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Abstract 

The problem of scattering has been extensively studied due to its broad range of 
application. Examples go from radar sensing to free space communications passing 
through medical ultrasound and acoustic t iling among others. 

In particular the physical formulation for the electromagnetic case derives from 
Maxwell 's equation. Even further , assuming time-harmonic dependence of the resulting 
fields we can summarize Maxwell 's equation into just one type of differential equation: 
the Helmholtz equation. 

Standard methods for solving Helmholtz's equation rely on substituting the dif­
ferential equation by an integral equation on the constraint boundary. In cases in 
which the obstacle presents edges or a non regular boundary, such critical points induce 
singularities on the solution of the integral equation. This implies that finding a solution 
by numerical methods become a challenging task. 

We introduce here a novel 0 (1) solver for the integral equation derived from the 
transverse electric high frequency scattering problem in JR'.2 by a screen obstacle. It 
involves not only state of the art numerical techniques such as t he Fourier Continuation 
but also new ones introduced in t his work. 

We recall that by an 0(1) solver we mean that under a prescribed error tolerance 
the size of the involved matrices will remain constant as k increases and therefore t he 
after all cost of computation too1

. This property is of very important numerical value 
not only because of the computing cost but also due to the memory constraints of the 
hardware. 

In chapter 1 we will deduce t he Helmholtz ' equation from Maxwell 's equations and 
study the corresponding solution space. 

Later on, in chapter 2 we obtain the fundamental solution for the equation and 
introduce sorne operators used to state the boundary integral equation. 

Chapter 3 presents the integral equation that we solve as well as our ansatz for the 
representation formula of the solution. 

In order to develop our 0 (1) solver we make use of sorne results of asymptotic theory 
regarding highly oscillatory functions. Also we will make use of recent ly presented close 
forms for integral with logarithmic singularities. Such tools are shown in chapter 4. 

The development of our solver involves solving highly oscillatory coupled equations. 
In chapter 5 we introduce a novel method for solving such equations numerically: the 
Pivot M ethod. 

In chapter 6 we describe the Fourier Continuation Method and introduce sorne new 
spectral quadratures developed for this work. 

Finally, the solver is presented in chapter 7 together with numerical results. 

1For exarnple, applying GMRES or even a backslash operator 



Contents 

Chapter l. Electrodynamics 
l. Maxwell's Equations 
2. Helmholtz's Equation 

Chapter 2. Bessel functions and the fundamental solution 
1. Bessel Functions 
2. Fundamental Solution 
3. Integral Operators 

Chapter 3. Open Ares: the screen case 
l. The Stephan-Wendland Approach 
2. The Chandler-Wilde Approach 
3. Hybrid Approach 

Chapter 4. Approximation Methods and Integral Closed Forms Results 
1. Stationary Phase 
2. Local Integration 
3. Closed Form for Logarithmic Kernel Integrals 

Chapter 5. The Pivot Method 
1. A simple problem 
2. High Frequency Pivot Method 
3. Cases of Use 
4. Numerical Experiments 

Chapter 6. More on Numerical Methods 
1. Fourier Continuation 
2. Nystrom Method 
3. Spectral Quadratures 

Chapter 7. The Solver 
l. Discretizing the Equation 
2. The Target Points And The Local Polynomial's Approximation 
3. Gluing The Representations: The Merge Points 
4. Building up the linear system 
5. Results 

Chapter 8. Conclusions and Future Work 

5 

7 
7 

11 

17 
17 
20 
22 

25 
25 
26 
27 

29 
29 
30 
32 

35 
35 
36 
37 
39 

43 
43 
45 
46 

51 
51 
56 
57 
58 
59 

69 





CHAPTER 1 

Electrodynamics 

l. Maxwell's Equations 

1.1. The Macroscopic Differential Maxwell 's Equations. Maxwell 's Equa­
t ions are the language of classical electrodynamics ( cf. [ ] , [ ] ) . They were presented 
by the scottish mathematician and physicist James Clerk Maxwell in 1865 [ >J. Befare 
Maxwell, electric and magnetic problems were modelled by a series of laws which assumed 
(by exception of Faraday's law) independence of the electric and magnetic field. 

They were: 

Coulomb 's Law: 

Absence of free magnetic pales: 

Faraday 's Law: 

Ampere 's Law: 

oB 
\7 -: xE + - = 0 

X Ot 

(1) 

(2) 

(3) 

(4) 

where B is the magnetic field , f5 the displacement field, E the electric field , fi the 
magnetizing field , Jj t he free current density and p¡ is the free charge density. 

