r❡s r❡❞✉❝❡ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❝♦♥ ❧❛s ❡s❝❛❧❛s✳ ▲❛

✐♥❝❧✉s✐ó♥ ❞❡ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ♣r♦✈❡♥✐❡♥t❡s ❞❡ ❧❛ r❡s✉♠❛❝✐ó♥ ❞❡ ✉♠❜r❛❧ r❡❞✉❝❡ ❛ú♥ ♠ás ❡st❛

❢✉❡♥t❡ ❞❡ ✐♥❝❡rt❡③❛ t❡ór✐❝❛ ❛ ◆◆▲▲✱ ❡①❝❡♣t♦ só❧❛♠❡♥t❡ ♣♦r ❧❛s ❝✉r✈❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛

✈❛r✐❛❝✐ó♥ ❞❡ µF ♣❛r❛ µR = Q ✜❥♦✳ ❊st❛ ú❧t✐♠❛ ❝❛r❛❝t❡ríst✐❝❛ ❤❛ s✐❞♦ ♦❜s❡r✈❛❞❛ t❛♠❜✐é♥ ♣❛r❛

❡❧ ❝❛s♦ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ú♥✐❝♦ ❜♦só♥ ❞❡ ❍✐❣❣s ❬✸✾❪✱ ❧♦ ❝✉❛❧ s✉❣✐❡r❡ q✉❡ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛

♣rá❝t✐❝❛♠❡♥t❡ ♣❧❛♥❛ ❝♦♥ µF ❛ ◆◆▲❖ ♣✉❡❞❡ s❡r ✉♥ ❡❢❡❝t♦ ❛❝❝✐❞❡♥t❛❧✳

❘❡s✉♠✐♠♦s ♥✉❡str♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧ ❡♥ ❧❛ ✜❣✉r❛ ✺✳✼✱ ♣❛r❛ Ecm =

8 ❚❡❱ ② 14 ❚❡❱✳ ❊♥ ❡st❛ ✜❣✉r❛ ♠♦str❛♠♦s ❡❧ ✈❛❧♦r ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❛ ▲❖✱ ◆▲❖ ② ◆◆▲❖✱

❥✉♥t♦ ❝♦♥ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s ❛ ▲▲✱ ◆▲▲ ② ◆◆▲▲✳ ❊❧ ♣❛♥❡❧ ✐③q✉✐❡r❞♦ ❞❡ ❝❛❞❛ ❣rá✜❝♦ ❝♦♥t✐❡♥❡

❧♦s r❡s✉❧t❛❞♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ❡s❝❛❧❛ ❝❡♥tr❛❧ µ0 = Q✱ ♠✐❡♥tr❛s q✉❡ ❡❧ ❞❡ ❧❛ ❞❡r❡❝❤❛

♠✉❡str❛ ❧♦s ❛s♦❝✐❛❞♦s ❛ µ0 = Q/2✳ ▲❛s ❧í♥❡❛s ✈❡rt✐❝❛❧❡s ✐♥❞✐❝❛♥ ❧❛ ✐♥❝❡rt❡③❛ ♣r♦✈❡♥✐❡♥t❡ ❞❡

❧❛s ❡s❝❛❧❛s ❞❡ ❝❛❞❛ r❡s✉❧t❛❞♦✳

▲♦s ❣rá✜❝♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❛♠❜❛s ❡♥❡r❣í❛s ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛ t✐❡♥❡♥ ❝❛r❛❝t❡ríst✐❝❛s

s✐♠✐❧❛r❡s✳ ❚❛❧ ❝♦♠♦ s❡ ✐♥❞✐❝ó ❛♥t❡r✐♦r♠❡♥t❡✱ ♣❛r❛ µ0 = Q ❧❛s ❝♦rr❡❝❝✐♦♥❡s ♣r❡✈✐♥✐❡♥t❡s

❞❡ ❧❛ r❡s✉♠❛❝✐ó♥ ❞❡ ✉♠❜r❛❧ s♦♥ ✐♠♣♦rt❛♥t❡s ❛ t♦❞♦ ♦r❞❡♥✱ ② ❧❛ r❡❞✉❝❝✐ó♥ ❞❡ ❧❛ ✐♥❝❡rt❡③❛

t♦t❛❧ ❛ ◆◆▲▲ ❡s ♥♦t♦r✐❛✳ P❛r❛ µ0 = Q/2 ❡❧ ❛✉♠❡♥t♦ ❡♥ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❡s ♠✉❝❤♦ ♠❡♥♦r✱

❛✉♥q✉❡ ❞❡ t♦❞❛s ❢♦r♠❛s s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ✉♥❛ r❡❞✉❝❝✐ó♥ ❞❡ ❧❛ ✐♥❝❡rt❡③❛✳ P♦❞❡♠♦s ♦❜s❡r✈❛r

♥✉❡✈❛♠❡♥t❡ ❧❛ ❡st❛❜✐❧✐❞❛❞ ❞❡ ❧❛ ♣r❡❞✐❝❝✐ó♥ r❡s✉♠❛❞❛ r❡s♣❡❝t♦ ❞❡ ❧❛ ❡❧❡❝❝✐ó♥ ❞❡ ❧❛ ❡s❝❛❧❛

❝❡♥tr❛❧✳ ❊st♦ s❡ ❡♥❝✉❡♥tr❛ ✐❧✉str❛❞♦ ❡♥ ❧❛ ✜❣✉r❛ ✺✳✼ ♣♦r ❧❛s ❧í♥❡❛s ♣✉♥t❡❛❞❛s ❤♦r✐③♦♥t❛❧❡s✱

q✉❡ ✐♥❞✐❝❛♥ ❡❧ r❡s✉❧t❛❞♦ ❛ ◆◆▲▲ ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ µ0✳ P♦❞❡♠♦s ✈❡r q✉❡ ❧❛ s✉♣❡r♣♦s✐❝✐ó♥

❡♥tr❡ ❛♠❜♦s r❡s✉❧t❛❞♦s ❡s ♣rá❝t✐❝❛♠❡♥t❡ ♣❡r❢❡❝t❛✱ ♠✐❡♥tr❛s q✉❡ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s
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❋✐❣✉r❛ ✺✳✻✿ ❉❡♣❡♥❞❡♥❝✐❛ ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧ ❝♦♥ ❧❛s ❡s❝❛❧❛s ♣❛r❛ Ecm = 14 ❚❡❱✱ ♣❛r❛ ❧❛s

♣r❡❞✐❝❝✐♦♥❡s ❛ ♦r❞❡♥ ✜❥♦ ✭❛rr✐❜❛✮ ② r❡s✉♠❛❞❛s ✭❛❜❛❥♦✮✳ ▲♦s ❝♦❧♦r❡s ❞❡ ❧❛s ❞✐❢❡r❡♥t❡s ❝✉r✈❛s s♦♥ ❧♦s

♠✐s♠♦s q✉❡ ❡♥ ❧❛ ✜❣✉r❛ ✺✳✷✳
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❋✐❣✉r❛ ✺✳✼✿ ▲❛ s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧ ❛ ♦r❞❡♥ ✜❥♦ ✭❋❖✱ ♣♦r s✉s s✐❣❧❛s ❡♥ ✐♥❣❧és✮ ② r❡s✉♠❛❞❛ ✭❘❊❙✮

❛ ♦r❞❡♥ ❝❡r♦ ✭❝ír❝✉❧♦ ❛③✉❧✮✱ ✉♥♦ ✭❝✉❛❞r❛❞♦ r♦❥♦✮ ② ❞♦s ✭tr✐á♥❣✉❧♦ ♥❡❣r♦✮✱ ♣❛r❛ Ecm = 8 ❚❡❱

✭✐③q✉✐❡r❞❛✮ ② 14 ❚❡❱ ✭❞❡r❡❝❤❛✮✱ ② ♣❛r❛ ❛♠❜♦s ✈❛❧♦r❡s ❝❡♥tr❛❧❡s ❞❡ ❧❛s ❡s❝❛❧❛s µ0 = Q ② µ0 = Q/2✳

▲❛s ❧í♥❡❛s só❧✐❞❛s ✈❡rt✐❝❛❧❡s ✐♥❞✐❝❛♥ ❧❛ ✐♥❝❡rt❡③❛✳ ▲❛s ❧í♥❡❛s ♣✉♥t❡❛❞❛s ❤♦r✐③♦♥t❛❧❡s ♠✉❡str❛♥✱ ❡♥

❝❛❞❛ ❝❛s♦✱ ❧❛ ♠❡❥♦r ♣r❡❞✐❝❝✐ó♥ ✭◆◆▲▲✮✳

❛ ♦r❞❡♥ ✜❥♦ ❡①✐st❡♥ ❞✐❢❡r❡♥❝✐❛s ♠✉❝❤♦ ♠ás ❣r❛♥❞❡s ❡♥tr❡ ❡❧❧❛s✳

❋✐♥❛❧♠❡♥t❡✱ ❝♦♠❡♥t❛♠♦s ❛❝❡r❝❛ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❡♥ ❧❛ ❘❡❢✳ ❬✽✵❪✳ ❊♥ ❡s❡ tr❛✲

❜❛❥♦✱ s❡ ♦❜t✉✈♦ ✉♥❛ ♣r❡❞✐❝❝✐ó♥ ❛ ◆▲❖+◆◆▲▲ ♣❛r❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ♣❛r❡s ❞❡ ❜♦s♦♥❡s ❞❡

❍✐❣❣s✱ ❜❛s❛❞♦ ❡♥ ❧❛ t❡♦rí❛ ❡❢❡❝t✐✈❛ s♦❢t✲❝♦❧✐♥❡❛❧ ✭❙❈❊❚✱ ♣♦r s✉s s✐❣❧❛s ❡♥ ✐♥❣❧és✮✳ ❉✐❝❤♦ ❝á❧✲

❝✉❧♦✱ ❛❞❡♠ás ❞❡ ❤❛❜❡rs❡ r❡❛❧✐③❛❞♦ ✉t✐❧✐③❛♥❞♦ ✉♥ ❢♦r♠❛❧✐s♠♦ ❞✐st✐♥t♦✱ ♥♦ ✐♥❝❧✉②❡ ❡♥ ❢♦r♠❛

❝♦♥s✐st❡♥t❡ ❡❧ r❡s✉❧t❛❞♦ ❤❛st❛ ◆◆▲❖ ✭❞❛❞♦ ❡♥ ♥✉❡str♦ ❝❛s♦ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✻✸✮✮✱ ♣✉❡st♦

q✉❡ ❡❧ ❝á❧❝✉❧♦ ❝♦♠♣❧❡t♦ ❛ s❡❣✉♥❞♦ ♦r❞❡♥ ♥♦ s❡ ❡♥❝♦♥tr❛❜❛ ❞✐s♣♦♥✐❜❧❡ ♣❛r❛ ❡❧ ♠♦♠❡♥t♦ ❞❡

s✉ ♣✉❜❧✐❝❛❝✐ó♥✳ ▲♦s ❛✉t♦r❡s ❞❡ ❧❛ ❘❡❢✳ ❬✽✵❪ ❡♥❝✉❡♥tr❛♥ ✉♥❛ ✐♥❝❡rt❡③❛ t♦t❛❧ ♠❡♥♦r ❛❧ 8%✱

❧♦ ❝✉❛❧ s❡ ❡♥❝✉❡♥tr❛ ❧✐❣❡r❛♠❡♥t❡ ♣♦r ❞❡❜❛❥♦ ❞❡ ♥✉❡str❛s ❡st✐♠❛❝✐♦♥❡s✳ ❆❞❡♠ás✱ s✉ ✈❛❧♦r

❝❡♥tr❛❧ ♣❛r❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧ ❞✐✜❡r❡ ❞❡❧ ♥✉❡str♦ ❡♥ ✉♥ 2− 3%✳

✺✳✹✳ ❈♦♥❝❧✉s✐♦♥❡s

❊♥ ❡st❡ ❝❛♣ít✉❧♦ ❤❡♠♦s r❡❛❧✐③❛❞♦ ❧❛ r❡s✉♠❛❝✐ó♥ ❞❡ ❣❧✉♦♥❡s s♦❢t✱ ♦ r❡s✉♠❛❝✐ó♥ ❞❡ ✉♠❜r❛❧✱

❤❛st❛ ♥❡①t✲t♦✲♥❡①t✲t♦✲❧❡❛❞✐♥❣ ❧♦❣❛r✐t❤♠✐❝ ❛❝❝✉r❛❝② ✭◆◆▲▲✮✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ❤❡♠♦s s✉♠❛❞♦

✶✵✽



❛ t♦❞♦ ♦r❞❡♥ ❡♥ t❡♦rí❛ ❞❡ ♣❡rt✉r❜❛❝✐♦♥❡s ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❞♦♠✐♥❛♥t❡s ❞❡ ❧♦s ✐♥✜♥✐t♦s

tér♠✐♥♦s ❞❡ ❧❛ ❡①♣❛♥s✐ó♥ ♣❡rt✉r❜❛t✐✈❛ ❡♥ ♣♦t❡♥❝✐❛s ❞❡ ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❛❝♦♣❧❛♠✐❡♥t♦ ❢✉❡rt❡✳

◆✉❡str♦s r❡s✉❧t❛❞♦s ✐♥❝❧✉②❡♥ ❡♥ ❢♦r♠❛ ❝♦♥s✐st❡♥t❡ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s ❛ ♦r❞❡♥ ✜❥♦ ❛ ◆◆▲❖✳

❍❡♠♦s tr❛❜❛❥❛❞♦ ❡♥ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡ ♠❛s❛ ❞❡❧ t♦♣ q✉❛r❦ ❣r❛♥❞❡ ♣❛r❛ ❡❧ ❝á❧❝✉❧♦ ❞❡ ❞✐❝❤❛s

❝♦rr❡❝❝✐♦♥❡s✱ ♥♦r♠❛❧✐③❛♥❞♦ ♣♦r ❡❧ r❡s✉❧t❛❞♦ ❡①❛❝t♦ ❛ ▲❖✳

▲♦s tér♠✐♥♦s r❡s✉♠❛❞♦s ❛✉♠❡♥t❛♥ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧ ❡♥ ✉♥ 6,8% ♣❛r❛ Ecm = 14 ❚❡❱

② µ0 = Q✳ ❊st❡ ❡❢❡❝t♦ ❛✉♠❡♥t❛ ♣❛r❛ ❡♥❡r❣í❛s ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛ ♠❡♥♦r❡s✱ ② ❞✐s♠✐♥✉②❡ ♣❛r❛

❡♥❡r❣í❛s ♠ás ❣r❛♥❞❡s✱ t❛❧ ❝♦♠♦ s❡ ❡s♣❡r❛ ♣❛r❛ ❝♦♥tr✐❜✉❝✐♦♥❡s ❞❡ ✉♠❜r❛❧✳ ❊❧ ❛✉♠❡♥t♦ ❡♥ ❧❛

s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧✱ ♣❛r❛ ❡❧ ♠✐s♠♦ ✈❛❧♦r ❞❡ ❡♥❡r❣í❛ ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛✱ ❞✐s♠✐♥✉②❡ ❛ 0,65%

♣❛r❛ µ0 = Q/2✳

▲❛ ✐♥❝❡rt❡③❛ t❡ór✐❝❛ ♦❜t❡♥✐❞❛ ❛ ♣❛rt✐r ❞❡ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛s ❡s❝❛❧❛s ❞❡ r❡♥♦r♠❛❧✐③❛❝✐ó♥

② ❢❛❝t♦r✐③❛❝✐ó♥ t❛♠❜✐é♥ s❡ r❡❞✉❝❡ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❝á❧❝✉❧♦ ❛ ♦r❞❡♥ ✜❥♦✱ ②❡♥❞♦ ❞❡ ±8,5%

❛ ±5,5%✳ ▲❛ ♣r❡❞✐❝❝✐ó♥ r❡s✉♠❛❞❛✱ ✐♥❝❧✉②❡♥❞♦ s✉ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❜❛♥❞❛ ❞❡ ✐♥❝❡rt❡③❛✱ r❡✲

s✉❧t❛ s❡r ♣rá❝t✐❝❛♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡❧ ✈❛❧♦r ❡❧❡❣✐❞♦ ♣❛r❛ ❧❛ ❡s❝❛❧❛ ❝❡♥tr❛❧✱ µ0 = Q ♦

µ0 = Q/2✳ ❉❛❞❛ ❧❛ s✐♠✐❧✐t✉❞ ❡♥tr❡ ❛♠❜♦s r❡s✉❧t❛❞♦s✱ ♣♦❞❡♠♦s ❡❧❡❣✐r ❡♥ ♣r✐♥❝✐♣✐♦ ❝✉❛❧q✉✐❡r❛

❞❡ ❡❧❧♦s ❝♦♠♦ ♥✉❡str❛ r❡❝♦♠❡♥❞❛❝✐ó♥ ✜♥❛❧✳ P♦r ♦tr♦ ❧❛❞♦✱ ♣❛r❛ ❧❛ ♣r❡❞✐❝❝✐ó♥ ❞❡ ♦❜s❡r✈❛❜❧❡s

✉t✐❧✐③❛♥❞♦ ❝á❧❝✉❧♦s ❛ ♦r❞❡♥ ✜❥♦ r❡❝♦♠❡♥❞❛♠♦s ❧❛ ❡s❝❛❧❛ ❝❡♥tr❛❧ µ0 = Q/2 ❞❛❞♦ q✉❡✱ ❝♦✲

♠♦ s❡ ♠❡♥❝✐♦♥ó ❛♥t❡r✐♦r♠❡♥t❡✱ ❡st❛ ❡❧❡❝❝✐ó♥ r❡♣r♦❞✉❝❡ ❝♦♥ ♠❛②♦r ♣r❡❝✐s✐ó♥ ❧♦s r❡s✉❧t❛❞♦s

r❡s✉♠❛❞♦s✳

❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❡st♦s r❡s✉❧t❛❞♦s✱ ❧❛ ✐♥❝❡rt❡③❛ ♣r♦✈❡♥✐❡♥t❡ ❞❡ ❧♦s tér♠✐♥♦s ❢❛❧t❛♥t❡s

❡♥ ❧❛ ❡①♣❛♥s✐ó♥ ♣❡rt✉r❜❛t✐✈❛ ❞❡ ◗❈❉ s❡ ❡♥❝✉❡♥tr❛ ❞❡✜♥✐t✐✈❛♠❡♥t❡ ♣♦r ❞❡❜❛❥♦ ❞❡ ❛q✉❡❧❧❛

r❡❧❛❝✐♦♥❛❞❛ ❝♦♥ ❧♦s ❡❢❡❝t♦s ❞❡ ❝♦♥s✐❞❡r❛r ❡♥ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❡①❛❝t❛ ❝♦♥ ❧❛

♠❛s❛ ❞❡❧ q✉❛r❦ t♦♣ ❬✾✽✕✶✵✵❪✱ ❧❛ ❝✉❛❧ s❡ ❡st✐♠❛ ❞❡❧ ♦r❞❡♥ ❞❡ ∼ ±10%✳ ❚❛♠❜✐é♥ s❡ ❡♥❝✉❡♥tr❛

