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Resumen

En términos generales existen dos perspectivas para modelar la dinámica de los plasmas.

Por un lado están los modelos cinéticos y por el otro los modelos de medios continuos (o mod-

elos de fluidos). La teoría cinética describe a los plasmas desde la naturaleza microscópica

del sistema. Las teorias de fluidos por otro lado describen de manera natural los fenómenos a

escalas macroscópicas.

La mayor complicación del estudio de la turbulencia magnetohidrodinamica (y también la

hidrodinámica) es que es un problema de multiescalas. Los rangos de escala que están en los

extremos (macro y micro) son claros dominios de una y otra teoría, sin embargo las escalas que

se encuentran entre las escalas MHD y la escala de Kolmogorov (o de disipación) son un rango

controversial al respecto.

En esta tesis se introducen efectos cinéticos en la magnetohidrodinámica de medios contin-

uos, a traves de modelos de dos fluidos que consideran la separación entre iones y electrones,

En particular, se desarrolla un modelo aproximado de dos fluidos para plasmas con campo

magnético fuerte que presenta importantes ventajas computacionales. El interes en el efecto

del término Hall con campo magnético fuerte está motivado por las observaciones geofísicas,

astrofísicas y la implementación tecnológica de confinamiento por medio de guías magnéticas.

El primer paso consistió en testear el modelo aproximado frente al modelo Hall-MHD

general. Luego desarrollamos un estudio detallado que incluyó múltiples puntos de vista.

Mostramos que el efecto Hall afecta los valores de las las magnitudes globales y sus tiempos

característicos. La distribución de energía por escalas se ve también modificada, incrementán-

dose el rango de escalas disipativas. Se modifican las estructuras del flujo cambiando su forma

y tamaño en las escalas comprendidas entre el ion skin depth (o escala de Hall) y la escala de

Kolmogorov. Se reduce la intermitencia espacial y la autosimilaridad del flujo se incrementa

tendiendo a la monofractalidad. Se analiza el efecto sobre la formación y estructura de las hojas

de corriente. Se analizan las propiedades estadśticas del flujo, en particular la fractalidad y el

efecto sobre la dimensionalidad de las estructuras responsables de la disipación. Finalmente,

extendemos los primeros efectos cinéticos mas allá del efecto Halll introduciendo la inercia

electrónica y presentamos resultados preliminares que muestran que la masa electrónica afecta

la dinámica mas allá de los efectos del término Hall.

Palabras clave: Efecto Hall, Turbulencia, Magnetohidrodinamica, MHD, Hall-MHD
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Abstract

Hall-MHD turbulence in a strong magnetic field

There are broadly two approaches for modeling the dynamics of plasma. On one side are

the kinetic theory models and on the other continuum models (or fluid models). The kinetic

theory describes the plasmas from a microscopic point of view. On the other hand, the fluid

models describe phenomena at macroscopic scales.

The major complication in the study of magnetohydrodynamic turbulence (and hydrody-

namic) is that it is a multi-scale problem. The scale ranges that are at the extremes (macro and

micro) are clearly domains of one theory or the other, however, scales between MHD scale and

Kolmogorov (or dissipation) scales are controversial. In this thesis we introduce the first kinetic

effects into the continuous media magnetohydrodynamic description, considering a two-fluid

model, which thakes into accounr the separation between ions and electrons.

In particular, we develop an approximate model of two fluids for plasmas with a strong

magnetic fields, where variations along the direction of the magnetic field are smoother than

transverse variations. This approximate model shows imortant computational advantages

against the fully general tridimensional Hall MHD model. The interest in the effect of the

Hall term in a strong magnetic field is in turn motivated by geophysical and astrophysical

observations, and technological implementation of confinement through magnetic guides.

The first step was to test the approximante model with the full general Hall-MHD model.

We then developed a detailed study which included multiple points of view. We showed that

the Hall effect affects the values global quantities and their characteristic times. It also mod-

ifies the distribution of energy among scales, increasing the range of dissipative scales. It af-

fects flow structures changing its shape and size between the ion skin depth (Hall scale) and

Kolmogorov scale. The intermittency is reduced and self-similarity of the flow increases ap-

proaching monofractality. We analyzed the effects on the formation and structure of current

sheets (important for the energy dissipation). We studied the statistical properties of the flow,

particularly the fractality and the effect on the dimensionality of the structures responsible for

the dissipation.

Finally, we extend the first kinetic effects beyond the Hall effect, considering electron in-

ertia and introduce preliminary results showing that the electronic mass affects the dynamics

beyond the effects of the Hall term.

Keywords: Hall Effect, turbulence, magnetohydrodynamics, MHD, Hall-MHD.
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Introduction

The MHD models (one-fluid models) [1, 2] are important frameworks for the understand-

ing of the large scale dynamics of a plasma. However, these models fail to describe plasma

phenomena with characteristic length scales smaller than the ion skin depth ρii = c/ωpi (with

ωpi the ion plasma frequency and c speed of light). At this level, the Hall effect, which takes into

account the separation between electrons and ions, becomes relevant. To describe this regime

is common to use the Hall MHD approximation, wich considers two-fluid effects through a

generalized Ohm’s law which includes the Hall current. In an ideal plasma, the Hall current

causes the magnetic field to become frozen in the electron flow instead of being carried along

with the bulk velocity field (as in MHD). Another relevant feature of the ideal Hall MHD de-

scription is the self-consistent presence of parallel (to the magnetic field) electric fields, which

can therefore accelerate particles.

Among various kinetic corrections to magnetohydrodinamics models (MHD), the Hall ef-

fect [3, 4] has been considered of particular importance in numerous studies: magnetic recon-

nection [5, 6, 7, 8, 9], dynamo mechanisms [10], accretion disks[11, 12] and physics of turbulent

regimes [13, 14, 15, 16] are some of the main examples. The Hall parameter in this regime is

ǫ = ρii/L, the ratio of the ion skin depth ρii to the characteristic (large) scale of the turbulence

L. Through this parameter we can vary the intensity of Hall effect and/or modify their spatial

action range.

There are a number of applications for which it is reasonable to consider that the plasma

is embedded in a strong and uniform magnetic field, such as in fusion devices or geophysical

and astrophysical plasmas. Therefore, it is important to find new tools and methods to charac-

terize systems where both the Hall effect and a strong mean magnetic field are relevant. One

of such tools are the direct numerical simulations. The full MHD models are computationally

demanding and this demand is increased when the Hall effect is considered. This is because to

see the influence of the Hall effect a larger range of scales is needed (thus more spatial resolu-

tion is required). Also, the Hall effect introduces high frequency waves (whistler waves, with
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a dispersion relation going as the square of the wavenumber) changing the CFL [17] stability

condition to a more restrictive one, requiring a smaller time step in the numerical simulations.

The presence of a strong mean magnetic field may simplify part of the dynamics. For one-

fluid MHD, the existence of a strong magnetic field is often exploited to yield a simpler model:

the so-called reduced MHD approximation (RMHD; see refs. [18] and [19] ). In this approx-

imation, the fast compressional Alfvén mode is eliminated, while the shear Alfvén and the

slow magnetosonic modes are retained [20]. The RMHD equations have been used to investi-

gate a variety of problem such as current sheet formation [21, 22], nonstationary reconnection

[23, 24], the dynamics of coronal loops [25, 26], and the development of turbulence [27]. The

self-consistency of the RMHD approximation has been analyzed in ref. [28]. Moreover, it has

been studied the validity of the RMHD equations by directly comparing its predictions with

the compressible MHD equations in a turbulent regime [29]. More recently, it has extended

the “reduced” approximation to include two-fluid effects [30], giving rise to the reduced Hall-

MHD description (RHMHD, see also [31]). A comparative study of numerical simulations of

the compressible three-dimensional Hall-MHD equations and the reduced approximation, has

recently confirmed the validity of the RHMHD description in the asymptotic limit of strong

external magnetic fields [32].

The properties of small scales structures in magnetohydrodynamic (MHD) and Hall-MHD

(HMHD) turbulence have been the subject of conflicting results and of several debates. In par-

ticular, much attention has been paid in the literature to the geometrical properties of current

sheets in HMHD, as these structures are associated with magnetic flux reconnection and mag-

netic energy dissipation, processes of uttermost importance in astrophysics and space physics

[33, 34, 35, 36]. Therefore the debate on the effect of the Hall term on the generation of turbu-

lent structures is still open. For example, some recent numerical simulations have indicated

that current sheets in presence of Hall effect become wider than in MHD (see, e.g., [37]), while,

on the contrary, other studies have observed formation of thinner structures when Hall effect

increases, suggesting that HMHD is more intermittent than MHD [38]. This was also observed

in solar wind turbulence, e.g. using the Cluster spacecraft magnetic data [39, 40]. Incidentally,

other instances of solar wind observations of high-frequency magnetic field fluctuations from

the same spacecraft indicated that while large scales are compatible with multifractal intermit-

tent turbulence, small scales show non-Gaussian self-similarity [41].

The quantitative measure of the intermittency is crucial to understand the topological dis-

tribution of dissipation in magneto-fluids and plasmas, and it can also provide constraints for

theoretical study of phenomena such as magnetic energy dissipation and reconnection. It is

thus not clear whether HMHD small scale structures are thinner than in MHD, making HMHD

more intermittent than MHD, or, on the contrary, they are more space filling, causing intermit-
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tency to decrease because of the Hall effect.

In this work we want to study the general effect of the Hall term in magnetohydrodynamic

turbulence in plasmas embedded on strong uniformmagnetic field, through numerical simula-

tions. We studied the effect of this term on the dynamics of global magnitudes, energy cascade,

the characteristic scales and the intermittency of the flow. Also we carried out a study about

the topology of the fields, characterizing the dimensionality of the structures that are formed

within the flow.

The thesis is organized as follows:

Chapter 1 is dedicated to contextualize this thesis, by developing the models and numerical

codes. We will review the basic features of both two-fluid and one-fluid magnetohydrodynam-

ics, and focus on two particular applications: the turbulent heating of coronal active regions

and the dynamics of the solar wind.

Chapter 2 is devoted to test a new model derived in a recent work by Gomez et al. [30].

This model consists of a system of reduced Hall-MHD (RHMHD) equations derived from the

incompressible Hall MHD following the same asymptotic procedure, which is employed to

obtain the conventional RMHD from MHD. The resulting set will describe the slow dynamics

of a plasma (with Hall currents) embedded in a strong external magnetic field and will natu-

rally include new features such as the presence of a parallel electric field. Also we have made

minor modifications to the model to describe the compressibility effects [31] and we tested its

performance. Our goal here is to test the RHMHD model [30], which is aimed at reducing the

computational cost.

In Chapter 3 we study the general effect of the Hall term in magnetohydrodynamic turbu-

lence in plasmas embedded in a strong uniform magnetic field. We studied the effect of this

term on the dynamics of global magnitudes, the cascade of energy, the characteristic scales of

the flow and the typical structures (current sheet).

In Chapter 4we present a detailed study of intermittency in the velocity and magnetic field

fluctuations. Considering the solar wind as a motivation, the data for the analysis stem from

numerical simulations of MHD and HMHD turbulence with a guide field. We use the reduced

MHD and reduced HMHDmodels to generate data under the approximation of a strong guide

field. Then, structure functions and PDFs of the fields are computed, for increments in the direc-

tion perpendicular to the guide field. To reduce errors, an average of the structure functions for

3



several directions perpendicular to the guide field is computed using the SO(2) decomposition.

In Chapter 5 we carried out a qualitative analysis of the characteristics structures and their

features with respect to the magnitude of the Hall effect. In order to gain more insight on the

actual effect of the Hall term on flow structures, here we study the geometrical properties of

the vorticity and current field, using an explicit and quantitative approach, the cancellation

exponents.

In Chapter 6 we go beyond the Hall-MHD model by developing a two-fluid model for a

fully ionized hydrogen plasma not neglecting the electron mass.

In Chapter 7 we list our conclusions.
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Magnetohydrodynamics (MHD) is a reasonable theoretical framework to describe the large-

scale dynamics of a plasma, which is also known as one-fluid MHD. Two-fluid effects can

be considered through a generalized Ohm’s law which includes the Hall current, which is

required for phenomena with characteristic length scales comparable or smaller than the ion

skin depth c/ωpi (c:speed of light, ωpi: ion plasma frequency). In an ideal plasma, the Hall

current causes the magnetic field to become frozen in the electron flow instead of being carried

along with the bulk velocity field.

In astrophysical plasmas, a strong external magnetic field is often present, thus breaking

down the isotropy of the problem and eventually causing important changes in the dynamics

of these plasmas. For one-fluid MHD, the presence of an external magnetic field gave rise to

the so-called reduced MHD approximation (RMHD, see [2, 3]). The RMHD equations have
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1. The background

been used in a variety of astrophysical applications, such as current sheet formation [4, 5],

non-stationary reconnection [6, 7], the dynamics of coronal loops [8, 9] or the development of

turbulence [10]. It has numerically confirmed the validity of the RMHD equations by directly

comparing its predictions with the compressible MHD equations in a turbulent regime [11].

More recently, [12] extended the “reduced” approximation to include two-fluid effects, giving

rise to the reduced Hall-MHD description (RHMHD, see also [13]). A comparative study of

numerical simulations of the compressible three-dimensional Hall-MHD equations and the re-

duced approximation, has recently confirmed the validity of the RHMHD description in the

asymptotic limit of strong external magnetic fields [14].

We organize the chapter as follows. After introducing the Hall-MHD set of equations in

1.1.1, we perform the asymptotic expansion corresponding to the dynamics of a plasma embed-

ded in a strong external magnetic field in 1.1.2, and derive the set of RHMHD equations. In

1.2.1 we integrate the RHMHD to simulate the development of turbulence in the solar wind.

More specifically, we show that the presence of the Hall effect causes non-negligible changes in

the energy power spectrum and also discuss the consequences of an electric field component

which is parallel to the magnetic field. We also applied the one-fluid version of these equations

(i.e. the RMHD equations) to simulate the internal dynamics of loops of the solar corona. The

main results from these simulations are summarized in 1.2.2, showing the development of a

turbulent regime in these loops, which enhances Joule dissipation to levels consistent with the

energy requirements to heat active regions. Finally, in 1.3.2 we describe the codes to numeri-

cally integrate the equations.

1.1 Models

1.1.1 The Hall-MHD equations

The large-scale dynamics of a multispecies plasma can be described through fluid equations

for each species s (see for instance [15])

∂tns +∇ · (nsus) = 0 (1.1)

msns
dus

dt
= nsqs(E+

1

c
us × b)−∇ps +∇ · σs + ∑

s′
Rss′ (1.2)

wherems, qs are the individual mass and charge of particles of species s, ns, us, ps are their par-

ticle density, velocity field and scalar pressure respectively, while σs is the viscous stress tensor

and Rss′ is the rate of momentum (per unit volume) gained by species s due to collisions with

species s′; E and b are respectively the electric and magnetic fields and convective derivative
dus

dt
= ∂tus + (us · ∇)us was used. In the presence of a strong magnetic field, pressure might
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1.1. Models

depart from scalar and become anisotropic (i.e. p‖ 6= p⊥), but we are neglecting this effect

throughout this paper. The momentum exchange Rss′ rate is proportional to the relative speed

between both species and is given by

Rss′ = −msnsνss′(us − us′) (1.3)

where νss′ is the collision frequency of an s-particle against particles of species s′. Since the

total momentummust of course be conserved, the corresponding exchange rates satisfy Rs′s =

−Rss′ , from which it follows that collision frequencies must obey msnsνss′ = ms′ns′νs′s. The

electric current density for a multi-species plasma is defined as

J = ∑
s

qsnsus (1.4)

The equations of motion for a fully ionized hydrogen plasma, made of protons of particle

massmp and electrons of negligible mass (sinceme ≪ mp) are given by [16]

mpn
du

dt
= en(E+

1

c
u× b)−∇pp +∇ · σ +R (1.5)

0 = −en(E+
1

c
ue × b)−∇pe −R (1.6)

where u, ue are the ion and electron flow velocities. The viscous stress tensor for electrons has

been neglected, since it is proportional to the particle mass. The friction force between both

species can be written as

R = −mpnνpe(u− ue) (1.7)

For the fully ionized hydrogen case, the electric current density (see equation (1.4)) reduces to

J = en(u− ue). Therefore, the friction force R can be expressed as

R = −mpνpe

e
J (1.8)

The electron and ion pressures pe, pp are assumed to satisfy polytropic laws

pp ∝ nγ (1.9)

pe ∝ nγ (1.10)

where the particle densities for both species are assumed to be equal because of charge neutral-

ity (i.e. np = ne = n). The bulk flow in this two-fluid description is given by the ion flow u,

which satisfies

∂tn+∇ · (nu) = 0 (1.11)

The electric current density relates with the magnetic field through Ampere’s law

J =
c

4π
∇×b = en(u− ue) (1.12)
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1. The background

By adding equations (1.5)-(1.6) and adopting a Newtonian prescription for the viscous stress

tensor (i.e. σij = µ(∂iUj + ∂jUi + 2/3δij∇ · u), µ: viscosity) we obtain

mpn
du

dt
=

1

c
J × b−∇p+ µ∇2u+

µ

3
∇(∇ · u) (1.13)

where p = pp + pe. On the other hand, after replacing ue = u− J/en and equation (1.8) into

equation (1.6), we obtain the so-called “generalized Ohm’s law”

E+
1

c
u× b =

1

nec
J × b− 1

ne
∇pe +

mpνpe

e2n
J (1.14)

which also expresses the force balance satisfied by the massless electrons. In the last term, we

can recognize e2n/(mpνpe) as the electric conductivity of a fully ionized hydrogen plasma. The

electric and magnetic fields can be cast in terms of the electrostatic potential φ and the vector

potencial A (E = −∂tA−∇2φ, b = ∇× A). In particular, the curl of equation (1.14) yields the

induction equation

∂tb = ∇×
[
(u− 1

en
J)× b

]
−∇× (η∇× b) (1.15)

where

η =
mc2νpe

4πe2n
(1.16)

is the electric resistivity. Equations (1.13)-(1.15) provide the two-fluid description of magneto-

hydrodynamics. The set of equations is completed by the continuity equation (equation (1.11)),

the adiabatic conditions given by equations (1.9)-(1.10) and Ampere’s law (equation (1.12)).

