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Introduccion

Durante las décadas de los 60 y 70, la teoria de las catastrofes de Thom, inspirada en
el previo trabajo de Whitney sobre puntos criticos, surgié como un area de la matematica
destinada al estudio de sistemas dinamicos. Buscaba, entre otras cosas, entender grandes
cambios en el comportamiento de ciertos procesos, ocasionados por pequenos cambios en
las circunstancias que lo rodean, analizando la dependencia de soluciones de ecuaciones
respecto de sus pardmetros, a través del estudio de puntos criticos degenerados. En esta
direccion, Vladimir Arnold comenzé a utilizar el término teoria de singularidades, para
referirse al area que mezclaba ideas de los trabajos de Whitney, Thom y otros sobre teoria
de las catastrofes, con aportes de la geometria algebraica. Asi, la teoria de singularidades
es una herramienta para el estudio de fendmenos abruptos que ocurren en sistemas que
dependen de parametros de manera suave. Sus aplicaciones van desde la teoria de sis-
temas dindmicos, hasta otras dreas como déptica, mecanica cudntica, geometria algebraica
y topologia diferencial, por mencionar algunas. En su trabajo, define una relaciéon de
equivalencia entre gérmenes de funciones (diferenciables u holomorfas) que identifica dos
gérmenes, si existen cambios de coordenadas que lleven una funcién a la otra. Asi, una
singularidad es la clase de equivalencia (via esta relacién) de un germen de punto critico.
Uno de los grandes éxitos de la teorfa desarrollada por Vladimir Arnold (y explicada en
profundidad en [1]) fue la clasificacién de singularidades de puntos criticos de funciones via
la reduccién a sus formas normales.

En este trabajo, estudiamos la teoria de singularidades desarrollada por Vladimir Arnold
(con énfasis en el caso holomorfo, pero siempre teniendo en mente que los resultados se apli-
can también al caso diferenciable con métodos similares pero con modificaciones técnicas
no triviales), llegando a mostrar algunas de las técnicas usadas en la clasificacién de singu-
laridades y haciendo el segmento inicial de la clasificacién (es decir, dando formas normales
para las singularidades simples). Las principales referencias para este trabajo son los textos
1y (3.

En el capitulo 1 definimos el espacio de jets, que servird como marco para el estudio
de las singularidades y probamos algunos resultados que serviran como herramientas en
proximos capitulos. También, enunciamos el problema de equivalencia entre funciones y el
concepto de singularidad, mencionando algunos de sus invariantes. Probamos el Splitting
Lemma, que servirda para comparar singularidades de funciones con distinto nimero de
variables.

En el capitulo 2, estudiamos el algebra local y la multiplicidad (también llamada nimero
de Milnor) como invariantes bajo la relacién de equivalencia. Probaremos que una singu-
laridad es aislada si y sélo si la dimensién del algebra local es finita y el teorema de
determinacion finita de Tougeron (que dice que una singularidad aislada es equivalente a
un polinomio).

En el capitulo 3, estudiamos las deformaciones versales de singularidades. Probaremos
el teorema de versalidad, que da condiciones infinitesimales para que una deformacién sea
versal. Introduciremos los conceptos de modalidad y forma normal.

En el capitulo 4, estudiamos las funciones quasihomogéneas y semi quasihomogéneas,
que serviran como herramienta para dar formas normales de singularidades de modalidad
baja. Arnold dio la clasificaciéon completa para modalidad menor o igual a 2, ver [3]; en
este trabajo mostraremos completamente el caso de modalidad 0. Definimos el diagrama de
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Newton de una serie de potencias y damos un teorema sobre formas normales de funciones
semi quasihomogéneas.

En el capitulo 5, utilizamos lo desarrollado en capitulos anteriores para dar las for-
mas normales de las singularidades simples, mediante métodos que sirven también en la
clasificacién de singularidades de modalidad superior. Esto en particular, demuestra la
clasificacién de catédstrofes elementales de Thom, ademas de darle una interpretacién ADE.



Introduction

During the 1960s and 1970s, Thom’s catastrophe theory, inspired in the previous work
of Whitney on critical points, emerged as an area for the study of dynamical systems. Its
goal was to understand big shifts in the behaviour of certain processes caused by small
changes in circumstances, by analizing the dependence of solutions of equations on the
parameters appearing in them and studying degenerate critical points. In this direction,
Vladimir Arnold started to use the term singularity theory to refer to the area that mixed
the ideas of the work of Whitney, Thom and catastrophe theory, with some input from
algebraic geometry. Therefore, singularity theory is a tool for the study of abrupt, jump-like
phenomena, occurring in systems that depend smoothly on parameters. It has applications
in many areas such as the theory of dynamical systems, optics, quantum mechanincs,
algebraic geometry and differential topology. In its work, Arnold defines an equivalence
relation between germs of functions (smooth or holomorphic) that identifies two germs
if there exist coordinate changes bringing one function to the other. A singularity is an
equivalence class of a germ of critical point. One of the big results of the theory developed
by Arnold (and explained in [I]) was the classification of singularities of critical points of
functions via reduction to its normal forms.

In this work, we study singularity theory, as developed by Vladimir Arnold (making
emphasis in the holomorphic case, but always having in mind that most results apply also
for smooth funcitons, with technical and non-trivial modifications) and show some of the
techniques used in the classification of singularities. We will make the initial segment of
this classification, by showing normal forms for simple singularities. The main references
for this work are [I] and [3].

In chapter 1, we define the jet spaces, that will be used as a framework for the study
of singularities and we prove results that will be useful tools for next chapters. Also, we
introduce the problem of equivalence between functions and the concept of singularity,
mentioning some of its invariants. We prove the Splitting lemma, that will be useful to
compare singularities of functions with different number of variables in the source space.

In chapter 2, we study the local algebra and multiplicity (also called Milnor number) as
invariants under the equivalence relation. We prove that a singularity is isolated if and only
if the dimension of the local algebra is finite and Tougeron’s finite determinacy theorem
(which states that an isolated singularity is equivalent to a polynomial).

In chapter 3, we study versal deformations of singularities. We prove a theorem that
gives infintesimal conditions for a deformation to be versal, called the versality theorem.
We introduce the concepts of modality and normal form.

In chapter 4, we study quasihomogeneous and semi quasihomogeneous functions, that
will be useful tools to show normal forms of singularities of low modality. Arnold gave the
complete classification for modality less or equal than 2, see [3]. We define the Newton
diagram of a power series and give a theorem on normal forms for semi quasihomogeneous
functions.

In chapter 5, we use the results of former chapters to give normal forms of simple
singularities, using methods that are useful also in the classification of singularities of
higher modality. This in particular proves Thom’s theorem of clasification of elementary
catastrophes and gives it an ADE interpretation.
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Chapter 1

Preliminaries

In this chapter, we introduce the basic concepts of germs of functions and jet spaces that
will allow us to work with the classification of singularities. We also define singularities
and state the problem of its classification. As an initial way to attack this problem, we
will prove some theorems such as the Morse lemma and the Splitting lemma. We will also
state and prove some Preparation theorems, which will be a powerful tool for our study
of deformations and isolatedness of singularities. These results and the proofs have been
taken from different sources, such as [§], [7] and [4].

1.1 Germs of functions and Jet spaces

Definition 1.1.1. Let n,m € N and p € C" and define a relation in the space of
holomorphic maps {f : U — C™ : f is holomorphic, U C C" is open and p € U}, such that
f:U—=>C"~qg:V —C™if flunv = glunv (here, U,V C C™ are open sets that contain
p). This is an equivalence relation in the space of holomorphic maps defined in a neigh-
borhood of p. An equivalence class of this relation is called a map-germ. The equivalence
class of a map f at p will be written as f : (C",p) — (C™, f(p)) or just f, (if there is no
confusion, we may also call f to its equivalence class). The set of all map-germs at p will
be denoted 0, ,,.,. If m =1, we will denote 0,,,, and if p = 0, we will just write &,.

Remark 1.1.2. e The same definition can be made for maps between complex or dif-
ferentiable manifolds, since the definition is local.

e The space of holomorphic maps 0, is an algebra. Indeed, we can define the sum and
product of maps in the intersection of their domains: fp +9, = f——kgp, 7p§p = Ep
and Afp = vp for A € C and f, g holomorphic maps defined in a neighborhood of
p. It is easy to check that it is an algebra, since the space of holomorphic functions
is. Also, it is a local algebra: the ideal m,, = {f : (C",p) — (C,0)} of maps that
vanish in p is the only maximal ideal: if U C C" is open, p € U, g : U — C is
holomorphic and g(p) # 0, then there is an open neighborhood V' C U of p such that

glv does not vanish. Therefore, g, (g%v) = 1, which means that g is a unit, and thus
p

m¢ = {Units of 0,,,}.
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Definition 1.1.3. We call the space J}(C") = O, /mF. the space of k-jets of map-germs
defined on p. We denote the natural projection by j}’; D Onyp — J;f(@") (and we do not
write the p when p = 0).

We will see that the space of k-jets codifies the taylor polynomials up to order k and
has a differentiable structure.

Lemma 1.1.4 (Hadamard). Let f : C*** — C be a holomorphic function and x € C",y €
C* be such that (z,y) are the coordinates of the domain of f. Then there exist holomorphic
functions gy, ..., g, : C"*% — C such that g;(z,0) = af -~(x,0) and

f(z,y) Zyzgz z,y).
Proof. Just note that
flz,y) — f(z,0) = /8 (z,ty)dt = /8 (x,ty)d
0
If (a1,...,a,) € NZ and f: C" os —

alelf
R

Corolary 1.1.5. Let f : C* — C be a holomorphic function, then for every k € N, there
ezist functions c, : C* — C such that

f( Tkl +an
|a|=k

where Ty,_1(z) is the k — 1 Taylor polynomial of f and c,(0) = %gz_z(O).

Proof. The case k = 1 is exactly Hadamard’s Lemma [1.1.4] For £ > 1 we use induction.
Indeed, our hypothesis says that

f(z) =T a(2) + Z Cg(Z)ZB (1.1)

|8|=k—1

with ¢5(0) = ﬁag;;f(()). Using Hadamard’s Lemma |1.1.4] over each cg, we get

1 8k 1f
(2) = Gy g | *Zgﬂl

where gg,;(0) = %(O). Replacing this in |1.1{ we get the desired formula for k, completing

the induction (to see that gg;(0) = %% (0), we just take xﬁa both sides of the equation

and evaluate in 0). O
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Lemma 1.1.6. The map J;(C") L Clay, .. )/ (21, ..., x0)" such that

k k
=3 Y L - p) (- )

K Qg -1
s=0 1<iq,...,ix<k [ k

s an isomorphism.

Proof. Injectivity is immediate from our previous computation and it is obvioulsy surjective
(since Clxy,...,z,) C O,). O

Remark 1.1.7. We can give the space J;f(C”) a structure of complex manifold. After our
last identification, it is clear that the space of k-jets is a C vector space of finite dimension,
and a basis is given by the monomials of degree less than k.

1.2 Definitions, Morse lemma and Splitting lemma

Definition 1.2.1. Let U C C" an open set and f : U — C an holomorphic function. A
critical point is said to be nondegenerate or Morse critical point if the second differential
is a nondegenerate quadratic form (or equivalently, its Hessian matrix is invertible). The
corank of a critical point is defined as the dimension of the kernel of the second differential.
Morse critical points have corank 0.

Definition 1.2.2. Let f,g: (C*,0) — C be two holomorphic function-germs. We say that
they are holomorphically equivalent (or just equivalent if there is no confusion) if there
exists a biholomorphism A : (C*,0) — (C",0) such that f = g o h, making the following a
commutative diagram

(C*,0) ——C

b

(C",0)

Clearly, this is an equivalence relation. By precomposing our function with a translation,
we can always assume that the function has a critical point at 0. The equivalence class of
a function-germ at a critical point is called a singularity.

Remark 1.2.3. e The same definition can be given for maps instead of function-germs,
and for maps between differentiable manifolds M and N, although generally the
equivalence between to maps f,g : M — N is given by the existence of diffeomor-
phisms in both the source and target space that make the following a commutative
diagram

M—{ N

Lk

M2 N
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e Let 9, the group of biholomorphic map-germs h : (C",0) — (C™,0). This group acts
in the space 0, of holomorphic function-germs in 0: if ¢ € &, and f € 0, then
we define the action by g - f = f o g !. The orbits of this action are exactly the
equivalence classes defined before. Thus, the classification of singularities consists in
classifying the orbits of this action.

e The corank is an invariant of a singularity: equivalent function-germs have equal
coranks. If f: (C",0) — C has a critical point at 0 and h : (C",0) — (C",0) is a
biholomorphism, then

O*(foh) 0*(foh Z@f Ohy, zn: O*f  Ohy Z@f 0%y,
Oz ;0x; N &Ejaxl N oxy, 0x; Ox;0xy, 0x; Oxy, Ox;0x;
where hy : (C™",0) — (C,0) is the k-th component of h. Since f has a critical point at

0, we conclude that H(foh)(0) = H(f)(0)- Dh(0), where H(f) is the hessian matrix
of f. The fact that Dh(0) is invertible says that f and f o h have the same corank.

The classification of the singularities of non-degenerate critical points is given by the
Morse lemma.

Lemma 1.2.4 (Morse). In a neighborhood U of a Morse critical point p € C™ of a function
f:C* = C, there is a biholomorphism g : U — V' such that

We will prove two generalizations of this lemma: see [1.2.5] and [2.3.3]

From the Invariance of Domain theorem, it is clear that two equivalent function-germs
f:(C"0)—C,g:(C™0) — C must satisfy n = m. However, some functions of different
number of variables “behave” similarly around a critical point. This is exactly the content
of the Splitting lemma (also called parametric Morse lemma, as it generalizes the Morse
lemma).

