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❆❣r❛❞❡❝✐♠✐❡♥t♦s

• Pr✐♥❝✐♣❛❧♠❡♥t❡✱ ② ♠❛s q✉❡ ❛ ♥❛❞✐❡✱ q✉✐❡r♦ ❛❣r❛❞❡❝❡r ❛ ♠✐ ✈✐❡❥❛✱ ♠✐ ✈✐❡❥♦ ② ❛ ♠✐s ❞♦s ❤❡r✲
♠❛♥♦s✱ ♣♦r ❜❛♥❝❛r♠❡ s✐❡♠♣r❡ ② ♣♦r ❛♣♦②❛r♠❡ ❡♥ ❧❛ ❞❡❝✐s✐ó♥ ❞❡ ❡st✉❞✐❛r ♠❛t❡♠át✐❝❛✳

• ❆ ❆♥❞r❡❛✱ ♣♦r s✉s ♠✐❧❡s ❞❡ ❝♦♥s❡❥♦s ② ♣♦rq✉❡ t♦❞❛s ❧❛s ♦♣♦rt✉♥✐❞❛❞❡s q✉❡ t✉✈❡ ② t❡♥❣♦
s❡ ❧❛s ❞❡❜♦ ❛ ❡❧❧❛✳

• ❆ ▼❛r✐❛♥♦✱ ◗✉✐♠❡② ② P❛❜❧♦✱ ♣♦r t♦❞❛ ❧❛ ❜✉❡♥❛ ♦♥❞❛ q✉❡ t✉✈✐❡r♦♥ ❞❡s❞❡ s✐❡♠♣r❡✳

• ❆ ❋♦♥❞♦ ❞❡ t❛❜❧❛ ② s✉ ❜❛♥❞❛✱ ❧❛ ♠❛s ❣r❛♥❞❡ ❞❡ t♦❞❛s✿ ❉❡♥✐s❡✱ ❆❣✉s✱ ❉❛♥✐✱ ❋❡❞❡✱
▼❛①✐✱ ❚✉t❡✱ ◆❛♥♦✱ ❙❛♥t♦✱ ❉❛♠✐✱ ●❛r②✉ ② ❚✐♥✱ ♣♦r ❧❛s ❛❧❡❣rí❛s✱ ❧♦s ❝❛♠♣❡♦♥❛t♦s✱ ❧♦s
❛s❝❡♥s♦s✱ ❧♦s tr❛♣♦s✱ ❧❛s ❜❛♥❞❡r❛s✱ ❧♦s ❜♦♠❜♦s ② ❧❛ ✜❡st❛✳

• ❊s♣❡❝✐❛❧♠❡♥t❡ q✉✐❡r♦ ❛❣r❛❞❡❝❡r ❛ ❏❛✈✐ ② ❛ ❚♦♠✱ ❞♦s ❛♠✐❣♦s ❝♦♥ t♦❞❛s ❧❛s ❧❡tr❛s ❝♦♥
q✉✐❡♥❡s t✉✈❡ ❧❛ s✉❡rt❡ ❞❡ ❝♦♠♣❛rt✐r ❧❛ ❝❛rr❡r❛ ❡♥t❡r❛✱ ❞❡s❞❡ ❡❧ ♣r✐♠❡r ♣❛r❝✐❛❧ ❤❛st❛ ❡❧
ú❧t✐♠♦ ✜♥❛❧✳

• ❆ ▼✐❣✉❡❧✱ ♣♦r ❝♦♥t❛❣✐❛r♠❡ s✉ ❢♦r♠❛ ❞❡ ✈❡r ❧❛ ♠❛t❡♠át✐❝❛✳

• ❆ ❏✉❛♥ ② ❆♥❛❧í❛✱ ♣♦r s✉s ❝♦♥s❡❥♦s✳

• ❆ ❧❛ ❯❇❆✱ ♣♦r ❧❛ ❜❡❝❛ ❡stí♠✉❧♦✳
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✹✳✷✳✶ ❈♦❤♦♠♦❧♦❣í❛ ❞❡ ❍♦❝❤s❝❤✐❧❞ ❞❡ ❧❛s á❧❣❡❜r❛s ❡♥✈♦❧✈❡♥t❡s ❞❡ ❧❛s á❧❣❡❜r❛s

❞❡ ▲✐❡ ❞❡❧ t✐♣♦ rα ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶
✹✳✷✳✷ ▼♦r✜s♠♦s ❞❡ ❝♦♠♣❛r❛❝✐ó♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾
✹✳✷✳✸ ❈á❧❝✉❧♦ ❞❡ ❞❡❢♦r♠❛❝✐♦♥❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

✻



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉❝❝✐ó♥

❊❧ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞❡ ❡st❡ tr❛❜❛❥♦ ❡s ❡st✉❞✐❛r ❧❛s ❞❡❢♦r♠❛❝✐♦♥❡s ❞❡ ❧❛s á❧❣❡❜r❛s ❡♥✈♦❧✈❡♥t❡s
❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ ❝♦♠♣❧❡❥❛s ❞❡ ❞✐♠❡♥s✐ó♥ tr❡s✳ ❊st❛s ❞❡❢♦r♠❛❝✐♦♥❡s s❡ ❞✐✈✐❞❡♥ ❡♥ ❞♦s ❝❧❛s❡s✿

✶✳ ❧❛s q✉❡ ♣r♦✈✐❡♥❡♥ ❞❡ ❞❡❢♦r♠❛r ❧❛ ❡str✉❝t✉r❛ ❞❡ ▲✐❡✱

✷✳ ❧❛s q✉❡ ♣r♦✈✐❡♥❡♥ ❞❡ ❞❡❢♦r♠❛r ❧❛ ❡str✉❝t✉r❛ ❛s♦❝✐❛t✐✈❛✱ s✐♥ ✈❛r✐❛r ❡❧ ❝♦r❝❤❡t❡✳

▲❛s ❞❡❢♦r♠❛❝✐♦♥❡s ❞❡ ❧❛ ♣r✐♠❡r❛ ❝❧❛s❡ ② ❧❛s r❡❧❛❝✐♦♥❡s ❡♥tr❡ ❧❛s ♠✐s♠❛s ❤❛♥ s✐❞♦ ❝♦♠♣❧❡t❛✲
♠❡♥t❡ ❡st✉❞✐❛❞❛s ❡♥ ❧♦s ✉❧t✐♠♦s ❛ñ♦s✳ ◆♦s ♣r♦♣♦♥❡♠♦s ❡♥ ♣❛rt✐❝✉❧❛r ❡st✉❞✐❛r ❞❡❢♦r♠❛❝✐♦♥❡s
❞❡ ❧❛ s❡❣✉♥❞❛ ❝❧❛s❡ ❞❡ ❧❛s á❧❣❡❜r❛s ❞❡ ▲✐❡ ❞❡ ❞✐♠❡♥s✐ó♥ tr❡s ❞❡❧ t✐♣♦ rα✱ ✉s❛♥❞♦ ♠ét♦❞♦s
❤♦♠♦❧ó❣✐❝♦s✳

▲❛s ❞❡❢♦r♠❛❝✐♦♥❡s ❞❡ ♦❜❥❡t♦s ❛❧❣❡❜r❛✐❝♦s ② ❛♥❛❧ít✐❝♦s s♦♥ ❡st✉❞✐❛❞❛s ❞❡s❞❡ ❤❛❝❡ ♠✉❝❤♦s
❛ñ♦s t❛♥t♦ ❡♥ ♠❛t❡♠át✐❝❛ ❝♦♠♦ ❡♥ ❢ís✐❝❛✳ ❊❧ ❝♦♥❥✉♥t♦ ❞❡ ❝❧❛s❡s ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛ ❞❡ ❡str✉❝t✉r❛s
❞❡ á❧❣❡❜r❛ ❞❡ ▲✐❡ s♦❜r❡ ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ✜❥♦ ❡s ❧❧❛♠❛❞♦ ❡❧ ❡s♣❛❝✐♦ ❞❡ ♠♦❞✉❧✐ ❞❡ á❧❣❡❜r❛s
❞❡ ▲✐❡ s♦❜r❡ ❡s❡ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❊❧ ❡s♣❛❝✐♦ ❞❡ ♠♦❞✉❧✐ ❤❛ s✐❞♦ ❡st✉❞✐❛❞♦ ❝♦♠♣❧❡t❛♠❡♥t❡
❡♥ ❡❧ ❝❛s♦ ❞❡ ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❝♦♠♣❧❡❥♦ ❞❡ ❞✐♠❡♥s✐ó♥ tr❡s ✭❬❆❪✱ ❬❚❯❪✮✳ ▲❛ ❡str✉❝t✉r❛ ❞❡
❡st❡ ❡s♣❛❝✐♦ ❞❡ ♠♦❞✉❧✐ ❡s ❜❛st❛♥t❡ s✐♠♣❧❡✿ ❝♦♥s✐st❡ ❞❡ ✉♥❛ ❢❛♠✐❧✐❛ 1✲♣❛r❛♠étr✐❝❛ ❞❡ á❧❣❡❜r❛s
❞❡ ▲✐❡ r❡s♦❧✉❜❧❡s✱ ② ❞❡ tr❡s á❧❣❡❜r❛s ❞❡ ▲✐❡ ❡s♣❡❝✐❛❧❡s✳ ❙✐♥ ❡♠❜❛r❣♦ ♥♦ s❡ ❤❛ r❡❛❧✐③❛❞♦ ✉♥❛
❞❡s❝r✐♣❝✐ó♥ ❞❡ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❞❡❢♦r♠❛❝✐♦♥❡s ❞❡ ❧❛s á❧❣❡❜r❛s ❡♥✈♦❧✈❡♥t❡s ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡
❝♦♠♣❧❡❥❛s ❞❡ ❞✐♠❡♥s✐ï➾➼♥ tr❡s q✉❡ s❡ ♦❜t✐❡♥❡♥ ❛❧ ❞❡❢♦r♠❛r ❧❛ ❡str✉❝t✉r❛ ❛s♦❝✐❛t✐✈❛✳ ▲❛s
❞❡❢♦r♠❛❝✐♦♥❡s ✐♥✜♥✐t❡s✐♠❛❧❡s ❞❡ ✉♥ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ❡stá♥ ♣❛r❛♠❡tr✐③❛❞❛s ♣♦r ❡❧ s❡❣✉♥❞♦
❣r✉♣♦ ❞❡ ❝♦❤♦♠♦❧♦❣í❛ ❞❡ ❍♦❝❤s❝❤✐❧❞ ❞❡❧ á❧❣❡❜r❛✱ ❛ ❝♦❡✜❝✐❡♥t❡s ❡♥ ❡❧ á❧❣❡❜r❛ ❝♦♥s✐❞❡r❛❞❛
❝♦♠♦ ❜✐♠ó♦❞✉❧♦ s♦❜r❡ s✐ ♠✐s♠❛ ❞❡ ❧❛ ♠❛♥❡r❛ ♥❛t✉r❛❧✳ ❆s✐♠✐s♠♦✱ ❧❛s ♣♦s✐❜❧❡s ♦❜str✉❝✲
❝✐♦♥❡s ♣❛r❛ ❝♦♥t✐♥✉❛r ❡st❛ ❞❡❢♦r♠❛❝✐ó♥ ✐♥✜♥✐t❡s✐♠❛❧ ❡♥ ✉♥❛ ✈❡r❞❛❞❡r❛ ❞❡❢♦r♠❛❝✐ó♥ ❡stá♥
♣❛r❛♠❡tr✐③❛❞❛s ♣♦r ❡❧ t❡r❝❡r ❣r✉♣♦ ❞❡ ❝♦❤♦♠♦❧♦❣í❛ ❞❡ ❍♦❝❤s❝❤✐❧❞ ❞❡❧ á❧❣❡❜r❛ ❛ ❝♦❡✜❝✐❡♥t❡s
❡♥ ❡❧❧❛ ♠✐s♠❛✳

❊♥ ❡❧ ❈❛♣ít✉❧♦ 2 s❡ r❡❝✉❡r❞❛♥ ❛❧❣✉♥❛s ❞❡✜♥✐❝✐♦♥❡s ❜ás✐❝❛s s♦❜r❡ á❧❣❡❜r❛s ❞❡ ▲✐❡✱ s♦❜r❡
á❧❣❡❜r❛s ❡♥✈♦❧✈❡♥t❡s ② t❛♠❜✐é♥ s♦❜r❡ ❤♦♠♦❧♦❣í❛ ② ❝♦❤♦♠♦❧♦❣í❛ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡✳ ▲✉❡❣♦ ❞❡
❞❡s❝r✐❜✐r ❧❛s á❧❣❡❜r❛s ❞❡ ▲✐❡ ❝♦♠♣❧❡❥❛s ❞❡ ❞✐♠❡♥s✐♦♥❡s 1✱ 2 ② 3✱ ❝❛❧❝✉❧❛♠♦s s✉s ❝♦❤♦♠♦❧♦❣í❛s✳

❊❧ ❈❛♣ít✉❧♦ 3 ❝♦♠✐❡♥③❛ ❝♦♥ ✉♥ r❡s✉♠❡♥ ❞❡ r❡s✉❧t❛❞♦s s♦❜r❡ ❝♦❤♦♠♦❧♦❣í❛ ❞❡ ❍♦❝❤s❝❤✐❧❞
❞❡ á❧❣❡❜r❛s ❛s♦❝✐❛t✐✈❛s ② ❡♥ ♣❛rt✐❝✉❧❛r ❞❡ á❧❣❡❜r❛s ❡♥✈♦❧✈❡♥t❡s ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡✳ ◆♦s
✐♥t❡r❡s❛ ❡s♣❡❝✐❛❧♠❡♥t❡ ❡❧ ♣r♦❞✉❝t♦ ❝✉♣ ② ❧❛ ❡str✉❝t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ●❡rst❡♥❤❛❜❡r ❞❡ ❧❛
❝♦❤♦♠♦❧♦❣í❛ ❞❡ ❍♦❝❤s❝❤✐❧❞✳ ▲✉❡❣♦ ❝❛❧❝✉❧❛♠♦s ❝♦♠♦ ❡❥❡♠♣❧♦ ❧❛ ❝♦❤♦♠♦❧♦❣í❛ ❞❡ ❍♦❝❤s❝❤✐❧❞
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❞❡❧ á❧❣❡❜r❛ ❡♥✈♦❧✈❡♥t❡ ❞❡❧ á❧❣❡❜r❛ ❞❡ ❍❡✐s❡♥❜❡r❣✱ r❡❝✉♣❡r❛♥❞♦ ❡❧ r❡s✉❧t❛❞♦ ♦❜t❡♥✐❞♦ ♣♦r P✳
◆✉ss ❡♥ ❬◆❪ ② ♣♦st❡r✐♦r♠❡♥t❡ ❡♥ ❬❍❙❪✳ ❊♥ ❧❛ ú❧t✐♠❛ ♣❛rt❡ ❞❡ ❡st❡ ❝❛♣ít✉❧♦ ❡st✉❞✐❛♠♦s ❡❧
❝♦♥❝❡♣t♦ ❞❡ ❞❡❢♦r♠❛❝✐ó♥ ❞❡ ✉♥❛ k✲á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ② ❞❡ ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡ ❡♥ tér♠✐♥♦s
❝♦❤♦♠♦❧ó❣✐❝♦s✳

❊♥ ❡❧ ❈❛♣ít✉❧♦ 4 ❝♦♠❡♥③❛♠♦s r❡❝♦r❞❛♥❞♦ ♠❛t❡r✐❛❧ r❡❧❛❝✐♦♥❛❞♦ ❝♦♥ ❡❧ ❧❡♠❛ ❞❡❧ ❞✐❛♠❛♥t❡
❞❡ ❇❡r❣♠❛♥ ❬❇❡r❪✱ q✉❡ ❡s ✉♥❛ ❤❡rr❛♠✐❡♥t❛ ♣❛r❛ ❡♥❝♦♥tr❛r ❜❛s❡s ❞❡ ♠ó❞✉❧♦s ❞❛❞♦s ♣♦r
❣❡♥❡r❛❞♦r❡s ② r❡❧❛❝✐♦♥❡s✳ ❊❧ ❧❡♠❛ ❞❡❧ ❞✐❛♠❛♥t❡ ❡s ✉s❛❞♦ ❡♥ ❡❧ r❡st♦ ❞❡❧ ❝❛♣ít✉❧♦ ♣❛r❛ ❝❛❧❝✉❧❛r
❞❡ ❢♦r♠❛ ❡❢❡❝t✐✈❛ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ❞❡❢♦r♠❛❝✐♦♥❡s ❞❡ ❧❛s á❧❣❡❜r❛s ❡♥✈♦❧✈❡♥t❡s ❞❡ ❧❛s á❧❣❡❜r❛s
❞❡ ▲✐❡ ❞❡❧ t✐♣♦ rα✳ P❛r❛ ❡❧❧♦ ❡s ♥❡❝❡s❛r✐♦ ❝❛❧❝✉❧❛r ♣r✐♠❡r♦ s✉ ❝♦❤♦♠♦❧♦❣í❛ ❞❡ ❍♦❝❤s❝❤✐❧❞✱ ②
t❛♠❜✐é♥ ❛❧❣✉♥♦s ❞❡ ❧♦s ♠♦r✜s♠♦s ❞❡ ❝♦♠♣❛r❛❝✐ó♥ ❡♥tr❡ ❧❛ r❡s♦❧✉❝✐ó♥ ❇❛r ② ❧❛ r❡s♦❧✉❝✐ó♥ ❞❡
❈❤❡✈❛❧❧❡②✲❊✐❧❡♥❜❡r❣✳
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❈❛♣ít✉❧♦ ✷

➪❧❣❡❜r❛s ❞❡ ▲✐❡

❊♥ ❡st❡ ❝❛♣ít✉❧♦ ❞❡s❛rr♦❧❧❛r❡♠♦s ❧❛s ♥♦❝✐♦♥❡s ❜ás✐❝❛s ❞❡ ✭❝♦✮❤♦♠♦❧♦❣í❛ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡✳
❙❡❣✉✐r❡♠♦s ❧❛ ♣r❡s❡♥t❛❝✐ó♥ ❞❡❧ t❡♠❛ ❤❡❝❤❛ ❡♥ ❬❲❪✳

✷✳✶ ❘❡s✉❧t❛❞♦s ❣❡♥❡r❛❧❡s

❆ ❧♦ ❧❛r❣♦ ❞❡ ❡st❛ s❡❝❝✐ó♥✱ k s❡rá ✉♥ ❛♥✐❧❧♦ ❝♦♥♠✉t❛t✐✈♦✳

✷✳✶✳✶ ❉❡✜♥✐❝✐♦♥❡s ❜ás✐❝❛s

❉❡✜♥✐❝✐ó♥ ✷✳✶✳✶✳ ❯♥❛ ❡str✉❝t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ▲✐❡ s♦❜r❡ ✉♥ k✲♠ó❞✉❧♦ g ❡s ✉♥ ♠♦r✜s♠♦
❞❡ k✲♠ó❞✉❧♦s [−,−] : g ⊗k g −→ g✱ ❧❧❛♠❛❞♦ ❝♦r❝❤❡t❡✱ q✉❡ s❛t✐s❢❛❝❡

✶✳ [x, y] = −[y, x] ∀x, y ∈ g ✭❆♥t✐s✐♠❡trí❛✮✱

✷✳ [[x, y], z] + [[y, z], x] + [[z, x], y] = 0 ∀x, y, z ∈ g ✭■❞❡♥t✐❞❛❞ ❞❡ ❏❛❝♦❜✐✮✳

❊❥❡♠♣❧♦s ✷✳✶✳✷✳ ✶✳ ❙✐ k ❡s ✉♥ ❝✉❡r♣♦ ② V ✉♥ k✲❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧✱ ❡❧ ❝♦r❝❤❡t❡ ❞❛❞♦ ♣♦r
[x, y] = 0 ♣❛r❛ t♦❞♦ x, y ∈ V ❞❛ ❛ V ✉♥❛ ❡str✉❝t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ▲✐❡✳ ❊♥ ❡st❡ ❝❛s♦
[−,−] s❡ ❧❧❛♠❛ ❧❛ ❡str✉❝t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❛❜❡❧✐❛♥❛ s♦❜r❡ V ✳

✷✳ ❉❛❞❛ ✉♥❛ k✲á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ A ❡s ❢á❝✐❧ ❞❛r❧❡ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ▲✐❡
❞❡✜♥✐❡♥❞♦ ❡❧ ❝♦r❝❤❡t❡ ❝♦♠♦ s✉ ❝♦♥♠✉t❛❞♦r✱ ❡s ❞❡❝✐r✿ ❞❛❞♦s a, b ∈ A✱ [a, b] := ab− ba✳
◆♦t❛♠♦s ❝♦♥ Lie(A) ❛❧ á❧❣❡❜r❛ ❞❡ ▲✐❡ q✉❡ t✐❡♥❡ ❝♦♠♦ k✲♠ó❞✉❧♦ ✈❡❝t♦r✐❛❧ s✉❜②❛❝❡♥t❡
A ② ❝♦r❝❤❡t❡ ❛♥t❡s ❞❡s❝r✐♣t♦✳

✸✳ ❙❡❛ A ✉♥❛ k✲á❧❣❡❜r❛ ❛r❜✐tr❛r✐❛✳ ❈♦♥s✐❞❡r❡♠♦s Der(A) := {φ ∈ Endk(A) : φ(ab) =
aφ(b) + φ(a)b, ∀ a, b ∈ A}✳ ❊❧ ❝♦r❝❤❡t❡ ❡stá ❞❡✜♥✐❞♦ ❝♦♠♦ ❡♥ ❡❧ ❡❥❡♠♣❧♦ ❛♥t❡r✐♦r ♣♦r
❡❧ ❝♦♥♠✉t❛❞♦r ② ❞❛ ❛ Der(A) ✉♥❛ ❡str✉❝✉tr❛ ❞❡ s✉❜á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞❡ Lie(Endk(A))✳

✹✳ ❙✐ G ❡s ✉♥ ❣r✉♣♦ ❞❡ ▲✐❡✱ ❡♥t♦♥❝❡s ❡❧ ❡s♣❛❝✐♦ ❞❡ ❝❛♠♣♦s X : C∞(G) −→ C∞(G)
✐♥✈❛r✐❛♥t❡s ❛ ✐③q✉✐❡r❞❛✱ ❡s ✉♥ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❝♦♥ ❡❧ ❝♦r❝❤❡t❡ ❞❛❞♦ ♣♦r [X,Y ](f) =
X(Y (f)) − Y (X(f))✱ ♣❛r❛ f ∈ C∞(G)✳ ▼❛s ❛ú♥✱ ❧❛s ❝❧❛s❡s ❞❡ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡
❣r✉♣♦s ❞❡ ▲✐❡ ❝♦♥❡①♦s ② s✐♠♣❧❡♠❡♥t❡ ❝♦♥❡①♦s q✉❡❞❛♥ ❞❡t❡r♠✐♥❛❞❛s ♣♦r s✉ á❧❣❡❜r❛ ❞❡
▲✐❡ ❞❡ ❝❛♠♣♦s ✐♥✈❛r✐❛♥t❡s ❛ ✐③q✉✐❡r❞❛✳

✾



❉❡✜♥✐❝✐ó♥ ✷✳✶✳✸✳ ❙❡❛♥ g ② h ❞♦s k✲á❧❣❡❜r❛s ❞❡ ▲✐❡ ② s❡❛ f : g −→ h ✉♥ ♠♦r✜s♠♦ ❞❡
k✲♠ó❞✉❧♦s✳ ❙❡ ❞✐❝❡ q✉❡ f ❡s ✉♥ ♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ s✐ ♣r❡s❡r✈❛ ❡❧ ❝♦r❝❤❡t❡✱ ❡s ❞❡❝✐r✱
s✐ f([x, y]) = [f(x), f(y)], ∀x, y ∈ g✳

❉❡✜♥✐❝✐ó♥ ✷✳✶✳✹✳ ❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡ ② s❡❛ h ✉♥ k✲s✉❜♠ó❞✉❧♦ ❞❡ g✳ ❙❡ ❞✐❝❡ q✉❡
h ❡s ✉♥ ✐❞❡❛❧ ❞❡ g s✐ [g, h] ∈ h ♣❛r❛ t♦❞♦ g ∈ g ② h ∈ h✳ ❚❛♥t♦ h ❝♦♠♦ g/h ❤❡r❡❞❛♥ ❞❡
❢♦r♠❛ ♥❛t✉r❛❧ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡ t❛❧ q✉❡ ❧♦s ♠♦r✜s♠♦s ❝❛♥ó♥✐❝♦s h −→ g ②
g −→ g/h s♦♥ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡✳

❉❡✜♥✐❝✐ó♥ ✷✳✶✳✺✳ ❯♥ g✲♠ó❞✉❧♦ ❛ ✐③q✉✐❡r❞❛ ❡s ✉♥ k✲♠ó❞✉❧♦ M ❥✉♥t♦ ❝♦♥ ✉♥ ♠♦r✜s♠♦
❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ g −→ Lie(Endk(M))✱ ♦ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ✉♥❛ ❛❝❝✐ó♥ g ⊗k M −→ M
q✉❡ ❝✉♠♣❧❡ [x, y]m = x(ym) − y(x(m)), ∀x, y ∈ g, ∀m ∈ M ✳ ❯♥ ♠♦r✜s♠♦ ❞❡ k✲♠ó❞✉❧♦s
f : M −→ N ❡♥tr❡ ❞♦s g✲♠ó❞✉❧♦s s❡ ❞✐❝❡ ✉♥ ♠♦r✜s♠♦ ❞❡ g✲♠ó❞✉❧♦s s✐ f(xm) = xf(m), ∀x ∈
g, ∀m ∈M ✳

❊❥❡♠♣❧♦s ✷✳✶✳✻✳ ✶✳ ❙❡❛ M ✉♥ g✲♠ó❞✉❧♦ ❛ ✐③q✉✐❡r❞❛✱ ❡♥t♦♥❝❡s M ❡s ✉♥ g✲♠ó❞✉❧♦ ❛
❞❡r❡❝❤❛ ♠❡❞✐❛♥t❡ ❡❧ ♠♦r✜s♠♦ g −→ Lie(Endk(M))op ❞❡✜♥✐❞♦ ♣♦r m ·x := −xm, ∀x ∈
g✱ ∀m ∈M ✳

✷✳ ❙❡❛♥ M ② N g✲♠ó❞✉❧♦s ❛ ✐③q✉✐❡r❞❛✱ ❡♥t♦♥❝❡s Homk(M,N) t✐❡♥❡ ✉♥❛ ❡str✉❝t✉r❛ ❞❡
g✲♠ó❞✉❧♦ ❛ ✐③q✉✐❡r❞❛ ❞❛❞❛ ♣♦r (x · f)(m) := xf(m) − f(xm)✱ ∀x ∈ g✱ ∀m ∈ M ✱
∀f ∈ Homk(M,N)✳

✸✳ ❙❡❛♥ M ② N g✲♠ó❞✉❧♦s ❛ ✐③q✉✐❡r❞❛✱ ❡♥t♦♥❝❡s M ⊗k N t✐❡♥❡ ❡str✉❝t✉r❛ ❞❡ g✲♠ó❞✉❧♦ ❛
✐③q✉✐❡r❞❛ ❞❛❞❛ ♣♦r x · (m⊗ n) := xm⊗ n+m⊗ xn✳ ❉❡ ❡st❛ ♠❛♥❡r❛ ❧❛ ❝❛t❡❣♦rí❛ ❞❡
g✲♠ó❞✉❧♦s r❡s✉❧t❛ ✉♥❛ ❝❛t❡❣♦rí❛ ♠♦♥♦✐❞❛❧✳

✹✳ ❙❡❛ M ✉♥ k✲♠ó❞✉❧♦✱ s❡ ❞❡✜♥❡ Der(g,M) := {D ∈ Homk(g,M) ✿ D([x, y]) = xD(y)−
yD(x), ∀x, y ∈ g}✳ ❙❡ ♥♦t❛ ❝♦♥ Der(g) ❛ Der(g, g)✳ ❖❜s❡r✈❡♠♦s q✉❡ Der(g) r❡s✉❧t❛
✉♥❛ k✲s✉❜á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞❡ Lie(Endk(g))✳

✺✳ ❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡ ② s❡❛ M ✉♥ g✲♠ó❞✉❧♦✳ ❙❡ ♣✉❡❞❡ ❞❡✜♥✐r ❡❧ ♣r♦❞✉❝t♦ s❡♠✐❞✐✲

r❡❝t♦ ❞❡ g ② M ❝♦♠♦ ❧❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡ M ⋊ g q✉❡ t✐❡♥❡ ❝♦♠♦ ❡s♣❛❝✐♦ s✉❜②❛❝❡♥t❡ ❡❧
k✲♠ó❞✉❧♦ M ⊕ g✱ ② ❝♦r❝❤❡t❡ ❞❛❞♦ ♣♦r [(m, g), (n, h)] = (g · n− h ·m, [g, h]), ∀ g, h ∈
g, ∀m ∈M ✳

✻✳ ❙❡❛♥ g ② h k✲á❧❣❡❜r❛s ❞❡ ▲✐❡ ② s❡❛ σ : h −→ Der(g) ✉♥ ♠♦r✜s♠♦✳ ❙❡ ♣✉❡❞❡ ❞❡✜♥✐r ❡❧
♣r♦❞✉❝t♦ s❡♠✐❞✐r❡❝t♦ ❞❡ g ② h ❛ tr❛✈és ❞❡ σ ❝♦♠♦ ❧❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡ g ⋊σ h q✉❡ t✐❡♥❡
❝♦♠♦ ❡s♣❛❝✐♦ s✉❜②❛❝❡♥t❡ ❡❧ k✲♠ó❞✉❧♦ g ⊕ h✱ ② ❝♦r❝❤❡t❡ ❞❛❞♦ ♣♦r [(g, h), (g′, h′)] :=
([g, g′] + σ(h)(g′), [h, h′]), ∀ g, g′ ∈ g, ∀h, h′ ∈ h✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✶✳✼✳ ❉❛❞♦ ✉♥ g✲♠ó❞✉❧♦ ❛ ✐③q✉✐❡r❞❛M ✱ ❡❧ ❢✉♥t♦r Homk(M,−) : g✲♠♦❞−→ g✲

♠♦❞ ❡s ❛❞❥✉♥t♦ ❛ ❞❡r❡❝❤❛ ❞❡❧ ❢✉♥t♦r (−) ⊗k M : g✲♠♦❞−→ g✲♠♦❞✳

❉❡♠♦str❛❝✐ó♥✳ ❇❛st❛ ❝❤❡q✉❡❛r q✉❡ ❧♦s ✐s♦♠♦r✜s♠♦s ✉s✉❛❧❡s ❞❡ k✲♠ó❞✉❧♦s q✉❡ ❞❛♥ ❧❛ ❛❞✲
❥✉♥❝✐ó♥ ❡♥tr❡ ❧♦s ❢✉♥t♦r❡s Homk(M,−) ② (−)⊗kM q✉❡❞❛♥ ❜✐❡♥ ❞❡✜♥✐❞♦s ♣❛r❛ ❡st❛s ❡str✉❝✲
t✉r❛s✳

✶✵



✷✳✶✳✷ ➪❧❣❡❜r❛s ♥✐❧♣♦t❡♥t❡s ② s♦❧✉❜❧❡s

❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡✳

◆♦t❛❝✐ó♥✿ ❉❛❞♦s h1 ② h2 ✐❞❡❛❧❡s ❞❡ g✱ ✈❛♠♦s ❛ ♥♦t❛r ❝♦♥ [h1, h2] ❛❧ k✲s✉❜♠ó❞✉❧♦ ❣❡♥❡r❛❞♦
♣♦r ❧♦s ❡❧❡♠❡♥t♦s [h1, h2] t❛❧ q✉❡ h1 ∈ h1 ② h2 ∈ h2✳

▲❡♠❛ ✷✳✶✳✽✳ ❙❡❛♥ h1 ② h2 ✐❞❡❛❧❡s ❞❡ g✳ ❊♥t♦♥❝❡s [h1, h2] ❡s ✉♥ ✐❞❡❛❧ ❞❡ g✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛♥ x ∈ g✱ h1 ∈ h1 ② h2 ∈ h2✳ ▲❛ ✐❞❡♥t✐❞❛❞ ❞❡ ❏❛❝♦❜✐ ❞✐❝❡ q✉❡ [x, [h1, h2]] =
[h1, [x, h2]] + [[x, h1], h2] ∈ [h1, h2].