We now turn to a dimensionless version of the preceding set of equations using a typical

longitudinal length scale L0, an ambient density n = n0, a typical value for the magnetic field

B0, a typical velocity equal to the Alfven speed vA = B0/
√

4πmpn0, and a reference pressure

p0. The equation of motion becomes

n
du

dt
= (∇× b)× b− β∇p+ 1

R
(∇2u+

1

3
∇(∇ · u)) (1.17)

while the induction equation can be written as

∂tb = ∇×
[
(u− ǫ

n
∇× b)× b

]
+

1

Rm
∇2b (1.18)

The various dimensionless coefficients in these equations measure the relative importance of

different competing physical effects. The plasma “beta"

β =
p0

mpn0v
2
A

(1.19)

is the approximate ratio of gas to magnetic pressure, while the kinetic (R = vAL0/(µ/mpn0))

and magnetic (Rm = vAL0/η) Reynolds numbers express the ratio of convective to dissipative
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1.1. Models

effects in each equation. The Hall parameter

ǫ =
c

ωpiL0
=

√
mpc2

4πe2n0L2
0

(1.20)

expresses the relative importance of the Hall effect. For ǫ → 0, the induction equation (1.18)

reduces to the one for one-fluid magnetohydrodynamics (MHD).

Equations (1.17)-(1.18) are also known as the Hall-MHD (HMHD) equations. The HMHD

system has been extensively studied in recent years, both analytically and numerically. For in-

stance, Hall-MHDhas been applied to advance our understanding of dynamomechanisms [17],

magnetic reconnection [18, 19, 20], accretion disk [21, 22] or the physics of turbulent regimes

[23, 24, 25, 26]. Potential limitations in the validity of Hall-MHD from the more comprehensive

framework of Vlasov-Maxwell kinetic theory have been recently pointed out by [27] and also

by [28]. In particular, [27] shows that Hall-MHD is a valid limit of kinetic theory whenever the

electron temperature is larger than the ion temperature.

1.1.2 Hall-MHD in a strong magnetic field: RHMHD

1.1.2.1 RHMHD

In the presence of a strong external magnetic field, velocity andmagnetic field fluctuations tend

to develop fine scale spatial structures across it, while parallel gradients remain comparatively

smoother [29, 30, 31, 32]. Assuming the external field to point along êz and its magnitud is B0 ,

the total (dimensionless) magnetic field is

B = B0êz + b , | b
B0

| ≈ α ≪ 1 (1.21)

where α = L⊥/L‖ represents the typical tilt of magnetic field lines with respect to the êz-

direction. Therefore, one expects (assuming L0 = L⊥ to be the typical lengthscale of the prob-

lem) that ∂z/∇⊥ ≈ α ≪ 1 (∇⊥ ≈ 1/L⊥, ∂z/ ≈ 1/L‖). In particular if we normalize using the

typical scale L⊥ = L0

∇⊥ ≈ 1 , ∂z ≈ α ≪ 1 (1.22)

To guarantee that the vector fields b and u remain solenoidal (incompressible flow), we decom-

pose them as

B = B0êz +∇× (aêz + gêx) (1.23)

and

u = ∇× (ϕêz + f êx) (1.24)
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1. The background

where the potentials a(r, t), g(r, t), ϕ(r, t) and f(r, t) are all assumed of order α ≪ 1 (see details

in [12].

The standard RMHD approximation [2] only considers the potentials a and ϕ, which re-

strict the dynamics to velocity and magnetic field components perpendicular to the external

magnetic field. When the Hall effect becomes relevant (i.e. the term proportional to ǫ in equa-

tion (1.18)), potentials f and g should be added to allow nonzero dynamical field components

along êz and therefore capture the helical behavior introduced by this effect.

Assuming also ∂t ≈ 1 (which corresponds to the fast timescale L⊥/vA), we obtain, to first

order in α in equations (1.17)-(1.18)

b+ βp = constant (1.25)

φ+ ϕ− ǫ(b+ βepe) = constant (1.26)

which are Bernoulli conditions constraining the pressures and the electrostatic potential, and

correspond to pressure equilibria established over typical timescales of the fast magnetosonic

mode. The coefficient βe in Equation (1.26) is βe = p0e/mpn0v
2
A.

To follow the evolution of the system on the much slower timescale L‖/vA (i.e. assuming

∂t ≈ α ≪ 1), eqs. (1.17)-(1.18) to order α2 describe the dynamical evolution of the potentials

(i.e. a, ϕ, g and f )

∂ta = B0∂z(ϕ− ǫb) + [ϕ− ǫb, a] +
1

Rm
∇2a (1.27)

∂tω = B0∂zj + [ϕ,ω]− [a, j] +
1

Re
∇2ω (1.28)

∂tb = B0∂z(u− ǫj) + [ϕ, b] + [u− ǫj, a] +
1

Rm
∇2b (1.29)

∂tu = B0∂zb+ [ϕ,u]− [a, b] +
1

Re
∇2u (1.30)

where j = −∇2
⊥a and ω = −∇2

⊥ϕ are, respectively, the parallel current and vorticity compo-

nents, and [a, b] = ∂xa∂yb− ∂ya∂xb indicate the standard Poisson brackets. The parallel compo-

nent of the dynamical magnetic field is b = −∂yg, and that of the velocity field is u = −∂yf .
In summary, the set of equations (1.27)-(1.30) describe the dynamical evolution of a Hall

plasma embedded in a strong external magnetic field.

Just as for three-dimensional Hall-MHD, this set of equations display three ideal invariants:

the energy

E =
1

2

∫
d3r (|u|2 + |b|2) = 1

2

∫
d3r (|∇⊥ϕ|2 + |∇⊥a|2 + u2 + b2) , (1.31)

the magnetic helicity

Hm =
1

2

∫
d3r (A · b) =

∫
d3r ab , (1.32)
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1.1. Models

and the hybrid helicity [33, 34]

Hh =
1

2

∫
d3r (A+ ǫu) · (b+ ǫΩ) =

∫
d3r [ab+ ǫ(aω+ ub) + ǫ2uω)] (1.33)

where Ω = ∇× u is the vorticity vector field.

1.1.2.2 Weak compressible RHMHD

In a similar fashion, a weakly compressible model can be obtained as well. To this end, a

slight modification must be introduced to the hypothesis recently described [35]. The velocity

field, in the more general case, can be decomposed as a superposition of a solenoidal part

(incompressible flow) plus the gradient of a scalar field (irrotational flow), i.e.

u = ∇× (ϕêz + f êx)+∇ψ, (1.34)

Using the same assumptions as in 1.1.2.1, but in addition assuming that ψ(r, t) is of order

α2 the weak compressible RHMHD equations can be obtained

∂ta = B0∂z(ϕ− ǫb) + [ϕ− ǫb, a] +
1

Rm
∇2a (1.35)

∂tω = B0∂zj + [ϕ,ω]− [a, j] +
1

Re
∇2ω (1.36)

∂tb = B0βp∂z(u− ǫj) + [ϕ, b] + βp[u− ǫj, a] + βp
1

Rm
∇2b (1.37)

∂tu = B0∂zb+ [ϕ,u]− [a, b] +
1

Re
∇2u (1.38)

The only difference between the weakly compressible RHMHD and the original RHMHD is

in equation (1.37). In the original RHMHD equations βp = 1, whereas here βp = βγ/(1+ βγ),

with the plasma β = 4πp/B2
0 . Therefore the compressibility effect here depends on the ex-

ternal magnetic field which embeds the plasma. Note that the entire flow compressibility is

introduced through this parameter, which is a constant of the model. Therefore the compu-

tational cost is exactly the same as in the original RHMHD model. Just as in RHMHD the

bernoulli equations and the invariants are still valid.

In general we will refer to this model simply as RHMHD, and in our studies (except in

section A) we will use this system of equations.
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1. The background

Figure 1.1: Energy power spectra for ǫ = 0.0 (thick gray trace) and ǫ = 0.1 (thick black trace)

for a 512× 512× 32 run at t = 20. The Kolmogorov slope is displayed for reference, and the

vertical dashed line indicates the location of kǫ = 1/ǫ for ǫ = 0.1. The thin lines show the power

spectra for the corresponding kinetic energies.

1.2 Aplications

1.2.1 Application of RHMHD to solar wind turbulence

The relative importance of the Hall effect in the Hall-MHD equations (i.e. equations (1.17)-

(1.18)) is determined by the coefficient ǫ, which is only present in equation (1.18). From the

expression of ǫ in equation (1.20), we find that the Hall effect must become non-negligible

in sufficiently low density plasmas. One of the many low-density astrophysical plasmas for

which the Hall effect is known to be relevant is the solar wind, and it becomes progressively

more important as we move away from the Sun. Also, the solar wind plasma is permeated by

an external magnetic field (although the magnetic fluctuations can be a non-negligible fraction

of the external field).

To study the role of the Hall effect on the energy power spectrum, we integrate equations

(1.35)-(1.38) numerically. We assume periodic boundary conditions, and specify the velocity

fields at the boundaries z = 0 and z = L (for a detailed description, see [10]). These bound-

ary motions pump energy into the system and drives it into a turbulent regime. We use a

pseudo-spectral technique with dealiasing for the perpendicular spatial derivatives and finite
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1.2. Aplications

differences for the (much smoother) êz-derivatives. We start all our simulations with trivial

initial conditions (i.e. a = ϕ = u = b = 0).

We performed a set of simulations with different values of the Hall parameter (see details

in [12]). Among the results arising from these simulations, we find that the fraction of kinetic

to total energy increases monotonically with the Hall coefficient ǫ.

In the MHD limit (ǫ = 0), the total energy reduces to (Eq.(1.31))

Eperp =
1

2

∫
d3r (|∇⊥ϕ|2 + |∇⊥a|2) (1.39)

while for the general case (ǫ 6= 0) there is a fraction of the total energy directly associated to the

parallel degrees of freedom

Epar =
1

2

∫
d3r (u2 + b2) (1.40)

The fraction Epar/Etot is also observed to increase monotonically with ǫ, even though we

are not pumping parallel energy from the boundaries. Parallel fluctuations are generated by

the perpendicular part of the dynamics (i.e. by a and ϕ) via terms proportional to ǫ in equation

(1.37).

We expect the Hall current to affect the dynamics of spatial patterns whose sizes are of the

order of the ion skin depth (i.e. c/wpi) or smaller. According to Equation (1.20), this typical size

corresponds to a kǫ = 1/ǫ. In Figure 1.1 we compare the spectral distributions of energy for

ǫ = 0.0 and ǫ = 0.1, once a stationary turbulent regime is reached for each of these simulations.

Even though these numerical simulations have only a moderate spatial resolution of 512 ×
512× 32, the energy spectra are consistent with the slope predicted by Kolmogorov (i.e. Ek ∝

k−5/3) at intermediate and large scales (i.e. intermediate and small values of k). We also find

that both the total and kinetic energy spectra for the simulation corresponding to ǫ = 0.1,

strongly depart from the purely MHD run (i.e. ǫ = 0.0) for k ≥ kǫ.

The spectral distribution of energy dissipation is given by 2ηk2E(k). Figure 1.2 shows en-

ergy dissipation spectra for different simulations corresponding to ǫ = 0, 1/32, 1/16, 1/8. We

find that the spectral distribution of energy dissipation shifts to larger wavelengths as ǫ rises,

which is quantitatively confirmed by the corresponding values of the mean scale defined as

k2mean =

∫
dkk2E(k)∫
dkE(k)

(1.41)

listed in the Table.

The scale kmean, also known as the Taylor scale, can be regarded as the average curvature

of magnetic fieldlines. Its gradual shift with the Hall effect is consistent with a reduction of the

energy transfer rate associated to the direct energy cascade for k > kǫ, which in turn leads to

smaller total dissipation rates ([36], see also [37]).
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Figure 1.2: Spectral distribution of energy dissipation for simulations corresponding to ǫ =

0, 1/32, 1/16, 1/8, displayed in gradually lighter shades of gray.

Table 1.1: Hall and mean scales

Run ǫ kHall kmean

1 0 ∞ 8.5

2 1/32 32 8.2

3 1/16 16 7.7

4 1/8 8 7.2
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1.2. Aplications

Figure 1.3: Energy power spectra for a 512× 512× 32 run with ǫ = 0.1 at t = 20. Black full

trace corresponds to total energy, dotted (dot-dashed) trace to kinetic (magnetic) energy, and

the gray full trace shows the power spectrum of the electric field.
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Another important feature of Hall-MHD in its ideal limit (i.e. for η → 0) is the self-

consistent presence of a component of the electric field parallel to the total magnetic field,

which is able to accelerate charged particles (see also [38] and [39]). Figure 1.3 shows the power

spectrum of the total electric field, superimposed to the corresponding spectra of kinetic and

magnetic energy, for ǫ = 0.1. We can clearly observe an excess of power in the electric field

compared to the magnetic field at large wavenumbers (i.e. k > kǫ).

The dimensionless version of the electric field (see Eqn (1.14)) is

E = −(u− ǫ

n
∇× b)× b− ǫβe

n
∇pe + η∇× b (1.42)

When computing the component of the electric field which is parallel to the magnetic field (i.e.

E‖ = E·b
|b|2 ) only two terms contribute, the one proportional to the electron pressure gradient

and the one corresponding to electric resistivity. To second order in the expansion coefficient α

(see Eqn (1.21)) and using that βepe = −βe

β
b, we obtain

E‖ = ǫ
Te

Te + Tp
(∂zb+ [b, a]) + ηj (1.43)

In Figure 1.4 we show two histograms corresponding to the terms proportional to ǫ (black) and

η (gray) in Equation (1.43), assuming Te >> Tp. We can clearly see that the contribution of

the Hall effect to E‖, which is actually caused by the ∇‖pe term in Equation (1.42), is markedly

larger than the contribution of the plasma resistivity. Note that the electron pressure is cast in

terms of the parallel magnetic field component b as a result of Equation (1.25).

We need simulations at much higher spatial resolution to make quantitative asessments

about power spectra or energy dissipation, but these simulations at moderate resolution show

that the behavior at small scales (i.e. k > kǫ) is clearly affected by the presence of the Hall term.

The RHMHD framework has been numerically tested against the more general compressible

Hall-MHD description [14]. The results show that the degree of agreement between both sets of

simulations is very high when the various assumptions for RHMHD are satisfied, thus render-

ing RHMHDas a valid approximation of Hall-MHD in the presence of strong external magnetic

fields.

1.2.2 Application of RMHD to coronal heating

Another application of the reduced approximation to an astrophysical problem, is the simula-

tion of magnetic loops of the solar corona, to study the heating of the plasma confined in coro-

nal magnetic structures. To model the internal dynamics of coronal loops in solar (or stellar)

active regions, we assume these loops to be relatively homogeneous bundles of fieldlines, with

their footpoints deeply rooted into the photosphere. Individual fieldlines are moved around by
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Figure 1.4: Histograms of the terms proportional to ǫ (black) and η (gray) for E‖ (see Eqn (1.43)

for a 512× 512× 32 run with ǫ = 0.1 and t = 20.
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Figure 1.5: Energy and dissipation rate time series. Upper panel: Kinetic energy (thin), and

total energy (thick). Lower panel: Energy dissipation rate (thick) and Poynting flux (thin).

subphotospheric convective motions, which in turn generate magnetic stresses in the coronal

portion of the loop. We therefore consider a magnetic loop with length L and cross section

2πlph × 2πlph, where lph is the lengthscale of typical subphotospheric motions. For elongated

loops, i.e. such that 2πlph << L, we neglect toroidal effects. The main magnetic field B0 is

assumed to be uniform and parallel to the axis of the loop (the z axis) and the perpendicu-

lar planes at z = 0 and z = L correspond to the photospheric footpoints. For the coronal

plasma, the Hall effect is actually negligible, so we simply integrate the RMHD equations (i.e.

ǫ = 0.000).

As boundary conditions, we assume ψ(z = 0) = 0 and ψ(z = L) = Ψ(x, y) where the

stream function Ψ(x, y) describes stationary and incompressible footpoint motions on the pho-

tospheric plane (see [10]). We specify the Fourier components of Ψ(x, y) as Ψk = Ψ0 inside the

ring 3 < lph|k| < 4 on the Fourier plane, and Ψk = 0 elsewhere, to simulate a stationary and

isotropic pattern of photospheric granular motions of diameters between 2πlph/4 and 2πlph/3.

The strength Ψ0 is proportional to a typical photospheric velocity Vph ≈ 1 km.s−1. The typical

timescale associated to these driving motions, is the eddy turnover time, which is defined as

tph = lph/Vph ≈ 103 sec. We choose a narrowband and non-random forcing to make sure that

the broadband energy spectra and the signatures of intermittency that we obtain are exclusively

determined by the nonlinear nature of the MHD equations.

In Figure 1.5 we show the results obtained from a simulation extending from t = 0 to

t = 100 tA, where tA = L/vA is the Alfven time of the loop. The upper panel shows the kinetic

(EU , thin trace) and total energy (E = EU + EB , thick trace). We can see that after about ten

Alfven times, the energy reaches a stationary regime, since the work done by footpoint motions

statistically (i.e. in time average) reaches an equilibriumwith the dissipative processes (electric

resistivity and fluid viscosity). In this stationary regime most of the energy is magnetic, while
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1.3. Numerical simulations

kinetic energy is only about 5% of the total. In the lower panel, we show the dissipation rate (D,

thick trace) and the incoming Poynting flux (P , thin trace), showing that their time averages

are approximately equal.

