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❋❛❝✉❧t❛❞ ❞❡ ❈✐❡♥❝✐❛s ❊①❛❝t❛s ② ◆❛t✉r❛❧❡s

❉❡♣❛rt❛♠❡♥t♦ ❞❡ ▼❛t❡♠át✐❝❛

❚❡s✐s ❞❡ ▲✐❝❡♥❝✐❛t✉r❛

❇❛s❡s ❞❡ ❞❡♥s✐❞❛❞ ② ❞❡s✐♥t❡❣r❛❝✐ó♥ ❞❡ ♠❡❞✐❞❛s
♣❛r❛ s✐st❡♠❛s ❞✐♥á♠✐❝♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s

❈❛r❧♦s ❞✐ ❋✐♦r❡

❉✐r❡❝t♦r❡s✿ ❉r✳ ❚❡r❡s❛ ❑r✐❝❦✱ ❉r✳ ▼✐❝❤❛❡❧ ❙❤✉❜

▼❛r③♦ ✷✵✶✵



✷



✸

✏◗✉✐③á✳ P❡r♦ ❧❛ ❈✐❡♥❝✐❛ ♥♦ ♠❡ ✐♥t❡r❡s❛✳ ▼❡ ♣❛r❡❝❡ ♣r❡s✉♥t✉♦s❛✱ ❛♥❛❧ít✐❝❛
② s✉♣❡r✜❝✐❛❧✳ ■❣♥♦r❛ ❡❧ s✉❡ñ♦✱ ❡❧ ❛③❛r✱ ❧❛ r✐s❛✱ ❡❧ s❡♥t✐♠✐❡♥t♦ ② ❧❛ ❝♦♥tr❛✲
❞✐❝❝✐ó♥✱ ❝♦s❛s t♦❞❛s q✉❡ ♠❡ s♦♥ ♣r❡❝✐♦s❛s✳✑ ▲✉✐s ❇✉ñ✉❡❧

♣❛r❛ ▼❛r✐❧✐♥❛



✹



✺

❆❣r❛❞❡❝✐♠✐❡♥t♦s

❆ ❚❡r❡s❛✱ ♣♦r s✉ ♣❛❝✐❡♥❝✐❛ ② s✉s ❝♦♥s❡❥♦s✱ ♣♦r ❧❛s ♠❛t❡r✐❛s q✉❡ ❝✉rsé ❝♦♥ ❡❧❧❛ ②
♣♦r ❝♦♥✜❛r ❡♥ ♠í❀ ♣♦r t❛♥t♦ ❛ ❝❛♠❜✐♦ ❞❡ t❛♥ ♣♦❝♦✳

❆ ▼✐❦❡✱ ♣♦r ❡s❝✉❝❤❛r♠❡ ② r❡s♣♦♥❞❡r t♦❞❛s ♠✐s ❞✉❞❛s✱ ♣♦r ❧❡❡r ❧❛ t❡s✐s ② ♣♦r
♣❡r♠✐t✐r♠❡ tr❛❜❛❥❛r ❛❧ ❧❛❞♦ s✉②♦✳

❆ ❋❡❞❡r✐❝♦✱ q✉❡ s✐♥ ❞✉❞❛r❧♦ ❞✐❥♦ q✉❡ ✈❡♥í❛✳

❆ ❈❤❛r❧❡s✱ q✉❡ ❝♦♥♦❝í ❡♥ ♠✐ ✈✐s✐t❛ ❛❧ ❋✐❡❧❞s ② ♠❡ ♣r❡stó s✉s ♥♦t❛s q✉❡ t❛♥t♦ ♠❡
s✐r✈✐❡r♦♥ ♣❛r❛ ❡s❝r✐❜✐r ❡st❛ t❡s✐s✳

❆ ❋❛♥❣✱ q✉❡ ♠❡ ❝♦♥s✐❣✉✐ó ❡❧ ♣❛♣❡r ❞❡ ❘♦❤❧✐♥✳

❆ ▼❛r✐❧✐♥❛✱ q✉❡ ♠❡ ❛②✉❞ó ❝♦♥ ❧♦s ❛❝❡♥t♦s✳

❆ ❙❛♥t✐❛❣♦✱ q✉❡ t♦❞♦s ❧♦s ❞✐❛s ❧♦ ♠♦❧❡st♦ ❝♦♥ ✉♥ ♣r♦❜❧❡♠❛ ♥✉❡✈♦✳

❆ ❏✉❧✐❛♥ ❋✳ ❇✳✱ q✉❡ ♠❡ ❡♥s❡ñó ❧♦ q✉❡ ❡s ✉♥❛ ♠❡❞✐❞❛✳

❆ ♠✐ ❢❛♠✐❧✐❛✱ q✉❡ s✐❡♠♣r❡ ❡stá✳

❆ ❧❛ ❖▼❆✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ❛ ❋❧♦r❛ ② ❛ P❛tr✐❝✐❛ q✉❡ ♠❡ ❛②✉❞❛r♦♥ ❛ ❞❡s❝✉❜r✐r ❧♦
♠✉❝❤♦ q✉❡ ♠❡ ❣✉st❛ ✏❤❛❝❡r ♠❛t❡♠át✐❝❛✑✳

❆ ❆♥❛✱ q✉❡ s✐❡♠♣r❡ ❝r❡②ó ❡♥ ♠✐✳✳✳✳✳ ✐♥❝❧✉s✐✈❡ ❝✉❛♥❞♦ ②♦ ♥♦ ❧♦ ❤❛❝í❛✳

❆ ❇❡t♦✱ ♣♦r s❡r ✉♥❛ ❝♦♥st❛♥t❡ ❡ ✐♥❛❣♦t❛❜❧❡ ❢✉❡♥t❡ ❞❡ ✐♥s♣✐r❛❝✐ó♥✱ ♣♦r s✉ ❤✉♠✐❧❞❛❞✱
s✉ ❝♦♠♣r♦♠✐s♦ ② s♦❜r❡t♦❞♦ ♣♦r s✉ ❛♠✐st❛❞✳

❆ ❨✉❡✱ q✉❡ ❢✉❡ ❡❧ ♣r✐♠❡r♦ ❝♦♥ q✉✐❡♥ ❝♦♠♣❛rtí t❛♥t♦s ♣r♦❜❧❡♠❛s ② q✉✐③ás✱ ❛✉♥q✉❡
é❧ ♥♦ ❧♦ s❡♣❛✱ ❞❡ q✉✐❡♥ ② ❝♦♥ q✉✐❡♥ ♠ás ♠❛t❡♠át✐❝❛ ❛♣r❡♥❞í✳

❆ ■✈❛♥✱ ▲❡❛♥❞r♦✱ ❙❡r❣✐♦✱ ▲✉❝❛s ❘✳✱ ❙❛❜✐♦♥❞♦✱ ❛ ❧♦s ♦❧í♠♣✐❝♦s ② ❛ ❧♦s ❡①✲♦❧í♠♣✐❝♦s
❝♦♥ q✉✐❡♥❡s ❝♦♠♣❛rtí t❛♥t❛s ♦❧✐♠♣í❛❞❛s✱ ❡♥tr❡♥❛♠✐❡♥t♦s✱ ♣r♦❜❧❡♠❛s ♦ ❞✐s❝✉❝✐♦♥❡s✳

❆ ❏✉❛♥✐ ❋✳✱ q✉❡ ♠❡ ❡♥s❡ñó q✉❡ ❧♦ s✐♠♣❧❡ t❛♠❜✐é♥ ❡s ❧✐♥❞♦✳

❆ ❧❛ ❣❡♥t❡ ❞❡❧ s❡♠✐♥❛r✐♦ ❞❡ ♣r♦❜❧❡♠❛s✱ ♣♦r ❝r❡❡r ❡♥ ❧♦ ♠✐s♠♦ q✉❡ ②♦ ② ❝♦♠♣❛rt✐r
t❛♥t❛s ✐❞❡❛s✳

❆ t♦❞♦s ❧♦s ♣r♦❢❡s♦r❡s ❝♦♥ q✉✐❡♥❡s ❝✉rsé✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ❛ ❋❡r♥❛♥❞♦✱ ❆r✐❡❧✱ ▼❛r✐❡❧❛✱
❏✉❧✐❛♥✱ ❚❡r❡s❛ ② ●❛❜r✐❡❧✳

❆ ❈✐♥t✐❛✱ ●❛❜②✱ ❏❛✈✐✱ ▲✉❝❛s ② ▼❛❣❛❧í q✉❡ t❛♠❜✐é♥ ♠❡ ❡s❝✉❝❤❛♥ ❝✉❛♥❞♦ ♥♦ ❤❛❜❧♦
❞❡ ♠❛t❡♠át✐❝❛✳

❨ ❛ ▼✐❣✉❡❧ ❞❡ ●✉③♠á♥ ♣♦r ❡s❝r✐❜✐r ✉♥ ❧✐❜r♦ t❛♥ ❧✐♥❞♦✦
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❮♥❞✐❝❡ ❣❡♥❡r❛❧

✶✳ ■♥tr♦❞✉❝❝✐ó♥ ✾

✷✳ ❋♦❧✐❛❝✐♦♥❡s P❛t♦❧ó❣✐❝❛s ✶✺
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✷✳✸✳ ❋♦❧✐❛❝✐♦♥❡s ② ❜❛s❡s ❞❡ ❞❡♥s✐❞❛❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✸✳ ❉❡s✐♥t❡❣r❛❝✐ó♥ ❞❡ ▼❡❞✐❞❛s ✷✾
✸✳✶✳ Pr❡❧✐♠✐♥❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵
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✹✳ ❉✐❢❡r❡♥❝✐❛❝✐ó♥ ❞❡ ■♥t❡❣r❛❧❡s ✹✸
✹✳✶✳ ❉✐❢❡r❡♥❝✐❛❝✐ó♥ ❞❡ ■♥t❡❣r❛❧❡s ❡♥ Rn ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺
✹✳✷✳ ❇❛s❡s ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ ② s✉ ♠❛①✐♠❛❧ ❛s♦❝✐❛❞❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽
✹✳✸✳ ▲❛ ❢✉♥❝✐ó♥ ❞❡❧ ❤❛❧♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸
✹✳✹✳ ❊❧ t❡♦r❡♠❛ ❞❡ ▲❡❜❡s❣✉❡ ❡♥ ✈❛r✐❡❞❛❞❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✺✳ ❋♦❧✐❛❝✐♦♥❡s ② ♠❡❞✐❞❛s ✻✶
✺✳✶✳ ❋♦❧✐❛❝✐♦♥❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷
✺✳✷✳ ❯♥ ❝r✐t❡r✐♦ ♣❛r❛ s❡r ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✻✳ ❉✐❢❡♦♠♦r✜s♠♦s ❍✐♣❡r❜ó❧✐❝♦s ✼✼
✻✳✶✳ ❉❡✜♥✐❝✐♦♥❡s ② ❊❥❡♠♣❧♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾
✻✳✷✳ ❚❡♦rí❛ ❊r❣ó❞✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹
✻✳✸✳ ❊❧ ❛r❣✉♠❡♥t♦ ❞❡ ❍♦♣❢ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽
✻✳✹✳ ❊①♣♦♥❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ② ❧❛ ❢ór♠✉❧❛ ❞❡ P❡s✐♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶
✻✳✺✳ ▲❛ ❝♦♥❥❡t✉r❛ ❞❡ P✉❣❤✲❙❤✉❜ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹
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❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉❝❝✐ó♥

✏❆ ❧✐tt❧❡ ❤②♣❡r❜♦❧✐❝✐t② ❣♦❡s ❛ ❧♦♥❣ ✇❛② t♦✇❛r❞ ❡r❣♦❞✐❝✐t②✳✑

❙❡❛ M ✉♥❛ ✈❛r✐❡❞❛❞ ② s✉♣♦♥❣❛♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ t ❡♥ Z ♦ R t❡♥❡♠♦s ✉♥ ❞✐❢❡♦✲
♠♦r✜s♠♦ φt : M → M ❞❡ ❢♦r♠❛ q✉❡ φ0 = Id ② φs+t = φs ◦ φt✱ ❧❛ ❢❛♠✐❧✐❛ {φt} ❡s ✉♥
✏s✐st❡♠❛ ❞✐♥á♠✐❝♦✑✳

◆♦s♦tr♦s ✈❛♠♦s ❛ ❝♦♥s✐❞❡r❛r s✐❡♠♣r❡ s✐st❡♠❛s ❞✐♥á♠✐❝♦s ❞✐s❝r❡t♦s✱ ❡s ❞❡❝✐r q✉❡
t❡♥❡♠♦s ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ φt ♣❛r❛ ❝❛❞❛ t ❡♥ Z✳ ❊♥ ❡st❡ ❝❛s♦✱ ❡❧ ❡st✉❞✐♦ ❞❡❧ s✐st❡♠❛
❞✐♥á♠✐❝♦ s❡ r❡❞✉❝❡ ❛❧ ❞❡❧ ❞✐❢❡♦♠♦r✜s♠♦ φ = φ1✳

❋✐❣✉r❛ ✶✳✶✿ ❯♥ ♣✉♥t♦ ✜❥♦ ❤✐♣❡r❜ó❧✐❝♦ ❝♦♥ s✉s ❞✐r❡❝❝✐♦♥❡s ❞❡ ❝♦♥tr❛❝❝✐ó♥ ② ❡①♣❛♥s✐ó♥✳

▲♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s ❤✐♣❡r❜ó❧✐❝♦s s♦♥ ❛q✉❡❧❧♦s ♣❛r❛ ❧♦s q✉❡ ❡♥ ❝❛❞❛ ♣✉♥t♦ p ❞❡
M ❤❛② ✉♥❛ ❞✐r❡❝❝✐ó♥✱ ❧❛ ❡st❛❜❧❡✱ ❡♥ ❞♦♥❞❡ ❧❛ ✈❛r✐❡❞❛❞ s❡ ✏❝♦♥tr❛❡✑ ② ♦tr❛ ❞✐r❡❝❝✐ó♥

✾
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❝♦♠♣❧❡♠❡♥t❛r✐❛✱ ❧❛ ✐♥❡st❛❜❧❡✱ ❡♥ ❞♦♥❞❡ s❡ ✏❡①♣❛♥❞❡✑✳ ❊st❛ ❝♦♥❞✐❝✐ó♥ t❛♥ s❡♥❝✐❧❧❛ ❣❡♥❡✲
r❛ ✉♥❛ ❡str✉❝t✉r❛ ♠✉② r✐❝❛ ❡♥ ❧❛ ✈❛r✐❡❞❛❞✱ ♣♦r ❡❥❡♠♣❧♦ ❡①✐st❡ ✉♥❛ ❢♦❧✐❛❝✐ó♥ Ws ❞❡ M
t❛♥❣❡♥t❡ ❡♥ ❝❛❞❛ ♣✉♥t♦ ❛ ❧❛ ❞✐r❡❝❝✐ó♥ ❡st❛❜❧❡ ❡ ✐♥✈❛r✐❛♥t❡ ♣♦r ❡❧ s✐st❡♠❛ ❞✐♥á♠✐❝♦✱ ❡s
❞❡❝✐r q✉❡ φ ♣❡r♠✉t❛ ❧❛s ❤♦❥❛s ❞❡ ❧❛ ❢♦❧✐❛❝✐♦♥✳ ❆♥á❧♦❣❛♠❡♥t❡✱ ❡①✐st❡ ✉♥❛ ❢♦❧✐❛❝✐ó♥ Wu

s✐❡♠♣r❡ t❛♥❣❡♥t❡ ❛ ❧❛ ❞✐r❡❝❝✐ó♥ ✐♥❡st❛❜❧❡ ❡ ✐♥✈❛r✐❛♥t❡ ♣♦r φ✳ ▲❛s ❢♦❧✐❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s
s❡ ❧❧❛♠❛♥ ❧❛ ❢♦❧✐❛❝✐ó♥ ❡st❛❜❧❡ ❡ ✐♥❡st❛❜❧❡ ❞❡❧ ❞✐❢❡♦♠♦r✜s♠♦ φ✳

❊♥ s✉ t❡s✐s ❞❡ ❞♦❝t♦r❛❞♦✱ ❉✳ ❱✳ ❆♥♦s♦✈ ❞❡♠♦stró q✉❡ ❧♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s
❤✐♣❡r❜ó❧✐❝♦s q✉❡ ♣r❡s❡r✈❛♥ ✉♥❛ ♠❡❞✐❞❛ v s♦♥ ❡r❣ó❞✐❝♦s✱ ❡s ❞❡❝✐r q✉❡ ❝✉❛❧q✉✐❡r s✉❜✲
❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ♣♦r ❡❧ s✐st❡♠❛ ❞✐♥á♠✐❝♦ t✐❡♥❡ é❧ ♦ s✉ ❝♦♠♣❧❡♠❡♥t♦ ♠❡❞✐❞❛ ♥✉❧❛✳
■♥✐❝✐❛❧♠❡♥t❡ ❆♥♦s♦✈ ❡st❛❜❛ ✐♥t❡r❡s❛❞♦ ❡♥ ✉♥ ❝❛s♦ ♣❛rt✐❝✉❧❛r✱ ❡❧ ✢✉❥♦ ❣❡♦❞és✐❝♦ ❡♥ ✉♥❛
✈❛r✐❡❞❛❞ ❞❡ ❝✉r✈❛t✉r❛ ♥❡❣❛t✐✈❛✱ ②❛ ❊✳ ❍♦♣❢ ❤❛❜✐❛ tr❛t❛❞♦ ❞❡ ❞❡♠♦str❛r q✉❡ t❛❧ ✢✉❥♦
❡r❛ ❡r❣ó❞✐❝♦ ♣❡r♦ só❧♦ ❧♦ ❤❛❜✐❛ ❝♦♥s❡❣✉✐❞♦ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❝✉r✈❛t✉r❛ ❝♦♥st❛♥t❡ ♦ ❡♥ ❡❧
❞❡ ❞✐♠❡♥s✐ó♥ ✷✳ ❊♥ s✉ ❞❡♠♦str❛❝✐ó♥ ✉s❛❜❛ q✉❡ ❧❛s ❢♦❧✐❛❝✐♦♥❡s Ws ② Wu ❡r❛♥ ❞❡ ❝❧❛s❡
C1✱ ❝♦s❛ q✉❡ só❧♦ ♣✉❞♦ ❞❡♠♦str❛r ❡♥ ❧♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✳ ❆♥♦s♦✈ s❡ ❞✐♦ ❝✉❡♥t❛ q✉❡ s✐
❜✐❡♥ ❧❛s ❢♦❧✐❛❝✐♦♥❡s ❡♥ ❝✉❡st✐ó♥ ♥♦ t❡♥✐❛♥ ♣♦r q✉é s❡r ❞❡ ❝❧❛s❡ C1✱ sí ✈❡r✐✜❝❛❜❛♥ ❝✐❡rt❛
❝♦♥❞✐❝✐ó♥ té❝♥✐❝❛ q✉❡ ❧❡ ♣❡r♠✐tí❛ t❡r♠✐♥❛r ❡❧ ❛r❣✉♠❡♥t♦ ❞❡ ❍♦♣❢✳

❊st❛ ✏❝✐❡rt❛ ❝♦♥❞✐❝✐ó♥ té❝♥✐❝❛✑ q✉❡ s❛t✐s❢❛❝❡♥ ❧❛s ❢♦❧✐❛❝✐♦♥❡s Ws ② Wu ❡s ❧♦ q✉❡
❤♦② ❡♥ ❞✐❛ s❡ ❝♦♥♦❝❡ ❝♦♠♦ q✉❡ ❧❛s ❢♦❧✐❛❝✐♦♥❡s s❡❛♥ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛s✳ ❊♥ ✉♥❛
✈❡rs✐ó♥ ❞❡❜✐❧✱ ✉♥❛ ❢♦❧✐❛❝✐ó♥ ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ s✐ t♦❞♦ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛
♥✉❧❛ ✐♥t❡rs❡❝t❛ ❛ ❝❛❞❛ ❤♦❥❛ ❞❡ ❧❛ ❢♦❧✐❛❝✐ó♥ ❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛✳

▲♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s s♦♥ ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡ ❧♦s
❛♥t❡r✐♦r❡s✱ ❛❤♦r❛ ❧❛s ❞✐r❡❝❝✐♦♥❡s ❡st❛❜❧❡ ❡ ✐♥❡st❛❜❧❡ ♥♦ s♦♥ ♥❡❝❡s❛r✐❛♠❡♥t❡ ❝♦♠♣❧❡♠❡♥✲
t❛r✐❛s ♣❡r♦ ❡①✐st❡ ✉♥❛ t❡r❝❡r ❞✐r❡❝❝✐ó♥✱ ❧❛ ❝❡♥tr❛❧✱ ❡♥ ❞♦♥❞❡ ❧❛ ❝♦♥tr❛❝❝✐ó♥✴❡①♣❛♥s✐ó♥
❡stá ❞♦♠✐♥❛❞❛ ♣♦r ❧❛s ❞❡ ❧❛s ❞✐r❡❝❝✐♦♥❡s ❡st❛❜❧❡ ❡ ✐♥❡st❛❜❧❡ ✭❡♥ ❡❧ ❝❛♣ít✉❧♦ ✺ ❞❛♠♦s
✉♥❛ ❞❡✜♥✐❝✐ó♥ ♠❛s ♣r❡❝✐s❛✮✳

◆♦ ❡s ❞✐❢í❝✐❧ ✈❡r q✉❡ ♥♦ t♦❞♦ s✐st❡♠❛ ❞✐♥á♠✐❝♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ ❡s ❡r❣ó❞✐❝♦✱
❡❧ ♣r♦❜❧❡♠❛ ❡stá ❡♥ q✉❡ ♣✉❡❞❡ ❤❛❜❡r s✉❜❝♦♥❥✉♥t♦s ✐♥✈❛r✐❛♥t❡s ♣♦r φ ② s❛t✉r❛❞♦s ♣♦r
❧❛s ❢♦❧✐❛❝✐♦♥❡s Ws ② Wu✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❈✳ P✉❣❤ ② ▼✳ ❙❤✉❜ ❝♦♥❥❡t✉r❛r♦♥ q✉❡ ést❡ ❡s ❡❧
ú♥✐❝♦ ♦❜st❛❝✉❧♦❀ ❞✐❣❛♠♦s q✉❡ ✉♥ s✐st❡♠❛ ❞✐♥á♠✐❝♦ ❡s ❡s❡♥❝✐❛❧♠❡♥t❡ ❛❝❝❡s✐❜❧❡ s✐ t♦❞♦
s✉❜❝♦♥❥✉♥t♦ s❛t✉r❛❞♦ ♣♦r Ws ② Wu t✐❡♥❡ é❧ ♦ s✉ ❝♦♠♣❧❡♠❡♥t♦ ♠❡❞✐❞❛ ♥✉❧❛✱ ❧✉❡❣♦✿

❈♦♥❥❡t✉r❛✿ ▲♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s ② ❡s❡♥❝✐❛❧♠❡♥t❡
❛❝❝❡s✐❜❧❡s s♦♥ ❡r❣ó❞✐❝♦s✳

❙✐ ✉♥♦ tr❛t❛ ❞❡ ✉s❛r ❡❧ ♠✐s♠♦ ❛r❣✉♠❡♥t♦ ❞❡ ❍♦♣❢ ② ❆♥♦s♦✈ ♣❛r❛ ❞❡♠♦str❛r ❧❛
❝♦♥❥❡t✉r❛ ❛♥t❡r✐♦r ♥❡❝❡s✐t❛ ♣r♦❜❛r q✉❡ s✐ ✉♥❛ ❢✉♥❝✐ó♥ ❡s ❝♦♥st❛♥t❡ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❧❛s
❤♦❥❛s ❞❡ Ws s❛❧✈♦ ♣♦r ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛ ② ❝♦♥st❛♥t❡ ❧♦ ❧❛r❣♦ ❞❡ ❧❛s ❤♦❥❛s



✶✶

❞❡ Wu s❛❧✈♦ ♣♦r ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛ ❡♥t♦♥❝❡s ❧❛ ❢✉♥❝✐ó♥ ❡s ❝♦♥st❛♥t❡ s❛❧✈♦
♣♦r ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛✳

▼ás ♣r❡❝✐s❛♠❡♥t❡✱ ❞✐❣❛♠♦s q✉❡ ✉♥ ❝♦♥❥✉♥t♦ A ❡s ✏❡s❡♥❝✐❛❧♠❡♥t❡ s❛t✉r❛❞♦✑ ♣♦r
✉♥❛ ❢♦❧✐❛❝✐ó♥ F s✐ ❡①✐st❡ B s❛t✉r❛❞♦ ♣♦r F t❛❧ q✉❡ µ(A△B) = 0✳ ❈✉❛♥❞♦ ❧❛ ❢♦❧✐❛❝✐ó♥
F s❡❛ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ❡s♦ ❡s ❧♦ ♠✐s♠♦ ❛ ❞❡❝✐r q✉❡ ❡♥ ❝❛❞❛ ❤♦❥❛ ❞❡ F ❡❧
❝♦♥❥✉♥t♦ A ♦ s✉ ❝♦♠♣❧❡♠❡♥t♦ t✐❡♥❡ ♠❡❞✐❞❛ ♥✉❧❛✳

Pr♦❜❧❡♠❛✿ ❙❡❛ A ✉♥ s✉❜❝♦♥❥✉♥t♦ ❞❡M ❡s❡♥❝✐❛❧♠❡♥t❡ s❛t✉r❛❞♦ ♣♦r ❧❛s ❢♦❧✐❛❝✐♦♥❡s
Ws ② Wu✱ ❡♥t♦♥❝❡s é❧ ♦ s✉ ❝♦♠♣❧❡♠❡♥t♦ t✐❡♥❡♥ ♠❡❞✐❞❛ ♥✉❧❛✳

P♦r ❡♠♣❡③❛r✱ ✉♥♦ ♣✉❡❞❡ ♠♦❞✐✜❝❛r A ❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛ ♣❛r❛ ❤❛❝❡r❧♦
s❛t✉r❛❞♦ ♣♦r ✉♥❛ ❞❡ ❧❛s ❞♦s ❢♦❧✐❛❝✐♦♥❡s✱ ❡❧ ♣r♦❜❧❡♠❛ ❡s q✉❡ s✐ ❛❤♦r❛ ❧♦ ✈♦❧✈❡♠♦s ❛
♠♦❞✐✜❝❛r ♣❛r❛ q✉❡ s❡❛ s❛t✉r❛❞♦ ♣♦r ❧❛ ♦tr❛ ♣♦❞❡♠♦s ♣❡r❞❡r ❧❛ s❛t✉r❛❝✐ó♥ ♣♦r ❧❛
♣r✐♠❡r❛✳ ▲♦ q✉❡ ♣r❡❝✐s❛♠♦s ❡s ❝♦rr❡❣✐r ❛❧ ❝♦♥❥✉♥t♦ A ❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛
♣❛r❛ q✉❡ s❡❛ s❛t✉r❛❞♦ ♣♦r ❛♠❜❛s ❢♦❧✐❛❝✐♦♥❡s✳ ❆q✉í ❡♥tr❛ ❡♥ ❡s❝❡♥❛ ❡❧ t❡♦r❡♠❛ ❞❡
❞❡♥s✐❞❛❞ ❞❡ ▲❡❜❡s❣✉❡✱ ést❡ ♥♦s ❞❛ ✉♥❛ ❢♦r♠❛ ❝❛♥ó♥✐❝❛ ❞❡ ❡❧❡❣✐r ✉♥ r❡♣r❡s❡♥t❛♥t❡
❡♥tr❡ t♦❞♦s ❧♦s ❝♦♥❥✉♥t♦s ❞❡ ❧❛ ❝❧❛s❡ (mod 0) ❞❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❛❞♦✿ s✉s ♣✉♥t♦s ❞❡
❞❡♥s✐❞❛❞ r❡s♣❡❝t♦ ❞❡ ❧❛ ❜❛s❡ B ❞❡ ❜♦❧❛s✳

❋✐❣✉r❛ ✶✳✷✿ ❯♥ ❏✉❧✐❡♥♥❡ 3−❞✐♠❡♥s✐♦♥❛❧✳

❊♥ ❬●P❙❪✱ ●r❛②s♦♥✱ P✉❣❤ ② ❙❤✉❜ ♣r♦♣✉s✐❡r♦♥ r❡❡♠♣❧❛③❛r ❧❛ ❜❛s❡ ❞❡ ❜♦❧❛s B ❡♥ ❡❧
t❡♦r❡♠❛ ❞❡ ▲❡❜❡s❣✉❡ ♣♦r ✉♥❛ ❜❛s❡ J ❞✐s❡ñ❛❞❛ ❡s♣❡❝í✜❝❛♠❡♥t❡ ❛ ♣❛rt✐r ❞❡❧ s✐st❡♠❛
❞✐♥á♠✐❝♦✳ ❊❧ ♣r♦❜❧❡♠❛ ❝♦♥ ❧❛s ❜❛s❡ B ❡s q✉❡ s✐ ❜✐❡♥ s❛t✐s❢❛❝❡ ❡❧ t❡♦r❡♠❛ ❞❡ ▲❡❜❡s❣✉❡✱
❛❧ ♥♦ ❞❡♣❡♥❞❡r ❞❡❧ s✐st❡♠❛ ❞✐♥á♠✐❝♦ ❡s ❞❡♠❛s✐❛❞♦ ❣❡♥❡r❛❧ ② ♥♦ s❡ ❧❧❡✈❛ ❜✐❡♥ ❝♦♥ ❡❧
♠✐s♠♦✳ ▲♦s ❝♦♥❥✉♥t♦s ❞❡ ❧❛ ❜❛s❡ J s♦♥ ❧♦s ❧❧❛♠❛❞♦s ✏❏✉❧✐❡♥♥❡s✑✱ ést♦s s❡ ❝♦♥str✉②❡♥
❧♦❝❛❧♠❡♥t❡ ❝♦♠♦ ♣r♦❞✉❝t♦ ❞❡ ❢♦❧✐❛❝✐♦♥❡s ② s♦♥ ❛❧❛r❣❛❞♦s ❡♥ ✉♥❛ ❞✐r❡❝❝✐ó♥ ② r❡❞♦♥❞♦s
❡♥ ♦tr❛✳

❖tr❛ ❞❡ ❧❛s ❞✐✜❝✉❧t❛❞❡s ❡s q✉❡ ❧❛ ❢♦❧✐❛❝✐ó♥ ❝❡♥tr❛❧ Wc q✉❡ ❝♦♠♣❧❡♠❡♥t❛ ❛ ❧❛s ♦tr❛s
❞♦s ♣✉❡❞❡ ♥♦ ❡①✐st✐r ❡ ✐♥❝❧✉s✐✈❡ s✐ ❧♦ ❤❛❝❡ ♣✉❡❞❡ s❡r ♠✉② ♣❛t♦❧ó❣✐❝❛✳ P♦r ❡❥❡♠♣❧♦
❙❤✉❜ ② ❲✐❧❦✐♥s♦♥ ❝♦♥str✉②❡r♦♥ ✉♥ ❝♦♥❥✉♥t♦ ❛❜✐❡rt♦ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❛ ❧♦s q✉❡
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s✉ ❢♦❧✐❛❝✐ó♥ ❝❡♥tr❛❧ ❡①❤✐❜❡ ❧❛ s✐❣✉✐❡♥t❡ ♣❛t♦❧♦❣í❛✿ ❡①✐st❡ ✉♥ ❝♦♥❥✉♥t♦ S ❞❡ ♠❡❞✐❞❛
♠á①✐♠❛ q✉❡ ✐♥t❡rs❡❝t❛ ❛ ❝❛❞❛ ❤♦❥❛ ❞❡ Wc ❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛✳

❊♥ ❬P❙✷❪✱ P✉❣❤ ② ❙❤✉❜ ❧♦❣r❛r♦♥ ♣r♦❜❛r♦♥ ❧❛ ❝♦♥❥❡t✉r❛ ❛s✉♠✐❡♥❞♦ q✉❡ ❡❧ s✐st❡♠❛
❞✐♥á♠✐❝♦ ❡s ✏❞✐♥á♠✐❝❛♠❡♥t❡ ❝♦❤❡r❡♥t❡✑ ② ✏❝❡♥t❡r✲❜✉♥❝❤❡❞✑ ✭❛♠❜❛s ❞❡✜♥✐❝✐♦♥❡s s❡
♣✉❡❞❡♥ ❝♦♥s✉❧t❛r ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✺✮✳ ▼ás t❛r❞❡✱ ❑✳❇✉r♥s ② ❆✳ ❲✐❧❦✐♥s♦♥ ❡♥ ❬❇❲✶❪
❧♦❣r❛r♦♥ ♣r♦❜❛r❧❛ ❛s✉♠✐❡♥❞♦ s♦❧❛♠❡♥t❡ q✉❡ s❡❛ ✏❝❡♥t❡r✲❜✉♥❝❤❡❞✑ ❡♥ ✉♥❛ ❢♦r♠❛ ♠ás
❞é❜✐❧✳ ❊♥ ❛♠❜♦s tr❛❜❛❥♦s ❧♦s ❏✉❧✐❡♥♥❡s ❥✉❡❣❛♥ ✉♥ r♦❧ ❢✉♥❞❛♠❡♥t❛❧✳

❊♥ ❡st❛ t❡s✐s ♥♦s ♣r♦♣♦♥❡♠♦s ❡st✉❞✐❛r ❧♦s ❞✐st✐♥t♦s ❛s♣❡❝t♦s ❞❡ ❧❛ t❡♦r✐❛ ❞❡ ❧❛
♠❡❞✐❞❛ r❡❧❛❝✐♦♥❛❞♦s ❝♦♥ ❧♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s ❤✐♣❡r❜ó❧✐❝♦s ② ❡❧ ♣r♦❣r❛♠❛ ❞❡ P✉❣❤✲
❙❤✉❜ ♣❛r❛ ♣r♦❜❛r ❧❛ ❝♦♥❥❡t✉r❛ ❛♥t❡r✐♦r✳ ▲❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❧♦s ❏✉❧✐❡♥♥❡s ❞❡♣❡♥❞❡ ❞❡
✈❛r✐♦s ♣❛rá♠❡tr♦s ② ✉♥❛ ♠❡❥♦r ❝♦♠♣r❡♥s✐ó♥ ❞❡ ❧❛ s✐t✉❛❝✐ó♥ ♣✉❡❞❡ r❡s✉❧t❛r ❢❛✈♦r❛❜❧❡
❡♥ ❢✉♥❝✐ó♥ ❞❡ r❡❧❛❥❛r s✉ ❝♦♥str✉❝❝✐ó♥✳

❊♥ ♣❛rt✐❝✉❧❛r✱ ❧❛ ♣r✐♠❡r ♣r❡❣✉♥t❛ q✉❡ ♥♦s ❤❛❝❡♠♦s ❡s ✏✇❤❡♥ t❤❡ ❢♦❧✐❛t✐♦♥ ♣r♦❞✉❝t
♦❢ t✇♦ s♣❛❝❡s ✇✐t❤ ❞❡♥s✐t② ❜❛s✐s ❣✐✈❡s r✐s❡ t♦ ❛ ❞❡♥s✐t② ❜❛s✐s❄✑✳ ❊♥ ❡❧ ❝❛♣ít✉❧♦ ✹
♣r❡s❡♥t❛♠♦s ✉♥ ❝r✐t❡r✐♦ q✉❡ r❡s♣♦♥❞❡ ❧❛ ♣r❡❣✉♥t❛ ❡♥ ❧❛ s✐t✉❛❝✐ó♥ ✐❞❡❛❧ ❡♥ q✉❡ ❧❛s ❞♦s
❢♦❧✐❛❝✐♦♥❡s s♦♥ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛s✱ ♣♦r ♦tr♦ ❧❛❞♦ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✶ ❝♦♥str✉✐♠♦s
✉♥ ❝♦♥tr❛❡❥❡♠♣❧♦ ❡♥ ❞♦♥❞❡ ❧❛s ❢♦❧✐❛❝✐♦♥❡s s♦♥ s♦❧❛♠❡♥t❡ ❝♦♥t✐♥✉❛s✳

❊❧ ♣r✐♠❡r ❝❛♣ít✉❧♦ s♦♥ tr❡s ❡❥❡♠♣❧♦s ❞❡ ❢♦❧✐❛❝✐♦♥❡s ♣❛tó❧♦❣✐❝❛s✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r
✈❛♠♦s ❛ ✈❡r ❧❛ ❢♦❧✐❛❝✐ó♥ ❞❡ ❑❛t♦❦✲▼✐❧♥♦r✱ ést❛ ❡s ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ❝✉r✈❛s ❞✐s❥✉♥t❛s
q✉❡ ❝✉❜r❡♥ ❡❧ ❝✉❛❞r❛❞♦ [0, 1]2 ② ✉♥ ❝♦♥❥✉♥t♦ E t❛❧ q✉❡ ❝❛s✐ t♦❞♦ ♣✉♥t♦ ❞❡❧ ❝✉❛❞r❛❞♦
❡stá ❡♥ E ♣❡r♦ ❝❛❞❛ ❝✉r✈❛ t✐❡♥❡ ❛ ❧♦ s✉♠♦ ✉♥ ♣✉♥t♦ ❡♥ E✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥ ✈❛♠♦s
❛ ✈❡r ❡❧ ❡❥❡♠♣❧♦ ❞❡ ❙❤✉❜✲❲✐❧❦✐♥s♦♥ ♠❡♥❝✐♦♥❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ést❡ ❡s ♣❛r❡❝✐❞♦ ❛❧
❞❡ ❑❛t♦❦✲▼✐❧♥♦r ♣❡r♦ ✏❡st❛❜❧❡ ♣♦r ♣❡rt✉r❜❛❝✐♦♥❡s✑✳ P♦r ú❧t✐♠♦✱ ✈❛♠♦s ❛ ❝♦♥str✉✐r
❞♦s ❢♦❧✐❛❝✐♦♥❡s F ② G ❞❡❧ ❝✉❛❞r❛❞♦ [0, 1]2 ♣❛r❛ ❧❛s q✉❡ ❧♦s r❡❝tá♥❣✉❧♦s ♣r♦❞✉❝t♦ ♥♦
✈❡r✐✜❝❛♥ ❡❧ t❡♦r❡♠❛ ❞❡ ▲❡❜❡s❣✉❡✳ ❚♦❞♦s ❡st♦s ❡❥❡♠♣❧♦s✱ ❛❞❡♠ás ❞❡ s❡r ✐♥t❡r❡s❛♥t❡s
♣♦r ❡❧❧♦s ♠✐s♠♦s✱ ✈❛♥ ❛ ❡st❛❜❧❡❝❡r ❝✐❡rt❛s ❧✐♠✐t❛❝✐♦♥❡s ❡♥ ❧♦s r❡s✉❧t❛❞♦s q✉❡ ♣♦❞❡♠♦s
❡s♣❡r❛r✳ ❊♥ ❡st❡ s❡♥t✐❞♦✱ ❡s q✉✐③ás ❡❧ s❡❣✉♥❞♦ ❡❥❡♠♣❧♦ ❡❧ ♠ás ✐♥t❡r❡s❛♥t❡ ❞❡ ❧♦s tr❡s
②❛ q✉❡ s✉❣✐❡r❡ q✉❡ ❡❧ ♦❜stá❝✉❧♦ q✉❡ ❧❛ ♣❛t♦❧♦❣í❛ ♣r❡s❡♥t❛ ❡s ❡♥ r❡❛❧✐❞❛❞ ✐♥trí♥s❡❝♦ ❛❧
♣r♦❜❧❡♠❛✳

❊❧ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦ ❡s ❜ás✐❝❛♠❡♥t❡ ❡❧ t❡♦r❡♠❛ ❞❡ ❞❡s✐♥t❡❣r❛❝✐ó♥ ❞❡ ❘♦❤❧✐♥✳ ❊st❡
♥♦s ♣❡r♠✐t✐rá ♣♦♥❡r ✉♥❛ ♠❡❞✐❞❛ vF ❡♥ ❝❛❞❛ ❤♦❥❛ F ❞❡ ✉♥❛ ❢♦❧✐❛❝✐ó♥ F ② ✉♥❛ ♠❡❞✐❞❛
v∗ ❡♥ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❤♦❥❛s ❞❡ ❢♦r♠❛ q✉❡ ✐♥t❡❣r❛r ✉♥❛ ❢✉♥❝✐ó♥ ❡s ❧♦ ♠✐s♠♦ q✉❡ ✐♥t❡❣r❛r
♣r✐♠❡r♦ ❡♥ ❝❛❞❛ ❤♦❥❛ F r❡s♣❡❝t♦ ❞❡ vF ② ❧✉❡❣♦ ✐♥t❡❣r❛r t♦❞♦s ❡st♦s r❡s✉❧t❛❞♦s r❡s♣❡❝t♦
❞❡ v∗✳ ▲♦ ❛♥t❡r✐♦r ❡s ❡♥ r❡❛❧✐❞❛❞ ✉♥ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡❧ t❡♦r❡♠❛ ❞❡ ❘♦❤❧✐♥✱ ❡♥ ✈✐st❛
❞❡ s✉ ♣♦❝❛ ♣♦♣✉❧❛r✐❞❛❞ ❞❡❝✐❞✐♠♦s ♣r❡s❡♥t❛r❧♦ ❡♥ t♦❞❛ s✉ ❣❡♥❡r❛❧✐❞❛❞✳ ❉❛♠♦s ❛❞❡♠❛s
✈❛r✐♦s ❡❥❡♠♣❧♦s ② ❛♣❧✐❝❛❝✐♦♥❡s✳

❊♥ ❡❧ ❝❛♣ít✉❧♦ s✐❣✉✐❡♥t❡ ❡①♣❧♦r❛♠♦s ❡❧ t❡♦r❡♠❛ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ ❞❡ ▲❡❜❡s❣✉❡ ② ❧❛
t❡♦rí❛ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ ❞❡ ✐♥t❡❣r❛❧❡s✳ Pr✐♠❡r♦ ✈❛♠♦s ❛ r❡❝♦r❞❛r ❧❛s ✐❞❡❛s ✐♥✈♦❧✉❝r❛❞❛s



✶✸

❡♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ t❡♦r❡♠❛ ❞❡ ▲❡❜❡sq✉❡ ❡①♣❧✐❝á♥❞♦❧❛s ② tr❛t❛♥❞♦ ❞❡ ❛♣❧✐❝❛r❧❛s
❛ ♦tr❛s ❜❛s❡s ✭❝♦♠♦ ❜♦❧❛s✱ r❡❝t❛♥❣✉❧♦s✱ ❡t❝✳✮✳ ▲✉❡❣♦ ❛❞♦♣t❛♠♦s ✉♥ ♣✉♥t♦ ❞❡ ✈✐st❛
♠✉❝❤♦ ♠ás ❣❡♥❡r❛❧ ♣r❡s❡♥t❛♥❞♦ ❧♦s t❡♦r❡♠❛s ❝❧ás✐❝♦s ❝♦♠♦ ❡❧ ❞❡ ❇✉ss❡♠❛♥✲❋❡❧❧❡r
♦ ❡❧ ❞❡ ❧❛ ▼❛①✐♠❛❧✳ P♦r ú❧t✐♠♦ ✈❛♠♦s ❛ ❞❡✜♥✐r ❧❛ ❢✉♥❝✐ó♥ ❞❡❧ ❤❛❧♦ ❞❡ ✉♥❛ ❜❛s❡ ❞❡
❞✐❢❡r❡♥❝✐❛❝✐ó♥ ② ❛ ♣r♦❜❛r q✉❡ s✐ ést❛ ❡s ✜♥✐t❛ ❡♥t♦♥❝❡s ❧❛ ❜❛s❡ ❡s ❞❡ ❞❡♥s✐❞❛❞✳

❊♥ ❡❧ ❝✉❛rt♦ ❝❛♣ít✉❧♦ ❞❡✜♥✐♠♦s ❧❛s ❞✐st✐♥t❛s ❢♦r♠❛s ❡♥ q✉❡ ✉♥❛ ❢♦❧✐❛❝✐ó♥ ♣✉❡❞❡ s❡r
❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ❞❛♥❞♦ ❛❧❣✉♥♦s ❡❥❡♠♣❧♦s ② r❡❧❛❝✐♦♥á♥❞♦❧❛s✳ ▲✉❡❣♦ ♣r❡s❡♥t❛✲
♠♦s ✉♥ ❝r✐t❡r✐♦ q✉❡ ♥♦s ♣❡r♠✐t✐rá ♣r♦❜❛r q✉❡ ❝✐❡rt❛s ❜❛s❡s ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ s♦♥ ❞❡
❞❡♥s✐❞❛❞✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ s❡ s✐❣✉❡ ❞❡❧ ❝r✐t❡r✐♦✱ q✉❡ ❞❛❞❛s ❞♦s ❢♦❧✐❛❝✐♦♥❡s ❛❜s♦❧✉t❛♠❡♥✲
t❡ ❝♦♥t✐♥✉❛s F ② G ❞❡❧ ❝✉❛❞r❛❞♦ [0, 1]2✱ ❧♦s r❡❝tá♥❣✉❧♦s ♣r♦❞✉❝t♦ q✉❡ ést❛s ❞❡✜♥❡♥
❢♦r♠❛♥ ✉♥❛ ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞✳

❋✐♥❛❧♠❡♥t❡✱ ❡♥ ❡❧ ú❧t✐♠♦ ❝❛♣ít✉❧♦ ❤❛❝❡♠♦s ✉♥ ❜r❡✈❡ r❡s✉♠❡♥ ❞❡ ❧♦s s✐st❡♠❛s ❞✐✲
♥á♠✐❝♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s✱ t❡♦rí❛ ❡r❣ó❞✐❝❛ ② ❡①♣♦♥❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈✳ ❊♥
♣❛rt✐❝✉❧❛r ✈❛♠♦s ❛ ❞❡♠♦str❛r ❡❧ r❡s✉❧t❛❞♦ ❞❡ ❆♥♦s♦✈ ✭❛s✉♠✐❡♥❞♦ q✉❡ ❧❛s ❢♦❧✐❛❝✐♦♥❡s
Ws ②Wu s♦♥ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛s✮ ② ❛ ❝♦♠❡♥t❛r s♦❜r❡ ❧♦s ❞❡ P✉❣❤✲❙❤✉❜ ② ❇✉r♥s✲
❲✐❧❦✐♥s♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ❝♦♥❥❡t✉r❛✳ ❊♥ ❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s ❛ ❤❛❝❡r ❡s♣❡❝✐❛❧ ❡♥❢ás✐s ❡♥
❝♦♠♦ s❡ ❛rt✐❝✉❧❛♥ ❧♦s ❞✐st✐♥t♦s ❝♦♥❝❡♣t♦s ② t❡♦r❡♠❛s ❞❡❥❛♥❞♦ ❧❛s ❞❡♠♦str❛❝✐♦♥❡s ❛
❝❛r❣♦ ❞❡ ❧❛ ❜✐❜❧✐♦❣r❛❢í❛✳
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❈❛♣ít✉❧♦ ✷

❋♦❧✐❛❝✐♦♥❡s P❛t♦❧ó❣✐❝❛s

❊♥ ♣r✐♠❡r ❧✉❣❛r ✈❛♠♦s ❛ ✈❡r ✉♥ ❡❥❡♠♣❧♦ ❞❡ ❆✳ ❑❛t♦❦ ❞❡ ✉♥❛ ❢♦❧✐❛❝✐ó♥ F ❞❡❧
❝✉❛❞r❛❞♦ [0, 1]2 ❝♦♥ ❧❛ s✐❣✉✐❡♥t❡ ♣r♦♣✐❡❞❛❞✿ ❡①✐st❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛ q✉❡
✐♥t❡rs❡❝t❛ ❛ ❝❛❞❛ ❤♦❥❛ ❞❡ ❧❛ ❢♦❧✐❛❝✐ó♥ ❡♥ ❛ ❧♦ s✉♠♦ ✉♥ ♣✉♥t♦✳ ❊st❡ ❡s ❡❧ ❢❡♥ó♠❡♥♦
q✉❡ ▲✳ ❋❧❛♠✐♥✐♦ ❧❧❛♠ó ✏▲❛ ♣❡s❛❞✐❧❧❛ ❞❡ ❋✉❜✐♥✐✑✱ ♠♦t✐✈❛❞♦s ♣♦r ❧♦ ❛♥t❡r✐♦r ❤❛❝❡♠♦s
❧❛ s✐❣✉✐❡♥t❡ ❞❡✜♥✐❝✐ó♥✿ ✉♥❛ ❢♦❧✐❛❝✐ó♥ F ❞❡ ✉♥❛ ✈❛r✐❡❞❛❞ M s❡ ❞✐rá ❛❜s♦❧✉t❛♠❡♥t❡
❝♦♥t✐♥✉❛ s✐ t♦❞♦ ❝♦♥❥✉♥t♦ q✉❡ ✐♥t❡rs❡❝t❡ ❛ ❝❛s✐ t♦❞❛ ❤♦❥❛ ❞❡ ❧❛ ❢♦❧✐❛❝✐ó♥ F ❡♥ ✉♥
❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛ t❡♥❣❛ é❧ ♠✐s♠♦ ♠❡❞✐❞❛ ♥✉❧❛✳

▲✉❡❣♦ ♣r❡s❡♥t❛♠♦s ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s ❞❡ ▼✳ ❙❤✉❜ ② ❆✳ ❲✐❧❦✐♥s♦♥✱ ❡♥ ❬❙❲❪ ❡❧❧♦s
❞❡♠✉❡str❛♥ q✉❡ ❡①✐st❡ ✉♥ ❛❜✐❡rt♦ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s g : T3 → T3 ✭❡♥ ❧❛ t♦♣♦❧♦❣í❛
C1✮ ❝♦♥ ✉♥❛ ❢♦❧✐❛❝✐ó♥ Wg ❛s♦❝✐❛❞❛ ❛ ❝❛❞❛ ✉♥♦ ❞❡ ❡❧❧♦s q✉❡ ♥♦ ❡s ❛❜s♦❧✉t❛♠❡♥t❡
❝♦♥t✐♥✉❛✳ ❊st♦ ♠✉❡str❛ q✉❡ ❧❛ ♣❛t♦❧♦❣í❛ ❞❡❧ ❡❥❡♠♣❧♦ ❞❡ ❑❛t♦❦ ♥♦ ❡s ❝❛s✉❛❧ s✐♥♦ q✉❡
❛❧ ❝♦♥tr❛r✐♦ ♣✉❡❞❡ ♦❝✉rr✐r ❝♦♥ ❜❛st❛♥t❡ ♥❛t✉r❛❧✐❞❛❞✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ✈❛♠♦s ❛ ❞❛r ✉♥
❝r✐t❡r✐♦ ❜❛st❛♥t❡ ❣❡♥❡r❛❧ ❞❡ ❨✳ P❡s✐♥ ② ▼✳ ❍✐r❛②❛♠❛ q✉❡ ❣❛r❛♥t✐③❛ q✉❡ ❧❛ ❢♦❧✐❛❝✐ó♥
❝❡♥tr❛❧ ❞❡ ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ ♥♦ ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛✳
❊♥ ❞❡✜♥✐t✐✈❛✱ ❝✐t❛♥❞♦ ❛ ❙❤✉❜✲❲✐❧❦✐♥s♦♥✿

✏❚❤❡s❡ ❝❡♥t❡r ❢♦❧✐❛t✐♦♥s s❤♦✇ t❤❛t t❤❡ ♣♦t❡♥t✐❛❧ ❞✐✣❝✉❧t✐❡s ✇❤✐❝❤ ❧✐♠✐t❡❞
❇r✐♥ ❛♥❞ P❡s✐♥ ✐♥ t❤❡✐r st✉❞② ♦❢ ♣❛rt✐❛❧❧② ❤②♣❡r❜♦❧✐❝ ❞✐✛❡♦♠♦r♣❤✐s♠s ❛♥❞
✇❤✐❝❤ ✇❡r❡ ✜♥❛❧❧② ♦✈❡r❝♦♠❡ ✐♥ ❣r❡❛t ♠❛♥② ❝❛s❡s ❜② ●r❛②s♦♥✱ P✉❣❤ ❛♥❞
❙❤✉❜ ❞♦ ✐♥❞❡❡❞ ❡①✐st✳✑

P♦r ú❧t✐♠♦✱ ❡♥ ✏❋♦❧✐❛❝✐♦♥❡s ② ❜❛s❡s ❞❡ ❞❡♥s✐❞❛❞✑ ✈❛♠♦s ❛ ❝♦♥st✉✐r ❞♦s ❢♦❧✐❛❝✐♦♥❡s
F ② G ❞❡❧ ❝✉❛❞r❛❞♦ [0, 1]2 ♣❛r❛ ❧❛s q✉❡ ❧♦s F × G− r❡❝tá♥❣✉❧♦s ♥♦ ❢♦r♠❛♥ ✉♥❛ ❜❛s❡
❞❡ ❞❡♥s✐❞❛❞ ✭❡♥ ❡❧ s❡♥t✐❞♦ ❞❡❧ t❡♦r❡♠❛ ❞❡ ▲❡❜❡s❣✉❡✮✳

✶✺
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✷✳✶✳ ▲❛ P❡s❛❞✐❧❧❛ ❞❡ ❋✉❜✐♥✐

❊❧ t❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐ ❞✐❝❡ q✉❡ ♣❛r❛ ❝❛❧❝✉❧❛r ❧❛ ♠❡❞✐❞❛ ❞❡ ✉♥ s✉❜❝♦♥❥✉♥t♦ ♠❡❞✐❜❧❡
A ❞❡❧ ❝✉❛❞r❛❞♦ [0, 1]2 ♣♦❞❡♠♦s ♣r✐♠❡r♦ ❝❛❧❝✉❧❛r ❝✉á♥t♦ ♠✐❞❡ ❧❛ ✐♥t❡rs❡❝❝✐ó♥ ❝♦♥
❝❛❞❛ s❡❣♠❡♥t♦ ✈❡rt✐❝❛❧ ② ❧✉❡❣♦ ✐♥t❡❣r❛r t♦❞❛s ❡st❛s ♠❡❞✐❞❛s✳ ❊s ❝♦♥♦❝✐❞♦ q✉❡ ❧❛
❝♦♥❞✐❝✐ó♥ ❞❡ ♠❡❞✐❜✐❧✐❞❛❞ s♦❜r❡ A ❡s ♥❡❝❡s❛r✐❛✱ ❞❡ ❤❡❝❤♦ ❲✳ ❙✐❡r♣✐♥s❦✐ ❞✐♦ ✉♥ ❡❥❡♠♣❧♦
❞❡ ✉♥ s✉❜❝♦♥❥✉♥t♦ S ❞❡❧ ❝✉❛❞r❛❞♦ ✉♥✐t❛r✐♦ [0, 1]2 ❝✉②❛ ✐♥t❡rs❡❝❝✐ó♥ ❝♦♥ ❝✉❛❧q✉✐❡r r❡❝t❛
❝♦♥s✐st❡ ❞❡ ❛ ❧♦ s✉♠♦ ❞♦s ♣✉♥t♦s ♣❡r♦ µ(S) = 1✳

◆♦s ♣♦❞❡♠♦s ♣r❡❣✉♥t❛r✳✳ ➽◗✉é ♣❛s❛ s✐ ❡♥ ❡❧ t❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐ ❝❛♠❜✐❛♠♦s ❧❛
❢❛♠✐❧✐❛ ❞❡ s❡❣♠❡♥t♦s ✈❡rt✐❝❛❧❡s ♣♦r ✉♥❛ ❢❛♠✐❧✐❛ ❛r❜✐tr❛r✐❛ ❞❡ ❝✉r✈❛s ❞✐s❥✉♥t❛s q✉❡
❝✉❜r❛♥ ❛❧ ❝✉❛❞r❛❞♦ [0, 1]2❄ ➽❙❡❣✉✐rá ✈❛❧✐❡♥❞♦ ❡❧ t❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐ ♦ ❛❧❣♦ s✐♠✐❧❛r❄
➽❙❡rá ❝✐❡rt♦ q✉❡ s✐ ✉♥ ❝♦♥❥✉♥t♦ ♠❡❞✐❜❧❡ ✐♥t❡rs❡❝t❛ ❛ ❝❛❞❛ ❝✉r✈❛ ❡♥ ✉♥ s✉❜❝♦♥❥✉♥t♦ ❞❡
♠❡❞✐❞❛ ♥✉❧❛ ❡♥t♦♥❝❡s é❧ ♠✐s♠♦ ❞❡❜❡ t❡♥❡r ♠❡❞✐❞❛ ♥✉❧❛❄

❋✐❣✉r❛ ✷✳✶✿ ❋♦❧✐❛❝✐♦♥❡s ❞❡❧ ❝✉❛❞r❛❞♦ [0, 1]2✳

❯♥❛ ❢❛♠✐❧✐❛ F ❞❡ ❝✉r✈❛s s✉❛✈❡s ❞✐s❥✉♥t❛s q✉❡ ❝✉❜r❡♥ ❡❧ ❝✉❛❞r❛❞♦ [0, 1]2 ❡s ✉♥❛ ❢♦✲
❧✐❛❝✐ó♥✳ ❙✐ ❧❛s ❝✉r✈❛s ✈❛rí❛♥ ❞❡ ❢♦r♠❛ ❝♦♥t✐♥✉❛ ❡♥t♦♥❝❡s ❧❛ ❢♦❧✐❛❝✐ó♥ F s❡ ❞✐❝❡ ❝♦♥t✐♥✉❛
② s✐ ❧❛s ❝✉r✈❛s ✈❛rí❛♥ ❡♥ ❢♦r♠❛ ❞✐❢❡r❡♥❝✐❛❜❧❡ ❞✐r❡♠♦s q✉❡ ❡s s✉❛✈❡✳ ❈✉❛♥❞♦ ❧❛ ❢♦❧✐❛❝✐ó♥
❡s s✉❛✈❡ s❡ t✐❡♥❡ q✉❡ ✈❛❧❡ ❛❧❣♦ ♣❛r❡❝✐❞♦ ❛❧ t❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐✱ ❡♥ ♣❛rt✐❝✉❧❛r ❧❛ s❡❣✉♥❞❛
♣r❡❣✉♥t❛ s❡ ♣✉❡❞❡ r❡s♣♦♥❞❡r ❛✜r♠❛t✐✈❛♠❡♥t❡✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❝✉❛♥❞♦ ❧❛ ❢♦❧✐❛❝✐ó♥ ❡s
s♦❧❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ést❛ ♣✉❡❞❡ r❡s✉❧t❛r ❢❛❧s❛ ❞❡ ❢♦r♠❛ ❞r❛♠át✐❝❛ ❝♦♠♦ ❧♦ ♠✉❡str❛ ❡❧
s✐❣✉✐❡♥t❡ ❡❥❡♠♣❧♦ ❞❡ ❑❛t♦❦✳

◆♦s♦tr♦s ✈❛♠♦s ❛ s❡❣✉✐r ❧❛ ♣r❡s❡♥t❛❝✐ó♥ ❞❡ ❏✳ ▼✐❧♥♦r ❡♥ ✏❋✉❜✐♥✐ ❋♦✐❧❡❞✑ ❬▼❪✳

❊❥❡♠♣❧♦ ✭❑❛t♦❦✲▼✐❧♥♦r✮✿ ❊①✐st❡ ✉♥❛ ❢♦❧✐❛❝✐ó♥ ❝♦♥t✐♥✉❛ {Γt} ❞❡❧ ❝✉❛❞r❛❞♦ ✉♥✐✲
t❛r✐♦ ♣♦r ❝✉r✈❛s s✉❛✈❡s ② ✉♥ s✉❜❝♦♥❥✉♥t♦ ♠❡❞✐❜❧❡ E ❞❡ [0, 1]2 ❝♦♥ µ(E) = 1 t❛❧ q✉❡
E ✐♥t❡rs❡❝t❛ ❛ ❝❛❞❛ ❝✉r✈❛ ❡♥ ❛ ❧♦ s✉♠♦ ✉♥ ♣✉♥t♦✳

❋✐❥❡♠♦s p ❡♥ (0, 1) ② ❛s♦❝✐❡♠♦s ❛ ❝❛❞❛ x ❡♥ (0, 1) ✉♥ ❝ó❞✐❣♦ (x1, x2, . . . , xn, . . .)p
❝♦♥ xn = 0 ♦ 1 ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿
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❙❡❛♥ I0 = [0, p] ② I1 = [p, 1]✱ ❧❛ ♣r✐♠❡r ❝♦♦r❞❡♥❛❞❛ x1 ✈❛ ❛ s❡r 0 s✐ x ❡stá ❡♥ I0
② 1 s✐ ❡stá ❡♥ I1✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥ ✈❛♠♦s ❛ ✐r ❞✐✈✐❞✐❡♥❞♦ ❛ ❝❛❞❛ ✐♥t❡r✈❛❧♦ ❡♥ ❞♦s ♠ás
❝❤✐❝♦s ② ❧❛ s✐❣✉✐❡♥t❡ ❝♦♦r❞❡♥❛❞❛ ✈❛ ❛ ❞❡❝✐r ❡♥ ❝✉á❧ ❞❡ ❧♦s ❞♦s ✐♥t❡r✈❛❧♦s ❡stá✳

0
•
x p 1

︸ ︷︷ ︸︸ ︷︷ ︸
I0 I1

0
•
x p 1

︸ ︷︷ ︸︸ ︷︷ ︸︸ ︷︷ ︸︸ ︷︷ ︸
I00 I01 I10 I11

❋✐❣✉r❛ ✷✳✷✿ ❊❧ ❝ó❞✐❣♦ ❞❡ x t✐❡♥❡ x1 = 0 ② x2 = 1✳

▼ás ♣r❡❝✐s❛♠❡♥t❡✱ ❡♥ ❡❧ ♣❛s♦ n+1 ❞✐✈✐❞✐♠♦s ❛ ❝❛❞❛ ✐♥t❡r✈❛❧♦ Iǫ1...ǫn ❡♥ ❞♦s s✉❜✐♥✲
t❡r✈❛❧♦s Iǫ1...ǫn0 ② Iǫ1...ǫn1 t❛❧❡s q✉❡

|Iǫ1...ǫn0| = p|Iǫ1...ǫn | ② |Iǫ1...ǫn1| = (1− p)|Iǫ1...ǫn |

▲✉❡❣♦ xn+1 = 0 s✐ x ❡stá ❡♥ Iǫ1...ǫn0 ② xn+1 = 1 ❡♥ ❝❛s♦ ❝♦♥tr❛r✐♦✳ ❊s ❞❡❝✐r q✉❡

x = (x1x2 . . . xn . . .)p = Ix1

⋂
Ix1x2

⋂
. . .

⋂
Ix1x2...xn

⋂
. . .

P♦r ❡❥❡♠♣❧♦✱ s✐ p = 1/2 ❡♥t♦♥❝❡s ❡❧ ❝ó❞✐❣♦ ❞❡ x ♥♦ ❡s ♦tr❛ ❝♦s❛ q✉❡ s✉ ❡①♣r❡s✐ó♥
❡♥ ❜❛s❡ 2✳

◆♦t❡♠♦s q✉❡ s✐ Xn : [0, 1] → {0, 1} ❡s ❧❛ ❢✉♥❝✐ó♥ q✉❡ ❛s♦❝✐❛ ❛ ❝❛❞❛ x s✉ n−és✐♠❛
❝♦♦r❞❡♥❛❞❛ ❡♥t♦♥❝❡s ❧❛s {Xn} s♦♥ t♦❞❛s ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s ✐♥❞❡♣❡♥❞✐❡♥t❡s ❝♦♥ ❞✐s✲
tr✐❜✉❝✐ó♥ B(1, p)✱ ❞❡ ❞♦♥❞❡ ♣♦r ❧❛ ❧❡② ❞❡ ❢✉❡rt❡ ❞❡ ❧♦s ❣r❛♥❞❡s ♥ú♠❡r♦s s❡ t✐❡♥❡ q✉❡
♣❛r❛ ❝❛s✐ t♦❞♦ x ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ [0, 1]✿

ĺım
n→∞

x1 + . . .+ xn

n
= 1− p. ✭✷✳✶✮

❙❡❛ E ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❧♦s ♣✉♥t♦s (p, x) ❞❡ [0, 1]2 t❛❧❡s q✉❡ ❡❧ ❝ó❞✐❣♦ ❞❡ x ❡♥ ❜❛s❡
p s❛t✐s❢❛❝❡ ✭✶✳✶✮✳ ❊s ❢á❝✐❧ ✈❡r q✉❡ E ❡s ♠❡❞✐❜❧❡ ② ❝♦♠♦ ♣❛r❛ ❝❛s✐ t♦❞♦ x s❡ t✐❡♥❡ q✉❡
(p, x) ❡stá ❡♥ E✱ ❡♥t♦♥❝❡s ♣♦r ❡❧ t❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐ |E| = 1✳

❆❤♦r❛✱ ♣❛r❛ ❝❛❞❛ t✱ ❝♦♥s✐❞❡r❡♠♦s ❡❧ ❣rá✜❝♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ft : [0, 1] → [0, 1] q✉❡
s❡rá ✉♥❛ ❝✉r✈❛ Γt✳ ❉♦♥❞❡ s✐ t = (t1t2 . . . tn . . .)2 ❡♥t♦♥❝❡s ft(p) = (t1t2 . . . tn . . .)p✳



✶✽ ❈❆P❮❚❯▲❖ ✷✳ ❋❖▲■❆❈■❖◆❊❙ P❆❚❖▲Ó●■❈❆❙

▲❛ ❢✉♥❝✐ó♥ ft ❡s s✉❛✈❡ ② ❞❡ ❤❡❝❤♦ ❛♥❛❧ít✐❝❛✱ ♣✉❡s ♣♦r ❡❥❡♠♣❧♦ s✐ t = (0100110 . . .)2
❡♥t♦♥❝❡s

ft(p) = p(1− p) + p(1− p)pp(1− p) + p(1− p)pp(1− p)(1− p) + . . .

ft(p) = p(1− p) + p3(1− p)2 + p3(1− p)3 + . . .

❊s ❞❡❝✐r q✉❡ ft(p) ❡s ✉♥❛ s❡r✐❡ ❞❡ ❢✉♥❝✐♦♥❡s q✉❡ ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡✱ ❞❡ ❤❡❝❤♦
❞❡ ❧❛ ❡①♣r❡s✐ó♥ ❛♥t❡r✐♦r s❡ ♣✉❡❞❡ ❧❡❡r ❢á❝✐❧♠❡♥t❡ s✉ s❡r✐❡ ❞❡ ❚❛②❧♦r✳ ❊❧ ❝❛s♦ ❣❡♥❡r❛❧
❡s s✐♠✐❧❛r✱ ❜❛st❛ ♥♦t❛r q✉❡ s❡ ✈❛ ❛❣r❡❣❛♥❞♦ ✉♥ s✉♠❛♥❞♦ ♣♦r ❝❛❞❛ 1 ❡♥ ❧❛ ❡①♣r❡s✐ó♥
❡♥ ❜❛s❡ 2 ❞❡ t ② ❡st♦s s♦♥ s✐❡♠♣r❡ ❞❡ ❧❛ ❢♦r♠❛ pn(1 − p)m✱ ❝✉❛❧q✉✐❡r s❡r✐❡ ❞❡ ❡st❡
t✐♣♦ ❡♥ ❞♦♥❞❡ n,m → ∞ ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❛ ✉♥❛ ❢✉♥❝✐ó♥ ❛♥❛❧ít✐❝❛ ✭s✐ n ♦
m ♣❡r♠❛♥❡❝❡ ❛❝♦t❛❞♦ ❡s♦ q✉✐❡r❡ ❞❡❝✐r q✉❡ t t✐❡♥❡ ✜♥✐t♦s ✉♥♦s ♦ ✜♥✐t♦s ❝❡r♦s ❡♥ s✉
❡①♣r❡s✐ó♥ ❡♥ ❜❛s❡ 2 ❡♥ ❝✉②♦ ❝❛s♦ ft ❡s ✉♥ ♣♦❧✐♥♦♠✐♦ ❡♥ p✮✳

▲❛ ❢❛♠✐❧✐❛ ❞❡ ❝✉r✈❛s Γt ❡s ✉♥❛ ❢♦❧✐❛❝✐ó♥ ❝♦♥t✐♥✉❛ ❞❡❧ ❝✉❛❞r❛❞♦ ✉♥✐t❛r✐♦ [0, 1]2✱ ♣✉❡s
ést❛s s♦♥ ❞✐s❥✉♥t❛s ② t♦❞♦ ♣✉♥t♦ (p, x) ❞❡ [0, 1]2 ❡stá ❡♥ ❡①❛❝t❛♠❡♥t❡ ✉♥❛ ❞❡ ❧❛ ❝✉r✈❛s
Γt❀ ❛q✉❡❧❧❛ ♣❛r❛ ❧❛ ❝✉❛❧ t = (x1x2 . . . xn . . .)2 ❞♦♥❞❡ x = (x1x2 . . . xn . . .)p✳

❱❡❛♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ t s❡ t✐❡♥❡ q✉❡ E ∩Γt ❝♦♥s✐st❡ ❞❡ ❛ ❧♦ s✉♠♦ ✉♥ ♣✉♥t♦ ❧♦ q✉❡
❝♦♥❝❧✉②❡ ❡❧ ❡❥❡♠♣❧♦✳ ❙✐ (p, x) ❡stá ❡♥ E ∩ Γt ❡♥t♦♥❝❡s x = (t1t2 . . . tn . . .)p✱ ♣❡r♦ ❝♦♠♦
(p, x) ♣❡rt❡♥❡❝❡ ❛ E ❡♥t♦♥❝❡s

ĺım
t→∞

t1 + . . .+ tn
n

= 1− p.