❉❡✜♥✐❝✐ó♥ ✷✳✶✳✾✳ ❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡✳ ❙❡ ❞❡✜♥❡ ✐♥❞✉❝t✐✈❛♠❡♥t❡ ❧❛ s✉❝❡s✐ó♥ gn

❝♦♠♦ g0 = g ② s✐ n ≥ 1✱ ❡♥t♦♥❝❡s gn = [gn−1, g]✳ ❊❧ á❧❣❡❜r❛ ❞❡ ▲✐❡ g s❡ ❞✐❝❡ ♥✐❧♣♦t❡♥t❡ s✐ ❧❛
s✉❝❡s✐ó♥

g = g0 ⊇ g1 ⊇ g2 ⊇ g3 ⊇ · · ·

❡✈❡♥t✉❛❧♠❡♥t❡ s❡ ❛♥✉❧❛✱ ❡s ❞❡❝✐r✱ s✐ ❡①✐st❡ n ∈ N t❛❧ q✉❡ gn = 0✳

P♦r ❡❥❡♠♣❧♦✱ ❧❛ k✲á❧❣❡❜r❛ ❧✐❜r❡ ❞❡ ❞✐♠❡♥s✐ó♥ ✸ ❣❡♥❡r❛❞❛ ♣♦r {x, y, z}✱ ❝♦♥ ❝♦r❝❤❡t❡ ❞❛❞♦
♣♦r [x, y] = z✱ [x, z] = [y, z] = 0 ❡s ♥✐❧♣♦t❡♥t❡ ♣✉❡s g1 = 〈z〉 ② ❡♥t♦♥❝❡s g2 = 0✳

❉❡✜♥✐❝✐ó♥ ✷✳✶✳✶✵✳ ❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡✳ ❙❡ ❞❡✜♥❡ ✐♥❞✉❝t✐✈❛♠❡♥t❡ ❧❛ s✉❝❡s✐ó♥ g(n)

❝♦♠♦ g(0) = g ② s✐ n ≥ 1✱ ❡♥t♦♥❝❡s g(n) = [g(n−1), g(n−1)]✳ ❊❧ á❧❣❡❜r❛ ❞❡ ▲✐❡ g s❡ ❞✐❝❡ s♦❧✉❜❧❡

s✐ ❧❛ s✉❝❡s✐ó♥
g = g(0) ⊇ g(1) ⊇ g(2) ⊇ g(3) ⊇ · · ·

❡✈❡♥t✉❛❧♠❡♥t❡ s❡ ❛♥✉❧❛✱ ❡s ❞❡❝✐r✱ s✐ ❡①✐st❡ n ∈ N t❛❧ q✉❡ g(n) = 0✳

▲❡♠❛ ✷✳✶✳✶✶✳ ❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡✱ ❡♥t♦♥❝❡s [gn, gm] ⊆ gn+m ♣❛r❛ t♦❞♦ n,m ∈ N✳

❉❡♠♦str❛❝✐ó♥✳ P❛r❛ ✉♥ n ✜❥♦ ❤❛r❡♠♦s ✐♥❞✉❝❝✐ó♥ ❡♥ m✳ ❙✐ m = 1 ❧❛ ✐❣✉❛❧❞❛❞ [gn, g] = gn+1

✈❛❧❡ ♣♦r ❞❡✜♥✐❝✐ó♥✳ ❊❧ ♣❛s♦ ✐♥❞✉❝t✐✈♦ ❡s

[gn, gm+1] = [gn, [gm, g]] ⊆ [[gn, g], gm] + [[gn, gm], g] ⊆ [gn+1, g] + [gn+m, g] ⊆ gn+m+1,

❞♦♥❞❡ ❧❛ ♣r✐♠❡r❛ ✐♥❝❧✉s✐ó♥ ❡stá ❞❛❞❛ ♣♦r ❧❛ ✐❞❡♥t✐❞❛❞ ❞❡ ❏❛❝♦❜✐ ② ❧❛s r❡st❛♥t❡s ♣♦r ❧❛
❤✐♣ót❡s✐s ✐♥❞✉❝t✐✈❛✳

❈♦r♦❧❛r✐♦ ✷✳✶✳✶✷✳ ❙✐ g ❡s ♥✐❧♣♦t❡♥t❡ ❡♥t♦♥❝❡s g ❡s s♦❧✉❜❧❡✳

▲❛ ✈✉❡❧t❛ ♥♦ ❡s ❝✐❡rt❛✱ ♣♦r ❡❥❡♠♣❧♦ ❡❧ C✲❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❞❡ ♠❛tr✐❝❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡✲
r✐♦r❡s ❞❡ 2 × 2 ❝♦♥ ❝♦❡✜❝✐❡♥t❡s ❝♦♠♣❧❡❥♦s ❡s ✉♥ á❧❣❡❜r❛ ❞❡ ▲✐❡ s♦❧✉❜❧❡ ♣❡r♦ ♥♦ ♥✐❧♣♦t❡♥t❡✳

✷✳✶✳✸ ■♥✈❛r✐❛♥t❡s ② ❝♦✐♥✈❛r✐❛♥t❡s

❉❡✜♥✐❝✐ó♥ ✷✳✶✳✶✸✳ ❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡ ② s❡❛ M ✉♥ g✲♠ó❞✉❧♦✱ s❡ ❞❡✜♥❡♥ ❧♦s ✐♥✈❛✲
r✐❛♥t❡s ② ❝♦✐♥✈❛r✐❛♥t❡s ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

• ■♥✈❛r✐❛♥t❡s✿ Mg := {m ∈M : xm = 0 ∀x ∈ g}✱

✶✶



• ❈♦✐♥✈❛r✐❛♥t❡s✿ Mg := M/gM.

❖❜s❡r✈❡♠♦s q✉❡ s✐ f : M −→ N ❡s ✉♥ ♠♦r✜s♠♦ ❞❡ g✲♠ó❞✉❧♦s ② m ∈ Mg✱ ❡♥t♦♥❝❡s
xf(m) = f(xm) = 0 ♣❛r❛ t♦❞♦ x ∈ g❀ ② s✐ n ∈ gM ✱ ❡♥t♦♥❝❡s n =

∑

xin
′
i ❝♦♥ xi ∈ g ②

n′i ∈ M ✱ ② ♣♦r ❧♦ t❛♥t♦ f(n) =
∑

xif(n′i)✳ ❘❡s✉♠✐❡♥❞♦✱ t❡♥❡♠♦s q✉❡ f |Mg : Mg −→ Ng ②
q✉❡ f ✐♥❞✉❝❡ f̄ : Mg −→ Ng✳ ❊s s❡♥❝✐❧❧♦ ✈❡r✐✜❝❛r q✉❡ ❞❡ ❡st❛ ♠❛♥❡r❛ (−)g : g✲♠♦❞−→ k✲♠♦❞
② (−)g : g✲♠♦❞−→ k✲♠♦❞ s♦♥ ❢✉♥t♦r❡s✳

❊♥ ❡❧ ♦tr♦ s❡♥t✐❞♦✱ ❝♦♥t❛♠♦s ❝♦♥ ❡❧ ❢✉♥t♦r tr✐✈✐❛❧ k✲♠♦❞−→ g✲♠♦❞✱ q✉❡ ❛ ❝❛❞❛ k✲♠ó❞✉❧♦
M ❧❡ ❛s✐❣♥❛ ❡❧ g✲♠ó❞✉❧♦ tr✐✈✐❛❧✿ x ·m = 0 ♣❛r❛ t♦❞♦ x ∈ g ② m ∈M ✳ ❊st❡ ❢✉♥t♦r ❡s ❡①❛❝t♦✳
❊❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ ❡s ❞❡ ❢á❝✐❧ ❞❡♠♦str❛❝✐ó♥✿

Pr♦♣♦s✐❝✐ó♥ ✷✳✶✳✶✹✳ ▲♦s ❢✉♥t♦r❡s (−)g ② (−)g s♦♥ ❛❞❥✉♥t♦s ❛ ❞❡r❡❝❤❛ ② ❛ ✐③q✉✐❡r❞❛ r❡s♣❡❝✲

t✐✈❛♠❡♥t❡ ❞❡❧ ❢✉♥t♦r tr✐✈✐❛❧✳ ❊♥ ♣❛rt✐❝✉❧❛r (−)g ❡s ❡①❛❝t♦ ❛ ✐③q✉✐❡r❞❛ ② (−)g ❡s ❡①❛❝t♦ ❛

❞❡r❡❝❤❛✳

✷✳✶✳✹ ❊❧ á❧❣❡❜r❛ ❡♥✈♦❧✈❡♥t❡ ✉♥✐✈❡rs❛❧

❊❧ á❧❣❡❜r❛ ❡♥✈♦❧✈❡♥t❡ ✉♥✐✈❡rs❛❧ ❞❡ ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡ g ❡s ✉♥❛ k✲á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ U(g)
q✉❡ ✈❡r✐✜❝❛ ❝✐❡rt❛ ♣r♦♣✐❡❞❛❞ ✉♥✐✈❡rs❛❧✳ ❊♥ ❛♥❛❧♦❣í❛ ❝♦♥ ❡❧ á❧❣❡❜r❛ ❞❡ ❣r✉♣♦ kG ❛s♦❝✐❛❞❛ ❛
✉♥ ❣r✉♣♦ G✱ U(g) s❡r✈✐rá ♣❛r❛ tr❛❞✉❝✐r ❧❛s ♥♦❝✐♦♥❡s ❞❡ g✲♠ó❞✉❧♦s ② ♠♦r✜s♠♦s g✲♠ó❞✉❧♦s
❡♥ U(g)✲♠ó❞✉❧♦s ② ♠♦r✜s♠♦s ❞❡ U(g)✲♠ó❞✉❧♦s✱ ② ❞❡ ❡st❛ ♠❛♥❡r❛ s❡ ✈❡rá q✉❡ ❧❛ ❝❛t❡❣♦rí❛
❞❡ g✲♠ó❞✉❧♦s t✐❡♥❡ s✉✜❝✐❡♥t❡s ✐♥②❡❝t✐✈♦s ② s✉✜❝✐❡♥t❡s ♣r♦②❡❝t✐✈♦s ♣❡r♠✐t✐❡♥❞♦ ❞❡✜♥✐r ❧❛
❤♦♠♦❧♦❣í❛ ② ❝♦❤♦♠♦❧♦❣í❛ ❝♦♠♦ ❧♦s ❢✉♥t♦r❡s ❞❡r✐✈❛❞♦s ❞❡ (−)g ② (−)g r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❡
❢♦r♠❛ s✐♠✐❧❛r ❛ ❧❛ ❤♦♠♦❧♦❣í❛ ② ❝♦❤♦♠♦❧♦❣í❛ ❞❡ ❣r✉♣♦s✳

❉❡✜♥✐❝✐ó♥ ✷✳✶✳✶✺✳ ❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡✱ s❡❛ T (g) ❡❧ á❧❣❡❜r❛ t❡♥s♦r✐❛❧ ② s❡❛ I ❡❧ ✐❞❡❛❧
❞❡ T (g) ❣❡♥❡r❛❞♦ ♣♦r a⊗ b− b⊗a− [a, b] ♣❛r❛ t♦❞♦ a, b ∈ g✳ ❊❧ á❧❣❡❜r❛ ❡♥✈♦❧✈❡♥t❡ ✉♥✐✈❡rs❛❧
❞❡ g ❡s

U(g) := T (g)/I.

◆♦t❛r❡♠♦s ❝♦♥ x1| · · · |xn ❛ ❧♦s ❡❧❡♠❡♥t♦s ❤♦♠♦❣é♥❡♦s ❞❡ ❣r❛❞♦ n ✭❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ❣r❛❞✉❛✲
❝✐ó♥ ❡✈✐❞❡♥t❡✮ ❞❡ T (g) ② ❝♦♥ x1 · · ·xn ❛ s✉ ❝❧❛s❡ ❡♥ U(g)✳

■♥t✉✐t✐✈❛♠❡♥t❡✱ ❡❧ á❧❣❡❜r❛ ❡♥✈♦❧✈❡♥t❡ ❝♦♥s✐st❡ ❞❡ s✉♠❛s ❢♦r♠❛❧❡s ❞❡ ♣❛❧❛❜r❛s ❝♦♥ ❧❡tr❛s
❡♥ g ❜❛❥♦ ❧❛ r❡❧❛❝✐ó♥ xy − yx = [x, y] ♣❛r❛ x, y ∈ g✳

❖❜s❡r✈❡♠♦s q✉❡ s❡ t✐❡♥❡ ✉♥ ♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ i : g −→ Lie(U(g)) ❞❡✜♥✐❞♦ ♣♦r
❧❛ ❝♦♠♣♦s✐❝✐ó♥ ❞❡ ❧♦s ♠♦r✜s♠♦s ❞❡ k✲♠ó❞✉❧♦s g −→ T (g) −→ U(g)✳ ❈♦♠♦ ❝♦r♦❧❛r✐♦ ❞❡❧
s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ s❡ ♦❜t✐❡♥❡ q✉❡ ♣❛r❛ á❧❣❡❜r❛s ❞❡ ▲✐❡ g q✉❡ s♦♥ ❧✐❜r❡s s♦❜r❡ k✱ ❡st❡ ♠♦r✜s♠♦
❡s ✐♥②❡❝t✐✈♦✳

❚❡♦r❡♠❛ ✷✳✶✳✶✻ ✭P♦✐♥❝❛ré✲❇✐r❦❤♦✛✲❲✐tt✮✳ ❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡ ❧✐❜r❡ ❝♦♠♦ k✲♠ó❞✉❧♦

② s❡❛ {ei}i∈J ✉♥❛ k✲❜❛s❡ ♦r❞❡♥❛❞❛✳ ❊♥t♦♥❝❡s U(g) ❡s ✉♥ k✲♠ó❞✉❧♦ ❧✐❜r❡ ❝♦♥ ❜❛s❡ {eI : I =
(i1 ≤ · · · ≤ in) s✉❝❡s✐ó♥ ✜♥✐t❛ ② ♦r❞❡♥❛❞❛ ❞❡ J}❀ ❞♦♥❞❡ eI := ei1 · · · ein✳

P❛r❛ ✉♥❛ ❞❡♠♦str❛❝✐ó♥ ✈❡r ❬❈❊❪✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✶✳✶✼✳ ✶✳ ❙✐ f : g −→ h ❡s ✉♥ ♠♦r✜s♠♦ ❞❡ k✲á❧❣❡❜r❛s ❞❡ ▲✐❡✱ ❡♥t♦♥❝❡s
f̂ : T (g) −→ U(h) ❞❛❞❛ ♣♦r ❧❛ ❡①t❡♥s✐ó♥ ❧✐♥❡❛❧ ❞❡ f̂(x1| · · · |xn) = f(x1) · · · f(xn) s❡
❛♥✉❧❛ s♦❜r❡ I ② ♣♦r ❧♦ t❛♥t♦ ♣❛s❛ ❛❧ ❝♦❝✐❡♥t❡ ❞❡✜♥✐❡♥❞♦ ✉♥ ♠♦r✜s♠♦ ❞❡ k✲á❧❣❡❜r❛s

✶✷



❛s♦❝✐❛t✐✈❛s U(f) : U(g) −→ U(h)✳ P♦r ❧♦ t❛♥t♦ U(−) r❡s✉❧t❛ ✉♥ ❢✉♥t♦r ❞❡ ❧❛ ❝❛t❡❣♦rí❛
❞❡ k✲á❧❣❡❜r❛s ❞❡ ▲✐❡ ❡♥ ❧❛ ❝❛t❡❣♦rí❛ ❞❡ k✲á❧❣❡❜r❛s ❛s♦❝✐❛t✐✈❛s✳

✷✳ ❙✐ A ❡s ✉♥❛ k✲á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ② f : g −→ Lie(A) ❡s ✉♥ ♠♦r✜s♠♦ ❞❡ k✲á❧❣❡❜r❛s ❞❡ ▲✐❡✱
❡♥t♦♥❝❡s ❞❡ ❢♦r♠❛ s✐♠✐❧❛r ❛❧ ít❡♠ ❛♥t❡r✐♦r q✉❡❞❛ ❜✐❡♥ ❞❡✜♥✐❞❛ f̂ : U(g) −→ A ❞❛❞❛ ♣♦r
f̂(x1 · · ·xn) = f(x1) · · · f(xn)✱ ❞♦♥❞❡ ❛❤♦r❛ ❡❧ ♣r♦❞✉❝t♦ ❞❡ ❧❛ ❞❡r❡❝❤❛ ❡s ❡❧ ♣r♦❞✉❝t♦ ❞❡
A✳ ❘❡❝í♣r♦❝❛♠❡♥t❡✱ s✐ h : U(g) −→ A ❡s ✉♥ ♠♦r✜s♠♦ ❞❡ k✲á❧❣❡❜r❛s✱ h◦i : g −→ Lie(A)
❝✉♠♣❧❡ q✉❡ h ◦ i([x, y]) = h([x, y]) = h(xy− yx) = h(x)h(y)−h(y)h(x) = [h(x), h(y)]✳
❊st❛s ❛s✐❣♥❛❝✐♦♥❡s s♦♥ ♠✉t✉❛♠❡♥t❡ ✐♥✈❡rs❛s ❞❛♥❞♦ ✉♥ ✐s♦♠♦r✜s♠♦ ❞❡ k✲♠ó❞✉❧♦s q✉❡
r❡s✉❧t❛ ♥❛t✉r❛❧✳

HomLie(g,Lie(A)) ∼= Homk−alg(U(g), A),

❡s ❞❡❝✐r✱ ❡❧ ❢✉♥t♦r Lie(−) ❡s ❛❞❥✉♥t♦ ❛ ✐③q✉✐❡r❞❛ ❞❡❧ ❢✉♥t♦r U(−)✳

✸✳ ❙❡❛ M ✉♥ g✲♠ó❞✉❧♦✱ s❡❛ m ∈M ② s❡❛ x1|x2| · · · |xn ✉♥ ❡❧❡♠❡♥t♦ ❤♦♠♦❣é♥❡♦ ❞❡ ❣r❛❞♦
n ❡♥ T (g)❀ ♣♦❞❡♠♦s ❞❡✜♥✐r (x1|x2| · · · |xn) · m := x1(x2(· · · (xnm) · · · )) ② ❡①t❡♥❞❡r
❧✐♥❡❛❧♠❡♥t❡ ❡st❛ ❛❝❝✐ó♥ ❛ t♦❞♦ T (g)❀ ❛❞❡♠ás✱ ❝♦♠♦ M ❡s g✲♠ó❞✉❧♦✱ ✈❛❧❡ q✉❡ x(ym)−
y(xm) − [x, y]m = 0✱ ❡s ❞❡❝✐r✱ ❧♦s ❡❧❡♠❡♥t♦s ❞❡ I ❛❝tú❛♥ tr✐✈✐❛❧♠❡♥t❡ ② ♣♦r ❧♦ t❛♥t♦
♣♦❞❡♠♦s ♣❛s❛r ❛❧ ❝♦❝✐❡♥t❡ ♦❜t❡♥✐❡♥❞♦ ❛s✐ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ U(g)✲♠ó❞✉❧♦ s♦❜r❡ M ✳
❘❡❝í♣r♦❝❛♠❡♥t❡✱ s✐ M ❡s ✉♥ U(g)✲♠ó❞✉❧♦ ❡♥t♦♥❝❡s r❡s✉❧t❛ ✉♥ g✲♠ó❞✉❧♦ ❝♦♥ ❧❛ ❛❝❝✐ó♥
❞❛❞❛ ♣♦r x ·m := i(x)m✳ ❆❞❡♠ás✱ ❧♦s ♠♦r✜s♠♦s ❞❡ g✲♠ó❞✉❧♦s ❡♥tr❡ ❞♦s g✲♠ó❞✉❧♦s
N ② M r❡s✉❧t❛♥ ♠♦r✜s♠♦s ❞❡ U(g)✲♠ó❞✉❧♦s ② ✈✐❝❡✈❡rs❛✳

❉❡ ❧❛ ú❧t✐♠❛ ♦❜s❡r✈❛❝✐ó♥ s❡ ❞❡s♣r❡♥❞❡ ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦

❚❡♦r❡♠❛ ✷✳✶✳✶✽✳ ▲❛ ❝❛t❡❣♦rí❛ ❞❡ g✲♠ó❞✉❧♦s ❡s ♥❛t✉r❛❧♠❡♥t❡ ✐s♦♠♦r❢❛ ❛ ❧❛ ❝❛t❡❣♦rí❛ ❞❡

U(g)✲♠ó❞✉❧♦s✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❧❛ ❝❛t❡❣♦rí❛ ❞❡ g✲♠ó❞✉❧♦s t✐❡♥❡ s✉✜❝✐❡♥t❡s ✐♥②❡❝t✐✈♦s ② s✉✜✲

❝✐❡♥t❡s ♣r♦②❡❝t✐✈♦s✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✶✳✶✾✳ ❇❛❥♦ ❡st❛s ✐❞❡♥t✐✜❝❛❝✐♦♥❡s✱ ❡❧ g✲♠ó❞✉❧♦ tr✐✈✐❛❧ k r❡s✉❧t❛ ✉♥ U(g)✲
♠ó❞✉❧♦✱ ❡s ❞❡❝✐r✱ t❡♥❡♠♦s ✉♥ ♠♦r✜s♠♦ ❞❡ k✲♠ó❞✉❧♦s✱ ǫ : U(g) −→ Endk(k) = k✱ ❧❧❛♠❛❞♦
❛✉♠❡♥t❛❝✐ó♥✳ ◆♦t❛r❡♠♦s ❝♦♥ J ❛❧ ♥ú❝❧❡♦ ❞❡ ❡st❡ ♠♦r✜s♠♦✳ ❊st❡ ♥ú❝❧❡♦ ❡s ❧❧❛♠❛❞♦ ❤❛❜✐✲
t✉❛❧♠❡♥t❡ ✐❞❡❛❧ ❞❡ ❛✉♠❡♥t❛❝✐ó♥✳ ❖❜s❡r✈❡♠♦s q✉❡ J ❡s ❡❧ ✐❞❡❛❧ ❜✐❧át❡r♦ ❣❡♥❡r❛❞♦ ♣♦r g✱ q✉❡
❛❞❡♠ás ❝♦✐♥❝✐❞❡ ❝♦♥ U(g)g✱ ② q✉❡ U(g)/J ∼= k✳

◆♦t❛r❡♠♦s gab := g/[g, g]✳
❯t✐❧✐③❛r❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛ ♠ás ❛❞❡❧❛♥t❡ ♣❛r❛ ❝❛r❛❝t❡r✐③❛r ❧♦s ❣r✉♣♦s ❞❡ ✭❝♦✮❤♦♠♦❧♦❣í❛

❡♥ ❣r❛❞♦s ❜❛❥♦s✳

▲❡♠❛ ✷✳✶✳✷✵✳ ❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡ ② s❡❛ J ❡❧ ✐❞❡❛❧ ❞❡ ❛✉♠❡♥t❛❝✐ó♥✳ ❊♥t♦♥❝❡s s❡

t✐❡♥❡♥ ❧♦s s✐❣✉✐❡♥t❡s ✐s♦♠♦r✜s♠♦s ❞❡ k✲♠ó❞✉❧♦s

✶✳ gab ∼= J /J 2✳

✷✳ P❛r❛ t♦❞♦ g✲♠ó❞✉❧♦ tr✐✈✐❛❧ M ✱ Homg(g,M) ∼= Homk(g
ab,M)✳

❉❡♠♦str❛❝✐ó♥✳ ✶✮ ❊❧ ✐s♦♠♦r✜s♠♦ ❡s ✐♥t✉✐t✐✈♦ ②❛ q✉❡ J ❡s ❡❧ ✐❞❡❛❧ ❣❡♥❡r❛❞♦ ♣♦r g✱ ❧✉❡❣♦ J 2

❡s ❡❧ k✲s✉❜♠ó❞✉❧♦ ❞❡ T (g) ❣❡♥❡r❛❞♦ ♣♦r ❧♦s ❡❧❡♠❡♥t♦s ❞❡ ❣r❛❞♦ ♠❛②♦r ♦ ✐❣✉❛❧ ❛ ✷✱ ♣♦r ❧♦
t❛♥t♦ ❡♥ J /J 2 s❡ t✐❡♥❡ ❧❛ r❡❧❛❝✐ó♥ [x, y] = xy − yx = 0✳ ❱❡❛♠♦s ❧❛ ♣r✉❡❜❛✳

✶✸



❉❛❞♦ n ∈ N✱ ❞❡✜♥✐♠♦s σn : g×n −→ gab ♣♦r σn(x1, · · · , xn) := 0 ♣❛r❛ n 6= 1 ② σ1(x) = x̄✳
P❛s❛♥❞♦ ❛❧ ♣r♦❞✉❝t♦ t❡♥s♦r✐❛❧ ♣❛r❛ ❝❛❞❛ n ② ❧✉❡❣♦ ❛❧ á❧❣❡❜r❛ t❡♥s♦r✐❛❧ T (g)✱ ❝♦♥str✉✐♠♦s
✉♥ ♠♦r✜s♠♦ T (g) −→ gab q✉❡ ❛❞❡♠ás s❡ ❛♥✉❧❛ s♦❜r❡ I ② ♣♦r ❧♦ t❛♥t♦ s❡ ❢❛❝t♦r✐③❛ ♣♦r ❡❧
á❧❣❡❜r❛ ❡♥✈♦❧✈❡♥t❡✳ ❖❜t❡♥❡♠♦s ❛s✐ ✉♥ ♠♦r✜s♠♦ σ : U(g) −→ gab q✉❡ ❝✉♠♣❧❡ q✉❡ σ(x) = x̄
♣❛r❛ t♦❞♦ x ∈ g ② σ|J 2 = 0✳ ❉❡ ❡st❛ ♠❛♥❡r❛ ❝♦♥str✉✐♠♦s σ̄ : J /J 2 −→ gab ❞❡ k✲♠ó❞✉❧♦s
❝✉②❛ ✐♥✈❡rs❛ ❡s ī : gab −→ J /J 2 ✐♥❞✉❝✐❞❛ ♣♦r ❧❛ ✐♥❝❧✉s✐ó♥ i : g −→ U(g)✳

✷✮ ❙❡❛ f ∈ Homg(g,M)✱ ❝♦♠♦ f ❡s k✲❧✐♥❡❛❧ ② f([x, y]) = xf(y) = 0✱ f ♣❛s❛ ❛❧ ❝♦❝✐❡♥t❡
❡ ✐♥❞✉❝❡ f̄ : gab −→ M ✳ ❘❡❝í♣r♦❝❛♠❡♥t❡✱ s❡❛ f : gab −→ M ✉♥ ♠♦r✜s♠♦ ❞❡ k✲♠ó❞✉❧♦s✱
❡♥t♦♥❝❡s f ◦ π([x, y]) = 0 = x(f ◦ π(y))✱ ❧✉❡❣♦ f ◦ π ∈ Homg(g,M)✳

✷✳✷ ❍♦♠♦❧♦❣í❛ ② ❝♦❤♦♠♦❧♦❣í❛ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡

❊❧ t❡♦r❡♠❛ ✷✳✶✳✶✽ ♥♦s ♣❡r♠✐t❡ ❤❛❜❧❛r ❞❡ ❢✉♥t♦r❡s ❞❡r✐✈❛❞♦s ❛ ❞❡r❡❝❤❛ ② ❛ ✐③q✉✐❡r❞❛ ❡♥ ❧❛
❝❛t❡❣♦rí❛ ❞❡ g✲♠ó❞✉❧♦s✳

❉❡✜♥✐❝✐ó♥ ✷✳✷✳✶✳ ❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡ ② s❡❛ M ✉♥ g✲♠ó❞✉❧♦ ❛ ✐③q✉✐❡r❞❛✳ ❙❡ ❞❡✜♥❡
❧❛ ❤♦♠♦❧♦❣í❛ ② ❝♦❤♦♠♦❧♦❣í❛ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ ❞❡ g ❝♦♥ ❝♦❡✜❝✐❡♥t❡s ❡♥ M ❝♦♠♦

HLie
• (g,M) := L•(−g)(M), H•

Lie(g,M) := R•(−g)(M).

▲❛ ❤♦♠♦❧♦❣í❛ ② ❝♦❤♦♠♦❧♦❣í❛ ♣✉❡❞❡♥ ❝❛❧❝✉❧❛rs❡ t❛♠❜✐é♥ ❡♥ ❧❛ ❝❛t❡❣♦rí❛ ❞❡ U(g)✲♠ó❞✉❧♦s
❝♦♠♦ ❢✉♥t♦r❡s ❞❡r✐✈❛❞♦s ❝♦♥♦❝✐❞♦s✱ ❝♦♠♦ s❡ ✈❡ ❡♥ ❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✷✳✷✳✷✳ ❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡ ② M ✉♥ g✲♠ó❞✉❧♦ ❛ ✐③q✉✐❡r❞❛✳ ❊♥t♦♥❝❡s

HLie
• (g,M) ∼= Tor

U(g)
• (k,M), H•

Lie(g,M) ∼= Ext•U(g)(k,M).

❉❡♠♦str❛❝✐ó♥✳ ❈♦♠♦ t♦❞♦ ❢✉♥t♦r ❞❡r✐✈❛❞♦ ❡s ✉♥ δ✲❢✉♥t♦r ✉♥✐✈❡rs❛❧✱ ❜❛st❛ ♣r♦❜❛r q✉❡ ❤❛②
✉♥ ✐s♦♠♦r✜s♠♦ ♥❛t✉r❛❧ ❡♥tr❡ ❧♦s ❢✉♥t♦r❡s ❡♥ ❣r❛❞♦ ✵✳ ❊st♦s ✐s♦♠♦r✜s♠♦s ❡stá♥ ❞❛❞♦s ♣♦r

Mg = M/gM ∼= (U(g)/J ) ⊗U(g) M ∼= k ⊗U(g) M,

Mg = Homg(k,M) = HomU(g)(k,M).

❈♦r♦❧❛r✐♦ ✷✳✷✳✸✳ P❛r❛ t♦❞♦ n ≥ 1✱ Hn
Lie(g,U(g)) = 0 ② HLie

n (g,U(g)) = 0✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡ s✐❣✉❡ ❞❡❧ ❤❡❝❤♦ ❞❡ q✉❡ U(g) ❡s ✉♥ U(g)✲♠ó❞✉❧♦ ❧✐❜r❡✳

❈♦r♦❧❛r✐♦ ✷✳✷✳✹✳ ❙❡❛ M ✉♥ g✲♠ó❞✉❧♦✳ ▲❛s s✐❣✉✐❡♥t❡s s✉❝❡s✐♦♥❡s s♦♥ ❡①❛❝t❛s✱ ❞♦♥❞❡ ❧♦s

♠♦r✜s♠♦s s♦♥ ❧♦s ♥❛t✉r❛❧❡s

0 // HLie
1 (g,M) // J ⊗U(g) M // M // Mg

// 0,

0 // Mg // M // Homg(J ,M) // H1
Lie(g,M) // 0.

✶✹



❉❡♠♦str❛❝✐ó♥✳ ❈♦♥s✐❞❡r❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ s✉❝❡s✐ó♥ ❡①❛❝t❛ ❝♦rt❛ ❞❡ U(g)✲♠ó❞✉❧♦s ❛ ✐③q✉✐❡r❞❛

0 // J // U(g)
ǫ // k // 0 .

▲♦s ♣r✐♠❡r♦s tér♠✐♥♦s ❞❡ ❧❛ s✉❝❡s✐ó♥ ❡①❛❝t❛ ❧❛r❣❛ ❡♥ ❤♦♠♦❧♦❣í❛ ❞❡ ❧♦s ❢✉♥t♦r❡s (−)⊗U(g)M
② HomU(g)(−,M) ❞❡✈✉❡❧✈❡♥ ❧❛s s✉❝❡s✐♦♥❡s ❡①❛❝t❛s ❜✉s❝❛❞❛s✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✺✳ ❊s ✐♥t❡r❡s❛♥t❡ ♦❜s❡r✈❛r q✉❡ ❡st❡ ❝♦r♦❧❛r✐♦✱ q✉❡ ❜r✐♥❞❛ ❝✐❡rt❛ ✐♥❢♦r♠❛✲
❝✐ó♥ s♦❜r❡ ❡❧ g✲♠ó❞✉❧♦M ② q✉❡ ✉s❛r❡♠♦s ♠❛s ❛❞❡❧❛♥t❡✱ s❡ ♦❜t✐❡♥❡ ❞❡ ♣❛s❛r ❛ ❧❛ ❝❛t❡❣♦rí❛ ❞❡
U(g)✲♠ó❞✉❧♦s✱ ✉t✐❧✐③❛r ✉♥ r❡s✉❧t❛❞♦ ② ❧✉❡❣♦ ✈♦❧✈❡r ❛ ❧❛ ❝❛t❡❣♦rí❛ ❞❡ g✲♠ó❞✉❧♦s✱ ❝♦♥s✐❣✉✐❡♥❞♦
❛s✐ ❞❡s❝r✐♣❝✐♦♥❡s ❞❡❧ ♣r✐♠❡r ❣r✉♣♦ ❞❡ ✭❝♦✮❤♦♠♦❧♦❣í❛ ❡♥ tér♠✐♥♦s ❞❡❧ g✲♠ó❞✉❧♦ J ❀ ❡❧ ❝✉❛❧
s✐ ❜✐❡♥ s✉r❣❡ ♥❛t✉r❛❧♠❡♥t❡ ❡♥ ❧❛ ❝❛t❡❣♦rí❛ ❞❡ U(g)✲♠ó❞✉❧♦s✱ ♥♦ ❧♦ ❤❛❝❡ ❡♥ ❧❛ ❝❛t❡❣♦rí❛ ❞❡
g✲♠ó❞✉❧♦s✳ ▼❛s ✐♥t❡r❡s❛♥t❡ ❛ú♥ ❡s ❧❛ ♦❜s❡r✈❛❝✐ó♥ ❞❡ q✉❡ ❧❛ s✉❝❡s✐ó♥ ❡①❛❝t❛ ❧❛r❣❛ ❡♥ ❤♦✲
♠♦❧♦❣í❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ❢✉♥t♦r (−)g ♥♦ ♥♦s ❞❡✈✉❡❧✈❡ ❡st❡ ❝♦r♦❧❛r✐♦ ✭②❛ q✉❡ ❡❧ g✲♠ó❞✉❧♦M
♥♦ ❛♣❛r❡❝❡ ✐♥✈♦❧✉❝r❛❞♦ ❞❡ ♥✐♥❣✉♥❛ ♠❛♥❡r❛✮ ② q✉❡ ❛ s✐♠♣❧❡ ✈✐st❛ ♥♦ ❤❛❜rí❛ ♠❛♥❡r❛ ♥❛t✉r❛❧
❞❡ ♦❜t❡♥❡r❧♦ s✐♥ ♣❛s❛r ♣♦r ❧♦s U(g)✲♠ó❞✉❧♦s✳

❊♥ r❡s✉♠❡♥✱ ♣❛s❛r ❞❡ ❧♦s g✲♠ó❞✉❧♦s ❛ ❧♦s U(g) ♠ó❞✉❧♦s ❛♣♦rt❛ ♠✉❝❤❛ ✐♥❢♦r♠❛❝✐ó♥
②❛ q✉❡ ♥♦s ♣❡r♠✐t❡ ✉t✐❧✐③❛r ♠❛q✉✐♥❛r✐❛ ❞❡ ❧♦s ♠ó❞✉❧♦s s♦❜r❡ á❧❣❡❜r❛s ❛s♦❝✐❛t✐✈❛s✳ P♦r
❡❥❡♠♣❧♦✱ ❡♥ ❡st❡ ❝♦r♦❧❛r✐♦ s❡ ✉t✐❧✐③ó ❡❧ ❤❡❝❤♦ ♥♦ tr✐✈✐❛❧ ❞❡ q✉❡ R•(HomU(g)(M,−))(k) ∼=
R•(HomU(g)(−, k))(M)✱ ♣♦♥✐❡♥❞♦ ❧♦s ❣r✉♣♦s ❞❡ ❝♦❤♦♠♦❧♦❣í❛ ❡♥ tér♠✐♥♦s ❞❡ ❞♦s ❢✉♥t♦r❡s
❞✐st✐♥t♦s ❝✉②❛s s✉❝❡s✐♦♥❡s ❡①❛❝t❛s ❧❛r❣❛s s♦♥ ❞✐❢❡r❡♥t❡s✱ ✉♥❛ ❞❡ ❡❧❧❛s ❡s ❧❛ q✉❡ s❡ ✉só ❡♥ ❧❛
❞❡♠♦str❛❝✐ó♥✱ ❧❛ ♦tr❛ ❡s ❧❛ q✉❡ s❡ ♦❜t✐❡♥❡ ❛ ♣❛rt✐r ❞❡❧ ❢✉♥t♦r (−)g✳

❱❡❛♠♦s ❛❤♦r❛ ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✷✳✷✳
❈♦♥s✐❞❡r❡♠♦s M ② N ❞♦s g✲♠ó❞✉❧♦s t❛❧ q✉❡ M ❡s ♣❧❛②♦ ❝♦♠♦ k✲♠ó❞✉❧♦✳ ❚❡♥❡♠♦s ❡♥

Homk(M,N) ❧❛ ❡str✉❝t✉r❛ ❞❡ g✲♠ó❞✉❧♦ ❞❡✜♥✐❞❛ ❡♥ ❡❧ ❡❥❡♠♣❧♦ ✷✳✶✳✻✱ ♣❛r❛ ❧❛ ❝✉❛❧ ❡①✐st❡ ✉♥
✐s♦♠♦r✜s♠♦ ♥❛t✉r❛❧ Homg(M,N) ∼= Homk(M,N)g✳ P♦r ♦tr♦ ❧❛❞♦✱ s❛❜❡♠♦s q✉❡ ❤❛② ✉♥
✐s♦♠♦r✜s♠♦ ♥❛t✉r❛❧ HomU(g)(M,N) ∼= Homg(M,N) ♦❜t❡♥✐❡♥❞♦✱ ♠❡❞✐❛♥t❡ ❧❛ ❝♦♠♣♦s✐❝✐ó♥
❞❡ ❧♦s ❞♦s✱ ✉♥ ✐s♦♠♦r✜s♠♦ ♥❛t✉r❛❧

HomU(g)(M,−) ∼= Homk(M,−)g,

q✉❡ s❡ ✐♥t❡❣r❛ ❛ ✉♥ ✐s♦♠♦r✜s♠♦ ❞❡ δ✲❢✉♥t♦r❡s ❡♥tr❡ ❧♦s ❢✉♥t♦r❡s ❞❡r✐✈❛❞♦s✱ ❡s ❞❡❝✐r

Ext•U(g)(M,N) ∼= R•(Homk(M,−)g)(N).