The observed stationary equilibrium has been shown to correspond to a turbulent regime

[40, 8], and therefore the associated energy cascade bridges the gap between the large spatial

scales where energy is injected by footpoint motions, to the much smaller scales where it dis-

sipates (see [41]). The dependence of the stationary dissipation rate < D >=< P > (< · · · >:
time average) with the physical parameters of the loop is ([9])

< D >∝
ρl2ph

t3A
(
tA

tph
)
3
2 (1.44)

In Figure 1.5 we can clearly observe the spiky nature of these time series, which is the

result of the intermittency arising in turbulent regimes. These spikes of energy dissipation

can be associated with Parker’s nanoflares (see [42, 43]) and the statistical distribution of these

dissipation events can be obtained. A detailed description of that statistical study is beyond the

scope of this presentation, but the main result (see also [44]) is that the number of nanoflares

(or spikes) as a function of their energies N (E) follows a power law N (E) ≈ E−3/2, which

is remarkably comparable to the result obtained for larger dissipation events. The statistics

of large energy dissipation events such as microflares and flares, has been reported by [45],

gathering a large number of observational studies.

1.3 Numerical simulations

In this section we introduce the version of the equation systems that were used to carry out the

respective numerical simulations. Also we give the characteristics of the codes used to carrying

them out.

1.3.1 Equations

The dimensionless version of compressible Hall MHD equations that are considered to write

the code are

∂tu = u× ω +
1

M2
A

J × b

ρ
−∇

(
u2

2
+

ργ−1

M2
S(γ − 1)

)

+ν(
∇2u

ρ
+

1

3

∇(∇ · u)
ρ

), (1.45)

∂tρ = −∇ · (ρu), (1.46)

23



1. The background

∂tA = u× b− ǫ
J × b

ρ
−∇φ+ η∇2A, (1.47)

∇ · A = 0 (1.48)

In these equations, u is the velocity field, ω is the vorticity field, J is the current, b is the

magnetic field, ρ is the density of the plasma, and A and φ are respectively the magnetic and

electric potentials. A barotropic law is assumed for the plasma, with the pressure given by

p = Cργ , where C is a constant and γ = 5/3. Equation (1.48) is the Coulomb gauge, which acts

as a constraint that fixes the electric potential in Eq. (1.47). Control parameters of the system

are the sonic Mach number MS , the Alfvén Mach number MA, the viscosity ν and, and the

resistivity η. All these numbers are control parameters in the numerical simulations. In our

study, the most important control parameter is the Hall coefficient ǫ = ρii/L, where ρii is the

ion skin depth and L is the characteristic scale of turbulence. When ǫ = 0, the equations above

result in the well known compressible MHD equations.We refer to this set of equations as the

CMHD equations (Hall compressible MHD).

The other system that we will use are the RHMHD equations. The version used to make

the corresponding code is

∂tω = B0∂zj + [j, a]− [ω,ϕ] + ν∇2ω, (1.49)

∂ta = B0∂z(ϕ− ǫb) + [ϕ, a] + [b, a] + η∇2a, (1.50)

∂tb = B0βp∂z(u− ǫj) + [ϕ, b] + βp[u, a] +

−ǫβp[j, a] + βpη∇2b, (1.51)

∂tu = B0∂zb+ [ϕ,u]− [a, b] + ν∇2u, (1.52)

where

ω = −∇2
⊥ϕ, (1.53)

j = −∇2
⊥a, (1.54)

b = −∂yg, (1.55)

u = −∂yf , (1.56)
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1.3. Numerical simulations

and the notation [A,B] = ∂xA∂yB − ∂xB∂yA is employed for the Poisson bracket. The

potential ψ was eliminated from these equations using the equation for the pressure. Finally,

βp = βγ/(1+ βγ) is a function of the plasma “beta” (β = 4πp/B2
0). As in the previous set

of equations, these equations become the compressible RMHD equations when ǫ = 0. This

model will be tested in the next chapter through a direct comparison with the CMHD equa-

tions and use it for the rest of the thesis to study how the Hall effect modifies the dynamics of

magnetohydrodynamic turbulence under a strong magnetic field.

1.3.2 Numerical codes

We use a standard parallel pseudospectral code to evaluate the nonlinear terms and solve nu-

merically the equations [46]. A second-order Runge-Kutta time integration scheme is used. Pe-

riodic boundary conditions are assumed in all directions of a cube of side 2πL (where L ∼ 1 is

the initial correlation length of the fluctuations, defined as the length unit). The runs performed

throughout in this study do not contain any magnetic or velocity external stirring terms, so the

RHMHD system is let to evolve freely.

In the next chapter we will specify the initial conditions. In general terms, we excite initially

Fourier modes (for both magnetic and velocity field fluctuations) in a shell in k-space, with

the same amplitude for all modes and random phases. The runs are freely evolved until the

turbulence is fully developed. Time units (the initial eddy turnover time) is defined in terms of

the initial rms velocity fluctuation and unit length.

The kinetic and magnetic Reynolds numbers are defined respectively as R = 1/ν, Rm =

1/η, based on unit initial r.m.s. velocity fluctuation, unit length, and dimensionless values for

the viscosity and diffusivity.

The control parameters will be specified in each section.
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Chapter 2
Testing the model:

Direct comparisons of compressible

magnetohydrodynamics and the

RHMHD model

[1]
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In this chapter we test the RHMHDmodel. The main advantage of this model lies in the re-

duction of computational cost. We showed in the first chapter (1.1.2.2) that we can make minor

modifications to the model to describe the compressibility effects [2]. We will start studying the

improvements obtained by considering compressibility effects (2.2), then we analyze the effect

of the initial conditions and of the external magnetic field on the RHMHD solutions (2.3, 2.4).
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2. Testing the model

2.1 Simulations

In this chapter we will study the solutions for different types of initial conditions, and per-

form a direct comparison between the solutions from CMHD model and the RHMHD model.

Both equation systems will start from exactly the same initial fluctuation fields (velocity and

magnetic field).

2.1.1 Set up

The same resolution is used in both codes in all three directions in most of the runs presented

here, which have a moderate resolution of 1283 Fourier modes, allowing many different runs

to be done with different initial conditions and/or mean magnetic field.

We considered kinetic and magnetic Reynolds numbers R = Rm = 400 in all of the runs.

We also considered a Mach number MS = 1/4, Alfven number MA = 1, and Hall coeficient

ǫ = 1/16 in all runs.

Two different values of the magnetic field B0 = 1, 8 (weak and strong) are considered (in

units of the initial rms magnetic fluctuation value).

To study the performance of the RHMHD solutions in constrast with the CMHD solutions,

we performed simulations with two different initial conditions, one of them maintains the

anisotropy imposed by the external field while the other does not assume any preferential

direction.

2.1.2 Initial Conditions

The first set of initial conditions, anisotropic initial condition (A.I.C.), compliedwith the anisotropy

imposed by the external magnetic field. This initial condition was generated using a two-step

process. First, a set of Fourier modes for both magnetic and velocity field fluctuations is pro-

duced, with amplitudes such that the (omnidirectional) energy spectrum is a Kolmogorov spec-

trum proportional to k−5/3 for 1 ≤ k ≤ 16 and gaussian random phases. Modes outside this

range in k-space are set to 0. Second, an anisotropic filter is applied, so that excited modes for

which τnl(k) > τA(k) are initially set to 0 (Here τnl(k) = 1/(kvk) is the non-linear time asso-

ciated with the speed vk at wavenumber k and τA(k) = 1/(k‖VA0
) is the Alfvén time, where

VA0
= B0/

√
4πρ0 is the Alfvén speed). This is to ensure that only modes which satisfy the

RHMHD requirement are excited initially [3, 4, 5, 6]. Taking the Kolmogorov inertial range

form vk ∼ k−1/3 into account, this condition becomes

k‖ ≤ C
k2/3

VA0

(2.1)
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where C is a O(1) constant. Here we view this inequality as one of the conditions for validity of

the RMHD approximation. For marginal attainment of the time scale inequality, we consider

runs with C = 1. The condition means that only large parallel wavelength modes (low k‖) are

allowed in the initial fluctuations, and becomes increasingly restrictive as the value of the mean

magnetic field (i.e. VA0
) is increased.

To complete the specification of the initial conditions, the fluctuations are normalized so

that the initial mean square values of the magnetic and velocity field are both equal to 1 (unit

value). Cross helicity and magnetic helicity are initialized at very small values (remind that if

the normalized cross helicity is unity there is no turbulent dynamics). Only plane-polarized

fluctuations are considered in this case, that is, fluctuations are perpendicular to the mean

magnetic field, e.g., u(x, t = 0) = u⊥(x, 0).

The runs performed throughout this paper do not contain any magnetic or velocity stirring

terms, so that the CMHD and RHMHD systems evolve freely.

In the second case, isotropic initial condition (I.I.C.), we consider initial Fourier modes in a

shell in k-space 1 ≤ k ≤ 2 at low wavenumbers, with constant amplitudes and random phases.

Unlike the previous case, no initial anisotropic filter is applied here, so the initial conditions are

spectrally isotropic. As in the anisotropic case, only plane-polarized fluctuations (transverse

to the mean magnetic field) are included, so these are (low- to high-frequency) Alfvén mode

fluctuations and not magnetosonic modes.

This set of initial conditions represent a more general situation that may arise in an applica-

tion, where no initial spectral anisotropy is imposed (for instance, they could represent better

the effect of isotropic driving). Therefore, in the next chapters we will use this initial conditions

to understand the effect of the Hall term

The organization of this section is as follows. Subsection 2.2 provides a brief comparison of

the RHMHDmodel and its compressible version. In subsection 2.3 we present the numerical re-

sults for anisotropic initial conditions. Subsection 2.4 shows the numerical results for isotropic

initial conditions. Therefore

2.2 Incompressible RHMHD Vs Compressible RHMHD

The RHMHD model [7] is a description of the two-fluid plasma dynamics in a strong external

magnetic field. The model assumes that the normalized magnetic field is of the form (the

external field is along êz)

B = B0êz + b , | b
B0

| ≈ α ≪ 1, (2.2)

where α represents the typical tilt of magnetic field lines with respect to the êz direction.

33



2. Testing the model

If we consider that the flow is incompressible we can express the magnetic and velocity

fields as B = B0êz +∇× (aêz + gêx) and u = ∇× (ϕêz + f êx). Assuming all potential fields

are small compared with the external field and parallel spatial variations are small than perpen-

dicular variations, it follows that the slow dynamics of the system is described by the RHMHD

model. In a similar fashion, a weakly compressible model can be obtained as well with a slight

modification [2]. The velocity field, in the more general case, can be decomposed as a superpo-

sition of a solenoidal part (incompressible flow) plus the gradient of a scalar field (irrotational

flow), i.e. u = ∇× (ϕêz + f êx)+∇ψ. Using the same procedure [7], but in addition assuming

that ψ is of order α2, the weak compressible RHMHD equations can be obtained (1.1.2.2)

The compressibility effect in the compressible RHMHD depends on the external magnetic

field which embeds the plasma and it is introduced through a constant parameter. Therefore

the computational cost is exactly the same in both the original and compressible RHMHD

model.

In this section we compare the RHMHD model with compressibility effects and without

it, to see how important is the role of compressibility in these systems and if the compressible

RHMHD model is be able to describe these effects.

The analysis performed on the results arising from the different simulations (both anisotropic

and isotropic initial conditions) show a better fit with the full CMHDmodel when the compress-

ible version of RHMHD is used. Figures (2.1) and (2.2) show different global parameters from

the RHMHD simulations and its compressible version compared with the same parameters

from the CMHD simulation. Here B0 = 8, and the initial condition has the anisotropy intro-

duced from the external magnetic field. It can be seen that there are slight differences for the

incompressible RHMHD model whereas a near-perfect fit is observed for the weak compress-

ible RHMHD version. The spectra also show noticeable improvements when the compressible

version was used. When the external magnetic field is changed or using isotropic initial con-

ditions, the weakly compressible RHMHD model still performs better. This result indicates on

one hand that the relevant parameters of the MHD turbulence in strong magnetic fields are

affected by slight compressibility effects, and on the other hand that the weakly compressible

RHMHD seems to fit correctly the above mentioned compressibility effects.

It is necessary to emphasize that between the RHMHD set of equations and its compressible

version, there is no difference in the computational cost. Therefore, hereafter we adopt the

compressible version, and refer to it simply with the initials RHMHD. Below we compare this

(weakly compressible) RHMHDmodel vs the CMHDmodel for diferent initial conditions and

external magnetic fields.
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Figure 2.1: Kinetic energy (above) and magnetic energy (below) as function of time for the case

B0 = 8 for anisotropic initial conditions. Column (a) shows the RHMHD model and Column

(b) the weak compressible RHMHD model. The solid lines corresponds to the CMHD model

and the dotted lines to RHMHDmodels.
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2. Testing the model

Figure 2.2: Vorticity (above) and current density (below) as function of time for the case B0 = 8

for anisotropic initial conditions. Column (a) shows the RHMHD model and Column (b) the

weak compressible RHMHD model. The solid lines correspond to the CMHD model and the

dotted lines to RHMHD models.
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2.3. Anisotropic initial conditions

Figure 2.3: Vorticity (above) and current density (below) as function of time for anisotropic

case. Column (a): the results for B0 = 1, the solid lines correspond to the CMHD model and

the dotted lines to RHMHDmodel. Column (b): same for the results with B0 = 8.

2.3 Anisotropic initial conditions

In this section we show the testing of the RHMHD model in the context of anisotropic initial

conditions (A.I.C.). We carry out runs for two different external magnetic field intensities,B0 =

1 and B0 = 8 (weak and strong magnetic field).

As expected, the global magnitudes studied show that the RHMHD equations fit better

when the external field is sufficiently intense. Four of these magnitudes (enstrophy, current

density, kinetic energy and magnetic energy) can be seen in figures 2.3 and 2.4.

To obtain a more quantitative measure of the distance between the two solutions (RHMHD

and CMHD), we calculate the average distance for the magnitudes shown in the figures 2.3 and

2.4. We define this parameter, for a given magnitude a, as

Ea =

∫
(aRHMHD − aCMHD)2 d3t∫

(aCMHD)2 d3t
(2.3)

This is a less demanding measure of the correspondence between the RMHD approximation

and the full MHD system, as compared to the distance used in Dmitruk et al 2005 which is
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Figure 2.4: Kinetic energy (above) and magnetic energy (below) as function of time for

anisotropic case. Column (a): the results for B0 = 1, the solid lines correspond to the CMHD

model and the dotted lines to RHMHDmodel. Column (b): same for the results with B0 = 8.
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Table 2.1: Anisotropic initial conditions

Magnitude B0 = 1 B0 = 8

E<V2> 0.0100301 0.000299110

E<B2> 0.0244613 3.74040× 10−5

E<W2> 0.189858 0.0112310

E<J2> 0.110552 0.00426486

based on a point-to-point distance average. However this simpler estimation is good enough

for quantifying the differences between the two systems in a global sense. Table 2.1 shows

this parameter for the magnitudes shown in Fig. 2.3 and 2.4. Here we can see that when

increasing the external field the average distance decrease three orders of magnitude for the

magnetic energy, and two for the kinetic energy. The current density decreases two orders of

magnitude and the enstrophy one order. There is more than 99,9 % of agreement for kinetic and

magnetic energy when B0 = 8, and approximately 98 % for enstrophy and 99,95 % for current

density. We can conclude that the RHMHD model is an optimal tool to characterize the global

magnitudes and energy spectra when the initial condition satisfies the anisotropy imposed by

the external field.

In standard RMHD, the parallel components to the external magnetic field do not affect the

dynamics of the perpendicular fields, since they do not appear in the dynamic equations for

these fields and in fact act as passive scalars. If the parallel components are initially zero, they

will remain zero. This situation is, in principle, different in RHMHD, because the Hall effect

couples the dynamics of the perpendicular components with the parallel components. This

is evident in equations (1.49) - (1.52). If the parallel components are initially zero, they may

not remain zero at subsequent times, because the Hall term act as a source in the evolution

equations for those components. Therefore, it is relevant to analyze the behavior of the parallel

components when starting from initial conditions such that only perpendicular fields are not

zero. Figure 2.5 shows the parallel velocity and magnetic field rms (root mean square) values.

The ratio of parallel vs perpendicular components decrease with increasing external field,

as shown in Fig. 2.6. In both cases the flow of energy between perpendicular components and

the parallel component is stabilized. From the B0 = 1 up to B0 = 8 we can see that the parallel

component goes from about 50 % to less than 6 % for the kinetic energy and 30 % to 1.5 % for

the magnetic energy.

Energy spectra for both B0 = 1 and B0 = 8 are shown in Fig. 2.7 at a time t = 3. We

can see that when the external field is small, there are slight differences between CMHD and
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Figure 2.5: Parallel component of the kinetic energy (above) and magnetic energy (below) as

functions of time for anisotropic case. Column (a) the case B0 = 1 and column (b) the case

B0 = 8. The solid lines correspond to the CMHD model and the dotted lines to RHMHD

model.
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2.3. Anisotropic initial conditions

Figure 2.6: Ratio between the parallel component and perpendicular component for kinetic

(above) and magnetic energy (below). Column (a) the case B0 = 1 and column b the case

B0 = 8. The solid lines correspond to the CMHD model and the dotted lines to RHMHD

model.
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the RHMHD model, but these differences disappear when the field increases. For the case

B0 = 8, the energy spectra of CMHD and RHMHD are identical. This shows that, when the

external field is large enough and it maintains the anisotropy imposed by the initial conditions,

the model reproduces the energy spectrum correctly. Therefore we can say that this is a robust

model for spectral analysis in a anisotropic case.

2.4 Isotropic initial conditions

In the last subsection we analyze the behavior of the solutions of the RHMHD equations when-

ever the initial condition satisfies the anisotropy imposed by the external field. We showed that

the parallel fluctuations hardly contributed to the evolution of the system and therefore that its

evolution is restricted only to the perpendicular plane to the magnetic external field. When

we consider isotropic initial conditions (and therefore fluctuations along the parallel direction)

new effects will appear, the most obvious of which are the Alfven waves. In this section we

aim at quantifying these new effects into the RHMHD model and see if this model continues

to reproduce correctly the dynamics of the system. Beside, since only low-k modes are excited

initially, we expect an energy cascade to develop and populate the large wavenumber modes

after a few turnover times. We also expect the nonlinear activity to be considerably stronger

than in the anisotropic case.

