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Métodos simbolicos para sistemas de ecuaciones algebro-diferenciales

Resumen

Esta tesis estd dedicada al estudio de una clase particular de sistemas genéricos de ecuaciones algebro-diferenciales
ordinarias que surgen en la teoria de control no lineal pero que, ademas, pueden considerarse como ecuaciones que
definen el grafico de un morfismo diferencial o, simplemente, como una familia de ecuaciones polinomiales con un
miembro genérico. Nos concentramos principalmente en una presentacion alternativa de estos sistemas, la repre-
sentacion resolvente, introducida en el contexto diferencial por J. F. Ritt. Esta representacion puede ser interpretada
como el andlogo diferencial del “shape lemma”, una construccién bien conocida de la geometria algebraica, o del
elemento primitivo de extensiones separables de cuerpos o del vector ciclico de sistemas diferenciales lineales de
primer orden, y estd dada por la codificacion de los ceros del sistema por los de una tinica ecuacion polinomial dife-
rencial, via una equivalencia birracional. Encontramos cotas superiores para el orden y el grado de los polinomios
involucrados en dicha representacion, en términos del grado de una variedad algebraica intrinseca definida a partir
de las derivadas, hasta un orden preestablecido, de las ecuaciones del sistema original, y mostramos con un ejem-
plo que estas cotas son 6ptimas. También exhibimos un algoritmo probabilistico que calcula esta representacion

resolvente en tiempo polinomial en los pardmetros sintdcticos naturales y en el grado de la variedad mencionada.

Nuestro enfoque conduce a nuevos resultados adicionales para los sistemas genéricos considerados, concerniendo
dos invariantes discretos bien conocidos: el indice de diferenciacién y la funcién de Hilbert-Kolchin diferencial.
Primero, damos una definicién precisa y puramente algebraica del indice de diferenciacién y mostramos que la
funcién de Hilbert-Kolchin siempre coincide con el polinomio asociado. Segundo, mostramos un algoritmo prob-
abilistico que calcula estos invariantes en tiempo polinomial. Por dltimo, establecemos algunos resultados cuanti-
tativos y algoritmicos relativos a bases de trascendencia diferenciales y a variables implicitas y libres determinadas

por el indice.

Palabras clave: Algebra diferencial; Representacion resolvente; Teoria de eliminacién; Algoritmo probabilistico;

Straight-line programs; Indice de diferenciacién; Funcién de Hilbert-Kolchin diferencial.






Symbolic methods for differential algebraic equation systems

Abstract

This thesis is devoted to the study of a particular class of generic ordinary differential algebraic equations systems,
arising in nonlinear control theory, but that can be considered also as the equations defining the graph of a diffe-
rential morphism or, simply, as a family of differential polynomial equations with a generic member. We mainly
focus on an alternative presentation for these systems, the resolvent representation, introduced in the differential
context by J.F. Ritt. This representation may be considered as the differential analogue of the well-known shape
lemma from algebraic geometry or of the primitive element of separable field extensions or of the cyclic vector
for first-order linear differential equations, and is given by the encoding, via a birational equivalence, of the zeros
of the differential system of equations with the zeros of a single polynomial differential equation. We show upper
bounds for the order and the degree of the polynomials involved in this representation, in terms of the degree of an
intrinsic algebraic variety defined from the derivatives of the original equations up to a preestablished order, and
we show with an example that these upper bounds are optimal. We also exhibit a probabilistic algorithm which
computes this resolvent representation within time polynomial in the natural syntactic parameters and the degree
of the variety above mentioned.

Our approach leads us to additional new results for the differential systems we consider, concerning two well-
known discrete invariants: the differentiation index and the Hilbert-Kolchin function. The results are as fol-
lows. First, we give a precise and purely algebraic definition of differentiation index and prove that the diffe-
rential Hilbert-Kolchin function always coincides with its associated polynomial. Second, we give a probabilistic
polynomial-time algorithm for the computation of these two invariants. Finally, some quantitative and algorithmic

results concerning differential transcendence bases and implicit and free variables determined by the index are

established.

Keywords: Differential algebra; Resolvent representation; Elimination theory; Probabilistic algorithms; Straight-

line programs; Differentiation index; Differential Hilbert-Kolchin function.
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Introduccion

Las ecuaciones diferenciales han demostrado ser una herramienta de gran utilidad en una amplia variedad
de dreas como la ingenieria, la biologia o la quimica. El tratamiento usual que se da a los sistemas de
ecuaciones diferenciales puede dividirse en dos etapas: la primera consiste en transformar el sistema
en otro equivalente pero de manejo més sencillo y la segunda, en encontrar las soluciones de este nuevo
sistema. Algunas veces, la forma general de estas soluciones pueden ser determinadas desde un principio
pero en la mayoria de los casos, la inica manera posible de obtener una solucidn es aplicar alguno de los
distintos métodos numéricos después de simplificar el sistema.

El conjunto de fodas las ecuaciones que se pueden deducir de las ecuaciones originales por medio de ma-
nipulaciones algebraicas y derivaciones y que deben ser verificadas por todas las soluciones del sistema
se llama el ideal diferencial asociado al sistema. Un punto clave es encontrar una descripcion “simple”
de este ideal. Esta idea fue una de las motivaciones del dlgebra diferencial iniciada por J.F. Ritt [52] y
continuada por E.R. Kolchin [38].

La nocidén de representacion resolvente de un ideal diferencial primo en un anillo de polinomios diferen-
ciales fue introducida por Ritt (ver [52, 51]) y ampliada a ideales diferenciales regulares por Cluzeau y
Hubert en [13]. Este concepto es parte del proyecto del Ritt para el desarrollo de una teoria algebraica
que permita el tratamiento de ecuaciones 4lgebro-diferenciales. Sus origenes primarios pueden encon-
trarse en los trabajos de Kronecker correspondientes a la parametrizacion de variedades algebraicas.
(ver [41]). A grandes rasgos, una representacion resolvente de un ideal diferencial primo provee una
parametrizacion de los ceros (genéricos) del ideal por medio de los ceros (genéricos) de un tinico poli-
nomio diferencial irreducible. Este fendmeno es bastante general y puede ser interpretado en varios con-
textos, a priori diversos: la existencia del elemento primitivo de extensiones de cuerpos separables o de
un vector ciclico en sistemas diferenciales lineales de primer orden, asi también como el “shape lemma”
en el ambito de la geometria algebraica o analitica son ejemplos de “representaciones resolventes”.

Para motivar e ilustrar la nocién de representacion resolvente que vamos a considerar en este trabajo,



veamos el siguiente sistema diferencial de cuatro ecuaciones con cuatro incégnitas Xi, X, X3, U:

X = aXi

X, = aXo

X; = BX3+UX,
Y = XH+X3

donde «,8 € Q, la variable Y es un pardmetro y el cuerpo diferencial base del sistema es Q(¢) provisto
de la derivacion usual, ' = 1. Llamemos y := X; + tX;. Todas las variables del sistema se pueden es-
cribir, realizando operaciones elementales con las ecuaciones originales y sus derivadas, como funciones

racionales en Q(z, Y, Y)(y, ¥):

X1 = (I+t)yy—-ty

X = y-ay

X3 = Y-y+ay

g o~ B-@y+@ —apy+¥-py

-ty + (1 + ta)y

Ademas, el elemento y verifica la ecuacion diferencial
y(z) —2ay + a/zy =0.

A esta relacion se la llama la ecuacion minimal de y. El conjunto formado por el polinomio diferencial
irreducible que determina esta ecuacion minimal y por los polinomios que representan la escritura de
las variables como funciones racionales es la representacion resolvente del sistema y vy, el elemento

primitivo asociado. Mas ejemplos de representaciones resolventes pueden encontrarse en la Seccién

4.1.20en[13].

Este trabajo se concentra en el cdlculo de representaciones resolventes de ideales diferenciales primos

asociados a sistemas de ecuaciones diferenciales del siguiente tipo:

X1 = AX0)
X, = f(X,U
) = Jn( ).
Yl - gl(X’U’U)
Y, = gXUU)

donde fi, ..., f, € k[X, U] son polinomios en las n + m variables X := {X1,..., Xy}, U :={Uy,...,Un}y

g1,...8r €k[X, U, U], en variables X, U y en las variables derivadas U :={U,,...,U,}, con coeficientes
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en un cuerpo diferencial k de caracteristica cero y con grados totales acotados por un entero d. Las vari-
ables Y := Yy, ..., Y, forman un nuevo conjunto de indeterminadas diferenciales que serdn consideradas
como pardmetros (mientras que las variables X y U son las incdgnitas del sistema). Asi, las dltimas r
ecuaciones tienen primer miembro “genérico”. Dado que el conjunto de variables Y es un conjunto de
pardmetros, resulta natural considerar el sistema sobre el cuerpo de base k(Y’), el menor cuerpo diferen-
cial que contiene a k y a todas las derivadas sucesivas del conjunto Y. Aunque nosotros no supondremos,
como es usual, una situacién 0-dimensional diferencial (consideraremos también el caso r estrictamente
menor que m), en un principio asumiremos que las dltimas r ecuaciones son “independientes” en cierto
sentido natural cuya definicion precisa puede encontrarse en Assumption 5. Esta hip6tesis puede ser
levantada preservando esencialmente todos los resultados, como se muestra en la Apéndice A.

Sistemas de ecuaciones algebro-diferenciales como (X) pueden ser interpretados desde varios puntos de
vista; por ejemplo, este tipo de sistemas aparecen naturalmente en Teorfa de Control (ver, entre otros,
[18], [16], [19] v [9, Section 4]) o pueden ser considerados como las ecuaciones que definen el grafico de
un morfismo diferencial (ver [45]). El sistema (X) puede entenderse también como una familia usual de
ecuaciones polinomiales algebro-diferenciales donde el primer miembro parametriza la familia y toma
valores arbitrarios fuera de un conjunto cerrado Zariski propio (ver [53, Section 5.2]). En este tltimo

sentido decimos que el sistema (X) es genérico.

Los Resultados

Dado un sistema de ecuaciones diferenciales como (), consideramos el ideal diferencial primo A gene-
rado por los polinomios fi—X;,i=1,...,n,yg ;i=Y;, j=1,...,r,enel anillo de polinomios diferenciales
kK(YHX, U}.

En este trabajo probamos la existencia de una representacion resolvente para el ideal A constituida por
polinomios que involucran derivadas de las variables Y, X y U hasta orden 2n + 2r y cuyos grados estan
acotados por el grado de una variedad algebraica V definida por los polinomios input y sus derivadas
hasta orden 2n + 2r — 1 (ver Teoremas 49 y 56). La desigualdad de Bézout implica que deg(V) puede
ser acotada por d>"*" )2, donde d es el maximo de los grados de los polinomios f;, i = 1,...,n,y gj,
j=1,...,r. Més atin, con el Ejemplo 51, mostramos que estas cotas superiores geométricas son optimas.
En el caso k = Q(¢), también construimos un algoritmo probabilistico, con error acotado, que calcula
una representacion resolvente de A. Si los polinomios input estan dados por un straight-line program de
longitud L sobre Q (ver Seccion 1.2 para la definicion de esta estructura de datos), la complejidad de este
algoritmo es lineal en L y polinomial en n,m, r,d y deg(V) (ver Teorema 61). Observemos que la cota
superior dada por la desigualdad de Bézout para deg(V) induce, en el peor de los casos, una complejidad

simplemente exponencial para nuestro algoritmo. La probabilidad de error del algoritmo estd controlada
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por medio del cldsico O-test de Zippel-Schwartz (ver [63] y [56]) conjuntamente con las cotas de grado
que a priori podemos estimar para aquellos polinomios que definen las condiciones de genericidad bajo

las cuales corre nuestro algoritmo (sin necesidad de calcular dichos polinomios, ver Seccién 1.2).

Para obtener los resultados mencionados, es necesario el estudio del comportamiento de dos invariantes
discretos bien conocido y asociados al sistema: el indice de diferenciacion del sistema (X) y la funcion
diferencial de Hilbert-Kolchin del ideal A. Este estudio indujo, como productos colaterales de nuestros

métodos, el desarrollo de nuevos resultados sobre estos invariantes.

El indice de diferenciacién es un importante invariante asociado a un sistema de ecuaciones algebro-
diferenciales, usualmente definido s6lo para sistemas de primer orden O-dimensionales. Existen dife-
rentes definiciones de indices de diferenciacién que no siempre resultan equivalentes (ver, por ejemplo,
[7], [50], [9], [44], [18], [60], [58]). Nosotros nos concentraremos en el indice de diferenciacion global
(ver [7, Section 2.2]). Informalmente, el indice de diferenciacién denota el numero minimo de veces que
deben derivarse las ecuaciones que forman un sistema dlgebro-diferencial para despejar a las derivadas
de las incégnitas como funciones (continuas, diferenciables, analiticas, etc.) dependientes de la propias
incognitas (ver [7, Definition 2.2.2]) y obtener asi un sistema explicito. En cierto sentido, el indice
representa una medida de la complejidad de un sistema de ecuaciones dlgebro-diferenciales desde el
punto de vista de su resolucién numérica: por ejemplo, estd estrechamente relacionado con el nimero de
condicién de la matriz de iteracién en el método de Runge-Kutta implicito (ver [7, Theorem 5.4.1]).

En este trabajo damos una definicién precisa de indice de diferenciacién algebraico para sistemas de
ecuaciones algebro-diferenciales del tipo (X), no necesariamente 0-dimensionales (ver Definicioén 25),
mediante propiedades de estacionalidad que verifican los rangos de ciertas submatrices jacobianas aso-
ciadas a (X) desarrolladas en la Seccién 2.3 (ver también [58]). Otra definicién equivalente del indice,
en términos de una filtraciéon natural dada por las sucesivas diferenciaciones de las ecuaciones input,
estd contenida implicitamente en el Teorema 26. En particular, esta tltima formulacién muestra que el
indice de diferenciacién es también el nimero de derivadas necesarias para obtener todas las relaciones
algebraicas que cualquier solucidn del sistema debe satisfacer.

Como hemos expresado arriba, la nocién de indice de diferenciacion estd relacionada con la posibilidad
de escribir a las derivadas de las incégnitas como funciones dependientes de las propias incégnitas.
Desafortunadamente, en la mayoria de los casos, es imposible obtener este tipo de escritura usando
solamente las ecuaciones originales. Por ejemplo, atin en un caso como el nuestro en el que todas las
ecuaciones tienen orden a lo sumo uno, esta situacidn particularmente buena y cuya factibilidad esté
dada por el Teorema de las Funciones Implicitas, corresponde a aquellos sistemas cuyo indice es O.
Sin embargo, en el caso general, siempre es posible obtener dicha escritura si se utilizan las (tantas

como el indice) derivadas sucesivas de las ecuaciones. Claramente, el nuevo sistema explicito escapa del
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marco de los sistemas polinomiales o racionales. En nuestro caso, damos una descripcion, en una forma
polinomial simple, de la version implicita del nuevo sistema y distinguimos a las variables de acuerdo
a las relaciones que satisfacen entre ellas (es decir, “variables libre”, *“ variables implicitas”, etc.). Mds
aun, también estimamos cotas superiores para el grado y el orden de estas ecuaciones (Teorema 70) y
mostramos un algoritmo que calcula el nuevo sistema (Proposicion 73) dentro del mismos 6rdenes de

complejidad que los descriptos para la representacion resolvente.

E. Kolchin en [38, Chapter II] da por primera vez una definicién formal de la funcién de Hilbert-Kolchin
de un ideal diferencial como una forma de estimar, para cada entero no negativo i, el grado de libertad de
las primeras i derivadas de las incdgnitas médulo las relaciones inducidas por las ecuaciones del sistema
original (ver Seccién 1.1.2 para una definicion precisa). Esta funcidn esta estrechamente relacionada con
otros dos invariantes discretos del ideal, su orden y su dimension diferencial. Estos invariantes ya habian
sido considerados en los trabajos de J. Ritt, [52] y [51], y corresponden, respectivamente, al nimero
de condiciones iniciales y al nimero de condiciones libres en el conjunto de soluciones del sistema
diferencial asociado con el ideal.

La funcién de Hilbert-Kolchin, como sucede con la funcién de Hilbert clasica asociada a ideales poli-
nomiales homogéneos (ver, por ejemplo, [1, Chapter 11]), deviene en un polinomio bien definido, para
argumentos i suficientemente grandes, y en el caso diferencial ordinario este polinomio es extremada-
mente simple ya que su grado es a lo sumo 1. La regularidad de la funcién de Hilbert-Kolchin es
el primer entero no negativo a partir del cual la funcién y el polinomio coinciden. Un resultado bien
conocido afirma que esta regularidad puede ser descripta exactamente en términos de los 6rdenes de los
elementos de un conjunto caracteristico asociado a un ranking ordenado (ver la demostracién de [38,
Chapter II, Section 12, Theorem 6] o [10, Theorem 3.3]). Aqui (ver Teorema 28) mostramos que la
regularidad de la funcién de Hilbert-Kolchin del sistema (%) sobre el cuerpo k(Y es siempre 0, es decir,
la funcién de Hilbert-Kolchin y el polinomio asociado coinciden para todo entero i.

Mostramos también un algoritmo probabilistico que calcula el indice de diferenciacién del sistema (X)
y la funcién de Hilbert-Kolchin diferencial del ideal A con complejidad polinomial en n,m, r,d y lineal
en L (ver Teorema 37). Este algoritmo funciona a través del calculo y la comparacién de los rangos de
ciertas matrices jacobianas. Este resultado es una extension natural a una situacién de dimension positiva

del algoritmo que puede encontrarse en [45] para el cdlculo de la funcién de Hilbert-Kolchin.

Nuestro enfoque

Nuestra estrategia global consiste en trasladar un problema diferencial (no noetheriano) en uno alge-
braico (noetheriano) y, en este sentido, el Teorema 26 cumple un rol fundamental. El primer paso que

desarrollamos hacia la obtencion de la representacion resolvente del ideal A es el cdlculo de una base
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de trascendencia diferencial de la extension de cuerpos diferenciales inducida por nuestro sistema para
poder ubicarnos en una situacion O-dimensional. Luego, mostramos una version efectiva y algoritmica
de la demostracion de la existencia del elemento primitivo hecha por Seidenberg (ver [59]) adaptada a
nuestro caso reduciendo asi el problema al cdlculo de un polinomio eliminante de una variedad en un
contexto algebraico-geométrico. Finalmente, aplicamos un proceso de eliminacién basado en los trabajos
[30] y [55] para hacer nuestros célculos principales.

Desde sus origenes en [52], la representacion resolvente de los sistemas de ecuaciones diferenciales
polinomiales ha sido enfocada desde un punto de vista efectivo. El tratamiento del tema que propone
Ritt, asi como las generalizaciones subsiguientes ([13], [12]), estdn basadas en técnicas de reescrituras
utilizando bases de Grébner y conjuntos caracteristicos (ver [4], [5] y [6]). En [23] se prueba que, en un
contexto algebraico, el calculo de la representacion resolvente por medio de estos métodos tiene cota de
complejidad simplemente exponencial, pero no existe ningin andlisis de complejidad de la contraparte
diferencial del problema en ninguno de los trabajos relacionados con el tema. Sin embargo, los resultados
sobre la complejidad del cdlculo de conjuntos caracteristicos diferenciales dados en [53] inducen cotas
de complejidad simplemente exponencial para un algoritmo probabilistico que calcule la representacién
resolvente de los sistemas que estamos considerando (ver [12]).

Vale la pena destacar que, contrario a los métodos utilizados hasta el momento, nuestros algoritmos no
requieren del cdlculo de bases de Grobner ni de conjuntos caracteristicos. Nuestro enfoque, basado en
el calculo de polinomios eliminantes algebraicos, nos permite obtener estimaciones de complejidad en
términos de un invariante geométrico y que resultan ser mucho mas precisas que las que s6lo dependen
de pardmetros sintécticos (ver Seccién 51). Este tipo de cotas de complejidad, dependiendo de este tipo
de parametros, aparecen previamente en varios procesos de eliminacion algebraica, por ejemplo, [27],
[30], [28]y [43]. Observamos también que, en términos de los pardmetros n,m, r, d, la complejidad de
nuestro algoritmo es de orden (nmr)o(l)do((”+’)2), mejorando la complejidad del proceso de reescritura
presentado en [53, Theorem 28] que, aplicado a nuestro caso da lugar a una complejidad algo peor, del

orden de (n + r)OUmm)(n+r) JO+my (1))

Estructura de la tesis

Esta tesis se divide en cuatro capitulos.
En la primera parte del Capitulo 1 recordamos algunas nociones y resultados basicos del algebra dife-
rencial que serdn necesarios a lo largo de todo el trabajo y en la segunda parte presentamos el modelo

algoritmico que adoptaremos.
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Al comienzo del Capitulo 2, describimos una vez més el sistema de ecuaciones diferenciales que con-
sideraremos y mostramos las primeras propiedades elementales de estos sistemas, de los ideales dife-
renciales asociados y de las extensiones de cuerpos diferenciales relativos a estos ideales. En el mismo
capitulo hacemos un estudio detallado del comportamiento de una sucesién de niimero enteros, asociada
a los rangos de ciertas submatrices jacobianas de las ecuaciones input y sus derivadas. Esta sucesion
induce una definicién precisa y puramente algebraica del indice de diferenciacion.

Comenzamos el Capitulo 3 mostrando en el Teorema 26 una relacién entre el indice y la variedad de
restricciones del sistema. Este teorema, como ya dijimos, contiene una descripcion alternativa del indice
de diferenciacion y provee el resultado clave para el traslado de los problemas diferenciales a un contexto
algebraico “noetheriano”. El resto del capitulo estd dedicado al célculo de la funcién de Hilbert-Kolchin
diferencial del ideal A, asociado al sistema (X), y de una base de trascendencia diferencial de la extensién
de cuerpos inducida. En realidad, en este capitulo, mostramos la existencia y el cdlculo de una base de
trascendencia diferencial que verifica una propiedad particular de “buena localizacién” que nos ahor-
rard trabajo extra en nuestra busqueda de la representacién resolvente y que resultard necesaria para la
descripcidn alternativa del sistema (X) que se deriva de las propiedades del indice de diferenciacion.

Por 1ltimo, el Capitulo 4 esta enteramente dedicado a la prueba de la existencia y al cdlculo de la rep-
resentacion resolvente del ideal A y se divide en tres secciones. En la Seccién 4.1 recordamos la nocién
de representacion resolvente de un ideal diferencial primo y probamos cotas superiores para los érdenes
y los grados de los polinomios involucrados. La Seccién 4.2 estd destinada al cdlculo algoritmico de
la representacion resolvente y en la Seccion 4.3 se encuentra una generalizacidon de estos resultados a
sistemas diferenciales de orden superior.

Este trabajo contiene también tres apéndices.

En el Apéndice A presentamos una generalizacién de los resultados algoritmicos del dltimo capitulo
dejando de lado la hipétesis de “independencia” de las dltimas r ecuaciones del sistema (X), es decir,
dejando de lado Assumption 5, introducida en la Seccién 2.1.

El Apéndice B estd consagrado a la presentacion alternativa del sistema (), en el espiritu del Teorema
de las Funciones Implicitas, que se deduce de los resultados obtenidos sobre el indice de diferenciacién
y a un algoritmo que permite calcular esta representacion.

En el Apéndice C presentamos una mejora sobre las cotas de grados obtenidas en el Capitulo 4 para
el caso particular y cldsico de sistemas de ecuaciones diferenciales explicitos, de indice 0, de la forma
X = F(X) (donde F es una funcién polinomial del espacio n-dimensional sobre un cuerpo diferencial,

no necesariamente de constantes).
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Introduction

Differential equations have proved to be useful in a broad range of areas such as engineering, biology,
chemistry, etc. The general treatment applied to systems of differential equations is divided in two
different stages: the first one is to transform the system in another one equivalent but easier to handle
and the second one is to find the solutions of this new system. Sometimes one can determine from the
beginning the general form of the solutions but in most cases the only way of obtaining a solution is to
simplify the system and then apply numerical methods.

The set of all the equations that can be deduced from the original system by algebraic manipulations
and derivations and that all the solution of the given system must verify is called the differential ideal
associated to the system. A key point is to find a “simpler” description of this ideal. This idea was the
foundation for the development of differential algebra initiated by J.F. Ritt [52] and followed by E.R.
Kolchin [38].

The notion of a resolvent representation of a prime differential ideal in a ring of differential polynomials
was introduced by Ritt (see [52, 51]) and extended to regular differential ideals by Cluzeau and Hubert
in [13]. This concept is part of Ritt’s project for the development of an algebraic theory for the study of
differential algebraic equations and its primary origins can be traced back to Kronecker’s works on the
parametrization of algebraic varieties (see [41]). Roughly speaking, a resolvent representation of a prime
differential ideal provides a parametrization of the (generic) zeros of the ideal by the (general) zeros of
a single irreducible differential polynomial. This construction can be interpreted in several contexts, a
priori different: the existence of a primitive element of a separable field extensions or of a cyclic vector
of linear first order differential systems, as well as the “shape lemma” in algebraic or analytic geometry
are examples of “resolvent representations’.

In order to illustrate the notion of resolvent representation considered in this work, let us look at the follo-

wing simple differential algebraic system consisting of four equations in the four unknowns X1, X, X3, U:

X = aXi

X, = aXo

X; = BX3+UX,
Y = X+ X3
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where «, 8 € Q, the variable Y is regarded as a parameter and the system is considered over the ground
differential field Q(#) equipped with the usual derivation ¢’ = 1. Sety := X + tX». Then, all the variables
appearing in the system can be written, using the equations of the system and their derivatives, as rational

functions in Q(z, Y, Y)(y, ¥):

X1 = (I+ta)yy—ty

X = y-ay

X3 = Y—-y+ay

g - Byt @ —apyy+ ¥ -pY

-ty + (1 + ta)y

In addition, y verifies the differential equation
y(z) - 2ay + ozzy =0,

which is called the minimal equation for y. The set consisting of the irreducible polynomial giving this
minimal equation and those providing the rational identities above is called a resolvent representation of
the system and v is its associated primitive element. For more examples of resolvent representations see

Section 4.1.2 below or [13].