❆❞❡♠ás✱ ❡❧ ❢✉♥t♦r Homk(M,−) ❡s ❛❞❥✉♥t♦ ❛ ❞❡r❡❝❤❛ ❞❡ (−) ⊗k M q✉❡ r❡s✉❧t❛ ❡①❛❝t♦ ♣♦r
s❡r M ✉♥ k✲♠ó❞✉❧♦ ♣❧❛②♦✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ Homk(M, I) ❡s ✉♥ g✲♠ó❞✉❧♦ ✐♥②❡❝t✐✈♦ ♣❛r❛ t♦❞♦
g✲♠ó❞✉❧♦ ✐♥②❡❝t✐✈♦ I✳ ▲✉❡❣♦ s❡ t✐❡♥❡

R•(Homk(M,−)g)(N) ∼= R•(−g)(Homk(M,N)).

❘❡s✉♠✐❡♥❞♦ ♦❜t❡♥❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✷✳✷✳✷

❚❡♦r❡♠❛ ✷✳✷✳✻✳ ❙❡❛ k ✉♥ ❝✉❡r♣♦✳ ❙❡❛♥ M ② N ❞♦s g✲♠ó❞✉❧♦s✱ ❡♥t♦♥❝❡s s❡ t✐❡♥❡♥ ✐s♦♠♦r✲

✜s♠♦s ♥❛t✉r❛❧❡s

H•
Lie(g,Homk(M,N)) ∼= Ext•U(g)(M,N), HLie

• (g,M ⊗k N) ∼= Tor
U(g)
• (M,N).

P❛r❛ ❧❛ ❤♦♠♦❧♦❣í❛ ❡❧ r❛③♦♥❛♠✐❡♥t♦ ❡s ❛♥á❧♦❣♦✱ ✉t✐❧✐③❛♥❞♦ ❧❛ ❡str✉❝t✉r❛ ❞❡ g✲♠ó❞✉❧♦
❞❡✜♥✐❞❛ ❡♥ ❡❧ ❡❥❡♠♣❧♦ ✷✳✶✳✻✳

✶✺



✷✳✷✳✶ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❧♦s ❣r✉♣♦s ❞❡ ✭❝♦✮❤♦♠♦❧♦❣í❛ ❡♥ ❣r❛❞♦s ❜❛❥♦s

❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✼✳ ❙❡❛ M ✉♥ g✲♠ó❞✉❧♦✱ ❡♥t♦♥❝❡s H0
Lie(g,M) ∼= Mg ② HLie

0 (g,M) ∼= Mg✳
❊♥ ❡❢❡❝t♦ H•

Lie(g,M) ② HLie
• (g,M) s♦♥ ❧♦s ❢✉♥t♦r❡s ❞❡r✐✈❛❞♦s ❞❡ (−)g ② (−)g r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✱ ② ♣♦r ❧♦ t❛♥t♦ ❡♥ ❣r❛❞♦ ✵ ❝♦✐♥❝✐❞❡♥ ❝♦♥ ❡❧ ❢✉♥t♦r ❛♣❧✐❝❛❞♦ ❛ M ✳

❉❛r❡♠♦s ❛❤♦r❛ ✉♥❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡ H1
Lie(g,M) ❝♦♠♦ ❝♦❝✐❡♥t❡ ❞❡ Der(g,M)✱ ♣❛r❛ ❡❧❧♦

♥❡❝❡s✐t❛♠♦s ✉♥❛ ❞❡✜♥✐❝✐ó♥ ② ✉♥ ❧❡♠❛✳

❉❡✜♥✐❝✐ó♥ ✷✳✷✳✽✳ ❙❡❛ M ✉♥ g✲♠ó❞✉❧♦✳ ❆ ❝❛❞❛ m ∈ M ❧❡ ♣♦❞❡♠♦s ❛s✐❣♥❛r ❡❧ ♠♦r✜s♠♦
Dm ∈ Homk(g,M) ❞❡✜♥✐❞♦ ♣♦r Dm(x) := xm✱ q✉❡ r❡s✉❧t❛ s❡r ✉♥❛ ❞❡r✐✈❛❝✐ó♥ ❞❡ g ❡♥ M ✱
❡s ❞❡❝✐r✱ Dm ∈ Der(g,M)✳ ◆♦t❛♠♦s ❝♦♥ InnDer(g,M) ❛❧ s✉❜♠ó❞✉❧♦ ❞❡ Der(g,M) ❢♦r♠❛❞♦
♣♦r ❡st❡ t✐♣♦ ❞❡ ❞❡r✐✈❛❝✐♦♥❡s✱ q✉❡ s♦♥ ❧❧❛♠❛❞❛s ❞❡r✐✈❛❝✐♦♥❡s ✐♥t❡r✐♦r❡s✳

▲❡♠❛ ✷✳✷✳✾✳ ❍❛② ✉♥ ✐s♦♠♦r✜s♠♦ ♥❛t✉r❛❧ ❞❡ k✲♠ó❞✉❧♦s Homg(J ,M) ∼= Der(g,M)✳

❉❡♠♦str❛❝✐ó♥✳ ❉❛❞❛ f ∈ Homg(J ,M)✱ ❞❡✜♥❛♠♦sDf ∈ Der(g,M) ❝♦♠♦✿ Df (x) := f(i(x))✱
∀x ∈ g✳ ❚❡♥❡♠♦s q✉❡ Df ([x, y]) = f(i([x, y])) = f(xy − yx) = xf(y) − yf(x) = xf(i(y)) −
yf(i(x))✱ ② ♣♦r ❧♦ t❛♥t♦Df ∈ Der(g,M) ❞❡✜♥✐❡♥❞♦ ✉♥ ♠♦r✜s♠♦ Homg(J ,M) −→ Der(g,M)✳

❘❡❝í♣r♦❝❛♠❡♥t❡✱ s❡❛ D ∈ Der(g,M)✳ ❈♦♥s✐❞❡r❡♠♦s f̂ : U(g) ⊗k g −→ M ❞❡✜♥✐❞♦ ♣♦r
f̂(u ⊗k x) = uD(x)✳ ❈♦♠♦ D ❡s ❞❡r✐✈❛❝✐ó♥✱ f(u ⊗ [x, y] − ux ⊗ y − uy ⊗ x) = 0✳ ▲✉❡❣♦
f̂ ✐♥❞✉❝❡ ✉♥ ♠♦r✜s♠♦ f : J −→ M ✱ ❞❛❞♦ ♣♦r f(x0 · · ·xn) := x0 · · ·xn−1D(xn)✳ ❆❞❡♠ás
♣❛r❛ y ∈ g✱ f(y · (x0 · · ·xn)) = f(yx0 · · ·xn) = yx0 · · ·xn−1D(xn) = yf(x0 · · ·xn)✱ ❡s ❞❡❝✐r✱
f ∈ Homg(J ,M)❀ ♦❜t❡♥✐❡♥❞♦ ❞❡ ❡st❛ ♠❛♥❡r❛ ✉♥ ♠♦r✜s♠♦ Der(g,M) −→ Homg(J ,M)✳

▲♦s ❞♦s ♠♦r✜s♠♦s s♦♥ ❞❡ k✲♠ó❞✉❧♦s ② s♦♥ ♠✉t✉❛♠❡♥t❡ ✐♥✈❡rs♦s✳

❚❡♦r❡♠❛ ✷✳✷✳✶✵✳ ❙❡❛ M ✉♥ g✲♠ó❞✉❧♦✳ ❊♥t♦♥❝❡s H1
Lie(g,M) ∼= Der(g,M)/InnDer(g,M)✳

❉❡♠♦str❛❝✐ó♥✳ ❈♦♥s✐❞❡r❡♠♦s ❧❛ s✉❝❡s✐ó♥ ❡①❛❝t❛ ❞❡ ❧❛ ❝♦❤♦♠♦❧♦❣í❛ ❞❡❧ ❈♦r♦❧❛r✐♦ ✷✳✷✳✹✱ ❞❡
❞♦♥❞❡ s❡ s✐❣✉❡ q✉❡ H1

Lie(g,M) ❡s ✐s♦♠♦r❢♦ ❛❧ ❝♦❝✐❡♥t❡ ❞❡ Homg(J ,M) ♣♦r ❧❛ ✐♠❛❣❡♥ ❞❡❧
♠♦r✜s♠♦ M −→ Homk(J ,M)✳ ❙✐❣✉✐❡♥❞♦ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❡ ❝♦r♦❧❛r✐♦ s❡ ✈❡ q✉❡ ❡❧
✐s♦♠♦r✜s♠♦ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❝♦♠♣♦s✐❝✐ó♥ M −→ Homg(U(g),M) −→ Homg(J ,M)✱ ❞♦♥❞❡
❧❛ ♣r✐♠❡r❛ ✢❡❝❤❛ ❛s✐❣♥❛ ❛ ❝❛❞❛ m ❡❧ ú♥✐❝♦ g✲♠♦r✜s♠♦ φm q✉❡ ❝✉♠♣❧❡ φm(1) = m ② ❧❛
s❡❣✉♥❞❛ ✢❡❝❤❛ ❛s✐❣♥❛ ❛ ❝❛❞❛ ♠♦r✜s♠♦ s✉ r❡str✐❝❝✐ó♥ ❛ J ✳ ❇❛❥♦ ❡❧ ✐s♦♠♦r✜s♠♦ ❞❡❧ ❧❡♠❛
❛♥t❡r✐♦r✱ ❧❛ ✐♠❛❣❡♥ ❞❡ M ❡♥ Homg(J ,M) s♦♥ ❧❛s ❞❡r✐✈❛❝✐♦♥❡s ✐♥t❡r✐♦r❡s InnDer(g,M)✿
❡♥ ❡❢❡❝t♦✱ φm s❡ ❝♦rr❡s♣♦♥❞❡ ❝♦♥ Dφm

②❛ q✉❡ ♣♦r ❞❡✜♥✐❝✐ó♥ Dφm
(x) = φ(i(x)) = xm =

Dm(x)✳

❈♦r♦❧❛r✐♦ ✷✳✷✳✶✶✳ ❙✐ M ❡s ✉♥ g✲♠ó❞✉❧♦ tr✐✈✐❛❧✱ ❡♥t♦♥❝❡s H1
Lie(g,M) ∼= Homk(g

ab,M)✳

❉❡♠♦str❛❝✐ó♥✳ ❈♦♠♦M ❡s g✲♠ó❞✉❧♦ tr✐✈✐❛❧✱ ❡♥t♦♥❝❡s InnDer(g,M) = 0✱ ②D ∈ Der(g,M) s✐
② s♦❧♦ s✐ D ∈ Homg(g,M) ♣✉❡s ❡♥ ❛♠❜♦s ❝❛s♦s D([x, y]) = 0 = xD(y)✳ ▲✉❡❣♦ H1

Lie(g,M) ∼=
Der(g,M) = Homg(g,M) ② ♣♦r ❡❧ ▲❡♠❛ ✷✳✶✳✷✵✱ ❡①✐st❡ ✉♥ ✐s♦♠♦r✜s♠♦ Homg(g,M) ∼=
Homk(g

ab,M)✳

P♦r ú❧t✐♠♦ ✈❡r❡♠♦s ✉♥❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ HLie
1 ♣❛r❛ ❧♦s g✲♠ó❞✉❧♦s tr✐✈✐❛❧❡s✳

❚❡♦r❡♠❛ ✷✳✷✳✶✷✳ ❙❡❛ M ✉♥ g✲♠ó❞✉❧♦ tr✐✈✐❛❧✳ ❊♥t♦♥❝❡s HLie
1 (g,M) ∼= gab ⊗k M ✳

✶✻



❉❡♠♦str❛❝✐ó♥✳ ❈♦♠♦ M = Mg✱ ❧❛ s✉❝❡s✐ó♥ ❡①❛❝t❛ ❞❡ ❧❛ ❤♦♠♦❧♦❣í❛ ❞❡❧ ❈♦r♦❧❛r✐♦ ✷✳✷✳✹ ❞✐❝❡
q✉❡ H1

Lie(g,M) ∼= J ⊗U(g) M ✳ P♦r ♦tr♦ ❧❛❞♦

J ⊗U(g) M ∼= (J ⊗U(g) k) ⊗k M ∼= J /J 2 ⊗k M, ✭✷✳✷✳✶✮

② ♣♦r ❡❧ ▲❡♠❛ ✷✳✶✳✷✵ ❡st❡ ú❧t✐♠♦ ❡s ✐s♦♠♦r❢♦ ❛ gab ⊗k M ✳

✷✳✷✳✷ ▲❛ r❡s♦❧✉❝✐ó♥ ❞❡ ❈❤❡✈❛❧❧❡②✲❊✐❧❡♥❜❡r❣

P❛r❛ r❡❛❧✐③❛r ❝á❧❝✉❧♦s ❞❡ ❧❛ ❤♦♠♦❧♦❣í❛ ② ❝♦❤♦♠♦❧♦❣í❛ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ ❧✐❜r❡s s♦❜r❡ k✱
❝♦♥t❛♠♦s ❝♦♥ ❧❛ r❡s♦❧✉❝✐ó♥ ❞❡ ❈❤❡✈❛❧❧❡②✲❊✐❧❡♥❜❡r❣✱ q✉❡ ❡s ✉♥❛ r❡s♦❧✉❝✐ó♥ ❞❡ k ❝♦♠♦ U(g)✲
♠ó❞✉❧♦ tr✐✈✐❛❧✱ ② t✐❡♥❡ ❧❛ ✈❡♥t❛❥❛ ❞❡ s❡r ✉♥❛ r❡s♦❧✉❝✐ó♥ ✜♥✐t❛ ♣❛r❛ ❛q✉❡❧❧❛s á❧❣❡❜r❛s ❞❡ ▲✐❡
❞❡ ❞✐♠❡♥s✐ó♥ ✜♥✐t❛ s♦❜r❡ k✳

❆ ♣❛rt✐r ❞❡ ❛❤♦r❛ g s❡rá ❧✐❜r❡ ❝♦♠♦ k✲♠ó❞✉❧♦✳

❉❡✜♥✐❝✐ó♥ ✷✳✷✳✶✸✳ ❙❡❛ n ∈ N✳ ❙❡ ❞❡✜♥❡ ❧❛ ♣♦t❡♥❝✐❛ ❡①t❡r✐♦r n✲és✐♠❛ ❞❡ g ❝♦♠♦ ∧ng :=
g⊗n/J ✱ ❞♦♥❞❡ J ❡s ❡❧ s✉❜♠ó❞✉❧♦ ❣❡♥❡r❛❞♦ ♣♦r ❧♦s ❡❧❡♠❡♥t♦s ❞❡ ❧❛ ❢♦r♠❛ x1 ⊗ · · · ⊗ xn −
(−1)sg(σ)xσ(1) ⊗ · · · ⊗ xσ(n)✱ ❝♦♥ xi ∈ g ② σ ∈ Sn✳ ◆♦t❛r❡♠♦s ❝♦♥ x1 ∧ · · · ∧ xn ❛ ❧❛ ❝❧❛s❡ ❞❡
x1| · · · |xn ② ♣♦r ❝♦♥✈❡♥❝✐ó♥ ∧0g = k✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✶✹✳ ❊s ✉♥ ❤❡❝❤♦ ❝♦♥♦❝✐❞♦ q✉❡ s✐ {ei}i∈I ❡s ✉♥❛ ❜❛s❡ ♦r❞❡♥❛❞❛ ❞❡ g ❝♦♠♦
k✲♠ó❞✉❧♦✱ ❡♥t♦♥❝❡s {ei1 ⊗ · · · ⊗ ein ✿ i1, · · · , in ∈ I} ❡s ✉♥❛ k✲❜❛s❡ ❞❡ ❞❡ g⊗n✳ ❊♥ ❧❛
♣♦t❡♥❝✐❛ ❡①t❡r✐♦r n✲és✐♠❛ ❧♦s ❡❧❡♠❡♥t♦s ❝♦♥ ❝♦♦r❞❡♥❛❞❛s r❡♣❡t✐❞❛s s❡ ❛♥✉❧❛♥ ② ❛❞❡♠ás✱ ❧❛s
r❡❧❛❝✐♦♥❡s ♣❡r♠✐t❡♥ ♦r❞❡♥❛r ❧♦s ❡❧❡♠❡♥t♦s ② ❞❡ ❡st❛ ♠❛♥❡r❛ s❡ ♣r✉❡❜❛ q✉❡ ∧ng ❡s ❧✐❜r❡ ❝♦♥
❜❛s❡ {ei1 ∧ · · · ∧ ein : (i1 < · · · < in)✱ ❝♦♥ ij ∈ I}✳

❉❡✜♥✐❝✐ó♥ ✷✳✷✳✶✺✳ ❊❧ ❝♦♠♣❧❡❥♦ ❞❡ ❈❤❡✈❛❧❧❡②✲❊✐❧❡♥❜❡r❣ s❡ ❞❡✜♥❡ ❝♦♠♦

· · · // U(g) ⊗ ∧3g
d2 // U(g) ⊗ ∧2g

d1 // U(g) ⊗ g
d0 // U(g), (C•)

❝♦♥ ❞✐❢❡r❡♥❝✐❛❧❡s ❞❛❞♦s ♣♦r

dn(u⊗ x0 ∧ · · · ∧ xn) = θ1 + θ2,

❞♦♥❞❡

θ1 :=
n

∑

i=0

(−1)iuxi ⊗ x0 ∧ · · · ∧ x̂i ∧ · · · ∧ xn,

θ2 :=
∑

i<j

(−1)i+ju⊗ [xi, xj ] ∧ x0 ∧ · · · ∧ x̂i ∧ · · · ∧ x̂j ∧ · · · ∧ xn.

Pr♦♣♦s✐❝✐ó♥ ✷✳✷✳✶✻✳ ❊❧ ❝♦♠♣❧❡❥♦ ❞❡ ❈❤❡✈❛❧❧❡②✲❊✐❧❡♥❜❡r❣ ❡s ✉♥ ❝♦♠♣❧❡❥♦ ❞❡ U(g)✲♠ó❞✉❧♦s

❧✐❜r❡s✳

❉❡♠♦str❛❝✐ó♥✳ ❱❡❛♠♦s ♣r✐♠❡r♦ q✉❡ ❡s ✉♥ ❝♦♠♣❧❡❥♦✱ ❡s ❞❡❝✐r q✉❡ d ◦ d(u⊗x0 ∧ · · · ∧xn) = 0
♣❛r❛ xi ❡♥ g✳ P❛r❛ s✐♠♣❧✐✜❝❛r ❧❛ ❡s❝r✐t✉r❛✱ s✐ i < j✱ ❧❧❛♠❛♠♦s x̂i : x̂j ❛ x0 ∧ · · · ∧ x̂i ∧ · · · ∧

✶✼



x̂j ∧ · · · ∧ xn✳ ❉❡✜♥✐♠♦s ❛♥á❧♦❣❛♠❡♥t❡ x̂i : x̂j : x̂k ♣❛r❛ i < j < k✳ P❛r❛ ♦r❞❡♥❛r ❧❛ ❝✉❡♥t❛
✈❛♠♦s ❛ ♥♦t❛r

d(θ1) = θ1,1 + θ1,2,

d(θ2) = θ2,1 + θ2,2.

❊♥t♦♥❝❡s t❡♥❡♠♦s q✉❡

d ◦ d(u⊗ x0 ∧ · · · ∧ xn) = θ1,1 + θ1,2 + θ2,1 + θ2,2.

❉❡s❛rr♦❧❧❡♠♦s ❝❛❞❛ tér♠✐♥♦

θ1,1 =

n
∑

i=0

(−1)i(

i−1
∑

k=0

(−1)kuxixk ⊗ x̂k : x̂i +
n

∑

k=i+1

(−1)k−1uxixk ⊗ x̂i : x̂k)

=
∑

k<i

(−1)i+kuxixk ⊗ x̂k : x̂i +
∑

i<k

(−1)i+k−1uxixk ⊗ x̂i : x̂k

=
∑

i<k

(−1)i+ku[xk, xi] ⊗ x̂i : x̂k = −
∑

i<k

(−1)i+ku[xi, xk] ⊗ x̂i : x̂k

θ1,2 =
n

∑

i=0

i−2
∑

j=0

i−1
∑

k=j+1

(−1)j+kuxi ⊗ [xj , xk] ∧ (x̂j : x̂k : x̂i)+

n
∑

i=0

i−1
∑

j=0

n
∑

k=i+1

(−1)j+k−1uxi ⊗ [xj , xk] ∧ (x̂j : x̂i : x̂k)+

n
∑

i=0

n−1
∑

j=i+1

n
∑

k=j+1

(−1)j+kuxi ⊗ [xj , xk] ∧ (x̂i : x̂j : x̂k).

θ2,1 = −θ1,1 − θ1,2.

P♦r ❧♦ t❛♥t♦ θ1,1 + θ1,2 + θ2,1 = 0✳ ❋❛❧t❛ ✈❡r q✉❡ θ2,2 = 0✳ ❊s ❢á❝✐❧ ✈❡r q✉❡ ✉t✐❧✐③❛♥❞♦ ❧❛
✐❞❡♥t✐❞❛❞ ❞❡ ❏❛❝♦❜✐✱ ❧♦s ♣r✐♠❡r♦s tér♠✐♥♦s✱ ❡s ❞❡❝✐r ❧♦s tér♠✐♥♦s q✉❡ ✐♥✈♦❧✉❝r❛♥ ❛ [[xi, xj ], xk]✱
s❡ ❝❛♥❝❡❧❛♥ ❡♥tr❡ sí✳ ▲♦s tér♠✐♥♦s r❡st❛♥t❡s s♦♥

θ2,2 =
∑

k<l<i<j

(−1)i+j(−1)k+lu|[xk, xl] ∧ [xi, xj ] ∧ (x̂k : x̂l : x̂i : x̂j)+

∑

k<i<l<j

(−1)i+j(−1)k+l−1u|[xk, xl] ∧ [xi, xj ] ∧ (x̂k : x̂i : x̂l : x̂j)+

∑

k<i<j<l

(−1)i+j(−1)k+lu|[xk, xl] ∧ [xi, xj ] ∧ (x̂k : x̂i : x̂j : x̂l)+

∑

i<k<l<j

(−1)i+j(−1)k+lu|[xk, xl] ∧ [xi, xj ] ∧ (x̂i : x̂k : x̂l : x̂j)+

∑

i<k<j<l

(−1)i+j(−1)k+l−1u|[xk, xl] ∧ [xi, xj ] ∧ (x̂i : x̂k : x̂j : x̂l)+

∑

i<j<k<j

(−1)i+j(−1)k+lu|[xk, xl] ∧ [xi, xj ] ∧ (x̂i : x̂j : x̂k : x̂l).

✶✽



❘❡♦r❞❡♥❛♥❞♦ ❧♦s í♥❞✐❝❡s ❞❡ ❧❛s s✉♠❛t♦r✐❛s ♣❛r❛ q✉❡ ❡♥ t♦❞❛s ❡❧❧❛s s❡❛ k < l < i < j✱ ②
✉s❛♥❞♦ ❧❛s ❛♥t✐s✐♠❡trí❛ ❞❡ ∧ng✱ s❡ ♣✉❡❞❡ ✈❡r✐✜❝❛r q✉❡ ❧❛ ♣r✐♠❡r❛ ❧í♥❡❛ s❡ ❝❛♥❝❡❧❛ ❝♦♥ ❧❛
s❡①t❛✱ ❧❛ s❡❣✉♥❞❛ ❝♦♥ ❧❛ q✉✐♥t❛ ② ❧❛ t❡r❝❡r❛ ❝♦♥ ❧❛ ❝✉❛rt❛✳

❈♦♠♦ ∧ng ❡s ✉♥ k✲♠ó❞✉❧♦ ❧✐❜r❡✱ s❡ t✐❡♥❡ q✉❡ U(g)⊗∧ng ∼= U(g)⊗ k(I) ∼= U(g)(I)✱ ❞♦♥❞❡
❧♦s ú❧t✐♠♦s ✐s♦♠♦r✜s♠♦s s♦♥ ❞❡ U(g)✲♠ó❞✉❧♦s✳ P♦r ❧♦ t❛♥t♦ U(g) ⊗∧ng ❡s ✉♥ U(g)✲♠ó❞✉❧♦
❧✐❜r❡✳

❚❡♦r❡♠❛ ✷✳✷✳✶✼✳ ❊❧ ❝♦♠♣❧❡❥♦ C•
ǫ

−→ k ❡s ✉♥❛ r❡s♦❧✉❝✐ó♥ ❧✐❜r❡ ❞❡ k ❝♦♠♦ U(g)✲♠ó❞✉❧♦✳

❉❡♠♦str❛❝✐ó♥✳ ❊s ❝❧❛r♦ q✉❡ ❡s ❡①❛❝t❛ ❡♥ ❡❧ ú❧t✐♠♦ tér♠✐♥♦✱ ❧✉❡❣♦✱ ❜❛st❛ ♣r♦❜❛r q✉❡Hn(C) =
0 ♣❛r❛ t♦❞♦ n 6= 0✳ ❙❡❛ {ei}i∈Γ ✉♥❛ k✲❜❛s❡ ♦r❞❡♥❛❞❛ ❞❡ g ❝♦♠♦ k✲♠ó❞✉❧♦✳ P♦r ❡❧ t❡♦r❡♠❛
❞❡ P❇❲✱ ❡❧ ❝♦♥❥✉♥t♦ {eI : I = (i1 ≤ · · · ≤ im)✱ n ∈ N0} ❡s ✉♥❛ k✲❜❛s❡ ❞❡ U(g)✳ ❊♥t♦♥❝❡s
❡❧ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r ❧♦s ❡❧❡♠❡♥t♦s eI ⊗ ej0 ∧ · · · ∧ ejn−1 ❞♦♥❞❡ I = (i1 ≤ · · · ≤ im) ❝♦♥
m ≥ 0 ❡s ✉♥❛ ❜❛s❡ ❞❡ Cn✳

❉❛❞♦ p ∈ N✱ ❞❡♥♦t❡♠♦s ♣♦r Fp(Cn) ❛❧ k✲s✉❜♠ó❞✉❧♦ ❞❡ Cn ❣❡♥❡r❛❞♦ ♣♦r ❧♦s ❡❧❡♠❡♥t♦s
eI ⊗ ej0 ∧ · · · ∧ ejn−1 t❛❧❡s q✉❡ I = (i1 ≤ · · · ≤ im) ② m+ n ≤ p✳ ❊s ❝❧❛r♦ q✉❡✱ ❧❧❛♠❛♥❞♦ ♣♦r
d ❛❧ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ C• r❡str✐♥❣✐❞♦ ❛ Fp(C•)✱ r❡s✉❧t❛ q✉❡ (Fp(C•), d) ❡s ✉♥ s✉❜❝♦♠♣❧❡❥♦ ❞❡ C•✳

❙❡❛ Wp,• := Fp(C•)/Fp−1(C•)✳ ▲♦s ❞✐❢❡r❡♥❝✐❛❧❡s s❡ ❢❛❝t♦r✐③❛♥ ♣♦r Wp,• ② r❡s✉❧t❛ q✉❡✱
♠ó❞✉❧♦ Fp−1(C•)✱

d(eI ⊗ ej0 ∧ · · · ∧ ejn−1) =

n
∑

i=0

(−1)ieIeji
⊗ ej1 ∧ · · · ∧ êji

∧ · · · ∧ ejn−1 .

❙✐ ❝♦♥s✐❞❡r❛♠♦s V• :=
∑

pWp✱ r❡s✉❧t❛ q✉❡ V• = k[ei : i ∈ Γ]⊗∧•g✱ q✉❡ ❡s ✉♥❛ r❡s♦❧✉❝✐ó♥
♣r♦②❡❝t✐✈❛ ❞❡ k ❝♦♠♦ k[ei : i ∈ Γ]✲♠ó❞✉❧♦ ✭✈❡r ❬❈❊❪✮✳ ▲✉❡❣♦✱ Hq(V•) = 0 ♣❛r❛ t♦❞♦ q > 0 ②
♣♦r ❧♦ t❛♥t♦ Hq(Wp,•) = 0 ♣❛r❛ t♦❞♦ q > 0✳

P♦r ♦tr♦ ❧❛❞♦✱ ♣❛r❛ t♦❞♦ q > 0 ② t♦❞♦ p ≥ 0 ❝♦♥t❛♠♦s ❝♦♥ ❧❛ s✉❝❡s✐ó♥ ❡①❛❝t❛

Hq(Fp−1(C•)) // Hq(Fp(C•)) // Hq(Wp,•) = 0,

② ❡♥t♦♥❝❡s Hq(Fp−1(C•)) // Hq(Fp(C•)) ❡s ✉♥ ❡♣✐♠♦r✜s♠♦✳ ❈♦♠♦ F−1(C•) = 0 ♦❜t❡♥❡✲
♠♦s q✉❡ Hq(Fp(C•)) = 0 ♣❛r❛ t♦❞♦ p ≥ 0 ② q > 0 ② ♣♦r ❧♦ t❛♥t♦✱ Hq(C•) = Hq(∪pFp(C•)) =
0 ♣❛r❛ t♦❞♦ q > 0✱ ❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦str❛r✳

❈♦r♦❧❛r✐♦ ✷✳✷✳✶✽✳ ❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞❡ ❞✐♠❡♥s✐ó♥ n✳ ❊♥t♦♥❝❡s Hm
Lie(g,−) =

HLie
m (g,−) = 0 ♣❛r❛ t♦❞♦ m > n✳

❉❡♠♦str❛❝✐ó♥✳ ❇❛st❛ ♦❜s❡r✈❛r q✉❡ ∧mg = 0 ♣❛r❛ t♦❞♦ m > n ② ♣♦r ❧♦ t❛♥t♦ ❧❛ r❡s♦❧✉❝✐ó♥
❞❡ ❈❤❡✈❛❧❧❡②✲❊✐❧❡♥❜❡r❣ ❡s ♥✉❧❛ ❛ ♣❛rt✐r ❞❡❧ tér♠✐♥♦ n✲és✐♠♦✳

❈♦r♦❧❛r✐♦ ✷✳✷✳✶✾✳ ❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡ ② s❡❛ M ✉♥ g✲♠ó❞✉❧♦✳ ❊♥t♦♥❝❡s H•
Lie(g,M)

❡s ❧❛ ❝♦❤♦♠♦❧♦❣í❛ ❞❡❧ ❝♦♠♣❧❡❥♦

· · · Homk(∧
2g,M)oo Homk(g,M)

δ1oo M
δ0oo 0,oo ✭✷✳✷✳✷✮

✶✾



❝♦♥ ❞✐❢❡r❡♥❝✐❛❧❡s ❞❛❞♦s ♣♦r

δnf(x0 ∧ · · · ∧ xn) =

n
∑

i=0

(−1)ixi · f(x1 ∧ · · · ∧ x̂i ∧ · · · ∧ xn)+

+
∑

i<j

(−1)i+jf([xi, xj ] ∧ x1 ∧ · · · ∧ x̂i ∧ · · · ∧ x̂j ∧ · · · ∧ xn).

❉❡♠♦str❛❝✐ó♥✳ ❈♦♠♦ H•
Lie(g,M) = Ext•U(g)(k,M)✱ ❜❛st❛ ❛♣❧✐❝❛r ❡❧ ❢✉♥t♦r HomU(g)(−,M) ❛

❧❛ r❡s♦❧✉❝✐ó♥ ❞❡ ❈❤❡✈❛❧❧❡②✲❊✐❧❡♥❜❡r❣ ❡ ✐❞❡♥t✐✜❝❛r ❞❡ ❢♦r♠❛ ❝❛♥ó♥✐❝❛ HomU(g)(U(g)⊗∧•g,M)
❝♦♥ Homk(∧

•g,M)✳

✷✳✷✳✸ ❊①t❡♥s✐♦♥❡s ② ❝♦❤♦♠♦❧♦❣í❛ ❡♥ ❣r❛❞♦ ✷

❊♥ ❡st❛ s❡❝❝✐ó♥ g s❡rá ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡ ❧✐❜r❡✳
❊st❛♠♦s ❛❤♦r❛ ❡♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❞❛r ✉♥❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ H2

Lie(g,M)✳ P❛r❛ ❡❧❧♦
♥❡❝❡s✐t❛r❡♠♦s ❛❧❣✉♥❛s ❞❡✜♥✐❝✐♦♥❡s✳

❉❡✜♥✐❝✐ó♥ ✷✳✷✳✷✵✳ ❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡✱ ② s❡❛ M ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡ ❛❜❡❧✐❛♥❛✳
❯♥❛ ❡①t❡♥s✐ó♥ ❞❡ g ♣♦r M ❡s ✉♥❛ s✉❝❡s✐ó♥ ❡①❛❝t❛ ❝♦rt❛ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡

0 // M
i // e

π // g // 0.

❉❡✜♥✐❝✐ó♥ ✷✳✷✳✷✶✳ ❙❡❛♥ 0 −→ M −→ e1 −→ g −→ 0 ② 0 −→ M −→ e2 −→ g −→ 0 ❞♦s
❡①t❡♥s✐♦♥❡s ❞❡ g ♣♦r M ✳ ❉❡❝✐♠♦s q✉❡ s♦♥ ❡q✉✐✈❛❧❡♥t❡s s✐ ❡①✐st❡ ✉♥ ✐s♦♠♦r✜s♠♦ e1 ∼= e2 t❛❧
q✉❡ ❡❧ s✐❣✉✐❡♥t❡ ❞✐❛❣r❛♠❛ ❝♦♥♠✉t❛✳

0 // M
i1 // e1

π1 //

∼=
��

g // 0

0 // M
i2 // e2

π2 // g // 0.

❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✷✷✳ ❯♥❛ ❡①t❡♥s✐ó♥ ❞❡ g ♣♦r M ♣❡r♠✐t❡ ❞❡✜♥✐r ❡♥ M ✉♥❛ ❡str✉❝t✉r❛ ❞❡
g✲♠ó❞✉❧♦ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✳ ❙❡❛♥ m ∈M ✱ x ∈ g ✱ ② s❡❛ y ∈ e t❛❧ q✉❡ π(y) = x✳ ❈♦♠♦
π([y, i(m)]) = [π(y), 0] = 0✱ ❡♥t♦♥❝❡s [y, i(m)] ∈ Kerπ = Im(i)✳ P♦r ♦tr♦ ❧❛❞♦✱ s✐ y1, y2 ∈ e

s♦♥ t❛❧❡s q✉❡ π(y1) = π(y2) = x✱ ❡♥t♦♥❝❡s π(y1 − y2) = 0✳ ▲✉❡❣♦ y1 − y2 ∈ Im(i) ② ♣♦r ❧♦
t❛♥t♦✱ ❝♦♠♦ M ❡s ❛❜❡❧✐❛♥❛✱ [y1 − y2, i(m)] = 0✱ ❧♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ [y1, i(m)] = [y2, i(m)]✳
❉❡ ❡st❛ ♠❛♥❡r❛✱ q✉❡❞❛ ❜✐❡♥ ❞❡✜♥✐❞❛ ❧❛ ❛❝❝✐ó♥ x ∗m := i−1([y, i(m)])✳

❉❡✜♥✐❝✐ó♥ ✷✳✷✳✷✸✳ ❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡ ② s❡❛ M ✉♥ g✲♠ó❞✉❧♦✳ ❉❡❝✐♠♦s q✉❡ ✉♥❛
❡①t❡♥s✐ó♥ ❞❡ g ♣♦r M ✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ M ❝♦♠♦ ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡ ❛❜❡❧✐❛♥❛✱ ❡s ❝♦♠♣❛t✐❜❧❡

❝♦♥ M s✐ ❧❛ ❡str✉❝t✉r❛ ❞❡ g✲♠ó❞✉❧♦ q✉❡ ✐♥❞✉❝❡ ❧❛ ❡①t❡♥s✐ó♥ ❝♦✐♥❝✐❞❡ ❝♦♥ ❧❛ ❡str✉❝t✉r❛ ❞❡
g✲♠ó❞✉❧♦ ❞❡ M ✳

▲❡♠❛ ✷✳✷✳✷✹✳ ❙❡❛ M ✉♥ g✲♠ó❞✉❧♦✳ ❊♥t♦♥❝❡s 0 // M // M ⋊ g // g // 0 ❡s

✉♥❛ ❡①t❡♥s✐ó♥ ❝♦♠♣❛t✐❜❧❡ ❞❡ g ♣♦r M ✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛♥ m ∈M ② x ∈ g✳ ❈♦♠♦ [(0, x), (m, 0)] = (x ·m, 0)✱ r❡s✉❧t❛ q✉❡ x ∗m =
x ·m✳

✷✵



▲❧❛♠❡♠♦s ❡①t❡♥s✐ó♥ tr✐✈✐❛❧ ❛ ❧❛ ❡①t❡♥s✐ó♥ ❞❡❧ ❧❡♠❛ ❛♥t❡r✐♦r✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✷✳✷✺✳ ❙❡❛ M ✉♥ g✲♠ó❞✉❧♦✳ ❙❡❛ E = 0 // M
i // e

π // g // 0 ✉♥❛

❡①t❡♥s✐ó♥ ❝♦♠♣❛t✐❜❧❡ ❞❡ g ♣♦r M ✳ ❊♥t♦♥❝❡s ❧❛s s✐❣✉✐❡♥t❡s ❛✜r♠❛❝✐♦♥❡s s♦♥ ❡q✉✐✈❛❧❡♥t❡s✿

✐✮ ❡①✐st❡ ✉♥ ♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ σ : g −→ e t❛❧ q✉❡ π ◦ σ = idg✱

✐✐✮ E ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ❧❛ ❡①t❡♥s✐ó♥ tr✐✈✐❛❧ 0 // M // M ⋊ g // g // 0 ✳

❉❡♠♦str❛❝✐ó♥✳ ❙✉♣♦♥❣❛♠♦s q✉❡ ❡①✐st❡ σ ❝♦♠♦ ❡♥ ✐✮✳
❙❡❛ ϕ : M ⋊ g −→ e ❞❡✜♥✐❞❛ ♣♦r ϕ(m,x) = i(m) + σ(x)✳ ❱❡❛♠♦s q✉❡ ϕ ❡s ♠♦r✜s♠♦

❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡✳ ❙❡❛♥ (m,x), (n, y) ∈ M ⋊ g✳ ❈♦♠♦ π(σ(x)) = x✱ ❡♥t♦♥❝❡s x ∗ n =
i−1([σ(x), i(n)]) ② y ∗m = i−1([σ(y), i(m)])✳ ▲✉❡❣♦

ϕ([(m,x), (n, y)]) = i(x ∗ n− y ∗m) + σ([x, y])

= [σ(x), i(n)] − [σ(y), i(m)] + [σ(x), σ(y)]

= [σ(x), i(n)] + [m,σ(y)] + [σ(x), σ(y)]

= [i(m) + σ(x), i(n) + σ(y)] = [ϕ(m,x), ϕ(n, y)].

❆❞❡♠ás✱ ϕ t✐❡♥❡ ✉♥❛ ✐♥✈❡rs❛ ❞❛❞❛ ♣♦r ϕ−1(e) = (i−1(e − σ ◦ π(e)), π(e))✳ P♦r ❧♦ t❛♥t♦ ❡s
✉♥ ✐s♦♠♦r✜s♠♦ ② ❡♥t♦♥❝❡s E ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ❧❛ ❡①t❡♥s✐ó♥ tr✐✈✐❛❧✱ ②❛ q✉❡ ❡s ❡✈✐❞❡♥t❡ q✉❡ ❧♦s
❞✐❛❣r❛♠❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❝♦♥♠✉t❛♥✳

❘❡❝í♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❣❛♠♦s ❛❤♦r❛ q✉❡ E ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ❧❛ ❡①t❡♥s✐ó♥ tr✐✈✐❛❧✳ ❙❡❛
ϕ : M ⋊ g −→ e ❡❧ ✐s♦♠♦r✜s♠♦✱ q✉❡ ❝✉♠♣❧❡ π ◦ φ(m,x) = x ♣♦r ❧❛ ❝♦♥♠✉t❛t✐✈✐❞❛❞ ❞❡❧
❞✐❛❣r❛♠❛✳ ❙❡❛ j : g −→M ⋊ g ❡❧ ♠♦r✜s♠♦ ❞❡✜♥✐❞♦ ♣♦r j(x) = (0, x)✱ q✉❡ r❡s✉❧t❛ ♠♦r✜s♠♦
❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡✳ P♦❞❡♠♦s ❞❡✜♥✐r σ : g −→ e ❝♦♠♦ σ = ϕ ◦ j✳ ❙❡ ✈❡r✐✜❝❛ q✉❡ π ◦ σ(x) =
π ◦ φ(0, x) = x✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✷✻✳ ❙❡❛ M ✉♥ g✲♠ó❞✉❧♦ ② s❡❛ 0 // M
i // e

π // g // 0 ✉♥❛ ❡①✲
t❡♥s✐ó♥ ❝♦♠♣❛t✐❜❧❡✳ ❙❡❛ σ : g −→ e ✉♥ ♠♦r✜s♠♦ k✲❧✐♥❡❛❧ t❛❧ q✉❡ π ◦ σ = idg✳ ◆♦t❛r q✉❡ ✉♥
♠♦r✜s♠♦ σ ❝♦♥ ❡s❛s ♣r♦♣✐❡❞❛❞❡s ♥❡❝❡s❛r✐❛♠❡♥t❡ ❡①✐st❡ ②❛ q✉❡ ❡st❛♠♦s s✉♣♦♥✐❡♥❞♦ q✉❡ g ❡s
❧✐❜r❡ ❝♦♠♦ k✲♠ó❞✉❧♦✳

❙✐ x, y ∈ g✱ s❛❜❡♠♦s q✉❡ π([σ(x), σ(y)]) = [x, y] = π(σ([x, y]))✱ ❡♥t♦♥❝❡s [σ(x), σ(y)] −
σ([x, y]) ∈ Im(i)✳

❙❡❛ χσ : ∧2g −→M ❞❡✜♥✐❞♦ ♣♦r χσ(x, y) = i−1([σ(x), σ(y)] − σ([x, y]))✳

▲❡♠❛ ✷✳✷✳✷✼✳ ❙❡❛♥ σ ② χσ ❝♦♠♦ ❡♥ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ❛♥t❡r✐♦r✳ ❙❡❛♥ δ1 ② δ2 ❧♦s ❞✐❢❡r❡♥❝✐❛❧❡s

❞❡❧ ❝♦♠♣❧❡❥♦ ❞❡❧ ❈♦r♦❧❛r✐♦ ✷✳✷✳✶✾✳ ❊♥t♦♥❝❡s

✶✳ χσ ∈ Ker δ2✱

✷✳ s✐ σ′ ❡s ♦tr♦ ♠♦r✜s♠♦ k✲❧✐♥❡❛❧ t❛❧ q✉❡ π ◦ σ′ = idg✱ ❡♥t♦♥❝❡s χσ − χσ′ ∈ Im δ1✳

✷✶



❉❡♠♦str❛❝✐ó♥✳ • ✶✮ ❙❡❛♥ x, y, z ∈ g✱ ❡♥t♦♥❝❡s

i(δ2(χσ)(x, y, z)) = i(x ∗ χσ(y, z) − y ∗ χσ(x, z) + z ∗ χσ(x, y)−

χ([x, y], z) + χ([x, z], y) − χ([y, z], x))

= [σ(x), [σ(y), σ(z)]] − [σ(x), σ([y, z])]−

[σ(y), [σ(x), σ(z)]] + [σ(y), σ([x, z])]+

[σ(z), [σ(x), σ(y)]] − [σ(z), σ([x, y])]−

[σ([x, y]), σ(z)] + σ([[x, y], z])+

[σ([x, z]), σ(y)] − σ([[x, z], y])−

[σ([y, z], σ(x)] + σ([[y, z], x])

= [σ(x), [σ(y), σ(z)]] − [σ(y), [σ(x), σ(z)]]+

[σ(z), [σ(x), σ(y)]] + σ([[x, y], z] − [[x, z], y] + [[y, z], x]).

❯s❛♥❞♦ ❧❛ ✐❞❡♥t✐❞❛❞ ❞❡ ❏❛❝♦❜✐✱ ✈❡♠♦s q✉❡ i(δ2(χσ))(x, y, z) = 0 ② ❝♦♠♦ i ❡s ✉♥
♠♦♥♦♠♦r✜s♠♦✱ r❡s✉❧t❛ q✉❡ χσ ∈ Ker δ2✳

• ✷✮ ❙❡❛ x ∈ g✳ ❈♦♠♦ π(σ(x)) = π(σ′(x))✱ ❡①✐st❡ β(x) ∈ M t❛❧ q✉❡ σ′(x) = σ(x) +
i(β(x))✳ ❊❧ ♠♦r✜s♠♦ β : g −→M ❛s✐ ❞❡✜♥✐❞♦ r❡s✉❧t❛ k✲❧✐♥❡❛❧✳

❙❡❛♥ x, y ∈ g✳ ❊♥t♦♥❝❡s

χσ(x, y) − χσ′(x, y) = i−1([σ(x), σ(y)] − σ([x, y]) − [σ′(x), σ′(y)] + σ′([x, y]))

= −i−1([σ(x), i(β(y))]) − i−1([i(β(x)), σ(y)]) + β([x, y])

= −x ∗ β(y) + y ∗ β(x) + β([x, y])

= −δ1(β)(x, y).

❈♦r♦❧❛r✐♦ ✷✳✷✳✷✽✳ ❊①✐st❡ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥

Ψ : {❊①t❡♥s✐♦♥❡s ❝♦♠♣❛t✐❜❧❡s ❞❡ g ♣♦r M} // H2
Lie(g,M)

q✉❡ ❛s✐❣♥❛ ❛ ❝❛❞❛ ❡①t❡♥s✐ó♥ ❧❛ ❝❧❛s❡ ❞❡ χσ ❡♥ H2
Lie(g,M)✱ ♣❛r❛ ❛❧❣ú♥ σ : g −→ e✱ k✲❧✐♥❡❛❧✱

t❛❧ q✉❡ π ◦ σ = idg✳

❊st❛ ❛s✐❣♥❛❝✐ó♥ ❡s ❧❛ q✉❡ ♥♦s ❞❛rá ❧❛ ❜✐②❡❝❝✐ó♥ ❡♥tr❡ ❛♠❜♦s✳ P❛r❛ ♣♦❞❡r ✈❡r q✉❡ Ψ ❡s
✐♥②❡❝t✐✈❛ ♥❡❝❡s✐t❛r❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛✳

▲❡♠❛ ✷✳✷✳✷✾✳ ❙❡❛ M ✉♥ g✲♠ó❞✉❧♦✳ ❙❡❛♥ Ei = 0 // M // ei // g // 0 ✱ i = 1, 2✱
❞♦s ❡①t❡♥s✐♦♥❡s ❝♦♠♣❛t✐❜❧❡s✳ ❙❡❛♥ σi : g −→ ei ❢✉♥❝✐♦♥❡s k✲❧✐♥❡❛❧❡s t❛❧❡s q✉❡ πi ◦ σi = idg✱

♣❛r❛ i = 1, 2 ② t❛❧❡s q✉❡ χσ1 = χσ2✳ ❊♥t♦♥❝❡s E1 ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ E2✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ χ = χσ1 = χσ2 .
❙❡❛ ψ1 : e1 −→M ⊕ g ❡❧ ✐s♦♠♦r✜s♠♦ k✲❧✐♥❡❛❧ ❞❛❞♦ ♣♦r

ψ1(e) = (i−1
1 (e− σ1 ◦ π1(e)), π1(e)),

✷✷



❝♦♥ ✐♥✈❡rs❛ ❞❛❞❛ ♣♦r
ψ−1

1 (m,x) = i1(m) + σ1(x).

❈♦♥s✐❞❡r❡♠♦s ❡♥ M ⊕ g ❧❛ ❡str✉❝t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ▲✐❡ ✐♥❞✉❝✐❞❛ ♣♦r ψ✱ ❡s ❞❡❝✐r

[(m,x), (n, y)] :=ψ1([ψ
−1
1 (m,x), ψ−1

1 (n, y)])

=ψ1([i1(m) + σ1(x), i1(n) + σ1(y)])

=ψ1(i1(x · n) − i1(y ·m) + [σ1(x), σ1(y)])

=(x · n− y ·m, 0) + ψ1([σ1(x), σ1(y)])

=(x · n− y ·m+ χ(x, y), [x, y]).

❊♥t♦♥❝❡s e1 ∼= M ⊕ g ❝♦♠♦ k✲á❧❣❡❜r❛s ❞❡ ▲✐❡✳ ❆♥á❧♦❣❛♠❡♥t❡ e2 ∼= M ⊕ g✱ ❧✉❡❣♦ e1 ∼= e2✳
❆❞❡♠ás s✐ e ∈ e1✱

π2 ◦ ψ
−1
2 ◦ ψ1(e) = π1(e),

② s✐ m ∈M ✱
ψ−1

2 ◦ ψ1 ◦ i1(m) = i2(m).

P♦r ❧♦ t❛♥t♦ E1 ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ E2✳

❈♦r♦❧❛r✐♦ ✷✳✷✳✸✵✳ ▲❛ ❛s✐❣♥❛❝✐ó♥ Ψ ❞❡❧ ❈♦r♦❧❛r✐♦ ✷✳✷✳✷✽ ❡s ✐♥②❡❝t✐✈❛✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛♥ Ei = 0 // M // ei // g // 0 ✱ i = 1, 2✱ ❞♦s ❡①t❡♥s✐♦♥❡s ❝♦♠✲
♣❛t✐❜❧❡s t❛❧❡s q✉❡ Ψ(E1) = Ψ(E2)✳ ❙❡❛♥ σi : g −→ ei✱ i = 1, 2✱ t❛❧❡s q✉❡ πi ◦ σi = idg✳

▲❛ ❝♦♥❞✐❝✐ó♥ Ψ(E1) = Ψ(E2) s❡ tr❛❞✉❝❡ ❡♥ q✉❡ ❡①✐st❡ β : g −→M t❛❧ q✉❡

χσ2 = χσ1 + δ1(β).

❙❡❛ σ̃1 : g −→ e ❞❡✜♥✐❞♦ ♣♦r σ̃1 := σ1 + i1 ◦ β q✉❡ ✈❡r✐✜❝❛ ❧❛s ✐❣✉❛❧❞❛❞❡s π1 ◦ σ̃1 =
π1σ1 = idg✳ ❈á❧❝✉❧♦s ✐♥♠❡❞✐❛t♦s ♠✉❡str❛♥ q✉❡ χσ̃1 = χσ1 + δ1(β) = χσ2 ✳ ▲✉❡❣♦✱ ♣♦r ❡❧ ❧❡♠❛
❛♥t❡r✐♦r✱ ♦❜t❡♥❡♠♦s q✉❡ E1 ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ E2✳

▲❡♠❛ ✷✳✷✳✸✶✳ ▲❛ ❛s✐❣♥❛❝✐ó♥ Ψ ❞❡❧ ❈♦r♦❧❛r✐♦ ✷✳✷✳✷✽ ❡s s♦❜r❡②❡❝t✐✈❛✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ χ ∈ Ker (δ2)✳ ❈♦♥s✐❞❡r❡♠♦s ❡♥ M ⊕ g ❡❧ ❝♦r❝❤❡t❡ ❞❛❞♦ ♣♦r

[(m,x), (n, y)] := (x · n− y ·m+ χ(x, y), [x, y]), ∀x, y ∈ g, ∀m,n ∈M,

q✉❡ ❡s ❝❧❛r❛♠❡♥t❡ ❛♥t✐s✐♠étr✐❝♦ ② q✉❡ ❝✉♠♣❧❡ ❧❛ ✐❞❡♥t✐❞❛❞ ❞❡ ❏❛❝♦❜✐✳ ❙❡❛ i : M −→M ⊕ g

❧❛ ✐♥❝❧✉s✐ó♥ ② π : M ⊕ g −→ g ❧❛ ♣r♦②❡❝❝✐ó♥ ❛ ❧❛ s❡❣✉♥❞❛ ❝♦♦r❞❡♥❛❞❛✳ ❙❡❛ σ : g −→M ⊕ g

❡❧ ♠♦r✜s♠♦ ❞❡✜♥✐❞♦ ♣♦r σ(x) = (0, x)✳ ❈♦♠♦

χσ(x, y) = i−1([(0, x), (0, y)] − (0, [x, y])) = i−1(χ(x, y), 0) = χ(x, y),

r❡s✉❧t❛ q✉❡ χ = Ψ( 0 // M // M ⊕ g // g // 0 )✳

▲♦s r❡s✉❧t❛❞♦s ❛♥t❡r✐♦r❡s ♣✉❡❞❡♥ r❡s✉♠✐rs❡ ❡♥ ❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✷✳✷✳✸✷✳ ❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡✱ ❧✐❜r❡ ❝♦♠♦ k✲♠ó❞✉❧♦✱ ② s❡❛ M ✉♥ k✲♠ó❞✉❧♦✳

❊♥t♦♥❝❡s ❡❧ ❣r✉♣♦ H2
Lie(g,M) ❡stá ❡♥ ❜✐②❡❝❝✐ó♥ ❝♦♥ ❧❛s ❝❧❛s❡s ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛ ❞❡ ❡①t❡♥s✐♦♥❡s

❝♦♠♣❛t✐❜❧❡s ❞❡ g ♣♦r M ✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳✸✸✳ ❊❧ t❡♦r❡♠❛ ✈❛❧❡ ❡♥ ❣❡♥❡r❛❧ ♣❛r❛ ❝✉❛❧q✉✐❡r á❧❣❡❜r❛ ❞❡ ▲✐❡ s♦❜r❡ k✱ ♣❡r♦
s✉ ❞❡♠♦str❛❝✐ó♥ ❡s ♠❛s ❝♦♠♣❧✐❝❛❞❛ ❡ ✐♥✈♦❧✉❝r❛ ❧❛ s✉❝❡s✐ó♥ ❡s♣❡❝tr❛❧ ❞❡ ❍♦❝❤s❝❤✐❧❞✲❙❡rr❡✳

✷✸



✷✳✸ ❈❧❛s✐✜❝❛❝✐ó♥ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ ❝♦♠♣❧❡❥❛s ❞❡ ❞✐♠❡♥s✐♦♥❡s

1✱ 2 ② 3

❊♥ ❡st❛ s❡❝❝✐ó♥ tr❛❜❛❥❛r❡♠♦s ❝♦♥ á❧❣❡❜r❛s ❞❡ ▲✐❡ s♦❜r❡ ❡❧ ❝✉❡r♣♦ C ❞❡ ❧♦s ♥ú♠❡r♦s ❝♦♠♣❧❡❥♦s✳
❊♠♣❡❝❡♠♦s ❝♦♥ ✉♥❛ ❞❡✜♥✐❝✐ó♥ ❡♥ ❧❛ ❝✉❛❧ ♥♦s ❜❛s❛r❡♠♦s ♣❛r❛ ❧❛ ❝❧❛s✐✜❝❛❝✐ó♥✳

❉❡✜♥✐❝✐ó♥ ✷✳✸✳✶✳ ❙❡❛ g ✉♥ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❝♦♠♣❧❡❥❛✳ ❈♦♠♦ ❡❧ ❝♦r❝❤❡t❡ ❡s ❛♥t✐s✐♠étr✐❝♦✱
❧❛ ❛♣❧✐❝❛❝✐ó♥ [−,−] : g⊗2 −→ g s❡ ❢❛❝t♦r✐③❛ ♣♦r ❡❧ ♠♦r✜s♠♦ C✲❧✐♥❡❛❧ [−,−] : ∧2g −→ g✳
▲❧❛♠❛r❡♠♦s r❛♥❣♦ ❞❡ g ❛ ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡ s✉ ✐♠❛❣❡♥✱ ❡s ❞❡❝✐r dimC(Im([−,−]))✳

✷✳✸✳✶ ➪❧❣❡❜r❛s ❞❡ ▲✐❡ ❞❡ ❞✐♠❡♥s✐♦♥❡s 1 ② 2

▲❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡ ❧❛s C✲á❧❣❡❜r❛s ❞❡ ▲✐❡ ❞❡ ❞✐♠❡♥s✐ó♥ 1 ❡s ♠✉② ❢á❝✐❧✱ ❝♦♠♦ s❡ ✈❡ ❡♥ ❧❛ s✐❣✉✐❡♥t❡
♣r♦♣♦s✐❝✐ó♥✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✷✳ ❙✐ g ❡s ✉♥ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞❡ ❞✐♠❡♥s✐ó♥ 1✱ ❡♥t♦♥❝❡s g ❡s ❛❜❡❧✐❛♥❛✳

❉❡♠♦str❛❝✐ó♥✳ ❉❛❞♦ x ∈ g✱ x 6= 0✱ ♣❛r❛ t♦❞♦ x′ ∈ g ❡①✐st❡ λ ∈ C t❛❧ q✉❡ x′ = λx ② ♣♦r ❧♦
t❛♥t♦ [x, x′] = λ[x, x] = 0✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ✈❡r❡♠♦s ❧❛ ❝❧❛s✐✜❝❛❝✐ó♥✱ s❛❧✈♦ ✐s♦♠♦r✜s♠♦✱ ❞❡ ❧❛s á❧❣❡❜r❛s ❞❡ ▲✐❡ ❝♦♠✲
♣❧❡❥❛s ❞❡ ❞✐♠❡♥s✐ó♥ 2✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✸✳ ❙❡❛ g ✉♥ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❝♦♠♣❧❡❥❛ ❞❡ ❞✐♠❡♥s✐ó♥ 2✱ s❡❛ {x, y} ✉♥❛ ❜❛s❡ ❞❡

g✳ ❊♥t♦♥❝❡s g ❡s ✐s♦♠♦r❢❛ ❛ L0 ♦ aff(2)✱ ❞♦♥❞❡ L0 ❡s ❛❜❡❧✐❛♥❛ ② aff(2) ❡s t❛❧ q✉❡ [x, y] = x✳

❉❡♠♦str❛❝✐ó♥✳ ❙✉♣♦♥❣❛♠♦s q✉❡ g ♥♦ ❡s ❛❜❡❧✐❛♥❛✳ ❈♦♠♦ dimC(∧2g) = 1✱ s❡ s✐❣✉❡ ❡❧ r❛♥❣♦
❞❡ [−,−] ❡s ✶✱ ❡ Im([−,−]) = 〈[x, y]〉✳ ❙❡❛♥ a, b ∈ C t❛❧❡s q✉❡ [x, y] = ax+ by ② s✉♣♦♥❣❛♠♦s
q✉❡ a 6= 0✳ ❊♥t♦♥❝❡s {ax+by, a−1y} ❡s ✉♥❛ ❜❛s❡ ❞❡ g ② ❝✉♠♣❧❡ ❧❛ ✐❣✉❛❧❞❛❞ [ax+by, a−1y] =
ax+ by✳ ▲✉❡❣♦✱ ❡❧ ❛✉t♦♠♦r✜s♠♦ C✲❧✐♥❡❛❧ ❞❡✜♥✐❞♦ ♣♦r ϕ(ax+ by) = x✱ ϕ(a−1y) = y r❡s✉❧t❛
✉♥ ✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ ❡♥tr❡ g ② aff(2)✳ ❙✐ a = 0 ❡♥t♦♥❝❡s b 6= 0 ② ❡❧ r❛③♦♥❛♠✐❡♥t♦
❡s ❛♥á❧♦❣♦✳

✷✳✸✳✷ ➪❧❣❡❜r❛s ❞❡ ▲✐❡ ❞❡ ❞✐♠❡♥s✐ó♥ 3

❱❡r❡♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❧❛ ❝❧❛s✐✜❝❛❝✐ó♥✱ s❛❧✈♦ ✐s♦♠♦r✜s♠♦✱ ❞❡ ❧❛s á❧❣❡❜r❛s ❞❡ ▲✐❡ ❞❡ ❞✐♠❡♥✲
s✐ó♥ 3✳ ◆❡❝❡s✐t❛r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❧❡♠❛s✳

▲❡♠❛ ✷✳✸✳✹✳

❙❡❛ V ✉♥ C✲❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❞❡ ❞✐♠❡♥s✐ó♥ 3 ② s❡❛ W ⊂ ∧2V ✉♥ s✉❜❡s♣❛❝✐♦ ❞❡ ❞✐♠❡♥s✐ó♥

2✳ ❊♥t♦♥❝❡s ❡①✐st❡ v0 ∈ V t❛❧ q✉❡ W = {v0 ∧ u : u ∈ V }✳

❉❡♠♦str❛❝✐ó♥✳ ❋✐❥❛❞❛ ✉♥❛ ❜❛s❡ {x, y, z} ❞❡ V ✱ s❡ t✐❡♥❡ ✉♥ ✐s♦♠♦r✜s♠♦ ϕ : V −→ ∧2V
❞❡✜♥✐❞♦ ♣♦r ϕ(x) = y ∧ z✱ ϕ(y) = −x ∧ z✱ ϕ(z) = x ∧ y✳ ❚❛♠❜✐é♥ s❡ t✐❡♥❡ ✉♥ ✐s♦♠♦r✜s♠♦
ψ : C3 −→ V q✉❡ ❡♥✈í❛ ❧❛ ❜❛s❡ ❝❛♥ó♥✐❝❛ ❛ ❧❛ ❜❛s❡ {x, y, z}✳ ▲❧❛♠❡♠♦s Ψ := ϕ ◦ ψ✳

❉❛❞♦s ❞♦s ❡❧❡♠❡♥t♦s v1, v2 ∈ C3✱ s❡ ♣✉❡❞❡ ✈❡r✐✜❝❛r q✉❡ ❡❧ ♣r♦❞✉❝t♦ ✈❡❝t♦r✐❛❧ v1 × v2
❝♦✐♥❝✐❞❡ ❝♦♥ Ψ−1(ψ(v1)∧ ψ(v2)) ✭❜❛st❛ ❝❤❡q✉❡❛r❧♦ ♣❛r❛ ❧♦s ❡❧❡♠❡♥t♦s ❞❡ ❧❛ ❜❛s❡ ❝❛♥ó♥✐❝❛✮✳
❈♦♠♦W ❡s ❞❡ ❞✐♠❡♥s✐ó♥ 2✱ ❡♥t♦♥❝❡s Ψ−1(W ) ❡s ✉♥ ♣❧❛♥♦ ② ♣♦r ❧♦ t❛♥t♦ ❡①✐st❡ w ∈ C3 t❛❧ q✉❡
Ψ−1(W ) = {w × v : v ∈ C3}✱ ❧✉❡❣♦ W = {ψ(w) ∧ ψ(v) : v ∈ C3} = {ψ(w) ∧ u : u ∈ V }✳

✷✹



❉❡✜♥✐❝✐ó♥ ✷✳✸✳✺✳ ❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡ ② s❡❛ x ∈ g✳ ❙❡ ❞❡✜♥❡ adx : g −→ g ❝♦♠♦ ❡❧
♠♦r✜s♠♦ ❞❛❞♦ ♣♦r adx(y) = [x, y]✳

▲❡♠❛ ✷✳✸✳✻✳

❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡✱ ❡♥t♦♥❝❡s ad[x,y] = adx◦ady−ady◦adx✳ ❊♥ ♣❛rt✐❝✉❧❛r s✐ x ∈ [g, g]
s❡ s✐❣✉❡ q✉❡ tr(adx) = 0✳

❉❡♠♦str❛❝✐ó♥✳ ❊st❡ r❡s✉❧t❛❞♦ ❡s ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❧❛ ✐❞❡♥t✐❞❛❞ ❞❡ ❏❛❝♦❜✐✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✼✳ ❙❡❛ g ✉♥ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❝♦♠♣❧❡❥❛ ❞❡ ❞✐♠❡♥s✐ó♥ 3✱ s❡❛ {x, y, z} ✉♥❛

❜❛s❡ ❞❡ g✳ ❊♥t♦♥❝❡s g ❡s ✐s♦♠♦r❢❛ ❛ ❛❧❣✉♥❛ ❞❡ ❧❛s s✐❣✉✐❡♥t❡s á❧❣❡❜r❛s ❞❡ ▲✐❡✳

❈♦r❝❤❡t❡s ♥♦ ♥✉❧♦s

L0

(Heisenberg) h3 [x, y] = z
aff(2) × C [x, y] = x,

r [x, y] = y, [x, z] = y + z
rα [x, y] = y, [x, z] = αz✱ (α ∈ C×)

sl(2) [x, y] = y, [x, z] = −z, [y, z] = x

❉❡♠♦str❛❝✐ó♥✳ ❙✉♣♦♥❣❛♠♦s q✉❡ g ♥♦ ❡s ❛❜❡❧✐❛♥❛ ② s❡♣❛r❡♠♦s ❡♥ tr❡s ❝❛s♦s s❡❣ú♥ ❡❧ r❛♥❣♦
❞❡ [−,−]✱ ♦❜s❡r✈❛♥❞♦ q✉❡ dimC(∧2g) = 3✳

➪❧❣❡❜r❛s ❞❡ r❛♥❣♦ 1✿ ❊♥ ❡st♦s ❝❛s♦s dimC Ker [−,−] = 2✳ P♦r ❡❧ ▲❡♠❛ ✷✳✸✳✹ ❡①✐st❡ x ∈ g

t❛❧ q✉❡ Ker [−,−] = {x ∧ y : y ∈ g}✳ ❙✐ ❝♦♠♣❧❡t❛♠♦s {x} ❛ ✉♥❛ ❜❛s❡ ❞❡ g✱ {x, y, z}✱ ❡st❛
❝✉♠♣❧❡ q✉❡ [x, y] = [x, z] = 0 ❡ [y, z] = ax + by + cz✱ ❞♦♥❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s a, b, c ♥♦ s♦♥
t♦❞♦s ♥✉❧♦s✳

• ❙✉♣♦♥❣❛♠♦s q✉❡ b 6= 0✳ ▲✉❡❣♦ {x, ax+ by+ cz, b−1z} = {x̃, ỹ, z̃} ❡s ✉♥❛ ❜❛s❡ ❞❡ g q✉❡
❝✉♠♣❧❡ [x̃, ỹ] = [x̃, z̃] = 0✱ ❡ [ỹ, z̃] = ỹ✳ P♦r ❧♦ t❛♥t♦ g ❡s ✐s♦♠♦r❢❛ ❛ aff(2) × C✳

• ❙✉♣♦♥❣❛♠♦s q✉❡ c 6= 0✳ ❈❛♠❜✐❛♥❞♦ z ❝♦♥ y ❡st❛♠♦s ❡♥ ❡❧ ❝❛s♦ ❛♥t❡r✐♦r ② ❡♥t♦♥❝❡s g

❡s ✐s♦♠♦r❢❛ ❛ aff(2) × C✳

• ❙✉♣♦♥❣❛♠♦s q✉❡ b = c = 0✳ ▲✉❡❣♦ a 6= 0 ② {ax, y, z} ❡s ✉♥❛ ❜❛s❡ ❞❡ g q✉❡ ❝✉♠♣❧❡
[ax, y] = [ax, z] = 0 ② [y, z] = ax✳ ❊♥t♦♥❝❡s g ❡s ✐s♦♠♦r❢❛ ❛ h3✳

➪❧❣❡❜r❛s ❞❡ r❛♥❣♦ 2✿ ❊♥ ❡st❡ ❝❛s♦ dimC Ker [−,−] = 1 ② dimC[g, g] = 2✳ ❙❡❛ {y, z} ✉♥❛
❜❛s❡ ❞❡ [g, g]✱ ❧✉❡❣♦ ❡①✐st❡♥ a, b ∈ C t❛❧❡s q✉❡ [y, z] = ay + bz✳ ❙✐ ❝♦♠♣❧❡t❛♠♦s ❛ ✉♥❛ ❜❛s❡
❞❡ g✱ {x, y, z}✱ ❝♦♠♦ ady(x), adz(x) ∈ [g, g] ❧❛s ♠❛tr✐❝❡s ❞❡ ady ② adz ❡♥ ❡st❛ ❜❛s❡ s♦♥✿

ady =





0 0 0
∗ 0 a
∗ 0 b



 , adz =





0 0 0
∗ −a 0
∗ −b 0



 ,

❞❡ ❞♦♥❞❡ tr(ady) = b ② tr(adz) = −a✳ P♦r ♦tr♦ ❧❛❞♦✱ ♣♦r ❡❧ ▲❡♠❛ ✷✳✸✳✻ s❛❜❡♠♦s q✉❡
tr(ady) = tr(adz) = 0 ② ♣♦r ❧♦ t❛♥t♦ a = b = 0✳ ❖❜t✉✈✐♠♦s ❡♥t♦♥❝❡s q✉❡ [g, g] ❡s ✉♥❛
s✉❜á❧❣❡❜r❛ ❛❜❡❧✐❛♥❛✳