As in the anisotropic case We perform simulations with weak and strong magnetic field

(B0 = 1 and B0 = 8), now considering isotropic initial conditions (I.I.C.). Figure 2.8 shows the

vorticity and current density as a function of time. Here we can see, again, a substantial im-

provement of the fit of the RHMHD curve to the CMHD curve when the external field becomes

more intense. For B0 = 8 both the overall performance as well as the small-scale fluctuations

are correctly reproduced, the only difference that appears is a slight decrease in the amplitude

of the RHMHD curve. However we again emphasize that the dynamics is well captured for

these global quantities.

Figure 2.9 shows the kinetic and magnetic energy as a function of time. Here we see that

the perfect agreement obtained in the anisotropic case (when B0 = 8) now gets lost. However

the difference, as with the vorticity and current, is in an amplitude factor (now, a little bit more

noticeable). Ignoring the differences due to the amplitude factor, we can see that the overall

behavior is well described by the RHMHDmodel, in particular we can see that the fluctuations

due to Alfven waves are correctly described.

Table 2.2 shows the average distance for global parameters for isotropic initial conditions.

Here we can see that, although the average distance has increased in comparison to anisotropic

initial conditions, these are maintained below 3 %. Therefore the RHMHD model is still very
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2.4. Isotropic initial conditions

Figure 2.7: Energy spectrum (kinetic plus magnetic) E(k) for the cases B0 = 1 (above) and

B0 = 8 (below), anisotropic initial conditions, and at t = 3. The solid lines correspond to the

CMHD model and the dotted lines to the RHMHDmodel.
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Figure 2.8: Vorticity (above) and current density (below) as function of time for isotropic case.

Column (a): the results for B0 = 1, the solid lines correspond to the CMHD model and the

dotted lines to RHMHD model. Column (b): same for the results with B0 = 8.
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2.4. Isotropic initial conditions

Figure 2.9: Kinetic energy (above) andmagnetic energy (below) as function of time for isotropic

case. Column (a): the results for B0 = 1, the dark lines correspond to the CMHD model and

the light lines to RHMHDmodel. Column (b): same for the results for B0 = 8. Observe that we

can see clearly Alfvén waves.
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Table 2.2: Isotropic initial conditions

Magnitude B0 = 1 B0 = 8

E<V2> 0.0409073 0.0163489

E<B2> 0.0335319 0.0244613

E<W2> 0.249530 0.0193390

E<J2> 0.142143 0.00701709

suitable for the description of the system, when the external magnetic field is large.

In figure 2.10, we show the energy spectra (for B0 = 8) at a time in which all the scales have

been developed. Beside, we show the perpendicular energy spectra. Both spectra show a very

good agreement of the RHMHDmodel with the full CMHD model.

The energy spectra for the RHMHD model shows a very good fit to the CMHD model,

validating this model as a useful tool for spectral analysis of plasma embedded in strong mag-

netic fields even if the initial conditions do not maintain the anisotropy of the system. The

reproducibility of the spectrum is a fundamental feature, because one of the open questions

is whether the Hall effect might affect the energy inertial range. Given that we can reproduce

correctly the spectra, the RHMHD model allows us to characterize the energy accumulated in

each spatial scale in the flow; this indicates that we may use this model in the spatial character-

ization of the structures developed in the flow. With this new model, which offers significant

computational advantages, we expect to be able to address unsolved questions like these.

2.5 Conclusions

We have numerically studied the validity of the RHMHD approximation doing a comparison

between this model and the compressible 3D Hall-MHD equations. As originally proposed in

[2], we took into account weak compressibility effects.

The results show that the of agreement is very high when the different assumptions of

RHMHD, like spectral anisotropy, are satisfied. Nevertheless, when the initial conditions are

isotropic but the mean magnetic field is maintained strong, the results differ at the beginning

but asymptotically reach a good agreement at relatively short times. We also found evidence

that the compressibility still plays a role in the dynamics of these systems, and the weak com-

pressible RHMHDmodel is able to capture these effects.

The weakly compressible RHMHD model quantitatively reproduces all the global quanti-

ties when a large external magnetic field is present. The quality of the fit with the 3D results
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Figure 2.10: Energy spectrum (kinetic plus magnetic) E(k) (above) and perpendicular energy

spectrum E(k⊥) (below) for the cases B0 = 8 for isotropic initial conditions at t = 3. The solid

lines correspond to the CMHD model and the dotted lines to the RHMHDmodel.
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show a slight decrease when the initial conditions do not comply with the anisotropy imposed

by the external magnetic field. However, this decrease manifests itself in an amplitude factor,

which does not alter significantly the dynamic evolution of the model. We have also observed

that parallel component fluctuations to the external magnetic field remain small and do not

grow with time.

The energy spectra are always well reproduced, regardless of whether the conditions are

consistent with the symmetry of the system or not. Since important computational savings are

offered by the RHMHD model, we can conclude that it can be an excellent tool to study the

spectral properties of the system, in particular the characterization of the inertial range and the

dissipation range.

In conclusion the weak compressible RHMHD model is a valid approximation of the Hall

MHD turbulence in the relevant physical context.
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Chapter 3
Hall-magnetohydrodynamic with a

strong guide magnetic field

[1]
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In this chapter we study the general effects of the Hall term in magnetohydrodynamic tur-

bulence in plasmas embedded in strong uniform magnetic fields. We will study the effect of

this term on the dynamics of global magnitudes, the energy cascade, the characteristic scales

and the dissipation range.

Numerical simulations of the RHMHDmodel are performed for diferent values of the Hall

parameter, we use the issotropic initial conditions (I.I.C.) presented in the chapter 2.

3.1 Set up

The same resolution is used in all simulations, 5122 in the perpendicular directions to the exter-

nal magnetic field and 32 in the parallel direction (this is possible because the structures that re-

quire high resolution only take place in the directions perpendicular to the field). We performed

simulations for four different Hall coeficients, ǫ=0, 1/32, 1/16, and 1/8. R = Rm = 1600
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3. Hall-magnetohydrodynamic with a strong guide magnetic field

(ν = 1/1600, η = 1/1600) in all runs. We also considered a Mach number MS = 1/4 and

Alfven numberMA = 1.

We use a strong enough magnetic field (B0 = 8, in units of the initial rms magnetic fluctua-

tion value). The magnetic field fluctuations were less than ten percent of the external magnetic

field value, so we are in the range of validity of the RHMHDmodel.

We used the isotropic initial conditions described in chapter 2.

Remember that the simulations performed throughout this work do not contain any mag-

netic or velocity stirring terms, so the RHMHD system evolves freely.

3.2 Global magnitudes

We study the influence of the Hall term in global quantities associated with the dissipation.

Figures 3.1 and 3.2 show the mean square current density < J2 > and mean square vorticity

< ω2 > as function of time for ǫ=0, 1/32, 1/16, 1/8.

Both < J2 > and < ω2 > show that as the Hall parameter is increased the dissipation

decreases (in the case of mean square vorticity this effect is considerably larger). Another re-

markable effect is the shift in the peaks of these functions: < J2 > and < ω2 > take longer to

reach its maximum with increasing ǫ. The time of the peak indicates the time where all spatial

scales were developed (and therefore turbulence is fully developed).

Figure 3.3 shows < J2 + ω2 > as function of time, the difference between the peaks is more

clear in this case. Here we see two effects that occur simultaneously as the Hall coefficient is

increased: The decrease in the dissipation and the delay in reaching the maximum point (and

hence the time that it takes to develop all the scales). The first effect will have a direct impact on

the dissipation scale of the respective flowswhile the second shows how the Hall termmodifies

its characteristic times.

It is relevant to note that the dissipation scale (1/Kdiss) is related to the number of scales

that develop in the flow. It is common to consider that the decrease in the dissipation scale

increases the range of developed scales in the flow (usually increases the size of the inertial

range). However, this is not always the case. The results that we will show below indicate that

the Hall term affects the total width of the dissipation range decreasing mildly the Kdiss (and

therefore mildly increasing the dissipation scale) with the increase of the ǫ, at the same time the

delay suffered by the dissipation peak is due to the development of a greater number of scales

in the dissipative range due to a major accumulation of energy in these scales.

To quantify the dissipation scale (in Fourier space) of the different flows we use the conven-

tional criteria [2] given by the equation (3.1).
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3.2. Global magnitudes

Figure 3.1: Current density, < J2 >, as function of time for ǫ = 0 (black line), ǫ = 1/32

(violet line), ǫ = 1/16 (red line) and ǫ = 1/8 (green line). The vertical straight line indicates a

particular time where all the scales have been developed in all runs. Besides, in this time the

value of < J2 > is approximately the same for all runs. This particular time will be used to

study the different structures in the flows.
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3. Hall-magnetohydrodynamic with a strong guide magnetic field

Figure 3.2: Vorticity, < ω2 >, as function of time for ǫ = 0, 1/32, 1/16 and 1/8. We are using

the same convention of color as in figure 3.1

Figure 3.3: < J2 + ω2 > as function of time for ǫ = 0, 1/32, 1/16 and 1/8. We are using the

same convention of color as in figure 3.1. The vertical straight lines indicate the maximum

value for each curve.
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3.3. Energy spectrum

Table 3.1: Hall and dissipation scales for the different runs.

Run ǫ KHall Kdiss

1 0 132.25

2 1/32 32 125.40

3 1/16 16 124.58

4 1/8 8 120.08

Kdiss =

(
< ω

2 > + < J2 >

ν2

)1/4

(3.1)

In Table 3.1 the Hall scale is shown along with the dissipation scale for each one of the

flows. Here we see the decrease of the Kdiss in quantitative form with the increase of the Hall

coefficient. Note thatKdiss < Kmax = N/3 = 170 means that the runs are marginally resolved

[3] (in the next chapter we show that our simulations satisfy the highest requirements if higher

order statistic is performed[4])

The decrease of the global dissipation with the Hall parameter and the increase in the time

of the peak development can not be understood by looking only at the temporal evolution of

the global magnitudes. These effects could be due to a change in the characteristic time of the

energy flow or to the development of small scale structures.

3.3 Energy spectrum

To better understand the question of the dissipation, we study in this section and the next one

the energy spectra and the size and shape of thestructures generated in the four runs. This can

help us to see whether or not the Hall effect produces the development of small scales and also

to understand this dynamic in terms of the energy distribution.

Looking at the spectra we can see the distribution of the energy through different scales.

Figure 3.4 compares the energy spectra for all runs and Figure 3.5 shows a zoom around the

Hall scales used. Since it is a reduced model, we used the perpendicular spectra E(K⊥) with

K⊥ =
√
K2

x +K2
y .

As the Hall parameter is increased the energy spectrum is steeper at intermediate scales

preceeding the dissipation range. At the same time there is an increase in the energy on scales

smaller (larger K) than the dissipation scale (see Figs. 3.4 and 3.5). The effect of the Hall term

is then twofold: first there is a slow down of the energy transfer up to the Hall scale, resulting

in a steeper spectrum, and then there seems to be a driving of energy from the Hall scale up
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3. Hall-magnetohydrodynamic with a strong guide magnetic field

Figure 3.4: Energy perpendicular spectra for ǫ = 0 (solid line), ǫ = 1/32 (dash-dotted),

ǫ = 1/16 (dash) and ǫ = 1/8 (dotted). Beside we are using the same convention of color

as in figure 3.1. The vertical straight lines indicate the differents values of KHall = 1/ǫ for

ǫ = 1/32, 1/16, 1/8. The vertical straight dashed lines show the minimum and the maximum

values of theKdiss (ǫ = 1/8 and ǫ = 0).
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3.4. Current sheets

Figure 3.5: Enlarged view of a section of the energy spectra (limited K). The vertical straight

lines indicate the different values of KHall = 1/ǫ for ǫ = 1/32, 1/16, 1/8, these lines intersect

each of the corresponding curves. Same convention as figure 3.4

to the small scales (see [5] for a study of how the Hall term affects the transfer of energy at

different scales). A shift of the effective dissipation scale to larger scales is then to be expected

(as indicated by the values ofKdiss given before) as well as a decrease in the global dissipation

values. At the same time, since the Hall term increases the number of effective scales on which

the dynamics occurs (as evindenced by the extended spectra at small scales) a longer time to

reach the peak of dissipation is expected, as previously shown.

3.4 Current sheets

Finally, we study the characteristic structures of the flow and the effect of the Hall term by

looking at the current density field. This is a qualitative study, which however can help us to

get intuition and guide future analisys. Chapter 5 is devoted to the quantification of this.

Figures 3.6-3.9 show the parallel component of the current density in a perpendicular plane

to the external magnetic field at a given time for the different runs. The time was chosen in

which all scales have been developed for all the flows (this time is indicated in Figure 3.4).

Also, for this particular time, the value of < J2 > is approximately the same for all the runs.
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3. Hall-magnetohydrodynamic with a strong guide magnetic field

Figure 3.6: Parallel component of the current density in a perpendicular plane to the exter-

nal magnetic field in the case with ǫ = 0 .Tones indicate out of plane current, with light

tones=positive and dark tones=negative.

Figure 3.7: Parallel component of the current density in a perpendicular plane to the exter-

nal magnetic field in the case with ǫ = 1/32 .Tones indicate out of plane current, with light

tones=positive and dark tones=negative.
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3.4. Current sheets

Figure 3.8: Parallel component of the current density in a perpendicular plane to the exter-

nal magnetic field in the case with ǫ = 1/16 .Tones indicate out of plane current, with light

tones=positive and dark tones=negative.

Figure 3.9: Parallel component of the current density in a perpendicular plane to the exter-

nal magnetic field in the case with ǫ = 1/8 .Tones indicate out of plane current, with light

tones=positive and dark tones=negative.
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3. Hall-magnetohydrodynamic with a strong guide magnetic field

In Figure 3.6 (ǫ = 0) we can clearly distinguish the current sheets that form in the flow. We

have highlighted one of the current sheets with a rectangle with dashed lines. This structure

is localized and well defined. Looking at the change of this structure with the value of Hall

parameter we can see two effects: first, a widening of the sheet and secondly an internal fila-

mentation. The widening is very clear from Figure 3.6 with ǫ = 0 to Figure 3.7 with ǫ = 1/32

and the internal filamentation starts to be seen in the Figure 3.8, with ǫ = 1/16, where also

the thickness has increased. In the case with higher ǫ = 1/8 the current sheet is completely

filamentated, and is hard to distinguish a clear structure at all.

These results are complementary to the results observed in the spectra and global magni-

tudes and corroborate the idea that the Hall effect results in an effective shift of the dissipation

scale (current sheet thickness getting larger) but also an increase in the dynamical scale range

(increase of filamentation).

To better quantify the effect we have just observed, we plot the profile of the current density

in the direction perpendicular to the current sheet seen in the figures 3.6-3.9. These profiles are

shown in Figure 3.10.

The net flow of current (the absolute value) is the same within the clear lines (vertical out-

side lines). When ǫ = 0 the current sheet is perfectly defined (the dark lines mark the original

position of the current sheet when ǫ = 0) and it is homogeneous (in the sense that we have a

single well defined peak). When ǫ = 1/32 the original sheet expands and two sheets or fila-

ments appear in their place (there are now two peaks). For ǫ = 1/16 the width of the main

sheet is greater and there is now a clear internal structure. In this case the ambiguity that arises

is whether we have one or more current sheets (compare Figure 3.10 with 3.8) and hence the

ambiguity of whether we have a wider sheet or two thin sheets. When ǫ = 1/8 there is no trace

of the current sheet.

At this point we should make an important observation about the evolution of current

sheets as a function of the Hall parameter. As we saw there are two effects acting simulta-

neously, the widening of what could be considered the overall structure of the sheet and the

internal filamentation that this suffers. In this way it could be interpreted that the Hall effect

widens the current sheets (if we see the entire structure like the sheet) or on the other hand

the Hall effect produces finer sheets (considering that the small filaments are the sheets). To re-

move the ambiguity (in semantics), we propose to speak in terms of dissipation, so if the global

structure dissipates less energy as we increase the Hall parameter we will say that the sheet is

being widened, otherwise, if more energy is dissipated we will say that the relation between

size and intensity of internal filaments allow us to identify new current sheets. Our results

agree with the first frame of mind: as a function of dissipation the current sheets are widening

and even more when ǫ = 1/8 there is no trace of any structure that could be identified as a
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Figure 3.10: Current density profile of the current sheets studied. From top to bottom are the

cases with ǫ = 0, ǫ = 1/32, ǫ = 1/16, and ǫ = 1/8. The net flow of current (the absolute value)

is the same within the clear lines (vertical outside lines), and the dark lines mark the original

position of the current sheet when ǫ = 0.
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3. Hall-magnetohydrodynamic with a strong guide magnetic field

current sheet.

3.5 Conclusions

We performed numerical simulations of magnetohydrodynamic turbulence in strong magnetic

fields, including the Hall effect, and varying the Hall parameter.

We found that the Hall term affects the scales that are situated between the Hall scale and

the dissipation scale, resulting in a decrease in the accumulation of energy in this scale range.

The result is an effective shift of the dissipation scale but also a transfer of energy to smaller

scales. When the separation between the Hall scale and the dissipation scale is larger an in-

creasingly sharp steepening of the energy spectrum occurs at this range of scales. The final

outcome is the generation of smaller scales when the Hall scale increases.

Localized structures are destroyed by this effect, suffering a gradual filamentation with the

increase of the Hall scale. The latter effect is manifested, for example, in the widening of the

current sheets and the formation of internal structures within the sheets. At the same time a

decrease of the total energy dissipated is observed.

The results presented here suggest that the Hall effect reduces the intermittency, however

a more detailed study of this property should be performed. We will discuss this issue in the

next chapter.
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In the present chapter we show a detailed study of intermittency of compressible Hall-

magnetohydrodynamic turbulence with an external guide field. The resulting data is analyzed

computing field increments in several directions perpendicular to the guide field, and building

structure functions and probability density functions. Also, we study the effect of resolution

and study wheter or not the simulations are properly resolved

4.1 Hall effect and intermittency

The properties of small scales structures in magnetohydrodynamic (MHD) and Hall magneto-

hydrodynamic (HMHD) turbulence have been the subject of conflicting results and of several

debates. In particular, much attention has been paid in the literature to the geometrical proper-

ties of current sheets in HMHD, as these structures are associated with magnetic flux reconnec-
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tion and magnetic energy dissipation, processes of uttermost importance in astrophysics and

space physics [2, 3, 4, 5].