Theorem 1.2.5 (Splitting lemma). In a neighborhood of the critical point O of corank k,
a holomorphic function f : (C" 0) — (C,0) is equivalent to a function of the form

O(T1y . ) + Tpy + -+ T
where m is the (only) mazimal ideal of maps vanishing in the origin and ¢ € m® C O,,.

Proof. Since the Hessian matrix of f is symmetric, we can make a lineal change of coordi-
nates u = u(x) such that the hessian matrix of f has the form

1 0 ... 0 0
0 . .
. 0
0 0 1 0
0
0 . 0
0
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where the top left block of the matrix has size (n — k) x (n — k).

Thus, using the Implicit Function Theorem, the set {8— =...=_9

o - = 8%%} can be ex-

pressed locally as the graph of a holomorphic function g : C*¥ — C"* (putting the
image of g in the first n — k coordinates). Now, let us call ¢ : C* — C" such that
d(ur, ... up) = (Ur, ..., uy) + (9(Un—p+1s - -, un),0). It is clearly a local biholomorphism

since its jacobian at 0 has the form
Id| *
0 Id )’

Now, let F' = fo¢. If we fix the last k£ coordinates, the function F,, , ., . u.) : cr* -
C™ such that Fly, .\, un) (U1, -y Unek) = F(ur, ..., Up_g, Un—g41, - - -, Up) has a nondegen-
erate critical point at the origin. We write ¢o(t,_gi1,- -, ) = F(0,.. ., 0, Up_gi1, ..., Up).
Now, using Hadamard’s Lemma (and having in mind that the dependence on the
remaining parametets is still holomorphic) we get that

n—k
F(“l? ey Un—fky Up—f+1, - - - 7un) - @(un—k—l-la ... 7un) - Zuigz(uniqu’m’un)(ul; CRC 7un—k>
i=1

where the dependance of the last variables of the g; is holomorphic. Since
_OF
holds, we use again Hadamard’s lemma over each g; to get

(un,;ﬁq,...,un) (0)

9; (O,...,O,Un,kJrl,...,Un)):O

n—=k
(Un—Jt15ee5Un) . (Up—kt15e0sUn)
;i (Ugy .oy Upg) = E uih,; ; (Ugy .oy Un_)
7j=1

(and again, the dependance of the last & variables is holomorphic). Hence,

n—k
F _ h(unkarlv"wun)
(u17"'7unfk>un7k+17'"7un)_gp(unfk+la"-7un) - UiU ij (ulw"aunfk)-
i,j=1

(1.2)

Our goal now will be to prove that the right-hand side is equivalent to a sum of quadratic
forms for each (4,_g41, ..., u,), depending holomorphically on this variables.

In the last equation (due to symmetry of indices i, j) we replace hz(»f;-"’k“""’u") by the
average

(un7k+17"'7un) (Un7k+17~--,’llzn)

]
2
so that the matrix h;; be symmetric. Also, differentiating twice in we get that
2h53n—k+17~.-,un)<0> = %(0, ooy 0, Up—g41, - .., uy), that is an invertible matrix (moving

the indices i, j).
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Now, making a linear change of coordinates, we can assume that h%‘f”““"”’u")(O) # 0,

and let g be a square root of hg?{“k“""’u”) around 0. We make a change of coordinates

n—k
hi
V1 ::g(uly...,un—k) (U&‘+’§E:QM}L’l(ul,...,un_k)>
i=2 1

17

Uizzlﬁ,i 2ﬁ2.

By the inverse function theorem, it is a local biholomorphism. Indeed, the matrix of
the change is triangular with 1s on the diagonal except for %(0) = ¢(0) # 0. Now, we get
that

n—=k n—=k
(Un—kg150Un) 2 N (Un— k4 15005Un)
E vvih; (U1, Upg) = U+ E v;vj(h )”” (V1 Unk)

i,j=1 1,j=2

where the (h'); ; are other functions that depend holomorphically of all the variables (even
the last ones). Repeating this procedure n — k times, we get the desired decomposition. []

This lemma says that the behaviour of a function near a critical point of corank k can
be found by studying a function of k£ variables, independently of the number of variables
of the function. The reduction of variables is what makes the Splitting lemma so useful.

This motivates a very natural definition of a measure of degeneracies of critical points
of functions of different numbers of variable.

Definition 1.2.6. Two function-germs f : (C",0) — (C,0) and ¢ : (C™,0) — (C,0) are
said to be stably equivalent if they become equivalent after the addition of nondegenerate
forms in supplementary variables:

fl@n, ) v+ 25 2 gy Ym) F Y T Y
And this new notion of equivalence is coherent with our former one.

Theorem 1.2.7. Two functions-germs of the same number of variables are stably equivalent
if and only if they are equivalent

Proof. This result can be found in [I] Chapter 1, Section 1.3
0

So, from now on, we will classify the singularities of function germs up to stable equiv-
alence, which allows us to identify critical points of functions of different variables that
behave similarly in a neighborhood of the critical point.

Example 1.2.8. The funcion germs of f(z;) = 2} and g(wi, ws, w3) = w? + wows at 0
are stably equivalent critical points, since h(wq,wq, w3) = (21, 22 + 123, 20 — i23) gives the
equivalence between f(z1) + 25 + 22 and g.
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1.3 Preparation theorems

Proposition 1.3.1. Let R be a commutative local ring with unit and its only mazximal ideal
m. If B € M,(m), and Id is the n X n identity matriz, then Id+ B is an invertible matriz.

Proof. We use induction in n. If n =1, 1 + b is a unit (with b € m) because it does not
belong to m. For n > 1, let us compute the determinant of Id+ B by expanding by the first
row. Let M; ; be the determinant of the (n —1) x (n — 1) minor of Id+ B that results from
the elimination of the i-th row and j-th column of Id + B (defined for every 1 <i,j < n).
Therefore, we have

[Id+ B = (14 Biy)Myi+ Y (—=1)"'By M.

1=2

Since each B;; € m, then |Id 4+ B| is a unit if and only if M;; is. Since it is a
(n — 1) x (n — 1) matrix that is also of the form Id 4 C where C has coefficients in m, the
induction says that |Id + B| is a unit and thus Id + B is invertible. O

Lemma 1.3.2 (Nakayama). If M is a finitely generated module over R a local and com-
mutative ring with unit, such that M = mM , then M = 0.

Proof. Let ay, ..., a, be generators of M. We know that there exist a matrix B = (B;;) €
M,,(m) such that a; = " Bjja; for every 1 < i <n. Then, we have a system

A=BA< (Id— B)A=0.
Using [1.3.1] we know that Id — B is invertible and thus each a; = 0. [

Theorem 1.3.3 (Weierstrass Preparation Theorem). Let f : (C™*1 0) — C be a holo-
morphic function-germ at 0, and let z € C™ and w € C be coordinates such that f =
f(z,w). If f(0,w) is a monic polynomial on w of degree n, then there exists a holomor-
phic function-germ h : (C™*1 0) — C such that h # 0 and holomorphic function-germs
ai,...,a, : (C,0) — C such that

f=gh; gz,w) =w" +a(2)w" ™ + -+ a,(2).
We call g(z,w) the Weierstrass polynomial.

Proof. Denote b;(z) the zeros of the function f(z,e) : B.(0) C C — C for every z in
a neighborhood of z = 0 (probably repeated, according to their multiplicity), such that
f(z,e) is defined in B.(0). In fact, there exists a neighborhood V' of z = 0 such that the

number of zeros of the function f(z, e) is constant in V. This is because f(z, w) 20 f(0,w)

and
ﬁ(z w)
ow \7 d
/|u|=s f(z,u) !
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counts the number of zeros of f(z,e) in B.(0). Therefore, we can write f(z, w) = h(z,w) [[(w—
bi(z)), where h # 0. Our candidate to be g is [ [(w —b;(z)), that has as coefficients the sym-
metric polynomials of the zeros b;(z). Since the ring of symmetric polynomials is generated
by sums of powers of the b; and we know (using Cauchy’s formula) that

. or
bi(2)* 4+ +bu(2)* = 5 o wsaTw(z, w)dw.

This says that the functions a;(z) and ¢ are holomorphic in a neighborhood of the
origin. Finally, h is holomorphic for small |z|, |w| since

f(zu)
h(z,w) = — (2, 0) du = — GO
270 Jjy=p U — W 210 Jiy=p U —w

]

Theorem 1.3.4 (Division Theorem). Let f(z,w) be as in[1.3.9 Then for any germ of
holomorphic function ¢(z,w), there exist holomorphic germs h(z,w) and h;(z),1 <i <n—1
such that

n—1
¢=hf+ Z hi(2)w'.
i=0

Proof. Using the [[.3.3] we can assume that f is a Weierstrass polynomial. If we define h

to be
h(z,w) 1/ o(z,u) 1

" 2mi wi=r f(z,u) u —w
we get that
d(z,w) — h(z,w)f(z,w) = Qim /| B ?E?Z; f(z,ul)b : i(z,wdw

If f is a Weierstrass polynomial of degree n in w, then W is a polynomial of

degree n — 1 in w with holomorphic coefficients in z and u. Thus, the linearity of the
integral implies the desired decomposition for ¢. O]

Now, we will prove a preparation theorem, that will be an important technical tool in
our study of singularities. It is a theorem that allow to extend a solution of a functional
equation along the parameters of a deformation (this will be better understood in Chapter

3, with the proof of |3.0.11]).

Theorem 1.3.5 (Thom-Martinet Preparation Theorem). Let (x,y) € C* x C¥ and let
I C O,k be an ideal. Denote I,.o = {f(z,0): fel}. Ifey,...,e, € Oniy are such
that e1(x,0), ..., e.(z,0) generate 0,,/1, o as a C vector space, then the functions ey, ..., e,
generate the module O,yi/1 over Oy. That is, for every h € O,, there exist germs

a(y), ..., 9.(y) such that

h(z,y) = gi(y)ei(x,y)(mod I).

i=1
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Proof. We know from the hypothesis that for every h € 0,,,, we can write

h(z,0) = Zaiei(x, 0) (mod I,),a; € C.
i=1

Using Hadamard’s lemma to h(z,y) around y = 0, we get that

h(x,y) = Zazez('xaO)+f(xao)+mkﬁn+kh(xay) = Zaiei<x7y)+f<x>y)+mkﬁn+k (13)

i=1 i=1

where f € I, and we used that f(z,y) — f(x,0),e(z,y) — e(x,0) € MmO, k. If we call
M = 0, /I, we know that it is a finitely generated module over 0, , but our goal is to
prove that it is finitely generated over 0y by the eq, ..., e,. If we name N the &}-submodule
of M generated by the ey, ..., e,, the last equation tells us that M = N + m; M and thus
M/N = myM/N. If we know M is finitely generated over Oy, using Nakayama’s Lemma
we get that M/N =0 or M = N. Then, from now on we will try to prove that M
is a finitely generated O)-module.

We make induction in n. Let n = 1. Because of we know that M is finitely
generated over R = O} + m;Or,1, and its generators are e, ...,e.. Now, consider the
operation of multiplying by z in the R-module M. Then, there exist coefficients B, ; € R
such that xe; = Z;Zl B, je;, or equivalently, a matrix B with coefficients B; ; such that

(xld=B)E =0,FE = (eq,...,e,).

Cramer’s rule applied to this system says that det(zId —B)e; = 0 for every 1 <i <.
That means det(x Id —B) := a(z, y) is an annihilator of M (and is also a monic polynomial
on x of degree r with coefficients in R). It satisfies the hypothesis of the Division Theorem
134

Finally, let m € M and let mq,...,m; be generators of M over O;,r. Then, m =
22:1 cimy, ¢; € O1,,. Applying the Division Theorem to the the ¢;, and then multiplying
by m; and summing over i, we obtain

n—1
¢ = h;a + Zd@jl‘j,di’j S ﬁk, h; € ﬁ1+k.

Jj=0

Also,

|
—

n

m = E di,jmix]

=1 7

Il
=)

because am; = 0. This says that 2/m;,1 <i < 1,0 < j <n — 1 generate M over Oy,

To finish the induction, assume that n > 1 and M = N 4+ myM. This implies that
M = 0, 1. +m,_ 1. M. Applying the first induction step, we get that M is finitely
generated as 0,,_1,,-module. The inductive hypothesis implies that it is finitely generated
over Oy, and thus completes the proof. O



Chapter 2

Local algebra of a map

Every geometric object can be described in two ways: in terms of points of manifolds and
in terms of the functions on them. The algebraic way of describing the geometric objects
(that is, via the algebra of functions on the manifold) becomes very useful when describing
singularities, because of the difficulties arising from their infinitesimal nature.

In this chapter, we introduce an important invariant of an holomorphic function germ:
the local algebra. We will prove that the dimension of that algebra (also known as the
Milnor number), seen as a complex vector space, is equal to the index of the function
in the point. In addition, it will allow us to characterize the isolated singularities and
will play an important role in the proof of Tougeron’s finite determinacy theorem at the
end of the chapter. This surprising result says that complex isolated singularities have a
polynomial representative in its class (one of its Taylor’s polynomials), and is very useful
in the classification of singularities.

The exposition of these topics follows [3], Part I, Chapters 5 and 6.

2.1 Definitions

Definition 2.1.1. Let f : (C",a) — (C™,0) be a germ of a holomorphic function, a € C™.
The local algebra of the map f at a is the quotient algebra of the function-germs by the ideal
generated by the components of the map, which we call I, = (f1,..., fm). We denote it
Qfa = On/1ls,. Its dimension as a C-vector space is called the algebraic multiplicity of f
at a. If a = 0, we will write Iy and @)y, for the ideal generated by the components and the
local algebra respectively.