✷✺



❈♦♠♦ y ∧ z ∈ Ker [−,−] ② ❡st❡ t✐❡♥❡ ❞✐♠❡♥s✐ó♥ 1✱ ❡♥t♦♥❝❡s Ker [−,−] = 〈y ∧ z〉✳ ▲✉❡❣♦✱
❝♦♠♦ {x ∧ y, x ∧ z, y ∧ z} ❡s ✉♥❛ ❜❛s❡ ❞❡ ∧2g s❡ s✐❣✉❡ q✉❡ ♣❛r❛ t♦❞♦ u ∈ [g, g] ♥♦ ♥✉❧♦✱
x∧u /∈ Ker [−,−] ✐♠♣❧✐❝❛♥❞♦ q✉❡ adx|[g,g] ❡s ✉♥ ♠♦♥♦♠♦r✜s♠♦ ② ♣♦r ❧♦ t❛♥t♦ ✉♥ ✐s♦♠♦r✜s♠♦✳

• ❙✉♣♦♥❣❛♠♦s q✉❡ adx|[g,g] ❡s ❞✐❛❣♦♥❛❧✐③❛❜❧❡✳ ❙❡❛ {ỹ, z̃} ✉♥❛ ❜❛s❡ ❞❡ ❛✉t♦✈❡❝t♦r❡s ❞❡
❛✉t♦✈❛❧♦r❡s r❡s♣❡❝t✐✈♦s λ1✱ λ2✱ q✉❡ r❡s✉❧t❛♥ ♥♦ ♥✉❧♦s ♣♦r s❡r adx ✉♥ ✐s♦♠♦r✜s♠♦✳
▲✉❡❣♦✱ ❧❧❛♠❛♥❞♦ x̃ := λ−1

1 x ② α := λ−1
1 λ2✱ ❧❛ ❜❛s❡ {x̃, ỹ, z̃} ❝✉♠♣❧❡ q✉❡ [x̃, ỹ] = ỹ,

[x̃, z̃] = αz̃✱ [ỹ, z̃] = 0✳ ❚❡♥❡♠♦s ❡♥t♦♥❝❡s q✉❡ g ❡s ✐s♦♠♦r❢❛ ❛ rα✳

• ❙✉♣♦❣❛♠♦s q✉❡ adx|[g,g] ♥♦ ❡s ❞✐❛❣♦♥❛❧✐③❛❜❧❡✳ ❊♥t♦♥❝❡s t♦♠❛♠♦s ❧❛ ❜❛s❡ ❞❡ ❏♦r❞❛♥
{ỹ, z̃} ❡♥ ❧❛ ❝✉❛❧ s❡ t✐❡♥❡ [x, ỹ] = λỹ✱ ② [x, z̃] = ỹ + λz̃✳ ▲❧❛♠❛♥❞♦ x̃ := λ−1x ❡
ŷ := λ−1ỹ✱ t❡♥❡♠♦s q✉❡ [x̃, ŷ] = ŷ✱ [x̃, z̃] = ŷ+ z̃✱ [ŷ, z̃] = 0✳ P♦r ❧♦ t❛♥t♦ g ❡s ✐s♦♠♦r❢❛
❛ r✳

➪❧❣❡❜r❛s ❞❡ r❛♥❣♦ ✸✿ ❊♥ ❡st❡ ú❧t✐♠♦ ❝❛s♦ s❛❜❡♠♦s q✉❡ [−,−] : ∧2g −→ g ❡s ✉♥ ✐s♦✲
♠♦r✜s♠♦✱ ❡♥t♦♥❝❡s ♣❛r❛ t♦❞♦ x ∈ g ♥♦ ♥✉❧♦✱ adx t✐❡♥❡ r❛♥❣♦ 2✳ ❊♥ ❡❢❡❝t♦✱ ❞❛❞♦ x 6= 0✱ s✐
❝♦♠♣❧❡t❛♠♦s {x} ❛ ✉♥❛ ❜❛s❡ ❞❡ g✱ {x, y, z}✱ ♦❜t❡♥❡♠♦s adx(x) = 0 ② {adx(y), adx(z)} =
{[x, y], [x, z]} r❡s✉❧t❛ ✉♥ ❝♦♥❥✉♥t♦ ❧✐♥❡❛❧♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡ ♣♦r s❡r [−,−] ✉♥ ♠♦♥♦♠♦r✲
✜s♠♦✳ ❱❡❛♠♦s q✉❡ ❡①✐st❡ x ∈ g✱ ♥♦ ♥✉❧♦✱ ❝♦♥ ✉♥ ❛✉t♦✈❡❝t♦r y ∈ g ❞❡ adx ❞❡ ❛✉t♦✈❛❧♦r ♥♦
♥✉❧♦✳

❙❡❛ ❡♥t♦♥❝❡s x ∈ g✱ x 6= 0✳ ❙✐ x ♥♦ ❡s ♥✐❧♣♦t❡♥t❡ ❡♥t♦♥❝❡s ♥♦ ❤❛② ♥❛❞❛ q✉❡ ❤❛❝❡r✳
❙✉♣♦♥❣❛♠♦s q✉❡ x ❡s ♥✐❧♣♦t❡♥t❡✳ ❈♦♠♦ adx t✐❡♥❡ r❛♥❣♦ 2✱ s✉ ♥ú❝❧❡♦ t✐❡♥❡ ❞✐♠❡♥s✐ó♥ 1 ②
❡♥t♦♥❝❡s ad2

x 6= 0❀ ♣♦r ❧♦ t❛♥t♦ ♦❜t❡♥❡♠♦s ❧❛ ✐♥❝❧✉s✐ó♥ ❞❡ ♥ú❝❧❡♦s✿ 0 ( Ker adx ( Ker ad2
x (

g✳ ❙❡❛ y ∈ Ker ad2
x t❛❧ q✉❡ y /∈ Ker adx✳ ❖❜s❡r✈❡♠♦s q✉❡ x ∈ Ker adx ② ❡♥t♦♥❝❡s 〈x〉 =

Ker adx❀ ❧✉❡❣♦ ❝♦♠♦ adx(y) ∈ Ker adx✱ ② ♥♦ ❡s ✵✱ adx(y) = µx ♣❛r❛ µ 6= 0 ② ♣♦r ❧♦ t❛♥t♦
ady(x) = µx✳

P♦r ♦tr♦ ❧❛❞♦✱ ❝♦♠♦ [−,−] ❡s ✉♥ ❡♣✐♠♦r✜s♠♦✱ y = [y1, y2] ② ♣♦r ❡❧ ▲❡♠❛ ✷✳✸✳✹ ♦❜t❡♥❡♠♦s
q✉❡ tr(ady) = 0✳ ❈♦♠♦ ❧❛ tr❛③❛ ❡s ❧❛ s✉♠❛ ❞❡ ❧♦s tr❡s ❛✉t♦✈❛❧♦r❡s ❞❡ ❧♦s ❝✉❛❧❡s ❞♦s s♦♥ 0 ②
µ✱ ♦❜t❡♥❡♠♦s q✉❡ ❡❧ t❡r❝❡r ❛✉t♦✈❛❧♦r ❡s −µ✱ q✉❡ ❡s ❞✐st✐♥t♦ ❞❡ ❧♦s ❛♥t❡r✐♦r❡s ② ♣♦r ❧♦ t❛♥t♦
❡①✐st❡ z ∈ g ❞❡ ❛✉t♦✈❛❧♦r −µ✱ ❧✐♥❡❛❧♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❝♦♥ x ❡ y✳

❙❛❜❡♠♦s q✉❡ [x, y] = −µx✱ [y, z] = −µz✳ ❉❡ ❧❛ ✐❞❡♥t✐❞❛❞ ❞❡ ❏❛❝♦❜✐ ♦❜t❡♥❡♠♦s q✉❡

[[x, z], y] = [[x, y], z] + [[y, z], x] = [−µx, z] + [−µz, x] = 0,

❡s ❞❡❝✐r✱ ady([x, z]) = 0 ② ❝♦♠♦ dimC Ker ady = 1✱ ② ❡st❡ ♥ú❝❧❡♦ ❡stá ❣❡♥❡r❛❞♦ ♣♦r y✱ ❡①✐st❡
λ ∈ C t❛❧ q✉❡ [x, z] = λy✱ q✉❡ ❝✉♠♣❧❡ q✉❡ λ 6= 0 ♣♦r s❡r [−,−] ✉♥ ♠♦♥♦♠♦r✜s♠♦✳

❋✐♥❛❧♠❡♥t❡ ❧❧❛♠❛♥❞♦ x̃ := λ−1x✱ ỹ := µ−1y✱ z̃ := µ−1z✱ ❧❛ ❜❛s❡ {ỹ, x̃, z̃} ❝✉♠♣❧❡✿ [ỹ, x̃] =
x̃✱ [ỹ, z̃] = −z̃✱ [x̃, z̃] = ỹ✳ P♦r ❧♦ t❛♥t♦ g ❡s ✐s♦♠♦r❢❛ ❛ sl(2)✳

✷✳✸✳✸ ❈á❧❝✉❧♦ ❞❡ ❧❛ ❝♦❤♦♠♦❧♦❣í❛

❊♥ ❡st❛ s❡❝❝✐ó♥ ❝❛❧❝✉❧❛r❡♠♦s ❧❛ ❝♦❤♦♠♦❧♦❣í❛ H•
Lie(g, g) ♣❛r❛ t♦❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❝♦♠♣❧❡❥❛ ❞❡

❞✐♠❡♥s✐ó♥ 3✳ P♦r ❡❧ ❈♦r♦❧❛r✐♦ ✷✳✷✳✶✾✱ ❡ ✐❞❡♥t✐✜❝❛♥❞♦ Homk(∧
•g, g) ❝♦♥ ∧•g∗ ⊗ g✱ H•

Lie(g, g)
❡s ❧❛ ❝♦❤♦♠♦❧♦❣í❛ ❞❡❧ ❝♦♠♣❧❡❥♦

0 goo ∧2g∗ ⊗ g
δ2oo g∗ ⊗ g

δ1oo g
δ0oo 0,oo

✷✻



❝✉②♦s ❞✐❢❡r❡♥❝✐❛❧❡s ❞❛r❡♠♦s ❡①♣❧í❝✐t❛♠❡♥t❡ ❡♥ ❝❛❞❛ ❝❛s♦✳
▲❛ s✐❣✉✐❡♥t❡ ❞❡✜♥✐❝✐ó♥ ♥♦s s❡r✈✐rá ♣❛r❛ ✜♥❛❧✐③❛r ❧❛ ❝❧❛s✐✜❝❛❝✐ó♥ ❞❡ ❧❛s á❧❣❡❜r❛s ❞❡ ▲✐❡

❝♦♠♣❧❡❥❛s ❞❡ ❞✐♠❡♥s✐ó♥ 3✳

❉❡✜♥✐❝✐ó♥ ✷✳✸✳✽✳ ❙❡❛ k ✉♥ ❝✉❡r♣♦ ② s❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡✳ ▲❧❛♠❛r❡♠♦s s❡r✐❡ ❞❡

❍✐❧❜❡rt ❞❡ g ❛ ❧❛ s❡r✐❡
h(t) =

∑

i∈N0

dimk(H
i
Lie(g, g))ti.

❖❜s❡r✈❛❝✐ó♥ ✷✳✸✳✾✳ ❙✐ g ② h s♦♥ k✲á❧❣❡❜r❛s ❞❡ ▲✐❡ ✐s♦♠♦r❢❛s✱ ❡♥t♦♥❝❡s t✐❡♥❡♥ ❧❛ ♠✐s♠❛
s❡r✐❡ ❞❡ ❍✐❧❜❡rt✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✶✵✳ ❊①✐st❡♥ ✐s♦♠♦r✜s♠♦s

• H0
Lie(L0, L0) ∼= L0,

• H1
Lie(L0, L0) ∼= L∗

0 ⊗ L0,

• H2
Lie(L0, L0) ∼= ∧2L∗

0 ⊗ L0✳

• H3
Lie(L0, L0) ∼= L0.

② ♣♦r ❧♦ t❛♥t♦ L0 t✐❡♥❡ s❡r✐❡ ❞❡ ❍✐❧❜❡rt h(t) = 3 + 9t+ 9t2 + 3t3 = 3(1 + t)3✳

❉❡♠♦str❛❝✐ó♥✳ ❇❛st❛ ♦❜s❡r✈❛r q✉❡ t♦❞♦s ❧♦s ❞✐❢❡r❡♥❝✐❛❧❡s s♦♥ ♥✉❧♦s✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✶✶✳ ❉❛❞♦ n ∈ N✱ s✐ n ≥ 4✱ Hn
Lie(h3, h3) = 0✱ ♠✐❡♥tr❛s q✉❡ s✐ 0 ≤ n ≤ 3✱

❡♥t♦♥❝❡s Hn
Lie(h3, h3) t✐❡♥❡ ❝♦♠♦ ❜❛s❡ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❧❛s ❝❧❛s❡s ❞❡ ❧♦s ❡❧❡♠❡♥t♦s✿

• s✐ n = 0 : {z},

• s✐ n = 1 : {dx⊗ y, dy ⊗ x, dx⊗ x− dy ⊗ y},

• s✐ n = 2 : {dx∧ dy⊗x, dx∧ dy⊗ y, dx∧ dz⊗ y, dy ∧ dz⊗x, dx∧ dz⊗x− dy ∧ dz⊗ y},

• s✐ n = 3 : {dx ∧ dy ∧ dz ⊗ x, dx ∧ dy ∧ dz ⊗ y}.

P♦r ❧♦ t❛♥t♦ h3 t✐❡♥❡ s❡r✐❡ ❞❡ ❍✐❧❜❡rt h(t) = 1 + 3t+ 5t2 + 2t3✳

❉❡♠♦str❛❝✐ó♥✳ ▲♦s ❞✐❢❡r❡♥❝✐❛❧❡s ❞❡❧ ❝♦♠♣❧❡❥♦ s♦♥

δ0(a) = dx⊗ [a, x] + dy ⊗ [a, y] + dz ⊗ [a, z],

δ1(dx⊗ a1 + dy ⊗ a2 + dz ⊗ a3) = dx ∧ dy ⊗ ([x, a2] − [y, a1] − a3)+

+ dx ∧ dz ⊗ [x, a3]+

+ dy ∧ dz ⊗ [y, a3],

δ2(dx ∧ dy ⊗ b1 + dx ∧ dz ⊗ b2 + dy ∧ dz ⊗ b3) = [x, b3] − [y, b2].

▲✉❡❣♦✱ ❝á❧❝✉❧♦s s✐♠♣❧❡s ♣❡r♠✐t❡♥ ❞❡s❝r✐❜✐r ❧♦s ❣❡♥❡r❛❞♦r❡s ✭❝♦♠♦ k✲❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s✮ ❞❡
♥ú❝❧❡♦s ❡ ✐♠á❣❡♥❡s ❞❡ ❧♦s ❞✐❢❡r❡♥❝✐❛❧❡s ❝♦♠♦ s✐❣✉❡✿

• Ker (δ0) = 〈z〉✱
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• Im(δ0) = 〈dy ⊗ z, dx⊗ z〉✱

• Ker (δ1) = 〈dx⊗ y, dx⊗ z, dy ⊗ x, dy ⊗ z, dx⊗ x− dy ⊗ y〉✱

• Im(δ1) = 〈dx ∧ dy ⊗ z, dx ∧ dy ⊗ x+ dy ∧ dz ⊗ z, dx ∧ dz ⊗ z − dx ∧ dy ⊗ y〉✱

• Ker (δ2) = 〈dx ∧ dy ⊗ x, dx ∧ dy ⊗ y, dx ∧ dy ⊗ z, dx ∧ dz ⊗ y, dx ∧ dz ⊗ z, dy ∧ dz ⊗
x, dy ∧ dz ⊗ z, dx ∧ dz ⊗ x− dy ∧ dz ⊗ y〉✱

• Im(δ2) = 〈dx ∧ dy ∧ dz ⊗ z〉✳

❈♦❝✐❡♥t❛♥❞♦ ❡st♦s ❡s♣❛❝✐♦s ♦❜t❡♥❡♠♦s ❡❧ r❡s✉❧t❛❞♦✳

❖❜t❡♥❡♠♦s ❛❤♦r❛ ❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s r❡s✉❧t❛❞♦s ♣❛r❛ ❧❛s ♦tr❛s á❧❣❡❜r❛s ❞❡ ▲✐❡ ❞❡ ❞✐✲
♠❡♥s✐ó♥ 3✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✶✷✳ ❉❛❞♦ n ∈ N✱ s✐ n ≥ 3✱ Hn
Lie(aff(2)×C, aff(2)×C) = 0✱ ♠✐❡♥tr❛s q✉❡

s✐ 0 ≤ n ≤ 2✱ Hn
Lie(aff(2) × C, aff(2) × C) t✐❡♥❡ ❝♦♠♦ ❜❛s❡ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❧❛s ❝❧❛s❡s ❞❡ ❧♦s

❡❧❡♠❡♥t♦s✿

• s✐ n = 0 : {z}✱

• s✐ n = 1 : {dy ⊗ z, dz ⊗ z}✱

• s✐ n = 2 : {dy ∧ dz ⊗ z}✳

❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ❧❛ s❡r✐❡ ❞❡ ❍✐❧❜❡rt ❞❡ aff(2) × C ❡s h(t) = 1 + 2t+ t2✳

❉❡♠♦str❛❝✐ó♥✳ ▲♦s ❞✐❢❡r❡♥❝✐❛❧❡s ❞❡❧ ❝♦♠♣❧❡❥♦ s♦♥

δ0(a) = dx⊗ [a, x] + dy ⊗ [a, y] + dz ⊗ [a, z],

δ1(dx⊗ a1 + dy ⊗ a2 + dz ⊗ a3) = dx ∧ dy ⊗ ([x, a2] − [y, a1] − a1)+

+ dx ∧ dz ⊗ ([x, a3] − [z, a1])+

+ dy ∧ dz ⊗ ([y, a3] − [z, a3]),

δ2(dx ∧ dy ⊗ b1 + dx ∧ dz ⊗ b2 + dy ∧ dz ⊗ b3) = [x, b3] − [y, b2] + [z, b1] − b2.

❈á❧❝✉❧♦s ❞✐r❡❝t♦s ♠✉❡str❛♥ q✉❡ ❧♦s ♥ú❝❧❡♦s ❡ ✐♠á❣❡♥❡s ❞❡ ❧♦s ❞✐❢❡r❡♥❝✐❛❧❡s ❡stá♥ r❡s♣❡❝t✐✈❛✲
♠❡♥t❡ ❣❡♥❡r❛❞♦s ❝♦♠♦ k✲❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s ♣♦r

• Ker (δ0) = 〈z〉✱

• Im(δ0) = 〈dy ⊗ x, dx⊗ x〉✱

• Ker (δ1) = 〈dx⊗ x, dy ⊗ x, dy ⊗ z, dz ⊗ z〉✱

• Im(δ1) = 〈dx ∧ dy ⊗ y, dx ∧ dy ⊗ z, dx ∧ dy ⊗ x, dx ∧ dz ⊗ x, dy ∧ dz ⊗ x〉✱

• Ker (δ2) = 〈dx∧ dy⊗ x, dx∧ dy⊗ y, dx∧ dy⊗ z, dx∧ dz⊗ x, dy ∧ dz⊗ x, dy ∧ dz⊗ z〉✳

• Im(δ2) = 〈dx ∧ dy ∧ dz ⊗ x, dx ∧ dy ∧ dz ⊗ y, dx ∧ dy ∧ dz ⊗ z〉✳

❈♦❝✐❡♥t❛♥❞♦ ❡st♦s ❡s♣❛❝✐♦s ♦❜t❡♥❡♠♦s ❡❧ r❡s✉❧t❛❞♦✳
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Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✶✸✳ ❉❛❞♦ n ∈ N✱ s✐ n ≥ 3 ♦ s✐ n = 0✱ Hn
Lie(r, r) = 0✱ ♠✐❡♥tr❛s q✉❡ ♣❛r❛

n = 1 ② n = 2✱ Hn
Lie(r, r) t✐❡♥❡ ❝♦♠♦ ❜❛s❡ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❧❛s ❝❧❛s❡s ❞❡ ❧♦s ❡❧❡♠❡♥t♦s✿

• s✐ n = 1 : {dz ⊗ y},

• s✐ n = 2 : {dx ∧ dy ⊗ z}.

▲✉❡❣♦✱ ❧❛ s❡r✐❡ ❞❡ ❍✐❧❜❡rt ❞❡ r ❡s h(t) = h = t+ t2✳

❉❡♠♦str❛❝✐ó♥✳ ▲♦s ❞✐❢❡r❡♥❝✐❛❧❡s ❞❡❧ ❝♦♠♣❧❡❥♦ s♦♥

δ0(a) = dx⊗ [a, x] + dy ⊗ [a, y] + dz ⊗ [a, z],

δ1(dx⊗ a1 + dy ⊗ a2 + dz ⊗ a3) = dx ∧ dy ⊗ ([x, a2] − [y, a1] − a2)+

+ dx ∧ dz ⊗ ([x, a3] − [z, a1] − a2 − a3)+

+ dy ∧ dz ⊗ ([y, a3] − [z, a3]),

δ2(dx ∧ dy ⊗ b1 + dx ∧ dz ⊗ b2 + dy ∧ dz ⊗ b3) = [x, b3] − [y, b2] + [z, b1] − 2b3.

▲♦s ♥ú❝❧❡♦s ❡ ✐♠á❣❡♥❡s ❞❡ ❧♦s ❞✐❢❡r❡♥❝✐❛❧❡s ❡stá♥ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❣❡♥❡r❛❞♦s ❝♦♠♦ k✲❡s♣❛❝✐♦s
✈❡❝t♦r✐❛❧❡s ♣♦r

• Ker (δ0) = 0✱

• Im(δ0) = 〈dy ⊗ y + dz ⊗ (y + z), dx⊗ y, dx⊗ (y + z)〉✱

• Ker (δ1) = 〈dx⊗ y, dx⊗ z, dz ⊗ y, dy ⊗ y + dz ⊗ z〉✱

• Im(δ1) = 〈dy⊗y+dx∧dz⊗(y+z), dx∧dy⊗x+dx∧dz⊗x−dy∧dz⊗(y+z), dx∧dz⊗y,
dx ∧ dy ⊗ y − dx ∧ dz ⊗ z, dx ∧ dz ⊗ x+ dy ∧ dz ⊗ y〉,

• Ker (δ2) = 〈dx ∧ dy ⊗ y, dx ∧ dy ⊗ z, dx ∧ dz ⊗ y, dx ∧ dz ⊗ z, dx ∧ dz ⊗ x+ dy ∧ dz ⊗
y, dx ∧ dy ⊗ x+ 2dx ∧ dz ⊗ x− dy ∧ dz ⊗ z〉✳

• Im(δ2) = r✳

❈♦❝✐❡♥t❛♥❞♦ ❡st♦s ❡s♣❛❝✐♦s ♦❜t❡♥❡♠♦s ❡❧ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✶✹✳ ❙❡❛ α ∈ C×✳ ▲❛ s❡r✐❡ ❞❡ ❍✐❧❜❡rt ❞❡ rα ❡s

h(t) =











t+ t2 s✐ α 6= 1,−1,

3t+ 3t2 s✐ α = 1,

t+ 2t2 + t3 s✐ α = −1,

② s✐ 1 ≤ n ≤ 3✱ ❡❧ k✲❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ Hn
Lie(rα, rα) t✐❡♥❡ ❝♦♠♦ ❜❛s❡ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❝❧❛s❡s ❞❡

❧♦s s✐❣✉✐❡♥t❡s ❡❧❡♠❡♥t♦s✿

• ❙✐ n = 1 :

{

{dz ⊗ z} s✐ α 6= 1,

{dz ⊗ z, dy ⊗ z, dz ⊗ y} s✐ α = 1.
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• ❙✐ n = 2 :











{dx ∧ dz} s✐ α 6= 1,−1,

{dx ∧ dz ⊗ z, dx ∧ dy ⊗ z, dx ∧ dz ⊗ y} s✐ α = 1,

{dx ∧ dz ⊗ z, dy ∧ dz ⊗ x} s✐ α = −1.

• ❙✐ n = 3 :

{

0 s✐ α 6= −1,

{dx ∧ dy ∧ dz ⊗ x} s✐ α = −1.

❉❡♠♦str❛❝✐ó♥✳ ▲♦s ❞✐❢❡r❡♥❝✐❛❧❡s ❞❡❧ ❝♦♠♣❧❡❥♦ s♦♥

δ0(a) = dx⊗ [a, x] + dy ⊗ [a, y] + dz ⊗ [a, z],

δ1(dx⊗ a1 + dy ⊗ a2 + dz ⊗ a3) = dx ∧ dy ⊗ ([x, a2] − [y, a1] − a2)+

+ dx ∧ dz ⊗ ([x, a3] − [z, a1] − αa3)+

+ dy ∧ dz ⊗ ([y, a3] − [z, a3]),

δ2(dx ∧ dy ⊗ b1 + dx ∧ dz ⊗ b2 + dy ∧ dz ⊗ b3) = [x, b3] − [y, b2] + [z, b1] − (1 + α)b3.

❊s ❢á❝✐❧ ❝❛❧❝✉❧❛r q✉❡ ❧♦s ♥ú❝❧❡♦s ❡ ✐♠á❣❡♥❡s ❞❡ ❧♦s ❞✐❢❡r❡♥❝✐❛❧❡s ❡stá♥ ❣❡♥❡r❛❞♦s ❝♦♠♦ k✲
❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s ♣♦r

• Ker (δ0) = 0✱

• Im(δ0) = 〈dy ⊗ y + αdz ⊗ z, dx⊗ y, dx⊗ z〉✱

• Ker (δ1) =

{

〈dx⊗ y, dx⊗ z, dy ⊗ y, dz ⊗ z〉 s✐ α 6= 1,

〈dx⊗ y, dx⊗ z, dy ⊗ y, dz ⊗ z, dy ⊗ z, dz ⊗ y〉 s✐ α = 1.

• Im(δ1) = 〈dx∧ dy⊗ y+αdx∧ dz⊗ z, dx∧ dy⊗−x+ dy ∧ dz⊗αz, dx∧ dy⊗ (α− 1)z,
dx ∧ dz ⊗ αx+ dy ∧ dz ⊗ y, dx ∧ dz ⊗ (1 − α)y〉

• Ker (δ2) =























〈dx ∧ dy ⊗ x− dy ∧ dz ⊗ αz, dx ∧ dy ⊗ y, dx ∧ dy ⊗ z, s✐ α 6= −1,

dx ∧ dz ⊗ αx+ dy ∧ dz ⊗ y, dx ∧ dz ⊗ y, dx ∧ dz ⊗ z〉

〈dx ∧ dy ⊗ x− dy ∧ dz ⊗ αz, dx ∧ dy ⊗ y, dx ∧ dy ⊗ z, s✐ α = −1,

dx ∧ dz ⊗ αx+ dy ∧ dz ⊗ y, dx ∧ dz ⊗ y, dx ∧ dz ⊗ z〉, dy ∧ dz ⊗ x

• Im(δ2) = 〈dx ∧ dy ∧ dz ⊗ z, dx ∧ dy ∧ dz ⊗ y, dx ∧ dy ∧ dz ⊗ (1 + α)x〉✳

❈♦❝✐❡♥t❛♥❞♦ ❡st♦s ❡s♣❛❝✐♦s ♦❜t❡♥❡♠♦s ❡❧ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✶✺✳ ▲❛ s❡r✐❡ ❞❡ ❍✐❧❜❡rt ❞❡ sl(2) ❡s ♥✉❧❛✳

❉❡♠♦str❛❝✐ó♥✳ ▲♦s ❞✐❢❡r❡♥❝✐❛❧❡s ❞❡❧ ❝♦♠♣❧❡❥♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡ s♦♥

δ0(a) = dx⊗ [a, x] + dy ⊗ [a, y] + dz ⊗ [a, z],

δ1(dx⊗ a1 + dy ⊗ a2 + dz ⊗ a3) = dx ∧ dy ⊗ ([x, a2] − [y, a1] − a2)+

+ dx ∧ dz ⊗ ([x, a3] − [z, a1]) + a3)

+ dy ∧ dz ⊗ ([y, a3] − [z, a3] − a1),

δ2(dx ∧ dy ⊗ b1 + dx ∧ dz ⊗ b2 + dy ∧ dz ⊗ b3) = [x, b3] − [y, b2] + [z, b1],

❞❡ ❞♦♥❞❡ s❡ ♦❜t✐❡♥❡ ❤❛❝✐❡♥❞♦ ❝á❧❝✉❧♦s s✐♠♣❧❡s q✉❡ ❧♦s ♥ú❝❧❡♦s ❡ ✐♠á❣❡♥❡s ❞❡ ❧♦s ❞✐❢❡r❡♥❝✐❛❧❡s
❡stá♥ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❣❡♥❡r❛❞♦s ❝♦♠♦ k✲❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s ♣♦r
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• Ker (δ0) = 0✱

• Im(δ0) = 〈dy ⊗ y − dz ⊗ z, dx⊗ y − dz ⊗ x, dx⊗ z − dy ⊗ x〉✱

• Ker (δ1) = 〈dx⊗ z − dy ⊗ x, dx⊗ y − dz ⊗ x, dy ⊗ y − dz ⊗ z〉✱

• Im(δ1) = 〈dx∧dz⊗y−dx∧dz⊗ z, dx∧dy⊗x+dy∧dz⊗ z, dx∧dy⊗ z, dx∧dz⊗x+
− dy ∧ dz ⊗ y, dx ∧ dz ⊗ y, dy ∧ dz ⊗ x〉✱

• Ker (δ2) = 〈dx∧dy⊗ z, dx∧dz⊗y, dx∧dy⊗y−dx∧dz⊗ z, dy∧dz⊗x, dx∧dz⊗x+
− dy ∧ dz ⊗ y, dx ∧ dy ⊗ x+ dy ∧ dz ⊗ z〉✳

• Im(δ2) = sl(2)✳

❈♦❝✐❡♥t❛♥❞♦ ❡st♦s ❡s♣❛❝✐♦s ♦❜t❡♥❡♠♦s ❡❧ r❡s✉❧t❛❞♦✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✸✳✶✻✳ ❯♥ ❧❡♠❛✱ q✉❡ s❡ ❞❡❜❡ ❛ ❲❤✐t❡❤❡❛❞✱ ❞✐❝❡ q✉❡ s✐ g ❡s s❡♠✐s✐♠♣❧❡ ② M
❡s ✉♥ g✲♠ó❞✉❧♦ ❞❡ ❞✐♠❡♥s✐ó♥ ✜♥✐t❛ t❛❧ q✉❡ Mg = 0 ❡♥t♦♥❝❡s Hn

Lie(g,M) = HLie
n (g,M) = 0✱

♣❛r❛ t♦❞♦ n ∈ N✳ ❊❧ ❝❛s♦ g = sl(2) ② M = sl(2) ❝❛❡ ❞❡♥tr♦ ❞❡ ❡st❛s ❤✐♣ót❡s✐s ② ♣♦r ❧♦ t❛♥t♦
❧❛ ♣r♦♣♦s✐❝✐ó♥ ✷✳✸✳✶✺ ❡s ✉♥ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡❧ ❧❡♠❛ ❞❡ ❲❤✐t❡❤❡❛❞✳
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❈❛♣ít✉❧♦ ✸

❉❡❢♦r♠❛❝✐♦♥❡s ❞❡ á❧❣❡❜r❛s

✸✳✶ ❍♦♠♦❧♦❣í❛ ② ❝♦❤♦♠♦❧♦❣í❛ ❞❡ ❍♦❝❤s❝❤✐❧❞

✸✳✶✳✶ ❉❡✜♥✐❝✐♦♥❡s ❜ás✐❝❛s

❊♥ ❡st❡ ❝❛♣ít✉❧♦✱ k s❡rá ✉♥ ❝✉❡r♣♦ ② A ✉♥❛ k✲á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛✳ ❉❡ ❛❤♦r❛ ❡♥ ❛❞❡❧❛♥t❡
♥♦t❛r❡♠♦s ❝♦♥ | ❛ ⊗k✳

❉❡✜♥✐❝✐ó♥ ✸✳✶✳✶✳ ❊❧ á❧❣❡❜r❛ ❡♥✈♦❧✈❡♥t❡ ❞❡ A ❡s ❧❛ k✲á❧❣❡❜r❛ Ae = A⊗k A
op ❝♦♥ ♣r♦❞✉❝t♦

❞❡✜♥✐❞♦ ♣♦r (a⊗ b)(c⊗ d) = ac⊗ db✳

❯♥❛ ❞❡ ❧❛s r❛③♦♥❡s ♣❛r❛ ❝♦♥s✐❞❡r❛r ❡❧ á❧❣❡❜r❛ Ae ❡s q✉❡ ♥♦s ♣❡r♠✐t❡ tr❛❞✉❝✐r ❧❛s ❡str✉❝✲
t✉r❛s ❞❡ A✲❜✐♠ó❞✉❧♦ ❡♥ ❡str✉❝t✉r❛s ❞❡ Ae✲♠ó❞✉❧♦ ♣♦r ❡❥❡♠♣❧♦ ❛ ✐③q✉✐❡r❞❛✳ ❊♥ ❡❢❡❝t♦✿ s✐ M
❡s ✉♥ A✲❜✐♠ó❞✉❧♦✱ ② m ∈M ✱ ♣♦❞❡♠♦s ❞❡✜♥✐r (a⊗ b) ∗m := a ·m · b ② ❡①t❡♥❞❡r ❧✐♥❡❛❧♠❡♥t❡
❛ t♦❞♦ Ae✳ ❊s ❢á❝✐❧ ✈❡r q✉❡ ❡st❛ ❛❝❝✐ó♥ ❡stá ❜✐❡♥ ❞❡✜♥✐❞❛ ② ❞❛ ❛ M ✉♥❛ ❡str✉❝t✉r❛ ❞❡
Ae✲♠ó❞✉❧♦ ❛ ✐③q✉✐❡r❞❛✿

(a⊗ b) ∗ ((c⊗ d) ∗m) = (a⊗ b) ∗ (c ·m · d) = ac ·m · db = (ac⊗ db) ∗m = ((a⊗ b)(c⊗ d)) ∗m.

❘❡❝í♣r♦❝❛♠❡♥t❡✱ s✐ M ❡s ✉♥ Ae✲♠ó❞✉❧♦ ❛ ✐③q✉✐❡r❞❛✱ ❞❡✜♥✐♠♦s a · m := (a ⊗ 1) ∗ m✱ ②
m · b := (1 ⊗ b) ∗m✱ ❞♦t❛♥❞♦ ❛sí ❛ M ❞❡ ❡str✉❝t✉r❛s ❞❡ A✲♠ó❞✉❧♦ ❛ ✐③q✉✐❡r❞❛ ② ❛ ❞❡r❡❝❤❛
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❱❡❛♠♦s q✉❡ ❝♦♥ ❡st❛s ❛❝❝✐♦♥❡s M r❡s✉❧t❛ ✉♥ A✲❜✐♠ó❞✉❧♦✿

(a ·m) · b = ((a⊗ 1) ∗m) · b = (1 ⊗ b)((a⊗ 1) ∗m) = ((1 ⊗ b)(a⊗ 1)) ∗m = (a⊗ b) ∗m,

a · (m · b) = a · ((1 ⊗ b) ∗m) = (a⊗ 1)((1 ⊗ b) ∗m) = ((a⊗ 1)(1 ⊗ b)) ∗m = (a⊗ b) ∗m.