❊s ❞❡❝✐r q✉❡ t ❞❡t❡r♠✐♥❛ p q✉❡ ❛ s✉ ✈❡③ ❞❡t❡r♠✐♥❛ x✱ ❞❡ ❞♦♥❞❡ E ∩ Γt ❝♦♥s✐st❡ ❞❡
❛ ❧♦ s✉♠♦ ✉♥ ♣✉♥t♦✳

✷✳✷✳ ❊❧ ❡❥❡♠♣❧♦ ❞❡ ❙❤✉❜✲❲✐❧❦✐♥s♦♥

❊♥ ❡st❛ s❡❝❝✐ó♥ ✈❛♠♦s ❛ ❝♦♥str✉✐r ✉♥ ❡❥❡♠♣❧♦ ✉♥ ♣♦❝♦ ♠ás ❝♦♠♣❧✐❝❛❞♦ ♣❡r♦ ♠ás
✐♥t❡r❡s❛♥t❡ ②❛ q✉❡ ✏❧❛ ♣❛t♦❧♦❣í❛ ♣❡rs✐st❡ ♣♦r ♣❡q✉❡ñ❛s ♣❡rt✉r❜❛❝✐♦♥❡s✑✳

❆♥t❡s ❞❡ ❝♦♥t✐♥✉❛r ✜❥❡♠♦s ♥♦t❛❝✐ó♥✳ ❙❡❛ Tn = Rn/Zn ❡❧ t♦r♦ n−❞✐♠❡♥s✐♦♥❛❧ q✉❡
❡s ✉♥❛ ✈❛r✐❡❞❛❞ ❝♦♠♣❛❝t❛ ❝♦♥ s✉ ❡str✉❝t✉r❛ ❘✐❡♠❛♥♥✐❛♥❛ ② s✉ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡
µ ❤❡r❡❞❛❞❛s ❞❡ Rn✳ ❙❡❛♥ A2 : T2 → T2 ② A3 : T3 → T3 ❧♦s ❛✉t♦♠♦r✜s♠♦s ❧✐♥❡❛❧❡s
✐♥❞✉❝✐❞♦s ♣♦r ❧❛s ♠❛tr✐❝❡s

A2 =

(
2 1
1 1

)
A3 =




2 1 0
1 1 0
0 0 1



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P♦r ú❧t✐♠♦ ❞❡✜♥❛♠♦s Diff2
µ(T

3) ❝♦♠♦ ❧♦s ❞✐❢❡♦♠♦r✜s♠♦s C2 ❞❡ T3 q✉❡ ♣r❡s❡r✈❛♥
❧❛ ♠❡❞✐❞❛ µ ② ❞❡♠♦s❧❡ ❧❛ t♦♣♦❧♦❣í❛ C1✳

❚❡♦r❡♠❛ ✭❙❤✉❜✲❲✐❧❦✐♥s♦♥ ❬❙❲❪✮✿ ❆r❜✐tr❛r✐❛♠❡♥t❡ ❝❡r❝❛ ❞❡ A3 ❡①✐st❡ ✉♥
❛❜✐❡rt♦ U ❞❡ Diff2

µ(T
3) t❛❧ q✉❡ ♣❛r❛ t♦❞♦ g ❡♥ U s❡ t✐❡♥❡ q✉❡

✶✳ ❊❧ ❞✐❢❡♦♠♦r✜s♠♦ g ❡s ❡r❣ó❞✐❝♦ ② ♥♦✲✉♥✐❢♦r♠❡♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✳

✷✳ ❊①✐st❡ ✉♥❛ ✜❜r❛❝✐ó♥ π : T3 → T2 t❛❧ q✉❡ πg = A2π ② ❧❛ ✜❜r❛s ❞❡ π s♦♥ ❧❛s ❤♦❥❛s
❞❡ ✉♥❛ ❢♦❧✐❛❝✐ó♥ Wg ❞❡ T3 ♣♦r ❝ír❝✉❧♦s C2✳

✸✳ ❊①✐st❡ λ > 0 t❛❧ q✉❡ ♣❛r❛ µ−❝❛s✐ t♦❞♦ w ❡♥ T3✱ s✐ v ❡stá ❡♥ TwT
3 ② ❡s t❛♥❣❡♥t❡

❛ ❧❛ ❤♦❥❛ ❞❡ Wg q✉❡ ❝♦♥t✐❡♥❡ ❛ w ❡♥t♦♥❝❡s

ĺım
n→∞

1

n
log ||dwg

nv|| = λ. ✭✷✳✷✮

❊♥ ♣❛rt✐❝✉❧❛r s❡ ❞❡❞✉❝❡ ❞❡ ❧♦ ❛♥t❡r✐♦r✱ q✉❡ ❡①✐st❡ ✉♥ s✉❜❝♦♥❥✉♥t♦ S ❞❡ T3 ❝♦♥
µ(S) = µ(T3) t❛❧ q✉❡ S ✐♥t❡rs❡❝t❛ ❛ ❝❛❞❛ ❤♦❥❛ ❞❡ Wg ❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ❝❡r♦✳

■❞❡❛ ❞❡ ❧❛ ❞❡♠♦str❛❝✐ó♥✿

❙❡❛ g ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ T3 q✉❡ ✈❡r✐✜❝❛ ❧❛ s❡❣✉♥❞❛ ② ❧❛ t❡r❝❡r ❝♦♥❞✐❝✐ó♥ ❞❡❧
❡♥✉♥❝✐❛❞♦ ② ❧❧❛♠❡♠♦s S ❛❧ ❝♦♥❥✉♥t♦ ❞❡ ♣✉♥t♦s w ❡♥ T3 ♣❛r❛ ❧♦s q✉❡ ✈❛❧❡ ✭✶✳✷✮✱ q✉❡
r❡s✉❧t❛ g−✐♥✈❛r✐❛♥t❡✳ ❙✉♣♦♥❣❛♠♦s q✉❡ ✉♥❛ ❤♦❥❛ Wg(w) ✭q✉❡ ❡s ∼ S1✮ ✐♥t❡rs❡❝t❛ ❛ S
❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛ ② ❧❧❡❣✉❡♠♦s ❛ ✉♥ ❛❜s✉r❞♦✳

❋✐❣✉r❛ ✷✳✸✿ ❙✐ S ✐♥t❡rs❡❝t❛ ✉♥❛ ❤♦❥❛Wg(w) ❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛ ❡♥t♦♥❝❡s
ést❛ ❝r❡❝❡ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❝♦♥ g✱ ❧♦ q✉❡ ❡s ❛❜s✉r❞♦✳

❈♦♠♦ ❧❛s ❤♦❥❛s ❞❡ ❧❛ ❢♦❧✐❛❝✐ó♥ Wg s♦♥ 1−❞✐♠❡♥s✐♦♥❛❧❡s ❡♥t♦♥❝❡s ❡❧ ❏❛❝♦❜✐❛♥♦ ❞❡
gn : Wg(w) → Wg(g

n(w)) ❝r❡❝❡ ❝♦♠♦ ❧❛ ♥♦r♠❛ ❞❡ ❧♦s ✈❡❝t♦r❡s t❛♥❣❡♥t❡s ❛Wg(w)✱ q✉❡
♣♦r ❧❛ t❡r❝❡r ❝♦♥❞✐❝✐ó♥ ❧♦ ❤❛❝❡♥ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡✳ ▲✉❡❣♦✱ s✐ S ∩Wg(w) t✐❡♥❡ ♠❡❞✐❞❛
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♣♦s✐t✐✈❛ ❡♥t♦♥❝❡s ❧❛ ♠❡❞✐❞❛ ❞❡ gn(S ∩Wg(w)) ❝r❡❝❡ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡✳ P❡r♦ ❡st♦ ❡s
❛❜s✉r❞♦ ②❛ q✉❡ ❡st❛s ♠❡❞✐❞❛s s✐❡♠♣r❡ ❡stá♥ tr✐✈✐❛❧♠❡♥t❡ ❛❝♦t❛❞❛s ♣♦r ❧❛ ♠❡❞✐❞❛ ❞❡
❧❛s ❤♦❥❛s ❞❡ Wg q✉❡ ❡stá♥ ❛❝♦t❛❞❛s ♣♦r ❧❛ s❡❣✉♥❞❛ ❝♦♥❞✐❝✐ó♥✦

❱♦❧✈✐❡♥❞♦ ❛❧ t❡♦r❡♠❛✱ A3 s❛t✐s❢❛❝❡ ❧❛ s❡❣✉♥❞❛ ❝♦♥❞✐❝✐ó♥ t♦♠❛♥❞♦ π ❧❛ ♣r♦②❡❝❝✐ó♥ ❛
❧❛s ❞♦s ♣r✐♠❡r❛s ❝♦♦r❞❡♥❛❞❛s✱ s✐♥ ❡♠❜❛r❣♦ ♥♦ s❛t✐s❢❛❝❡ ❧❛ t❡r❝❡r❛ ♣✉❡s ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥
❞❡ ❧❛s ✜❜r❛s ❞❡ π ❛❝tú❛ ❝♦♠♦ ❧❛ ✐❞❡♥t✐❞❛❞✱ ❡s ❞❡❝✐r q✉❡ ❡❧ ❧í♠✐t❡ ❡①✐st❡ ♣❡r♦ λ = 0✳

❊♥ ♣r✐♠❡r ❧✉❣❛r✱ ❝♦♠♦ A3 ❡s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✱ ♣♦r ❧♦ ❤❡❝❤♦ ❡♥ ❬❍P❙❪✱
♣❛r❛ ❝✉❛❧q✉✐❡r ♣❡rt✉r❜❛❝✐ó♥ ♣❡q✉❡ñ❛ g ❡①✐st❡ ✉♥❛ ✜❜r❛❝✐ó♥ ❝♦♠♦ ❧❛ ❞❡ ❧❛ s❡❣✉♥❞❛
❝♦♥❞✐❝✐ó♥✳ ❉❡✜♥❛♠♦s ❡♥t♦♥❝❡s ♣❛r❛ ❝❛❞❛ w ❡♥ T3 ② v ❡♥ TwT

3 t❛♥❣❡♥t❡ ❛ ❧❛ ❢♦❧✐❛❝✐ó♥
Wg s✉ ❡①♣♦♥❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ ❝♦♠♦

λ(g, w) = ĺım
1

n
log ||dwg

nv||.

❊❧ t❡♦r❡♠❛ ❞❡ ❖s❝❡❧❡❞❡ts ❞✐❝❡ q✉❡ ❡❧ ❧í♠✐t❡ ❛♥t❡r✐♦r ❡①✐st❡ ♣❛r❛ ❝❛s✐ t♦❞♦ w ❡♥ T3✳
▼ás ❛ú♥✱ ❧❛ ❢✉♥❝✐ó♥ λ(g,−) ❡s g−✐♥✈❛r✐❛♥t❡✱ ❧✉❡❣♦ s✐ g ❡s ❡r❣ó❞✐❝♦ ❡♥t♦♥❝❡s λ(g, w)
♥♦ ❞❡♣❡♥❞❡ ❞❡ w✳ ❉❡✜♥❛♠♦s ❡♥t♦♥❝❡s ♣❛r❛ ❝❛❞❛ g ❡r❣ó❞✐❝♦ ✭② ♣❛r❛ ❡❧ q✉❡ ❡①✐st❛
❧❛ ✜❜r❛❝✐ó♥✮ s✉ ❡①♣♦♥❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ λ(g) ❝♦♠♦ ❡❧ ✈❛❧♦r ❞❡❧ ❧í♠✐t❡ ❛♥t❡r✐♦r✳ P♦r
❡❥❡♠♣❧♦✱ ♣❛r❛ g = A3 s❡ t✐❡♥❡ q✉❡ λ(A3) = 0✳

P❛r❛ ❝♦♠♣❧❡t❛r ❧❛ ❞❡♠♦str❛❝✐ó♥ ❜❛st❛ t♦♠❛r f ❡♥ Diff2
µ(T

3) ❛r❜✐tr❛r✐❛♠❡♥t❡ ❝❡r❝❛
❞❡ A3 q✉❡ s❡❛ ❡st❛❜❧❡♠❡♥t❡ ❡r❣ó❞✐❝♦ ② q✉❡ s✉ ❡①♣♦♥❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ s❡❛ ♣♦s✐t✐✈♦✳ ❊♥
❡❢❡❝t♦✱ s✐ t❡♥❡♠♦s t❛❧ f ✱ t♦♠❛♠♦s ✉♥ ❛❜✐❡rt♦ U ❞❡ Diff2

µ(T
3) q✉❡ ❧♦ ❝♦♥t❡♥❣❛ ② q✉❡ t♦❞♦

❞✐❢❡♦♠♦r✜s♠♦ ❡♥ é❧ s✐❣❛ s✐❡♥❞♦ ❡r❣ó❞✐❝♦ ✭s❡ ♣✉❡❞❡ ♣♦r s❡r f ❡st❛❜❧❡♠❡♥t❡ ❡r❣ó❞✐❝♦✮
② s✉ ❡①♣♦♥❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ s✐❣❛ s✐❡♥❞♦ ♣♦s✐t✐✈♦ ✭s❡ ♣✉❡❞❡ ♣♦r s❡r λ(f) > 0✮✳

❊♥ ❬❙❲❪✱ ❙❤✉❜ ② ❲✐❧❦✐♥s♦♥ ❞❛♥ ✉♥❛ ❢❛♠✐❧✐❛ ❡①♣❧í❝✐t❛ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s fa,b q✉❡
✈❡r✐✜❝❛♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ♣❛r❛ a, b > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡ñ♦s✳ ‡

P❛r❛ t❡r♠✐♥❛r ♠❡♥❝✐♦♥❡♠♦s ❞♦s r❡s✉❧t❛❞♦s ❞❡ ❍✐r❛②❛♠❛ ② P❡s✐♥ ✭❬❍P❪✮✳

❉❡✜♥✐❝✐ó♥✿ ❙❡❛ M ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛ ② f ✉♥ ❞✐❢❡♦♠♦r✜s♠♦
C2 ❞❡ M ✳ ❙❡❛ ❛❞❡♠ás W ✉♥❛ ❢♦❧✐❛❝✐ó♥ f−✐♥✈❛r✐❛♥t❡ ❞❡ M ✳ ❉❡✜♥✐♠♦s ❡❧ ❡①♣♦♥❡♥t❡
❞❡ ▲②❛♣✉♥♦✈ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❧❛ ❢♦❧✐❛❝✐ó♥ W ❝♦♠♦

χW(x) = ĺım
n→±∞

1

n
log |Jac(dxf

n|TxW(x))|.

❈♦♥ ❧❛ ♠✐s♠❛ ♥♦t❛❝✐ó♥ q✉❡ ❡♥ ❧❛ ❞❡✜♥✐❝✐ó♥ ❛♥t❡r✐♦r✱ ✈❛♠♦s ❛ ❞❡❝✐r q✉❡ f ❡s
W−❞✐ss✐♣❛t✐✈❡ s✐ ❡①✐st❡ ✉♥ ❝♦♥❥✉♥t♦ f−✐♥✈❛r✐❛♥t❡ A ❞❡ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛ t❛❧ q✉❡
χW(x) 6= 0 ♣❛r❛ ❝❛s✐ t♦❞♦ x ❡♥ A✳ ▲❛ ❝♦♥❞✐❝✐ó♥ ❛♥t❡r✐♦r ❡s ❜❛st❛♥t❡ ✏tí♣✐❝❛✑✱ ❞❡
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❤❡❝❤♦ ❡♥ ❬❍P❪ ♠✉❡str❛♥ q✉❡ s✐ χc
f (x) ≤ α ♣❛r❛ ❝❛s✐ t♦❞♦ x ❡♥ M ❡♥t♦♥❝❡s t♦❞♦ ❞✐✲

❢❡♦♠♦r✜s♠♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❝❡r❝❛ ❞❡ f ❡s Wc✲❞✐ss✐♣❛t✐✈❡ ❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛
♣♦s✐t✐✈❛✳ P♦r ♦tr♦ ❧❛❞♦✱ s✐ χc

f (x) = 0 ♣❛r❛ ❝❛s✐ t♦❞♦ x ❡♥ M ❡♥t♦♥❝❡s ❡①✐st❡♥ ❞✐❢❡♦♠♦r✲
✜s♠♦s ❛r❜✐tr❛r✐❛♠❡♥t❡ ❝❡r❝❛ ❞❡ f q✉❡ s♦♥ Wc✲❞✐ss✐♣❛t✐✈❡ ❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛
♣♦s✐t✐✈❛✳

❚❡♦r❡♠❛ ✭❍✐r❛②❛♠❛✲P❡s✐♥✮✿ ❙❡❛ M ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛ ②
f : M → M ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ C2 q✉❡ ♣r❡s❡r✈❛ ✉♥❛ ♠❡❞✐❞❛ s✉❛✈❡ ν✳ ❙❡❛ ❛❞❡♠ás
W ✉♥❛ ❢♦❧✐❛❝✐ó♥ f−✐♥✈❛r✐❛♥t❡ t❛❧ q✉❡ ❝❛s✐ t♦❞❛s s✉s ❤♦❥❛s t✐❡♥❡♥ ✈♦❧✉♠❡♥ ✜♥✐t♦✳ ❙✐
f ❡s W✲❞✐ss✐♣❛t✐✈❡ ❡♥ ❝❛s✐ t♦❞♦ ♣✉♥t♦ ❡♥t♦♥❝❡s ❧❛ ❢♦❧✐❛❝✐ó♥ W ♥♦ ❡s ❛❜s♦❧✉t❛♠❡♥t❡
❝♦♥t✐♥✉❛✳

❘❡❝♦r❞❡♠♦s q✉❡ ❧❛ ❢♦❧✐❛❝✐ó♥ W ♥♦ ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ❝✉❛♥❞♦ ❡①✐st❡ ✉♥
s✉❜❝♦♥❥✉♥t♦ A ❞❡ M ❞❡ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛ q✉❡ ✐♥t❡rs❡❝t❛ ❛ ❝❛s✐ t♦❞❛s ❧❛s ❤♦❥❛s ❞❡
W ❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛✳ ❙✐ s❡ t✐❡♥❡ q✉❡ A ✐♥t❡rs❡❝t❛ ❛ ❝❛❞❛ ❤♦❥❛ ❞❡ W
❡♥ ✜♥✐t♦s ♣✉♥t♦s ❡♥t♦♥❝❡s W s❡ ❞✐❝❡ ✏❛❜s♦❧✉t❛♠❡♥t❡ s✐♥❣✉❧❛r✑ ✭❡♥ ❧♦s tér♠✐♥♦s ❞❡❧
❝❛♣ít✉❧♦ ✹ ❡st♦ q✉✐❡r❡ ❞❡❝✐r q✉❡ ❧❛s ♠❡❞✐❞❛s ❞❡s✐♥t❡❣r❛❞❛s s♦♥ s✐♥❣✉❧❛r❡s r❡s♣❡❝t♦ ❞❡
❧❛s ❘✐❡♠❛♥♥✐❛♥❛s✮✳

❚❡♦r❡♠❛✿ ❙❡❛ f ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ C2 ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✉♥❛ ✈❛r✐❡❞❛❞
❘✐❡♠❛♥♥✐❛♥❛ ② ❝♦♠♣❛❝t❛ M q✉❡ ♣r❡s❡r✈❛ ✉♥❛ ♠❡❞✐❞❛ s✉❛✈❡ ν✳ ❙✉♣♦♥❣❛♠♦s q✉❡ ❧❛
❞✐str✐❜✉❝✐ó♥ ❝❡♥tr❛❧ Ec ❡s ✐♥t❡❣r❛❜❧❡ ❛ ✉♥❛ ❢♦❧✐❛❝✐ó♥Wc ❝♦♥ ❤♦❥❛s s✉❛✈❡s ② ❝♦♠♣❛❝t❛s✳
▲✉❡❣♦ s✐ f t✐❡♥❡ ❡①♣♦♥❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ♣♦s✐t✐✈♦s ✭♥❡❣❛t✐✈♦s✮ ❡♥ ❧❛s ❞✐r❡❝❝✐♦♥❡s ❝❡♥✲
tr❛❧❡s ❡♥t♦♥❝❡s Wc ♥♦ ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛✳ ▼ás ❛ú♥✱ s✐ ν ❡s ❡r❣ó❞✐❝❛✱ ❡♥t♦♥❝❡s
W ❡s ❛❜s♦❧✉t❛♠❡♥t❡ s✐♥❣✉❧❛r✳

✷✳✸✳ ❋♦❧✐❛❝✐♦♥❡s ② ❜❛s❡s ❞❡ ❞❡♥s✐❞❛❞

❈♦♥s✐❞❡r❡♠♦s ✉♥ s✉❜❝♦♥❥✉♥t♦ ♠❡❞✐❜❧❡ A ❞❡ R2✱ ♣♦r ❡❧ t❡♦r❡♠❛ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥
❞❡ ▲❡❜❡s❣✉❡✱ s❛❜❡♠♦s q✉❡ ♣❛r❛ ❝❛s✐ t♦❞♦ x s✐ ❝♦♥s✐❞❡r❛♠♦s ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❝✉❜♦s Q q✉❡
❝♦♥t✐❡♥❡♥ ❛ x ② ✈❛♠♦s ❝❛❧❝✉❧❛♥❞♦ ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡ A ❡♥ ❡❧❧♦s✱ ❝✉❛♥❞♦ ❧♦s ❝✉❜♦s
s❡ ✈❛♥ ❤❛❝✐❡♥❞♦ ♠ás ② ♠ás ♣❡q✉❡ñ♦s✱ ést❛ t✐❡♥❞❡ ❛ ✶ s✐ x ❡st❛❜❛ ❡♥ A ② ❛ ✵ s✐ x ♥♦
❡st❛❜❛ ❡♥ A✳ ❊s ❞❡❝✐r q✉❡ ♣❛r❛ ❝❛s✐ t♦❞♦ x s❡ t✐❡♥❡ q✉❡

ĺım
Qցx

µ(A ∩ Q)

µ(Q)
= χA(x).

▲♦ ❛♥t❡r✐♦r ❞✐❝❡ q✉❡ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❝✉❜♦s s✐r✈❡ ♣❛r❛ ❝❛❧❝✉❧❛r ❧❛ ❞❡♥s✐❞❛❞ ❞❡ ✉♥
❝♦♥❥✉♥t♦ ♠❡❞✐❜❧❡ ✭② ést❛ ✈❛ ❛ r❡s✉❧t❛r ❝❛s✐ s✐❡♠♣r❡ ✵ ♦ ✶✮✳ ❉❡❝✐♠♦s ❡♥t♦♥❝❡s q✉❡ ❧♦s
❝✉❜♦s s♦♥ ✏❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞✑✳
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❯♥ ❢❛♠♦s♦ ❡❥❡♠♣❧♦ ❞❡ ❖✳ ◆✐❦♦❞②♠ ✭✉♥ s✉❜❝♦♥❥✉♥t♦ N ❞❡❧ ❝✉❛❞r❛❞♦ [0, 1]2 t❛❧
q✉❡ µ(N) = 1 ② ♣❛r❛ t♦❞♦ x ❡♥ N ❡①✐st❡ ✉♥❛ r❡❝t❛ q✉❡ ✐♥t❡rs❡❝t❛ ❛ N s♦❧❛♠❡♥t❡ ❡♥
x✮ ♠✉❡str❛ q✉❡ s✐ r❡❡♠♣❧❛③❛♠♦s ❛ ❧♦s ❝✉❜♦s ♣♦r r❡❝tá♥❣✉❧♦s ❡♥t♦♥❝❡s ❡❧ t❡♦r❡♠❛ ❞❡❥❛
❞❡ s❡r ❝✐❡rt♦✳ P♦r ♦tr♦ ❧❛❞♦✱ ❙✳ ❙❛❦s ❞❡♠♦stró q✉❡ ❧❛ ❢❛♠✐❧✐❛ ❞❡ r❡❝tá♥❣✉❧♦s ❝♦♥ ❧❛❞♦s
♣❛r❛❧❡❧♦s ❛ ❧♦s ❡❥❡s sí ❡s ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞✳

❈♦♥s✐❞❡r❡♠♦s ❛❤♦r❛ ❞♦s ❢♦❧✐❛❝✐♦♥❡s F ② G ❞❡❧ ❝✉❛❞r❛❞♦ [0, 1]2 ② ❞❡✜♥❛♠♦s ✉♥
F ×G−r❡❝tá♥❣✉❧♦ ❝♦♠♦ ❧❛ r❡❣✐ó♥ ❝♦♠♣r❡♥❞✐❞❛ ❡♥tr❡ ❞♦s ❝✉r✈❛s ❞❡ F ② ❞♦s ❝✉r✈❛s ❞❡
G✳ ➽❙❡rá ❝✐❡rt♦ q✉❡ ❡❧ t❡♦r❡♠❛ ❞❡ ❙❛❦s s✐❣✉❡ ✈❛❧✐❡♥❞♦ ♣❛r❛ ❡st❛ ❝❧❛s❡ ❞❡ ✏r❡❝tá♥❣✉❧♦s✑❄

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ✈❛♠♦s ❛ ✈❡r ✉♥ ❡❥❡♠♣❧♦ ❞❡ ❞♦s ❢♦❧✐❛❝✐♦♥❡s ♣❛r❛ ❧❛s q✉❡ s✉s r❡❝✲
tá♥❣✉❧♦s ♥♦ ❢♦r♠❛♥ ✉♥❛ ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞✳ ▼ás ❛ú♥✱ ✉♥❛ ❞❡ ❡❧❧❛s ✈❛ ❛ s❡r ❧❛ ❢♦❧✐❛❝✐ó♥
H ❞❡❧ ❝✉❛❞r❛❞♦ [0, 1]2 ♣♦r s❡❣♠❡♥t♦s ❤♦r✐③♦♥t❛❧❡s ✭♣❛r❛❧❡❧♦s ❛❧ ❡❥❡ x✮ ② ❧❛ ♦tr❛ ✈❛ ❛
s❡r ✉♥❛ ❢♦❧✐❛❝✐ó♥ ♣♦r ✏❝✉r✈❛s ✈❡rt✐❝❛❧❡s✑ ✭ést❛s s♦♥ ❝✉r✈❛s ❝♦♥t✐♥✉❛s q✉❡ ✐♥t❡rs❡❝❛♥ ❛
❝❛❞❛ s❡❣♠❡♥t♦ ❤♦r✐③♦♥t❛❧ ❡♥ ❡①❛❝t❛♠❡♥t❡ ✉♥ ♣✉♥t♦✮✳

❋✐❣✉r❛ ✷✳✹✿ ❯♥ ♣❛r ❞❡ F × G−r❡❝tá♥❣✉❧♦s ② ✉♥❛ t♦rr❡

P❛r❛ ❝♦♥str✉✐r ♥✉❡str♦ ❡❥❡♠♣❧♦ ✈❛♠♦s ❛ ♥❡❝❡s✐t❛r ❞❡ ✉♥ ♣❛r ❞❡ ❧❡♠❛s ♣r❡✈✐♦s✱ ❛❧
♣r✐♠❡r♦ ❞❡ ❡❧❧♦s ❝♦♠♦ ❡s ✉♥ ♣♦❝♦ té❝♥✐❝♦ ② ♥♦ t✐❡♥❡ t❛♥t♦ q✉❡ ✈❡r ❝♦♥ ❧❛ ❝♦♥str✉❝❝✐ó♥
❧♦ ❞❡♠♦str❛♠♦s ❛❧ ✜♥❛❧✳

▲❡♠❛ ✶✿ ❙❡❛ ❞❛❞❛ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ❝✉r✈❛s ✈❡rt✐❝❛❧❡s F ′ ❝♦♥ ❧❛ s✐❣✉✐❡♥t❡ ♣r♦♣✐❡❞❛❞✿
♣❛r❛ t♦❞♦ n ❡①✐st❡ ✉♥ s✉❜❢❛♠✐❧✐❛ ✜♥✐t❛ Fn t❛❧ q✉❡ ❛❧ ✐♥t❡rs❡❝❛r❧❛ ❝♦♥ ❝✉❛❧q✉✐❡r s❡❣✲
♠❡♥t♦ ❤♦r✐③♦♥t❛❧✱ ést❡ q✉❡❞❛ ❞✐✈✐❞✐❞♦ ❡♥ s❡❣♠❡♥t♦s ❞❡ ❧❛r❣♦ < 1

n
✳ ▲✉❡❣♦✱ ❡①✐st❡ ✉♥❛

❢♦❧✐❛❝✐ó♥ ❝♦♥t✐♥✉❛ F ❞❡❧ ❝✉❛❞r❛❞♦ [0, 1]2 q✉❡ ❝♦♥t✐❡♥❡ ❛ F ′✳

❉❡✜♥❛♠♦s ✉♥ r❡❝tá♥❣✉❧♦ ❝♦♠♦ ❧❛ r❡❣✐ó♥ ❝♦♠♣r❡♥❞✐❞❛ ❡♥tr❡ ❞♦s r❡❝t❛s ♣❛r❛❧❡❧❛s
❛❧ ❡❥❡ x ② ❞♦s ❝✉r✈❛s ✈❡rt✐❝❛❧❡s✳ ❯♥❛ t♦rr❡ T ✱ ❡s ❧❛ ✉♥✐ó♥ ❞❡ ✜♥✐t♦s r❡❝tá♥❣✉❧♦s ❝♦♥ ❧❛
♠✐s♠❛ ❜❛s❡ t❛❧❡s q✉❡ ♣❛r❛ ❝✉❛❧❡sq✉✐❡r❛ ❞♦s ❞❡ ❡❧❧♦s✱ ❡❧ q✉❡ t❡♥❣❛ ❡❧ ❧❛❞♦ ❤♦r✐③♦♥t❛❧
♠ás ❛❧t♦ t✐❡♥❡ s✉s ❞♦s ❧❛❞♦s ✈❡rt✐❝❛❧❡s ❡♥tr❡ ❧♦s ❞♦s ❧❛❞♦s ✈❡rt✐❝❛❧❡s ❞❡❧ ♦tr♦✳
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❉❡✜♥✐❝✐ó♥✿ ❯♥❛ n−t♦rr❡ T ❝♦♥ ❜❛s❡ A✱ ❡s ✉♥❛ t♦rr❡ T q✉❡ ❡s ✉♥✐ó♥ ❞❡ ❧♦s
r❡❝tá♥❣✉❧♦s R1, R2, ..., Rm ❞❡ ❢♦r♠❛ q✉❡

✶✳ ▲❛ ❜❛s❡ A ❡s ✉♥ ❛❜✐❡rt♦ ❝♦♥t❡♥✐❞♦ ❡♥ T ❝♦♥ µ(T ) > 2n+1µ(A)

✷✳ P❛r❛ t♦❞♦ i s❡ t✐❡♥❡ q✉❡
µ(A ∩Ri)

µ(Ri)
≥

1

3

▲❛ ✐❞❡❛ ❞❡ ✉♥❛ t♦rr❡ T ❡s q✉❡ t♦❞♦ ♣✉♥t♦ ❡♥ ❡❧❧❛ ❡sté ❝♦♥t❡♥✐❞♦ ❡♥ ✉♥ r❡❝tá♥❣✉❧♦
❡♥ ❡❧ q✉❡ ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡ A ❡s ≥ 1

3
♣❡r♦ T s❡❛ ✏♠✉❝❤♦ ♠ás ❣r❛♥❞❡✑ q✉❡ A✳

❊❧ s✐❣✉✐❡♥t❡ ❧❡♠❛ ❡s ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ♥✉❡str❛ ❝♦♥str✉❝❝✐ó♥✿

▲❡♠❛ ✷✿ ❉❛❞♦ ✉♥ r❡❝tá♥❣✉❧♦ R✱ ♣❛r❛ t♦❞♦ n✱ ❡①✐st❡ ✉♥❛ n−t♦rr❡ T ❝♦♥t❡♥✐❞❛ ❡♥
R t❛❧ q✉❡

µ(T ) ≥
1

2
µ(R).

❉❡♠♦str❛❝✐ó♥✿

▲❛ ❞❡♠♦str❛❝✐ó♥ ❡stá ❝♦♥t❡♥✐❞❛ ❡♥ ❡❧ ❞✐❜✉❥♦✳

❋✐❣✉r❛ ✷✳✺✿ ❊❧ ❞✐❜✉❥♦ ♠✉❡str❛ ❞♦s ❞❡ ❧♦s r❡❝tá♥❣✉❧♦s✱ Ri ② Ri+1✱ ❞❡ ✉♥ ár❜♦❧ T ❝♦♥✲
t❡♥✐❞♦ ❡♥ ✉♥ r❡❝tá♥❣✉❧♦ R✳

▲❛ ✐❞❡❛ ❡s ❧❛ s✐❣✉✐❡♥t❡✿ s❡❛♥ l0 ② lk+1 ❧❛s r❡❝t❛s ❤♦r✐③♦♥t❛❧❡s ❡♥tr❡ ❧❛s q✉❡ ❡stá
❝♦♠♣r❡♥❞✐❞♦ R ② tr❛❝❡♠♦s k r❡❝t❛s ❤♦r✐③♦♥t❛❧❡s ❛❞✐❝✐♦♥❛❧❡s l1, ..., lk q✉❡ ❧♦ ❞✐✈✐❞❛♥ ❡♥
k + 1 r❡❝tá♥❣✉❧♦s N1, N2, .., Nk+1 ❞❡ ✐❣✉❛❧ ár❡❛✳ ▲❛ ❜❛s❡ A s❡rá ❡❧ ✐♥t❡r✐♦r ❞❡ N1 ② ❧❛
t♦rr❡ T ✈❛ ❛ s❡r ❧❛ ✉♥✐ó♥ ❞❡ k+1 r❡❝tá♥❣✉❧♦s R1, ..., Rk+1 q✉❡ ✈❡r✐✜q✉❡♥ ❧♦ s✐❣✉✐❡♥t❡✿
❡❧ r❡❝tá♥❣✉❧♦ R1 ❡s N1 ② s✐ i > 1 ❡♥t♦♥❝❡s Ri ❡stá ❝♦♠♣r❡♥❞✐❞♦ ❡♥tr❡ l0 ② li+1✱ ♦❝✉♣❛
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❝❛s✐ t♦❞❛ ❡❧ ár❡❛ ❞❡ N1 ② Ni+1 ♣❡r♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣♦❝❛ ❞❡ N2, . . . , Ni✳ ▲♦ ❛♥t❡r✐♦r
s❡ ✈❛ ❛ ♣♦❞❡r ❝♦♥str✉✐r ❜ás✐❝❛♠❡♥t❡ ✏♣♦rq✉❡ ♥❛❞❛ ❧♦ ✐♠♣✐❞❡✑✳

▲❛ t♦rr❡ T ✱ ♦❝✉♣❛rá ❝❛s✐ t♦❞❛ ❡❧ ár❡❛ ❞❡ R ♣❡r♦ s✉ ❜❛s❡ s♦❧❛♠❡♥t❡ ❧❛ k+1−és✐♠❛
♣❛rt❡✱ ❜❛st❛ t♦♠❛r ❡♥t♦♥❝❡s k + 1 > 2n+1 ♣❛r❛ q✉❡ T ✈❡r✐✜q✉❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡❧
❡♥✉♥❝✐❛❞♦✳ ‡

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ✈❛♠♦s ❛ ❝♦♥str✉✐r ✉♥❛ ❢♦❧✐❛❝✐ó♥ F ② ✉♥ ❛❜✐❡rt♦ A ❞❡ ♠❡❞✐❞❛ ≤ 1
2

t❛❧ q✉❡ ♣❛r❛ ❝❛s✐ t♦❞♦ ♣✉♥t♦ ❞❡❧ ❝✉❛❞r❛❞♦ [0, 1]2 ❡①✐st❛ ✉♥❛ s✉❝❡s✐ó♥ ❞❡ F × H−
r❡❝tá♥❣✉❧♦s q✉❡ ❧♦ ❝♦♥t❡♥❣❛♥✱ s❡ ✈❛②❛♥ ❤❛❝✐❡♥❞♦ ♠ás ② ♠ás ❝❤✐❝♦s ② ❡♥ t♦❞♦s ❡❧❧♦s
❡❧ ❛❜✐❡rt♦ A t❡♥❣❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ≥ 1

3
✳ ❙❡ ❞❡❞✉❝❡ ❞❡ ❧♦ ❛♥t❡r✐♦r q✉❡ ❡❧ t❡♦r❡♠❛ ❞❡

▲❡❜❡s❣✉❡ ♥♦ ❡s ❝✐❡rt♦ ♣❛r❛ F ×H−r❡❝tá♥❣✉❧♦s✳

P❛r❛ ❝♦♥str✉✐r ❧❛ ❢♦❧✐❛❝✐ó♥ F ② ❡❧ ❛❜✐❡rt♦ A ✈❛♠♦s ❛ ❤❛❝❡r ❧♦ s✐❣✉✐❡♥t❡✱ ♣❛r❛ ❝❛❞❛
n ✈❛♠♦s ❛ t♦♠❛r ✉♥❛ ❢❛♠✐❧✐❛ ✜♥✐t❛ ❞❡ n−t♦rr❡s ❞❡ ❞✐á♠❡tr♦ ≤ 1

n
❞❡ ❢♦r♠❛ q✉❡ ❝❛s✐

t♦❞♦ ♣✉♥t♦ ❡sté ❡♥ ✐♥✜♥✐t❛s t♦rr❡s ♣❡r♦ ❧❛ ✉♥✐ó♥ A ❞❡ t♦❞❛s ❧❛s ❜❛s❡s ❞❡ t♦❞❛s ❧❛s
t♦rr❡s t❡♥❣❛ ♠❡❞✐❞❛ < 1

2
✳ ◆♦t❡♠♦s q✉❡ s✐ ✉♥ ♣✉♥t♦ x ❡stá ❡♥ ✉♥❛ t♦rr❡ T ❡♥t♦♥❝❡s

❡①✐st❡ ✉♥ r❡❝tá♥❣✉❧♦ ❛s♦❝✐❛❞♦ ❛ ❡❧❧❛ q✉❡ ❧♦ ❝♦♥t✐❡♥❡ ② ❡♥ ❡❧ q✉❡ A t✐❡♥❡ ❝♦♥❝❡♥tr❛❝✐ó♥
≥ 1

3
✳ ❇❛st❛ ❡♥t♦♥❝❡s ❡♥❝♦♥tr❛r ✉♥❛ ❢♦❧✐❛❝✐ó♥ F ❞❡ ❢♦r♠❛ q✉❡ t♦❞♦s ❧♦s r❡❝tá♥❣✉❧♦s ❞❡

t♦❞❛s ❧❛s t♦rr❡s ✐♥✈♦❧✉❝r❛❞❛s s❡❛♥ F ×H−r❡❝tá♥❣✉❧♦s✳

▲❛ ✐❞❡❛ s❡rá ✐r ❝♦♥str✉②❡♥❞♦ ❧❛s ❢❛♠✐❧✐❛s ❞❡ t♦rr❡s ② ❧❛s ❤♦❥❛s ❞❡ ❧❛ ❢♦❧✐❛❝✐ó♥ F ❞❡ ❛
♣♦❝♦✳ Pr✐♠❡r♦ t♦♠❛♠♦s ✉♥❛ 1−t♦rr❡ T ❝♦♥t❡♥✐❞❛ ❡♥ ❡❧ ❝✉❛❞r❛❞♦ [0, 1]2 ② ❡①t❡♥❞❛♠♦s
❧♦s ❧❛❞♦s ❞❡ s✉s r❡❝tá♥❣✉❧♦s ❛ ❝✉r✈❛s ✈❡rt✐❝❛❧❡s ② s❡❣♠❡♥t♦s ❤♦r✐③♦♥t❛❧❡s q✉❡ ❞✐✈✐❞❛♥
❛❧ ❝✉❛❞r❛❞♦ ❡♥ ♣❡q✉❡ñ♦s r❡❝tá♥❣✉❧♦s✳ ❙❡❛ F1 ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❝✉r✈❛s ✈❡rt✐❝❛❧❡s ♦❜t❡♥✐❞❛s
② H1 ❧❛ ❞❡ s❡❣♠❡♥t♦s ❤♦r✐③♦♥t❛❧❡s✳ ▲✉❡❣♦ t♦♠❛♠♦s ✉♥❛ 2−t♦rr❡ ♣♦r ❝❛❞❛ ♣❡q✉❡ñ♦
r❡❝tá♥❣✉❧♦ ❡♥ q✉❡ ❤❛❜í❛ q✉❡❞❛❞♦ ❞✐✈✐❞✐❞♦ ❡❧ ❝✉❛❞r❛❞♦ ② ❡①t❡♥❞❡♠♦s ❧❛s ❢❛♠✐❧✐❛s F1

② H1 ❞❡ ❢♦r♠❛ q✉❡ s✉s ❤♦❥❛s ❝♦♥t❡♥❣❛♥ ❛ ❧♦s ❧❛❞♦s ❞❡ ❧♦s r❡❝tá♥❣✉❧♦s ❞❡ ❧❛s t♦rr❡s
r❡❝✐é♥ ♣✉❡st❛s ② ❧❛s ❧❧❛♠❛♠♦s F2 ②H2 r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♥t✐♥✉❛♠♦s ❝♦♥ ❡st❡ ♣r♦❝❡s♦
✐♥❞❡✜♥✐❞❛♠❡♥t❡✱ ❡s ❞❡❝✐r✱ ❡♥ ❝❛❞❛ ♣❛s♦ ♣♦♥❡♠♦s ✉♥❛ t♦rr❡ ♣♦r ❝❛❞❛ r❡❝tá♥❣✉❧♦ ❡♥
q✉❡ ❡sté ❞✐✈✐❞✐❞♦ ❡❧ ❝✉❛❞r❛❞♦ ② ❡①t❡♥❞❡♠♦s ♥✉❡str❛s ❢♦❧✐❛❝✐♦♥❡s ✏♣❛r❝✐❛❧❡s✑ ❞❡ ❢♦r♠❛
q✉❡ ❝♦♥t❡♥❣❛♥ ❧♦s ❧❛❞♦s ❞❡ ❧❛s t♦rr❡s q✉❡ ❛❣r❡❣❛♠♦s✳

Pr♦♣♦s✐❝✐ó♥✿ ❊①✐st❡ ✉♥❛ ❢♦❧✐❛❝✐ó♥ ❝♦♥t✐♥✉❛ F ❞❡❧ ❝✉❛❞r❛❞♦ [0, 1]2 ♣♦r ❝✉r✈❛s
✈❡rt✐❝❛❧❡s ② ✉♥ ❛❜✐❡rt♦ A ❝♦♥ µ(A) < 1

2
t❛❧ q✉❡ ♣❛r❛ ❝❛s✐ t♦❞♦ x ❡♥ [0, 1]2 ❡①✐st❡ ✉♥❛

s✉❝❡s✐ó♥ ❞❡ F ×H−r❡❝tá♥❣✉❧♦s βn q✉❡ ❧♦ ❝♦♥t✐❡♥❡♥✱ diam(βn) < 1
n
②

µ(A ∩ βn)

µ(βn)
≥

1

3
.
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❉❡♠♦str❛❝✐ó♥✿

P♦r ❡♠♣❡③❛r✱ s❡❛ R1
1 ❡❧ ❝✉❛❞r❛❞♦ [0, 1]2 ② ❞❡✜♥❛♠♦s F1 ❝♦♠♦ s✉s ❞♦s ❧❛❞♦s ✈❡r✲

t✐❝❛❧❡s ② H1 ❝♦♠♦ s✉s ❞♦s ❧❛❞♦s ❤♦r✐③♦♥t❛❧❡s✳ P♦r ú❧t✐♠♦ t♦♠❡♠♦s ✉♥❛ 1−t♦rr❡ T 1
1

❝♦♥t❡♥✐❞❛ ❡♥ R1
1 t❛❧ q✉❡ µ(T 1

1 ) ≥
1
2
µ(R1

1) ✭q✉❡ ❡①✐st❡ ♣♦r ❡❧ ❧❡♠❛ ✷✦✮✳

❙❡❛♥ ❛❤♦r❛ F2 ② H2 ❢❛♠✐❧✐❛s ✜♥✐t❛s ❞❡ ❝✉r✈❛s ✈❡rt✐❝❛❧❡s ② s❡❣♠❡♥t♦s ❤♦r✐③♦♥t❛❧❡s
q✉❡ ❝♦♥t❡♥❣❛♥ ❛ F1 ② H1 r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛ t♦❞♦s ❧♦s ❧❛❞♦s ❞❡ ❧♦s r❡❝tá♥❣✉❧♦s ❞❡
T 1
1 ② ❞✐✈✐❞❛♥ ❛❧ ❝✉❛❞r❛❞♦ [0, 1]2 ❡♥ F2 × H2−r❡❝tá♥❣✉❧♦s R2

i ❞❡ ❞✐á♠❡tr♦ < 1
2
✳ ❆

❝♦♥t✐♥✉❛❝✐ó♥ t♦♠❡♠♦s ♣♦r ❝❛❞❛ r❡❝tá♥❣✉❧♦ R2
i ✉♥❛ 2−t♦rr❡ T 2

i ❝♦♥t❡♥✐❞❛ ❡♥ é❧ t❛❧
q✉❡ µ(T 2

i ) >
1
2
µ(R2

i )✳

❊♥ ❣❡♥❡r❛❧✱ ❡♥ ❡❧ n−és✐♠♦ ♣❛s♦ t♦♠❛♠♦s ❢❛♠✐❧✐❛s Fn ② Hn q✉❡ ❝♦♥t❡♥❣❛♥ ❛ ❧❛s
❛♥t❡r✐♦r❡s✱ ❛ t♦❞♦s ❧♦s ❧❛❞♦s ❞❡ ❧♦s r❡❝tá♥❣✉❧♦s ❞❡ ❧❛s t♦rr❡s ❞❡❧ ♣❛s♦ ❛♥t❡r✐♦r ② ❞❡
❢♦r♠❛ q✉❡ ❡❧ ❝✉❛❞r❛❞♦ [0, 1]2 q✉❡❞❡ ❞✐✈✐❞✐❞♦ ❡♥ Fn×Hn−r❡❝tá♥❣✉❧♦s Rn

i ❞❡ ❞✐á♠❡tr♦
< 1

n
✳ ▲✉❡❣♦ t♦♠❡♠♦s ♣♦r ❝❛❞❛ ✉♥♦ ❞❡ ❡❧❧♦s ✉♥❛ n−t♦rr❡ T n

i ❝♦♥ µ(T n
i ) >

1
2
µ(Rn

i )✳

❙✐ F ′ =
⋃

Fn ❡♥t♦♥❝❡s F ′ ✈❡r✐✜❝❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡❧ ❧❡♠❛ ✶✱ ♣✉❡s ❝✉❛❧q✉✐❡r s❡❣♠❡♥t♦
❤♦r✐③♦♥t❛❧ q✉❡❞❛ ❞✐✈✐❞♦ ❡♥ s❡❣♠❡♥t♦s ❞❡ ❧❛r❣♦ < 1

n
♣♦r ❧❛s ❝✉r✈❛s ✈❡rt✐❝❛❧❡s ❞❡ Fn✳ ❙❡❛

❡♥t♦♥❝❡s F ❧❛ ❢♦❧✐❛❝✐ó♥ ❝♦♥t✐♥✉❛ ❝✉②❛ ❡①✐st❡♥❝✐❛ ❣❛r❛♥t✐③❛ ❡❧ ❧❡♠❛ ✶✳ ❊♥ ♣❛rt✐❝✉❧❛r✱
t♦❞♦ r❡❝tá♥❣✉❧♦ ❞❡ ❝✉❛❧q✉✐❡r ár❜♦❧ T n

i ❡s ✉♥ F ×H−r❡❝tá♥❣✉❧♦ ❞❡ ❞✐á♠❡tr♦ < 1
n
✳

❉❡✜♥❛♠♦s A ❝♦♠♦ ❧❛ ✉♥✐ó♥ ❞❡ ❧❛s ❜❛s❡s An
i ❞❡ t♦❞❛s ❧❛s t♦rr❡s T n

i ✳ ❙✐ ✜❥❛♠♦s n✱
❧❛s t♦rr❡s T n

i s♦♥ ❞✐s❥✉♥t❛s✱ ❧✉❡❣♦ ❝♦♠♦ µ(T n
i ) > 2n+1µ(An

i ) ♣❛r❛ t♦❞♦ i ❡♥t♦♥❝❡s✿

µ(A) = µ(
⋃

n

⋃

i

An
i ) ≤

∑

n

∑

i

µ(An
i ) ≤

∑

n

1

2n+1
≤

1

2
.

❆❤♦r❛✱ s✐ ♣r♦❜❛♠♦s q✉❡ ❝❛s✐ t♦❞♦ x ❡♥ [0, 1]2 ❡stá ❝♦♥t❡♥✐❞♦ ❡♥ ✐♥✜♥✐t❛s t♦rr❡s
❧❛ ♣r♦♣♦s✐❝✐ó♥ q✉❡❞❛rá ♣r♦❜❛❞❛ ♣✉❡s s✐ x ❡stá ❡♥ ❧❛ t♦rr❡ T n

i ❡♥t♦♥❝❡s ❡①✐st❡ ✉♥
r❡❝tá♥❣✉❧♦ βn ✭❛s♦❝✐❛❞♦ ❛ T n

i ✮ q✉❡ ❧♦ ❝♦♥t✐❡♥❡✱ ❞❡ ❞♦♥❞❡

µ(A ∩ βn)

µ(βn)
≥

µ(An
i ∩ βn)

µ(βn)
≥

1

3
.

P❡r♦ ❡❧ r❡❝tá♥❣✉❧♦ βn ❞❡ T n
i ❡s ✉♥ F ×H−r❡❝tá♥❣✉❧♦ ❞❡ ❞✐á♠❡tr♦ < 1

n
✳ ❊s ❞❡❝✐r

q✉❡ ❧❛ ❢❛♠✐❧✐❛ {βn} ✈❡r✐✜❝❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡❧ ❡♥✉♥❝✐❛❞♦✳

Pr♦❜❡♠♦s ❡♥t♦♥❝❡s q✉❡ ❝❛s✐ t♦❞♦ ♣✉♥t♦ x ❞❡❧ ❝✉❛❞r❛❞♦ [0, 1]2 ❡stá ❝♦♥t❡♥✐❞♦ ❡♥
✐♥✜♥✐t❛s t♦rr❡s T n

i ✳ P♦r ❡♠♣❡③❛r ❡❧ ❝♦♥❥✉♥t♦ Z1 ❞❡ ♣✉♥t♦s q✉❡ ♥♦ ❡stá♥ ❡♥ ❧❛ ♣r✐♠❡r
1−t♦rr❡ t✐❡♥❡ ♠❡❞✐❞❛ ≤ 1

2
✳ ❆❤♦r❛✱ ❡❧ ❝♦♥❥✉♥t♦ Z1 ❢✉❡ s✉❜❞✐✈✐❞✐❞♦ ❡♥ ♣❡q✉❡ñ♦s r❡❝✲

tá♥❣✉❧♦s ♣♦r F2 ② H2 ② ❡♥ ❝❛❞❛ ✉♥♦ ❞❡ ❡❧❧♦s ♣✉s✐♠♦s ✉♥❛ 2−t♦rr❡ q✉❡ ♦❝✉♣❛❜❛ ❛❧
♠❡♥♦s ❧❛ ♠✐t❛❞ ❞❡❧ ár❡❛ ❞❡❧ r❡❝tá♥❣✉❧♦✳ ❙❡ ❞❡❞✉❝❡ ❞❡ ❧♦ ❛♥t❡r✐♦r q✉❡ ❡❧ ❝♦♥❥✉♥t♦ Z2 ❞❡
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♣✉♥t♦s ❡♥ ♥✐♥❣✉♥❛ 1−t♦rr❡ ♥✐ ♥✐♥❣✉♥❛ 2−t♦rr❡ t✐❡♥❡ ♠❡❞✐❞❛ ≤ 1
4
✳ ❆♥á❧♦❣❛♠❡♥t❡✱ ❡❧

❝♦♥❥✉♥t♦ Zn ❞❡ ♣✉♥t♦s ❡♥ ♥✐♥❣✉♥❛ k−t♦rr❡ ❝♦♥ 1 ≤ k ≤ n ❞❡❜❡ t❡♥❡r ♠❡❞✐❞❛ ≤ 1
2n
✱ ❞❡

❞♦♥❞❡ ❡❧ ❝♦♥❥✉♥t♦ Z ❞❡ ♣✉♥t♦s ❡♥ ♥✐♥❣✉♥❛ t♦rr❡ t✐❡♥❡ ♠❡❞✐❞❛ ♥✉❧❛✳ ❍❡♠♦s ♣r♦❜❛❞♦
❡♥t♦♥❝❡s q✉❡ ❝❛s✐ t♦❞♦ ♣✉♥t♦ ❡stá ❡♥ ❛❧❣✉♥❛ t♦rr❡✱ ♣❡r♦ ♣♦r ❡❧ ♠✐s♠♦ ❛r❣✉♠❡♥t♦✱ ♣❛r❛
t♦❞♦ n0✱ s✐ ❡♠♣❡③❛♠♦s ❝♦♥ ❧❛s n0✲t♦rr❡s✱ ❧✉❡❣♦ ❛❣r❡❣❛♠♦s ❧❛s n0 + 1−t♦rr❡s ② ❛sí✳✳✳✳
❡♥t♦♥❝❡s ❝❛s✐ t♦❞♦ ♣✉♥t♦ ❡stá ❡♥ ❛❧❣✉♥❛ n−t♦rr❡ ❝♦♥ n ≥ n0✳ ❙❡ ❞❡❞✉❝❡ ❞❡ ❧♦ ❛♥t❡r✐♦r
q✉❡ ❝❛s✐ t♦❞♦ ♣✉♥t♦ ❡stá ❡♥ ✐♥✜♥✐t❛s t♦rr❡s✱ ❝♦♠♦ q✉❡rí❛♠♦s✳ ‡

▲❛ ❝♦♥str✉❝❝✐ó♥ ❛♥t❡r✐♦r s❡ ♣✉❡❞❡ ♠❡❥♦r❛r ❞❡ ❢♦r♠❛ q✉❡ ❡♥ ❝❛s✐ t♦❞♦ ♣✉♥t♦✱ ❧❛
❞❡♥s✐❞❛❞ s✉♣❡r✐♦r ❞❡ A ✭❡s ❞❡❝✐r✱ ❡❧ ❧í♠✐t❡ s✉♣❡r✐♦r ❞❡ ❧❛s ❝♦♥❝❡♥tr❛❝✐♦♥❡s ❞❡ A ❡♥ ❧♦s
r❡❝tá♥❣✉❧♦s✮ s❡❛ ✐❣✉❛❧ ❛ ✶✳

❉❡♠♦str❛❝✐ó♥ ❞❡❧ ▲❡♠❛ ✶✿

❚♦♠❡♠♦s ✉♥❛ ❝✉r✈❛ ❝✉❛❧q✉✐❡r❛ Γ ❞❡ F ′ ② s✉♣♦♥❣❛♠♦s q✉❡ ❝♦rt❛ ❛❧ ❡❥❡ x ❡♥ ❡❧ ♣✉♥t♦
(t, 0)✱ ❧❧❛♠❡♠♦s ❛ ❡st❛ ❝✉r✈❛ Γt✳ P♦❞❡♠♦s ♣❡♥s❛r q✉❡ Γt = {(ft(y), y) : 0 ≤ y ≤ 1}
❞♦♥❞❡ ft : [0, 1] → [0, 1] ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ ❝♦♥ ft(0) = t✳ ▲✉❡❣♦ F ′ = {Γt}
❝♦♥ t ❡♥ ❝✐❡rt♦ s✉❜❝♦♥❥✉♥t♦ T ❞❡❧ ✐♥t❡r✈❛❧♦ [0, 1]✳ ◆♦t❡♠♦s q✉❡ ♣♦r ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡❧
❡♥✉♥❝✐❛❞♦ ❡❧ ❝♦♥❥✉♥t♦ T ❞❡❜❡ s❡r ❞❡♥s♦ ❡♥ [0, 1]✳

▲❛ ❢❛♠✐❧✐❛ ❞❡ ❢✉♥❝✐♦♥❡s {ft} ❡s ❞❡ ❈❛✉❝❤② ❡♥ ❡❧ s✐❣✉✐❡♥t❡ s❡♥t✐❞♦✿

✏P❛r❛ t♦❞♦ t ✭♥♦ ♥❡❝❡s❛r✐❛♠❡♥t❡ ❡♥ T ✮ ② ♣❛r❛ t♦❞♦ ǫ > 0✱ ❡①✐st❡ δ t❛❧ q✉❡
s✐ t1 ② t2 ❡stá♥ ❡♥ T ② |t1 − t|, |t2 − t| ≤ δ ❡♥t♦♥❝❡s |ft1(y)− ft2(y)| ≤ ǫ✳✑

P❛r❛ ♣r♦❜❛r ❧♦ ❛♥t❡r✐♦r✱ ❜❛st❛ t♦♠❛r n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❛❧ q✉❡ ǫ < 1
2n

②
δ > 0 t❛❧ q✉❡ ❡①✐st❛ ❛ ❧♦ s✉♠♦ ✉♥❛ ❝✉r✈❛ Γt′ ❡♥ Fn ❝♦♥ |t′ − t| < δ✳

❆❤♦r❛✱ ❝♦♠♦ ❧❛ ❢❛♠✐❧✐❛ {ft} ❝♦♥ t ❡♥ T ❡s ❞❡ ❈❛✉❝❤②✱ ❡♥t♦♥❝❡s ♣❛r❛ ❝❛❞❛ t0 q✉❡
♥♦ ❡sté ❡♥ T ✱ ♣♦❞❡♠♦s ❞❡✜♥✐r

ft0(y) = ĺım
t→t0

ft(y).

▼ás ❛ú♥✱ ❝♦♠♦ ❧❛ ♣r♦♣✐❡❞❛❞ ❛♥t❡r✐♦r s❡ ✈❛ ❛ s❡❣✉✐r ✈❡r✐✜❝❛♥❞♦ ❛❤♦r❛ ♣❛r❛ t♦❞❛s
❧❛s ❢✉♥❝✐♦♥❡s ft ✭❝♦♥ ❡❧ ♠✐s♠♦ δ ♣❛r❛ ❝❛❞❛ ǫ✮ ❡♥t♦♥❝❡s t❡♥❡♠♦s ❝♦♥✈❡r❣❡♥❝✐❛ ✉♥✐❢♦r♠❡
❧♦ q✉❡ ♥♦s ❛s❡❣✉r❛ q✉❡ ❧❛ ❢✉♥❝✐ó♥ ft ❡s ❝♦♥t✐♥✉❛ ♣❛r❛ t♦❞♦ t✳ ❱❡❛♠♦s ❛❤♦r❛ q✉❡ ❧❛s
❝✉r✈❛s Γt = {(ft(y), y) : 0 ≤ y ≤ 1} ❢♦r♠❛♥ ✉♥❛ ❢♦❧✐❛❝✐ó♥ ❞❡❧ ❝✉❛❞r❛❞♦ [0, 1]2✳

❊♥ ♣r✐♠❡r ❧✉❣❛r✱ ❧❛s ❝✉r✈❛s s♦♥ ❞✐s❥✉♥t❛s ♣✉❡s ❡♥ ❝❛s♦ ❝♦♥tr❛r✐♦ ❡①✐st❡♥ t1 < t2
t❛❧❡s q✉❡ ft1(y) = ft2(y)✱ ♣❛r❛ ❛❧❣ú♥ y ❡♥ [0, 1]✳ ❚♦♠❡♠♦s t < t′ ❡♥ T t❛❧❡s q✉❡
t1 < t < t′ < t2✱ ❧✉❡❣♦ ❝♦♠♦ ft1(y) ≤ ft(y) ≤ ft′(y) ≤ ft2(y)✱ ❡♥t♦♥❝❡s ft(y) = ft′(y)✱
❧♦ q✉❡ ❡s ❛❜s✉r❞♦ ②❛ q✉❡ ❧❛s ❝✉r✈❛s ♦r✐❣✐♥❛❧❡s ❡r❛♥ ❞✐s❥✉♥t❛s✳
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❙ó❧♦ r❡st❛ ✈❡r q✉❡ ❧❛s ❝✉r✈❛s {Γt} ❝✉❜r❡♥ ❡❧ ❝✉❛❞r❛❞♦ [0, 1]✱ ♣❛r❛ ❡❧❧♦ t♦♠❡♠♦s
(x, y) ❡♥ [0, 1]2 ② ❞❡✜♥❛♠♦s π : [0, 1] → [0, 1] ❞♦♥❞❡ π(t) = ft(y)✳ ▲❛ ♠✐s♠❛ ❝♦♥❞✐❝✐ó♥
q✉❡ ❣❛r❛♥t✐③❛ ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ✉♥✐❢♦r♠❡ ❞❡ ❧❛ ❢❛♠✐❧✐❛ Γt ♥♦s ❞✐❝❡ q✉❡ π ❡s ❝♦♥t✐♥✉❛✱
❝♦♠♦ π(0) = 0 ② π(1) = 1 ❡♥t♦♥❝❡s ❡①✐st❡ t t❛❧ q✉❡ π(t) = x✱ ❡s ❞❡❝✐r q✉❡ ft(y) = x ♦
❧♦ q✉❡ ❡s ❧♦ ♠✐s♠♦✱ (x, y) ❡stá ❡♥ Γt✳ ‡
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❈❛♣ít✉❧♦ ✸

❉❡s✐♥t❡❣r❛❝✐ó♥ ❞❡ ▼❡❞✐❞❛s

✏✳✳✳❜✉t ❛♥②❤♦✇✱ ✐t ✐s ❛ ❢❛❝t t❤❛t t❤❡ ❧❛♥❣✉❛❣❡ ✇❤✐❝❤ s❡❡♠s t♦ ❜❡ s♣❡❝✐❛❧❧② ♠❛❞❡ ❢♦r
❡♥tr♦♣② t❤❡♦r② ✇❛s ❝r❡❛t❡❞ t❡♥ ②❡❛rs ❡❛r❧✐❡r✱ ♠❛✐♥❧② t❤❛♥❦s t♦ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡

❢♦✉♥❞❛t✐♦♥s ♦❢ ♠❡❛s✉r❡ t❤❡♦r②✳✑ ❉✳ ❆♥♦s♦✈

❊♥ ❡❧ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ✈✐♠♦s q✉❡ s✐ r❡❡♠♣❧❛③❛♠♦s ❧♦s s❡❣♠❡♥t♦s ✈❡rt✐❝❛❧❡s ❞❡❧
❝✉❛❞r❛❞♦ [0, 1]2 ♣♦r ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ❝✉r✈❛s Γ = {Γt}✱ ❡❧ t❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐ ♥♦ t✐❡♥❡
♣♦rq✉é s❡❣✉✐r s✐❡♥❞♦ ❝✐❡rt♦✳ P❡r♦✳✳✳✳ ➽q✉é ♣❛s❛ s✐ ❞❡❝✐❞✐♠♦s ♠❡❞✐r ❡♥ ❝❛❞❛ ❝✉r✈❛ ❞❡
❢♦r♠❛ ❞✐st✐♥t❛❄ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ ➽❡①✐st✐rá ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ♠❡❞✐❞❛s {vt}✱ ✉♥❛ ♣♦r
❝❛❞❛ ❝✉r✈❛✱ ❞❡ ❢♦r♠❛ q✉❡ ♣❛r❛ ✐♥t❡❣r❛r ✉♥❛ ❢✉♥❝✐ó♥ ♣♦❞❛♠♦s ♣r✐♠❡r♦ ✐♥t❡❣r❛r s♦❜r❡
❝❛❞❛ ❝✉r✈❛ Γt r❡s♣❡❝t♦ ❞❡ s✉ ♥✉❡✈❛ ♠❡❞✐❞❛ vt ② ❧✉❡❣♦ ✐♥t❡❣r❛r t♦❞♦s ❧♦s r❡s✉❧t❛❞♦s❄

P♦❞❡♠♦s ✐♥❝❧✉s✐✈❡ ❛✈❡♥t✉r❛r♥♦s ❛ tr❛t❛r ❞❡ ♣r♦❜❛r ❛❧❣♦ t♦❞❛✈í❛ ♠✉❝❤♦ ♠ás ❣❡♥❡✲
r❛❧✱ ➽q✉é ♣❛s❛ s✐ t❡♥❡♠♦s ✉♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ ❝✉❛❧q✉✐❡r❛ ♣❛rt✐❞♦ ❡♥ ✈❛r✐❛s ♣❛rt❡s❄
➽❙❡rá ♣♦s✐❜❧❡ ♣♦♥❡r ✉♥❛ ♠❡❞✐❞❛ ❡♥ ❝❛❞❛ ♣❛rt❡ ❞❡ ❢♦r♠❛ ❞❡ t❡♥❡r ✉♥ t❡♦r❡♠❛ ❞❡
❋✉❜✐♥✐❄

❉❡✜♥✐❝✐ó♥✿ ❉❛❞♦ ✉♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ (X, v) ② ✉♥❛ ♣❛rt✐❝✐ó♥ P ❡♥ s✉❜❝♦♥❥✉♥t♦s
♠❡❞✐❜❧❡s✱ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ♠❡❞✐❞❛s {vP} ✭✉♥❛ ❡♥ ❝❛❞❛ át♦♠♦ P ❞❡ P✮ s❡ ❞✐❝❡ ✉♥ s✐st❡♠❛
❝❛♥ó♥✐❝♦ ❞❡ ♠❡❞✐❞❛s s✐ ❡①✐st❡ ✉♥❛ ♠❡❞✐❞❛ v∗ ❡♥ P ❞❡ ❢♦r♠❛ q✉❡ ♣❛r❛ t♦❞❛ ❢✉♥❝✐ó♥
✐♥t❡❣r❛❜❧❡ ϕ : X → R s❡ t✐❡♥❡ q✉❡

∫
ϕdv =

∫

P

(

∫
ϕdvP )dv∗.