Definition 2.1.2. Let f : (C",0) — (C,0) be a germ of a holomorphic function with a
critical point at zero. The gradient ideal is the ideal Iv; C O, generated by the partial
derivatives of the function f. The local algebra of the singularity of fis Qv = O, /Ivy.

Remark 2.1.3. The algebra )y does not depend on the choice of local coordinates. If
h: (C" 0) — (C™0) is a biholomorphism, then there is an exact sequence isomorphism,
where vertical arrows are identities

10
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0 —— Iv(y > Op Qy >0
0 —— Iy (fon) > On Qfon >0

since V(f o h)(z) = V(f)(h(z))Dh(z) and Dh(z) is invertible.

Definition 2.1.4. The Milnor number of the germ f € &, is the dimension of Qv seen
as a C-module:

p(f) = dime Qvy.

A critical point is said to be of finite multiplicity if u(f) < oo (we will see later that
this is equivalent to being isolated [2.2.2)).

Example 2.1.5. e Let f: C — C such that f(z) = 2*. Then Qp = 0,,/{(z*71), so f
has at 0 a critical point of multiplicity & — 1 (using Taylor’s formula [1.1.5]).

o Let f: C? — C such that f(z,y) = 2%y + 3*. The local algebra of the singularity
is Oy /{x® + kyk~1, 22y) is generated by 1,z,y,y?, ...,4* !, and thus has multiplicity
k+1.

o Let f: C?* — C such that f(z,y) = 2® + y*. The local algebra of the singularity is
O,/ (322, 4y3) is generated by 1, x,y,y?, zy, xy?, and thus has multiplicity 6.

o Let f:C?* — C such that f(x,y) = 23+ xy®. The local algebra of the singularity is
Oy /(322 + 93, 3xy?) is generated by 1, x, zy, y,y%, v3, y* and thus has multiplicity 7.

o Let f: C? — C such that f(z,y) = 2® +3°. The local algebra of the singularity is
O,/ (3x%,5y*) is generated by 1, z,y, 4%, v>, vy, vy?, vy and thus has multiplicity 8.

Definition 2.1.6. Let a be an isolated root of a smooth map-germ f : (R",a) — R". The
index of f at a is

f(ea:) n—1 n—1
R )

where S}'"! is the sphere centered in a with radius 1 and ¢ is sufficiently small for a to
be the only root of f in B.(a). In the holomorphic case, we can think of a map-germ
f:(C" a) — C" as a smooth map-germ f : R?" — R?" and apply the same definition.

ind, /] = deg (

Remark 2.1.7. The index is well defined. Indeed, if there are no roots of f in both B,
and B.s, for sufficiently small €,&’, then the maps 1 fEZ;H and |I§ i gll are homotopic, via
the linear homotopy.

Example 2.1.8. If f(0) = 0 and Df(0) is invertible, then ind,[f] is equal to 1 or —1
depending on the sign of the jacobian. Indeed, by the inverse function theorem, there
exists an inverse map f~': B.(0) — f~*(B.(0)) and - o f~1: 9B.(0) — S"! has degree

[IEll
1 (it is the map that sends = to IIQI) Thus, deg(4) should be a unit in Z, and it should
be equal to deg(f~') = deg(f).

(/1]
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Definition 2.1.9. The geometric multiplicity of a map-germ f : C* — C" at an isolated
cirtical point a is the value ind,(f), that is the index of f at a.

Remark 2.1.10. Both multiplicities coincide (when well defined) for a holomorphic map
germ. This will be proven later [2.2.24]

Remark 2.1.11. The same definitions can be made in the real case with practically no
modification of the theory. In the holomorphic case, as we will see later, the finite algebraic
multiplicity is equivalent to the isolation of the critical point. In the real case, this is not

so: the function f(x) = ¢+ has an isolated critical point at 0 but its local algebra is
1

infinite dimensional. Indeed, f'(z) = 26 <2 50 0 is the only critical point. And {2" : i € N}
is a linearly independent set in Q¢ smce e is trascendent.

2.2 Local multiplicities of holomorfic maps

The main goal of this section will be to prove the next two theorems, concerning the
multiplicity of map-germs at a point.

Theorem 2.2.1 (Equivalence of multiplicities). The index of a holomorphic germ of finite
multiplicity 1s equal to its multiplicity.

Theorem 2.2.2 (Isolatedness of roots). A holomorphic map-germ fails to be of finite
multiplicity at a point a, if and only if a is a non-isolated inverse image of 0 of the germ.

Definition 2.2.3. A map-germ F': (C",a) — (C,0) is said to be non-degenerate at a if it
has an isolated zero at a.

Remark 2.2.4. If 6 > 0 and Bs(0) C R" is such that 0 is the only zero of a map-germ
f: (R™,0) — R™, then the index of a point 0 is equal to the number of preimages of any
sufficiently small regular value e € R", counted with the sign of the jacobian (provided
that this number of zeros is finite). Indeed, let {pi,...,pr} be these finite zeros and let

By, ..., B, be mutually disjonint balls centered in each of these zeros contained in Bs(0).
Let (f —¢); = H}c =1 0D; — S7~'. Thus, since homotopies preserve the degree, we know
that

. _ f n—1

indo(f Zdeg j)+deg|g= HfH 00X — 5]

where X = B;s(0) — Ui:1 B; and B; is the ball B; with the inverse orientation. By , we
know that the deg((f —¢);) are 1 or —1 depending of the sign of the jacobian. And also,
if wis an — 1 form in S7'~' that integrates 1 and i : 9X — X is the inclusion, then

st f e o= (o= L ()
o) e () e
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since dw = 0 (we used Stoke’s theorem).
The same argument can be used for any other deformation H(x,t),z € R" ¢t € R such

that H(z,0) = f (in this case, H(z,t) = f(z) — t).

Definition 2.2.5. Let f,g : (R",0) — R™ be two germs of smooth functions. If there
exists a smooth germ A : (R",0) — GL,(R) such that det(A(0)) > 0 and g = Af, we say
that f and ¢ are R-A-equivalent.

Let f,g : (C",0) — C™ be two holomorphic function-germs. If there exists a germ of
holomorphic function A : (C*,0) — GL,(C) such that g = Af, we say that f and ¢ are
C-A-equivalent.

In both cases, it is an equivalence relation: If A is like in the definition and gives f ~ g,
the function A~!(x) := A(x)~! gives g ~ f.

Proposition 2.2.6. Two R-A-equivalent germs f, g : (R",0) — R™ have the same indices.

Proof. Since det(A(0)) > 0, we can join A(0) and Id with a smooth path 7 in GL,(R). As
the image of that path is compact, the distance to the set {B € R" : det(B) = 0} in M,,(R)
is d > 0. So, by the tubular neighborhood theorem we can create a tubular neighborhood
U= {z+v:(x,v) € N(im(v)) and |v| < ¢} for that path, where 0 < § < d (thinking
of GL,(R) embedded in R" and using the notation N (im(y)) for the normal bundle of
7). This gives a homotopy H between A and the constant map ciq : (R",0) — GL,(R)
(that maps every point in R™ to the identity matrix). Indeed, by making a sufficiently small
extension of the curve and taking a sufficiently small open in the domain of A, we can always
assume that the image of A is an open ball B that belongs to the tubular neighborhood.
Now, consider the vector field X4+, = 7/(t) defined in U (constant over each normal
space) and its flow 6(y,s). We define an homotopy G : Dom(A) x [0,1] — GL,(R) by
G(z,s) = 0(A(z),s). The image of G(z,1) is an open contractible set (this is because if
(v(t),v) € N(im(y)), we know ~(t) + v is an integral curve of X). Thus, we can build
our desired H by concatenating G with an homotopy between im(G(z, 1)) and the identity
matrix (because G(0,1) = Id).

Finally, the homotopy H(z,t) = H(z,t)f(x) joins ¢ to f and preserves the index
(multiplying the function by an invertible matrix preserves the degree). O]

Proposition 2.2.7. If A € GL,(C), then its real form A € GLy,(R) has positive determi-
nant (where A(xy,...,T,) = A(xy + ix9, T3 + 0%y, . .., Top_1 + iT2y,), thinking of A and A
as linear transformations).

Proof. Tt is because det(A) = |det(A)|?. Since AB = AB, we can assume that A is in

o~ —

Jordan form (that is because CAC—! = CAC~" for every invertible matrix C' and so the

determinant of A and C’?l\Cfl are equal). Thus, the determinant is the product of the
eigenvalues counted with its multiplicity in the characteristic polynomial of A. If a block
J; of the Jordan form of A has the form

a1+ib1 0 0
1 . .
0

0 ... 0 1 a,+1b,
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where a;, b; € R, then we have that

ap _bl 0 0

bl aq 0 0

1 0 .0 :
Ji=|0 1 L0

o o . o0 0

D 1 0 a, —b,

O ... 0 0 1 b, a,

Therefore, the determinant of J; is [T, (a7 + b7) = | det(J;)|*. If the jordan blocks of
Aare Ji,..., Jy, then we know that

det(A H det(J, H |det(J;)|? = | det(A)[>.

This completes the proof. n
Corolary 2.2.8. C-A-equivalent holomorphic germs have the same index.

Proof. This is because the real forms of two holomorphic C-A-equivalent map-germs g, f
are R-A-equivalent. This is because if ¢ = Af, where A € GL,(C), then § = Af, and
A(O) has positive determinant because of the previous proposition. By the real form of
a holomorphic map f : C* — C", we mean the map f : R*" — R?>" such that f(z) =
(ur(z),v1(x) .. up(z), va(x)) Where the components f; of f are written as f;(x + iy) =
Wi (X1, Y1y oy Ty Yn) + 105 (X1, Y1,y - -+, Ty Y ), Where uj, v; 1 R — R, ]

Corolary 2.2.9. Let B be a closed ball centered in a point a € C" and f a holomorphic
map defined in B such that a is the only root of f. Then, the index at a of [ is equal to
the number of preimages of a sufficiently small regular value €.

Proof. The index is equal to the number of preimages of a sufficiently small regular value
e # 0 counted with the sign of the jacobian, as discussed in [2.2.4] and we just proved that
this sign is always positive. O]

Proposition 2.2.10 (Additivity of the index). Let f : (C",0) — (C",0) be a map with an
isolated root at O and B a closed ball centered at 0 such that 0 is the only root of f at B.
Then any sufficiently small deformation f. of f has finitely many zeros in B, and the sum
of its indices is equal to the index of f at 0.

Proof. If we know that the number of zeros is finite, [2.2.4] says that the sum of the indices
of f. at these zeros is equal to the index of f at 0. So, let us see that f. cannot have
more than k& = indy(f) roots in B. If f. has k + 1 different roots ay,...,ax+1 in B, let
g be a polynomial that vanishes in this £ 4+ 1 points. Then f. + d¢g has nondegenerate
roots in ag, ..., agyq for almost every 6 € C. Using an analogous argument as the one in
2.2.4] we get mutually disjoint balls By, ..., By around the roots. Since these roots are
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nondegenerate, the degree of f. + dg at each of these roots is 1 (holomorphic maps are
orientation preserving). Thus,

k:deg( Je ) :k—l-l—i-deg( e :8X—>512”1>
|1l |1 fell

where X = B — Uf;l Bi and Bi are the balls B; with the inverse orientation. Since
holomorphic maps are orientation preserving and the degree counts the number of preimages
of regular values with the sign of the jacobian, we get an absurd in the last equation (since
the degree is non-negative and k < k + 1). O

Remark 2.2.11. Deformations will be treated in more detail in Chapter 3. We will use
this result in one particular case in the proof of our theorems, so the reader not familiar
with deformations can try to use the proof of the former proposition in particular cases.
(which will be convex combinations of maps).

Proposition 2.2.12. The multiplicities of A-equivalent map germs f,g: (C*,0) — C" are
equal.

Proof. Indeed, since f(z) = A(x)g(zx), if we name fi,..., f, and g1, ..., g, the coordinate
functions of f and g, we have that fi(z) = > 7| Ay(7)g;(x). So, Iy C I, and since it is
A-equivalence is an equivalence relation, the same argument gives the other inclusion. [

Lemma 2.2.13. Let f : (C",0) — (C",0) be a map-germ of finite multiplicity p > 0.

Then, the product of any p map-germs that vanish at 0 is contained in the ideal I¢. In

particular, any monomial of degree j or greater lies in Iy.

Proof. Let ¢1,...,¢, be such p map-germs. Name 1); = [] ¢; for every 1 < ¢ < p and

j=1

also 99 = 1. These p + 1 germs are linearly dependent in the ring @); as its dimen-
m

sion is p. So, there exist elements co,...,c, € C such that ) ¢, € Iy (and not all ¢;
i=0

are zero). It is evident that ¢y = 0, otherwise Iy would contain a unit and @; would

be trivial (which contradicts that its dimension is positive). If 7 = min{j € N: ¢; # 0}

then ¢, (¢, + 1941 + - + Cupri1 - - @) € Ip. This means that ¢, belongs to Iy as

m

(¢r + Crp10r41 + -+ + Cuprgr1 - - - ) 1s invertible in @,,. Then, [ ¢; € I(f) because it is
j=1

divisible by 1., which completes the proof. O

Corolary 2.2.14. A root of finite multiplicity is isolated.