❉❡✜♥✐❝✐ó♥ ✸✳✶✳✷✳ ▲❛ ❤♦♠♦❧♦❣í❛ ② ❝♦❤♦♠♦❧♦❣í❛ ❞❡ ❍♦❝❤s❝❤✐❧❞ ❞❡ ✉♥ A✲❜✐♠ó❞✉❧♦M ♣✉❡❞❡♥
❞❡✜♥✐rs❡ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛ ❬❈❊❪✳

H•(A,M) := TorAe

• (A,M),

H•(A,M) := Ext•Ae(A,M).

❊♥ ❡❧ ❝❛s♦ ♣❛rt✐❝✉❧❛r M = A ♥♦t❛♠♦s ❧❛ ❤♦♠♦❧♦❣í❛ ② ❝♦❤♦♠♦❧♦❣í❛ ❞❡ ❍♦❝❤s❝❤✐❧❞ ❝♦♥
HH•(A) ② HH•(A) r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❈♦♥t❛♠♦s ❝♦♥ ✉♥❛ r❡s♦❧✉❝✐ó♥ ♣r♦②❡❝t✐✈❛ ❞❡ A ❝♦♠♦ Ae✲♠ó❞✉❧♦ ❛ ✐③q✉✐❡r❞❛✱ ❧❧❛♠❛❞❛
r❡s♦❧✉❝✐ó♥ ❇❛r✱ q✉❡ s✐ ❜✐❡♥ ♥♦ ❡s ♠✉② út✐❧ ♣❛r❛ r❡❛❧✐③❛r ❝á❧❝✉❧♦s ❡①♣❧í❝✐t♦s✱ s✐r✈❡ ♣❛r❛ tr❛t❛r
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r❡s✉❧t❛❞♦s ❣❡♥❡r❛❧❡s✱ ② ❥✉❣❛rá ✉♥ ♣❛♣❡❧ ♣r✐♥❝✐♣❛❧ ❡♥ ❧❛ t❡♦rí❛ ❞❡ ❞❡❢♦r♠❛❝✐♦♥❡s✳ ❉✐❝❤❛
r❡s♦❧✉❝✐ó♥ ❡s ❧❛ s✐❣✉✐❡♥t❡✿

· · · // A|A⊗3|A
b′2 // A|A⊗2|A

b′1 // A|A|A
b′0 // A|A

µ // A // 0 ✭✸✳✶✳✶✮

❞♦♥❞❡ µ ❡s ❧❛ ♠✉❧t✐♣❧✐❝❛❝✐ó♥ ❞❡ A ② ❧♦s ❞✐❢❡r❡♥❝✐❛❧❡s bi s♦♥ Ae✲❧✐♥❡❛❧❡s ② ❡stá♥ ❞❡✜♥✐❞♦s ❞❡
❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

b′n(1|a0|a1| · · · |an|1) =

a0| · · · |an|1+
n−1
∑

i=0

(−1)i+11|a0| · · · |aiai+1| · · · |an|1 + (−1)n+11|a0| · · · |an−1|an.

Pr♦♣♦s✐❝✐ó♥ ✸✳✶✳✸✳ ❊❧ ❝♦♠♣❧❡❥♦ ✸✳✶✳✶ ❡s ✉♥❛ r❡s♦❧✉❝✐ó♥ ❧✐❜r❡ ❞❡ A ❝♦♠♦ Ae✲♠ó❞✉❧♦ ❛

✐③q✉✐❡r❞❛✳

❯♥❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❡ ❤❡❝❤♦ ♣✉❡❞❡ ❡♥❝♦♥tr❛rs❡ ❡♥ ❬❈❊❪✳

❯s❛♥❞♦ ❡❧ ❝♦♠♣❧❡❥♦ ❇❛r✱ ❝❛❧❝✉❧❡♠♦s ❧♦s ❝♦♠♣❧❡❥♦s ❝✉②❛ ✭❝♦✮❤♦♠♦❧♦❣í❛ ❡s ❧❛ ❞❡ ❍♦❝❤s❝❤✐❧❞✳

❍♦♠♦❧♦❣í❛✿ ❙❡❛ M ✉♥ Ae✲♠ó❞✉❧♦✳ P❛r❛ ❝❛❧❝✉❧❛r H•(A,M) ❞❡❜❡♠♦s ❛♣❧✐❝❛r ❡❧ ❢✉♥t♦r
(−) ⊗Ae M ❛ ❧❛ r❡s♦❧✉❝✐ó♥ ❇❛r✱ ❧✉❡❣♦✱ ✐❞❡♥t✐✜❝❛♥❞♦ ❞❡ ♠❛♥❡r❛ ❝❛♥ó♥✐❝❛ A|A⊗n|A ⊗Ae M
❝♦♥ A⊗n|Ae ⊗Ae M ② ❝♦♥ A⊗n|M ✱ ♦❜t❡♥❡♠♦s✿

· · · // A⊗3|M
b2 // A⊗2|M

b1 // A|M
b0 // M // 0,

❞♦♥❞❡ ❧♦s ❞✐❢❡r❡♥❝✐❛❧❡s bn ❡stá♥ ❞❛❞♦s ♣♦r✿

bn(a0| · · · |an|m) =

a1| · · · |an|ma0+
n−1
∑

i=0

(−1)i+1a0| · · · |aiai+1| · · · |an|m+ (−1)n+1a0| · · · |an−1|anm,

b0(a|m) = ma−am.

◆♦t❛❝✐ó♥✿ ❆ ❡st❡ ❝♦♠♣❧❡❥♦ ❧♦ ♥♦t❛r❡♠♦s A⊗•|M ✳

❈♦❤♦♠♦❧♦❣í❛✿ ❙❡❛ M ✉♥ Ae✲♠ó❞✉❧♦✳ P❛r❛ ❝❛❧❝✉❧❛r H•(A,M) ❞❡❜❡♠♦s ❛♣❧✐❝❛r ❡❧ ❢✉♥t♦r
HomAe(−,M) ❛ ❧❛ r❡s♦❧✉❝✐ó♥ ❇❛r✳

■❞❡♥t✐✜❝❛♥❞♦ HomAe(A|A⊗n|A,M) ❝♦♥ HomAe(Ae|A⊗n,M) ② ❝♦♥ Homk(A
⊗n,M) ♦❜✲

t❡♥❡♠♦s ❡❧ ❝♦♠♣❧❡❥♦

· · · Homk(A
⊗2,M)

δ2oo Homk(A,M)
δ1oo M

δ0oo 0,oo

❝♦♥ ❧♦s ❞✐❢❡r❡♥❝✐❛❧❡s ❞❛❞♦s ♣♦r✿

δn(f)(a0| · · · |an) =

a0f(a1| · · · |an)+
n−1
∑

i=0

(−1)i+1f(a0| · · · |aiai+1| · · · |an) + (−1)n+1f(a0| · · · |an−1)an,
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♣♦r ❡❥❡♠♣❧♦

δ0(m)(a) = am−ma, δ1(f)(a|b) = af(b) − f(ab) + f(a)b,

δ2(f)(a|b|c) = af(b|c) − f(ab|c) + f(a|bc) − f(a|b)c.

◆♦t❛❝✐ó♥✿ ❆ ❡st❡ ❝♦♠♣❧❡❥♦ ❧♦ ♥♦t❛r❡♠♦s Homk(A
⊗•,M)✳

❈♦❤♦♠♦❧♦❣í❛ r❡❧❛t✐✈❛ ② á❧❣❡❜r❛s s❡♣❛r❛❜❧❡s

❉❡✜♥✐❝✐ó♥ ✸✳✶✳✹✳ ❙❡❛ A ✉♥❛ k✲á❧❣❡❜r❛✱ ② s❡❛ S ⊂ A ✉♥❛ s✉❜á❧❣❡❜r❛✳ ❙❡❛M ✉♥ A✲❜✐♠ó❞✉❧♦✳
❙❡ ❞❡✜♥❡ ❡❧ ❝♦♠♣❧❡❥♦ ❞❡ ❍♦❝❤s❝❤✐❧❞ S✲r❡❧❛t✐✈♦✱ C•(A,S;M) ❝♦♠♦ s✐❣✉❡

C0(A,S;M) = MS = {m ∈M : sm = ms∀ s ∈ S}

② ♣❛r❛ n > 0✱ Cn(A,S;M) ❝♦♥s✐st❡ ❡♥ ❡❧ k✲♠ó❞✉❧♦ ❢♦r♠❛❞♦ ♣♦r ❧♦s ♠♦r✜s♠♦s k✲❧✐♥❡❛❧❡s
f : A⊗n −→M ✱ q✉❡ s❛t✐s❢❛❝❡♥✱ ∀s ∈ S, ∀a1, · · · , an ∈ A

f(sa1| · · · |an) = sf(a1| · · · |an),

f(a1| · · · |ans) = f(a1| · · · |an)s,

f(· · · |ais|ai+1| · · · ) = f(· · · |ai|sai+1| · · · ), ∀ i = 1, · · · , n− 1.

▲♦s ❞✐❢❡r❡♥❝✐❛❧❡s δn : Cn(A,S;M) −→ Cn+1(A,S;M) ❡stá♥ ❞❛❞♦s ♣♦r✿

δn(f)(a0| · · · |an) =

a0f(a1| · · · |an)+

n−1
∑

i=0

(−1)i+1f(a0| · · · |aiai+1| · · · |an) + (−1)n+1f(a0| · · · |an−1)an,

▲❛ ❝♦❤♦♠♦❧♦❣í❛ ❞❡ ❡st❡ ❝♦♠♣❧❡❥♦ s❡ ❧❧❛♠❛ ❝♦❤♦♠♦❧♦❣í❛ ❞❡ ❍♦❝❤s❝❤✐❧❞ S✲r❡❧❛t✐✈❛ ② ❧❛ ♥♦t❛r❡✲
♠♦s H•(A,S;M)✳

❖❜s❡r✈❛❝✐♦♥❡s ✸✳✶✳✺✳ ✶✳ ❙✐ S = k ❡♥t♦♥❝❡s ❧❛ ❝♦❤♦♠♦❧♦❣í❛ ❞❡ ❍♦❝❤s❝❤✐❧❞ r❡❧❛t✐✈❛ ❝♦✐♥✲
❝✐❞❡ ❝♦♥ ❧❛ ❝♦❤♦♠♦❧♦❣í❛ ❞❡ ❍♦❝❤s❝❤✐❧❞✳

✷✳ ▲❛s ✐♥❝❧✉s✐♦♥❡s Cn(A,S;M) −→ Homk(A
⊗n,M) ❢♦r♠❛♥ ✉♥ ♠♦r✜s♠♦ ❞❡ ❝♦♠♣❧❡❥♦s ②

♣♦r ❧♦ t❛♥t♦ ✐♥❞✉❝❡♥ ♠♦r✜s♠♦s Hn(A,S;M) −→ Hn(A,M) ♣❛r❛ t♦❞♦ n ∈ N0✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✶✳✻✳ ▲❛ ❝♦❤♦♠♦❧♦❣í❛ r❡❧❛t✐✈❛ H•(A,S;M) ♣✉❡❞❡ ❝❛❧❝✉❧❛rs❡ ❝♦♠♦ ❧❛ ❝♦❤♦✲

♠♦❧♦❣í❛ ❞❡❧ s✉❜❝♦♠♣❧❡❥♦ C̄•(A,S;M) ❞❡ C•(A,S;M) t❛❧ q✉❡ C̄n(A,S;M) ❝♦♥s✐st❡ ❞❡ ❧♦s

❡❧❡♠❡♥t♦s ❞❡ Cn(A,S;M) q✉❡ ❝✉♠♣❧❡♥ f(a1, · · · , an) = 0 s✐ ❛❧❣ú♥ ai ∈ S✳

❉❡♠♦str❛❝✐ó♥✳ P✉❡❞❡ ❡♥❝♦♥tr❛rs❡ ❡♥ ❬❈❊❪✳

❉❡✜♥✐❝✐ó♥ ✸✳✶✳✼✳ ❯♥❛ k✲á❧❣❡❜r❛ A s❡ ❞✐❝❡ s❡♣❛r❛❜❧❡ s✐ ♣❛r❛ t♦❞❛ ❡①t❡♥s✐ó♥ k ⊂ l✱ Rl :=
R⊗k l ❡s ✉♥❛ l✲á❧❣❡❜r❛ s❡♠✐s✐♠♣❧❡✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✶✳✽✳ ❙❡❛ A ✉♥❛ k✲á❧❣❡❜r❛✳ ❙♦♥ ❡q✉✐✈❛❧❡♥t❡s

✐✮ A ❡s ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥s✐ó♥ ✜♥✐t❛ ② s❡♣❛r❛❜❧❡✳

✸✺



✐✐✮ A ❡s ♣r♦②❡❝t✐✈♦ ❝♦♠♦ Ae✲♠ó❞✉❧♦ ❛ ✐③q✉✐❡r❞❛✳

✐✐✐✮ Hn(A,M) = 0 ♣❛r❛ t♦❞♦ n 6= 0 ② t♦❞♦ ❜✐♠ó❞✉❧♦ M ✳

✐✈✮ Hn(A,M) = 0 ♣❛r❛ t♦❞♦ n 6= 0 ② t♦❞♦ ❜✐♠ó❞✉❧♦ M ✳

❉❡♠♦str❛❝✐ó♥✳ P✉❡❞❡ ❡♥❝♦♥tr❛rs❡ ❡♥ ❬❲❪✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✶✳✾✳ ❙❡❛ S ⊂ A ✉♥❛ k✲á❧❣❡❜r❛ s❡♣❛r❛❜❧❡✳ ❊♥t♦♥❝❡s ❧♦s ♠♦r✜s♠♦s ✐♥❞✉❝✐❞♦s

♣♦r ❧❛ ✐♥❝❧✉s✐ó♥

Hn(A,S;M) −→ Hn(A,M),

s♦♥ ✐s♦♠♦r✜s♠♦s✳

❉❡♠♦str❛❝✐ó♥✳ ❱❡r ❬●❙❪ ♣❛r❛ ✉♥❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❛ ♣r♦♣♦s✐❝✐ó♥✳

Pr♦❞✉❝t♦ ❈✉♣

❙❡ ♣✉❡❞❡ ❞❡✜♥✐r ✉♥ ♣r♦❞✉❝t♦ ❡♥
⊕∞

i=0 Homk(A
⊗i, A) q✉❡ ❞❛ ❛❧ ❝♦♠♣❧❡❥♦ ✉♥❛ ❡str✉❝t✉r❛ ❞❡

á❧❣❡❜r❛ ❞✐❢❡r❡♥❝✐❛❧ ❣r❛❞✉❛❞❛✳

❉❡✜♥✐❝✐ó♥ ✸✳✶✳✶✵✳ ❉❛❞♦s ❡❧❡♠❡♥t♦s ❤♦♠♦❣é♥❡♦s✱ φ ∈ Homk(A
⊗n, A) ② ψ ∈ Homk(A

⊗m, A)✱
❡❧ ♣r♦❞✉❝t♦ ❝✉♣ ❞❡ φ ② ψ ❡s ❡❧ ❡❧❡♠❡♥t♦ φ ⌣ ψ ∈ Homk(A

⊗(n+m), A) ❞❡✜♥✐❞♦ ♣♦r✿

φ ⌣ ψ(a1| · · · |an|an+1| · · · |an+m) = φ(a1| · · · |an)ψ(an+1| · · · |an+m).

▲❡♠❛ ✸✳✶✳✶✶✳ ❙❡❛♥ φ ② ψ ❡❧❡♠❡♥t♦s ❤♦♠♦❣é♥❡♦s ❞❡ ❣r❛❞♦s n ② m r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊❧

♣r♦❞✉❝t♦ ❝✉♣ s❛t✐s❢❛❝❡ δn+m(φ ⌣ ψ) = δn(φ) ⌣ ψ + (−1)nmφ ⌣ δm(ψ)✳

❈♦r❝❤❡t❡ ❞❡ ●❡rst❡♥❤❛❜❡r

❚❛♠❜✐é♥ ♣✉❡❞❡ ❞❡✜♥✐rs❡ ❡♥
⊕∞

i=0 Homk(A
⊗i, A) ✉♥❛ ❡str✉❝t✉r❛ ❞❡ s✉♣❡rá❧❣❡❜r❛ ❞❡ ▲✐❡ ❞❡

❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✳

❉❡✜♥✐❝✐ó♥ ✸✳✶✳✶✷✳ ❉❛❞❛s f ∈ Homk(A
⊗n, A) ② g ∈ Homk(A

⊗m, A)✱ s❡ ❞❡✜♥❡ ❡❧ ❛s♦❝✐❛❞♦r
❞❡ f ② g✱ f ◦ g ∈ Homk(A

⊗m+n−1, A) ❝♦♠♦

f ◦g(a1| · · · |an+m−1) =

n
∑

i=1

(−1)(i−1)(m−1)f(a1| · · · |ai−1|g(ai| · · · |ai+m−1)|ai+m| · · · |an+m−1)

② ❡❧ ❝♦r❝❤❡t❡ ❞❡ ●❡rst❡♥❤❛❜❡r ❝♦♠♦

[f, g] = f ◦ g − (−1)(n−1)(m−1)g ◦ f.

▲❡♠❛ ✸✳✶✳✶✸✳ ❉❛❞❛s f ∈ Homk(A
⊗n, A) ② g ∈ Homk(A

⊗m, A)✱ s❡ t✐❡♥❡♥ ❧❛s s✐❣✉✐❡♥t❡s

✐❞❡♥t✐❞❛❞❡s

✶✳ δ(f ◦ g) = f ◦ δ(g) + (−1)m−1δ(f) ◦ g + (−1)(m−1)(g ⌣ f − (−1)nmf ⌣ g)✱

✷✳ (f ◦ g) ◦ g = f ◦ (g ◦ g)✳

✸✻



▲❛ ❞❡♠♦str❛❝✐ó♥ s❡ ♦❜t✐❡♥❡ ♣♦r ❝á❧❝✉❧♦ ❞✐r❡❝t♦✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✶✳✶✹✳ ✶✳ ▲❛ r❡str✐❝❝✐ó♥ ❞❡❧ ❝♦r❝❤❡t❡ ❞❡ ●❡rst❡♥❤❛❜❡r ❛ Homk(A,A) ❞❛ ❛
❡st❡ ❡s♣❛❝✐♦ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ▲✐❡✱ q✉❡ ❝♦✐♥❝✐❞❡ ❝♦♥ ❧❛ ✉s✉❛❧ ❡♥ Lie(Endk(A))✳

✷✳ ◆♦ ♥❡❝❡s❛r✐❛♠❡♥t❡ ✈❛❧❡ q✉❡ [f, f ] = 0✳

❚❡♦r❡♠❛ ✸✳✶✳✶✺✳ ❈♦♥ ❧❛s ♥♦t❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s✱ s❡❛♥ f, g, h ❞❡ ❣r❛❞♦s n,m, p r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✱ ❡♥t♦♥❝❡s✿

✶✳ [f, g] = (−1)(n−1)(m−1)[g, f ]✱

✷✳ (−1)(n−1)(p−1)[[f, g], h] + (−1)(m−1)(n−1)[[g, h], f ] + (−1)(p−1)(m−1)[[h, f ], g] = 0✱

✸✳ δ([f, g]) = [f, δ(g)] + (−1)m−1[δf, g]✳

❉❡♠♦str❛❝✐ó♥✳ ❯♥❛ ♣r✉❡❜❛ ♣✉❡❞❡ ❡♥❝♦♥tr❛rs❡ ❡♥ ❬●❙❪✳

✸✳✶✳✷ ❈♦❤♦♠♦❧♦❣í❛ ❞❡ ❍♦❝❤s❝❤✐❧❞ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡

❱❡❛♠♦s ❛❤♦r❛ ✉♥ r❡s✉❧t❛❞♦ q✉❡ ♥♦s ♣❡r♠✐t✐rá ❝❛❧❝✉❧❛r ❞❡ ❢♦r♠❛ ♠ás ❡❢❡❝t✐✈❛ ❧❛ ✭❝♦✮❤♦♠♦❧♦❣í❛
❞❡ ❍♦❝❤s❝❤✐❧❞ ❡♥ ❡❧ ❝❛s♦ ❡♥ q✉❡ A ❡s ❡❧ á❧❣❡❜r❛ ❡♥✈♦❧✈❡♥t❡ ❞❡ ✉♥ á❧❣❡❜r❛ ❞❡ ▲✐❡✿

Pr♦♣♦s✐❝✐ó♥ ✸✳✶✳✶✻✳ ❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡ ② s❡❛ A = U(g) s✉ á❧❣❡❜r❛ ❡♥✈♦❧✈❡♥t❡✱

❡♥t♦♥❝❡s ❡①✐st❡♥ ✐s♦♠♦r✜s♠♦s ♥❛t✉r❛❧❡s✿

HH•(A) ∼= H•
Lie(g, A

ad), HH•(A) ∼= HLie
• (g, Aad),

❞♦♥❞❡ Aad ❞❡♥♦t❛ ❛ A ❝♦♥ ❧❛ ❡str✉❝t✉r❛ ❞❡ g✲♠ó❞✉❧♦ ❞❛❞❛ ♣♦r ❧❛ ❛❝❝✐ó♥ g · x = gx − xg✱
❧❧❛♠❛❞❛ ✏❛❝❝✐ó♥ ❛❞❥✉♥t❛✑✳

❉❡♠♦str❛❝✐ó♥✳ ❉❛r❡♠♦s ❧❛ ♣r✉❡❜❛ só❧♦ ♣❛r❛ ❧❛ ❝♦❤♦♠♦❧♦❣í❛✱ ♣❛r❛ ❧❛ ❤♦♠♦❧♦❣í❛ ❧❛ ❞❡♠♦s✲
tr❛❝✐ó♥ ❡s ❛♥á❧♦❣❛✳ ▲♦ q✉❡ q✉❡r❡♠♦s ♣r♦❜❛r ❡s q✉❡ Ext•Ae(A,A) ∼= Ext•A(k,Aad)✳

P❛r❛ ❝❛❧❝✉❧❛r Ext•A(k,Aad) ❞❡❜❡♠♦s r❡s♦❧✈❡r ♣r♦②❡❝t✐✈❛♠❡♥t❡ ❛ k ❝♦♠♦ A✲♠ó❞✉❧♦ tr✐✈✐❛❧✱
♣❛r❛ ❡s♦ ✉t✐❧✐③❛♠♦s ❧❛ r❡s♦❧✉❝✐ó♥ ❞❡ ❈❤❡✈❛❧❧❡②✲❊✐❧❡♥❜❡r❣✿

· · · // A| ∧3 g
d3 // A| ∧2 g

d2 // A|g
d1 // A

ǫ // k // 0, ✭✸✳✶✳✷✮

❛♣❧✐❝❛♠♦s ❛ ❧❛ r❡s♦❧✉❝✐ó♥ ❡❧ ❢✉♥t♦r HomA(−, Aad) ② ♦❜t❡♥❡♠♦s ❡❧ ❝♦♠♣❧❡❥♦✿

· · · HomA(A| ∧2 g, Aad)oo HomA(A|g, Aad)
δ̃2oo HomA(A,Aad)

δ̃1oo 0.oo

❯s❛♥❞♦ ❡❧ ✐s♦♠♦r✜s♠♦ ❝❛♥ó♥✐❝♦ HomA(A|∧⊗n, Aad) ≃ Homk(∧
⊗n, Aad)✱ q✉❡❞❛✿

· · · Homk(∧
2g, Aad)

δ3oo Homk(g, A
ad)

δ2oo Aad
δ1oo 0oo ✭✸✳✶✳✸✮

✸✼



② s✐❣✉✐❡♥❞♦ ❧❛s ✢❡❝❤❛s s❡ ♣✉❡❞❡ ✈❡r✐✜❝❛r q✉❡ ❧♦s ❞✐❢❡r❡♥❝✐❛❧❡s s♦♥✿

δn(f)(x0 ∧ · · · ∧ xn) =
n

∑

i=0

(−1)ixi · f(x0 ∧ · · · ∧ x̂i ∧ · · · ∧ xn) +

+
∑

i<j

(−1)i+jf([xi, xj ] ∧ x0 ∧ · · · ∧ x̂i ∧ · · · ∧ x̂j ∧ · · · ∧ xn)

❞♦♥❞❡ ❧❛ ❛❝❝✐ó♥ q✉❡ ✜❣✉r❛ ❡♥ ❡❧ ♣r✐♠❡r s✉♠❛♥❞♦ ❡s ❧❛ ❛❝❝✐ó♥ ❛❞❥✉♥t❛ ❞❡✜♥✐❞❛ ❡♥ ❡❧ ❡♥✉♥❝✐❛❞♦
❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥✳ P♦r ❧♦ t❛♥t♦✱ Ext•A(k,Aad) ❡s ❧❛ ❤♦♠♦❧♦❣í❛ ❞❡❧ ❝♦♠♣❧❡❥♦ ✸✳✶✳✸✳ ▲♦ q✉❡
✈❛♠♦s ❛ ✈❡r ❡s q✉❡ ❡st❡ ❝♦♠♣❧❡❥♦ s❡ ♣✉❡❞❡ ♦❜t❡♥❡r ❛♣❧✐❝❛♥❞♦ ❡❧ ❢✉♥t♦r HomAe(−, A) ❛ ✉♥
❝♦♠♣❧❡❥♦ ❞❡ Ae✲♠ó❞✉❧♦s ❧✐❜r❡s q✉❡ ❡s ❤♦♠♦tó♣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ ❛❧ ❝♦♠♣❧❡❥♦ ❇❛r✱ ❤❡❝❤♦
q✉❡ ❝♦♥❞✉❝✐rá ❛ ❧♦s ✐s♦♠♦r✜s♠♦s ❜✉s❝❛❞♦s ❡♥ ❧❛ ♣r♦♣♦s✐❝✐ó♥✳ P❛r❛ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ❞✐❝❤♦
❝♦♠♣❧❡❥♦ ✈❛♠♦s ❛ ♥❡❝❡s✐t❛r ❛❧❣✉♥❛s ❞❡✜♥✐❝✐♦♥❡s✳

❈♦♥s✐❞❡r❡♠♦s s♦❜r❡ Ae ❧❛s s✐❣✉✐❡♥t❡s ❡str✉❝t✉r❛s ❞❡ Ae✲♠ó❞✉❧♦ ❛ ✐③q✉✐❡r❞❛ ② A✲♠ó❞✉❧♦
❛ ❞❡r❡❝❤❛ r❡s♣❡❝t✐✈❛♠❡♥t❡✿

x⊗ y ⇀ a⊗ b = xa⊗ by ✭♠✉❧t✐♣❧✐❝❛❝✐ó♥ ✉s✉❛❧ ❡♥Ae),

a⊗ b ↼ z =
∑

az1 ⊗ S(z2)b ✭❛❝❝✐ó♥ ❛❞❥✉♥t❛✮.

❱❡❛♠♦s q✉❡ ❡st❛s ❛❝❝✐♦♥❡s ❞❛♥ ❛ Ae ✉♥❛ ❡str✉❝t✉r❛ ❞❡ Ae✲A ❜✐♠ó❞✉❧♦✿

(x⊗ y ⇀ a⊗ b) ↼ z = xa⊗ by ↼ z =
∑

xaz1 ⊗ S(z2)by,

x⊗ y ⇀ (a⊗ b ↼ z) = x⊗ y ⇀
∑

az1 ⊗ S(z2)b =
∑

xaz1 ⊗ S(z2)by.

❈♦♥ ❡st❛ ❡str✉❝t✉r❛ ❞❡ A✲♠ó❞✉❧♦ ❛ ❞❡r❡❝❤❛✱ Ae r❡s✉❧t❛ ✉♥ A✲♠ó❞✉❧♦ ❧✐❜r❡✳ ❱❡r ❬❲✐t❪
♣❛r❛ ✉♥❛ ❞❡♠♦str❛❝✐ó♥✳
❙❡❛ K• ❧❛ r❡s♦❧✉❝✐ó♥ ❞❡ ❈❤❡✈❛❧❧❡②✲❊✐❧❡♥❜❡r❣ ✸✳✶✳✷✳ ❈♦♠♦ Ae ❡s ♣r♦②❡❝t✐✈♦ ❝♦♠♦ A✲♠ó❞✉❧♦
❛ ❞❡r❡❝❤❛✱ ❡♥t♦♥❝❡s Ae ⊗A K• r❡s✉❧t❛ ✉♥❛ s✉❝❡s✐ó♥ ❡①❛❝t❛✳ ■❞❡♥t✐✜❝❛♥❞♦ ❝❛♥ó♥✐❝❛♠❡♥t❡ ❛
Ae ⊗A A| ∧

• g ❝♦♥ Ae| ∧• g ② ❝♦♥ A| ∧• g|A❀ ② t❛♠❜✐é♥ ❛ Ae ⊗A k ❝♦♥ Ae ⊗A A/Ker ǫ ② ❝♦♥
Ae/Ae · Ker ǫ = Ae/Kerµ ∼= A✱ ❧❛ s✉❝❡s✐ó♥ Ae ⊗A K• s❡ tr❛♥s❢♦r♠❛ ❡♥✿

· · · // A| ∧3 g|A
d2 // A| ∧2 g|A

d1 // A|g|A
d0 // Ae

µ // A // 0,

❝♦♥ ❞✐❢❡r❡♥❝✐❛❧❡s ❞❛❞♦s ♣♦r

dn(1|x0 ∧ · · · ∧ xn|1) =
n

∑

i=0

(−1)i(xi|x0 ∧ · · · ∧ x̂i ∧ · · · ∧ xn|1 − 1|x0 ∧ · · · ∧ x̂i ∧ · · · ∧ xn|xi) +

+
∑

i<j

(−1)i+j1|[xi, xj ] ∧ x0 ∧ · · · ∧ x̂i ∧ · · · ∧ x̂j ∧ · · · ∧ xn|1 s✐ n > 0,

d0(1|x|1) = x|1 − 1|x.

❙❡ ♣✉❡❞❡ ✈❡r✐✜❝❛r q✉❡ ❛❧ ❛♣❧✐❝❛r❧❡ ❡❧ ❢✉♥t♦r HomAe(−, A) ❛ ❡st❛ r❡s♦❧✉❝✐ó♥ ❞❡ A ❝♦♠♦ Ae✲
♠ó❞✉❧♦ ❛ ✐③q✉✐❡r❞❛✱ ♦❜t❡♥❡♠♦s ❡❧ ❝♦♠♣❧❡❥♦ ✸✳✶✳✸✱ ❝✉②❛ ❤♦♠♦❧♦❣í❛ ❡s Ext•A(k,Aad)✱ ❝♦♠♦

✸✽



❤❛❜í❛♠♦s ♦❜s❡r✈❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡✳ ❆❞❡♠ás✱ ❛ ❡st❛ r❡s♦❧✉❝✐ó♥ ❞❡ A ❧❛ ♣♦❞❡♠♦s ❝♦♠♣❛r❛r
❝♦♥ ❧❛ r❡s♦❧✉❝✐ó♥ ❇❛r ❧❡✈❛♥t❛♥❞♦ ❧❛ ✐❞❡♥t✐❞❛❞ ❞❡ A ❡♥ ❛♠❜♦s s❡♥t✐❞♦s✿

· · · // A| ∧3 g|A //

ϕ

��

A| ∧2 g|A //

ϕ

��

A|g|A //

ϕ

��

Ae //

ϕ

��

A // 0

· · · // A|A⊗3|A //

η

OO

A|A⊗2|A //

η

OO

A|A|A //

η

OO

Ae //

η

OO

A // 0

▲❛s ❝♦♠♣♦s✐❝✐♦♥❡s ϕ ◦ η ② η ◦ ϕ s♦♥ ❤♦♠♦tó♣✐❝❛s ❛ ❧❛s r❡s♣❡❝t✐✈❛s ✐❞❡♥t✐❞❛❞❡s ♣♦r s❡r
❧❡✈❛♥t❛❞♦s ❞❡ ❧❛ ✐❞❡♥t✐❞❛❞✱ ♣♦r ❧♦ t❛♥t♦✱ ❛❧ ❛♣❧✐❝❛r HomAe(−, A) ❡st♦s ♠♦r✜s♠♦s r❡s✉❧t❛♥
♠✉t✉❛♠❡♥t❡ ✐♥✈❡rs♦s ❛ ♥✐✈❡❧ ❤♦♠♦❧♦❣í❛✱ ❝♦♥❝❧✉②❡♥❞♦ ❧❛ ❞❡♠♦str❛❝✐ó♥✳

❈♦r♦❧❛r✐♦ ✸✳✶✳✶✼✳ ❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞❡ ❞✐♠❡♥s✐ó♥ n ∈ N ② s❡❛ A = U(g) s✉

á❧❣❡❜r❛ ❡♥✈♦❧✈❡♥t❡✱ ❡♥t♦♥❝❡s HH i(A) = 0 ② HHi(A) = 0 ,∀i > n✳

❈♦r♦❧❛r✐♦ ✸✳✶✳✶✽✳ ❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡ ② A = U(g) s✉ á❧❣❡❜r❛ ❡♥✈♦❧✈❡♥t❡✳ ❊♥t♦♥❝❡s

❡①✐st❡ ✉♥ ♠♦r✜s♠♦ ♥❛t✉r❛❧ ❞❡ k✲❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s ✐♥❞✉❝✐❞♦ ♣♦r ❧❛ ✐♥❝❧✉s✐ó♥ i : g −→ A

H•
Lie(g, g) // HH•(A).

❉❡♠♦str❛❝✐ó♥✳ ▲❛ ✐♥❝❧✉s✐ó♥ i : g −→ A ✐♥❞✉❝❡ ✉♥❛ tr❛♥s❢♦r♠❛❝✐ó♥ ♥❛t✉r❛❧ i∗ : F −→ G
❡♥tr❡ ❧♦s ❢✉♥t♦r❡s F = HomA(−, g) ② G = HomA(−, A)✳ ▲✉❡❣♦✱ ❧❧❛♠❛♥❞♦ ❝♦♠♦ ❛♥t❡s K•

❛ ❧❛ r❡s♦❧✉❝✐ó♥ ❞❡ ❈❤❡✈❛❧❧❡②✲❊✐❧❡♥❜❡r❣✱ ❡st❛ tr❛♥s❢♦r♠❛❝✐ó♥ ♥❛t✉r❛❧ ✐♥❞✉❝❡ ✉♥ ♠♦r✜s♠♦ ❞❡
❝♦♠♣❧❡❥♦s φ : F (K•) −→ G(K•) q✉❡ ♣❛s❛ ❛ ❧❛ ❤♦♠♦❧♦❣í❛✿

Ext•A(k, g) // Ext•A(k,Aad).