♣♦r ❞❡❜❛❥♦ ❞❡ ❧❛s ✐♥❝❡rt❡③❛s r❡❧❛❝✐♦♥❛❞❛s ❝♦♥ ❧❛ ❞❡t❡r♠✐♥❛❝✐ó♥ ❞❡❧ ✢✉❥♦ ✐♥❝✐❞❡♥t❡ ❞❡ ♣❛rt♦♥❡s

② ❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ ❢✉❡rt❡✱ q✉❡ ❡s ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ∼ ±7% ♣❛r❛ 14 ❚❡❱✳✹ ❊st♦s ❞♦s ú❧t✐♠♦s

s♦♥ ♣♦r ❧♦ t❛♥t♦ ❧♦s ❛s♣❡❝t♦s q✉❡✱ ❞❡s❞❡ ❡❧ ♣✉♥t♦ ❞❡ ✈✐st❛ ❢❡♥♦♠❡♥♦❧ó❣✐❝♦✱ ❞❡❜❡rí❛♥ s❡r

❡st✉❞✐❛❞♦s ❡♥ ❡❧ ❢✉t✉r♦ s✐ ❡s q✉❡ s❡ ♣r❡t❡♥❞❡ ♠❡❥♦r❛r ❧❛ ♣r❡❝✐s✐ó♥ ❞❡ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s ❛❝t✉❛❧❡s

✹❈❛❜❡ ♠❡♥❝✐♦♥❛r q✉❡ ❡st❛ ✐♥❝❡rt❡③❛ s❡ r❡❞✉❝❡ ♥♦t❛❜❧❡♠❡♥t❡ ❛❧ ✉t✐❧✐③❛r ❧❛ ♥✉❡✈❛ ♣r❡s❝r✐♣❝✐ó♥ ❞❡❧ ❣r✉♣♦

P❉❋✹▲❍❈ ♣❛r❛ ❧❛s P❉❋s ② αS ❬✶✷✼❪✱ ✈❡r ❧♦s r❡s✉❧t❛❞♦s ❞❡❧ ❆♣é♥❞✐❝❡ ❉✳

✶✵✾



♣❛r❛ ❡❧ ▲❍❈✳

▲♦s r❡s✉❧t❛❞♦s ♣r❡s❡♥t❛❞♦s ❡♥ ❡st❡ ❝❛♣ít✉❧♦ r❡♣r❡s❡♥t❛♥ ❧❛ ♣r❡❞✐❝❝✐ó♥ ♠ás ♣r❡❝✐s❛ ❞✐s✲

♣♦♥✐❜❧❡ ♣❛r❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ❛ tr❛✈és ❞❡ ❢✉s✐ó♥ ❞❡ ❣❧✉♦♥❡s✱ ② ❤❛♥

s✐❞♦ ✐♥❝❧✉í❞♦s ❡♥ ❡❧ ✐♥❢♦r♠❡ ❛♥✉❛❧ ❞❡❧ ❍✐❣❣s ❈r♦ss ❙❡❝t✐♦♥ ❲♦r❦✐♥❣ ●r♦✉♣ ❞❡❧ ▲❍❈✱ ❡❧

❝✉❛❧ ❝♦♠♣✐❧❛ ❧♦s r❡s✉❧t❛❞♦s t❡ór✐❝♦s ❛ s❡r ✉t✐❧✐③❛❞♦s ♣♦r ❧❛s ❝♦❧❛❜♦r❛❝✐♦♥❡s ❡①♣❡r✐♠❡♥t❛❧❡s ②

♦tr♦s ❡st✉❞✐♦s ❢❡♥♦♠❡♥♦❧ó❣✐❝♦s✳ ▲❛s ♣r❡❞✐❝❝✐♦♥❡s ♥✉♠ér✐❝❛s ❜r✐♥❞❛❞❛s ♣❛r❛ ❞✐❝❤♦ ✐♥❢♦r♠❡

s❡ ❡♥❝✉❡♥tr❛♥ ❡♥ ❡❧ ❆♣é♥❞✐❝❡ ❉✳

✶✶✵



❈♦♥❝❧✉s✐♦♥❡s

❊♥ ❧❛ ♣r❡s❡♥t❡ t❡s✐s ❤❡♠♦s ❧❧❡✈❛❞♦ ❛ ❝❛❜♦ ❞✐✈❡rs♦s ❝á❧❝✉❧♦s ♣❛r❛ ❛❧❝❛♥③❛r ❧❛s ♣r❡❞✐❝❝✐♦♥❡s

♠ás ♣r❡❝✐s❛s ❞❡ s❡❝❝✐♦♥❡s ❡✜❝❛❝❡s q✉❡ s♦♥ ♥❡❝❡s❛r✐❛s ♣❛r❛ ❡❧ ❡st✉❞✐♦ ❞❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡

❧❛ ♥✉❡✈❛ ♣❛rtí❝✉❧❛✱ ♣r❡s✉♥t❛♠❡♥t❡ ❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s✱ ❞❡s❝✉❜✐❡rt❛ r❡❝✐❡♥t❡♠❡♥t❡ ❡♥ ❡❧ ▲❍❈✳

P❛r❛ ❡❧❧♦✱ ❤❡♠♦s ❝❛❧❝✉❧❛❞♦ ❡♥ ❝❛❞❛ ❝❛s♦ ❧❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❝♦rr❡❝❝✐♦♥❡s ❞❡t❡r♠✐♥❛❞❛s ♣♦r

❧❛ ❡①♣❛♥s✐ó♥ ♣❡rt✉r❜❛t✐✈❛ ❞❡ ❧❛ ❝r♦♠♦❞✐♥á♠✐❝❛ ❝✉á♥t✐❝❛✳

❊♥ ♣r✐♠❡r ❧✉❣❛r✱ ❛ ❧♦ ❧❛r❣♦ ❞❡❧ ❈❛♣ít✉❧♦ ✸ ❤❡♠♦s ♦❜t❡♥✐❞♦ ♣❛rt❡ ❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❛

t❡r❝❡r ② ❝✉❛rt♦ ♦r❞❡♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜♦só♥ ❞❡

❍✐❣❣s ❛ tr❛✈és ❞❡❧ ♠❡❝❛♥✐s♠♦ ❞♦♠✐♥❛♥t❡ ❞❡ ❢✉s✐ó♥ ❞❡ ❣❧✉♦♥❡s✱ ✉t✐❧✐③❛♥❞♦ ❡❧ ▲❛❣r❛♥❣✐❛♥♦

❡❢❡❝t✐✈♦ ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡ ❣❧✉♦♥❡s ② ❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s ✈á❧✐❞♦ ❡♥ ❡❧ ❧í♠✐t❡ ❞❡ ❧❛ ♠❛s❛

❞❡❧ q✉❛r❦ t♦♣ ❣r❛♥❞❡✳ ❊st❡ ❡s ♦❜✈✐❛♠❡♥t❡ ✉♥♦ ❞❡ ❧♦s ♣r♦❝❡s♦s ♠ás r❡❧❡✈❛♥t❡s ❡♥ ❡❧ ▲❍❈✱

② ♣♦r ❧♦ t❛♥t♦ s✉ ❝♦♥♦❝✐♠✐❡♥t♦ t❡ór✐❝♦ ♣r❡❝✐s♦ ❡s ❞❡ ✈✐t❛❧ ✐♠♣♦rt❛♥❝✐❛✳ ❈♦♥ ♥✉❡str♦s ❝á❧✲

❝✉❧♦s✱ ❤❡♠♦s ♦❜t❡♥✐❞♦ ❡①♣r❡s✐♦♥❡s ❛♣r♦①✐♠❛❞❛s ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❛ ◆3▲❖✱ ♠❡❥♦r❛♥❞♦

❧❛s ♣r❡❞✐❝❝✐♦♥❡s ❞✐s♣♦♥✐❜❧❡s ❛♥t❡r✐♦r♠❡♥t❡✳ ◆✉❡str♦ ❝á❧❝✉❧♦ s❡ ❜❛só ❡♥ ❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ❞❡

❧♦s tér♠✐♥♦s ❞♦♠✐♥❛♥t❡s ❝❡r❝❛ ❞❡❧ ✉♠❜r❛❧ ❞❡ ♣r♦❞✉❝❝✐ó♥✳ P✉❞✐♠♦s ♦❜s❡r✈❛r ✉♥ ❛✉♠❡♥t♦

❞❡ ❡♥tr❡ 3 ② 10% r❡s♣❡❝t♦ ❞❡❧ ♦r❞❡♥ ❛♥t❡r✐♦r ❛ 14 ❚❡❱✱ s❡❣ú♥ q✉é ✈❛❧♦r ❞❡ ❧❛ ❡s❝❛❧❛ ❞❡

r❡♥♦r♠❛❧✐③❛❝✐ó♥ s❡ ❡❧✐❥❛✳ ❚❛♠❜✐é♥ ♣✉❞✐♠♦s ❝♦♠♣r♦❜❛r q✉❡ ❧❛ ✐♥❝❡rt❡③❛ ♣r♦✈❡♥✐❡♥t❡ ❞❡ ❧♦s

ór❞❡♥❡s s✉♣❡r✐♦r❡s✱ ❡st✐♠❛❞❛ ❛ tr❛✈és ❞❡ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛s ❡s❝❛❧❛s✱ s❡ ✈❡ ❝♦♥s✐❞❡r❛❜❧❡♠❡♥t❡

r❡❞✉❝✐❞❛✳ ❆❞❡♠ás✱ ❡✈❛❧✉❛♠♦s t❛♠❜✐é♥ ❡♥ ❢♦r♠❛ ❛♣r♦①✐♠❛❞❛ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❛ ◆4▲❖✱ ♣❛r❛

❝♦♥❝❧✉✐r q✉❡ ❧❛ ✐♥❝❡rt❡③❛ ♣❡rt✉r❜❛t✐✈❛ r❡st❛♥t❡ ❡♥ ♥✉❡str❛ ♣r❡❞✐❝❝✐ó♥ ♥♦ ❡s ♠❛②♦r ❛ ±5%✳

❆ ❡st❡ ♣✉♥t♦✱ ❧❛ ✐♥❝❡rt❡③❛ ❞♦♠✐♥❛♥t❡ ❡♥ ❧❛ ♣r❡❞✐❝❝✐ó♥ ❞❡ ❡st❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣r♦✈✐❡♥❡ ❞❡ ❧❛

❞❡t❡r♠✐♥❛❝✐ó♥ ❞❡ ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❛❝♦♣❧❛♠✐❡♥t♦ ❢✉❡rt❡ ② ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ❞❡ ♣❛rt♦♥❡s✳

▲✉❡❣♦✱ ❡♥ ❧♦s ❈❛♣ít✉❧♦s ✹ ② ✺ ♥♦s ❤❡♠♦s ❝❡♥tr❛❞♦ ❡♥ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ♣❛r❡s ❞❡ ❜♦s♦♥❡s ❞❡

✶✶✶



❍✐❣❣s✳ ❊st❡ ♣r♦❝❡s♦ s❡rá ✐♠♣♦rt❛♥t❡ ❡♥ ❧❛s ♣ró①✐♠❛s ❡t❛♣❛s ❞❡❧ ▲❍❈✱ ❞❛❞♦ q✉❡ r❡♣r❡s❡♥t❛

❧❛ ú♥✐❝❛ ❢♦r♠❛ ❞❡ ❝♦♠❡♥③❛r ❛ ♠❡❞✐r ❡❧ ♣♦t❡♥❝✐❛❧ ❡s❝❛❧❛r ❞❡ ❡st❡ ❜♦só♥✱ ❡❧ ❝✉❛❧ ❡s r❡s♣♦♥✲

s❛❜❧❡ ❞❡ ❧❛ r✉♣t✉r❛ ❡s♣♦♥tá♥❡❛ ❞❡ s✐♠❡trí❛✳ ❆❝t✉❛❧♠❡♥t❡✱ ✉♥❛ ♠❡❞✐❝✐ó♥ ❞❡ ❡st❡ ♣r♦❝❡s♦ s❡

❡♥❝✉❡♥tr❛ ❧✐♠✐t❛❞❛ ♣♦r ❧❛ ❜❛❥❛ ❝❛♥t✐❞❛❞ ❞❡ ❡✈❡♥t♦s ❛❝✉♠✉❧❛❞❛✱ ❞❡❜✐❞♦ ❛ q✉❡ ❧❛ s❡❝❝✐ó♥ ❡✜✲

❝❛③ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❡s ♠✉② ♣❡q✉❡ñ❛ ② ❧♦s ❜❛❝❦❣r♦✉♥❞s s♦♥ ✐♠♣♦rt❛♥t❡s✳ ❊st❛ s✐t✉❛❝✐ó♥ s❡

r❡✈❡rt✐rá ❛ ♠❡❞✐❞❛ q✉❡ ❡❧ ▲❍❈ ❝♦❧❡❝t❡ ✉♥❛ ❝❛♥t✐❞❛❞ ✐♠♣♦rt❛♥t❡ ❞❡ ❧✉♠✐♥♦s✐❞❛❞ ✐♥t❡❣r❛❞❛✳

❊♥ ❢♦r♠❛ s✐♠✐❧❛r ❛ ❧♦ q✉❡ s✉❝❡❞❡ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ✉♥ ú♥✐❝♦ ❜♦só♥ ❞❡ ❍✐❣❣s✱ ❡❧ ♠❡❝❛♥✐s♠♦

❞❡ ❢✉s✐ó♥ ❞❡ ❣❧✉♦♥❡s ❡s ❡❧ ♣r✐♥❝✐♣❛❧ ❝❛♥❛❧ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ♣❛r❡s✳ P♦r ❧♦ t❛♥t♦✱ ❤❡♠♦s ❝❛❧✲

❝✉❧❛❞♦ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❞✐❝❤♦ ❝❛♥❛❧ ❞❡ ♣r♦❞✉❝❝✐ó♥✱ ② ♥✉❡✈❛♠❡♥t❡ ❤❡♠♦s

r❡❛❧✐③❛❞♦ ♥✉❡str♦s ❝á❧❝✉❧♦s ✉t✐❧✐③❛♥❞♦ ❡❧ ▲❛❣r❛♥❣✐❛♥♦ ❡❢❡❝t✐✈♦ ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡ ❡❧ ❜♦só♥

❞❡ ❍✐❣❣s ② ❣❧✉♦♥❡s✳

❊♥ ❡❧ ❈❛♣ít✉❧♦ ✹ ❤❡♠♦s ♦❜t❡♥✐❞♦ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❛ ◆◆▲❖ ♣❛r❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧

② ❞✐str✐❜✉❝✐ó♥ ❡♥ ♠❛s❛ ✐♥✈❛r✐❛♥t❡✱ ♠❡❥♦r❛♥❞♦ ❧❛s ♣r❡❞✐❝❝✐♦♥❡s ❛ ◆▲❖ ❞✐s♣♦♥✐❜❧❡s ❛♥t❡r✐♦r✲

♠❡♥t❡✳ ▲❛s ♠✐s♠❛s r❡s✉❧t❛♥ s❡r ♠✉② ✐♠♣♦rt❛♥t❡s✱ ❡♥ ❢♦r♠❛ s✐♠✐❧❛r ❛ ❧♦ q✉❡ ♦❝✉rr❡ ♣❛r❛

❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ú♥✐❝♦ ❜♦só♥ ❞❡ ❍✐❣❣s✳ ❊❧ ❛✉♠❡♥t♦ r❡s♣❡❝t♦ ❞❡❧ ♦r❞❡♥ ❛♥t❡r✐♦r ❡s ❞❡❧

❛❧r❡❞❡❞♦r ❞❡❧ 20%✳ ◆✉❡✈❛♠❡♥t❡✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r ✉♥❛ r❡❞✉❝❝✐ó♥ s✉st❛♥❝✐❛❧ ❡♥ ❧❛ ✐♥❝❡rt❡③❛

♣r♦✈❡♥✐❡♥t❡ ❞❡ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛s ❡s❝❛❧❛s ❞❡ ❢❛❝t♦r✐③❛❝✐ó♥ ② r❡♥♦r♠❛❧✐③❛❝✐ó♥✱ ♣❛s❛♥❞♦ ❞❡

✈❛❧♦r❡s ❞❡ O(±20%) ♣❛r❛ ❡❧ ◆▲❖✱ ❛ O(±10%) ♣❛r❛ ❡❧ ◆◆▲❖✳

❋✐♥❛❧♠❡♥t❡✱ ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✺ ❤❡♠♦s ✐♥❝❧✉✐❞♦ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ❞♦♠✐♥❛♥t❡ ❞❡ ❧♦s ♦r❞❡♥❡s

s✉♣❡r✐♦r❡s✱ ❛ tr❛✈és ❞❡ ❧❛ ❞❡♥♦♠✐♥❛❞❛ r❡s✉♠❛❝✐ó♥ ❞❡ ✉♠❜r❛❧✱ q✉❡ ♣❡r♠✐t❡ ✐♥❝❧✉✐r ❧❛s ❝♦♥✲

tr✐❜✉❝✐♦♥❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ❡♠✐s✐ó♥ ❞❡ ❣❧✉♦♥❡s s♦❢t ❛ t♦❞♦ ♦r❞❡♥ ❡♥ ❧❛ ❡①♣❛♥s✐ó♥

♣❡rt✉r❜❛t✐✈❛✳ ▲❛ ✐♥❝❧✉s✐ó♥ ❞❡ ❡st♦s tér♠✐♥♦s ❣❡♥❡r❛ ✉♥ ❛✉♠❡♥t♦ ❡♥ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③✱ ②

❛❞❡♠ás r❡❞✉❝❡ ❛ú♥ ♠ás ❧❛ ✐♥❝❡rt❡③❛ r❡❧❛❝✐♦♥❛❞❛ ❝♦♥ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛s ❡s❝❛❧❛s✱ q✉❡ ♣❛s❛

❛ s❡r ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ±5,5%✳ ❊st❡ ✈❛❧♦r✱ ❞❡ ✉♥ ♦r❞❡♥ s✐♠✐❧❛r ❛ ❛q✉❡❧ r❡❧❛❝✐♦♥❛❞♦ ❝♦♥

❡❧ ✢✉❥♦ ❞❡ ♣❛rt♦♥❡s ② ❧❛ ❞❡t❡r♠✐♥❛❝✐ó♥ ❞❡ αS✱ s❡ ❡♥❝✉❡♥tr❛ ❝❧❛r❛♠❡♥t❡ ♣♦r ❞❡❜❛❥♦ ❞❡ ❧❛s

✐♥❝❡rt❡③❛s r❡❧❛❝✐♦♥❛❞❛s ❝♦♥ ❧♦s ❡❢❡❝t♦s ❞❡ ♠❛s❛ ❞❡❧ t♦♣ ✜♥✐t❛✱ q✉❡ s❡ ❡st✐♠❛♥ ❞❡❧ ♦r❞❡♥ ❞❡

±10%✳ ▲❛ ❡①♣❛♥s✐ó♥ ♣❡rt✉r❜❛t✐✈❛ s❡ ❡♥❝✉❡♥tr❛ ♣♦r ❧♦ t❛♥t♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❜❛❥♦ ❝♦♥tr♦❧✱ ②

❧♦s ❢✉t✉r♦s ❡s❢✉❡r③♦s ❞❡s❞❡ ❡❧ ♣✉♥t♦ ❞❡ ✈✐st❛ ❢❡♥♦♠❡♥♦❧ó❣✐❝♦ s❡ ❡♥❝♦♥tr❛rá♥ ♣r♦❜❛❜❧❡♠❡♥t❡

❞✐r✐❣✐❞♦s ❛❧ ❝á❧❝✉❧♦ ❞❡ ❝♦rr❡❝❝✐♦♥❡s ♠ás ❛❧❧á ❞❡❧ ❧í♠✐t❡ ❞❡ ♠❛s❛ ❞❡❧ q✉❛r❦ t♦♣ ✐♥✜♥✐t❛✳ ◆✉❡s✲

✶✶✷



tr♦s r❡s✉❧t❛❞♦s r❡♣r❡s❡♥t❛♥ ❧❛ ♣r❡❞✐❝❝✐ó♥ ♠ás ♣r❡❝✐s❛ ♣❛r❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧ ❞❡ ❡st❡

♣r♦❝❡s♦ ❛ tr❛✈és ❞❡ ❢✉s✐ó♥ ❞❡ ❣❧✉♦♥❡s✱ ② s♦♥ ✉t✐❧✐③❛❞♦s ♣♦r ❧❛s ❝♦❧❛❜♦r❛❝✐♦♥❡s ❡①♣❡r✐♠❡♥t❛❧❡s

❆❚▲❆❙ ② ❈▼❙ ❞❡❧ ▲❍❈ ❬✽✹✱✽✻✕✽✽❪✳

✶✶✸



✶✶✹



❆♣é♥❞✐❝❡ ❆

P♦❧✐❧♦❣❛r✐t♠♦s ② s✉♠❛s ❛r♠ó♥✐❝❛s

❈♦♠❡♥③❛♠♦s ♣♦r ❞❡✜♥✐r ❧♦s ♣♦❧✐❧♦❣❛r✐t♠♦s ❛r♠ó♥✐❝♦s ❬✺✶❪✱ ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡ ❧♦s

♣♦❧✐❧♦❣❛r✐t♠♦s ❞❡ ◆✐❡❧s❡♥✳ ❘❡❝♦r❞❡♠♦s q✉❡ ❡st♦s ú❧t✐♠♦s s❡ ❞❡✜♥❡♥ ❝♦♠♦

❙np(x) =
(−1)n+p−1

(n− 1)!p!