While some numerical simulations indicate that current sheets affected by the Hall effect are

wider than in MHD (see, e.g., [6]), others observe thinner structures [7] In all cases, the geome-

try of the currents sheets is changed, displaying the so-called X-type structure and reminiscent

of the Sweet-Parker configuration in the MHD case [8], and changing to a double wedge shape

reminiscent of the Petschek configuration when the Hall effect is relevant [9]. In simulations

of turbulent HMHD, it was observed that the peak of the spectrum of the current density was

located at a wavenumber corresponding to the inverse of the ion skin depth [10, 11, 12, 13].

Since this peak can be associated with an average thickness of the current sheets, the effect was

interpreted as a thickening of the current sheets as the Hall effect was increased [14]. The result

is in good agreements with experiments that indicate that the thickness of the current sheet in

the presence of the Hall effect is given by the ion skin depth [9].

The case in which thinner structures were observed [7] suggests that HMHD is more in-

termittent than MHD. This is also the case in some observations in the solar wind turbu-

lence using the Cluster magnetic data [15, 16]. However, other observations in the solar wind

of high-frequency magnetic field fluctuations from the same spacecraft indicate that while

large scales are compatible with multifractal intermittent turbulence, small scales show non-

Gaussian monoscaling [17].

A quantification of the level of intermittency is important to understand the geometrical

distribution of dissipation in a magnetofluid and a plasma, and it also can provide constraints

for theories of magnetic energy dissipation and reconnection. While previous analysis of inter-

mittency in HMHD were mostly based on the differences observed in the geometry and size

of current sheets, or in the study of probability density functions (PDFs) of field increments

at different scales, a precise quantification requires computation of both PDFs and of structure

functions.

The study of intermittency based solely on observations of individual structures has several

shortcomings. Although the formation of small scale structures can point out to an increase in

the level of intermittency, there is more information that is needed to make such claim. If there

are thinner structures, are these structures spatially localized? Or do they occupy more space

than in the MHD case, thus being space filling? In the former case, HMHD would be more

intermittent, while in the latter case intermittency would be decreased by the Hall effect.

We use the reducedMHD (RMHD, [18, 19]) and reducedHMHD (RHMHD, [20, 21]) models

to generate data under the approximation of a strong guide field (see also [22] for studies of

kinetic plasma effects using other reduced models). Then, structure functions and PDFs of the

fields are computed, for increments in the direction perpendicular to the guide field. To reduce

66



4.2. Set up

errors, an average of the structure functions for several directions perpendicular to the guide

field is computed using the SO(2) decomposition [23, 24, 25].

4.2 Set up

Simulations analyzed here are exactly the same that in chapter 3. Also we carry out higher

resolution simulations to see how this affects the results. This is extremely important because

in the study of intermittency (or geometry of the structures in the flow) resolution is often

responsible for spurious results.

Below we show the nomenclature used to develop the rest of the chapter.

As before, four values for ǫ were considered, namely ǫ = 0 (run A, MHD), 1/32 (run B),

1/16 (run C), and 1/8 (run D). As the numerical domain used has size 2π (see above in the

thesis), these values correspond respectively to ion skin depths with associated wavenumbers

kǫ = ∞, 32, 16, and 8. Data from these simulations is used for the analysis in Sec. 4.4, 4.5 and

4.6.

To quantify the effect of spatial resolution in the level of intermittency, runs A and D were

computed also (with the same parameters) using larger grids, first with spatial resolution of

7682 × 32 grid points, and later with 5122 × 64 grid points. This second set of simulations

(namely runs A2 and A3, with ǫ = 0, and D2 and D3, with ǫ = 1/8) are considered in Sec. 4.7.

4.3 Measures of intermittency

In this section we develop different tools and techniques for the study of intermittency. In

order to characterize velocity and magnetic field anisotropy, scaling laws and intermittency,

we present in the following sections power spectra, structure functions, and PDFs of velocity

and magnetic field increments.

The perpendicular total energy spectrum E(k⊥) is defined as usual, summing the power of

all (velocity and magnetic) modes in Fourier space over cylindrical shells with radius k⊥, with

their axis aligned with the direction of the guide field.

To compute structure functions and PDFs, field increments must be first defined. Given the

presence of the external magnetic field, it is natural to consider an axisymmetric decomposition

for the increments. In general, the longitudinal increments of the velocity and magnetic fields

are defined as:

δu(x, l) = [u(x+ l)− u(x)] · l

|l| , (4.1)

δb(x, l) = [b(x+ l)− b(x)] · l

|l| , (4.2)
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where the spatial increment l can point in any direction. Structure functions of order p are then

defined as

Su
p (l) = 〈δup(x, l)〉 , (4.3)

for the velocity field, and as

Sb
p(l) = 〈δbp(x, l)〉 , (4.4)

for the magnetic field. Here, brackets denote spacial average over all values of x.

These structure functions depend on the direction of the increment. For isotropic and ho-

mogeneous turbulence, it is a standard practice to average over several directions, to obtain the

isotropic component of the structure functions (see, e.g., [26, 27, 23]). Due to the axisymmetry

associated with the external magnetic field, in our case we will be interested instead only in the

increments perpendicular to ẑ. We denote increments in this direction as l⊥, and we follow the

procedure explained in [24, 25] to average over several directions of l⊥.

The method can be described as follows. Velocity and magnetic field structure functions

were computed from Eqs. (4.3) and (4.4) using 24 different directions for the increments l, gen-

erated by integer multiples of the vectors (1, 0, 0), (1, 1, 0), (2, 1, 0), (3, 1, 0), (0, 1, 0), (−1, 1, 0),

(1, 2, 0), (−2, 1, 0), (−1, 2, 0), (1, 3, 0), (−3, 1, 0), and (−1, 3, 0) (all vectors are in units of grid

points in the simulations), plus the 12 vectors obtained by multiplying them by −1. Once these

structure functions were calculated, the perpendicular structure functions Sy
p (l⊥) and Sb

p(l⊥)

were obtained by averaging over these 24 directions in the xy plane.

For all runs, this procedure was applied to 9 snapshots of the velocity and magnetic fields,

centered around the time of the peak of maximum dissipation (at t ≈ 4.5), and separated by

intervals ∆t = 0.5 to improve the statistic.

For large enough Reynolds number, the structure functions are expected to show inertial

range scaling, i.e., we expect that for some range of scales Su
p ∼ l

ξp
⊥ and Sb

p ∼ l
ζp
⊥ , where ξp

and ζp are respectively the scaling exponents of order p of the velocity and magnetic field. As

sufficient scale separation is needed to determine these exponents, in the following section we

show scaling exponents for runs A (ǫ = 0) and D (ǫ = 1/8), as these runs have well defined

MHD (run A) or HMHD (run D) inertial ranges. Runs B and C have the ion skin depth in the

middle of the inertial range, and each subrange (the MHD subrange and the HMHD subrange)

is not sufficiently resolved to compute exponents.

The scaling exponents for each snapshot of the fields are obtained from the structure func-

tions Su
p and Sb

p using the least square method (extended self-similarity [28, 29] is not used to

estimate the exponents). The values presented in the following section correspond to the time

average over the 9 snapshots of each field. As the errors in the least square calculation are neg-

ligible when compared with the variations for each snapshot, the errors in the determination of

the scaling exponents are estimated by the statistical mean square error; e.g., for the magnetic
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4.4. Energy spectrum: Inertial range

field scaling exponents the error is

eζp =
1

M

√√√√ M

∑
i=1

(
ζpi − ζp

)2
, (4.5)

where M = 9 is the number of snapshots of the field used in the analysis, ζpi is the slope

obtained from a least square fit for the i-th snapshot, and ζp is the mean value averaged over

all snapshots.

Finally, to complete the analysis, we consider PDFs of longitudinal increments and of deriva-

tives of the perpendicular velocity andmagnetic fields. In all cases, the PDFs are normalized by

their variance, and will be shown together with a Gaussian with unit variance as a reference.

4.4 Energy spectrum: Inertial range

Before proceeding with the analysis of intermittency, we briefly present the total energy spec-

trum for all the runs with spatial resolution of 5122 × 32 grid points. This is important as

determination of the inertial range based on the spectrum and on the structure functions is

needed to compute the scaling exponents of the fields.

Figure 4.1 shows the perpendicular spectrum for the total energy (kinetic plus magnetic)

in runs A, B, C, and D. In run A, a range of wavenumbers following an approximate power

law can be identified, namely from k⊥ ≈ 4 to k⊥ ≈ 20. This range is used to compute scaling

exponents below. As a reference, we also show in Fig. 4.1 a Kolmogorov slope. However, it

should be noted that determination of the slope of the MHD energy spectrum is beyond the

interest of this work, and readers interested in the topic are referred to detailed recent studies

on the subject [30, 31, 32, 33].

It is also interesting to note that the energy spectrum in Fig. 4.1 is shallower than that ex-

pected for weak turbulence [34, 35, 36, 37, 38], even though the reduced equations are writ-

ten for |b′| ≪ B0. Indeed, we verified that most of the energy in the simulations is in non-

propagating modes (i.e., modes with k‖ = 0, see [39]). We also verified explicitly that the

condition |b′|/B0 ≪ ∆k‖/k⊥ is violated, where ∆k‖ is the grid spacing in the parallel direction

in Fourier space, and k⊥ is a characteristic perpendicular wavenumber (obtained from the flow

perpendicular integral scale). This condition is required in RMHD for weak turbulence to de-

velop [36]), and as a result we will understand the following results in the framework of strong

turbulence.

As the value of ǫ in the simulations is increased (see runs B, C, and D in Fig. 4.1), the

spectrum becomes steeper at wavenumbers larger than kǫ. This trend has been observed before

in simulations [40, 41, 14], and it has been argued that it can result in an inertial range in the
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4. Intermittency

Figure 4.1: (a) Perpendicular energy spectrum for runs A (solid), B (dotted), C (dashed), and

D (dash-dotted). Note how the spectrum becomes steeper in the HMHD simulations for

wavenumbers larger than the inverse ion skin depth kǫ (respectively 32, 16, and 8 for runs

B, C, and D). The slope indicates Kolmogorov scaling as a reference. (b) Perpendicular energy

spectrum compensated by k−5/3 for the same runs.
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HMHD subrange of the formE(k) ∼ k−7/3 [42, 16, 43] (such a spectrum has also been observed

in the solar wind [44, 45, 17]). Run D has a HMHD subrange wide enough to compute structure

functions and scaling exponents (from k⊥ = 1/ǫ = 8 to k⊥ ≈ 20), while runs B and C are

intermediate between runs A and D and have two barely resolved subranges. However, these

two intermediate runs will be useful to study trends in the behavior of the PDFs and of the

structure functions as ǫ is increased.

4.5 Structure functions and scaling exponents

We present here the results for the computation of the axisymmetric structure functions for the

longitudinal component of the velocity and magnetic field for runs A, B, C, and D.

Figure 4.2 shows the structure functions for the magnetic field fluctuations up to sixth order

for runs A andD. The structure functions show a range of scales with approximately power law

scaling at intermediate scales, and at the smallest scales approach the∼ lp scaling expected for a

smooth field in the dissipative range. The velocity field structure functions (not shown) display

a similar behavior, at the same range of scales. The inertial range identified in the energy

spectrum E(k⊥) is consistent with the range of scales where Su
p and Sb

p show an approximate

power law behavior.

From the structure functions, the scaling exponents can be computed. Exponents for the

velocity and the magnetic field up to sixth order in runs A and D are shown in Fig. 4.3. The

range of scales used for the calculation corresponds to the subranges indicated before, with

λ⊥ = 2π/k⊥. For ǫ = 0 (run A) the deviation of the exponents ξp and ζp from a straight line are

an indication of intermittency and of multi-fractality. In the HMHD case (ǫ = 1/8, run D), the

exponents are closer to a straight line, indicating less intermittency. In fact, within error bars

and up to p = 3, the data is consistent with ξp = ξ2p/2 and ζp = ζ2p/2, and therefore with

monoscaling as also observed for high-frequency magnetic fluctuations in the solar wind [17].

Run D (with ǫ = 1/8) has second scaling exponents ξ2 and ζ2 which are larger than 2/3 (the

value expected for Kolmogorov scaling), but which are smaller than 4/3 (the value expected

if the spectrum is ∼ k−7/3 [46, 47, 48]). This can be related to the fact that the total energy

spectrum in Fig. 4.1 becomes steeper as the amplitude of the Hall effect is increased, but is

still slightly shallower than −7/3 for the run with ǫ = 1/8. Also, note that the scaling of the

velocity field and of the magnetic field can differ from that of the total energy, as is known to

be the case in MHD [49, 50].

The deviation from strict scale invariance (linear scaling) in Fig. 4.3 can be quantified in

terms of the intermittency exponents µu = 2ξ3 − ξ6 and µ
b = 2ζ3 − ζ6. The larger these expo-

nent, the more intermittent the fields. For run A these exponents are µu = 0.57± 0.07 for the
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4. Intermittency

Figure 4.2: Axisymmetric structure functions for the longitudinal magnetic field up to six order

for (a) run A (ǫ = 0), and (b) run D (ǫ = 1/8). The order of the structure function is indicated

as follows: p = 1 (solid), 2 (dotted), 3 (dashed), 4 (dash-dotted), 5 (dash-triple-dotted), and 6

(long dashes).
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4.5. Structure functions and scaling exponents

Figure 4.3: Scaling exponents (with error bars) as a function of the order p up to sixth order, for

the velocity (crosses), and for the magnetic field (diamonds), (a) for run A (ǫ = 0), and (b) for

run D (ǫ = 1/8). Linear scaling of the exponents with ζ2p/2 (corresponding to non-intermittent

scaling with the second order exponent consistent with the scaling of the energy spectrum in

Fig. 4.1) is indicated in both cases by the straight line.
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4. Intermittency

Figure 4.4: Fourth order structure function of longitudinal magnetic field increments for runs

A (ǫ = 0, solid line), B (ǫ = 1/32, dashed), C (ǫ = 1/16, dash-dotted), and D (ǫ = 1/8, dotted).

velocity field, and µb = 0.64± 0.08 for the magnetic field. It is interesting to point out that these

values, that indicate that the magnetic field is more intermittent than the velocity field, are con-

sistent with observations of large-scale fluctuations in the solar wind (see, e.g., [51]), and with

numerical simulations of MHD turbulence at higher spatial resolution [50].

The intermittency exponents are substantially reduced for run D, with µu = 0.15± 0.12 for

the velocity field and µb = 0.23± 0.14 for the magnetic field. This confirms that intermittency

is substantially decreased in the presence of the Hall effect.

At the spatial resolution used in these runs, the lack of sufficient scale separation in the

MHD and HMHD subranges for intermediate values of ǫ does not allow the calculation of

scaling exponents for runs B and C. However, the structure functions for these runs show a

behavior intermediate between runs A and D, and consistent with the behavior of the spectrum

in Fig. 4.1. In other words, as the Hall coefficient ǫ is increased, the structure functions steepen

at scales smaller than the ion-skin depth. As an example of this behavior, Fig. 4.4 shows the

fourth order structure function for the magnetic field for runs A, B, C, and D. Note that runs

B and C show a behavior consistent with the behavior of run A at large scales (scales larger

than the ion-skin depth), and display a steeper slope (compatible with that found for run D) at

smaller scales.

The results confirm that the presence of theHall term steepens the scaling of the energy spec-

trum (and consistently, of the structure functions), and also show that the Hall effect reduces

intermittency in the velocity and magnetic fields. The velocity and magnetic field scaling ex-

ponents approach a linear behavior characteristic of a self-similar (non-intermittent) flows. In
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4.5. Structure functions and scaling exponents

Figure 4.5: PDFs formagnetic field increments, for l = 1.6 (solid), 0.8 (dotted), 0.4 (dash-dotted),

0.2 (dash-triple-dotted), and 0.1 (long dashes), and for runs A, B, C, and D from top to bottom,

respectivelly. In all the figures, a dashed curve indicates a Gaussian PDF with unit variance.
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4. Intermittency

Figure 4.6: PDFs for velocity field increments, for l = 1.6 (solid), 0.8 (dotted), 0.4 (dash-dotted),

0.2 (dash-triple-dotted), and 0.1 (long dashes), and for runs A, B, C, and D from top to bottom,

respectivelly. In all the figures, a dashed curve indicates a Gaussian PDF with unit variance.
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4.6. Probability density functions

Table 4.1: Skewness (S) and kurtosis (K) for the x-derivatives of bx and ux, for all runs with

spatial resolution 5122 × 32 and with different amplitudes of the Hall effect ǫ. S(∂xbx) and

K(∂xbx) are, respectively, the skewness and kurtosis of the magnetic field spatial derivatives,

while S(∂xux) andK(∂xux) are the corresponding quantities for the velocity field derivatives.

Quantity ǫ = 0 ǫ = 1/32 ǫ = 1/16 ǫ = 1/8

S(∂xux) −0.18 −0.013 −0.01 −0.001

K(∂xux) 19 8.1 5 4.9

S(∂xbx) 0.36 0.17 0.11 0.07

K(∂xbx) 26 15.7 6.6 5.8

the next section, this result is confirmed by an analysis of PDFs of velocity and magnetic field

increments and spatial derivatives.

4.6 Probability density functions

We now consider PDFs for longitudinal increments of the x-component of the velocity andmag-

netic fields. As already mentioned, the PDFs will be presented normalized by their variance,

and together with a Gaussian distribution with unit variance as a reference. Deviations from

Gaussianity, or increase of the deviations from Gaussianity as smaller increments are consid-

ered, are a signature of intermittency.