❊♥ s✉ ✏❋✉♥❞❛♠❡♥t❛❧s ■❞❡❛s ♦❢ ▼❡❛s✉r❡ ❚❤❡♦r②✑ ✭❬❘♦❪✮✱ ❱✳ ❆✳ ❘♦❤❧✐♥ ❞❡♠♦stró
q✉❡ ❝✉❛♥❞♦ X ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ▲❡❜❡s❣✉❡ ② ❧❛ ♣❛rt✐❝✐ó♥ P ✈❡r✐✜q✉❡ ❝✐❡rt❛ ❝♦♥❞✐❝✐ó♥

✷✾
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❡♥t♦♥❝❡s ❡①✐st❡ ✉♥ s✐st❡♠❛ ❝❛♥ó♥✐❝♦ ❞❡ ♠❡❞✐❞❛s ② ♠ás ❛ú♥✱ ést❡ ❡s ❡s❡♥❝✐❛❧♠❡♥t❡
ú♥✐❝♦✳

▲❛ ✐❞❡❛ ❞❡ ✉♥ s✐st❡♠❛ ❝❛♥ó♥✐❝♦ ❞❡ ♠❡❞✐❞❛s ♣❛r❡❝❡ q✉❡ ❡s ❞❡ ❆✳ ❑♦❧♠♦❣♦r♦✈
♣❡r♦ ❢✉❡ ❘♦❤❧✐♥ ❡❧ ♣r✐♠❡r♦ ❡♥ ❞❡♠♦str❛r s✉ ❡①✐st❡♥❝✐❛ ❡♥ ✉♥ ❝♦♥t❡①t♦ t❛♥ ❣❡♥❡r❛❧
✭❛♥t❡r✐♦r♠❡♥t❡ P✳ ❘✳ ❍❛❧♠♦s✱ ❙✳ ❑❛❦✉t❛♥✐ ② ❲✳ ❆♠❜r♦s✐♦ ❤❛❜í❛♥ ❞❡♠♦str❛❞♦ ✉♥ ❝❛s♦
♣❛rt✐❝✉❧❛r ♣❡r♦ s✉ ❞❡♠♦str❛❝✐ó♥ ❡r❛ ✐♥❝♦rr❡❝t❛ ❝♦♠♦ s❡ñ❛❧❛ ❘♦❤❧✐♥ ❡♥ ❬❘♦❪✮✳ ◆♦s♦tr♦s
✈❛♠♦s ❛ ❧❧❛♠❛r ❛❧ s✐st❡♠❛ ❝❛♥ó♥✐❝♦ ❞❡ ♠❡❞✐❞❛s ✏❧❛ ❢❛♠✐❧✐❛ ❞❡ ♠❡❞✐❞❛s ❞❡s✐♥t❡❣r❛❞❛s✑
② ❛ ❧❛ ♠❡❞✐❞❛ v∗ ✏❧❛ ♠❡❞✐❞❛ ❝♦❝✐❡♥t❡✑✳

P♦r ❡❥❡♠♣❧♦✱ s❡ s✐❣✉❡ ❞❡❧ t❡♦r❡♠❛ ❞❡ ❘♦❤❧✐♥✱ q✉❡ ♣❛r❛ ❝✉❛❧q✉✐❡r ❢♦❧✐❛❝✐ó♥ ❞❡❧
❝✉❛❞r❛❞♦ [0, 1]2 ♣♦r ❝✉r✈❛s Γt ❡①✐st❡ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ♠❡❞✐❞❛s ❞❡s✐♥t❡❣r❛❞❛s {vt} ❡♥
❡❧❧❛s ❞❡ ❢♦r♠❛ q✉❡ ♣❛r❛ ❝❛❧❝✉❧❛r ❧❛ ♠❡❞✐❞❛ ❞❡ ✉♥ ❝♦♥❥✉♥t♦ ❜❛st❛ ❝❛❧❝✉❧❛r ♣r✐♠❡r♦ s✉
♠❡❞✐❞❛ ❡♥ ❝❛❞❛ ❝✉r✈❛ Γt s❡❣ú♥ ❧❛ ♠❡❞✐❞❛ vt ❡ ✐♥t❡❣r❛r t♦❞♦s ❡st♦s r❡s✉❧t❛❞♦s✳ ❊♥ ❡❧
❡❥❡♠♣❧♦ ❞❡ ❑❛t♦❦✲▼✐❧♥♦r✱ ❝❛❞❛ ♠❡❞✐❞❛ ❞❡s✐♥t❡❣r❛❞❛ vt ❡stá ❝♦♥❝❡♥tr❛❞❛ ❡♥ ✉♥ ♣✉♥t♦
❞❡ ❧❛ ❝✉r✈❛ Γt✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ✈❛♠♦s ❛ ❤❛❝❡r ❧❛s ❞❡✜♥✐❝✐♦♥❡s ♥❡❝❡s❛r✐❛s ② ✈❛♠♦s ❛ ♣r♦❜❛r ❡❧
t❡♦r❡♠❛ ❞❡ ❘♦❤❧✐♥✱ ♣r✐♠❡r♦ ❡♥ ❡❧ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡❧ ✐♥t❡r✈❛❧♦ [0, 1] ② ❧✉❡❣♦ ❡♥ t♦❞❛ s✉
❣❡♥❡r❛❧✐❞❛❞✳ ▲❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❝❛s♦ ❞❡❧ ✐♥t❡r✈❛❧♦ [0, 1] ❡s ❡s❡♥❝✐❛❧♠❡♥t❡ ❧❛ ♠✐s♠❛
q✉❡ ❧❛ ❞❡ ❧❛s ♥♦t❛s ❞❡ ▼✳ ❱✐❛♥❛ ❬❱✐❪ ♦ ❧❛s ❞❡ ❈✳ P✉❣❤ ❬P✉❪ ✭❡♥ ❞♦♥❞❡ ❧♦ ❞❡♠✉❡str❛♥
♣❛r❛ ❝✉❛❧q✉✐❡r ❡s♣❛❝✐♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦✮✳

✸✳✶✳ Pr❡❧✐♠✐♥❛r❡s

❊♠♣❡❝❡♠♦s ❝♦♥ ❛❧❣✉♥❛s ❞❡✜♥✐❝✐♦♥❡s

❉❡✜♥✐❝✐ó♥✿ ❯♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ (X,B, v) s❡ ❞✐❝❡ s❡♣❛r❛❜❧❡ s✐ ❡①✐st❡ ✉♥❛ s✉❝❡s✐ó♥
{An} ❞❡ ♠❡❞✐❜❧❡s q✉❡ ❣❡♥❡r❛♥ ❧❛ σ−á❧❣❡❜r❛ ② ♣❛r❛ t♦❞♦ x ❡ y ❡♥ X✱ ❡①✐st❡ ✉♥ An

q✉❡ ❝♦♥t✐❡♥❡ ❛ ✉♥♦ ♣❡r♦ ♥♦ ❛❧ ♦tr♦✳

❆ ✉♥❛ s✉❝❡s✐ó♥ {An} ❝♦♠♦ ❧❛ ❛♥t❡r✐♦r s❡ ❧❛ ❧❧❛♠❛ ✉♥❛ ❜❛s❡ ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛✳
▲❛ s❡❣✉♥❞❛ ❝♦♥❞✐❝✐ó♥ ❞✐❝❡ q✉❡ ❧♦s An s❡♣❛r❛♥ ♣✉♥t♦s ② ❡s ❡q✉✐✈❛❧❡♥t❡ ❛

✏❙✐ Bn = An ♦ Ac
n ❡♥t♦♥❝❡s

⋂
Bn ❝♦♥t✐❡♥❡ ❛ ❧♦ s✉♠♦ ✉♥ ♣✉♥t♦✳✑

❙✐ s❡ t✐❡♥❡ q✉❡ ❡♥ ❧❛ ❝♦♥❞✐❝✐ó♥ ❛♥t❡r✐♦r✱ ♣❛r❛ ❝✉❛❧q✉✐❡r ❡❧❡❝❝✐ó♥ ❞❡ ❧♦s Bn ❧❛ ✐♥t❡r✲
s❡❝❝✐ó♥ ❝♦♥s✐st❡ ❞❡ ❡①❛❝t❛♠❡♥t❡ ✉♥ ♣✉♥t♦ ❡♥t♦♥❝❡s s❡ ❞✐❝❡ q✉❡ ❧❛ ❜❛s❡ ❡s ❝♦♠♣❧❡t❛✳

❊❥❡♠♣❧♦✿ ❙❡❛ Ω = {0, 1}∞ ❡❧ ❡s♣❛❝✐♦ ❞❡ t♦❞❛s ❧❛s s✉❝❡s✐♦♥❡s w = (wi) ❝♦♥ wi = 0
♦ wi = 1✱ ❝♦♥ ❧❛ σ−á❧❣❡❜r❛ ❞❡ ❧♦s ❜♦r❡❧✐❛♥♦s ✭r❡s♣❡❝t♦ ❞❡ ❧❛ t♦♣♦❧♦❣í❛ ♣r♦❞✉❝t♦✮ ② ❧❛
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♠❡❞✐❞❛ ✉s✉❛❧✳ ❉❡✜♥❛♠♦s Ωn ❝♦♠♦ ❧♦s w ❡♥ Ω t❛❧❡s q✉❡ wn = 0✳ ❈♦♠♦ ❧♦s Ωn ❣❡♥❡r❛♥
❧❛ σ−á❧❣❡❜r❛ ❞❡ ❧♦s ❜♦r❡❧✐❛♥♦s ❧✉❡❣♦ {Ωn} ❡s ✉♥❛ ❜❛s❡ ❝♦♠♣❧❡t❛✳

❯♥ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ ❞♦s ❡s♣❛❝✐♦s ❞❡ ♠❡❞✐❞❛ (X1,B1, v1) ② (X2,B2, v2) ❡s ✉♥❛
❢✉♥❝✐ó♥ ❜✐②❡❝t✐✈❛ f : X → Y t❛❧ q✉❡ f(A) ❡s ♠❡❞✐❜❧❡ s✐ ② só❧♦ s✐ A ❧♦ ❡s ② ❡♥ t❛❧
❝❛s♦ v2(f(A)) = v1(A)✳ ❯♥ ✐s♦♠♦r✜s♠♦ (mod 0) ❡♥tr❡ ❞♦s ❡s♣❛❝✐♦s ❡s ✉♥ ✐s♦♠♦r✜s♠♦
❡♥tr❡ X1/Z1 ② X2/Z2 ❞♦♥❞❡ Z1 ② Z2 s♦♥ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛✳

❉❡✜♥✐❝✐ó♥✿ ❯♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ ❡s ❞❡ ▲❡❜❡s❣✉❡ s✐ ❡s ✐s♦♠♦r❢♦ (mod 0) ❝♦♥ ✉♥
❡s♣❛❝✐♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ q✉❡ t✐❡♥❡ ✉♥❛ ❜❛s❡ ❝♦♠♣❧❡t❛✳

❊❥❡♠♣❧♦✿ ❙❡❛ I = [0, 1] ❝♦♥ ❧❛ σ−á❧❣❡❜r❛ ❞❡ ❧♦s ❜♦r❡❧✐❛♥♦s ② ❧❛ ♠❡❞✐❞❛ ❞❡ ▲❡✲
❜❡s❣✉❡ ② ✈❡❛♠♦s q✉❡ ❡s ✐s♦♠♦r❢♦ (mod 0) ❝♦♥ Ω✳ P♦❞❡♠♦s ❞❡✜♥✐r f : I → Ω q✉❡
♠❛♥❞❛ ❝❛❞❛ x ❡♥ [0, 1] ❛ s✉ ❡①♣r❡s✐ó♥ ❡♥ ❜❛s❡ ✷✳ ➱st❛ ❢✉♥❝✐ó♥ ❡stá ❜✐❡♥ ❞❡✜♥✐❞❛ s❛❧✈♦
♣❛r❛ ♥✉♠❡r❛❜❧❡s ♣✉♥t♦s✱ s✐ r❡♠♦✈❡♠♦s ❡st♦s ♣✉♥t♦s ② ❧❛s s✉❝❡s✐♦♥❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s
❞❡ Ω ✭❧❛s q✉❡ s❡ ✈✉❡❧✈❡♥ ❝♦♥st❛♥t❡s✮ ❡♥t♦♥❝❡s f ❡s ✉♥ ✐s♦♠♦r✜s♠♦✳ ❈♦♠♦ ❡♥ ❛♠❜♦s
❡s♣❛❝✐♦s ❧♦s ❝♦♥❥✉♥t♦s ♥✉♠❡r❛❜❧❡s s♦♥ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛ ❡♥t♦♥❝❡s ❤❡♠♦s ♣r♦❜❛❞♦ q✉❡
❡❧ ✐♥t❡r✈❛❧♦ [0, 1] ❝♦♥ ❧❛ σ−❛❧❣❡❜r❛ ❞❡ ❧♦s ❜♦r❡❧✐❛♥♦s ② ❧❛ ♠❡❞✐❞❛ ✉s✉❛❧ ❡s ✉♥ ❡s♣❛❝✐♦
❞❡ ▲❡❜❡s❣✉❡✳

P✉❡❞❡ ❞❛r ❧❛ ✐♠♣r❡s✐ó♥ q✉❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ s❡r ✉♥ ❡s♣❛❝✐♦ ❞❡ ▲❡❜❡s❣✉❡ ❡s ❛❧❣♦
❡①tr❛ñ❛ ② q✉❡ s❡ ❞❛ ♣❛r❛ ❡s♣❛❝✐♦s ♠✉② ♣❛rt✐❝✉❧❛r❡s✳ ❊st♦ ♥♦ ❡s ❛sí✱ ❧❛ ♠❛②♦rí❛ ❞❡
❧♦s ❡s♣❛❝✐♦s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ❧❛ ♣rá❝t✐❝❛ s♦♥ ❞❡ ▲❡❜❡s❣✉❡✱ ♣♦r ❡❥❡♠✲
♣❧♦ t♦❞♦ ❡s♣❛❝✐♦ ♠étr✐❝♦ s❡♣❛r❛❜❧❡ ❝♦♥ ✉♥❛ ♠❡❞✐❞❛ ❜♦r❡❧✐❛♥❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ ❡s ❞❡
▲❡❜❡s❣✉❡ ❛sí ❝♦♠♦ t♦❞♦ ❝♦❝✐❡♥t❡ ❞❡ ✉♥ ❡s♣❛❝✐♦ ❞❡ ▲❡❜❡s❣✉❡ ♣♦r ✉♥❛ ♣❛rt✐❝✐ó♥ ♠❡❞✐❜❧❡✳

❚❡♦r❡♠❛✿ ❙✐ ✉♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ ❡s ▲❡❜❡s❣✉❡ ② s✐♥ át♦♠♦s ❡♥t♦♥❝❡s ❡s ✐s♦♠♦r❢♦
(mod 0) ❛❧ ✐♥t❡r✈❛❧♦ [0, 1] ❝♦♥ ❧❛ σ−á❧❣❡❜r❛ ❞❡ ❧♦s ❜♦r❡❧✐❛♥♦s ② ❧❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡✳

❉❡♠♦str❛❝✐ó♥✿

❆❧❝❛♥③❛ ♣r♦❜❛r q✉❡ s✐ ✉♥ ❡s♣❛❝✐♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ (X,B, v) t✐❡♥❡ ✉♥❛ ❜❛s❡ ❝♦♠♣❧❡t❛
② ♥♦ t✐❡♥❡ át♦♠♦s ❡♥t♦♥❝❡s ❡s ✐s♦♠♦r❢♦ (mod 0) ❝♦♥ ❡❧ ✐♥t❡r✈❛❧♦ [0, 1]✳ ❙❡❛ ❡♥t♦♥❝❡s
{An} ✉♥❛ ❜❛s❡ ❝♦♠♣❧❡t❛ ❞❡ t❛❧ ❡s♣❛❝✐♦ ② ❞❡✜♥❛♠♦s

Cǫ1,ǫ2,...,ǫn = B1 ∩ B2 ∩ . . . ∩ Bn.

❞♦♥❞❡ Bk = Ak s✐ ǫk = 0 ② Bk = Ac
k s✐ ǫk = 1✳ ❆❤♦r❛ ✈❛♠♦s ❛ ✐r ❝♦♥str✉②❡♥❞♦ ❞❡

❛ ♣❛s♦s ✐♥t❡r✈❛❧♦s ❝❡rr❛❞♦s Iǫ1,ǫ2,...,ǫn t❛❧❡s q✉❡

✶✳ Iǫ1,ǫ2,...,ǫn = Iǫ1,ǫ2,...,ǫn,0
⋃

Iǫ1,ǫ2,...,ǫn,1

✷✳ µ(Iǫ1,ǫ2,...,ǫn) = v(Cǫ1,ǫ2,...,ǫn)
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Pr✐♠❡r♦ ❝♦♥str✉✐♠♦s I0 ② I1✱ s✐♠♣❧❡♠❡♥t❡ ♣❛rt✐♠♦s ❡❧ ✐♥t❡r✈❛❧♦ [0, 1] ❡♥ ❞♦s ✐♥✲
t❡r✈❛❧♦s ❝❡rr❛❞♦s q✉❡ ♠✐❞❛♥ v(C0) ② v(C1) q✉❡ ❝♦♠♦ v(C0) + v(C1) = 1 ❡♥t♦♥❝❡s s❡
♣✉❡❞❡✳

❆♥á❧♦❣❛♠❡♥t❡✱ ✉♥❛ ✈❡③ ❝♦♥str✉✐❞♦ Iǫ1,ǫ2,...,ǫn ✱ ♣❛r❛ ❝♦♥str✉✐r Iǫ1,ǫ2,...,ǫn,0 ② Iǫ1,ǫ2,...,ǫn,1
só❧♦ t❡♥❡♠♦s q✉❡ ♣❛rt✐r❧♦ ❡♥ ❞♦s ✐♥t❡r✈❛❧♦s q✉❡ ♠✐❞❛♥ v(Cǫ1,ǫ2,...,ǫn,0) ② v(Cǫ1,ǫ2,...,ǫn,1)✳

❈♦♥ ❧♦s ✐♥t❡r✈❛❧♦s Iǫ1,ǫ2,...,ǫn ❡s ❢á❝✐❧ ❡st❛❜❧❡❝❡r ❡❧ ✐s♦♠♦r✜s♠♦ (mod 0)✳ ❈❛❞❛ x ❡♥
X ❡stá ❡♥ ✉♥❛ ✐♥t❡rs❡❝❝✐ó♥ ❞❡ ❧❛ ❢♦r♠❛

Cǫ1

⋂
Cǫ1,ǫ2

⋂
. . .

⋂
Cǫ1,ǫ2,...,ǫn

⋂
. . .

▼ás ❛ú♥✱ ❝♦♠♦ ❧♦s An ❢♦r♠❛♥ ✉♥❛ ❜❛s❡ ❝♦♠♣❧❡t❛ ❡♥t♦♥❝❡s ❝❛❞❛ x ❡stá ❡♥ ❡①❛❝✲
t❛♠❡♥t❡ ✉♥❛ ❞❡ t❛❧❡s ✐♥t❡rs❡❝❝✐♦♥❡s ② ❝❛❞❛ ✉♥❛ ❞❡ ❡❧❧❛s ❡stá ❛s♦❝✐❛❞❛ ❛ ❡①❛❝t❛♠❡♥t❡
✉♥ x✳ ❉❡✜♥❛♠♦s ❛❤♦r❛ f : X → [0, 1] ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✱ s✐

x = Cǫ1

⋂
Cǫ1,ǫ2

⋂
. . .

⋂
Cǫ1,ǫ2,...,ǫn

⋂
. . .

❡♥t♦♥❝❡s

f(x) = Iǫ1
⋂

Iǫ1,ǫ2
⋂

. . .
⋂

Iǫ1,ǫ2,...,ǫn
⋂

. . .

◆♦t❡♠♦s q✉❡ ❝♦♠♦ ❧❛ s✉❝❡s✐ó♥ ❞❡ ✐♥t❡r✈❛❧♦s Iǫ1,ǫ2,...,ǫn ❡s ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ✐♥t❡r✈❛❧♦s
❝❡rr❛❞♦s ❡♥❝❛❥❛❞♦s ❝✉②❛ ♠❡❞✐❞❛ t✐❡♥❞❡ ❛ ❝❡r♦ ✭♣✉❡s ❧❛ ♠❡❞✐❞❛ ❞❡ ❧♦s Cǫ1,ǫ2,...,ǫn ❧♦
❤❛❝❡ ②❛ q✉❡ X ♥♦ t✐❡♥❡ át♦♠♦s✮ ❡♥t♦♥❝❡s f ❡stá ❜✐❡♥ ❞❡✜♥✐❞❛✳ P♦r ❧♦ ❞✐❝❤♦ ❛♥t❡s✱
f ❡s s♦❜r❡②❡❝t✐✈❛✱ ❡❧ ú♥✐❝♦ ♣r♦❜❧❡♠❛ q✉❡ t✐❡♥❡ ❡s q✉❡ ♣✉❡❞❡ ♥♦ s❡r ✐♥②❡❝t✐✈❛ ②❛ q✉❡
❧♦s ✐♥t❡r✈❛❧♦s Iǫ1,ǫ2,...,ǫn ♥♦ s♦♥ ♥❡❝❡s❛r✐❛♠❡♥t❡ ❞✐s❥✉♥t♦s ♣✉❡s Iǫ1,ǫ2,...,ǫn,0

⋂
Iǫ1,ǫ2,...,ǫn,1

❝♦♥s✐st❡ ❞❡ ✉♥ ♣✉♥t♦✳ ❙✐ q✉✐t❛♠♦s ❡st♦s ♣✉♥t♦s ❞❡❧ [0, 1] ✭q✉❡ s❡rá♥ ♥✉♠❡r❛❜❧❡s✮ ② ❧❛s
❝♦rr❡s♣♦♥❞✐❡♥t❡s ♣r❡✐♠á❣❡♥❡s ❡♥ X ❡♥t♦♥❝❡s f q✉❡❞❛ ❜✐②❡❝t✐✈❛✳ ▼ás ❛ú♥✱ ❝♦♠♦

f(Cǫ1,ǫ2,...,ǫn) = Iǫ1,ǫ2,...,ǫn ② v(Cǫ1,ǫ2,...,ǫn) = µ(Iǫ1,ǫ2,...,ǫn).

② t❛♥t♦ ❧♦s Cǫ1,ǫ2,...,ǫn ❝♦♠♦ ❧♦s Iǫ1,ǫ2,...,ǫn ❣❡♥❡r❛♥ s✉s r❡s♣❡❝t✐✈❛s σ−á❧❣❡❜r❛s ❡♥t♦♥❝❡s
f ♣r❡s❡r✈❛ ♠❡❞✐❞❛ ② ❧❛ σ−á❧❣❡❜r❛✳ ‡

✸✳✷✳ P❛rt✐❝✐♦♥❡s ② ❈♦❝✐❡♥t❡s

❉❛r ✉♥❛ ♣❛rt✐❝✐ó♥ P ❞❡ X ❡s ❞❛r ✉♥❛ r❡❧❛❝✐ó♥ ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛ ✏∼✑ ♦ ❧♦ q✉❡ ❡s ❧♦
♠✐s♠♦✱ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s ❝✉②❛ ✉♥✐ó♥ ❡s t♦❞♦ X✳ ❈✉❛♥❞♦ X s❡❛
✉♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ ✈❛♠♦s ❛ ❛s✉♠✐r q✉❡ ❧♦s s✉❜❝♦♥❥✉♥t♦s s♦♥ ♠❡❞✐❜❧❡s ② ❧♦s ✈❛♠♦s
❛ ❧❧❛♠❛r át♦♠♦s ❞❡ ❧❛ ♣❛rt✐❝✐ó♥✳

❊♥ ❡❧ ❝❛s♦ ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❡❧ ❝♦❝✐❡♥t❡ ❞❡X ♣♦r ❧❛ r❡❧❛❝✐ó♥ ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛
② ♦❜t❡♥❡r ✉♥ ♥✉❡✈♦ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛X/ ∼✱ q✉❡ ♣♦r ❛❜✉s♦ ❞❡ ♥♦t❛❝✐ó♥ ✈❛♠♦s ❛ ♥♦t❛r
P ✱ ❝✉②❛s σ−á❧❣❡❜r❛ ② ♠❡❞✐❞❛ s♦♥ ❧❛s ❡♠♣✉❥❛❞❛s ❞❡ ❧❛s ❞❡ X✳
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▼ás ♣r❡❝✐s❛♠❡♥t❡✱ s❡❛ π : X → X/ ∼ ❧❛ ♣r♦②❡❝❝✐ó♥ ❛❧ ❝♦❝✐❡♥t❡✱ ❡♥t♦♥❝❡s ✉♥
s✉❜❝♦♥❥✉♥t♦ F ❞❡ P ❡s ♠❡❞✐❜❧❡ s✐ ② só❧♦ s✐ π−1(F) ❧♦ ❡s ② ❡♥ ❝✉②♦ ❝❛s♦ ❞❡✜♥✐♠♦s
v∗(F) = v(π−1(F))✳ ❆ ❧❛ ♠❡❞✐❞❛ v∗ ❛sí ♦❜t❡♥✐❞❛ ❧❛ ❧❧❛♠❛r❡♠♦s ✏❧❛ ♠❡❞✐❞❛ ❝♦❝✐❡♥t❡✑
② s❡ ♣✉❡❞❡ ♣❡♥s❛r ❝♦♠♦ ✉♥❛ ♠❡❞✐❞❛ ❡♥ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ át♦♠♦s ❞❡ ❧❛ ♣❛rt✐❝✐ó♥✳

❉❡❝✐♠♦s q✉❡ P1 < P2 s✐ t♦❞♦ át♦♠♦ ❞❡ P2 ❡stá ❝♦♥t❡♥✐❞♦ ❡♥ ✉♥♦ ❞❡ P1✳ ❉❛❞❛ ✉♥❛
s✉❝❡s✐ó♥ ❞❡ ♣❛rt✐❝✐♦♥❡s P1 < P2 < . . . < Pn < . . . ❞❡✜♥✐♠♦s ❡❧ ❧í♠✐t❡ ❞❡ ❧❛ s✉❝❡s✐ó♥
❝♦♠♦ ❧❛ ♣❛rt✐❝✐ó♥ P ❝✉②♦s át♦♠♦s P s❡ ♦❜t✐❡♥❡♥ ❞❡ ❡❧❡❣✐r ✉♥ át♦♠♦ Pn ❞❡ ❝❛❞❛ Pn

t❛❧ q✉❡ P1 ⊃ P2 ⊃ . . . ⊃ Pn ⊃ . . . ② ♣♦♥❡r P =
⋂
Pn ✭❧♦ ♥♦t❛♠♦s ❝♦♠♦ Pn ↑ P✮✳

▲❡♠❛✿ ❉❛❞♦ ✉♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ X✱ ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥❞✐❝✐♦♥❡s s♦♥ ❡q✉✐✈❛❧❡♥t❡s

✶✳ ❚✐❡♥❡ ✉♥❛ ❜❛s❡ ❝♦♠♣❧❡t❛

✷✳ ❊①✐st❡ ✉♥ s✉❝❡s✐ó♥ ❞❡ ♣❛rt✐❝✐♦♥❡s ✜♥✐t❛s P1 < P2 < . . . < Pn < . . . ❝❛❞❛ ✉♥❛ ❞❡
❧❛s ❝✉❛❧❡s s❡ ♦❜t✐❡♥❡ ♣❛rt✐❡♥❞♦ ❝❛❞❛ át♦♠♦ ❞❡ ❧❛ ❛♥t❡r✐♦r ❡♥ ❞♦s✱ t❛❧❡s q✉❡✿ s✉s
át♦♠♦s ❣❡♥❡r❛♥ ❧❛ σ−á❧❣❡❜r❛ ② s✐ ❡❧❡❣✐♠♦s ✉♥ át♦♠♦ Pn ❞❡ ❝❛❞❛ Pn ❞❡ ❢♦r♠❛
q✉❡ P1 ⊃ P2 ⊃ . . . ⊃ Pn ⊃ . . . ❡♥t♦♥❝❡s

⋂
Pn ❝♦♥s✐st❡ ❞❡ ❡①❛❝t❛♠❡♥t❡ ✉♥ ♣✉♥t♦✳

✸✳ ❊①✐st❡ ✉♥ s✉❝❡s✐ó♥ ❞❡ ♣❛rt✐❝✐♦♥❡s ✜♥✐t❛s P1 < P2 < . . . < Pn < . . . t❛❧❡s q✉❡ s✉s
át♦♠♦s ❣❡♥❡r❛♥ ❧❛ σ−á❧❣❡❜r❛ ② s✐ ❡❧❡❣✐♠♦s ✉♥ át♦♠♦ Pn ❞❡ ❝❛❞❛ Pn ❞❡ ❢♦r♠❛
q✉❡ P1 ⊃ P2 ⊃ . . . ⊃ Pn ⊃ . . . ❡♥t♦♥❝❡s

⋂
Pn ❝♦♥s✐st❡ ❞❡ ❡①❛❝t❛♠❡♥t❡ ✉♥ ♣✉♥t♦✳

❉❛❞♦ ✉♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ X✱ ✉♥❛ ♣❛rt✐❝✐ó♥ (mod 0) ❡s ✉♥❛ ♣❛rt✐❝✐ó♥ ❞❡❧ ❝♦♠✲
♣❧❡♠❡♥t♦ ❞❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛✳ ❉❡ ❛❤♦r❛ ❡♥ ❛❞❡❧❛♥t❡ t♦❞❛s ❧❛s ♣❛rt✐❝✐♦♥❡s
❧❛s ✈❛♠♦s ❛ s✉♣♦♥❡r (mod 0)✳

❉❡✜♥✐❝✐ó♥✿ ❉❛❞♦ ✉♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ X✱ ✉♥❛ ♣❛rt✐❝✐ó♥ P s❡ ❞✐❝❡ ♠❡❞✐❜❧❡ s✐
❡①✐st❡♥ ♣❛rt✐❝✐♦♥❡s ✜♥✐t❛s Pn t❛❧❡s q✉❡ Pn ↑ P ❡♥ X/Z ❞♦♥❞❡ Z ❡s ✉♥ s✉❜❝♦♥❥✉♥t♦
❞❡ X ❞❡ ♠❡❞✐❞❛ ♥✉❧❛ q✉❡ ❡s ✉♥✐ó♥ ❞❡ át♦♠♦s ❞❡ P ✳

❖tr❛ ❢♦r♠❛ ❡q✉✐✈❛❧❡♥t❡ ❞❡ ❞❡❝✐r q✉❡ ✉♥❛ ♣❛rt✐❝✐ó♥ P ❡s ♠❡❞✐❜❧❡ ❡s q✉❡ ❡①✐st❛ ✉♥❛
❢❛♠✐❧✐❛ ♥✉♠❡r❛❜❧❡ ❞❡ ♠❡❞✐❜❧❡s s❛t✉r❛❞♦s ❞❡ X q✉❡ s❡♣❛r❡ ❧♦s át♦♠♦s ❞❡ P ✭A ❡s
s❛t✉r❛❞♦ s✐ A = π−1(π(A))✮✳

❊❥❡♠♣❧♦s✿

✶✳ ❉❛❞♦ ✉♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ X✱ ❧❛ ♣❛rt✐❝✐ó♥ ❝✉②♦s át♦♠♦s s♦♥ ❧♦s ♣✉♥t♦s ❞❡ X
❡s ♠❡❞✐❜❧❡ s✐ ② só❧♦ s✐ ❡①✐st❡ ✉♥❛ ❢❛♠✐❧✐❛ ♥✉♠❡r❛❜❧❡ ❞❡ ♠❡❞✐❜❧❡s q✉❡ s❡♣❛r❛ ❝❛s✐
t♦❞♦s ❧♦s ♣✉♥t♦s✱ ❡st♦ s❡ ❞❛ ♣♦r ❡❥❡♠♣❧♦ s✐ X ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ s❡♣❛r❛❜❧❡✳
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✷✳ ❙✐ X ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ ② f : X → [0, 1] ❡s ♠❡❞✐❜❧❡ ❡♥t♦♥❝❡s ❧❛ ♣❛rt✐❝✐ó♥
❞❡ X ❡♥ ❧❛s ♣r❡✐♠á❣❡♥❡s f−1(t) ❡s ♠❡❞✐❜❧❡✳ ❉❡ ❢♦r♠❛ ♠ás ❣❡♥❡r❛❧✱ s✐ t❡♥❡♠♦s
❡s♣❛❝✐♦s ❞❡ ♠❡❞✐❞❛ X ❡ Y ✱ ✉♥❛ ♣❛rt✐❝✐ó♥ ♠❡❞✐❜❧❡ Q ❞❡ Y ② ✉♥❛ ❢✉♥❝✐ó♥ ♠❡❞✐❜❧❡
f : X → Y ❡♥t♦♥❝❡s ❧❛ ♣❛rt✐❝✐ó♥ P ❞❡ X ❡♥ ❧❛s ♣r❡✐♠á❣❡♥❡s ❞❡ ❧♦s át♦♠♦s ❞❡
Q ❡s ♠❡❞✐❜❧❡✳

P♦r ❡❥❡♠♣❧♦✱ s✐ Y ❡s s❡♣❛r❛❜❧❡ ❡♥t♦♥❝❡s ❧❛s ♣r❡✐♠á❣❡♥❡s f−1(y) ❞❡✜♥❡♥ ✉♥❛
♣❛rt✐❝✐ó♥ ♠❡❞✐❜❧❡ ❞❡ X✳

✸✳ ▲❛ ♣❛rt✐❝✐ó♥ P ❞❡❧ ❝✉❛❞r❛❞♦ ✉♥✐t❛r✐♦ [0, 1] × [0, 1] ❡♥ s❡❣♠❡♥t♦s ✈❡rt✐❝❛❧❡s ❡s
♠❡❞✐❜❧❡✱ ♣✉❡s Pn ↑ P ❞♦♥❞❡ Pn ❡s ❧❛ ♣❛rt✐❝✐ó♥ ❞❡❧ ❝✉❛❞r❛❞♦ ❡♥ 2n r❡❝tá♥❣✉❧♦s
✈❡rt✐❝❛❧❡s ✐❣✉❛❧❡s✳ ❊st❡ ❡❥❡♠♣❧♦ ♣✉❡❞❡ ♣❛r❡❝❡r ❞❡♠❛s✐❛❞♦ t♦♥t♦ ♣❡r♦ ❘♦❤❧✐♥
❞❡♠♦stró q✉❡ t♦❞❛ ♣❛rt✐❝✐ó♥ ♠❡❞✐❜❧❡ ❞❡ ✉♥ ❡s♣❛❝✐♦ ❞❡ ▲❡❜❡s❣✉❡ ❡s ✐s♦♠♦r❢❛
(mod 0) ❛ ❧❛ ♣❛rt✐❝✐ó♥ ❛♥t❡r✐♦r✦✦

✹✳ ❉❛❞♦ ξ ❡♥ S1 q✉❡ ♥♦ s❡❛ ✉♥❛ r❛í③ ❞❡ ❧❛ ✉♥✐❞❛❞✱ s❡❛ T : S1 → S1 ❞♦♥❞❡ T (z) = ξz
② ❝♦♥s✐❞❡r❡♠♦s ❧❛ ♣❛rt✐❝✐ó♥ P ❡♥ ór❜✐t❛s ❞❡❧ ❛✉t♦♠♦r✜s♠♦ T ✳ ❈♦♠♦ t♦❞♦ át♦♠♦
Pn ❞❡ ✉♥❛ ♣❛rt✐❝✐ó♥ ✜♥✐t❛ Pn < P ❡s ✉♥✐ó♥ ❞❡ át♦♠♦s ❞❡ P ✱ ❡♥t♦♥❝❡s ❞❡❜❡ s❡r ✉♥
♠❡❞✐❜❧❡ T−✐♥✈❛r✐❛♥t❡✳ P❡r♦ ❝♦♠♦ T ❡s ❡r❣ó❞✐❝♦ ❧✉❡❣♦ µ(Pn) = 0 ♦ µ(Pn) = 1✳
❊s ❞❡❝✐r q✉❡ Pn ❡s (mod 0) ❧❛ ♣❛rt✐❝✐ó♥ ❡♥ ✉♥ só❧♦ át♦♠♦✱ ❞❡ ❞♦♥❞❡ P ♥♦ ♣✉❡❞❡
s❡r ❧í♠✐t❡ ❞❡ ♣❛rt✐❝✐♦♥❡s ✜♥✐t❛s ② r❡s✉❧t❛ ♥♦ ♠❡❞✐❜❧❡✦

✺✳ ❙❡❛ M ✉♥❛ ✈❛r✐❡❞❛❞ ❞❡ ❞✐♠❡♥s✐ó♥ n ② F ✉♥❛ ❢♦❧✐❛❝✐ó♥ ❞❡ ❞✐♠❡♥s✐ó♥ k✳ ❉❛❞❛
✉♥❛ ❝❛rt❛ (U, ϕ) ❞❡ M q✉❡ tr✐✈✐❛❧✐❝❡ ❛ F ✱ s✐ ♣❛rt✐♠♦s ❛❧ ❛❜✐❡rt♦ U ❡♥ ❧❛s ❤♦❥❛s
❞❡ ❧❛ ❢♦❧✐❛❝✐ó♥ ❡♥t♦♥❝❡s ❧❛ ♣❛rt✐❝✐ó♥ ❡s ✐s♦♠♦r❢❛ ✭✈✐❛ ϕ✮ ❛ ❧❛ ♣❛rt✐❝✐ó♥ ❞❡ ✉♥
❛❜✐❡rt♦ ❞❡ Rn ♣♦r s✉❜❡s♣❛❝✐♦s ❛✜♥❡s k−❞✐♠❡♥s✐♦♥❛❧❡s t♦❞♦s ♣❛r❛❧❡❧♦s ❡♥tr❡ sí
q✉❡ ❡s ❝❧❛r❛♠❡♥t❡ ♠❡❞✐❜❧❡✳

❊s ❜✉❡♥❛ ✐❞❡❛ ❝♦♥tr❛st❛r ❧♦s ❞♦s ú❧t✐♠♦s ❡❥❡♠♣❧♦s✱ ❝♦♥s✐❞❡r❡♠♦s ❡♥ ❡❧ t♦r♦
T = S1 × S1 ✉♥❛ ♣❛rt✐❝✐ó♥ P ♣♦r ❧í♥❡❛s ♣❛r❛❧❡❧❛s ❞❡ ♣❡♥❞✐❡♥t❡ ✐rr❛❝✐♦♥❛❧✳ ❈♦♠♦
❡❧ ✢✉❥♦ q✉❡ ést❛s ❞❡✜♥❡♥ ❡s ❡r❣ó❞✐❝♦✱ ♣♦r ❡❧ ♠✐s♠♦ ❛r❣✉♠❡♥t♦ q✉❡ ❡♥ ❡❧ ❡❥❡♠♣❧♦
4✱ ❧❛ ♣❛rt✐❝✐ó♥ P r❡s✉❧t❛ ♥♦ ♠❡❞✐❜❧❡✳ ❊s ❞❡❝✐r q✉❡ ❣❧♦❜❛❧♠❡♥t❡✱ ❧❛ ♣❛rt✐❝✐ó♥
❞❡✜♥✐❞❛ ♣♦r ✉♥ ✢✉❥♦ ❡♥ ✉♥❛ ✈❛r✐❡❞❛❞ ♣✉❡❞❡ ♥♦ s❡r ♠❡❞✐❜❧❡ ② s✐♥ ❡♠❜❛r❣♦
❧♦❝❛❧♠❡♥t❡ sí ❧♦ ❡s✳

✻✳ ❙❡ t✐❡♥❡ ❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛✿ ❊❧ ❝♦❝✐❡♥t❡ ❞❡ ✉♥ ❡s♣❛❝✐♦ ❞❡ ▲❡❜❡s❣✉❡ ♣♦r ✉♥❛ ♣❛rt✐❝✐ó♥ P ❡s ▲❡✲
❜❡s❣✉❡ s✐ ② só❧♦ s✐ P ❡s ♠❡❞✐❜❧❡✳
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✸✳✸✳ ❈❛s♦ ♣❛rt✐❝✉❧❛r

❊❧ ♣❧❛♥ ♣❛r❛ ❞❡♠♦str❛r ❡❧ t❡♦r❡♠❛ ❞❡ ❞❡s✐♥t❡❣r❛❝✐ó♥ ❡s s❡♥❝✐❧❧♦✱ ♣r✐♠❡r♦ ✈❛♠♦s ❛
♣r♦❜❛r❧♦ ❡♥ ❡❧ ❝❛s♦ ❡♥ q✉❡ X = [0, 1] ② ❧✉❡❣♦ ✈❛❧✐é♥❞♦♥♦s ❞❡❧ ú❧t✐♠♦ t❡♦r❡♠❛ ❞❡ ❧❛
♣r✐♠❡r s❡❝❝✐ó♥ ❧♦ ❞❡❞✉❝✐r❡♠♦s ♣❛r❛ t♦❞♦ ❡s♣❛❝✐♦ ❞❡ ▲❡❜❡s❣✉❡✳

❯♥❛ ❞❡ ❧❛s ✈❡♥t❛❥❛s ❞❡❧ [0, 1] ❡s q✉❡ ❛❧ s❡r ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦✱ ♣♦r ❡❧
t❡♦r❡♠❛ ❞❡ ❘✐❡s③✱ ❞❛r ✉♥❛ ♠❡❞✐❞❛ µP ❡♥ é❧ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ❞❛r ✉♥ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛❧
eP : C[0, 1] → R✱ ❝♦♥t✐♥✉♦ ② ♣♦s✐t✐✈♦✳ ▲❛ ✐❞❡❛ ♣❛r❛ ❝♦♥str✉✐r ❡❧ ❢✉♥❝✐♦♥❛❧ eP ♣❛r❛ ❝❛❞❛
P ❡♥ P ❡s ❧❛ s✐❣✉✐❡♥t❡✿ ❝♦♠♦ P ❡s ✉♥❛ ♣❛rt✐❝✐ó♥ ♠❡❞✐❜❧❡ ❡♥t♦♥❝❡s Pn ↑ P ❝♦♥ ❧❛s Pn

✜♥✐t❛s✱ s✐ ❞❡♥♦t❛♠♦s Ln(P ) ❛❧ át♦♠♦ ❞❡ Pn q✉❡ ❝♦♥t✐❡♥❡ ❛ P ❡♥t♦♥❝❡s ❞❡✜♥✐♠♦s

eP (ϕ) = ĺım
n→∞

1

µ(Ln(P ))

∫

Ln(P )

ϕ(x)dx.

▲❛ ♣r✐♠❡r ♣❛rt❡ ❞❡ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❝♦♥s✐st❡ ❡♥ ❥✉st✐✜❝❛r q✉❡ ♣❛r❛ ❝❛❞❛ ϕ ❡❧ ❧í♠✐t❡
❡♥ ❝✉❡st✐ó♥ ❡①✐st❡ ♣❛r❛ ❝❛s✐ t♦❞♦ P ✳ ❊❧ ♣r♦❜❧❡♠❛ ❡s q✉❡ ❞❡❜✐❞♦ ❛❧ ✏♣❛r❛ ❝❛s✐ t♦❞♦✑✱
♥♦ ♣♦❞❡♠♦s ❞❡❝✐r ♥❛❞❛ ❞❡ ✉♥ P ❡♥ ♣❛rt✐❝✉❧❛r✱ ♣♦r ❡❥❡♠♣❧♦ ♣♦❞rí❛ ♦❝✉rr✐r q✉❡ ♣❛r❛
t♦❞♦ P ❡①✐st❛ ϕ ❡♥ L1[0, 1] ❡♥ ❧❛ q✉❡ ❡❧ ❧í♠✐t❡ ♥♦ ❡①✐st❡✳ P❛r❛ s♦❧✉❝✐♦♥❛r ❡st♦ ✈❛♠♦s ❛
q✉❡❞❛r♥♦s ✭♣♦r ✉♥ r❛t♦✮ só❧♦ ❝♦♥ ❧❛s ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s ② ✉s❛r q✉❡ C[0, 1] ❡s s❡♣❛r❛❜❧❡
❝♦♥ ❧❛ ♥♦r♠❛ ❞❡ ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ✉♥✐❢♦r♠❡✳

❊❧ r❡st♦ ❞❡ ❧❛ ❞❡♠♦str❛❝✐ó♥ s❡rá ✈❡r q✉❡ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ♠❡❞✐❞❛s ❛sí ❝♦♥str✉✐❞❛s
✈❡r✐✜❝❛♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s✱ ♣r✐♠❡r♦ ❧❛s ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s ② ❧✉❡❣♦ t♦❞❛s ❧❛s ✐♥t❡❣r❛❜❧❡s✳

❚❡♦r❡♠❛✿ ❉❛❞❛ ✉♥❛ ♣❛rt✐❝✐ó♥ ♠❡❞✐❜❧❡ P ❞❡ ([0, 1], µ) ❡①✐st❡ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ♠❡✲
❞✐❞❛s ❜♦r❡❧✐❛♥❛s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ {vP ;P ❡♥ P} t❛❧❡s q✉❡

P❛r❛ ❝❛s✐ t♦❞♦ P ❡♥ P s❡ t✐❡♥❡ vP (P ) = 1

P❛r❛ t♦❞❛ ❢✉♥❝✐ó♥ ✐♥t❡❣r❛❜❧❡ ϕ s✉ ✐♥t❡❣r❛❧ s❡ ♣✉❡❞❡ ❝❛❧❝✉❧❛r ❝♦♠♦

∫
ϕ(x)dx =

∫

P

(

∫
ϕdvP )dv∗.

❉❡♠♦str❛❝✐ó♥✿

❆♥t❡s ❞❡ ❡♠♣❡③❛r ✜❥❡♠♦s ✉♥ ♣♦❝♦ ❞❡ ♥♦t❛❝✐ó♥✱ ❝✉❛♥❞♦ ❤❛❜❧❡♠♦s ❞❡ P ❡♥ P
♥♦s ♣♦❞❡♠♦s r❡❢❡r✐r✱ ❞❡♣❡♥❞✐❡♥❞♦ ❞❡❧ ❝♦♥t❡①t♦✱ t❛♥t♦ ❛❧ ❡❧❡♠❡♥t♦ ❞❡ ❧❛ ♣❛rt✐❝✐ó♥ P
❝♦♠♦ ❛❧ s✉❜❝♦♥❥✉♥t♦ ❞❡ [0, 1] q✉❡ ést❡ ❞❡✜♥❡✳ ❊s♣❡r❛♠♦s q✉❡ ❡st♦ ♥♦ ❧❧❡✈❡ ❛ ♥✐♥❣✉♥❛
❝♦♥❢✉s✐ó♥✱ ♣♦r ❡❥❡♠♣❧♦ s✐ µ ❞❡♥♦t❛ ❧❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ❡♥ [0, 1] ② v∗ ❧❛ ♠❡❞✐❞❛
❝♦❝✐❡♥t❡ ❡♥ P ❡♥t♦♥❝❡s ♣♦r ♥✉❡str♦ ❛❜✉s♦ ❞❡ ♥♦t❛❝✐ó♥ µ(P ) = v∗(P )✳

P♦r ♦tr♦ ❧❛❞♦✱ ❝♦♠♦ ❧❛ ♣❛rt✐❝✐ó♥ P ❡s ♠❡❞✐❜❧❡ ❡♥t♦♥❝❡s ❡①✐st❡ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡
♣❛rt✐❝✐♦♥❡s ✜♥✐t❛s {Pn} t❛❧❡s q✉❡ Pn ↑ P ♠ó❞✉❧♦ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛ Z ⊂ P ✳
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❉❡♥♦t❡♠♦s ❛❞❡♠ás Ln(P ) ❛❧ át♦♠♦ ❞❡ Pn q✉❡ ❝♦♥t✐❡♥❡ ❛ P ✱ q✉❡ ♣♦❞❡♠♦s s✉♣♦♥❡r
s✐❡♠♣r❡ ❞❡ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛ ✭②❛ q✉❡ s✐ ❛❧❣✉♥❛ Pn t✐❡♥❡ ✉♥ át♦♠♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛✱
♣♦❞❡♠♦s ❛❣r❡❣❛r ést❡ ❛ Z✮✳

❆❤♦r❛ ❡♠♣❡❝❡♠♦s ❧❛ ❞❡♠♦str❛❝✐ó♥✱ ♣❛r❛ ❝❛❞❛ ❢✉♥❝✐ó♥ ♠❡❞✐❜❧❡ ϕ ✈❛♠♦s ❛ ❞❡✜♥✐r
✉♥❛ ❢✉♥❝✐ó♥ ♠❡❞✐❜❧❡ Tnϕ : P → R ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

Tnϕ(P ) =
1

µ(Ln(P ))

∫

Ln(P )

ϕ(x)dx.

▲♦ ❛♥t❡r✐♦r s✐❡♠♣r❡ q✉❡ P ♥♦ ❡sté ❡♥ Z✱ ❡♥ ❝❛s♦ ❝♦♥tr❛r✐♦ Tnϕ(P ) = 0✳ ❆ ❧❛
❢✉♥❝✐ó♥ Tnϕ s❡ ❧❛ ♣✉❡❞❡ ♣❡♥s❛r ❝♦♠♦ ✉♥ ✏♣r♦♠❡❞✐♦✑ ❞❡ ϕ r❡❧❛t✐✈♦ ❛ ❧❛ ♣❛rt✐❝✐ó♥ Pn✳
▼ás ♣r❡❝✐s❛♠❡♥t❡✱ Tnϕ(P ) ❡s ❡❧ ♣r♦♠❡❞✐♦ ❞❡ ϕ ❡♥ ❡❧ át♦♠♦ ❞❡ Pn q✉❡ ❝♦♥t✐❡♥❡ ❛ P ✳
❈♦♠♦ Pn ❡s ✉♥❛ ♣❛rt✐❝✐ó♥ ✜♥✐t❛ ❡♥t♦♥❝❡s Tnϕ ❡s ✉♥❛ ❢✉♥❝✐ó♥ s✐♠♣❧❡ ✭❡s ❝♦♥st❛♥t❡ ❡♥
❧❛ ♣r♦②❡❝❝✐ó♥ ❞❡ ❝❛❞❛ át♦♠♦ ❞❡ Pn✮ ② ❝♦♠♦ ♣r♦♠❡❞✐❛r ❧♦s ♣r♦♠❡❞✐♦s ❡s ❧♦ ♠✐s♠♦ q✉❡
♣r♦♠❡❞✐❛r ❞✐r❡❝t❛♠❡♥t❡ ❡♥t♦♥❝❡s

∫

P

Tnϕ(P )dv∗ =

∫
ϕ(x)dx. ✭✸✳✶✮

❆❤♦r❛ ✈❛♠♦s ❛ ♣r♦❜❛r q✉❡ s✐ ✜❥❛♠♦s ✉♥❛ ❢✉♥❝✐ó♥ ♠❡❞✐❜❧❡ ϕ ❡♥t♦♥❝❡s ♣❛r❛ ❝❛s✐ t♦❞♦
P ❡♥ P s❡ t✐❡♥❡ q✉❡ ĺımTnϕ(P ) ❡①✐st❡ ❝✉❛♥❞♦ n → ∞✳ ❊s❝r✐❜✐❡♥❞♦ ❛ ❝❛❞❛ ❢✉♥❝✐ó♥ ϕ
❝♦♠♦ s✉♠❛ ❞❡ s✉ ♣❛rt❡ ♣♦s✐t✐✈❛ ϕ+ ② s✉ ♣❛rt❡ ♥❡❣❛t✐✈❛ ϕ− ♣♦❞❡♠♦s r❡str✐♥❣✐r♥♦s ❛❧
❝❛s♦ ϕ ≥ 0✳

❙❡❛ ϕ ✉♥❛ ❢✉♥❝✐ó♥ ♠❡❞✐❜❧❡ ❝♦♥ ϕ ≥ 0 ② s✉♣♦♥❣❛♠♦s q✉❡ ❡①✐st❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡
♠❡❞✐❞❛ ♣♦s✐t✐✈❛ ❡♥ ❞♦♥❞❡ ❡❧ ❧í♠✐t❡ ♥♦ ❡①✐st❡✱ ❡♥t♦♥❝❡s ❡①✐st❡♥ ♥ú♠❡r♦s r❛❝✐♦♥❛❧❡s
0 < r < s ② ✉♥ ❝♦♥❥✉♥t♦ U ⊂ P ❞❡ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛ t❛❧ q✉❡ ♣❛r❛ t♦❞♦ P ❡♥ U

ĺım inf
n→∞

Tnϕ(P ) < r < s < ĺım sup
n→∞

Tnϕ(P ).

❊s ❞❡❝✐r q✉❡ ♣❛r❛ t♦❞♦ P ❡♥ U ❡①✐st❡♥ ❡♥t❡r♦s

r(1, P ) < s(1, P ) < r(2, P ) < . . . < r(l, P ) < s(l, P ) < . . .

t❛❧❡s q✉❡ ❡❧ ♣r♦♠❡❞✐♦ ❞❡ ϕ ❡s ♠❡♥♦r ❛ r ❡♥ ❝❛❞❛ át♦♠♦ Lr(l,P )(P ) ② ♠❛②♦r ❛ s ❡♥
❝❛❞❛ Ls(l,P )(P )✳

❉❡✜♥❛♠♦s ❛❤♦r❛

Rl =
⋃

P∈U

Lr(l,P )(P ) ② Sl =
⋃

P∈U

Ls(l,P )(P ).
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▲✉❡❣♦ R1 ⊇ S1 ⊇ R2 ⊇ . . . ⊇ Rl ⊇ Sl ⊇ . . . ⊇ U ❞❡ ❞♦♥❞❡ U ⊂ V =
⋂

Rl =
⋂

Sl✳
◆♦t❡♠♦s q✉❡ ❝♦♠♦ U t✐❡♥❡ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛ ❡♥t♦♥❝❡s t❛♠❜✐é♥ ❧❛ t✐❡♥❡ V ✳ P♦r ♦tr♦
❧❛❞♦✱ ❝♦♠♦ ❝✉❛❧❡sq✉✐❡r❛ ❞♦s át♦♠♦s s♦♥ ❞✐s❥✉♥t♦s ♦ ✉♥♦ ❡stá ❝♦♥t❡♥✐❞♦ ❡♥ ❡❧ ♦tr♦
❡♥t♦♥❝❡s Rl ❡s ✉♥✐ó♥ ❞✐s❥✉♥t❛ ❞❡ át♦♠♦s ❡♥ ❞♦♥❞❡ ❡❧ ♣r♦♠❡❞✐♦ ❞❡ ϕ ❡s ♠❡♥♦r ❛ r✱ ❞❡
❢♦r♠❛ q✉❡

1

µ(Rl)

∫

Rl

ϕ(x)dx < r.

P❡r♦ ❝♦♠♦ V t✐❡♥❡ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛ ② ❧♦sRl ❞❡❝r❡❝❡♥ ♠♦♥ót♦♥❛♠❡♥t❡ ❛ V ✱ ❡♥t♦♥❝❡s
t♦♠❛♥❞♦ ❧í♠✐t❡ ♦❜t❡♥❡♠♦s✿

1

µ(V )

∫

V

ϕ(x)dx ≤ r.

❊s ❞❡❝✐r q✉❡ ❡❧ ♣r♦♠❡❞✐♦ ❞❡ ϕ ❡♥ V ❡s ♠❡♥♦r ♦ ✐❣✉❛❧ ❛ r✱ ♣❡r♦ ❛♥á❧♦❣❛♠❡♥t❡
♣♦❞❡♠♦s ❞❡♠♦str❛r q✉❡ ❞❡❜❡ s❡r ♠❛②♦r ♦ ✐❣✉❛❧ ❛ s✱ ❧♦ q✉❡ ❡s ❛❜s✉r❞♦ ②❛ q✉❡ 0 < r < s✳
❍❡♠♦s ♣r♦❜❛❞♦ ❡♥t♦♥❝❡s q✉❡ s✐ ✜❥❛♠♦s ϕ ❡♥t♦♥❝❡s ĺımTnϕ(P ) ❡①✐st❡ ❝✉❛♥❞♦ n → ∞
♣❛r❛ ❝❛s✐ t♦❞♦ P ❡♥ P ✳

P❛r❛ ❝❛❞❛ ❢✉♥❝✐ó♥ ♠❡❞✐❜❧❡ ϕ✱ ❡❧ ❧í♠✐t❡ ❡①✐st❡ ♣❛r❛ ❝❛s✐ t♦❞♦ ♣✉♥t♦ ♣❡r♦ s✐ ✜❥❛♠♦s
✉♥ P ❡♥ P ♥♦ ♣♦❞❡♠♦s ❞❡❝✐r ♥❛❞❛ ②❛ q✉❡ ést❡ ♣♦❞rí❛ ❡st❛r ❡♥ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛
♥✉❧❛ ❡♥ ❡❧ q✉❡ ♥♦ ❡①✐st❡ ❡❧ ❧í♠✐t❡❀ ♣❡♦r ❛ú♥✱ ❡st❡ ❝♦♥❥✉♥t♦ ♣✉❡❞❡ ♥♦ s❡r ❡❧ ♠✐s♠♦ ♣❛r❛
❞✐st✐♥t❛s ❢✉♥❝✐♦♥❡s✳ P❛r❛ s♦❧✉❝✐♦♥❛r ❡st♦ ✈❛♠♦s ❛ q✉❡❞❛r♥♦s só❧♦ ❝♦♥ ❧❛s ❢✉♥❝✐♦♥❡s
❝♦♥t✐♥✉❛s ② ✈❛♠♦s ❛ ✉s❛r q✉❡ (C[0, 1], || ||∞) ❡s s❡♣❛r❛❜❧❡✳

❙❡❛ {ϕn} ✉♥ ❞❡♥s♦ ♥✉♠❡r❛❜❧❡ ❞❡ C[0, 1] ② ❧❧❛♠❡♠♦s Fn ❛❧ ❝♦♥❥✉♥t♦ ❞❡ ♣✉♥t♦s ❞❡
P ❡♥ ❞♦♥❞❡ ❡❧ ❧í♠✐t❡ ❡①✐st❡ ♣❛r❛ ϕn✳ P♦r ú❧t✐♠♦ ❞❡✜♥❛♠♦s F =

⋂
Fn✱ ❝♦♠♦ ♣♦r ❧♦

❛♥t❡r✐♦r ❝❛s✐ t♦❞♦ ♣✉♥t♦ ❡stá ❡♥ Fn ❡♥t♦♥❝❡s ❝❛s✐ t♦❞♦ ♣✉♥t♦ ❡stá ❡♥ F ✳ ❊❧ ❝♦♥❥✉♥t♦
❞❡ ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s ♣❛r❛ ❧❛s q✉❡ ❡❧ ❧í♠✐t❡ ❡①✐st❡ ♣❛r❛ t♦❞♦ P ❡♥ F ❡s ❝❡rr❛❞♦ ♣♦r
❝♦♥✈❡r❣❡♥❝✐❛ ✉♥✐❢♦r♠❡ ② ❝♦♥t✐❡♥❡ ❛ ❧❛s ϕn ❞❡ ❞♦♥❞❡ ést❡ ❞❡❜❡ s❡r t♦❞♦ C[0, 1]✳ ❊s
❞❡❝✐r q✉❡ ❡①✐st❡ ✉♥ ❝♦♥❥✉♥t♦ F ⊂ P ❞❡ ♠❡❞✐❞❛ ♠á①✐♠❛ t❛❧ q✉❡ ♣❛r❛ t♦❞♦ P ❡♥ F ②
t♦❞❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ ϕ ❡①✐st❡ ❡❧ ❧í♠✐t❡

Tϕ(P ) = ĺım
n→∞

Tnϕ(P ).

❆❤♦r❛ ✈❛♠♦s ❛ ❞❡✜♥✐r ✉♥❛ ♠❡❞✐❞❛ µP ♣❛r❛ ❝❛❞❛ P ❡♥ F ✳ ❙✐ ♣♦♥❡♠♦s eP (ϕ) =
Tϕ(P ) ❡♥t♦♥❝❡s eP : C[0, 1] → R ❡s ✉♥ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛❧ ❝♦♥t✐♥✉♦ ♣✉❡s

|eP (ϕ)| = | ĺımTnϕ(P )| ≤ sup ϕ = ||ϕ||∞.

❈♦♠♦ ❛❞❡♠ás s❡ t✐❡♥❡ q✉❡ eP (1) = 1 ② eP (ϕ) ≥ 0 s✐ ϕ ≥ 0 ❡♥t♦♥❝❡s ♣♦r ❡❧ t❡♦r❡♠❛
❞❡ ❘✐❡s③ ❡①✐st❡ ✉♥❛ ♠❡❞✐❞❛ ❜♦r❡❧✐❛♥❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ vP t❛❧ q✉❡ ♣❛r❛ t♦❞❛ ❢✉♥❝✐ó♥
❝♦♥t✐♥✉❛ ϕ
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Tϕ(P ) = eP (ϕ) =

∫
ϕdvP .

❍❛st❛ ❡❧ ♠♦♠❡♥t♦ só❧♦ ❞❡✜♥✐♠♦s vP ❝✉❛♥❞♦ P ❡stá ❡♥ F ✱ ♣❛r❛ ❡❧ r❡st♦ ❞❡ ❧♦s P
❡❧✐❥❛♠♦s ✉♥❛ ♠❡❞✐❞❛ ❜♦r❡❧✐❛♥❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ ❛r❜✐tr❛r✐❛✳ Pr♦❜❡♠♦s ❛❤♦r❛ q✉❡ ❡st❛
❢❛♠✐❧✐❛ ❞❡ ♠❡❞✐❞❛s {vP : P ❡♥ P} ✈❡r✐✜❝❛ ❧❛ ❢ór♠✉❧❛ ❞❡❧ ❡♥✉♥❝✐❛❞♦ ♣❛r❛ ❝❛❧❝✉❧❛r ❧❛
✐♥t❡❣r❛❧ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ✐♥t❡❣r❛❜❧❡✳

❙✐ ϕ ❡s ❝♦♥t✐♥✉❛✱ ❝♦♠♦ Tnϕ → Tϕ ❡♥ ❝❛s✐ t♦❞♦ ♣✉♥t♦ ② sup Tnϕ < sup ϕ ❡♥t♦♥❝❡s
♣♦r ✭✷✳✶✮ ② ❡❧ t❡♦r❡♠❛ ❞❡ ❝♦♥✈❡r❣❡♥❝✐❛ ❞♦♠✐♥❛❞❛

∫

P

Tϕ(P )dv∗ =

∫
ϕ(x)dx.

❖ ❧♦ q✉❡ ❡s ❧♦ ♠✐s♠♦
∫

P

(

∫
ϕdvP )dv∗ =

∫
ϕ(x)dx ✭✸✳✷✮

❊s ❞❡❝✐r q✉❡ ❧❛ ❢ór♠✉❧❛ ❞❡❧ ❡♥✉♥❝✐❛❞♦ ✈❛❧❡ ♣❛r❛ ❧❛s ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s✱ ♣❡r♦ ❧❛
❝❧❛s❡ ❞❡ ❢✉♥❝✐♦♥❡s ♣❛r❛ ❧❛s q✉❡ ✈❛❧❡ ❡s ❝❡rr❛❞❛ ♣♦r ❝♦♥✈❡r❣❡♥❝✐❛ ♣✉♥t✉❛❧ ❞♦♠✐♥❛❞❛ ❞❡
❞♦♥❞❡ ✈❛❧❡ ♣❛r❛ t♦❞❛ ❢✉♥❝✐ó♥ ✐♥t❡❣r❛❜❧❡ ϕ ❝♦♠♦ q✉❡rí❛♠♦s✳

P❛r❛ ✈❡r q✉❡ vP (P ) = 1 ♥♦t❡♠♦s q✉❡ ♣♦r ❧❛ ♠✐s♠❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❧❛ ❢ór♠✉❧❛
✭✷✳✷✮✱ ♣❛r❛ t♦❞♦ át♦♠♦ L ❞❡ Pn ② t♦❞❛ ❢✉♥❝✐ó♥ ♠❡❞✐❜❧❡ ϕ

∫

L

(

∫
ϕdvP )dv∗ =

∫
χL(x)ϕ(x)dx.

❙✐ t♦♠❛♠♦s ϕ = χL ❡♥t♦♥❝❡s
∫

L

(

∫
χLdvP )dv∗ =

∫
χL(x)χL(x)dx.

∫

L

µP (L)dv∗ = µ(L) = v∗(L)

❊s ❞❡❝✐r q✉❡ vP (L) = 1 ♣❛r❛ ❝❛s✐ t♦❞♦ P ❡♥ L✳ ❈♦♠♦ ❤❛② ♥✉♠❡r❛❜❧❡s át♦♠♦s L✱
❡♥t♦♥❝❡s ♣❛r❛ ❝❛s✐ t♦❞♦ P s❡ t✐❡♥❡ vP (Ln(P )) = 1❀ ❞❡ ❞♦♥❞❡ vP (P ) = 1 ♣❛r❛ ❝❛s✐
t♦❞♦ P ♣✉❡s Ln(P ) ց P ✳ ‡

◆♦t❛s✿

✶✳ ❙✐ ❝❛♠❜✐❛♠♦s ❛❧ ✐♥t❡r✈❛❧♦ ([0, 1], µ) ♣♦r ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦ X ② µ
♣♦r ✉♥❛ ♠❡❞✐❞❛ ❜♦r❡❧✐❛♥❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ ❡♥t♦♥❝❡s ✈❛❧❡ ❧❛ ♠✐s♠❛ ❞❡♠♦str❛❝✐ó♥
♣✉❡s (C(X), || ||∞) s✐❣✉❡ s✐❡♥❞♦ s❡♣❛r❛❜❧❡ ② ❡❧ t❡♦r❡♠❛ ❞❡ ❘✐❡s③ s✐❣✉❡ ✈❛❧✐❡♥❞♦✳
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✷✳ ❍❛② ♦tr❛s ❞❡♠♦str❛❝✐♦♥❡s✱ ❝♦♠♦ ♠❡♥❝✐♦♥❛♠♦s ❛♥t❡s ❘♦❤❧✐♥ ❞❡♠♦stró q✉❡ ❡♥
r❡❛❧✐❞❛❞ t♦❞❛ ♣❛rt✐❝✐ó♥ ♠❡❞✐❜❧❡ ❞❡ ✉♥ ❡s♣❛❝✐♦ ❞❡ ▲❡❜❡s❣✉❡ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ❧❛s
♣❛rt✐❝✐ó♥ ❞❡❧ ❝✉❛❞r❛❞♦ ♣♦r s❡❣♠❡♥t♦s ✈❡rt✐❝❛❧❡s ❞❡ ❞♦♥❞❡ s❡ ♣✉❡❞❡ ❞❡❞✉❝✐r ❡❧
t❡♦r❡♠❛ ❡♥ t♦❞❛ s✉ ❣❡♥❡r❛❧✐❞❛❞ ❞✐r❡❝t❛♠❡♥t❡✳

✸✳✹✳ ❊❧ ❚❡♦r❡♠❛ ❞❡ ❘♦❤❧✐♥

❊st❛♠♦s ❛❤♦r❛ ❡♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❡♥✉♥❝✐❛r ② ♣r♦❜❛r ❡❧ t❡♦r❡♠❛ ❞❡ ❞❡s✐♥t❡❣r❛❝✐ó♥
❞❡ ❘♦❤❧✐♥ ❡♥ t♦❞❛ s✉ ❣❡♥❡r❛❧✐❞❛❞

❚❡♦r❡♠❛ ❞❡ ❞❡s✐♥t❡❣r❛❝✐ó♥ ❞❡ ❘♦❤❧✐♥✿ ❉❛❞♦ ✉♥ ❡s♣❛❝✐♦ ❞❡ ▲❡❜❡s❣✉❡ (X,B, v)
② ✉♥❛ ♣❛rt✐❝✐ó♥ ♠❡❞✐❜❧❡ P ✱ ❡①✐st❡ ✉♥❛ ❢❛♠✐❧✐❛ {vP ;P ❡♥ P} ❞❡ ♠❡❞✐❞❛s ❞❡ ♣r♦❜❛❜✐❧✐✲
❞❛❞ t❛❧❡s q✉❡

P❛r❛ ❝❛s✐ t♦❞♦ P ❡♥ P s❡ t✐❡♥❡ vP (P ) = 1

P❛r❛ t♦❞❛ ❢✉♥❝✐ó♥ ✐♥t❡❣r❛❜❧❡ ϕ s✉ ✐♥t❡❣r❛❧ s❡ ♣✉❡❞❡ ❝❛❧❝✉❧❛r ❝♦♠♦

∫
ϕdv =

∫

P

(

∫
ϕdvP )dv∗.