∫ 1

0

dy
lnn−1(y) lnp(1− x y)

y
, ✭❆✳✶✮

❧♦ ❝✉❛❧ s❡ r❡❞✉❝❡ ❛ ✉♥ ♣♦❧✐❧♦❣❛r✐t♠♦ ✉s✉❛❧ ♣❛r❛ p = 1✿

❙n−1,1(x) = Lin(x). ✭❆✳✷✮

▲♦s ♣♦❧✐❧♦❣❛r✐t♠♦s ❛r♠ó♥✐❝♦s ✭❍P▲✬s✱ ♣♦r s✉s s✐❣❧❛s ❡♥ ✐♥❣❧és✮ ❞❡ ♣❡s♦ w ② ❛r❣✉♠❡♥t♦ x

s❡ ✐❞❡♥t✐✜❝❛♥ ♣♦r ✉♥ ❝♦♥❥✉♥t♦ ❞❡ w í♥❞✐❝❡s✱ ❛❣r✉♣❛❞♦s ❡♥ ✉♥ ✈❡❝t♦r ~mw✱ ② s❡ ✐♥❞✐❝❛♥ ❝♦♠♦

❍(~mw; x) ✭♦❝❛s✐♦♥❛❧♠❡♥t❡ ♦♠✐t✐r❡♠♦s ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❡♥ x ② ✉s❛r❡♠♦s ❧❛ ♥♦t❛❝✐ó♥ ❍~mw
✮✳

P❛r❛ w = 1 s❡ ❞❡✜♥❡

❍(0; x) = ln x ,

❍(1; x) =

∫ x

0

dx′

1− x′
= − ln(1− x) ,

❍(−1; x) =

∫ x

0

dx′

1 + x′
= ln(1 + x) . ✭❆✳✸✮

P❛r❛ ❧❛s ❞❡r✐✈❛❞❛s✱ t❡♥❡♠♦s q✉❡

d

dx
❍(a; x) = f(a; x) , ✭❆✳✹✮

❡♥ ❞♦♥❞❡ ❡❧ í♥❞✐❝❡ a ♣✉❡❞❡ t♦♠❛r ❧♦s tr❡s ✈❛❧♦r❡s 0,+1,−1 ② ❧❛s ✸ ❢✉♥❝✐♦♥❡s r❛❝✐♦♥❛❧❡s

✶✶✺



f(a; x) ❡stá♥ ❞❛❞❛s ♣♦r

f(0; x) =
1

x
,

f(1; x) =
1

1− x
,

f(−1; x) =
1

1 + x
. ✭❆✳✺✮

P❛r❛ w > 1✱ ♣♦❞❡♠♦s ❡①t❡♥❞❡r ❧❛ ♥♦t❛❝✐ó♥ ♣❛r❛ ❧♦s ✈❡❝t♦r❡s ~mw ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

~mw = (a, ~mw−1) , ✭❆✳✻✮

❡♥ ❞♦♥❞❡ a = mw ❡s ❡❧ ♣r✐♠❡r í♥❞✐❝❡ ✭t♦♠❛♥❞♦ ♣♦r s✉♣✉❡st♦ ❛❧❣✉♥♦ ❞❡ ❧♦s tr❡s ✈❛❧♦r❡s

0, 1,−1✮✱ ② ~mw−1 r❡♣r❡s❡♥t❛ ❡❧ ✈❡❝t♦r ❞❡ ❧❛s (w− 1) ❝♦♠♣♦♥❡♥t❡s r❡♠❛♥❡♥t❡s✳ ❆❞❡♠ás✱ ~0w

r❡♣r❡s❡♥t❛rá ❡❧ ✈❡❝t♦r ❝✉②❛s w ❝♦♠♣♦♥❡♥t❡s s♦♥ t♦❞❛s ✐❣✉❛❧❡s ❛❧ í♥❞✐❝❡ 0✳ ▲♦s ♣♦❧✐❧♦❣❛r✐t♠♦s

❛r♠ó♥✐❝♦s ❞❡ ♣❡s♦ w s❡ ❞❡✜♥❡♥ ❡♥t♦♥❝❡s ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

❍(~0w; x) =
1

w!
lnw x , ✭❆✳✼✮

♠✐❡♥tr❛s q✉❡✱ s✐ ~mw 6= ~0w

❍(~mw; x) =

∫ x

0

dx′ f(a; x′) ❍(~mw−1; x
′) . ✭❆✳✽✮

▲❛s ❞❡r✐✈❛❞❛s ♣✉❡❞❡♥ ❡s❝r✐❜✐rs❡ ❡♥ ❢♦r♠❛ ❣❡♥❡r❛❧ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛

d

dx
❍(~mw; x) = f(a; x)❍(~mw−1; x) , ✭❆✳✾✮

❞♦♥❞❡✱ ♥✉❡✈❛♠❡♥t❡✱ a = mw ❡s ❧❛ ♣r✐♠❡r ❝♦♠♣♦♥❡♥t❡ ❞❡ ~mw✳

❊♥ ❛♥❛❧♦❣í❛ ❝♦♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭❆✳✼✮✱ s✐ ~1w, ~(−1)w s♦♥ ❧♦s ✈❡❝t♦r❡s ❝✉②❛s ❝♦♠♣♦♥❡♥t❡s s♦♥

t♦❞❛s ✐❣✉❛❧❡s ❛ 1 ♦ −1✱ ❛♣❧✐❝❛♥❞♦ ❧❛s ❞❡✜♥✐❝✐♦♥❡s ❡♥ ❢♦r♠❛ r❡❝✉rs✐✈❛ s❡ t✐❡♥❡ q✉❡

❍(~1w; x) =
1

w!
(− ln (1− x))w ,

❍( ~(−1)w; x) =
1

w!
lnw (1 + x) . ✭❆✳✶✵✮

❆❞❡♠ás✱ ❧❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❧♦s ❍P▲✬s ② ❧♦s ♣♦❧✐❧♦❣❛r✐t♠♦s ❞❡ ◆✐❡❧s❡♥ s❡ ❡s❝r✐❜❡ ❞❡ ❧❛ s✐❣✉✐❡♥t❡

♠❛♥❡r❛✱

❙np(x) = ❍(~0n,~1p; x). ✭❆✳✶✶✮

✶✶✻



▼✐r❛♠♦s ❛❤♦r❛ ❛❧❣✉♥♦s ❡❥❡♠♣❧♦s✳ P❛r❛ w = 2 ❡①✐st❡♥ ✾ ❢✉♥❝✐♦♥❡s✳ ❊st❛s ✾ ❢✉♥❝✐♦♥❡s

♣✉❡❞❡♥ s❡r ❡①♣r❡s❛❞❛s ❡♥ tér♠✐♥♦s ❞❡ ❧♦❣❛r✐t♠♦s ② ❞✐❧♦❣❛r✐t♠♦s✳ ❉❛❞♦ ❡❧ ❞✐❧♦❣❛r✐t♠♦ ❞❡

❊✉❧❡r ✉s✉❛❧✱

Li2(x) = −
∫ x

0

dx′

x′
ln(1− x′) ✭❆✳✶✷✮

s❡ ♣✉❡❞❡ ✈❡r q✉❡

❍(0, 1; x) = Li2(x) ,

❍(0,−1; x) = −Li2(−x) ,

❍(1, 0; x) = − ln x ln(1− x) + Li2(x) ,

❍(1, 1; x) =
1

2!
ln2(1− x) ,

❍(1,−1; x) = Li2

(
1− x

2

)
− ln 2 ln(1− x)− Li2

(
1

2

)
,

❍(−1, 0; x) = ln x ln(1 + x) + Li2(−x) ,

❍(−1, 1; x) = Li2

(
1 + x

2

)
− ln 2 ln(1 + x)− Li2

(
1

2

)
,

❍(−1,−1; x) =
1

2!
ln2(1 + x) . ✭❆✳✶✸✮

❆❧❣♦ s✐♠✐❧❛r ♦❝✉rr❡ ♣❛r❛ ❧♦s ❍P▲✬s ❞❡ ♣❡s♦ ✸❀ s✐♥ ❡♠❜❛r❣♦✱ ❡st♦ ②❛ ♥♦ ❡s ❝✐❡rt♦ ❛ ♣❛rt✐r ❞❡

❍P▲✬s ❞❡ ♣❡s♦ ✹ ❡♥ ❛❞❡❧❛♥t❡✳

❊♥ ♣❛rt✐❝✉❧❛r✱ ❝♦♥ ❡❧ ✜♥ ❞❡ ❡s❝r✐❜✐r ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❞❡ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜♦s♦♥ ❞❡ ❍✐❣❣s

❛ ◆◆▲❖ ❡♥ tér♠✐♥♦s ❞❡ ❡st❛s ❢✉♥❝✐♦♥❡s✱ t❛❧ ❝♦♠♦ ❢✉❡ ♥❡❝❡s❛r✐♦ ♣❛r❛ ♦❜t❡♥❡r ❧♦s r❡s✉❧t❛❞♦s

❞❡s❝r✐♣t♦s ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✸✱ ❧❛s s✐❣✉✐❡♥t❡s ✐❞❡♥t✐❞❛❞❡s✱ ❥✉♥t♦ ❝♦♥ ❧❛s ❞❡✜♥✐❞❛s ❛♥t❡r✐♦r♠❡♥t❡✱

s♦♥ ❞❡ ✉t✐❧✐❞❛❞

Li2(1− x) = H1,0 + ζ2,

Li3(−x) = −H0,0,−1,

Li3(1− x) = −H1,1,0 − ζ2H1 + ζ3,

Li3((1− x)/(1 + x)) = −H1,1,0 − H1,−1,0 − H−1,1,0 − H−1,−1,0 +H1,1,−1 +H1,−1,−1

+H−1,1,−1 +H−1,−1,−1 − ln 2 (H−1,−1 +H1,−1 +H−1,1 +H1,1)− ζ2(H1 +H−1) + ζ3,

✶✶✼



Li3(−(1− x)/(1 + x)) = − ln 2 (H1,1 +H1,−1 +H−1,1 +H−1,−1) + H1,1,−1 +H−1,1,−1

+H1,−1,−1 +H−1,−1,−1 + ζ2(H1 +H−1)/2− 3ζ3/4,

❙12(1− x) = −H1,0,0 + ζ3,

❙12(−x) = −H0,−1,−1, ✭❆✳✶✹✮

❡♥ ❞♦♥❞❡ t♦❞♦s ❧♦s ❍P▲✬s s❡ ❡♥❝✉❡♥tr❛♥ ❡✈❛❧✉❛❞♦s ❡♥ x✳

❊st❛s ❢✉♥❝✐♦♥❡s t✐❡♥❡♥ ♠✉❝❤❛s ♣r♦♣✐❡❞❛❞❡s ✐♥t❡r❡s❛♥t❡s✱ ♣❛r❛ ✉♥❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡t❛❧❧❛❞❛

✈❡r ❧❛ ❘❡❢✳ ❬✺✶❪✱ ❡♥ ❧❛ ❝✉❛❧ ❧❛s ♠✐s♠❛s ❢✉❡r♦♥ ✐♥tr♦❞✉❝✐❞❛s ♣♦r ♣r✐♠❡r❛ ✈❡③✳ ❊♥ ♣❛rt✐❝✉❧❛r✱

♣❛r❛ ♥✉❡str♦s ♣r♦♣ós✐t♦s s♦♥ ❞❡ ✉t✐❧✐❞❛❞ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡❧ ♣r♦❞✉❝t♦ ❞❡ ❞♦s ❍P▲✬s✱ ❝♦♠♦

❛sí t❛♠❜✐é♥ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▼❡❧❧✐♥ ❞❡ ✉♥ ❍P▲✳

❊❧ ♣r♦❞✉❝t♦ ❞❡ ❞♦s ❍P▲✬s ❝✉❛❧q✉✐❡r❛ ❞❡ ♣❡s♦s w1 ② w2 ♣✉❡❞❡ ❡①♣r❡s❛rs❡ ❝♦♠♦ ✉♥❛

❝♦♠❜✐♥❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡ ❍P▲✬s ❞❡ ♣❡s♦ w = w1 + w2✳ ❊♠♣❡③❛♥❞♦ ♣♦r ❡❧ ❝❛s♦ w1 = 1✱ s❡

♣✉❡❞❡ ❧❧❡❣❛r ❛ ❧❛ s✐❣✉✐❡♥t❡ ✐❞❡♥t✐❞❛❞

❍(a; x)❍(mp, · · · ,m1; x) = ❍(a,mp · · · ,m1; x)

+ ❍(mp, a,mp−1 · · · ,m1; x)

+ ❍(mp,mp−1, a,mp−2 · · ·m1; x)

+ · · ·

+ ❍(mp, · · · ,m1, a; x) , ✭❆✳✶✺✮

❧❛ ❝✉❛❧ ♣✉❡❞❡ s❡r ♦❜t❡♥✐❞❛ ♣♦r ✐♥❞✉❝❝✐ó♥ ❡♥ p✱ s✐❡♥❞♦ ❡❧ ❝❛s♦ p = 1 r❡❧❛t✐✈❛♠❡♥t❡ s❡♥❝✐❧❧♦✳

❙✉♣♦♥✐❡♥❞♦ ❡♥t♦♥❝❡s q✉❡ ❧❛ ✐❞❡♥t✐❞❛❞ ✈❛❧❡ ♣❛r❛ p − 1✱ s❡ ❞❡❜❡ ♠✉❧t✐♣❧✐❝❛r ♣♦r f(mp; x) ❡

✐♥t❡❣r❛r ❡♥ x✳ ❊♥ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ♣♦❞❡♠♦s ❧❧❡✈❛r ❛ ❝❛❜♦ ❧❛ ✐♥t❡❣r❛❧ ② ♦❜t❡♥❡r

t♦❞♦s ❧♦s tér♠✐♥♦s ♥❡❝❡s❛r✐♦s✱ ❡①❝❡♣t♦ ❡❧ q✉❡ ❝♦♠✐❡♥③❛ ❝♦♥ a✳ ❊❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ♣✉❡❞❡ s❡r

✐♥t❡❣r❛❞♦ ♣♦r ♣❛rt❡s✱ ♦❜t❡♥✐❡♥❞♦ ❡❧ r❡s✉❧t❛❞♦ ❞❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭❆✳✶✺✮✱ ♠❛s

♦tr♦ tér♠✐♥♦ q✉❡ ♣✉❡❞❡ s❡r ✐♥t❡❣r❛❞♦ ② ❞❛ ❝♦♠♦ r❡s✉❧t❛❞♦ ❡❧ tér♠✐♥♦ ❢❛❧t❛♥t❡ ❞❡❧ ❧❛❞♦

❞❡r❡❝❤♦✳

▲❛ ❡❝✉❛❝✐ó♥ ✭❆✳✶✺✮ ♣❛r❛ ❡❧ ♣r♦❞✉❝t♦ ❞❡ ❞♦s ❍P▲✬s ❍(~p; x)❍(~q; x)❀ s✐ p, q s♦♥ ❧❛s ❞✐♠❡♥✲

s✐♦♥❡s ❞❡ ~p, ~q ✭♦r✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ❡❧ ♣❡s♦ ❞❡ ❧❛s ❞♦s ❍P▲✬s✮✱ ❡❧ ♣r♦❞✉❝t♦ ❡s ✐❣✉❛❧ ❛ ❧❛

s✉♠❛ ❞❡ (p + q)!/p!q! tér♠✐♥♦s✱ ❝❛❞❛ ✉♥♦ ❞❡ ❡❧❧♦s s✐❡♥❞♦ ✉♥❛ ❍P▲ ❞❡ ♣❡s♦ (p + q) ❝♦♥

✶✶✽



❝♦❡✜❝✐❡♥t❡ +1✱ ♦❜t❡♥✐❞❛ ❡❧✐❣✐❡♥❞♦ p í♥❞✐❝❡s ❡♥ t♦❞❛s ❧❛s ❢♦r♠❛s ♣♦s✐❜❧❡s ② ❝♦♠♣❧❡tá♥❞♦❧♦s

❞❡ ✐③q✉✐❡r❞❛ ❛ ❞❡r❡❝❤❛ ❝♦♥ ❧♦s ❝♦♠♣♦♥❡♥t❡s ❞❡ ~p s✐♥ ❝❛♠❜✐❛r s✉ ♦r❞❡♥✱ ♠✐❡♥tr❛s q✉❡ ❧♦s

r❡st❛♥t❡s q ❧✉❣❛r❡s ❝♦♥t✐❡♥❡♥ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ~q✱ ♥✉❡✈❛♠❡♥t❡ s✐♥ ❛❧t❡r❛r s✉ ♦r❞❡♥✳ ❊st♦