This present work deals with the computation of resolvent representations of prime differential ideals

associated with certain differential systems of equations of the following type:

X1 = AXU)
X, = X, U
)= X Sn(X,U) .
Yl = gl(X’ U9 U)
Y, = g(X,U,U)
where f1,..., fu € k[X, U] are polynomials in the n+m variables X := {X;,..., X} and U := {Uy,..., Uy}

and g1,...g € k[X, U, U], in the variables X, U and the derivatives U := {Uy, ..., U,}, with coefficients
in a differential field k of characteristic zero and with total degrees bounded by an integer d. The variables
Y :=Y,,...,Y, are a new set of differential indeterminates that will be considered as parameters (while
the variables X and U are the unknowns of the system) and thus the last r equations will be considered
as having “generic” first members. Since the variables Y are regarded as parameters, it is natural to con-
sider k(Y), the smaller field containing k and all the successive derivatives of Y, as our ground field and
consider our input system as a system over k(Y). Even if we do not assume, as it is usual, a differential

0-dimensional situation (the case of r being strictly smaller than m will be also considered), we will first
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suppose that the last » equations are “independent” in a suitable natural way defined in Assumption 5.
This hypothesis can be dropped, preserving essentially the results, as we show in Appendix A.

Differential algebraic equations systems like (X) can be regarded from several points of view: for in-
stance, this kind of systems arises in Control Theory (see, for instance, [18], [16], [19] and [9, Section
4]) or they may also be interpreted as the equations defining the graph of a differential morphism (see
[45]). The system (X) may be viewed as a family of usual polynomial differential algebraic equations
systems where the second member parametrizes the family and takes arbitrary values outside a suitable
proper algebraic Zariski closed set (see [53, Section 5.2]). In this last sense we say that the system (Z) is

generic.

The Results

Given a system of differential equations like (X), we consider the prime differential ideal A generated
by the polynomials f; — Xi,i=1,...,n, and gj—Y;, j =1,...,r, in the differential polynomial ring
k(I{X, U}.

In this work we prove the existence of a resolvent representation for the ideal A consisting of polynomials
which involve derivatives of the variables Y, X and U up to order 2n + 2r and whose degrees are bounded
by the degree of the algebraic variety V defined by the input polynomials and their derivatives up to order
2n + 2r — 1 (see Theorems 49 and 56 below). The Bézout inequality implies that deg(V) can always be
bounded by dz(””)z, where d ia an upper bound for the degrees of the polynomials f;, i = 1,...,n, and
gj» J = 1,...,r. Moreover, we show with an example (Example 51 below) that these geometric upper
bounds are optimal.

When k = Q(¢), we also construct a bounded error probability algorithm which computes a resolvent
representation of A. If the input polynomials are given by a straight-line program of length L over Q
(see Section 1.2 for the definition of this data structure), the complexity of this algorithm is linear in L
and polynomial in n,m, r,d and deg(V) (see Theorem 61 below). We remark that the upper bound for
deg(V) due to the Bézout inequality leads to a single exponential worst-case complexity bound for our
algorithm. The error probability of the algorithm is controlled by means of the classical Zippel-Schwartz
zero test (see [63] and [56]) together with the degree upper bounds, found a priori, for the polynomials
giving the genericity conditions under which our algorithm works (this can be done without computing

the actual polynomials, see Section 1.2).

In order to obtain the results above mentioned, it is crucial the study of the behavior of two well-known
discrete invariants associated to the system: the differentiation index of the system (X) and the differential
Hilbert-Kolchin function of the ideal A. This study leads us to the development of new results on these

invariants as collateral products of our methods.
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The differentiation index is an important invariant associated to a differential algebraic equations system
(usually defined only for first order O-dimensional systems). There are many different, not always equi-
valent, definitions of differentiation indices (see for instance [7], [50], [9], [44], [18], [60], [58]). Here
we are interested in the so-called global differentiation index (see [7, Section 2.2]). Informally speaking,
the differentiation index denotes the minimum number of times that the equations of a given differential
algebraic system must be differentiated in order to determine the derivatives of the unknowns as (contin-
uous, differential, analytic, etc.) functions of the unknowns themselves (see [7, Definition 2.2.2]), thus
obtaining an explicit system. The index represents in some sense a measure of the complexity of the
differential algebraic equation system from the point of view of its numerical resolution: for instance, it
is closely related to the condition number of the iteration matrix in the implicit Runge-Kutta method (see
[7, Theorem 5.4.1]).

In this work we give a precise algebraic definition of the index for differential algebraic equation systems
as (), not necessarily O-dimensional (see Definition 25 below), by means of certain stationary properties
of the rank of suitable Jacobian submatrices developed in Section 2.3 (see also [58]). Another equivalent
definition of the index, in terms of a quite natural filtration given by the successive differentiation of the
input equations, is implicitly contained in Theorem 26 below. In particular, this last formulation shows
that the differentiation index is, also, the number of derivatives of the equations needed to obtain all the
algebraic relations that any solution of the system must satisfy.

As we have already mentioned, the notion of differentiation index is closely related to the possibility
of writing the derivatives of the unknowns in terms of the unknowns themselves. Unfortunately, in
general, this cannot be done using only the original equations. For example, even if all the equations
have order at most one, as it is our case, this particularly nice situation, which is usually ensured by the
Theorem of Implicit Functions, corresponds to those systems whose associated index is 0. However,
in the general case, by successive differentiations (as many as the index) we can always obtain such a
situation. Evidently, the new explicit system comes out of the frame of the polynomial (or even rational)
systems. In our case, we are able to give an implicit but simple polynomial way to describe the system,
distinguishing the variables by their interrelations (namely, “free variables”, “implicit variables”, etc.).
Moreover, we can estimate degree and order upper bounds for these equations (Theorem 70) and give an
algorithm to compute them (Proposition 73) within the same complexity bounds as the ones described

for the resolvent representation.

The Hilbert-Kolchin function of a differential ideal was formally defined for the first time by E. Kolchin
in [38, Chapter II] in order to estimate, for each non-negative integer i, the degree of freeness of the first
i-derivatives of the unknowns modulo the relations induced by the input equation system (see Section
1.1.2 below for a precise definition). This function is closely related to other two discrete invariants of

the ideal, its differential dimension and its order. These invariants were already considered in the work of
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J. Ritt, [52] and [51], and correspond, respectively, to the number of arbitrary conditions and the number
of initial conditions in the set of solutions of the differential system associated to the ideal.

As it happens for the classical Hilbert function associated to homogeneous polynomial ideals (see for in-
stance [1, Chapter 11]), the Hilbert-Kolchin function becomes a well defined polynomial for sufficiently
big arguments i and, in the ordinary differential setting, this polynomial is extremely simple since its
degree is at most 1. The regularity of the Hilbert-Kolchin function is defined to be the first non-negative
integer from where the function and the polynomial coincide. It is well known that this regularity can
be exactly described in terms of the orders of the elements in a characteristic set associated to any or-
derly ranking (see the proof of [38, Chapter II, Section 12, Theorem 6] or [10, Theorem 3.3]). Here (see
Theorem 28 below) we show that the regularity of the Hilbert-Kolchin function for the system (X) over
the field k(Y) is always O; in other words, the Hilbert-Kolchin function and the associated polynomial
coincide for all integers i.

We also show a probabilistic algorithm for the computation of the differentiation index of the system (X)
and the differential Hilbert-Kolchin function of the ideal A within complexity polynomial in n, m, r, d and
linear in L (see Theorem 37). This algorithm works by simple computation and comparison of ranks
of certain Jacobian matrices. This result is a natural extension to a positive-dimensional situation of the

algorithm found in [45] for the computation of the Hilbert-Kolchin function.

Our approach

Our overall strategy consists in translating a differential (non-noetherian) problem into an algebraic
(noetherian) one and in this sense Theorem 26 below plays a fundamental role. In a first step towards the
computation of the resolvent representation of the ideal A, we compute a differential transcendence basis
of the differential field extension induced by our system in order to turn to a O-dimensional differential
situation. Then, we give an effective and algorithmic version of Seidenberg’s proof of the existence of a
primitive element (see [59]) in our situation, reducing the problem to the computation of an eliminating
polynomial in an algebraic-geometric context. Finally, we apply an elimination procedure based on [30]
and [55] to make our main computations.

The approach to differential polynomial equation systems through resolvent representations has been
known to be effective since its origins in [52]. Ritt’s treatment of the subject, as well as its subsequent
generalizations (see, [13], [12]), are based on rewriting techniques, namely Grobner bases and character-
istic sets (see [4], [5], [6]). Even though a single exponential complexity upper bound was proved in [23]
for the computation of a resolvent representation using these methods in the algebraic (non-differential)
context, no complexity analysis is presented in any of the works concerning its differential counterpart.

However, the complexity results on the computation of characteristic sets in the differential setting given
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in [53] seem to yield single exponential complexity bounds for a probabilistic algorithm computing a
resolvent representation (see [12]) for the specific systems we consider.

We point out that, unlike the previous methods, our algorithms do not require the computation of Grobner
bases or characteristic sets. Based on the computation of algebraic eliminating polynomials, our ap-
proach enables us to obtain complexity estimates in terms of a geometric invariant, which are more
precise than those depending only on syntactic parameters (see Section 51). Complexity bounds de-
pending on this kind of parameters appeared before in several algebraic elimination procedures (see for
instance [27], [30], [28], [43]). We observe also that, in terms of the parameters n,m, r,d, the com-
plexity of our algorithm is of order (nmr)?Mgo+r ", improving the complexity of the rewriting pro-

cedure presented in [53, Theorem 28] that, when applied to our particular systems, can be estimated in
(n + r)Ontm)n+r) JOmy (1))

Structure of the thesis

This thesis is divided in four chapters.

In the first part of Chapter 1 we recall some basic notions and results from Differential Algebra needed
throughout the entire work and in the second part we present the algorithmic model we will adopt.

At the beginning of Chapter 2, we describe once more the systems of differential equations that we will
consider and we show the first elementary facts about them, their associated differential ideals and the
differential field extensions related to these ideals. In this same chapter there is a detailed study of the
behavior of a sequence of integer numbers which are defined in relation to the rank of certain suitable
Jacobian submatrices of the input equations and their derivatives. This sequence leads us to a precise and
purely algebraic definition of the differentiation index.

We start Chapter 3 by showing a relation between the index and the manifold of constraints of the system
in Theorem 26, which, as we have already said, gives an alternative description of the differentiation
index and provides the key result for the translation of differential problems into an algebraic “noethe-
rian” context. The remaining parts of this chapter are concerned with the computation of the differential
Hilbert-Kolchin function of the ideal A associated to the system (Z) and of a differential transcendence
basis of the induced differential field extension. Actually, in this chapter, we show the existence and
computation of a differential transcendence basis verifying a particular “good localization” property that
will save us extra work in the search of the resolvent representation and that will become necessary for
the alternative description of the system (X) derived from the properties of the differentiation index.
Finally, Chapter 4 is devoted to the existence and computation of the resolvent representation of the
ideal A and is divided in three sections. In Section 4.1 we recall the notion of a resolvent representation

of a prime differential ideal and we prove upper bounds for the orders and degrees of the involved
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polynomials. Section 4.2 is devoted to the algorithmic computation of resolvent representations and in
Section 4.3 there is a study of the generalization to higher order systems of differential equations of this
computation.

In addition, this work contains three appendices.

In Appendix A we present a slight generalization of the algorithmic results stated in the last chapter
dropping the hypothesis of “independence” of the last r equation of the system (X); that is, dropping
Assumption 5, introduced in Section 2.1.

Appendix B deals with the alternative presentation of the system (X) in the spirit of the Theorem of
Implicit Functions, deduced from the results obtained on the differentiation index, together with an algo-
rithm to compute it.

In Appendix C we present an improvement over the degree bounds obtained in Chapter 4 for the classical
particular but important class of explicit square differential algebraic equation systems, with differenti-
ation index 0, of the form X = F(X) (where F is polynomial map or the n-dimensional space over a

differential field, not necessarily of constants).
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Chapter 1

Preliminaries

In this chapter we will introduce some basic notions from Differential Algebra that will be needed
throughout the whole work and we will also give a brief presentation of the algorithmic model and

data structure we will be using.

1.1 Basic differential algebra

We give here a very brief summary of some basic notions and results from Differential Algebra. This
does not constitute an exhaustive exposition on the subject, we rather concentrate on the concepts we

need for our work. A more complete and detailed account on this topic can be found in [52] and [38].

1.1.1 Differential rings and fields

Before we begin this section, let us establish the following notation: we will write N for the set of natural
numbers {1, 2, ...} meanwhile Ny will be N U {0}.
We now recall some definitions and basic facts about differential rings and fields.

A derivation ¢ on a ring A is an additive map ¢ : A — A satisfying the Leibniz rule
ola-b)=06(a)-b+a-ob) forall a,b e A

A ring (respectively a field) equipped with (at least) a derivation ¢ is called a differential ring (respectively
a differential field).

We work over rings and fields equipped with a single derivation, that is, ordinary differential rings and
fields, and in the characteristic zero case. If 7 is an element of the differential ring (A, 0), 6(17) will be
denoted by 7, and for i > 2, 6'(57) will be denoted by .

If (A,04) and (B, dg) are two differential rings, a ring homomorphism f : A — B is a differential
homomorphism if ég(f(a)) = f(d.a(a)) for all a € A.
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An ideal J of a differential ring A is a differential ideal if
o(a) € I forevery ac 1.

If E is a subset of A, the differential ideal generated by = (that is, the minimal differential ideal of A
containing =) will be denoted by [=].

A differential field extension & — G is an extension (&, dg) — (G, dg) of differential fields such that 6g
is the restriction to & of dg.

Let & — G be a differential field extension. An element € G is said to be differentially algebraic over
& if the family of its derivatives {{ (l)}leNo (where Ny is the set {0,1,2,...}) is algebraically dependent
over &; otherwise, it is said to be differentially transcendental over E. The differential extension & — G
is said to be differentially algebraic if every element of G is differentially algebraic over &.

Given a subset Z of G, &E) will denote the minimal differential subfield of G containing & and =.
A subset 2 of G is differentially algebraically independent over & if the set {{) : ¢ € E, | € Ny} is
algebraically independent over &, and it is called a differential transcendence basis of & — G if itis a
minimal subset of G such that the differential extension E(E) — G is differentially algebraic.

All the differential transcendence bases of a differential extension & < G have the same cardinality
([38, Ch. II, Sec. 9, Th. 4]), which is called the differential transcendence degree of & — G and will be
denoted by difftrdegg(G).

Given a differential field (&, ), we introduce the ring of differential polynomials in the indeterminates
Zi,....2Zqover &, E{Zy,...,7Z,}, by considering the polynomial ring over & in the infinite set of indeter-
minates OZ := {Z;i),i € Ny, 1 < j < a} and extending the derivation of & by setting 6(Z;i)) = Z;.”l) (for
simplicity 6(Z;) := Z;).

We will write Z := {Z,...,Z,} and, for every i € N, AQRES {Zgi), . ,Zg)}.

Thus, for any differential polynomial p lying in a polynomial differential ring &{Z} we define recursively

the [-th derivative p® as follows:

<
>~
S
e
|

P

PP = s+ 3

-1)

317( (i+1)
@) i
6Zj

, forl>1,

where 6(p~1) denotes the polynomial obtained from p“~" by applying the derivative & to all its coeffi-
cients (if & is a field of constants, that is, there are no elements in & whose derivatives are not zero, this
term is always zero).

For a polynomial p € &{Z}, we define the order of p with respect to the variable Z; as ord(p,Z;) :=

max{i € Ny : Z;i) appears in p}, and the order of p as
ord(p) := max{ord(p,Z;) : 1 < j < n},
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the maximum order of derivation appearing in p.

If I c &{X} is a prime differential ideal, a subset W C Z is a maximally independent set modulo I if
In&WwW=0 and INEW,Z;}#0 forall Z;¢ W

Note that, if we denote by Frac(&{Z}/T) the fraction field of the differential integral domain &{Z}/7, a
maximally independent set modulo 7 is a differential transcendence basis of the differential extension
& — Frac(&E{Z}/T). Thus, we define the differential dimension of the ideal I, denoted by diffdimg(7), as
the transcendence degree of this extension or, equivalently, as the cardinality of a maximally independent
set modulo 7.

Since we will work only with differential field extensions that are fields of fractions of quotients of certain
polynomial rings by a differential prime ideal, we will talk about “differential transcendence basis” even

if we only mean maximally independent set.

1.1.2 Differential Hilbert-Kolchin function

In this Section we will associate to a prime differential ideal 7 C &{Z} a numerical function, the diffe-
rential Hilbert-Kolchin function, that reflects some of the properties of the ideal. As it happens with
the classical Hilbert function associated to homogeneous polynomial ideals (see for instance [1, Chap-
ter 11]), this function becomes a well defined polynomial for sufficiently big arguments. Moreover, in
the ordinary differential setting, this polynomial has degree at most 1. This polynomial carries certain
invariants of the ideals with it.

The differential Hilbert-Kolchin function of a prime differential was introduced in [38, Chapter II] and
it provides a way of measuring, for each non-negative integer i, the degree of freeness of the first i-
derivatives of the unknowns modulo the relations induced by the system of equations given by equaling

to zero the generators of the ideal.

Definition 1. Let & be a differential field and let T be a prime differential ideal of &{Z}. The differential
Hilbert-Kolchin function (or differential transcendence function) Hrg : No — No of I with respect to
the field & is defined as

Hr (i) := trdeggFrac(ElZ, ..., Z /(I NEIZ,...,Z0))),
the transcendence degree of the field extension & < Frac(E[Z,...,Z0/(I N E[Z,...,ZD))).

As we have already mentioned, the behavior of this function resembles that of the Hilbert function from

algebraic geometry: for i € Z big enough we have

Hrg(i) = diffdim(Z) (i + 1) + o
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where o, the independent coefficient of this polynomial, is called the order of the ideal I and denoted
by ordg(Z). In other words, for i big enough the function H becomes a polynomial of degree one and
the differential dimension of the ideal is its main coefficient. This polynomial is called the differential
Hilbert-Kolchin polynomial of the ideal 7.

For a proof of this result we refer to [38, Ch. II, Sec. 12, Th. 6] from where we can also infer that this
equality holds for every i > ordg(J).

If the ideal 7 is the differential ideal generated by a set Z and we consider the differential system of
equations = = 0, then diffdim(J) is the number of variables that can be given any arbitrary value for any
order of derivation meanwhile ordg(Z) is the number of initial conditions that can be arbitrarily fixed on
the “tied” variables up to a certain order of derivation.

It is clear from their definitions that, once the ground field has been fixed, the differential Hilbert-Kolchin
function and the differential dimension are invariants of the ideal 7 and thus, the order of the ideal is also
an invariant. However all these notions depend strongly on the considered ground field, as the following
example shows: let J be the differential ideal [X; — Y;], we can see it as an ideal either in Q{X;, Y;} or in

QX 1){Y 1} or even in Q(Y;){X;} and, in each case we have:

Hrod) =G+ 1) +1, ordg(7) =1 and dimdiffg(7) = 1;
7’(],@<X1>(i) = 0, Ol‘dQQ(l)(I) =0 and dimdiff@<xl>([) = 0;
7‘[]@()/])(1') = 1, orde)(I) =1 and dimdiﬁQ<yl>(I) =0.

In this example {X;} and {Y;} are two possible differential transcendence basis of the field extension
Q < Frac(Q{Xy, Y1}/7). In either case, if we add to the ground field a differential transcendence basis,
the differential dimension of the ideal is O, as expected, but the order of the ideal changes depending on
the choice of the basis. In Chapter 3 we will show how to find a differential transcendence basis such that,
once added to the ground field, the order of the ideal is not changed. This way of choosing a differential

transcendence basis will avoid us computations in Chapter 4.

1.2 Data structures and algorithmic model

The algorithms we consider in this paper are described by arithmetic networks over the field Q. An
arithmetic network is represented by means of a directed acyclic graph. The external nodes of the graph
correspond to the input and output of the algorithm. Each of the internal nodes of the graph is associated
with either an arithmetic operation in Q or a comparison (= or #) between two elements in Q followed
by a selection of another node.

We assume that the cost of each operation and comparison is 1 and so, we define the complexity of the

algorithm as the number of internal nodes of its associated graph.
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Our algorithms work (that is, they compute the desired output) under certain genericity conditions de-
pending on parameters whose values are chosen randomly. In this sense, we say that they are proba-
bilistic. More precisely, each genericity condition is given by a non-zero multivariate polynomial F (not
necessarily explicitly given) such that every a with F(a) # 0 leads to a correct computation. Probability
is introduced by choosing the coordinates of the parameter a at random with equidistributed probability
inaset {0, ..., N—1} for a positive integer N, which is achieved by means of a procedure that chooses the
binary digits of an integer at random. The complexity of this procedure is O(log N), where here and in
the sequel, log denotes logarithm in base 2. Thus, the error probability of the algorithm can be estimated
by means of the Zippel-Schwartz zero-test (see [63] and [56]), which states that, under the previous
hypotheses, Prob(F(a) = 0) < deg(F)/N, where deg(F) is the total degree of the polynomial F. This
estimation enables us to reduce the error probability of the algorithm as much as desired by choosing N
big enough.

The objects our algorithms deal with are multivariate polynomials with coefficients in the base field Q.
The data structure we adopt to represent them is the straight-line program without divisions (or slp)
encoding. Roughly speaking, a straight-line program over Q encoding a polynomial f € Q[X{,..., X)]
is a program which enables us to evaluate f at any given point in Q". Each of the instructions in this
program is an addition, a subtraction or a multiplication between two previously computed elements in
QI[X1,...,Xy], or an addition or multiplication by a scalar. The number of instructions in the program is
called the length of the straight-line program. For the precise definitions and basic properties we refer
the reader to [8] (see also [32]).

Let us observe that, from a vector of coefficients of a polynomial f it is easy to obtain a straight-line
program encoding f. The length of this straight-line program is bounded by the number of coefficients
of the polynomial (but, in fact, it can be significatively smaller). Conversely, from a straight-line program
of length L encoding an n-variate polynomial f and a positive integer d which is an upper bound for its
degree, the usual representation of the polynomial as a vector of coefficients can be computed by means of
a straightforward procedure (see, for instance, [8] Lemma 21.25) within complexity d°™ L. This implies
that our algorithm can be adapted so that it could be applied even when the input family is represented
by vectors of coefficients, and also that the standard representation of the output by coefficients can be
obtained with a controlled increase of complexity. However, the use of straight-line programs in the

intermediate computations of the algorithms is crucial in order to avoid a complexity explosion.
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Chapter 2

Differential algebraic equation systems

The extension of the seminal notions and results given by R.E. Kalman in [37] for linear models to
nonlinear systems constitutes one of the mainstream fields of research in differential control theory. In
Kalman’s work we can find a complete description of the properties of the explicit linear models of the
type:

X = AX+BU

Y = CX
where A, B, and C are constant matrices and X and U are vectors of unknowns.
In this work we will consider systems of equations that are given as differential polynomials (differential
algebraic systems of equations) and we will concentrate on a particular class of these systems of equa-
tions that are a clear generalization of those studied by Kalman. Before we introduce them we will need

the following notation that we will use throughout the paper:

Notation 2. Let K be a differential field and let Z = {Z,, . ..,Z,} be a differentially algebraically inde-
pendent set over K.

For everyi > 0, ZD will denote the set Zii), ... ,Z((f). For simplicity, we will write Z := 7O and 7 := 7V,
Finally, for every i > 0, Z1 will denote the string of elements Z,Z, ..., Z".

We will use a similar notation for differential polynomials:

ifH :={H,,...,Hg} C K{Z}, for everyi > 0, we will write H" := HY), .. .,Hg) and HY := H H,... ,HY,
where H = H® and H = HV.

We consider then the following system of differential algebraic equations:

X
Y

F(X,U)
G(X,U,U)

where X = {X;,...,X,;} and U := {Uy,...,U,} are two sets of variables (the unknowns) and Y :=

{Y1,...,Y,} is another set of variables that we consider as parameters. From the control theory point of
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view, the polynomials fi, ..., f, describe the physical constraints between the state variables X and the
control variables U meanwhile the variables Y are considered as the output of the desired constraints.
Even though these are not exactly the systems one usually finds in the bibliography on the subject of
control theory, we work with them because almost all the classical systems can be viewed as particular
cases. For example, if the polynomials G do not depend on U we have the systems considered in [57]
and letting n = 0 we have the systems studied in [18] and [45].

These systems also appear in the classical theory of higher order differential equations when transfor-
ming them into first order systems considering the derivatives of the unknowns as new variables. Thus,
using this well-known method, we will be able to find a resolvent representation for higher order diffe-

rential systems (see Chapter 4, Section 4.3 below).

2.1 Definitions and basic properties

We now give a precise description of the systems we will be considering and later on we study the first
basic properties concerning them.

Let k be a differential field of characteristic O (for instance k = Q or k = Q(¢) with the usual derivation)
and let X :={X;,...,X,}and U := {Uy,..., U,} be two families of differential indeterminates over k.
Let fi,..., fn be polynomials in k[X, U], r a non-negative integer, r < m, and g1, ... g, polynomials in
k[X, U, U]. We introduce a new family of differential indeterminates ¥ := {Y1,...,Y,} (the parameters)

over the differential fraction field k(X, U) and the “generic” (or parametrized) differential system

X1 = AX0)
X, = f(X,U
) := T ) ] 2.1
i = a1iX,U,0)
Y, = gr(X, U, U)

We will be mainly concerned with the computation of some discrete invariants of this system (essentially,
the differential Hilbert-Kolchin function of the associated ideal, introduced in Subsection 1.1.2, and the
differentiation index of the system, defined in Section 2.3) and of an alternative presentation of this
system: the resolvent representation, that is, the parametrization of the zeros of the system by the general
zeros of a single irreducible polynomial (see Definition 44 below).