▼ás ❛ú♥✱ ❡st❛ ❢❛♠✐❧✐❛ ❡s ✏❡s❡♥❝✐❛❧♠❡♥t❡✑ ú♥✐❝❛✱ ❡s ❞❡❝✐r s✐ {µP ;P ❡♥ P} ✈❡r✐✜❝❛
❧❛s ♠✐s♠❛s ❝♦♥❞✐❝✐♦♥❡s ❡♥t♦♥❝❡s vP = µP ♣❛r❛ ❝❛s✐ t♦❞♦ P ❡♥ P ✳

❉❡♠♦str❛❝✐ó♥✿

▲❛ ❡①✐st❡♥❝✐❛ ❞❡ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ♠❡❞✐❞❛s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ {vP ;P ❡♥ P} s❛❧❡ ❞❡❧ t❡♦r❡✲
♠❛ ❛♥t❡r✐♦r ✉s❛♥❞♦ q✉❡ (X,B, v) ❡s ✐s♦♠♦r❢♦ (mod 0) ❛❧ ✐♥t❡r✈❛❧♦ [0, 1] ❝♦♥ ❧❛ ♠❡❞✐❞❛
❞❡ ▲❡❜❡s❣✉❡ ② ❧❛ σ−á❧❣❡❜r❛ ❞❡ ❧♦s ❜♦r❡❧✐❛♥♦s✳ ❙ó❧♦ ❤❛② q✉❡ ✈❡r✐✜❝❛r ❧❛ ✉♥✐❝✐❞❛❞✳

❆❤♦r❛✱ s✉♣♦♥❣❛♠♦s q✉❡ t❡♥❡♠♦s ♦tr❛ ❢❛♠✐❧✐❛ {µP ;P ❡♥ P} ❞❡ ♠❡❞✐❞❛s ❞❡ ♣r♦❜❛✲
❜✐❧✐❞❛❞ q✉❡ ✈❡r✐✜❝❛♥ ❧❛s ♠✐s♠❛s ❝♦♥❞✐❝✐♦♥❡s ② ❡s ✏❡s❡♥❝✐❛❧♠❡♥t❡ ❞✐st✐♥t❛✑✳ ❊♥t♦♥❝❡s
❡①✐st❡ ✉♥ s✉❜❝♦♥❥✉♥t♦W ❞❡ P ❞❡ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛ ② ✉♥❛ ❢✉♥❝✐ó♥ ✐♥t❡❣r❛❜❧❡ ϕ : X → R

t❛❧ q✉❡
∫

W

(

∫
ϕdvp)dv∗ 6=

∫

W

(

∫
ϕdµp)dv∗.

❉❡ ❞♦♥❞❡✿
∫

P

(

∫
ϕχWdvp)dv∗ 6=

∫

P

(

∫
ϕχWdµp)dv∗.

▲♦ q✉❡ ❡s ❛❜s✉r❞♦ ②❛ q✉❡ ❛♠❜❛s ✐♥t❡❣r❛❧❡s ❞❡❜❡♥ ❝♦✐♥❝✐❞✐r ❝♦♥
∫
ϕχWdv✱ ❞❡ ❞♦♥❞❡

vP = µP ♣❛r❛ ❝❛s✐ t♦❞♦ P ❡♥ P ✳ ‡
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◆♦t❡♠♦s q✉❡ ❝♦♠♦ vP (P ) = 1 ❡♥t♦♥❝❡s ❧❛ ♠❡❞✐❞❛ vP s❡ ♣✉❡❞❡ ♣❡♥s❛r ❡♥ r❡❛❧✐❞❛❞
❝♦♠♦ ✉♥❛ ♠❡❞✐❞❛ ❡♥ P ✳ ❊❧ t❡♦r❡♠❛ ❧♦ q✉❡ ❞✐❝❡ ❡s q✉❡ ❞❛❞❛ ✉♥❛ ♣❛rt✐❝✐ó♥ ♠❡❞✐❜❧❡ P ✱
❧❛ ♠❡❞✐❞❛ v s❡ ❞❡s❝♦♠♣♦♥❡ ❡♥ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ♠❡❞✐❞❛s vP ✱ ✉♥❛ ❡♥ ❝❛❞❛ át♦♠♦ ❞❡ P ✳
❙✐❡♥❞♦ ✉♥ ♣♦❝♦ ✐♥❢♦r♠❛❧❡s ♣♦❞❡♠♦s ❞❡❝✐r q✉❡

v =

∫

P

vPdv∗.

P❛r❛ s❡r ❝♦♠♣❧❡t♦s ♠❡♥❝✐♦♥❛♠♦s ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✿ ❉❛❞♦ ✉♥ ❡s♣❛❝✐♦ (X,B, v)
❞❡ ▲❡❜❡s❣✉❡ ② ✉♥❛ ♣❛rt✐❝✐ó♥ P ✱ s✐ ❡①✐st❡ ❧❛ ❢❛♠✐❧✐❛ {µP : P ❡♥ P} ❡♥t♦♥❝❡s ❧❛ ♣❛rt✐❝✐ó♥
P ❡s ♠❡❞✐❜❧❡✳

❊❥❡♠♣❧♦s✿

✶✳ ✭P❛rt✐❝✐♦♥❡s ❋✐♥✐t❛s✮ ❚♦❞❛ ♣❛rt✐❝✐ó♥ ✜♥✐t❛ ♦ ♥✉♠❡r❛❜❧❡ ❡s ♠❡❞✐❜❧❡✱ s✐ P = {An}
❡♥t♦♥❝❡s ❧❛s ♠❡❞✐❞❛s ❞❡s✐♥t❡❣r❛❞❛s ♥♦ s♦♥ ♦tr❛s q✉❡ ❧❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❝♦♥❞✐✲
❝✐♦♥❛❧❡s r❡s♣❡❝t♦ ❞❡ ❧♦s Ai✳ ❊s ❞❡❝✐r q✉❡ s✐ P = An ❡♥t♦♥❝❡s

vP (C) =
v(C ∩ An)

v(An)
.

✷✳ ✭❊s♣❡r❛♥③❛ ❈♦♥❞✐❝✐♦♥❛❧✮ ❉❛❞♦ ✉♥ ❡s♣❛❝✐♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞✱ ❡s ❢á❝✐❧ ❞❡✜♥✐r ♣r♦✲
❜❛❜✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛❧❡s r❡s♣❡❝t♦ ❞❡ ❡✈❡♥t♦s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ ♣♦s✐t✐✈❛ ♣❡r♦ ♥♦
q✉❡❞❛ ❝❧❛r♦ ❝ó♠♦ ✉♥♦ ❞❡❜❡rí❛ ❞❡✜♥✐r❧❛s ❝✉❛♥❞♦ ✉♥♦ ❝♦♥❞✐❝✐♦♥❛ ❛ ❡✈❡♥t♦s ❞❡
♣r♦❜❛❜✐❧✐❞❛❞ ♥✉❧❛✳ ❊❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r ♣r♦♣♦♥❡ ✉♥❛ r❡s♣✉❡st❛ ❝✉❛♥❞♦ ❡❧ ❡s♣❛✲
❝✐♦ ❡s ❞❡ ▲❡❜❡s❣✉❡ ② s❡ t✐❡♥❡ ✉♥❛ ♣❛rt✐❝✐ó♥ ♠❡❞✐❜❧❡✱ s✐♥ ❡♠❜❛r❣♦ ♥♦t❡♠♦s q✉❡
❧❛ ♣r♦❜❛❜✐❧✐❞❛❞ ❝♦♥❞✐❝✐♦♥❛❧ ♥♦ ❞❡♣❡♥❞❡ s♦❧❛♠❡♥t❡ ❞❡❧ át♦♠♦ s✐♥♦ ❞❡ t♦❞❛ ❧❛
♣❛rt✐❝✐ó♥✦

❆❧❣♦ ♣❛r❡❝✐❞♦ ♣❛s❛ ❝♦♥ ❧❛ ❡s♣❡r❛♥③❛ ❝♦♥❞✐❝✐♦♥❛❧✿ ❞❛❞❛s ❞♦s ✈❛r✐❛❜❧❡s ❛❧❡❛t♦r✐❛s
X ❡ Y ✱ ❧❛ ❡s♣❡r❛♥③❛ ❝♦♥❞✐❝✐♦♥❛❧ E(X|Y ) ❡s ❧❛ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛ σ(Y )−♠❡❞✐❜❧❡
q✉❡ ♠❡❥♦r ❛♣r♦①✐♠❛ ❛ X ✭✏❧❛ ♠❡❥♦r ❛♣✉❡st❛ ♣❛r❛ X ❝♦♥♦❝✐❡♥❞♦ ❡❧ ✈❛❧♦r ❞❡ Y ✑✮✳

❈✉❛♥❞♦ ❡❧ ❡s♣❛❝✐♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ ❡s ❞❡ ▲❡❜❡s❣✉❡ ♥♦ ❤❛② ♠✉❝❤♦ ♠✐st❡r✐♦✱ ❜❛st❛
❝♦♥s✐❞❡r❛r ❧❛ ♣❛rt✐❝✐ó♥ ✭♠❡❞✐❜❧❡✦✮ ✐♥❞✉❝✐❞❛ ♣♦r ❧❛ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛ Y ✳ ▼ás
♣r❡❝✐s❛♠❡♥t❡✱ ❞❛❞♦ ✉♥ ❡✈❡♥t♦ w s❡❛ vw ❧❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ ❛s♦❝✐❛❞❛ ❛❧
át♦♠♦ Y −1(Y (w))✱ ❡♥t♦♥❝❡s

E(X|Y )(w) =

∫
Xdvw.

✸✳ ✭❋♦❧✐❛❝✐♦♥❡s✮ ❙✐ ❝♦♥s✐❞❡r❛♠♦s ❡❧ ❝✉❛❞r❛❞♦ ✉♥✐t❛r✐♦ ② ❧❛ ♣❛rt✐❝✐ó♥ ❡♥ s❡❣♠❡♥t♦s
✈❡rt✐❝❛❧❡s ❡♥t♦♥❝❡s ést❛ ❡s ♠❡❞✐❜❧❡ ② ❧❛s ♠❡❞✐❞❛s ❞❡s✐♥t❡❣r❛❞❛s ♥♦ s♦♥ ♦tr❛s
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q✉❡ ❧❛s ❞❡ ▲❡❜❡s❣✉❡ ❡♥ ❧♦s s❡❣♠❡♥t♦s ✭❧❛s 1−❞✐♠❡♥s✐♦♥❛❧❡s✮✳ ▲❛ ❢ór♠✉❧❛ ♣❛r❛
❝❛❧❝✉❧❛r ❧❛ ✐♥t❡❣r❛❧ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ϕ ♥♦ ❡s ♦tr❛ ❝♦s❛ q✉❡ ❡❧ t❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐✳

❉❡ ❢♦r♠❛ ♠ás ❣❡♥❡r❛❧✱ s✐ t❡♥❡♠♦s ✉♥❛ ❢♦❧✐❛❝✐ó♥ ❝♦♥t✐♥✉❛ ❞❡ ✉♥ ❛❜✐❡rt♦ U ❞❡
Rn✱ ❝✉❛♥❞♦ ❧❛ ♣❛rt✐❝✐ó♥ q✉❡ ✐♥❞✉❝❡ ❡s ♠❡❞✐❜❧❡✱ ❡❧ t❡♦r❡♠❛ ♥♦s ❞✐❝❡ q✉❡ ♣♦❞❡♠♦s
♣♦♥❡r ✉♥❛ ♠❡❞✐❞❛ ❡♥ ❝❛❞❛ ❤♦❥❛ ❞❡ ❧❛ ❢♦❧✐❛❝✐ó♥ ❞❡ ❢♦r♠❛ q✉❡ ✐♥t❡❣r❛r ✉♥❛ ❢✉♥❝✐ó♥
❡♥ U ❡s ❧♦ ♠✐s♠♦ q✉❡ ✐♥t❡❣r❛r s♦❜r❡ ❝❛❞❛ ❤♦❥❛ ✭r❡s♣❡❝t♦ ❞❡ ❡st❛s ♠❡❞✐❞❛s✮ ②
❧✉❡❣♦ ✐♥t❡❣r❛r t♦❞♦s ❧♦s r❡s✉❧t❛❞♦s r❡s♣❡❝t♦ ❞❡ ❧❛ ♠❡❞✐❞❛ ❝♦❝✐❡♥t❡✳

❈✉❛♥❞♦ ❧❛ ❢♦❧✐❛❝✐ó♥ ❡s ❞✐❢❡r❡♥❝✐❛❜❧❡ s❡ ♣✉❡❞❡♥ ❞❛r ❢ór♠✉❧❛s ❡①♣❧í❝✐t❛s ❞❡ q✉✐❡♥❡s
s♦♥ ❧❛s ♠❡❞✐❞❛s ♣❡r♦ s✐ só❧♦ t❡♥❡♠♦s ❝♦♥t✐♥✉✐❞❛❞ ést❛s ♣✉❡❞❡♥ r❡s✉❧t❛r ❜❛st❛♥t❡
♣❛t♦❧ó❣✐❝❛s✳ P♦r ❡❥❡♠♣❧♦✱ ♣❛r❛ ❧❛ ❢♦❧✐❛❝✐ó♥ ❞❡ ❑❛t♦❦✲▼✐❧♥♦r ❧❛s ♠❡❞✐❞❛s ❞❡s✐♥✲
t❡❣r❛❞❛s s♦♥ ✉♥✐♣✉♥t✉❛❧❡s✳ ❊s ❞❡❝✐r q✉❡ ♣❛r❛ ❝❛❞❛ ❝✉r✈❛ Γt ❡①✐st❡ ✉♥ ♣✉♥t♦ pt
❡♥ Γt t❛❧ q✉❡ vt ❡s ❧❛ ♠❡❞✐❞❛ ♣✉♥t✉❛❧ ❝♦♥❝❡♥tr❛❞❛ ❡♥ pt✦✦✦

✹✳ ✭❋ór♠✉❧❛ ❞❡ ❝♦❛r❡❛✮ ❨❛ s❛❜❡♠♦s q✉❡ s✐ X ❡ Y s♦♥ ▲❡❜❡s❣✉❡ ❡♥t♦♥❝❡s ♣❛r❛ t♦❞❛
❢✉♥❝✐ó♥ ♠❡❞✐❜❧❡ T : X → Y ✱ ❧❛ ♣❛rt✐❝✐ó♥ P = {T−1(y)} ❡s ♠❡❞✐❜❧❡✱ ❡♥t♦♥❝❡s
❡①✐st❡ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ♠❡❞✐❞❛s {vy : y ❡♥ Y } ② ✉♥❛ ♠❡❞✐❞❛ v∗ ❡♥ Y t❛❧ q✉❡ ♣❛r❛
t♦❞❛ ❢✉♥❝✐ó♥ ✐♥t❡❣r❛❜❧❡ f : X → R

∫

X

fdv =

∫

Y

(

∫

T−1(y)

fdvy)dv∗.

❊♥ ♣❛rt✐❝✉❧❛r✱ ❧♦ ❛♥t❡r✐♦r ✈❛❧❡ ❝✉❛♥❞♦ X = Rn ② Y = Rm✳ ❙✐ ❛❞❡♠ás s❡ t✐❡♥❡
q✉❡ n ≥ m ② T ❡s ▲✐♣s❝❤✐t③ ❡♥t♦♥❝❡s ❧❛ ❢ór♠✉❧❛ ❞❡ ❝♦❛r❡❛ ❞❛ ✉♥❛ ❡①♣r❡s✐ó♥
❡①♣❧í❝✐t❛ ❞❡ ❡st❛s ♠❡❞✐❞❛s✿

∫

Rn

f(x)dx =

∫

Rm

(

∫

T−1(y)

f(x)(Jac T (x))−1dHn−m)dy

❉♦♥❞❡ Jac T ❡s ❡❧ ❏❛❝♦❜✐❛♥♦ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ T ✱ ❡s ❞❡❝✐r s✐ DxT ❡s ❧❛ ♠❛tr✐③
❞✐❢❡r❡♥❝✐❛❧ ❞❡ T ❡♥ x ❡♥t♦♥❝❡s

Jac T (x) =
√
Det(DxTDxT t).

✺✳ ✭❉❡s❝♦♠♣♦s✐❝✐ó♥ ❡r❣ó❞✐❝❛✮ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦✱ T : X → X
❝♦♥t✐♥✉❛ ② Z ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ♣✉♥t♦s x ❡♥ X t❛❧❡s q✉❡ ❡❧ ♣r♦♠❡❞✐♦ t❡♠♣♦r❛❧ ♥♦
❡stá ❜✐❡♥ ❞❡✜♥✐❞♦✱ ❡s ❞❡❝✐r q✉❡ ♣❛r❛ t♦❞♦ x q✉❡ ♥♦ ❡stá ❡♥ Z ② t♦❞❛ ❢✉♥❝✐ó♥
❝♦♥t✐♥✉❛ ϕ : X → R

Aϕ(x) = ĺım
n→∞

1

n

n−1∑

i=0

ϕ(T i(x)) ❡①✐st❡ .
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P♦r ú❧t✐♠♦✱ s❡❛ P ❧❛ ♣❛rt✐❝✐ó♥ ❞❛❞❛ ♣♦r✿ Z ❡s ✉♥ át♦♠♦ ❞❡ ❧❛ ♣❛rt✐❝✐ó♥ ② ❛❧ r❡st♦
❧♦ ♣❛rt✐♠♦s ❞❡ ❢♦r♠❛ q✉❡ x1 ② x2 ❡stá♥ ❡♥ ❡❧ ♠✐s♠♦ át♦♠♦ s✐ Aϕ(x1) = Aϕ(x2)
♣❛r❛ t♦❞❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ ϕ✳ ▲✉❡❣♦ P ❡s ✉♥❛ ♣❛rt✐❝✐ó♥ ♠❡❞✐❜❧❡ ♣❛r❛ t♦❞❛
♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ v ❡♥ X ② s✐ v ❡s T−✐♥✈❛r✐❛♥t❡ ❡♥t♦♥❝❡s v(Z) = 0 ② vP
❡s T−✐♥✈❛r✐❛♥t❡ ② ❡r❣ó❞✐❝❛ ♣❛r❛ ❝❛s✐ t♦❞♦ P ❡♥ P ✳

▲❛ ♣❛rt✐❝✐ó♥ P t✐❡♥❡ ❧❛ s✐❣✉✐❡♥t❡ ♣r♦♣✐❡❞❛❞✿ ❡s ❧❛ ♠❡♥♦r ♣❛rt✐❝✐ó♥ ✏♠❡❞✐❜❧❡✑
❡♥ ❧❛ q✉❡ x ② T (x) ❡stá♥ ❡♥ ❡❧ ♠✐s♠♦ át♦♠♦ ♣❛r❛ t♦❞♦ x ❡♥ X✳ ❈✉❛♥❞♦ ❧❛
♣❛rt✐❝✐ó♥ ❡♥ ór❜✐t❛s ❞❡ T ❡s ♠❡❞✐❜❧❡ ❡♥t♦♥❝❡s ❤❛② ✉♥❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞
T−✐♥✈❛r✐❛♥t❡ ❡♥ ❝❛s✐ t♦❞❛ ór❜✐t❛✱ ❡s ❞❡❝✐r q✉❡ ❝❛s✐ t♦❞❛ ór❜✐t❛ t✐❡♥❡ q✉❡ s❡r ✜♥✐✲
t❛✳ ❍❡♠♦s ♣r♦❜❛❞♦ ❡♥t♦♥❝❡s q✉❡ s✐ ❧❛ ♣❛rt✐❝✐ó♥ ❡♥ ór❜✐t❛s ♣♦r ✉♥ ❛✉t♦♠♦r✜s♠♦
T ❡s ♠❡❞✐❜❧❡ ❡♥t♦♥❝❡s ❝❛s✐ t♦❞❛s ❧❛s ór❜✐t❛s s♦♥ ✜♥✐t❛s✳

✻✳ ✭❊♥tr♦♣í❛✮ ❙❡❛ ❞❛❞♦ ✉♥ ❡s♣❛❝✐♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ (X, v)✱ s✐♥ ❡♥tr❛r ❡♥ ❞❡t❛❧❧❡
✈❛♠♦s ❛ ❞❡❝✐r q✉❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ✉s✉❛❧ ❞❡ ❧❛ ❡♥tr♦♣í❛ hv(T,P) ❞❡ ✉♥❛ ♣❛rt✐❝✐ó♥
P r❡s♣❡❝t♦ ❞❡ ✉♥❛ tr❛♥s❢♦r♠❛❝✐ó♥ T : X → X q✉❡ ♣r❡s❡r✈❡ ♠❡❞✐❞❛ só❧♦ t✐❡♥❡
s❡♥t✐❞♦ ❝✉❛♥❞♦ P ❡s ✜♥✐t❛ ♦ ♥✉♠❡r❛❜❧❡✳

P❛r❛ ❡①t❡♥❞❡r ❡st❛ ❞❡✜♥✐❝✐ó♥ ❛❧ ❝❛s♦ ❞❡ P ♠❡❞✐❜❧❡ s❡ ♣✉❡❞❡ ♣r♦❝❡❞❡r ❞❡ ❧❛
s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✱ r❡❝♦r❞❡♠♦s q✉❡ ❞❛❞❛s ❞♦s ♣❛rt✐❝✐♦♥❡s ✜♥✐t❛s ♦ ♥✉♠❡r❛❜❧❡s P
② Q s❡ ❞❡✜♥❡ ❧❛ ❡♥tr♦♣í❛ ❝♦♥❞✐❝✐♦♥❛❧ ❞❡ P r❡s♣❡❝t♦ ❞❡ Q ❝♦♠♦

Hv(P|Q) = −
∑

P∈P

∑

Q∈Q

vQ(P ) log vQ(P ). ✭✸✳✸✮

❉♦♥❞❡ vQ ❡s ❧❛ ♣r♦❜❛❜✐❧✐❞❛❞ ❝♦♥❞✐❝✐♦♥❛❧ ❡♥ ❡❧ át♦♠♦ Q ❞❡ Q✳

▲❡♠❛✿ ❙✐ (X, v) ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞✱ T : X → X ✉♥❛ tr❛♥s❢♦r♠❛❝✐ó♥
q✉❡ ♣r❡s❡r✈❛ ♠❡❞✐❞❛ ② P ✉♥❛ ♣❛rt✐❝✐ó♥ ✜♥✐t❛ ♦ ♥✉♠❡r❛❜❧❡ ② ❝r❡❝✐❡♥t❡ ✭TP ≥ P✮
❡♥t♦♥❝❡s

hv(T,P) = Hv(TP|P). ✭✸✳✹✮

▲❛ ✈❡♥t❛❥❛ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ✭✷✳✸✮ ❡s q✉❡ t✐❡♥❡ s❡♥t✐❞♦ s✐❡♠♣r❡ q✉❡ ❧♦s át♦♠♦s ❞❡
P ✐♥t❡rs❡❝t❡♥ ❛ ❧♦s ❞❡ Q ❡♥ ❝♦♥❥✉♥t♦s ❞❡ vQ−♠❡❞✐❞❛ ♣♦s✐t✐✈❛✳ ▲✉❡❣♦ ❝✉❛♥❞♦ P
s❡❛ ♠❡❞✐❜❧❡ ② (X, v) ✉♥ ❡s♣❛❝✐♦ ❞❡ ▲❡❜❡s❣✉❡✱ ✈✐❛ ❡❧ t❡♦r❡♠❛ ❞❡ ❘♦❤❧✐♥ ♣♦❞❡♠♦s
t♦♠❛r ✭✷✳✹✮ ❝♦♠♦ ❞❡✜♥✐❝✐ó♥ ❞❡ ❧❛ ❡♥tr♦♣í❛ ❞❡ ❧❛ ♣❛rt✐❝✐ó♥ P r❡s♣❡❝t♦ ❞❡ T ✳
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❉✐❢❡r❡♥❝✐❛❝✐ó♥ ❞❡ ■♥t❡❣r❛❧❡s

✏❚❤❡ ✇❤♦❧❡ ❜♦♦❦ ✐s ❛ ❝♦♠♠❡♥t❛r② ♦♥
t❤❡s❡ t❤r❡❡ ♠❛✐♥ s✉❜❥❡❝ts✳✑ ▼✳ ❞❡ ●✉③♠á♥

❊st❡ ❝❛♣ít✉❧♦ ❣✐r❛ ❛❧r❡❞❡❞♦r ❞❡ ❧♦s s✐❣✉✐❡♥t❡ t❡♦r❡♠❛s ❞❡ ❍✳ ▲❡❜❡s❣✉❡✱ ❡❧ s❡❣✉♥❞♦
❞❡ ❧♦s ❝✉❛❧❡s ❡s ✉♥ s✐♠♣❧❡ ❝♦r♦❧❛r✐♦ ❞❡❧ ♣r✐♠❡r♦✿

❚❡♦r❡♠❛ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ ❞❡ ▲❡❜❡s❣✉❡✿ ❉❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ f ❡♥ L1
loc(R

n)✱
♣❛r❛ ❝❛s✐ t♦❞♦ x ❡♥ Rn s❡ t✐❡♥❡ q✉❡

ĺım
1

|Q|

∫

Q

fdµ = f(x).

❉♦♥❞❡ ❡❧ ❧í♠✐t❡ s❡ t♦♠❛ s♦❜r❡ ❧♦s ❝✉❜♦s Q ❝❡♥tr❛❞♦s ❡♥ x ❝♦♥ diamQ → 0✳

❚❡♦r❡♠❛ ❞❡ ❞❡♥s✐❞❛❞ ❞❡ ▲❡❜❡s❣✉❡✿ ❉❛❞♦ ✉♥ s✉❜❝♦♥❥✉♥t♦ ♠❡❞✐❜❧❡ A ❞❡ Rn✱
♣❛r❛ ❝❛s✐ t♦❞♦ x ❡♥ Rn s❡ t✐❡♥❡ q✉❡

ĺım
µ(A ∩ Q)

µ(Q)
= χA(x).

❉♦♥❞❡ ❡❧ ❧í♠✐t❡ s❡ t♦♠❛ s♦❜r❡ ❧♦s ❝✉❜♦s Q ❝❡♥tr❛❞♦s ❡♥ x ❝♦♥ diamQ → 0✳

❊s ♥❛t✉r❛❧ ♣r❡❣✉♥t❛rs❡ s✐ s❡ ♣✉❡❞❡♥ r❡❡♠♣❧❛③❛r ❧♦s ❝✉❜♦s Q ♣♦r ♦tr❛s ✜❣✉r❛s
❣❡♦♠étr✐❝❛s✳ P♦r ❡❥❡♠♣❧♦✱ ❡s ❢á❝✐❧ ✈❡r q✉❡ ♥♦ ❤❛❝❡ ❢❛❧t❛ q✉❡ ❧♦s ❝✉❜♦s s❡❛♥ ❝❡♥tr❛❞♦s
♦ q✉❡ ❡❧ t❡♦r❡♠❛ s✐❣✉❡ s✐❡♥❞♦ ❝✐❡rt♦ ♣❛r❛ ❜♦❧❛s ♦ ❝✉❛❧q✉✐❡r ❢❛♠✐❧✐❛ ❞❡ ❝♦♥❥✉♥t♦s ❝♦♥
❡①❝❡♥tr✐❝✐❞❛❞ ❛❝♦t❛❞❛✳ ▲♦s ❞♦s ♣r✐♠❡r♦s r❡s✉❧t❛❞♦s ✐♥t❡r❡s❛♥t❡s s♦♥ ❞❡❜✐❞♦s ❛ ❙✳ ❙❛❦s
② ❆✳ ❩②❣♠✉♥❞ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡❧ ♣r✐♠❡r♦ ❞❡♠♦stró q✉❡ ❡❧ t❡♦r❡♠❛ ❞❡ ❞❡♥s✐❞❛❞ ❡s
❝✐❡rt♦ ♣❛r❛ ❧♦s r❡❝tá♥❣✉❧♦s ❝♦♥ ❧❛❞♦s ♣❛r❛❧❡❧♦s ❛ ❧♦s ❡❥❡s ② ❡❧ s❡❣✉♥❞♦ q✉❡ ❡s ❢❛❧s♦ ♣❛r❛
r❡❝tá♥❣✉❧♦s ❛r❜✐tr❛r✐♦s✳

✹✸
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❊♥ ❣❡♥❡r❛❧✱ ❞❛❞❛ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ❝♦♥❥✉♥t♦s B ♥♦s ♣♦❞❡♠♦s ♣r❡❣✉♥t❛r q✉é ♦❝✉rr❡ s✐
r❡❡♠♣❧❛③❛♠♦s ❛ ❧♦s ❝✉❜♦s ♣♦r ❧❛ ❢❛♠✐❧✐❛ B ❡♥ ❡❧ t❡♦r❡♠❛ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ ♦ ❡♥ ❡❧ ❞❡
❞❡♥s✐❞❛❞✳ ❈♦♠♦ ✈❡r❡♠♦s ♠ás ❛❞❡❧❛♥t❡✱ ❝✐❡rt❛s ♣r♦♣✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ ❧❛ ❢❛♠✐❧✐❛
B s❡ ✈❛♥ ❛ ✈❡r r❡✢❡❥❛❞❛s ❡♥ ❧❛ ❛❝♦t❛❝✐ó♥ ❞❡ ✉♥ ♦♣❡r❛❞♦r ♠❛①✐♠❛❧ ❛s♦❝✐❛❞♦ ② ❡♥ ❡❧
❣r❛❞♦ ❡♥ q✉❡ ❡s ❝✐❡rt♦ ♦ ❞❡❥❛ ❞❡ s❡r❧♦ ❡❧ t❡♦r❡♠❛ ❞❡ ▲❡❜❡s❣✉❡✳

◆♦s♦tr♦s ❡st❛♠♦s ✐♥t❡r❡s❛❞♦s ❡♥ ❡❧ t❡♦r❡♠❛ ❞❡ ▲❡❜❡s❣✉❡ ♣♦rq✉❡ ✉♥♦ ❞❡ ❧♦s ♣✉♥t♦s
❝❧❛✈❡s ❞❡❧ ♣r♦❣r❛♠❛ ❞❡ P✉❣❤✲❙❤✉❜ ♣❛r❛ ❞❡♠♦str❛r q✉❡ ❝✐❡rt♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s
s♦♥ ❡r❣ó❞✐❝♦s ♣❛s❛ ♣♦r ❝♦♥str✉✐r ✉♥❛ ❢❛♠✐❧✐❛ J ❞❡ ❝♦♥❥✉♥t♦s q✉❡ s❡ ❧❧❡✈❡♥ ❜✐❡♥ ❝♦♥ ❡❧
s✐st❡♠❛ ❞✐♥á♠✐❝♦ ❡♥ ❝✉❡st✐ó♥ ② ♣❛r❛ ❧❛ q✉❡ s✐❣❛ ✈❛❧✐❡♥❞♦ ❡❧ t❡♦r❡♠❛ ❞❡ ▲❡❜❡s❣✉❡✳ ▲❛
❞✐✜❝✉❧t❛❞ ❡stá ❡♥ q✉❡ ❡st♦s ❝♦♥❥✉♥t♦s✱ ❧♦s ❏✉❧✐❡♥♥❡s✱ s✐ ❜✐❡♥ s♦♥ ❜❛st❛♥t❡ r❡❞♦♥❞♦s ❡♥
✉♥❛ ❞✐r❡❝❝✐ó♥ ♣✉❡❞❡♥ r❡s✉❧t❛r ♠✉② ❛❧❛r❣❛❞♦s ❡♥ ♦tr❛✳

❋✐❣✉r❛ ✹✳✶✿ ❯♥ ❏✉❧✐❡♥♥❡ 3−❞✐♠❡♥s✐♦♥❛❧✳

❊♥ ❡st❡ ❝❛♣ít✉❧♦ ♥♦s ♣r♦♣♦♥❡♠♦s ❡st✉❞✐❛r ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ ❞❡
✉♥❛ ❢❛♠✐❧✐❛ B ❛ tr❛✈és ❞❡ s✉ ♦♣❡r❛❞♦r ♠❛①✐♠❛❧ ❛s♦❝✐❛❞♦ ② s✉ ❢✉♥❝✐ó♥ ❞❡❧ ❤❛❧♦✳ ❊♥
♣r✐♠❡r ❧✉❣❛r ✈❛♠♦s ❛ r❡♣❛s❛r ❜r❡✈❡♠❡♥t❡ ❧♦s ❡❥❡♠♣❧♦s ❝❧ás✐❝♦s ❡♥ Rn ✐❧✉str❛♥❞♦ ❡❧ t✐♣♦
❞❡ ❞✐✜❝✉❧t❛❞❡s q✉❡ ♣✉❡❞❡♥ s✉r❣✐r ② ❝ó♠♦ s❡ ♣✉❡❞❡♥ s✉♣❡r❛r✳ ❊♥ ❧❛ s❡❣✉♥❞❛ s❡❝❝✐ó♥
❛❞♦♣t❛♠♦s ✉♥ ♣✉♥t♦ ❞❡ ✈✐st❛ ♠✉❝❤♦ ♠ás ❣❡♥❡r❛❧✱ ❤❛❝❡♠♦s ❧❛s ❞❡✜♥✐❝✐♦♥❡s ❜ás✐❝❛s
❝♦♠♦ ❜❛s❡s ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ ② ♦♣❡r❛❞♦r❡s ♠❛①✐♠❛❧❡s ② ♣r♦❜❛♠♦s ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s
r❡❧❛❝✐♦♥❛♥❞♦ ❡st♦s ❝♦♥❝❡♣t♦s✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ✈❛♠♦s ❛ ❞❡✜♥✐r ❧❛ ❢✉♥❝✐ó♥ ❞❡❧ ❤❛❧♦ ❞❡
✉♥❛ ❢❛♠✐❧✐❛ B ② ♣r♦❜❛r❡♠♦s q✉❡ s✐ ést❛ ❡s ✜♥✐t❛ ❡♥t♦♥❝❡s ❧❛ ❜❛s❡ B ❡s ❞❡ ❞❡♥s✐❞❛❞✳
P♦r ú❧t✐♠♦✱ ✈❛♠♦s ❛ ♣r♦❜❛r ❡❧ t❡♦r❡♠❛ ❞❡ ▲❡❜❡s❣✉❡ ❡♥ ✈❛r✐❡❞❛❞❡s ❘✐❡♠❛♥♥✐❛♥❛s q✉❡
♥♦s s✐r✈❡ ❝♦♠♦ ❡①❝✉s❛ ♣❛r❛ ✐♥tr♦❞✉❝✐r ❡❧ ❧❡♠❛ ❞❡ ❇❡s✐❝♦✈✐t❝❤✳

▲❛ ♠❛②♦r✐❛ ❞❡❧ ♠❛t❡r✐❛❧ ❞❡ ❡st❡ ❝❛♣ít✉❧♦ ✭② ♠✉❝❤♦ ♠ás✦✮ s❡ ♣✉❡❞❡ ❡♥❝♦♥tr❛r ❡♥
❡❧ ❡①❝❡❧❡♥t❡ ❧✐❜r♦ ❞❡ ▼✐❣✉❡❧ ❞❡ ●✉③♠❛♥ ❛❧ q✉❡ ❤❛❝❡ r❡❢❡r❡♥❝✐❛ ❧❛ ❢r❛s❡ q✉❡ ❛❜r❡ ❡❧
❝❛♣ít✉❧♦ ✭❬●✉✶❪✮✳

✏❚❤❡ ❞✐✛❡r❡♥t❛t✐♦♥ t❤❡♦r② ✇❡ s❤❛❧❧ ♣r❡s❡♥t ❤❡r❡ ❛♣♣❡❛rs ❛s ❛♥ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥
❝♦✈❡r✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ ❢❛♠✐❧✐❡s ♦❢ s❡ts ✐♥ Rn✱ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♣r♦♣❡rt✐❡s s✐♠✐❧❛r t♦ t❤❛t ♦❢
▲❡❜❡s❣✉❡ t❤❡♦r❡♠✱ ❛♥❞ ❡st✐♠❛t✐♦♥s ❢♦r ❛♥ ❛❞❡q✉❛t❡ ❡①t❡♥s✐♦♥ ♦❢ ✇❡❧❧❦♥♦✇♥ ♠❛①✐♠❛❧
♦♣❡r❛t♦r ♦❢ ❍❛r❞② ❛♥❞ ▲✐tt❧❡✇♦♦❞✳ ❚❤❡ ✇❤♦❧❡ ❜♦♦❦ ✐s ❛ ❝♦♠♠❡♥t❛r② ♦♥ t❤❡s❡ t❤r❡❡
♠❛✐♥ s✉❜❥❡❝ts✳✑ ▼✳ ❞❡ ●✉③♠á♥
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✹✳✶✳ ❉✐❢❡r❡♥❝✐❛❝✐ó♥ ❞❡ ■♥t❡❣r❛❧❡s ❡♥ Rn

❆ ❝♦♥t✐♥✉❛❝✐ó♥ r❡♣❛s❡♠♦s ❛❧❣✉♥❛s ❞❡ ❧❛s ✐❞❡❛s ✐♥✈♦❧✉❝r❛❞❛s ❡♥ ❧❛ ❞❡♠♦str❛❝✐ó♥
❞❡❧ t❡♦r❡♠❛ ❞❡ ▲❡❜❡s❣✉❡✳

❊❧ t❡♦r❡♠❛ ❡s ❢á❝✐❧ ❝✉❛♥❞♦ ❧❛ ❢✉♥❝✐ó♥ f ❡s ❝♦♥t✐♥✉❛✱ ❧❛ ❞✐✜❝✉❧t❛❞ ❡stá ❡♥ ❡①t❡♥❞❡r
❡❧ r❡s✉❧t❛❞♦ ❛ t♦❞❛s ❧❛s ❢✉♥❝✐♦♥❡s ❧♦❝❛❧♠❡♥t❡ ✐♥t❡❣r❛❜❧❡s✳ ❈♦♠♦ ❧♦ q✉❡ s❡ q✉✐❡r❡ ♣r♦❜❛r
❡s ❛❧❣♦ ❧♦❝❛❧✱ ❛❧❝❛♥③❛ ♣r♦❜❛r❧♦ ♣❛r❛ ❧❛s ❢✉♥❝✐♦♥❡s ✐♥t❡❣r❛❜❧❡s✳ ❚♦♠❡♠♦s ❡♥t♦♥❝❡s f ❡♥
L1(Rn) ② s❡❛ g ❡♥ L1(Rn) ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ ❝✉❛❧q✉✐❡r❛✳ ▲✉❡❣♦ t❡♥❡♠♦s q✉❡✿

|
1

|Q|

∫

Q

fdµ− f(x)| ≤ |
1

|Q|

∫

Q

f − gdµ|+ |
1

|Q|

∫

Q

gdµ− g(x)|+ |g(x)− f(x)|.

❆❤♦r❛✱ ❝♦♠♦ ②❛ s❛❜❡♠♦s ❝✐❡rt♦ ❡❧ t❡♦r❡♠❛ ♣❛r❛ g ❝♦♥t✐♥✉❛✱ ❤❛❝✐❡♥❞♦ diam(Q) → 0
♦❜t❡♥❡♠♦s✿

ĺım |
1

|Q|

∫

Q

fdµ− f(x)| ≤ sup
1

|Q|

∫

Q

|f − g|dµ+ |g(x)− f(x)|. ✭✹✳✶✮

❙✐ q✉❡r❡♠♦s ♣r♦❜❛r q✉❡ ❡❧ ❧í♠✐t❡ ❞❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❡s ✐❣✉❛❧ ❛ ✵ ♣❛r❛ ❝❛s✐ t♦❞♦ x✱
❜❛st❛ ✈❡r q✉❡ ♣❛r❛ t♦❞♦ ǫ ❡❧ ❝♦♥❥✉♥t♦ Aǫ ❞❡ ♣✉♥t♦s x ❡♥ ❞♦♥❞❡ ❡s ♠❛②♦r ❛ ǫ t✐❡♥❡
♠❡❞✐❞❛ ♥✉❧❛✳ P❛r❛ ❡❧❧♦ ✈❛♠♦s ❛ ✉s❛r ❧❛ s✐❣✉✐❡♥t❡ ❞❡s✐❣✉❛❧❞❛❞✱

▲❡♠❛ ✭❍❛r❞②✲▲✐tt❧❡✇♦♦❞✮✿ ❉❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ f ❡♥ L1(Rn) s✐ ❞❡✜♥✐♠♦s ❧❛ ♠❛✲
①✐♠❛❧ ❞❡ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞ ❝♦♠♦

Mf(x) = sup
1

|Q|

∫

Q

|f |dµ.

❞♦♥❞❡ ❡❧ s✉♣r❡♠♦ ❡s s♦❜r❡ t♦❞♦s ❧♦s ❝✉❜♦s Q ❝❡♥tr❛❞♦s ❡♥ x✳ ❊♥t♦♥❝❡s ❡①✐st❡ ✉♥❛
❝♦♥st❛♥t❡ c = c(n)✱ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ f ✱ t❛❧ q✉❡ s✐ δ > 0 ❡♥t♦♥❝❡s

|{x : Mf(x) > δ}| ≤
c

δ
||f ||1.

❙✐ ❡❧ ❧í♠✐t❡ ✭✸✳✶✮ ❡s ♠❛②♦r ❛ ǫ ❡♥t♦♥❝❡s ❛❧❣✉♥♦ ❞❡ ❧♦s ❞♦s tér♠✐♥♦s ❞❡ ❧❛ ❞❡r❡❝❤❛
❞❡❜❡ s❡r ♠❛②♦r ❛ ǫ

2
✱ ❧✉❡❣♦

|Aǫ| ≤ |{x : M(f − g)(x) >
ǫ

2
}|+ |{x : |f − g|(x) >

ǫ

2
}|.

|Aǫ| ≤
2c

ǫ
||f − g||1 +

2

ǫ
||f − g||1.
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|Aǫ| ≤
2(c+ 1)

ǫ
||f − g||1.

P❡r♦ ❝♦♠♦ ❧♦ ❛♥t❡r✐♦r ❡s ♣❛r❛ ❝✉❛❧q✉✐❡r g ❝♦♥t✐♥✉❛ ② ést❛s s♦♥ ❞❡♥s❛s ❡♥ L1(Rn)
❡♥t♦♥❝❡s ||f − g||1 ❡s ❛r❜✐tr❛r✐❛♠❡♥t❡ ♣❡q✉❡ñ♦ ❞❡ ❞♦♥❞❡ Mǫ ❞❡❜❡ t❡♥❡r ♠❡❞✐❞❛ ♥✉❧❛✳

❯♥❛ ❢♦r♠❛ ❞❡ ❞❡♠♦str❛r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞ ❡s ✈✐❛ ❡❧ ❧❡♠❛ ❞❡
❱✐t❛❧✐✳

❋✐❣✉r❛ ✹✳✷✿ ▲♦s ❝✉❛❞r❛❞♦s ♠ás ♦s❝✉r♦s s♦♥ ❞✐s❥✉♥t♦s ② r❡♣r❡s❡♥t❛♥ ✉♥❛ ❜✉❡♥❛ ♣r♦✲
♣♦r❝✐ó♥ ❞❡❧ ❛r❡❛ s♦♠❜r❡❛❞❛✳

▲❡♠❛ ✭❞❡ ❱✐t❛❧✐✮✿ ❊①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ c = c(n)✱ q✉❡ ❞❡♣❡♥❞❡ s♦❧❛♠❡♥t❡ ❞❡ n✱
t❛❧ q✉❡ ♣❛r❛ t♦❞❛ ❝♦❧❡❝❝✐ó♥ ❛r❜✐tr❛r✐❛ ❞❡ ❝✉❜♦s {Qi} ❡♥ Rn ❝♦♥ E =

⋃
Qi ❞❡ ♠❡❞✐❞❛

✜♥✐t❛✱ ❡①✐st❡♥ ✜♥✐t♦s ❝✉❜♦s ❞✐s❥✉♥t♦s Q1, . . . , Qm ❞❡ ❧❛ ❝♦❧❡❝❝✐ó♥ t❛❧❡s q✉❡

m∑

j=1

|Qj| ≥ c|E|.

❯♥❛ ✈❡③ ♣r♦❜❛❞♦ ❡❧ t❡♦r❡♠❛ ❞❡ ▲❡❜❡s❣✉❡ s✉r❣❡ ❧❛ ♣r❡❣✉♥t❛ ❞❡ s✐ s❡ ♣✉❡❞❡♥ r❡✲
❡♠♣❧❛③❛r ❧♦s ❝✉❜♦s ❝❡♥tr❛❞♦s ♣♦r ♦tr❛s ✜❣✉r❛s ❣❡♦♠étr✐❝❛s ❝♦♠♦ ❜♦❧❛s ♦ ❝✉❜♦s ♥♦
♥❡❝❡s❛r✐❛♠❡♥t❡ ❝❡♥tr❛❞♦s✳ P♦r ❡❥❡♠♣❧♦✱ ❡❧ t❡♦r❡♠❛ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ s✐❣✉❡ ✈❛❧✐❡♥❞♦ s✐
r❡❡♠♣❧❛③❛♠♦s ❛ ❧♦s ❝✉❜♦s ❝❡♥tr❛❞♦s ❡♥ x ♣♦r ✉♥❛ ❢❛♠✐❧✐❛ Bx t❛❧ q✉❡ B =

⋃
Bx ❡s

✏♣♦❝♦ ❡①❝é♥tr✐❝❛✑✳

❉❡✜♥✐❝✐ó♥✿ ❯♥❛ ❢❛♠✐❧✐❛ B =
⋃

Bx ❞❡ ❝♦♥❥✉♥t♦s ♠❡❞✐❜❧❡s s❡ ❞✐❝❡ ✏♣♦❝♦ ❡①❝é♥tr✐❝❛✑
s✐ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ k t❛❧ q✉❡ ❝❛❞❛ B ❡♥ Bx t✐❡♥❡ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛✱ ❝♦♥t✐❡♥❡ ❛ x ②

|B| ≥ k(diam(B))n ✭✹✳✷✮
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❆❧ ❝♦♥❥✉♥t♦ B =
⋃

Bx ❧♦ ✈❛♠♦s ❛ ❧❧❛♠❛r ❜❛s❡ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥✱ ✈❡r✐✜q✉❡ ♦ ♥♦ ❧❛
❝♦♥❞✐❝✐ó♥ ✭✸✳✷✮✳ ❊❧ t❡♦r❡♠❛ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ ❞❡ ▲❡❜❡s❣✉❡ ❞✐❝❡ q✉❡ ❧❛ ❜❛s❡Q1 ❞❡ ❝✉❜♦s
❝❡♥tr❛❞♦s ✏❞✐❢❡r❡♥❝✐❛ ❧❛ ✐♥t❡❣r❛❧ ❞❡ ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ f ❡♥ L1(Rn)✑✳ P♦r ❧♦ ❛♥t❡r✐♦r✱
❧♦ ♠✐s♠♦ ✈❛❧❡ ♣❛r❛ ❧❛ ❜❛s❡ B1 ❞❡ ❜♦❧❛s ❝❡♥tr❛❞❛s ♦ Q2 ❞❡ ❝✉❜♦s ♥♦ ♥❡❝❡s❛r✐❛♠❡♥t❡
❝❡♥tr❛❞♦s✳

▲❛ ❜❛s❡R2 ❞❡ r❡❝tá♥❣✉❧♦s ❞❡ ❧❛❞♦s ♣❛r❛❧❡❧♦s ❛ ❧♦s ❡❥❡s ♥♦ ✈❡r✐✜❝❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✸✳✷✮
② ❞❡ ❤❡❝❤♦ ♥♦ ❞✐❢❡r❡♥❝✐❛ ❧❛ ✐♥t❡❣r❛❧ ❞❡ ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ ❡♥ L1

loc(R
n)✱ s✐♥ ❡♠❜❛r❣♦ sí

❧♦ ❤❛❝❡ ❝♦♥ ❧❛s ❢✉♥❝✐♦♥❡s ❛❝♦t❛❞❛s✳ ❊♥ ♣❛rt✐❝✉❧❛r s❡ t✐❡♥❡ q✉❡ s✐ A ❡s ✉♥ s✉❜❝♦♥❥✉♥t♦
♠❡❞✐❜❧❡ ❞❡ Rn ❡♥t♦♥❝❡s

ĺım
µ(A ∩R)

µ(R)
= χA(x) ♣❛r❛ ❝❛s✐ t♦❞♦ x ✭✹✳✸✮

❆ ✉♥❛ ❜❛s❡ B q✉❡ ✈❡r✐✜q✉❡ ✭✸✳✸✮ s❡ ❧❡ ❞✐❝❡ q✉❡ ❡s ✏❞❡ ❞❡♥s✐❞❛❞✑✳ P❛r❛ ♣r♦❜❛r q✉❡
❧❛ ❜❛s❡ R2 ❡s ❞❡ ❞❡♥s✐❞❛❞ ❤❛❝❡♥ ❢❛❧t❛ ✐❞❡❛s ♥✉❡✈❛s✳

❉❡✜♥✐❝✐ó♥✿ ❉❛❞♦ ✉♥ s✉❜❝♦♥❥✉♥t♦ ♠❡❞✐❜❧❡ A ❞❡ Rn✱ ❞❡✜♥✐♠♦s s✉ λ−❤❛❧♦ A(λ)
❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

A(λ) = {x : ❊①✐st❡ R ❡♥ R2 t❛❧ q✉❡ µ(A ∩R) ≥ λµ(R) ② x ❡stá ❡♥ R}

❋✐❣✉r❛ ✹✳✸✿ ❊❧ ❤❛❧♦ ❞❡ ✉♥❛ ❡❧✐♣s❡

▲❡♠❛✿ ❊①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ c = c(n) t❛❧ q✉❡ ♣❛r❛ t♦❞♦ ♠❡❞✐❜❧❡ ❛❝♦t❛❞♦ A ❞❡ Rn

s❡ t✐❡♥❡ q✉❡
µ(A(λ)) ≤ cµ(A)

▲❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❧❡♠❛ ② ❞❡ ❝ó♠♦ ✉s❛r❧♦ ♣❛r❛ ❞❡♠♦str❛r q✉❡ R2 ❡s ❜❛s❡ ❞❡ ❞❡♥✲
s✐❞❛❞ ♥♦ s♦♥ ❞✐❢í❝✐❧❡s ♣❡r♦ ❧❛s ♣♦st❡r❣❛♠♦s ♣❛r❛ ♠ás ❛❞❡❧❛♥t❡ ❝✉❛♥❞♦ ❧♦s ♣r♦❜❛r❡♠♦s
❡♥ ✉♥ ❝♦♥t❡①t♦ ❧✐❣❡r❛♠❡♥t❡ ♠ás ❣❡♥❡r❛❧✳

P♦r ú❧t✐♠♦✱ ✈❛❧❡ ❧❛ ♣❡♥❛ ♠❡♥❝✐♦♥❛r q✉❡ ❧❛ ❜❛s❡ R1 ❞❡ r❡❝tá♥❣✉❧♦s ❛r❜✐tr❛r✐♦s ♥♦
❡s ❞❡ ❞❡♥s✐❞❛❞ ❝♦♠♦ ❧♦ ♠✉❡str❛ ❡❧ ❡❥❡♠♣❧♦ ❞❡ ◆✐❦♦❞②♠ ❬◆✐❪✳
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✹✳✷✳ ❇❛s❡s ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ ② s✉ ♠❛①✐♠❛❧ ❛s♦❝✐❛❞❛

❉❛❞♦ ✉♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ (X, v)✱ ✉♥❛ ❜❛s❡ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ B =
⋃

Bx ❡s ✉♥❛
❢❛♠✐❧✐❛ ❞❡ ❝♦♥❥✉♥t♦s ♠❡❞✐❜❧❡s t❛❧❡s q✉❡ ❝❛❞❛ B ❡♥ Bx t✐❡♥❡ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛✱ ❝♦♥t✐❡♥❡
❛ x ②

⋂
B = {x} ❞♦♥❞❡ ❧❛ ✐♥t❡rs❡❝❝✐ó♥ ❡s s♦❜r❡ t♦❞♦s ❧♦s B ❡♥ Bx ✳

❉❡✜♥✐❝✐ó♥✿ ❯♥❛ ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞ ❡s ✉♥❛ ❜❛s❡ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ B t❛❧ q✉❡ ♣❛r❛
t♦❞♦ ♠❡❞✐❜❧❡ A s❡ t✐❡♥❡

ĺım
v(A ∩ B)

v(B)
= χA(x) ♣❛r❛ ❝❛s✐ t♦❞♦ x ❡♥ X.

❉♦♥❞❡ ❡❧ ❧í♠✐t❡ ❛♥t❡r✐♦r ❡s s♦❜r❡ t♦❞♦s ❧♦s B ❡♥ Bx ❝♦♥ B ✏❝♦♥tr❛②é♥❞♦s❡ ❛ x✑✳
❈✉❛♥❞♦ X ❡s ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ❡st♦ s✐❣♥✐✜❝❛ diam(B) → 0✳

❊❥❡♠♣❧♦s✿

✶✳ P♦r ❡❧ t❡♦r❡♠❛ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ ❞❡ ▲❡❜❡s❣✉❡✱ ❧❛s ❜❛s❡s B1 ② Q1 ❞❡ ❜♦❧❛s ② ❝✉❜♦s
❝❡♥tr❛❞♦s s♦♥ ❞❡ ❞❡♥s✐❞❛❞✳

✷✳ ▲❛ ❜❛s❡s R1 ❞❡ r❡❝tá♥❣✉❧♦s ❡♥ ❡❧ ♣❧❛♥♦ ♥♦ ❡s ❞❡ ❞❡♥s✐❞❛❞ ❝♦♠♦ ❧♦ ♠✉❡str❛
❡❧ ❡❥❡♠♣❧♦ ❞❡ ◆✐❦♦❞②♠ ❬◆✐❪✱ s✐♥ ❡♠❜❛r❣♦✱ ❙❛❦s ❞❡♠♦stró q✉❡ ❧❛ ❜❛s❡ R2 ❞❡
r❡❝tá♥❣✉❧♦s ❝♦♥ ❧❛❞♦s ♣❛r❛❧❡❧♦s ❛ ❧♦s ❡❥❡s sí ❡s ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞✳

✸✳ ❊♥ ❡❧ ♣r✐♠❡r ❝❛♣ít✉❧♦ ✈✐♠♦s ✉♥ ❡❥❡♠♣❧♦ ❞❡ ❞♦s ❢♦❧✐❛❝✐♦♥❡s F ② H ❞❡❧ ❝✉❛❞r❛❞♦
[0, 1]2 ♣❛r❛ ❧❛s q✉❡ ❧♦s F ×H−r❡❝tá♥❣✉❧♦s ♥♦ s♦♥ ✉♥❛ ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞✳

❉❛❞❛ ✉♥❛ ❜❛s❡ B ② ✉♥❛ ❢✉♥❝✐ó♥ ✐♥t❡❣r❛❜❧❡ f ❞❡✜♥❛♠♦s

D(f, x) = ĺım inf
1

v(B)

∫

B

fdv ② D(f, x) = ĺım sup
1

v(B)

∫

B

fdv.

❞♦♥❞❡ ❡❧ ❧í♠✐t❡ s❡ t♦♠❛ s♦❜r❡ t♦❞♦s ❧♦s B ❡♥ Bx ❝♦♥tr❛②é♥❞♦s❡ ❛ x✳ ❊♥ ❡❧ ❝❛s♦
❡♥ q✉❡ X s❡❛ ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦✱ ❝♦♠♦ ❡❧ ❧í♠✐t❡ s✐❣♥✐✜❝❛ diam(B) → 0✱ ❧❛ ❞❡✜♥✐❝✐ó♥
t✐❡♥❡ s❡♥t✐❞♦ ♣❛r❛ ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ ❧♦❝❛❧♠❡♥t❡ ✐♥t❡❣r❛❜❧❡✳

❉❡✜♥✐❝✐ó♥✿ ❱❛♠♦s ❛ ❞❡❝✐r q✉❡ B ❞✐❢❡r❡♥❝✐❛ ❛
∫
f ✭♦ ❞✐r❡❝t❛♠❡♥t❡ q✉❡ ❞✐❢❡r❡♥❝✐❛

❛ f✮ s✐ s❡ t✐❡♥❡ q✉❡✿

D(f, x) = D(f, x) = f(x) ♣❛r❛ ❝❛s✐ t♦❞♦ x.
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❊❥❡♠♣❧♦s✿

✶✳ ❙✐ X ❡s ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ❡♥t♦♥❝❡s t♦❞❛ ❜❛s❡ B ❞✐❢❡r❡♥❝✐❛ ❛ ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥
❝♦♥t✐♥✉❛ f ✳

✷✳ ▲❛ ❜❛s❡ B ❡s ❞❡ ❞❡♥s✐❞❛❞ s✐ ② só❧♦ s✐ ❞✐❢❡r❡♥❝✐❛ ❛ t♦❞❛s ❧❛s ❢✉♥❝✐♦♥❡s ❝❛r❛❝t❡rís✲
t✐❝❛s✳

✸✳ ❊❧ t❡♦r❡♠❛ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ ❞❡ ▲❡❜❡s❣✉❡ ❞✐❝❡ q✉❡ ❧❛ ❜❛s❡ B1 ❞❡ ❜♦❧❛s ❝❡♥✲
tr❛❞❛s ❞✐❢❡r❡♥❝✐❛ ❛ t♦❞❛ ❢✉♥❝✐ó♥ ❧♦❝❛❧♠❡♥t❡ ✐♥t❡❣r❛❜❧❡ ② ❡❧ t❡♦r❡♠❛ ❞❡ ❏❡ss❡♥✲
▼❛r❝✐❡♥❦✐❡✇✐❝③✲❩②❣♠✉♥❞ ✭♣❛❣✳ ✹✾✮ ❞✐❝❡ q✉❡ ❧❛ ❜❛s❡ R2 ❞❡ r❡❝tá♥❣✉❧♦s ❞❡ ❧❛❞♦s
♣❛r❛❧❡❧♦s ❛ ❧♦s ❡❥❡s ❧♦ ❤❛❝❡ ❝♦♥ t♦❞❛ ❢✉♥❝✐ó♥ ❛❝♦t❛❞❛ ♣❡r♦ ♥♦ ❝♦♥ ❧❛s ✐♥t❡❣r❛❜❧❡s✳

❚❡♦r❡♠❛ ✭❇✉ss❡♠❛♥✲❋❡❧❧❡r✮✿ ❉❛❞♦ ✉♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ (X, v)✱ s✐ ✉♥❛ ❜❛s❡
B ❡s ❞❡ ❞❡♥s✐❞❛❞ ❡♥t♦♥❝❡s ❞✐❢❡r❡♥❝✐❛ ❛ t♦❞❛ ❢✉♥❝✐ó♥ ❛❝♦t❛❞❛✳

❉❡♠♦str❛❝✐ó♥✿

❈♦♠♦ B ❡s ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞ ❡♥t♦♥❝❡s ♣♦r ❡❧ s❡❣✉♥❞♦ ❡❥❡♠♣❧♦ B ❞✐❢❡r❡♥❝✐❛ ❛ ❧❛s
❢✉♥❝✐♦♥❡s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❞♦♥❞❡ t❛♠❜✐é♥ ❧♦ ❤❛❝❡ ❝♦♥ ❧❛s ❢✉♥❝✐♦♥❡s s✐♠♣❧❡s✳

❉❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ ❛❝♦t❛❞❛ f ✱ s✐❡♠♣r❡ ❡①✐st❡ ✉♥❛ s✉❝❡s✐ó♥ ❝r❡❝✐❡♥t❡ ❞❡ ❢✉♥❝✐♦♥❡s
s✐♠♣❧❡s {fn} t❛❧❡s q✉❡ fn ր f ✱ ❧✉❡❣♦ ❝♦♠♦ B ❞✐❢❡r❡♥❝✐❛ ❛ ❧❛s {fn}

fn(x) = D(fn, x) ≤ D(f, x) ♣❛r❛ ❝❛s✐ t♦❞♦ x.

❚♦♠❛♥❞♦ ĺım ❝♦♥ n → ∞ ♦❜t❡♥❡♠♦s f(x) ≤ D(f, x) ♣❛r❛ ❝❛s✐ t♦❞♦ x ② ❞❡ ❢♦r♠❛
❝♦♠♣❧❡t❛♠❡♥t❡ ❛♥á❧♦❣❛ s❡ ♣r✉❡❜❛ q✉❡ D(f, x) ≤ f(x) ♣❛r❛ ❝❛s✐ t♦❞♦ x✳

❊s ❞❡❝✐r q✉❡

D(f, x) = D(f, x) = f(x) ♣❛r❛ ❝❛s✐ t♦❞♦ x.

❍❡♠♦s ♣r♦❜❛❞♦ ❡♥t♦♥❝❡s q✉❡ B ❞✐❢❡r❡♥❝✐❛ ❛ t♦❞❛ ❢✉♥❝✐ó♥ ❛❝♦t❛❞❛✳ ‡

❊❧ s✐❣✉✐❡♥t❡ ❝♦r♦❧❛r✐♦ ❡s ❢á❝✐❧ ❞❡ ♣r♦❜❛r ♣❡r♦ ❜❛st❛♥t❡ út✐❧✳

❈♦r♦❧❛r✐♦✿ ❉❛❞♦ ✉♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ (X, v) ② ✉♥❛ ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞ B✱ s✐ f ≥ 0
❡♥t♦♥❝❡s ♣❛r❛ ❝❛s✐ t♦❞♦ x ❡♥ X s❡ t✐❡♥❡ q✉❡✿

f(x) ≤ D(f, x).

❉❡♠♦str❛❝✐ó♥✿

❙❡❛ fn(x) = min{f(x), n} ≤ f(x)✱ ❧✉❡❣♦ ❝♦♠♦ fn(x) ≤ n ♣❛r❛ t♦❞♦ x ❡♥t♦♥❝❡s fn
❡s ❛❝♦t❛❞❛ ② B ❧❛ ❞✐❢❡r❡♥❝✐❛✱ ❞❡ ❞♦♥❞❡ ♣❛r❛ ❝❛s✐ t♦❞♦ x ❡♥ X
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fn(x) = D(fn, x) ≤ D(f, x).

P❡r♦ fn → f ♣✉♥t✉❛❧♠❡♥t❡ ❞❡ ❞♦♥❞❡ ❤❛❝✐❡♥❞♦ n → ∞

f(x) ≤ D(f, x) ♣❛r❛ ❝❛s✐ t♦❞♦ x.

❈♦♠♦ s❡ q✉❡rí❛ ❞❡♠♦str❛r✳ ‡

❈♦r♦❧❛r✐♦✿ ❉❛❞♦ ✉♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ (X, v)✱ ✉♥❛ ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞ B ② ❢✉♥❝✐♦♥❡s
f0 ≤ f1 ≤ f2 s✐ B ❞✐❢❡r❡♥❝✐❛ ❛ f0 ② f2 ❡♥t♦♥❝❡s t❛♠❜✐é♥ ❞✐❢❡r❡♥❝✐❛ ❛ f1✳

❉❡♠♦str❛❝✐ó♥✿

❚❡♥❡♠♦s q✉❡ 0 ≤ f1 − f0, f2 − f1 ❞❡ ❞♦♥❞❡✱ ♣♦r ❡❧ ❝♦r♦❧❛r✐♦ ❛♥t❡r✐♦r s❡ t✐❡♥❡ q✉❡
♣❛r❛ ❝❛s✐ t♦❞♦ x

f1(x)− f0(x) ≤ D(f1 − f0, x) ② f2(x)− f1(x) ≤ D(f2 − f1, x).

P❡r♦ ❝♦♠♦ B ❞✐❢❡r❡♥❝✐❛ ❛ f0 ② f2✱ ❡♥t♦♥❝❡s ♣❛r❛ ❝❛s✐ t♦❞♦ x

f1(x) ≤ D(f1, x) ≤ D(f1, x) ≤ f1(x).

❊s ❞❡❝✐r q✉❡ B ❞✐❢❡r❡♥❝✐❛ ❛ f1✳ ‡

❊❧ ❝♦r♦❧❛r✐♦ ❛♥t❡r✐♦r ♠✉❡str❛ q✉❡ ❡❧ s❡r ❞✐❢❡r❡♥❝✐❛❜❧❡ ♣♦r ✉♥❛ ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞ B ❡s
❡♥ ♣❛rt❡ ✉♥❛ ❝✉❡st✐ó♥ ❞❡❧ t❛♠❛ñ♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥ f ✳ ❊s ♣♦r ❡s♦ q✉❡ ✉♥♦ ❡stá ✐♥t❡r❡s❛❞♦
❡♥ r❡s✉❧t❛❞♦s ❞❡❧ t✐♣♦ ✏B ❞✐❢❡r❡♥❝✐❛ ❛ ❧❛s ❢✉♥❝✐♦♥❡s ❛❝♦t❛❞❛s ♦ ✐♥t❡❣r❛❜❧❡s ♦ ❡♥ Lp

♣❛r❛ ❛❧❣ú♥ p✑✳ ❊s ✐♥t❡r❡s❛♥t❡ ❤❛❝❡r ❛❝á ❡❧ s✐❣✉✐❡♥t❡ ❝♦♠❡♥t❛r✐♦✱ q✉❡ s❡ r❡❧❛❝✐♦♥❛ ❝♦♥
❧♦ ❞✐❝❤♦ ❛♥t❡s✿ ❡s s❛❜✐❞♦ q✉❡ ❧❛ ❜❛s❡ R2 ❞❡ r❡❝tá♥❣✉❧♦s ❝♦♥ ❧❛❞♦s ♣❛r❛❧❡❧♦s ❛ ❧♦s ❡❥❡s
♥♦ ❞✐❢❡r❡♥❝✐❛ ❧❛ ✐♥t❡❣r❛❧ ❞❡ ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ ✐♥t❡❣r❛❜❧❡ f ✱ s✐♥ ❡♠❜❛r❣♦✱ ❇❡s✐❝♦✈✐t❝❤
❞❡♠♦stró q✉❡ ♣❛r❛ ❝❛s✐ t♦❞♦ x s✐ D(f, x) ② D(f, x) s♦♥ ✜♥✐t♦s ❡♥t♦♥❝❡s s♦♥ ✐❣✉❛❧❡s ②
❝♦✐♥❝✐❞❡♥ ❝♦♥ f(x)✳

❆❤♦r❛ ♣r♦❜❡♠♦s ✉♥ ❧❡♠❛ ♠✉② s❡♥❝✐❧❧♦ q✉❡ ♥♦s s❡r✈✐rá ♠ás ❛❞❡❧❛♥t❡✳

▲❡♠❛✿ ❉❛❞♦ ✉♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ (X,µ)✱ ✉♥❛ ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞ B ② ✉♥❛ ♠❡❞✐❞❛
ν ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ r❡s♣❡❝t♦ ❞❡ µ✱ s✐ dv = hdµ ② B ❞✐❢❡r❡♥❝✐❛ ❧❛ ✐♥t❡❣r❛❧ ❞❡ ❧❛
❢✉♥❝✐ó♥ h ❡♥t♦♥❝❡s B ❡s ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞ ♣❛r❛ (X, ν)✳

❉❡♠♦str❛❝✐ó♥✿

❙❡❛ A ✉♥ s✉❜❝♦♥❥✉♥t♦ ♠❡❞✐❜❧❡ ❞❡ X✳ ▲✉❡❣♦ s✐ B ❞✐❢❡r❡♥❝✐❛ ❧❛ ✐♥t❡❣r❛❧ ❞❡ h ❡♥t♦♥✲
❝❡s t❛♠❜✐é♥ ❧♦ ❤❛❝❡ ❝♦♥ ❧❛ ❞❡ χAh ♣♦r ❡❧ ❝♦r♦❧❛r✐♦ ❛♥t❡r✐♦r✳ ❈♦♥s✐❞❡r❡♠♦s ❛❤♦r❛ ❡❧
s✐❣✉✐❡♥t❡ ❧í♠✐t❡✳
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ĺım

∫
β
χAhdµ

µ(β)
/

∫
β
hdµ

µ(β)
.