Figure 4.5 shows the PDFs of the magnetic field increments for four different spatial incre-

ments, namely l = 1.6, 0.8, 0.4, 0.2 and 0.1, for runs A, B, C, and D. For all runs, the PDFs of

magnetic field increments are close to Gaussian for l = 1.6, while for smaller spatial increments

non-Gaussian tails and asymmetry develop. This is a common feature for many turbulent

flows, with large scales close to Gaussian statistics and smaller scales developing deviations

from Gaussianity with strong tails (i.e., with extreme gradients more probable than what can

be expected from a normal distribution). As a reference, the integral scale in all runs (the scale

with the energy containing eddies) is close to the size of the domain, L ≈ 2π, while the dissipa-

tive scale is Lη ≈ 0.05. Increments with l = 1.6 are close to the flow integral scale, increments

with l = 0.8 or 0.4 are in the inertial range, while l = 0.1 is close to the dissipation length scale.

Although all runs develop non-Gaussian tails, when comparing the PDFs of the four runs

with different values of ǫ, it is clear that the amplitude of these tails is drastically reduced as the

value of ǫ is increased. Moreover, for the largest value of ǫ considered, we cannot identify a clear

increase in the amplitude of the tails as we look at smaller increments. This tendency (which
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4. Intermittency

is monotonic with increasing ǫ) of the PDFs of different spatial increments to collapse into a

single curve, with weaker tails than in the MHD case, is an indication of reduced intermittency

and expected for scale-invariant flows.

Figure 4.6 shows the same PDFs for increments of the velocity field. Again, the PDFs are

close to Gaussian for the largest increment in the four runs, and non-Gaussian tails develop

with increasing amplitude for smaller increments. In this case, for ǫ = 1/8 all the PDFs seem

to collapse into the Gaussian, and the tails are weaker than for the magnetic field. This is

consistent with the previous observation, using the intermittency coefficients µu and µb, that

the magnetic field is more intermittent than the velocity field, and that both fields are less

intermittent in HMHD than in MHD.

To quantify the deviations from a Gaussian distribution in each run, we calculated the skew-

ness and the kurtosis of the x-derivatives of the x-components of the velocity and magnetic

fields. Note these quantities correspond respectively to the third- and fourth-moments of the

PDFs in Figs. 4.5 and 4.6 in the limit of vanishing spatial increment. The skewness and kurto-

sis of a function f are defined as S(f) =
〈
f3

〉
/
〈
f2

〉3/2
and K(f) =

〈
f4

〉
/
〈
f2

〉2
respectively,

where f can be, e.g., some component of the velocity (or magnetic) field gradient. The resulting

values are listed in Table 4.1. In accordance with what can be expected from a visual inspection

of Figs. 4.5 and 4.6, the skewness of ∂xux and ∂xbx is reduced to almost zero for ǫ = 1/8, which

indicates a substantial reduction in the asymmetry of the PDF. The kurtosis of ∂xux and ∂xbx

also decreases with increasing ǫ, wich indicates a smoothing in the peakedness of the PDFs and

a decrease in the intensity of the tails.

4.7 Effect of resolution

Recently, it was stressed the need of using well resolved numerical simulations to quantify

high order statistics and intermittency in MHD [52]. In particular, it has been claimed that

if the flow is not properly resolved, a partial thermalization of the small scales may result in

artificial Gaussian statistics and an artificial decrease of the intermittency. Considering this, in

this section we present results for simulations with the same parameters as in runs A andD, but

with larger parallel or perpendicular spatial resolution. We consider two runs with 7682 × 32

grid points, namely runs A2 and D2, and two runs with 5122 × 64 grid points, runs A3 and D3.

Runs A2 and A3 have the same parameters and initial conditions as run A, while runs D2 and

D3 are the same as run D except for the change in resolution.

We computed structure functions, scaling exponents, and PDFs for runs A2, D2, A3 and

D3 and compared the results with those found for runs A and D. In all cases, the results were

consistent within error bars. As an illustration, in Fig. 4.7 we show the velocity field and mag-
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4.7. Effect of resolution

Figure 4.7: (a) Velocity field scaling exponents (with error bars) as a function of the order p up to

sixth order, for runs D (stars), D2 (crosses), and D3 (diamonds) all with ǫ = 1/8. Linear scaling

of the exponents is indicated as a reference. (b) Same for the magnetic field scaling exponents.
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Figure 4.8: (a) PDFs of velocity field increments for l = 0.1 and ǫ = 1/8, for runs D (solid

line), D2 (dotted), and D3 (dashed-dotted). The three PDFs are practically indistinguishable.

The dashed line shows a Gaussian distribution as a reference. (b) Same for magnetic field

increments.
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netic field scaling exponents for runs D, D2, and D3 (all with ǫ = 1/8, and respectively with

5122 × 32, 7682 × 32, and 5122 × 64 grid points). Increasing the parallel or perpendicular reso-

lution does not change the scaling exponents, nor does it change the fact that the exponents are

close to the straight line and less intermittent than in the MHD case.

In run A2 the intermittency exponents are µu = 0.52± 0.08 and µb = 0.70± 0.07, while

in run A3 we obtain µu = 0.57± 0.07 and µb = 0.64± 0.08, consistent within error bars with

the values found in run A. In run D2 the intermittency exponents are µu = 0.15± 0.04 and

µb = 0.24± 0.06, while in run D3 the exponents are µu = 0.14± 0.12 and µb = 0.24± 0.14, also

consistent with the values obtained in run D.

Figure 4.8 shows the PDFs of velocity and magnetic field increments in runs D, D2 and

D3, for a spatial increment l = 0.1. The PDFs are almost indistinguishable. Similar results

were obtained for runs A, A2 and A3. When computing the PDFs of spatial derivatives of the

fields, we obtained S(∂xux) = −0.19, S(∂xbx) = 0.41, K(∂xux) = 18, and K(∂xbx) = 26 for

run A2, and S(∂xux) = −0.18, S(∂xbx) = 0.36, K(∂xux) = 19, and K(∂xbx) = 27 for run A3.

For the runs with Hall effect, we found S(∂xux) = −0.001, S(∂xbx) = 0.08, K(∂xux) = 8.4,

and K(∂xbx) = 6.5 for run D2, and S(∂xux) = −0.001, S(∂xbx) = 0.07, K(∂xux) = 5.9, and

K(∂xbx) = 5.8 for run D3. These values should be compared with the values in Table 4.1 for

runs A and D at lower resolution.

Wan et al. [52] argue that for an MHD simulation to be well resolved, the kurtosis of the

current should remain independent of the spatial resolution. In our MHD and HMHD runs

that condition is fulfilled, at least up to the level of statistical fluctuations that can be expected

when comparing two simulations of a turbulent flow. To verify this, we computed the skewness

and kurtosis of the component of the current density parallel to the external magnetic field, i.e.,

S(jz) andK(jz). In the MHD simulations (ǫ = 0), we obtained S(jz) = 0, 70 andK(jz) = 21 in

the simulation with 5122 × 32 grid points, S(jz) = 0, 71 andK(jz) = 22 in the simulation with

7682 × 32 grid points, and S(jz) = −0, 70 andK(jz) = 21 in the simulation with 5122 × 64 grid

points. In the HMHD simulations with ǫ = 1/8, we obtained S(jz) = −0, 02 and K(jz) = 4.5

in the simulation with 5122 × 32 grid points, S(jz) = −0, 01 andK(jz) = 4.8 in the simulation

with 7682× 32 grid points, and S(jz) = −0, 02 andK(jz) = 4.5 in the simulationwith 5122× 64

grid points.

Although there is a small increase in S(jz) and K(jz) as the perpendicular resolution is

increased in both the MHD and HMHD runs, the increase is smaller than 10% in most cases.

Increasing the parallel resolution seems to have no significative effect. As a result, we conclude

that the simulations are well resolved even with the more stringent criteria of Wan et al. [52].

Moreover, the reduction of the intermittency in presence of the Hall term is also confirmed by

the skewness and kurtosis of the current at both spatial resolutions.
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As a result, we conclude that increasing resolution has no significant effect on the results

we reported in the previous section, and that the decrease in the intermittency of the flow

presented above has its source in the Hall effect and not in a numerical artifact when the flow

is not properly resolved.

4.8 Conclusions

We presented a study of intermittency in the velocity and magnetic field fluctuations of com-

pressible Hall-magnetohydrodynamic turbulence with an external guide field. Unlike previous

works, we were not interested in the characterization of geometrical properties or in the size of

individual structures in the flow (that will be the topic in the next chapter), but rather interested

in their overall statistical properties.

In the magnetohydrodynamic limit we recovered results found in previous studies, with

the magnetic field being more intermittent than the velocity field. However, in the presence

of the Hall effect, we found field fluctuations at scales smaller than the ion skin depth to be

substantially less intermittent, with close to monofractal scaling.

As the intensity of the Hall effect was increased in the simulations (i.e., the ion skin depth

wasmade larger in units of the box size), we found both the total energy spectrum and the struc-

ture functions to develop a steeper scaling in a wider subinertial range, for all scales smaller

than the ion skin depth. The behavior of the scaling exponents for both the velocity and the

magnetic field up to sixth order becomes closer to monofractal as the Hall effect is increased,

and the intermittency exponent decreases accordingly.

In agreement with these results, the probability density functions of longitudinal velocity

and magnetic field increments have weaker non-Gaussian tails and less asymmetry at scales

smaller than the ion skin depth. For velocity and magnetic field gradients, the skewness and

kurtosis also decrease as the Hall effect is increased.

The results were obtained for simulations with spatial resolution of 5122 × 32 grid points,

and verified in simulations at larger spatial resolution, with 7682 × 32 grid points and with

5122 × 64 grid points. As a result, we can safely conclude that increasing the resolution has no

effect on the results, and that the decrease in the intermittency of the flow has its source in the

Hall effect.

It is interesting that although a decrease in the intermittency has been observed in high-

frequency magnetic field fluctuations in the solar wind [16, 17, 53], the observations also show

PDFs with strong non-Gaussian tails. These non-Gaussian tails are absent in our simulations,

and considering the limitations of the HMHDmodel we are led to conjecture that their origin in

the solar wind lies in other kinetic effects that are not captured by our model (see, e.g., [53, 54]).
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Chapter 5
Statistical properties
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Finally we present a signed measure analysis. Signed measure analysis allows to character-

ize the scaling behavior of the sign-oscillating flow structures and their geometrical properties

(fractal dimensions of structures). Results show that as the Hall term is increased the fractal

dimension of the current and vorticity sheets decreases. This observation, together with the

previous analysis, provides a comprehensive description of the effect of the Hall term on the

formation of structures. Finally we confirmed (now with quantitative evidence) the existence

of two main processes, namely the widening and unraveling of the sheets.

5.1 A brief review

As we explained in the previous chapter, different studies have provided conflicting results

regarding the effect of the Hall term in the generation of structures in magnetohydrodinamics

turbulence, so the debate is still open. In particular, some numerical simulations have indicated

that current sheets in presence of Hall effect become wider than in MHD (see, e.g., [2]), while,

on the contrary, other studies have shown the presence of thinner structures [3].
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5. Statistical properties

To this point we have made a very broad and comprehensive analysis about the Hall effect

in a strong external magnetic field. In chapter 2 the effect of the Hall term has been analyzed

in terms of global magnitudes (e.g., the mean square current density 〈j2〉 and vorticity 〈ω2〉),
characteristic times of the flow, energy cascade and qualitative features of the flow structures

(current sheets) [2]. We found that the Hall term turned out to affect mostly the scales between

the Hall scale and the dissipation scale. This produces an enhancement of the energy transfer in

such scale range, and therefore the accumulation of energy decreases. This corresponds to an ef-

fective shift of the dissipation scale toward smaller scales. This was estimated by observing an

increasingly sharp steepening of the energy spectrum in the Hall range, when the separation

between the Hall scale and the dissipation scale is larger. This suggests the possible genera-

tion of smaller scales when the Hall effect increases. Qualitative observation of current sheets

showed that they become wider as the Hall effect increases; however, within them, smaller

structures seemd to emerged. The main objective of this chapter is to perform a quantification

about this.

In chapter 3 [4], a detailed study of intermittency has been performed. In presence of Hall

effect, field fluctuations at scales smaller than the ion skin depth become substantially less

intermittent, with scaling properties close to self similarity. A quantitative measure of the inter-

mittency is crucial to understand the topological distribution of dissipation in magneto-fluids

and plasmas, and it can also provide constraints for theoretical study of phenomena such as

magnetic energy dissipation and reconnection. But this, by itself, does not answer the question

about the thickness of current sheets. The founded decrease in the intermittency can mean

one of two things, HMHD small scale structures are thicker than in MHD, or, on the contrary,

they are thinner but more space filling, causing intermittency decrease in one way or another.

The main purpose of the present chapter is to quantitatively evaluate the characteristics of the

small scale structures and their features with respect to the magnitude of the Hall effect. Is

very important to note that numerical simulations quality was tested according to the stringent

criteria of Wan et al.[5], because it is necessary a very high level of convergence for this type of

analysis.

In order to gain more insight on the actual effect of the Hall term on flow structures, here

we study the geometrical properties of the vorticity and current field, using an explicit and

quantitative approach. Our study focuses on the estimation of the cancellation exponents, as

introduced by Ott et al. [6]. Such exponents provide a simple characterization of the flows, and

are phenomenologically related with the fractal dimension of the typical structure [7].
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5.2 Set up

Simulations analyzed in this chapter are the same to those described in previous chapters. Here

we review the important points. Simulations have 5122 grid points in the plane perpendicular

to the external magnetic field and 32 grid points in the parallel direction. B0 = 8, the kinetic

and magnetic Reynolds numbers are defined respectively as R = 1/ν, Rm = 1/η, based on

unit initial r.m.s. velocity fluctuation, unit length, and dimensionless values for the viscosity

and diffusivity. For all the runs, we used R = Rm = 1600 (i.e., ν = 1/1600, η = 1/1600). We

also considered a Mach numberMS = 1/4, and an Alfvén Mach numberMA = 1.

Again the same four values of the Hall parameter were considered, namely ε = 0 (MHD

case), 1/32, 1/16, and 1/8. In the same way as in the previous chapter, data from simulations

with such values of ε will be labeled as Run A, B, C and D, respectively. As the numerical

domain used has size 2π (see above), these values correspond respectively to ion skin depths

with associated wave numbers kε = ∞, 32, 16, and 8, and to scales of ρii =0, 0.03, 0.06 and 0.4.

5.3 Qualitative approach

Figures 5.1 and 5.2 show some example of current components. Left hand panels show, for

each Run, two dimensional cuts in the perpendicular plane of one perpendicular component

jx (Figure 5.1) and of the parallel component jz (Figure 5.2), for one snapshot of the simulation

in the statistically steady state (t = 4.5, when the turbulence was fully developed; see figure

3.1). On the right panels, the same field is plotted with an arbitrary tilt angle, in order to

highlight the chaotic alternation of positive and negative fluctuations of the fields. From visual

inspection, it appears evident that structures become more fragmented as ε increases.

Figure 5.3 shows the total energy spectra E(k), integrated on spheres of radius k, for the

four runs. The ion skin depth scale is also indicated. The large scale part of the spectra is

compatible with the typical Kolmogorov scaling α = 5/3. For the largest ε (RunD), a secondary

power-law region emerges at scales smaller than the ion skin depth, compatible with the typical

spectral index for reduced Hall MHD, α = 7/3.

5.4 The signed Measure and the cancellation exponent

As discussed before, turbulent plasmas are often characterized by scale dependent formation

of energetic and localized structures. These represents regions where dissipation of energy is

enhanced, and are believed to be responsible for the anomalous scaling of the structure func-

tions. Intermittency and multifractality are strictly related to their presence [8]. Structures such

as current sheets and vorticity filaments are continuously observed in numerical simulations
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5. Statistical properties

Figure 5.1: Left panels: slices of the perpendicular current component jx in the perpendicular

plane, for the four different values of ε used (ε increasing from top to bottom). Right panels:

the same fields, seen at an arbitrary tilt angle. The scale of grays is arbitrary.
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5.4. The signed Measure and the cancellation exponent

Figure 5.2: Left panels: slices of the parallel current component jz in the perpendicular plane,

as in previous figure. Right panels: the same fields, seen at an arbitrary tilt angle.
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Figure 5.3: The total energy spectra for the four Runs (see legend). Phenomenological predic-

tions for the MHD range and for the Hall range are also indicated

[9, 10, 11, 12, 13, 3]. Solar wind measurements have also revealed the presence of structures of

different type (current sheets, rotational discontinuities, vortices) [14, 15, 16, 17]. Since struc-

tures can be seen as smooth regions embedded in a highly fluctuating field, they can be as-

sociated to scale dependent changes of the sign of the fields gradients. The introduction of a

sign-singular measure (as opposed to a positive defined probability measure) allows the char-

acterization of the scaling properties of sign oscillations of the fields [6]. The signed measure of

a mean-less scalar field f(r), defined on a d-dimensional set Q(L) of size L, can be introduced

as follow. Let {Qi(l)} ⊂ Q(L) be a partition of Q(L) in disjoint subsets of size l. Then, for each

scale l and for each set of boxes Qi(l), the signed measure is defined as

µi(l) =

∫
Qi(l)

dr f(r)
∫
Q(L) dr |f(r)| . (5.1)

As the scale of the subset Qi(l) increases, cancellations between small size structures of oppo-

site sign become more probable within each box. The way this happens can be statistically

characterized through the partition function

χ(l) = ∑
Qi(l)

|µi(l)| (5.2)

where the sum is extended to all disjoint subset Qi(l). When the partition function shows

power law scaling χ(l) ∼ l−κ, the measure is said sign singular, and κ is called cancellation

exponent, representing a quantitative measure of the cancellation efficiency. For example, a
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5.5. Cancellation analysis in turbulent plasmas

smooth field has constant partition function (κ = 0), whereas for a stochastic process κ = d/2

([18]). More generally, if a field g(r) is homogeneous with a Hölder scaling exponent h, that

is if 〈‖∆g(l)‖〉 = 〈‖g(r+ l)− g(r)‖〉 ∼ lh, then the cancellation exponent of its derivative

f ≡ dg/dr is κ = 1 − h [18, 19]. Thus, cancellation exponents characterize the topology

of structures. A simple geometrical argument, based on the separation of the field in corre-

lated (the structures) and uncorrelated (the background field) subsets, allows to establish a

phenomenological relationship between the cancellation exponent and the fractal dimension

D of the typical dissipative structures of the flow

κ = (d−D)/2 (5.3)

(see e.g. [7] for details). It should be kept in mind that, because multifractality is ubiquitous

in MHD turbulence, the use of one single fractal dimension cannot capture all the features of

the scaling. Nonetheless, D still represents a useful indicator for the topological characteristics

of the “mean” intermittent structures of the flow (and even more when there are using other

elements of analysis as we have done). Cancellation analysis has been performed in the past to

describe the formation of structures in two dimensional MHD plasmas [7, 20], and successfully

applied to solar active regions, where the time evolution of the topological properties of the

surface current has allowed to predict the occurrence of large flares [21, 22, 23].