The important observation here is that in Ampere's Law ( 4) it is implicitly assumed 
that \7 35 • Jj = 01

. Following the continuity equation: 

8p¡ + \7 -:. ]¡ = o 
Ot X 

1 (5) 

this hypothesis means nothing else but t hat W = O, what , at the same time, implies a 
steady-state configuration. 

Maxwell realized that in arder to frame this equations in a dynamic context , the 
steady-state configuration should be avoided and that meant changing the classical 
equations, specially Ampere 's Law (4). So instead of supposing \735 • Jj = O he took 
the whole continuity equation (5) and found a way of writing it as a divergence using 

1This fo llows from the known fact t hat t he divergence of the curl is O. i.e., the curl of an scalar fielcl b 
an exact form. 
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2. HELMHOLTZ 'S EQUATIO N 

of equations (18) and (19) 6
: 

1 f)2<J> p 
6.;;<I> - -- = --

c2 8t2 Eo 

- 1 a2 A -
6.x-A - -- = -{lol¡. . c2 f)t2 

Notice that equations (21 ), (22) and (23) response to the form 

1 82u 
6. xu(x, t) - ---;¡ !'.:\ ') (x, t ) = -47í J (x, t ). 

e- ut-

We call this kind of differential equations , wave equations. 

2 . Helmholtz 's Equation 

11 

(22) 

(23) 

(24) 

2.1. From M axwell to Helmholtz . In order to show existence (and uniqueness) 
of solutions to the Maxwell 's equations (8) in vacuum (and by xtension under conditions 
of the form (12)) we could study solutions to differential equations of the form (24). 
One motivational question to perform this is the following: is there anyway of getting rid 
of the mix of derivatives? The answer is yes and we have at least two different ways to 
do it which, fortunately, arrive to the same unmixed equation. 

Let 's suppose first that u(x, t ) and f (x , t ) belongs to the space of Schwartz's Tempered 
Distributions as generalized functions in t. It follows by t he Plancherel Theorem that 
the Fourier Transform in t acts on u and f asan isometric automorphic operator , in 
particular this means that we have Fourier Transforms and Anti-transforms in t of the 
former and latter. Using this result , we can linearize in t equation (24) by means of the 
Fourier Operator. 

-- --
( 6.x·u(x, t) -

1
? (x, t)) (w) = - ( 

1
9 (.7:, t)) (w) 

e- ut- e- ut-

6.x + (1W¡)(w) = -47í(Jfx:t))(w). 

-- --Calling U(x, w) = (u(x, t))(w), F (x,w) = (f(x,t))(w) and k = 

( 6. x + k2
) U(x, w) = -47í F (x . w). (25) 

Thus, fixed a frequency w we obtain a differential equation only in the space coordinates, 
where k is known as wave number. 

Another way to do it , maybe with a more physics ' semantic, is via separation of 
space and t ime variables and proposing a t ime-harmonic dependence, i. e., 

u(x , t ) = ü(x)e -iwt f (x , t ) = ](x)e-iwt_ 

We can now write (24) as 

( 6.xü(x) + ü(x) ) e-iwt = -4n](x)e-iwt_ 

6Equations (22) and (23) are callee! wave eq·uations far electrodynamics in vacuum. 

(26) 













CHAPTER 2 

Bessel functions and the fundamental solution 

1. B essel Functions 

In this section we will introduce a family of special functions related to solutions of 
the Helmholtz equation called Bes el Functions. 

Since our problem has a radial symmetry we begin by proposing a solution via 
separation of variable in polar coordinates: 

u(x ) := r(p)a(e) . 

Plugging this expression into the H lmholtz equation 1 by m an of the polar form of the 
Laplacian Operator w get 

82 1 8 1 82 
? 

8 9 ra + --
8 

ra + 9 r 
8

e9 a + k-ra = O. 
p- PP p- -

Multiplying by fa_ and r arranging we obtain 

p2 82 P 8 ? ? 1 82 

--r + --r + k-p- = ---a 
r 8 p2 r 8 p a 8B2 

Since the left hand sid is independent of e and the right hand side is independent of p 
both expression must be con. tant, i.e. , 

P2 32 P 8 
--r + - - r + k2p2 = K, 
r 8p2 r 8p 

1 82 

a 8e2 ª = -K,. 