Proof. If the germ of f has finite multiplicity p at 0, we can apply the lemma to
the germs :Eé‘ for every 1 < j < n. Therefore, we can write each of them in the form
> hjif; where hj; are holomorphic map-germs. So, in a small domain (the intersection
of all the domains of the h;; and f;), f(x) = 0 implies that 2 = 0 for all 1 < j <n, and
so x = 0. [

Corolary 2.2.15. Let f : (C™",0) — C be a germ of finite multiplicity yu and g : (C*,0) — C
such that f — g € mH*tL. Then, f and g are C-A-equivalent.
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Proof. We name f; and g; to the components of f and g and we write g; — f; as > H, ; f; for
every 1 <i <n, where H; ;(0) = 0 (using the Lemma . So, we get that g — f = Hf
where H is the matrix which components are H; ;(x). Thus, H € M,,(m). Since Id + H is
invertible (1.3.1), we get that g = (Id + H)f, which proves the C-A-equivalence. ]

Definition 2.2.16. Let m = (my,...,m,) € (Ny)". The m-Pham map is ™ : C* — C"
such that ®™(zq,...,2,) = (2", ..., 2"™).

»n

Remark 2.2.17. Let f : (C",0) — C" be a map-germ of multiplicity p at 0. If we let
m=(u+1,...,u+ 1), then the map-germ f is C-A-equivalent at 0 to the germ ®™ + ¢ f
for all e € R — {0}. This is because their difference is ™, and they belong to m**! so we

apply [2.2.15]

Proposition 2.2.18. indy(®™) = po(P™).

Proof. It m = (mq,...,m,), we can compute both numbers separately. The index is equal
to the number of roots of the map ®™ — (gq,...,¢&,) for a sufficiently small regular value

(e1,...,&,) of ®™ m The system z; = ¢; for 1 < ¢ < n has [[\_, m; solutions if &; # 0
for every 1.

On the other hand, Q¢m = Clxy,...,z,)/{x]™, ..., 2') has a basis of monomials
formed by the elements ]}, xf’ where 0 < k; < m; for every i. So, the dimension of
this algebra is [[}_, m;. O

Definition 2.2.19. Let g : U C C* — C™ be a holomorphic function and U an open set,
Hol(U) the algebra of holomorphic functions in U and 1,(U) = (g1, ..., gn) € Hol(U). The
quotient Q,(U) = Hol(U)/I,(U) is the local algebra of g on the domain U. The image
of the polynomials in this quotient is called the polynomial subalgebra, and is denoted
Q,U]. If ay,...,ay are the zeros of ¢g in U, the multilocal algebra of g in U is the space
ML,(U) =& ,Qy.4,, that is, the direct sum of the local algebras of the germs of g at the
points a;.

Lemma 2.2.20. Suppose that the C dimension of the polynomial subalgebra of a map g in
U is p < oo. Then every zero of the map g is of finite multiplicity.

Proof. We make an argument similar to the one in [2.2.13] If a is a zero of the map ¢ and
©1,...,p, are linear functions vanishing at a, then the images of the p + 1 polynomials
L1, 0192, ..., 1 -, are linearly dependent. Thus, arguing as in [2.2.13] we find that
there exists a function h € Hol(U) such that h(a) # 0 and he;y---¢, € I,(U). This
says that ¢;---p, € I,,, after inverting h (in the local algebra, not in the polynomial
subalgebra). O

Proposition 2.2.21. Let f. be a deformation of f. Then, for sufficiently small ¢,
[ {fe = 0} [ < u(f).

Proof. We name f.(x) = (fi(z,€),..., fu(z,€)) and let ey, .. ., e, the polynomial generators
of . Using the Thom-Martinet Preparation Theorem [1.3.5 any polynomial P(z) can be
decomposed in the form

P(e) = Y giE)es(w) + Y wila,2) il ) (2.1)
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where each of the ¢;, g; are holomorphic. The problem is that the domains of this functions
can depend on the choice of the polynomial. However, we can choose domains not depending
on the polynomial. We intersect the domains of the functions corresponding to the Thom-
Martinet preparation theorem decomposition of 1,z4,..., 2z, and zje;,1 <j <n,1 <k <
(. Since every polynomial of degree d can be put in the form P = 2?21 rjQ; +c-1
with deg(Q);) < d, we can apply induction with respect to deg(P) and obtain the desired
representation in a fixed domain (that is, independent from the choice of the polynomial).

Thus, we can assume that x € U, ¢ € V where U,V are fixed domains of the origin.
Also, we can assume that all the zeros of F.,e € V bifurcating from the origin lie in U (by
reducing V). From our previous decomposition [2.1, we get that dime Q. [U] < p.

Let aq,...,a, be the roots of f, in U and Il : Q. [U] — MLy (U) be the natural
map that sends a polynomial to its classes in the local algebra. The fact that this map is
surjective implies the inequality. And this holds because given finite jets at the points a;,
there exist a polynomial having those jets at each a; (this is Hermite interpolation). O]

In the middle of the proof of this proposition we deduced that
Corolary 2.2.22. > u,, (F.) < u(f).

And also
Corolary 2.2.23. indy(f) < u(f).

Proof. Applying our proposition to the deformation F, = f — ¢, for ¢ a sufficiently small
regular value of f, we get that indo(f) = |{f =€} | < u, by using [2.2.9|in the first equality
and the proposition in the second one. O

Theorem 2.2.24. The index of a holomorphic germ of finite multiplicity is equal to its
multiplicity.

Proof. If the map-germ does not vanish in the origin, then both the multiplicity and the in-
dex are obviously equal to 0. Let f : (C",0) — (C",0) be a map-germ of finite multiplicity.
By [2.2.17], we can choose a Pham map ® such that f and ®. := & +¢f are C-A-equivalent
for € # 0. Then, we choose a sufficiently small neighborhood U of 0 and a small . If we
call a; the roots of ®, in U, we obtain the chain of inequalities

po(®) > 1, (P:) by 22:27

o (8) 2 nd (02) by E223

Z ind,, (®.) = indg(P) applying the Proposition 2.2.10] to the deformation ® + ¢ f
indo(®) = ( ) because of Proposition [2.2.18

This chain of inequalities implies that pi,,(®.) = ind,, (P.) for every a; root of ®.. Since
f(0) =0, then 0 is a root of ®., and therefore uo(P.) = indg(P.). But since f and &, are
C-A-equivalent, we know that

po(f) = po(®.) because of 2.2.12]
indy(f) = indy(P.) because of 2.2.8

So, this implies that po(f) = indo(f). ]
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Corolary 2.2.25. An isolated root of f: (C",0) — (C",0) has finite multiplicity.

Proof. We would like to use our Theorem [2.2.24] to say that the multiplicity of that root
is exactly its index; the problem is that we cannot use it directly on f since we don’t know
if it has finite multiplicity (moreover, that is what we would like to prove). The idea is
to build another function germ g of finite multiplicity that “looks like” f (in the sense
that they have the same index and are C-A-equivalent). Let k be the number indy(f) and
g = fi_1+e®bb where I > k + 1, f_; is the taylor polynomial of f of degree I — 1 and
®D is a Pham map (defined in [2.2.16)). It is clear that the k + 1-jets of f and g at 0 are
equal. Also, the germ g is of finite multiplicity. Indeed, in the local algebra, the relation
el = —f; 1 allows us to reduce the degree of each polynomial if its degree in one of
the variables is greater or equal than [. This says that the subalgebra of Qv generated by
polynomials is of finite dimension. This implies that Qv (g is finitely generated, by
If we define a ball B in the domain of convergence of the germ of f at 0 such that f vanishes
only in the origin, we can choose | and ¢ such that || f|| > ||f — ¢|| in 0B.

Finally, since for 0 <t < 1, we get that |[tg + (1 —¢)f|| = [|f +t(g9 — DIl > ||| —
tlf—gll > (1=2t)||f—g|| > 0, the maps ﬁ and pfr are homotopic, through the homotopy

%. Therefore, indy(g) < deg(ﬁ : 0B — 51(0)) = indy(f) = k. Since ¢ has finite

multiplicity at 0, we know that po(g) = indg(g) < k because of the Theorem [2.2.24] Since

f— g€ mro@t! the germs at 0 of f and ¢ are C-A-equivalent because of 2.2.15 and thus
have the same (finite) multiplicity at 0 (this is because of [2.2.12)). O

2.3 Tougeron’s finite determinacy theorem

To classify critical points, it is necessary to describe the action of the infinite-dimensional
Lie group of diffeomorphism-germs over the infinite-dimensional space of map-germs. The
Tougeron’s theorem states that any function-germ at an isolated critical point (or equiv-
alently, of finite multiplicity, as seen in the last chapter) is equivalent to a polynomial.
This helps us reduce the description of isolated singularities to the action over a finite-
dimensional space of map-germs.

To prove Tougeron’s theorem, we are going to introduce a method proposed by Thom,
which is called the homotopy method. Say that (in a more general way and in the real case)
we want to have a left-right equivalence between two maps between differentiable manifolds
M and N, say f,g: M — N, so we want to find two diffeomorphisms H and K such that

M—{ N

[ e
M2 N
To find those diffeomorphisms, we find a homotopy F' : M x I — N that joins f and g

and try to decompose the previous commutative diagram into many “infinitesimal” ones,
by trying to find two diffeomorphisms
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—>N

lHAt [

Fiya
t+tN

for small At.

In the rest of this subsection, let f : (C*,0) — (C,0), m the maximal ideal, ¢ € m**2,
where 0 < p < oo is the multiplicity of the map V(f) at the point 0 and f;,¢; : C* = C
the maps 0;f and 0;p for 1 < j <n.

Lemma 2.3.1. 1. Every monomial of sufficiently high degree (> ) belongs to the ideal
I9(p4tp), that is mt C Ig(pi4,) with t € [0,1] a constant.

2. The homological equation with unknown v, a vector depending on t

Ut'(f+t90):a

is solvable for every t € [0,1] if o is a monomial of degree p+1. The - denotes difer-
entiation in the direction of the vector vy,. Moreover, the solution depends smoothly
on t and vanishes at the origin.

Proof. 1. There is a finite number (which we call ) of monomials of degree i, which are
{M;}._,. By means of Lemma [2.2.13 M; is one of those monomials. We have that
M, el f and

n

M; = ijhj,i(x) = Z(fj + tp;)h Zt% 3i(T), hji € Oy
j=1

j=1

Since p; € m** the term substracted in the right hand side can be written as a
linear combination of monomials of degree p with coefficients in m. Then, we have

Mi = Z(f] -+ th])hjﬂ(.CE) — ZM] (Z t.l?saj,s’i(l')) ; a]’,s € ﬁn
7j=1 s=1

j=1
By taking the same decomposition for all the monomials of degree u, we get a system
M1 + Z:l Mj (231 tiIZ'SCLj7S71(.CE)) = zjl(fj + t(ﬂj)hj’l(iC)

j= 5= j=

of equations

n

M, + ¥ M (it:csaj,s,rcc)) | = 32+t (o)

\ j=1 =1

which is a system of equations of the form (Id +At)M = B. In the equation, B =

(Z (f; + tgoj)hjﬁi(q;)> and M = (M, ..., M,) are r-dimensional vectors and A, =
J=1 i=1

<Z txsaj,s,i(x)) is a matrix with coefficients in m. If we know (Id 4+ A;) is invertible,
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then M = (Id+A;)'B and as B has coefficients in Iy(si+,), we conclude that M
does too. And this has been done in [[.3.1]

2. If we fix t € [0, 1] and write o = x;M; where M, is a monomial of degree ;1 we know
there exists a solution of the equation

v (f +tp) = M;

because M; € Iy(f41,)- Also, using the same notation that we used in the proof of
the first part of this lemma, as (Id +A4;)~' = adj(Id +A;) det(Id +4;)~! (having in
mind that det(Id +A4;)~! is a unit), we can see that the solution depends smoothly of
t € [0, 1]. By multiplying by z; we get the desired solution v;.

[

Definition 2.3.2. We say that a k-jet is sufficient if any two functions with that k-jet are
equivalent.

Theorem 2.3.3 (Tougeron). Let f: (C",0) — (C,0) be an holomorphic map-germ at a
critical point of finite multiplicity p. Then its p + 1-jet is sufficient.

Proof. We join f and f 4 ¢ with the homotopy F(x,t) = (f + te)(z) and we look for a
family of local diffeomorphisms ¢; such that

If we take in both sides of the equation, and we call vs(gs(x)) = (% gt(a:)) li=s We get
another equatlon

p(9:(2)) + vi(gi(x) - (f + t9)(9:(2)) = 0. (2.2)

S
As a = —p € m*2 we know that there exists a decomposition a(x) = Y a;(x)e;(z) where
=1

the a; are monomials of degree p+ 1 and ¢; € m. We can solve for ever}7 7 the homological
equations with unknown (v;)

Which means that v, = > ¢;(z)(v;); is a solution for To find g;, we use the fact that

Lg(x) =0
gy (O) =0
go(z) =

1(9:(x))

KH

()
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is an ordinary differential equation for g; and its (only) solution solves 2.2} By integrating
the equation in ¢ between 0 and s we get that

(f + o) (gu(2))[=5 = (f + s0)(gs(2)) — f(2) =0
which means that g, is a right change of coordinates between f and f + . m

Remark 2.3.4. This in particular says that every isolated singularity has a polynomial
representative of degree less than p + 1, where p is its multiplicity in the critical point.
Thus, this simplifies the classification of isolated singularities of a certain multiplicity to
the classification of orbits of an infinite dimensional group action over a finite-dimensional
manifold (the u + 1-jets).