In order to obtain information about this system we start with the study of some basic properties of the
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differential ideal associated to it. Set

F; = fi—X; € k[X, X, U] i=1,...,n,

&L
|

gi—-Yj ek, X, U U  j=1,....n,

and let
[F,G] C kY, X, U}

be the differential ideal generated by set of polynomials F := Fy,...,F, and G := Gy,...,G,.

Since the differential ring k{Y, X, U} is (algebraically) non-noetherian there is no hope of finding a finite
sets of generators for the ideal [F, G] so we are forced to establish some kind of relation between this
ideal and several finitely generated algebraic ideals in their corresponding polynomial ring: for every
I € N, we consider the ideal (FU=11,GU=11) c k[yU-1, X! yl] generated by the (n + )l polynomials
Fi,....Fp,G1,....Gpy... ., F70 L FUD GV GUD.

The following notation will be useful in the sequel:

Notation 3. Fori=1,...,n, let fO(X,U) := fi(X, U).

Recursively, fork > 0andi = 1,...,n, let fi(k)(X, U™ be the polynomial obtained by substituting X](ll)
by fh(l_l) (1 <h<n,1<1<k)inthe polynomials fl.(k)(X[k], Uk

In a similar way, we define polynomials gi.k)(X, U1y by replacing X,(ll) by fh(l_l) (1<h<n 1<i<k)
in the polynomials gi.k)(X k) iy,

Due to the particular structure of the polynomials F, G and their derivatives, it is easy to characterize the

quotients k[ Y=, x111 ythy/(FU-11 GU-11) for [ € N, and k{Y, X, U}/[F, G]:

Remark 4. Let [,i, s,t be positive integers withi <1, 1 < s <nand 1 <t <r, and let v, s and q;; be the

ideals ofk[Y[H], X0, yim defined as

iy = (FGFD,GV, . F2 G Y FID)

i (F.G, FV,GV,.. [ Fi=2 G2 =D GV GID),
In the quotient ring k[Y U=1 xt ytiyy Di.s, we have that

XD = JUV or j=li-1 k=1, 0
andj:i,hzl,...,s
Y9 = g9 for j=0,..,i-2,d=1,...,r

and similar identities hold in k[YV1 X1 U [l]]/ ais. Therefore,

R

Ky Ly x x W XD, x D x O oy,

k[y(i—l) L Yr(i_l), Y(i), o, Y(l_l),X, X(i+]), o ,X(l), U[l]]’

t+1 °

kYN X U g,

1
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and so, p; s and q;; are prime ideals ofk[Y[H], x4 yim,
In particular, (FU-11 Ggl=1ly = a1 is prime (this is a well-known result which holds for any ideal describ-

ing the graph of an application, see, for instance [48, p.33]),
k[y[l—ll’ X[l], U[l]]/(F[l_l], G[l—l]) ~ k[X, UU]]

and hence, its Krull dimension is n + (I + 1)m.

The same arguments can be applied to the differential ideal [F, G] C k{Y, X, U} in order to show that
it is a prime ideal and that the differential ring k{Y, X, U}/[F, G] is isomorphic to the differential ring
k[XW{U} with the derivation induced by X, = fi(X,U) and Xl(ll) = fh(l_l) where fh(l_l) are the polynomials
introduced in Notation 3.

Using once more similar arguments, it can also be shown that [ fi — X1, .. ., fu— X, is a prime differential

ideal of K{Y, X, U} .

For technical reasons, we will make the following assumption for the time being. In Appendix A we will

show how to remove it.

Assumption 5. The polynomials gy, ..., g, are differentially algebraically independent as elements of
the ring k{Y, X, U}/[fi = X1, ..., fo — Xu] over the field k.

This assumption is equivalent to the fact that the set of variables Y is differentially algebraically inde-
pendent modulo [F, G] (see also Proposition 7 below). It also allows us to regard the system (2.1) as a
family of differential-algebraic polynomial equations where the Y’s parametrize this family and take ar-
bitrary values outside a suitable proper algebraic Zariski closed set (in this sense, we say that the system
is generic). It seems, then, quite reasonable to regard these variables as elements of an extended ground

field. Thus, we introduce the following

Notation 6. Let
A= [F,G] c KY){X, U}

be the differential ideal generated by the polynomials F, G in the differential polynomial ring k(Y {X, U}.
Also, for any 1 > 0, let A; be the polynomial ring k(Y)[ X", U] and

A= (FEN G cA Vil and Ay =0€ A

The ideals introduce in Notation 6 continue to be prime when considered as ideals over the polynomial

with coefficients in k(Y):

Proposition 7. Under the same notations and assumptions as in Remark 4, we have that:
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o k[YIH-11Nn pis = 0 and the extended ideals k(Y) ® p; s are prime ideals of the ring A,

o k[YU-1Nn ais = 0 and the extended ideals k(Y) ® a;; are prime ideals of the ring A;

(here, the tensor product denotes scalar extension).

In particular, A; = k(Y) ® q;, is a prime ideal of A; and there is a natural ring inclusion
kX, UM = kY1 X, gty (rE, G e Ay

Proof. Let us prove that k(Y11 n pis = 0 (the result for q;, follows similarly): if p € k[Y =117 Pi.ss

there exist polynomials a, 5, b € A; satisfying

i-2 n s i2 I
— h -1 £
p(y=1h = E § aq,hFé)JfE agi-1 Fy )+§: bj G}
h=0 g=1 g=1 k=0 j=1

Substituting YJ(.k) for gi.k) (1 <j<r 0<k<Il-1)inthis identity, we deduce that
P81y s 8 815 s &rse .,g(ll_l), e ,ggl_l)) e (FUI=y c kpyt=1 xth gl
and so, the differential independence of the polynomials g1, ..., g, in the differential extension
k — Frac(k{Y, X, U}/[F])

(Assumption 5) implies that p = 0.

Therefore, the extensions of the prime ideals p; s and q;, to k(Y =1hxt gyl are also prime ideals; and
the same happens to their extensions to the ring A;, since the Y, with j > I, are transcendental over
k(Y[l_l])[X[l], U[l]].

Finally, it remains to prove the existence of a natural ring inclusion
k[y[l—l] x4 U[l]]/(F[l—l] G[l—ll) < A;/A,.

Suppose that there is a polynomial g(Y!!=1, x1/1, gyl e k[yt=11 X! U1 N A;. Then, there exist poly-

nomials ay ., Bk € A; satisfying

-1

n -1 r
=11 [ /U = (h) el
XU = ) D g B+ ) ) i G-

h=0 g=1 k=0 j=1

The variables YIEI) with 7 > [ appear only in the polynomials a, and §;r and we can evaluate them
into suitable values in the field k so that the denominators of the coefficients of this polynomials do not

vanish. After doing this, we obtain that g(Y!"1, X111, yt1y ¢ (FU=11, GU=11) and the inclusion is proved. m
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Corollary 8. For every positive integer I, we have that
F,G,FV gV, . .  F-b gt
is a regular sequence in A; and the Krull dimension of the ideal Aj C Ajis I+ 1)(m—r)+n+r.

Proof. The result follows easily from the fact that the polynomial FI/=!1, GI'-!1 generate a prime ideal
in k[YU=1 xU U] (Remark 4). This enables the straightforward computation of the dimensions of
the quotient rings k[yt=1, xii, U[”]/pi’s and K[y, xU) U[l]]/q,-,, foreveryi < [, 1 < s < nand
1 <t < r, which turn to drop successively by one when adding each polynomial of the sequence to the
ideal generator set. Due to Proposition 7, the same happens for the corresponding prime ideals in A;,
which implies that the Krull dimension of the ideal A; is equal to the difference between the number of

variables and the number of equations, thatis (( + )(n+m) —Iln+r)=(+1D)(m—-r)+n+r. &

Proposition 7 has a differential (not finitely generated) analogue version:

Proposition 9. Let [F,G] C k{Y,X, U} as before. Then [F,G] N k{Y} = 0 and the differential ideal
A =[F,G] C KKYHX, U} is prime. m

According to Remark 4 and Proposition 9, [F,G] C k{Y,X,U} and A C k(Y){X, U} are both prime

differential ideals and they have the same fraction field:

Notation 10. Let F denote the common fraction field of the integral domains k{Y, X, U}/|F, G] and
KYYX, U}/ A.

Assumption 5 and the previous result allow us now to compute the differential transcendence degree of
the differential field extension k(Y) < ¥ which, by definition, is the differential dimension of the ideal
A:

Proposition 11. The differential transcendence degree of the differential field extension
KYy > Fism—r.

Proof. Due to Remark 4, there is an isomorphism between ¥ and the differential field &(X){U) with the

derivation induced by X j:=fjfor j=1,...,n,and so,
difftrdeg, () = difftrdeg, (k(X)(U)) = #U = m.

On the other hand, we have that difftrdeg; (k(Y)) = r.
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Now, applying [38, Ch. II, Sec. 9, Cor. 2] to the tower of differential fields

F o= k&XXU)
| |

kKY) = kgi,....8r)
I I
k= k

we conclude that difftrdeg; y,(F) =m —r. &

2.2 Associated Jacobian sub-matrices

We introduce now a family of Jacobian matrices and sub-matrices that appear in association to the main
system (2.1). These matrices hide much more information about the system than what meets the eye and
we try here to unveil some of it (see [15] for a generalization of these results to higher order differential
systems).

For the sake of simplicity, and if no confusion arises, we will, in the sequel, denote in the same way a
differential polynomial p in k(Y ){X, U}, its class in the factor ring k(Y ){X, U}/A and the image in k(X){U)
of this class by the isomorphism mentioned in Remark 4, respectively. Similarly, p will denote either the
derivative of p in k(Y ){X, U} or its derivative as an element in k(X)(U).

We start by pointing out a basic fact which follows from the results of the previous section and that we

will use several times later:

Remark 12. Let | € N be an arbitrary positive integer. Set J; € k[XU, gllonx+Desm) for e
Jacobian matrix of the polynomials FU=1, GU=1 with respect to the variables X", U'.

Let 5, € k(XU Y +XUED0+m) b the matrix with entries in k[X, UV which is obtained by substituting
X;k) = f;k_l) (see Notation 3) for j = 1,...,nand 1 < k <1, in the entries of the matrix J;.

Then, the matrix 3; € k(X)(UY XU D0+m) pas full row rank.

Proof. From Proposition 7 and Corollary 8 the polynomials FI"!1, GI=11 form a regular sequence in the
ring A; generating a prime ideal A;. The Jacobian criterion in the generic point of the prime ideal A,
implies that the Jacobian matrix J; has full row rank over the ring A;/A; (see [42, Ch. VI, §1, Theorem
1.15]). Since the entries of this matrix belong to the ring k[ X!, U] c k[Y"=11, X1 1], it has also full
row rank if considered over the integral ring k[yt=1 xti gty (pi=1, g1y < A;/A;. The Remark
follows from the natural inclusion [ YU~ x!1, i} /(FUI-1, GIF) k(X)) < U >. =

For the considered differential system (2.1), we introduce a family of sub-matrices constructed from the
(infinite) Jacobian matrix associated to the (infinitely many) polynomials F¥' and G’ with respect to the

(infinitely many) variables X and U as follows:
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Definition 13. For each k € N and i € Ny let Jy; € kK(Y){X, UY}0+7XkK4m) o the matrix defined as:

AF® AFY
HXT+D UG 0 0 Tt 0 0
aGD e
wen goem O o - 0 0
J ki =
JFHK=1)  gEl+k=1)  gpl+k=1)  pp(i+k-1) JFHk=1)  gplitk=1)
HXT+D) JUG+D 9XT+2) U+ e HX+E) Uh
GGUH=D  gGliHk=1  gGl+k=1)  gGl+k=1) JGU+=D  gGlik=1)
HXG+D FIG) XD U D) e HX 0 PIGa)

That is, Jy; is the Jacobian matrix of F?,GD, ..., Fitk=D GUk=1 ¢ j(yy[ X1k ylitkl] with respect to
the variables XV, y+h  x(+k) k)
Let J; € k(XU YHXkntm) pe the matrix with entries in k[X, UV which is obtained by substituting

X;k) = f;k_l) (see Notation 3) for j = 1,...,nand 1 < k <i+k, in the entries of the matrix Jy ;.

The matrices Ji; are strongly related with some important algebraic facts concerning the (algebraic)

ideals A; introduced in the previous section (Notation 6):
Proposition 14. Let i € Ny and k € N. Then:

(i) The transcendence degree of the extension Frac(A;/(Aiwx N Ap)) — Frac(Aiir/Airk) equals the

dimension (as a k(X){U)-vector space) of the kernel of Jx ;.
(ii) The following identity holds:
trdegyyy(Frac(A;i/Airk NA)) = (m—r)(i+ 1) +n+r- dimk(x)w)(ker(ﬁz,i))
where S]’(J denotes the transpose of the matrix Jy .

Proof. In order to prove (i), notice first that the polynomials Fl=!1 and Gl~!1, that are part of the set of
definition of the ideal A;;x, have orders at most i and so they belong to A;. Then, for any i € Ny, the field

Frac(A;4x/Ai+x) may be considered as the fraction field of the integral domain
R .= SIXHD . xR yih gy p®, kD GO Gk,

where S denotes the field Frac(A;/A; . N A;).

Then, the transcendence degree we want to compute is the difference between the number of columns
and the rank of the Jacobian matrix associated to the S-algebra R, considering this matrix over the
field Frac(R) (see, for instance, [42, Ch. VI, §1, Th. 1.15] or Lemma 38 below). In other words, the
transcendence degree is the dimension, as a Frac(R)-vector space, of the kernel of this Jacobian matrix.

This matrix is exactly the matrix Jy ;.
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To finish the proof of this part, it only remains to see that dimFrac(R) ker Jy; = dimyxyy ker Jg;. For
this, notice that the entries of J;; are polynomials in the ring k[ X, U l+k1 ¢ k(X)(U), which is isomorphic
to k[YUH=1 xlitkl  gli+kl) j(plitk=11 Gli+k=11) From Proposition 7, there is a natural inclusion from this
last ring in A;x/A;x and then, the rank of the matrix J;; over the fraction field of k[X, U] (and
therefore, over k(X)(U)) is equal to its rank over the fraction field of A;/A;x (namely, Frac(R)). This

finishes the proof of the first part.

For the proof of (ii), we know from Corollary 8 that the Krull dimension of the ideal A;x C Ajyx, and
hence trdegyy,(Frac((Ai+x/Ai+r))), is equal to (m — r)(i + k + 1) + n + r. The result follows by conside-
ring the tower of fields

k(Y) < Frac(A;/Aik N Aj) = Frac(Aivi/Aivi)

and part (7), noticing that dimyx)y(ker(Jx,;)) = dimk(x)w)(ker(ﬁz’l.)) +k(m—r).m

2.3 The rank of matrices J; ;

We now study more closely some properties related to the behavior of the ranks of the matrices Jy ;.
These ranks contain quantitative information about the considered differential algebraic system. Our aim
here is to understand the behavior when k and/or i run over N and Ny respectively. This will provide
us with information about certain invariants of the system (2.1) (namely, the differential Hilbert-Kolchin
function, its regularity and the so-called differentiation index (see Section 3)).

We introduce a sequence (1 )k iciy, of non-negative integers associated with the matrices Jy;:
Definition 15. For k,i € Ny we define i € Ny as follows:

— Mo, =0 for every i € N.

— Fork > 1, py; = dimgxyuy ker(Sz’i).

We focus, for the time being, on the study of some stationarity properties of the sequence (i )ki. We
begin by comparing the matrices Ji; for k € N in order to analyze the changes of the sequence (uz i)
when the index i is fixed and £ moves.

First, let us observe the following recursive relation which holds for every k£ > 1:

0 0
Jk,i 0 0
Ske1,i = . . : (2.2)
JF+R) S+ JF+K) HFHO
E)<Gal QUG+ e OXEHHT) UG+
(')G(Hk) (')G(Hk) ('jG(iJrk) 8G(i+k)
XD QUGN T 9X@EED uEkED
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When the differential system (2.1) is linear (for instance, if k = Q and the system has the form AU +BU =
Y, with A and B matrices in Q""), the matrices J;; have a nice Hankel-block type form, but this is not
necessarily our situation. However, there are two main relations arising from their underlying differential

structure which enable us to study properties of this matrices in our (more general) setting:

Proposition 16. Let Z := Z,,...,Z, be differential independent variables and let H be a differential
polynomial in k{Z}. Denote by ¢ the derivation in k{Z}. For all I, j € Ny the following relation holds:

oH® oH"™D  oHD
(az<j+1>) T 9700 T 9z00 2.3)
oH®
In particular, if H € {F,G} and Z € {X, U}, we have that 370D = 0 for every j > | + 1, since the order
of HY is at most | + 1, and therefore identity (2.3) implies that
C’)H(l+l) (9H(l)
Vji>l+1. 2.4)

9z ~ 970

Proof. A straightforward consequence of the Chain Rule. m

Proposition 16 will be used in the field k(X){(U) after performing the evaluation introduced in Notation
3.
We are now ready to prove the first stationarity property of the sequence (u ;)i

Proposition 17. For each fixed i € Ny, the sequence (Ui i)ren, is non-decreasing and bounded by n + r.

In particular, there exists k € Ng (depending on i), 0 < k < n + r, such that uy; = t+1,.

Proof. The fact that (i ;)x is a non-decreasing sequence follows immediately from the fact that there is

) for every k € N.

an inclusion ker(fsi’l.) x {0} C ker(3;, L

For every integer k € Ny, due to Proposition 14 and Definition 15, we have that
trdegk<y>(FraC(A,-/A,-+k NA)=m—-ri+1)+n+r—pug,;.
Now, since Ai;xr NA; CANA;,
trdegy yy(Frac(A;/ Ak N A;)) = trdegyy,(Frac(A;/A N A)))

and so, the fact that the differential dimension of A is m — r, that is, any differential transcendence basis
of the extension k(Y) — F = Frac(k(Y){X, U}/A) has m — r elements, implies that there are at least

(m — r)(i + 1) variables in Frac(A;/A N A;) that are algebraically independent over k(Y and so

trdeg yy(Frac(A;/A N A;)) = (m —r)(i + 1).
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We have the inequality

m-ri+D+n+r—w;=>2m-r)(i+1)

from where we conclude that y; <n+r. m

Remark 18. It can be proved also that the amount of polynomials of order zero in the original system

(2.1) is a lower bound for the sequence (U i)ien (see [15] for a proof).

In fact, we are able to show a more precise result than that of Proposition 17: the sequence (i )k 1S
strictly increasing up to a certain index k; < n + r where it becomes stationary (Theorem 20). A related
result can be found in [58, Proposition 2].

For the sake of simplicity, for the time being, we will use the following notations:

Notation 19. The variables X, U involved in system (2.1) are renamed in the following way:
Zi:=X; fori=1,...,n and Z, ;:=Uj for j=1,....,m

(and the same is done for their corresponding formal derivatives). Analogously, the polynomials are
renamed as:

H;:=F; fori=1,...,n and H,yj:=G; for j=1,...,r.

With these notations, the matrix J;; from Definition 15 involves exactly the derivatives of the polyno-
mials H*P) with respect to the variables Z0*9, with p = 0,...,k — 1 and ¢ = 1,...,k conveniently

ordered.

Theorem 20. Let k; € Ny be the minimum of all the k’s in No such that pg.1,; = pk,; (this minimum is

well defined by Proposition 17). Then py; = py, i for every k > k;.

Proof. According to Notation 19 we will rename variables and equations as Z := (X, U) and H := (F, G).

The result is clear for k; = O: in this case, u;; = 0, which is equivalent to the fact that the matrix
H®

az(i+l)
(with the same block J;; in the diagonal), we conclude that J;; has full row rank or, equivalently, that

31, = has full row rank. Therefore, by relation (2.4) and the triangular form of the matrices Jx ;
Ui, = 0 for all k.

Now, let us assume that k; > 1. In this case, it suffices to show that the equality px; = pr—1,; for an
arbitrary index k > 2, implies p41,; = i

In what is left of this proof, we will write v for a vector in k(X)(U M+ and its description as a block
vector v = (vi,...,v;) where v; € k(X)(U)Y"" forall j=1,...,L

Due to the recursive relation (2.2), the identity
ker(3},) X {0} = ker(3}, | ) N {veer = 0}
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holds in k(X)(U)Y**D*1 for every k € N and so, the equality s ;

ker(i\s;ﬁl’i) C {vks1

= Uk+1, 1s equivalent to the inclusion

= 0}.

Then, the theorem is a consequence of the following recursive principle:

Claim: For all k € N, ker(3!

Proof of the Claim.- We will show that if (vy, ...,

=(wi,...,

defined as
Wk = Vit
lies in ker(S;C ;)» which implies the Claim.

aH(Hf—l)

Since ————
OZ(+))

hold over k(X){U) forevery 1 < j < k.

We will proceed recursively for j = k,k—1,...,

k’i) C {vx = 0} implies kel‘(\sk_H D) C vk =

Wi = Vil — Wjtl,

= 0 for £ < j, we have that w € ker(J}

0}.

Vit1) € ker(Sz +1,i) then, the vector

wi) € k(XU

j=k-1,...1,

;) if and only if the identities

HH =D
OZ+))

1. For j = k, the definition of w and identity (2.4) imply

that
HH+k=1) HH 0
7 e
GH =D
Now, assume that Z we 37D = 0. Differentiating this identity in k&(X){U) and using identity (2.3)
{=j+1
we get:
Zk: GHH=D N Zkl QHD  gH+=D o
t=j+1 e OZ+j+1) t=j+1 v AZ i+ oz +i |
This implies that
GHH+-D ~ 9Hi~D k GHH+=D k QH 0
ZW" oz Wi ez Z We o le W oz D
:]+
aH(Ht’ 1) aH(i+k)
= [ZI(W" +We-1) — e a7 T Wk 5o
Jt
_ kZH: QH D _ kel g l+e-D o
= P 1V€ Gz Ve o G
=j+ =

where the second equality follows from identity (2.4) and the third one from the definition of w. This

concludes the proof of the theorem. m
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So far, we have studied the behavior of the sequence (uy ;) for an arbitrary (but fixed) index i € Ny. In
the remaining part of the section we will analyze the sequence (uy;); fixing the index k € N.
We start exhibiting a (non k(X)(U)-linear) bijection between the kernels of the matrices J;; and I i+1

for any index k € N.

Lemma 21. Let (vy,...,v) and (Wi, ..., wy) be arbitrary elements in K(X)(UY+™) (here viand w; are

vectors in k(X)(UY"™™ for every index j). Then, the function
6+ kQOUY ™ — kXU

defined as

OW1,..svi) = (v, V2 = V1, V3 — V2,00, VE — V1)

maps ker(Jy.i+1) into ker(Jy ;).

Moreover, 0 is a bijection between ker(Jy.i+1) and ker(Jx;), whose inverse is given by

2

. k-1
1 ,...,wk+wk_1+---+w(1 )).

1 . .
6 Wi,.oo,wi) = (Wi, wp + Wi, w3+ +w

Proof. It is easy to see that 6 is a bijection in k(X){U y(n+m) wwith the inverse given in the statement of the
Lemma. We first need to show that it maps ker(Jx,;+1) onto ker(Jx.;).
For arbitrary vectors (vy,...,v) and (wy, ..., wg) in k(XU yerem) - consider the following two families

of sums (p =0,...,k—1):

k i k .

aH(z+1+p) aH(1+p)
Ep(v) = Z W Vj and Dp(W) = W wij.
=1 j=1

j
Note that v € ker(J+1) if and only if E,(v) = O for p = 0,...,k -1 and w € ker(Jy;) if and only if
D,w)=0forp=0,...,k—1.

We now compare the vectors Jy ;1. v and Jx ;. 6(v) for a given vector v = (vy, ..., v) in k(X)(U yk(nkm),
HEH+D 9O
OZ+1+)) - OZ+))

First, note that Eg(v) = Dy(v) = Dy(6(v)), since = 0 for every j > 2 and 6(v); = v;.

Now, for p > 0, we have:

k ; . . k .
OH+1+P) OHP) OHP)
Ep(v) = (Ep () = Z( —( ))vj—Z—'

— OZ+1+)) OZ+1+)) a o714 Vj
Jj= P
k aH(H'P) k+1 BH(H[)) -
B Z 0Z+)) Vi~ 970+ Vj-1
J=1 Jj=2
OH P k SH+P) .
= _aZ(i+1)'V1 + Z —HZ(i+f) (vj - vj_l) = Dp(H(v)),
=2
I i i . OHP)
where the second equality follows from identity (2.3) and the third one from the fact that PTG =

forp<k-1.
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These equalities imply straightforwardly that 6 maps ker(Jx ;+1) into ker(Jg.;).