Therefore we get the following quations 

32 
3e2ª + K,a = o (41) 

? 8
2 

8 ( ? ? ) p--r + p-r + k-p- - K, r = O 
8p2 8p 

(42) 

The solution to (41 ) is giv n by a(e) =a cos(-JK,(e- B0 )), but in order to be a 27r 
periodic solut ion, which i. omething we should be expecting it to be, K, must satisfy 
fo,27r = i27r , i. e .. K, = i2, where i is an integer. 

Now (42) reads 

? 8
2 

8 ( ? ? ·?) p--r + p-r+ k-p-- i- r = O 
8p2 8p 

and by setting j5 = kp we get 

17 







20 2. BESSEL FUNCTIONS AND THE FUNDAMENTAL SOLUTION 

= {f e-i(z- n;-f ) [ 1 + O (1)] , -271" < arg(z) < 7r, llzll ---+ OO. 

We are in position now to find a fundamental solution for the Helmholtz Equation 
in IR2. 

2. Fundamental Solution 

Let <Pk : IR2 \ {O}---+ C be defined by 

<Pk(x) := ¡H61l(kll xll). 
From ( 44), ( 45) and ( 46) we know that <I> k is analytic and has a logarithmic singularity 

at O. It follows then that 

llxllll<Pk(x)ll -+ O, as x ---+ O. ( 49) 

It's straight forward now that <I>k E Lz0 c(IR2
): just take any big enough ball to integrate 

in and make a change of variables into polar coordinates. 
So far we know that <Pk induces a distribution in C0 (IR2

) and by the discussion at 
the beginning of the previous section we also know that <Pk (x) solves the homogeneous 
Helmholtz equation. 

Given that we want to show that <P k is the fundamental solution we need to prove 
now that 

.6.<Pk + k2 <Pk = óo 

in a distributional sense, i. e., if rjJ E C6 (IR2
), and u(x) := <Pk * rjJ then 

(.6. + k2 )(u)(x) = rp (x) 

Let 1¿(x) be as above , thus 

u(x) = .JJR
2 

<Pk(x - y)rp(y)dy = <I>k(Y) <P(x - y)dy. 

It follows by direct calculations 3 that u(x) E C 2 (IR2
). Applying .6. + k2 

(.6. + k2)(u)(x) = <Pk(y)( .6. + k2)(</>)(x - y)dy. 

Observe that it suffices to prove this equality for the case .'.r: = O since the other cases 
are obtained by applying a translation to the "zero case". Also note that by defining 
J(y) = </> (-y ), J E cg (IR2

), <P {O) = </J(O), thus we may replace rp( -y) by J(y) in our 
calculations. 

3T he clerivative "passes inton t he integra l. 

4 

4 

4 





22 2. BESSEL FUNCTIO is AND T HE FU DAMENTAL SOLUT ION 

Therefore 

(6. + k2)(u) (O) = <P(O), 

i.e., 

as we wanted. 

3. Integral Operators 

Tow we will present the integral operators used to reformulate the Helmholtz equat ion 
as the integral equation required for our boundary lement method . 

To begin with let 's introduce sorne definitions. 
An integral operator (a.k.a integral transform). D , is an operator with an expre sion 

of the form 

l
lo 

(D J) (x) := - K(t , x )f (t )dt , 
t1 

where the density K(t , x) is called the kernel or the nucleus of the operator. 
We shall call /(, weakly singular if there exist constants e and ex < n - 1 such that 

IK(t,x)I :S cit - x ¡-a. 

In the same manner , we say that /(, is a kernel of arder ex (O < ex < n-1 ) if K is 
measurable and there exists A(t , x) bounded such that 

K(t , x) = A(t ,x) it - x ¡-a . 

We call /(,a kernel af arder O if there exist A(t ,x) and B (t ,x) both bounded uch 
that 

K(t , x) = A(t , x) ln (lt - .x i) + B (t, .'.r). 

Finally we say that /(, is a cantinuaus kernel aj arder ex (O ::::; ex < n - 1) if /(, is a 
kernel of arder ex and is continuous outside the diagonal.It can be shown that under 
. orne regularity conditions of the integration domain , the integral operators with this 
kind of kernels are compact and therefore give place to Fredholm Equations ( cf. [ 1 ]) . 