Remark 2.3.5. The particular case of ;1 = 1, Tougeron’s theorem says that every critical
point of index 1 (that is, non-degenerate critical point by is equivalent to its 2 jet,
which can be made equivalent, by completing the square several times, to a sum of variables
squared; this is exactly the Morse lemma [I.2.4]

Example 2.3.6 (Whitney). Let us consider the holomorphic function in three variables
flx,y,2) = zy(x + y)(x — zy)(x — €*y). Each plane z = ¢, ¢ € C fixed, intersects the set
{f(z,y,2) = 0} along 5 curves that intersect in the point (0,0, c). The cross-ratios of the
tangents of 4 of those 5 curves depend on the plane z = ¢ chosen. One can check that
this dependance is not algebraic (because of the factor e* appearing in the expression of
f), and this proves that this function is not equivalent to a polynomial (in that case, the
dependance must be algebraic).



Chapter 3

Versal deformations

Generally, when we consider the set of all singularities, the main interest is the study of
the nondegenerate critcal points, since they appear generically; that is, we may get rid of
complicated singularities by small perturbations (that is the content of the Transversality
theorems, see for example [3] Chapter 2, [5] Chapter 3). However, in many cases we are
not interested in the study of an individual object, but in a family of objects, depending on
parameters. In this case, degenerate singularities can be “irremovable”. Take for instance,
the case of 2® + tx. It has a degenerate singularity for ¢ = 0 and every sufficiently close
family will have a degenerate critical point for ¢ close to 0, although for each fixed value of
the parameter the singularity is removable by a generic perturbation of the map. Therefore,
the natural object of study is not the degenerate singularity, but the family in which this
singularity becomes irremovable; this will be the main topic of this chapter.

Definition 3.0.1. Let GG be a Lie group acting on a mainfold M and f € M. A deformation
of f is a smooth map-germ F' from a manifold A (called the base) to M at a point 0 € A
for which F(0) = f.

Two deformations F, F' : A — M are said to be equivalent if they have the same base
and there exists a deformation g : A — G of the element 1 € G such that

F'(\) = g(NF(M\); A € A

Definition 3.0.2. If 6 : (A’,0) — (A,0) is a smooth map, and F' : (A,0) — (M, f) is a
deformation, we call 8*F = F o 6§ the deformation induced from F by 6.

A deformation F' is versal if every deformation of f is equivalent to one induced from
F.

A deformation F' of f is miniversal if it is versal and if the dimension of its base is less
or equal than the dimension of the base of any other versal deformation of f (that is, the
dimension of its base takes its least possible value).

Example 3.0.3. The identity map Id : M — M is always a versal deformation, but
is not in general a mini-versal deformation. Since we want to parametrize the space of
functions in the simpler way, the definition of versal deformation is not enough; mini-versal
deformations will be the way to understand a neighborhood of a point in the space of
functions.

22
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Remark 3.0.4. The transversality of the deformation F' : (A,0) — (M, f) to the orbit G f
of f is a necessary condition for the versality of F. In fact, suppose that

F.ToA + T;Gf C Ty M.

If we take an equivalent deformation to F', say H, then F,ToA + TyGf = H/TZA + TG f
holds. And if we take any induced deformation 0*F', we know that (6*F), ToA + TG f C
F.ToA + TyG f. This says that every deformation F’ of f satisfies

FTolA+T;Gf CTyM
which is obviously not true (take F’ the identity map of M).

Theorem 3.0.5. A minimal transversal to Gf at f in M is a miniversal deformation of
f.

Proof. Let F' : (A,0) — (M, f) be a minimal transversal deformation and let K be a
transversal to the stabiliser Eg(f) of f. The product operation p : K x F(A) — M
defines a smooth map-germ at (1,0) that is also a diffeomorphism-germ. This is because
the differential is suryective (as a consequence of the previous remark) and also injective,
or we can reduce the dimension of A and keep it a transversal deformation. By the inverse
function theorem, the product is a diffeomorphism.

Then, let F' : (A,0) — (M, f) be another deformation of f. For all X € A, we
have that p~'(F'(X)) = (B(N),7(\)) € K x F(A). Finally, F'(N) = B(\) - y(\) =
BON) - F(F1(7(X)).

O

Definition 3.0.6. The modality of the point f € M under the action of a Lie group G is
the least number m such that a small neighborhood of f is covered by a finite number of
m-parameter families of orbits.

Example 3.0.7. Let M be the manifold of quadruples of lines passing through the origin
in C* and G be the group GL(3,C). G acts on M by multiplication. Let us describe the
orbits of this action.

Firstly, the quadruples of lines that are not contained in a common plane are one
orbit. Indeed, if we multiply three linearly independent vectors on C® by the same invert-
ible matrix, we obtain again three linearly independent vectors. Also, if vy, vs, v3, v4 and
wi, wo, w3, wy are a pair of quadruples of vectors that direct two non-coplanar quadru-
ples of lines, then there is a matrix g such that gv; = w; for ¢« = 1,2,3. Then, if
Vg = a1v1 + av2 + azvsz and wy = byw; + boyws + bzws, the matrix g such that gv; = Z—wz
if a; # 0 and gv; = w; if a; = 0 sends one quadruple into the other. This orbit is a
O-parametric family.

In the case of the quadruples of lines that lie in a common plane, there is a numerical
invariant of the action: the cross-ratios of the four lines. So, we will not be able to cover
a neighborhood of any of these points with finitely many orbits; we will need at least a
uniparametric family. Since every quadruple of coplanar lines with a fixed cross-ratio can
be moved to any other quadruple with the same cross ratio by the action of an element
of the group, we can cover a neighborhood of any coplanar quadruples of lines with a
uniparametric family that varies the cross ratios and the orbit (or O-parametric family) of
non-coplanar quadruples of lines. Thus, the modality is 1.
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We have introduced this deformations in the finite-dimensional case to generalize its
study to our infinite dimensional case, in which we have a space M of maps (smooth
or holomorphic) and an infinite dimensional Lie group, which is the group of changes of
variables, right-acting.

Definition 3.0.8. A deformation with base A = C' of the map-germ f : (C*,0) — C is
the germ at zero of a map F : (C" x C!,0) — C such that F(z,0) = f(x).

A deformation F’ is equivalent to F' if F'(z,\) = F(g(z, A), A) where g(z,0) = x and
g: (C"x C!0)— (C"0) is a holomorphic map-germ.

A deformation G is induced from F' by @ if

G(z,N) = F(z,0(\))

with 6 : (C",0) — (C,0) is an holomorphic map-germ.

A deformation F : (C" x C!,0) — C of the germ f : (C",0) — C is said to be versal
if every deformation of f is equivalent to a deformation induced from F'. Equivalently, if
every deformation F” of f can be represented as

Fi(, X) = F(g(x, X),0(X))
g(z,0) =x
6(0)=0
If we have a versal deformation F' of the germ f, we know that it is transversal to the
orbit of f (using the . In the finite dimensional case, this is also a sufficient condition
as we already proved. This also holds in the infinite-dimensional case of the action of

biholomorphic changes we just defined. But in this case, we have to define a notion of
transversality in the infinite-dimensional case.

Remark 3.0.9. Let us assume that F' is a versal deformation of f : (C",0) — C. Then,
there exist a family of holomorphic map-germs ¢ : (C" x C,0) — (C™,0) and a holomorphic
function 6 : (C,0) — (C',0) such that

f(@) + Na(z) = Fg(z, N),6(N))
where o : (C",0) — C is any map. Taking -% |, —o both sides of the equality, we get
N

i=1 O

dg; " OF 00,

a(x)

So, the infinitesimal condition should be that any function can be written as a sum of
an element of Iy(s) (which is an element of the first summation, and takes the role played
by the tangent to the orbit in the finite dimensional case) and a linear combination of the
partial derivatives g—/l\z |x=0-

Definition 3.0.10. A deformation F'(z, A) of the germ f(x) is called infinitesimally versal
if every function-germ ¢(z) can be written as

L9f < OF
g(as) = Z h’a_xl + Z Cja—)\jb\zo
i=1 j=1
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where h;(z) are holomorphic map-germs and ¢; are constants. That means, if %| A—0
J
generate the local algebra Q)vy as a C-module.

Theorem 3.0.11. Any infinitesimally versal deformation of a function-germ is versal.

Proof. Let F(x,A\),A = (\1,...,\x) € (C*,0) be an infinitesimally versal deformation of a
germ f and let F'(z, ), N = (X,,...,\,) € (C*,0) be another deformation of f. First,
consider the deformation F(x,\,N) = F(z,\) 4+ F'(z, X') — f(z). It is both a deformation
of f with parameters (A, \') and a deformation of F' with parameters \'. Thus, it is an in-
finitesimally versal deformation of f. It is clear that F” is induced from E (replacing A = 0).
So, we will manage to make F equivalent to a deformation induced from F. Moreover, it is
enough to prove it for &’ = 1: in this case, we make step by step F(m, AL AL 0, 0)
equivalent to one induced from ]3(93, AL AL, 0,...,0) for every 1 < s <K —1 and
finally F'(x, X\, \;,0,...,0) equivalent to one induced from F(z,\,0) = F(z, \).

Now, we reduced our problem to prove that the deformation ®(z, A\, \),\ € Ck, X €
C; ®(x,\,0) = F(z,\) is equivalent to one induced from F. This means that we have to
find  : (C**1 0) — CF, ¢’ : (C"**+1 0) — C" such that

(z, A, p) = F(g'(z, A, 1), O, 1))

We can think %), (z,A) = (¢'(z, A\, 1), 0(A, 1)) as a l-parameter family of (local) bi-
holomorphisms. Thus, by applying (h’);! both sides of the equation, we need to find
¢ : (CF1.0) — CF g: (C"tk+L 0) — C" such that

(g, A 1), oA, 1), ) = F(g (w0, A, 1), O(A, 1)) (3.1)

where hy,(z,\) = g(z, A\, i), o(A, i) is a 1-parameter family of local biholomorphisms. Since
we have an equation holding and we have to find a 1-parameter family of local biholomor-
phisms, we can use the homotopy method, formerly described for the proof of Tougeron’s
finite determinacy theorem In this direction, we consider the vector field V,, corre-
sponding to the family A, and depending on p defined by the equation

oh,

V,oh, = i

(3.2)

Thus, we have an expression for V), of the form

0 o 0
V.= E Hi(l‘,%u)am + E fj()\,/ﬁ)a
i=1 t j=1 J

where H;,§;,1 <i<n,1 <j <k are holomorphic function-germs.
Thus, after taking % both sides of the equality in we get

0P ) 0P
o T Him Ao+ D &) =0 (3.3)
— —
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If we manage to solve the equation

» 0D oD
D Hi@ A=+ &N )5 = alw, A p) (3.4)
i=1 tj=1 J

with unknowns H;,¢;, we can recover the family h, from V,, in the and integrate
to show that this h, satisfies the required relation. Indeed, the hypothesis of infintiesimal
versality of I (that implies the infinitesimal versality of ®), say that the equation has a
solution for A = 0, u = 0, so we need a tool that allows us to “extend” this solution along
the evolution of parameters. This tool is exactly the Thom-Martinet Preparation Theorem
Indeed, if we put y = (\;p), I = (g—i, . g%),ei = g—i, the thesis of its theorem
says exactly that has a solution in the class of germs of analytic functions. Thus, the
theorem is proved.

]

Remark 3.0.12. The proof gives us a clearer interpretation of the Thom-Martinet Prepa-
ration Theorem: it is a theorem that “extends” the solution of an equation such as
(where the unknowns are the functions) “along the parameters”.

Corolary 3.0.13. The base of a miniversal deformation of a critical point of a map-germ
f has dimension p(f), its multiplicity at the point. Moreover, a miniversal deformation
has the form

w(f)
Fla)+) A
j=1

where the {vl, e >Uu(f)} is a basis of Qvy.

Proof. To be able to generate QQyy, its dimension must be at least p(f). If {vl, o 7U#(f)}

w(f)

is a basis of Qv , then we have that f(z)+ )  A;v; is an infinitesimally versal deformation
j=1

of f and therefore is a miniversal deformation. O

Theorem 3.0.14 (Uniqueness of miniversal deformations). Any miniversal deformation F'
of a germ f: (C",0) — C is equivalent to a deformation induced from any other miniversal
deformation F' by a biholomorphism of their bases.

Proof. Let k be the dimension of the base of a miniversal deformation, that is k = pu(f).
Then, we know there exist g : (C"** 0) — (C,0),6 : (C*,0) — (C™,0) such that

We have to prove that D6(0) is an invertible matrix. Now, taking 22| = both sides of
the equation, we get
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OF  NOF, g = OF 09,
o, 0= — O, = 0aa T 2 o O
As %(m,O) = g—gﬁ:(x), we get
OF OF 09

in the local algebra Qv (s). Assume that there exist constants a,...,a; € C such that

Zle ai%(()) = 0. We have to prove that a; = 0 for every i (this says that the rows of
DO(0) are linearly independent). In fact,

k
OF’ OF
i (2,0) = 3 T (2,0) - (@ 2-(0)) = 0
> gy, (0:0) = 30 7 (e0)- a0
holds in Qvy), and since {g—i(m, O)}:;l is a linearly independent set, then a; = 0 for every
i. m

Definition 3.0.15. Let f : (C™,0) — (C,0) be a function-germ (that is f € m the maximal
ideal in the space of function-germs). The modality m of this function-germ f(x) is the
modality of any of its jets j%(f) (in m) for every k > u(f)+ 1. This is well defined because
of Tougeron’s theorem [2.3.3] The function-germs of modalities 0,1 and 2 respectively are
called simple, unimodal and bimodal respectively. We will give the complete classification
(and by this, we mean a list of normal forms) of simple singularities in the last chapter
and explain some methods (even though not all of them) that allow us to classify all the
unimodal and bimodal singularities. This result is due to Arnold in [2]. The full list of
unimodal and bimodal singularities can be found in [3] Chapter 16, or [I] Chapter 1, Section
2.3.

Remark 3.0.16. The definition of modality considers the smallest function space m; oth-
erwise, all critical points will have modality greater than 0.