In order to prove that it is onto, we may argue recursively: if w € ker(3y;), then D,(w) = 0 for p =
0,...,k— 1. Now, Eo(6~'(w)) = Eo(w) = Do(w) = 0. Assuming that Ep_1(9‘1(w)) = 0 has already been
proved, we deduce that

E (07 (W) = Dpy(w) + (Ep-1 (87 (W)

also equals 0. We conclude that 0~ (w) € ker(3k,ir1). m

Even though the bijection 8 between ker(Jyi+1) and ker(Jx,;) shown in the previous Lemma is not a

k(X){(U)-linear map, it enables us to prove the following:
Proposition 22. Let k,i € Ny be arbitrary non negative integers. Then iy ; = Uy, i+1-

Proof. In order to prove that

pai = dimgoywy(ker(3 ) = dimgeeuy(ker(J) 1, 1)) = Meists

it is enough to show that J;; and 3 ;+1 have the same rank, since they are two matrices of the same size.
For each pair of indices j,#,1 < j<kand 1 <t <n+m,set

aH[i,i+k—1] aH[i+1,i+k]

it = — D, =——
Cia (’)Z,('+ ) and Jt aZt(z+1+ 7

for the corresponding columns of the matrices J;; and Ji ;+1, respectively.
Assume that a column D ;, of the matrix 34 ;41 is a k(X){(U)-linear combination of the columns D, to

its right. Then, there exist elements «;; € k(X)(U) such that

n+m n+m
Djosy = Z @jo.Djor + Z ZaﬂDﬂ’
t=tp+1 j=Jjo+l t=
and so, the vector
— -
= k(n+
vi=(0,..., 0, =@y, ~@jps15 - - -, —) € K(X)U Y™

belongs to the kernel of the matrix 3y ;+1, where —O> denotes the vector in k(X){U)Y"*™ with all its coordi-

nates equal to 0,
j, = ,...,0, l,afjo,,oﬂ,...,ozjo,k) and )= (aj,l,...,aj,k) for j > jo + 1.

By Lemma 21, the vector 6(v) belongs to the kernel of J;; and, due to the particular form of the applica-
tion 6, it turns out that the column Cj 4, is a k(X)(U)-linear combination of the columns to its right. We
conclude that the rank of J; is lower or equal to the rank of Jj ;4.

By means of the inverse map 61, it can be proved in the same way that the rank of J; ;.1 is lower or

equal to the rank of J;;. m
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Remark 23. The following simpler alternative proof of this proposition was kindly suggested by Prof.
FE Ollivier: from [38, Prop. 10, Ch. IV] the integers py; and uyi+1 are, respectively, the differential
dimensions of the ideals generated by the linear equations defined by the matrices 3y ; and 3y i+1 (equiv-
alently, the transcendence differential degree of the fraction fields of the factor rings). Now, Proposition

22 follows since the bijection 0 is actually a differential isomorphism between these fields.

The previous Proposition states that the sequence py ; does not depend on the index i and so Theorem 20

can be restated as follows:

Corollary 24. There exists a non negative integer o such that, for any i € No, ur; < tk+1,i if k < o and

Mii = Mo ifk > 0.

Proof. Fix an index i € Ny. Proposition 22 states that

Mig+1,i+1 = Miget,i - and  pg i1 = Mg,

and the definition of k; ensures that
Hki+1,i = Hi;,i-
We deduce that
Hii+1,i+1 = M i+1 - and so,  kivp < k;.

On the other hand, we have that

Mhiii = Mhipri+l = Mk +1,i+1 = Rk +1,i

(where the first and third equalities are due to Proposition 22, and the second one is the definition of
ki+1), which implies that k; < k;..

The Corollary follows because, for any index i, k; = kg = 0. =

We finish this section by introducing the notion of differentiation index of the system (2.1):

Definition 25. The non negative integer o of Corollary 24 is called the differentiation index of the system
(2.1).

Note that, due to Proposition 17, we have 0 < o < n + r. In addition, Corollary 24 states that, for
every i € Ny, the differentiation index o is the smallest non-negative integer where the sequence (i )«
becomes stationary.

For more general first-order differential systems there are many definitions of the differentiation index
(see for instance [9], [44], [18]). The one we will be considering in this work states, roughly speaking,

that it is the minimum number of times that the given differential system must be differentiated in order

45



to determine the derivatives of the unknowns as continuous functions of the unknowns themselves. We
will show in Appendix B the relation between these two definitions.
Meanwhile, in the next chapter the differential index will allow us to prove an essential result for changing

from a differential setting to an algebraic one (see Theorem 26 below).
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Chapter 3

Differential Hilbert-Kolchin function and
differential transcendence basis:

quantitative and algorithmic aspects

In the first two sections of this chapter we will apply the properties of the matrices Jy; established above

to the study of two well-known invariants in our system (2.1):
o the differentiation index,
o the differential Hilbert-Kolchin function.

Then we will focus on the properties that must be satisfied by a differential transcendence basis and
finally we will show the algorithms for all the computations involved.

We begin by showing a relation between contractions of the differential ideal A and contractions of the
algebraic polynomial ideals A; to the polynomial rings A; (see Notation 6), which is a crucial result to

change from the non-noetherian (differential) context to a noetherian one.

3.1 The differentiation index

For every i € Ny, the differentiation index o (Definition 25) is strongly related with the minimum number
of derivatives of the system (2.1) required to obtain the intersection of the whole differential ideal A with
the polynomial ring A;, namely those polynomials in A which involve only derivatives up to order i.
Similar versions of the Theorem 26 can be obtained by rewriting techniques following [53, Theorem 27]

(see also [45, Lemma 9]).
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Theorem 26. Let o € Ny be the differentiation index of the system (2.1). Then, for every i € Ny, the
equality of ideals
Airo NA; = ANA;

holds in the polynomial ring A;. Moreover, for every index i € Ny, the differentiation index o verifies:
o=minfh e Ny : Ay NA; = AN A}
Note that, since o < n + r (see also Proposition 17), this theorem ensures that the identity
Ainir NA; = ANA;
holds for every index i € Ny,

Proof. Fix an index i € Ny and consider the increasing chain of prime ideals in the polynomial ring A;:
(Aivk N Aikenyy-
From Proposition 14 and the definition of the sequence yy ;, for every k € Ny, we have that
trdegy y,(Frac(A;/Aix NA)) = (m =)@+ 1)+ n+r— . 3.1

Since py ; is stationary for k > o (see Theorem 20 and Corollary 24), the previous equality implies that
all the prime ideals A; ¢ N A;, for k > o, have the same dimension and thus they coincide.

On the other hand, any finite system of generators of the prime ideal AN A; C A; belongs to A;+x N A; for
all k big enough. This finishes the proof of the first assertion of the Theorem.

In order to prove the second part of the statement, for each i € Ny, let /; be the smallest non-negative inte-
ger such that A;,,NA; = ANA;. By the definition of /;, the transcendence degrees trdeg,y,(Frac(A;/A;+xN
A;)) coincide for k > h; and so, i ; is constant for k > h; (see identity (3.1) above). This implies that

o < h;. The equality follows from the first part of the statement and the minimality of /;. m

Theorem 26 provides an alternative definition of the differentiation index (see also [45, Section 3.2]). In
particular, the fact that o is the smallest non-negative integer verifying the identity A, N Ag = A N Ap

gives the following interpretation of the differentiation index o (see [18]):

Corollary 27. If the differentiation index o of system (2.1) equals 0, there are no constraints on initial
conditions for the system. In the case when o > 1, the quantity o —1 is the minimal number of derivatives
of the equations needed to obtain all the relations that the initial conditions should verify (the so-called

“manifold of constraints on initial conditions”). m

Another property of the differentiation index, concerning the number of derivatives needed to distinguish

dependent or independent variables, is considered in Appendix B (see Theorem 70 below).
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3.2 The differential Hilbert-Kolchin function

We recall that the differential Hilbert-Kolchin function Ha kyy : No — Ny of the differential prime ideal
A C k(Y ){X, U} is defined as

Hp k(ry(i) := trdegyy,(Frac(A;/(A N A)))

for every i € Ny. As was already mentioned in the Subsection 1.1.2, it is well known that, for i big

enough, this function coincides with the (degree one) polynomial
Hpjyy()) = (m — r)(i + 1) + ordiy)(A),

where ordyyy(A) (the order of the ideal) is a non-negative integer depending only on the differential ideal
A, and that the regularity of the function, that is the first i from where this identity holds, is less or equal
than ordyyy(A) (see [38, Ch. II, Sec. 12, Th. 6]). In our case, however, the results obtained so far enable

us to prove a deeper result:
Theorem 28. The differential Hilbert-Kolchin function of the differential ideal A verifies
Hpjyy(D) = (m — r)(i + 1) + ordyyy(A)
for every i € N,
Proof. It is enough to show, for every i € Ny, that holds
Hapyy(@+ 1) = Hypry(D) + m—r.
Fix an index i € Ny. Due to Theorem 26, we have that
ANA;=AisecNA; and ANAj = Aipive N A

and so,

Hppny(@+1) = trdegk<y>(Ai+1 [Aiv1+0 N Ais1))

and
HA,k(Y>(i) = trdegk<y)(Ai/(Ai+cr NA))).

Using the results in Proposition 14 we obtain:

(m=r)(i+2)+n+r— s,

Hppny(@i+1)

Hp xry(@) m-ri+1)+n+r—pg;.

Hence, the equality
Hapry(i+ 1) = Hapery () +m —r
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is a consequence of the identity uq;+1 = Uo; given by Proposition 22. m

The following Corollary will give us a way of computing the differential Hilbert-Kolchin function and
the order of the ideal A as a straightforward consequence of the computation of the rank of the matrix

Jo0 (Definition 13). Similar results can be found in [45].

Corollary 29. As an immediate consequence of the proof of this Theorem one infers that the equalities

Hp k)i + 1) (m=rGi+1)+n+r—piyo

Ordk<y>(A)

n+r—Usp.

hold. Moreover if o is non-zero one has also that

Hapry(@+1) =m—r)i+ 1)+ rkixywy(So0) — (0= D(n + 1)

ordi(yy(A) =n+r—peo = rkxowyQoo) —(c-Dn+r) <n+r.m

Remark 30. From Remark 18 and the previous corollary we deduce that the order of the ideal A
is bounded by the amount of polynomials of order one in the original system (2.1). In particular

Ordk<y>(A) <n+r

For other bounds for the order of the differential ideal A in terms of the order of the defining equations

see also [52, Ch. VII, p.135], [35] or [15].

3.3 A differential transcendence basis

Here we will show how to obtain a differential transcendence basis of the differential field extension
k(Y) — ¥ but before we go into this computation we would like to point out that there are bases that have
an additional property that will be useful later. If W is a differential transcendence basis of this extension,
since, by definition of a differential transcendence basis, there are no polynomials in A involving only
the variables W, we can consider the localization of the polynomial ring at W, kY, W){{X, U} \ W} and
the differential ideal A generated by the polynomials F,G in this ring. The order of this new ideal is
not always equal to the order of the original ideal A over the field k(Y and, moreover, it depends on the
choice of the set W, as we see in the following example.

Consider the system with only one equation Y; = U; + U, the differential dimension of the extension
k(Y) — F is 1 and either {U,} or {U,} may be considered as differential transcendence bases. However,

if the chosen basis is W = {U;} then
ordrwy(A) = H yywy(1) = 1 = ordry(A),
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meanwhile if W = {U>},
Ordk<Y,W>(A) = WAJ((Y,W)(I) =0.

Then, the order of an ideal may change after localization in a differential transcendence basis, neverthe-
less it is possible to show that, in our case, there exists a differential transcendence basis that preserves
the order of the ideal A (see Lemma 32 and Proposition 33). When this is the case, we say that the
differential transcendence basis W is a “good” basis. We will make use of this basis again in Appendix
B where we will show another alternative presentation of the system 2.1.

The meaning of the expression “good” basis must be restrained to the purpose of this thesis and it should
not be interpreted in this way in any other context. For instance, the seminal notion of flatness in control
theory corresponds to our “worst” bases, that is the bases W for which k(W) is equal to the whole field
extension associated to the system. For related bibliography on this subject see the classical works G.

Monge [46], D. Hilbert [33], E. Cartan [11], P. Zervos [64] and the most recent ones [20] and [17].

Notation 31. In what follows, we will denote F; := Frac(A;/(A N A))) for every i € Ny and we will use
the same notation for an element of A; or its class in F; whenever the ring in which it is considered is

clear from the context.

The fact that F; — ¥, for every i € Ny allows us to consider any subset of #; as a subset of F; for
every j > i, which will also be done without changing notations.
The following two results show the existence of a “good” differential transcendence basis and lay the

grounds for the algorithm that computes it.

Lemma 32. Let B C A; be any finite set of elements and let { € A; be a polynomial such that its class
¢, € Fi is algebraic over k(Y)(B). Then, ¢ € Fi,1 is algebraic over k(Y}(B U B), where B denotes the set
of classes of all derivatives of elements in B.

In particular, if k(Y Y(B) — F; is an algebraic field extension, then k(Y (B UB) < Fiy is also algebraic.

Proof. The result is immediate if £ € 8. So, let us consider the case when { ¢ B.

Let P € k(Y)(B)[T] be the minimal polynomial of ¢ in k(Y)(B) — ;. Multiplying it by a non-zero
element in k(Y)[B], we may assume that P € k(Y)[8B,T] and has non-zero leading coefficient as a
polynomial in the variable 7'.

We have P(B,0) € AN A, and so P(BU B,,0) € AN Ajyq. Now,
. o . AP .
PBUB,L=08BUBJ)+ ﬁ(ﬂ{)&

for some polynomial Q.

As degT(%) < degy(P), the minimality of P implies that

opP
s BOeh
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and so, P(BU B, £, T) is a non-zero polynomial in k(Y )(B U B, O)[T] annihilating  in ;1. This implies
that £ is algebraic over k(Y )(B U B,0).
Since the field sub-extension

KYYBUB) — KYNBU B,

of (YN B U B) — Fi, is algebraic, we conclude that s algebraic over kK(Y)(B U B). m

Proposition 33. Let s := ordyyy(A). There exist disjoint subsets {Wy,..., W,_,} and {€1, ..., &) of the
set{Xy,...,X,,Ui,...,Uy,} such that

B = (Wi WhLL &g

is a transcendence basis of the algebraic field extension k(Y) < F; for every i € Ny.
Moreover, the set {Wy,...,W,_,} is a “good” differential transcendence basis of the differential field
extension k(Y) — Frac(k{Y){X, U}/A).

Proof. Let By c {X;,...,X,,Uy,...,U,} be atranscendence basis of k(Y) < Fy.

Then, k(Y)(By) — Fo is an algebraic field extension and so, due to Lemma 32, the extension
k(Y)Y (By U By) — F

is also algebraic. Hence, By U B, contains a transcendence basis of F; over k(Y).

Since By is algebraically independent over k(Y), and

(see Theorem 28), there exists a subset go c B, with m — r elements such that B; := By U go is a
transcendence basis of k(Y) — F7.
Let us denote Wy,..., W,,_, the variables whose first derivatives are all the elements in §0 (note that
{(Wi,..., Wy} € By) and let {&1,...,&) = Bo \ {W1,..., W,—,}. We will show that, for every i € N,
the set B; := {Wl[i], e, W,Ei]_r,fl, ..., &} is a transcendence basis of k(Y) — F;.
The case when i = 1 follows from our previous construction.
Let us assume now that B; is a transcendence basis of k(Y) < F; for a fixed positive integer i € N. Then,
by Lemma 32,

KY)BiUB) = KY)Bis1 Ulér,....&}) = Fisi

is an algebraic field extension.
Now,

KYYBir1) = k(YN Bis1 ULEr,... . &)
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is an algebraic sub-extension of k(Y)(B;,1) < Fis+1, since each of the elements & ; is algebraic over
k(YY(B1) C k(Y)(Bi+1)- Therefore, k(Y )(Bi+1) — Fis1 is an algebraic extension and, taking into account
that trdegk<Y>(7-',~+ 1) equals the cardinality of 8B;.;, we conclude that $;,; is a transcendence basis of
k(Y) = Firi.

Finally, since s = ordy)(A) is also the transcendence degree of the extension k(Y, W) — ¥; for any

i >0, the set {Wy,..., W,_,}is a “good” transcendence basis. m

3.4 The algorithms and their complexities

In this section, we present probabilistic algorithms for the computation of the differentiation index, of
the differential Hilbert-Kolchin function of the ideal A and of a “good” differential transcendence basis
of the extension k(Y) — ¥ following the theoretical results stated in Corollary 29 and Proposition 33.
We start with the description of the algorithms. For technical and algorithmic reasons, we will assume
throughout this section that the based differential field k is the rational effective field Q(¢) (with the
standard derivation), and that the polynomials defining system (2.1) have coefficients in Q[¢].

Due to the ring inclusion Q(£)[X, U"*?1] < Ay,12,/Aoniar (see Proposition 7), the rank computations
involved in Remark 29 amount to rank computations in the polynomial ring Q[z, X, U[?"+21],

First, since our algorithms will deal not only with the input polynomials f, g, which will be encoded by
straight-line programs (slp), but also with their successive derivatives £, g, /%, ¢® and so on, we need to
show a way of computing a slp program for these successive derivatives. As pointed out in [45, Section

5.2], this can be done in the following way:

Lemma 34. Let Z := {Zy,...,Z,)} be a set of differential indeterminates over Q(t) and let f € Q[t][Z, Z]
be a polynomial encoded by a straight-line program of length L. Let v € N. Then, there exists a straight-
line program of length O(v*(va + L)) which computes ) for every j < v.

(k)
Proof. Let T be a new variable and, fori = 1,...,a, letn(T) := 3, _, Zk’—, T*. Denote 17 := (11, ..., 1)

and set S(T) := f(T +t,n,10) € Q[t,Z,Z,...,ZP][T]. The chain rule implies that

oS . )
5T = fOT +t,n,n,....09)  for  j=0,...,v—-1
and so, specializing T = 0, we obtain %(O) = f92,2,...,Z9*Y) for j = 0,...,v — 1. Then, if

S(T) = X st Z, Z,...,ZU*D)T the following identities hold:
wz,2,..., 29 = jisit,2,7,...,29%D), j=0,...,v—1. (3.2)

These identities enable us to obtain an slp for the computation of these polynomials.

First we obtain an slp encoding S (7)) computing:
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e the monomials i—f = % % for k =2,...,vrecursively with 2y — 2 operations.
e an slp’s for the polynomials #;,7; for i = 1,...,a by multiplying these monomials by the corre-

sponding coefficients ka) and adding the results. This requires a(4v — 2) additional operations.

e an slp encoding S (T') as the composition of the slp encoding f, an slp of length 1 computing T + ¢,

and those obtained for 77;, 77; (1 < i < «). The total length of this slpis L :=2v—1+a(dv-2)+ L.

Then, the procedure described in [39, Lemma 13] is applied to obtain an slp of length v>.£ encoding all
the coefficients s;, j = 0,...,v—1,of S(T).

Finally, the coefficients s; are multiplied by the corresponding constant factors according to (3.2) in order
to obtain the slp for the polynomials ), j = 0,...,v— 1. The total length of the slp obtained is bounded

by 6v3a +V’L. m

The rank computations over a polynomial ring involved will be reduced to probabilistic rank computa-

tions over Q by means of the following result:

Lemma 35. Let Z := {Z;,...,Z,} be a set of indeterminates over Q and let A = (A;;) be a matrix
in Q[Z]P*9 whose entries satisfy deg(A;;) < D; fori = 1,...,p. Then, if the coordinates of a point

z:=(z1,...,2q) are chosen at random in the set {0,...,N — 1}, we have
rankg(z)(A) = rankg(A(2))
with error probability bounded by % Zle D;.

Proof. First, let us observe that rankg(A(z)) < rankqz)(A) for every z € Q7.

Now, if rank(A) = s, there is a submatrix of A of size s X s with non-zero determinant Py € Q[Z]. Since
deg(Py) < Zf: | Di, by the Zippel-Schwartz zero-test (see Section 1.2), if we choose the coordinates of
z:=(z1,...,2¢) atrandom in the set {0, ..., N — 1}, we have Py(z) # 0 (and consequently rank(A(z)) = s)

with error probability at most 3, 3.7 D;. ®

This lemma provides a straightforward probabilistic algorithm for the computation of the rank of a poly-
nomial matrix: under the previous assumptions and notations, the algorithm chooses at random the coor-
dinates of the point z in a set of type {0, ..., N — 1} for a sufficiently big integer N and computes the rank
of the matrix A(z) € QP*? applying any of the well-known algorithms for the computation of the rank
of a matrix with rational entries. The random choice of the element z can be made within complexity
O(alog(N)), while the complexity of computing rank(A(z)) may be estimated as O((p + q)3) (see, for
instance, [3, Ch. 2, Sec. 2, Problem 2.10]).

In order to estimate the error probability of our algorithms we will need an upper bound on the degrees

of the polynomials involved:
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Remark 36. For h = 1,...,n, j = 1,...,rand l € Ny, let ;l(l), gi.’) be the polynomials introduced in
Notation 3. A recursive computation shows that, if deg(f,) < d and deg(g;) < d for every 1 < h < n and

1 < j <, then, for every [ € Ny,

deg(f") <d+1d~-1) and deg(8")<d~+I(d-1).

Now, we are ready to prove our algorithmic result on the computation of the differentiation index and the

differential Hilbert-Kolchin function. We keep the same notations and assumptions as in Section 2.1:

Theorem 37. Assume that fi,..., [, € Qlt,X,Ulandg,,...,g € Q[t,X, U, U] have degrees bounded by
d and are encoded by a straight-line program of length L. Then, there is a probabilistic algorithm which
computes, for every € € (0, 1), the differentiation index o and the differential Hilbert-Kolchin function of
the ideal A over Q(t)(Y) with error probability bounded by & within complexity O((log(1/¢e) +1log(d))(n +
m)3(n +r)'L).

Proof. According to Definition 25, the invariant o~ is the minimum of the set {k € No / uxo0 = tx+1.0}
and it can be obtained by comparing the ranks of the matrices J; o for successive values of k € N. The
algorithm finishes, since, from proposition 17, we know that o < n + r.

Fix k with 0 < k < n + r. From the definition of J; o and Remark 36, we deduce that for/ = 0,...,k—1
and j = 1,...,n + r, the entries in the (I(n + r) + j)th row of J o are polynomials in Q[z, X, U] with
degrees bounded by d +I(d — 1). Each of this matrices has a submatrix whose determinant is not zero and
we need to choose randomly a point z; where this determinant doesn’t vanish. Since the matrix J; is a
submatrix of Jy.1,0, we can compute the rank of each of this matrices, by means of Lemma 35, with error
probability bounded by p := % hyais Zf;ol m+nrnd+1Id-1)) < %d(n + r)? considering only one point
2 := (Zntrss ZntrX> Zyer,yine) Chosen at random from the set {0, ..., N — 1} and where the products of all
the determinants doesn’t vanish. This random choice can be made within complexity O(m(n + r) log(N)).
Then, once the matrix J,+,0(z) is obtained, each one of this ranks can be computed within complexity
O3 ((n + r)* + (n + m)®) and all of them with O((n + m)*>(n + r)*).

In order to compute the entries of the matrices J,40(z), we proceed as follows: first, we derive slp’s
of length O((n + r)*>((n + r) (n + m) + L)) for the polynomials F }[l"”_l], G5"+r_1] from the slp’s encoding
fir-oos fur81s...,8r as stated in Lemma 34. The complexity of this step is of order O((n + r)*((n +
r)(n + m) + L)). Then, we compute slp’s for the partial derivatives of these polynomials with respect to
the variables {X, U}"*"]. The Bauer-Strassen algorithm (see, for instance, [8, Section 7.2]) enables us
to obtain slp’s of length O((n + »2((n + r) (n + m) + L)) for these partial derivatives within complexity
O((n + r*((n+r) (n+m) + L)). Now, we obtain an slp of length O(n(n + 3 ((n+r) (n+m) + L)) for the
polynomials f}il) (1 £h<n,0<1[<n+r)and then, slp’s of the same order for the entries of J,+,0, by

composition. Finally, we compute the entries of J,,1,0(z) by specializing the slp’s encoding the entries of
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Jn+r0 1nto z. This can be done within complexity O(n(n + 1O (n+m)((n+r)(n+m)+L)), which dominates
the complexity of the whole computation.

Thus, we obtain the differentiation index of the ideal A with probability at least 1 — p > 1 — %d(n +r)?
within complexity O(m(n + r) log(N) + (n + m)>(n + r)’L).

To bound the error probability of the algorithm by &, we take N := [1/&]4d(n + r)*. With this choice, the
overall complexity of the procedure is of order O((log(1/¢) + log(d))(n + m)3(n +r)'L).

From Remark 29 we have that

Hpyry(i+1) = (m = r)(i + 1) + rkixywy (Jo0) — (00 = D(n +71)

and thus from the computation of o we also obtain the Hilbert-Kolchin function of the ideal A and

Ordk<y>(A). |

This finishes the presentation of the algorithm for the computation of the differential Hilbert-Kolchin
function. In order to compute a differential transcendence basis we will use the following well-known

result from commutative algebra:

Lemma 38. Let K be a field of characteristic 0 and let ¢ C K[Z,,...,Z,] be a prime ideal generated by
polynomials fi,..., fs. Set R for the ring K[Z1,...,Z,]/9 and denote by J € R*® the Jacobian matrix
of the system fi, ..., fs. For j=1,...,q, set J% € R for the submatrix of J obtained by removing
the column corresponding to derivatives with respect to the variable Z;. Then, Z; € R is transcendental

over K if and only ifrankR(JZf) = rankg(J).

Proof. Assuming that Z; is transcendental modulo g, we have inclusions K(Z;) C R® K(Z;) C Frac(R).

Therefore, by the Jacobian criterion (see [42, Ch. VI, §1, Theorem 1.15]), we have
rankR(JZf) =(a-1)- trdegK(Zl_)(FraC(R)) =a — 1 — (trdegg(Frac(R)) — 1) =

= @ — trdegg(Frac(R)) = rankg(J).

To prove the converse, assume that there exists a non-zero polynomial f;| € @ pure in the variable Z;
with minimal degree. The system fi,..., f;, fs+1 is another set of generators of p and then the rank of

the its Jacobian matrix J equals that of the Jacobian matrix J, since both are the codimension of . But

f 9f of
aZ e 9z, A 9Z,
T=| o o/, o, | _ I
- 0Z, e aZj e 0Zy - 0 0fs+1 0
. . . oz
6fs+l
0 .. %2 0
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and then we have that rankg(J) = rankg(J%) + 1. Therefore, rankg(J) = rankg(J%) + 1 and so

rankg(J%) < rankg(J). m

We now show our main result on the computation of a differential transcendence basis. Since the algo-
rithm is based on the results obtained in Proposition 33, it will be clear that the differential basis we will

obtain is a “good” basis.