3.1. Single and Dual Layer Operators . 
3. 1.1. Physícal Motívatíon. Let 's frame ours lve. in IR3 and let 's suppo e we have a 

ingle unit charge q place in y E IR3 . Then the el ctric field induced by q at any other 
point x is given by 

- x -y 
E(x) = 3 . 

lx-yl 

The potential associated to this field is given by 

1 
G(x) = 1 I' x -y 

in the sense that -V'<I> = E. 

( 

4 







CHAPTER 3 

Open Ares : the screen case 

Hither to we have presentecl an approach for solving the Helmholtz equation where 
the bounclary conditions where given on closed smooth curves. But what if the bounclary 
i. not closecl , what if, for example , it is a stripe? 1 This is the problem tacklecl along 
this th si .. 

There is a vast literature on the topic. Here we will present two approach s that 
later on we will put together in order to state our hybrid representation formula for the 
jump of the normal derivativ of the scattered field. 

l. The Stephan-Wendland Approach 

In their 1984 paper [ ] Stephan and Wendland publish a formulation for the open-are 
Dirichlet homogeneous Helmholtz problem 

{
6 u(x) + k2u(x) = O 

'U = f Oll [ 

where 1¿ satisfies the Sommerf Id ' radiation conclition. 

(50) 

Via t he Wiener-Hopf method and the calculus of pseudodifferential equations th y 
rewrot and solved the open-are problem as a tran mi sion problem: by extencling t he 
open curve r to a smooth clo. ed curve f e and calling Drc the bounded and smooth 
domain given by th latter , they considered t he fo llowing tran ·mission problem 

u(x) = ·u1 (x) and 6 1L1 (x) + k2u1 (x) = O, x E ílrc 

OU1 OU? -
u1(x) = 1l2(x), X E r e and ov (x) = ov- (x) X E r e\ r 

where 11.(x) satisfie the Sommerfeld 's racliation condition. 
The solution t hus satisfies the following Single Layer Representation [ 

/ [01l ] 'll(x ) = lr <Dk(x - y) OV (y)dS(y) , X E IR2 
\ r, (51) 

1Thi ca.-e could be seen as particula r degenerated case of one of the old ones: an elli p ·e shrunk to a 
segment . 

25 



26 3. OPEN ARCS: THE SCREE\T CASE 

where J is the jump of the normal derivative2 over r and satisfies the following 
integral equation 

ir <Pk(x - y) [ (y) clS(y) = f (x) , x E f, (52) 

with f given by the Dirichlet condition over r. Therefore the TE problem is essentially 
reduced to solving equation (52). 

They went even further by stating a strong regularity condition for the jump of the 
normal derivative of the solution: 

[ Ir = ( + f3ipf ) Xi + 1P, (53) 

where Pi denotes the distance to the i' th edge of r , is a C00 cut-off function with 
value 1 near the i'th edge, ai, (3i E lR and 'ljJ E Thus, the solut ion to equation 
(52) ha at lea. t a square root singularity near each edge. 

Later on (actually several years after ) in [ ] Costabel and al. showed an even stronger 

result: the singularity near the edg es is exactly of square root type and .¡p;, J Ir is 
locally 3 C00 up to the eclge. 

2. The Chandler-Wilde Approach 

Chandler-Wilde et al. in [ J ] and [ ] give another approach to the open-are Dirichlet 
homogeneous Helmholtz equation for the particular case of TE in a stripe. The key 
differ nce in their approach in contrast with the one above is that instead of extending r 
to a clo ·ed curve, they extend it to the whole line. This allows to find a new repre entation 
for the diffracted field (based on formulas in terms of the Double Layer Operator). 

Specifically the TE problem they solved is find u such that 

{
\lu + k2u = O 
u = O E f (54) 

where u = ·ui + 'U 5
, with ui the incidence field4 and u5 the scattered field, satisfying the 

Sommerfeld 's radiation condition . 
It is shown then that the solution to this problem satisfies the following representation 

formula 

on the shadow side 
{

u(x) = 2 fr+ur - ªt,:(x - y)·u(y)clS(y) 

u(x) = ui(x) + 1.l"(x ) + 2 fr+ur - - y)u(y)dS(y) on the illuminated side 

Here u" is the field given by the reftection of the incidence field5, i. e., 

u"(x) := -ui(x'), 

(55) 

2The jump of t he norma l deriva t ive is given by - - + where t he former deri vative is from the in 

sha clow sicle a ncl the latter frorn the illumina t ecl sicle. Specifically = Limh.-;o+ l/ (.x) \Ju (x ± /w (x)). 
3Near the i' th eclge . 
4The inciclence fie lcl is g iven by eih ·d , with d t he ·unitary inciden ce clirection vector. 
5Like in t he classical geo metri cal optics) 



3. HYBRID APPROACH 27 

where x' is the refiection of x in t he extended curve. 
Regarding regularity conditions they how in [ ] and [ ] that 

(56) 

with s the parameter that ele cribes the stripe by arc-1 ngth and v± slow functions 6 

which are well behaved along the interior of r but are not in L2 (r ). 