Example 3.0.17. The modality of the function-germ f(z) = 2% is 0. This is an immediate
consequence of the Morse Lemma.

To classify the singularities of map-germs, we will try to give normal forms, which are
essentially some choice of a member of each orbit. This choice is not usually unique. Let
us give a definition.

Definition 3.0.18. e A class of singularities K is any subset of &, that is invariant
under the action of the group of biholomorphic map-germs.

e A normal form for a class of singularities K is a smooth map ® : B — M from a
finite-dimensional vector space B into the set of polynomials M that satisfies

1. ®(B) intersects all orbits in K.

2. The preimage of any orbit in K under @ is a finite set.
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3. The preimage of K¢ under ® is contained in some proper hypersurface in B.

e A normal form is said to be polynomial if ® is a polynomial with coefficients in M (the
set of polynomials) and it is said to be simple if ®(by,...,bx) = p(x) + Zle bix™,
where p(z) is a fixed polynomial and m; € N.

Remark 3.0.19. In this work, we will not check that our normal forms satisfy this defini-
tion (since we deal only with simple singularities, we do not need this complicated definition,
that is useful when the classification is more complicated). Instead, we will think of normal
forms as some (probably simultaneous) choice of a member from each orbit. This choice is
not unique, so we must do it in a natural way.



Chapter 4

Quasihomogeneous singularities

In this section, we introduce and work with quasihomogeneous and semiquasihomogeneous
morphisms with the idea of reducing quasihomogeneous and semiquasihomogeneous singu-
larities to normal forms. In this chapter, we will mainly work with the algebra of poly-
nomials, but they can be replaced by power series or germs (except it explicitly says that
they cannot).

A motivating example for the study of semiquasihomogeneous functions is the fact
that every function-germ in two variables with 3-jet equivalent to 2%y + %® can be made
equivalent to its taylor polynomial of order 3, say its “principal part”. This is of course not
true in general: indeed, the initial part may have a non-isolated singularity, while the whole
singularity may not (take for example 2 + ¢° in two variables). The idea of working with
quasihomogeneous and semi-quasihomogeneous functions, is that it allows us to generalize
the idea of making a function equivalent to its principal part by relaxing the notion of
principal part of a power series. Indeed, we will prove that (under this relaxed new notion
of degree) if the principal part has an isolated singularity, then we can make it equivalent to
a normal form, depending only on its principal part. This will be our main tool to reduce
singularities to normal forms in the next (and last) chapter. The main source is [3], Part
2, Chapter 12.

From now on, if # = (z1,...,2,) € C" and k € (Zso)", we denote z* := [/, =}

%

4.1 The Newton diagram

Definition 4.1.1. Let f : (C",0) — (C,0) be an holomorphic function-germ and let
Zke(Z>0)n frx® be its Taylor series. The Newton support of f is the set

supp(f) = {k € (Z0)" : fi # 0}.

The Newton polyhedron is the convex hull of supp(f) + (Z>¢)™ depicted in (R>()". The
Newton diagram of f is the union of compact faces of its Newton polyhedron.

Example 4.1.2. The Newton diagram and Newton polyhedron of the function f(z,y) =
2%y + 2%y + y* are shown in the figure [4.1]

29
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Figure 4.1: Newton diagram and polyhedron of 2%y + 22y% + 2.

Remark 4.1.3. Let f: (C",0) — (C,0) be a holomorphic function-germ. If we multiply
f by any monomial z*, its support gets transalted by the vector k, that has non-negative
coordinates. Thus, given a Newton polyhedron I', the holomorphic function-germs whose
supports are contained in I' form an ideal in the ring @), of holomorphic function-germs.

4.2 Quasihomogeneous functions

Definition 4.2.1. Consider the space C" with coordinates x1,...,x,. An holomorphic
map germ f : (C",0) — (C,0) is said to be quasihomogeneous of degree d and indices (or
weights) a = (a1, ..., a,) € QL if for every A > 0, the equality

FO@ g, A a,) = M f (. a)

holds. If we write the Taylor series f = > frz¥, the condition means that all the indices of
2

the non-null terms that appear in the series, belong to the hyperplane I' = {k : (a, k) = d}.
When d = 1, this space I' is called the diagonal. If we divide all the weights by d, we
can always assume that a quasihomogeneous function has degree 1. We also say that a
monomial z* has generalized degree d (fixing first «) if (a, k) = d. This gives a filtration
in the ring of power series.

Definition 4.2.2. A quasihomogeneous function is non-degenerate if 0 is an isolated critical
point (or equivalently, of finite multiplicity because of 2.2.24)). They form an algebraic
hypersurface in the linear space of quasihomogeneous polynomials.

Definition 4.2.3. A polynomial f has order d (we note it p(f)) if all its monomials have
degree d or higher. In this case, we call d the quasi-degree of f. We denote A, the space of
power series/germs/polynomials of order d and A, the space of series/germs/polynomials
of order greater than d. By convention, we say that ¢(0) = +oo.

Remark 4.2.4. Ay C A; if d < d', and (f) is the biggest rational number d such that
f € Ay Also, as 0 € A, and the order of a product of monomials is the sum of its orders,
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we have that Ay is an ideal in the algebra of polynomials A. This gives a filtration in the
ring O, (when o = (1,..., 1), this is the usual filtration by degree). By taking the quotient
A/Aq, we are identifying polynomials (or maps, more in general) that have the same Taylor
polynomial of degree d.

Definition 4.2.5. With the last definition in mind, we say that A/Ay is the algebra of d
quasi-jets and we call its elements, d quasi-jets.

Definition 4.2.6. A power series/polynomial is said to be semiquasihomogeneous of degree
d and weights aq,...,qa, if f = fo+ g where fy is a non-degenerate quasihomogeneous
polynomial of degree d weights o and ¢ is a polynomial of order greater than d.

Remark 4.2.7. Let f: (C",0) — (C,0) be a quasihomogeneous function of degree d and
type a. Then, its partial derivatives are also quasihomogeneous. Indeed, taking % on
both sides of the expression

FOMzy, A 2,) = N f (2, ... 2,)

we obtain

0 0
A%a—f(xalxl, L Ay,) = Adaf

i X

(T1,. .., T).
This says that % is a quasihomogeneous function of degree d — «; and weights a.
One of the main goals of the section will be to prove the next result.

Theorem 4.2.8. Let fy be a non-degenerate quasihomogeneous function (or polynomial),
and let us fix a basis of monomials of the local algebra of fy. Leteq, ..., es be the monomials
of this basis whose indices lie strictly over the diagonal. Then every semiquasihomogeneous
function with quasihomogeneous part fy is equivalent to a function fo + > cper with ¢y

k=1
constants.

First, let us show that a monomial basis for the local algebra of a quasihomogeneous
holomorphic and non-degenerate function is also a basis for the local algebra of all semi-
quasihomogeneous functions with such quasihomogeneous part.

Theorem 4.2.9. If f is a semiquasihomogeneous function with quasihomogeneous part fq,
then w(f) = u(fo) in the point 0.

Proof. We shall suppose that the degree of the quasihomogeneous part d is 1. Let us
consider S, = {x € C" : |21 + ... + |x,|* = t} where a; = = the inverses of the weights,

V(f)
V(O
We also know that T; o S; = S; where T(x) = (t*xy,...,t*x,), so we can assume that

the source space of % is S1. We also know that fy is nondegenerate, so at least one of

the partial derivatives of fj is not zero. Therefore, max |200) > ¢ > 0.
s=1,...,n

and remember that u(f) is the degree of the map with source space S; for small ¢.

Oxs
On the other hand, we know that Afy(xy,...,x,) = fo(A*xq,..., A% z,). If we take

fo is quasihomogeneous of degree 1 — a,

2 on both sides of the equality, we get that 27

OTs
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and therefore g—iz > ct'= for at least one 1 < s < n and for x € S;. Also, if f = fo + [,

where f is a polynomial of order strictly greater than d, we know that \g—£| < Ctitd=as,

Using both inequalities, we can show that for a sufficiently small ¢, the map fy + 6f’
has no critical points on the sphere Sy, for every 0 < 6 < 1. This says that the degrees of
the maps given by the gradients of fy and fy + f’ coincide.

]

Lemma 4.2.10. Let F' be a family of smooth functions that depend continuously on a finite
number of parameters and has a critical point at 0 of multiplicity p for all values of the
parameters. Then every basis of the local algebra that correspond to the null value of the
parameters is also a basis of the local algebra for F(x,\), and A € B(0,¢) for an e > 0
(that is, it remains a basis for small values of the parameters).

Proof. Because of the Tougeron’s finite determinacy theorem [2.3.3] we know that for
all the functions in the family are p 4 1-determined, so we might prove that a basis of
JHH(C", C) /Iy (p(x0)) remains a basis of the local algebra of the functions given by (suffi-
ciently) small values of the parameters. Indeed, the isomorphism

IV(F(x,O)) © J#+1 ((an C)/IV(F(CC,O)) ~ J“+1((C”7 (C)

tells us that for small values of the parameters, both summands will still be in direct sum
(because both depend continuously on the parameters) and that a basis for the local algebra
will still be a transversal to Iy (r(.,x)) for small values of A, and therefore will still be a basis
of the local algebra. O]

Corolary 4.2.11. If f = fo + f' is semiquasihomogeneous with quasihomogeneous part fo
and ey, ..., e, form a basis for the local algebra of fy, then ei,... e, form a basis for the
local algebra of f.

Proof. Consider the function

fi(x) = fo+ tldf/(Tt('T)) = tldf(Tt(x)), where Ti(x) = (tM 2y, ..., t%"x,).

The second summand depends continuously on ¢ since the order of f’ is greater than d.
Using the previous lemma, a basis of the local algebra of f; is also a basis of the local
algebra of f; for a small ¢.

As tlf, = foT;, we know that (Vf,) = (Vf). As T; is a diffeomorphism, we know that
it sends a basis of the local algebra of f; to a basis of the local algebra of f. Also, every
monomial is sent by 7} to another one that is proportional to it, so the basis of Qv(y,) is
also a basis of Qy(s) (and it was a basis of Qv (yy))- O

Remark 4.2.12. The number of basis monomials of the local algebra of any (semi) quasi-
homogeneous function f of a fixed quasi-degree o does not depend on the choice of the
basis for the local algebra. This is because that number is equal to the dimension of the
space

Ag/(A<5 + As N Ivf).

Corolary 4.2.13. Any two semiquasihomogeneous functions of fixed degree d and weights
a have the same number of basis monomials of the local algebra of a fixed degree §.
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Proof. Because of [£.2.8], it is enough to consider only nondegenerate quasihomogeneous
functions. It is easy to see that the set of nondegenerate semiquasihomogeneous functions
of a fixed degree d and weights « is path connected. Along a path connecting two points
of this set, the number of basis monomials of the local algebra of a given degree ¢ is locally
constant because of Then, it is constant along the curve. O

Definition 4.2.14. A map F' : (C",0) — (C",0) with components Fi,..., F, : (C"0) —
(C,0) is said to be quasihomogeneous of degree d = (dy,...,d,) € (Z>)" and type a €
(Q@x0)™ if the function-germs F; are quasihomogeneous of degree d; and weights « for every
1< <n.

The map F' is said to be semiquasihomogeneous if F' = Fy + F’ where Fj is a non-
degenerate quasihomogeneous map-germ and F] (the i-th component of F”) has order
greater than the degree of the corresponding component (Fp); of Fy for every 1 < i < n.

Example 4.2.15. If f is a quasihomogeneous function of degree d and weights (ay, ..., a,),
then V(f) is a quasihomogeneous map of weights (a, ..., ;) and degree d = (d,...,d)—«

as seen in 2.7

Proposition 4.2.16. Let F' : (C",0) — (C",0) be a quasihomomgeneous map of mul-
tiplicity p with integer-valued weights « and degrees d = (dy,...,d,) (for any quasi-
homogeneous map, we can multiply all these rational numbers by a common denomina-
tor and always obtain such weights). Consider the map T : (C*,0) — (C",0) such
that T(y1, .-, yn) = (Y7, ..., y>"). Then F o T has for its components homogeneous
Junctions (in the ordinary sense) of degrees dy,...,d, and its multiplicity is p][,_; o.
In fact, if ei,...,e, is a monomial basis of Qp, then a monomial basis for Qpor s
{el, =T (e;)y" : 1 <i<p,a€ (Zs)"0<as < agf.

Proof. In the i-th component of F', a monomial z* of quasi-degree d; and weights a de-
termines a monomial zF1¥1knan) of degree Y0 ks = (k,a) = d;. For the formula
of the multiplicity, consider the set {y : F o T(y) = ¢} for ¢ a small regular value. Since
{2 : F(z) = ¢} has p non-zero solutions ¢, ..., c,r) (by and for each of them, the
system T'(w) = ¢; has []_, a, solutions, we conclude that the set {y : F o T(y) = €} has
pl]i_, as elements and thus u(F oT) = p[[._; . Finally, we will see that the mono-
mials e, generate Qror. Take a map g : (C",0) — C. We can write it as g(y) =
> wo<as<a, YT (ga) with g, : (C",0) — C holomorphic. Since each g, can be reduced to
the form Y% c;i.ei+ >0 | Fyhs,, we get that

)= D yT ) = D> D T+ Y. Y T(E)y h

a:0<as<as a:0<as<as i=1 a:0<as<as s=1

So, the ¢} , generate Q(F o T) and as they are exactly p(F) [])_; a; monomials, they form
a basis. O

Definition 4.2.17. The Poincaré polynomial of a semiquasihomogeneous map F' of given
integral and coprime weights « is the polynomial Pp(t) = > u;t’ such that every pu; is the
number of basis monomials of Q) of quasidegree i. We can always assume that the weights
are integer by multiplying the weights by a common denominator. Also, we can assume
that the weights are coprime by dividing them by a common factor.
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Remark 4.2.18. u(F) = Pp(1).