❈♦♠♦ B ❞✐❢❡r❡♥❝✐❛ ❧❛ ✐♥t❡❣r❛❧ ❞❡ h ② ❞❡ χAh ❡♥t♦♥❝❡s ❡❧ ❧í♠✐t❡ ❝♦♥✈❡r❣❡ ♣❛r❛ µ✲❝❛s✐
t♦❞♦ x ❛ χAh/h = χA✱ s✐❡♠♣r❡ ② ❝✉❛♥❞♦ h > 0✳ P❡r♦ ❝♦♠♦ h ≥ 0 ② ❧❛ ✐❣✉❛❧❞❛❞ s❡ ❞❛
❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ν−♠❡❞✐❞❛ ♥✉❧❛ ❡♥t♦♥❝❡s✱ r❡❡s❝r✐❜✐❡♥❞♦ ❡❧ ❧í♠✐t❡ ✉s❛♥❞♦ dν = hdµ✱

ĺım
1

ν(β)

∫

β

χAdν = ĺım

∫
β
χAhdµ∫
β
hdµ

= χA(x) ♣❛r❛ ν − ❝❛s✐ t♦❞♦ x.

❊s ❞❡❝✐r q✉❡ B ❞✐❢❡r❡♥❝✐❛ ❧❛ ✐♥t❡❣r❛❧ ❞❡ t♦❞❛s ❧❛s ❢✉♥❝✐♦♥❡s ❝❛r❛❝t❡ríst✐❝❛s ❡♥ (X, ν)✱
♦ ❞✐❝❤♦ ❞❡ ♦tr❛ ❢♦r♠❛ B ❡s ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞✱ ❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦str❛r✳ ‡

❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛ ❛ ❧♦ ❤❡❝❤♦ ❡♥ Rn ❝♦♥ ❧❛ ❜❛s❡ Q1 ❞❡ ❝✉❜♦s ❝❡♥tr❛❞♦s✱ ♣❛r❛
❝✉❛❧q✉✐❡r ❜❛s❡ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ B ✈❛♠♦s ❛ ❞❡✜♥✐r ❧❛ ♠❛①✐♠❛❧ ❛s♦❝✐❛❞❛ ❛ ❧❛ ❜❛s❡ ❞❡
❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

❉❡✜♥✐❝✐ó♥✿ ❉❛❞♦ ✉♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ (X, v) ② ✉♥❛ ❜❛s❡ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ B✱
❞❡✜♥✐♠♦s ❧❛ ♠❛①✐♠❛❧ MB ❝♦♠♦ ✉♥ ♦♣❡r❛❞♦r q✉❡ ❛s♦❝✐❛ ❛ ❝❛❞❛ ❢✉♥❝✐ó♥ ✐♥t❡❣r❛❜❧❡ f
✉♥❛ ❢✉♥❝✐ó♥ ♠❡❞✐❜❧❡ MBf ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

MBf(x) = sup{
1

v(B)

∫

B

|f |dv : B ❡♥ Bx}.

▲❛ ✐❞❡❛ ❡s q✉❡ ❧❛ ❝♦♥t✐♥✉✐❞❛❞ ❞❡ ❧❛ ♠❛①✐♠❛❧ ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❢✉♥❝✐♦♥❡s s❡ ✈❡
r❡✢❡❥❛❞❛ ❡♥ ♣r♦♣✐❡❞❛❞❡s ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ ❞❡ ❢✉♥❝✐♦♥❡s ❡♥ ❡s❡ ❡s♣❛❝✐♦ ♣♦r ❧❛ ❜❛s❡
B✳ P♦r ❡❥❡♠♣❧♦✱ s✐ MB ❡s ❝♦♥t✐♥✉❛ ❞❡ Lp ❡♥ Lp ♣❛r❛ p ≥ 1 ❡♥t♦♥❝❡s B ❞✐❢❡r❡♥❝✐❛
❧❛ ✐♥t❡❣r❛❧ ❞❡ ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ ❡♥ Lp✳ ▲❛♠❡♥t❛❜❧❡♠❡♥t❡✱ ❧❛ ♠❛①✐♠❛❧ ❝❛s✐ ♥✉♥❝❛ ❡s
❝♦♥t✐♥✉❛ ❡♥ L1 ✭❞❡ ❤❡❝❤♦ ❣❡♥❡r❛❧♠❡♥t❡ MBf ♥✐ s✐q✉✐❡r❛ ❡s ✐♥t❡❣r❛❜❧❡✮✱ s✐♥ ❡♠❜❛r❣♦✱
❝♦♠♦ ❞✐❝❡ ❡❧ t❡♦r❡♠❛ q✉❡ s✐❣✉❡✱ ❛❧❝❛♥③❛ ❝♦♥ q✉❡ ✈❡r✐✜q✉❡ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ t✐♣♦
❞é❜✐❧✳

❚❡♦r❡♠❛✿ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦✱ v ✉♥❛ ♠❡❞✐❞❛ ❞❡
❘❛❞♦♥ ② B ✉♥❛ ❜❛s❡ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥✳ ❙✉♣♦♥❣❛♠♦s ❛❞❡♠ás q✉❡ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡
c t❛❧ q✉❡ ❧❛ ♠❛①✐♠❛❧ ✈❡r✐✜q✉❡ ❧❛ s✐❣✉✐❡♥t❡ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ t✐♣♦ ❞é❜✐❧✿ ♣❛r❛ t♦❞♦ δ > 0
s❡ t✐❡♥❡ q✉❡

v({x : MBf(x) > δ}) ≤
c

δ
||f ||1. ✭✹✳✹✮

▲✉❡❣♦ B ❞✐❢❡r❡♥❝✐❛ ❧❛ ✐♥t❡❣r❛❧ ❞❡ ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ ✐♥t❡❣r❛❜❧❡✳
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❉❡♠♦str❛❝✐ó♥✿

❆❧❝❛♥③❛ ♣r♦❜❛r❧♦ ♣❛r❛ X ❝♦♠♣❛❝t♦✳ ▲❛ ❞❡♠♦str❛❝✐ó♥ ❡s ❧❛ ♠✐s♠❛ q✉❡ ❡♥ Rn ❝♦♥
❧❛ ❜❛s❡ Q1✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r ❡❧ t❡♦r❡♠❛ ❡s tr✐✈✐❛❧ ♣❛r❛ ❧❛s ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s✱ ✈❡❛♠♦s
q✉❡ B t❛♠❜✐é♥ ❞✐❢❡r❡♥❝✐❛ ❧❛ ✐♥t❡❣r❛❧ ❞❡ ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ ✐♥t❡❣r❛❜❧❡ f ✳ ❚♦♠❡♠♦s g
✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛

|
1

v(B)

∫

B

fdv − f(x)| ≤ |
1

v(B)

∫

B

f − g dv|+ |
1

v(B)

∫

B

gdv − g(x)|+ |g(x)− f(x)|.

❆❤♦r❛✱ ❝♦♠♦ ②❛ s❛❜❡♠♦s ❝✐❡rt♦ ❡❧ t❡♦r❡♠❛ ♣❛r❛ g ❝♦♥t✐♥✉❛✱ ❤❛❝✐❡♥❞♦ diam(B) → 0
♦❜t❡♥❡♠♦s✿

ĺım |
1

v(B)

∫

B

fdv − f(x)| ≤ sup
1

v(B)

∫

B

|f − g|dv + |g(x)− f(x)|.

❙✐ q✉❡r❡♠♦s ♣r♦❜❛r q✉❡ ❡❧ ❧í♠✐t❡ ❞❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦ ❡s ✐❣✉❛❧ ❛ ✵ ♣❛r❛ ❝❛s✐ t♦❞♦ x✱
❜❛st❛ ✈❡r q✉❡ ♣❛r❛ t♦❞♦ ǫ ❡❧ ❝♦♥❥✉♥t♦ Aǫ ❞❡ ♣✉♥t♦s x ❡♥ ❞♦♥❞❡ ❡s ♠❛②♦r ❛ ǫ t✐❡♥❡
♠❡❞✐❞❛ ♥✉❧❛✳ ❙✐ ❡❧ ❧í♠✐t❡ ❞❡ ❧❛ ✐③q✉✐❡r❞❛ ❡s ♠❛②♦r ❛ ǫ ❡♥t♦♥❝❡s ❛❧❣✉♥♦ ❞❡ ❧♦s ❞♦s
tér♠✐♥♦s ❞❡ ❧❛ ❞❡r❡❝❤❛ ❞❡❜❡ s❡r ♠❛②♦r ❛ ǫ

2
✱ ❧✉❡❣♦

|Aǫ| ≤ |{x : MB(f − g)(x) >
ǫ

2
}|+ |{x : |f − g|(x) >

ǫ

2
}|.

|Aǫ| ≤
2c

ǫ
||f − g||1 +

2

ǫ
||f − g||1.

|Aǫ| ≤
2(c+ 1)

ǫ
||f − g||1.

P❡r♦ ❝♦♠♦ ❧♦ ❛♥t❡r✐♦r ❡s ♣❛r❛ ❝✉❛❧q✉✐❡r g ❝♦♥t✐♥✉❛ ② ést❛s s♦♥ ❞❡♥s❛s ❡♥ L1(X)
❡♥t♦♥❝❡s ||f − g||1 ❡s ❛r❜✐tr❛r✐❛♠❡♥t❡ ♣❡q✉❡ñ♦ ❞❡ ❞♦♥❞❡ Aǫ t✐❡♥❡ ♠❡❞✐❞❛ ♥✉❧❛✳ ‡

❍❛② ✉♥ t❡♦r❡♠❛ ♠✉② ❧✐♥❞♦ ❞❡ ▼✳ ❞❡ ●✉③♠á♥ ② ●✳ ❲❡❧❧❛♥❞ q✉❡ ❞✐❝❡ q✉❡ s✐X = Rn

② ❧❛ ❜❛s❡ B ❡s ✐♥✈❛r✐❛♥t❡ ♣♦r tr❛s❧❛❝✐♦♥❡s ❡♥t♦♥❝❡s ✈❛❧❡ ❧❛ ✈✉❡❧t❛✱ ❡s ❞❡❝✐r q✉❡ s✐ ❧❛ ❜❛s❡
❞✐❢❡r❡♥❝✐❛ ❧❛ ✐♥t❡❣r❛❧ ❞❡ t♦❞❛s ❧❛s ❢✉♥❝✐♦♥❡s ❡♥ L1(Rn) ❡♥t♦♥❝❡s ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡
c t❛❧ q✉❡ ✈❛❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✹✮✳

P♦r ❡❥❡♠♣❧♦✱ ❝♦♥s✐❞❡r❡♠♦s ❧❛ ❜❛s❡ R1 ❞❡ r❡❝tá♥❣✉❧♦s ❡♥ ❡❧ ♣❧❛♥♦ ② s✉♣♦♥❣❛♠♦s
q✉❡ ❞✐❢❡r❡♥❝✐❛ ❧❛ ✐♥t❡❣r❛❧ ❞❡ t♦❞❛s ❧❛s ❢✉♥❝✐♦♥❡s ✐♥t❡❣r❛❜❧❡s✳ ▲✉❡❣♦ s❡❛ Q ❡❧ ❝✉❛❞r❛❞♦
[0, 1] × [0, 1]✱ s❛❜❡♠♦s ♣♦r ❧♦ r❡❝✐é♥ ❞✐❝❤♦✱ q✉❡ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ c t❛❧ q✉❡ ♣❛r❛
t♦❞♦ δ > 0

|{x : MχQ(x) > δ}| ≤
c

δ
||χQ||1 =

c

δ
✭✹✳✺✮
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❋✐❣✉r❛ ✹✳✹✿ ❊❧ 1
3
✲❤❛❧♦ ❞❡❧ ❝✉❛❞r❛❞♦ [0, 1]2 r❡s♣❡❝t♦ ❞❡ ❧❛ ❜❛s❡ R1

P❡r♦ ❡❧ ❝♦♥❥✉♥t♦ {x : MχQ(x) > δ} ❡♥ ♣❛rt✐❝✉❧❛r ❝♦♥t✐❡♥❡ ❛ t♦❞♦s ❧♦s r❡❝tá♥❣✉❧♦s
❞❡ ár❡❛ 1

δ
q✉❡ ❝✉❜r❡♥ ❛❧ ❝✉❛❞r❛❞♦ ❞❡ ❞♦♥❞❡

|{x : MχQ > δ}| ≥ 1 + 4

∫ 1

δ

1

1

tδ
dt = 1 +

4

δ
log

1

δ
.

▲♦ q✉❡ ❝♦♥tr❛❞✐❝❡ ✭✸✳✺✮✱ ❡s ❞❡❝✐r q✉❡ R1 ♥♦ ❞✐❢❡r❡♥❝✐❛ ❧❛ ✐♥t❡❣r❛❧ ❞❡ t♦❞❛s ❧❛s
❢✉♥❝✐♦♥❡s ❡♥ L1(Rn)✳ ❙✐ ❜✐❡♥ ♣♦r ❧♦ r❡❝✐é♥ ❤❡❝❤♦✱ ❧❛ ♠❛①✐♠❛❧ ❛s♦❝✐❛❞❛ ❛ ❧❛ ❜❛s❡ R2 ♥♦
✈❡r✐✜❝❛ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ❝♦♠♦ ❧❛ ❞❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ ◆✳❋❛✈❛ ❬❋❛❪ ② ▼✳ ❞❡ ●✉③♠á♥
❬●✉✷❪ ❞❡♠♦str❛r♦♥ q✉❡ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ c > 0 t❛❧ q✉❡

|{x : Mf(x) > δ}| ≤ c

∫
|f |

δ
(1 + log+

|f |

δ
)n−1dµ.

❉❡ ❧♦ ❛♥t❡r✐♦r s❡ ❞❡❞✉❝❡✿

❚❡♦r❡♠❛✭❏❡ss❡♥✲▼❛r❝✐♥❦✐❡✇✐❝③✲❩②❣♠✉♥❞✮✿ ▲❛ ❜❛s❡ R2 ❞❡ r❡❝tá♥❣✉❧♦s ❝♦♥
❧❛❞♦s ♣❛r❛❧❡❧♦s ❛ ❧♦s ❡❥❡s ❞✐❢❡r❡♥❝✐❛ ❧❛ ✐♥t❡❣r❛❧ ❞❡ t♦❞❛s ❧❛s ❢✉♥❝✐♦♥❡s f ❡♥ L(log+ L)n−1✱
❡♥ ♣❛rt✐❝✉❧❛r ❞✐❢❡r❡♥❝✐❛ ❢✉♥❝✐♦♥❡s ❞❡ Lp ♣❛r❛ t♦❞♦ p > 1✳

✹✳✸✳ ▲❛ ❢✉♥❝✐ó♥ ❞❡❧ ❤❛❧♦

▲❛ ❜❛s❡ R2 ❞❡ r❡❝tá♥❣✉❧♦s ❝♦♥ ❧❛❞♦s ♣❛r❛❧❡❧♦s ❛ ❧♦s ❡❥❡s ❡s ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞ ♣❡r♦
♥♦ ❞✐❢❡r❡♥❝✐❛ ❧❛ ✐♥t❡❣r❛❧ ❞❡ t♦❞❛s ❧❛s ❢✉♥❝✐♦♥❡s ❡♥ L1 ❞❡ ❞♦♥❞❡ ❧❛ ♠❛①✐♠❛❧ ❛s♦❝✐❛❞❛
♥♦ ✈❡r✐✜❝❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✹✮✳ ➽❈ó♠♦ ♣r♦❜❛r ❡♥t♦♥❝❡s q✉❡ R2 ❡s ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞❄
▲❛ ✐❞❡❛ ❡s ♣r♦❜❛r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ♣❡r♦ ♣❛r❛ ✉♥❛ ❝❧❛s❡ ♠ás ❝❤✐❝❛ ❞❡ ❢✉♥❝✐♦♥❡s✳ ❊♥
♣❛rt✐❝✉❧❛r ✈❛♠♦s ❛ ♣r♦❜❛r q✉❡ ♣❛r❛ ❧❛ ❜❛s❡ ❡♥ ❝✉❡st✐ó♥✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ c q✉❡
❤❛❝❡ ❝✐❡rt❛ ❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ s✐❡♠♣r❡ ② ❝✉❛♥❞♦ f s❡❛ ✉♥❛ ❢✉♥❝✐ó♥ ❝❛r❛❝t❡ríst✐❝❛✳
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❋✐❣✉r❛ ✹✳✺✿ ❊❧ 1
3
✲❤❛❧♦ ❞❡ ❧❛ ♠✐s♠❛ ✜❣✉r❛ r❡s♣❡❝t♦ ❞❡ ❧❛s ❜❛s❡s Q1,R1 ② B1✳

❉❡✜♥✐❝✐ó♥✿ ❉❛❞♦ ✉♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ (X, v) ② ✉♥❛ ❜❛s❡ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ B
✈❛♠♦s ❛ ❞❡✜♥✐r ❡❧ λ−❤❛❧♦ ❞❡ ✉♥ ♠❡❞✐❜❧❡ A ❝♦♠♦

A(λ) = {x/ ❊①✐st❡ B ❡♥ Bx ❝♦♥
v(A ∩ B)

v(B)
≥ λ}.

❉❡✜♥✐❝✐ó♥✿ ❉❛❞♦ ✉♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ (X, v) ② ✉♥❛ ❜❛s❡ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ B
❞❡✜♥✐♠♦s s✉ ❢✉♥❝✐ó♥ ❞❡❧ ❤❛❧♦ φ : (0, 1) → R ∪ {∞} ❝♦♠♦

φ(λ) = ı́nf{c : v(A(λ)) ≤ cv(A) ♣❛r❛ t♦❞♦ A ♠❡❞✐❜❧❡}.

❯♥ ♣❛r ❞❡ ❛❝❧❛r❛❝✐♦♥❡s✿ ❡♥ ❧❛ ❞❡✜♥✐❝✐ó♥ ❛♥t❡r✐♦r ♣✉❡❞❡ ♦❝✉rr✐r q✉❡ ♥♦ ❡①✐st❛ ♥✐♥❣ú♥
c t❛❧ q✉❡ v(A(λ)) ≤ cv(A) ♣❛r❛ t♦❞♦ ♠❡❞✐❜❧❡ A✱ ❡♥ ❡s❡ ❝❛s♦ ♣♦♥❡♠♦s φ(λ) = ∞✳
❈✉❛♥❞♦ ❧❛ ❢✉♥❝✐ó♥ ❞❡❧ ❤❛❧♦ ❞❡ ✉♥❛ ❜❛s❡ B s❡❛ ✜♥✐t❛ ♣❛r❛ t♦❞♦ λ ❡♥ (0, 1) ✈❛♠♦s ❛
❞❡❝✐r q✉❡ B ✏t✐❡♥❡ ❢✉♥❝✐ó♥ ❞❡❧ ❤❛❧♦ ✜♥✐t❛✑✳ P♦r ❧♦ ❣❡♥❡r❛❧ ♥♦ ✈❛♠♦s ❛ ❡st❛r ✐♥t❡r❡s❛❞♦s
❡♥ ❡❧ ✈❛❧♦r ❡①❛❝t♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡❧ ❤❛❧♦ s✐♥♦ ❡♥ s✉ ♦r❞❡♥ ❞❡ ♠❛❣♥✐t✉❞✳

❊❥❡♠♣❧♦s✿

✶✳ P♦r ❡❧ ❧❡♠❛ ❞❡ ❱✐t❛❧✐✱ ❧❛s ❜❛s❡s B1 ② Q1 ❞❡ ❝✉❜♦s ② ❜♦❧❛s ❝❡♥tr❛❞❛s ❡♥ Rn t✐❡♥❡♥
❢✉♥❝✐ó♥ ❞❡❧ ❤❛❧♦ φ ❝♦♥ φ(λ) ∼ 1

λ
✳

✷✳ ▲❛ ❜❛s❡ R2 ❞❡ r❡❝tá♥❣✉❧♦s ❞❡ ❧❛❞♦s ♣❛r❛❧❡❧♦s ❛ ❧♦s ❡❥❡s ❡♥ Rn t✐❡♥❡ ❢✉♥❝✐ó♥ ❞❡❧
❤❛❧♦ φ ❝♦♥ φ(λ) ∼ 1

λ
(1 + log+ 1

λ
)n−1✳

✸✳ ❊❧ ❡❥❡♠♣❧♦ ❞❡ ◆✐❦♦❞②♠ ❛❧ q✉❡ ❤❛❝í❛♠♦s r❡❢❡r❡♥❝✐❛ ❛♥t❡s ♠✉❡str❛ q✉❡ ❧❛ ❜❛s❡
R1 ❞❡ r❡❝tá♥❣✉❧♦s t✐❡♥❡ ❢✉♥❝✐ó♥ ❞❡❧ ❤❛❧♦ ✐♥✜♥✐t❛ ❡♥ t♦❞♦ ♣✉♥t♦✱ ❡s ❞❡❝✐r q✉❡
φ(λ) = ∞ ♣❛r❛ t♦❞♦ λ ❡♥ (0, 1)✳
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✹✳ ❊♥ ❡❧ ❡❥❡♠♣❧♦ ❞❡ ✏❋♦❧✐❛❝✐♦♥❡s ② ❜❛s❡s ❞❡ ❞❡♥s✐❞❛❞✑ ❞❡❧ ♣r✐♠❡r ❝❛♣ít✉❧♦✱ s✐ φ ❡s
❧❛ ❢✉♥❝✐ó♥ ❞❡❧ ❤❛❧♦ ❞❡ ❧❛ ❜❛s❡ ❞❡ F ×H−r❡❝tá♥❣✉❧♦s ❡♥t♦♥❝❡s φ(1

3
) = ∞✳

◆♦t❡♠♦s q✉❡ ❡♥ ❧♦s ❞♦s ♣r✐♠❡r♦s ❡❥❡♠♣❧♦s ❧❛ ❢✉♥❝✐ó♥ ❞❡❧ ❤❛❧♦ ❡s ✜♥✐t❛ ② ❧❛s ❜❛s❡s
s♦♥ ❞❡ ❞❡♥s✐❞❛❞ ② ❡♥ ❝❛♠❜✐♦ ❡♥ ❧♦s ❞♦s ú❧t✐♠♦s ❧❛ ❢✉♥❝✐ó♥ ❞❡❧ ❤❛❧♦ ♥♦ ❡s ✜♥✐t❛ ② ❧❛s
❜❛s❡s ♥♦ s♦♥ ❞❡ ❞❡♥s✐❞❛❞✳ ▲♦ ❛♥t❡r✐♦r ♥♦ ❡s ✉♥ ❤❡❝❤♦ ❝❛s✉❛❧✱ ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ✈❛♠♦s ❛
♣r♦❜❛r q✉❡ s✐ ✉♥❛ ❜❛s❡ B t✐❡♥❡ ❢✉♥❝✐ó♥ ❞❡❧ ❤❛❧♦ ✜♥✐t❛ ❡♥t♦♥❝❡s ❡s ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞✳

❚❡♦r❡♠❛✿ ❉❛❞♦ ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ X ② ✉♥❛ ♠❡❞✐❞❛ ❞❡ ❘❛❞♦♥ v✱ s✐ ✉♥❛ ❜❛s❡ ❞❡
❞✐❢❡r❡♥❝✐❛❝✐ó♥ B t✐❡♥❡ ❢✉♥❝✐ó♥ ❞❡❧ ❤❛❧♦ ✜♥✐t❛ ❡♥t♦♥❝❡s B ❡s ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞✳

❉❡♠♦str❛❝✐ó♥✿

❱❡❛♠♦s q✉❡ ❞❛❞♦ ✉♥ ♠❡❞✐❜❧❡ A✱ ♣❛r❛ ❝❛s✐ t♦❞♦ x q✉❡ ♥♦ ❡stá ❡♥ A ❡❧ ❧í♠✐t❡ ❡s 0✳
P❛r❛ ❡❧❧♦ ❜❛st❛ ♣r♦❜❛r q✉❡ ♣❛r❛ t♦❞♦ λ > 0 ❡❧ ❝♦♥❥✉♥t♦ F ❞❡ ♣✉♥t♦s q✉❡ ♥♦ ❡stá♥ ❡♥
A ② ❡❧ ❧í♠✐t❡ s✉♣❡r✐♦r ❡s > λ t✐❡♥❡ ♠❡❞✐❞❛ ♥✉❧❛✳

❋✐❣✉r❛ ✹✳✻✿ ❙✐ x ❡stá ❡♥ F ✱ ❡♥t♦♥❝❡s s✐❡♠♣r❡ ❡①✐st❡ B s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡ñ♦ t❛❧ q✉❡
❡stá ❝♦♥t❡♥✐❞♦ ❡♥ U ② ❧❛ ❞❡♥s✐❞❛❞ r❡❧❛t✐✈❛ ❞❡ A ❡♥ B ❡s > λ✳

❚♦♠❡♠♦s ✉♥ ❛❜✐❡rt♦ U q✉❡ ❝♦♥t✐❡♥❡ ❛ Ac ② s❡❛ A′ = A∩U ✳ ❙✐ x ❡stá ❡♥ F ❡♥t♦♥❝❡s
x ❡stá ❡♥ U ② ❡①✐st❡ B ❡♥ Bx ❛r❜✐tr❛r✐❛♠❡♥t❡ ♣❡q✉❡ñ♦ ❝✉②❛ ❞❡♥s✐❞❛❞ r❡❧❛t✐✈❛ r❡s♣❡❝t♦
❞❡ A ❡s > λ✱ ❡♥ ♣❛rt✐❝✉❧❛r ♣♦❞❡♠♦s s✉♣♦♥❡r q✉❡ B ❡stá ❝♦♥t❡♥✐❞♦ ❡♥ U ❞❡ ❞♦♥❞❡ x
❡stá ❡♥ A′(λ)✳ ❍❡♠♦s ♣r♦❜❛❞♦ ❡♥t♦♥❝❡s q✉❡ F ❡stá ❝♦♥t❡♥✐❞♦ ❡♥ A′(λ) ❧✉❡❣♦

v(F ) ≤ v(A′(λ)) ≤ φ(λ)v(A′) = φ(λ)v(A ∩ U).

P❡r♦ ❝♦♠♦ v ❡s ✉♥❛ ♠❡❞✐❞❛ ❞❡ ❘❛❞♦♥ ❡♥t♦♥❝❡s ♣♦❞❡♠♦s t♦♠❛r U q✉❡ ❝✉❜r❛ ❛ Ac

❝♦♥ v(A ∩ U) ❛r❜✐tr❛r✐❛♠❡♥t❡ ♣❡q✉❡ñ❛✱ ❞❡ ❞♦♥❞❡ v(F ) = 0 ❝♦♠♦ q✉❡rí❛♠♦s✳
P❛r❛ t❡r♠✐♥❛r ❧❛ ❞❡♠♦str❛❝✐ó♥ ❜❛st❛ ✐♥t❡r❝❛♠❜✐❛r A ♣♦r Ac ② ❝♦♥❝❧✉✐r q✉❡ ♣❛r❛

t♦❞♦ x ❡♥ A ❡❧ ❧í♠✐t❡ ❡s 1✳‡
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❱❛♠♦s ❛ ❞❡❝✐r q✉❡ ✉♥❛ ❜❛s❡ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ B ❡s ❞❡ ❇✉s❡♠❛♥♥✲❋❡❧❧❡r s✐ B ❡stá
❡♥ Bx ♣❛r❛ t♦❞♦ B ❡♥ B q✉❡ ❝♦♥t❡♥❣❛ ❛ x✳ ❊♥ ❬❇❋❪✱ ❇✉s❡♠❛♥♥ ② ❋❡❧❧❡r ❞❡♠♦str❛r♦♥
q✉❡ s✐ X = Rn ② ❧❛ ❜❛s❡ ❡s ✐♥✈❛r✐❛♥t❡ ♣♦r ❤♦♠♦t❡❝✐❛s ❡♥t♦♥❝❡s ❧♦ ❛♥t❡r✐♦r ❡s ✉♥ s✐ ②
só❧♦ s✐✳ ❯♥♦ ❞❡ ❧♦s ♣r♦❜❧❡♠❛s ❛❜✐❡rt♦s ♠ás ✐♠♣♦rt❛♥t❡s ❞❡ ❧❛ t❡♦rí❛ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥
❞❡ ✐♥t❡❣r❛❧❡s ❡s ❡❧ ✏♣r♦❜❧❡♠❛ ❞❡❧ ❤❛❧♦✑✱ ést❡ ❞✐❝❡ q✉❡ s✐ ✉♥❛ ❜❛s❡ B ❞❡ Rn ❡s ✐♥✈❛r✐❛♥t❡
♣♦r ❤♦♠♦t❡❝✐❛s ② ❇✉s❡♠❛♥♥✲❋❡❧❧❡r ❡♥t♦♥❝❡s s✉ ❢✉♥❝✐ó♥ ❞❡❧ ❤❛❧♦ φ ❞❡t❡r♠✐♥❛ ❡❧ ♠❛②♦r
❡s♣❛❝✐♦ ❞❡ ❢✉♥❝✐♦♥❡s ❛ ❧❛s q✉❡ B ❞✐❢❡r❡♥❝✐❛ s✉ ✐♥t❡❣r❛❧✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ✈❛♠♦s ❛ r❡❧❛❝✐♦♥❛r ❧❛ ❢✉♥❝✐ó♥ ❞❡❧ ❤❛❧♦ φ ❞❡ ✉♥❛ ❜❛s❡ B q✉❡ s❡
♦❜t✐❡♥❡ ❝♦♠♦ ♣r♦❞✉❝t♦ ❞❡ ❞♦s ❜❛s❡s B1 ② B2 ❝♦♥ s✉s ❢✉♥❝✐♦♥❡s ❞❡❧ ❤❛❧♦ φ1 ② φ2✳ ❊♥
♣❛rt✐❝✉❧❛r ❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ ♥♦s ✈❛ ❛ s❡r✈✐r ♣❛r❛ ❞❡♠♦str❛r q✉❡ ❝✐❡rt❛s ❜❛s❡s q✉❡
s♦♥ ♣r♦❞✉❝t♦ ❞❡ ❜❛s❡s ❞❡ ❞❡♥s✐❞❛❞ s♦♥ t❛♠❜✐é♥ ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞✳

❚❡♦r❡♠❛✿ ❉❛❞♦s ❡s♣❛❝✐♦s ❞❡ ♠❡❞✐❞❛ X ② Y ❝♦♥ ❜❛s❡s ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ B1 ② B2✱
s✐ s✉s ❢✉♥❝✐♦♥❡s ❞❡❧ ❤❛❧♦ φ1 ② φ2 s♦♥ ✜♥✐t❛s ❡♥t♦♥❝❡s ❧❛ ❜❛s❡ B = B1 × B2 ❞❡ X × Y
t❛♠❜✐é♥ t✐❡♥❡ ❢✉♥❝✐ó♥ ❞❡❧ ❤❛❧♦ φ ✜♥✐t❛✳ ▼ás ❛ú♥✱ ✈❛❧❡ q✉❡ s✐ 0 < λ, λ1, λ2 < 1 s♦♥
t❛❧❡s q✉❡ (1− λ) ≤ (1− λ1)(1− λ2) ❡♥t♦♥❝❡s

φ(λ) ≤ φ1(λ1)φ2(λ2) ✭✹✳✻✮

❉❡♠♦str❛❝✐ó♥✿

P❛r❛ ❝❛❞❛ s✉❜❝♦♥❥✉♥t♦ A ❞❡ X × Y ② ❝❛❞❛ y ❡♥ Y ✈❛♠♦s ❛ ❞❡♥♦t❛r Ay ❛ ❧❛
s❡❝❝✐ó♥ ❤♦r✐③♦♥t❛❧ ❞❡ A ❛ ❛❧t✉r❛ y✱ ♠ás ♣r❡❝✐s❛♠❡♥t❡ Ay = {x\(x, y) ❡stá ❡♥ A}✳
❆♥á❧♦❣❛♠❡♥t❡ s❡ ❞❡✜♥❡ Ax ♣❛r❛ x ❡♥ X✳

▲❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✻✮ ✐♠♣❧✐❝❛ q✉❡ φ ❡s ✜♥✐t❛ ♣❛r❛ t♦❞♦ λ ❡♥ (0, 1)✱ ❞❡ ❢♦r♠❛ q✉❡ ♥♦s
❝♦♥❝❡♥tr❛r❡♠♦s ❡♥ ♣r♦❜❛r❧❛ ❞✐r❡❝t❛♠❡♥t❡✳ P❛r❛ ❡❧❧♦ ❜❛st❛ ✈❡r q✉❡ ♣❛r❛ t♦❞♦ ♠❡❞✐❜❧❡
A ❞❡ X × Y s❡ t✐❡♥❡ q✉❡

|A(λ)| ≤ φ1(λ1)φ2(λ2)|A| ✭✹✳✼✮

❉❛❞♦ A ❡♥ X×Y s❡❛ B ❡❧ ❝♦♥❥✉♥t♦ q✉❡ s❡ ♦❜t✐❡♥❡ ❞❡ A ❛❧ r❡❡♠♣❧❛③❛r ❝❛❞❛ s❡❝❝✐ó♥
Ay ♣♦r s✉ ✐♥✢❛❞❛ Ay(λ1)✳ ❊s ❞❡❝✐r

❙✐ A =
⋃

Ay ❡♥t♦♥❝❡s B =
⋃

Ay(λ1).

◆♦t❡♠♦s q✉❡ ❝♦♠♦ ❧❛ ♠❡❞✐❞❛ ❞❡ ❝❛❞❛ s❡❝❝✐ó♥ s❡ ♠✉❧t✐♣❧✐❝ó ♣♦r ❛ ❧♦ s✉♠♦ φ1(λ1)
❡♥t♦♥❝❡s ♣♦r ❡❧ t❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐

|B| ≤ φ1(λ1)|A|.

❉❡ ❧❛ ♠✐s♠❛ ❢♦r♠❛ q✉❡ ❛♥t❡s ❞❡✜♥✐♠♦s C ❛ ♣❛rt✐r ❞❡ B r❡❡♠♣❧❛③❛♥❞♦ ❝❛❞❛ s❡❝❝✐ó♥
Bx ♣♦r s✉ ✐♥✢❛❞❛ Bx(λ2)✳ ▲✉❡❣♦
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|C| ≤ φ2(λ2)|B| ≤ φ1(λ1)φ2(λ2)|A|.

P❛r❛ ♣r♦❜❛r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✼✮ ❛❧❝❛♥③❛ ❝♦♥ ✈❡r q✉❡ A(λ) ❡stá ❝♦♥t❡♥✐❞♦ ❡♥ C✳
❙❡❛ (x, y) ✉♥ ♣✉♥t♦ ❡♥ A(λ)✱ ❧✉❡❣♦ ❡①✐st❡♥ β1 ② β2 ❡♥ B1 ② B2 r❡s♣❡❝t✐✈❛♠❡♥t❡ t❛❧❡s
q✉❡ (x, y) ❡stá ❡♥ β1 × β2 ②

|A ∩ (β1 × β2)| ≥ λ|β1 × β2|.

P♦r ♦tr♦ ❧❛❞♦✱ ♣❛r❛ ❝❛❧❝✉❧❛r ❧❛ ♠❡❞✐❞❛ ❞❡ A ∩ (β1 × β2) ❞❡❜❡♠♦s ✐♥t❡❣r❛r s♦❜r❡
t♦❞♦s ❧♦s y′ ❡♥ β2 ❧❛ ♠❡❞✐❞❛ ❞❡ Ay′ ∩ β1✳ P❛r❛ ❡st♦ ♥♦s ❞✐✈✐❞✐♠♦s ❡♥ ❞♦s ❝❛s♦s

❙✐ y′ ❡stá ❡♥ Bx ∩ β2 ❡♥t♦♥❝❡s |Ay′ ∩ β1| ≤ |β1|✳

❙✐ y′ ♥♦ ❡stá ❡♥ Bx ∩ β2 ❡♥t♦♥❝❡s |Ay′ ∩ β1| ≤ λ1|β1|✳

❉❡ ❞♦♥❞❡

|A ∩ (β1 × β2)| ≤ |β1||Bx ∩ β2|+ λ1|β1|(|β2| − |Bx ∩ β2|).

λ|β1||β2| ≤ (1− λ1)|β1||Bx ∩ β2|+ λ1|β1||β2|.

(λ− λ1)|β2| ≤ (1− λ1)|Bx ∩ β2|.

λ2|β2| ≤ |Bx ∩ β2|.

❊s ❞❡❝✐r q✉❡ y ❡stá ❡♥ Bx(λ2)✱ ❞❡ ❞♦♥❞❡ (x, y) ❡stá ❡♥ C ❝♦♠♦ s❡ q✉❡rí❛ ❞❡♠♦str❛r✳‡

✹✳✹✳ ❊❧ t❡♦r❡♠❛ ❞❡ ▲❡❜❡s❣✉❡ ❡♥ ✈❛r✐❡❞❛❞❡s

❊❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st❛ s❡❝❝✐ó♥ ❡s ✐♥tr♦❞✉❝✐r ❡❧ ❧❡♠❛ ❞❡ ❇❡s✐❝♦✈✐t❝❤ ② ✉s❛r❧♦ ♣❛r❛
❞❡♠♦str❛r ❡❧ t❡♦r❡♠❛ ❞❡ ▲❡❜❡s❣✉❡ ♣❛r❛ ✈❛r✐❡❞❛❞❡s ❘✐❡♠❛♥♥✐❛♥❛s✳

▲❡♠❛ ❞❡ ❝✉❜r✐♠✐❡♥t♦ ❞❡ ❇❡s✐❝♦✈✐t❝❤✿ ❊①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ b = b(n) t❛❧ q✉❡
s✐ s❡ t✐❡♥❡ ✉♥ s✉❜❝♦♥❥✉♥t♦ ❛❝♦t❛❞♦ A ❞❡ Rn ❝✉❜✐❡rt♦ ♣♦r ✉♥❛ ❝♦❧❡❝❝✐ó♥ K ❞❡ ❜♦❧❛s
❞❡ ❢♦r♠❛ q✉❡ ♣❛r❛ t♦❞♦ x ❡♥ A ❤❛② ✉♥❛ ❜♦❧❛ ❞❡ K ❝❡♥tr❛❞❛ ❡♥ x ❡♥t♦♥❝❡s ❡①✐st❡♥
s✉❜❝♦❧❡❝❝✐♦♥❡s ❞❡ ❜♦❧❛s ❞✐s❥✉♥t❛s K1, . . . ,Kb t❛❧❡s q✉❡

E ⊂
⋃

j

⋃

Bi∈Kj

Bi.
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❊s ✐♠♣♦rt❛♥t❡ ♥♦t❛r q✉❡ ❡❧ ❧❡♠❛ ❞❡ ❇❡s✐❝♦✈✐t❝❤ ❡s ✏❣❡♦♠étr✐❝♦✑✱ ❧❛ ♠❡❞✐❞❛ ❞❡
▲❡❜❡s❣✉❡ µ ♥♦ ❥✉❡❣❛ ♥✐♥❣ú♥ r♦❧ ❡♥ é❧ ② ❞❡ ❛❤í s✉ ✉t✐❧✐❞❛❞✿ ❧♦ ✈❛♠♦s ❛ ♣♦❞❡r ✉s❛r✱ ❡♥
♣r✐♥❝✐♣✐♦✱ ♣❛r❛ ❝✉❛❧q✉✐❡r ♠❡❞✐❞❛✳

❚❡♦r❡♠❛✿ ❙✐ s❡ t✐❡♥❡ ✉♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ (X, v) ② ✉♥❛ ❜❛s❡ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥
B q✉❡ ✈❡r✐✜q✉❡ ❡❧ ❧❡♠❛ ❞❡ ❇❡s✐❝♦✈✐t❝❤ ❝♦♥ ❝♦♥st❛♥t❡ b✱ ❡♥t♦♥❝❡s ♣❛r❛ t♦❞❛ ❢✉♥❝✐ó♥
✐♥t❡❣r❛❜❧❡ f ② ♣❛r❛ t♦❞♦ δ > 0 s❡ t✐❡♥❡ q✉❡

v({x : Mf(x) > δ}) ≤
b

δ
||f ||1.

❉❡♠♦str❛❝✐ó♥✿

❙❡❛ f ✉♥❛ ❢✉♥❝✐ó♥ ✐♥t❡❣r❛❜❧❡ ② ✜❥❡♠♦s δ > δ′ > 0✱ ❛❤♦r❛ t♦♠❡♠♦s ♣♦r ❝❛❞❛ x ❡♥
{x : Mf(x) > δ} ✉♥ ❡❧❡♠❡♥t♦ Bx ❞❡ Bx t❛❧ q✉❡

∫

Bx

|f |dv ≥ δ′v(Bx).

❙❡❛ K ❧❛ ❝♦❧❡❝❝✐ó♥ ❞❡ t♦❞♦s ❧♦s ❝♦♥❥✉♥t♦s Bx ❡❧❡❣✐❞♦s ② t♦♠❡♠♦s ❧❛s b s✉❜❝♦❧❡❝✲
❝✐♦♥❡s K1, . . . ,Kb q✉❡ ❣❛r❛♥t✐③❛ ❡❧ ❧❡♠❛ ❞❡ ❇❡s✐❝♦✈✐t❝❤✳

v({x : Mf(x) > δ}) ≤
∑

j

v(
⋃

Bi∈Kj

Bi) ≤
∑

j

1

δ′

∫
|f |dv ≤

b

δ′

∫
|f |dv.

❈♦♠♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r ✈❛❧❡ ♣❛r❛ t♦❞♦ δ′ < δ ❡♥t♦♥❝❡s

v({x : Mf(x) > δ}) ≤
b

δ
||f ||1.

❈♦♠♦ s❡ q✉❡rí❛ ❞❡♠♦str❛r✳‡

❈♦r♦❧❛r✐♦✿ P❛r❛ ❝✉❛❧q✉✐❡r ♠❡❞✐❞❛ ❞❡ ❘❛❞♦♥ v ❡♥ Rn✱ ❧❛ ❜❛s❡ ❞❡ ❜♦❧❛s ❝❡♥tr❛❞❛s
B1 ❞✐❢❡r❡♥❝✐❛ ❧❛ ✐♥t❡❣r❛❧ ❞❡ ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ ❡♥ L1(X, v)✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❡s ❜❛s❡ ❞❡
❞❡♥s✐❞❛❞✳

❆❤♦r❛ tr❛t❡♠♦s ❞❡ ❡①t❡♥❞❡r ❡❧ ❧❡♠❛ ❞❡ ❇❡s✐❝♦✈✐t❝❤ ❛ ✈❛r✐❡❞❛❞❡s ❘✐❡♠❛♥♥✐❛♥❛s✱
❧❛ ✐❞❡❛ ❡s ♣r♦❜❛r❧♦ ❡♥ ♣❡q✉❡ñ♦s ❛❜✐❡rt♦s U q✉❡ s❡❛♥ ♠✉② ♣❛r❡❝✐❞♦s ❛ Rn✳ P❛r❛ ❡❧❧♦
✈❛♠♦s ❛ ♣r❡❝✐s❛r ✉♥ ❧❡♠❛ ❞❡ ❝✉❜r✐♠✐❡♥t♦ ❝♦♠♦ ❡❧ ❞❡ ❇❡s✐❝♦✈✐t❝❤ ♣❛r❛ ❝♦♥❥✉♥t♦s ♠✉②
♣❛r❡❝✐❞♦s ❛ ❜♦❧❛s✳

▲❡♠❛✿ P❛r❛ ❝❛❞❛ c ≥ 1✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ b = b(n, c) t❛❧ q✉❡ s✐ s❡ t✐❡♥❡ ✉♥
s✉❜❝♦♥❥✉♥t♦ ❛❝♦t❛❞♦ A ❞❡ Rn ❝✉❜✐❡rt♦ ♣♦r ✉♥❛ ❝♦❧❡❝❝✐ó♥ K ❞❡ ❝♦♥❥✉♥t♦s ❞❡ ❢♦r♠❛
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q✉❡ ♣❛r❛ t♦❞♦ x ❡♥ A ❡①✐st❡ ✉♥ s✉❜❝♦♥❥✉♥t♦ B ❡♥ K q✉❡ ❧♦ ❝♦♥t✐❡♥❡ ② r > 0 t❛❧
q✉❡ B(x, r) ⊂ B ⊂ B(x, cr) ❡♥t♦♥❝❡s ❡①✐st❡♥ s✉❜❝♦❧❡❝❝✐♦♥❡s ❞❡ ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s
K1, . . . ,Kb t❛❧❡s q✉❡

E ⊂
⋃

j

⋃

Bi∈Kj

Bi.

❊st❛♠♦s ❛❤♦r❛ ❡♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ♣r♦❜❛r ❡❧ ❧❡♠❛ ❞❡ ❇❡s✐❝♦✈✐t❝❤ ♣❛r❛ ✈❛r✐❡❞❛❞❡s
❘✐❡♠❛♥♥✐❛♥❛s✱ ❧❛♠❡♥t❛❜❧❡♠❡♥t❡ ést❡ ♥♦ ✈❛ ❛ s❡r ❝✐❡rt♦ ♣❛r❛ ❝✉❛❧q✉✐❡r ✈❛r✐❡❞❛❞ ✭❤❛②
❝♦♥tr❛❡❥❡♠♣❧♦✮ ♣❡r♦ ✈❛ ❛ ❛❧❝❛♥③❛r r❡str✐♥❣✐r♥♦s ❛ ✉♥ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❞❡ ❡❧❧❛✳
❊♥ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ❝❛❞❛ ✈❛r✐❡❞❛❞ ❝♦♠♣❛❝t❛ M ✱ ❡①✐st✐rá ✉♥❛ ❝♦♥st❛♥t❡ b = b(M) ♣❛r❛
❧❛ q✉❡ ✈❛❧❡ ❡❧ ❧❡♠❛ ❞❡ ❇❡s✐❝♦✈✐t❝❤✳

▲❡♠❛✿ ❉❛❞❛ ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛ M ✱ ❧❛ ❜❛s❡ B1 ❞❡ ❜♦❧❛s ❝❡♥✲
tr❛❞❛s ✈❡r✐✜❝❛ ❡❧ ❧❡♠❛ ❞❡ ❇❡s✐❝♦✈✐t❝❤✳

❉❡♠♦str❛❝✐ó♥✿

❚♦♠❡♠♦s ✉♥ ♣✉♥t♦ x ❡♥ M ② ❝♦♥s✐❞❡r❡♠♦s expx : TxM → M ❝♦♥ expx(0) = x✳
❈♦♠♦ s❡ t✐❡♥❡ q✉❡ d0expx = Id ❡♥t♦♥❝❡s ❡①✐st❡ δ > 0 ② ✉♥ ❡♥t♦r♥♦ U ❞❡ x ❡♥ M
t❛❧ q✉❡ expx : B(0, δ) → U ❡s ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ 2−❜✐❧✐♣s❝❤✐t③✳ ❙❡ ❞❡❞✉❝❡ ❡♥t♦♥❝❡s✱
✉s❛♥❞♦ ❡❧ ❧❡♠❛ ❛♥t❡r✐♦r✱ q✉❡ ❧❛ ❜❛s❡ B1 ❞❡ ❜♦❧❛s ✈❡r✐✜❝❛ ❡❧ ❧❡♠❛ ❞❡ ❇❡s✐❝♦✈✐t❝❤ ❡♥ U ✳

P❛r❛ ♣r♦❜❛r q✉❡ ✈❛❧❡ ❡❧ ❧❡♠❛ ❡♥ t♦❞❛ ❧❛ ✈❛r✐❡❞❛❞ M ✱ ❜❛st❛ ❝✉❜r✐r❧❛ ♣♦r ✜♥✐t♦s
❛❜✐❡rt♦s ❝♦♠♦ ❧♦s ❛♥t❡r✐♦r❡s ② t♦♠❛r ❝♦♠♦ ❝♦♥st❛♥t❡ ❞❡ ❇❡s✐❝♦✈✐t❝❤✱ ❧❛ s✉♠❛ ❞❡ t♦❞❛s
❧❛s ❝♦♥st❛♥t❡s ❞❡ ❇❡s✐❝♦✈✐t❝❤ ❞❡ t♦❞♦s ❧♦s ❛❜✐❡rt♦s ✐♥✈♦❧✉❝r❛❞♦s ❡♥ ❡❧ ❝✉❜r✐♠✐❡♥t♦✳ ‡

❈♦r♦❧❛r✐♦✿ ❉❛❞❛ ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛ M ✱ ❧❛ ❜❛s❡ B1 ❞❡ ❜♦❧❛s ❝❡♥tr❛❞❛s
❞✐❢❡r❡♥❝✐❛ ❧❛ ✐♥t❡❣r❛❧ ❞❡ ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ ❧♦❝❛❧♠❡♥t❡ ✐♥t❡❣r❛❜❧❡✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ B1 ❡s
❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞✳

❊♥ ❡❧ ❝❛s♦ ❞❡ M ❝♦♠♣❛❝t❛✱ ❡❧ ❝♦r♦❧❛r✐♦ s❡ ♣✉❡❞❡ ❞❡♠♦str❛r ✉s❛♥❞♦ ❡❧ ❧❡♠❛ ❞❡
❱✐t❛❧✐ ②❛ q✉❡ ❧❛ ♠❡❞✐❞❛ ❘✐❡♠❛♥♥✐❛♥❛ µ ✈❡r✐✜❝❛ q✉❡ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ K t❛❧ q✉❡
µ(B(x, 2r)) ≤ Kµ(B(x, r))✳ ▲❛ ❤✐♣ót❡s✐s ❞❡ ❝♦♠♣❛❝✐❞❛❞ s♦❜r❡ M ❡s ♥❡❝❡s❛r✐❛ ②❛
q✉❡ ❡①✐st❡♥ ✈❛r✐❡❞❛❞❡s ❘✐❡♠❛♥♥✐❛♥❛s ♥♦ ❝♦♠♣❛❝t❛s ♣❛r❛ ❧❛s q✉❡ ❧❛s ❜♦❧❛s t✐❡♥❡♥
❝r❡❝✐♠✐❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❡♥ ❡❧ ❝❛s♦ ❝♦♠♣❛❝t♦ ❧❛ ✈❡♥t❛❥❛ ❞❡ ♣r♦❝❡❞❡r
✏❛ ❧❛ ❱✐t❛❧✐✑ ❡stá ❡♥ q✉❡ ❡st♦ ❞❡♠✉❡str❛ q✉❡ ❧❛ ❜❛s❡ B2 ❞❡ ❜♦❧❛s ♥♦ ♥❡❝❡s❛r✐❛♠❡♥t❡
❝❡♥tr❛❞❛s t❛♠❜✐é♥ ❞✐❢❡r❡♥❝✐❛ ❧❛ ✐♥t❡❣r❛❧ ❞❡ ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ ❧♦❝❛❧♠❡♥t❡ ✐♥t❡❣r❛❜❧❡✳
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❈❛♣ít✉❧♦ ✺

❋♦❧✐❛❝✐♦♥❡s ② ♠❡❞✐❞❛s

❊♥ ✶✾✸✾ ❡❧ ❛✉strí❛❝♦ ❊✳ ❍♦♣❢ ❞❡♠♦stró q✉❡ ❡❧ ✢✉❥♦ ❣❡♦❞és✐❝♦ ❡s ❡r❣ó❞✐❝♦ ❡♥ ✈❛r✐❡❞❛✲
❞❡s ❞❡ ❝✉r✈❛t✉r❛ ♥❡❣❛t✐✈❛ ❝♦♥st❛♥t❡ ② ❡♥ s✉♣❡r✜❝✐❡s ❞❡ ❝✉r✈❛t✉r❛ ♥❡❣❛t✐✈❛ ❛r❜✐tr❛r✐❛✳
P❛r❛ ❡①t❡♥❞❡r s✉ r❡s✉❧t❛❞♦ ❛ ✈❛r✐❡❞❛❞❡s ❞❡ ❝✉r✈❛t✉r❛ ♥❡❣❛t✐✈❛ ❛r❜✐tr❛r✐❛✱ ❍♦♣❢ ♥❡❝❡✲
s✐t❛❜❛ ♣r♦❜❛r q✉❡ ❝✐❡rt❛s ❢♦❧✐❛❝✐♦♥❡s ❡r❛♥ ❞❡ ❝❧❛s❡ C1✱ ❝♦s❛ q✉❡ só❧♦ ♣✉❞♦ ❞❡♠♦str❛r
❡♥ ❧♦s ❝❛s♦s ❞❡ ♠ás ❛rr✐❜❛✳ ❊♥ s✉ t❡s✐s✱ ❆♥♦s♦✈ ❧♦❣ró s✉♣❡r❛r ❡st❡ ♦❜stá❝✉❧♦ ❞❡♠♦s✲
tr❛♥❞♦ q✉❡ ❧❛s ❢♦❧✐❛❝✐♦♥❡s ❡♥ ❝✉❡st✐ó♥✱ s✐ ❜✐❡♥ ♣♦❞í❛♥ ♥♦ s❡r ❞❡ ❝❧❛s❡ C1✱ t❡♥í❛♥ ❝✐❡rt❛
♣r♦♣✐❡❞❛❞ q✉❡ ❧❡ s❡r✈í❛ ♣❛r❛ ❝♦♥t✐♥✉❛r ❡❧ ❛r❣✉♠❡♥t♦ ❞❡ ❍♦♣❢✳

❊♥ s✉s ♣r♦♣✐❛s ♣❛❧❛❜r❛s ✭❬❆♥❪✮✿

✏❖♥❡ ♦❢ t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤✐s ♣❛♣❡r✱ ♥❛♠❡❧② ❚❤❡♦r❡♠ ✶✵✱ ✐s ❛ t❡❝❤♥✐❝❛❧
t❤❡♦r❡♠ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ❜②♣❛ss t❤✐s t❡❝❤♥✐❝❛❧ ❞✐✣❝✉❧t②✳ ■t t✉r♥s ♦✉t
t❤❛t t❤✐s tr❛♥s❢♦r♠❛t✐♦♥✱ ❡✈❡♥ ✐❢ ✐t ✐s ♥♦t s♠♦♦t❤✱ t❛❦❡s ❛ s❡t ♦❢ ♠❡❛s✉r❡
③❡r♦ ✐♥t♦ ❛ s❡t ♦❢ ♠❡❛s✉r❡ ③❡r♦✱ ❛♥❞ ❢♦r ❡r❣♦❞✐❝ t❤❡♦r② ✇❡ ❞♦ ♥♦t ♥❡❡❞
♠♦r❡✳✑

❈✉❛♥❞♦ ✉♥❛ ❢♦❧✐❛❝✐ó♥ t❡♥❣❛ ❡st❛ ✏❝✐❡rt❛ ♣r♦♣✐❡❞❛❞✑ s❡ ❞✐rá q✉❡ ❡s ❛❜s♦❧✉t❛♠❡♥t❡
❝♦♥t✐♥✉❛✳ ❊❧ ♠ér✐t♦ ❞❡ ❆♥♦s♦✈ ❡st✉✈♦ ❡♥ ❞❛rs❡ ❝✉❡♥t❛ ❡①❛❝t❛♠❡♥t❡ q✉é ✐♥❢♦r♠❛❝✐ó♥
❞❡ ❧❛ ❢♦❧✐❛❝✐ó♥ ✉t✐❧✐③❛r ♣❛r❛ ❤❛❝❡r ❛♥❞❛r ❡❧ ❛r❣✉♠❡♥t♦ ❞❡ ❍♦♣❢✳ ❈✐t❛♥❞♦ ❛ P✉❣❤✲❙❤✉❜
❡♥ ❬P❙✸❪✿

✏❚❤✐s ✐s ❚❤❡♦r❡♠ ✶✵ ✐♥ ❆♥♦s♦✈✬s t❤❡s✐s✱ ❛♥❞ ❛s ❤❡ ❝♦rr❡❝t❧② r❡♠❛r❦s✱ ✐t
✐s t❤❡ ❝♦r♥❡rst♦♥❡ t♦ ❤✐s ❛♥❛❧②s✐s✳ ❍❡ r❡❢❡rs t♦ ✐t ❛s ❛ t❡❝❤♥✐❝❛❧ r❡s✉❧t
❜❡❝❛✉s❡ ✐t ❛❞❞r❡ss❡s t❤❡ t❡❝❤♥✐❝❛❧ ✐ss✉❡ ♦❢ t❤❡ ❞❡❣r❡❡ ♦❢ s♠♦♦t❤♥❡ss ♦❢
❛ ❢♦❧✐❛t✐♦♥✳ Pr❡✈✐♦✉s❧②✱ ♠❛t❤❡♠❛t✐❝✐❛♥s ❤❛❞ ❢❡❧t t❤❛t s❤♦✇✐♥❣ t❤❛t t❤❡
st❛❜❧❡ ❛♥❞ ✉♥st❛❜❧❡ ♠❛♥✐❢♦❧❞s ✇❡r❡ ♦❢ ❝❧❛ss C1 ❢♦r ♠❛♥✐❢♦❧❞s ♦❢ ❞✐♠❡♥s✐♦♥
≥ 3 ✇❛s ♠❛✐♥❧② ❛ ♠❛tt❡r ♦❢ ✇♦r❦✐♥❣ ❤❛r❞❡r✳ ❆♥♦s♦✈ r❡❛❧✐③❡❞ t❤✐s ✇❛s

✻✶
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♥♦t s♦ ❛♥❞ t❤❛t t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ❧❛② ✐♥ ❛ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥✳ ❲❤❛t ❍♦♣❢
s❛✇ ❛s C1 ❢♦❧✐❛t✐♦♥s ✇❡r❡ ❛❝t✉❛❧❧② t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❡♠❜♦❞✐♠❡♥t ♦❢
❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❢♦❧✐❛t✐♦♥s ✇❤♦s❡ ❤♦❧♦♥♦♠② ♠❛♣s ❤❛✈❡ ❝♦♥t✐♥✉♦✉s
❘❛❞♦♥✲◆✐❦♦❞②♠ ❞❡r✐✈❛t✐✈❡s✳✑

✺✳✶✳ ❋♦❧✐❛❝✐♦♥❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛s

❉❛❞❛ ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛ M ✱ t♦❞❛ s✉❜✈❛r✐❡❞❛❞ ✐♥♠❡rs❛ N ❤❡r❡❞❛ ✉♥❛
❡str✉❝t✉r❛ ❘✐❡♠❛♥♥✐❛♥❛ q✉❡ ❛ s✉ ✈❡③ ✐♥❞✉❝❡ ✉♥❛ ♠❡❞✐❞❛ µN ✱ ❡♥ ♣❛rt✐❝✉❧❛r s✐ M = N
s❡ t✐❡♥❡ q✉❡ µM = µ✳

❊s ♥❛t✉r❛❧ ♣r❡❣✉♥t❛rs❡✱ ❞❛❞❛ ✉♥❛ ❢♦❧✐❛❝✐ó♥ F ❞❡ ✉♥❛ ✈❛r✐❡❞❛❞ M ✱ ❝ó♠♦ s❡ r❡❧❛✲
❝✐♦♥❛♥ ❧❛ ♠❡❞✐❞❛ ❘✐❡♠❛♥♥✐❛♥❛ µ ❝♦♥ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ♠❡❞✐❞❛s {µF : F ❡♥ F}✳ ❈✉❛♥❞♦
❧❛ ❢♦❧✐❛❝✐ó♥ ❡s s✉❛✈❡✱ ❧❛ r❡s♣✉❡st❛ ❧❛ t✐❡♥❡ ❡❧ t❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐ ♣❡r♦ ❝✉❛♥❞♦ ést❛ ❡s
s♦❧❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ❧❛ ❝✉❡st✐ó♥ s❡ ✈✉❡❧✈❡ ✉♥ ♣♦❝♦ ♠ás ❝♦♠♣❧✐❝❛❞❛✳

❯♥❛ ♣♦s✐❜✐❧✐❞❛❞ ❡s r❡❝✉rr✐r ❛❧ t❡♦r❡♠❛ ❞❡ ❞❡s✐♥t❡❣r❛❝✐ó♥ ❞❡ ❘♦❤❧✐♥✱ ♠ás ♣r❡❝✐s❛✲
♠❡♥t❡✱ s❛❜❡♠♦s ♣♦r ❧♦ ❤❡❝❤♦ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✷ q✉❡ ❡①✐st❡ ✉♥ ❝✉❜r✐♠✐❡♥t♦ ❞❡ M ♣♦r
❛❜✐❡rt♦s U ❞❡♥tr♦ ❞❡ ❧♦s ❝✉❛❧❡s s❡ ❧❡s ♣✉❡❞❡ ♣♦♥❡r ✉♥❛ ♠❡❞✐❞❛ vF ❛ ❧❛s ❤♦❥❛s ❧♦❝❛❧❡s
❡♥ U ② ✉♥❛ ♠❡❞✐❞❛ ❝♦❝✐❡♥t❡ v∗ ❛ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❤♦❥❛s✱ t❛❧❡s q✉❡ ✐♥t❡❣r❛r ✉♥❛ ❢✉♥❝✐ó♥
s♦❜r❡ U ❡q✉✐✈❛❧❡ ❛ ✐♥t❡❣r❛r❧❛ ❡♥ ❝❛❞❛ ❤♦❥❛ F r❡s♣❡❝t♦ ❞❡ ❧❛ ♠❡❞✐❞❛ vF ② ❧✉❡❣♦ ✐♥t❡❣r❛r
t♦❞♦s ❡st♦s r❡s✉❧t❛❞♦s r❡s♣❡❝t♦ ❞❡ ❧❛ ♠❡❞✐❞❛ v∗✳

❊❧ ♣r♦❜❧❡♠❛ ❝♦♥ ❡st♦ ❡s q✉❡✱ ❝♦♠♦ ♥♦s ❡♥s❡ñ❛♥ ❧♦s ❡❥❡♠♣❧♦s ❞❡ ❑❛t♦❦✲▼✐❧♥♦r ②
❙❤✉❜✲❲✐❧❦✐♥s♦♥✱ ♥❛❞✐❡ ♥♦s ❛s❡❣✉r❛ q✉❡ ❧❛s ♠❡❞✐❞❛s ❞❡s✐♥t❡❣r❛❞❛s {vF} t❡♥❣❛♥ ❛❧❣♦
q✉❡ ✈❡r ❝♦♥ ❧❛s ♠❡❞✐❞❛s ❘✐❡♠❛♥♥✐❛♥❛s {µF}✳

❆♥t❡s ❞❡ s❡❣✉✐r✱ ✉♥❛s ❜r❡✈❡s ❛❝❧❛r❛❝✐♦♥❡s s♦❜r❡ ❧❛ ♥♦t❛❝✐ó♥✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r✱ ❧❛s
♠❡❞✐❞❛s ❘✐❡♠❛♥♥✐❛♥❛s ✭♦ ❞❡ ▲❡❜❡s❣✉❡✮ ✈❛♥ ❛ ❡st❛r s✐❡♠♣r❡ ❞❡♥♦t❛❞❛s ♣♦r ❧❛ ❧❡tr❛ µ✱
♣♦r ❡❥❡♠♣❧♦ µ ❡s ❧❛ ♠❡❞✐❞❛ ❘✐❡♠❛♥♥✐❛♥❛ ❡♥ M ② µF ❡s ❧❛ ♠❡❞✐❞❛ ❘✐❡♠❛♥♥✐❛♥❛ ❡♥
❧❛ ❤♦❥❛ F ✐♥❞✉❝✐❞❛ ♣♦r ❧❛ ❡str✉❝t✉r❛ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡ M ✳ P♦r ♦tr♦ ❧❛❞♦✱ ❧❛s ♠❡❞✐❞❛s
❞❡s✐♥t❡❣r❛❞❛s ② ❝♦❝✐❡♥t❡s ❞❡ µ ♣♦r ✉♥❛ ❢♦❧✐❛❝✐ó♥ F s❡ ✈❛♥ ❛ ❞❡♥♦t❛r ♣♦r v✱ ♣♦r ❡❥❡♠♣❧♦
vF ❡s ❧❛ ♠❡❞✐❞❛ ❞❡s✐♥t❡❣r❛❞❛ ❡♥ ❧❛ ❤♦❥❛ F ② v∗ ❞❡♥♦t❛ ❧❛ ♠❡❞✐❞❛ ❝♦❝✐❡♥t❡ ❡♥ ❧❛ ❢❛♠✐❧✐❛
❞❡ ❤♦❥❛s ❞❡ ❧❛ ❢♦❧✐❛❝✐ó♥ ✭❡♥t✐é♥❞❛♥s❡ ést❛s s✐❡♠♣r❡ r❡str✐♥❣✐❞❛s ❛ ✉♥ ❛❜✐❡rt♦ U ❡♥
❞♦♥❞❡ ❧❛ ♣❛rt✐❝✐ó♥ ❡♥ ❤♦❥❛s ❧♦❝❛❧❡s ❞❡ F s❡❛ ♠❡❞✐❜❧❡✮✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ✈❛♠♦s ❛ ❞❡✜♥✐r ❧❛s ❞✐st✐♥t❛s ❢♦r♠❛s ❡♥ q✉❡ ✉♥❛ ❢♦❧✐❛❝✐ó♥ ♣✉❡❞❡ s❡r
❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ② ❧✉❡❣♦ ✈❛♠♦s ❛ ✈❡r ❝ó♠♦ ést❛s s❡ r❡❧❛❝✐♦♥❛♥ ❡♥tr❡ sí ② q✉é
t✐❡♥❡♥ q✉❡ ✈❡r ❝♦♥ ❧♦ ❛♥t❡r✐♦r✳

P❛r❛ ❧❛ s✐❣✉✐❡♥t❡ ❞❡✜♥✐❝✐ó♥✱ s❡❛ Dk ❧❛ ❜♦❧❛ ✉♥✐t❛r✐❛ ❡♥ Rk✳
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❉❡✜♥✐❝✐ó♥✿ ❯♥❛ ❢♦❧✐❛❝✐ó♥ F ❞❡ ❞✐♠❡♥s✐ó♥ k ❞❡ ✉♥❛ ✈❛r✐❡❞❛❞ M ❡s ✉♥❛ ♣❛rt✐❝✐ó♥
F t❛❧ q✉❡ ♣❛r❛ t♦❞♦ x ❡♥ M

✶✳ ❊❧ át♦♠♦ F(x) ❞❡ F q✉❡ ❝♦♥t✐❡♥❡ ❛ x ❡s ✉♥❛ ✈❛r✐❡❞❛❞ s✉❛✈❡ ❦✲❞✐♠❡♥s✐♦♥❛❧
✐♥♠❡rs❛ ❞❡ ❢♦r♠❛ ✐♥②❡❝t✐✈❛ ❡♥ M ✳

✷✳ ❊①✐st❡ ✉♥ ❛❜✐❡rt♦ U q✉❡ ❝♦♥t✐❡♥❡ ❛ x ② ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ φU : U →
C1(Dk,M) t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ y ❡♥ U ✱ ❧❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡ U ∩ F(y) q✉❡
❝♦♥t✐❡♥❡ ❛ y ❡s ❧❛ ✐♠❛❣❡♥ ❞❡ ❧❛ ❢✉♥❝✐ó♥ φU(y) : D

k → M ✳

❉❛❞♦ ✉♥ ❛❜✐❡rt♦ U ❝♦♠♦ ❡❧ ❞❡❧ ❡♥✉♥❝✐❛❞♦ ② ✉♥ ♣✉♥t♦ y ❡♥ é❧✱ ✈❛♠♦s ❛ ❞❡❝✐r q✉❡
❧❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡ F(y) ∩ U q✉❡ ❝♦♥t✐❡♥❡ ❛ y ❡s ❧❛ ❤♦❥❛ ❧♦❝❛❧ ❞❡ y ❡♥ U ②
✈❛♠♦s ❛ ❞❡♥♦t❛r ♣♦r FU ❛❧ ❝♦♥❥✉♥t♦ ❞❡ ❡❧❧❛s✳ ❊♥ ♣❛rt✐❝✉❧❛r FU ❡s ✉♥❛ ❢♦❧✐❛❝✐ó♥ ❞❡
U ② FU(y) ❡s ❧❛ ❤♦❥❛ ❧♦❝❛❧ ❞❡ F ❡♥ U ♣♦r y✳ ◆♦ ❡s ❞✐❢í❝✐❧ ✈❡r q✉❡ ❛ ♣❛rt✐r ❞❡ ❧❛
❢✉♥❝✐ó♥ φU ♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♥❛ ❝❛rt❛ (U, ϕ) ❝♦♥ ϕ : U → Rn ❝♦♥t✐♥✉❛ t❛❧ q✉❡ s✐
ϕ = (ϕ1, . . . , ϕn) ❡♥t♦♥❝❡s ♣❛r❛ t♦❞♦ y1 ② y2 ❡♥ U s❡ t✐❡♥❡ q✉❡

FU(y1) = FU(y2) s✐ ② só❧♦ s✐ ϕk+1(y1) = ϕk+1(y2), . . . , ϕn(y1) = ϕn(y2)

❈✉❛♥❞♦ ❧❛s ❢✉♥❝✐♦♥❡s ϕ s❡ ♣✉❡❞❛♥ t♦♠❛r s✉❛✈❡s ❞✐r❡♠♦s q✉❡ ❧❛ ❢♦❧✐❛❝✐ó♥ ❡s s✉❛✈❡✱
♠ás ❣❡♥❡r❛❧♠❡♥t❡ ❧❛ ❢♦❧✐❛❝✐ó♥ s❡rá Cr s✐ ❧❛s ϕ s❡ ♣✉❡❞❡♥ t♦♠❛r Cr✳

Pr❡❣✉♥t❛✿ ❉❛❞❛ ✉♥❛ ❢♦❧✐❛❝✐ó♥ F ✳✳✳ ➽❊s ❝✐❡rt♦ q✉❡ t♦❞♦ ♠❡❞✐❜❧❡ A ❞❡M ❞❡ ♠❡❞✐❞❛
♣♦s✐t✐✈❛ ✐♥t❡rs❡❝t❛ ❛ ❝❛s✐ t♦❞❛ ❤♦❥❛ ❞❡ F ❡♥ ✉♥ s✉❜❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛❄

❈✉❛♥❞♦ ❧❛ ❢♦❧✐❛❝✐ó♥ F ❡s s✉❛✈❡ s❡ s✐❣✉❡ ❞❡❧ t❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐ q✉❡ sí ❡s ❝✐❡rt♦✱ ♣❡r♦
❡❧ ❡❥❡♠♣❧♦ ❞❡ ❑❛t♦❦✲▼✐❧♥♦r ♠✉❡str❛ q✉❡ ❝✉❛♥❞♦ ❧❛ ❢♦❧✐❛❝✐ó♥ ❡s s♦❧❛♠❡♥t❡ ❝♦♥t✐♥✉❛
♣✉❡❞❡ r❡s✉❧t❛r ❢❛❧s♦✳

❉❡✜♥✐❝✐ó♥✿ ❉❛❞❛ ✉♥❛ ❢♦❧✐❛❝✐ó♥ F ❞❡ ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛M ✱ ✈❛♠♦s ❛ ❞❡❝✐r
q✉❡ F ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ❡♥ ❢♦r♠❛ ❞é❜✐❧ s✐ ♣❛r❛ t♦❞♦ ♠❡❞✐❜❧❡ A ❞❡ ♠❡❞✐❞❛
♣♦s✐t✐✈❛ s❡ t✐❡♥❡ q✉❡ ♣❛r❛ ❝❛s✐ t♦❞♦ x ❡♥ A

µF(x)(A ∩ F(x)) > 0.