Theorem 39. There is a probabilistic algorithm which computes, for every € € (0,1), a “good” diffe-
rential transcendence basis of Q(t){Y) — F with error probability bounded by & within complexity
O((log(1/g) + log(d))m(n + m)*(n + r)’ L).

Proof. The algorithmic computation of a differential transcendence basis of the differential field exten-
sion k(Y) — Frac(k{(Y){X, U}/A) follows the procedure underlying the proof of Proposition 33. Let o
be the differential index and let 5, and 3,1 be the matrices introduced in Remark 12, from this same

Remark these matrices has full row rank.

e In a first step, the algorithm chooses the coordinates of a point z := (z, zx, Zye+11) at random from
the set {0, ..., N — 1} for a sufficiently big integer N and computes rank(J,(z)) and rank(Js+1(2))-

If these matrices have not full row rank, it returns an error message.

Otherwise, the algorithm proceeds recursively, starting with the set of variables B being the empty

set:

e The set By is constructed recursively by adding one variable at a time. In order to determine
whether a subset of variables in ¥y is transcendental over the field k(Y), we use the fact that
Fo — As/As. Thus, the problem amounts to determine whether a subset of variables in a quotient
of a polynomial ring by a prime ideal is transcendental over the base field, which can be done

applying the Lemma 38.

Let us rename for a moment the variables {Xi, ..., X,,, U1,..., Uy} as{Vi,..., Voym}. Fork < n+m,
the kth recursive step is as follows: if #8B¢ < m — r + ord(A), the algorithm computes the rank of
the matrix J,(z)2“!Ve! which is obtained by removing the columns of J,(z) corresponding to
derivatives with respect to the variables (By U {Vi}). If rank(3,(2)"“"¥) = rank(3,(z)), the
variable V is added to the set B,. Otherwise, By is not modified. When #By = m — r + ord(A), the

algorithm outputs the set By.

If the recursion finishes with #8y # m — r + ord(A), the algorithm returns an error message.

o The last step is to choose a subset §0 c By with m — r elements such that B; := By U go is a

transcendence basis of k(Y) — ¥ using that F; — Ay 41/As+1. To do this, the algorithm uses
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the same procedure described above erasing columns of the matrix rank(3J,+1(z)) and comparing

ranks.

Then, the variables Wy, ..., W,,_, whose derivatives lie in §0 are a “good” differential transcendence
basis of k(Y) < Frac(k(Y){X, U}/A).

Now let us estimate the error probability of this procedure: let W be the differential transcendence basis
of Q(1)(Y) — ¥ computed in this way. Then, the matrix SX,V which is obtained from J, by removing
the columns corresponding to derivatives with respect to the variables W has full row rank, and so, it
has a square submatrix of size (n + r)o- with non-zero determinant Py. The same argument is applied to
Jo+1 to obtain a non-zero determinant of a submatrix of size (n + r)(o + 1), P;. Therefore, any point
7 := (g, 2x, Zyie+n) satisfying Po(z)P1(z) # 0 leads to matrices J,(z) and J,+1(z) with full row rank for
which the algorithm computes the desired differential transcendence basis. Since deg PoP; < 4d(n + r)>
(this estimate follows as in the proof of Theorem 37), we conclude that the error probability of the
algorithm is at most %d(n +7)3.

Choosing N := [1/&]4d(n + r)?, the error probability of the algorithm is bounded by . The complexity

bound can be obtained as in the proof of Theorem 37. m

Remark 40. The algorithm in Theorem 39 probabilistically computes a differential transcendence basis
of QUeXXY) — F, which is also the differentially algebraically independent subset of {X, U} minimal with

respect to the lexicographical ordering of the variables in which
Xi<Xp<--<X,<U <Up<---<Up.

But, even if it actually fails to compute this particular basis, any set W output by the algorithm is a
differential transcendence basis of Q(t){Y) — F. If the algorithm is unable to obtain a set W with m —r

elements, it will return an error message.

We finish this chapter with a very simple (linear) example that illustrates how the results, obtained here,
apply for the computation of the differential index, the differential Hilbert-Kolchin function and a “good”
differential transcendence basis.

Consider the differential system:

3
s
I

U1+U2+U3

) = .
U +U;+U;s

Y,

In this case,n = 0,r =2 and m = 3.
According to Theorem 37, the differential index and the differential Hilbert-Kolchin function of the ideal
A=[Y,=U; + Uy + U3, Y, — U + Uy + Us] € k(Y){U} are obtained from the computation of the ranks

of the associated matrices Jx 0 (k > 0).
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The first one of these matrices,

- 0 1 1
31,0 = s
1 00

has full row rank 2 and then the dimension of ker(StLO) =0.

Following Definition 15 we deduce that 111 o = poo = 0 and so, the differentiation index of this system is
o =0 (and pgso = 0).

From this and Corollary 29, we conclude that Hyyya(i) = (m—r) i+ 1) +n+r—pso =+ 1)+ 2.

Now we will apply to the system (Z) the algorithm described in Theorem 39, based on the results from
Proposition 33 and Lemma 38, to show how to find a “good” differential transcendence basis of the
differential field extension k{Y) < Frac(k(YY{U}/A).

From the computations above, we already know that the differential index o is O and then ANAg = Ag =
0, the order of the ideal A is 2 and dimdiftyyy(k(Y){U}/A) = 1.

Since Fo = Frac(Ag/A N Ag) = Frac(Ag) = Frac(k(Y)[U;, U,, Us]), the natural choice for the set By is
{U1, Uy, Us}. The next step is to find a subset By € By such that B; = By U By is a transcendence basis
of the extension k(Y) — ¥ = Frac(A;/A N Ay) = Frac(A;/A;). To do this, let us apply Lemma 38 to

- 1 00 011
31 = .
011100
This matrix has full row rank, and the same remains true when the columns corresponding to either the

variables {U;, Us, Uz, U} or the variables {U;, Us, Uz, U3} are removed. Therefore both {U,} and {U3}

the matrix

can be considered as differential transcendence bases.

However, the rank of J; drops when removing the columns corresponding to {Uy, U,, Us, U}, this im-
plies that {U;} cannot be chosen as a differential transcendence basis, in fact we have U 52) ~U,-Y,+Y) =
0.
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Chapter 4

Resolvent representation

In his seminal book [52], J.F. Ritt introduced a description of the generic zero of a prime differential
ideal I as the zeros of a single ordinary differential polynomial M in a new variable (primitive element)
obtained as a linear form on the old ones. Moreover, he showed that the generic zero of the original ideal
is birationally equivalent to the general zero of M. Following his terminology, we call this polynomial
M a resolvent. The resolvent together with rational relationships linking the non-singular zeros of M to
the generic zero of the original prime ideal is call a resolvent representation. This type of alternative
description of the generic zeros of a prime ideal in the purely algebraic context can be trace back to the
work of Kronecker [41]. In other words, with a resolvent representation, finding all the solutions of the
initial differential system boils down to solving a single independent equation, that is, the resolvent.

The main goal of this chapter is the computation of a resolvent representation of the ideal A (see Defini-
tion 6) associated to the system (2.1).

The beginning of the first section of this chapter is concerned with the notions of a primitive element of a
differentially algebraic field extension and that of a resolvent representation of a prime differential ideal
in general. We present these concepts following [59] in Subsection 4.1. In the remaining subsections, we
study quantitative aspects, namely order and degree of these objects, for our particular system (2.1). The
following section is devoted to the construction of a probabilistic algorithm for the computation of the
resolvent representation. The final section studies a generalization of these results to the case of systems

of higher order.

4.1 Existence of a primitive element and a resolvent representation

We recall here the notion of primitive element of a finite differentially algebraic field extension and the

closely related concept of resolvent representation of a prime differential ideal.
Let K be a differential field with char(K) = 0 containing a non-constant element ¢ (i.e. £ # 0), and let
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Z :=1{Z,,...,7Z,} be a set of differential indeterminates over K. Let 7 be a prime differential ideal of
K{Z} with diffdim(J) = 0. Set F := Frac(K{Z}/I) and consider the differential field extension K — F.
Then, a differential analogue of the well-known theorem of the primitive element holds (see [52] and
[59D.

Let us recall that, as we stated at the beginning of Section 2.2, we are denoting in the same way a
differential polynomial in a differential polynomial ring, its class in the quotient ring by a differential
prime ideal and the image in its field of fractions.

We include here a slightly modified version of Seidenberg’s proof since the arguments therein are useful

for several effective results we will prove later.

Theorem 41. (see also [59, Theorem 1]) With the previous assumptions and notations, there existsy € F
such that F = K{y). Moreover, y € K{Z} can be chosen as a linear combinationy = 112 + - - - + 1424,

where A; is a polynomial in Q€] C K fori=1,...,a.

Proof. Let A := {A4,..., Ay} be a set of indeterminates over K(Z) and consider 7 (A). This field ¥(A)
is the fraction field of K(AM}Z}/K(A) ® I and K(A) — F(A) is a finite differentially algebraic field
extension.
Then, if

I'i=AZ+--+AZy € K(ANZ},

the set of derivatives

a
ro=>%
{ i=1

l
i=1 j=0

(;)AE”ZEW ‘le No} C F(A)

is differentially algebraically dependent over K(A) and so, there exists a differential polynomial X(T') €
K{(A)T}, where T is a new differential indeterminate over K{A), satisfying X(I') = 0 in ¥ (A). Assume
X to be of minimal order / and of minimal degree among the differential polynomials of order 4 vanishing
atl’

Without loss of generality we may assume that the coefficients of X are polynomials in K{A} and that
XT,I,....TM) e KA} ® T.

Then, X(I,I',...,T™) = 0 in F(A) and so, also IX(T,...,[")/0A" = 0 in F(A), fori = 1,...,a. In

other words,

X, ..., TM)/oAW = ﬂ(r, LTy 7z ﬂ(r, LI e KN ST, 4.1)
L ar® FING

where 0X(T, ..., F(h)) / aAl(.h) on the left hand side of the equality is the partial derivation of X(T,..., )

with respect to Agh) and a,..., F(h)) on the right hand side is the evaluation in T, ..., '™ of the

(h)
oA

polynomial obtained by applying the partial derivation with respect to Agh) to X(T).
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Let Q := 245(T, ..., T™) € K{A}T). The minimality conditions set on X imply that, specializing the

differential variable T into I', we obtain a polynomial in F{A}

X
OA(AL, ..., Ay) = W(r,...,r““) # 0.

Since & € F is a non-constant element, a result in [52, Ch. 2, §22] shows the existence of elements
A € Qlé], fori=1,...,q,such that Qx(4y,...,4,) # 0.

Now, if we take v := 41 Z) + --- + A, Z, € K{Z}, we deduce from Identity (4.1) that Z; € K({y) Cc ¥ for
i=1,...,a, which implies that ¥ = K{y). m

Let us point out that this theorem doesn’t hold if we remove the hypothesis that K has a non constant
element: for if we suppose that all the elements of K were constants, let us consider the differential ideal
I =[Z1,2,] ¢ K{Z,,Z,}. The differential fields ¥ = Frac(K{Z;,Z,}/T) and K(Z;, Z,), where K(Z;,Z>)
is viewed as a differential field by setting every derivative equal to 0, are isomorphic. Then, for any
v eF,K(y) = K(y)and K(Z,2>) = K(Z1,Z>2) = K(y) is clearly impossible since trdegy K(Z,2Z,) = 2
and trdegx K(y) = 1.

Definition 42. With the same assumptions and notations as before, an element y € F such that ¥ = K{y)

will be called a primitive element of the differential field extension K — .

The following result shows that the order of a O-dimensional prime differential ideal (see Definition 1) is
an upper bound for the number of derivatives of the primitive element involved in a representation of an

arbitrary element of the field extension.

Proposition 43. Let y be a primitive element of the extension K < F as above. Let s € N be the max-
imum positive integer such that {y, ...,y"™V} ¢ F is algebraically independent over K (this maximum
exists because the extension is assumed to be of differential dimension 0). Let T be a new differential

variable. Then:

i) Forevery { € K{Z}, there exist polynomials P; and Q; € K [T such that
£ =P*N0M) in F.

In particular, {y,...,y"™V} is an algebraic transcendence basis of the extension K — F and

F =K(y,...,y5 D, y®),

ii) s = ordg(1).
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Proof. In order to prove i), let £ € . Since ¥ = K(y), there exist polynomials P, Q € K{T'} such that
{=Py)/Qy)inF.

Now, the assumption on s implies the existence of a polynomial M € K[T'*1] with M(y!*)) = 0 in 7. We
may assume M to be of minimal degree in the variable 7 so that -2 37T M- (yIsTy # 0 in F.

Let Iy € K[T~11] be the leading coefficient of M in the variable TG and Sy € K[T"] the polynomial

Sy = We have Iy (y) # 0 and S y(y) # 0 in . By a simplified version of the derivation and

8T(X>
division process described in [38, Ch. I, Sec. 9, Proposition 1], it follows that there exist non-negative

integers ay, b1, az, b> and polynomials Rp, Rp € K[T"1] such that I”l Sb‘ P—Rp and I”sz2 Q- Ry belong
to the differential ideal [M] c K{T}.
Since MY(y) = 0 for every j > 0, we have that the following identities hold 7

Ry = (ST ()P(y) and Ro(Y™) = I2(1)S 2 (1) 0.

Thus, defining
P = 128"Rp € KT and Q; := I5S"Rg € K[T™]

we obtain the identity in 7
¢ =Pcy*h/Q0M,

which finishes the proof of the first part of the proposition.

To prove ii), we observe that, for v big enough, the elements v, . ..,y can be regarded as elements of
y := Frac(K[Z"/T n K[Z") ¢ F,
and so, we deduce from i) that £, = . Therefore,
s = trdegg(F) = trdegg (L)) = Hr g (v) = ordg(X),
for v big enough, where the last equality is due to the fact that 7 is a O-dimensional differential ideal. m

Let y € K{Z} be a primitive element of the differential field extension K < ¥ and set s := ordg(Z). By

Proposition 43, {y, ...,y "D} is a transcendence basis of the extension K < 7. Multiplying the minimal
(monic) polynomial of ¥ in the algebraic field extension K(y, ...,y"™") < F by a non-zero element
in K(y, ...,y%™D) and renaming the variables y, ...,y D as T,...,T¢~D, we can obtain an irreducible

polynomial M € K[T,..., T6=D 7O with M(y,... ,y(s_l),y(s)) =0in ¥ (thatis, M(y,..., y(s)) el).
Any irreducible polynomial M € KI[T,..., 7] with M(y,... ,y(“‘)) = 0 in F will be called a minimal
polynomial of y in K — F.

Notice that, if P € K[T,...,T¥] is a polynomial with P(y,... ,y(“)) = 0 in ¥, then any minimal
polynomial M of y divides P in K(T,...,T®D)[T®] and, being M primitive, it also divides P in
K[T,...,T¢=D T®]. Then, the set of all polynomials P € K[T,...,T®] with P(y,...,y"®) = 0 in
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F is a principal ideal of K[T,...,T"] which is generated by any minimal polynomial of y in K < F.
Thus, a minimal polynomial of y in K < ¥ is uniquely determined up to scalar factors in K \ {0}.

On the other hand, for i = 1,...,a, there exist polynomials p;(T), gi(T) € K{T} with g;(y) # 0 in F,
such that Z; = p;(y)/qi(y) in ¥. In other words, ¢;(y)Z; — pi(y) € 7 fori = 1,...,a (in fact, due to

Proposition 43, there exist polynomials p;, g; of order bounded by s satisfying these conditions).

Definition 44. Under the previous assumptions and notation, the set

M, qi(T)Zy = pi(T), ..., qa(T)Zy = pa(T)},

where M is a minimal polynomial of v in K — F, is called a resolvent representation of the 0-

dimensional prime differential ideal I with respect to the primitive element y.

This notion can be extended to the positive-dimensional case: let K be a differential field containing a
non-constant element and let 7 be a prime differential ideal of K{Z} with diffdim(Z) = r. Consider a
differential transcendence basis W ¢ Z of K < F. Setting K := K(W)and Z := Z\W = {Z1,..., Zo_+}

the ideal K® I of K{Z} has differential dimension zero and the field F is the fraction field of K{Z}/K® 1.
Then, the previous assumptions hold and so, there exist a primitive element y € K{Z} of the extension
K < F and a resolvent representation {M, q\(T)Z; — p1(T), ..., qa—r(T)Zq-r — pa—r(T)} of the ideal
K®1I.

Without loss of generality, we may assume that M € K{W}{T}, and also that g;, p; € K{WHT} for

1 <i < a. The set
M, q1(T)Z1 — p\(T), ... Ga—r(T)Zo—r = Pa=r(T)} € K{WHT}

is called a resolvent representation of the prime differential ideal I with respect to the transcendence

basis W and the primitive element 7.

4.1.1 Bounds for the order and degree of a minimal polynomial of a primitive element

In what follows, we go back to our particular situation arising from the differential equation system (2.1).
We keep the same notations and assumptions as in Chapters 2 and 3. We will further assume that our
differential base field k contains a non-constant element and that a “good” differential transcendence
basis W C {X, U} of k(Y) — F has been fixed (see Section 3.3).

First, we will prove an upper bound for the total order, that is, the order of derivation of all the variables
involved, of a minimal polynomial of a primitive element of the extension k(Y, W) < . Then, we
will show that this polynomial can be regarded as an eliminating polynomial associated to a suitable
linear projection of a certain algebraic variety, which will enable us to deduce a degree upper bound (see

Proposition 48 and Theorem 49 below).
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Denote V = {Vy,..., Vy} = {X, U} \ W and K := k(Y¥, W). From Proposition 9 and the fact that W is a
differential transcendence basis we deduce that the differential ideal generated by the polynomials F and
G, is a 0-dimensional prime differential ideal of K{V} that we will denote by A :=[F,G].

Lety := 4,1V + -+ + Ay1rVyer € k[V] be a linear form such that y € ¥ is a primitive element of the
differential field extension K — ¥ .

Since W was chosen as a “good” basis, ordyy(A) = ordg(A). Set s := ordg(A); so, a minimal polynomial
M of yin K < F lies in K[T, ..., T®] (see Proposition 43).

From now on, we will denote for i > 0, A; := K[V!!] and A, := (Fi-1, Gy c A,.

Now, we will show the existence of a minimal polynomial of y in K < ¥ with ‘low’ order also in the

variables Y, W.

Lemma 45. There exists a minimal polynomial M € K[T, ..., T® of y in K — F such that M belongs
to the polynomial ring k[Y?+2—1 w211 gnd

M(’y, e ,y(s)) c (F[2n+2r—l]’ G[2n+2r—l]) c k[Y[2"+2r_l], X[2n+2r], U[2n+2r]]‘

Proof. As in the proof of Proposition 43 -ii), since the primitive element y has order O and s < n + r
(Corollary 29), we have that the field F coincides with the field Frac(A,w/A N Apir). Then, if P €

K[T,...,T"] is a minimal polynomial of y in K — ¥, we have that
P(y,....y") e AnA,,,.

Multiplying it by a non-zero element of K, we may assume P € k{¥, W}[T!*].

Now, with a proof analogous to that of Theorem 26, it can be shown that
An An+r = A2n+2r N An+r

and so,

P(y,..., 7/(S)) € An+r N A2n+2r-

Thus, for1 <i<n, 1 <j<r 0<k<2n+2r— 1, there exist polynomials a;;, bji € Aoy such that

2n+2r-1( n

P,y = > D> awF + ibjk(;;") :

k=0 \i=1 j=1
If | € N is the biggest order of derivation appearing in this identity, multiplying it by a polynomial in
k{Y, W}, we may assume that a;, bj; belong to the polynomial ring k[Y' U Wil yi2n+2r1] and that P €
k[Y[l], W[”][T[S]].
Let Ip € k[Y!, Wi TU=11] be the leading coefficient of the polynomial P in the variable 7 and
let yo := Ovont2rs----y1) and wo 1= (Wop42s41,- .., wy) be rational vectors such that the specialization

Ip(Y2n2r=11 50 Wwn+2r1 o T~ is not the zero-polynomial in the variables Y127+2r=11 yy2n+2r] pls=11,
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Making this same substitution in all the coefficients of P and in the polynomials aj, bjx, we obtain a

non-zero polynomial M € k[Y®2"+2 =11, w211} satisfying
M(y, ...,y e (Fl2m+2r-1l Glans2r-1ly

In particular, M(y, ...,¥"®) = 0in ¥, and it follows straightforwardly that M is a minimal polynomial
ofyinK—%. m

From the proof of the previous lemma, we can give a more precise statement of the result in terms of the

differentiation index, as follows:

Remark 46. Let o be differentiation index (see Definition 25). As in Theorem 26, o is the minimum
integer such that the identity A N A; = Aiye N A; holds for every i € N. Then, there is a minimal
polynomial

M € k[YUro= wisto T sych that M(y, ..., ¥) € Agiq.
Note that o < n + r (see Proposition 17) and s < n + r (see Remark 29).

We have now all the ingredients we need to characterize a minimal polynomial of a primitive element as
any defining equation of an algebraic variety and thus, to estimate its degree.

In the sequel, unless otherwise stated, we will consider affine spaces over the field k, the algebraic closure
of k, which will be denoted simply by A. This affine spaces will be equipped with their Zariski topologies

over k, that is, the polynomial defining this topology will be taken with coefficients in & .

Notation 47. Let Ny := rQn+2r) + (n+ m)2n +2r + 1) and V ¢ AN be the irreducible variety defined
by the ideal (F[2n+2r—1]’ G[2n+2r—1]) c k[Y[2n+2r—1]’ W[2n+2r], V[2n+2r]] (see Remark 4)

Arbitrary points of the corresponding affine spaces will be denoted by

y — (y TS ’y(12n+2r 1), o (2n+2r 1)) c Ar(2n+2r)
w o= Wi, Wiep, .. (12”"'2”), . (2n+2r)) e Alm—nQn+2r+l) 4.2)
Vv o= (Viyees Virs .- .,v(12”+2r), e, 512:’;2’)) e An2n+2r+1)

Let Ny :=r(2n+2r)+ (m — r)(2n + 2r + 1) + s + 1 and consider the linear map

T \Y — AN
G,w,v) = 3wy, .., YO W),

where, for [ =0, ..., s,
[ n+r
Y= Z( )(Z AP YIER) 4.3)
k=0 i=1
(recall thaty := 41 V| + -+ + A4, Vyir € k[V] is a linear form such that y € ¥ is a primitive element of

the differential field extension K < ¥).
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The following proposition describes a minimal polynomial of a primitive element as the defining equation

describing the image of the variety V by the algebraic morphism :

Proposition 48. The Zariski closure n(V) is an irreducible hypersurface in AN, and any irreducible
polynomial M € k[Y12+2r=1 wRn+2r TN defining n(V) is a minimal polynomial of the primitive ele-

ment vy in the differential extension k(Y, W) — F.

Proof. Since V is an irreducible subvariety of AN, the Zariski closure (V) is an irreducible subvariety
of AN,

In order to prove that it is a hypersurface, on the one hand we have that if a non-zero polynomial
P € k[yzn+2r=11 wyn+2r1 'Tls=11] yanishes over m(V), then, in particular, P(y, ...,y*™") = 0in F, con-
tradicting the algebraic independence of y, ...,y in k(Y, W) — F (recall that [F, G] N k{¥, W} = 0)
and this implies that W has, at most, codimension 1.

On the other hand, due to Lemma 45, we have that there is a non-zero polynomial M, belonging to
k[Y12n+2r=11 "y 2n+2r1 [ TIs1) guch that M(y, . .., y") e (F2+2-11 GIR2n+2r-11). thys, 7(V) is a subvariety
of {M = 0} and so, its codimension is at least 1.

Clearly, any irreducible polynomial defining 7(V) is a minimal polynomial of y in k&(Y, W) — ¥ . m

Using [29, Lemma 2 and Theorem 1], we obtain an upper bound on the degree of the minimal polynomial

given by the previous proposition:

Theorem 49. Let y = L1V + -+ + Ay Visr be a primitive element of the differential field extension
k(Y, W) < F. Then, there is a minimal polynomial M € k[YP?"*+2r=11 wl2n+2r1 TSI of v with total
degree bounded by deg(V).

In particular, if d := max{deg(f;), deg(g;); 1 <i<n, 1< j<r}, duetothe Bézout inequality, we deduce
that the degree of the polynomial M is bounded by BP0+’ g

The estimation of the degree of the minimal polynomial of this last theorem will be improved in Appendix
C for the particular case of a system (2.1) with r = 0, that is, with no polynomials g’s involved, which are
the systems typically consider in the classical theory of ordinary differential equations. This improvement
will be obtained by computing a more accurate upper bound for the degree of the variety n(V) for this

particular case than the one obtained applying Bézout inequality.

Following Remark 46, we are able to give a more precise degree upper bound for a minimal polynomial

of a primitive element as in the previous theorem:

Remark 50. If V., denotes the variety defined by the ideal (FU*7~1 Gt~ there is a minimal
polynomial M € k[YU5*o=1 Wsto1 T ywith degree bounded by

deg(M) < deg(V) < d0+),
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4.1.2 An example

The following is an example where the upper bounds for the order and the degree of the minimal poly-
nomial in terms of the geometric degree stated in the previous section are reached. In addition, it shows
that for certain particular systems, our geometric upper bounds may be considerably smaller than the
syntactic single exponential ones. Bézout-type degree bounds for the polynomials involved in the resol-
vent representation of the classical, explicit systems without parametric equations g’s will be studied in

Appendix C.

Example 51. Let us consider the following system over the differential field k = Q(¢):

X = X;

X, = X}
&) =

X, = X?