♣✉❡❞❡ ❡①♣r❡s❛rs❡ ❝♦♥ ❧❛ ❢ór♠✉❧❛

❍(~p; x)❍(~q; x) =
∑

~r=~p⊎~q

❍(~r; x) ✭❆✳✶✻✮

❡♥ ❞♦♥❞❡ ~p ⊎ ~q r❡♣r❡s❡♥t❛ t♦❞❛s ❧❛s ❝♦♠❜✐♥❛❝✐♦♥❡s ❞❡ ~p ② ~q ❡♥ ❧❛s ❝✉❛❧❡s ❡❧ ♦r❞❡♥ r❡❧❛t✐✈♦

❞❡ ❧♦s ❡❧❡♠❡♥t♦s ❞❡ ~p ② ~q ❡s ♣r❡s❡r✈❛❞♦✳

❱❡❛♠♦s ♣♦r ú❧t✐♠♦ ❝ó♠♦ ❡①♣r❡s❛r ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▼❡❧❧✐♥ ❞❡ ✉♥ ❍P▲✳ P❛r❛ ❡❧❧♦

❞❡❜❡♠♦s ❞❡✜♥✐r ❧❛s s✉♠❛s ❛r♠ó♥✐❝❛s✱ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛ r❡❝✉rs✐✈❛

Sa(n) =
n∑

i=1

1

ia
,

S−a(n) =
n∑

i=1

(−1)i

ia
,

Sa,~m(n) =
n∑

i=1

S~m(i)

ia
, ✭❆✳✶✼✮

❡♥ ❞♦♥❞❡ a > 0✳ ❊st❛s s✉♠❛s ❛♣❛r❡❝❡♥ ❡♥ ❡❧ ❞❡s❛rr♦❧❧♦ ❡♥ ♣♦t❡♥❝✐❛s ❞❡❧ ❛r❣✉♠❡♥t♦ ❞❡ ❧❛s

❢✉♥❝✐♦♥❡s ❍✱ ② r❡s✉❧t❛♥ ♣♦r ❧♦ t❛♥t♦ út✐❧❡s ❛ ❧❛ ❤♦r❛ ❞❡ ❡①♣r❡s❛r ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▼❡❧❧✐♥

❞❡ ❡st❛s ❢✉♥❝✐♦♥❡s✱ ❞❡✜♥✐❞❛ ❝♦♠♦

M(❍~m, N) =

∫ 1

0

dx xN ❍~m(x), ✭❆✳✶✽✮

❝♦♠♦ ❛sí t❛♠❜✐é♥ ❡❧ ♣r♦❞✉❝t♦ ❞❡ ❡st❛s ❝♦♥ ❧❛s ❞❡♥♦♠✐♥❛❞❛s ❞✐str✐❜✉❝✐♦♥❡s ♣❧✉s✳ ❊❧ ♠ét♦✲

❞♦ ❞❡ ♦❜t❡♥❝✐ó♥ ❞❡ ❡st❛ tr❛♥s❢♦r♠❛❞❛ ♣❛r❛ ♣❡s♦s ♠❡♥♦r❡s ❛ ✾ ✭s✉✜❝✐❡♥t❡ ♣❛r❛ ♥✉❡str♦s

♣r♦♣ós✐t♦s✮ ❡s ✉♥ t❛♥t♦ té❝♥✐❝♦✱ ♣❛r❛ ♠❛s ❞❡t❛❧❧❡s ✈❡r ❘❡❢s✳ ❬✺✵✱ ✺✶❪✳

▲❛s ❡①♣r❡s✐♦♥❡s q✉❡ s❡ ♦❜t✐❡♥❡♥ ♣❛r❛ ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❍P▲✬s ❡♥ tér♠✐♥♦s ❞❡ s✉♠❛s

❛r♠ó♥✐❝❛s ♣❡r♠✐t❡♥ ❛ s✉ ✈❡③ r❡❛❧✐③❛r ❧❛ tr❛♥s❢♦r♠❛❞❛ ✐♥✈❡rs❛ ❞❡ ❡st❛s ú❧t✐♠❛s✱ ❛ tr❛✈❡s ❞❡

✉♥❛ r❡❞✉❝❝✐ó♥ ❛❧❣❡❜r❛✐❝❛ ❬✺✶❪✳ ❆❞❡♠ás✱ ❡❧ ♣r♦❞✉❝t♦ ❞❡ ❞♦s s✉♠❛s ❛r♠ó♥✐❝❛s t❛♠❜✐é♥ ♣✉❡❞❡

❡①♣r❡s❛rs❡ ❝♦♠♦ ✉♥❛ ❝♦♠❜✐♥❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡ s✉♠❛s ❛r♠ó♥✐❝❛s✱ ♣♦r ❧♦ q✉❡ ❡s ♣♦s✐❜❧❡ ✉t✐❧✐③❛r

❡❧ s✐❣✉✐❡♥t❡ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❡❧ ❝á❧❝✉❧♦ ❞❡ ❝♦♥✈♦❧✉❝✐♦♥❡s✿

✶✳ ❊s❝r✐❜✐r ❧❛s ❡①♣r❡s✐♦♥❡s r❡❧❡✈❛♥t❡s ❡♥ tér♠✐♥♦s ❞❡ ❍P▲✬s ♦ ♣r♦❞✉❝t♦s ❞❡ ❡❧❧♦s ✭❛ ♠❡♥♦s

❞❡ ❢❛❝t♦r❡s r❛❝✐♦♥❛❧❡s✮✳

✶✶✾



✷✳ ❘❡❞✉❝✐r ❧❛ ❡①♣r❡s✐ó♥ ❛ ✉♥❛ s✉♠❛ ❞❡ ❍P▲✬s✳

✸✳ ❈❛❧❝✉❧❛r ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ▼❡❧❧✐♥✱ ❧❛s ❝✉❛❧❡s q✉❡❞❛♥ ❡s❝r✐t❛s ❡♥ tér♠✐♥♦s ❞❡ s✉♠❛s

❛r♠ó♥✐❝❛s✳

✹✳ ❖❜t❡♥❡r ❧❛s ❝♦♥✈♦❧✉❝✐♦♥❡s ❞❡ ✐♥t❡rés ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ▼❡❧❧✐♥✱ q✉❡ ❝♦♥s✐st❡ s✐♠♣❧❡♠❡♥t❡

❡♥ ♠✉❧t✐♣❧✐❝❛r ❧❛s tr❛♥s❢♦r♠❛❞❛s✳

✺✳ ❘❡❞✉❝✐r ❧❛s ❡①♣r❡s✐♦♥❡s r❡s✉❧t❛♥t❡s ❛ ❝♦♠❜✐♥❛❝✐♦♥❡s ❧✐♥❡❛❧❡s ❞❡ s✉♠❛s ❛r♠ó♥✐❝❛s✳

✻✳ ❈❛❧❝✉❧❛r ❧❛s tr❛♥s❢♦r♠❛❞❛s ✐♥✈❡rs❛s ❞❡ ❧❛s s✉♠❛s ❛r♠ó♥✐❝❛s r❡s✉❧t❛♥t❡s✳

❚♦❞❛s ❧❛s r✉t✐♥❛s ♥❡❝❡s❛r✐❛s ♣❛r❛ r❡❛❧✐③❛r ❡st♦s ♣❛s♦s s❡ ❡♥❝✉❡♥tr❛♥ ②❛ ✐♠♣❧❡♠❡♥t❛❞❛s ❡♥

❧♦s ♣❛q✉❡t❡s ❤❛r♠♣♦❧ ② s✉♠♠❡r ❞❡❧ ❝ó❞✐❣♦ ❞❡ ♠❛♥✐♣✉❧❛❝✐ó♥ s✐♠❜ó❧✐❝❛ ❋♦r♠ ❬✺✷✕✺✹❪✳

❈❛❜❡ ♠❡♥❝✐♦♥❛r q✉❡✱ ❡♥ ❝❛s♦ ❞❡ ❡st❛r ✐♥t❡r❡s❛❞♦s só❧❛♠❡♥t❡ ❡♥ ❧♦s ♣r✐♠❡r♦s tér♠✐♥♦s

❞❡❧ ❞❡s❛rr♦❧❧♦ ❛❧r❡❞❡❞♦r ❞❡ x = 1✱ ❡s ♣♦s✐❜❧❡ ❡①♣❛♥❞✐r ❧❛s ❡①♣r❡s✐♦♥❡s r❡❧❡✈❛♥t❡s ❡♥ ♣r✐♠❡r

❧✉❣❛r ② ❧✉❡❣♦ ✉t✐❧✐③❛r ❞✐r❡❝t❛♠❡♥t❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✸✳✶✻✮ ♣❛r❛ ♦❜t❡♥❡r ❧❛s tr❛♥s❢♦r♠❛❞❛s ❞❡

▼❡❧❧✐♥ ✈á❧✐❞❛s ♣❛r❛ N ❣r❛♥❞❡✳ ❙✐♥ ❡♠❜❛r❣♦✱ ♣❛r❛ ♦❜t❡♥❡r r❡s✉❧t❛❞♦s ♠ás ❣❡♥❡r❛❧❡s✱ ❝♦♠♦

❧♦s q✉❡ s❡ ♠✉❡str❛♥ ♠ás ❛❞❡❧❛♥t❡ ❡♥ ❡st❡ ❆♣é♥❞✐❝❡✱ ❡s ♥❡❝❡s❛r✐♦ ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ❞❡t❛❧❧❛❞♦

❛♥t❡r✐♦r♠❡♥t❡✳

❊①♣❛♥s✐♦♥❡s ♣❛r❛ N ❣r❛♥❞❡ ❛ ◆3▲❖ ② ◆4▲❖

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ♠♦str❛♠♦s ❧❛s ❡①♣r❡s✐♦♥❡s ❣❡♥❡r❛❧❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛s ❡❝✉❛❝✐♦♥❡s
✭✸✳✷✷✮ ② ✭✸✳✷✸✮✳ P❛r❛ ❧♦❣r❛r r❡s✉❧t❛❞♦s ♠ás ❝♦♠♣❛❝t♦s✱ ❡st♦s s❡ ❡♥❝✉❡♥tr❛♥ ❡s❝r✐t♦s ❡♥
tér♠✐♥♦s ❞❡ ln Ñ = ln N + γE✳ ▲♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ♦r❞❡♥ N 0 ❛ ◆3▲❖ s♦♥

c (3)gg

∣∣∣
ln 6Ñ

=
256

3
C 3
A ,

c (3)gg

∣∣∣
ln 5Ñ

=
1408

9
C 3
A − 256

9
C 2
ANf ,

c (3)gg

∣∣∣
ln 4Ñ

= C 3
A

[
14800

27
+ 384 ζ2

]
− 2624

27
C 2
ANf +

64

27
CAN

2
f ,

c (3)gg

∣∣∣
ln 3Ñ

= C 3
A

[
67264

81
− 448 ζ3 +

704

3
ζ2

]
− C 2

ANf

[
14624

81
+

128

3
ζ2

]
− 32

3
CACFNf +

640

81
CAN

2
f ,

✶✷✵



c (3)gg

∣∣∣
ln 2Ñ

= C 3
A

[
122276

81
+

15008

9
ζ2 −

5632

9
ζ3 +

2752

5
ζ 2
2

]
− C 2

ANf

[
33688

81
+

2240

9
ζ2 +

704

9
ζ3

]

− CACFNf

[
252− 192 ζ3

]
+

800

81
CAN

2
f ,

c (3)gg

∣∣∣
ln 1Ñ

= C 3
A

[
594058

729
+

64784

81
ζ2 −

24656

27
ζ3 −

176

5
ζ 2
2 − 2336

3
ζ2 ζ3 + 384 ζ5

]

+ C 2
ANf

[
−125252

729
− 9104

81
ζ2 +

1808

27
ζ3 −

32

5
ζ 2
2

]
− CACFNf

[
3422

27
− 608

9
ζ3 −

64

5
ζ 2
2

]

+ CAN
2

f

[
3712

729
+

64

9
ζ3

]
,

c (3)gg

∣∣∣
ln 0Ñ

= C 3
A

[
215131

81
+

186880

81
ζ2 −

130828

81
ζ3 +

119692

135
ζ 2
2 − 2024

3
ζ2 ζ3 +

3476

9
ζ5

+
3872

15
ζ 3
2 + 96 ζ 2

3

]
+ CAN

2
f

[
2515

27
− 1328

81
ζ2 +

3344

81
ζ3 −

224

15
ζ 2
2

]

+ C 2
ANf

[
−98059

81
− 38168

81
ζ2 +

296

81
ζ3 −

4696

135
ζ 2
2 − 784

3
ζ2 ζ3 +

808

9
ζ5

]

+ CACFNf

[
−63991

81
− 3404

9
ζ2 +

1184

3
ζ3 +

176

45
ζ 2
2 + 384 ζ2 ζ3 + 160 ζ5

]

+ C 2
FNf

[
608

9
+

592

3
ζ3 − 320 ζ5

]
+ CFN

2
f

[
8962

81
− 184

9
ζ2 −

224

3
ζ3 −

32

45
ζ 2
2

]
. ✭❆✳✶✾✮

❊①❝❡♣t♦ ♣♦r ❧♦s tér♠✐♥♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ln 0Ñ ✱ ❡st♦s r❡s✉❧t❛❞♦s ②❛ s❡ ❡♥❝♦♥tr❛❜❛♥
❞✐s♣♦♥✐❜❧❡s ❛♥t❡r✐♦r♠❡♥t❡s✱ ♣♦r ❡❥❡♠♣❧♦ ❡♥ ❡❧ ❛♣é♥❞✐❝❡ ❊ ❞❡ ❧❛ ❘❡❢✳ ❬✸✾❪✳ ◆✉❡str♦s ♥✉❡✈♦s
❝♦❡✜❝✐❡♥t❡s ❞❡ ♦r❞❡♥ N −1✱ ❝♦♥ ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡s❝♦♥♦❝✐❞♦ ξ(3)H ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✼✮✱ s♦♥ ❧♦s
s✐❣✉✐❡♥t❡s

c (3)gg

∣∣∣
N −1 ln 5Ñ

= 256C 3
A ,

c (3)gg

∣∣∣
N −1 ln 4Ñ

=
7552

9
C 3
A − 640

9
C 2
ANf , ✭❆✳✷✵✮

c (3)gg

∣∣∣
N −1 ln 3Ñ

= C 3
A

[
29312

27
+

11

9
ξ
(3)
H + 768 ζ2

]
+ C 2

ANf

[
−4960

27
− 2

9
ξ
(3)
H

]
+

128

27
CAN

2
f .

▲♦s r❡s✉❧t❛❞♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ◆4▲❖ s♦♥

c (4)gg

∣∣∣
ln 8Ñ

=
512

3
C 4
A ,

c (4)gg

∣∣∣
ln 7Ñ

=
5632

9
C 4
A − 1024

9
C 3
ANf ,

c (4)gg

∣∣∣
ln 6Ñ

= C 4
A

[
216320

81
+

2560

3
ζ2

]
− 45568

81
C 3
ANf +

2048

81
C 2
AN

2
f ,
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c (4)gg

∣∣∣
ln 5Ñ

= C 4
A

[
838112

135
+

14080

9
ζ2 − 1792 ζ3

]
− C 3

ANf

[
26048

15
+

2560

9
ζ2

]
− 256

3
C 2
ACFNf

+
17024

135
C 2
AN

2
f − 256

135
CAN

3
f ,

c (4)gg

∣∣∣
ln 4Ñ

= C 4
A

[
3450592

243
− 45056

9
ζ3 +

250912

27
ζ2 +

7936

5
ζ 2
2

]

+ C 3
ANf

[
−1084592

243
− 1024

9
ζ3 −

41600

27
ζ2

]
+ C 2

ACFNf

[
−12592

9
+ 1024 ζ3

]

+ C 2
AN

2
f

[
77152

243
+

640

27
ζ2

]
+

160

9
CACFN

2
f − 640

81
CAN

3
f ,

c (4)gg

∣∣∣
ln 3Ñ

= C 4
A

[
13631360

729
+

923968

81
ζ2 −

1125184

81
ζ3 +

7040

9
ζ 2
2 − 16000

3
ζ2 ζ3 + 3072 ζ5

]

+ C 3
ANf

[
−4591096

729
− 219904

81
ζ2 +

116096

81
ζ3 −

11008

45
ζ 2
2

]
+

16

3
CAC

2
FNf

+ C 2
ACFNf

[
−2208− 128 ζ2 +

3968

3
ζ3 +

512

5
ζ 2
2

]
+ CACFN

2
f

[
5600

27
− 1280

9
ζ3

]

+ C 2
AN

2
f

[
436760

729
+

1280

9
ζ2 +

7424

81
ζ3

]
− 3200

243
CAN

3
f ,

c (4)gg

∣∣∣
ln 2Ñ

= C 4
A

[
28356478

729
+

2800672

81
ζ2 −

799888

27
ζ3 +

873104

135
ζ 2
2 − 82720

9
ζ2 ζ3

+
65824

9
ζ5 +

25792

15
ζ 3
2 + 2336 ζ 2

3

]
+ CAC

2
FNf

[
4864

9
− 2560 ζ5 +

4736

3
ζ3

]

+ C 3
ANf

[
−12176488

729
− 661136

81
ζ2 + 3152 ζ3 −

32768

135
ζ 2
2 − 19520

9
ζ2 ζ3 −

448

9
ζ5

]

+ C 2
ACFNf

[
−751982

81
− 34576

9
ζ2 +

15232

3
ζ3 +

7744

45
ζ 2
2 + 3840 ζ2 ζ3 + 1280 ζ5

]

+ C 2
AN

2
f

[
1072784

729
+

11680

81
ζ2 +

9760

27
ζ3 −

320

3
ζ 2
2

]
+ CAN

3
f

[
−7424

729
− 128

9
ζ3

]

+ CACFN
2

f

[
110996

81
− 2624

3
ζ3 −

1472

9
ζ2 −

1408

45
ζ 2
2

]
+ 2Ag,4 ,

c (4)gg

∣∣∣
ln 1Ñ

= C 4
A

[
50096

9
+

29565664

729
ζ2 +

2426936

243
ζ3 −

1592288

405
ζ 2
2 − 876608

27
ζ2 ζ3

+
4928

5
ζ 3
2 +

17248

9
ζ 2
3 − 9824

3
ζ 2
2 ζ3 + 6144 ζ2 ζ5

]
+ 16 ζ2CAC

2
FNf

+ C 3
ANf

[
−191776

81
− 10159592

729
ζ2 −

1819648

243
ζ3 +

820928

405
ζ 2
2 +

127616

27
ζ2 ζ3

+
4928

9
ζ 2
3 − 384 ζ 3

2

]
+ CACFN

2
f

[
15008

81
+ 384 ζ2 +

256

27
ζ3 − 256 ζ2 ζ3

]
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+ C 2
ACFNf

[
−108272

81
− 116096

27
ζ2 +

38504

27
ζ3 + 128 ζ 2

2 +
22400

9
ζ2 ζ3

+
1024

5
ζ 3
2 − 896 ζ 2

3

]
+ CAN

3
f

[
−3200

81
ζ2 −

5120

81
ζ3 +

256

45
ζ 2
2

]

+ C 2
AN

2
f

[
17920

81
+

1019464

729
ζ2 +

349184

243
ζ3 −

10624

45
ζ 2
2

]
− Dg,4 ✭❆✳✷✶✮

❝♦♥ ❧♦s t♦❞❛✈í❛ ❞❡s❝♦♥♦❝✐❞♦s Ag,4 ② Dg,4✱ ② ♣❛r❛ ❧♦s tér♠✐♥♦s s✉❜❞♦♠✐♥❛♥t❡s

c (4)gg

∣∣∣
N −1 ln 7Ñ

=
2048

3
C 4
A ,

c (4)gg

∣∣∣
N −1 ln 6Ñ

=
35840

9
C 4
A − 3584

9
C 3
ANf , ✭❆✳✷✷✮

c (4)gg

∣∣∣
N −1 ln 5Ñ

= C 4
A

[
244736

27
+ 2560 ζ2 +

88

9
ξ
(3)
H

]
− C 3

ANf

[
49792

27
+

16

9
ξ
(3)
H

]
+

2048

27
C 2
AN

2
f .