3. Hybrid Approach 

Following Stephan and Chandler-Wilde we propos a representation that exploits 
the benefits of both at the cost of a hybrid approach t hat as we will be shown in chapter 
7 w are able to manage with good numerical propert ie . 

Observe first that 

,6:u·i + k2'Ui = -k2lldll2eikx + k 2eikx = O, 

since lldll = 1 by hypothe. is. Thus, from the fact that 'U = 'U i + 'U
8

, we obtain 

O = 6.. 'l.l + k 2'U = 6..'U i + k2'Ui + 6..'U s + k 2'Us 

O= 6.. 'l.ls + k2'Us . 

Consequently, given that w know explicit ly 'Ui, and that 'l.l = O on r , solving (54) is 
equivalent to solving t he following Dirichlet homogeneou Helmholtz equation 

{

6..'Us+ k2'Us= O (57) 
1l8 (x) = - 7.l i(x), X E f. 

with 'U 8 atisfying the Somm rfeld radiation condition. 
Note that (57) sati fie the form (50), ergo , according to (51 ) 

7.l8 (x) =Ir <I>k(x - y) [ (y)dS (y), x E lR.2 
\ I' 

and from (52) 

Ir <I>k (x - y) [ (y) dS(y) = -7.li(x), x E f. (5 ) 

Al ·o, following (53), we know that presents square root singularities near 

the edges and tha t locally #;, [ J 1r7 
E C00

. 

On the other hand according to (55) we have that 

{
'U 8 (x) = -7.li(x) + -y)7.l (y)dS (y) on the shadow side 

7.l 5 (x) = 'U,.(x) + 2 fr+ur - - y)'l.l(y)clS(y) on the illuminated side 

6111 t he se11se t hat t hey do not clepencl 011 the wave-number k 
7 As b fo re, here p.¿ repre ·e11 ts the d istance to t he i' th eclge. 





CHAPTER 4 

Approximation Methods and Integral Closed Forms Results 

1. Stationary Phase 

The method of t he Stationary Phase was developed by Kelvin and Stokes in the 
l9th century in arder to salve highly oscillatory integrals present in several problems 
coming from the Physics . 

The idea behind it is that if many sinusoidals have phases which change fast as 
the frequency changes they will add varying b tween constructively and destructively 
interaction. 

Specifically, consider integrands of the farm <P (k<f> (x))f(x) far k --+ oo , where the 
kernel <P (t ) is oscillatory far large values of t. The stationary phase method consists 
in finding asymptotic values of an integral of such kind by studying the asymptotic 
expansion of the integral and identifying the terms t hat contribute to the solution. 

As a motivational example, let '1i k(t) = eik<P(l), the classical generalized Fourier kernel. 
Now let's take a look at the values far which the phase </> is stationary, i.e .. the solutions 
to 

r/>( l)( t) = o. 
Suppose t0 is one of those and </> is not degenerated at t0 (i.e. </>(2l( t0 ) =!=O) . Assume 

also f(x) smooth and supported in a sufficiently small neighbourhood of t 0 , then (cf. [ ]) 

I (k) = ./ IJi k(x) f (x) dx e-ikef>(to)k-! ajk-j as k--+ oo 

with aj depending only on a fini te number of the derivatives of </> and f in to. 
In view of this it is clear that for any f smooth with compact support the mass of 

the integral is concentrated near the critical values1 asymptotically. 
Thus we are tempted to develop local integration methods where, as t he name 

suggests, instead of considering the whole domain of integration we split it into small 
pieces and integrate on t hem with ( expected) highly accuracy. This enlights another 
key component for an 0 (1) solver. 