❙✐ q✉❡r❡♠♦s ♣r♦❜❛r q✉❡ ✉♥❛ ❢♦❧✐❛❝✐ó♥ F ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ❡♥ ❢♦r♠❛ ❞é❜✐❧
❧♦ q✉❡ ♣♦❞❡♠♦s ❤❛❝❡r ❡s ❝♦♥s✐❞❡r❛r ❧❛ ♣❛rt✐❝✐ó♥ ❞❡M q✉❡ ❞❡✜♥❡ F ② ♠✐r❛r ❧❛s ♠❡❞✐❞❛s
❞❡s✐♥t❡❣r❛❞❛s ❞❡ µ s♦❜r❡ ❝❛❞❛ ❤♦❥❛ ❞❡ F ✳ ❊❧ ♣r♦❜❧❡♠❛ ❝♦♥ ❡st♦ ❡s q✉❡ ❧❛ ♣❛rt✐❝✐ó♥
q✉❡ ❞❡✜♥❡ F ♥♦ ❡s ♥❡❝❡s❛r✐❛♠❡♥t❡ ♠❡❞✐❜❧❡ ❝♦♠♦ ✈✐♠♦s ❡♥ ❡❧ ❡❥❡♠♣❧♦ ✺ ❞❡ ❧❛ s❡❝❝✐ó♥
✷✳✷✳ ▲♦ q✉❡ s❡ ♣✉❡❞❡ ❤❛❝❡r ❡s r❡str✐♥❣✐r♥♦s ❛ ✉♥ ❛❜✐❡rt♦ U q✉❡ tr✐✈✐❛❧✐❝❡ ❛ ❧❛ ❢♦❧✐❛❝✐ó♥
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❡♥ ❞♦♥❞❡ ❧❛ ♣❛rt✐❝✐ó♥ ❡♥ ❤♦❥❛s ❧♦❝❛❧❡s ❞❡ F sí s❡rá ♠❡❞✐❜❧❡ ② ❛❤♦r❛ ❝♦♠♣❛r❛r ♣❛r❛
❝❛❞❛ ❤♦❥❛ ❧♦❝❛❧ FU(y) s✉ ♠❡❞✐❞❛ ❞❡s✐♥t❡❣r❛❞❛ ② s✉ ♠❡❞✐❞❛ ❘✐❡♠❛♥♥✐❛♥❛✳

❉❡✜♥✐❝✐ó♥✿ ❉❛❞❛ ✉♥❛ ❢♦❧✐❛❝✐ó♥ F ❞❡ ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛M ✱ ✈❛♠♦s ❛ ❞❡❝✐r
q✉❡ F ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ❡♥ ❢♦r♠❛ ❢✉❡rt❡ s✐ ♣❛r❛ ❝❛s✐ t♦❞❛ ❤♦❥❛ ❧♦❝❛❧ FU(y) ❞❡
✉♥ ❛❜✐❡rt♦ tr✐✈✐❛❧✐③❛♥t❡ U s✉ ♠❡❞✐❞❛ ❞❡s✐♥t❡❣r❛❞❛ ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ r❡s♣❡❝t♦
❞❡ s✉ ♠❡❞✐❞❛ ❘✐❡♠❛♥♥✐❛♥❛✳

◆♦s♦tr♦s ✈❛♠♦s ❛ ❡st❛r ✐♥t❡r❡s❛❞♦s ❡♥ ❧❛s ❢♦❧✐❛❝✐♦♥❡s ❡st❛❜❧❡s ❡ ✐♥❡st❛❜❧❡s✱Ws ②Wu

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❡ ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ f : M → M ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✳ ❙✐ ❜✐❡♥
ést❛s ♥♦ s♦♥ s✉❛✈❡s✱ ❆♥♦s♦✈ ② ❙✐♥❛✐ ❞❡♠♦str❛r♦♥ q✉❡ s♦♥ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛s ❡♥
✉♥ s❡♥t✐❞♦ t♦❞❛✈í❛ ♠ás ❢✉❡rt❡ q✉❡ ❡❧ ❛♥t❡r✐♦r q✉❡ ✐♥✈♦❧✉❝r❛ s✉ ❤♦❧♦♥♦♠í❛✳

❉❛❞♦s x1 ② x2 ❡♥ ❧❛ ♠✐s♠❛ ❤♦❥❛ ❧♦❝❛❧ ❞❡ ✉♥ ❛❜✐❡rt♦ U t♦♠❡♠♦s s✉❜✈❛r✐❡❞❛❞❡s T1 ②
T2 tr❛♥s✈❡rs❛❧❡s ❛ ❧❛ ❢♦❧✐❛❝✐ó♥ ❝♦♥ x1 ❡♥ T1 ② x2 ❡♥ T2✳ ▲✉❡❣♦ ❞❡✜♥❛♠♦s ❧❛ ❤♦❧♦♥♦♠✐❛
φ : T1 → T2 t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ y ❡♥ T1

φ(y) = FU(y) ∩ T2.

❈♦♠♦ T1 ② T2 s♦♥ tr❛♥s✈❡rs❛❧❡s ❛ ❧❛ ❢♦❧✐❛❝✐ó♥✱ π ❡stá ❜✐❡♥ ❞❡✜♥✐❞♦ ② ❡s ✉♥ ❤♦♠❡♦✲
♠♦r✜s♠♦ ❡♥tr❡ ✉♥ ❡♥t♦r♥♦ ❞❡ x1 ❡♥ T1 ② ✉♥ ❡♥t♦r♥♦ ❞❡ x2 ❡♥ T2✳

❉❡✜♥✐❝✐ó♥✿ ❉❛❞❛ ✉♥❛ ❢♦❧✐❛❝✐ó♥ F ❞❡ ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛ M ✱ ✈❛♠♦s ❛
❞❡❝✐r q✉❡ F ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ s✐ ❧❛ ❤♦❧♦♥♦♠✐❛ π s✐❡♠♣r❡ ❡s ❛❜s♦❧✉t❛♠❡♥t❡
❝♦♥t✐♥✉❛ ✭r❡s♣❡❝t♦ ❞❡ ❧❛s ♠❡❞✐❞❛s ❘✐❡♠❛♥♥✐❛♥❛s ❡♥ T1 ② T2✮✱ ❝♦♥ ❥❛❝♦❜✐❛♥♦ ❛❝♦t❛❞♦
q✉❡ ✈❛rí❛ ❞❡ ❢♦r♠❛ ❝♦♥t✐♥✉❛ ❛❧ ✈❛r✐❛r T1 ② T2✳

❋✐❣✉r❛ ✺✳✶✿ ▲❛ ❢♦❧✐❛❝✐ó♥ ❞❡❧ ❡❥❡♠♣❧♦ ❞❡ ❑❛t♦❦✲▼✐❧♥♦r ♥♦ ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛
❡♥ ❢♦r♠❛ ❞é❜✐❧✳
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❊❥❡♠♣❧♦s✿

✶✳ ❙✐ ❧❛ ❢♦❧✐❛❝✐ó♥ F ❡s s✉❛✈❡ ❡♥t♦♥❝❡s ♣❛r❛ ❝✉❛❧❡sq✉✐❡r❛ ❞♦s tr❛♥s✈❡rs❛❧❡s T1 ② T2

❧❛ ❤♦❧♦♥♦♠í❛ π ❡s s✉❛✈❡ ② ❡♥ ♣❛rt✐❝✉❧❛r ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛✳

✷✳ ❊♥ ❡❧ t❡r❝❡r ❡❥❡♠♣❧♦ ❞❡❧ ♣r✐♠❡r ❝❛♣ít✉❧♦✱ ❧❛ ❤♦❧♦♥♦♠✐❛ ❞❡ ❧❛ ❢♦❧✐❛❝✐ó♥ F ♥♦ ❡s
❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛✳ ❊st♦ s❡ ✈❡ ❡♥ ❧♦s r❡❝tá♥❣✉❧♦s q✉❡ ❝♦♠♣♦♥❡♥ ❝❛❞❛ t♦rr❡✱
s✉s ❧❛❞♦s ♣r✐♠❡r♦ s❡ ❛❝❡r❝❛♥ ♠✉❝❤♦ ❡♥tr❡ sí✱ ❝❛s✐ ❤❛st❛ t♦❝❛rs❡✱ ♣❛r❛ ❧✉❡❣♦ ✈♦❧✈❡r
❛ s❡♣❛r❛rs❡✳

✸✳ ▲❛ ❢♦❧✐❛❝✐ó♥ F ♣✉❡❞❡ ♥♦ s❡r ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ✐♥❝❧✉s✐✈❡ ❝✉❛♥❞♦ ❝♦♥s✐st❛
❞❡ ❧í♥❡❛s r❡❝t❛s✳

P❛r❛ ✈❡r ❡st♦ t♦♠❡♠♦s ❝✉❛❧q✉✐❡r ❤♦♠❡♦♠♦r✜s♠♦ f : [0, 1] → [0, 1] q✉❡ s❡❛ ❡str✐❝✲
t❛♠❡♥t❡ ♠♦♥ót♦♥♦ ♣❡r♦ ♥♦ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉♦ ② ❝♦♥s✐❞❡r❡♠♦s ❧❛ ❢♦❧✐❛❝✐ó♥
F ❞❡❧ ❝✉❛❞r❛❞♦ [0, 1]2 ♣♦r s❡❣♠❡♥t♦s Γt = {((1− y)t+ yf(t), y) : y ❡♥ [0, 1]}✳

P❛r❛ ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛✱ r❡❝♦r❞❡♠♦s q✉❡ ❝✉❛♥❞♦ t❡♥❡♠♦s ✉♥ ❛❜✐❡rt♦ U q✉❡ tr✐✈✐❛❧✐③❛
✉♥❛ ❢♦❧✐❛❝✐ó♥ F ❡♥t♦♥❝❡s FU ❞❡♥♦t❛ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❤♦❥❛s ❧♦❝❛❧❡s ❡♥ U ✳ ❈♦♠♦ ést❡ ❡s
❛ s✉ ✈❡③ ✉♥❛ ♣❛rt✐❝✐ó♥ ❞❡ U ❡♥t♦♥❝❡s t❡♥❡♠♦s ❧❛ ♠❡❞✐❞❛ ❝♦❝✐❡♥t❡ v∗ ❡♥ FU ❞❛❞❛ ♣♦r
v∗(A) = µ(π−1(A)) ❞♦♥❞❡ π : U → FU ❡s t❛❧ q✉❡ ❛s♦❝✐❛ ❛ x ❡♥ U s✉ ❤♦❥❛ ❧♦❝❛❧ FU(x)✳

▲❡♠❛✿ ❉❛❞❛ ✉♥❛ ❢♦❧✐❛❝✐ó♥ F ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛✱ ✉♥ ❛❜✐❡rt♦ U q✉❡ ❧❛ tr✐✲
✈✐❛❧✐③❛ ② ✉♥❛ ✈❛r✐❡❞❛❞ tr❛♥s✈❡rs❛❧ T ✱ s✐ πT : (T, µT ) → (FU , v∗) ❡♥t♦♥❝❡s πT ❡s
❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛✳ ▼ás ❛ú♥✱ ❞❛❞♦ ✉♥ s✉❜❝♦♥❥✉♥t♦ A ❞❡ T ✱ s❡ t✐❡♥❡ q✉❡

µT (A) = 0 s✐ ② só❧♦ s✐ v∗(πT (A)) = 0.

❉❡♠♦str❛❝✐ó♥✿

❊♥ ♣r✐♠❡r ❧✉❣❛r ❝♦♥str✉②❛♠♦s ✉♥❛ ❢♦❧✐❛❝✐ó♥ s✉❛✈❡ G q✉❡ s❡❛ tr❛♥s✈❡rs❛❧ ❛ F ② T
s❡❛ ✉♥❛ ❞❡ s✉s ❤♦❥❛s✳ P❛r❛ ❡❧❧♦ ❜❛st❛ t♦♠❛r ✉♥❛ ❝❛rt❛ q✉❡ ♠❛♥❞❡ T ❛ ✉♥ s✉❜❡s♣❛❝✐♦
❛❢í♥ ② ❧✉❡❣♦ ✏tr❛❡r ♣❛r❛ ❛trás✑ ❧❛ ❢♦❧✐❛❝✐ó♥ ♣♦r s✉❜❡s♣❛❝✐♦s ♣❛r❛❧❡❧♦s✳

❆❤♦r❛✱ ❞❛❞❛ ✉♥❛ ❤♦❥❛ T ′ ❞❡ G✱ ❧❛ ❤♦❧♦♥♦♠í❛ φ : T → T ′ ❡s t❛❧ q✉❡ ♣❛r❛ t♦❞♦
s✉❜❝♦♥❥✉♥t♦ A ❞❡ T s❡ t✐❡♥❡ q✉❡✿

φ(A) = π−1πT (A) ∩ T ′.

❈♦♠♦ F t✐❡♥❡ ❤♦❧♦♥♦♠✐❛ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ❡♥t♦♥❝❡s A t✐❡♥❡ ♠❡❞✐❞❛ ♥✉❧❛
❡♥ T s✐ ② s♦❧♦ s✐ π−1πT (A) t✐❡♥❡ ♠❡❞✐❞❛ ♥✉❧❛ ❡♥ ❝❛❞❛ ❤♦❥❛ T ′ ❞❡ G✳ ❊♥ ♣❛rt✐❝✉❧❛r✱
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❝♦♠♦ G ❡s s✉❛✈❡✱ s❡ s✐❣✉❡ ❞❡❧ t❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐ q✉❡ π−1πT (A) t✐❡♥❡ ♠❡❞✐❞❛ ♥✉❧❛✳ ❊s
❞❡❝✐r q✉❡

µT (A) = 0 =⇒ µ(π−1πT (A)) = 0 =⇒ v∗(πT (A)) = 0.

P♦r ♦tr♦ ❧❛❞♦✱ ❝♦♠♦ t♦❞❛s ❧❛s ✐♠♣❧✐❝❛❝✐♦♥❡s s♦♥ r❡✈❡rs✐❜❧❡s ❡♥t♦♥❝❡s ✈❛❧❡ ❧❛ ✈✉❡❧t❛✱
❡s ❞❡❝✐r q✉❡ A t✐❡♥❡ ♠❡❞✐❞❛ ♥✉❧❛ ❡♥ T s✐ ② só❧♦ s✐ πT (A) ❧❛ t✐❡♥❡ ❡♥ F ✳‡

❊❧ t❡♦r❡♠❛ q✉❡ s✐❣✉❡ r❡❧❛❝✐♦♥❛ ❧❛s tr❡s ❢♦r♠❛s ❡♥ q✉❡ ✉♥❛ ❢♦❧✐❛❝✐ó♥ ♣✉❡❞❡ s❡r
❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛✱ ✈❛❧❡ ❧❛ ♣❡♥❛ ♥♦t❛r q✉❡ ❧❛s ✐♠♣❧✐❝❛❝✐♦♥❡s s♦♥ ❡str✐❝t❛s✳

❚❡♦r❡♠❛✿ ❉❛❞❛ ✉♥❛ ❢♦❧✐❛❝✐ó♥ F ❞❡ ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛ M s❡ t✐❡♥❡ q✉❡

❛❜s✳ ❝♦♥t✐♥✉❛ =⇒ ❛❜s✳ ❝♦♥t✐♥✉❛ ❡♥ ❢♦r♠❛ ❢✉❡rt❡ =⇒ ❛❜s✳ ❝♦♥t✐♥✉❛ ❡♥ ❢♦r♠❛ ❞é❜✐❧

❉❡♠♦str❛❝✐ó♥✿
✶✮ ❛❜s✳ ❝♦♥t✐♥✉❛ ❡♥ ❢♦r♠❛ ❢✉❡rt❡ =⇒ ❛❜s✳ ❝♦♥t✐♥✉❛ ❡♥ ❢♦r♠❛ ❞é❜✐❧

❊♥ ♣r✐♠❡r ❧✉❣❛r✱ ❛❧❝❛♥③❛ ✈❡r q✉❡ s✐ ♣❛r❛ ❝❛s✐ t♦❞♦ x ❡♥ ✉♥ ♠❡❞✐❜❧❡ A s❡ t✐❡♥❡ q✉❡

µF(x)(A ∩ F(x)) = 0. ✭✺✳✶✮

❡♥t♦♥❝❡s

µ(A) = 0.

❊♥ ❡❢❡❝t♦✱ ♣❛r❛ t♦❞♦ ♠❡❞✐❜❧❡ A ❡❧ s✉❜❝♦♥❥✉♥t♦ B ❞❡ ♣✉♥t♦s x q✉❡ ✈❡r✐✜q✉❡♥ ✭✹✳✶✮
❞❡❜❡ t❡♥❡r ♠❡❞✐❞❛ ❝❡r♦ ♣♦r ❤✐♣ót❡s✐s ✭♣✉❡s B ❡stá ❝♦♥t❡♥✐❞♦ ❡♥ A✮✳

❆❤♦r❛✱ s✐ t❡♥❡♠♦s ✉♥ ❝♦♥❥✉♥t♦ A q✉❡ ♠✐❞❡ ❝❡r♦ ❡♥ ❝❛s✐ t♦❞❛ ❤♦❥❛✱ ❡♥t♦♥❝❡s ♣❛r❛
t♦❞♦ ❛❜✐❡rt♦ tr✐✈✐❛❧✐③❛♥t❡ U ✱ ❡❧ ❝♦♥❥✉♥t♦ A ❞❡❜❡ ♠❡❞✐r ❝❡r♦ ♣❛r❛ ❝❛s✐ t♦❞❛s ❧❛s ♠❡❞✐❞❛s
❞❡s✐♥t❡❣r❛❞❛s ✭♣✉❡s ♣♦r ❤✐♣ót❡s✐s ést❛s s♦♥ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛s r❡s♣❡❝t♦ ❛ ❧❛s
❘✐❡♠❛♥♥✐❛♥❛s✮✳ P❡r♦ ❝♦♠♦ ❧❛ ♠❡❞✐❞❛ ❞❡A s❡ ♣✉❡❞❡ ❝❛❧❝✉❧❛r ✐♥t❡❣r❛♥❞♦ ❧❛s ♠❡❞✐❞❛s ❞❡
A r❡s♣❡❝t♦ ❞❡ ❧❛s ❞❡s✐♥t❡❣r❛❞❛s ❡♥t♦♥❝❡s µ(A∩U) = 0 ♣❛r❛ t♦❞♦ ❛❜✐❡rt♦ tr✐✈✐❛❧✐③❛♥t❡
U ✱ ❞❡ ❞♦♥❞❡ µ(A) = 0 ❝♦♠♦ s❡ q✉❡rí❛✳

✷✮❛❜s✳ ❝♦♥t✐♥✉❛ =⇒ ❛❜s✳ ❝♦♥t✐♥✉❛ ❡♥ ❢♦r♠❛ ❢✉❡rt❡

❱❛♠♦s ❛ ❡♠♣❡③❛r ♣♦r ✉♥ ❝❛s♦ ♠ás s❡♥❝✐❧❧♦✱ s✉♣♦♥❣❛♠♦s q✉❡ ❡①✐st❡ ✉♥❛ ❢♦❧✐❛❝✐ó♥
s✉❛✈❡ G tr❛♥s✈❡rs❛❧ ❛ F t❛❧ q✉❡ ❝✉❛❧q✉✐❡r ❤♦❥❛ ❞❡ F ② ❝✉❛❧q✉✐❡r ❤♦❥❛ ❞❡ G s❡ ❝♦rt❛♥
❡♥ ❡①❛❝t❛♠❡♥t❡ ✉♥ ♣✉♥t♦✳ ❙✉♣♦♥❣❛♠♦s ❛❞❡♠ás q✉❡ F ② G s♦♥ ❛♠❜❛s tr✐✈✐❛❧❡s✳

P❛r❛ ❝❛❞❛ f ❡♥ F ② g ❡♥ G✱ ❞❡♥♦t❡♠♦s ♣♦r (f, g) ❡❧ ♣✉♥t♦ ❞❡ M ❡♥ ❞♦♥❞❡ s❡
✐♥t❡rs❡❝t❛ ❧❛ ❤♦❥❛ f ② ❧❛ ❤♦❥❛ g✳ ❘❡❝♦r❞❡♠♦s q✉❡ t❡♥❡♠♦s ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ♠❡❞✐❞❛s
{vf}✱ ❝❛❞❛ ✉♥❛ ❞❡ ❡❧❧❛s s♦♣♦rt❛❞❛ ❡♥ s✉ r❡s♣❡❝t✐✈❛ ❤♦❥❛ ② ✉♥❛ ♠❡❞✐❞❛ ❝♦❝✐❡♥t❡ vF∗
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❡♥ F q✉❡ ✈❡r✐✜❝❛♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡❧ t❡♦r❡♠❛ ❞❡ ❞❡s✐♥t❡❣r❛❝✐ó♥ ✭❝♦♠♦ F ❡s tr✐✈✐❛❧✱
❡♥t♦♥❝❡s ❡♥ ♣❛rt✐❝✉❧❛r F ❡s ✉♥❛ ♣❛rt✐❝✐ó♥ ♠❡❞✐❜❧❡✮✳ ❆♥á❧♦❣❛♠❡♥t❡ s❡ ❞❡✜♥❡♥ ❧❛ ❢❛♠✐❧✐❛
❞❡ ♠❡❞✐❞❛s {vg} ② ❧❛ ♠❡❞✐❞❛ ❝♦❝✐❡♥t❡ vG∗ ✳

❋✐❣✉r❛ ✺✳✷✿ ❉♦s ❢♦❧✐❛❝✐♦♥❡s ❝♦♠♣❧❡t❛♠❡♥t❡ tr❛♥s✈❡rs❛❧❡s✳

❈♦♠♦ ❧❛ ❢♦❧✐❛❝✐ó♥ G ❡s s✉❛✈❡✱ ♣♦r ❡❧ t❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐✱ ❧❛s ♠❡❞✐❞❛s ❞❡s✐♥t❡❣r❛❞❛s
{vg} s♦♥ t♦❞❛s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛s r❡s♣❡❝t♦ ❞❡ s✉s ❘✐❡♠❛♥♥✐❛♥❛s q✉❡ ❛ s✉ ✈❡③
s♦♥ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛s r❡s♣❡❝t♦ ❞❡ vF∗ ✭♣♦r ❡❧ ❧❡♠❛ ❛♥t❡r✐♦r✮✳ ▲✉❡❣♦✱ s❡ t✐❡♥❡
q✉❡ ♣❛r❛ t♦❞♦ ❢✉♥❝✐ó♥ ♠❡❞✐❜❧❡ ϕ : M → R

∫
ϕdµ =

∫

G

∫

g

ϕ(−, g)dvgdv
G
∗ .

∫
ϕdµ =

∫

G

∫

F

ϕ(f, g)hg(f)dv
F
∗ dv

G
∗ . ✭✺✳✷✮

❉♦♥❞❡ hg ❡s ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ❘❛❞♦♥✲◆✐❦♦❞②♠ ❞❡ vg r❡s♣❡❝t♦ ❞❡ vF∗ ✳ ❙✐ ❞❡✜♥✐♠♦s
h(f, g) = hg(f) ❡♥t♦♥❝❡s ✐♥t❡r❝❛♠❜✐❛♥❞♦ ❡❧ ♦r❞❡♥ ❞❡ ✐♥t❡❣r❛❝✐ó♥ ❡♥ ✭✹✳✷✮

∫
ϕdµ =

∫

F

∫

G

ϕ(f, g)h(f, g)dvG∗ dv
F
∗ .

∫
ϕdµ =

∫

F

∫

f

ϕ(f,−)dvfdv
F
∗ .

❉♦♥❞❡ vf ❡s ✉♥❛ ♠❡❞✐❞❛ ❡♥ ❧❛ ❤♦❥❛ f ✱ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ❝♦♥ vG∗ t❛❧ q✉❡ s✉
❞❡r✐✈❛❞❛ ❞❡ ❘❛❞♦♥✲◆✐❦♦❞②♠ ❡s hf (g) = h(f, g)✳ ▲✉❡❣♦✱ ♣♦r ❧❛ ✉♥✐❝✐❞❛❞ ❞❡❧ t❡♦r❡♠❛
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❞❡ ❞❡s✐♥t❡❣r❛❝✐ó♥✱ ❧❛ ❢❛♠✐❧✐❛ {vf} s♦♥ ❧❛s ♠❡❞✐❞❛s ❞❡s✐♥t❡❣r❛❞❛s ❞❡ µ r❡s♣❡❝t♦ ❛ F
q✉❡ r❡s✉❧t❛♥ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛s ❝♦♥ vG∗ ✳

P❡r♦ ♣♦r ♦tr♦ ❧❛❞♦✱ ❝♦♠♦ G ❡s s✉❛✈❡✱ ❡♥t♦♥❝❡s ❧❛s ❘✐❡♠❛♥♥✐❛♥❛s ❞❡ ❝✉❛❧q✉✐❡r tr❛♥s✲
✈❡rs❛❧ ❛ G ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ❝♦♥ vG∗ ✳ ❊♥ ♣❛rt✐❝✉❧❛r ❧♦ s♦♥ ❧❛s ❘✐❡♠❛♥♥✐❛♥❛s
❞❡ ❧❛s ❤♦❥❛s ❞❡ F ✳ ❍❡♠♦s ♣r♦❜❛❞♦ ❡♥t♦♥❝❡s q✉❡ ❧❛s ♠❡❞✐❞❛s ❞❡s✐♥t❡❣r❛❞❛s ❞❡ ❧❛s ❤♦✲
❥❛s ❞❡ F ✱ ❧❛s ♠❡❞✐❞❛s ❘✐❡♠❛♥♥✐❛♥❛s ❞❡ ❧❛s ❤♦❥❛s ❞❡ F ② vG∗ s♦♥ t♦❞❛s ❛❜s♦❧✉t❛♠❡♥t❡
❝♦♥t✐♥✉❛s ❡♥tr❡ sí✱ ❞❡ ❞♦♥❞❡ F ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ❡♥ ❢♦r♠❛ ❢✉❡rt❡✳

P❛r❛ ❡❧ ❝❛s♦ ❣❡♥❡r❛❧✱ ♥♦ ❡s ❞✐❢í❝✐❧ ✈❡r q✉❡ ❛❧❝❛♥③❛ ♣r♦❜❛r q✉❡ ❧❛ ❢♦❧✐❛❝✐ó♥ ❡s ❧♦❝❛❧✲
♠❡♥t❡ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ❡♥ ❢♦r♠❛ ❢✉❡rt❡✳ P❛r❛ ❡❧❧♦✱ ❞❛❞♦ x ❡♥ M t♦♠❡♠♦s ✉♥
❛❜✐❡rt♦ U q✉❡ ❧♦ ❝♦♥t❡♥❣❛ ② tr✐✈✐❛❧✐❝❡ ❛ F ✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥ t♦♠❡♠♦s ✉♥❛ tr❛♥s✈❡rs❛❧
T ❛ ❧❛ ❢♦❧✐❛❝✐ó♥ F ♣♦r x ② ❧✉❡❣♦ ❡①t❡♥❞❛♠♦s❧❛ ❛ ✉♥❛ ❢♦❧✐❛❝✐ó♥ G t❛♠❜✐é♥ tr❛♥s✈❡rs❛❧ ❛
F ❝♦♠♦ ❡♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❧❡♠❛ ❛♥t❡r✐♦r✳ ◗✉❡❞á♥❞♦♥♦s ❝♦♥ ✉♥ ❛❜✐❡rt♦ ♠ás ❝❤✐❝♦
V ❝♦♥t❡♥✐❞♦ ❡♥ U q✉❡ ❝♦♥t❡♥❣❛ ❛ x ♣♦❞❡♠♦s ❛s❡❣✉r❛r♥♦s ❡st❛r ❡♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s
❛♥t❡r✐♦r❡s ❝♦♠♦ s❡ q✉❡rí❛✳ ‡

P♦r ú❧t✐♠♦✱ ♣r♦❜❡♠♦s q✉❡ ❝✉❛♥❞♦ s❡ t✐❡♥❡♥ ❞♦s ❢♦❧✐❛❝✐♦♥❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐✲
♥✉❛s ② tr❛♥s✈❡rs❛❧❡s ❡♥t♦♥❝❡s ❧❛ ♠❡❞✐❞❛ ❘✐❡♠❛♥♥✐❛♥❛ µ ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛
r❡s♣❡❝t♦ ❞❡ ✉♥❛ ♠❡❞✐❞❛ ♣r♦❞✉❝t♦✳

❉❡✜♥✐❝✐ó♥✿ ❱❛♠♦s ❛ ❞❡❝✐r q✉❡ ✉♥ ❛❜✐❡rt♦ U ❞❡ ✉♥❛ ✈❛r✐❡❞❛❞ M ❡s ♣r♦❞✉❝t♦ ❞❡
❞♦s ❢♦❧✐❛❝✐♦♥❡s F ② G s✐ ést❛s s♦♥ ❞♦s ❢♦❧✐❛❝✐♦♥❡s tr❛♥s✈❡rs❛❧❡s ❞❡ U t❛❧❡s q✉❡ ❝✉❛❧q✉✐❡r
❤♦❥❛ ❞❡ F ② ❝✉❛❧q✉✐❡r ❤♦❥❛ ❞❡ G s❡ ✐♥t❡rs❡❝t❛♥ ❡♥ ❡①❛❝t❛♠❡♥t❡ ✉♥ ♣✉♥t♦✳

❚❡♦r❡♠❛✿ ❉❛❞♦ ✉♥ ❛❜✐❡rt♦ U ❞❡ ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛✱ s✐ U ❡s ❡❧ ♣r♦❞✉❝t♦
❞❡ ❞♦s ❢♦❧✐❛❝✐♦♥❡s F ② G ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛s ❡♥t♦♥❝❡s s❡ t✐❡♥❡ q✉❡ ❧❛ ♠❡❞✐❞❛
❘✐❡♠❛♥♥✐❛♥❛ µ ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ r❡s♣❡❝t♦ ❞❡ ❧❛ ♠❡❞✐❞❛ ♣r♦❞✉❝t♦ vF∗ × vG∗ ✳

❉❡♠♦str❛❝✐ó♥✿

P❛r❛ ❝❛❞❛ f ❡♥ F ② g ❡♥ G✱ ❞❡♥♦t❡♠♦s ♣♦r (f, g) ❡❧ ♣✉♥t♦ ❞❡ M ❡♥ ❞♦♥❞❡ s❡
✐♥t❡rs❡❝t❛ ❧❛ ❤♦❥❛ f ② ❧❛ ❤♦❥❛ g✳ ❘❡❝♦r❞❡♠♦s q✉❡ ❧❛s ♠❡❞✐❞❛s ❞❡s✐♥t❡❣r❛❞❛s {vg} ❞❡
µ r❡s♣❡❝t♦ ❞❡ G s♦♥ t♦❞❛s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛s r❡s♣❡❝t♦ ❛ ❧❛ ♠❡❞✐❞❛ ❝♦❝✐❡♥t❡
vF∗ ✳ ❊♥ r❡❛❧✐❞❛❞✱ s❛❜❡♠♦s q✉❡ ❧❛s ♠❡❞✐❞❛s ❘✐❡♠❛♥♥✐❛♥❛s ❞❡ ❧❛s ❤♦❥❛s ❞❡ G s♦♥ t♦❞❛s
❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛s ❝♦♥ vF∗ ♣♦r F t❡♥❡r ❤♦❧♦♥♦♠í❛ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛✱ ♣❡r♦
♣♦r ♦tr♦ ❧❛❞♦ ♣♦r s❡r G ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ❡♥ ❢♦r♠❛ ❢✉❡rt❡ ❡♥t♦♥❝❡s ❧❛s ♠❡❞✐❞❛s
❘✐❡♠❛♥♥✐❛♥❛s s♦♥ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛s r❡s♣❡❝t♦ ❞❡ ❧❛s ❞❡s✐♥t❡❣r❛❞❛s✳

▲✉❡❣♦ s❡ t✐❡♥❡ q✉❡ ♣❛r❛ t♦❞♦ ❢✉♥❝✐ó♥ ♠❡❞✐❜❧❡ ϕ : U → R

∫
ϕdµ =

∫

G

∫

g

ϕ(−, g)dvgdv
G
∗ .
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∫
ϕdµ =

∫

G

∫

F

ϕ(f, g)h(f, g)dvF∗ dv
G
∗ .

❉♦♥❞❡ h(f, g) = hg(f) ❡s ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ❘❛❞♦♥✲◆✐❦♦❞②♠ ❞❡ vg r❡s♣❡❝t♦ ❞❡ vF∗ ✳
P❡r♦ ❧❛ ❢♦r♠✉❧❛ ❛♥t❡r✐♦r ❞✐❝❡ q✉❡

dµ = h(f, g)dvF∗ dv
G
∗ .

❊s ❞❡❝✐r q✉❡ µ ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ r❡s♣❡❝t♦ ❞❡ ❧❛ ♠❡❞✐❞❛ ♣r♦❞✉❝t♦ vF∗ ×vG∗
❝♦♥ ❞❡r✐✈❛❞❛ ❞❡ ❘❛❞♦♥✲◆✐❦♦❞②♠ h(f, g)✳ ‡

◆♦t❡♠♦s q✉❡ ♣♦r ❧❛ ❞❡♠♦str❛❝✐ó♥ ❛♥t❡r✐♦r ❡♥ r❡❛❧✐❞❛❞ só❧♦ ❤❛❝❡ ❢❛❧t❛ q✉❡ ✉♥❛ ❢♦✲
❧✐❛❝✐ó♥ t❡♥❣❛ ❤♦❧♦♥♦♠í❛ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ② ❧❛ ♦tr❛ s❡❛ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛
❡♥ ❢♦r♠❛ ❢✉❡rt❡✳

❈✉❛♥❞♦ U ❡s ♣r♦❞✉❝t♦ ❞❡ ❞♦s ❢♦❧✐❛❝✐♦♥❡s F ② G✱ ❡♥ ❝❛❞❛ ❤♦❥❛ F ❞❡ F ♣♦❞❡♠♦s
♣♦♥❡r tr❡s ♠❡❞✐❞❛s ❞✐st✐♥t❛s✱ ❧❛ ❞❡s✐♥t❡❣r❛❞❛ vF ✱ ❧❛ ❘✐❡♠❛♥♥✐❛♥❛ µF ② ❧❛ ❝♦❝✐❡♥t❡ vG∗ ✳
❈✉❛♥❞♦ ❧❛ ❢♦❧✐❛❝✐ó♥ F ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ❧❛s ❞♦s ♣r✐♠❡r❛s s♦♥ ❡q✉✐✈❛❧❡♥t❡s ②
❝✉❛♥❞♦ G ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ❧❛s ❞♦s ú❧t✐♠❛s ❧♦ s♦♥✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ s❡ ❞❡❞✉❝❡ ❞❡
❧❛ ❞❡♠♦str❛❝✐ó♥ ❛♥t❡r✐♦r✱ q✉❡ s✐ F ② G s♦♥ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛s ❡♥t♦♥❝❡s ❡①✐st❡♥
❝♦♥st❛♥t❡s k1, k2 ② k3 ✭✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡ F ✮ t❛❧❡s q✉❡ ♣❛r❛ t♦❞❛ F ❡♥ F s❡ t✐❡♥❡ q✉❡

vF ≤ k1µF ≤ k2v
G
∗ ≤ k3vF .

✺✳✷✳ ❯♥ ❝r✐t❡r✐♦ ♣❛r❛ s❡r ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞

❊♥ ❬P❙❪✱ P✉❣❤ ② ❙❤✉❜ ❞❡♠♦str❛r♦♥ q✉❡ s✐ ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r✲
❜ó❧✐❝♦ f ✈❡r✐✜❝❛ ❝✐❡rt❛s ❝♦♥❞✐❝✐♦♥❡s té❝♥✐❝❛s ❡♥t♦♥❝❡s ❡s ❡r❣ó❞✐❝♦✳ ❯♥♦ ❞❡ ❧♦s ♣✉♥t♦s
❝❧❛✈❡s ❡♥ s✉ ❞❡♠♦str❛❝✐ó♥ ❡s ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ✉♥❛ ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞ J q✉❡ s❡ ❧❧❡✲
✈❡ ❜✐❡♥ ❝♦♥ ❧❛ ❞✐♥á♠✐❝❛ ❞❡ f ✳ ▲♦s ❡❧❡♠❡♥t♦s ❞❡ ❧❛ ❜❛s❡ J s♦♥ ❧♦s ❏✉❧✐❡♥♥❡s✱ ést♦s
s♦♥ ❝♦♥❥✉♥t♦s ❞❡✜♥✐❞♦s ❧♦❝❛❧♠❡♥t❡ ❝♦♠♦ ♣r♦❞✉❝t♦ ❞❡ ❧❛s ❢♦❧✐❛❝✐♦♥❡s ❡st❛❜❧❡✱ ❝❡♥tr❛❧
❡ ✐♥❡st❛❜❧❡ ❞❡ f ② ❧❛ ❞✐✜❝✉❧t❛❞ ❡stá ❡♥ q✉❡ ♣✉❡❞❡♥ s❡r ♠✉② ❝❤✐❝♦s ❡♥ ✉♥❛ ❞✐r❡❝❝✐ó♥
♣❡r♦ ❛❧❛r❣❛❞♦s ❡♥ ♦tr❛✳

❊♥ ✈✐st❛ ❞❡ r❡♠♦✈❡r ❛❧❣✉♥❛s ❞❡ ❡s❛s ❝♦♥❞✐❝✐♦♥❡s té❝♥✐❝❛s ❡s q✉❡ ❡st❛♠♦s ✐♥t❡r❡✲
s❛❞♦s ❡♥ ❡st✉❞✐❛r ❝✉á♥❞♦ ❝✐❡rt♦s ❝♦♥❥✉♥t♦s ❞❡✜♥✐❞♦s ❛ ♣❛rt✐r ❞❡ ❢♦❧✐❛❝✐♦♥❡s ❢♦r♠❛♥
✉♥❛ ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞✳ ▲♦s r❡s✉❧t❛❞♦s ❞❡❧ ♣r✐♠❡r ❝❛♣ít✉❧♦ ❡st❛❜❧❡❝❡♥ ❛❧❣✉♥❛s ❧✐♠✐✲
t❛❝✐♦♥❡s✱ ♣♦r ❡❥❡♠♣❧♦✿ ♥♦ ❡s ❝✐❡rt♦ q✉❡ ♣❛r❛ ❝✉❛❧❡sq✉✐❡r❛ ❞♦s ❢♦❧✐❛❝✐♦♥❡s F ② G ❧♦s
F × G−r❡❝tá♥❣✉❧♦s s❡❛♥ ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞✳
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❊♥ ❡st❛ s❡❝❝✐ó♥ ✈❛♠♦s ❛ ❞❛r ✉♥ ❝r✐t❡r✐♦ ♣❛r❛ tr❛t❛r ❝♦♥ ❡st❡ t✐♣♦ ❞❡ ❝♦♥❥✉♥t♦s
❝♦♥str✉✐❞♦s ❛ ♣❛rt✐r ❞❡ ❞♦s ❢♦❧✐❛❝✐♦♥❡s ❡♥ ❧❛ s✐t✉❛❝✐ó♥ ✐❞❡❛❧ ❡♥ q✉❡ ❛♠❜❛s s♦♥ ❛❜s♦❧✉✲
t❛♠❡♥t❡ ❝♦♥t✐♥✉❛s✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ✈❛♠♦s ❛ ♣r♦❜❛r q✉❡ ❝✉❛♥❞♦ s❡ t✐❡♥❡♥ ❞♦s ❢♦❧✐❛❝✐♦♥❡s
F ② G ❞❡ R2✱ s✐ s♦♥ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛s ❡♥t♦♥❝❡s ❧❛ ❜❛s❡ ❞❡ F ×G−r❡❝tá♥❣✉❧♦s
❡s ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞✳

❉❡✜♥✐❝✐ó♥✿ ❉❛❞❛ ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛ M ② ❢♦❧✐❛❝✐♦♥❡s tr❛♥s✈❡rs❛❧❡s F ②
G✱ ✈❛♠♦s ❛ ❞❡❝✐r q✉❡ ❧❛ ❜❛s❡ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ B ❡s t✐♣♦✲♣r♦❞✉❝t♦ s✐ ♣❛r❛ t♦❞♦ β ❡♥
Bx✱ t♦❞❛ ❤♦❥❛ F ❞❡ F q✉❡ ✐♥t❡rs❡❝t❛ ❛ β t❛♠❜✐é♥ ✐♥t❡rs❡❝t❛ ❛ s✉ ❡❥❡ G(β) = β∩G(x)✳

❋✐❣✉r❛ ✺✳✸✿ ❯♥ ❡❥❡♠♣❧♦ ② ✉♥ ♥♦✲❡❥❡♠♣❧♦✳

▲❛ ✐❞❡❛ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❛♥t❡r✐♦r ❡s ♣❡♥s❛r ❛ ❝❛❞❛ β ❡♥ Bx ❝♦♠♦ ❧❛ ✉♥✐ó♥ ❞❡ s✉s
s❡❝❝✐♦♥❡s ♣♦r F q✉❡ s❡ ✉♥❡♥ ❛ tr❛✈és ❞❡❧ ❡❥❡ G(β)✳ P❛r❛ ❝✉❛❧q✉✐❡r ❜❛s❡ B ❝♦♠♦ ❧❛
❛♥t❡r✐♦r ❞❡✜♥❛♠♦s ❧❛s s✐❣✉✐❡♥t❡s ❜❛s❡s ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥✳

BF =
⋃

BF
x ❞♦♥❞❡ s✐ x ❡stá ❡♥ ❧❛ ❤♦❥❛ F ❡♥t♦♥❝❡s BF

x = {β ∩ F : x ❡stá ❡♥ G(β)}.

BG =
⋃

BG
x ❞♦♥❞❡ s✐ x ❡stá ❡♥ ❧❛ ❤♦❥❛ G ❡♥t♦♥❝❡s BG

x = {β ∩G : β ❡stá ❡♥ Bx}.

❚í♣✐❝❛♠❡♥t❡✱ ✉♥❛ ❜❛s❡ B ❝♦♠♦ ❧❛ ❛♥t❡r✐♦r ❡s t❛❧ q✉❡ s✉s ❝♦♥❥✉♥t♦s β s❡ ♦❜t✐❡♥❡♥
❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿ ♣❛r❛ ❝❛❞❛ ♣✉♥t♦ x t♦♠❛♠♦s ♣r✐♠❡r♦ ✉♥ s✉❜❝♦♥❥✉♥t♦ G(β) ❞❡
G(x) ② ❧✉❡❣♦ ♣❛r❛ ❝❛❞❛ y ❡♥ G(β) ♣♦♥❡♠♦s ✉♥ s✉❜❝♦♥❥✉♥t♦ ❞❡ F(y) q✉❡ ❧♦ ❝♦♥t❡♥❣❛✳
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❈r✐t❡r✐♦✿ ❙❡❛♥ ❞❛❞❛s ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛ M ✱ ❢♦❧✐❛❝✐♦♥❡s ❛❜s♦❧✉t❛♠❡♥t❡
❝♦♥t✐♥✉❛s F ② G ② ✉♥❛ ❜❛s❡ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ B t✐♣♦✲♣r♦❞✉❝t♦✳ ❙✉♣♦♥❣❛♠♦s ❛❞❡♠ás
q✉❡ ❡①✐st❡ ✉♥ ❝✉❜r✐♠✐❡♥t♦ ♣♦r ❛❜✐❡rt♦s U t❛❧❡s q✉❡ ♣❛r❛ ❝❛❞❛ ✉♥♦ ❞❡ ❡❧❧♦s ❡①✐st❡♥
❢✉♥❝✐♦♥❡s φF , φG : (0, 1) → R ② ✉♥❛ ❝♦♥st❛♥t❡ k t❛❧❡s q✉❡✿

✶✳ P❛r❛ ❝❛❞❛ ❤♦❥❛ F ❞❡ F ✱ ❧❛ ❜❛s❡ BF ❞❡ (F, µF ) t✐❡♥❡ ❢✉♥❝✐ó♥ ❞❡❧ ❤❛❧♦ ✜♥✐t❛ φF

t❛❧ q✉❡ φF (λ) ≤ φF(λ) ♣❛r❛ t♦❞♦ λ ❡♥ (0, 1)✳

✷✳ P❛r❛ ❝❛❞❛ ❤♦❥❛ G ❞❡ G✱ ❧❛ ❜❛s❡ BG ❞❡ (G, µG) t✐❡♥❡ ❢✉♥❝✐ó♥ ❞❡❧ ❤❛❧♦ ✜♥✐t❛ φG

t❛❧ q✉❡ φG(λ) ≤ φG(λ) ♣❛r❛ t♦❞♦ λ ❡♥ (0, 1)✳

✸✳ P❛r❛ t♦❞♦ β ❡♥ B ② ❝✉❛❧❡sq✉✐❡r❛ ❤♦❥❛s F1 ② F2 q✉❡ ✐♥t❡rs❡❝t❡♥ ❛ β s❡ t✐❡♥❡ q✉❡

µF1
(β) < kµF2

(β).

▲✉❡❣♦ ❧❛ ❜❛s❡ B ❞❡ (M,µ) ❡s ❞❡ ❞❡♥s✐❞❛❞✳

❉❡♠♦str❛❝✐ó♥✿

Pr♦❜❡♠♦s q✉❡ B t✐❡♥❡ ❢✉♥❝✐ó♥ ❞❡❧ ❤❛❧♦ ✜♥✐t❛ ❡♥ (U, µ) ❞❡ ❞♦♥❞❡ ❡♥ ♣❛rt✐❝✉❧❛r ❡s
❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞✳

❊♥ ♣r✐♠❡r ❧✉❣❛r✱ ❝♦♠♦ F ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛✱ ❧❛s ♠❡❞✐❞❛s ❘✐❡♠❛♥♥✐❛♥❛s
µF ❡♥ ❧❛s ❤♦❥❛s F ❞❡ F s♦♥ ❝♦♠♣❛r❛❜❧❡s ❝♦♥ s✉s ♠❡❞✐❞❛s ❞❡s✐♥t❡❣r❛❞❛s vF ♣♦r ✉♥❛
❝♦♥st❛♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ x✱ ❞❡ ❞♦♥❞❡ ❧❛ t❡r❝❡r ❝♦♥❞✐❝✐ó♥ ❞❡❧ ❝r✐t❡r✐♦ s✐❣✉❡ s✐❡♥❞♦
❝✐❡rt❛ ✭❞✐❣❛♠♦s ♣❛r❛ ✉♥❛ ❝♦♥st❛♥t❡ k′✮ s✐ r❡❡♠♣❧❛③❛♠♦s ❧❛s ♠❡❞✐❞❛s ❘✐❡♠❛♥♥✐❛♥❛s
❡♥ ❧❛s ❤♦❥❛s ❞❡ F ♣♦r s✉s ❞❡s✐♥t❡❣r❛❞❛s✳

❙❡ ❞❡❞✉❝❡ ❞❡ ❧♦ ❛♥t❡r✐♦r q✉❡ ❡①✐st❡ φ′
1 : (0, 1) → R ♣❛r❛ ❧❛ q✉❡ ✈❛❧❡ ❧❛ ♣r✐♠❡r

❝♦♥❞✐❝✐ó♥ ❞❡❧ ❝r✐t❡r✐♦ ❝❛♠❜✐❛♥❞♦ ❧❛s ♠❡❞✐❞❛s ❘✐❡♠❛♥♥✐❛♥❛s µF ♣♦r ❧❛s ❞❡s✐♥t❡❣r❛❞❛s
vF ✳ ❆♥á❧♦❣❛♠❡♥t❡✱ ❡①✐st❡ φ′

2 : (0, 1) → R ♣❛r❛ ❧❛ q✉❡ ✈❛❧❡ ❧❛ s❡❣✉♥❞❛ ❝♦♥❞✐❝✐ó♥
❝❛♠❜✐❛♥❞♦ ❧❛s ♠❡❞✐❞❛s ❘✐❡♠❛♥♥✐❛♥❛s µG ♣♦r ❧❛s ❞❡s✐♥t❡❣r❛❞❛s vG✳

P♦r ú❧t✐♠♦✱ ❧❛s ♠❡❞✐❞❛s ❞❡s✐♥t❡❣r❛❞❛s vG s♦♥ ❝♦♠♣❛r❛❜❧❡s ❛ ❧❛s ♠❡❞✐❞❛s r✐❡♠❛♥✲
♥✐❛♥❛s µG ✭♣♦r s❡r G ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛✮ q✉❡ ❛ s✉ ✈❡③ s♦♥ ❝♦♠♣❛r❛❜❧❡s ❛ ❧❛
♠❡❞✐❞❛ ❝♦❝✐❡♥t❡ vF∗ ✭♣♦r s❡r F ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛✮✳ ❊①✐st❡♥ ❡♥t♦♥❝❡s ❝♦♥st❛♥t❡s
k1, k2 > 0 t❛❧❡s q✉❡ k1v

F
∗ ≤ vG ≤ k2v

F
∗ ✳

❆❤♦r❛✱ ✜❥❡♠♦s λ > 0 ② t♦♠❡♠♦s λ1 ② λ2 t❛❧❡s q✉❡

(1−
λ

k′
) ≤ (1− λ1)(1−

k2λ2

k1
).

❱❛♠♦s ❛ ♣r♦❜❛r q✉❡ ♣❛r❛ t♦❞♦ s✉❜❝♦♥❥✉♥t♦ A ❞❡ U ✱ s✉ λ−❤❛❧♦ A(λ) ❡♥ (U, µ)
r❡s♣❡❝t♦ ❞❡ ❧❛ ❜❛s❡ B s❛t✐s❢❛❝❡
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µ(A(λ)) ≤ φ′
1(λ1)φ

′
2(λ2)µ(A).

❉❛❞♦ ✉♥ s✉❜❝♦♥❥✉♥t♦ A ❞❡ U ✱ s❡❛ B ❡❧ ❝♦♥❥✉♥t♦ q✉❡ s❡ ♦❜t✐❡♥❡ ❛❧ r❡❡♠♣❧❛③❛r✱
♣❛r❛ ❝❛❞❛ ❤♦❥❛ F ❞❡ F ✱ ❛ A ∩ F ♣♦r s✉ λ1−❤❛❧♦ ❡♥ (F, vF ) r❡s♣❡❝t♦ ❞❡ ❧❛ ❜❛s❡ BF ✳
❊s ❞❡❝✐r

❙✐ A =
⋃

(A ∩ F ) ❡♥t♦♥❝❡s B =
⋃

(A ∩ F (λ1)).

❈♦♠♦ ❧❛ ♠❡❞✐❞❛ ❞❡s✐♥t❡❣r❛❞❛ ❡♥ ❝❛❞❛ ❤♦❥❛ ❞❡ F s❡ ♠✉❧t✐♣❧✐❝ó ❛ ❧♦ s✉♠♦ ♣♦r
φ′
1(λ1) ✭♣♦r ❧❛ ♣r✐♠❡r ❝♦♥❞✐❝✐ó♥ ❞❡❧ ❝r✐t❡r✐♦✮ ② ❝♦♠♦ ❧❛ ♠❡❞✐❞❛ ❞❡ ✉♥ ❝♦♥❥✉♥t♦ ❡s ❧❛

✐♥t❡❣r❛❧ ❞❡ ❧❛s ♠❡❞✐❞❛s ❞❡s✐♥t❡❣r❛❞❛s ❡♥ ❝❛❞❛ ❤♦❥❛✱ ❡♥t♦♥❝❡s

µ(B) ≤ φ′
1(λ1)µ(A).

❉❡ ❧❛ ♠✐s♠❛ ❢♦r♠❛ q✉❡ ❛♥t❡s ❞❡✜♥✐♠♦s C ❛ ♣❛rt✐r ❞❡ B r❡❡♠♣❧❛③❛♥❞♦✱ ♣❛r❛ ❝❛❞❛G
❡♥ G✱ ❛ B∩G ♣♦r s✉ λ2−❤❛❧♦ ❡♥ (G, vG) r❡s♣❡❝t♦ ❞❡ ❧❛ ❜❛s❡ BG✳ ▲✉❡❣♦✱ ❛♥á❧♦❣❛♠❡♥t❡
❛❧ ❝❛s♦ ❛♥t❡r✐♦r s❡ t✐❡♥❡ q✉❡

µ(C) ≤ φ′
2(λ2)µ(B) ≤ φ′

1(λ1)φ
′
2(λ2)µ(A).

❚♦❞♦ s❡ r❡❞✉❝❡ ❡♥t♦♥❝❡s ❛ ♣r♦❜❛r q✉❡ A(λ) ❡stá ❝♦♥t❡♥✐❞♦ ❡♥ C✳ ❙❡❛ ❡♥t♦♥❝❡s x
❡♥ A(λ)✱ ❧✉❡❣♦ ❡①✐st❡ β ❡♥ Bx t❛❧ q✉❡

λµ(β) ≤ µ(A ∩ β).

P❛r❛ ❝❛❧❝✉❧❛r ❧❛ ♠❡❞✐❞❛ ❞❡ A ∩ β ♣♦❞❡♠♦s ♣r♦❝❡❞❡r ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✱ ♣❛r❛
❝❛❞❛ x′ ❡♥ G(β) = β ∩ G(x) ❞❡❜❡♠♦s ❝❛❧❝✉❧❛r ❧❛ ♠❡❞✐❞❛ ❞❡s✐♥t❡❣r❛❞❛ ❞❡ A ∩ β ❡♥
F(x′) ② ❞❡s♣✉és ✐♥t❡❣r❛r t♦❞♦s ❡st♦s r❡s✉❧t❛❞♦s ❡♥ (G(β), µ∗)✳ ◆♦s ❞✐✈✐❞✐♠♦s ❡♥ ❞♦s
❝❛s♦s

❙✐ x′ ❡stá ❡♥ B ❡♥t♦♥❝❡s vx′(A ∩ β) ≤ vx′(β)✳

❙✐ x′ ♥♦ ❡stá ❡♥ B ❡♥t♦♥❝❡s vx′(A ∩ β) ≤ λ1vx′(β)✳

❉❡ ❞♦♥❞❡

µ(A ∩ β) =

∫

G(β)

vx′(A ∩ β)dµ∗.

λµ(β) ≤

∫

B∩G(β)

vx′(β)dµ∗ + λ1

∫

Bc∩G(β)

vx′(β)dµ∗.

❆❤♦r❛✱ s❡❛ t = ı́nf{vx′(β) : x′ ❡♥ G(β)}✱ ❧✉❡❣♦
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❋✐❣✉r❛ ✺✳✹✿ P❛r❛ ❝❛❧❝✉❧❛r ❧❛ ♠❡❞✐❞❛ ❞❡ A ∩ β ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r s✉s ♠❡❞✐❞❛s ❞❡s✐♥t❡✲
❣r❛❞❛s ❡♥ ❧❛s ❤♦❥❛s ❞❡ F ② ❧✉❡❣♦ ✐♥t❡❣r❛r r❡s♣❡❝t♦ ❞❡ ❧❛ ♠❡❞✐❞❛ ❝♦❝✐❡♥t❡✳

λtµ∗(G(β)) ≤ k′tµ∗(B ∩G(β)) + λ1k
′tµ∗(B

c ∩G(β)).

λµ∗(G(β)) ≤ (1− λ1)k
′µ∗(B ∩G(β)) + λ1k

′µ∗(G(β)).

k2λ2µ∗(G(β)) ≤ k1µ∗(B ∩G(β)).

λ2vG(G(β)) ≤ vG(B ∩G(β)).

❈♦♠♦ G(β) = G(x) ∩ β ❤❡♠♦s ♣r♦❜❛❞♦ ❡♥t♦♥❝❡s q✉❡ s✐ G = G(x) ❡♥t♦♥❝❡s x ❡stá
❡♥ ❡❧ λ2−❤❛❧♦ ❞❡ B r❡s♣❡❝t♦ ❞❡ ❧❛ ❜❛s❡ BG ❞❡ (G, vG)✳ ▲✉❡❣♦ x ❡stá ❡♥ C✱ ❡s ❞❡❝✐r
q✉❡ A(λ) ❡stá ❝♦♥t❡♥✐❞♦ ❡♥ C ❝♦♠♦ q✉❡rí❛♠♦s✳

▲✉❡❣♦ B ❡s ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞ ❞❡ (U, µ) ② ❝✉❜r✐❡♥❞♦ ❛ ❧❛ ✈❛r✐❡❞❛❞ M ♣♦r t❛❧❡s
❛❜✐❡rt♦s s❡ ❞❡❞✉❝❡ q✉❡ B ❡s ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞ ❞❡ (M,µ)✳ ‡

❊❥❡♠♣❧♦s✿

✶✳ ❈♦♥s✐❞❡r❡♠♦s ❞♦s ❢♦❧✐❛❝✐♦♥❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛s F ② G ❞❡ R2 ② ♣r♦❜❡♠♦s
q✉❡ ❧❛ ❜❛s❡ B ❞❡ F × G−r❡❝tá♥❣✉❧♦s ❡s ❞❡ ❞❡♥s✐❞❛❞✳

P♦r ❡♠♣❡③❛r✱ ❧❛s ❞♦s ♣r✐♠❡r❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡❧ ❝r✐t❡r✐♦ ✈❛❧❡♥ tr✐✈✐❛❧♠❡♥t❡ ②❛
q✉❡ ♣❛r❛ t♦❞❛ ♠❡❞✐❞❛ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ❝♦♥ ❧❛ ❞❡ ▲❡❜❡s❣✉❡ ❡♥ R ❧❛
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❜❛s❡ ❞❡ ✐♥t❡r✈❛❧♦s t✐❡♥❡ ❢✉♥❝✐ó♥ ❞❡❧ ❤❛❧♦ ✜♥✐t❛ ≤ 4
λ
✳ P♦r ♦tr♦ ❧❛❞♦✱ ❝♦♠♦ G ❡s

❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ❡♥t♦♥❝❡s s❡ ✈❡r✐✜❝❛ ❧❛ t❡r❝❡r ❝♦♥❞✐❝✐ó♥✳

❍❡♠♦s ♣r♦❜❛❞♦ ❡♥t♦♥❝❡s q✉❡ s✐ F ② G s♦♥ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛s ❡♥t♦♥❝❡s ❧❛
❜❛s❡ ❞❡ F × G−r❡❝tá♥❣✉❧♦s ❡stá ❡♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡❧ ❝r✐t❡r✐♦ ❞❡ ❞♦♥❞❡ ❡s ❞❡
❞❡♥s✐❞❛❞✳

✷✳ ❉❡ ❢♦r♠❛ ♠ás ❣❡♥❡r❛❧✱ ❝✉❛♥❞♦ ❧❛ ❜❛s❡ B s❡ ♦❜t✐❡♥❡ ❝♦♠♦ ♣r♦❞✉❝t♦ ❞❡ ❞♦s ❜❛s❡s
BF ② BG ❞❡ (F , µF

∗ ) ② (G, µG
∗ ) r❡s♣❡❝t✐✈❛♠❡♥t❡✱ s✐ ést❛s t✐❡♥❡♥ ❢✉♥❝✐♦♥❡s ❞❡❧ ❤❛❧♦

✜♥✐t❛ ❡♥t♦♥❝❡s s❡ ❡stá ❡♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r✳ ❊s ❞❡❝✐r✱ s❡ t✐❡♥❡
q✉❡✿

Pr♦♣♦s✐❝✐ó♥✿ ❙❡❛ U ✉♥ ❛❜✐❡rt♦ ❞❡ ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛ q✉❡ ❡s ❡❧ ♣r♦❞✉❝t♦
❞❡ ❞♦s ❢♦❧✐❛❝✐♦♥❡s F ② G ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛s✳ ❙✉♣♦♥❣❛♠♦s ❛❞❡♠ás q✉❡
t❡♥❡♠♦s ❜❛s❡s ❞❡ ❞❡♥s✐❞❛❞ BF ② BG ❡♥ (F , vF∗ ) ② (G, vG∗ ) ❝♦♥ ❢✉♥❝✐ó♥ ❞❡❧ ❤❛❧♦
✜♥✐t❛✱ ❡♥t♦♥❝❡s ❧❛ ❜❛s❡ ♣r♦❞✉❝t♦ B = BF × BG ❞❡ U ❡s ❞❡ ❞❡♥s✐❞❛❞✳

❉❡♠♦str❛❝✐ó♥✿

❊♥ ✈❡③ ❞❡ ✈❡r✐✜❝❛r ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡❧ ❝r✐t❡r✐♦ ✈❛♠♦s ❛ ❞❡♠♦str❛r❧♦ ❞✐r❡❝t❛♠❡♥t❡✳

P♦r ❡❧ t❡♦r❡♠❛ ❞❡ ❧❛ ♣á❣✐♥❛ ✺✵ ❧❛ ❜❛s❡ B ❡s ❞❡ ❞❡♥s✐❞❛❞ ❡♥ (U, vF∗ × vG∗ )✳ P❡r♦
♣♦r ♦tr♦ ❧❛❞♦✱ ❧❛ ♠❡❞✐❞❛ ❘✐❡♠❛♥♥✐❛♥❛ µ ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ r❡s♣❡❝t♦ ❞❡
❧❛ ♠❡❞✐❞❛ ♣r♦❞✉❝t♦ vF∗ × vG∗ ✱ ❡s ❞❡❝✐r

dµ = hdvF∗ × dvG∗ .

▲✉❡❣♦✱ ❝♦♠♦ h ❡s ❛❝♦t❛❞❛ ♣♦r ❤✐♣ót❡s✐s✱ ❡♥t♦♥❝❡s B ❞✐❢❡r❡♥❝✐❛ ❧❛ ✐♥t❡❣r❛❧ ❞❡ h
② s❡ s✐❣✉❡ ❞❡❧ ❧❡♠❛ ❞❡ ❧❛ ♣á❣✐♥❛ ✹✹ q✉❡ B ❡s ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞ ♣❛r❛ (U, µ)✳ ‡

✸✳ ❉❛❞❛s ❞♦s ❢♦❧✐❛❝✐♦♥❡s F ② G ❞❡ ✉♥❛ ✈❛r✐❡❞❛❞ M ❞❡✜♥❛♠♦s ❧❛ ❜❛s❡ J̃ ❞❡ ❧❛
s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✳ P❛r❛ ❝❛❞❛ x ❡♥ M ② ❝✉❛❧❡sq✉✐❡r❛ r, s > 0 s❡❛

J̃(x, r, s) =
⋃

B(x,r,G)

B(x′, s,F).

❉♦♥❞❡ ❧❛ ✉♥✐ó♥ ❡s s♦❜r❡ ❧♦s x′ ❡♥ B(x, r,G) ② ♣❛r❛ ✉♥❛ ❢♦❧✐❛❝✐ó♥ H ❞❡♥♦t❛♠♦s
♣♦r B(x, t,H) = B(x, t) ∩H(x)✳

▲❛ ❜❛s❡ J̃ s❡ ❞❡✜♥❡ ❡♥t♦♥❝❡s ❝♦♠♦ J̃ =
⋃

J̃x ❞♦♥❞❡ J̃x = {J̃(x, r, s) : r, s > 0}✳
❊s ❢á❝✐❧ ✈❡r q✉❡ J̃ ❡s t✐♣♦✲♣r♦❞✉❝t♦✱ ♣♦r ♦tr♦ ❧❛❞♦ ❧❛s ❞♦s ♣r✐♠❡r❛s ❝♦♥❞✐❝✐♦♥❡s
❞❡❧ ❝r✐t❡r✐♦ s❡ s❛t✐s❢❛❝❡♥ ❞❡❜✐❞♦ ❛❧ s✐❣✉✐❡♥t❡ ❧❡♠❛✳
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▲❡♠❛✿ ❙❡❛ M ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛ ② H ✉♥❛ ❢♦❧✐❛❝✐ó♥ ❝✉❛❧q✉✐❡r❛✳ ❉❛❞❛
✉♥❛ ❤♦❥❛ H ❞❡ H✱ ❞❡✜♥❛♠♦s ❧❛ ❜❛s❡ ❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ B ❞❡ (H,µH) ❝♦♠♦

Bx = {B(x, r,H) : r > 0}.