✸✳✶✳✸ ❯♥ ❡❥❡♠♣❧♦✿ ❈♦❤♦♠♦❧♦❣í❛ ❞❡ ❍♦❝❤s❝❤✐❧❞ ❞❡❧ á❧❣❡❜r❛ ❡♥✈♦❧✈❡♥t❡ ❞❡❧
á❧❣❡❜r❛ ❞❡ ❍❡✐s❡♥❜❡r❣

❉❡✜♥✐❝✐♦♥❡s ② ♥♦t❛❝✐♦♥❡s ♣r❡✈✐❛s

❙❡❛ k ✉♥ ❝✉❡r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ✵✳

❉❡✜♥✐❝✐ó♥ ✸✳✶✳✶✾✳ ❊❧ á❧❣❡❜r❛ ❞❡ ❍❡✐s❡♥❜❡r❣ h = h3 ❡s ❡❧ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞❡ ❞✐♠❡♥s✐ó♥ 3
s♦❜r❡ k ❝♦♥ ❜❛s❡ {x, y, z} ② ❝♦r❝❤❡t❡ ❞❛❞♦ ♣♦r✿ [x, y] = z, [x, z] = [y, z] = 0✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✶✳✷✵✳ ❊❧ á❧❣❡❜r❛ ❡♥✈♦❧✈❡♥t❡ ❞❡ h ❡s✿

U(h) =
k < x, y, z >

〈xy − yx− z, xz − zx, yz − zy〉
.

❯t✐❧✐③❛r❡♠♦s ❧❛s s✐❣✉✐❡♥t❡s ♥♦t❛❝✐♦♥❡s✿

✶✳ ◆♦t❛r❡♠♦s ❝♦♥ kU(h)(x, y) ❛❧ k−s✉❜❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❞❡ U(h) ❣❡♥❡r❛❞♦ ♣♦r ❧♦s ❡❧❡✲
♠❡♥t♦s ❞❡ ❧❛ ❢♦r♠❛ xiyj ♣❛r❛ i, j ≥ 0 q✉❡✱ ♣♦r ❡❧ t❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré✲❇✐r❦❤♦✛✲❲✐tt✱
❝✉♠♣❧❡✿ U(h) = kU(h)(x, y)⊕z U(h)✳ ❉❡✜♥✐♠♦s ❛♥á❧♦❣❛♠❡♥t❡ kU(h)(x, z) ② kU(h)(y, z)✳

✸✾



✷✳ ◆♦t❛r❡♠♦s ❝♦♥ U(h)ad ❛ U(h) ✈✐st♦ ❝♦♠♦ h✲♠ó❞✉❧♦ ❝♦♥ ❧❛ ❛❝❝✐ó♥ ❛❞❥✉♥t❛✿ g·p = gp−pg✳

✸✳ P❛r❛ p ∈ U(h)✱ p =
∑

(i,j,k)∈N3
0

λi,j,kx
iyjzk✱ ❞❡✜♥✐♠♦s✿

∫

x

p =
∑

(i,j,k)∈N3
0

λi,j,k(i+ 1)−1xi+1yjzk ∂p

∂x
=

∑

i≥1,j,k≥0

λi,j,kix
i−1yjzk

② t❛♠❜✐é♥ ❞❛♠♦s ❞❡✜♥✐❝✐♦♥❡s ❛♥á❧♦❣❛s ♣❛r❛
∫

y
p ② ∂p

∂y
✳

▲❡♠❛ ✸✳✶✳✷✶✳ ❙❡❛ p ∈ U(h)ad✱ ❡♥t♦♥❝❡s✿

x · p = z
∂p

∂y
✭✸✳✶✳✹✮

y · p = −z
∂p

∂x
✭✸✳✶✳✺✮

z · p = 0 ✭✸✳✶✳✻✮

❉❡♠♦str❛❝✐ó♥✳ Pr✐♠❡r♦ ✈❡❛♠♦s q✉❡ ynx = xyn−nyn−1z ♣❛r❛ t♦❞♦ n ∈ N✳ ❙✐ n = 1 s❡ s✐❣✉❡
❞❡ ❧❛s r❡❧❛❝✐♦♥❡s ❞❡❧ á❧❣❡❜r❛✳ P♦r ✐♥❞✉❝❝✐ó♥✿

yn+1x = yynx = y(xyn−nyn−1z) = yxyn−nynz = (xy−z)yn−nynz = xyn+1−(n+1)ynz.

❱❡❛♠♦s ✸✳✶✳✹✳ ❇❛st❛ ♣r♦❜❛r❧♦ ♣❛r❛ ❧♦s ♠♦♥♦♠✐♦s✱ s❡❛ ❡♥t♦♥❝❡s p = xmynzr✳ ❙✐ n = 0 ❡❧
r❡s✉❧t❛❞♦ s❡ s✐❣✉❡ tr✐✈✐❛❧♠❡♥t❡ ♣✉❡s ❛♠❜♦s ❧❛❞♦s ❞❡ ❧❛ ✐❣✉❛❧❞❛❞ s♦♥ ♥✉❧♦s✱ s✐ n ≥ 1✿

x · p = xp− px = xm+1ynzr − xmynxzr

= xm+1ynzr − xm(xyn − nyn−1z)zr

= nxmyn−1zr+1.

P❛r❛ ♣r♦❜❛r ✸✳✶✳✺✱ ♦❜s❡r✈❡♠♦s ♣r✐♠❡r♦ q✉❡ U(h) t✐❡♥❡ ✉♥ ❛✉t♦♠♦r✜s♠♦ Ψ ❞❛❞♦ ♣♦r Ψ(x) =
y✱ Ψ(y) = x ② Ψ(z) = −z✱ ❛♣❧✐❝❛♥❞♦ Ψ ❛ ❧❛ ✐❣✉❛❧❞❛❞ ymx = xym −mym−1z ❝♦♥ m ∈ N

♦❜t❡♥❡♠♦s xmy = yxm + mxm−1z✱ ❡s ❞❡❝✐r✱ yxm = xmy − mxm−1z❀ ② ♣❛r❛ p = xmynzr

t❡♥❡♠♦s q✉❡

y · p = yp− py = yxmynzr − xmyn+1zr

= (xmy −mxm−1z)ynzr − xmyn+1zr

= −mxm−1ynzr+1.

P♦r ú❧t✐♠♦✱ ♣❛r❛ ♣r♦❜❛r ✸✳✶✳✻ ❜❛st❛ ♦❜s❡r✈❛r q✉❡ z ❡stá ❡♥ ❡❧ ❝❡♥tr♦ ❞❡ U(h)✱ ❧✉❡❣♦ z · p =
zp− pz = 0✳

❈á❧❝✉❧♦ ❞❡ ❧❛ ❝♦❤♦♠♦❧♦❣í❛

❯t✐❧✐③❛♥❞♦ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✸✳✶✳✶✻✱ ❝❛❧❝✉❧❛r❡♠♦s H•
Lie(h,U(h)ad)❀ ② ♣❛r❛ ❡st♦ ✉s❛♠♦s ❧❛ r❡s♦✲

❧✉❝✐ó♥ ❞❡ ❈❤❡✈❛❧❧❡②✲❊✐❧❡♥❜❡r❣✿

0 // U(h)| ∧3 h
d3 // U(h)| ∧2 h

d2 // U(h)|h
d1 // U(h)

ǫ // k // 0,

✹✵



❞♦♥❞❡ ǫ ❡s ❧❛ ❛✉♠❡♥t❛❝✐ó♥ ②

d1(u|g) = ug,

d2(u|g1 ∧ g2) = ug1|g2 − ug2|g1 − u|[g1, g2],

d3(u|g1 ∧ g2 ∧ g3) = ug1|g2 ∧ g3 − ug2|g1 ∧ g3 + ug3|g1 ∧ g2 +

− u|[g1, g2] ∧ g3 + u|[g1, g3] ∧ g2 − u|[g2, g3] ∧ g1.

❆♣❧✐❝❛♥❞♦ HomU(h)(−,U(h)ad)✱ ✐❞❡♥t✐✜❝❛♥❞♦ HomU(h)(U(h)|∧nh,U(h)ad) ❝♦♥ Homk(∧
nh,U(h)ad)

❝♦♠♦ k✲❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s ② HomU(h)(U(h),U(h)ad) ❝♦♥ U(h)ad✱ r❡s✉❧t❛✿

0 Homk(∧3h,U(h)ad)oo Homk(∧2h,U(h)ad)
δ2oo Homk(h,U(h)ad)

δ1oo U(h)ad
δ0oo 0,oo

❞♦♥❞❡✿

δ0(u)(g) = g · u,

δ1(f)(g1 ∧ g2) = g1 · f(g2) − g2 · f(g1) − f([g1, g2]),

δ2(h)(g1 ∧ g2 ∧ g3) = g1 · h(g2 ∧ g3) − g2 · h(g1 ∧ g3) + g3 · h(g1 ∧ g2) +

− h([g1, g2] ∧ g3) + h([g1, g3] ∧ g2]) − h([g2, g3], g1).

P❛r❛ ♦❜t❡♥❡r ✉♥❛ ❞❡s❝r✐♣❝✐ó♥ ♠❛s ♣r❡❝✐s❛ ❞❡ ❧♦s ♥ú❝❧❡♦s ❞❡ ❧♦s ❞✐❢❡r❡♥❝✐❛❧❡s δi✱ ❡✈❛❧✉❡♠♦s
❡st❛s ❡①♣r❡s✐♦♥❡s ❡♥ ❜❛s❡s ❛❞❡❝✉❛❞❛s✳ ❱❛♠♦s ❛ ❝♦♥s✐❞❡r❛r ♣❛r❛ ❡st♦ {x, y, z}✱ {x ∧ y, x ∧
z, y ∧ z} ② {x ∧ y ∧ z} ❜❛s❡s ❞❡ h✱ ∧2h ② ∧3h r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❡ ❡st❛ ♠❛♥❡r❛ ✈❡♠♦s q✉❡
Ker δ0 ❡s ❡❧ ❝❡♥tr♦ ❞❡ U(h)✳ ❚❛♠❜✐é♥ ✈❡♠♦s q✉❡ f ∈ Ker δ1 s✐ ② s♦❧♦ s✐ δ1(f)(x ∧ y) =
δ1(f)(x ∧ z) = δ1(f)(y ∧ z) = 0✱ ❧♦ q✉❡ s❡ tr❛❞✉❝❡ ❡♥ ✿

0 = δ1(f)(x ∧ y) = x · f(y) − y · f(x) − f([x, y]) = z
∂f(y)

∂y
+ z

∂f(x)

∂x
− f(z),

0 = δ1(f)(x ∧ z) = x · f(z) − z · f(x) − f([x, z]) = z
∂f(z)

∂y
,

0 = δ1(f)(y ∧ z) = y · f(z) − z · f(y) − f([y, z]) = −z
∂f(z)

∂x
,

❡s ❞❡❝✐r q✉❡ f ∈ Ker δ1 s✐ ② s♦❧♦ s✐✿

f(z) = z
∂f(y)

∂y
+ z

∂f(x)

∂x
, ✭✸✳✶✳✼✮

∂f(z)

∂y
=
∂f(z)

∂x
= 0. ✭✸✳✶✳✽✮

P♦r ú❧t✐♠♦✱ ✈❡♠♦s q✉❡ h ∈ Ker δ2 s✐ ② s♦❧♦ s✐

0 = δ2(h)(x ∧ y ∧ z)

= x · h(y ∧ z) − y · h(x ∧ z) + z · h(x ∧ y) − h([x, y] ∧ z) + h([x, z] ∧ y]) − h([y, z], x)

= x · h(y ∧ z) − y · h(x ∧ z) + z · h(x ∧ y) − h(z ∧ z)

= z
∂h(y ∧ z)

∂y
+ z

∂h(x ∧ z)

∂x
,

✹✶



❝♦♠♦ z ♥♦ ❡s ❞✐✈✐s♦r ❞❡ ✵ ❡♥ U(h)✱ ❡st♦ q✉✐❡r❡ ❞❡❝✐r q✉❡ h ∈ Ker δ2 s✐ ② s♦❧♦ s✐✿

−
∂h(y ∧ z)

∂y
=
∂h(x ∧ z)

∂x
. ✭✸✳✶✳✾✮

❖❜s❡r✈❛❝✐ó♥ ✸✳✶✳✷✷✳ P❛r❛ tr❛❜❛❥❛r ♠❛s ❝ó♠♦❞❛♠❡♥t❡✱ ✈❛♠♦s ❛ ✐❞❡♥t✐✜❝❛r ❛ Homk(h,U(h))
❝♦♥ h∗|U(h) ② ♥♦t❛r ❝♦♥ {dx, dy, dz} ❛ ❧❛ ❜❛s❡ ❞✉❛❧ ❞❡ {x, y, z}✱ t❛♠❜✐é♥ ✈❛♠♦s ❛ ✐❞❡♥t✐✜❝❛r
❛ Homk(∧

2h,U(h)) ❝♦♥ ∧2h∗|U(h) ② ♥♦t❛r ❝♦♥ {dx∧y, dx∧z, dy∧z} ❛ ❧❛ ❜❛s❡ ❞✉❛❧ ❞❡ {x∧y, x∧
z, y ∧ z}✳ ❯s❛♥❞♦ ❡st❛ ♥♦t❛❝✐ó♥✱ ② t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛s ❝✉❡♥t❛s ❤❡❝❤❛s ❛♥t❡r✐♦r♠❡♥t❡✱ ❧♦s
❞✐❢❡r❡♥❝✐❛❧❡s δ0 ② δ1 ② δ2 q✉❡❞❛♥

δ0(u) = dx|z
∂u

∂y
− dy|z

∂u

∂x
✭✸✳✶✳✶✵✮

δ1(dx|u1 + dy|u2 + dz|u3) = dx∧y|(z
∂u2

∂y
+ z

∂u1

∂x
− u3)+ ✭✸✳✶✳✶✶✮

dx∧z|z
∂u3

∂y
− dy∧z|z

∂u3

∂x

δ2(dx∧y|v1 + dx∧z|v2 + dy∧z|v3) = z
∂v3
∂y

+ z
∂v2
∂x

✭✸✳✶✳✶✷✮

Pr♦♣♦s✐❝✐ó♥ ✸✳✶✳✷✸✳ ❊❧ ❝❡♥tr♦ ❞❡ U(h)✱ ❡s ❞❡❝✐r HH0(U(h))✱ ❡s ✐❣✉❛❧ ❛ k[z]✳

❉❡♠♦str❛❝✐ó♥✳ HH0(U(h)) = Ker δ0 = {u ∈ U(h) : g · u = 0∀ g ∈ h} = {u ∈ U(h) : x · u =
0, y · u = 0, z · u = 0}✳ P♦r ❡❧ ▲❡♠❛ ✸✳✶✳✷✶✱ u ∈ HH0(U(h)) s✐ ② s♦❧♦ s✐ z ∂u

∂x
= z ∂u

∂y
= 0✳

❊❧ t❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré ✲ ❇✐r❦❤♦✛ ✲ ❲✐tt ❣❛r❛♥t✐③❛ q✉❡ z ♥♦ ❡s ❞✐✈✐s♦r ❞❡ ✵✱ ❧✉❡❣♦ u ∈
HH0(U(h)) s✐ ② s♦❧♦ s✐ ∂u

∂x
= ∂u

∂y
= 0✱ ❡s ❞❡❝✐r✱ s✐ ② s♦❧♦ s✐ u ∈ k[z]✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✶✳✷✹✳ ❯♥❛ ❜❛s❡ ❞❡❧ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ HH1(U(h)) ❡stá ❞❛❞❛ ♣♦r ❡❧ ❝♦♥❥✉♥t♦

❢♦r♠❛❞♦ ♣♦r ❧❛s ❝❧❛s❡s ❞❡ ❧♦s ❡❧❡♠❡♥t♦s✿

ai,j := dx|xiyj − dy|i(j + 1)−1xi−1yj+1 ❝♦♥ i, j ≥ 0,

bi := dy|xi ❝♦♥ i ≥ 0,

ci := dy|yzi + dz|zi+1 ❝♦♥ i ≥ 0.

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ f = dx|u1 +dy|u2 +dz|u3 ∈ Ker δ1✳ ❱❡❛♠♦s ♣r✐♠❡r♦ q✉❡ ❡①✐st❡ û ∈ U(h)
t❛❧ q✉❡ f − δ0(û) ❡stá ❣❡♥❡r❛❞♦ ♣♦r ❧♦s ❡❧❡♠❡♥t♦s ❞❡❧ t✐♣♦ a, b, c ❞❡❧ ❡♥✉♥❝✐❛❞♦✳

❈♦♠♦ f ∈ Ker δ1 ✭✸✳✶✳✼✱ ✸✳✶✳✽✮✿

u3 = z
∂u2

∂y
+ z

∂u1

∂x
, ❞❡ ❞♦♥❞❡ u3 ∈ z U(h),

∂u3

∂x
=
∂u3

∂y
= 0, ❞❡ ❞♦♥❞❡ u3 ∈ k[z],

❡♥t♦♥❝❡s u3 ∈ zk[z]✱ ♣♦r ❧♦ t❛♥t♦✱ u3 =
∑

λiz
i+1 ❝♦♥ λi ∈ k✱ i ≥ 0✳ ▲✉❡❣♦ f̂ := f−

∑

λici =
dx|û1 + dy|û2 ♣❛r❛ ❝✐❡rt♦s û1 ② û2✳ ❉❡ ❡st❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s s✉♣♦♥❡r q✉❡ u3 = 0✳

✹✷



❈♦♠♦ U(h) = kU(h)(x, y) ⊕ z U(h)✱ ❡①✐st❡♥ v ∈ kU(h)(x, y) ② w ∈ z U(h) t❛❧❡s q✉❡ u1 =
v + w✳ ▲❧❛♠❡♠♦s u =

∫

y
w
z
✱ ❡♥t♦♥❝❡s

f − δ0(u) = dx|(v + w − z
∂u

∂y
) + dy|(u2 + z

∂u

∂x
)

= dx|v + dy|û2.

❊s❝r✐❜✐♠♦s v =
∑

i,j∈N0

λi,jx
iyj ② ❧❧❛♠❛♠♦s a =

∑

i,j∈N0

λi,jai,j ✳ ❊♥t♦♥❝❡s

f − δ0(u) − a = dy|w2 ∈ Ker δ1 ✭✸✳✶✳✶✸✮

② ♣♦r ❧♦ t❛♥t♦ ∂w2
∂y

= 0✳ ❊s❝r✐❜✐♠♦s ❡♥t♦♥❝❡s✿

w2 =
∑

i∈N0

µix
i + r ❝♦♥ r ∈ zkU(h)(x, z) ✭✸✳✶✳✶✹✮

❉❡✜♥✐♠♦s b =
∑

i∈N0

µibi ② û =
∫

x
r
z
✱ ❡♥t♦♥❝❡s δ0(û) = −dy|r ② ❞❡ ✸✳✶✳✶✸ ② ✸✳✶✳✶✹ ♦❜t❡♥❡♠♦s

f − δ0(u) − a = b− δ0(û) ❡s ❞❡❝✐r✱

f − δ0(u− û) = a+ b.

P❛r❛ ✈❡r q✉❡ ❡❧ ❝♦♥❥✉♥t♦ ❞❛❞♦ ❡s ❧✐♥❡❛❧♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡✱ s❡❛

∑

i,j≥0

λi,jai,j +
∑

i∈N0

ηibi +
∑

i∈N0

θici = δ0u ♣❛r❛ ❝✐❡rt♦s λi,j , ηi, θi ∈ k, u ∈ U(h).

❊✈❛❧✉❛♥❞♦ ❡♥ z ♦❜t❡♥❡♠♦s✿
∑

i∈N0

θiz
i+1 = 0 ❡♥t♦♥❝❡s θi = 0∀i ≥ 0.

❊✈❛❧✉❛♥❞♦ ❡♥ x ♦❜t❡♥❡♠♦s✿

∑

(i,j)∈N2
0

λi,jx
iyj = z

∂u

∂y
❡♥t♦♥❝❡s ♣♦r P❇❲ λi,j = 0∀i, j ≥ 0.

❊✈❛❧✉❛♥❞♦ ❡♥ y ♦❜t❡♥❡♠♦s✿

∑

i∈N0

ηix
i = −z

∂u

∂x
❡♥t♦♥❝❡s ♣♦r P❇❲ ηi = 0∀i ≥ 0.

❖❜s❡r✈❛❝✐ó♥ ✸✳✶✳✷✺✳ ▲❛ ❡str✉❝t✉r❛ ❞❡ ♠ó❞✉❧♦ s♦❜r❡ ❡❧ ❝❡♥tr♦ ❡stá ❞❡t❡r♠✐♥❛❞❛ ♣♦r✿

z · ai,j = 0, z · bi = 0, z · ci = ci+1.

✹✸



Pr♦♣♦s✐❝✐ó♥ ✸✳✶✳✷✻✳ ❊❧ ❝♦♥❥✉♥t♦ ❞❡ ❧❛s ❝❧❛s❡s ❞❡ ❧♦s ❡❧❡♠❡♥t♦s q✉❡ s✐❣✉❡♥ ❡s ✉♥❛ ❜❛s❡ ❞❡

HH2(U(h))✿

αi,j,k := dx∧z|x
iyjzk − dy∧z|i(j + 1)−1xi−1yj+1zk ❝♦♥ i ≥ 0, j ≥ 0, k ∈ {0, 1},

βi,k := dy∧z|x
izk ❝♦♥ i ≥ 0, k ∈ {0, 1}.

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ h = dx∧y|v1 + dx∧z|v2 + dy∧z|v3 ∈ Ker δ2✳ ❊s ✐♥♠❡❞✐❛t♦ ✈❡r q✉❡

h+ δ1(dz|v1) = dx∧z|(v2 + z
∂v1
∂y

) + dy∧z|(v3 − z
∂v1
∂x

).

❊s ❞❡❝✐r q✉❡ r❡❞✉❝✐❡♥❞♦ ♠ó❞✉❧♦ ❜♦r❞❡s✱ ♣♦❞❡♠♦s s✉♣♦♥❡r q✉❡ h = dx∧z|v2 + dy∧z|v3✳ ❊♥
❧♦ q✉❡ s✐❣✉❡✱ ✈❛♠♦s ❛ s❡❣✉✐r r❡❞✉❝✐❡♥❞♦ ♠ó❞✉❧♦ ❜♦r❞❡s ♣❛r❛ ❡s❝r✐❜✐r ❛ h ❝♦♠♦ ❝♦♠❜✐♥❛❝✐ó♥
❧✐♥❡❛❧ ❞❡ ❡❧❡♠❡♥t♦s ❞❡❧ t✐♣♦ α, β✳ P❛r❛ ❡❧❧♦ ❜✉s❝❛♠♦s f ∈ h∗|U(h) t❛❧ q✉❡

h− δ1(f) =
∑

λi,j,kαi,j,k +
∑

µi,kβi,k.

❙❡❛♥ p ∈ kU(h)(x, y) ⊕ zkU(h)(x, y)✱ r ∈ z2U(g) t❛❧ q✉❡ v2 = p+ r✳ ▲❧❛♠❛♠♦s u2 =
∫

y

∫

y
r
z2 ✱

u3 =
∫

y
r
z
② ❝♦♥s✐❞❡r❛♠♦s f = dy|u2 + dz|u3✳ ❊♥t♦♥❝❡s✿

h− δ1(f) = dx∧z|p+ dy∧z|v̂3.

❊s❝r✐❜✐♠♦s p =
∑

i,j∈N0,k∈{0,1}

λi,j,kx
iyjzk ② ❝♦♥s✐❞❡r❛♠♦s α =

∑

i,j∈N0,k∈{0,1}

λi,j,kαi,j,k✳ ❉❡ ❡st❛ ♠❛✲

♥❡r❛ s❡ ♦❜t✐❡♥❡ q✉❡

h− δ1(f) − α = dy∧z|w3, ✭✸✳✶✳✶✺✮

❞♦♥❞❡
∂w3

∂y
= 0,

♣♦r ❧♦ t❛♥t♦✱

w3 =
∑

(i,k)∈N2
0

µi,kx
izk =

∑

i∈N0,k∈{0,1}

µi,kx
izk +

∑

i∈N0,k≥2

µi,kx
izk. ✭✸✳✶✳✶✻✮

❙✐ ❧❧❛♠❛♠♦s r̂ =
∑

k≥2

µi,kx
izk✱ ② ❞❡✜♥✐♠♦s û1 =

∫

x

∫

x
r̂
z2 ✱ û3 =

∫

x
r̂
z
② f̂ = dx|û1 + dz|û3 s❡

t✐❡♥❡ q✉❡
δ1(f̂) = −dy∧z|r̂

② ❧❧❛♠❛♥❞♦ β =
∑

i∈N0,k∈{0,1}

µi,kβi,k✱ ♦❜t❡♥❡♠♦s ❞❡ ✸✳✶✳✶✺ ② ❞❡ ✸✳✶✳✶✻✿

h− δ1(f − f̂) = α+ β.

❱❡❛♠♦s ❧❛ ✐♥❞❡♣❡♥❞❡♥❝✐❛ ❧✐♥❡❛❧✳ ❙✉♣♦♥❣❛♠♦s q✉❡

δ1(f) =
∑

λi,j,kαi,j,k +
∑

µi,kβi,k. ✭✸✳✶✳✶✼✮

✹✹



❉❡ ❡st❛ ✐❣✉❛❧❞❛❞ s❡ ✈❡ q✉❡ δ1(f) ❞❡❜❡ t❡♥❡r ❝♦♦r❞❡♥❛❞❛ dx∧y ♥✉❧❛✳ ❙✐ f = dx|u1 + dy|u2 +
dz|u3✱ ♣♦r ✸✳✶✳✶✶ s❡ t✐❡♥❡ q✉❡

u3 = z
∂u2

∂y
+ z

∂u1

∂x
∈ zU(h),

❡♥t♦♥❝❡s

δ1(f) = dx∧z|z
∂u3

∂y
− dy∧z|z

∂u3

∂x
,

❝♦♥ z ∂u3
∂y
, z ∂u3

∂x
∈ z2U(h)✳

▲✉❡❣♦✱ ❡✈❛❧✉❛♥❞♦ ✭✸✳✶✳✶✼✮ ❡♥ x ∧ z s❡ ♦❜t✐❡♥❡ q✉❡

z
∂u3

∂y
=

∑

(i,j)∈N2
0,k∈{0,1}

λi,j,kx
iyjzk, q✉❡ ♣♦r P❇❲ ❞✐❝❡ q✉❡λi,j,k = 0∀ i, j, k.

❡✈❛❧✉❛♥❞♦ ✭✸✳✶✳✶✼✮ ❡♥ y ∧ z s❡ ♦❜t✐❡♥❡ q✉❡

z
∂u3

∂x
=

∑

i∈N0,k∈{0,1}

µi,kx
izk q✉❡ ♣♦r P❇❲ s✐❣♥✐✜❝❛ q✉❡µi,k = 0∀ i, k.

❖❜s❡r✈❛❝✐ó♥ ✸✳✶✳✷✼✳ ▲❛ ❡str✉❝t✉r❛ ❞❡ ♠ó❞✉❧♦ s♦❜r❡ ❡❧ ❝❡♥tr♦ q✉❡❞❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦r

z · αi,j,0 = αi,j,1, z · βi,0 = βi,1, z · αi,j,1 = 0, z · βi,1 = 0.

Pr♦♣♦s✐❝✐ó♥ ✸✳✶✳✷✽✳ ❯♥❛ ❜❛s❡ ❞❡ HH3(U(g)) ❡stá ❞❛❞❛ ♣♦r ❡❧ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r ❧❛s

❝❧❛s❡s ❞❡ ❧♦s ❡❧❡♠❡♥t♦s pi,j = dx ∧ dy ∧ dz ⊗ xiyj ❝♦♥ i, j ≥ 0✳

❉❡♠♦str❛❝✐ó♥✳ ❈♦♠❡♥③❛♠♦s ✐❞❡♥t✐✜❝❛♥❞♦ ❛ Homk(∧
3h,U(h)) ❝♦♥ U(h)✳ ❙❡❛ p ∈ U(h)✱

p = v + w ❝♦♥ v ∈ kU(h)(x, y) ② w ∈ zU(h)✳ ❙❡❛ r =
∫

x
w
z
② s❡❛ h = dx∧z|r✳ ❊♥t♦♥❝❡s

p − δ2(h) = v + w − w = v ∈ kU(h)(x, y)✳ P❛r❛ ✈❡r q✉❡ s♦♥ ❧✐♥❡❛❧♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s✱
s✉♣♦♥❣❛♠♦s q✉❡

∑

(i,j)∈N2
0

λi,jx
iyj = δ2(h),

❡♥t♦♥❝❡s
∑

(i,j)∈N2
0

λi,jx
iyj = z

∂h(x ∧ y)

∂x
+ z

∂h(y ∧ z)

∂y
.

❯s❛♥❞♦ ❡❧ t❡♦r❡♠❛ ❞❡ P❇❲ r❡s✉❧t❛ q✉❡ λi,j = 0 ♣❛r❛ t♦❞♦ (i, j) ∈ N2
0✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✶✳✷✾✳ ▲❛ ❡str✉❝t✉r❛ ❞❡ ♠ó❞✉❧♦ s♦❜r❡ ❡❧ ❝❡♥tr♦ ❞❡ HH3(U(g)) q✉❡❞❛ ❞❡t❡r✲
♠✐♥❛❞❛ ♣♦r z · ϕ = 0 ♣❛r❛ t♦❞♦ ϕ ∈ HH3(U(g))✳

✸✳✷ ❉❡❢♦r♠❛❝✐♦♥❡s ❞❡ ●❡rst❡♥❤❛❜❡r ❞❡ á❧❣❡❜r❛s ❛s♦❝✐❛t✐✈❛s

❆ ❧♦ ❧❛r❣♦ ❞❡ ❡st❛ s❡❝❝✐ó♥ s❡❣✉✐r❡♠♦s ❡❧ ❛rtí❝✉❧♦ ❬●❙❪✳

✹✺



✸✳✷✳✶ ▼♦t✐✈❛❝✐ó♥

❊♠♣❡③❛r❡♠♦s ❡st❛ s❡❝❝✐ó♥ ❝♦♥ ✉♥ ❡❥❡♠♣❧♦ q✉❡ s❡r✈✐rá ❛ ♠♦❞♦ ❞❡ ♠♦t✐✈❛❝✐ó♥ ♣❛r❛ ❧❛s ❞❡✜♥✐✲
❝✐♦♥❡s ♣♦st❡r✐♦r❡s✳

❙❡❛ k = C ② s❡❛ V = kx ⊕ ky ✉♥ k✲❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❞❡ ❞✐♠❡♥s✐ó♥ 2✳ P❛r❛ ❞❛r ✉♥❛
❡str✉❝t✉r❛ ❞❡ k✲á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ❛ V ✱ ❜❛st❛ ❞❡✜♥✐r ❧❛ ♠✉❧t✐♣❧✐❝❛❝✐ó♥ ♣♦r x ② ♣♦r y ❞❡ ♠❛♥❡r❛
❛s♦❝✐❛t✐✈❛✳ ❚❛♥t♦ ❧❛ ♠✉❧t✐♣❧✐❝❛❝✐ó♥ ♣♦r x ❝♦♠♦ ❧❛ ♠✉❧t✐♣❧✐❝❛❝✐ó♥ ♣♦r y s♦♥ tr❛♥s❢♦r♠❛❝✐♦♥❡s
k✲❧✐♥❡❛❧❡s✱ ♣♦r ❧♦ t❛♥t♦ ❝❛❞❛ ✉♥❛ ❞❡ ❡❧❧❛s q✉❡❞❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ✉♥❛ ♠❛tr✐③ ❞❡ M2(C)✱

mx =

(

a1 b1
c1 d1

)

✱ my =

(

a2 b2
c2 d2

)

; ② ❧❛ ❛s♦❝✐❛t✐✈✐❞❛❞ s❡ tr❛❞✉❝❡ ❡♥ ❡❝✉❛❝✐♦♥❡s ♣♦❧✐♥♦♠✐❛❧❡s

❡♥ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧❛s ♠❛tr✐❝❡s✱ ♣♦r ❡❥❡♠♣❧♦

x(xx) = x(a1x+ c1y) = a1(a1x+ c1y) + c1(b1x+ d1y) = (a2
1 + c1b1)x+ (a1c1 + c1d1)y,

(xx)x = (a1x+ c1y)x = a1(a1x+ c1y) + c1(a2x+ c2y) = (a2
1 + c1a2)x+ (a1c1 + c1c2)y.

♣♦r ❧♦ t❛♥t♦✱ x(xx) = (xx)x s✐ ② s♦❧♦ s✐ c1b1 − c1a2 = 0 ② c1d1 − c1c2 = 0✳
❉❡ ❡st❛ ♠❛♥❡r❛✱ ♣♦❞❡♠♦s ♣❡♥s❛r ❧❛s ❡str✉❝t✉r❛s ❞❡ k✲á❧❣❡❜r❛ s♦❜r❡ V ❝♦♠♦ ✉♥❛ ✈❛r✐❡❞❛❞

❛❧❣❡❜r❛✐❝❛ ❡♥ k8✱ q✉❡ ❧❧❛♠❛r❡♠♦s Assoc✳
❙❡❛ A ∈ Assoc✳ ❊st✉❞✐❡♠♦s ✉♥ ♣♦❝♦ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❧♦❝❛❧✳ ❙❡❛ U ⊆ C ✉♥ ❡♥t♦r♥♦

❞❡❧ 0 ❝♦♥ ❧❛ t♦♣♦❧♦❣í❛ ✉s✉❛❧ ❞❡ C✳ ❙❡❛ γ : U −→ Assoc ✉♥❛ ❝✉r✈❛ q✉❡ ❡♥ 0 ♣❛s❛ ♣♦r A ②
s✉♣♦♥❣❛♠♦s ❛❞❡♠ás q✉❡ γ ❡s ❛♥❛❧ít✐❝❛✱ ❡s ❞❡❝✐r✱ q✉❡ ♣❛r❛ ❝❛❞❛ t0 ∈ U ❤❛② ✉♥ ❡♥t♦r♥♦ ❡♥ ❡❧
q✉❡ γ ❡s✱ ❡♥ ❝❛❞❛ ❝♦♦r❞❡♥❛❞❛✱ ✉♥❛ s❡r✐❡ ❞❡ ♣♦t❡♥❝✐❛s✱ ❡s❝r✐❜✐♠♦s ❛ γ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛
♣❛r❛ t ❝❡r❝❛♥♦ ❛ 0✿

γt = (

(

a1(t) b1(t)
c1(t) d1(t)

)

,

(

a2(t) b2(t)
c2(t) d2(t)

)

) = (

(∑

a1,it
i

∑

b1,it
i

∑

c1,it
i

∑

d1,it
i

)

,

(∑

a2,it
i

∑

b2,it
i

∑

c2,it
i

∑

d2,it
i

)

),

❧✉❡❣♦✱ ❡❧ ♣r♦❞✉❝t♦ ❞❡ γ(t) ❡stá ❞❛❞♦ ♣♦r✿

γt(x, x) = (a1,0x+ c1,0y) + (a1,1x+ c1,1y)t+ (a1,2x+ c1,2y)t
2 + · · · ,

γt(x, y) = (b1,0x+ d1,0y) + (b1,1x+ d1,1y)t+ (b1,2x+ d1,2y)t
2 + · · · ,

γt(y, x) = (a2,0x+ c2,0y) + (a2,1x+ c2,1y)t+ (a2,2x+ c2,2y)t
2 + · · · ,

γt(y, y) = (b2,0x+ d2,0y) + (b2,1x+ d2,1y)t+ (b2,2x+ d2,2y)t
2 + · · · .