To understand the behaviour of the basis of (Jr, we have a formula for its Poincaré
polynomial.

Theorem 4.2.19. The Poincaré polynomial of a semi-quasihomogeneous map F of degree
d and integral and coprime weights « is given by the formula

otde—1
Pe(t) =[] oy

s=1

Proof. Because of [4.2.8| it is enough to consider the case of a nondegenerate quasihomoge-
neous map F. By making a change of variables T like in the last proposition [4.2.16| and
using the form of the basis monomials of F'o T, we deduce that

Ppor(t) = Pr(t)Pr(t)

where both F' o T and T are considered homogeneous in the usual degree (that is, with
weights (1,...,1)). The polynomials Pr and Pr.r are easier to compute.

Since the the Poincaré polynomial for the map T; : (C,0) — C such that Tj(z) = 2™
is % and a basis of monomials of ()7 is formed by the polynomials {xk 0<k < oz,}

we get that Pr(t) = [, t(:f Also, F o T is a nondegenerate map, whose components

(F o T); are homogeneous functions of degrees D;. Consequently, applying [4.2.13] it has
the same Poincaré polynomial as any other map with the same degrees. Since we already

computed that polynomial for the map T"(z1, ..., z,) = (', ..., z%), we obtain
Prar(t) = Prot) = ][ -
ror(t) = Pr —i:1t_1-
Finally, Pp(t) = P}{T,—;T =1, &= O

Corolary 4.2.20. Under the same hypothesis of the previous theorem, and naming p to
the multiplicity of F' and dy.y the higher quasidegree of all the basis monomial of Qr,

1. M:H?:li_i

2. dumax = Y1y (di— ;) and there is only one basis monomial of Qp of quasidegree diax.

Proof. Because of the theorem, Pr(t) = HZ N fiz_i = H: g tis_ll =L The first equality
shows that Pg is monic of degree .7 | (d; — o). Since &= =1+t +4--- +¢"', when we

evaluate t =1 in [[I_, tis E= = we get = Pp(l) = ngl(ds — ag).

]

Definition 4.2.21. A formal vector field v = Y v;-2- 3., Das order d of weights « if differ-
entiating in the direction of the field v raises the order of a function in at least d, that is
v(Ay) € Axrq. We denote gy to the set of vector fields of order d. This induces a filtration
in the module of vector fields that is compatible with the filtration of the algebra:

feApvegy = fvegara,v(f) € Aira.
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Remark 4.2.22. Let f € Ay, v1 € g4,v2 € gar, then Ly Ly, (f) — Ly, Ly, (f) € Axiara-
This says that the Poisson bracket determines a Lie algebra structure on every g4 and that
every gy is an ideal in the algebra gg.

Definition 4.2.23. Let x = (xy,...,2,) and k € (Z>)". A vector-monomial is a vector
field of the form xkﬁ. Its degree is (k—1;, a) € Q where 1; is the i-th vector of the canonical
basis of Z™ (note that its degree can be negative). A vector field is quasihomogeneous of
degree d if all the monomials with non-zero coefficient have degree d.

Proposition 4.2.24. A field v = Zvia%i of weights o has order d if and only if each of
its components v; is a function-germ of order d + «;.

Proof. If v € g4, then v; = L,(x;) € Agta,, because z; € A,,.
Now, let v; = Zke(z>o)n v; 12® of order d + ;. Then, for every monomial f = z! we

Lv(f) = i (% gf = Z i liUi7kIl+k_1i.

i=1 ' ke(Zso)n i=1

have

Now, (I + k — 1;,a) > (l,«) + d because (k,a) > d + «; for every k exponent of a
monomial with non-zero coefficient in v;. This says that L,A, C Ay, 4 for every A > 0. O

Consider the local algebra of a semiquasihomogeneous function f of degree d and fix a
system of monomials forming a basis for its local algebra.

Definition 4.2.25. A monomial is said to be upper or lying above the diagonal (respec-
tively, lower or diagonal) if it has degree greater than d (respectively, less tan d or equal to
d) for the given type of quasihomogeneity. As we know from [4.2.8| the number of upper,
diagonal or lower basis monomials does not depend on the choice of the basis.

Lemma 4.2.26. Let F' be a power series of order d and v a vector field of positive order
0, for fized weights of quasihomogeneity o. Then the Taylor formula
oF

F(z 4 v(x)) = F(z) + EU—FR

holds, where R is a remainder term of order greater than d + §.

Proof. 1t is enough to show it for ¥ = 2% and v = Y | vi£ (because of the linearity
of the expression). We can express v; = » Zle(NO)”:M:k v x! for every 1 < i < n.
By writting the Taylor expansion of F, each of the monomial terms that arise from the
summand Bg:lfv{”l ceeu omo= (my,...,my,) € (Ng)™ have exponents of the form k —m +
Z;’;l >, lij where each [; ; is the exponent of one of the monomials in the Taylor series

of v;. Therefore, each of these exponents can be written as

k—m+i2li7j:k+22(li7j_li)

=1 i=1 =1 i=1

where 1; € (Np)” has a 1 in the i-th coordinate and zeros in the rest of them. Since our
hypothesis say that
(k,a) >d and (;; — 1;,c) >0 >0



CHAPTER 4. QUASIHOMOGENEOUS SINGULARITIES 36

we conclude that the degree of each of these monomials is greater than d + |mld. So, for
every term with |m| > 1, we know it has order strictly greater than d + 26, which is what
we had to prove.

O

Theorem 4.2.27 (Normal forms for semiquasihomogeneous functions). Let fy be a quasi-
homogeneous function and eq, ..., es a system of all upper basis monomials of a fixed basis
of its local algebra. Then, every semiquasithomogeneous function f = fo + fi with quasiho-
mogeneous part fy is equivalent to a function of the form fo+ Y i, cie;.

Proof. The main idea of the proof is to cancel the high-order terms using the quasihomo-
geneous part fy. Denote by ¢ the sum of the terms of degree d’ > d in f;. Let eq,..., e, be
all the monomials of degree d’ on the considered basis of the local algebra. Then, we can

write
Z afo ) + Z Ci€;.

Since g, eq,...,e, is quasihomogeneous of degree d’', we can choose v = Zvia%i to be
quasihomogeneous of degree d' —d > 0 (when we write v as a sum of its quasihomogeneous
part, it is clear that if we replace v by its quasihomogeneous part of degree d’ — d, the same
formula holds).

Now, consider the change of variables x = y — v(y). It is indeed a biholomorphism:

we compute 8;’1( ) =0k — a;’l( ). Since the function 2% (y) is quasihomogeneous of degree
J J

Oyj
0 + o — o, we know 1t will vanish in 0 if a; > «;. So, if we permute the coordinates such
that the weights are in decreasing order, the jacobian matrix at 0 will be triangular with

1s on the diagonal.
Now, using [4.2.26| on f, we get

£y =) = folw) + Aly Z?iﬁ ‘ Zgij )+
fly—=v) = foly) + | fily) + Z ciei — g(y) | — gf (y)vi(y) + R.

Here, both R and the last sum have orders greater than d’. Thus, we were able to make our
function equivalent to one with exactly the same terms of degree less than d’ and changed
the terms of degree d’ to Y ._, c;e; (by altering only the terms of higher order).

Using this procedure step by step in increasing order of degrees, we can obtain the
required normal form modulo terms of arbitrarily high degree (or obtain it through a
formal biholomorphism). To finish the proof, we use the finiteness of the multiplicity of
fo (that has not been used yet). Indeed, by Tougeron’s theorem , we know that any
function of multiplicity p is equivalent to its p+ 1 Taylor polynomial. Thus, we apply our
procedure finitely many times until all its monomials of degree less or equal than p + 1
have degree less than d’, and then we use one last biholomorphism to throw the terms of
(usual) degree less or equal than p + 1.

O
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Example 4.2.28. Let k be an integer greater or equal than 3. Consider a semiquasi-
homogeneous function f of quasihomogeneous part fo(z,y) = 2%y + y* (of degree 1 and
weights a; = kQ—_kl,Olg = %) Because of a basis of monomial of its local algebra
Qv(p) = O/ (2zy,2* + ky"~') is formed by the monomials {1, z,y,4%,v*,...,y" 2 y* '}
Thus, it has multiplicity u(f) = k + 1 and none of its basis monomials lie above the

diagonal. Hence, it is equivalent to its quasihomogeneous part because of [4.2.27



Chapter 5

Classification of singularities

Now that we have all the tools required, we proceed to make some computations to obtain
all the normal forms of simple singularities. We will also give some examples of normal
forms for unimodal singularities. This classification allows to generalize the description
of the elementary catastrophes given by Thom in the 1960s. The simple singularities
have an ADE classification, which relates the classification of simple singularities with
other constructions, such as resolution of singularities of complex surfaces or Kleinian
singularities. The results and the order of the exposition are taken from [2], but using in
many cases, different techniques for the reduction to normal forms.

Proposition 5.0.1. If a germ has a singularity of finite multiplicity and corank 1, then it
is stably equivalent to a function of the form x™.

Proof. Using the Splitting lemma we know that f is stably equivalent to a function
in one variable f(z) = 3.°° a;z (we assume that f(0) = 0). If n = min{i € N : q; # 0}
(if every coefficient is equal to 0, then f does not have finite multiplicity), we know that
f(z) = 2"(322%, anyia?). Thus, by chosing a branch of the n-th root i well defined in a
neighborhood of a,, and making the change y = xg(} o anyiz"), we get that f is stably
equivalent to the map y" (indeed, g(>":2, aniix’) is a unit).

O

Definition 5.0.2. If a singularity is stably equivalent to the function z*+! for & € N, we
say that it has type Aj.

This classifies all the functions with corank 1. In the case of simple singularities, they
have at most corank 2, as shown in the following result.

Proposition 5.0.3. The corank of a simple singularity is less or equal than 2.

Proof. 1f the corank of the function-germ f is equal to k, then it is stably equivalent to a
function ¢ : (C*,0) — C and ¢ € m®. The action of the groups of biholomorphisms over
the 3-jets of functions in m3, induces an action of GL(C), in the form of linear sustitution.
This is because if g € m3 and h € m is a biholomorphism, then j3(goh) = go j'(h). Thus,
if the cubical forms of two functions-germs lie in different orbits of the action of G'Li(C),
then they cannot be equivalent. Since the group G'L(C) has dimension k%, and the space
of cubical forms has dimension (k§2), and for k > 3, we get (k?) > k2, it is impossible
that finite orbits cover a small neighborhood of j3(¢).

38
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]

Remark 5.0.4. From now on, since we know that the corank of the simples singularities
is less or equal to 2, we will always take a member ¢ of the equivalence class with (C?,0) as
a source space that is contained in m®. The taylor expansion of ¢ begins from cubic terms.
Say that its cubic part is the homogeneous polynomial ax® + bx?y + cxy® + dy?. Thinking
of it as function in CP!, we have an associated cubic polynomial a + bt + ct? + dt> =
(t — aq)(t — ao)(t — a3) Thus, after making a linear change of coordinates, we can make
every polynomial equivalent to one of the following:

1. P(z,y) = 2%y + 4*, which corresponds to three different roots (t = 4, —4,0) in the
associated polynomial;

2. P(z,y) = x%y, which corresponds to a simple root (¢ = 0) and a double root (t = oo
in CP');

3. P(z,y) = 2 which corresponds to a triple zero;

4. P=0.

Thus, the initial form of any corank 2 simple singularity can be made equivalent under
a linear change of coordinates to one of the list. Actually, if the singularity is simple, the
last option is not available, as we will prove now.

Proposition 5.0.5. If a function-germ f : (C%,0) — C of corank 2 has a simple singularity,
then its cubical form is not equal to 0, that is, f ¢ m*.

Proof. If f € m*, then its 4-jet j4(f) is a homogeneous polynomial or 0, and in the first
case it vanishes along 4 lines intersecting in the origin. Having in mind that the action of
biholomorphisms induces an action of GLy(C) in the 4-jets, that differentiates the orbits (as
in , the cross ratios of these lines is an invariant of the action of the diffeomorphisms
on the 4-jets. Therefore, there is a 1-parameter family of function-germs that does not have
two equivalent germs. This means that the singularity cannot be simple.

O

If the cubic part of (the taylor expansion of) f is x%y + 3, we can reduce our function
to its cubic part via a biholomorphism.

Theorem 5.0.6. Let f : (C?,0) — C be a (representative of the class of a) singularity of
corank 2, such that its cubic part x®y + y>. Then f is equivalent to its cubic part.

Proof. First, we make a change of coordinates (z1,41) = (z + ¢(z,y),y + ¥(x,y)), where
¢,v € m?  Tts differential matrix is Id + D(¢,)(x,y) that is invertible because the
derivatives of ¢ and ¢ all belong to m (using [1.3.1)). So, after making that change of

coordinates, we have

syl =@+ 0 (y+v) + (y+ )’ =2’y + 3’ + 2xy + (2% + 3y°) + O(5)
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where O(5) are the terms of the expansion that belong to m3. So basicly, after this change
of coordinates, the cubic part remains the same, and we can add any polynomial of degree
4 that belongs to Iy (y2y1ys) = (2zy, 2>+ 3y?) = (xy, 2%, y*). Since any polynomial of degree
4 is contained in Iy (y2,4,3), We can cancel the terms of degree 4 in the taylor expansion of f
by means of this change of coordinates. By doing the same with ¢, € m?, we can cancel
the terms of degree 5, keeping the 4-jet unchanged. So, our map’s 5-jet will be (after both
changes) equivalent to 22y + y3. Since u(f) = 4, by Tougeron’s theorem [2.3.3] that says
that f is equivalent to z2y + 3.