▲✉❡❣♦✱ ❡♥ ✉♥ ❛❜✐❡rt♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡ñ♦✱ ❧❛ ❜❛s❡ B ✈❡r✐✜❝❛ ❡❧ ❧❡♠❛ ❞❡
❇❡s✐❝♦✈✐t❝❤ ❝♦♥ ❝♦♥st❛♥t❡ b ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ ❧❛ ❤♦❥❛ H✳

❉❡♠♦str❛❝✐ó♥✿

❚♦♠❡♠♦s ✉♥ ❛❜✐❡rt♦ U q✉❡ tr✐✈✐❛❧✐❝❡ ❛ ❧❛ ❢♦❧✐❛❝✐ó♥ H ② t❡♥❣❛ ❝♦♥st❛♥t❡ ❞❡
❇❡s✐❝♦✈✐t❝❤ b ✭♣❛r❛ ❧❛ ❜❛s❡ ❞❡ ❧❛s ❜♦❧❛s B(x, r)✮✳ ▲✉❡❣♦ ❧❛ ♠✐s♠❛ ❝♦♥st❛♥t❡
t✐❡♥❡ q✉❡ ❢✉♥❝✐♦♥❛r ♣❛r❛ ♥✉❡str❛ ❜❛s❡ ❞❡ B ❞❡ (H,µH) ♣✉❡s ❜❛st❛ ♥♦t❛r q✉❡ s✐
x1 ② x2 ❡stá♥ ❡♥ ❧❛ ♠✐s♠❛ ❤♦❥❛ ❞❡H ❡♥t♦♥❝❡s B(x1, r1) ② B(x2, r2) s❡ ✐♥t❡rs❡❝t❛♥
s✐ B(x1, r1,H) ② B(x2, r2,H) ❧♦ ❤❛❝❡♥✳ ‡

❊♥ ❞❡✜♥✐t✐✈❛✱ ❝✉❛♥❞♦ ❧❛s ❢♦❧✐❛❝✐♦♥❡s F ② G s❡❛♥ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛s✱ ❧♦
ú♥✐❝♦ q✉❡ ❤❛❝❡ ❢❛❧t❛ ♣❛r❛ q✉❡ ❧❛ ❜❛s❡ J̃ s❡❛ ❞❡ ❞❡♥s✐❞❛❞ ❡s q✉❡ ✈❡r✐✜q✉❡ ❧❛
t❡r❝❡r ❝♦♥❞✐❝✐ó♥ ❞❡❧ ❝r✐t❡r✐♦✳

✹✳ ❉❛❞❛s ❞♦s ❢♦❧✐❛❝✐♦♥❡s F ② G ❞❡ ✉♥❛ ✈❛r✐❡❞❛❞ M ❞❡✜♥❛♠♦s ❧❛ ❜❛s❡ J ❞❡ ❧❛
s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✳ P❛r❛ ❝❛❞❛ x ❡♥ M ② ❝✉❛❧❡sq✉✐❡r❛ r, s > 0 s❡❛

J(x, r, s) = {F(x1) ∩ F(x2) : x1 ❡♥ B(x, r,G) ② x2 ❡♥ B(x2, s,F)}.

▲❛ ❜❛s❡ J s❡ ❞❡✜♥❡ ❡♥t♦♥❝❡s ❝♦♠♦ J =
⋃

Jx ❞♦♥❞❡ Jx = {J(x, r, s) : r, s > 0}✳
❊s ❢á❝✐❧ ✈❡r q✉❡ J ❡s t✐♣♦✲♣r♦❞✉❝t♦✱ ♣♦r ♦tr♦ ❧❛❞♦ ❧❛ ♣r✐♠❡r ❝♦♥❞✐❝✐ó♥ ❞❡❧ ❝r✐t❡r✐♦
s❡ s❛t✐s❢❛❝❡ ♣♦r ❡❧ ❧❡♠❛ ❛♥t❡r✐♦r ② ❧❛ t❡r❝❡r❛ ♣♦r s❡r G ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛✳
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❈❛♣ít✉❧♦ ✻

❉✐❢❡♦♠♦r✜s♠♦s ❍✐♣❡r❜ó❧✐❝♦s

❊♥ s✉ t❡s✐s ❬❆♥❪ ✏●❡♦❞❡s✐❝ ✢♦✇s ♦♥ ❝❧♦s❡❞ ❘✐❡♠❛♥♥ ♠❛♥✐❢♦❧❞s ✇✐t❤ ♥❡❣❛t✐✈❡ ❝✉r✲
✈❛t✉r❡✑✱ ❉✳ ❱✳ ❆♥♦s♦✈ ❞❡♠♦stró q✉❡ ❧♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s ❤✐♣❡r❜ó❧✐❝♦s t✐❡♥❡♥ ❧❛s
s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s

❙♦♥ ❡r❣ó❞✐❝♦s✱ ❡s ❞❡❝✐r q✉❡ ❝✉❛❧q✉✐❡r s✉❜❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ t✐❡♥❡ é❧ ♦ s✉ ❝♦♠✲
♣❧❡♠❡♥t♦ ♠❡❞✐❞❛ ♥✉❧❛✳

❙♦♥ ❡str✉❝t✉r❛❧♠❡♥t❡ ❡st❛❜❧❡s✱ ❡s ❞❡❝✐r q✉❡ ❝✉❛❧q✉✐❡r ♣❡rt✉r❜❛❝✐ó♥ s✉✜❝✐❡♥t❡✲
♠❡♥t❡ ♣❡q✉❡ñ❛ ❡s ✉♥ s✐st❡♠❛ ❞✐♥á♠✐❝♦ t♦♣♦❧ó❣✐❝❛♠❡♥t❡ ❝♦♥❥✉❣❛❞♦ ❛❧ ♦r✐❣✐♥❛❧✳

❈✉❛♥❞♦ ❞❡❝✐♠♦s q✉❡ ❞♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s s♦♥ t♦♣♦❧ó❣✐❝❛♠❡♥t❡ ❝♦♥❥✉❣❛❞♦s ♥♦s
r❡❢❡r✐♠♦s ❛ q✉❡ s♦♥ ❡❧ ♠✐s♠♦ s❛❧✈♦ ❤♦♠❡♦♠♦r✜s♠♦✱ ♠ás ♣r❡❝✐s❛♠❡♥t❡ ❡♥ ❡❧ ❝❛s♦
❞✐s❝r❡t♦ f, f ′ : M → M s♦♥ t♦♣♦❧ó❣✐❝❛♠❡♥t❡ ❝♦♥❥✉❣❛❞♦s s✐ ❡①✐st❡ ✉♥ ❤♦♠❡♠♦r✜s♠♦
g : M → M t❛❧ q✉❡ fg = gf ′✳ ◗✉✐③ás ❧❛ ♣r♦♣✐❡❞❛❞ ❡s ♠ás ❝❧❛r❛ ❡♥ ❡❧ ❝❛s♦ ❝♦♥t✐♥✉♦
q✉❡ ❞✐❝❡ ❧♦ ♠✐s♠♦ ♣❡r♦ s❡ ♣✉❡❞❡ ♣♦♥❡r ❡♥ ♣❛❧❛❜r❛s ❝♦♠♦ ✏t✐❡♥❡♥ ❡❧ ♠✐s♠♦ ❞✐❜✉❥♦✑✳

✏■t ✐s ❛♥ ✐♠♣♦rt❛♥t ❝♦♥❝❡♣t ❢♦r t❤❡ ❡♥❣✐♥❡❡r ✇❤♦ st✉❞✐❡s q✉❛❧✐t❛t✐✈❡ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s✱ s✐♥❝❡ ✐♥ ❡♥❣✐♥❡❡r✐♥❣ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦♥❡ ✇♦r❦s ✇✐t❤ ❛r❡ ♦♥❧②
❛♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ r❡❛❧ ❡q✉❛t✐♦♥s✳ ❚❤❡ ❡♥❣✐♥❡❡r ✇❛♥ts t❤❡ q✉❛❧✐t❛t✐✈❡ ❝♦♥❝❧✉s✐♦♥ ❤❡
♠❛❦❡s t♦ ❜❡ ✈❛❧✐❞ ❢♦r t❤❡ ❛❝t✉❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✇❤✐❝❤ ❞❡s❝r✐❜❡s ❤✐s ✇♦r❧❞✳ ■♥ ❢❛❝t
t❤❡ ♦r✐❣✐♥❛❧ ✐❞❡❛ ♦❢ str✉❝t✉r❛❧ st❛❜✐❧✐t② ✇❛s t❤❡ ❥♦✐♥t ✇♦r❦ ♦❢ ❛♥ ❡♥❣✐♥❡❡r ❆✳❆♥❞r♦♥♦✈✱
❛♥❞ ❛ ♠❛t❤❡♠❛t✐❝✐❛♥ ▲✳ P♦♥tr②❛❣✐♥✳✑ ❙✳ ❙♠❛❧❡ ❡♥ ❬❙♠❪✳

▲❛ ❞❡✜♥✐❝✐ó♥ ❢♦r♠❛❧ ❞❡ ✉♥ s✐st❡♠❛ ❞✐♥á♠✐❝♦ ❤✐♣❡r❜ó❧✐❝♦ ❧❛ ❞❛r❡♠♦s ♠ás t❛r❞❡✱
♣♦r ❡❧ ♠♦♠❡♥t♦ ❜❛st❛ ❝♦♥ ❧❛ ✐❞❡❛ ❞❡ q✉❡ ést♦s s♦♥ t❛❧❡s q✉❡ ♣❛r❛ t♦❞♦ ♣✉♥t♦ x ❞❡
M ✱ ❡❧ s✐st❡♠❛ ❛❝tú❛ ❛❝❤✐❝❛♥❞♦ ❞✐st❛♥❝✐❛s ❡♥ ✉♥❛ ❞✐r❡❝❝✐ó♥ ② ❛❣r❛♥❞á♥❞♦❧❛s ❡♥ ♦tr❛✳
❊st❛ ❝♦♥❞✐❝✐ó♥ ❣❡♦♠étr✐❝❛ t❛♥ s✐♠♣❧❡ ❣❡♥❡r❛ ✉♥❛ ❡str✉❝t✉r❛ ♠✉② r✐❝❛ q✉❡ ❡s ❧❛ q✉❡
♣❡r♠✐t✐ó ❛ ❆♥♦s♦✈ ♣r♦❜❛r ❧♦s ❞♦s r❡s✉❧t❛❞♦s ❛♥t❡s ♠❡♥❝✐♦♥❛❞♦s✳

✼✼
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P♦r ❡❥❡♠♣❧♦✱ ♣❛r❛ t♦❞♦ x ❡①✐st❡ ✉♥❛ s✉❜✈❛r✐❡❞❛❞ Ws(x) q✉❡ ❧♦ ❝♦♥t✐❡♥❡ ② ❡♥ t♦❞♦
♣✉♥t♦ ❡s t❛♥❣❡♥t❡ ❛ ❧❛ ❞✐r❡❝❝✐ó♥ ❡♥ q✉❡ ❡❧ s✐st❡♠❛ ❛❝❤✐❝❛ ❧❛s ❞✐st❛♥❝✐❛s✳ ❊❧ s✐st❡♠❛
❞✐♥á♠✐❝♦ ❞❡❥❛ ✐♥✈❛r✐❛♥t❡ ❡st❛ ❢❛♠✐❧✐❛ ❞❡ s✉❜✈❛r✐❡❞❛❞❡s {W s(x)}✱ ♠ás ♣r❡❝✐s❛♠❡♥t❡
❛❝tú❛ ♣❡r♠✉tá♥❞♦❧❛s s✐❡♠♣r❡ ❛❝❤✐❝❛♥❞♦ ❞✐st❛♥❝✐❛s ❡♥tr❡ ♣✉♥t♦s ❞❡ ❧❛ ♠✐s♠❛ s✉❜✈❛✲
r✐❡❞❛❞✳ ▲❛ s✉❜✈❛r✐❡❞❛❞ Ws(x) s❡ ❧❧❛♠❛ ❧❛ ✈❛r✐❡❞❛❞ ❡st❛❜❧❡ ❞❡ x ② ❝♦♠♦ ❝♦♥❥✉♥t♦
❛❞♠✐t❡ ✉♥❛ ❞❡s❝r✐♣❝✐ó♥ ❜❛st❛♥t❡ s❡♥❝✐❧❧❛

Ws(x) = {y : d(f tx, f ty) → 0 ❝✉❛♥❞♦ t → ∞}.

❖tr❛ ❢♦r♠❛ ❞❡ ❞❡s❝r✐❜✐r ❧❛ ✈❛r✐❡❞❛❞ ❡st❛❜❧❡ Ws(x) s❡rí❛ ❝♦♠♦ ✏❧♦s ♣✉♥t♦s y ❝♦♥
❡❧ ♠✐s♠♦ ❢✉t✉r♦ q✉❡ x✑ ✭♥♦t❡♠♦s q✉❡ ♥✐ s✐q✉✐❡r❛ ❡s ♦❜✈✐♦ q✉❡ ❡st❡ ❝♦♥❥✉♥t♦ s❡❛ ✉♥❛
s✉❜✈❛r✐❡❞❛❞✮✳ ❆♥á❧♦❣❛♠❡♥t❡ s❡ ❞❡✜♥❡ ❧❛ ✈❛r✐❡❞❛❞ ✐♥❡st❛❜❧❡ Wu(x) ❝♦♠♦ ✏❧♦s ♣✉♥t♦s
❝♦♥ ❡❧ ♠✐s♠♦ ♣❛s❛❞♦✑✳

❋✐❣✉r❛ ✻✳✶✿ ❯♥ ♣✉♥t♦ ✜❥♦ ❤✐♣❡r❜ó❧✐❝♦✳

❯♥♦ ❞❡ ❧♦s ♣r✐♠❡r♦s ❡❥❡♠♣❧♦s ❞❡ s✐st❡♠❛ ❞✐♥á♠✐❝♦ ❤✐♣❡r❜ó❧✐❝♦ ❡s ❡❧ ✏❙♠❛❧❡✬s ❍♦r✲
s❡s❤♦❡✑✱ ést❡ ❡s ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ f ❞❡ ❧❛ ❡s❢❡r❛ S2 q✉❡ t✐❡♥❡ ✉♥ s✉❜❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡
H t❛❧ q✉❡ f |H ❡s t♦♣♦❧ó❣✐❝❛♠❡♥t❡ ❝♦♥❥✉❣❛❞♦ ❛❧ s❤✐❢t S : {0, 1}N → {0, 1}N✳ ❊❧ ❡❥❡♠♣❧♦
❡s ✐♥t❡r❡s❛♥t❡ ♣♦rq✉❡ f |H ❡s ❝♦♠♣❧❡t❛♠❡♥t❡ ❝❛ót✐❝♦ ♣❡r♦ ❡str✉❝t✉r❛❧♠❡♥t❡ ❡st❛❜❧❡✱ ❡s
❞❡❝✐r ✏❝❛♦s ❡str✉❝t✉r❛❧♠❡♥t❡ ❡st❛❜❧❡✑ ✦

P♦r ❧♦ ❣❡♥❡r❛❧ ❧♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s ❤✐♣❡r❜ó❧✐❝♦s t✐❡♥❡♥ ✉♥ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❜❛s✲
t❛♥t❡ ❝❛ót✐❝♦✱ ❡st♦ s❡ ♣✉❡❞❡ ✈❡r ♣♦r ❡❥❡♠♣❧♦ ✈í❛ ❧❛ ❢ór♠✉❧❛ ❞❡ P❡s✐♥ q✉❡ r❡❧❛❝✐♦♥❛ ❧❛
❡♥tr♦♣í❛ ❞❡❧ s✐st❡♠❛ ✭✉♥❛ ♠❡❞✐❞❛ ❞❡ s✉ ❝♦♠♣❧❡❥✐❞❛❞✮ ❝♦♥ s✉s ❡①♣♦♥❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈
✭❜ás✐❝❛♠❡♥t❡✱ ❧♦s ❢❛❝t♦r❡s ❝♦♥ q✉❡ ❡❧ ❞✐❢❡♦♠♦r✜s♠♦ ❛❣r❛♥❞❛ ♦ ❛❝❤✐❝❛ ❞✐st❛♥❝✐❛s ❡♥
❝❛❞❛ ❞✐r❡❝❝✐ó♥✮✳

❊♥ ❧♦ q✉❡ s✐❣✉❡✱ ❤❛❝❡♠♦s ✉♥ ❜r❡✈❡ r❡♣❛s♦ s✐♥ ❞❡♠♦str❛❝✐♦♥❡s ❞❡ ❧❛s ❞❡✜♥✐❝✐♦♥❡s
② t❡♦r❡♠❛s ♠ás ✐♠♣♦rt❛♥t❡s✳ ◆♦s ✈❛♠♦s ❛ r❡str✐♥❣✐r ❛❧ ❝❛s♦ ❞❡ s✐st❡♠❛s ❞✐♥á♠✐❝♦s
❞✐s❝r❡t♦s✱ ❡s ❞❡❝✐r ❞✐❢❡♦♠♦r✜s♠♦s✳
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✏■ ❜❡❧✐❡✈❡ t❤❡r❡ ✐s ❛ s❡❝♦♥❞ ❛♥❞ ♠♦r❡ ✐♠♣♦rt❛♥t r❡❛s♦♥ ❢♦r st✉❞②✐♥❣ t❤❡ ❞✐✛❡♦✲
♠♦r♣❤✐s♠ ♣r♦❜❧❡♠ ✭❜❡s✐❞❡s ✐ts ❣r❡❛t ♥❛t✉r❛❧ ❜❡❛✉t②✮✳ ❚❤❛t ✐s✱ t❤❡ s❛♠❡ ♣❤❡♥♦♠❡♥❛
❛♥❞ ♣r♦❜❧❡♠s ♦❢ t❤❡ q✉❛❧✐t❛t✐✈❡ t❤❡♦r② ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❛r❡ ♣r❡s❡♥t
✐♥ t❤❡✐r s✐♠♣❧❡st ❢♦r♠ ✐♥ t❤❡ ❞✐✛❡♦♠♦r♣❤✐s♠ ♣r♦❜❧❡♠✳ ❍❛✈✐♥❣ ✜rst ❢♦✉♥❞ t❤❡♦r❡♠s ✐♥
t❤❡ ❞✐✛❡♦♠♦r♣❤✐s♠ ❝❛s❡✱ ✐t ✐s ✉s✉❛❧❧② ❛ s❡❝♦♥❞❛r② t❛s❦ t♦ tr❛♥s❧❛t❡ t❤❡ r❡s✉❧ts ❜❛❝❦
✐♥t♦ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❢r❛♠❡✇♦r❦✳✑ ❙✳ ❙♠❛❧❡ ❡♥ ❬❙♠❪✳

❉❡ ❛❤♦r❛ ❡♥ ❛❞❡❧❛♥t❡✱ ✉♥❛ ✈❛r✐❡❞❛❞ M q✉✐❡r❡ ❞❡❝✐r ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛✱
❝♦♠♣❛❝t❛ ② ❝♦♥❡①❛ ② t♦❞♦s ❧♦s ❞✐❢❡♦♠♦r✜s♠♦s s❡ s✉♣♦♥❡♥ ❞❡ ❝❧❛s❡ C1✳

✻✳✶✳ ❉❡✜♥✐❝✐♦♥❡s ② ❊❥❡♠♣❧♦s

❆❤♦r❛ ✈❛♠♦s ❛ ❞❡✜♥✐r ❧♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s ② ❝♦♠❡♥✲
t❛r❡♠♦s ❛❧❣✉♥❛s ❞❡ s✉s ♣r♦♣✐❡❞❛❞❡s✳ ❆❧ ✜♥❛❧ ❞❡ ❧❛ s❡❝❝✐ó♥ ❤❛② ❛❧❣✉♥♦s ❡❥❡♠♣❧♦s✳

❋✐❣✉r❛ ✻✳✷✿ ❯♥❛ ✈✐st❛ ❧♦❝❛❧ ❞❡ ✉♥ s✐st❡♠❛ ❞✐♥á♠✐❝♦ ❤✐♣❡r❜ó❧✐❝♦

❉❡✜♥✐❝✐ó♥✿ ❯♥ ❞✐❢❡♦♠♦r✜s♠♦ f ❞❡ ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛ M s❡
❞✐❝❡ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ s✐ ❡①✐st❡♥ ❝♦♥st❛♥t❡s C > 1 ② λs < γ0 < 1 < γ1 < λu ②
✉♥❛ ♣❛rt✐❝✐ó♥ ❞❡❧ ✜❜r❛❞♦ t❛♥❣❡♥t❡ TxM = Eu(x)⊕ Ec(x)⊕ Es(x) t❛❧ q✉❡

✶✳ ▲❛s ❞✐str✐❜✉❝✐♦♥❡s Eu, Ec ② Es s♦♥ ❝♦♥t✐♥✉❛s ② Tf−✐♥✈❛r✐❛♥t❡s✳

✷✳ ❊❧ ❞✐❢❡♦♠♦r✜s♠♦ f : M → M ❡①♣❛♥❞❡ ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥ ❞❡ Eu(x) ② ❝♦♥tr❛❡ ❡♥ ❧❛
❞✐r❡❝❝✐ó♥ ❞❡ Es(x)✱ ♠ás ♣r❡❝✐s❛♠❡♥t❡

C−1λn
u||v|| < ||Tfnv|| ♣❛r❛ v ❡♥ Eu(x)\{0}

C−1γn
0 ||v|| < ||Tfnv|| < Cγn

1 ||v|| ♣❛r❛ v ❡♥ Ec(x)\{0}
||Tfnv|| < Cλn

s ||v|| ♣❛r❛ v ❡♥ Es(x)\{0}
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◆♦t❛s✿

✶✳ ❱❛♠♦s ❛ s✉♣♦♥❡r ❛❞❡♠ás q✉❡ Es ② Eu ♥♦ s♦♥ tr✐✈✐❛❧❡s✳ P♦r ♦tr♦ ❧❛❞♦✱ s✐ s❡ t✐❡♥❡
Ec = {0} ❡♥t♦♥❝❡s s❡ ❞✐❝❡ q✉❡ ❡❧ ❞✐❢❡♦♠♦r✜s♠♦ ❡s ✏❤✐♣❡r❜ó❧✐❝♦✑ ♦ ❞❡ ✏❆♥♦s♦✈✑✳

✷✳ ❈♦♠♦ ❧❛ ✈❛r✐❡❞❛❞ ❡s ❝♦♠♣❛❝t❛ s❡ ♣✉❡❞❡ ✈❡r q✉❡ s✐ s❡ ❝❛♠❜✐❛ ❧❛ ❡str✉❝t✉r❛
❘✐❡♠❛♥♥✐❛♥❛ ❡♥t♦♥❝❡s f s✐❣✉❡ s✐❡♥❞♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✱ q✉✐③ás ❝♦♥ ♦tr❛s
❝♦♥st❛♥t❡s✳ ▼ás ❛ú♥✱ ❡①✐st❡ ✉♥❛ ❡str✉❝t✉r❛ ❘✐❡♠❛♥♥✐❛♥❛✱ ♥♦ ♥❡❝❡s❛r✐❛♠❡♥t❡
s✉❛✈❡✱ ♣❛r❛ ❧❛ q✉❡ C = 1✳

✸✳ ❆ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s Es, Ec ② Eu só❧♦ ❧❡ ♣❡❞✐♠♦s q✉❡ s❡❛♥ ❝♦♥t✐♥✉❛s✱ s✐♥ ❡♠❜❛r❣♦
s✐ f ❡s ❞❡ ❝❧❛s❡ C2 s❡ ♣✉❡❞❡ ❞❡♠♦str❛r q✉❡ r❡s✉❧t❛♥ ❍ö ❧❞❡r✲❝♦♥t✐♥✉❛s✳

❙❡ s❛❜❡ q✉❡ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s Es ② Eu s♦♥ ✐♥t❡❣r❛❜❧❡s ❛ ❢♦❧✐❛❝✐♦♥❡s Ws ② Wu

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ◆♦t❡♠♦s q✉❡ ❝♦♠♦ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ♥♦ s♦♥ ♥❡❝❡s❛r✐❛♠❡♥t❡ s✉❛✲
✈❡s ♥♦ ♣♦❞❡♠♦s ✉s❛r ❡❧ t❡♦r❡♠❛ ❞❡ ❋r♦❜❡♥✐✉s ♣❛r❛ ♣r♦❜❛r s✉ ✐♥t❡❣r❛❜✐❧✐❞❛❞✳ ▼ás
♣r❡❝✐s❛♠❡♥t❡ s❡ t✐❡♥❡ ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✭❞❡ ❧❛ ✈❛r✐❡❞❛❞ ❡st❛❜❧❡✮✿ ❉❛❞❛ ✉♥❛ ✈❛r✐❡❞❛❞ M ② ✉♥ ❞✐❢❡♦♠♦r✜s♠♦
♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ f ✱ t♦❞♦ ♣✉♥t♦ x ❡♥ M ❡stá ❝♦♥t❡♥✐❞♦ ❡♥ ✉♥❛ s✉❜✈❛r✐❡❞❛❞
s✉❛✈❡ Ws

loc(x) t❛♥❣❡♥t❡ ❛ Es ❝♦♥ ❧❛ s✐❣✉✐❡♥t❡ ♣r♦♣✐❡❞❛❞✿ ♣❛r❛ t♦❞♦ ǫ > 0 ❡①✐st❡ ✉♥❛
❝♦♥st❛♥t❡ C(ǫ) t❛❧ q✉❡ s✐ y ❡stá ❡♥ Ws

loc(x) ❡♥t♦♥❝❡s

d(fn(y), fn(x)) < C(ǫ)(λs + ǫ)nd(y, x).

❆ ❧❛ s✉❜✈❛r✐❡❞❛❞ s✉❛✈❡ Ws
loc(x) ❧❛ ❧❧❛♠❛r❡♠♦s ❧❛ ✈❛r✐❡❞❛❞ ❡st❛❜❧❡ ❧♦❝❛❧ ❞❡ x✳ ❆

♣❛rt✐r ❞❡ ❡❧❧❛ s❡ ❞❡✜♥❡ ❧❛ ✈❛r✐❡❞❛❞❡ ❡st❛❜❧❡ ❝♦♠♦

Ws(x) =
⋃

f−n(Ws
loc(f

n(x))).

Pr♦♣♦s✐❝✐ó♥✿ ❉❛❞♦ ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ f ❞❡ ✉♥❛ ✈❛r✐❡❞❛❞
M ✱ ♣❛r❛ t♦❞♦ x ❡♥ M s❡ t✐❡♥❡ q✉❡

❙✐ y ❡stá ❡♥ Ws(x) ❡♥t♦♥❝❡s d(fn(y), fn(x)) → 0

❈✉❛♥❞♦ ❡❧ ❞✐❢❡♦♠♦r✜s♠♦ f ❡s ❤✐♣❡r❜ó❧✐❝♦ ❡♥t♦♥❝❡s ❧❛ ♣r♦♣♦s✐❝✐ó♥ ❛♥t❡r✐♦r ❡s ✉♥
s✐ ② só❧♦ s✐✱ ❡s ❞❡❝✐r q✉❡ ❧❛ ✈❛r✐❡❞❛❞ ❡st❛❜❧❡ ❞❡ ✉♥ ♣✉♥t♦ x ✏s♦♥ ❧♦s y ❝♦♥ ❡❧ ♠✐s♠♦
❢✉t✉r♦✑✳

❆♥á❧♦❣❛♠❡♥t❡ s❡ ❞❡✜♥❡ ❧❛ ✈❛r✐❡❞❛❞ ✐♥❡st❛❜❧❡ ❧♦❝❛❧ Wu
loc(x) ② ❧❛ ✈❛r✐❡❞❛❞ ✐♥❡st❛❜❧❡

Wu(x) q✉❡ t✐❡♥❡♥ ❧❛s ♠✐s♠❛s ♣r♦♣✐❡❞❛❞❡s ❝❛♠❜✐❛♥❞♦ n ♣♦r −n ✭♠ás ❣❡♥❡r❛❧♠❡♥t❡✱
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❝❛♠❜✐❛♥❞♦ f ♣♦r f−1 s❡ ✐♥t❡r❝❛♠❜✐❛♥ ❧❛ ✈❛r✐❡❞❛❞ ❡st❛❜❧❡ ❡ ✐♥❡st❛❜❧❡ ❞❡ ❢♦r♠❛ q✉❡
t♦❞♦ ❧♦ q✉❡ ✈❛❧❡ ♣❛r❛ ✉♥❛ ✈❛❧❡ ♣❛r❛ ❧❛ ♦tr❛✮✳

P♦r ú❧t✐♠♦ s❡ t✐❡♥❡♥ ❧❛s ❢♦❧✐❛❝✐♦♥❡s Ws ② Wu ❝✉②❛s ❤♦❥❛s s♦♥ ❧❛s ✈❛r✐❡❞❛❞❡s
❡st❛❜❧❡s ❡ ✐♥❡st❛❜❧❡s r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ést❛s r❡s✉❧t❛♥ ❝♦♥t✐♥✉❛s ✭❞❡ ❤❡❝❤♦ ❍ö❧❞❡r✲
❝♦♥t✐♥✉❛s✮✳ ❙✐ ❜✐❡♥ Ws ② Wu ♥♦ s♦♥ ♥❡❝❡s❛r✐❛♠❡♥t❡ s✉❛✈❡s✱ sí s♦♥ ❛❜s♦❧✉t❛♠❡♥t❡
❝♦♥t✐♥✉❛s✱ ❧♦ q✉❡ ❛②✉❞♦ ❛ ❆♥♦s♦✈ ❛ ✉s❛r ❡❧ ❛r❣✉♠❡♥t♦ ❞❡ ❍♦♣❢ ♣❛r❛ ❞❡♠♦str❛r q✉❡
t♦❞♦ ❞✐❢❡♦♠♦r✜s♠♦ ❤✐♣❡r❜ó❧✐❝♦ ❡s ❡r❣ó❞✐❝♦✳

❚❡♦r❡♠❛✿ ❙❡❛ f ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✉♥❛ ✈❛r✐❡❞❛❞ M ✳
▲✉❡❣♦ s✐ f ❡s ❞❡ ❝❧❛s❡ C2 ❡♥t♦♥❝❡s ❧❛s ❢♦❧✐❛❝✐♦♥❡s Ws ② Wu s♦♥ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐✲
♥✉❛s✳

▲❛ ❞✐str✐❜✉❝✐ó♥ ❝❡♥tr❛❧ Ec ♣r❡s❡♥t❛ ✉♥❛ ❞✐✜❝✉❧t❛❞ ♠❛②♦r✱ ❡♥ ♣r✐♥❝✐♣✐♦ ♥♦ s✐❡♠♣r❡
❡s ✐♥t❡❣r❛❜❧❡ ♣❡r♦ ✐♥❝❧✉s♦ ❝✉❛♥❞♦ ❧♦ ❡s ♣✉❡❞❡ r❡s✉❧t❛r ❜❛st❛♥t❡ ♣❛t♦❧ó❣✐❝❛✿ ♣♦r ❡❥❡♠✲
♣❧♦ ♣✉❡❞❡ ♥♦ s❡r ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ♥✐ s✐q✉✐❡r❛ ❡♥ ❢♦r♠❛ ❞é❜✐❧✳ ❊st❡ ❡s ✉♥♦ ❞❡
❧♦s ♣r✐♥❝✐♣❛❧❡s ♦❜stá❝✉❧♦s ♣❛r❛ ❡①t❡♥❞❡r ❡❧ ❛r❣✉♠❡♥t♦ ❞❡ ❍♦♣❢ ❛❧ ❝❛s♦ ❞❡ ❞✐❢❡♦♠♦r✜s✲
♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s✳ ❱❛♠♦s ❛ ❞❡❝✐r q✉❡ f ❡s ❞✐♥á♠✐❝❛♠❡♥t❡✲❝♦❤❡r❡♥t❡ s✐
Ec, Ec +Es ② Ec +Eu s♦♥ t♦❞❛s ✐♥t❡❣r❛❜❧❡s ❛ ❢♦❧✐❛❝✐♦♥❡s Wc,Wcs ② Wcu r❡s♣❡❝t✐✈❛✲
♠❡♥t❡✳

❊❥❡♠♣❧♦s✿

✶✳ ✭❚r❛♥s❢♦r♠❛❝✐♦♥❡s ▲✐♥❡❛❧❡s✮ ❙❡❛ T2 = (R/Z)2 ❡❧ t♦r♦ 2−❞✐♠❡♥s✐♦♥❛❧ ② t♦♠❡♠♦s
f : T2 → T2 ❡❧ ❞✐❢❡♦♠♦r✜s♠♦ ✐♥❞✉❝✐❞♦ ♣♦r ❧❛ ♠❛tr✐③

A2 =

(
2 1
1 1

)

❙❡❛♥ λs < 1 < λu ❧♦s ❞♦s ❛✉t♦✈❛❧♦r❡s ❞❡ A2 ② s❡❛♥ vs ② vu ❛✉t♦✈❡❝t♦r❡s ❛s♦❝✐❛❞♦s
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ▲✉❡❣♦ A2 ❝♦♥tr❛❡ ♣♦r λs ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥ ❞❡ vs ② ❡①♣❛♥❞❡ ♣♦r λu

❡♥ ❧❛ ❞✐r❡❝❝✐ó♥ ❞❡ vu✳ ❊❧ ❞✐❢❡♦♠♦r✜s♠♦ f r❡s✉❧t❛ ❤✐♣❡r❜ó❧✐❝♦ ❝♦♥ Es(x) = x+ vs
② Eu(x) = x+vu✳ ▲❛ ✈❛r✐❡❞❛❞ ❡st❛❜❧❡ ✭✐♥❡st❛❜❧❡✮ ❞❡ ✉♥ ♣✉♥t♦ x ❡s ❧❛ ♣r♦②❡❝❝✐ó♥
❛❧ t♦r♦ ❞❡ ❧❛ r❡❝t❛ ♣❛r❛❧❡❧❛ ❛ vs ✭vu✮ ♣♦r é❧✳

▼ás ❣❡♥❡r❛❧♠❡♥t❡✱ ❝✉❛❧q✉✐❡r tr❛♥s❢♦r♠❛❝✐ó♥ ❧✐♥❡❛❧ ✐♥✈❡rs✐❜❧❡ A : Rn → Rn

❝♦♥ ❛❧ ♠❡♥♦s ✉♥ ❛✉t♦✈❛❧♦r ❞❡ ♠♦❞✉❧♦ < 1 ② t❛❧ q✉❡ A(Zn) = Zn ✐♥❞✉❝❡ ✉♥
❞✐❢❡♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ f : Tn → Tn✳ ❊♥ ❡❢❡❝t♦✱ ❜❛st❛ t♦♠❛r
Es ❡❧ ❛✉t♦❡s♣❛❝✐♦ ❛s♦❝✐❛❞♦ ❛ ❧♦s ❛✉t♦✈❛❧♦r❡s ❞❡ ♠♦❞✉❧♦ < 1✱ Eu ❡❧ ❛✉t♦❡s♣❛❝✐♦
❛s♦❝✐❛❞♦ ❛ ❧♦s ❛✉t♦✈❛❧♦r❡s ❞❡ ♠ó❞✉❧♦ > 1 ② Ec ❡❧ ❛✉t♦❡s♣❛❝✐♦ ❞❡ ❛✉t♦✈❛❧♦r❡s ❞❡
♠ó❞✉❧♦ = 1✳
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❈✉❛♥❞♦ ❧❛ tr❛♥s❢♦r♠❛❝✐ó♥ ❧✐♥❡❛❧ A ♥♦ t❡♥❣❛ ❛✉t♦✈❛❧♦r❡s ❞❡ ♠ó❞✉❧♦ 1 ❞✐r❡♠♦s
q✉❡ ❡s ❤✐♣❡r❜ó❧✐❝❛ ❡♥ ❝✉②♦ ❝❛s♦ f r❡s✉❧t❛ ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ ❤✐♣❡r❜ó❧✐❝♦✳

✷✳ ✭Pr♦❞✉❝t♦s ❝r✉③❛❞♦s✮ ❙✐ f : M → M ② g : N → N s♦♥ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s
❡♥t♦♥❝❡s f × g : M × N → M × N t❛♠❜✐é♥ ❧♦ ❡s ✭❧❛s ❞✐str✐❜✉❝✐♦♥❡s s❡ s✉♠❛♥
❜✐❡♥✮✳ ❆❤♦r❛✱ s❡❛♥ M ② N ✈❛r✐❡❞❛❞❡s ❝♦♠♣❛❝t❛s✱ f : M → M ❤✐♣❡r❜ó❧✐❝♦ ②
❝♦♥s✐❞❡r❡♠♦s ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s gm : N → N q✉❡ ✈❛rí❛ ❞❡ ❢♦r♠❛
s✉❛✈❡ ❝♦♥ m ❡♥ M ✳ ❙✉♣♦♥❣❛♠♦s ❛❞❡♠ás q✉❡

máx
m

||Tf |Es(f(m)) || < mı́n
m,n

||Tgm(n)|| ≤ máx
m,n

||Tgm(n)|| < mı́n
m

||Tf |Eu(f(m)) ||

▲✉❡❣♦ T : M ×N → M ×N ✱ ❞❡✜♥✐❞♦ ♣♦r T (m,n) = (f(m), gm(n))✱ ❡s ♣❛r❝✐❛❧✲
♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✳

✸✳ ✭P❡rt✉r❜❛❝✐♦♥❡s✮ ❈✉❛❧q✉✐❡r ♣❡q✉❡ñ❛ ♣❡rt✉r❜❛❝✐ó♥ f ′ ❞❡ ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ ♣❛r✲
❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ f : M → M s✐❣✉❡ s✐❡♥❞♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✳ ▼ás
♣r❡❝✐s❛♠❡♥t❡✱ s❡ t✐❡♥❡ ❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛✿ ▲♦s ❞✐❢❡♦♠♦r✜s♠♦s ❤✐♣❡r❜ó❧✐❝♦s ② ❧♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s s♦♥
s✉❜❝♦♥❥✉♥t♦s ❛❜✐❡rt♦s ❞❡ Diffr(M) ❝♦♥ ❧❛ t♦♣♦❧♦❣í❛ Cr✳

▲❛ ❞❡♠♦str❛❝✐ó♥ ❡s ♠✉② s❡♥❝✐❧❧❛✱ ❧❛s ❝♦♥❞✐❝✐♦♥❡s q✉❡ ❤❛❝❡♥ ❛ ✉♥ ❞✐❢❡♦♠♦r✜s♠♦
❤✐♣❡r❜ó❧✐❝♦ ♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ s♦♥ ❜ás✐❝❛♠❡♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❢♦r♠❛
q✉❡ ♣❛r❛ ❝✉❛❧q✉✐❡r ♣❡rt✉r❜❛❝✐ó♥ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡ñ❛ ✈❛♥ ❛ s❡❣✉✐r ✈❛❧✐❡♥❞♦✳

✹✳ ✭❋❧✉❥♦ ●❡♦❞és✐❝♦✮ ❈♦♥s✐❞❡r❡♠♦s ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛ M ✱ ♣❛r❛
t♦❞♦ x ❡♥ M ② v ❡♥ TxM s❡ t✐❡♥❡ ✉♥❛ ú♥✐❝❛ ❣❡♦❞és✐❝❛ γ t❛❧ q✉❡ γ(0) = x ②
γ′(0) = v✱ ❞❡✜♥❛♠♦s ❡♥t♦♥❝❡s ❡❧ ✢✉❥♦ φt(x, v) = (γ(t), γ′(t))✳ ◆♦t❡♠♦s q✉❡ φt

♥♦ ❡s ✉♥ ✢✉❥♦ ❡♥ ❧❛ ✈❛r✐❡❞❛❞ M s✐♥♦ ❡♥ s✉ t❛♥❣❡♥t❡ TM ✳ ❆❤♦r❛✱ ❝♦♠♦ t♦❞❛
❣❡♦❞és✐❝❛ ❡stá ♣❛r❛♠❡tr✐③❛❞❛ ♣♦r ❧♦♥❣✐t✉❞ ❞❡ ❛r❝♦✱ ❡♥t♦♥❝❡s ❡❧ ✢✉❥♦ ♥♦ ❝❛♠❜✐❛
❧❛ ❧♦♥❣✐t✉❞ ❞❡ ❧♦s ✈❡❝t♦r❡s t❛♥❣❡♥t❡s ❡s ❞❡❝✐r q✉❡ s✐ SM = {(x, v)/||v|| = 1}
❡♥t♦♥❝❡s ♣♦❞❡♠♦s ♣❡♥s❛r q✉❡ φt : SM → SM ✱ ést❡ ❡s ❡❧ ✢✉❥♦ ❣❡ó❞❡s✐❝♦✳ ❊♥ SM
❤❛② ✉♥❛ ♠❡❞✐❞❛ ♥❛t✉r❛❧ ❧❧❛♠❛❞❛ ❧❛ ♠❡❞✐❞❛ ❞❡ ▲✐♦✉✈✐❧❧❡ q✉❡ r❡s✉❧t❛ ✐♥✈❛r✐❛♥t❡
♣❛r❛ ❡❧ ✢✉❥♦ ❣❡♦❞és✐❝♦✳

❙✐ M t✐❡♥❡ ❝✉r✈❛t✉r❛ ♥❡❣❛t✐✈❛ ✭❡st♦ q✉✐❡r❡ ❞❡❝✐r q✉❡ ♣❛r❛ t♦❞♦s v1 ② v2 ❡♥ TxM ✱
❧❛ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ K(v1, v2) ❡s ♥❡❣❛t✐✈❛✮ ② ♣♦♥❡♠♦s φ = φ1 : SM → SM
❡♥t♦♥❝❡s φ r❡s✉❧t❛ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ ❝♦♥ ❞✐str✐❜✉❝✐ó♥ ❝❡♥tr❛❧ ❧❛ ✐♥❞✉❝✐❞❛
♣♦r ❡❧ ✢✉❥♦✳
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❊♥ r❡❛❧✐❞❛❞✱ s❡ t✐❡♥❡ q✉❡ φt ❡s ✉♥ ✢✉❥♦ ❤✐♣❡r❜ó❧✐❝♦✱ q✉❡ s❡ ❞❡✜♥❡ ❞❡ ❢♦r♠❛ s✐♠✐❧❛r
❛ ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ ❤✐♣❡r❜ó❧✐❝♦ ♣❡r♦ ❝♦♥ ✉♥❛ ❞✐r❡❝❝✐ó♥ ❝❡♥tr❛❧ q✉❡ ❡s ❧❛ ❞❡❧ ✢✉❥♦✳
❊♥ s✉ t❡s✐s ❆♥♦s♦✈ ❣❡♥❡r❛❧✐③ó ✉♥ r❡s✉❧t❛❞♦ ❞❡ ❍♦♣❢ ② ♣r♦❜ó ❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛

❚❡♦r❡♠❛ ✭❆♥♦s♦✈✮✿ ❊♥ ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛ ❞❡ ❝✉r✈❛t✉r❛
♥❡❣❛t✐✈❛ ❡❧ ✢✉❥♦ ❣❡♦❞és✐❝♦ ❡s ❡r❣ó❞✐❝♦✳

❊st♦ ❞✐❝❡✱ ❡♥tr❡ ♦tr❛s ❝♦s❛s✱ q✉❡ ❝❛s✐ s✐❡♠♣r❡✱ s✐ ♥♦s ♣❛r❛♠♦s ❡♥ ✉♥ ♣✉♥t♦ ②
❡♠♣❡③❛♠♦s ❛ ❝❛♠✐♥❛r s✐❣✉✐❡♥❞♦ ✉♥❛ ❣❡♦❞és✐❝❛ ❡♥t♦♥❝❡s ✈❛♠♦s ❛ ✈♦❧✈❡r ❛ ♣❛s❛r
♠✉② ❝❡r❝❛ ❞❡❧ ♣✉♥t♦ ❝♦♥ ✉♥❛ ❞✐r❡❝❝✐ó♥ ♠✉② ♣❛r❡❝✐❞❛✳ ▼ás ❛ú♥ ✈❛♠♦s ❛ ✈♦❧✈❡r
❛ ♣❛s❛r ✐♥✜♥✐t❛s ✈❡❝❡s✱ ❛r❜✐tr❛r✐❛♠❡♥t❡ ❝❡r❝❛ ② ❝♦♥ ❞✐r❡❝❝✐ó♥ ❛r❜✐tr❛r✐❛♠❡♥t❡
♣❛r❡❝✐❞❛ ❛ ❝✉❛❧q✉✐❡r ❞✐r❡❝❝✐ó♥ ❞❛❞❛ ❡ ✐♥❝❧✉s✐✈❡ ✈❛♠♦s ❛ ♣♦❞❡r ❡st✐♠❛r ❝♦♥ q✉é
❢r❡❝✉❡♥❝✐❛✳

✺✳ ✭❉✐❢❡♦♠♦r✜s♠♦s ❍✐♣❡r❜ó❧✐❝♦s✮ ❙❡❛ N ✉♥ ❣r✉♣♦ ❞❡ ▲✐❡ ♥✐❧♣♦t❡♥t❡ ② s✐♠♣❧❡♠❡♥✲
t❡ ❝♦♥❡①♦✱ Γ ✉♥ s✉❜❣r✉♣♦ ❞✐s❝r❡t♦ ❝♦♥ ❝♦❝✐❡♥t❡ ❝♦♠♣❛❝t♦ ② A : N → N ✉♥
❛✉t♦♠♦r✜s♠♦ ❞❡ N t❛❧ q✉❡ A(Γ) = Γ✳ ▲✉❡❣♦ f : N/Γ → N/Γ ❡s ✉♥ ❞✐✲
❢❡♦♠♦r✜s♠♦ ❛❢í♥ q✉❡ r❡s✉❧t❛ ❤✐♣❡r❜ó❧✐❝♦ s✐ ② só❧♦ s✐ ❧❛ tr❛♥s❢♦r♠❛❝✐ó♥ ❧✐♥❡❛❧
TeA : TeN → TeN ❡s ❤✐♣❡r❜ó❧✐❝❛✳

❊♥ ❬❙♠❪✱ ❙♠❛❧❡ ♣r❡❣✉♥tó s✐ ést♦s ❡r❛♥ t♦❞♦s ❧♦s ❡❥❡♠♣❧♦s ♣♦s✐❜❧❡s ❞❡ ❞✐❢❡♦♠♦r✲
✜s♠♦s ❤✐♣❡r❜ó❧✐❝♦s s❛❧✈♦ ❝♦♥❥✉❣❛❝✐ó♥ t♦♣♦❧ó❣✐❝❛✱ ❙❤✉❜ ❝♦♥str✉②ó ❡❧ s✐❣✉✐❡♥t❡
❝♦♥tr❛❡❥❡♠♣❧♦✿

❙❡❛ N/Γ ❝♦♠♦ ❛♥t❡s ② π : N/Γ → M ✉♥ r❡✈❡st✐♠✐❡♥t♦ ✜♥✐t♦ ✭❡s ❞❡❝✐r q✉❡ ▼
s❡ ♦❜t✐❡♥❡ ❝♦❝✐❡♥t❛♥❞♦ N/Γ ♣♦r ✉♥ ❣r✉♣♦ ✜♥✐t♦ ❞❡ s✐♠❡trí❛s✮✳ ❚❛❧ ✈❛r✐❡❞❛❞ M
s❡ ❧❧❛♠❛ ✉♥❛ ✐♥❢r❛♥✐❧✈❛r✐❡❞❛❞ ② ❡❧ ❞✐❢❡♦♠♦r✜s♠♦ f : N/Γ → N/Γ ✐♥❞✉❝❡ ✉♥
❞✐❢❡♦♠♦r✜s♠♦ f ′ : M → M q✉❡ ❧❧❛♠❛r❡♠♦s ✉♥ ✐♥❢r❛♥✐❧✲❞✐❢❡♦♠♦r✜s♠♦✳

❈♦♥❥❡t✉r❛✿ ❚♦❞♦ ❞✐❢❡♦♠♦r✜s♠♦ ❤✐♣❡r❜ó❧✐❝♦ ❡s t♦♣♦❧ó❣✐❝❛♠❡♥t❡ ❝♦♥❥✉❣❛❞♦ ❛
✉♥ ✐♥❢r❛♥✐❧✲❞✐❢❡♦♠♦r✜s♠♦✳

✻✳ ✭❘❡str✐❝❝✐♦♥❡s ❚♦♣♦❧ó❣✐❝❛s✮ ◆♦ ❝✉❛❧q✉✐❡r ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛ M
❛❞♠✐t❡ ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ f : M → M ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✳ ▲❛ s♦❧❛ ♣r❡s❡♥✲
❝✐❛ ❞❡ ❧❛ ♣❛rt✐❝✐ó♥ TxM = Eu(x)⊕Ec(x)⊕Es(x) ♣♦r ❞✐str✐❜✉❝✐♦♥❡s ❝♦♥t✐♥✉❛s ②❛
✐♠♣♦♥❡ ❝♦♥❞✐❝✐♦♥❡s t♦♣♦❧ó❣✐❝❛s s♦❜r❡ M ♣❡r♦ ést❛s ♥♦ s♦♥ s✉✜❝✐❡♥t❡s✳ P♦r ❡❥❡♠✲
♣❧♦✱ ❧❛ ❡s❢❡r❛ S3 ❛❞♠✐t❡ ✉♥❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❝♦♠♦ ❧❛ ❛♥t❡r✐♦r ♣❡r♦ s✐♥ ❡♠❜❛r❣♦
♥♦ t✐❡♥❡ ❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s ❝♦♠♦ ❧♦ ♣r✉❡❜❛ ❡❧ s✐❣✉✐❡♥t❡
t❡♦r❡♠❛ ❞❡ ❇r✐♥✱ ❇✉r❛❣♦ ❡ ■✈❛♥♦✈✿

❚❡♦r❡♠❛✿ ❙✐ ✉♥❛ ✈❛r✐❡❞❛❞ ❝♦♠♣❛❝t❛ M ❞❡ ❞✐♠❡♥s✐ó♥ 3 ❛❞♠✐t❡ ✉♥ ❞✐❢❡♦♠♦r✜s✲
♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ ❡♥t♦♥❝❡s π1(M) ❡s ✐♥✜♥✐t♦✳



✽✹ ❈❆P❮❚❯▲❖ ✻✳ ❉■❋❊❖▼❖❘❋■❙▼❖❙ ❍■P❊❘❇Ó▲■❈❖❙

✻✳✷✳ ❚❡♦rí❛ ❊r❣ó❞✐❝❛

▲❛ t❡♦rí❛ ❡r❣ó❞✐❝❛ s✉r❣✐ó ❝✉❛♥❞♦ ❡❧ ❢ís✐❝♦ ▲✳❇♦❧t③♠❛♥♥ ❡st❛❜❛ ❡st✉❞✐❛♥❞♦ ❧❛s ❡❝✉❛✲
❝✐♦♥❡s ❞❡ ❧❛ ♠❡❝á♥✐❝❛ ❡st❛❞íst✐❝❛ q✉❡ ❣♦❜✐❡r♥❛♥ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ✉♥ s✐st❡♠❛ ❞❡ ♣❛rtí✲
❝✉❧❛s ❜❛❥♦ ❧❛ ❛❝❝✐ó♥ ❞❡ ❝✐❡rt❛s ❢✉❡r③❛s✳ P❛r❛ ♣♦❞❡r ❞❡❞✉❝✐r q✉❡ ❡❧ ✏♣r♦♠❡❞✐♦ t❡♠♣♦r❛❧✑
❡s ✐❣✉❛❧ ❛❧ ✏♣r♦♠❡❞✐♦ ❡s♣❛❝✐❛❧✑ ❡♥ ❡❧ ✢✉❥♦ q✉❡ ❡st❛❜❛ ❛♥❛❧✐③❛♥❞♦✱ ❇♦❧t③♠❛♥♥ ❢♦r♠✉❧ó
❝✐❡rt❛ ❤✐♣ót❡s✐s✳ ▲♦ q✉❡ é❧ q✉❡rí❛ ♣r♦❜❛r ❡r❛ q✉❡✱ ❛ ❧❛ ❧❛r❣❛✱ ❡❧ t✐❡♠♣♦ q✉❡ ✉♥❛ ♣❛rtí✲
❝✉❧❛ ♣❛s❛ ❡♥ ❝✐❡rt❛ r❡❣✐♦♥ ❡r❛ ❧♦ ♠✐s♠♦ q✉❡ ❡❧ ✈♦❧✉♠❡♥ r❡❧❛t✐✈♦ ❞❡ ést❛✳ ❙✐♥ ❡♠❜❛r❣♦✱
❡♥ ❧❛ ❢♦r♠❛ ❡♥ q✉❡ ❢♦r♠✉❧ó s✉ ❤✐♣ót❡s✐s✱ ést❛ r❡s✉❧tó ❢❛❧s❛✱ ❧❛ ♣r♦♣✐❡❞❛❞ q✉❡ ❡❧ ✢✉❥♦
♥❡❝❡s✐t❛❜❛ ♣❛r❛ ♣♦❞❡r ❞❡❞✉❝✐r ❧♦ q✉❡ q✉❡rí❛ ❡s ❧♦ q✉❡ ❤♦② s❡ ❝♦♥♦❝❡ ❝♦♠♦ q✉❡ ❡❧ ✢✉❥♦
s❡❛ ✏❡r❣ó❞✐❝♦✑✳

❉❡ ❢♦r♠❛ ♠ás ❣❡♥❡r❛❧✱ s✉♣♦♥❣❛♠♦s q✉❡ t❡♥❡♠♦s ✉♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ ✜♥✐t❛ X
② ✉♥❛ tr❛♥s❢♦r♠❛❝✐ó♥ T : X → X ➽❈✉á♥❞♦ ♣♦❞❡♠♦s ❛s❡❣✉r❛r q✉❡ ❡❧ ♣r♦♠❡❞✐♦ ❡♥ ❡❧
t✐❡♠♣♦ ❡s ❧♦ ♠✐s♠♦ q✉❡ ❡❧ ♣r♦♠❡❞✐♦ ❡♥ ❡❧ ❡s♣❛❝✐♦❄

❊s ❞❡❝✐r✱ s✐ f ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❡♥ L1(X)✱ q✉❡r❡♠♦s q✉❡

ĺım
n→∞

f(x) + f(Tx) + f(T 2x) + . . .+ f(T nx)

n+ 1
=

1

v(X)

∫

X

fdv. ✭✻✳✶✮

P♦r ❡❥❡♠♣❧♦✱ s❡❛ X ✉♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ ✜♥✐t❛ ② T ✉♥❛ tr❛♥s❢♦r♠❛❝✐ó♥ q✉❡
♣r❡s❡r✈❛ ♠❡❞✐❞❛ ✭❡s ❞❡❝✐r q✉❡ v(E) = v(T−1(E)) ♣❛r❛ t♦❞♦ ♠❡❞✐❜❧❡ E✮✳ ❊❧ t❡♦r❡♠❛
❞❡ r❡❝✉rr❡♥❝✐❛ ❞❡ P♦✐♥❝❛ré ❞✐❝❡ q✉❡ ♣❛r❛ t♦❞♦ ♠❡❞✐❜❧❡ E ② ❝❛s✐ t♦❞♦ x ❡♥ E ❡①✐st❡♥
✐♥✜♥✐t♦s ❡♥t❡r♦s ♣♦s✐t✐✈♦s n t❛❧❡s q✉❡ T nx ❡stá ❡♥ E✳ ❈✉❛♥❞♦ ❧❛ tr❛♥s❢♦r♠❛❝✐ó♥ T
s❡❛ ❡r❣ó❞✐❝❛✱ ♥♦ só❧♦ ✈❛♠♦s ❛ ♣♦❞❡r ❞❡❝✐r q✉❡ x ✈✉❡❧✈❡ ❛ E s✐♥♦ q✉❡ ✈❛♠♦s ❛ ♣♦❞❡r
❡st✐♠❛r ❝♦♥ q✉é ❢r❡❝✉❡♥❝✐❛✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ s✐ t♦♠❛♠♦s f = χE ❡♥ ✭✺✳✶✮ ❡♥t♦♥❝❡s

ĺım
n→∞

#{i : 0 ≤ i ≤ n, T ix ❡stá ❡♥ E}

n+ 1
=

v(E)

v(X)
.

❊s ❞❡❝✐r q✉❡✱ ❛ ❧❛ ❧❛r❣❛✱ ❧❛ ❢r❡❝✉❡♥❝✐❛ r❡❧❛t✐✈❛ ❝♦♥ ❧❛ q✉❡ x ♣❛s❛ ♣♦rE ❡s v(E)/v(X)✳

❚❡♦r❡♠❛ ✭❇✐r❦❤♦✛✮✿ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ ✜♥✐t❛✱ T : X → X ✉♥❛
tr❛♥s❢♦r♠❛❝✐ó♥ q✉❡ ♣r❡s❡r✈❛ ♠❡❞✐❞❛ ② f ❡♥ L1(X)✱ ❡♥t♦♥❝❡s s❡ t✐❡♥❡ q✉❡ ♣❛r❛ ❝❛s✐
t♦❞♦ x ❡❧ s✐❣✉✐❡♥t❡ ❧í♠✐t❡ ❡①✐st❡

S+(f, T )(x) = ĺım
n→∞

S+
n (f, T ) = ĺım

n→∞

f(x) + f(Tx) + f(T 2x) + . . .+ f(T nx)

n+ 1
.

▼ás ❛ú♥✱ S+(f, T ) ❡s T−✐♥✈❛r✐❛♥t❡✱ ❡stá ❡♥ L1(X) ②
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∫

X

S+(f, T )dv =

∫

X

fdv.

◆♦t❛✿ ❙✐ T ❡s ✐♥✈❡rs✐❜❧❡✱ ❡♥t♦♥❝❡s s❡ ❞❡✜♥❡ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛ ❡❧ ♣r♦♠❡❞✐♦ t❡♠♣♦r❛❧
✏❤❛❝✐❛ ❛trás✑ S−(f, T )(x) ② s❡ ♣r✉❡❜❛ q✉❡ ✈❡r✐✜❝❛ ❧❛s ♠✐s♠❛s ❝♦♥❞✐❝✐♦♥❡s ② ♣❛r❛ ❝❛s✐
t♦❞♦ x s❡ t✐❡♥❡ q✉❡ S+(f, T )(x) = S−(f, T )(x)✳ ❉❡ ❛❤♦r❛ ❡♥ ♠ás ✈❛♠♦s ❛ ❞❡♥♦t❛r
❛ ❡st❡ ✈❛❧♦r ❡♥ ❝♦♠ú♥ ❝♦♠♦ S(f, T )(x) ❝✉❛♥❞♦ T s❡❛ ✐♥✈❡rs✐❜❧❡✱ ❡♥ ❝❛s♦ ❝♦♥tr❛r✐♦
S(f, T )(x) = S+(f, T )(x)✳

❊❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r ❞✐❝❡ q✉❡ ❡❧ ♣r♦♠❡❞✐♦ ❡♥ ❡❧ t✐❡♠♣♦ ❡stá ❜✐❡♥ ❞❡✜♥✐❞♦ ♣❡r♦ ♥♦
❛s❡❣✉r❛ q✉❡ ést❡ s❡❛ ✐❣✉❛❧ ❛❧ ♣r♦♠❡❞✐♦ ❡♥ ❡❧ ❡s♣❛❝✐♦✳

❉❡✜♥✐❝✐ó♥✿ ❙❡❛ (X, v) ✉♥ ❡s♣❛❝✐♦ ❞❡ ♠❡❞✐❞❛ ✜♥✐t❛ ② T : (X, v) → (X, v) ✉♥❛
tr❛♥s❢♦r♠❛❝✐ó♥ ♠❡❞✐❜❧❡ q✉❡ ♣r❡s❡r✈❛ ♠❡❞✐❞❛✱ ❞❡❝✐♠♦s q✉❡ T ❡s ❡r❣ó❞✐❝❛ s✐ ♣❛r❛ t♦❞♦
s✉❜❝♦♥❥✉♥t♦ T−✐♥✈❛r✐❛♥t❡ A ❞❡ X s❡ t✐❡♥❡ v(A) = 0 ♦ v(A) = v(X)✳

❚❡♦r❡♠❛✿ ❙❡❛ (X, v) ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦ ❝♦♥ ✉♥❛ ♠❡❞✐❞❛ ✜♥✐t❛ v ② T :
X → X ✉♥❛ tr❛♥s❢♦r♠❛❝✐ó♥ ♠❡❞✐❜❧❡ q✉❡ ♣r❡s❡r✈❛ ♠❡❞✐❞❛✱ ❧❛s s✐❣✉✐❡♥t❡s ❛✜r♠❛❝✐♦♥❡s
s♦♥ ❡q✉✐✈❛❧❡♥t❡s

✶✳ ▲❛ tr❛♥s❢♦r♠❛❝✐ó♥ T ❡s ❡r❣ó❞✐❝❛✳

✷✳ ▲❛s ú♥✐❝❛s ❢✉♥❝✐♦♥❡s f ❡♥ L1(X) q✉❡ s♦♥ T−✐♥✈❛r✐❛♥t❡s s♦♥ ❧❛s ❝♦♥st❛♥t❡s✳

✸✳ P❛r❛ t♦❞❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ f s❡ t✐❡♥❡ q✉❡

ĺım
n→∞

Sn(f, T )(x) =
1

v(X)

∫

X

fdv ♣❛r❛ ❝❛s✐ t♦❞♦ x

✹✳ P❛r❛ t♦❞❛ ❢✉♥❝✐ó♥ f ❡♥ L1(X) s❡ t✐❡♥❡ q✉❡

ĺım
n→∞

Sn(f, T )(x) =
1

v(X)

∫

X

fdv ♣❛r❛ ❝❛s✐ t♦❞♦ x

❊❥❡♠♣❧♦s✿

✶✳ ❙❡❛ Tα : S1 → S1 ❧❛ r♦t❛❝✐ó♥ ❞❡ á♥❣✉❧♦ α ✭♥♦t❛r q✉❡ ♣r❡s❡r✈❛ ❧❛ ❧♦♥❣✐t✉❞ ❞❡
❛r❝♦✮✳ Pr♦❜❡♠♦s q✉❡ Tα ❡s ❡r❣ó❞✐❝❛ s✐ ② só❧♦ s✐ α ❡s ✐rr❛❝✐♦♥❛❧✳

❙✐ α ❡s r❛❝✐♦♥❛❧✱ ❞✐❣❛♠♦s α = m
n
π ❡♥t♦♥❝❡s t♦♠❡♠♦s ✉♥ n−á❣♦♥♦ r❡❣✉❧❛r

❝✉❛❧q✉✐❡r❛ ❡♥ S1 ② ♠❛rq✉❡♠♦s ♣❡q✉❡ñ♦s ❛r❝♦s ❞❡ ❧♦♥❣✐t✉❞ ǫ > 0 ❛❧r❡❞❡❞♦r
❞❡ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s n ✈ért✐❝❡s ❢♦r♠❛♥❞♦ ✉♥ ❝♦♥❥✉♥t♦ A✳ ❊s ❢á❝✐❧ ✈❡r q✉❡ A ❡s
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Tα−✐♥✈❛r✐❛♥t❡ ② s✐ ǫ ❡s s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡ñ♦ ❡♥t♦♥❝❡s 0 < µ(A) < 2π✱ ❡s
❞❡❝✐r q✉❡ Tα ♥♦ ❡s ❡r❣ó❞✐❝❛✳

❙✐ α ❡s ✐rr❛❝✐♦♥❛❧✱ ❡♥t♦♥❝❡s ❡❧ ❝♦♥❥✉♥t♦ {nα} ❡s ❞❡♥s♦ ❡♥ S1 ❞❡ ❞♦♥❞❡ ❝✉❛❧✲
q✉✐❡r ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ ② Tα−✐♥✈❛r✐❛♥t❡ ❞❡❜❡ s❡r ❝♦♥st❛♥t❡✳ ❆❤♦r❛✱ s❡❛ A ✉♥
s✉❜❝♦♥❥✉♥t♦ Tα−✐♥✈❛r✐❛♥t❡ ② ❞❡✜♥❛♠♦s ♣❛r❛ ❝❛❞❛ t ❝♦♥ 0 ≤ t ≤ 1 ❧❛ ❢✉♥❝✐ó♥
ft : S

1 → R ❞♦♥❞❡ ft(x) = µ(A ∩ [x, x + t])✳ ❈♦♠♦ ❧❛ ❢✉♥❝✐ó♥ ft ❡s ❝♦♥t✐♥✉❛ ②
Tα−✐♥✈❛r✐❛♥t❡ ❡♥t♦♥❝❡s ❞❡❜❡ s❡r ❝♦♥st❛♥t❡ ❞❡ ❞♦♥❞❡ ft(x) = f(t) = µ(A∩ [0, t])
♣❛r❛ t♦❞♦ x✳

P❡r♦ ❛❤♦r❛✱ ❧❛ ❢✉♥❝✐ó♥ f ❡s ❝♦♥t✐♥✉❛ ② ♣❛r❛ t♦❞♦s 0 < x, y, x+ y < 1✱

f(x+ y) = µ(A ∩ [0, x+ y]) = µ(A ∩ [0, x]) + µ(A ∩ [x, x+ y]) = f(x) + f(y)

❙❡ s✐❣✉❡ ❞❡ ❧♦ ❛♥t❡r✐♦r q✉❡ f ❡s ❧✐♥❡❛❧✱ ❡♥t♦♥❝❡s f(t) = tµ(A) ♣❛r❛ t♦❞♦ t✳ ❊s
❞❡❝✐r q✉❡ A t✐❡♥❡ ❧❛ ♠✐s♠❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ❡♥ ❝✉❛❧q✉✐❡r s✉❜✐♥t❡r✈❛❧♦✱ ❞❡ ❞♦♥❞❡
ést❛ ❞❡❜❡ s❡r ✵ ♦ ✶✳ ❍❡♠♦s ♣r♦❜❛❞♦ ❡♥t♦♥❝❡s q✉❡ µ(A) = 0 ♦ µ(A) = 1✳

❉❡ ❢♦r♠❛ ♠ás ❣❡♥❡r❛❧✱ s❡❛ Tn ❡❧ t♦r♦ n−❞✐♠❡♥s✐♦♥❛❧✳ P❛r❛ ❝❛❞❛ α = (α1, . . . , αn)
❡♥ Tn ❞❡✜♥❛♠♦s ❧❛ tr❛s❧❛❝✐ó♥ Tα : Tn → Tn ♣♦r

Tα(x1, . . . , xn) = (x1 + α1, . . . , xn + αn).

❙❡ t✐❡♥❡ ❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛

❚❡♦r❡♠❛✿ ❙❡❛ α = (α1, α2, . . . , αn)✱ ❧✉❡❣♦ ❧❛ tr❛s❧❛❝✐ó♥ Tα ❡s ❡r❣ó❞✐❝❛ s✐ ② só❧♦
s✐ 1, α1, α2, . . . , αn s♦♥ Q−❧✐♥❡❛❧♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s✳

❉❡♠♦str❛❝✐ó♥✿

❱❛♠♦s ❛ ♣r♦❜❛r só❧♦ ❧❛ ♣❛rt❡ ❞❡❧ ✏s✐✑✳ ❙❡❛ f : Tn → R ✉♥❛ ❢✉♥❝✐ó♥ ♠❡❞✐❜❧❡
❛❝♦t❛❞❛ Tα−✐♥✈❛r✐❛♥t❡ ② ✈❡❛♠♦s q✉❡ f ❞❡❜❡ s❡r ❝♦♥st❛♥t❡✳ ❊s❝r✐❜❛♠♦s ❛ f ❡♥
s✉ s❡r✐❡ ❞❡ ❋♦✉r✐❡r✱ ❡s ❞❡❝✐r

f(x1, . . . , xn) =
∑

(k1,...,kn)∈Zn

a(k1,...,kn)e
2πi

∑
kjxj .

▲✉❡❣♦✱ f ❡s T−✐♥✈❛r✐❛♥t❡ s✐ ② só❧♦ s✐ ♣❛r❛ t♦❞♦ (k1, ..., kn) ❡♥ Zn s❡ t✐❡♥❡ q✉❡

a(k1,...,kn) = a(k1,...,kn)e
2πi

∑
kjαj .