▲❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❞❡ ♦r❞❡♥ N 0 ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ♣r♦❝❡s♦ ❞❡ ❉r❡❧❧✲❨❛♥ ♣✉❡❞❡♥ ❡s❝r✐❜✐rs❡

❛❧ ♠✐s♠♦ ♥✐✈❡❧ ❞❡ ♣r❡❝✐só♥ ❣r❛❝✐❛s ❛ ❧❛ ❞❡t❡r♠✐♥❛❝✐ó♥ ❞❡❧ ❝♦❡✜❝✐❡♥t❡ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛

δ(1−z) ❛ ◆3▲❖ ❡♥ ❧❛s ❘❡❢s✳ ❬✺✾✱ ✶✷✺❪✳ ▲❛s ❡①♣r❡s✐♦♥❡s ❛♥á❧♦❣❛s ❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭❆✳✷✵✮ ②

✭❆✳✷✷✮ ❤❛♥ s✐❞♦ ❞❡t❡r♠✐♥❛❞❛s ❡♥ ❧❛ ❘❡❢✳ ❬✹✷❪✳

❘❡s✉❧t❛❞♦s ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ z ♠ás ❛❧❧á ❞❡ (1− z)0

P❛r❛ ❝❛♥t✐❞❛❞❡s ♥♦ s✐♥❣❧❡t❡ t❛❧❡s ❝♦♠♦ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ❞❡ ❧❛ ❛♥✐q✉✐❧❛❝✐ó♥ q✉❛r❦✲❛♥t✐q✉❛r❦

❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ♣r♦❝❡s♦ ❞❡ ❉r❡❧❧✲❨❛♥✱ ❡❧ ❦❡r♥❡❧ ❢ís✐❝♦ r❡❝✐❜❡ só❧❛♠❡♥t❡

❝♦♥tr✐❜✉❝✐♦♥❡s ❝♦♥ ✉♥❛ ú♥✐❝❛ ♣♦t❡♥❝✐❛ ❧♦❣❛rít♠✐❝❛ ♣♦r ❝❛❞❛ ♦r❞❡♥ ❡♥ t❡♦rí❛ ❞❡ ♣❡rt✉r❜❛✲

❝✐♦♥❡s✱ ② ❡st♦ s❡ ✈❡r✐✜❝❛ ❛ t♦❞♦ ♦r❞❡♥ ❡♥ ❧❛ ❡①♣❛♥s✐ó♥ ❛❧r❡❞❡❞♦r ❞❡ z=1 ❬✹✷❪✳ ❊st♦ t❛♠❜✐é♥

❡s ❝✐❡rt♦ ♣❛r❛ ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❞❡ ❧❛ ❢♦r♠❛ C k
A n

ℓ
f ❡♥ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜♦só♥ ❞❡ ❍✐❣❣s

✈í❛ ❢✉s✐ó♥ ❞❡ ❣❧✉♦♥❡s✱ ❡s ❞❡❝✐r

K (1)
gg (z) = ln (1−z) pgg(z)

[
−16CAβ0 − 32C 2

A H0

]
+ O

(
ln 0(1−z)

)
,

K (2)
gg (z) = ln 2 (1−z) pgg(z)

[
32CAβ

2
0 + 112C 2

A β0 H0 + 128C 3
A H0,0

]
+ O(ln (1−z)) ,

K (3)
gg (z) = ln 3 (1−z) pgg(z)

[
−64CAβ

3
0 − ξ

(3)
H C 2

A β
2
0 H0 − η

(3)
H C 3

A β0 H0,0 − ξ
(3)
P C 4

A H0,0,0

]

+ O
(
ln 2(1−z)

)
✭❆✳✷✸✮

♣❛r❛ µR = mH ❝♦♥ H0 = ln z ✱ H0,0 = 1/2 ln 2z ✱ H0,0,0 = 1/6 ln 3z ❬✺✶❪ ②

pgg(z) = (1−z)−1
+ − 2 + z−1 + z − z 2 .

✶✷✸



▲❛s ♣r✐♠❡r❛s ❞♦s ❧í♥❡❛s ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭❆✳✷✸✮ s♦♥ ✉♥❛ ❝♦♥s❡❝✉❡♥❝✐❛ ❞✐r❡❝t❛ ❞❡ ❧♦s r❡s✉❧t❛❞♦s

❞❡ ❧❛s ❘❡❢s✳ ❬✸✸✱✸✹❪ ② ❬✼✕✾❪✳ ▲❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❛ t❡r❝❡r ♦r❞❡♥ ❜❛s❛❞❛ ❡♥ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❉■❙✱

❡♥ ❞♦♥❞❡ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❞❡ ◗❈❉ s♦♥ ❝♦♥♦❝✐❞❛s ❬✹✸✱✶✷✽✱✶✷✾❪✱ ✐♥✈♦❧✉❝r❛ ❞♦s ♣❛rá♠❡tr♦s ❛ú♥

❞❡s❝♦♥♦❝✐❞♦s✱ ξ (3)
H t❛❧ ❝♦♠♦ s✉❝❡❞í❛ ❛♥t❡r✐♦r♠❡♥t❡ ② η (3)

H ✱ q✉❡ ❡s r❡❧❡✈❛♥t❡ ♣❛r❛ (1−z)k≥1✱

❛sí ❝♦♠♦ t❛♠❜✐é♥ ✉♥ ❝♦❡✜❝✐❡♥t❡ ❞❡s❝♦♥♦❝✐❞♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ♣❛rt✐❝✐ó♥ ❛ ❝✉❛tr♦ ❧♦♦♣s P (3)
gg ✱

❡❧ ❝✉❛❧ ♥♦ ❡s r❡❧❡✈❛♥t❡ ♣❛r❛ ♥✉❡str♦s r❡s✉❧t❛❞♦s✳

▲❛ ❡❝✉❛❝✐ó♥ ✭❆✳✷✸✮ ❥✉♥t♦ ❝♦♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✸✳✶✸✮ ② ✭✸✳✶✹✮ ❞❛♥ ❝♦♠♦ r❡s✉❧t❛❞♦✱ ♣❛r❛

µF = µR = mH ✱ ❧♦ s✐❣✉✐❡♥t❡

4−3 c(3)gg (z)
∣∣∣
C

F
=0

=
(
ln 5(1−z) 8C 3

A − ln 4(1−z) 10/3 C 2
Aβ0 + ln 3(1−z) 1/3 CAβ

2
0

)
pgg(z)

+ ln 4(1−z) C 3
A

{
− 27H0 pgg(z)− 32H0 (1 + z) + 59 (1− z)− 187/3

(
z−1− z 2

)}

+ ln 3(1−z)C 3
A

{[
16/3− 56 ζ2 +

(
170/3 + η

(3)
H /96

)
H0,0

]
pgg(z)

+
[
4H0,0 − 8 H̃−1,0

]
pgg(−z)−

(
119− 407/3 z−1 − 205 z + 605/3 z 2

)
H0

+ (76 + 140 z) H0,0 − 128 (1 + z) H̃1,0 − 721/3 + 2875/12 z + 2314/9
(
z−1− z2

)}

+ ln 3(1−z) C 2
Aβ0

{(
20/3 (1 + H0) + ξ

(3)
H /192 H0

)
pgg(z) + 10 (1 + z) H0 − 67/3

+ 271/12 z + 193/9
(
z−1− z 2

)}
+ O

(
ln 2 (1−z)

)
✭❆✳✷✹✮

②

4−4 c(4)gg (z)
∣∣∣
C

F
=0

=
(
ln 7(1−z) 16/3 C 4

A − ln 6(1−z) 14/3 C 3
Aβ0 + ln 5(1−z) 4/3 C 2

Aβ
2
0

)
pgg(z)

+ ln 6(1−z) C 4
A

{
− 77/3 H0 pgg(z)− 32 (1 + z) H0 + 166/3 (1− z)− 550/9

(
z−1− z 2

)}

+ ln 5(1−z) C 4
A

{[
8− 92 ζ2 +

(
244/3 + η

(3)
H /96

)
H0,0

]
pgg(z)

+
[
4H0,0 − 8 H̃−1,0

]
pgg(−z)−

(
156− 220 z−1 − 306 z + 286 z 2

)
H0

+ (104 + 232 z) H0,0 − 192 (1 + z) H̃1,0 − 1265/3 + 5051/12 z + 3818/9
(
z−1− z 2

)}

+ ln 5(1−z) C 3
Aβ0

{[
10 +

(
91/6 + ξ

(3)
H /96

)
H0

]
pgg(z) + 70/3 (1 + z) H0 − 265/6

+ 533/12 z + 93/2
(
z−1− z 2

)}
+ O

(
ln 4 (1−z)

)
. ✭❆✳✷✺✮

◆✉❡✈❛♠❡♥t❡ ❛q✉í ❤❡♠♦s s✉♣r✐♠✐❞♦ ❡❧ ❛r❣✉♠❡♥t♦ z ❞❡ ❧♦s ♣♦❧✐❧♦❣❛r✐t♠♦s ❛r♠ó♥✐❝♦s✳ ❯t✐✲

❧✐③❛♠♦s ✉♥❛ ❜❛s❡ ♣❛r❝✐❛❧♠❡♥t❡ ♠♦❞✐✜❝❛❞❛ ❡♥ tér♠✐♥♦s ❞❡ ❢✉♥❝✐♦♥❡s q✉❡ t✐❡♥❡♥ ❡①♣❛♥s✐♦♥❡s

✶✷✹



❞❡ ❚❛②❧♦r ❛❧r❡❞❡❞♦r ❞❡ z = 1 ❝♦♥ ❝♦❡✜❝✐❡♥t❡s r❛❝✐♦♥❛❧❡s ❬✹✷❪✱ ✐♥❝❧✉②❡♥❞♦

H̃1,0(z) = H1,0(z) + ζ2 = − ln z ln (1−z)− ▲✐2(z) + ζ2 ,

H̃−1,0(z) = H−1,0(z) + ζ2/2 = ln z ln(1+z) + ▲✐2(−z) + ζ2/2 .

❆❧ ✐❣✉❛❧ q✉❡ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❛♥á❧♦❣♦s ❛ ◆◆▲❖ ❬✼✕✾❪ ② ❛q✉❡❧❧♦s ❛ ◆◆▲❖ ② ◆3▲❖

♣❛r❛ ❉■❙ ✈í❛ ❡❧ ✐♥t❡r❝❛♠❜✐♦ ❞❡ ✉♥ ❜♦só♥ ❞❡ ❍✐❣❣s ❬✹✸❪✱ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❝♦♠♣❧❡t♦s ❝♦rr❡s✲

♣♦♥❞✐❡♥t❡s ❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭❆✳✷✹✮ ② ✭❆✳✷✺✮ ✐♥❝❧✉✐rá♥ tér♠✐♥♦s ❛❞✐❝✐♦♥❛❧❡s ♣r♦♣♦r❝✐♦♥❛❧❡s

❛ CF ❝♦♥tr✐❜✉②❡♥❞♦ ❛ ♣❛rt✐r ❞❡ (1−z)1✳

▲♦s r❡s✉❧t❛❞♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ♣❛r❛ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ♥♦ s✐♥❣❧❡t❡ ❞❡ ❧❛ ❛♥✐q✉✐❧❛❝✐ó♥ q✉❛r❦✲

❛♥t✐q✉❛r❦ ❛❧ ♣r♦❝❡s♦ ❞❡ ❉r❡❧❧✲❨❛♥ ❡stá♥ ❞❛❞♦s ♣♦r ✺

4−3 c
(3) ns
DY (z) =

(
ln 5(1−z) 4C 3

F − ln 4(1−z) 5/3 C 2
Fβ0 + ln 3(1−z) 1/6 CFβ

2
0

)
pqq(z)

+ ln 4(1−z) C 3
F

{
− 27/2 H0 pqq(z) + 4 (1 + z) H0 − 8 (1− z)

}

+ ln 3(1−z)C 3
F

{[
−16− 24 ζ2 − 3H0 − H̃1,0 +

(
79/3 + η

(3)
DY/192

)
H0,0

]
pqq(z)

+ (17/2− 73/2 z) H0 − 27/2 (1 + z) H0,0 + 14 (1 + z) H̃1,0 + 8− 17/2 z
}

+ ln 3(1−z) C 2
Fβ0

{[
10/3 +

(
13/3 + ξ

(3)
DY/384

)
H0

]
pqq(z)− (1 + z) H0 + 4 (1− z)

}

+ ln 3(1−z) C 2
FCA

{(
8/3− 4 ζ2 + H̃1,0 + 2H0,0

)
pqq(z) + (1 + z) (H̃1,0 + 2H0)

+ 6− 11/2 z
}

+ O
(
ln 2 (1−z)

)
✭❆✳✷✻✮

②

4−4 c
(4) ns
DY (z) =

(
ln 7(1−z) 8/3 C 4

F − ln 6(1−z) 7/3 C 3
Fβ0 + ln 5(1−z) 2/3 C 2

Fβ
2
0

)
pqq(z)

+ ln 6(1−z) C 4
F

{
− 77/6 H0 pqq(z) + 4 (1 + z) H0 − 8 (1− z)

}

+ ln 5(1−z)C 4
F

{[
−16− 40 ζ2 − 3H0 − H̃1,0 +

(
116/3 + η

(3)
DY/192

)
H0,0

]
pqq(z)

+ (16− 52 z) H0 − 21 (1 + z) H0,0 + 22 (1 + z) H̃1,0 + 16− 33/2 z
}

+ ln 5(1−z) C 3
Fβ0

{[
5 +

(
103/12 + ξ

(3)
DY/192

)
H0

]
pqq(z)− 8/3 (1 + z) H0 + 22/3 (1− z)

}

✺▲❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ln 4(1−z) ② ln 5(1−z) ❛ c
(3) ns
DY (z) ②❛ s❡ ❡♥❝♦♥tr❛❜❛♥ ♣✉❜❧✐❝❛❞❛s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✻✳✷✾✮

❞❡ ❧❛ ❘❡❢✳ ❬✹✷❪✱ ❡♥ ❞♦♥❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s s♦♥ ❡rró♥❡♦s ♣♦r ✉♥ ❢❛❝t♦r ✸✴✹✳

✶✷✺



+ ln 5(1−z) C 3
FCA

{(
4− 6 ζ2 + H̃1,0 + 2H0,0

)
pqq(z) + (1 + z) (H̃1,0 + 2H0)

+ 6− 11/2 z
}

+ O
(
ln 4 (1−z)

)
✭❆✳✷✼✮

❝♦♥

pqq(z) = 2 (1−z)−1
+ − 1− z .

❊❧ tér♠✐♥♦ ln 3(1−z) ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭❆✳✷✻✮ ② ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ln 5(1−z) ❡♥ ✭❆✳✷✼✮ ✐♥❝❧✉②❡♥

❧♦s ❛ú♥ ❞❡s❝♦♥♦❝✐❞♦s ❝♦❡✜❝✐❡♥t❡s ξ(3)DY ② η
(3)
DY✱ ❧♦s ❝✉❛❧❡s ❡s♣❡r❛♠♦s q✉❡ s❡❛♥ ✐❣✉❛❧❡s ❛ ❧♦s

❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜♦só♥ ❞❡ ❍✐❣❣s ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭❆✳✷✸✮ ✕ ✭❆✳✷✺✮✳

✶✷✻



❆♣é♥❞✐❝❡ ❇

❋❛❝t♦r❡s ❞❡ ❢♦r♠❛ ♣❛r❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s

Pr❡s❡♥t❛♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❧♦s ❢❛❝t♦r❡s ❞❡ ❢♦r♠❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡

❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ❛ ▲❖✿ F△✱ F� ② G� ❬✾✻❪✳ ❉❡✜♥✐♠♦s ❡♥ ♣r✐♠❡r ❧✉❣❛r ❧♦s s✐❣✉✐❡♥t❡s

✐♥✈❛r✐❛♥t❡s✿

ŝ = (pa + pb)
2, t̂ = (pc − pa)

2, û = (pc − pb)
2

S = ŝ/m2
Q, T = t̂/m2

Q, U = û/m2
Q

ρc =M2
c /m

2
Q, ρd =M2

d/m
2
Q, τQ = 4/S

T1 = T − ρc, U1 = U − ρc, T2 = T − ρd, U2 = U − ρd,

❡♥ ❞♦♥❞❡ pa ② pb s♦♥ ❧♦s ♠♦♠❡♥t♦s ❞❡ ❧♦s ❣❧✉♦♥❡s ❡♥tr❛♥t❡s✱ ② pc ② pd s♦♥ ❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s

❛ ❧♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s✳ ❆q✉í✱ mQ r❡♣r❡s❡♥t❛ ❧❛ ♠❛s❛ ❞❡❧ q✉❛r❦ ♣r❡s❡♥t❡ ❡♥ ❡❧ ❧♦♦♣✱ ♠✐❡♥tr❛s

q✉❡Mc ②Md s♦♥ ❧❛s ♠❛s❛s ❞❡ ❧♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ✭❡♥ ♥✉❡str♦ ❝❛s♦✱ ✐✳❡✳ ❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r✱

Mc =Md =MH✮✳

❱❛♠♦s ❛ ❡①♣r❡s❛r ❧♦s ❢❛❝t♦r❡s ❞❡ ❢♦r♠❛ ❡♥ tér♠✐♥♦s ❞❡ ❧❛s s✐❣✉✐❡♥t❡s ✐♥t❡❣r❛❧❡s ❡s❝❛❧❛r❡s

Cij =

∫
d4q

iπ2

1

(q2 −m2
Q)
[
(q + pi)2 −m2

Q

] [
(q + pi + pj)2 −m2

Q

] , ✭❇✳✶✮

Dijk =

∫
d4q

iπ2

1

(q2 −m2
Q)
[
(q + pi)2 −m2

Q

] [
(q + pi + pj)2 −m2

Q

] [
(q + pi + pj + pk)2 −m2

Q

] .