O

Remark 5.0.7. We would like to use the same argument in the general case. However, not
always f is equivalent to its principal part. Indeed, if f has an isolated singularity and its
cubic part is z%y, it will never be equivalent to its cubic part (because it does not have an
isolated singularity in 0). So, we can “relax” the notion of principal part of a function and
try to find “another candidate to principal part” (under this new relaxed notion), to make
the function f equivalent to it; this is when the concept of quasihomogeneous functions
with different weights plays its role. Indeed, the fact that in the last theorem we could
cancel the high degree monomials was because there were no basis monomials of Qv ) over
the diagonal as in [£.2.27]

In general (as seen in the case of the previous theorem) it is a good idea to consider as
the principal part of a function, the monomials lying over one of the segments that form the
newton diagram of our function-germ (that is, considering the weights such the diagonal is
parallel to that segment). Indeed, this is what we did in the last theorem (the only segment
forming the newton diagram of f was indeed {(i,j) € (Ng)? : i + j = 3}).

Y,

0 1 2 3 4°7%

(a) Newton diagram and polyhedron of

x%y + 3. Here, the diagonal using the usual
degree of polynomials is an edge of the
Newton diagram.

(b) Newton diagram and polyhedron of 22y + y*.
Here, the diagonal using the usual degree of poly-
nomials is not an edge of the Newton diagram, so
we change the type of quasihomogeneity to make
the diagonal an edge.

Figure 5.1
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Example 5.0.8. Let us see the case of the functions having the segment joining (0, k) and
(2,1) as an edge of the Newton diagram. In[5.1D] it is drawn for k = 4.

We know that this function is indeed a semi-quasihomogeneous function with principal
part fo(x,y) = 2%y + y*. As we saw before in , {12,y 9% ... .y 2y} is a
basis of the local algebra, so its an isolated singularity. In this case, the cancellation of
higher order terms is done by virtue of the Theorem [4.2.27} since neither of the monomials
of the basis of the local algebra lie above the diagonal, we can make any function with that
Newton diagram equivalent to fj.

Remark 5.0.9. However, in general it is not true that any function can be chosen to
be semi-quasihomogeneous. Indeed, consider the case of f(x,y) = 2% + 2%y* + ¢ The
possible principal parts are considered to be 2% + 2%y%, 22y? or z%y? + y°, depending on
the type of quasihomogeneity used. In neither of those cases, the singularities is isolated

while Qy(ry = Clz,y]/(62° + 22y?, 6y° + 2y2?) has finite dimension. This is because every

monomial az’y’ € Qv(s) has a monomial bz®y”® with bidegree o+ < 10 as a representative
(otherwise, o or B will be greater than five and we can replace it with an equivalent
polynomial of smaller bidegree).

Definition 5.0.10. We say that a singularity is of type Dy, if it is stably equivalent to
the function 2%y + y/*.

Continuing the classification of simple singularities, assume that the 3-jet of a simple
function-germ f is equivalent to z%y. In this case, we would like to take one of the edges of
its Newton diagram and use our theorem of reduction to normal forms of semiquasihomo-
geneous functions . As 22 cannot divide f (because it is an isolated singularity), we
know that in its Taylor series there are monomials having non-zero coefficient with degree
in x less than 2. In the Newton diagram [5.2al it means that in the blue area, there must
be an integral point that belongs to its Newton diagram. Since we want to “find” all the
simple singularities with 3-jet equivalent to z%y, the idea will be to “start” with a line
{i + 7 = 3} and rotate it clockwise around the point (2, 1) until we “crush” a point (i, jo)
that corresponds to a monomial with non-zero coefficient in the Taylor series of f (this
happens since the blue area of contains one of these). This method is called Newton’s
rotating ruler method, depicted in [5.2] After rotating the ruler, we find that there are two
possibilities:

1. The ruler first strikes only a point (0,k). In that case, the Newton diagram of
f will have an edge joining only (0,%k) and (2,1). This says that the function f
is semiquasihomogeneous with quasihomogeneous part Axz?y + By* with A, B # 0
(obviously, this is equivalent to z2y + y*). says that it is equivalent to its
quasihomogeneous part 2y + y*.

2. The ruler first strikes two points corresponding to the polynomials zy**! and y?+1.

In this case, the polynomial determined by the points touching the ruler is
Any + Bxyk’-i-l + va2k+1’ A ?é 0.

In this case, the change 2/ = x — %yk, Yy =y gives
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B2
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—=Y )+ Cy
1A2

~ o4V

2 B% i
= Ax’y + (C — —)y*"

y+(C =
If B? # 4AC, then we can make this map equivalent to a semiquasihomogeneous one
of quasihomogeneous part of type Dy, reducing it to the first case. Otherwise, after
making this change, we obtain an equivalent map that has no monomials below the
ruler, so we keep rotating the ruler until we strike another monomials. We repeat
this operation, and if the function has finite multiplicity, it should end in finite steps
(that means, we should get it reduced to the first case).
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(a) The blue zone must have a monomial or (b) We rotate the ruler, starting from the black
the singularity will not be isolated. segment.

Figure 5.2: Newton’s rotating ruler method.

In the same direction, we will find normal forms for the functions with cubical form 3.

Lemma 5.0.11. A simple germ of a function of 2 variables of corank 2 with cubical form

23 is equivalent to one of the 3 normal forms:

o Eg:a+yt
o Fy:ad 4 ayd

o Fg:a®+ 7.
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0 >
0 1 2 3 4 *

Figure 5.3: Once again, we rotate the ruler, starting from the black segment.

Proof. In the same spirit, we begin by using our method of rotating the ruler around
2. If we strike firstly one of the monomials y*, zy? or y°, we know that the function is
semiquasihomogeneous and does not have upper monomials in its local basis (the basis of
each local algebra is written in . Therefore, we can make our function equivalent to
one of our normal forms using the Theorem [£.2.27]

Otherwise, if the coefficient of xy* is not zero, the 5-jet of the function is equivalent to
23 + xy*. Indeed, if it is of the form 3 + azy* + 32%¢ with ¢ € m?, we make the change
x1 = x— to cancel the term with ¢ and then multiply y by a scalar. Now, our new function
should be semiquasihomogeneous with quasihomogeneous part fo(z,y) = 2 + zy* + \y°
for A € C. Indeed, the local algebra of the quasihomogeneous part is

Qp, = 02/ (32° + y*, 4y’ + 6)y°).

It is obviously finitely generated, and its basis are (1, zy, zy* v, y%, v°, v*, y°.4°%) if A =
0 and (1,2, 2% 2y, 2y* v,y y?) if A # 0. In any case, there are no upper monomials
in neither basis of the respective local algebras, and thus can be made equivalent to its
quasihomogeneous part. Now, let fy(z,y) = 23 + 2y* + \y® be a 1-parameter family. We
will show that the orbit of the germ at 0 of f, varies continuously with A. This will show
that this germ cannot be simple (if the coefficient of xy* vanishes, we can make it a two-
parameter family and show that there is a curve in the space of parameters where the orbit
varies continuously).

Note that the zeros of fy form 3 parabolas of the form z = k;y?, where k;,i = 1,2,3
are the three roots of the equation &% + k + A = 0. We will show that the ratio %
(defined after ordering the roots by its imaginary part) is an invariant via the action of
biholomorphisms. It is enough to show that a biholomorphism that carries the ordered
triple + = 0,2 = y?, & = my? into other triple of the same form, has different m, that is,
if the triples = 0,2 = v, 2 = my? and = = 0,2 = y?,x = m'y? are carried from one to
the other by a biholomorphism, then m = m’ (we are making k; = 0,ky = 1). Indeed, we
can transform two of the three parabolas in the pair 2 = 0,7 = y? by making the change

o =x—kyty =Vk—ky.
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Since a biholomorphism A that carries one triple to the other leaves the y axis fixed, it
must have the form

hi(z,y) = (o + u(z,y)), ha(z,y) = fx + vy + v(z,y) where u € m,v € m.

Since the image of x = y? (in its 2-jet) must be h; = h3, we must have that 7* = a.
And thus, the image of the parabola z = my? is ¥ = my? again since

hi(z,y) = o(a +u(z,y)) = my* (4 + u(x,y)) in the curve x = my?
m (ha(z, y))2 =m (By2 + vy + v(z, y))2 =~%*y? + O(y?) in the curve x = my?*.

This says that the family varies continuously, since the ratio % (where ky, ko, k3 are the
three roots of k3 + k + \) varies continuously with A and is equal to —1 if and only if
ks + ko = 2k; (which means that k; = 0, since ky + ko + k3 = 0). Thus, we have reduced
the normal forms simple singularities with 3-jet equivalent to x3, to Fg, E; and FEj.

]

Remark 5.0.12. e The miniversal deformation of 2,k € N is 2% + Zf;oz Nizt. Thus,
the singularity is simple since every deformation of it belongs to one of the finite
orbits z,2?,...,2* !t for 1 < j <k —1 (in the smaller space m). See|5.0.1]

e The miniversal deformation of z2y + y*, k € Ns3 is 2%y + ¢* + M + Zi:ol \iyt, as
shown in [4.2.28, The corank of a function-germ defined by a fixed set of parameters,
has corank 1 or 2, depending on the coefficient Ay (assuming that A\, = 0, or otherwise
0 is not a critical point). In that case, it is clear that the local algebra cannot have
dimension higher than k. In any other case, since the function has the monomial 22y
in its development, it is equivalent to one of the Dy (as we shown in our Newton’s
rotating the line method). It is also clear in this case that the dimension of the
local algebra is less or equal than k. After cracking all these cases, we get that this
singularity is simple, since only finitely many orbits can be intersected after a small
deformation.

e In the case of 2® + ¢, its local algebra is generated by 1,x,y,v? zy, xy?, so it has
multiplicity 6 and cannot be perturbed to have higher multiplicity. Depending on the
corrank of it, we can make it equivalent to Ay, Dy with k& < 5 (by rotating the ruler
as we did before).

e The cases of F; and Eg are similar to Fg. The versal deformations can be found in
[£.0.12] Making analogous computations to the ones showed in the case of Dy, k € N
and Ejg, we can show that they are simple. Indeed, any sufficiently small deformation
of them can be made equivalent to Ay, Dy, k < 7 or Eg in the case of E; and to
Ag, Dy, k <8, Fg or Fr in the case of Fg.

Thus, we have proved that all the simple singularities are those listed below.

Theorem 5.0.13. If f is a simple singularity, then it is stably equivalent to one of the
following singularities:

° Ak : xk_l
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o Dy : 2%y +yF!

o Eg: 23447
e E;: 23+ a1
° E8:x3+y4.

Remark 5.0.14. A particular case of our theorem is that in families of 4 parameters or
less, one meets only with the singularities A,,,n <5, Dy and D5. This assertion is usually
known as “Thom’s theorem” or also “Thom’s rule of the seven elementary catastrophes”,
and is one of the fundamental results in Catastrophe Theory. See for example [5] Chapter
5, [4] Chapter 15, [7] Chapters 7 and 9.

Remark 5.0.15. The fact that the series of simple singularities have that name is not
by chance. There is a deep conection with other objects in other areas of mathematics,
having also this ADE classification. We will glimpse this relation by showing one example.
Finding relations between objects that have the ADE classification has been a major topic
of study in several areas (especially in representation theory).

Let

k
Gyl = {(C”O“ CP’“ ) :0 <k <n,(uy1 (n+1)-th primitive root of 1 }
n+1

be the cyclic finite subgroup of SU; (which we identify with Z/(n+1)Z). The quotient space
given by C2/G,,,1 can be identified with C [u, v]“"**, that is the polynomials in two variables
fixed by the action of the group. Since the element & - u*v? is (*¢~9y*v7, the monomials
fixed by the action are exactly {u‘u’ : i — j = O(mod n)}. That is, they are generated by
the elements xy, ™! y"™1. Since the kernel of the morphism C[a, b, ¢] — Cluv, u™** v ]
is (a"™! — be), we get that it is isomorphic to Cla, b, c|/{a™™ — bc), and making the change
r=a,y= (b+ic),z = (b—ic), it is isomorphic to Clx,y, 2] /("™ +y?+ 2?). The factoring
ideal is generated by a polynomial that is exactly the normal form A,,. Moreover, the list of
finite subgroups of SUs is given by the dihedral group D, and the groups of symetries and
the binary tetrahedral, octahedral and icosahedral groups (named T, O and I respectively).
Making analogous procedures with the other finite subgroups, the factoring ideals that rise
are 2%y + y"t + 22 for Dy, 2° + y* + 22 for T, 23 + 2y + 22 for Q and 23 + ¢° + 22 for
I, which correspond to all the normal forms of simple singularities. Also, since any finite
subgroup I' € SU, C GLy(C) is a representation, we can build its McKay Graph: in each
case, it is the corresponding Dynkin diagram.
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Dynkin diagram

Finite subgroup

Relations be-

Normal forms of

of SU, tween the | simple singulari-
generators ties

Zn—‘,—l anrl + y2 + 22 An
o--0—0—0—0—0

Dy, 2y +y"t 27 | Dy
o--o—o—o—o<2

T 2 +yt 4 22 Eg

O x® + xy® + 22 E;

I 3+ + 22 Fyq

o b oo oo
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The reader that wishes to explore this connection (and other construction with simple

singularities that are related with other ADE objects) can see [8], Chapter 4 (for the
construction of Dynkin diagrams of singularities); [I] Chapter 1, Section 2 and the papers
[2] and [6].
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