However, in our particular case, the kernel is <P k ( x), i. e., a multiple of the Hankel 
function of first kind and arder O, not t he generalized Fourier kernel '1i k ( t ). So, the 
question : is there a way of doing this kind of analysis far other types of oscillatory 
kernels? A fortiori , the answer is yes. It was presented by Bleistein and Handelsman 
in [ ] and it was achieve by means of Mellin Transforms. Nevertheless, far the general 

1By critica! values we mean stationary poi nts and discont inui ty points of the q> as well as t he edges of 
the domain of integration. 
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30 4. APPROXIMATION METHODS AND INTEGRAL CLOSED FORMS RESULTS 

case there is a caveat , it is necessary to consider not only the crit ical points but also the 
roots of the phase. 

2 . Local Integration 

2 .1. Partitions of Unity. Following the suggestion made in the preceding section 
in t he next lines we will present a local integration strategy. 

The first att empt we could envision is just selecting neighbourhoods of t he critical 
points and compute the integral only based on those neighbourhoods2

. Yet, howbeit 
asymptotic accurate, for fixed big k this approach is not as good as we would expect 
since, a priori , we could be unable to find a threshold for k after which the approximation 
works. Also, the presence of discontinuous cut-off functions makes it even worse. 

So using discont inuous cut-off functions is not a good idea, what if we use smooth 
ones? Maybe we could even improve t he problems with the k. In [ ] Delourme and 
Bruno address this problem and show a solut ion. 

Take {Pa } o: a smooth part ition of unity subordinated to family of neighbourhoods of 
t he crit ical points, i. e., each critical, x13 belongs to the the support of only one Po: 13 and 
Pa 13 ( x /3 ) = l. Hence we get 

I (k) = j if> k(x) f (x) dx = j if> k(x)f(.x) = j if> k(x) f (x) p0 (x)dx 

and we approximate I (k) by 

I (k) ;:::::; L j if> k(x) f (x) po:13 (x) clx . 
0: 13 • 

Since each Pa13 has compact support each of the summands are actually local 
integrations, as we wanted. As is shown in [ ] by a properly choice of the part ition of 
unity 3 this approach solves both accuracy problems by just blending the ( oscillatory) 
function smoothly to zero towards the edges of the local integration . 

2 .2. The W indow Method. In [ ] Bruno et al. , presented an 0 (1) method for 
calculating high frequency oscillatory integrals given a prescribed error tolerance. 

They achieved this as follows. Consider t he ansatz 

! ( ) f ( ) ikar r = slow r e . 

By means of (48) we get then the following asymptotic behaviour as k oo 

if> k(x)f(llxll) rv eik(ll xll +o:llxll) = eik</>(x ). 

Thus, according to Bleistein and Handelsman [ 1], t he mass of the integral gets 
asymptotically concentrated towards the critical points and roots of the phase <P as well 
as to the edges of the domain of integration. 

2This is t he same to say that we mul tiply t he intengrand by t he characteristic function of the union of 
t hose neighbourhoods. 
3Will be presentecl in t he next subsection . 





32 4. APPROXIMA.T ION METHODS AND INTEGRAL CLOSED FORMS RESULTS 

the functions S, mollifying the integrand towards zero at the edges of the local segment , 
is important as was stated in the previous subsection. 

Together with the generalized Stationary Phase presented above t his two results 
are fundamental in the development of a 0 (1) solver for our highly oscillatory integral 
equation. 

3. Closed Form for Logarithmic K ernel lntegrals 

In order to develop our solver we made use of a series of results regarding closed 
forms for integrals that we present in the following lines . 

First of al! we recall the Symm 's Operator 

Symm(f)(x) := fo" ln(lx - cos(B)l)f(B)cze. (63) 

It is a well known result that for lxl < 1 the Symm's Operator has t he following 
diagonal property 

Symm(en)(x ) = >-nen(arccos(x)), 

wher n(B) = cos(nB) and 

{

-7f ln(2), if n = O 
>-n = 

_2!: if n > O 
n ' 

One reasonable question that follows is what about lxl > 1? Moreover , what if 
instead of cos(nB) we want to calculate 

In(x ) =fo" ln (lx - cos(B) l) einlJ cl(;I , (64) 

for X E 

If we were able to calculate t his t hen we could envision superalgebraic quadrature. · 
methods for integrals with logarithmic kernels. Concretely given f smooth and 27f­
periodic we could approximate it by its ( t runcated) Fourier Series and replace the 
corresponding integral by a sum of others of the form (64). 