❙✉ ❡①♣r❡s✐ó♥ ❡①♣❧í❝✐t❛ ♣✉❡❞❡ ❡♥❝♦♥tr❛rs❡ ❡♥ ❧❛ ❘❡❢✳ ❬✶✸✵❪✱ ♦ ❜✐❡♥ ♣✉❡❞❡♥ s❡r ❡✈❛❧✉❛❞❛s

♥✉♠ér✐❝❛♠❡♥t❡ ✉t✐❧✐③❛♥❞♦ ❞✐✈❡rs♦s ❝ó❞✐❣♦s ❞✐s♣♦♥✐❜❧❡s ♣ú❜❧✐❝❛♠❡♥t❡ ✭♣♦r ❡❥❡♠♣❧♦✱ ✈❡r

❘❡❢✳ ❬✶✵✻❪✮✳

✶✷✼



P❛r❛ ❡❧ ❢❛❝t♦r ❞❡ ❢♦r♠❛ F△ t❡♥❡♠♦s q✉❡

F△ =
2

S

{
2 + (4− S)m2

QCab

}
= τQ

[
1 + (1− τQ)f(τQ)

]
✭❇✳✷✮

❡♥ ❞♦♥❞❡

f(τQ) =





arcsin2 1
√
τQ

τQ ≥ 1

−1

4

[
log

1 +
√

1− τQ

1−
√

1− τQ
− iπ

]2
τQ < 1

✭❇✳✸✮

▲♦s ❢❛❝t♦r❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ❧♦♦♣ ❝✉❛❞r❛❞♦ s♦♥ ♣♦r s✉ ♣❛rt❡

F� =
1

S2

{
4S + 8Sm2

QCab − 2S(S + ρc + ρd − 8)m4
Q(Dabc +Dbac +Dacb) ✭❇✳✹✮

+ (ρc + ρd − 8)m2
Q

[
T1Cac + U1Cbc + U2Cad + T2Cbd − (TU − ρcρd)m

2
QDacb

]}
,

G� =
1

S(TU − ρcρd)

{
(T 2 + ρcρd − 8T )m2

Q

[
SCab + T1Cac + T2Cbd − STm2

QDbac

]

+(U2 + ρcρd − 8U)m2
Q

[
SCab + U1Cbc + U2Cad − SUm2

QDabc

]

−(T 2 + U2 − 2ρcρd)(T + U − 8)m2
QCcd

−2(T + U − 8)(TU − ρcρd)m
4
Q(Dabc +Dbac +Dacb)

}
. ✭❇✳✺✮

P♦r ú❧t✐♠♦✱ ❧♦s ❝♦❡✜❝✐❡♥t❡s C△ ② C� s❡ ❞❡✜♥❡♥ ❝♦♠♦

C△ = λ
M2

Z

ŝ−M2
H

, C� = 1 , ✭❇✳✻✮

❡♥ ❞♦♥❞❡ λ ❡s ❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ tr✐♣❧❡ ❞❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s✱ λ =
3M2

H

M2
Z

❡♥ ❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r✱

s✐❡♥❞♦ MZ ❧❛ ♠❛s❛ ❞❡❧ ❜♦só♥ ❡❧❡❝tr♦❞é❜✐❧ Z✳

❈♦rr❡❝❝✐♦♥❡s ❞❡ ◗❈❉ ❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜♦só♥ ❞❡ ❍✐❣❣s

Pr❡s❡♥t❛♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ♣❛r❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❞❡

♣r♦❞✉❝❝✐ó♥ ❞❡ ✉♥ ❜♦só♥ ❞❡ ❍✐❣❣s✳ ▲❛s ♠✐s♠❛s ❛♣❛r❡❝❡♥ ❡♥ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❝♦rr❡s♣♦♥❞✐❡♥t❡

❛ ❧❛ ♣r♦❞✉❝❝✐ó♥ ❞❡ ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ❛ tr❛✈és ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✺✮✳ P♦r ❝♦♠♣❧❡t✐t✉❞✱

♠♦str❛♠♦s t❛♠❜✐é♥ ❧♦s r❡s✉❧t❛❞♦s ❛ ♦r❞❡♥❡s ❛♥t❡r✐♦r❡s✳ ▲❛s ❡①♣r❡s✐♦♥❡s ❛ ❝♦♥t✐♥✉❛❝✐ó♥

❡stá♥ t♦♠❛❞❛s ❞❡ ❧❛ ❘❡❢✳ ❬✽❪✳ ❙♦♥ ✈á❧✐❞❛s ♣❛r❛ µR = µF = Q✱ s✐❡♥❞♦ Q ❧❛ ♠❛s❛ ✐♥✈❛r✐❛♥t❡

✶✷✽



❞❡❧ ♣❛r ❞❡ ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ✭♦ ❧❛ ♠❛s❛ ❞❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s ❡♥ ❡❧ ❝❛s♦ ❞❡ ♣r♦❞✉❝❝✐ó♥ s✐♠♣❧❡

❡♥ ❧✉❣❛r ❞❡ ❞♦❜❧❡✮✳

❆ ▲❖ t❡♥❡♠♦s

η
(0)
ij = δ(1− x)δigδjg. ✭❇✳✼✮

❆◆▲❖ ❡①✐st❡♥ ❝♦♥tr✐❜✉❝✐♦♥❡s ❞❡ ❧♦s ❝❛♥❛❧❡s ❣❧✉ó♥✲❣❧✉ó♥✱ q✉❛r❦✲❣❧✉ó♥ ② q✉❛r❦✲❛♥t✐q✉❛r❦✿

η(1)gg =

(
11

2
+ 6ζ2

)
δ(1− x) + 12

[
ln(1− x)

1− x

]

+

− 12x(−x+ x2 + 2) ln(1− x)

−6(x2 + 1− x)2

1− x
ln(x)− 11

2
(1− x)3, ✭❇✳✽✮

η(1)qg = −2

3

(
1 + (1− x)2

)
ln

x

(1− x)2
− 1 + 2x− 1

3
x2, η

(1)
qq̄ =

32

27
(1− x)3. ✭❇✳✾✮

▲❛s ❝♦rr❡❝❝✐♦♥❡s ❛ ◆◆▲❖ ❧❛s s❡♣❛r❛♠♦s ❞❡ ❛❝✉❡r❞♦ ❛ s✉ ❞❡♣❡♥❞❡♥❝✐❛ ❝♦♥ ❡❧ ♥ú♠❡r♦ ❞❡
q✉❛r❦s ❧✐✈✐❛♥♦s✿

η
(2)
ij = ∆

(2)A
ij +Nf∆

(2)F
ij . ✭❇✳✶✵✮

P❛r❛ ❡❧ ❝❛♥❛❧ ❣❧✉ó♥✲❣❧✉ó♥ t❡♥❡♠♦s q✉❡

∆(2)A
gg =

(
11399

144
+

133

2
ζ2 −

165

4
ζ3 −

9

20
ζ22 +

19

8
Lt

)
δ(1− x) + (133− 90ζ2)

[
ln(1− x)

(1− x)

]

+

+

(
−101

3
+ 33ζ2 +

351

2
ζ3

)[
1

(1− x)

]

+

− 33

[
ln(1− x)2

(1− x)

]

+

+ 72

[
ln(1− x)3

(1− x)

]

+

+
9(38x2 − 20x3 + 18x− 39x4 + 14 + 7x5)

1− x2
Li3(x)−

18(x2 + x+ 1)2

1 + x
S12(x

2)

+
9(4x4 + 8x3 + 21x2 + 14x+ 7)

1 + x
S12(−x)− 9

2

(5x5 − 51x4 − 57x3 + 53x2 + 59x− 11)

1− x2
S12(x)

−9

2

(8x4 + 8x3 − 3x2 − 2x− 1)

1 + x
Li3(−x)− 9

2

(16 + 13x5 − 40x3 − 67x4 + 64x2 + 36x)

1− x2
Li2(x) ln(x)

+
9

2

(2x4 − 15x2 − 10x− 5)

1 + x
Li2(−x) ln(x)− 9

4

(59 + 177x2 − 116x3 + 59x4 − 118x)

1− x
ln(x) ln2(1− x)

+
27(3x2 + 2x+ 1)

1 + x
Li2(−x) ln(1 + x) +

9(6− 11x3 + 18x2 − 12x+ 6x4)

1− x
ln2(x) ln(1− x)

+
9

2

(3− 8x3 + 3x4 − 6x+ 9x2)

1− x
Li2(x) ln(1− x)− 3

2

(7x− 7x3 + 4 + 18x2 − 17x4 + 9x5)

1− x2
ln3(x)

+
9

2

(8x4 + 16x3 + 33x2 + 22x+ 11)

1 + x
ζ2 ln(1 + x)− 36(x2 + x+ 1)2

1 + x
Li2(x) ln(1 + x)

−9

4

(4x4 + 8x3 + 27x2 + 18x+ 9)

1 + x
ln(1 + x) ln2(x) + (−21 +

63

2
x2 − 18x+

33

2
x3) ln(1 + x) ln(x)

+
27

2

(3x2 + 2x+ 1)

1 + x
ln2(1 + x) ln(x)− 3

4

(−280x3 + 143x4 + 394x− 289 + 21x2)

(1− x)
Li2(x)

+(−21 +
63

2
x2 − 18x+

33

2
x3)Li2(−x) + (−2559

4
x3 +

1079

2
x2 − 2687

4
x+

2027

4
) ln(1− x)

✶✷✾



−3

8

(374x4 − 389x+ 154 + 699x2 − 827x3)

1− x
ln2(x) + (330x3 − 348x2 + 381x− 297) ln2(1− x)

+
3

4

(−1180x3 + 641− 1238x+ 1227x2 + 605x4)

1− x
ln(x) ln(1− x)− 72(2− x+ x2)x ln3(1− x)

−1

8

(4318x4 − 6955x3 + 6447x2 − 5611x+ 2333)

1− x
ln(x) +

3

4

(495x4 − 886x3 + 564x2 − 200x+ 16)

1− x
ζ2

+
9(6x+ 18x2 + 2 + 10x5 − 6x3 − 19x4)

1− x2
ζ2 ln(x)−

9

2

(−48x3 + 23x4 − 46x+ 3 + 69x2)

1− x
ζ2 ln(1− x)

+
9

2

(−36− 15x4 − 52x+ 19x2 + 13x3 + 33x5)

1− x2
ζ3 +

7539

16
x3 − 24107

48
x2 +

22879

48
x− 18157

48
, ✭❇✳✶✶✮

②

∆(2)F
gg = (−1189

144
+

5

6
ζ3 −

5

3
ζ2 +

2

3
Lt)δ(1− x)− 10

3

[
ln(1− x)

1− x

]

+

+

(
14

9
− 2ζ2

)[
1

1− x

]

+

+2

[
ln(1− x)2

1− x

]

+

+

(
31

6
x+

1

6
+

65

12
x2
)
S12(x) +

(
−31

12
x2 +

1

6
− 17

6
x

)
Li3(x)

+

(
47

12
x2 +

25

6
x− 1

6

)
Li2(x) ln(x) +

(
− 1

12
x2 +

1

6
x− 1

6

)
ζ2 ln(1− x)− 4x(1 + x)ζ2 ln(x)

+

(
−1

6
x+

1

6
+

1

12
x2
)
Li2(x) ln(1− x) +

(
1

12
− 1

12
x+

1

24
x2
)
ln(1− x) ln(x) ln

(
(1− x)

x

)

+
5

9
x(1 + x) ln3 x+

(
−17

6
x2 − 7

3
x− 1

3

)
ζ3 +

(
−34

9
x3 +

2

3
x2 − 8

3
x+

16

9

)(
ln2(1− x)− ζ2

)

−2

9

(21x2 + 7x+ 25x4 + 17− 61x3)

1− x
ln(x) ln(1− x) +

(
785

54
x3 − 83

36
x2 +

49

18
x− 461

54

)
ln(1− x)

+
1

72

(−351x3 + 117x2 + 68 + 132x4 + 52x)

1− x
ln2(x) +

1

36

(227x3 + 68 + 4x4 − 302x+ 21x2)

1− x
Li2(1− x)

+
1

216

(333x2 + 2384x4 − 598x− 3041x3 + 1282)

1− x
ln(x)− 8887

648
x3 +

1267

432
x2 − 497

216
x+

12923

1296
. ✭❇✳✶✷✮

P❛r❛ ❡❧ ❝❛♥❛❧ q✉❛r❦✲❣❧✉ó♥ t❡♥❡♠♦s q✉❡

∆(2)A
qg =

(
170

3
x+

338

9
+

119

3
x2
)
Li3(x) + (4x+ 4 + 2x2)Li3(−x) + (16 + 8x2 + 16x)S12(−x)

+

(
−614

9
x− 269

9
x2 − 74

9

)
S12(x) + (−2x2 − 4− 4x)S12(x

2) +

(
367

27
+

367

54
x2 − 367

27
x

)
ln3(1− x)

+

(
(2 + x2 − 2x) ln(1− x)−

(
446

9
x+

214

9
+

281

9
x2
)
ln(x)− (8 + 4x2 + 8x) ln(1 + x)

)
Li2(x)

+(8 + 8x+ 4x2) ln

(
(1 + x)

x

)
Li2(−x) +

(
−115

9
x2 +

230

9
x− 230

9

)
ln(x) ln2(1− x)

+

(
107

9
+

107

18
x2 − 107

9
x

)
ln2(x) ln(1− x) +

(
−145

54
x2 − 71

27
x− 2

)
ln(x)3

+(−3x2 − 6− 6x) ln(1 + x) ln(x)2 + (4x+ 4 + 2x2) ln(1 + x)2 ln(x)

+

(
− 4

27
x3 − 74

9
x− 11

9
x2 − 166

27

)
Li2(−x) +

(
2605

54
− 146

9
x+

74

27
x3 − 79

6
x2
)
Li2(x)

✶✸✵



+

(
1139

18
x+

37

12
x2 + 8x3 − 72

)
ln2(1− x) +

(
−121

18
x2 − 326

27
x3 − 826

9
x+

5935

54

)
ln(x) ln(1− x)

+

(
113

27
x3 +

244

9
x− 13

3
x2 − 31

2

)
ln2(x) +

(
− 4

27
x3 − 74

9
x− 11

9
x2 − 166

27

)
ln(1 + x) ln(x)

+ζ2

(
−59

9
x2 +

118

9
x− 118

9

)
ln(1− x) + ζ2

(
140

9
x+

128

9
x2 +

52

9

)
ln(x)

+ζ2(12 + 12x+ 6x2) ln(1 + x) +

(
−392

81
x3 − 49

3
x2 +

23671

162
− 106x

)
ln(1− x)

+

(
1985

108
x2 +

800

9
x− 12209

162
+

616

81
x3
)
ln(x) +

(
−292

27
x3 − 82

3
x+

16

3
x2 +

221

27

)
ζ2

+

(
−18x+ 10x2 +

92

9

)
ζ3 −

210115

1944
+

1537

486
x3 +

16465

162
x+

2393

648
x2, ✭❇✳✶✸✮

②

∆(2)F
qg =

(
1

18
x2 − 1

9
x+

1

9

)
ln2(1− x) +

(
−38

27
x+

19

27
x2 +

29

27

)
ln(x)− 209

81
x+

265

162
✭❇✳✶✹✮

+

((
−4

9
+

4

9
x− 2

9
x2
)
ln(x)− x2 +

16

9
x− 13

9

)
ln(1− x) +

179

162
x2 +

(
1

9
x2 − 2

9
x+

2

9

)
ln2(x).

P❛r❛ ❧❛ ❞✐s♣❡rs✐ó♥ ❞❡ ❞♦s q✉❛r❦s ✐❞é♥t✐❝♦s t❡♥❡♠♦s✿

∆(2)A
qq =

(
368

27
x+

104

27
x2 +

400

27

)
Li3(x)−

32

9
(x+ 2)2S12(x)−

4

27
(2 + x2 − 2x) ln2(x) ln(1− x)

− 4

27
(x+ 2)2 ln3(x)− 16

27
(19 + 5x2 + 17x)Li2(x) ln(x)−

32

9
(x+ 3)(1− x) ln2(1− x)

+
16

3
(x+ 3)(1− x) ln(x) ln(1− x) +

4

27
(26x− 18 + 9x2) ln2(x)− 8

9
(−6 + x2 + 4x)Li2(x)

+
4

3
(5x+ 17)(1− x) ln(1− x) +

(
8

9
(x+ 2)2ζ2 −

118

9
+

248

27
x+

46

9
x2
)
ln(x)

+

(
− 8

27
x2 − 16

27
+

16

27
x

)
ζ3 +

(
16

3
− 32

9
x− 8

3
x2
)
ζ2 −

4

27
(27x+ 160)(1− x), ✭❇✳✶✺✮

②

∆(2)F
qq = 0. ✭❇✳✶✻✮

P❛r❛ ❡❧ ❝❛s♦ ❞❡ ❞♦s q✉❛r❦s ❞✐st✐♥t♦s✱ ♣♦r ♦tr♦ ❧❛❞♦✱ t❡♥❡♠♦s

∆
(2)A
qq′ =

32

9
(x+ 2)2 (Li3(x)− S12(x))−

8

3
(x+ 2)2 ln(x)Li2(x)−

4

27
(x+ 2)2 ln3(x)

−8

9
(4x− 6 + x2)Li2(x)−

32

9
(x+ 3)(1− x) ln2(1− x) +

16

3
(x+ 3)(1− x) ln(x) ln(1− x)

+
8

9
(x2 + 4x− 3) ln2(x) +

8

9
ζ2(x+ 2)2 ln(x) +

4

3
(5x+ 17)(1− x) ln(1− x)

+
2

9
(29x2 + 44x− 59) ln(x) +

(
16

3
− 32

9
x− 8

3
x2
)
ζ2 −

2

9
(11x+ 105)(1− x), ✭❇✳✶✼✮

②

∆
(2)F
qq′ = 0. ✭❇✳✶✽✮

✶✸✶



❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ ❡❧ ❝❛♥❛❧ q✉❛r❦✲❛♥t✐q✉❛r❦ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ❛ ◆◆▲❖ ❡s

∆
(2)A
qq̄ =

(
−16

9
− 16

9
x− 8

9
x2
)
Li3(−x) +

(
−16

27
x2 − 32

27
− 32

27
x

)
S12(−x)

+
32

9
(x+ 2)2Li3(x)−

32

9
(x+ 2)2S12(x)−

4

27
(x+ 2)2 ln3(x) +

4

9
(2 + 2x+ x2) ln(1 + x) ln2(x)

+

(
− 8

27
(2 + 2x+ x2) ln2(1 + x)− 8

3
(x+ 2)2Li2(x) +

8

9
(2 + 2x+ x2)Li2(−x)

)
ln(x)

−16

27
(2 + 2x+ x2)Li2(−x) ln(1 + x) +

32

81
(1− x)(13x2 − 35x− 14) ln2(1− x)

−16

81
(1− x)(37x2 − 101x− 44) ln(x) ln(1− x)− 8

81
(44x3 + 39x− 81x2 + 27) ln2(x)

+
16

27
x(x+ 6x2 + 2) ln(1 + x) ln(x) +

8

81
(42x− 87x2 + 12 + 10x3)Li2(x)

+
16

27
x(x+ 6x2 + 2)Li2(−x)− 4

81
(1− x)(384x2 − 967x− 75) ln(1− x) +

(
−16

27
x2 − 32

27
− 32

27
x

)
ζ3

+

(
8

9
(x+ 2)2ζ2 +

4222

81
x2 − 2896

81
x− 512

27
x3 − 10

3

)
ln(x)− 8

27
(2 + 2x+ x2)ζ2 ln(1 + x)