In this paper, we show results of the cancellation analysis of the fields with the aim of

pointing out the effect of the Hall term on the topology of the small scales structures.

5.5 Cancellation analysis in turbulent plasmas

For our analysis, we have considered four snapshots of RHMHD simulations, realized using

four different values of the Hall parameter ε, as indicated in Section 5.2. All the snapshots are

taken in a statistically steady state of the system, realized when t = 4.5. The fields anlyzed here

are the three components of the current j and of the vorticity !, already shown in Figures 5.1 and

5.2. To estimate the partition functions, we divided the simulation domain of size L3 = (2π)3

in boxes of variable size lx × ly × lz , with lx = ly = l⊥ and lz = l‖.

Figure 5.4 shows some examples of two dimensional cuts of the signed measure computed

for the parallel component of the current jz in the plane x-y, for two values of ε, and for four

different partition box sizes. It is evident that the coarse graining of the set partition leads

to cancellations at larger scales, so that small scale structures (the current filaments clearly

evident at small scale, see left panel) gradually disappear. Similar behavior is seen for all fields

components, and for any value of the Hall parameter (not shown).

From the signedmeasures, partition functions (5.2) have been computed for all components

of the current j and of the vorticity ! as a function of the two scale parameters l⊥ and l‖. Ex-
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5. Statistical properties

Figure 5.4: The signed measure µ as estimated for jx in the plane y-z, for Run A (ε = 0, left

panels) and Run C (ε = 1/16, right panels), for four different partition box sizes (from top to

bottom, l⊥ = 0.12, 0.04, 0.016 and 0.002). The color scale is arbitrary.
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5.5. Cancellation analysis in turbulent plasmas

amples of the results are presented in Figure 5.5. While it is evident that scaling properties are

present and well developed in the perpendicular direction l⊥, the partition functions decrease

with the parallel scale l‖ is somewhat smoother and less defined. This is due to the fact that

in RHMHD the turbulent cascade is mainly developed in the perpendicular plane to the mean

field. For this reason, we will mainly concentrate on the scaling properties in the perpendicular

plane, by selecting one particular parallel scale. We analyzed the results for different parallel

scales, and no significant difference was observed.

Figures 5.6 and 5.7 show examples of the partition functions of the fields for a fixed value

of l‖ = 0.03, and for different ε. When appropriate, power law fits χ(l⊥) ∼ l−κ
⊥ have been

performed through a least square method. The fitting curves are diplayed in the figures. For

a visual test, the partition functions have been compensated by dividing them by the fitted

power law l−κ
⊥ , and represented in the bottom panels of each figure. Scaling ranges are seen

as flat regions in the compensated plots. Compensated plots and fitting power laws have been

represented as full lines for the Hall range, and with double-dahsed lines for the MHD range.

As can be seen in all panels of figures 5.6 and 5.7, the partition functions suggests presence

of power law scaling, and therefore sign singularity, in a range of perpendicular scales corre-

sponding to the inertial range of the energy spectra (cf. figure 5.3). This holds for all fields

and Hall parameters, and is the signature of the MHD turbulent cascade among structures of

different size [7]. A second power law range emerges at small scales when the strength of the

Hall term increases (panels g-h of figures 5.6 and 5.7). This suggests that a secondary sign sin-

gularity is present, with fragmentation of dissipative structures along the scales, presumably

due to the nonlinear Hall cascade. The small scale power law is observed for the current and

vorticity components lying on the plane perpendicular toB0, while for the parallel components

the secondary sign singularity only appears for the largest value of ε analyzed here (panels g

and h). This is in agreement with the emergence of a small scale power law range in the energy

spectra (see figure 5.3), which has HMHD phenomenological spectral index.

As mentioned in a previous Section, values of the cancellation exponents provide informa-

tion on the topology of the fields. In order to discuss more easily the analysis results, cancel-

lation exponents have been converted into the typical fractal dimension of the structures, as

D = 3 − 2κ. Values of D are then displayed in Figure 5.8 as a function of ε, for the three

components of the current (panels a and c) and of the vorticity (panels b and b), so that the

influence of increasing Hall effect on the scaling can be evaluated. In the following, we will

use the notation D
(f )
⊥ for fractal dimension estimated for the perpendicular partition function

χ(l⊥), andD
(f )
‖ for the parallel partition function χ(l‖), where f = j,ω indicates the field under

study. When the superscript (f ) is omitted, we are indicating both fields. It is also possible to

introduce a parameter for estimating the “global” fractal dimension of the fields, by averaging
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Figure 5.5: The partition function χ(l⊥, l‖) versus the two scale parameters l‖ and l⊥. The

examples given here refer to the parallel components of the current (jz , left hand plots) and

one of the perpendicular components of the vorticity (wx, right hand plots), for the four values

of the Hall parameter (sorted from top to bottom for increasing ε, as indicated in each plot).
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Figure 5.6: The partition function χ(l⊥) versus the scale parameter l⊥ for jx (left) and ωx (right),

for the four runs (ε increasing from top to bottom), and at l‖/2π = 0.03. Power law fits χ(l⊥) =

A(l⊥/2π)−κ are superimposed. The ion skin depth is indicated (dashed line). Finally, the

bottom part of each plot shows the compensated partition function χ(l⊥)/A(l⊥/2π)−κ.

97



5. Statistical properties

10-3

10-2

10-1

100

101

10-3 10-2 10-1 100

χ j
z(l

⊥ 
)

jz ,  ε = 0 

10-2

10-1

100

10-3 10-2 10-1 100

χ(
l ⊥

 )/
A

l ⊥
 -κ

l⊥ /(2π ) 

 

    
    

    
    
(a)  

MHD
10-3

10-2

10-1

100

101

10-3 10-2 10-1 100

χ ω
z(l

⊥ 
)

ωz ,  ε = 0 

10-2

10-1

100

10-3 10-2 10-1 100

χ(
l ⊥

 )/
A

l ⊥
 -κ

l⊥ /(2π ) 

 

    
    

    
    
(b)  

MHD

10-3

10-2

10-1

100

101

10-3 10-2 10-1 100

χ j
z(l

⊥ 
)

jz ,  ε = 1/32 

ρii

10-2

10-1

100

10-3 10-2 10-1 100

χ(
l ⊥

 )/
A

l ⊥
 -κ

l⊥ /(2π ) 

 

    
    

    
    
(c)  

MHD
10-3

10-2

10-1

100

101

10-3 10-2 10-1 100

χ ω
z(l

⊥ 
)

ωz ,  ε = 1/32 

ρii

10-2

10-1

100

10-3 10-2 10-1 100

χ(
l ⊥

 )/
A

l ⊥
 -κ

l⊥ /(2π ) 

 

    
    

    
    
(d)  

MHD

10-3

10-2

10-1

100

101

10-3 10-2 10-1 100

χ j
z(l

⊥ 
)

jz ,  ε = 1/16 

ρii

10-2

10-1

100

10-3 10-2 10-1 100

χ(
l ⊥

 )/
A

l ⊥
 -κ

l⊥ /(2π ) 

 

    
    

    
    
(e)  

MHD
10-3

10-2

10-1

100

101

10-3 10-2 10-1 100

χ ω
z(l

⊥ 
)

ωz ,  ε = 1/16 

ρii

10-2

10-1

100

10-3 10-2 10-1 100

χ(
l ⊥

 )/
A

l ⊥
 -κ

l⊥ /(2π ) 

 

    
    

    
    
(f)  

MHD

10-3

10-2

10-1

100

101

10-3 10-2 10-1 100

χ j
z(l

⊥ 
)

jz ,  ε = 1/8 

ρii

10-2

10-1

100

10-3 10-2 10-1 100

χ(
l ⊥

 )/
A

l ⊥
 -κ

l⊥ /(2π ) 

 

    
    

    
    
(g)  

Hall
MHD

10-3

10-2

10-1

100

101

10-3 10-2 10-1 100

χ ω
z(l

⊥ 
)

ωz ,  ε = 1/8 

ρii

10-2

10-1

100

10-3 10-2 10-1 100

χ(
l ⊥

 )/
A

l ⊥
 -κ

l⊥ /(2π ) 

 

    
    

    
    
(h)  

Hall
MHD

Figure 5.7: Same as Figure 5.6, for the parallel component: jz (left hand plots) and ωz (right

hand plots).

98



5.5. Cancellation analysis in turbulent plasmas

the three values D
(f )
i of the fractal dimension obtained for the i-th component of each field

f , D
⋆(f )
⊥ = (D

(f )
x +D

(f )
y +D

(f )
z )/3 (we have temporarily suppressed the subscript ⊥ in this

formula, to semplify the notation).

We remind that, in the RHMHD configuration, most of the nonlinear structures are gen-

erated in the plane perpendicular to B0. Therefore, the parallel component of the current jz

and vorticity ωz , which depend on the perpendicular components of the magnetic and velocity

fields, are of particular interest. The perpendicular components jx, jy, ωx, ωy, on the contrary,

include both the perpendicular and parallel components of magnetic and velocity fields. This

results in mixing the turbulent perpendicular dynamics with the quasi-linear parallel dynam-

ics, so that results are not easily interpreted.

In the MHD inertial range, marked as “MHD” in the figures, the estimated fractal dimen-

sion for the parallel component of the current is almost constant, showing a weak decrease

from D
(j)
⊥ = 1.5 in the MHD regime to D

(j)
⊥ = 1.4 in the Hall regime (red plot in Figure 5.8,

panel a). Similar values, but with opposite weak trend, are observed for the vorticity ωz (panel

b). Such values of D are representative of severely disrupted, almost filamented current sheets.

The relative independence of D
(j)
⊥ on the Hall parameter for the parallel components of vortic-

ity and current is consistent with the fact that, in the MHD inertial range, the Hall term is not

expected to play a relevant role, since it should only be effective at smaller scales.

For the current perpendicular components (green and blue plots in Figure 5.8, panel a),

D
(j)
⊥ starts around 2 (indicating current sheets) with no Hall effect. As the Hall term is turned

on, the dimension first weakly increases to about D
(j)
⊥ ≃ 2.2, and then steadily decreases back

to D
(j)
⊥ ≃ 2, showing that structures are becoming more complex. This suggests that inertial

range fields are reacting to the onset of the Hall effect, probably in response to the inertial

range modification. For the vorticity components perpendicular to B0 (green and blue plots

in Figure 5.8, panel b), the effect of the Hall term is even more evident, causing a decrease of

the dimesion from D
(ω)
⊥ ≃ 2.3 to D

(ω)
⊥ ≃ 1.5, indicating with fragmentation of the vorticity

sheets. The “global” fractal dimensions D⋆
⊥ are shown in Figure 5.8, panel e (for the current)

and panel f (for the vorticity), for both the MHD and Hall ranges. For the current in the MHD

range, the structures topology is roughly constant for all values of the Hall effect. Vorticity,

on the contrary, shows a more evident decrease of the “global” fractal dimension with ε, from

D
⋆(ω)
⊥ ≃ 2.3 toD

⋆(ω)
⊥ ≃ 1.5. This result shows that magnetic field and velocity are decoupled in

the MHD range, so that the their structures have different topological properties.

We now turn our attention to the range of scales smaller than the ion skin depth, where

the Hall term becomes relevant when ε becomes larger. Results here are very similar for both

current and vorticity, suggesting that velocity and magnetic fields decouple only in the MHD

range. If no Hall cascade is present (ε = 0, see panels a and b of figures 5.6 and 5.7), the
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Figure 5.8: The fractal dimensionD⊥ estimated through equation 5.3, for the three components

of current (a for the MHD range, c for the Hall range) and vorticity (b for the MHD range, d for

the Hall range), labeled with different colors and line style (see inset). The indicators D⋆
⊥ (see

text) are also plotted for the two fields (panels e and f , black lines).
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5.6. Conclusions

small scale range is characterized by smooth fluctuations (for which we assumeD⊥ = 3) for all

components of the fields, as expected when dissipation is active and numerically well resolved.

This is reflected in the absence of power law, or sign singularity, in the transition from theMHD

range toward the constant partition function value for smooth fields (χ = 1 → κ = 0 → D = 3)

at small scales. As the Hall effect comes into play, the perpendicular components of current and

vorticity start to develop a power law range, with cancellation exponents κ increasing with ε

(panels c-f of figure 5.6). The scaling of the partition function indicates the presence of strongly

persistent structures, in the range of scales larger than the typical dissipative scales. In terms

of fractal dimension (green and blue plots in Figure 5.8, panels c and d), a decrease is observed

from D⊥ = 3 to D⊥ ≃ 2.4, indicating that the smooth fields in the MHD regime (Run A) are

developing toward more complex, broken structures (Runs B, C and D). On the other hand, for

the parallel component of current and vorticity the sign singularity in the Hall range is only

observed at ε = 1/8 (see panels c-f of figure 5.7). At this value of the Hall parameter, the field

is no longer smooth (as instead happens for dissipative range), but rather shows presence of

quasi two-dimensional sign persistent structures (red plots in Figure 5.8, panels c and d). At

these small scales, the “global” fractal dimension calculated for the current and the vorticity

steadily decreases from D⋆
⊥ = 3 to D⋆

⊥ ≃ 2.3 as the Hall term coefficient increases, confirming

once more that the turbulent stuctures are being fragmented by the nonlinear Hall cascade.

Finally, we quickly review the results obtained for the scaling in the parallel direction. Fig-

ure 5.9 shows some examples of partition functions of the current and vorticity components,

as a function of the parallel scale, χ(l‖). Partition functions were estimated for l⊥/2π = 0.002.

As evident, the power law range is severely reduced because of the lower resolution of the

numerical simulations. However, we have fitted the partition functions with the usual power

law, obtaining the cancellation exponents κ and, therefore, the fractal dimensions D. These are

shown in figure 5.10 as a function of the Hall parameter. As expected from the RHMHDmodel,

for both fields the component parallel to the magnetic field has almost constant D‖ ≃ 2.2 (see

the red plots in panels a and b of figure 5.10). On the contrary, for the two components on the

perpendicular plane, D‖ increases with ε from very small values (D‖ ≃ 0.8) to about D‖ ≃ 1.9

(green and blue plots in panels a and b of figure 5.10), similarly to what is observed for the

perpendicular partition functions. The “global” fractal dimension increases from D⋆
‖ = 1.3 to

D⋆
‖ = 2.

5.6 Conclusions

In this last chapter, a set of simulations of a RHMHD flow realized with different values of the

Hall parameter ǫwas analyzed by using the sign-singular measure. The presence of power law
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Figure 5.9: The partition function χ(l‖), for jx (left) and ωx (right), for the four runs (ε is indi-

cated in each plot), and at l⊥/2π = 0.002. Power law fits are superimposed. The bottom part

of each plot shows the compensated partition function χ(l‖)/A(l‖/2π)
−κ.
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of current (left panels) and vorticity (right panels). The overall indicators D⋆
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5. Statistical properties

scaling of the partition function was observed in two distinct ranges of scales, corresponding

to the MHD and Hall MHD ranges. This is interpreted as the presence of an active nonlinear

turbulent cascade generating structures (i.e. parts of the fields with persistent sign) on all scales.

The cancellation exponents, mesaured by fitting the partition functions, indicate the degree of

cancellation occurring between structures of opposite sign, and are related to the gross fractal

dimension of the typical turbulent structures in the flow. In the MHD range, current structures

are only weakly sensitive to the Hall effect, showing slightly decreasing fractal dimension in

particular in the perpendicular current components. The vorticity structures have a more evi-

dent fragmentation, suggesting that velocity andmagnetic fieldmay have decoupled dynamics

in this range. In the Hall range, current and vorticity have similar behaviour, showing increas-

ingly unraveled structures. The nonlinear Hall term is thus responsible for disruption and

unraveling of the MHD current sheets, and for the generation of small scale structures.

The results obtained here, together with previous analysis [2, 4], provide a comprehensive

approach that might answer the basic question: do the sheets get wider or narrower with the

Hall effect? We can conclude that the Hall term has dual effects on the current sheets at different

scales. On one hand, it increases the “macroscale” of the sheets by proportionally increasing

their characteristic size. On the other hand, it causes these structures to unravel, which corre-

sponds to generating microstructures on smaller scales. The decrease of the fractal dimension

is a manifestation of the emerging microscales, while the widening of the macroscale of the

sheet produces an increase of the filling factor of these microstructures, and the subsequent

reduction of the observed intermittency [4].

These results may settle both the numerical and observational debate about the widening vs

narrowing of the current sheets, which was probably due the extremely complex nature of the

structures. Therefore, more comprehensive analysis, based on multiple approach to the same

set of data (global magnitudes, characteristic times, energy cascade, intermittency, geometrical

and topological properties) is desirable in order to fully understand the effect of the Hall term

on the flow dynamics, and in particular on the topological characteristics of the current sheets.