A fortiori in [J], Akhmetgaliyev together with Bruno and others presented sorne 
closed forms for this integrals by means of complex integration techniques like, for 
example, the residues method among others. vVe present the results as follows. 

Consider first n = O. For this case the closed form for the integral is given by 

Io(x) = nacosh(x) - nln(2) . 

Note now that the casen < O is just the conjugate of the - n case (positive). Thus 
it is enough to calculate In(x) for n > O. 

For t he casen> O observe first that if x > O then In( - x) = (-l)n- i¡n(x) . Hence it 
suffices to find formulas for x 2:: O. Following this , fix x 2:: O and define w1 , w2 as the 
solutions to the quadratic equation in w 

w 2 
- 2xw + 1 = O, 





CHAPTER 5 

The Pivot Method 

We introduce a novel rnethod for solving a sp cial farnily of oscillatory coupled 
equations. This kind equations arise as ansatz for t h densit ies of integral equations 
corning frorn Physics. In general. they are related to results based on the Superposition 
Principle. 

In part icular , this situation appears as part of our representa tion formula (60). 
The rnethod we present here will be crucial in the developrnent of our 0 (1) solver. 
Nevertheless its range of ac tion surpasses our part icular problem and therefore it 
appears as a new general method for solving oscillatory equations. 

l. A simple problem 

As proof of concept let 's start with sorne simple and clear example. Suppose we 
have a signal of the form 

n 

f (x) = 'L a1 (x)eik1 x, (65 ) 
l=l 

where the a1 's are unknown slowly varying functions t hat we want to approximate, and 
the k1 's are all big enough and different . Our method will produce highly accurate 
approxirnations of t he a1 's by means of a coarse mesh. 

Assume first that f and the a1's are periodic in [O, 211]. T hen, as in Prony 's Method, 
we could take truncations of the Fourier series corresponding to the ai 's at a desired 
degree, let 's say NI, with 

M 

a1(x) L cjll eiJx. 
j =-M 

Now by (65) f can be approximated as 

where the new unknowns are the constants c.;l) 's. Taking this into a matrix form we get 
a new equation 
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where t he only known fact is t hat a1(x) and a2(x) are smooth (as it is indeed t he case 
of our representation formula ( 60)). 

We will apply now a local polynomial interpolation to each ai . On each of the 
resulting patches we will have that 

1 ( ) N j 
Cl X i k1 x "°' (1) X i k1x 

¿ e . ¡::¡--¡----;: e , 
V _¡_ T ;i, j=O J V 1 + X 

and the same happens, mutatis mutandis, to Note that the functions vfu 
are slowly oscillatory for every j , therefore the Pivot !Iethod applies in the same manner 
as in the local polynomials ca e but with the square root modified weights. 

4. Numerical Experiments 

Regarding the expected improvement in condi tion numbers, for four patches with 
local polynomials of degree 6 and a uniform mesh we obtained the following results 

K 1 K2 cond(Pivot) cond(U niform) 
10000 2000 3.002 104 9.0586 lo::i 
50000 15000 1.6181 104 6.5078 101} 
80000 25000 1.2961 104 5.1 534 1011 

120000 40000 1.2755 104 1.3017 10;¡ 
200000 90000 1.2126 104 4.0754 10i:s 

Observe the stability and t he notorious low magnitude of the condition number of 
the Pivot Method matrices with respect to those of the standard uniform mesh ones. 

Talking about errors, with the same configuration as before and with K 1 = 70000, 
K2 = 25000, a 1 := x + 1 and a 2 := cos(27rx), for the uniform mesh we get 

-:: 
¡ 

o 0.01 0.02 0.03 0.04 o.os 0.06 0.07 0.08 0.09 0.1 

while for the Pivot Method we obtained 







CHAPTER 6 

More on N umerical Methods 

1. Fourier Continuation 

In this section w present an algorithm introduced by [ ] in order to solve the 
Gibbs ringing phenomenon problem while approximating a non-periodical function by a 
truncatecl Fourier Serie . They idea of the method i to extend the function to a bigger 
domain in a periodical and smooth way so that this approximat ion problem disappears. 
The method is called FC(Gram), Fourier Continuation by Gram polynomials. 

Without loss of g nerality let ' assume f : [O, 1] ---+ and suppose we are given it 
in a uniform mesh Xo , . .. , XN- l · We want to find an extension f e of f to an interval 
[O, b], b > 1, such that r is smooth and b-periodic (and so it presents a good Fourier 
approximation). In vi w of thi. we transla te a copy of f to b and we construct an 
extension on the interval (Lb). It goes as follows. 