+

(
752

81
x3 − 544

27
x2 +

80

81
+

400

27
x

)
ζ2 +

4

81
(1− x)(783x2 − 1925x+ 373), ✭❇✳✶✾✮

②

∆
(2)F
qq̄ =

32

81
(1− x)3 ln(1− x) +

(
−64

27
x2 +

64

81
x3 − 16

27
+

80

27
x

)
ln(x)

− 8

243
(1− x)(41x2 − 88x+ 23). ✭❇✳✷✵✮

❘❡❝♦r❞❡♠♦s q✉❡ ❙np r❡♣r❡s❡♥t❛ ❡❧ ♣♦❧✐❧♦❣❛r✐t♠♦ ❞❡ ◆✐❡❧s❡♥✳

✶✸✷



❆♣é♥❞✐❝❡ ❈

❊♥ ❡st❡ ❛♣é♥❞✐❝❡ ♣r❡s❡♥t❛♠♦s ❧❛s ❝♦♥tr✐❜✉❝✐♦♥❡s ❛❧ ❡❧❡♠❡♥t♦ ❞❡ ♠❛tr✐③ ❛❧ ❝✉❛❞r❛❞♦ q✉❡

s✉r❣❡♥ ❞❡ ❧♦s ❞✐❛❣r❛♠❛s ♠♦str❛❞♦s ❡♥ ❧❛ ❋✐❣✉r❛ ✹✳✶✵✱ ❡s ❞❡❝✐r✱ ❞✐❛❣r❛♠❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s

❛ ❧❛ ❡♠✐s✐ó♥ ❞❡ ✉♥ ♣❛rtó♥ ❡①tr❛ q✉❡ ❝♦♥t✐❡♥❡♥ tr❡s ✈ért✐❝❡s ❡❢❡❝t✐✈♦s ggH✳

❙❡❛♥ p1 ② p2 ❧♦s ♠♦♠❡♥t♦s ❞❡ ❧♦s ♣❛rt♦♥❡s ✐♥❝✐❞❡♥t❡s✱ k1 ② k2 ❧♦s ♠♦♠❡♥t♦s ❞❡ ❧♦s ❜♦s♦♥❡s

❞❡ ❍✐❣❣s ② k ❡❧ ♠♦♠❡♥t♦ ❞❡❧ ♣❛rtó♥ s❛❧✐❡♥t❡✳ ▲♦s ❡❧❡♠❡♥t♦s ❞❡ ♠❛tr✐③ ♣✉❡❞❡♥ ❡①♣r❡s❛rs❡

❡♥ tér♠✐♥♦s ❞❡ ❧♦s s✐❣✉✐❡♥t❡s ✐♥✈❛r✐❛♥t❡s ❬✶✷✵❪

s = (p1 + p2)
2 , s2 = (k1 + k2)

2 = s+ tk + uk ,

tk = (p1 − k)2 , q̂1 = (p1 − k2)
2 = 2M2

H − s− tk − q1 ,

uk = (p2 − k)2 , q̂2 = (p2 − k1)
2 = 2M2

H − s− uk − q2 , ✭❈✳✶✮

q1 = (p1 − k1)
2 , w1 = (k + k1)

2 =M2
H − q1 + q2 − tk ,

q2 = (p2 − k2)
2 , w2 = (k + k2)

2 =M2
H + q1 − q2 − uk .

❊st♦s✱ ❝♦♠♦ ②❛ ❢✉❡ ✐♥❞✐❝❛❞♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✹✳✹✸✱ ♣✉❡❞❡♥ ❡①♣r❡s❛rs❡ ❡♥ tér♠✐♥♦s ❞❡ x✱ y✱ θ1

② θ2 ❛ tr❛✈és ❞❡

tk = −1
2
s(1− x)(1− y) , ✭❈✳✷✮

uk = −1
2
s(1− x)(1 + y) ,

q1 = M2
H − 1

2
(s+ tk)(1− βx cos θ1) ,

q2 = M2
H − 1

2
(s+ uk)(1 + βx cos θ2 sin θ1 sinψ + βx cos θ1 cosψ) ,

❡♥ ❞♦♥❞❡ ❤❡♠♦s ❞❡✜♥✐❞♦

βx =

√
1− 4M2

H

x s
, ✭❈✳✸✮

cosψ = 1− 8x

(1 + x)2 − (1− x)2y2
.

✶✸✸



❈♦♠❡♥③❛♠♦s ❡s❝r✐❜✐❡♥❞♦ ❧♦s r❡s✉❧t❛❞♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ s✉❜♣r♦❝❡s♦ ♣❛rtó♥✐❝♦ gg →

HHg✳ ▲❛ ❝♦♥tr✐❜✉❝✐ó♥ ❛❧ ❡❧❡♠❡♥t♦ ❞❡ ♠❛tr✐③ ❛❧ ❝✉❛❞r❛❞♦ ❡s

Mgg =
1

2s

(
1

2

)2(
1

8

)2
1

2

∑

s♣✐♥✱ ❝♦❧♦r

[
A2V

gg

(
A1V

gg

)∗
+A1V

gg

(
A2V

gg

)∗]
, ✭❈✳✹✮

❡♥ ❞♦♥❞❡ ❤❡♠♦s ✐♥❝❧✉✐❞♦ ❡❧ ❢❛❝t♦r ❞❡ ✢✉❥♦✱ ❡❧ ♣r♦♠❡❞✐♦ s♦❜r❡ ❡s♣✐♥❡s ② ❝♦❧♦r❡s ② ❡❧ ❢❛❝t♦r 1
2

♣♦r t❡♥❡r ❞♦s ♣❛rtí❝✉❧❛s ✐❞é♥t✐❝❛s ❡♥ ❡❧ ❡st❛❞♦ ✜♥❛❧✳ ▲❛ ❛♠♣❧✐t✉❞A2V
gg ♣r♦✈✐❡♥❡ ❞❡ ❞✐❛❣r❛♠❛s

❝♦♥ ❞♦s ✈ért✐❝❡s ggH ✭❛rr✐❜❛ ❛ ❧❛ ✐③q✉✐❡r❞❛ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✶✵✮✱ ♠✐❡♥tr❛s q✉❡ A1V
gg r❡♣r❡s❡♥t❛

❛q✉❡❧❧♦s ❞✐❛❣r❛♠❛s ❝♦♥ ✉♥ ú♥✐❝♦ ✈ért✐❝❡ ❡❢❡❝t✐✈♦ ✭❛rr✐❜❛ ❛ ❧❛ ❞❡r❡❝❤❛ ❡♥ ❧❛ ✜❣✉r❛ ✹✳✶✵✮✳

❊st❛ ❝♦♥tr✐❜✉❝✐ó♥ ♣✉❡❞❡ s❡r ❡①♣r❡s❛❞❛ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

Mgg =
α4
SG

2
F❘❡(CLO)

576π2s

[
F (s, q1, q2, tk, uk) + F (s, q̂1, q̂2, tk, uk) ✭❈✳✺✮

+ F (s, q2, q1, uk, tk) + F (s, q̂2, q̂1, uk, tk) + F (tk, q1, w2, s, uk) + F (tk, q̂1, w1, s, uk)
]
,

❡♥ ❞♦♥❞❡ ❤❡♠♦s ❞❡✜♥✐❞♦

F (s, q1, q2, tk, uk) = f1(s, q1, q2, tk, uk) + f2(s, q1, q2, tk, uk) . ✭❈✳✻✮

▲❛ ❢✉♥❝✐ó♥ f1 t♦♠❛ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛

f1(s, q1, q2, tk, uk) =
1

q1s tk(M2
H + q1 − q2 − uk)uk

[
stk(−q22(2s− 3tk)(s+ tk) ✭❈✳✼✮

+ q1q2(6s
2 + 3stk + 2t2k + q2(s+ tk))− q21(q2s+ 4(s2 + stk + t2k)))

+ (2(q1 − q2)s
2(2q21 − 2q1q2 + q22 + s2) + s(−q21s+ q2(−3q22 + 2q2s− 8s2)

+ q1(6q
2
2 + 3q2s+ 14s2))tk + (−8q21s− q2(q

2
2 − 3q2s+ 7s2) + q1(q

2
2 + 10q2s+ 17s2))t2k

+ (−4q21 + 6q1(q2 + s) + q2(q2 + 4s))t3k)uk + (2s(2q31 − 2q21(q2 + s)− 2q2s(q2 + s)

+ q1(q2 + s)(q2 + 3s)) + (q1(q1 − q2)q2 + (11q1 − 6q2)q2s+ 2(11q1 − 3q2)s
2 − 2s3)tk

+ (−4q21 + 7q1q2 − 3q22 + 23q1s+ q2s− 6s2)t2k + (6q1 + 2q2 + s)t3k)u
2
k

+ (−4s(q21 + q2s− q1(q2 + 2s))− (3q21 − 13q1s+ s(7q2 + 4s))tk + (6q1 − 3q2 − 2s)t2k + t3k)u
3
k

+ (q1 − tk)(4s+ tk)u
4
k −M6

Hs(tk + uk)(tk + 2uk) +M4
H(stk((−q1 + q2)s

+ (q1 + 2q2 − 2s)tk + 3t2k) + (2(q1 − q2)s
2 + 3(2q1 + q2)stk + (q1 − q2 + 9s)t2k + 5t3k)uk

+ (q1(6s+ tk) + tk(−q2 + 9s+ 6tk))u
2
k + tku

3
k) +M2

H(stk((q1 − q2)(q1 + q2 − 2s)s

✶✸✹



+ (−q2(2q1 + q2) + (q1 + q2)s)tk + 2(q1 − 3q2)t
2
k)− (4q1(q1 − q2)s

2 + s(−3q2(−4q1 + q2)

+ (q1 + 3q2)s− 2s2)tk + 2(−q22 + 6q2s− 4s2 + q1(q2 + s))t2k + 2(q1 + 3q2 + 2s)t3k)uk

− (2s(4q21 − 2q1q2 + q22 + s2) + (q21 − q2(q2 − 3s) + 11q1s)tk

+ (3(q1 + q2) + 8s)t2k + 6t3k)u
2
k + (−4s(q2 + s)− 6stk − 5t2k + 2q1(2s+ tk))u

3
k − (4s+ tk)u

4
k)
]
,

♠✐❡♥tr❛s q✉❡ f2 ❡stá ❞❡✜♥✐❞❛ ♣♦r

f2(s, q1, q2, tk, uk) =
1

q2s t2kuk

[
stk(4q2s

3 − s((M2
H + 3q1 − 4q2)(q1 − q2) ✭❈✳✽✮

+ (4M2
H + q1 − 11q2)s)tk − ((M2

H + 3q1 − 4q2)(M
2
H − q2) + (7M2

H + 2q1 − 11q2)s)t
2
k

+ 4(−M2
H + q2)t

3
k)− (4(q1 − q2)

2s3 + s2(4(M2
H − q2)(q1 − q2) + 5(q1 − 3q2)s)tk

+ s(5M4
H + 6q21 + 5q2(q2 − 5s) + q1(−6q2 + s) +M2

H(−6q1 − 4q2 + 4s))t2k

+ ((M2
H − q2)(4M

2
H − 3q1 − q2) + 3(3M2

H + 2q1 − 5q2)s+ s2)t3k + (M2
H − q2 + 4s)t4k)uk

− (−8(M2
H − q1)(q1 − q2)s

2 + s(4(M2
H − q1)(M

2
H − q2) + (−5M2

H + 8q1 − 15q2)s)tk

+ ((M2
H − q1)(4M

2
H − 3q1 − q2) + (M2

H − q1 − 20q2)s+ 5s2)t2k + 2(M2
H + 2q1 − 4q2)t

3
k + t4k)u

2
k

+ (−4(M2
H − q1)

2s+ (3M2
H − 3q1 + 10q2)stk + (−5M2

H + q1 + 10q2 + s)t2k + t3k)u
3
k + 4q2tku

4
k

]
.

❋✐♥❛❧♠❡♥t❡✱ ❧❛ ❢✉♥❝✐ó♥ fgg(x, y, θ1, θ2) ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✹✽✮ s❡ ❞❡✜♥❡ ❡♥ tér♠✐♥♦s ❞❡ Mgg

❝♦♠♦

fgg(x, y, θ1, θ2) = ∆LO s(1− x)2(1− y2)Mgg , ✭❈✳✾✮

❡♥ ❞♦♥❞❡ ❡❧ ❢❛❝t♦r ∆LO ✐♥tr♦❞✉❝❡ ❧❛ ♥♦r♠❛❧✐③❛❝✐ó♥ ❝♦♥ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❡①❛❝t❛ ❝♦♥Mt ❛ ▲❖✱

② ❡stá ❞❛❞♦ ♣♦r

∆LO =
|C△F△ + C�F�|2 + |C�G�|2

|2
3
CLO|2

. ✭❈✳✶✵✮

❊♥ ❡❧ ❧í♠✐t❡ Mt → ∞ t❡♥❡♠♦s q✉❡ ∆LO → 1✳ ❊st❡ ❢❛❝t♦r ❞❡♣❡♥❞❡ ❞❡ Q2 = x s ② ❞❡❧

✐♥✈❛r✐❛♥t❡ ❞❡ ▼❛♥❞❡❧st❛♠ t✱ q✉❡ ❡stá ❞❛❞♦ ♣♦r

t = −1

2

(
Q2 − 2M2

H −Q
√
Q2 − 4M2

H cos θ1

)
. ✭❈✳✶✶✮

P❛r❛ ❡❧ ♣r♦❝❡s♦ qg → HHq ❞❡✜♥✐♠♦s ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ❛❧ ❡❧❡♠❡♥t♦ ❞❡ ♠❛tr✐③ ❛❧ ❝✉❛❞r❛❞♦

❡♥ ❢♦r♠❛ s✐♠✐❧❛r ❛ ❧♦ ❤❡❝❤♦ ♣❛r❛ Mgg

Mqg =
1

2s

(
1

2

)2
1

3

1

8

1

2

∑

s♣✐♥✱ ❝♦❧♦r

[
A2V

qg

(
A1V

qg

)∗
+A1V

qg

(
A2V

qg

)∗]
. ✭❈✳✶✷✮

✶✸✺



❊st❛ ❝♦♥tr✐❜✉❝✐ó♥ ♣✉❡❞❡ ❡s❝r✐❜✐rs❡ ❝♦♠♦

Mqg =
α4
SG

2
F❘❡(CLO)

648π2s
[h(s, q1, q2, tk, uk) + h(s, q̂1, q̂2, tk, uk)] , ✭❈✳✶✸✮

❡♥ ❞♦♥❞❡ ❧❛ ❢✉♥❝✐ó♥ h ❡stá ❞❛❞❛ ♣♦r

h(s, q1, q2, tk, uk) =
1

t2kq2

[
2(−M4

Ht
2
k − q22(s

2 + stk + t2k) +M2
Htk(−M2

H + tk)uk − (M2
H − tk)

2u2k

− q21(s+ uk)
2 + q1(s(−M2

Htk + q2(2s+ tk)) + (2(M2
H + q2)s+ (M2

H − q2 − 2s)tk)uk ✭❈✳✶✹✮

+ 2(M2
H − tk)u

2
k) + q2(−tk(s2 + uk(tk + uk)) +M2

H(s(tk − 2uk) + tk(2tk + uk))))
]
.

P❛r❛ Mgq ② Mqq̄ ♦❜t❡♥❡♠♦s✱ ✈í❛ ✉♥ ✐♥t❡r❝❛♠❜✐♦ ❞❡ ❧❛s ♣❛rtí❝✉❧❛s ✐♥✐❝✐❛❧❡s ② ✜♥❛❧❡s✱ ❧♦s

s✐❣✉✐❡♥t❡s r❡s✉❧t❛❞♦s

Mgq =
α4
SG

2
F❘❡(CLO)

648π2s
[h(s, q̂2, q̂1, uk, tk) + h(s, q2, q1, uk, tk)] , ✭❈✳✶✺✮

Mqq̄ = −α
4
SG

2
F❘❡(CLO)

243π2s
[h(tk, q1, w2, s, uk) + h(tk, q̂1, w1, s, uk)] , ✭❈✳✶✻✮

❋✐♥❛❧♠❡♥t❡✱ ❧❛s ❢✉♥❝✐♦♥❡s fqg✱ fgq ② fqq̄ s❡ ❞❡✜♥❡♥ ❝♦♠♦

fqg(x, y, θ1, θ2) = ∆LO s(1− x)(1− y)Mqg ,

fgq(x, y, θ1, θ2) = ∆LO s(1− x)(1 + y)Mgq , ✭❈✳✶✼✮

fqq̄(x, y, θ1, θ2) = ∆LO s(1− x)Mqq̄ .