1

Here, r = m = 0 (that is, there are no variables Y or U involved and no polynomials G) and so k = K,
A=A=[F],V=Xand F = Frac(k{X}/[F)) (thus, dimdiffx(F) = 0).

It is clear that

AN K[X"™ = [F]nk[x!1] = (Flim1) = A, for every i € N

(and so the differentiation index o of Definition 25 is 0). This implies that
Hi1r)(i) = trdeg,Frac(k[ X" /(FI=1)) = n

and then, s = ord;([F]) = ordg(A) = n.
In order to apply the results of Remark 50 we need to compute the degree of the variety V,, C A" defined
by the ideal (F"~D):

2 2 3 3 1 1 .
Vi =3 @l 2o 2o e e o3 20 22005 2200yl Lo 012 ) with (2, ..., z,) € A"
[ —
n-times n-times n-times

Claim: The degree of the variety V, is n + 1.

Proof: The variety V,, is isomorphic to A"~! x W, where

W, = (zl,z%,...,z%,Zz?,...,2z?,...,n!z’f+l,...,n!z’{“) withz; € A!
—————

n-times n-times n-times
via an invertible linear application which doesn’t change the degree. Then, it is enough to compute
deg W,,.
Since dim W,, = 1, to estimate its degree, we need to intersect with one (generic) linear form in (n—1)n+1

variables. The amount of points of this (generic) intersection will be the degree of the variety. This
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intersection is represented by the roots of a generic univariate polynomial of degree n + 1 obtained by
replacing the variables of the linear form by the parametrization of W, and so deg W,, = n + 1. Thus, we

deduce that the degree of the variety V,, defined by the ideal (FI"")isn+ 1. m

The result above and Remark 50 imply that any linear primitive element y has a minimal polynomial
M € k[T"] with deg(M) < deg(V,) = n + 1.

Our next step will be to show a primitive element:

Claim: Let n > 2 then the element y := Xp + X3 + -+ + 72X, is a primitive element of the differential
field extension Q(t) < ¥ = Frac(k{X}/[F)).

Proof: In this proof we will use the following notation: given a vector v = (vy, ..., V) of m coordinates

and a polynomial H := a; +apt +--- + ant™ ', we will write

m—1

(H,v) :=ajvi + apvat + -+ - + a vyt

With this notation we have that, if Q := 1 + 7+ --- + "2, vy =40, (X2, X3,...,Xn)).

For each [ € N, modulo the differential ideal A, the following relation holds:

-1
I .. _i
Y0 = (0" Kinas . X)) + ) 50X (44)
L j!
j=0
and, in particular, since Q"D = Q™ =0,
n—2(n_ 1)' ) n—ln‘ o
(1) _ O m = N o)yt
y _Z 7 QX" and y _Zj!Q X!
=0 =0

(n)

—n)’("_ 5 in

from where we deduce that nX;y"~" = 5 and then X, = F.

Replacing X in (4.4) for [ = n — 2, we have that

n-3 n—1-j
N (n) 7
(n=2) _ (1 _ 9\ }’(” Do (Y

Y n—-2)'X, + v ]' Q l’l)’(n_l) :

Then, X, can be written in ¥ as a quotient of polynomials involving only ¥ and its derivatives, more

precisely

n3 n—1-j
X, = ; ),(n—z) _ Z (n—-2)! oU ™ |
(n—2)! 4 D

Applying successively the identities in (4.4) for [ = n — 3,...,1, all the variables can be written as
quotient of polynomials in vy, ...,y"™. This shows that y is a primitive element of the field extension

Q@) — F = Frac(k{X}/[F]). m

From this last proof, we have thatif Q :=1+¢+--- + =2, then

n-2
_ =1 oni ™
y=b = E —j‘ Q(J)X'll /' and X = —4—
Jj=0 '
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Replacing X in the first formula, we obtain a polynomial

M o= (T0D) ni@ QO (wT D) (Tyr=i
j=0
such that M(y!") € A.
In order to show that M is a minimal polynomial of 7y, we need to prove that:
Claim: M € k[£][T"] is an irreducible polynomial.
Proof: Let us suppose that this is not the case, then M can be factored as the product of two polynomials
in the ring k[z, T=D1[T™] of positive degree in the variable Tm.

The same should happen if we evaluate ¢ = 0, and so, the polynomial

-n" (T(”_l))n+1 + nz_%‘(n - 1) (nT(”—l))j (T(n))n—j
7=0

could be written as the product of two polynomials in k[T""~D, 7],
n=2

. _ .

But Z(n - ! (nT("_l))] (T™y"=J and —n" (T(”‘l))n+ are homogeneous polynomials, with consecutive
=0

degrees and no common factors, then their sum is irreducible ([21, Exercise 2-34]). m

Finally, let us observe that, since ord(M) = n = ordi([F]) and deg(M) = n + 1 = deg(V,), the bounds

obtained in this section for the degree and the order of the minimal polynomial are optimal.

4.1.3 The minimal polynomial of a generic primitive element

The algorithm we will present in Section 4.2 for the computation of a resolvent representation follows
closely Seidenberg’s proof of Theorem 41 relying on a construction based on the minimal polynomial of
a generic primitive element (that is, a linear combination with parameters as scalars). For this reason, we
will need estimates for the order and degree of this polynomial also in the variables corresponding to the
coeflicients of this generic primitive element.

Let A := {Ay1,...,A,+r} be a set of new differential indeterminates over k. We change our base field
k by kp = k(A). Let Ap := [F,G] C kalY, X, U} be the differential ideal generated by the differential
polynomials F, G and let 7 := F(A), which is the fraction field of ka{Y, X, U}/Ax.

The differential transcendence basis W of k(Y) < ¥ is also a differential transcendence basis of
ka(Y) — T and so, by considering Kx := ka(Y, W), we obtain a differential field extension Ky < F
which is finite and differentially algebraic.

Furthermore, if we denote by A the differential ideal generated by F, G in Kx{V}, the differential field
F is also the fraction field of K,\{V}/AA and the class in Fp of I' := A1V + -+ + Aysy Viusr € ka[V]is a

primitive element of Kx < ¥4 (see the proof of Theorem 41).
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Due to Proposition 43, since s = ordg, (Ap) = ordg(A), the set {T, ..., T¢~D} is a transcendence basis of
Ka = Fa and Fo = Frac(Kx[V"1]/(Ka @ Ap) N (KA[VI"*1])). Thus, Lemma 45 ensures the existence
of a minimal polynomial M, of T in K5 < Fa, such that My € kp[Y2*+2r—1 w221 71s1] and

MA@, ... l—~(s)) c (F[2n+2r—1] G[2n+2r—l])A c kA[Y[2n+2r—l] X[2n+2r] U[2n+2r]]'

Finally, Theorem 49 states that such a minimal polynomial M can be chosen with total degree bounded
by the degree of the variety defined by the ideal (F[?"+2~1 G2n+2r=11) | in the corresponding affine space
over an algebraic closure of kx.

Moreover, with the same arguments of specialization as in the proof of Lemma 45, the following result

concerning the order in the variables A of a minimal polynomial M, of I can be proved:

Proposition 52. There is a minimal polynomial M of the generic primitive element I of the extension
Kn < Fa satisfying the degree upper bound of Theorem 49 in the variables Y?"+2r=1 yRn+2r] pls],
such that

My € k[AL) y2re2r=1 wRn2ry 7Y s irreducible, and

MA(F o F(s)) c (F[2n+2r—1J G[2n+2r—lj) c k[A[sJ Y[2n+2r—lj X[2n+2rj U[2n+2rj]' -

As in the previous section, we will show that the polynomial M, can be seen as an eliminating polyno-
mial and this will enable us to give an upper bound on its degree.

Let N; and N, be as before (Notation 47), AM (m) be the N;-dimensional affine space over any
algebraic closure of the extended field k(Al*)) and Vo c AN (k(A5))) be the irreducible variety defined

by the polynomials F[?"+2r=11 GI2n+2r=11 Consider the linear map

b/ VA — ANz(k(A[s]))
w,v) = (w,T),...,TOW)).

From Proposition 52, we obtain the following analogue of Proposition 48:

Proposition 53. The Zariski closure of m(Vy), m(Vp) € AN (k(A1S))), is an irreducible hypersurface,
and any irreducible polynomial My € k(ALSh[y2n+2r=1] yyl2n+2r] pls]) defining n(Vp) is a minimal

polynomial of U in Kp < Fp. ®
Now we are able to show an upper bound for the fotal degree of a minimal polynomial of the generic
primitive element I'.

Theorem 54. Let My € k[A1, y12n+2r=11 Ww2n+2r1 TN pe as in Proposition 52 and let V.c AN be the
algebraic variety from Notation 47.

Then, the total degree of My is bounded by (n + 1 + m(2n + 2r + 1)) deg(V).
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Proof. First, note that {Y12+2r=11 W2n+21 Tls=11} ig an algebraically independent set in the field exten-
sion kp < Frac(ky[Y12+2r=1 x2n+2r] gyl2n+2rl) j(plon+2r=11 Gl2n+2r=11) 'y whose transcendence degree
is n+m(2n + 2r + 1) (see Remark 4). Then, there is a set E c {VI2"*2 lyof n + r— s many elements such
that {y12n+2r=11 w2n+2r] Tls=11 F} i5 a transcendence basis of this extension.

Throughout the proof, we will use the notation 1 := (y,w,v) for the elements of AN (keeping the
notation introduced in (4.2)), and A = (Ay,...,dusr, .. .,/1(]‘” Y. ,/15,“2,) for the elements of the affine
space A("+r)(s+l).

Let Ng :=n+ 1+ m(2n + 2r + 1) and consider the (non-linear) map
m :A(n+r)(s+l) X ANI N A(n+r)(s+l) XANO

T, =, y,w,T(Lv),...., [0, v),e)

and the irreducible variety
Vl = A(n+r)(s+1) <V c A(n+r)(s+1) ~ ANI.

Since {AlS], yl2n+2r=1] 'yyl2n+2r] Tls=11_ EY ig a transcendence basis of the extension k < k(V), 7TV1) is
a hypersurface in A*)(+D 5 ANo,

On the other hand, it is straightforward to check that an irreducible minimal polynomial My in the ring
K[AlS], y(2n+2r=11 yyl2n+2r] 7ls1] a5 in Proposition 52 vanishes over 71 (V1), and so, 7(V) € {Mx = 0}.
We conclude that m = {Mx = 0} (both varieties being irreducible hypersurfaces) and therefore,
deg(Mp) = deg(m1(V1)).

In order to estimate the degree of 71 (V), we will give an alternative description of this variety.
Fori=1,...,Ng = dim(V) + 1, let C; be a set of N| + 1 new variables indexed by Y12+2=11_yyl2n+2r]
V24211 and 0 which stand for the coefficients of a generic affine linear form L; in these variables (Cjo

corresponds to the constant term of L;) and consider the map

¢ A(N1+1)N0 XV — A(N1+1)No XANO

¢(C, 77) = (C’ Ll (Cl, Tl), B LNo(CNm 77)),

where ¢ := (cq, ..., cn)-

The Zariski closure of ¢(AM+DNo x V) is a hypersurface in AN *DN x AN which is defined by a
multihomogeneous polynomial of degree deg(V) in each group of variables C; fori = 1, ..., Ny (see [40,
Section 2.3.1]). Thus, deg(¢(AN+DM x V)) = Ny deg(V).

We will show that the variety 71(V) can be obtained as a linear projection of the intersection between
H(ANI*DNo 5 V) and a linear variety.

First, we define a linear variety £ ¢ AW™1*DM whose points correspond to the coefficient vectors of

[2n+2r-1] W[2n+2r]

families of linear forms of type Y Y51, E; that is, a point c is in £ if and only if its
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first coordinates are the coefficient vectors of the linear forms Y12+2 =11 W2n+2r1 jtq Jast coordinates are
the coefficients of the linear forms E, and the remaining ones are the coefficients of v, 7y, ..., y(“) for the
derivatives ¥ of some linear form as in (4.3).

Setting i := r(2n +2r) + (m = r)2n + 2r + 1) and iy := ip + s + 1 and identifying A? with C; |} x.0)
forl = 0,...,s, the variety £ can be defined by means of the following equations (where €,.. ., ey, +1

denote the vectors of the canonical basis of k1 +1):

e fori= 1,...,i02 CiIE,'.

e fori= i0+ 1,...,i11
Ci’yl2n+2r—lj = Ciiwl2n+2r1 = 0
Ci,{V}(j) =0 forj > i— i()

Civion = (T97)Cicjyyyo  for j < i — i (see Identity (4.3))

e fori=i;+1,...,Nog: C; := €jiiy > where €;, is the vector of the canonical basis corresponding to

the coefficient vector of E; fork=1,...,n+r —s.
Let rp : AMITDNo s ANo 5 p(#0(s+1) 5 ANo be the linear projection defined by

7a(e,b) = (Cipurx,0y0 - - - Ciy x,010 O)-

Then, we have that ma (@(AN*DM x ¥) 1 (L x AN0)) = (V).
Taking into account that the degree of a variety does not increase when intersecting it with an affine linear

space [29, Remark 2] or under a linear projection [29, Lemma 2], we conclude that
deg(My) = deg(m (V1) < deg(@(AM DN x V) N (Lx AM)) <

< deg(p(AMTIN0 5 V)) = (n + 1 + m(2n + 2r + 1)) deg(V).

4.1.4 The resolvent representation

We will now deduce some results concerning the choice of a primitive element of the extension K «— ¥
(see Section 4.1.1) and the order and degrees of the polynomials involved in a resolvent representation
of the prime differential ideal [F, G].

Let My € k[AlS), yt2r+2r=11 'y2n+2r1 [ T151] be a minimal (irreducible) polynomial of the generic primi-
tive element I' = A V| + -+ + Ay Vi of Ko <= F 4 as in Proposition 52 and Theorem 54.

The polynomial X appearing in the proof of Theorem 41 can be taken as X = M, and since Qp :=

g%’g‘) ([, ...,T'9)is a polynomial in k[Al*], y12n+2r=11 x{2n+2r] 1712n42r1] whose class is a non-zero element
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in 7, the proof of this theorem provides a resolvent representation of the ideal A by computing the partial
derivatives of MA(T, ..., T®) with respect to AES) fori=1,...,n+ r(see condition (4.1) in the proof).
In particular, all the polynomials involved in this resolvent representation are elements of the polynomial
ring k[AlS), y2n+2r=11 yy2n+2r1 'TIs1] and have degrees bounded by that of M.

In addition, that same proof shows that it is enough for an element y = A V| + --- 4+ 4,4, V4, to be a
primitive element of K < ¥ the non-vanishing in # of the class of the specialization of the differential
polynomial Ox € F{A} at (11,...,A,+,). As the order of Q4 in the variables A is bounded by s, the
arguments in the proof of [52, Ch. 2, §22] imply:

Corollary 55. Let ¢ € k C K be a non-constant element. There exists a primitive element y of the
extension K — F of typey = 1V + - -+ + Apiy Vusr where A; € Q€] is a polynomial of degree bounded
by s = ordK(A)fori= I,...,.n+r.m

Now, let A := (41,...,dy4r) be an (n + r)-tuple with Oa(4) # 0 in . Then, by considering a minimal
polynomial M of y :=I'(1) as in Proposition 48 and specializing the differential variables A into A in the
polynomials Q := g%\) (T,..., T®) € K{A,T} and P; := —2% (T,..., T9) e K{A, T} appearing in the
generic resolvent representation, we obtain a resolvent representation of the ideal [F, G] with respect to

the transcendence basis Y, W and the primitive element y. We conclude:

Theorem 56. There is a resolvent representation

M, gX1 =1y sqXn = Pu>q U1 = Prsts .., q Ur = prar}

of the prime differential ideal A with respect to the transcendence basis Y, W and a primitive element
v =4 Vi+: -+ s, Virr of the differential field extension k(Y, W) — F with M, q, p; (fori = 1,...,n+r)
in the polynomial ring k[Y? 2 =11 Wl2n+2r1 "TUS1 and with their total degrees bounded by deg(V). m

4.2 Algorithmic computation of a resolvent representation

The main goal of this section is the computation of a resolvent representation of the differential ideal
[F, G] associated to system (2.1).

As in Section 3.4, we will consider the ground differential field k to be the rational effective field Q(¢)
(with the standard derivation). Furthermore, in order to make the presentation of our algorithm simpler,
we will assume that the polynomials defining system (2.1) have coeflicients in Q. This assumption is not
restrictive, since we may replace our original system over Q[#] by an equivalent one over Q by adding a
new differential variable ¢ and the equation 7 = 1.

In the previous sections we proved that the minimal polynomial of a primitive element can be seen as an

eliminating polynomial of a suitable linear projection in the classical algebraic geometry context. Now,
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we will apply some well-known algorithmic techniques from computer algebra (mainly from [30] and

[55]) to the computation of this polynomial.

4.2.1 Computing the generic minimal polynomial

As in Section 4.1.1, fix a “good” differential transcendence basis W C {X, U} of the field extension
Q1Y) — ¥, and consider the differentially algebraic extension Q(¢#)(Y, W) < ¥ . This transcendence
basis W can be obtained by applying the algorithm underlying Theorem 39. Denote V := {X, U} \ W and
K := Q(r){Y, W). We introduce a new set A := {Aq,...,A,.,} of differential indeterminates over K and
set kp := Q(OA), Ap = [F,G] C kalY, X, U}, Kp := ka{Y, W) and Fp := F(A).

This section focuses on the computation of the minimal polynomial M, of the generic primitive element
[:=AVi+- -+ Ay Visr in Kp <> T satisfying the degree upper bound stated in Theorem 54.

Let E c {V[2"*2]) be a set with n + r — s elements such that {Y12#+2r=11 wi2n+2r] Tls=11 EY s a transcen-

dence basis of the field extension
kA N Frac(kA[Y[2n+2r—l]’ X[2n+2r], U[2n+2r]]/(F[2n+2r—1]’ G[2n+2r—1])A)‘

Asin Notation 47, let N; = r(2n+2r)+(n+m)(2n+2r+1). Consider the variety V c A6+ ANy A'S
defined as

Vi={A,y,w,v,7) € A+ oo AN o0 S F[2n+2r—1](w’ V) =0,

G2 Uy, w,v) = 0,T(4,v) = 70,..., [ D(,v) = 7,4},

which is irreducible of dimension y := (n+ r)(s + 1) + mQ2n + 2r + 1) + n.

We have then the ring inclusion
Q[A[S], Y[2n+2r—l]’ W[2n+2r]’ E, T[S—l]] PN Q[(v]
and the cardinality of the family Alsl yl2n+2r=11 yy2n+2r] g opls=1] ig 4. Thus, the linear projection
TV - A*

A, y,w,v,7) = (4, y,w,e,T)

is a dominant map with generically finite fibers.

Let o : V — A¥ x Al be defined by (4, y, w, v, T) = (n(4,y, w, v, 7),T®)(1,v)). Then, the Zariski closure
W is a hypersurface and any square-free polynomial defining W is a minimal polynomial for the
generic primitive element I'.

We will consider the polynomial equation system defining V as a parametric system, where the param-

eters are P := (A, yt2+2r—11 wi2n+2r] g Tls=11) and the variables —the set of which will be denoted
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Z in the sequel— are those variables in VI>"*>] that are not in the set of variables E. Thus, we obtain
a polynomial system with 2(n + r)> + s equations in 2(n + r)> + s unknowns defining a 0-dimensional

variety Vg over the algebraic closure K of K := Q(P). Note that the ideals
I ‘= (F[2n+2r—l]’ G[2n+2r—1]’ r _ T, . ’F(S—]) _ T(A—])) C Q[P, Z]

and

1—7( = (F[2n+2r—lj’ G[2n+2r—lj’l—‘ _ T, ., F(S—l) _ T(S—l)) C 7([2]

are the (prime) ideals of the varieties V and Vg respectively.
The following result relates the minimal polynomial M, we want to compute to the minimal polynomial

of a K-linear map.

Lemma 57. Let myo : K[Z]/ T4 — KI[Z]/ Lk be the K-linear map defined as the homotecy myw (f) =
I'® f and let My € K[T] be its minimal polynomial. Then, there exists Qg € Q[P] — {0} with minimal
degree such that My = QoM.

Proof. First, note that MA(I'®) € T so MA(I'®) € Iy and therefore M divides M in Q(P)[T®].

On the other hand, since M(I'®) € T, there exists a polynomial Q € Q[P]—{0} of minimal degree with
OMy(T'™®) e I. Then, the fact that M, is the polynomial with minimal degree in Q[P, 7] satisfying
MA(T®) € T implies that M, divides QMg in Q[P, T™].

The lemma follows now from the irreducibility of M, and the fact that My is a monic polynomial. m

Since f is a 0-dimensional prime ideal of K[Z], its extension 1 % to %[Z] is a O-dimensional radical
ideal. Then, the linear map mp : ‘]_([Z] /T % ‘I_([Z] /T % is diagonalizable and its characteristic poly-
nomial is X := HQI(T(S) —TY(R)) € K[T®], where D := deg(V) and Ry,...,Rp € %Z(nmz“
the points in V. Therefore, the minimal polynomial M of mp can be obtained as the square-free part
of X.

Our algorithm for the computation of the polynomial M, is based on an extension of the results in [30]

(which hold for a finite morphism) to the case of a (generically finite) dominant map, which is achieved

by using the techniques described in [55].

Proposition 58. With the same notation as before, assume that fi,...,f, € QIX,U), g1,....8 €
QIX, U, U] have degrees bounded by d and are encoded by an slp of length L. Then, there is a probabilis-
tic algorithm which computes the minimal polynomial of the generic primitive element T in Kp < Fp
with error probability bounded by g, with 0 < & < 1, within complexity O(log(1/e)(n + NPn +
m)Od? deg(V)ML), where Y is the algebraic variety introduced in Notation 47.

Proof. First, we present a sketch of the algorithm:
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(1) Take a point p € Q“ at random and compute a geometric resolution of 77! (p), that is, a family

of 2(n + r)> + s + 1 univariate polynomials g, v1, ..., Vaery2+s With coeflicients in Q(P) such that

77N p) = (P} X AW1(Ds -+ Vaguerpas(O)s q(0) = O

(2) Applying a symbolic version of Newton’s algorithm to the geometric resolution, compute a poly-
nomial X, € Q(P)[T] whose coefficients approximate the coefficients of the polynomial X as

power series in Q[[P — p]] with prescribed precision 2 for a suitably chosen k € N.

(3) Compute a polynomial I, € Q(P)[T™] whose coefficients approximate the coefficients of the

square-free polynomial red(X) := m € Q(P)[T™] with precision 2% in Q[[P — p]].

(4) By means of a Padé approximation type procedure, compute relatively prime polynomials IT; and
I, in Q[P, T™] such that red(X) = II;/II,. The minimal polynomial My € Q[P,T*] is the

numerator I1;.

Now, we detail the procedures underlying each of the above mentioned steps of the algorithm, compute
their complexities and estimate their error probability.

The first step of the algorithm consists in the computation of a geometric resolution of a fiber 77! (p)
for a randomly chosen point p € Q“. This point is chosen at random so that with high probability the
fiber 7~!(p) is O-dimensional and unramified. In order to compute the geometric resolution of 7 l(p), we
apply the procedure for the resolution of O-dimensional systems described in [31] (see also [28] and [26]),
which takes a reduced regular sequence as input. We will also need the following technical assumption
on the point p: #HTO®WM) e 7 (p)) = HTOR) : R € V) (or, equivalently, the polynomial M (p)
is square-free). Both these conditions also hold for a generic p € A*. Moreover, there is a non-zero
polynomial Hy € Q[P] of degree bounded by 64*"*" 7425 guch that all the previous conditions hold for
any point p € A* with Hy(p) # 0 (see [55, Section 3.4]). Thus, if we choose the coordinates of p at
random in a set of cardinality 12d4("+’)2+25[1 /€], the conditions hold with error probability bounded by
£/2. These random choices can be made within complexity O((n + r)? log(d) + log(1/¢)).

Recall that the polynomials F (2n+2r=11/GI2n+2r=1] can be encoded by slp’s of length O((n+ r)}(n+m)L) (see
Lemma 34). Assume that the randomly chosen point p € A* satisfies all the genericity conditions stated
above. Then, if ¢ is the maximum of the degrees of the varieties successively defined by the equations of
n~!(p), a geometric resolution of 77! (p) can be computed with error probability bounded by £/4 within
complexity O(log(1/g)(n +m)(n + r)'°d §*L) (see [31, Theorem 1]). Let us observe that § is bounded by
the maximum of the degrees of the varieties successively defined by the ideals p; 5, g;; for 1 <i < 2n+2r,
1 <s<n,1<1<r, introduced in Remark 4. It is easy to see that the degrees of these varieties form a
non-decreasing sequence and so, their maximum is the degree of the last variety. Therefore, 6§ < deg(V),

and the complexity of step (1) can be estimated as O(log(1/&)(n + m)(n + r10d deg(V)4L).
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Denote g, v1, ..., Vo(uirp+s € Q[T] the polynomials appearing in the geometric resolution of a1(p). Let
S = (Fn2r=1l glne2r=1l 7@ 16D _76=D) be the polynomial system defining V. Let DS (Z)
be the Jacobian matrix of S with respect to the variables Z and let Jg be its Jacobian determinant.

Our assumptions on p € A* state that the fiber 77!(p) is a O-dimensional variety with exactly D =
deg(“Vg) points and that, for every 7 € n‘l(p), we have Jg(p,n) # 0. Then, by the implicit function
theorem (see, for instance, [30, Lemma 3] for a proof in this context), for every n € 7~ (p) there exists
Ry € QI[P — p]]2#*1*+s such that R, € Vg and R,(p) = 1. This implies that {R, : 7 € 7~ 1(p)} = Vi,
since both sets have the same cardinality. Moreover, the proof of [30, Lemma 3] shows that, for every i €
n~!(p), the corresponding point R, € Q[[P - p]*r+r )’+S can be ‘approximated’ by applying successively
to 17 the Newton operator associated to the system S, defined as N5 (Z)' := Z' — DS(Z)"'S(Z)'.