Choo e Nd < ancl consider the submesh {xo, ... ,XNrd U {xN-Nrl .. . XN- d := 

Dright U Dteft· 
Define now th following posit ive semi-defini te bilinear forms 

1 Nd- 1 
(h , f) right = N L h(xj) f (xj) 

d j=O 
(70) 

1 N-1 

(h , f) 1eft = N L h(xj) f (xj) (71 ) 
d j=N- Nd- 1 

Consider now the orthonormal basis Bteft := { ... , of Gram Polynomials1
, 

i.e. , polynomials of degree m :S Nd - 1 wi th respect to (-, ·)tefe Vve can achieve 
this by means of the Gram-Schmidt orthogonalization process applied to the base 
{1 , x, .... xNrl }. Idem, mutatis mutandis, we define also Bright· 

We can now obtain polynomial approximations of f on each of the, ubmeshes by 

N<1- l 

f1: ¡1(x ) := L a;e ft b;eft(x) . with a;eft := (f , b;efl)t eft. 
j=O 

Nd-1 
f 7r. ( ) ·= righlbright( ) ºth right ·= ( f brighl ) . righl X · L.., a1 1 X 1 WJ a1 · 1 1 righl 

j=O 
On the other hand let d := XN- l - XN-Nr l = XNd - xo, note then that if B1ef1. := 

. . . , th n by - b - el ) . . . . , (x - b - el)} we get a base Bright · 
Thus we build B,.;91i1 in t his way, i. e. , we just have to build one of the bases and we 

1 Also called Discrete Cheby. ·hev polynomia ls 
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CHAPTER 7 

The Solver 

In this chapter we will combine all the tools shown in th previous ones to present an 
0 (1) solver for the int gral quation (58). The solver is based on our hybrid approach 
on th representation formula for the jump of the normal derivative of the scattered 
field on the screen. 

l. D iscretizing t he Equation 

First of all let 's remember the integral equation (52) we are t rying to solve and the 
representation formula (60) we proposed for the solut ion, 

S (x) = -ui(x), x E r 

[
01lS ] /Pl 

{ 

_ili__(x( )) 

ov (x(s)) = -+ . __ . _ 

(x(s)) + fo¡(x(s))eiks + 

if P1 (x(s)) < clk 

if P2(x(s)) < clk 

otherwise. 

where Pi is the di tanc to the i'th edge, ai is C00 up to t he i'th edge, v± is C00 and clk 
is t he length of a fixed quantity of wavelength . 

Without loss of generality let 's assume that r is given by 

f := [-1, l ] x O= {(x. 0)/x E [-L 1]} 

and 

V: = (O, 1). 

Thus. we can take as parameter for r the same x. 
Now our representation formula reads 

Therefore the integral equation becomes 

51 

if 1 +X< (3 2
71' 
k 

if 1 - X < (3 2
71' 
k 

otherwise. 

(76) 

(77) 





































CHAPTER 

Conclusions and Future Work 

From the preceding results we conclude tha t it is indeed possible to develop an 
0 (1) solver for the integral equation derived from the TE Problem on a screen. \Ve 
have certainly achieved that. However we are still working on upper bounds for error 
e.timation. lt is pr cisely the high frequency nature of the problem what makes it 
difficult: our method is the first one which addresses t he problem in an 0 (1) way and 
therefore it is virtually impossible to obtain solutions by other means in order to compare 
with t he one we have. Nevertheless we remark the high stability of our solution as well 
as the non deterioration of our method as k increases and the perfect match a t the 
merge points. These results are not trivial at ali sine in the representation formula we 
proposed we had to force the representations found in [ ] and [ ], [- ] to work together . 
We also note that whil th method presented in [ ] seems to increase in co. t and 
relative error as k increases ours does not. 

On the other hand, r garding the Pivot Method by local polynomials, it could happen 
that sometimes the m thod fails to lift a global continuou. section from the local ones, 
given place to discontinui tie. near the edges of the patche . We envision a .'olution for 
that problem by extending the method to work on overlapping patches. We will addre s 
this approach in t he near future. 

Finally, we also expect to port our techniques to the transverse magnetic (T iVI) 
probl m by xploiting similar representation formulas. 
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