❘❡❝♦r❞❛♠♦s q✉❡ q ✐♥❞✐❝❛ ❝✉❛❧q✉✐❡r q✉❛r❦ ♦ ❛♥t✐q✉❛r❦ ♥♦ ♠❛s✐✈♦✳

✶✸✻



❆♣é♥❞✐❝❡ ❉

❘❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ♣❛r❛ ❡❧ ✐♥❢♦r♠❡ ❞❡❧ ❍❳❙❲●

❊♥ ❡st❡ ❛♣é♥❞✐❝❡ ♣r❡s❡♥t❛♠♦s ❧♦s r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ♣❛r❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❞❡ ♣r♦❞✉❝✲

❝✐ó♥ ❞❡ ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s ❛ tr❛✈és ❞❡ ❢✉s✐ó♥ ❞❡ ❣❧✉♦♥❡s q✉❡ ❤❛♥ s✐❞♦ ❝❛❧❝✉❧❛❞♦s ♣❛r❛

❡❧ ✐♥❢♦r♠❡ ❞❡❧ ❍✐❣❣s ❈r♦ss ❙❡❝t✐♦♥ ❲♦r❦✐♥❣ ●r♦✉♣ ❞❡❧ ▲❍❈✳ ▲♦s r❡s✉❧t❛❞♦s ❛q✉í ♣r❡s❡♥t❛✲

❞♦s ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧♦s ❝á❧❝✉❧♦s ❞❡s❝r✐♣t♦s ❡♥ ❧♦s ❝❛♣ít✉❧♦s ✹ ② ✺✱ ❡s ❞❡❝✐r✱ q✉❡ ♣♦s❡❡♥ ✉♥❛

♣r❡❝✐s✐ó♥ ◆◆▲▲✰◆◆▲❖✳

▲♦s ♣❛rá♠❡tr♦s ✉t✐❧✐③❛❞♦s ♣❛r❛ r❡❛❧✐③❛r ❡st❛s ♣r❡❞✐❝❝✐♦♥❡s s♦♥ ❧♦s s✐❣✉✐❡♥t❡s✿ ♣❛r❛ ❧❛

♠❛s❛ ❞❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s s❡ ❤✐③♦ ✉♥ ❜❛rr✐❞♦ ❝♦♥ ✹ ✈❛❧♦r❡s✱ 124,5, 125, 125,09 ② 125,5 ●❡❱❀

❧❛ ♠❛s❛ ❞❡❧ q✉❛r❦ t♦♣ ❢✉❡ ✜❥❛❞❛ ❛ mt = 172,5 ●❡❱✱ ② ♥♦ s❡ ❝♦♥s✐❞❡r❛r♦♥ ❝♦♥tr✐❜✉❝✐♦♥❡s

❞❡ ♦tr♦s q✉❛r❦s❀ ❡❧ ✈❛❧♦r ❝❡♥tr❛❧ ❞❡ ❧❛s ❡s❝❛❧❛s ❞❡ ❢❛❝t♦r✐③❛❝✐ó♥ ② r❡♥♦r♠❛❧✐③❛❝✐ó♥ ❡❧❡❣✐❞♦

❢✉❡ µF = µR = Q/2 ≡ µ0✱ s✐❡♥❞♦ Q ❧❛ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ ❞❡❧ s✐st❡♠❛ ❢♦r♠❛❞♦ ♣♦r ❡❧ ♣❛r ❞❡

❜♦s♦♥❡s ❞❡ ❍✐❣❣s✳ ▲❛ ✐♥❝❡rt❡③❛ ♣r❡✈❡♥✐❡♥t❡ ❞❡ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❡st❛s ú❧t✐♠❛s ❢✉❡ ❡st✐♠❛❞❛

r❡❛❧✐③❛♥❞♦ ✉♥ ❜❛rr✐❞♦ ❞❡ ✼ ♣✉♥t♦s✱ ❝♦♥ µF , µR = {µ0/2, µ0, 2µ0} ♠❛♥t❡♥✐❡♥❞♦ ❧❛ r❡str✐❝✲

❝✐ó♥ 1/2 ≤ µF/µR ≤ 2✳ ❚♦❞♦s ❧♦s ❝á❧❝✉❧♦s s❡ r❡♣✐t✐❡r♦♥ ♣❛r❛ ✹ ❡♥❡r❣í❛s ♣♦s✐❜❧❡s ❞❡❧ ▲❍❈✱

7, 8, 13 ② 14 ❚❡❱✱ ❝♦♠♦ ❛sí t❛♠❜✐é♥ ♣❛r❛ 100 ❚❡❱✱ ❞❡❜✐❞♦ ❛ q✉❡ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ❞❡ ❡st❡

♣r♦❝❡s♦ ② ❧❛ ❞❡t❡r♠✐♥❛❝✐ó♥ ❝♦♥ ♣r❡❝✐s✐ó♥ ❞❡❧ ❛✉t♦❛❝♦♣❧❛♠✐❡♥t♦ ❞❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s ❡s ✉♥❛

❞❡ ❧❛s ♠♦t✐✈❛❝✐♦♥❡s ♣❛r❛ ✉♥ ❢✉t✉r♦ ❝♦❧✐s✐♦♥❛❞♦r ❤❛❞ró♥✐❝♦ ❞❡ ♠❛②♦r ❡♥❡r❣í❛✳ ▲❛s ❞✐str✐❜✉✲

❝✐♦♥❡s ❞❡ ♣❛rt♦♥❡s ② ❛❝♦♣❧❛♠✐❡♥t♦ ❢✉❡rt❡ ✉t✐❧✐③❛❞♦s ❢✉❡r♦♥ ❛q✉❡❧❧♦s ❞❛❞♦s ♣♦r ❧❛ ú❧t✐♠❛

r❡❝♦♠❡♥❞❛❝✐ó♥ ❞❡❧ ❣r✉♣♦ P❉❋✹▲❍❈ ❬✶✷✼❪✳

❊♥ ❧❛ ❚❛❜❧❛ ❉✳✶ s❡ ♠✉❡str❛♥ ❧♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧ ❛ ◆◆▲▲✰◆◆▲❖✱

♣❛r❛ t♦❞♦s ❧♦s ✈❛❧♦r❡s ❞❡ mh ② Ecm r❡q✉❡r✐❞♦s✳ ❙❡ ♠✉❡str❛♥ t❛♠❜✐é♥ ❧❛s ✐♥❝❡rt❡③❛s ♣r♦✈❡✲

♥✐❡♥t❡s ❞❡ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛s ❡s❝❛❧❛s✱ ❝♦♠♦ ❛sí t❛♠❜✐é♥ ❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ❞❡t❡r♠✐♥❛❝✐ó♥

✶✸✼



mh = 124,5 ●❡❱ ◆◆▲▲ ✭❢❜✮ s❝❛❧❡ ✉♥❝✳ ✭✪✮ P❉❋ ✉♥❝✳ ✭✪✮ P❉❋+αS ✉♥❝✳ ✭✪✮
7 ❚❡❱ 7,77 +4,0− 5,7 ±3,4 ±4,4

8 ❚❡❱ 11,3 +4,1− 5,7 ±3,0 ±4,0

13 ❚❡❱ 38,2 +4,3− 6,0 ±2,1 ±3,1

14 ❚❡❱ 45,3 +4,4− 6,0 ±2,1 ±3,0

100 ❚❡❱ 1760 +5,0− 6,7 ±1,7 ±2,7

mh = 125 ●❡❱ ◆◆▲▲ ✭❢❜✮ s❝❛❧❡ ✉♥❝✳ ✭✪✮ P❉❋ ✉♥❝✳ ✭✪✮ P❉❋+αS ✉♥❝✳ ✭✪✮
7 ❚❡❱ 7,72 +4,0− 5,7 ±3,4 ±4,4

8 ❚❡❱ 11,2 +4,1− 5,7 ±3,1 ±4,0

13 ❚❡❱ 38,0 +4,3− 6,0 ±2,1 ±3,1

14 ❚❡❱ 45,1 +4,4− 6,0 ±2,1 ±3,0

100 ❚❡❱ 1749 +5,1− 6,6 ±1,7 ±2,7

mh = 125,09 ●❡❱ ◆◆▲▲ ✭❢❜✮ s❝❛❧❡ ✉♥❝✳ ✭✪✮ P❉❋ ✉♥❝✳ ✭✪✮ P❉❋+αS ✉♥❝✳ ✭✪✮
7 ❚❡❱ 7,71 +4,0− 5,7 ±3,4 ±4,4

8 ❚❡❱ 11,2 +4,1− 5,7 ±3,1 ±4,0

13 ❚❡❱ 37,9 +4,3− 6,0 ±2,1 ±3,1

14 ❚❡❱ 45,0 +4,4− 6,0 ±2,1 ±3,0

100 ❚❡❱ 1748 +5,0− 6,5 ±1,7 ±2,6

mh = 125,5 ●❡❱ ◆◆▲▲ ✭❢❜✮ s❝❛❧❡ ✉♥❝✳ ✭✪✮ P❉❋ ✉♥❝✳ ✭✪✮ P❉❋+αS ✉♥❝✳ ✭✪✮
7 ❚❡❱ 7,66 +4,0− 5,7 ±3,4 ±4,4

8 ❚❡❱ 11,1 +4,1− 5,7 ±3,1 ±4,0

13 ❚❡❱ 37,7 +4,3− 6,0 ±2,1 ±3,1

14 ❚❡❱ 44,8 +4,4− 5,9 ±2,1 ±3,1

100 ❚❡❱ 1738 +5,2− 6,4 ±1,7 ±2,7

❚❛❜❧❛ ❉✳✶✿ ❙❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧ ♣❛r❛ ❞✐st✐♥t♦s ✈❛❧♦r❡s ❞❡ ♠❛s❛ ❞❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s ② ❞✐❢❡r❡♥t❡s

❡♥❡r❣í❛s ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛✱ ❥✉♥t♦ ❝♦♥ ❧❛s ✐♥❝❡rt❡③❛s ♣r♦✈❡♥✐❡♥t❡s ❞❡ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛s ❡s❝❛❧❛s ❞❡

❢❛❝t♦r✐③❛❝✐ó♥ ② r❡♥♦r♠❛❧✐③❛❝✐ó♥✱ ② ❞❡ ❧❛ ❞❡t❡r♠✐♥❛❝✐ó♥ ❞❡❧ ✢✉❥♦ ❞❡ ♣❛rt♦♥❡s ② ❞❡❧ ❛❝♦♣❧❛♠✐❡♥t♦

❢✉❡rt❡✳

❞❡❧ ✢✉❥♦ ❞❡ ♣❛rt♦♥❡s ② αS✳ ❙❡ ♣✉❡❞❡ ♦❜s❡r✈❛r q✉❡✱ ❝♦♥ ❧❛ ♥✉❡✈❛ ♣r❡s❝r✐♣❝✐ó♥ ❞❡❧ ❣r✉♣♦

P❉❋✹▲❍❈✱ ❡st❛s ú❧t✐♠❛s ✐♥❝❡rt❡③❛s s♦♥ ❝♦♥s✐❞❡r❛❜❧❡♠❡♥t❡ ♠❡♥♦r❡s ❛ ❧♦ q✉❡ s❡ ♦❜t❡♥í❛

❛♥t❡r✐♦r♠❡♥t❡✳

❆❞❡♠ás ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧✱ t❛♠❜✐é♥ ❤❡♠♦s ❝❛❧❝✉❧❛❞♦✱ ♣❛r❛ t♦❞♦s ❧♦s ♣✉♥t♦s ❞❡ ❧❛

t❛❜❧❛ ❛♥t❡r✐♦r✱ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ❡♥ ♠❛s❛ ✐♥✈❛r✐❛♥t❡✳ ❆ ♠♦❞♦ ❞❡ ❡❥❡♠♣❧♦✱ ❡♥ ❧❛ ✜❣✉r❡ ❉✳✶

s❡ ♠✉❡str❛♥ ❛q✉❡❧❧❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ mh = 125 ●❡❱✳

❆❞❡♠ás ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ♣r❡❞✐❝❤❛ ♣♦r ❡❧ ♠♦❞❡❧♦ ❡stá♥❞❛r ✭❙▼✮✱ r❡s✉❧t❛ t❛♠❜✐é♥

✐♠♣♦rt❛♥t❡ ❡st✉❞✐❛r q✉é ♦❝✉rr❡ ❡♥ ♦tr♦s ❡s❝❡♥❛r✐♦s ❡♥ ❞♦♥❞❡ ❡①✐st❡♥ ❞❡s✈✐❛❝✐♦♥❡s r❡s♣❡❝t♦

✶✸✽
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100 TEV , M H =125GEV

❋✐❣✉r❛ ❉✳✶✿ ❉✐str✐❜✉❝✐ó♥ ❡♥ ❧❛ ♠❛s❛ ✐♥✈❛r✐❛♥t❡ ❞❡❧ s✐st❡♠❛ ❢♦r♠❛❞♦ ♣♦r ❧♦s ❞♦s ❜♦s♦♥❡s ❞❡ ❍✐❣❣s

Q ❛ ◆◆▲▲✰◆◆▲❖✱ ♣❛r❛ ❞✐st✐♥t❛s ❡♥❡r❣í❛s ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛✳ ▲❛s ❜❛♥❞❛s ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛

✐♥❝❡rt❡③❛ ♣r♦✈❡♥✐❡♥t❡ ❞❡ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛s ❡s❝❛❧❛s✳

✶✸✾



Ecm λ/λSM = −1 λ/λSM = −0,5 λ/λSM = 0 λ/λSM = 0,5 λ/λSM = 2

7 ❚❡❱ 4,17 3,12 2,24 1,53 0,452

8 ❚❡❱ 4,09 3,06 2,21 1,52 0,455

13 ❚❡❱ 3,85 2,92 2,13 1,49 0,466

14 ❚❡❱ 3,82 2,90 2,12 1,49 0,467

100 ❚❡❱ 3,39 2,62 1,97 1,43 0,492

❚❛❜❧❛ ❉✳✷✿ ❙❡❝❝✐ó♥ ❡✜❝❛③ t♦t❛❧ ❛ ◆◆▲▲✰◆◆▲❖ ✭❡♥ ✉♥✐❞❛❞❡s ❞❡ ❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ❙▼✮ ♣❛r❛

❞✐st✐♥t♦s ✈❛❧♦r❡s ❞❡❧ ❛✉t♦❛❝♦♣❧❛♠✐❡♥t♦ tr✐♣❧❡ λ✱ ♣❛r❛ ❞✐st✐♥t❛s ❡♥❡r❣í❛s ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛✳ ▲♦s

r❡s✉❧t❛❞♦s ❝♦rr❡s♣♦♥❞❡♥ ❛ mh = 125 ●❡❱✳

❞❡❧ ❛♥t❡r✐♦r✳ ❙❡ ❝❛❧❝✉❧❛r♦♥✱ ♣♦r ❡st❛ r❛③ó♥✱ ❧❛s s❡❝❝✐♦♥❡s ❡✜❝❛❝❡s ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡❧

❛✉t♦❛❝♦♣❧❛♠✐❡♥t♦ tr✐♣❧❡ ❞❡❧ ❜♦só♥ ❞❡ ❍✐❣❣s✱ λ✳ ❆❞❡♠ás✱ ❡st♦ ♣❡r♠✐t❡ ❞❛r ✉♥❛ ✐❞❡❛ ❞❡ ❧❛

s❡♥s✐❜✐❧✐❞❛❞ ❝♦♥ ❧❛ ❝✉❛❧ s❡ ♣♦❞rá ♠❡❞✐r ❡st❡ ❛❝♦♣❧❛♠✐❡♥t♦✳

❊♥ ❧❛ ❚❛❜❧❛ ❉✳✷ s❡ ♠✉❡str❛♥ ❧♦s r❡s✉❧t❛❞♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ λ/λSM = −1,−0,5, 0, 0,5

② 2✳ P❛r❛ ❡st♦s ❝á❧❝✉❧♦s s❡ ✉t✐❧✐③ó ú♥✐❝❛♠❡♥t❡ ❡❧ ✈❛❧♦r mh = 125 ●❡❱✳ ▲♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛

t❛❜❧❛ s❡ ❡♥❝✉❡♥tr❛♥ ❡①♣r❡s❛❞♦s ❡♥ ✉♥✐❞❛❞❡s ❞❡ ❧❛ s❡❝❝✐ó♥ ❡✜❝❛③ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ♠♦❞❡❧♦

❡stá♥❞❛r ✭❧❛ ❝✉❛❧ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❧❛ ❚❛❜❧❛ ❉✳✶✮✳

❋✐♥❛❧♠❡♥t❡✱ ❡♥ ❧❛ ✜❣✉r❛ ❉✳✷ s❡ ♠✉❡str❛♥ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛ t❛❜❧❛ ❛♥t❡r✐♦r ♣❛r❛ ❧❛s

❡♥❡r❣í❛s ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛ 8, 13 ② 100 ❚❡❱✳ ❆❞❡♠ás✱ ❝♦♥ ✜♥❡s ❝♦♠♣❛r❛t✐✈♦s✱ s❡ ❝❛❧❝✉❧❛r♦♥

t❛♠❜✐é♥ ❧♦s r❡s✉❧t❛❞♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧ ▲❖✳ ❊st♦ r❡s✉❧t❛ út✐❧ ②❛ q✉❡ ❡♥ ♠✉❝❤♦s ❡st✉❞✐♦s

❢❡♥♦♠❡♥♦❧ó❣✐❝♦s ❡♥ ❧♦s q✉❡ s❡ ❛♥❛❧✐③❛♥ ✈❛r✐❛❝✐♦♥❡s ❛❧ ♠♦❞❡❧♦ ❡stá♥❞❛r✱ ❧♦s r❡s✉❧t❛❞♦s q✉❡

s❡ ♣r❡s❡♥t❛♥ ❝♦rr❡s♣♦♥❞❡♥ ❛❧ ♦r❞❡♥ ♠ás ❜❛❥♦ ❡♥ ◗❈❉✳

❆ ♣❛rt✐r ❞❡ ❧❛ ✜❣✉r❛ ♣♦❞❡♠♦s ♦❜s❡r✈❛r✱ ❡♥ ♣r✐♠❡r ❧✉❣❛r✱ q✉❡ ❧❛s ✈❛r✐❛❝✐♦♥❡s ❞❡ ❧❛ s❡❝✲

❝✐ó♥ ❡✜❝❛③ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ✈❛❧♦r ❞❡ λ s♦♥ s✐♠✐❧❛r❡s ♣❛r❛ ❧❛s ❞✐st✐♥t❛s ❡♥❡r❣í❛s✱ ❝♦♥ ✉♥❛

t❡♥❞❡♥❝✐❛ ❛ ✉♥❛ ♠❛②♦r s❡♥s✐❜✐❧✐❞❛❞ ♣❛r❛ ♠❡♥♦r❡s ❡♥❡r❣í❛s ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛✳ ❘❡s♣❡❝t♦ ❞❡

❧❛s ❞✐❢❡r❡♥❝✐❛s ❡♥tr❡ ❡❧ ❝á❧❝✉❧♦ ❞❡ ❡st❡ ❝♦❝✐❡♥t❡ ❛ ◆◆▲▲✰◆◆▲❖ ② ❛ ▲❖✱ ♣♦❞❡♠♦s ✈❡r q✉❡

s✐ ❜✐❡♥ s♦♥ ❝❧❛r❛♠❡♥t❡ ♦❜s❡r✈❛❜❧❡s✱ s♦♥ t❛♠❜✐é♥ r❡❧❛t✐✈❛♠❡♥t❡ ♣❡q✉❡ñ❛s✳ ❊st♦ s❡ ❞❡❜❡ ❛

q✉❡✱ s✐ ❜✐❡♥ ❧❛s ❝♦rr❡❝❝✐♦♥❡s ❞❡ ◗❈❉ s♦♥ ♠✉② ❣r❛♥❞❡s✱ t✐❡♥❡♥ ✉♥❛ ❞❡♣❡♥❞❡♥❝✐❛ ❞é❜✐❧ ❝♦♥

❡❧ ✈❛❧♦r ❞❡❧ ♣❛rá♠❡tr♦ λ✳ ❉❡ ❡st❛ ❢♦r♠❛ ❥✉st✐✜❝❛♠♦s ❡♥t♦♥❝❡s ❡❧ ✉s♦ ❞❡ ❝á❧❝✉❧♦s ❛ ▲❖ ♣❛r❛

♦❜t❡♥❡r ❡st❡ t✐♣♦ ❞❡ r❡s✉❧t❛❞♦s✳ ❖❜✈✐❛♠❡♥t❡✱ ❡st♦ ❡s só❧♦ ✈á❧✐❞♦ ♣❛r❛ ❡❧ ❝♦❝✐❡♥t❡ ❝♦♥ ❡❧ ✈❛❧♦r

❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ♠♦❞❡❧♦ ❡stá♥❞❛r✳ P❛r❛ ♦❜t❡♥❡r✱ ❛ ♣❛rt✐r ❞❡ ❡st❡ ❝♦❝✐❡♥t❡ ❛ ▲❖✱ ❡❧ ✈❛❧♦r
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❡♥❡r❣í❛s ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛✳ ❙❡ ♠✉❡str❛♥ ❧♦s r❡s✉❧t❛❞♦s ❛ ◆◆▲▲✰◆◆▲❖ ✭❧í♥❡❛s só❧✐❞❛s✮ ② ❛ ▲❖

✭❧í♥❡❛s ♣✉♥t❡❛❞❛s✮✳
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