P❡r♦ ♣♦r ❧❛ ❤✐♣ót❡s✐s ❞❡❧ ❡♥✉♥❝✐❛❞♦✱ ❡st♦ ♣❛s❛ s✐ ② só❧♦ s✐ a(k1,...,kn) = 0 ♣❛r❛
t♦❞♦ (k1, . . . , kn) 6= (0, . . . , 0)✳ ❊s ❞❡❝✐r q✉❡ f ❡s ❝♦♥st❛♥t❡✳ ‡



✻✳✷✳ ❚❊❖❘❮❆ ❊❘●Ó❉■❈❆ ✽✼

✷✳ ▲♦s ❞✐❢❡♦♠♦r✜s♠♦s Tn : S1 → S1 ❞❛❞♦s ♣♦r T (ξ) = ξn ♣r❡s❡r✈❛♥ ❧❛ ♠❡❞✐❞❛ ❞❡
▲❡❜❡s❣✉❡ ❡♥ S1 ② s♦♥ ❡r❣ó❞✐❝♦s✳

❋✐❣✉r❛ ✻✳✸✿ ▲❛ ♣❛rt✐❝✐ó♥ P3 ❞❡ S1 ❡♥ 8 ❛r❝♦s s❡♠✐❛❜✐❡rt♦s ❞❡ ❧❛ ♠✐s♠❛ ❧♦♥❣✐t✉❞✳

❉❡♠♦str❡♠♦s q✉❡ T2 ❡s ❡r❣ó❞✐❝♦✱ s❡❛ Pn ❧❛ ♣❛rt✐❝✐ó♥ ❞❡ S1 ❡♥ 2n ❛r❝♦s s❡♠✐✲
❛❜✐❡rt♦s ❞❡ ❧❛ ♠✐s♠❛ ❧♦♥❣✐t✉❞✱ ✉♥♦ ❞❡ ❧♦s ❝✉❛❧❡s ❡♠♣✐❡③❛ ❡♥ 1✳ ❈♦♥s✐❞❡r❡♠♦s ✉♥
❝♦♥❥✉♥t♦ ♠❡❞✐❜❧❡ A q✉❡ s❡❛ T2−✐♥✈❛r✐❛♥t❡ ② ❞❡ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛✳ P♦r ❡❧ t❡♦r❡♠❛
❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ ❞❡ ▲❡❜❡s❣✉❡✱ ♣❛r❛ t♦❞♦ ǫ > 0 ❞❡❜❡ ❡①✐st✐r ✉♥ ❛rq✉✐t♦ I q✉❡
s❡❛ ✉♥ át♦♠♦ ❞❡ ❛❧❣✉♥❛s ❞❡ ❧❛s ♣❛rt✐❝✐♦♥❡s ❛♥t❡r✐♦r❡s✱ ❞✐❣❛♠♦s ❞❡ Pn✱ t❛❧ q✉❡

µ(A ∩ I) ≥ (1− ǫ)µ(I).

❆❤♦r❛✱ ❝♦♠♦ T 2n : I → S1 ❡s ✉♥❛ ❜✐②❡❝❝✐ó♥ ❝♦♥t✐♥✉❛ ❝♦♥ ❥❛❝♦❜✐❛♥♦ ❝♦♥st❛♥t❡
✭❡ ✐❣✉❛❧ ❛ 2n✮✱ ❡♥t♦♥❝❡s

µ(T (A ∩ S1)) ≥ (1− ǫ)µ(T (I)).

❉❡ ❞♦♥❞❡✱ ❝♦♠♦ A ❡s T2−✐♥✈❛r✐❛♥t❡✱ µ(A) ≥ µ(T (A)) ≥ 1− ǫ✳ P❡r♦ ❧♦ ❛♥t❡r✐♦r
❡r❛ ♣❛r❛ ❝✉❛❧q✉✐❡r ǫ > 0✱ ❞❡ ❞♦♥❞❡ µ(A) = 1✳ ❊s ❞❡❝✐r q✉❡ t♦❞♦ ❝♦♥❥✉♥t♦
T2−✐♥✈❛r✐❛♥t❡ t✐❡♥❡ é❧ ♦ s✉ ❝♦♠♣❧❡♠❡♥t♦ ♠❡❞✐❞❛ ♥✉❧❛✳

▲❛ s✐❣✉✐❡♥t❡ ♣r❡❣✉♥t❛ ❞❡ ❍✳ ❋✉rst❡♥❜❡r❣ ❡s ✐♥t❡r❡s❛♥t❡✿ ➽❊s ❧❛ ♠❡❞✐❞❛ ❞❡ ▲❡✲
❜❡s❣✉❡ ❡♥ S1 ❧❛ ú♥✐❝❛ ♠❡❞✐❞❛ T2 ② T3−✐♥✈❛r✐❛♥t❡ s✐♥ át♦♠♦s❄

✸✳ ❊❧ ❞✐❢❡♦♠♦r✜s♠♦ T : T2 → T2 ❞❛❞♦ ♣♦r T (x, y) = (2x + y, x + y) ❡s ❡r❣ó❞✐❝♦✳
❘❡❝♦r❞❡♠♦s q✉❡ ❡♥ ❡❧ ❡❥❡♠♣❧♦ ✶ ❞❡ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r ✈✐♠♦s q✉❡ T q✉❡ ❝♦♥tr❛❡
♣♦r λs ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥ ❞❡❧ ❛✉t♦✈❡❝t♦r vs ② ❡①♣❛♥❞❡ ♣♦r λu ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥ ❞❡❧
❛✉t♦✈❡❝t♦r vu✳

Pr♦❜❡♠♦s q✉❡ T ❡s ❡r❣ó❞✐❝♦✱ s❡❛ f : T2 → R ❝♦♥t✐♥✉❛ ② t♦♠❡♠♦s x ❡ y ❡♥ T2

t❛❧❡s q✉❡ x− y = λvs✳ ❊♥t♦♥❝❡s d(T nx, T ny) → 0✱ ② ❝♦♠♦ ❡❧ t♦r♦ ❡s ❝♦♠♣❛❝t♦
❡♥t♦♥❝❡s f ❡s ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥t✐♥✉❛ ② ❝♦♥❝❧✉✐♠♦s q✉❡
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d(f(T nx), f(T ny)) → 0 ⇒ S+
n (f, x)− S+

n (f, y) → 0.

❍❡♠♦s ♣r♦❜❛❞♦ q✉❡ s✐ x− y = λvs ❡♥t♦♥❝❡s S+(f, x) ❡①✐st❡ s✐ ② só❧♦ s✐ S+(f, y)
❧♦ ❤❛❝❡ ❡♥ ❝✉②♦ ❝❛s♦ ❝♦✐♥❝✐❞❡♥✳ ❆♥❛❧♦❣❛♠❡♥t❡ s✐ y − z = λvu ❡♥t♦♥❝❡s S−(f, y)
❡①✐st❡ s✐ ② só❧♦ s✐ S−(f, z) ❧♦ ❤❛❝❡ ❡♥ ❝✉②♦ ❝❛s♦ ❝♦✐♥❝✐❞❡♥✳ ❆❤♦r❛✱ ♣♦r ❡❧ t❡♦r❡♠❛
❞❡ ❇✐r❦❤♦✛ ❡①✐st❡ ✉♥ s✉❜❝♦♥❥✉♥t♦ S ❞❡ T2 ❝♦♥ µ(S) = 1 ❡♥ ❞♦♥❞❡ S+(f,−) ②
S−(f,−) ❡①✐st❡♥ ② ❝♦✐♥❝✐❞❡♥✳ ❙✐ x ② z ❡stá♥ ❡♥ S✱ ❡♥t♦♥❝❡s t♦♠❡♠♦s y ❝♦♠♦ ❧❛
✐♥t❡rs❡❝❝✐ó♥ ❞❡ Ws(x) ② Wu(z)✱ ❧✉❡❣♦

S(f, x) = S+(f, x) = S+(f, y) = S−(f, y) = S−(f, z) = S(f, z).

❊s ❞❡❝✐r q✉❡ S(f,−) ❡s ❝♦♥st❛♥t❡ ❡♥ S ♣❛r❛ t♦❞❛ f ❝♦♥t✐♥✉❛✱ ❞❡ ❞♦♥❞❡ ♣♦r ❡❧
♣✉♥t♦ ✸ ❞❡❧ ú❧t✐♠♦ t❡♦r❡♠❛ T ❡s ❡r❣ó❞✐❝❛✳

▼ás ❣❡♥❡r❛❧♠❡♥t❡✱ s✐ A : Rn → Rn ❡s ✉♥❛ tr❛♥s❢♦r♠❛❝✐ó♥ ❧✐♥❡❛❧ ✐♥✈❡rs✐❜❧❡ ❝♦♥
A(Zn) = Zn ② T ❡s ❡❧ ❞✐❢❡♦♠♦r✜s♠♦ q✉❡ ✐♥❞✉❝❡ ❡♥ ❡❧ t♦r♦ n−❞✐♠❡♥s✐♦♥❛❧ Tn

❡♥t♦♥❝❡s T ❡s ❡r❣ó❞✐❝♦ s✐ ② só❧♦ s✐✱ ❧❛ tr❛♥s❢♦r♠❛❝✐ó♥ ❧✐♥❡❛❧ A ♥♦ t✐❡♥❡ ♥✐♥❣ú♥
❛✉t♦✈❛❧♦r q✉❡ s❡❛ ✉♥❛ r❛í③ ❞❡ ❧❛ ✉♥✐❞❛❞✳

✻✳✸✳ ❊❧ ❛r❣✉♠❡♥t♦ ❞❡ ❍♦♣❢

❊♥ ✶✾✸✾ ❍♦♣❢ ❞❡♠♦stró q✉❡ ❡❧ ✢✉❥♦ ❣❡♦❞és✐❝♦ ❡♥ ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠✲
♣❛❝t❛ ❞❡ ❝✉r✈❛t✉r❛ ❝♦♥st❛♥t❡ ② ♥♦ ♥❡❣❛t✐✈❛ ❡s ❡r❣ó❞✐❝♦✳ ❊♥ s✉ ❞❡♠♦str❛❝✐ó♥ ✉só ✉♥
❛r❣✉♠❡♥t♦ q✉❡ ❧✉❡❣♦ ❆♥♦s♦✈ ✈♦❧✈✐ó ❛ ✉s❛r ❝✉❛♥❞♦ ❡①t❡♥❞✐ó ❡❧ r❡s✉❧t❛❞♦ ❞❡ ❍♦♣❢ ❛
✈❛r✐❡❞❛❞❡s ❝♦♥ ❝✉r✈❛t✉r❛ ♥❡❣❛t✐✈❛ ✭♥♦ ♥❡❝❡s❛r✐❛♠❡♥t❡ ❝♦♥st❛♥t❡✮✳ ▲❛ ✐❞❡❛ ❡s q✉❡ ♣❛r❛
♣r♦❜❛r q✉❡ ❡❧ ✢✉❥♦ ❡s ❡r❣ó❞✐❝♦✱ ❜❛st❛ ♣r♦❜❛r q✉❡ ❝✉❛❧q✉✐❡r ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ♣♦r
é❧ ② s❛t✉r❛❞♦ ♣♦r ❧❛s ❢♦❧✐❛❝✐♦♥❡s ❡st❛❜❧❡ ❡ ✐♥❡st❛❜❧❡ t✐❡♥❡ q✉❡ t❡♥❡r ♠❡❞✐❞❛ ♥✉❧❛ ♦
♠❡❞✐❞❛ ♠á①✐♠❛✳

◆♦s♦tr♦s ✈❛♠♦s ❛ ✉s❛r ❡st❡ ❛r❣✉♠❡♥t♦ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s ♣❛r❝✐❛❧♠❡♥t❡
❤✐♣❡r❜ó❧✐❝♦s✳

❚❡♦r❡♠❛✿ ❙❡❛ T ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✉♥❛ ✈❛r✐❡❞❛❞ M
② s❡❛ f : M → R ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛✱ ❧✉❡❣♦ s❡ t✐❡♥❡ q✉❡ ❡❧ ♣r♦♠❡❞✐♦ t❡♠♣♦r❛❧
❤❛❝✐❛ ❛❞❡❧❛♥t❡ S+(f, T ) ❡s ❝♦♥st❛♥t❡ ❡♥ ❧❛s ✈❛r✐❡❞❛❞❡s ❡st❛❜❧❡s Ws(x) ② ❡❧ ♣r♦♠❡❞✐♦
t❡♠♣♦r❛❧ ❤❛❝✐❛ ❛trás S−(f, T ) ❡s ❝♦♥st❛♥t❡ ❡♥ ❧❛s ✈❛r✐❡❞❛❞❡s ✐♥❡st❛❜❧❡s Wu(x)✳
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❉❡♠♦str❛❝✐ó♥✿

❱❛♠♦s ❛ ♣r♦❜❛r ❡❧ ❝❛s♦ ❞❡ ❧❛s ✈❛r✐❡❞❛❞❡s ❡st❛❜❧❡s✱ ❡❧ ♦tr♦ ❡s ❛♥á❧♦❣♦✳ P❛r❛ ❡❧❧♦ ❜❛st❛
♣r♦❜❛r q✉❡ ♣❛r❛ t♦❞♦ x ② t♦❞♦ y ❡♥ Ws(x) s❡ t✐❡♥❡ q✉❡ S+(f, T )(x) = S+(f, T )(y)✳
❘❡❝♦r❞❡♠♦s q✉❡ s✐ y ❡stá ❡♥ Ws(x) ❡♥t♦♥❝❡s s❡ t✐❡♥❡ q✉❡

d(T ny, T nx) → 0.

P❡r♦ ❝♦♠♦ f ❡s ❝♦♥t✐♥✉❛ ② M ❝♦♠♣❛❝t❛ ❡♥t♦♥❝❡s f ❡s ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥t✐♥✉❛✱
❞❡ ❞♦♥❞❡

d(f(T ny), f(T nx)) → 0.

P❡r♦ ❞❡ ❧♦ ❛♥t❡r✐♦r s❡ ❞❡❞✉❝❡ q✉❡ S+(f, T )(x) = S+(f, T )(y)✱ ❝♦♠♦ q✉❡rí❛♠♦s✳ ‡

P❛r❛ ❡❧ t❡♦r❡♠❛ q✉❡ s✐❣✉❡ ♣r❡❝✐s❛♠♦s ✉♥❛ ❞❡✜♥✐❝✐ó♥✱ ✈❛♠♦s ❛ ❞❡❝✐r q✉❡ ✉♥ ❝♦♥❥✉♥t♦
A ❞❡ ✉♥❛ ✈❛r✐❡❞❛❞ M ❡s ❡s❡♥❝✐❛❧♠❡♥t❡ s❛t✉r❛❞♦ ♣♦r ✉♥❛ ❢♦❧✐❛❝✐ó♥ W s✐ ❡①✐st❡ ✉♥
❝♦♥❥✉♥t♦ B s❛t✉r❛❞♦ ♣♦r W t❛❧ q✉❡ µ(A △ B) = 0✳ ❈✉❛♥❞♦ ❧❛ ❢♦❧✐❛❝✐ó♥ W s❡❛
❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ❡♥ ❢♦r♠❛ ❞é❜✐❧✱ ❡st♦ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ q✉❡ ❝❛❞❛ ❤♦❥❛ ❞❡ W
✐♥t❡rs❡❝t❡ ❛ A ♦ ❛ M\A ❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛✳

❚❡♦r❡♠❛✭❆r❣✉♠❡♥t♦ ❞❡ ❍♦♣❢✮✿ ❙❡❛ T ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r✲
❜ó❧✐❝♦ ❞❡ ✉♥❛ ✈❛r✐❡❞❛❞ M ② s✉♣♦♥❣❛♠♦s q✉❡ T ♣r❡s❡r✈❛ ✉♥❛ ♠❡❞✐❞❛ s✉❛✈❡ v✳ ▲✉❡❣♦
T ❡s ❡r❣ó❞✐❝♦ s✐ ② só❧♦ s✐ ❝✉❛❧q✉✐❡r ❝♦♥❥✉♥t♦ T−✐♥✈❛r✐❛♥t❡ A ❡s❡♥❝✐❛❧♠❡♥t❡ s❛t✉r❛❞♦
♣♦r Ws ② Wu t✐❡♥❡ é❧ ♦ s✉ ❝♦♠♣❧❡♠❡♥t♦ ♠❡❞✐❞❛ ♥✉❧❛✳

❉❡♠♦str❛❝✐ó♥✿

❙✐ T ❡s ❡r❣ó❞✐❝♦✱ ❝♦♠♦ Ws ② Wu s♦♥ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛s ❡♥ ❢♦r♠❛ ❞é❜✐❧✱
❡♥t♦♥❝❡s ❝✉❛❧q✉✐❡r ♠❡❞✐❜❧❡ T−✐♥✈❛r✐❛♥t❡ s❛t✐s❢❛❝❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡❧ ❡♥✉♥❝✐❛❞♦✳ ❆❤♦r❛
s✉♣♦♥❣❛♠♦s q✉❡ t❡♥❡♠♦s ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ T q✉❡ s❛t✐s❢❛❝❡
❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡❧ ❡♥✉♥❝✐❛❞♦ ② ♣r♦❜❡♠♦s q✉❡ T ❡s ❡r❣ó❞✐❝♦✳

P♦r ❡❧ ú❧t✐♠♦ t❡♦r❡♠❛ ❞❡ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r✱ ❜❛st❛ ✈❡r q✉❡ ♣❛r❛ t♦❞❛ ❢✉♥❝✐ó♥
❝♦♥t✐♥✉❛ f : M → R s❡ t✐❡♥❡ q✉❡

S(f, T ) =
1

v(x)

∫

X

fdv.

❆❤♦r❛✱ s✉♣♦♥❣❛♠♦s q✉❡ S(f, T ) ♥♦ ❡s ❝♦♥st❛♥t❡ ② s❡❛ r ❡♥ R t❛❧ q✉❡ ❡❧ ❝♦♥❥✉♥t♦
A = {x : S(f, T )(x) > r} ✈❡r✐✜q✉❡ 0 < v(A) < v(M)✳ ❈♦♠♦ S(f, T ) ❡s T−✐♥✈❛r✐❛♥t❡
❡♥t♦♥❝❡s A t❛♠❜✐é♥ ❧♦ ❡s✳ P♦r ♦tr♦ ❧❛❞♦✱ ❝♦♠♦ S+(f, T )(x) = S(f, T )(x) ♣❛r❛ ❝❛s✐
t♦❞♦ ♣✉♥t♦ ❡♥t♦♥❝❡s ♣♦r ❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r A ❡s ❡s❡♥❝✐❛❧♠❡♥t❡ s❛t✉r❛❞♦ ♣♦r Ws ②
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❛♥á❧♦❣❛♠❡♥t❡ ❡s ❡s❡♥❝✐❛❧♠❡♥t❡ s❛t✉r❛❞♦ ♣♦r Wu✳ P❡r♦ ♣♦r ❤✐♣ót❡s✐s✱ ❝✉❛❧q✉✐❡r ❝♦♥✲
❥✉♥t♦ T−✐♥✈❛r✐❛♥t❡ ❡s❡♥❝✐❛❧♠❡♥t❡ s❛t✉r❛❞♦ ♣♦r Ws ② Wu t✐❡♥❡ é❧ ♦ s✉ ❝♦♠♣❧❡♠❡♥t♦
♠❡❞✐❞❛ ♥✉❧❛✳ ▲♦ q✉❡ ❡s ❛❜s✉r❞♦✱ q✉❡ ✈✐❡♥❡ ❞❡ s✉♣♦♥❡r q✉❡ S(f, T ) ♥♦ ❡r❛ ❝♦♥st❛♥t❡✳

P❡r♦ s✐ S(f, T )(x) = t ♣❛r❛ ❝❛s✐ t♦❞♦ x✱ ♣♦r ❡❧ t❡♦r❡♠❛ ❞❡ ❇✐r❦❤♦✛ s❡ t✐❡♥❡

tv(x) =

∫

X

S(f, T )dv =

∫

X

fdv.

❊s ❞❡❝✐r q✉❡

S(f, T ) = t =
1

v(X)

∫

X

fdv.

❈♦♠♦ q✉❡rí❛♠♦s✳ ‡

❈♦♥ ❧♦ ❤❡❝❤♦ ❤❛st❛ ❛❤♦r❛ r❡s✉❧t❛ s❡♥❝✐❧❧♦ ♣r♦❜❛r ❡❧ t❡♦r❡♠❛ ❞❡ ❆♥♦s♦✈ q✉❡ ❞✐❝❡
q✉❡ t♦❞♦ ❞✐❢❡♦♠♦r✜s♠♦ ❤✐♣❡r❜ó❧✐❝♦ q✉❡ ♣r❡s❡r✈❡ ✉♥❛ ♠❡❞✐❞❛ s✉❛✈❡ v ❡s ❡r❣ó❞✐❝♦✳

❚❡♦r❡♠❛ ✭❆♥♦s♦✈ ❬❆♥❪✮✿ ❚♦❞♦ ❞✐❢❡♦♠♦r✜s♠♦ ❤✐♣❡r❜ó❧✐❝♦ T q✉❡ ♣r❡s❡r✈❡ ✉♥❛
♠❡❞✐❞❛ s✉❛✈❡ v ❡s ❡r❣ó❞✐❝♦✳

❉❡♠♦str❛❝✐ó♥✿

P♦r ❡❧ ❛r❣✉♠❡♥t♦ ❞❡ ❍♦♣❢✱ ❜❛st❛ ♣r♦❜❛r q✉❡ s✐ A ❡s ✉♥ ❝♦♥❥✉♥t♦ T−✐♥✈❛r✐❛♥t❡
❡s❡♥❝✐❛❧♠❡♥t❡ s❛t✉r❛❞♦ ♣♦r Ws ② Wu ❡♥t♦♥❝❡s v(A) = 0 ♦ v(M\A) = 0✳ ◆♦t❡♠♦s
q✉❡ ❝♦♠♦ v ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ r❡s♣❡❝t♦ ❞❡ ❧❛ ♠❡❞✐❞❛ ❘✐❡♠❛♥♥✐❛♥❛ µ ❡♥t♦♥❝❡s
❜❛st❛ ♣r♦❜❛r q✉❡ µ(A) = 0 ♦ µ(M\A) = 0✳

❈♦♠♦ A ❡s ❡s❡♥❝✐❛❧♠❡♥t❡ s❛t✉r❛❞♦ ♣♦rWs ❡♥t♦♥❝❡s ❡①✐st❡ ✉♥ ❝♦♥❥✉♥t♦ B s❛t✉r❛❞♦
♣♦r Ws t❛❧ q✉❡ µ(A△B) = 0✳ ❈♦♠♦ A ❡r❛ ❡s❡♥❝✐❛❧♠❡♥t❡ s❛t✉r❛❞♦ ♣♦r Wu ❡♥t♦♥❝❡s
B ❧♦ s✐❣✉❡ s✐❡♥❞♦✱ ❡s ❞❡❝✐r q✉❡ ❝❛❞❛ ❤♦❥❛ ❞❡ Wu ✐♥t❡rs❡❝t❛ ❛ B ♦ ❛ M\B ❡♥ ✉♥
❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛✳

❆❤♦r❛✱ ❛❧ s❡r B s❛t✉r❛❞♦ ♣♦r Ws ② ❝♦♠♦ Ws t✐❡♥❡ ❤♦❧♦♥♦♠í❛ ❛❜s♦❧✉t❛♠❡♥t❡
❝♦♥t✐♥✉❛✱ ❡♥t♦♥❝❡s ✏s✐❡♠♣r❡ ♦❝✉rr❡ ❧♦ ♠✐s♠♦✑✱ ❡s ❞❡❝✐r✿ B ✐♥t❡rs❡❝t❛ ❛ t♦❞❛s ❧❛s ❤♦❥❛s
❞❡ Wu ❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛ ♦ M\B ✐♥t❡rs❡❝t❛ ❛ t♦❞❛s ❧❛s ❤♦❥❛s ❞❡ Wu ❡♥
✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛✳

❊♥ ❡❧ ♣r✐♠❡r ❝❛s♦✱ ❝♦♠♦ Wu ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ❡♥ ❢♦r♠❛ ❞é❜✐❧ ❡♥t♦♥❝❡s
B t✐❡♥❡ ♠❡❞✐❞❛ ♥✉❧❛✳ ❊♥ ❡❧ s❡❣✉♥❞♦ ❝❛s♦✱ s❡ ❞❡❞✉❝❡ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛ q✉❡ M\B t✐❡♥❡
♠❡❞✐❞❛ ♥✉❧❛✳ ❈♦♠♦ µ(A△ B) = 0 ❡♥t♦♥❝❡s µ(A) = 0 ♦ µ(M\A) = 0✳ ‡
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✻✳✹✳ ❊①♣♦♥❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ② ❧❛ ❢ór♠✉❧❛ ❞❡ P❡s✐♥

❯♥ ❞✐❢❡♦♠♦r✜s♠♦ f : M → M ❡s ❤✐♣❡r❜ó❧✐❝♦ s✐ ❝♦♥tr❛❡ ❡♥ ✉♥❛ ❞✐r❡❝❝✐ó♥ ② ❡①♣❛♥❞❡
❡♥ ♦tr❛✳ ❉❡ ❢♦r♠❛ ♠ás ❣❡♥❡r❛❧✱ ♣♦❞❡♠♦s tr❛t❛r ❞❡ ❞❡✜♥✐r ♣❛r❛ ✉♥ ❞✐❢❡♦♠♦r✜s♠♦
❛r❜✐tr❛r✐♦ f ❞❡ ❝❧❛s❡ C1✱ ❧❛ t❛s❛ ❡①♣♦♥❡♥❝✐❛❧ ❝♦♥ q✉❡ ❝r❡❝❡ ✉♥ ✈❡❝t♦r v ❡♥ TxM ✳ ❊st♦
❡s ❧♦ q✉❡ s❡ ❝♦♥♦❝❡ ❝♦♠♦ ❡①♣♦♥❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ② ♥♦s ♣r♦♣♦♥❡♠♦s r❡s✉♠✐r ❧❛s
❞❡✜♥✐❝✐♦♥❡s ❜ás✐❝❛s ❡♥ ❡st❛ s❡❝❝✐ó♥✳

❯♥❛ ❢♦r♠❛ ❞❡ ❡st✉❞✐❛r ❧❛ ❝♦♠♣❧❡❥✐❞❛❞ ❞❡ ✉♥ s✐st❡♠❛ ❞✐♥á♠✐❝♦ ❡s tr❛t❛♥❞♦ ❞❡
❝✉❛♥t✐✜❝❛r s✉ s❡♥s✐❜✐❧✐❞❛❞ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ ❞❛❞♦ ✉♥ ❞✐✲
❢❡♦♠♦r✜s♠♦ f : M → M ✱ ♣❛r❛ ❝❛❞❛ x ❡♥ M ② v ❡♥ TxM ❡❧ ❡①♣♦♥❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈
χ(x, v) ♠✐❞❡ ✐♥✜♥✐t❡s✐♠❛❧♠❡♥t❡ ❝✉á♥t♦ s❡ ✈❛♥ s❡♣❛r❛♥❞♦ ❞♦s ♣✉♥t♦s ✐♥✐❝✐❛❧❡♠❡♥t❡
❝❡r❝❛♥♦s ❛ x ❢♦r♠❛♥❞♦ ✉♥ s❡❣♠❡♥t♦ ❞❡ ❞✐r❡❝❝✐♦♥ v✳ P♦r ❡❥❡♠♣❧♦✱ ❧❛ ♣r❡s❡♥❝✐❛ ❞❡ ✉♥
❡①♣♦♥❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ ♣♦s✐t✐✈♦ ❡s s✉✜❝✐❡♥t❡ ♣❛r❛ ❣❛r❛♥t✐③❛r ❝✐❡rt❛ ❝♦♠♣❧❡❥✐❞❛❞ ❡♥
❡❧ ❞✐❜✉❥♦ ❞❡ ❧❛s ór❜✐t❛s ❞❡ f ✳

▲♦s ❡①♣♦♥❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ s❡ ♣✉❡❞❡♥ ✈❡r ❝♦♠♦ ✉♥❛ ❛❧t❡r♥❛t✐✈❛ ♥♦ ✉♥✐❢♦r♠❡ ❛
❧♦s ❞✐❢❡♦♠♦r✜s♠♦s ✭♣❛r❝✐❛❧♠❡♥t❡✮ ❤✐♣❡r❜ó❧✐❝♦s✳ P♦r ❡❥❡♠♣❧♦✱ ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ f s❡
❞✐❝❡ ♥♦✲✉♥✐❢♦r♠❡♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ s✐ ❡①✐st❡ ✉♥❛ ♠❡❞✐❞❛ v ♣❛r❛ ❧❛ q✉❡ ❝❛s✐ t♦❞♦ ♣✉♥t♦
x t✐❡♥❡ ❡①♣♦♥❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ♥♦ ♥✉❧♦s✳ ❋✉❡ P❡s✐♥ ❡❧ ♣r✐♠❡r♦ ❡♥ ❡st✉❞✐❛r ❡st❡ ❝❛s♦
tr❛s❧❛❞❛♥❞♦ ❧♦s r❡s✉❧t❛❞♦s ❝❧ás✐❝♦s ❛ ❡st❡ ❝♦♥t❡①t♦✳ ❯♥♦ ❞❡ ❧♦s ♣r✐♠❡r♦s ❧♦❣r♦s ❞❡ ❡st❛
t❡♦rí❛ ❡s ❧❛ ✏❢ór♠✉❧❛ ❞❡ P❡s✐♥✑ q✉❡ ♠❡♥❝✐♦♥❛♠♦s ❛❧ ✜♥❛❧ ❞❡ ❡st❛ s❡❝❝✐ó♥✳

❉❡✜♥✐❝✐ó♥✿ ❙❡❛ f ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ C1 ❞❡ ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛ ② ❝♦♠♣❛❝t❛
M ✳ P❛r❛ ❝❛❞❛ x ❡♥ M ② v ❡♥ TxM s❡ ❞❡✜♥❡ ❡❧ ❡①♣♦♥❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ χ(x, v) ❝♦♠♦
❡❧ s✐❣✉✐❡♥t❡ ❧í♠✐t❡ ❝✉❛♥❞♦ ❡①✐st❡✿

χ(x, v) = ĺım
n→±∞

1

n
log ||Tfn

x (v)||.

❊s ❢á❝✐❧ ✈❡r q✉❡ ❝✉❛♥❞♦ χ(x, v) > 0 ❡♥t♦♥❝❡s Tfn
x ❡①♣❛♥❞❡ ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥ ❞❡ v ❝♦♥

t❛s❛ ❡①♣♦♥❡♥❝✐❛❧ ♣♦s✐t✐✈❛ ② ❝✉❛♥❞♦ χ(x, v) < 0 ❡♥t♦♥❝❡s Tfn
x ❝♦♥tr❛❡ ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥

❞❡ v ❝♦♥ t❛s❛ ❡①♣♦♥❡♥❝✐❛❧ ♥❡❣❛t✐✈❛✳

❉❡✜♥✐❝✐ó♥✿ ❙❡ ❞✐❝❡ q✉❡ x ❡♥ M ❡s r❡❣✉❧❛r s✐ ❡①✐st❡ ✉♥❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥

TxM = E1(x)⊕ . . .⊕ Em(x)(x).

t❛❧ q✉❡ ♣❛r❛ t♦❞♦ 1 ≤ j ≤ m(x) s❡ t✐❡♥❡ q✉❡

χ(x, v) = λj(x) ♣❛r❛ t♦❞♦ v ❡♥ Ej(x)\{0}.
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❱❛♠♦s ❛ t♦♠❛r s✐❡♠♣r❡ λ1(x) > λ2(x) > . . . > λm(x)(x) ② ❧♦s ❧❧❛♠❛r❡♠♦s ❧♦s
✏❡①♣♦♥❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈✑ ❞❡ x ② ❛ ❧♦s s✉❜❡s♣❛❝✐♦s Ej(x) ❧♦s s✉❜❡s♣❛❝✐♦s ✐♥✈❛r✐❛♥t❡s✳
◆♦t❛r q✉❡ ❞❡ s❡r x r❡❣✉❧❛r✱ ❡❧ ❡♥t❡r♦ ♣♦s✐t✐✈♦ m(x)✱ ❧♦s ❡①♣♦♥❡♥t❡s {λj(x)} ② ❧♦s
s✉❜❡s♣❛❝✐♦s {Ej(x)} ❡stá♥ ✉♥í✈♦❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦s ② s❡ ♣✉❡❞❡ ♣r♦❜❛r q✉❡ s♦♥
❢✉♥❝✐♦♥❡s ♠❡❞✐❜❧❡s f−✐♥✈❛r✐❛♥t❡s ✭♥♦ ♥❡❝❡s❛r✐❛♠❡♥t❡ ❝♦♥t✐♥✉❛s✮✳

❚❡♦r❡♠❛ ✭❖s❡❧❡❞❡❝✮✿ ❉❛❞♦ f ✱ ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ C1 ❞❡ ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥✲
♥✐❛♥❛ ❝♦♠♣❛❝t❛ M ✱ ❡❧ ❝♦♥❥✉♥t♦ Λ ❞❡ ♣✉♥t♦s r❡❣✉❧❛r❡s ❡s t❛❧ q✉❡ v(Λ) = 1 ♣❛r❛ t♦❞❛
♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ ✐♥✈❛r✐❛♥t❡ ♣♦r f ✳

❊❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r t❛♠❜✐é♥ s❡ ❝♦♥♦❝❡ ❝♦♠♦ ✏t❡♦r❡♠❛ ❡r❣ó❞✐❝♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦✑
♣♦r s✉ s❡♠❡❥❛♥③❛ ❝♦♥ ❡❧ t❡♦r❡♠❛ ❞❡ ❇✐r❦❤♦✛✳ P❛r❛ ❧♦ q✉❡ s✐❣✉❡ ❞❡♥♦t❡♠♦s ♣♦r Σ ❛❧
s✉❜❝♦♥❥✉♥t♦ ❞❡ ♣✉♥t♦s r❡❣✉❧❛r❡s q✉❡ ♥♦ t✐❡♥❡♥ ♥✐♥❣ú♥ ❡①♣♦♥❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ ♥✉❧♦✳

❉❡✜♥✐❝✐ó♥✿ ❉❛❞♦ ✉♥ ♣✉♥t♦ r❡❣✉❧❛r x ❡♥ Σ ❞❡✜♥✐♠♦s ❡❧ s✉❜❡s♣❛❝✐♦ ❡st❛❜❧❡ Es(x)
② ❡❧ s✉❜❡s♣❛❝✐♦ ✐♥❡st❛❜❧❡ Eu(x) ❝♦♠♦

Es(x) =
⊕

j:λj(x)<0

Ej(x) ② Eu(x) =
⊕

j:λj(x)>0

Ej(x).

◆♦t❡♠♦s q✉❡ s✐ x ❡stá ❡♥ Σ ❡♥t♦♥❝❡s TxM = Es(x)⊕ Eu(x)✳

❉❡✜♥✐❝✐ó♥✿ ❉❛❞♦ ✉♥ ♣✉♥t♦ x ❡♥ M ❞❡✜♥✐♠♦s s✉ ❝♦♥❥✉♥t♦ ❡st❛❜❧❡ Ws(x) ② s✉
❝♦♥❥✉♥t♦ ✐♥❡st❛❜❧❡ Wu(x) ❝♦♠♦

Ws(x) = {y : ĺım
n→∞

d(fn(y), fn(x)) = 0} ② Wu(x) = {y : ĺım
n→−∞

d(fn(y), fn(x)) = 0}.

❈♦♠♦ ❡♥ ❧❛ s❡❝❝✐ó♥ ✶✱ s❡ ♣r✉❡❜❛ q✉❡ s✐ f ❡s ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❝❧❛s❡ C1+δ ❡♥t♦♥❝❡s
♣❛r❛ t♦❞♦ x ❡♥ Σ s❡ t✐❡♥❡ q✉❡ Ws(x) ② Wu(x) s♦♥ s✉❜✈❛r✐❡❞❛❞❡s ✐♥♠❡rs❛s t❛♥❣❡♥t❡s
❛ Es ② Eu ✭s❡ ❧❧❛♠❛♥ s✉❜❡s♣❛❝✐♦ ❡st❛❜❧❡ ❡ ✐♥❡st❛❜❧❡ r❡s♣❡❝t✐✈❛♠❡♥t❡✮✳

▲❛ ❢ór♠✉❧❛ ❞❡ P❡s✐♥ q✉❡ r❡❧❛❝✐♦♥❛ ❧❛ ❡♥tr♦♣í❛ ♠étr✐❝❛ ❞❡ ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ f ❝♦♥
s✉s ❡①♣♦♥❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈✳ ❘❡❝♦r❞❡♠♦s q✉❡ ✉♥❛ ♠❡❞✐❞❛ s✉❛✈❡ v ❡♥ ✉♥❛ ✈❛r✐❡❞❛❞
❘✐❡♠❛♥♥✐❛♥❛ ❡s ✉♥❛ ❡q✉✐✈❛❧❡♥t❡ ❛ ❧❛ ♠❡❞✐❞❛ ❘✐❡♠❛♥♥✐❛♥❛ µ ② q✉❡ a+ = máx{a, 0}✳

❚❡♦r❡♠❛ ✭❋ór♠✉❧❛ ❞❡ P❡s✐♥✮✿ ❙❡❛ M ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛ ②
f : M → M ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❝❧❛s❡ C1+δ q✉❡ ❞❡❥❛ ✜❥❛ ✉♥❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞
s✉❛✈❡ v✳ ▲✉❡❣♦✱ s❡ t✐❡♥❡ q✉❡

hv(f) =

∫

X

∑
dimEi(x)χ

+
i (x)dv.
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❈♦♠❡♥t❛r✐♦s ② ❊❥❡♠♣❧♦s✿

✶✳ ❊♥ ❣❡♥❡r❛❧✱ ❡❧ ✐♥t❡❣r❛♥❞♦
∑

dimEi(x)χ
+
i (x) ❡s ❧❛ t❛③❛ ❡①♣♦♥❡♥❝✐❛❧ ❞❡ ❝r❡❝✐✲

♠✐❡♥t♦ ❞❡ ❧❛ ♠❡❞✐❞❛ ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥ ✐♥❡st❛❜❧❡✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ s✐ ❞❡♥♦t❛♠♦s
♣♦r Ju

x f ❛❧ ❥❛❝♦❜✐❛♥♦ ❞❡ f ❡♥ ❧❛ ✈❛r✐❡❞❛❞ ✐♥❡st❛❜❧❡ Eu(x) ❡♥t♦♥❝❡s s❡ t✐❡♥❡

log |Ju
x f | =

∑
dimEi(x)χ

+
i (x).

✷✳ ❈✉❛♥❞♦ ❧❛ ♠❡❞✐❞❛ v ❡s ❜♦r❡❧✐❛♥❛ ❡ ✐♥✈❛r✐❛♥t❡ ♣♦r f ❡♥t♦♥❝❡s s❡ t✐❡♥❡ q✉❡ ❧❛
❡♥tr♦♣í❛ hv(f) ❡stá ❛❝♦t❛❞❛ ♣♦r ❛rr✐❜❛ ♣♦r ❧❛ ✐♥t❡❣r❛❧ ❛♥t❡r✐♦r✳ ❊st❛ ❡s ❧❛ ❞❡✲
s✐❣✉❛❧❞❛❞ ❞❡ ▼❛r❣✉❧✐s✲❘✉❡❧❧❡ q✉❡ r❡❧❛❝✐♦♥❛ ❞♦s ♠❡❞✐❞❛s ❞❡ ❧❛ ❝♦♠♣❧❡❥✐❞❛❞ ❞❡
f ✱ s✉ ❡♥tr♦♣í❛ hv(f) ♣♦r ✉♥ ❧❛❞♦ ② ❧♦s ❡①♣♦♥❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ♣♦r ♦tr♦✳

▼ás t❛r❞❡✱ ❋✳ ▲❡❞r❛♣♣✐❡r ② ▲✳ ❙✳ ❨♦✉♥❣ ❞❡♠♦str❛r♦♥ q✉❡ s✐ f : M → M ❡s ❞❡
❝❧❛s❡ C2 ② ♣r❡s❡r✈❛ ✉♥❛ ♠❡❞✐❞❛ ❜♦r❡❧✐❛♥❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ v ❡♥t♦♥❝❡s✿ ✈❛❧❡ ❧❛
✐❣✉❛❧❞❛❞ s✐ ② só❧♦ s✐ ❧❛ ❢♦❧✐❛❝✐ó♥ ✐♥❡st❛❜❧❡ ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛ ❡♥ ❢♦r♠❛
❢✉❡rt❡ ✭r❡s♣❡❝t♦ ❞❡ v✮✳

✸✳ ❙✐ f : Tn → Tn ❡s ✐♥❞✉❝✐❞❛ ♣♦r ✉♥❛ tr❛♥s❢♦r♠❛❝✐ó♥ ❧✐♥❡❛❧ A : Rn → Rn✱ ❡♥t♦♥❝❡s
s✉s ❡①♣♦♥❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ s♦♥ ❧♦s ❛✉t♦✈❛❧♦r❡s ❞❡ A ✭♠ás ♣r❡❝✐s❛♠❡♥t❡ s✉s
❧♦❣❛r✐t♠♦s✮✳ ❙❡ ❞❡❞✉❝❡ ❞❡ ❧♦ ❛♥t❡r✐♦r q✉❡

hv(f) = m(χA(x)).

❉♦♥❞❡ χA(x) ❡s ♣♦❧✐♥♦♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ χA ② m(χA(x)) ❡s s✉ ♠❡❞✐❞❛ ❞❡
▼❛❤❧❡r✳

✹✳ ❙✐ f : M → M ❡s ❞❡ ❝❧❛s❡ C1+δ ② t✐❡♥❡ ❡♥tr♦♣í❛ t♦♣♦❧ó❣✐❝❛ ♣♦s✐t✐✈❛ ❡♥t♦♥❝❡s
s❡ s✐❣✉❡ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ▼❛r❣✉❧✐s✲❘✉❡❧❧❡ q✉❡ ❡①✐st❡ ✉♥❛ ♠❡❞✐❞❛ ❜♦r❡❧✐❛♥❛
❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ ✐♥✈❛r✐❛♥t❡ ❝♦♥ ❛❧ ♠❡♥♦s ✉♥ ❝♦❡✜❝✐❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ ♣♦s✐t✐✈♦ ②
❛❧ ♠❡♥♦s ✉♥♦ ♥❡❣❛t✐✈♦✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ t♦❞♦ ❞✐❢❡♦♠♦r✜s♠♦ ❝♦♠♦ ❡❧ ❛♥t❡r✐♦r ❞❡
✉♥❛ s✉♣❡r✜❝✐❡ ❛❞♠✐t❡ ✉♥❛ ♠❡❞✐❞❛ ❤✐♣❡r❜ó❧✐❝❛✳

P♦r ú❧t✐♠♦✱ ♠❡♥❝✐♦♥❛♠♦s ❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ ❡❧ ❝✉❛❧ t❛♠♣♦❝♦ ❞❡♠♦str❛♠♦s✳

❚❡♦r❡♠❛✿ ❉❛❞❛ ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛ M ② ✉♥ ❞✐❢❡♦♠♦r✜s♠♦
❤✐♣❡r❜ó❧✐❝♦ f : M → M q✉❡ ♣r❡s❡r✈❛ ✉♥❛ ♠❡❞✐❞❛ s✉❛✈❡ v ❡♥t♦♥❝❡s s❡ t✐❡♥❡ q✉❡✿ ❧❛
❢♦❧✐❛❝✐ó♥ ❡st❛❜❧❡ Ws ❡s ✉♥❛ ♣❛rt✐❝✐ó♥ ♠❡❞✐❜❧❡ ✭❣❧♦❜❛❧♠❡♥t❡✮ s✐ ② só❧♦ s✐ hv(f) = 0✳
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✻✳✺✳ ▲❛ ❝♦♥❥❡t✉r❛ ❞❡ P✉❣❤✲❙❤✉❜

✏❆ ❧✐tt❧❡ ❤②♣❡r❜♦❧✐❝✐t② ❣♦❡s ❛ ❧♦♥❣ ✇❛② t♦✇❛r❞ ❡r❣♦❞✐❝✐t②✳✑

❊♥ ❡st❛ s❡❝❝✐ó♥ ✈❛♠♦s ❛ ❤❛❝❡r ✉♥ ❜r❡✈❡ r❡s✉♠❡♥ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ❞❡ P✉❣❤✲❙❤✉❜
✭❬P❙✷❪ ② ❬P❙✸❪✮ ② ❞❡ ❇✉r♥s✲❲✐❧❦✐♥s♦♥ ✭❬❇❲✶❪✮✳

❊♥ ✈✐st❛ ❞❡❧ r❡s✉❧t❛❞♦ ❞❡ ❆♥♦s♦✈ ❡s ♥❛t✉r❛❧ ♣r❡❣✉♥t❛rs❡ s✐ t♦❞♦ ❞✐❢❡♦♠♦r✜s♠♦
♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ ❡s ❡r❣ó❞✐❝♦✳ ❊s ❢á❝✐❧ ✈❡r q✉❡ ❡st♦ ♥♦ ❡s ❛sí✱ s✐ f : M → M ❡s
❤✐♣❡r❜ó❧✐❝♦ ❡♥t♦♥❝❡s f × Id : M ×N → M ×N ❡s ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ ♣❡r♦ ♥♦
❡r❣ó❞✐❝♦✱ ♣✉❡s ♣❛r❛ t♦❞♦ s✉❜❝♦♥❥✉♥t♦ A ❞❡ N s❡ t✐❡♥❡ q✉❡ M ×A ❡s ✉♥ s✉❜❝♦♥❥✉♥t♦
✐♥✈❛r✐❛♥t❡✳

❊s ✐♥t❡r❡s❛♥t❡ ❛♥❛❧✐③❛r q✉é ♣❛s❛ ❝♦♥ ❡❧ ❛r❣✉♠❡♥t♦ ❞❡ ❍♦♣❢ ❡♥ ❡❧ ❡❥❡♠♣❧♦ ❛♥t❡r✐♦r✳
P❛r❛ t♦❞♦ (m,n) ❡♥ M ×N ❧❛s ✈❛r✐❡❞❛❞❡s Ws(m,n) ② Wu(m,n) ❡stá♥ ❝♦♥t❡♥✐❞❛s ❡♥
M × {n}✱ ❧✉❡❣♦ ❡♥ ♣❛rt✐❝✉❧❛r ❝✉❛❧q✉✐❡r s✉❜❝♦♥❥✉♥t♦ ❞❡ ❧❛ ❢♦r♠❛ M × A ❡s s❛t✉r❛❞♦
♣♦r Ws ② Wu✳

❉❡✜♥✐❝✐ó♥✿ ❙❡❛ M ✉♥❛ ✈❛r✐❡❞❛❞ ❝♦♠♣❛❝t❛ ② f : M → M ✉♥ ❞✐❢❡♦♠♦r✜s♠♦
♣❛❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✳ ❙❡ ❞✐❝❡ q✉❡ f ❡s ✏❡s❡♥❝✐❛❧♠❡♥t❡ ❛❝❝❡s✐❜❧❡✑ s✐ t♦❞♦ ❝♦♥❥✉♥t♦
s❛t✉r❛❞♦ ♣♦r Ws ② ♣♦r Wu t✐❡♥❡ é❧ ♦ s✉ ❝♦♠♣❧❡♠❡♥t♦ ♠❡❞✐❞❛ ♥✉❧❛✳

❈♦♥❥❡t✉r❛ ✭P✉❣❤✲❙❤✉❜✮✿ ❙❡❛ M ✉♥❛ ✈❛r✐❡❞❛❞ ❝♦♠♣❛❝t❛ ② f : M → M ✉♥
❞✐❢❡♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ❝❧❛s❡ C2 q✉❡ ♣r❡s❡r✈❛ ✉♥❛ ♠❡❞✐❞❛ s✉❛✈❡
v✳ ▲✉❡❣♦ s✐ f ❡s ❡s❡♥❝✐❛❧♠❡♥t❡ ❛❝❝❡s✐❜❧❡ ❡♥t♦♥❝❡s ❡s ❡r❣ó❞✐❝♦✳

P♦r ❡❧ ❛r❣✉♠❡♥t♦ ❞❡ ❍♦♣❢✱ ❜❛st❛ ♣r♦❜❛r q✉❡ t♦❞♦ ❝♦♥❥✉♥t♦ ❡s❡♥❝✐❛❧♠❡♥t❡ s❛t✉r❛❞♦
♣♦r ❧❛s ❢♦❧✐❛❝✐♦♥❡sWs ②Wu t✐❡♥❡ é❧ ♦ s✉ ❝♦♠♣❧❡♠❡♥t♦ ♠❡❞✐❞❛ ♥✉❧❛✳ ❙❡❛ ❡♥t♦♥❝❡s A ✉♥
❝♦♥❥✉♥t♦ ❝♦♠♦ ❡❧ ❛♥t❡r✐♦r✱ ❧❛ ✐❞❡❛ ❡s ♠♦❞✐✜❝❛r A ❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛ ♣❛r❛
♦❜t❡♥❡r ✉♥♦ s❛t✉r❛❞♦ ♣♦r ❛♠❜❛s ❢♦❧✐❛❝✐♦♥❡s ② ✉s❛r q✉❡ f ❡s ❡s❡♥❝✐❛❧♠❡♥t❡ ❛❝❝❡s✐❜❧❡✳
❙❡❛ ❡♥t♦♥❝❡s A′ = A (mod 0) ② s❛t✉r❛❞♦ ♣♦r Ws✱ ❧✉❡❣♦ A′ ❞❡❜❡ s❡r ❡s❡♥❝✐❛❧♠❡♥t❡
s❛t✉r❛❞♦ ♣♦r Wu✳ ❆♥á❧♦❣❛♠❡♥t❡✱ t♦♠❡♠♦s A′′ = A′ (mod 0) t❛❧ q✉❡ A′′ s❡❛ s❛t✉r❛❞♦
♣♦r Wu✳ ❊❧ ♣r♦❜❧❡♠❛ ❡s q✉❡ A′′ ♥♦ t✐❡♥❡ ♣♦r q✉é s❡r s❛t✉r❛❞♦ ♣♦r Ws✳

❆❧ ❝♦rr❡❣✐r A′ ♣❛r❛ q✉❡ s❡❛ s❛t✉r❛❞♦ ♣♦r ✉♥❛ ❞❡ ❧❛s ❢♦❧✐❛❝✐♦♥❡s ♣♦❞❡♠♦s✱ s✐♥
q✉❡r❡r❧♦✱ ❞❡str✉✐r s✉ s❛t✉r❛❝✐ó♥ ♣♦r ❧❛ ♦tr❛✳ ❯♥❛ ♣♦s✐❜✐❧✐❞❛❞ ❡s ✉s❛r ❡❧ t❡♦r❡♠❛ ❞❡
❞❡♥s✐❞❛❞ ❞❡ ▲❡❜❡s❣✉❡✱ ést❡ ❞❛ ✉♥❛ ❢♦r♠❛ ❞❡ ❡❧❡❣✐r ❡♥tr❡ t♦❞♦s ❧♦s r❡♣r❡s❡♥t❛♥t❡s
❞❡ ❧❛ ❝❧❛s❡ (mod 0) ❞❡ ✉♥ ❝♦♥❥✉♥t♦ A ✉♥ r❡♣r❡s❡♥t❛♥t❡ ❝❛♥ó♥✐❝♦ A∗✱ s✉s ♣✉♥t♦s ❞❡
❞❡♥s✐❞❛❞✳ ❊♥ ❬●P❙❪ ●r❛②s♦♥✱ P✉❣❤ ② ❙❤✉❜ ♣r♦♣✉s✐❡r♦♥ ✉s❛r ❡♥ ✈❡③ ❞❡ ❧❛ ❜❛s❡ B
❞❡ ❜♦❧❛s✱ ✉♥❛ ❜❛s❡ J ❡s♣❡❝✐❛❧♠❡♥t❡ ❞✐s❡ñ❛❞❛ ❛ ♣❛rt✐r ❞❡ ❧❛ ❞✐♥á♠✐❝❛ ❞❡ f ✳ ❆ ❧♦s
❝♦♥❥✉♥t♦s ❞❡ ❧❛ ❜❛s❡ J ❧♦s ❧❧❛♠❛r♦♥ ❏✉❧✐❡♥♥❡s ② ❝♦♠♦ ❜✐❡♥ ❞✐❝❡♥
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✏❏✉❧✐❡♥♥❡s ❛r❡ t❤❡ ♥❛t✉r❛❧ s❤❛♣❡s t♦ ✉s❡ ✇❤❡♥ ❛♥❛❧②③✐♥❣ ❤♦❧♦♥♦♠② ♠❛♣s✑

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ✈❛♠♦s ❛ ❞❡✜♥✐r ❧❛ ❜❛s❡ J ❞❡ ❏✉❧✐❡♥♥❡s✱ s✉♣♦♥❣❛♠♦s f ❡s ❞✐♥á♠✐✲
❝❛♠❡♥❡ ❝♦❤❡r❡♥t❡ ② s❡❛♥ 0 < τ < σ < 1 ❝✐❡rt❛s ❝♦♥st❛♥t❡s ❝✉✐❞❛❞♦s❛♠❡♥t❡ ❡❧❡❣✐❞❛s
❛ ♣❛rt✐r ❞❡ λs, λu, γ0 ② γ1✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r✱ ♣❛r❛ ❝❛❞❛ p✱ s❡❛♥

J c
n(p) = Wc(p, σn), Js

n(p) = fn(Ws(f−n(p), τn)) ② Ju
n (p) = f−n(Wu(fn(p), τn)).

▲♦s ❏✉❧✐❡♥♥❡s J cs
n (p) ② J cu

n (p) ② ❡❧ ❏✉❧✐❡♥♥❡ só❧✐❞♦ Jn(p) s❡ ❞❡✜♥❡♥ ❝♦♠♦

J cs
n (p) = {Wc(x1) ∩Ws(x2) : x1 ❡♥ Js

n(p) ② x2 ❡♥ J c
n(p)} ⊂ Wcs

loc(p)

J cu
n (p) = {Wc(x1) ∩Wu(x2) : x1 ❡♥ Ju

n (p) ② x2 ❡♥ J c
n(p)} ⊂ Wcu

loc(p)

Jn(p) = {Ws(x1) ∩Wu(x2) : x1 ❡♥ J cu
n (p) ② x2 ❡♥ J cs

n (p)}

▲❛ ✐❞❡❛ ❡s q✉❡ ❧♦s ❏✉❧✐❡♥♥❡s s♦♥ ✏♣r♦❞✉❝t♦s ❧♦❝❛❧❡s✑✳ ◆♦t❛r q✉❡ ❝♦♠♦ 0 < τ < σ✱
❛❧ ❝r❡❝❡r n ❧♦s ❏✉❧✐❡♥♥❡s s❡ ✈✉❡❧✈❡♥ ♠ás ❛❧❛r❣❛❞♦s ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥ ❝❡♥tr❛❧✳

❋✐❣✉r❛ ✻✳✹✿ ▲♦s ❞❡ ❛rr✐❜❛ s♦♥ ❧♦s ❏✉❧✐❡♥♥❡s J cs
n (p) ② J cu

n (p)✱ ❡❧ ❞❡ ❛❜❛❥♦ ❡s ❡❧ ❏✉❧✐❡♥♥❡
só❧✐❞♦ Jn(p)✳

❉❡✜♥✐❝✐ó♥✿ ❉❛❞❛ ✉♥❛ ✈❛r✐❡❞❛❞ ❝♦♠♣❛❝t❛ M ② ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡
❤✐♣❡r❜ó❧✐❝♦ f ❞✐♥á♠✐❝❛♠❡♥t❡ ❝♦❤❡r❡♥t❡ ❞❡✜♥✐♠♦s ❧❛ ❜❛s❡ ❞❡ ❏✉❧✐❡♥♥❡s J ❝♦♠♦

J =
⋃

Jp ❞♦♥❞❡ Jp = {Jn(p)}.

❆♥á❧♦❣❛♠❡♥t❡✱ s❡ ❞❡✜♥❡♥ ❧❛s ❜❛s❡s J cs ② J cu✳
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❉❡ ❛❤♦r❛ ❡♥ ❛❞❡❧❛♥t❡ ✈❛♠♦s ❛ s✉♣♦♥❡r q✉❡ s❡ t✐❡♥❡ ✉♥❛ ✈❛r✐❡❞❛❞ ❝♦♠♣❛❝t❛ M ❝♦♥
✉♥ ❞✐❢❡♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ f ❞✐♥á♠✐❝❛♠❡♥t❡ ❝♦❤❡r❡♥t❡✱ ❡s❡♥❝✐❛❧♠❡♥t❡
❛❝❝❡s✐❜❧❡ ② ✏❝❡♥t❡r✲❜✉♥❝❤❡❞✑✳ ❙✐Wc ❡s θ−❤ö❧❞❡r ❝♦♥t✐♥✉❛✱ ❡♥t♦♥❝❡s ❧❛ ú❧t✐♠❛ ❝♦♥❞✐❝✐ó♥
q✉✐❡r❡ ❞❡❝✐r q✉❡✿

λs
−1 < min{γ0, γ

−1
1 }2+

2

θ .

❚❡♦r❡♠❛ ❬P❙✷❪✿ ▲❛ ❜❛s❡ ❞❡ ❏✉❧✐❡♥♥❡s J ❞❡ (M,µ) ❡s ❞❡ ❞❡♥s✐❞❛❞✳

▲❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❧❡♠❛ ❛♥t❡r✐♦r ♥♦ ❡s ♠✉② ❞✐❢í❝✐❧✱ ❧❛ ✐❞❡❛ ❡s ✉s❛r q✉❡ f ❡s
❝❡♥t❡r✲❜✉♥❝❤❡❞ ♣❛r❛ ❞❡♠♦str❛r q✉❡ ❡①✐st❡ k t❛❧ q✉❡ s✐ Jn+k(p) ② Jn+k(p

′) s❡ ✐♥t❡rs❡❝t❛♥
❡♥t♦♥❝❡s ❛♠❜♦s ❡stá♥ ❝♦♥t❡♥✐❞♦s ❡♥ Jn(p)✳ ❆♥á❧♦❣❛♠❡♥t❡✱ ♣❛r❛ ❝❛❞❛ p ❡♥ M ❧❛s ❜❛s❡s
J cs ② J cu ❞❡ Wcs(p) ② Wcu(p) r❡s♣❡❝t✐✈❛♠❡♥t❡ s♦♥ ❞❡ ❞❡♥s✐❞❛❞✳

P♦r ❧♦ ❤❡❝❤♦ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✸✱ ❧❛ ❜❛s❡ B ❞❡ ❜♦❧❛s {B(p, r)} t❛♠❜✐❡♥ ❡s ❜❛s❡ ❞❡
❞❡♥s✐❞❛❞✳ ▲❛ ✈❡♥t❛❥❛ ❞❡ ❧♦s ❏✉❧✐❡♥♥❡s ❡s q✉❡ ✏s❡ ❧❧❡✈❛♥ ❜✐❡♥ ❝♦♥ ❧❛ ❞✐♥á♠✐❝❛ ❞❡ f ✑✳

▲❡♠❛ ✶ ❬P❙✷❪✿ ▲❛ ❤♦❧♦♥♦♠í❛ ❡st❛❜❧❡ ♣r❡s❡r✈❛ ♣✉♥t♦s ❞❡ ✏J cu−❞❡♥s✐❞❛❞✑✳ ❆♥á❧♦✲
❣❛♠❡♥t❡✱ ❧❛ ❤♦❧♦♥♦♠í❛ ✐♥❡st❛❜❧❡ ♣r❡s❡r✈❛ ♣✉♥t♦s ❞❡ ✏J cs−❞❡♥s✐❞❛❞✑✳

▲❡♠❛ ✷ ❬P❙✷❪✿ ❙❡❛ A ✉♥ s✉❜❝♦♥❥✉♥t♦ ♠❡❞✐❜❧❡ ❞❡ M s❛t✉r❛❞♦ ♣♦r Ws✳ ▲✉❡❣♦
✉♥ ♣✉♥t♦ p ❡s ❞❡ ❞❡♥s✐❞❛❞ r❡s♣❡❝t♦ ❞❡ J s✐ ② só❧♦ s✐ p ❡s ❞❡ ❞❡♥s✐❞❛❞ ♣❛r❛ J cu ❡♥
Wcu(p)✳

▲♦s ❞♦s ❧❡♠❛s ❛♥t❡r✐♦r❡s ♥♦s ♣❡r♠✐t❡♥ ✏❝♦rr❡❣✐r✑ ✉♥ ❝♦♥❥✉♥t♦ ❡s❡♥❝✐❛❧♠❡♥t❡ s❛t✉✲
r❛❞♦ ♣♦r Ws ❞❡ ❢♦r♠❛ ✏❝❛♥ó♥✐❝❛✑✳

❚❡♦r❡♠❛ ❬P❙✷❪✿ ❙✐ A ❡s ✉♥ s✉❜❝♦♥❥✉♥t♦ ♠❡❞✐❜❧❡ ❞❡ M ❡s❡♥❝✐❛❧♠❡♥t❡ s❛t✉r❛❞♦
♣♦r Ws ❡♥t♦♥❝❡s s✉s ♣✉♥t♦s ❞❡ ❞❡♥s✐❞❛❞ r❡s♣❡❝t♦ ❛ J s♦♥ s❛t✉r❛❞♦s ♣♦r Ws✳

❉❡♠♦str❛❝✐ó♥✿

❊s ❢á❝✐❧ ✈❡r q✉❡ ♣♦❞❡♠♦s s✉♣♦♥❡r q✉❡ A ❡s s❛t✉r❛❞♦ ♣♦r Ws ②❛ q✉❡ ♠♦❞✐✜❝❛r A
❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛ ♥♦ ❛❧t❡r❛ s✉s ♣✉♥t♦s ❞❡ ❞❡♥s✐❞❛❞✳

❙❡❛ p ✉♥ ♣✉♥t♦ ❞❡ ❞❡♥s✐❞❛❞ ❞❡ A r❡s♣❡❝t♦ ❛ J ② t♦♠❡♠♦s q ❡♥ Ws
loc(p)✳ ▲✉❡❣♦ s❡

t✐❡♥❡ q✉❡ ♣♦r ❡❧ ❧❡♠❛ ✷✱ p ❡s ❞❡♥s✐❞❛❞ ❡♥ Wcu(p) r❡s♣❡❝t♦ ❞❡ J cu✳ ❈♦♠♦ A ❡s s❛t✉r❛❞♦
♣♦r Ws ❡♥t♦♥❝❡s ♣♦r ❡❧ ❧❡♠❛ ✶✱ q t✐❡♥❡ q✉❡ s❡r ❞❡ ❞❡♥s✐❞❛❞ ❡♥ Wcu(q) r❡s♣❡❝t♦ ❞❡
J cu✳ P❡r♦ ❛❤♦r❛✱ ♣♦r ❡❧ ❧❡♠❛ ✶ ♦tr❛ ✈❡③✱ s❡ ❞❡❞✉❝❡ q✉❡ q ❡s ✉♥ ♣✉♥t♦ ❞❡ ❞❡♥s✐❞❛❞ ❞❡
A r❡s♣❡❝t♦ ❞❡ J ✳

❍❡♠♦s ♣r♦❜❛❞♦ ❡♥t♦♥❝❡s q✉❡ ❧♦s ♣✉♥t♦s ❞❡ ❞❡♥s✐❞❛❞ ❞❡ A s♦♥ s❛t✉r❛❞♦s ♣♦r ❧❛
❢♦❧✐❛❝✐ó♥ Ws✳ ‡
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❊st❛♠♦s ✜♥❛❧♠❡♥t❡ ❡♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ♣r♦❜❛r ❡❧ t❡♦r❡♠❛ ❞❡ P✉❣❤✲❙❤✉❜✳

❚❡♦r❡♠❛ ✭P✉❣❤✲❙❤✉❜ ❬P❙✷❪✮✿ ❙❡❛ M ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛ ②
f ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ q✉❡ ♣r❡s❡r✈❛ ✉♥❛ ♠❡❞✐❞❛ s✉❛✈❡ v✳ ❙✐ f
❡s ❞✐♥❛♠✐❝á♠❡♥t❡ ❝♦❤❡r❡♥t❡✱ ❝❡♥t❡r✲❜✉♥❝❤❡❞ ② ❡s❡♥❝✐❛❧♠❡♥t❡ ❛❝❝❡s✐❜❧❡ ❡♥t♦♥❝❡s f ❡s
❡r❣ó❞✐❝♦✳

❉❡♠♦str❛❝✐ó♥✿

P♦r ❡❧ ❛r❣✉♠❡♥t♦ ❞❡ ❍♦♣❢ ❜❛st❛ ✈❡r q✉❡ t♦❞♦ ❝♦♥❥✉♥t♦ f−✐♥✈❛r✐❛♥t❡ ❡s❡♥❝✐❛❧♠❡♥t❡
s❛t✉r❛❞♦ ♣♦r Ws ② Wu t✐❡♥❡ é❧ ♦ s✉ ❝♦♠♣❧❡♠❡♥t♦ ♠❡❞✐❞❛ ♥✉❧❛✳ ❙❡❛ ❡♥t♦♥❝❡s A t❛❧
❝♦♥❥✉♥t♦ ② s❡❛ A∗ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ s✉s ♣✉♥t♦s ❞❡ ❞❡♥s✐❞❛❞ r❡s♣❡❝t♦ ❞❡ ❧❛ ❜❛s❡ ❞❡
❏✉❧✐❡♥♥❡s J ✳ P♦r ❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ s❡ t✐❡♥❡ q✉❡ A∗ ❡s s❛t✉r❛❞♦ ♣♦r Ws ② Wu✱ ❞❡
❞♦♥❞❡ ❝♦♠♦ f ❡s ❡s❡♥❝✐❛❧♠❡♥t❡ ❛❝❝❡s✐❜❧❡ s❡ t✐❡♥❡ q✉❡ A∗ t✐❡♥❡ é❧ ♦ s✉ ❝♦♠♣❧❡♠❡♥t♦
♠❡❞✐❞❛ ♥✉❧❛✳

P♦r ♦tr♦ ❧❛❞♦✱ ❝♦♠♦ J ❡s ❜❛s❡ ❞❡ ❞❡♥s✐❞❛❞ ❡♥t♦♥❝❡s A ② A∗ ❞✐✜❡r❡♥ ❡♥ ✉♥ ❝♦♥❥✉♥t♦
❞❡ ♠❡❞✐❞❛ ♥✉❧❛ ❞❡ ❞♦♥❞❡ ❧♦ ❛♥t❡r✐♦r t❛♠❜✐é♥ ❡s ❝✐❡rt♦ ♣❛r❛ A✳ ❊s ❞❡❝✐r q✉❡ A ♦ M\A
t✐❡♥❡♥ ♠❡❞✐❞❛ ♥✉❧❛✳ ‡

❊♥ ❬❇❲❪✱ ❑✳ ❇✉r♥s ② ❆✳ ❲✐❧❦✐♥s♦♥ ♠❡❥♦r❛r♦♥ ❡❧ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r ♣✐❞✐❡♥❞♦ só❧♦
q✉❡ f s❡❛ ❡s❡♥❝✐❛❧♠❡♥t❡ ❛❝❝❡s✐❜❧❡ ② s❡❛ ❝❡♥t❡r✲❜✉♥❝❤❡❞ ❞❡ ❢♦r♠❛ ❞é❜✐❧✱ ❡s ❞❡❝✐r q✉❡

λs < γ0γ
−1
1 < 1 < γ1γ

−1
0 < λu.

❚❡♦r❡♠❛✿ ❙❡❛ A ✉♥ s✉❜❝♦♥❥✉♥t♦ ♠❡❞✐❜❧❡ ❞❡ M ❡s❡♥❝✐❛❧♠❡♥t❡ s❛t✉r❛❞♦ ♣♦r Ws

② ♣♦r Wu✱ ❧✉❡❣♦ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ♣✉♥t♦s ❞❡ ❞❡♥s✐❞❛❞ ❞❡ A r❡s♣❡❝t♦ ❞❡ ❧❛ ❜❛s❡ ❞❡ ❜♦❧❛s
B ❡s s❛t✉r❛❞♦ ♣♦r Ws ② ♣♦r Wu✳

❉❡ ❧♦ ❛♥t❡r✐♦r s❡ ❞❡❞✉❝❡ q✉❡

❚❡♦r❡♠❛ ✭❇✉r♥s✲❲✐❧❦✐♥s♦♥ ❬❇❲✶❪✮✿ ❙❡❛ M ✉♥❛ ✈❛r✐❡❞❛❞ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠✲
♣❛❝t❛ ② f ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ q✉❡ ♣r❡s❡r✈❛ ✉♥❛ ♠❡❞✐❞❛ s✉❛✈❡
v✳ ❙✐ f ❡s ❝❡♥t❡r✲❜✉♥❝❤❡❞ ❞❡ ❢♦r♠❛ ❞é❜✐❧ ② ❡s❡♥❝✐❛❧♠❡♥t❡ ❛❝❝❡s✐❜❧❡ ❡♥t♦♥❝❡s f ❡s
❡r❣ó❞✐❝♦✳
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