If Ng denotes the «th iteration of Ng and (P — p) is the maximal ideal of Q[[P - pll, we have that
N£@) € QI[P - PIPC* S and (R,); — (NE(m))i € (P—p)* fori = 1,...,2(n + r)* + s, that is, the
ith coordinate of Ng () approximates with precision 2 the ith coordinate of R;, in the sense that their
power series expansions coincide up to degree 2 — 1. We conclude that the coefficients of the polynomial
Hneﬂ—l(p)(T(s) - F(S)(Ng (17))) approximate the coefficients of X with precision 2.

From the algorithmic viewpoint, we cannot apply Newton’s operator to the points € 7~!(p), since we
cannot compute these points. However, we can obtain all the approximations ‘simultaneously’ in order to
compute an approximation X, of the characteristic polynomial X by applying it to a geometric resolution

of the fiber 771 (p).

h
Let ho, hi, ..., hygerpss € Q[P, Z] be polynomials with N§ = (Z—(’), - 2(”;1—(’))2“) and ho(p,n) # O for every
nenl(p). Letv:= (v,..., Vasr+s) and let C, be the companion matrix of the polynomial g. Then,

the matrix ho(P, v(C,)) is invertible and, if N; := ho(P, v(Cq))_lhl-(P, w(Cy) fori=1,...,2(n+ r? + s,
the characteristic polynomial of T(P, N1, .. ., Norary+s) €quals H,Ie,,_l(p)(T(s) -T (“)(N’g (1)) (see [30,
Lemma 6]). In order to approximate this polynomial we first obtain straight-line programs of length
O(k d*(n + r)'"(n + m)L) for the polynomials kg, Ay, ..., hy(n+ry2+s by means of the procedure underlying
[26, Lemma 30] and then we proceed as in [30, Proof of Theorem 2] to obtain a matrix whose entries
approximate those of (P, N1, ..., Noury2+s) With the desired precision, but avoiding matrix inverse
computations. Finally, we compute the characteristic polynomial X, of this matrix, whose coefficients
approximate the coefficients of X in Q[[P — p]] with precision 2“. The overall complexity of this step
is O(k 2*d*(n + r)'(n + m)D*L), which is also the length of the slp obtained for the coefficients of the
polynomial X,.

Now, we describe the procedure to achieve the third step of our algorithm. The hypothesis #{T"® () :

0X
AT )

T, deg(ged(X, %)) = deg(gcd(X(p), (2;;(({')))). Thus, we can obtain this degree by computing the

characteristic polynomial of I'® with respect to 7~!(p) from the geometric resolution of 7~!(p) and

n € nl(p)) = #H{TO(R) : R € Vi) ensures that, considering X and

as polynomials in the variable
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9X(p)
AT

Corollary 10.14], once this degree is known, the coeflicients of a scalar multiple Y of red(X) can be

within complexity O(D) (see, for instance, [2, Section 8.3]). By [2,

subresultants of X(p) and

obtained by computing determinants of square submatrices of the Sylvester matrix of X and X’, and,
making the same computations with the Sylvester matrix of X(p), the polynomial Y'(p) is obtained. Since
T and Y(p) have the same degree, we conclude that the scalar factor is an invertible element of Q[[P— p]].
Note that the previous procedure involves only polynomial computations in the coefficients of X. Then,
we apply it to the polynomial X, instead of X to obtain a polynomial Y, whose coeflicients approximate
the coefficients of Y with precision 2“. The complexity of this computation does not increase the order
of the complexity of the previous steps.

In order to compute the polynomials I1; and I, of step (4), we apply a slightly modified version of
the multivariate Padé approximation procedure described in [55, Section 4.3.1], adapted to deal with
the straight-line program encoding of polynomials. In fact, our main change consists in replacing the
Euclidean extended algorithm with subresultant computations (see [25, Section 5.9 and Corollary 6.49]).
Note that the upper bound on the degree of the polynomial M proved in Theorem 54 implies that the
total degrees of the polynomials IT; and II, are bounded by (n + 1 + m(2n + 2r + 1)) deg(V). Therefore,
they can be computed from the Taylor expansion centered at P = p, T® = 0 of red(X) up to degree 2(n +
1+m2n+2r+1))deg(V), which can be obtained from the corresponding Taylor expansion of (', divided
by its leading coefficient provided that « > [log(2(n + 1 + m(2n + 2r + 1)) deg(V))] + 1. Then, the input
for the Padé approximation procedure is the set of graded parts up to the required degree of T, divided
by its leading coefficient, which is computed within complexity O((n + X + m)*d? deg(V)2D4L).
The complexity of the entire step (4) is O(log(1/&)(n + N2 + m)°d? deg(V)6D4L) and its output is an
slp of length O((n + r)*°(n + m)°d> deg(V)6D4L) encoding I1; and I, with error probability bounded by
£/2 provided that the previous computations are correct.

The complexity bound for the whole procedure follows by adding up the complexities of steps (1) to (4)

and taking into account that D < deg(V). m

4.2.2 Computation of a primitive element

In what follows we show how to compute a primitive element of the differential field extension induced
by system (2.1) with respect to a fixed differential transcendence basis within complexity polynomial in
n,m,r,d,deg(V) and linear in L. The procedure follows closely the arguments in Section 4.1.4. We keep
our previous assumptions and notations.

Let My € Q[AD, yl2n+2r-11 "yy2n+2r1 'T1s1] be the minimal polynomial of the generic linear form

F=AVi+- 4+ N Virr
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in the differential field extension K5 <— ¥, and let

oM
Ona: A

_ (s) [s] v[2n+2r-1] [2n+2r] [2n+2r]
= aT(s)(lﬂ,...,lﬂ ) € QIAYLY , X ,U 1.

As explained in Section 4.1.4, in order for a linear form
y=AuVi+- -+ A Vs

to be a primitive element, it suffices that Qa(4y, .. ., Ay4r) # 0 in F. Furthermore, forevery 1 <i < n+r,

A; can be chosen to be a polynomial in Q[¢] of degree bounded by s (see [52, Ch. II, §22]).

Fori=1,...,n+rletA;; (0 < j < s) be new indeterminates which stand for the coeflicients of a generic
polynomial Z;:O ’% t/ of degree 5. Set A := {4; i1 <i<n+r 0<j< s} If wesubstitute the variables
A; (1 £ i £ n+r)in the polynomial Q5 by these generic polynomials, we obtain a new polynomial
Qo € Q[t, A|[Y12r+2r=11 xn+2r] 17[2n+2r1] with the property that, for any specialization of the variables
A in a set of rational numbers a := (a;;) with Qp(a) # 0 in F, the polynomials A; := ‘;:0 ‘;—’{ t/ are the
coefficients of a primitive element of the field extension K «— .

Let us observe that substituting ¢+ = 0 in Qg has the same effect as renaming Agj) = A;j in Qp. This
implies that any family of rational numbers a with Ox(a) # 0 in ¥ yields a primitive element of the
extension K — . The procedure to test the non-vanishing of QO in ¥ relies on the isomorphism
F = Q(X),(U): we substitute X;” = £ (1 <h<n 1 <hand ¥ =g (1 <j<r0<kin
the polynomial Qp to obtain a new polynomial QA e Q[AV, X, U?"*?1] (see Notation 3), and we look
for a tuple (a, x, ul?*2r1) of rational numbers that does not annihilate QA (this is done probabilistically

by choosing their coordinates at random). The vector a of the first coordinates of this tuple yields the

desired primitive element.

If the polynomial My is given, we obtain the following complexity result:

Proposition 59. Assume that a “good” differential transcendence basis W of the differential field ex-
tension induced by system (2.1) is fixed and that the minimal polynomial M with respect to W of the
generic primitive element I is given by an slp of length L. Then, we can compute a primitive element of
the differential field extension Q(t){Y, W) — F, with error probability bounded by &, within complexity
O(L + log(deg(V)/e)(n + r*(n + m)L), where L is the length of an slp encoding fi,..., fn, 81,..-,8r M

Taking into account the complexity estimate for the computation of M, stated in Proposition 58, we

deduce:

Corollary 60. Let the assumptions and notations be as in Proposition 58. Then, there is a probabilistic

algorithm which computes a primitive element of the differential field extension Q(¢t){(Y, W) — F induced
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by system (2.1) (for a given differential transcendence basis W) with error probability bounded by &,
0 < & < 1, within complexity O(log(1/g)(n + r)*°(n + m)%d* deg(V)'*L). m

4.2.3 Computing a resolvent representation of the system

As it was shown in Proposition 59, there is an algorithm for the computation of a primitive element y
of the differential field extension Q(¢)(Y, W) — ¥ . Let us observe that specializing the generic minimal
polynomial My into the coefficients Ay, ..., 4,4, € Q[f] of v, we obtain a differential polynomial, M,, in
Q[e[y2r+2r=11 wi2n+2r1 Tls1] guch that M (y) = 0 in F but, unfortunately, this polynomial need not be
the minimal polynomial of y. However, the arguments in Section 4.1.4 give an algorithmic procedure,
based on the computation of derivatives of M and specialization, to compute polynomials g, p1,. .., Puir
in Q[f][Y+2—11 wi2n+2r1 ‘T such that g(y)V; — pi(y) € [F,Gl fori=1,...,n+r.

Therefore, in order to obtain a resolvent representation of the ideal [F, G] with respect to the differential
transcendence basis ¥, W and the primitive element y, only a minimal polynomial of y remains to be
computed. This can be done using the algorithm described in the previous sections for the computation
of the minimal polynomial of a generic primitive element within the same complexity.

Combining this procedure with Theorem 39 and Corollary 60, we deduce our main result:

Theorem 61. Let fi,..., f, € Q[t][X, U], g1,...,8 € QtI[X, U, U] polynomials with degrees bounded
by d and encoded by an slp of length L. Let [F, G] be the differential ideal associated to system (2.1) and
let V be the algebraic variety defined by (F'>"*2"1 G2"*21) introduced in Notation 47. Then, there is a

probabilistic algorithm which computes:
e a “good” differential transcendence basis W of Q(t)(Y) — Frac(Q(t\{Y, X, U}/[F, G]),
o a primitive element y of Qt)XY, W) — Frac(Q(){Y, X, U}/[F, G)),

e a resolvent representation of the differential ideal [F, G] with respect to the differential transcen-

dence basis Y, W and the primitive element vy,

with error probability bounded by €, 0 < & < 1, within complexity
O(log(1/&)(n + r)*°(n + m)®d® deg(V)'*L).
In particular, the complexity of the algorithm can be bounded by

((n + )+ m)yd™ 0D [oo(1/e)L. m

Remark 62. We point out that our complexity upper bound in terms of geometric invariants is more

accurate than the one that can be stated using only syntactic parameters, as illustrated by the system
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considered in Example 51. In this case, deg(V) = 2n + 1, leading to a polynomial complexity bound
for our algorithm. However, the upper bound 22 for this parameter would imply a single exponential

complexity bound.

4.3 Differential systems of higher order

Up to this point, we have only considered first-order differential systems like (2.1), however, the order of
derivation appearing in the equations of the system is not a real obstacle in our work. In this section we
will show how to handle higher-order differential systems in order to obtain a resolvent representation
for them.

As it is usual in the well-known classical theory of ordinary differential equations, the method employed
to treat systems of order e > 1 is to transform them into first-order systems by introducing the derivative,
the second derivative and so on up to the e — 1 derivative of the variables as a part of a new enlarged set
of variables and then study the first-order systems associated.

To simplify the notations, we will only consider a version of the “generic” part of the system (2.1) but
the same arguments can be applied to the whole system. Let K be a differential field with char(K) = 0
containing a non-constant element & (i.e. E+0),Z:=1{Z,...,7Zy) be a set of differential indeterminates

over K and consider the system

§1Z22,...,29 = Y
§Z,2,....79) = 1,
4.5)
gl’(Zaz.a~~~’Z(e)) = YF
where polynomials gi,...,g, € k[Z!]] are differentially algebraically independent as elements of the
ring k{Y, Z} over the field k.
This system can be seen as a first-order system adding m(e + 1) new variables
X:={Xj, 1<i<e-1,1<j<mband U :={Uy,...,Up, Ui,..., Uy}
and considering the following change of variables, for each j=1,...,m:
X, = Z
Xoj = 7
(4.6)
X, | ;o= Z;e_Z)
Ui = Z;e—l)
v, = 7
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which transform the original system (4.5) into the following first-order system of differential equations:

Xi,j = Xi+1,j ijl,...,m Vi=1,...e—2
Xeetj = Uj VYj=1l....m
aX,UU) = 1
) 4.7
XU U) = I
gr(X,U,U) = Y}"

Unfortunately, not all the invariants we have computed in the previous chapters remain the same for both

systems. For example, if we consider the system with only one equation

Y =2%
the first-order system associated to it is:

X, = X

X, = U

U =1

So, to this particular system we have associated different differential ideals in different differential poly-

nomial rings. The first equation yields the ideals [Y; — Z®] c k{Y;, Z} and
Ar =Y =29 c KYiz),
meanwhile the second system induces the ideals X, -U,Xo - X1,Y, - U] ckl{Y,,U;,X;) and
Ay = [X1 = U, Xo - X1, Y1 — U]l € k(Y ){UL Xy
Clearly, the Hilbert-Kolchin functions of this two ideals are not the same since
Ha, aqry(1) = trdegyy,, (Frac(k(Y1)[Z, Z]/ Ay N k(Y1)[Z, Z]) = trdeg;y,,(Frac(k(Y1)[Z, Z]) = 2
and
Hpy k(1) = trdegy iy, (Frac(k(Y)[Uy, X1, X2, U1, X1, X21/ A2 N K(YD[U L, X1, X2, Uy, X1, X2]) = 3.
However, going back to the general case, we can find a resolvent representation for the system (4.5)

computing one for the system (4.7) with some restrictions.

Let us consider the differential ideals
Ay =Yy - gi(Z),.... Y, — g (Z1D)] c KY){Z}
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and
Ay = [Xij = Xis1jp Xe1,j = Up Vi = gk(X, U, U); 1 <i<e=2,1 < j<m,1 <k <r] c KY)X,U)

associated to the systems (4.5) and (4.7) respectively.

As afirst step, we need to show how the Hilbert-Kolchin polynomials and the orders of these two ideal are
related and how to obtain a differential transcendence basis that can be transported from one differential
extension to the other.

Since the conversion from one system to the other is made via a change of variables, it is clear that, for

every [ > e there is a (non-differential) ring isomorphism
kIZV1/ 81 0 kZT) = KX, el ag 0 kyx e, gtert),

These isomorphisms imply that, even though the Hilbert-Kolchin polynomial of the systems are not the

same, they are closely related:
ﬂk(Y},Al(l) = Wk(Y),Az(l —e+1) Vi>e-1.

From Proposition 11, we know that dimdiffyyy(Frac(k{(Y){X, U}/A;) = m — r and the same proof follows
straightforwardly to show that dimdiffy yy(Frac(k(Y){Z}/A1) = m — r, then the orders of the ideals satisfy
that ordiyy a, = ordiyya, — (m—r)(e —1).

The change of variables we have made to obtain a first-order differential system induces a non-differential

isomorphism between the differential fields
7 : Frac(k(Y){Z}/ A1) — Frac(k(Y){X, U}/Ay).

Although 7 is not a differential isomorphism it does respect in some way the order of derivation of the

polynomials, for every [ > e:
p € KIZM A1 0 kNHIZT & 1(p) € KX, Ul Ay nknix !, plie ]

andfor/<e-1:

p € kNZM/A n k(N2 &
(p) € kNX1 s, Xig1,js 1 < j<m]/ Mo NKY)Xj, .., Xigr,j3 1 < j < m].
In particular,

p € KNIZ1/A N KIZY] & 7(p) € KV X1, ..., X1l /A2 VKN X1, -, X

Because of this relation, if we are able to obtain a differential transcendence basis for the field exten-

sion k(Y) — Frac(k(Y){X, U}/A;) from the set of variables {X| 1, ..., X1,,} (which clearly contains one
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since the other variables are dependent), we will also obtain a differential transcendence basis for the
extension k(Y) — Frac(k(Y){Z}/A) applying the isomorphism -1, In the same way, once the diffe-
rential transcendence basis W has been fixed and added to the ground field, if we construct a primitive
element for the first extension involving only the variables of the set {Xj i, ..., X} that are not part of
the differential transcendence basis, applying 7~!, we obtain a primitive element of the original extension
kY, W,) — Frac(k(Y {Z}/A1).

For the first condition, Remark 40 assures that the transcendence basis obtained by applying the algorithm
in Theorem 39 is extracted from the set of variables {Xj 1,..., X1 ,}. The second condition is satisfied
since Theorem 41, which is valid for any prime differential ideal, can be applied to the field extension
k(Y) — Frac(k(Y){Z}/A1). This ensures the existence of a primitive element of the field extension
k(Y) — Frac(k{(Y){X, U}/A,) involving only the remaining variables in the set {Xj 1,..., X1 n}-

As we have already mentioned, the transformation from the system (4.5) to the system (4.7) described in
(4.6) is a linear change of variables, and this allows us to reformulate the results obtained in Theorem 56

for the system (4.5) in the following proposition:

Proposition 63. Let gi,...,g. € Q[f[X, U, UIQ[t,Z')] be polynomials with degrees bounded by an
integer d.

Let W be a differential transcendence basis of the differential field extension k(Y) — Frac(k{(Y){Z}/A).
Let us rename the set of variables V ={Vy,...,V,} :=Z\Wandlety = 1V + -+ + AV, be a primitive
element of the 0-dimensional differential field extension k(Y, W) — Frac(k(Y, W){V}/A}).

Let s := ordiiyya, <re, N :=r(m(e+3)+r(e+1)—1)+mm(e+3)+r(e+1)+e—1) and V c AN the

irreducible variety defined by the r(m(e + 3) + r(e + 1)) polynomial equations
(Yl _ gl(Z[e]))[m(e+3)+r(e+l)—l] =0,..., (Yr _ gr(z[e]))[m(e+3)+r(e+l)—1] = 0.
Then, there is a resolvent representation
M, qVi-p1,....qV, — pr}

of the prime differential ideal A| with respect to the transcendence basis Y, W and a primitive element
v with M, q, p; € k[Ylmle+3)trie+D=1] ‘yylm(e+3)+rle+1)=1] Tls]| for i = 1,...,r and their total degrees
bounded by deg(V) < d™+" DletD+2rm g

All the algorithms described to this last two sections apply in the case of the system (4.5) assuming that
g1»....&r € Q[t,Z!°1] have degrees bounded by d and are encoded by a straight-line program of length

L. This probabilistic algorithms will compute

e a differential transcendence basis W of the differential field extension

Q)Y = Frac(QY, Z}/[Y1 — g1(Z1), .. .. ¥, — g,(ZI))),
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e a primitive element y of Q(t){Y, W) < Frac(Q()){Y, Z}/[Y} — g1(Z!)), ..., Y, — g.(ZIh))),

e aresolvent representation of the differential ideal [Y; — gl(Z[e]), e Y- g,(Z[e])] with respect to

the differential transcendence basis Y, W and the primitive element v,

within the same order of complexity as for the computation of the resolvent representation of system
(2.1). Actually, the precise expression of this complexity can be obtained replacing n by m(e + 1) in the

estimations of Theorem 61.

87






Appendix A

Resolvent representation for

over-determined differential systems

In the previous chapters, we focused on the computation of a resolvent representation of the generic
differential system (2.1) under Assumption 5 on the differential algebraic independence of the polyno-
mials g1,. .., g which played a key role in our arguments. Now, we will drop that assumption and we
will look for a (resolvent-like) representation of the system. More precisely, we will consider differential

systems of the form:

X, = AXDU)

X, = fn(X, U) ’ (A1)
Yl = gl(X’ UeU)

Y, = gX UU)

where fi,..., f, € k[X,U] and g1,...g, € k[X, U, U] are arbitrary polynomials in the sets of variables
X:={X1,....X}, U:={Uy,....Up}and U := {Uy, ..., Up)}.

Our aim is to compute an alternative resolvent representation of system (A.1). In order to do this, we will
modify the system so that the condition in Assumption 5 is met and compute a resolvent representation
of the modified system together with a family of additional polynomials giving further information on
the original system.

As a first step for the construction of this representation, we will need to decide which of the polyno-
mials g1, ..., g, are differentially algebraically independent as elements of the differential quotient ring
KY,X,U}/[fi = Xi,...,f, — X,] over the field k, in other words, which of them satisfy Assumption 5

in Section 2.1. This is done in Proposition 65 below but for its proof we need to introduce first some

well-known concepts from differential algebra such us rankings and characteristic sets. Since many of
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the other proofs in this appendix are similar to those of the results we have presented so far, we will not

show all the details, but we will outline the main ideas involved.

A.1 Rankings and characteristic sets

In this section we introduce briefly the classical notions of rankings and characteristic set. A more
detailed description can be found in [38], [52] and [34]. Even though these concepts constitute some of
the basic tools of differential algebra, we have tried to avoid them in this work due to the unsatisfactory
complexity bounds that their manipulation carries with it. However, we need them now for the proof of
one of the main results we are about to show (see Proposition 65 below).

Let & be a differential field and let Z be a set of differential indeterminates over &. A ranking on E{Z} is
a total order > on the set ©Z := {Z(!) : | € Ny} satisfying

u>u forevery uec®Z and

u>v if u>v for u,veOZ

A ranking > on &{Z} such that Zl@ > Zﬁ.s) if i > j is called an elimination ranking.

Assume that a ranking on &{Z} has been fixed. Let p € E{Z} \ &. The leader of p, denoted by £(p), is the
greatest element of ®Z appearing in p.

The leading coeflicient of p in the variable £(p), denoted by I,, is called the initial of p, and §, :=
dp/0€(p) is the separant of p.

If £(p) is a derivative of the variable Z;, then Z; is called the leading variable of p, and it is denoted by

vp(p).
A polynomial g € &E{Z} is reduced with respect to p if no proper derivative of £(p) appears in g and

degt’(p)(‘]) < deg{(p)(p)-

A subset A € E{Z} \ € is an autoreduced set if every element p € A is reduced with respect to all the
elements of A \ {p}.

A characteristic set of an ideal I c &E{Z} is an autoreduced subset C of 7 with the property that no

element of 7 is reduced with respect to all the elements of C.

A.2 Independent equations

Keeping our notation from the previous chapters (see Chapter 2), let F; := f; — X; € k[X, X, U] for
i=1,...,n,andGj:=g; - Y; € k[, X,U, Ul for j=1,...,p.

Let Q C k{Y, X, U} be the differential ideal [F, ..., F,,Gy,...,Gpl.

For every [ € N, let Q; = (FI-1,GI1 LGPy c ayl-1, x10, i,

The following analogues of Remark 4 and Proposition 11 hold in this context:
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Remark 64. For everyl € N, the ideal Q; C k[YU=1 xth gty c gy, x40 gty s prime and
kY x1 gty ~ kix, Ut
The differential ideal Q C k{Y, X, U} is prime and
kY, X, U}/Q ~ k[X]{U}
with the derivation induced by X j = fi(X, U) and thus
diffdim(Q) = m.

Substituting the variables not involved in the corresponding polynomial rings by suitable polynomials or

values in k, as it is done for instance in Proposition 7, it is clear that
QnkyU xU g =0, and QiYW X1 U] = Qi nkry? x1 pth,
Moreover, for all | > 0,
Hax(l) = trdeg,(Frac(k[Y, X /ey X gl n Q) =mI+ 1) + o
where 0 = ordi(Q) < n + p.

The fact that the ideal 2 might contain a non-zero polynomial involving only the variables Yi,...,Y,
(since Assumption 5 is no longer valid) prevents us from considering these variables as being part of a

differential transcendence basis of the differential field extension
k — G := Frac(k{Y, X, U}/Q).

We will show now how to obtain a maximal differentially independent subset of the set {Yy,...,Y,}.
To do this, we need an algebraic condition for a set Y C {Y1,...,Y,} to be differentially algebraically

independent in the differential extension k — G:

Proposition 65. The set Y C {Y1,...,Y,} is differentially algebraically independent in k — G if and

only Y"1 is algebraically independent in k[Y+P], XUre+1l gylnte+llyy Qips1 Over k.

Proof. Assume that {Yl[l"+p J, el Y}:Hp J} c k[ylel xlntp+l] gyln+e+l] /Qu4p+1 is algebraically indepen-
dent over k.
Fix an order on the set Y \ {Y7,,...,Y;,} and consider the ranking < on k{Y, X, U} given by:

o V) .. <Y, xY\{Y,,.. s Xix. ... <Xy xUx...«x Uy,

o ifZ;,Z; € {Y,X,U) then Z"” < zj:") if Z; < Zj, forall r, s € N.
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By [53, Lemma 19 and Theorem 24], there exists a characteristic set C of the ideal Q with respect to this
ranking, such that ord(C) < ordg(Q2) < n + p for every C € C.
Now, if ¥},, ..., Y], are differentially algebraic in k < G, there exists C € C with

CeQnkly,", .. y/" " c Qnify!e], xtree] ylrerl =,y

contradicting the hypothesis of algebraic independence of Y, 1[1"“) .Y 1[,n+p I m

Combining this proposition with Lemma 38, we deduce the following algorithmic criterion:

Proposition 66. Let Jy be the Jacobian matrix

NF,GI™#! | {F,GYIm?!
:(a{x, U)o+ | gytneed )
Then, Y C {Y1,...,Y,} is a differentially algebraically independent set in k — G if and only if the
columns of Jy corresponding to derivatives with respect to variables in Y"*P! can be removed with no

change in rank. Here, the ranks are taken over the polynomial ring

k[X, U[VH'P]] ~ k[y["ﬂ)]’ X["+P+1]’ U["+P+1]]/(F[n+l)]’ G[”ﬂ)]).