This work, along with Refs. [2, 4], may be an example of such comprehensive approach.
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Chapter 6
Beyond the Hall effect: electron inertia

Contents

6.1 Electron Inertia Hall-MHDmodel (EIHMHD) . . . . . . . . . . . . . . . . . . . . . 107

6.2 2.5D Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

6.2.1 Linear modes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

6.2.2 Ideal invariants in 2.5D . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

6.3 Preliminar results for turbulence . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

In this chapter we go beyond the Hall-MHD model by developing a two-fluid model for a

fully ionized hydrogen plasma. We are currently using this model to expand the studies done

in this thesis regarding to magnetohydrodynamics turbulence but not neglecting the electron

mass. Since the ratio of electron mass to proton mass is small (by three orders of magnitude)

This introduces additional small length and timescales into the dynamics.

We developed the electron inertia Hall MHD model, introduce new parameters, and con-

sider the general invariants of the system. We then consider a simplified case in 2.5 dimensions,

analyze the linear modes of the system and further present preliminar results for a fully turbu-

lent case.

6.1 Electron Inertia Hall-MHDmodel (EIHMHD)

The equations of motion for a plasma made of protons and electrons with mass mp,e, charge

±e, density np = ne = no (quasi-neutrality), pressure pp,e and velocity up,e respectively, can be

107



6. Beyond the Hall effect: electron inertia

written as

mpno
dup

dt
= eno(E+

1

c
up × B)−∇pp + µp∇2up +Rpe (6.1)

meno
due

dt
= −eno(E+

1

c
ue × B)−∇pe + µe∇2ue +Rep (6.2)

j =
c

4π
∇× B = eno(up − ue) (6.3)

where (6.3) corresponds to Ampere’s law neglecting the displacement current, and c is the

speed of light. The conservation of mass for each species implies

∂(mp,eno)

∂t
+∇ · (mp,enoup,e) = 0 (6.4)

This set of equations can be written in a dimensionless form in terms of a typical length scale L0,

a constant particle density n0, a value for the magnetic field B0 and a typical value of velocity

u0 = vA = B0/
√
4πn0M whereM ≡ mp +me,

(1− δ)
dup

dt
=

1

ǫ
(E+ up × B)−∇pp + νp∇2up + rpe (6.5)

δ
due

dt
= −1

ǫ
(E+ ue × B)−∇pe + νe∇2ue + rep (6.6)

ǫj = up − ue (6.7)

wherewe have introduced the parameters δ ≡ me/M and ǫ ≡ c/ωML0, νp/e = µp/e/(n0MvAL0),

rep/pe =
B2

0
4πMn0L0

Rep/pe and ωM =
√
4πe2n/M is related to the plasma proton frequency

ωcp =
√

4πe2n/mp as ωM = ωcp

√
mp/M . Note that in the limit of electron inertia equal to

zero, we obtain ωM = ωcp, and therefore ǫ = ǫH = c/ωcpL0 which is the usual Hall parameter.

Using the definition of the hydrodynamic velocity field

u ≡ mpup +meue

mp +me
= (1− δ)up + δue (6.8)

we can readily show the relations between the hydrodynamic variables and the velocity of each

species as

up = u+ δǫj (6.9)

ue = u− (1− δ)ǫj (6.10)

The plasma fluid equation, is the sum of the corresponding equations of motion (6.5) and (6.6),

du

dt
= j×

[
B− δ(1− δ)ǫ2∇2B

]
+∇p+ ν∇2u+ ν0∇2j (6.11)

where p ≡ pp + pe is the hydrodynamic pressure, ν = νp + νe and ν0 = νpδǫ− νeδ(1− δ)ǫ.

On the other hand, the equation of motion for electrons (6.6), using E = −∂tA − ∇φ and
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6.2. 2.5D Setup

(ue · ∇)ue = ωe × ue +∇(u2e/2) (with ωe = ∇× ue) can be turn into

∂

∂t
(A− δǫue) = ue × (B− δǫωe) +

+ ∇(ǫpe + δǫ
u2e
2

− φ)− νe∇2ue − ηj (6.12)

where we have modeled Rep = ηj.

We define,

B′ ≡ B− δǫωe = B− (1− δ)δǫ2∇2B− δǫω (6.13)

where ω = ∇×u is the hydrodynamic vorticity. Taking the curl of equation (6.12), it is possible

to obtain a dynamical equation for the magnetic field

∂t B
′ = ∇× [u− (1− δ)ǫj]× B′ − νeǫ∇2

ω + η∇2B− νeǫ
2(1− δ)∇4B (6.14)

We consider electron inertia (and the resulting momentum transport due to the electrons)

Just as in three-dimensional Hall-MHD, the electron inertia Hall-MHD model has three

ideal invariants in the ideal case, namely, the energy and the generalized helicities

E =
∫
d3r

(
∑
s

msns
u2s
2

+
B2

8π

)
, (6.15)

Hp/e =
∫
d3r

(
A+

cmp/e

qp/e
up/e

)
·
(
B+

cmp/e

qp/e
ωp/e

)
(6.16)

where ωp/e = ∇× up/e. Note that in the Hall-MHD limit (i.e. δ → 0), the conservation of the

ion helicity and electron helicity yields the conservation of the hybrid helicity and magnetic

helicity respectively.

6.2 2.5D Setup

In a 2.5D setup, the vector fields depend on two coordinates, say x and y but theymaintain three

components. Considering the incompressible case, i.e. ∇ · u = 0, we can write the magnetic

and velocity fields as

B = ∇× [ẑ a(x, y, t)] + ẑ b(x, y, t) (6.17)

u = ∇× [ẑ ϕ(x, y, t)] + ẑ u(x, y, t) (6.18)

109



6. Beyond the Hall effect: electron inertia

where a(x, y, t) and ϕ(x, y, t) are the scalar potential for the magnetic and velocity fields respec-

tively. In terms of these scalar potentials, the equations (6.11) and (6.14) take the form

∂t ω = [ϕ,ω]− [a, j]− (1− δ)δǫ[b,∇2b] + ν∇2ω+ ν0∇4b (6.19)

∂t u = [ϕ,u]− [a, b]− (1− δ)δǫ[j, b] + ν∇2u+ ν0∇2j (6.20)

∂t a
′ = [ϕ− (1− δ)δǫ2b, a′] + η∇2a+ νeǫ

2(1− δ)∇4a+ νǫ∇2u (6.21)

∂t b
′ = [ϕ− (1− δ)δǫ2b, b′] + [u− (1− δ)ǫj, a′] + +η∇2b+ νe∇2(b− b′) (6.22)

where

ω = −∇2ϕ (6.23)

j = −∇2a (6.24)

a′ = a+ (1− δ)δǫ2j − δǫu (6.25)

b′ = b− (1− δ)δǫ2∇2b− δǫω (6.26)

and the nonlinear terms are the standard Poisson brackets, i.e. [p, q] = ∂xp∂yq − ∂yp∂xq. The

set of equations (6.19) - (6.22) describe the dynamical evolution of the magnetic and velocity

fields. When δ = 0 this set of equations reduces to the incompressible 2.5D HMHD equations.

6.2.1 Linear modes

Retaining the linear terms in the incompressible system of equations (6.19)-(6.22) it is possible

to obtain a dispersion relationship

[
σ2(1+ (1− δ)δǫ2k2)− k2 cos2(θkB)

]2
= σ2ǫ2k2(2δ − 1) (6.27)

where θkB is the angle between the propagation vector and the magnetic field. The solution of

equation (6.27) yields the normal modes of oscillation of the equations (6.19)-(6.22).

Figure 6.1 shows the different modes of propagation of waves in EIHMHD, for θkB = 0, ǫ =

0.1, δ = 4/100. The negative branch represents the shear ion-cyclotron waves, and converges

to the ion cyclotron frequency as in HMHD. The top branch corresponds to the whistler branch

and, in contrast to HMHD, it has a maximum value given by the electron cyclotron frequency

ωce. The fact that the linear modes have bounded frequencies represents an advantage, from

the numerical point of view, with respect to the unbounded dispersion relation in HMHD. The

maximum frequency in EIHMHD implies a minimum time-step in the numerical integration

scheme which is independent of the spatial resolution ∆t = 1/ωmax = 2/ωce. Instead, in

HMHD, the whistler branch implies a k-dependent maximum frequency ωmax ∼ k2max and

so the minimum time-step in the numerical integration scheme (CFL condition) depends on

the spatial resolution, ∆t = 1/ωmax ∼ 1/k2max ∼ ∆x2. Interestingly then, HMHD is more
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Figure 6.1: Different linear modes in Eihmhd model for a realistic ratio of ion mass to electron

mass, θkB = 0 and ǫ = 0.1.

demanding in terms of numerical integration in time as the spatial resolution is increased, as

compared to the more complete EIHMHD model.

6.2.2 Ideal invariants in 2.5D

In a 2.5D setup, the total energy, electron and proton helicity can bewritten as (in dimensionless

form)

E =
∫
d3r

[
(1− δ)

u2p

2
+ δ

u2e
2

+
B2

2

]
=

=
1

2

∫
d3r[|∇ϕ|2 + u2 + |∇a|2 + b2 +

(1− δ)δǫ2|∇b|2 + (1− δ)δǫ2j2] (6.28)

Hp =
∫
d2r{ab+

((1− δ)ǫ)
[
(u+ δǫ j)b+ a(ω− δǫ∇2b)

]
+

((1− δ)ǫ)2
[
(u+ δǫ j)(ω− δǫ∇2b)

]
} (6.29)

He =
∫
d2r{ab−

(δǫ)
[
(u− (1− δ)ǫ j)b+ a(ω+ (1− δ)ǫ∇2b)

]
+

(δǫ)2
[
(u− (1− δ)ǫ j)(ω+ (1− δ)ǫ∇2b)

]
} (6.30)
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6. Beyond the Hall effect: electron inertia

Figure 6.2: Energy spectra for δ = 0 and ǫ = 0 (black line, MHD case) , δ = 0 and ǫ = 1/10 (red

line, Hall-MHD case), and δ = 4/100 and ǫ = 1/10 (green line, EIHMHD case)

We performed 2.5D EIHMHD simulations using a pseudo-spectral code, which yields expo-

nentially fast numerical convergence and negligible numerical dissipation. The accuracy of the

numerical scheme is tested by looking at the behavior of the ideal invariants of the EIHMHD

equations in time. The only non-zero invariant, the total energy, is conserved by the numerical

scheme with an error of less than 10−8.

6.3 Preliminar results for turbulence

Consider the 2.5D EIHMHD equations, for diferent values of ǫ and δ, and ν, ν0, νe. Note in-

terestingly that the presence of non-zero νe introduce high order derivative terms (∇4 terms in

the equations), acting as hyperviscosity terms. Ths certainly has an impact at large values of k,

affecting the distribution of energy at the small scales and the dissipation range.

The emergy spectrum for these preliminar simulations is show in figure 6.2. The impact of

the electron inertia at the small scales can already observed in these results. In particular, we

want ti understand whether the phenomena on these small scales can be well described by a

theory of continuous media (two fluid) without recourse to the more demanding kinetic theory.

This will help us to understand the nature of the physical phenomena on these scales and in

particular the relevance for energy dissipation mechanisms.
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Chapter 7
Concluding remarks and perspectives

We have developed a new tool to characterize systems where both the Hall effect and a strong

mean magnetic field are relevant. This model consists of a system of reduced Hall-MHD

(RHMHD) equations derived from the incompressible Hall MHD following the same asymp-

totic procedure, which is employed to obtain the conventional RMHD from MHD. The main

advantage of this model lies in the drastic reduction of computational cost. Also we have im-

plemented minor modifications to the model to describe the compressibility effects.

Then we compare the general compressible Hall-MHD model and the RHMHD system,

and found a perfectly degree of agreement when the different assumptions of RHMHD, like

spectral anisotropy, are satisfied. Nevertheless, when the initial conditions are isotropic but the

mean magnetic field is maintained strong, the results differ at the beginning but asymptotically

reach a good agreement at relatively short times, also we show that the parallel fluctuations

do not grow up in time. We also found evidence that the compressibility still plays a role in

the dynamics of these systems, and the weak compressible RHMHD model is able to capture

these effects. In conclusion the RHMHD model is a valid approximation of the Hall MHD

turbulence in the relevant physical context. The model reproduces the global magnitudes, the

energy spectrum and it is able to generate all the scales. Therefore we can say that this is a

robust model for study the dynamics of this kind of systems.

In the study of global magnitudes, we have seen two effects that occur simultaneously as

the Hall coefficient is increased: the decrease in the dissipation and the delay in reaching the

maximum point (and hence the time that it takes to develop all the scales). The first effect have

a direct impact on the dissipation scale of the respective flows while the second shows how the

Hall term modifies its characteristic times.

Regarding energy spatial distribution. As the Hall parameter is increased the energy spec-

trum is steeper at intermediate scales preceeding the dissipation range. At the same time there
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is an increase in the energy on scales smaller (larger K) than the dissipation range (and conse-

quently an increase in the number of scales where the dynamics is developed). The effect of the

Hall term is then twofold: first there is a slow down of the energy transfer up to the Hall scale,

resulting in a steeper spectrum, and then there seems to be a driving of energy from the Hall

length up to the small scales. This is corroborated by a shift in the effective dissipation scale to

larger scales (this is manifested as a decrease in the global dissipation values). The longer time

to reach the peak of dissipation is explained from the increase on the number of effective scales

on which the dynamics occurs. The Hall term affects the total width of the dissipation range

decreasing mildly the Kdiss (and therefore mildly increasing the dissipation scale) and extend-

ing the range of dissipation up to smaller scales with increase of the ǫ. The delay suffered by

the dissipation peak is due to the development of a greater number of scales in the dissipative

range due to a major accumulation of energy in these scales.

Current sheets (fundamental structures for energy dissipation) seem to be affected in two

ways by increasing the Hall effect. First, widening of the sheet and secondly an internal fil-

amentation. In the case where the Hall term is sufficiently intense, the current sheet is fully

delocalized. These results are complementary to the results observed in the spectra and global

magnitudes and corroborate the idea that the Hall effect results in an effective shift of the dissi-

pation scale (current sheet thickness getting larger) but also an increase in the dynamical scale

range (increase of filamentation).

We did a quantification of the level of intermittency through both PDFs and structure func-

tions. As the Hall coefficient ǫ is increased, the structure functions steepen at scales smaller

than the ion-skin depth. Consistently, the Hall term steepens the scaling of the energy spec-

trum. This is precisely what causes accumulation of energy in smaller scales (dissipation scales)

and the subsequent generation of a greater number of scales which would explain the observed

filamentation of the current sheets.

The velocity and magnetic field scaling exponents approach a linear behavior characteristic

of a self-similar (non-intermittent) flows. This result is confirmed by an analysis of PDFs of

velocity and magnetic field increments and spatial derivatives. This show that the Hall effect

reduces intermittency in the velocity and magnetic fields.

In the magnetohydrodynamic limit we recover the usual results with the magnetic field

being more intermittent than the velocity field, which is consistent with observations of large-

scale fluctuations in the solar wind, and with numerical simulations of MHD turbulence at

higher spatial resolution.

It is important to note that our results reproduce observations that indicated that while

large scales are compatible with multifractal intermittent turbulence, small scales show non-

114



Gaussian self-similarity.

We carried out a cancellation analysis (and an analysis of fractality) of the fields with the

aim of pointing out the effect of the Hall term on the topology of the small scales structures and

in particular to quantify the effect on structures like current sheets.

Results show that as the Hall term is increased the fractal dimension of the current and

vorticity sheets decreases. This observation, together with previous analysis, provided us a

comprehensive description of the effect of the Hall force on the formation and modifications

of structures. With this analysis we confirm that the Hall effect affects current sheets mainly

in two ways. On one hand, the current (and vorticity) sheets widen, while on the other hand

they unravel, reaching a more complex topology. This fragmentation (which could be seen as

formation of “micro-sheets”) turns out to be more and more evident as the Hall effect increases.

This is a quantitative proof of what we had initially interpreted from the simple qualitative

evidence. Now we are sure that the nonlinear Hall term is responsible for disruption and

unraveling of the MHD current sheets, and for the generation of small scale structures.

Study of the cancellation exponents and of the fractality of the flow show us that magnetic

and velocity fields are decoupled in the MHD range, so that the their structures have different

topological properties (this is consistent with the result obtained regarding the intermittency).

When we turn our attention to the range of scales smaller than the ion skin depth, where the

Hall term becomes relevant, we found very similar results for both current and vorticity, sug-

gesting that velocity and magnetic fields decouple only in the MHD range.

If no Hall cascade is present, the small scale range is characterized by smooth fluctuations

for all components of the fields, as expected when dissipation is active and numerically well

resolved. As the Hall effect comes into play, the scaling of the partition function indicates

the presence of strongly persistent structures, in the range of scales larger than the typical

dissipative scales. In terms of fractal dimension, a decrease is observed from D⊥ = 3 to D⊥ ≃
2.4, indicating that the smooth fields in the MHD regime are developing toward more complex,

broken structures as the Hall term coefficient increases, confirming that the turbulent stuctures

are being fragmented by the nonlinear Hall cascade.

Although at small scales in the solar wind several kinetic effects may play important

roles, we found that a simple Hall magnetofluid reproduces some of observations. The Hall

effect modifies the transfer of energy across scales, slowing down the transfer of energy

from the large scales up to the Hall scale (ion skin depth) and carrying faster the energy

from theHall scale to smaller scales. The final outcome is an effective shift of the dissipation

scale to larger scales but also a development of smaller scales. Current sheets (fundamental

115



7. Concluding remarks and perspectives

structures for energy dissipation) are affected in two ways by increasing the Hall effect,

with a widening but at the same time generating an internal structure within them. In the

case where the Hall term is sufficiently intense, the current sheet is fully delocalized. In the

presence of the Hall effect, field fluctuations at scales smaller than the ion skin depth show

a substantial decrease in the level of intermittency, with close to monofractal scaling. The

decrease of the fractal dimension is a manifestation of the emerging microscales, while the

widening of the macroscale of the sheet produces an increase of the filling factor of these

microstructures, and the subsequent reduction of the observed intermittency.

Finally, we have also considered the equations for two− fluid dynamics, not neglecting

the electron mass. This leads to the newly introduced EIHMHD equations. Preliminary

results for this system, indicates the presence of new important parameters at the electron

scales, and modification of the energy spectrum at small scales.
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