In the case when k = Q(#), this result enables us to obtain a maximal differentially algebraically indepen-
dent subset Y C {Y1,...,Y,} by means of a probabilistic recursive procedure (similar to the algorithm
underlying the proof of Theorem 39) within complexity polynomial in the number of variables and equa-
tions, and linear in the logarithm of the maximum degree of the input polynomials and the length of a

straight-line program encoding them.

A.3 Extended resolvent representation

In the sequel, we will assume that Y C {Y1,...,Y,}, a maximal differentially algebraically independent
subset in k < @G, has been chosen and, to simplify notations, that this setis Y = {Y1,..., Y,}.

The differential equation system obtained by removing from system (A.1) the equations corresponding to
Y,i1,..., Y, satisfies Assumption 5 and so, it can be characterized by means of a resolvent representation
as shown in Chapter 4, Section 4.2.

Furthermore, for each j = r+1,..., p, there is a non-zero polynomial
MJ' € YT} with Mj(Yj) € Q.
Due to Proposition 65, { Y"1, Y][."+p 1} is algebraically dependent in
k[y[n+p]’ X[n+p+l]’ l][n+p+1]]/(2’“_[”_1
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and so, we can choose M; € k[Y P [TI*0]] with M ;(Ylm+0), Yr[fj'.p 1 e Quipi1.
An irreducible polynomial M; € k[Y [+011{T} of minimal order in the variable T satisfying the previous
condition will be called a minimal polynomial for Y ;.

We will be interested in providing a representation of system (A.1) of the following type:
Definition 67. An extended resolvent representation of system (A.1) consists of:

o A maximal differentially algebraically independent subset Y C {Y1,...,Y,} in the differential
extension

k = Frac(k{Y,X,U}/[F1,...,Fu,G1,...,Gp)).
e Assuming Y ={Y1,...,Y,}, a differential transcendence basis W of the extension
KY) — F = Frac(k{¥Y, X, U}/[F1,...,F,,G1,...,G/])

and a primitive element y of

KY, W) — F.

o A resolvent representation of the ideal |[F1, ..., Fy,,G1,...,G,] with respect to the transcendence

basis W and the primitive element vy.
e Minimal polynomials M1, ..., M, € K{Y T} for the variables Y,.1,..., Y.

We have already shown how to obtain the elements of the first three items. Since the algorithm that
computes the polynomials M, 1, ..., M, of the fourth items follows very closely the methods applied to
the computation of the minimal polynomial of the resolvent representation, we will sketch briefly this
procedure.

Denote G := {Gy,...,G,}. For j=r+1,...,p,let
Q/ = [F,G,G;l c KY,Y;, X, U)
and, for every non-negative integer /, let
Q/ = (FU71, 61, Gy e kpyt=1, x 1, gty

Let now s, be the minimum non negative integer / such that {Y"#°}, Yj[.h]} is algebraically dependent in
k[y[n+p], X[n+p+1]’ Y[n+p+l]]/Qn+p+l'

The fact that for a minimal polynomial for ¥; we have

Mj(«y[“p], YJ[-Sj]) € Quip+1

J

implies straightforwardly that this polynomial lies in o1

since it does not depend on the variables

Y with k > r, k # j.
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Thus, in order to find the polynomial M; it is enough to consider the differential system of equations
F =0,G=0,G; =0 and its associated ideals QJ and Q{ , 1 > 0. This implies, in turn, the existence of a
minimal polynomial

M; € k[yrrijrtsiy

for Y; with s; < n + r and

MYy e of

n+r+1°

Finally, we can estimate the total degree of the minimal polynomials M;, j = r + 1,..., p, by characte-
rizing them as the defining equations of certain hypersurfaces.
Todoso,letny:=(n+m+r+1)(n+r+1)+n+m.

Fix j,r+1 < j < p,let V; be the irreducible variety defined in A" by the ideal Qf; +r+1 and consider the

linear map

. . r(n+r+1)+s;+1
mi:V;— A i

defined by
[S]] ) .

[n+r]’ x[n+r+l]’ u[n+r+l],y5n+r]) — (y[n+r]’yj

iy

Proposition 68. Under the previous assumptions and notations, for j =r + 1,...,p, the Zariski closure
nj(V;) is an irreducible hypersurface of A" n+r+D+si+1 and any irreducible polynomial M ;€ k[ Tlsil]

defining n;(V;) is a minimal polynomial for Y;. m
We deduce:
Corollary 69. For j=r+1,...,p, a minimal polynomial M; € k[Y ln+rl Tlsi] for Y satisfies:

spsn+r, MY Yheql | oand  deg(M)) < deg(V)).

From the algorithmic point of view (assuming k = Q(?)), the order s; of the minimal polynomial M; can
be computed, with the same techniques of matrix rank computations as those used in Chapter 3, as the

minimum non negative integer / such that {Y"*"1, Yj[.h]} is algebraically independent in

k[y[n+r]’X[n+r+l]’ U[n+r+l]’ YJ[.n+r]]/Qj

n+r+1

(using the Jacobian matrix of the generator system of Qﬁ +r+1)- Then, a minimal polynomial M; can be
computed as a polynomial defining 7;(V;) following the procedure underlying the proof of Proposition
58.
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Therefore, we obtain a probabilistic algorithm that computes an extended resolvent representation of
system (A.1) within the same order of complexity as for the computation of a resolvent representation
under Assumption 5; namely, polynomial in the number of variables, the number of input polynomials,
an upper bound for their degrees and the degree of an algebraic variety defined by these polynomials and

their derivatives up to a fixed order, and linear in the length of a straight-line program encoding them.
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Appendix B

Differential index and implicit equations

As we have already mentioned at the end of Chapter 2, in the literature, there are many different defini-
tions of the differentiation index of a first-order differential algebraic system ([9], [44], [18] and others).
Among all of them, we focus on the one that, roughly speaking, defines it as the minimum number of
times that the given differential algebraic system must be differentiated in order to determine the deriva-
tives of the unknowns as continuous functions of the unknowns themselves. This definition is clear when

we consider the following simple examples (see also [7]):

Example 1: Given a differentiable function F : R X R” X R* — R", consider the differential system of

equations F(¢, X,X) = 0, where F := (Fy,...,F,) and X := (X1,...,X,). Then the Implicit Function

OF;
Theorem says that the differential index of the system is 0 if the matrix (G_XZ) is regular.
Jlij

Example 2: Let f,g : R® — R be two differentiable functions and consider the differential system of

equations given by

X = f(t,X1,X2)
0 = g@X1,X2).
0
Then, if (97g # 0 the differential index of the system is 1 since from the second equation, by differentia-
2
0 g . og .
tion, we obtain the relation 0 = % + —gX] + —ng.

ot 0X; 0X,
We have already given a definition for the differentiation index of the system 2.1 by means of the the
stationary properties of the rank of certain matrices (Definition 25). In this appendix we prove some
additional results about this invariant and we show that, if we consider algebraic equations instead of
continuous functions in the first case, both definitions coincide in this particular case. These results will
also allow us to give an alternative representation, different from the resolvent representation, of this

system. This new representation can be seen as the generalization of the Implicit Function Theorem.
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We go back now to our original system (2.1)

X, = AXU)
Xn = fn(X, U)
i = aX,U,0)
Yr = gF(Xa U’ U)

keeping all the notations and assumptions introduced in Chapter 2 Section 2.1.

First let us recall that the differentiation index o of the system (2.1) (see Definition 25) is the non-negative
integer such that for any i € No, g ; < pre1, if k < o and p; = po; if k > o (see Definition 15).

When the field extension associated to the system 2.1 is of positive dimension, as in the case for the resol-
vent representation, the first step towards the construction of this alternative Implicit Function Theorem-
like presentation of the system (2.1) is the obtention of a differential transcendence basis to be added to
the ground field in order to change to a O-dimensional situation. In Sections 3.3 and 3.4 we have de-
fined a “good” differential transcendence basis and have shown an algorithm for its computation. These
differential bases, that have the additional property of not changing the order of the ideal A after adding
the variables to the ground field, have proved useful for the computation of the resolvent representation
saving us the computation of this order a second time. In the case of the presentation that we are about to
show, they play an even more helpful role that we will illustrate with a simple example in the following

section.

B.1 ‘“Good” differential transcendence basis: a simple example

Before stating any precise result, let us consider the following example of a 1-dimensional differential

algebraic equation system with coefficients in k := Q, borrowed essentially from [18, Section 3.4]:

Y, = U +U,
Y, = Uy +U
(B.1)
Y1 = Upa+ Um—2

with m > 2.
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Here, we have n = 0 and r = m — 1. The associated matrix needed for the computation of the differentia-

tion index, 31,0 € Q(U)Y™=D>m g

0 0 1
1 0 00
O --- 1 00

which has full row rank m — 1. Hence, by Definition 15, we have 111 o = poo = 0 and so, from Definition
25, the differentiation index o of the system (B.1) is equal to 0.

Following the slightly informal definition of the differentiation index given in the Introduction and at the
beginning of this Appendix, the fact that & = 0 should imply that, after choosing one of the variables
as a differential transcendence basis of the field extension, all the derivatives of the remaining variables
can be written in terms of the variables Uy, ..., U, manipulating only the equations (i.e., the variables
Yi,. .. Y1)

This rewriting of the equations is trivially true for all the variables different from U,,_1,

U, = Y,-U
Ui = Hh-U,
(B.2)
Um72 = Yu-1-Up-1.

Then, it is quite natural to consider {U,,—} as the differential transcendence basis and to interpret the
previous system as a O-dimensional system over the field k1 := Q(Up,-1). Now, the matrix J; o is the

(m — 1)-square matrix

0 0
1 0
0 1 0

which is clearly non singular. Hence 1o = poo = 0 and so, the new associated differentiation index oy
is equal to 0, coinciding with the differentiation index o of the system considered over k. The relations
(B.2) can be seen now as a full rewriting of the derivatives in terms of the variables. Furthermore, the
order of the ideal associated to the system does not change by the extension of the ground field from Q
to Q(Up—1): following Corollary 29, we have ordiyyw,,_,)(A) = ordiyy(A) = m — 1, since the sequence
(ui)k 1s the same in both cases, and {U,,,—1} is a “good” differential transcendence basis.

However, not every choice of the free variables is a “good” basis and preserves the properties of the input
system. Another possible choice is to take U, as the free variable for the system (B.1), but it is not a

“good” basis since ordy(yyw,y(A) = 0 # m—1 = ordiyy(A). In this case the original system is considered
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as an (m — 1)-square 0-dimensional system over the ground differential field k; := Q(U,,). Then, the new

matrix J g is the (m — 1)-square matrix

0 -+ --- 0
1 0 0
0 1 0

which has rank m — 2. So, u; 0 # 0 = poo and therefore, the differentiation index o~ of the system (B.1)
over kj is strictly positive. In fact, it is easy to see that oo = m — 1. Now, the variables Uy, U, ..., U1
can be written in terms of derivatives of the equations (i.e. the variables Yi,..., Y,,—1) and elements of

the base field k, as follows:

U = YW-U,

U2 Yz—Y1+U,(nz)

Uy = -1 +Y?-UY

Up_i Yot = Yoo + -+ (1" 2772 4 1y tuge Y.,

From these identities, we can see that the order of derivatives of the equations required to express the
derivatives U, ..., Uy in terms of Uy, ..., U,,—; (in this particular case, simply as elements of the base
field k(Y ){U,,)) is exactly m — 1, which is the differentiation index o of the system (B.1) interpreted
over the field k.

The previous example shows once more that different differential transcendence bases of the differential
field Frac(k(Y){X, U}/A) over k(Y) (in the example, {U,,—} and {U,,}) may lead to very different quan-
titative properties of the O-dimensional system obtained after localization. From this point of view, the
first localization of the system (B.1) in a “good” differential basis seems to follow the behavior of the
original system more closely than the second one.

In the next section we will show the relations between a “good” differential transcendence basis, whose
existence has been proved in Section 3.3, and the remaining differential dependent variables using “few”

(as many as the differentiation index) derivatives of the equations.

B.2 Implicit variables

We start this section by stating a result that is a straightforward corollary of Theorem 28 and Proposition
33. This gives us an “implicit function type” result in terms of the differentiation index o of the system

2.1 (see also [18, Section 3]):
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Theorem 70. The variables X, U split into three different subsets: W = {Wy,..., Wy} (m—r =
dlmdl.ﬁk(Y)?d)’ é: = {é:l’ o ’§S} (S = Ordk(Y>(A)) and n:= {Tll’ cees 77n+r—s} where

o W is a differential transcendence basis of k(Y) — Frac(k{Y){X, U}/A).
o WU is an algebraic transcendence basis of k(Y < F; for all i € Ny (see Notation 31).

e There exist non-zero polynomials P;, Qj, 1 <t <n+r—s, 1< j<s, with coefficients in the base

field k, such that

- Pt(Y[O—_]]9 Wé‘:a nf) € (F[O'—l]’G[(T—l]) C k[Y[O’-]]’X[O']’ U[O—]])

= QYL W W,£,&)) € (FI71,GI7N) kY17, Xl gl 1)

Proof. Let W and & be subsets of variables as in Proposition 33. Then, the first and second conditions
in the statement hold. Let n := {n,...,n.+r—s} be the set of the remaining variables X, U (i.e., those
different from the W’s and the &;’s).

Forevery t, 1 <t < n+ r — s, the element 7, € F is algebraic over k(Y)(W U &), since W U £ is a
transcendence basis of k(Y) < Fy. Hence, there is a non-zero polynomial Ft with coefficients in k(Y
such that E(W, £1:) € AN Ay = Ay N Ag (see Theorem 26). In the same way, the fact that W U W U &
is a transcendence basis of k(Y) < ¥ ensures the existence of non-zero polynomials Q iG=1...,9
with coefficients in k(Y) verifying: QJ(W W, &, fj) EANA| =As1 NAY.

The polynomials P;’s and Q;’s that satisfy the third condition of the statement can be easily obtained
from the previous P,’s and é ;’s, by multiplying them by adequate factors in k{Y} and evaluating the
superfluous variables Y1/l at suitably chosen elements of the base field k (for all [ > o in the case of P,

and for all / > o + 1 for the polynomials 9 ;). |

Formally, the third statement of the previous Theorem makes no sense if the differentiation index o is
zero. However this is exactly the case where the Implicit Function Theorem can be applied in order to
write each derivative of the variables {X, U} \ {W} in terms of the same variables (obviously neither as a
polynomial nor as a rational function). So, the first item of the third condition must be empty (there are

no variables n). More precisely:

Remark 71. Under the conditions of Theorem 70, suppose that the differentiation index o is zero, then
the statement of the third item of the theorem admits a natural interpretation also in this case. Following
Corollary 29, the Hilbert-Kolchin polynomial of the ideal A over k(Y) is Hayy(i) = (m —r)(i+ 1) +
(n + r) and its order is n + r (recall that uyo is always defined as 0). So, no variables n appear, or
equivalently & = {X, U} \ {W}. Then there exist non-zero polynomials Qj, for j = 1,...,n + r, such that
Q,(Y,W,W,£,&) € (F,G) C kY, X,X, U, U]
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The non-zero polynomials P; and Q; introduced in Theorem 70 are not uniquely determined without any
additional requirements (as minimality of order and degree, irreducibility, etc.). However, the conditions
stated in this theorem allow us to choose a family of such polynomials that can be regarded as eliminating
polynomials of suitable algebraic-geometric situations and thus, repeating the arguments and the notation
we used in the Subsection 4.1.3, estimate their degrees.

Recall that, for each N € N we denote AV the affine space k", where & is a fixed algebraic closure of the
ground field k, with the Zariski topology.

SetNo:=(r+n+m)oc+n+mand Ny := (r+n+m)o+1)+n+mandlet Vo c AM and V| c AV
be the algebraic varieties defined by the ideals (FI°~11, Glo=11) c k[ylo-1 xlo1 ylol] and (Fl1, Gl ¢
k[ylel xlo+l glo+11] respectively, that is:

Vo:={Fl"U=0,G6""=0 and V,:=(Fl=0, G =0

Note that both varieties are irreducible complete intersection and their dimensions are, respectively,
m(o + 1) + nand m(o + 2) + n.
Let W = {Wy,..., Wy}, & :={&1,..., &) and p := {n1,...,Mu+r—s} be as in Theorem 70. For ¢t with

1 <t<n+r-s,and jwith I < j <s, we define linear projections x; and 6; as follows:

T VO - Ar(o-_l)+m+s+l, ﬂ-l(y[o-_l],-x[o-]s u[a-]) = (y[a-_l]9w’ é:’ nl‘)s

9] : Vl N Ar(o‘—l)+2m+s+1’ Qj(y[a'], x[O’+1], M[O—+1]) = (y[O']’W’ W, 57 gj)

From Proposition 33, we deduce that the set {YI7~1 W, &} (resp. the set {YI7, W, W, &}) is algebraically
independent in the fraction field k(Vy) (resp. k(V;)). On the other hand, due to Theorem 70, the set
(ylo-11, W, &, 1.} (resp. {Y ol w,w, &, § 7}) 1s algebraically dependent in the same field. Thus, the closure
of the image of the map 7, (resp. 6;) is a k-definable irreducible hypersurface in the corresponding space
and so, it can be defined by a single polynomial lying in the ideal (FI“~!, Glo=11) (resp. (FI71, Gl7y)
whose total degree (see [29, Lemma 2]) is bounded by deg V( (resp. deg V).

Therefore, we obtain the following upper bounds for the degrees of polynomials P; and Q; providing

implicit equations for the dependent variables:

Proposition 72. With the previous assumptions and notations, there exist polynomials P; and Q j meeting
the conditions of Theorem 70 with total degrees bounded by deg Vo and deg V| respectively. In particular,
if d is an upper bound for the total degree of the polynomials in system (2.1), we have deg P; < d7"*"
and deg Q; < d“ D+,

Proof. The first degree upper bounds stated are those previously obtained. The (non-intrinsic) upper
bounds in terms of d follow straightforwardly from the Bézout inequality (see, for instance, [29, Theorem

1]) applied to estimate deg Vo and deg V. m
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Following the same arguments applied in Section 4.2 we can show not only degree upper bound for the
polynomials P, and Q;, but also effective procedures for their computation.

Once again, for simplicity, suppose k := Q and assume that the input polynomials F,G have degree
bounded by d and they are given by a straight line program of length L. Then, the following complexity

result can be obtained :

Proposition 73. There is a probabilistic algorithm which computes the polynomials P;’s and Q;’s in-
troduced in Theorem 70 with error probability bounded by &, with 0 < & < 1, and within complexity

O(log(1/ £)d*L) I(n + m, max; degV;)), where Il is a suitable two-variate universal polynomial.

The complete proof of this result follows almost exactly the proof of the Proposition 58 and so we omit

it now.
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Appendix C

Bézout-type degree bounds for the

resolvent representation of explicit systems

In this appendix we will consider a particular kind of differential algebraic equation systems. These
systems, which are a special case of the system (2.1) with differential index O, are the ones usually
considered in the classical theory of ordinary differential equation.

We will obtain for these systems a more accurate syntactic bound for the degree of the minimal polyno-
mial of a primitive element. This bound is a consequence of a more precise computation of the degree
of the constructible algebraic set 1(V) (see Notation 47), which bounds the degree of the minimal poly-
nomial, than the Bézout bound for the degree of the variety V stated, for instance, in Theorem 49 above

(see also Theorem 61 and Example 51).

The particular systems we will consider here are the following:

X1 = X0
) (C.1)
X}’l = fl’l(X7 U)
where, as before, X := X1,...,X, and U := Uy,..., U, are differential unknowns and the polynomials

fis---s fn € k[X, U] (k a differential field with a non constant element) have their total degrees bounded
by an integer d. Again, fori = 1,...n, we set F; = f; — X; € k[X,X, U]. In other words, (C.1) is the
special case of (2.1) with » = 0.

In Section 4 we have stated all our degree and algorithmic upper bounds in terms of the degree of the
algebraic variety V introduced in Notation 47 (or alternatively in syntactic terms by means of the Bézout
inequality). However, the invariant which really bounds the quantities already mentioned is the degree

of the image of the variety V under a suitable projection 7 (see, for instance, Proposition 48).
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Here we will find a more precise syntactic, “Bézout-type” upper bound for deg n(V) for systems of type
(C.1) and this will improve the estimations given in Theorems 49 & 61.

We keep the notations of Section 4 for the particular class of systems considered in this appendix (recall-
ing that now r = 0 and so K = k). In this case, the differential transcendence basis W is just the set of
variables U. Moreover, as it is the case in the example 51, we have thatif A = [F], ANk[X il gl = (Fliy
(and so o = 0) and its differential Hilbert-Kolchin polynomial is Hj (i) = (m + 1)i + n, in particular
s = ordg(A) = n. So, if we set N1 := (n + m)(n + 1) (see Notation 47 and Remark 46), the variety V
contained in AM is defined by the ideal (F"~11) c kU, x1n1],

Therefore, let y := 41 X; + -+ + 4,X,, be a primitive element of the extension k(U) — ¥, N, :=
m(n + 1) + n+ 1 (recall that now r = O and s = n) and 7 : V — AN be the projection (u"], x1") —

] n
l _
@™, y(x),...,y"™(x)), where, for I = 0,...,n, we have y = Z (k)(z Agk)Xfl k)) according to Leib-

. k=0 i=1
niz’s formula.

Under these notations, the following inequality holds:

Proposition 74. deg(V) < | [(i(@ - 1)+ 1.
i=1

Proof. Consider the dominant morphism 7 : V — 7TV) c AM Sincedima(V) =N, — 1 =m(n+1) +n,
Remark 4 implies that dim 7(V) = dim V. Hence, the Theorem of Fibers (see for instance [61, Ch. I, Sec.
6, Th. 7]) implies that the typical (i.e. generic) fiber of the morphism 7 is O-dimensional. More precisely,
there exist Zariski dense open sets V C V and U € n(V) such that 7(V) c U and nt|lyy : V — U has all
its fibers O-dimensional (in particular no empty).

Let L ¢ A™ be a generic 1-dimensional linear variety such that L N7/ is finite and its cardinal is exactly
deg (V).

If we set U;j, Ty with 1 <i<m, 0 < j<nandO < k < n for the coordinates of the affine space AN2 the
linear variety L is defined by N> — 1 linear (non-homogeneous) equations £, =0, p =1,...,N> — 1, in
these variables. Moreover, because of the genericity of L, the equations can be chosen in a ‘triangular’

form. More precisely,

m n
elfp=1,...,n+1,wehave {, =b, +T,_| + Z Zap,-jUij, with b, ap;j € k.
i=1 j=0

m n
o Ifp=n+2,...,Ny— 1, wehave &, =by+ > " ayiUyj, with by, api; € k.
i=1 j=0

Set W := 2~ (L N w(V)).
Since L N U is finite and has as many points as deg 7(V), we infer that L N U = L N a(V). Therefore,

W C Vis also a finite set (recall that 7|, has finite fibers). Moreover, the inequality

deg (V) < #(W) (C2)
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holds.
Explicitly, the closed set W is given by the equations defining V and 7~ (L):

F = 0
F@n=h) =0
W= p-1 p—1 © o(p—1—b m. n . (C.3)
by + ( B )(Za P3N @ = 0, 1<p<n+l
k=0 1 i=1 j=0
bp+zzapijU§]) = 0, n+2<p
i=1 j=0

Taking the successive derivatives of the equations appearing (C.1) we have that, for all i = 1,...n and

J € Ny, there exists a polynomial &;; € k[X, U, ..., UY~D] such that

X = hij(X, U,...,.U™)  (mod (FUI71y). (C4)

1

Moreover, the polynomials 4;; can be taken verifying the following recursion:

hiQZIXi for i:1,...,n

[ C ahi,j—lf Zmliahul I+1) . .
ij = © + U, for 1<i<nandj>1.

In other words, these polynomials can be obtained by differentiating and replacing the variables X; by
the polynomials f; (i = 1,...,n).

From this construction we observe that the total degree of the polynomials 4;; can be easily estimated:
degh;; < j(deg fi— 1) + 1, foralli=1,...,nand j € Ny. (C5)

From (C.4), the equations defining (C.3) which correspond to the first n equations defining 7 (L) can
be replaced by:

bp+p ( - 1)(2 A®n; k)+ZZap,JU(’)
=0

k i=1 j=0
forl<p<n+1.

Hence, according to (C.5), the p-th equation of this type has total degree bounded by
max{(p—1—-k)degfi—-D+1,k=0,....,p—-1}<(p-1Dd-1)+1, (C.6)

where d := max; deg f;.
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Now, let W c A*Dm+ be the algebraic set defined by

p-l n m n
-1 .
bp + (P k )(Z /ll(.k)hi’p_l_k) + Z Z apilegj) = 0, 1<p<n+1
W = k=0 i=1 - i=1 j=0 (C7)
b”+ZZa1’ile'(j) = 0, n+2<p

i=1 j=0

(observe that the system only involves the variables U and X and so, the variety ‘W may be interpreted
in the (n + 1)m + n—dimensional affine space).

By comparing (C.3) and (C.7) we observe that W is a finite set and #(‘W) = #(W) since the the variables
XM, .., X™ are uniquely determined by the equations F = 0, ..., F"~D =0,

Finally, by Bézout inequality and the upper degree bound (C.6), we infer that #(‘W) < HZJ;II (p—Dd-
1) + 1) and then, from (C.2) we deduce the inequality:

degn(V) < [ [Gid- 1)+ D).
i=1

This Proposition shows that the degree of the minimal polynomial of a primitive element of the field
extension associated to the system (C.1) is bounded by [i_,(i(d — 1) + 1).

Finally, let us remark that this single exponential degree upper bound for the minimal polynomial in-
duces, for this particular case, a more accurate estimation for the degree bounds in the resolvent repre-

sentation than the double exponential bounds found in 49 & 61 by means of the Bézout inequality.
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