❊♥ ❣❡♥❡r❛❧✱ ♣❛r❛ a, b ∈ V ✱ ❡❧ ♣r♦❞✉❝t♦ ❡s✿

γt(a, b) = a ·A b+ f1(a, b)t+ f2(a, b)t
2 + f3(a, b)t

3 + · · · ,

♣❛r❛ ❝✐❡rt❛s fi : A×A −→ A q✉❡ s♦♥ k✲❜✐❧✐♥❡❛❧❡s✳ ❖❜s❡r✈❛♠♦s q✉❡ ❡st❛ ❢❛♠✐❧✐❛ ❞❡ ♠♦r✜s♠♦s
{fi}i≥1 ❞❡♣❡♥❞❡ só❧♦ ❞❡ ❝ó♠♦ s❡ ❡s❝r✐❜❡ γ ♣❛r❛ ❛❧❣ú♥ ❡♥t♦r♥♦ ❞❡❧ 0 ❛r❜✐tr❛r✐❛♠❡♥t❡ ❝❤✐❝♦✱
❡s ❞❡❝✐r✱ ❞❡♣❡♥❞❡ só❧♦ ❞❡❧ ❣❡r♠❡♥ ❞❡ γ ❡♥ ❡❧ 0✳

▲❛ ❛s♦❝✐❛t✐✈✐❞❛❞ ❞❡ γ s❡ ♣✉❡❞❡ tr❛❞✉❝✐r ❡♥ ✉♥❛ ❝♦♥❞✐❝✐ó♥ q✉❡ ✐♥✈♦❧✉❝r❛ só❧♦ ❛ ❧❛ ❢❛♠✐❧✐❛
{fi}i≥1✱ ❡♥ ❡❢❡❝t♦✱ ❧❛ ❝♦♥❞✐❝✐ó♥

γt(γt(a, b), c) = γt(a, γt(b, c)) ∀ t ∈ U, ∀ a, b, c ∈ V,

✹✻



s❡ tr❛❞✉❝❡ ❡♥✿
∑

s≥0

(
∑

i+j=s

i,j≥0

fi(fj(a, b), c) − fi(a, fj(b, c)))t
s = 0,

❞♦♥❞❡ f0(a, b) = a ·A b❀ ❝♦♠♦ ❡st❛ ✐❣✉❛❧❞❛❞ ✈❛❧❡ ♣❛r❛ t♦❞♦ t ∈ U ✱ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛✿

∑

i+j=s

fi(fj(a, b), c) − fi(a, fj(b, c)) = 0 ∀s ∈ N0. ✭✸✳✷✳✶✮

❉❡ ❡st❛ ♠❛♥❡r❛ ♦❜t❡♥❡♠♦s ❧❛ ❛s✐❣♥❛❝✐ó♥

④●ér♠❡♥❡s ❞❡ ❝✉r✈❛s ❛♥❛❧ít✐❝❛s⑥ // ④❋❛♠✐❧✐❛s {fi}i q✉❡ ❝✉♠♣❧❡♥ ✸✳✷✳✶⑥ .

❊♥t♦♥❝❡s ♣♦❞❡♠♦s ❡♥t❡♥❞❡r ❛ ❧❛s ❢❛♠✐❧✐❛s {fi}i≥1 q✉❡ ❝✉♠♣❧❡♥ ✸✳✷✳✶ ❝♦♠♦ ✉♥❛ ❣❡♥❡r❛✲
❧✐③❛❝✐ó♥ ❞❡ ❧♦s ❣ér♠❡♥❡s ❞❡ ❝✉r✈❛s ❛♥❛❧ít✐❝❛s q✉❡ ♣❛s❛♥ ♣♦r A✳ P♦r ♦tr♦ ❧❛❞♦✱ ❛ ✉♥❛ ❢❛♠✐❧✐❛
{fi}i q✉❡ ❝✉♠♣❧❡ ✸✳✷✳✶ ❧❛ ♣♦❞❡♠♦s ♣❡♥s❛r ❝♦♠♦ ❡❧ á❧❣❡❜r❛ ❞❡ s❡r✐❡s ❢♦r♠❛❧❡s ❡♥ V ❝♦♥
♣r♦❞✉❝t♦ ❞❛❞♦ ♣♦r✿

a ∗ b = a ·A b+ f1(a, b)t+ f2(a, b)t
2 + · · ·

♣❛r❛ a, b ∈ V ② ❡①t❡♥❞✐é♥❞♦❧♦ ❞❡ ♠❛♥❡r❛ k[[t]]✲❧✐♥❡❛❧ ❛ t♦❞❛ ❡❧ á❧❣❡❜r❛✳

✸✳✷✳✷ ❚♦♣♦❧♦❣í❛s t✲á❞✐❝❛s

❊♥ ❧❛s s❡❝❝✐♦♥❡s s✐❣✉✐❡♥t❡s tr❛t❛r❡♠♦s ❝♦♥ ❡❧ ❛♥✐❧❧♦ ❞❡ s❡r✐❡s ❢♦r♠❛❧❡s ❝♦♥ ❝♦❡✜❝✐❡♥t❡s ❡♥ ✉♥❛
k✲á❧❣❡❜r❛ A✱ q✉❡ ♥♦t❛r❡♠♦s ❝♦♥ A[[t]]❀ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st❛ s❡❝❝✐ó♥ ❡s ❞❛r ❧♦s ✐♥❣r❡❞✐❡♥t❡s
♥❡❝❡s❛r✐♦s ♣❛r❛ ❝♦♥str✉✐r ❞✐❝❤♦ ❛♥✐❧❧♦ ❛ ♣❛rt✐r ❞❡ ✉♥♦ ♠❛s ♠❛♥❡❥❛❜❧❡✱ ♠❛s ♣r❡❝✐s❛♠❡♥t❡ ❛
♣❛rt✐r ❞❡ A ⊗k k[[t]]✳ P❛r❛ ♠❛s ✐♥❢♦r♠❛❝✐ó♥ s♦❜r❡ t♦♣♦❧♦❣í❛s t✲á❞✐❝❛s ✈❡r ❬❑❪✳ ◆♦t❛r❡♠♦s
K := k[[t]] ♣❛r❛ s✐♠♣❧✐✜❝❛r ❧❛ ❡s❝r✐t✉r❛✳

❉❡✜♥✐❝✐ó♥ ✸✳✷✳✶✳ ❙❡❛ A ✉♥❛ k✲á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛✱ s❡ ❞❡✜♥❡ AK := A⊗k K✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✷✳✷✳ ✶✳ ❙✐ A ❡s ❞❡ ❞✐♠❡♥s✐ó♥ ✜♥✐t❛ s♦❜r❡ k✱ ❡♥t♦♥❝❡s AK ❝♦✐♥❝✐❞❡ ❝♦♥
A[[t]] ✈í❛ ❧❛ ✐❞❡♥t✐✜❝❛❝✐ó♥ a⊗ (

∑

n λnt
n) 7→

∑

n λnat
n✳

✷✳ ❙✐ A ❡s ❞❡ ❞✐♠❡♥s✐ó♥ ✐♥✜♥✐t❛ s♦❜r❡ k✱ ❡♥t♦♥❝❡s AK ( A[[t]] ② s❡ ✐❞❡♥t✐✜❝❛ ❝♦♥ ❡❧
s✉❜❛♥✐❧❧♦ ❞❡ ❧❛s s❡r✐❡s

∑

ant
n ❝♦♥ dimk〈an〉n∈N0 <∞✳

❉❡✜♥✐❝✐ó♥ ✸✳✷✳✸✳ ✶✳ ❙❡❛ p =
∑

ant
n ∈ A[[t]]✱ ❞❡✜♥✐♠♦s deg(p) = min{n ∈ N : an 6= 0}

♣❛r❛ p 6= 0✱ ② deg(0) = ∞✳

✷✳ ❉❛❞♦s p, q ∈ A[[t]]✱ ❞❡✜♥✐♠♦s d(p, q) = 2−deg(p−q)✳ ❙❡ ♣✉❡❞❡ ✈❡r✐✜❝❛r q✉❡ d ❡s ✉♥❛
✉❧tr❛♠étr✐❝❛✳

■♥t✉✐t✐✈❛♠❡♥t❡ deg(p) ♠✐❞❡ q✉é t❛♥ ❧❡❥♦s ❡stá ❡❧ ♣r✐♠❡r ❝♦❡✜❝✐❡♥t❡ ♥♦ ♥✉❧♦✱ ② d(p, q) ❡stá
❝❡r❝❛ ❞❡ 0 s✐ deg(p − q) ❡s ❣r❛♥❞❡✱ ❡s ❞❡❝✐r✱ s✐ ♣❛r❛ n ≫ 0✱ ❧♦s ♣r✐♠❡r♦s n ❝♦❡✜❝✐❡♥t❡s ❞❡
p ② q s♦♥ ✐❣✉❛❧❡s✳ ❚❡♥❡♠♦s ✈✐❛ d ✉♥❛ ♥♦❝✐ó♥ ❞❡ ❝♦♥✈❡r❣❡♥❝✐❛✱ ♣r❡❝✐s❛♠❡♥t❡ (pk)k ❝♦♥✈❡r❣❡
❛ p s✐ ② s♦❧♦ s✐ ♣❛r❛ t♦❞♦ m ∈ N ❡①✐st❡ m0 t❛❧ q✉❡ ♣❛r❛ k ≥ m0✱ ❡❧ m✲és✐♠♦ ❝♦❡✜❝✐❡♥t❡ ❞❡

✹✼



pk ❡s ✐❣✉❛❧ ❛❧ m✲és✐♠♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ p❀ ❡s ❞❡❝✐r✱ ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ❡s ❝♦❡✜❝✐❡♥t❡ ❛ ❝♦❡✜❝✐❡♥t❡✳
❖❜s❡r✈❛r q✉❡ A[[t]] ❡s ❝♦♠♣❧❡t♦ ♣❛r❛ ❡st❛ ♠étr✐❝❛✳

▲❛ t♦♣♦❧♦❣í❛ q✉❡ ❞❡✜♥❡ ❡st❛ ♠étr✐❝❛ ❡s ❧❛ t♦♣♦❧♦❣í❛ q✉❡ t✐❡♥❡ ❝♦♠♦ ❢❛♠✐❧✐❛ ❞❡ ❡♥t♦r♥♦s
❞❡❧ 0 ❛ {A[[t]]tn : n ≥ 0}✳ ▲❧❛♠❛♠♦s ❛ ❡st❛ t♦♣♦❧♦❣í❛✱ ❧❛ t♦♣♦❧♦❣í❛ t✲á❞✐❝❛ ❞❡ A[[t]]✳

▲❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ❧❛ ✉❧tr❛♠étr✐❝❛ ② ❞❡ ❧❛ t♦♣♦❧♦❣í❛ t✲á❞✐❝❛ s♦♥ ✈á❧✐❞❛s s✐ s❡ t♦♠❛ V ✉♥
k✲❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ② V [[t]] ❧❛s s❡r✐❡s ❢♦r♠❛❧❡s ❝♦♥ ❝♦❡✜❝✐❡♥t❡s ❡♥ V ✱ ♥♦t❛♠♦s ❛♥á❧♦❣❛♠❡♥t❡
VK = V ⊗k K✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✷✳✹✳ ❙❡❛♥ V ② W k✲❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s✳ ❊♥t♦♥❝❡s

✐✮ VK ❡s ❞❡♥s♦ ❡♥ V [[t]] ♣❛r❛ ❧❛ t♦♣♦❧♦❣í❛ t✲á❞✐❝❛✱

✐✐✮ t♦❞♦ ♠♦r✜s♠♦ K✲❧✐♥❡❛❧ ❞❡ V [[t]] ❡♥ W [[t]] ❡s ❝♦♥t✐♥✉♦✱

✐✐✐✮ HomK(V [[t]],W [[t]]) ∼= Homk(V,W [[t]]) ❝♦♠♦ k✲❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s✳

❉❡♠♦str❛❝✐ó♥✳ ✐✮ ❙✐ p ∈ V [[t]]✱ p =
∑∞

n=0 vnt
n✳ ▲✉❡❣♦ pk :=

∑k
n=0 vnt

n ♣❡rt❡♥❡❝❡ ❛ VK ②
❝♦♥✈❡r❣❡ ❛ p✳

✐✐✮ ❙❡❛ f : V [[t]] −→ W [[t]] K✲❧✐♥❡❛❧✳ ❉❡❜✐❞♦ ❛ ❧❛ K✲❧✐♥❡❛❧✐❞❛❞✱ f(V [[t]]tn) ⊂ W [[t]]tn✱
❡♥t♦♥❝❡s f ❡s ❝♦♥t✐♥✉❛✳

✐✐✐✮ ❙❡❛ f ∈ HomK(V [[t]],W [[t]])✱ ❡♥t♦♥❝❡s f |V ∈ Homk(V,W [[t]])✳ ❘❡❝í♣r♦❝❛♠❡♥t❡✱ s❡❛
g ∈ Homk(V,W [[t]])✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ĝ ∈ HomK(V [[t]],W [[t]]) ❝♦♠♦ ĝ(

∑

vnt
n) =

∑

g(vn)tn✳

▲❛s ❛s✐❣♥❛❝✐♦♥❡s ❛♥t❡r✐♦r❡s r❡s✉❧t❛♥ ♠✉t✉❛♠❡♥t❡ ✐♥✈❡rs❛s✿ ❝❧❛r❛♠❡♥t❡ ĝ|V = g❀ ❢❛❧t❛
✈❡r q✉❡ ˆ(f |V ) = f ✳ P♦r i) ② ii) ❜❛st❛ ✈❡r q✉❡ ❝♦✐♥❝✐❞❡♥ s♦❜r❡ VK ✳ ❙❡❛ p ∈ VK ✳ ❈♦♠♦
VK = V ⊗k K✱ ❡①✐st❡♥ v1, · · · , vn ∈ V ② h1, · · · , hn ∈ K t❛❧ q✉❡ p = v1h1 + · · · vnhn✳
▲✉❡❣♦ ˆ(f |V )(p) = f |V (v1)h1 + · · · f |V (vn)hn = f(p)✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✷✳✺✳ ✶✳ ❖❜s❡r✈❡♠♦s q✉❡ ❞❡ ✐✐✐✮ s❡ ❞❡s♣r❡♥❞❡ q✉❡ s✐ f : V [[t]] −→ W [[t]]
❡s K✲❧✐♥❡❛❧✱ ❡♥t♦♥❝❡s f(

∑

vnt
n) =

∑

f(vn)tn✱ ❡s ❞❡❝✐r✱ ❡s ❧✐♥❡❛❧ ❡♥ ❧❛s s❡r✐❡s✳

✷✳ ❯t✐❧✐③❛♥❞♦ ✐✐✐✮ ✈❡♠♦s q✉❡ EndK(V [[t]]) ∼= Homk(V, V [[t]]) ∼= Homk(V, V )[[t]]✱ ♣♦r ❧♦
t❛♥t♦ t❡♥❡♠♦s ✉♥❛ ♥♦❝✐ó♥ ❞❡ ❝♦♥✈❡r❣❡♥❝✐❛ ❡♥ EndK(V [[t]])✱ ♣❛r❛ ❧❛ ❝✉❛❧ ❡st❡ ❡s♣❛❝✐♦
r❡s✉❧t❛ ❝♦♠♣❧❡t♦✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✷✳✻✳ ❙❡❛ M ✉♥ k[[t]]✲♠ó❞✉❧♦✳ ▲❛ t♦♣♦❧♦❣í❛ t✲á❞✐❝❛ ❡♥ k[[t]] ✐♥❞✉❝❡ ✉♥❛
t♦♣♦❧♦❣í❛ ❡♥ M ❞♦♥❞❡ ❧♦s ❡♥t♦r♥♦s ❞❡❧ 0 s♦♥ {tnM : n > 0}✳ ❊♥ ❡st❛ t♦♣♦❧♦❣í❛✱ ✉♥❛
s✉❝❡s✐ó♥ {xi}i∈N ⊂ M ❝♦♥✈❡r❣❡ ❛ x ∈ M s✐ ♣❛r❛ t♦❞♦ m ∈ N✱ ❡①✐st❡ m0 ∈ N t❛❧ q✉❡ ♣❛r❛
t♦❞♦ n ≥ m0✱ xn − x ∈ tmM ✳

❆ ❞✐❝❤❛ t♦♣♦❧♦❣í❛ ❧❛ ❧❧❛♠❛♠♦s t♦♣♦❧♦❣í❛ t✲á❞✐❝❛ ❞❡ M ✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✷✳✼✳ ❙❡❛ M ✉♥ k[[t]]✲♠ó❞✉❧♦✳ ❊♥t♦♥❝❡s s♦♥ ❡q✉✐✈❛❧❡♥t❡s

✐✮ M ❡s ✐s♦♠♦r❢♦ ❛ M0[[t]] ❝♦♠♦ k[[t]]✲♠ó❞✉❧♦✱ ❞♦♥❞❡ M0 = M/tM ∼= M ⊗k[[t]] k✳

✐✐✮ M ❡s t✲á❞✐❝❛♠❡♥t❡ ❝♦♠♣❧❡t♦ ② ❧✐❜r❡ ❞❡ t♦rs✐ó♥✳

✹✽



❉❡♠♦str❛❝✐ó♥✳ ❙✐M ❡s ✐s♦♠♦r❢♦ ❛M0[[t]]✱ ❡♥t♦♥❝❡s ❡s ❝❧❛r♦ q✉❡M ❡s t✲á❞✐❝❛♠❡♥t❡ ❝♦♠♣❧❡t♦
② ❧✐❜r❡ ❞❡ t♦rs✐ó♥✳

❙✉♣♦♥❣❛♠♦s ✐✐✮✳ ❙❡❛ r : M0 = M/tM −→ M t❛❧ q✉❡ π ◦ r = idM0 ✳ ❱❡❛♠♦s q✉❡ ♣❛r❛
t♦❞♦ m ∈ M ❡①✐st❡♥ ú♥✐❝♦s {mi}i ⊂ Im(r) t❛❧❡s q✉❡ xn :=

∑n
i=1mit

i ❝♦♥✈❡r❣❡ ❛ m❀ ② q✉❡
♣❛r❛ t♦❞♦s {mi}i ⊂ Im(r)✱ ❧❛ s✉❝❡s✐ó♥ {xn :=

∑n
i=1mit

i}n∈N ❝♦♥✈❡r❣❡ ❛ ❛❧❣ú♥ m ∈M ✳
❙❡❛ m ∈ M ✳ ▲❧❛♠❡♠♦s m0 := r ◦ π(m)✱ ❧✉❡❣♦ m −m0 ∈ Kerπ = tM ✳ ❙❡❛ n0 ∈ M t❛❧

q✉❡ m −m0 = tn1 ② ❧❧❛♠❡♠♦s m1 := r ◦ π(n1)✱ ② t❡♥❡♠♦s q✉❡ n1 −m1 = tn2 ♣❛r❛ ❛❧❣ú♥
n2✳ ❊♥t♦♥❝❡s m = m0 + tm1 + t2n2✳

❙✉♣♦♥❣❛♠♦s ❝♦♥str✉✐❞♦s m0, · · · ,mk−1 ∈ Im(r) ② n1, · · · , nk ∈ M t❛❧❡s q✉❡ mi − ni =
tni+1 ♣❛r❛ t♦❞♦ i = 1, · · · , k − 1❀ ②

m = m0 + tm1 + t2m2 + · · · + tk−1mk−1 + tknk.

❙❡❛ mk := r ◦ π(nk)✱ ❧✉❡❣♦ nk − mk ∈ Ker (π) ② ♣♦r ❧♦ t❛♥t♦ ❡①✐st❡ nk+1 ∈ M t❛❧ q✉❡
nk −mk = tnk+1✳

❉❡ ❡st❛ ♠❛♥❡r❛ ❝♦♥str✉✐♠♦s ✉♥❛ s✉❝❡s✐ó♥ {mi}i∈N ⊂ Im(r) t❛❧ q✉❡ {xn :=
∑n

i=1mit
i}n∈N

❝♦♥✈❡r❣❡ ❛ m✳
P❛r❛ ❞❡♠♦str❛r ❧❛ ✉♥✐❝✐❞❛❞ ❜❛st❛ ♣r♦❜❛r q✉❡ s✐ xn :=

∑n
i=1 r(ai)t

i ❝♦♥✈❡r❣❡ ❛ 0✱ ❡♥t♦♥❝❡s
ai = 0 ♣❛r❛ t♦❞♦ i✳ ❈♦♠♦ {xn}n∈N ❝♦♥✈❡r❣❡ ❛ 0✱ ❡①✐st❡ N ∈ N t❛❧ q✉❡ xN ∈ tM ✳ ❊♥t♦♥❝❡s
π(xN ) = 0 = π(r(a0)) = a0✳

❙✉♣♦♥❣❛♠♦s q✉❡ a0 = · · · = ak−1 = 0✳ ❉❛❞♦ q✉❡ xn ❝♦♥✈❡r❣❡ ❛ ✵ ❡①✐st❡ N ∈ N✱ N > k✱
t❛❧ q✉❡ xN ∈ tk+1M ✳ ❊♥t♦♥❝❡s

r(ak)t
k + r(ak+1)t

k+1 + · · · + r(aN )tN = tk+1m.

P♦r ♦tr♦ ❧❛❞♦✱ M ❡s ❧✐❜r❡ ❞❡ t♦rs✐ó♥ ② ♣♦r ❧♦ t❛♥t♦

r(ak) + r(ak+1)t+ · · · + r(aN )tN−k = tm.

▲✉❡❣♦✱ ❛♣❧✐❝❛♥❞♦ π ❛❧ ♠✐❡♠❜r♦ ✐③q✉✐❡r❞♦ ♦❜t❡♥❡♠♦s ak = 0✳
❙❡❛ ❛❤♦r❛ {mi}i ⊂ Im(r) ✉♥❛ s✉❝❡s✐ó♥ ❛r❜✐tr❛r✐❛ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ Im(r)✳ ❙❡❛ xn :=

∑n
i=0mit

i✳ ❉❡ ♠❛♥❡r❛ ❛♥á❧♦❣❛ ❛ ❧❛ ♣r✉❡❜❛ ❞❡ ❧❛ ✉♥✐❝✐❞❛❞ s❡ ♣✉❡❞❡ ✈❡r q✉❡ {xn}n ❡s ❞❡
❈❛✉❝❤②✳ ▲✉❡❣♦ {xn}n ❝♦♥✈❡r❣❡ ❛ ❛❧❣ú♥ m ∈M ✳

❈♦♥❝❧✉✐♠♦s q✉❡ M = Im(r)[[t]]✱ ✐s♦♠♦r❢♦ ❛ M0[[t]]✳

✸✳✷✳✸ ❋❛♠✐❧✐❛s ✉♥✐♣❛r❛♠étr✐❝❛s ❞❡ ❞❡❢♦r♠❛❝✐♦♥❡s

❙❡❛ A ✉♥❛ k✲á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛✳

❉❡✜♥✐❝✐ó♥ ✸✳✷✳✽✳ ❯♥❛ ❢❛♠✐❧✐❛ ✉♥✐♣❛r❛♠étr✐❝❛ ❞❡ ❞❡❢♦r♠❛❝✐♦♥❡s ❞❡ A ✭♣❛r❛ ❛❜r❡✈✐❛r✱ ✉♥❛
❞❡❢♦r♠❛❝✐ó♥ ❞❡ A✮ ❡s ✉♥ ♣r♦❞✉❝t♦ ❛s♦❝✐❛t✐✈♦ ❡♥ A[[t]] ❞❡t❡r♠✐♥❛❞♦ ♣♦r ❧❛ ❡①t❡♥s✐ó♥ k[[t]]✲
❜✐❧✐♥❡❛❧ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ft : A×A −→ A[[t]] ❞❛❞❛ ♣♦r✿

ft(a, b) = ab+ F1(a, b)t+ F2(a, b)t
2 + · · · ❝♦♥ a, b ∈ A,

❞♦♥❞❡ Fi : A × A −→ A ❡s k✲❜✐❧✐♥❡❛❧ ♣❛r❛ t♦❞♦ i ∈ N✳ ❈✉❛♥❞♦ ♥♦ ❤❛②❛ ❛♠❜✐❣ü❡❞❛❞
♥♦t❛r❡♠♦s At ❛ A[[t]] ❝♦♥ ❡❧ ♣r♦❞✉❝t♦ ❞❛❞♦ ♣♦r ft✱ ❞❡ ❧♦ ❝♦♥tr❛r✐♦ ❧♦ ♥♦t❛r❡♠♦s ❝♦♥ Aft

✳

✹✾



P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❡♥ ❡❧ ❝❛s♦ ❡♥ ❡❧ q✉❡ k = C ♦ k = R✱ ② A ❡s ❞❡ ❞✐♠❡♥s✐ó♥ ✜♥✐t❛
s♦❜r❡ k✱ ✉♥❛ ❢❛♠✐❧✐❛ ✉♥✐♣❛r❛♠étr✐❝❛ ❞❡ ❞❡❢♦r♠❛❝✐♦♥❡s ❝♦✐♥❝✐❞❡ ❝♦♥ ❧♦ s❡ ♣✉❡❞❡ ❡♥t❡♥❞❡r
❝♦♠♦ ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡ ❧♦s ❣ér♠❡♥❡s ❞❡ ❝✉r✈❛s ❛♥❛❧ít✐❝❛s q✉❡ ♣❛s❛♥ ♣♦r A✳

❊❥❡♠♣❧♦ ✸✳✷✳✾✳ P❛r❛ ❝❛❞❛ t ∈ R✱ ❝♦♥s✐❞❡r❡♠♦s ❧❛ ❝ú❜✐❝❛ y2 − x3 − tx2 = 0✳ ❱❛r✐❛❝✐♦♥❡s
❡♥ t ∈ [−1, 1] s❡ ❝♦rr❡s♣♦♥❞❡♥ ❝♦♥ ✉♥❛ ❞❡❢♦r♠❛❝✐ó♥ ❣❡♦♠étr✐❝❛ ❞❡ ❧❛ ❝✉r✈❛✱ ♣❛s❛♥❞♦ ❞❡ s❡r
✉♥ r✉❧♦ ♣❛r❛ t = 1✱ q✉❡ s❡ ❞❡s❡♥❧❛③❛ ❤❛st❛ t❡♥❡r ✉♥ ♣✐❝♦ ❡♥ t = 0✱ ② s❡ s✉❛✈✐③❛ ♣❛r❛ t < 0✳
❊❧ á❧❣❡❜r❛ ❞❡ ❢✉♥❝✐♦♥❡s r❡❣✉❧❛r❡s ❡s At = R[x, y]/(y2 − x3 − tx2)✳ ❯♥❛ R✲❜❛s❡ ❞❡ At ❡s
{xi, xiy}i≥0 ② ❡❧ ♣r♦❞✉❝t♦ ❡s✿

ft(x
i, xj) = xi+j ,

ft(x
i, xjy) = xi+jy,

ft(x
iy, xjy) = xi+jy2 = xi+j(x3 + tx2) = xi+j+3 + xi+j+2t.

P♦r ❧♦ t❛♥t♦✱ s✐ ❡♥ A0[[t]] ❞❡✜♥✐♠♦s ✉♥ ♥✉❡✈♦ ♣r♦❞✉❝t♦ ❝♦♠♦ ❛rr✐❜❛✱ ♦❜t❡♥❡♠♦s ✉♥❛ ❢❛♠✐❧✐❛
✉♥✐♣❛r❛♠étr✐❝❛ ❞❡ ❞❡❢♦r♠❛❝✐♦♥❡s ❞❡ A0✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✷✳✶✵✳ ❉❛❞❛ ✉♥❛ k✲á❧❣❡❜r❛ A✱ t♦❞❛ ❞❡❢♦r♠❛❝✐ó♥ ft ❞❡ A ✐♥❞✉❝❡ ✉♥ ✐s♦♠♦r✲
✜s♠♦ ❞❡ k✲á❧❣❡❜r❛s At ⊗k[[t]] k −→ A✳

❘❡❝í♣r♦❝❛♠❡♥t❡✱ s❡❛ B ✉♥❛ k[[t]]✲á❧❣❡❜r❛✱ t✲á❞✐❝❛♠❡♥t❡ ❝♦♠♣❧❡t❛✱ ❧✐❜r❡ ❞❡ t♦rs✐ó♥✱ ❝♦♥
✉♥ ✐s♦♠♦r✜s♠♦ ❞❡ k✲á❧❣❡❜r❛s B⊗k[[t]] k −→ A✳ P♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✸✳✷✳✼✱ B ❡s ✐s♦♠♦r❢❛ ❝♦♠♦
k[[t]]✲♠ó❞✉❧♦ ❛ M0[[t]]✱ ❞♦♥❞❡ M0

∼= B ⊗k[[t]] k ∼= A ❝♦♠♦ á❧❣❡❜r❛s✳ ❊♥t♦♥❝❡s M ∼= A[[t]]
❝♦♠♦ k[[t]]✲á❧❣❡❜r❛ ② ❡❧ ♣r♦❞✉❝t♦ ❡stá ❞❛❞♦ ♣♦r ✉♥❛ ❞❡❢♦r♠❛❝✐ó♥ ft✳

❘❡s✉♠✐❡♥❞♦✱ ❡s ❡q✉✐✈❛❧❡♥t❡ t❡♥❡r ✉♥❛ ❢❛♠✐❧✐❛ ✉♥✐♣❛r❛♠étr✐❝❛ ❞❡ ❞❡❢♦r♠❛❝✐♦♥❡s q✉❡ t❡♥❡r
✉♥❛ k[[t]]✲á❧❣❡❜r❛ B✱ t✲á❞✐❝❛♠❡♥t❡ ❝♦♠♣❧❡t❛✱ ❧✐❜r❡ ❞❡ t♦rs✐ó♥✱ ❥✉♥t♦ ❝♦♥ ✉♥ ✐s♦♠♦r✜s♠♦ ❞❡
k✲á❧❣❡❜r❛s B ⊗k[[t]] k −→ A✳

■♥t❡❣r❛❜✐❧✐❞❛❞ ② ♦❜str✉❝❝✐♦♥❡s

❙❡❛ At ✉♥❛ ❞❡❢♦r♠❛❝✐ó♥ ❞❡ A✱ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❛s♦❝✐❛t✐✈✐❞❛❞ ❡s

ft(ft(a, b), c) − ft(a, ft(b, c)) = 0 ∀ a, b, c ∈ A.

❉❡s❛rr♦❧❧❛♥❞♦ ② ✉t✐❧✐③❛♥❞♦ ❧❛ K✲❜✐❧✐♥❡❛❧✐❞❛❞ ❡st❛ ❝♦♥❞✐❝✐ó♥ s❡ tr❛❞✉❝❡ ❡♥✿
∑

i+j=s

Fi(Fj(a, b), c) − Fi(a, Fj(b, c)) = 0 ∀ a, b, c ∈ A, ∀ s ∈ N0,

❞♦♥❞❡ t♦♠❛♠♦s F0(a, b) = ab✱ ❡❧ ♣r♦❞✉❝t♦ ❡♥ A✳ ❉❡s♣❡❥❛♥❞♦ ❧♦s tér♠✐♥♦s (i, j) = (s, 0) ❡
(i, j) = (0, s)✱ r❡s✉❧t❛

∑

i+j=s

i,j>0

Fi ◦ Fj = δ2(Fs) ∀ s ∈ N0,

❞♦♥❞❡ Fi ◦ Fj ❡s ❡❧ ❛s♦❝✐❛❞♦r ❞❡ Fi ② Fj ✱ ② δ2 ❡s ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❡♥ ❣r❛❞♦ 2 ❞❡❧ ❝♦❝♦♠♣❧❡❥♦
❞❡ ❍♦❝❤s❝❤✐❧❞ Homk(A

⊗•, A)✳ ❊st❛s ❡❝✉❛❝✐♦♥❡s s✉❡❧❡♥ ❧❧❛♠❛rs❡ ❡❝✉❛❝✐♦♥❡s ❞❡ ❞❡❢♦r♠❛❝✐ó♥❀
♣♦r ❧♦ t❛♥t♦✱ ft ❡s ❛s♦❝✐❛t✐✈♦ s✐ ② s♦❧♦ s✐ s❡ ✈❡r✐✜❝❛♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❞❡❢♦r♠❛❝✐ó♥✳

❖❜s❡r✈❛♠♦s q✉❡ ♣❛r❛ s = 0 ❡st❛s ❡❝✉❛❝✐♦♥❡s ❞❡s❝r✐❜❡♥ ❧❛ ❛s♦❝✐❛t✐✈✐❞❛❞ ❞❡❧ ♣r♦❞✉❝t♦ ❞❡
A ② ♣❛r❛ s = 1 ❞✐❝❡♥ q✉❡ δ2(f1) = 0✱ ❡s ❞❡❝✐r✱ F1 ❞❡❜❡ s❡r ✉♥ 2✲❝♦❝✐❝❧♦ ❞❡ ❍♦❝❤s❝❤✐❧❞✳ ▼ás
❣❡♥❡r❛❧♠❡♥t❡✿

✺✵



▲❡♠❛ ✸✳✷✳✶✶✳ ❙❡❛ ft ✉♥❛ ❢❛♠✐❧✐❛ ✉♥✐♣❛r❛♠étr✐❝❛ ❞❡ ❞❡❢♦r♠❛❝✐♦♥❡s ❞❡ A t❛❧ q✉❡ F1 = · · · =
Fn−1 = 0✳ ❊♥t♦♥❝❡s Fn ❡s ✉♥ 2✲❝♦❝✐❝❧♦ ❞❡ ❍♦❝❤s❝❤✐❧❞✳

❉❡♠♦str❛❝✐ó♥✳ ▲❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❞❡❢♦r♠❛❝✐ó♥ ❞✐❝❡♥ q✉❡

δ2(Fn) =
∑

i+j=n

i,j>0

Fi ◦ Fj = 0,

♣✉❡s s✐ i+ j = n ② i, j > 0 ❡♥t♦♥❝❡s i, j ≤ n− 1❀ ❡♥t♦♥❝❡s ❧♦s tér♠✐♥♦s ❞❡ ❧❛ s✉♠❛ s♦♥ t♦❞♦s
♥✉❧♦s✳

❉❡✜♥✐❝✐ó♥ ✸✳✷✳✶✷✳ ❙❡❛ F1 ✉♥ 2✲❝♦❝✐❝❧♦ ❞❡ ❍♦❝❤s❝❤✐❧❞✳ ❉❡❝✐♠♦s q✉❡ F1 ❡s ✐♥t❡❣r❛❜❧❡ s✐
❡①✐st❡♥ {Fi}i≥2 t❛❧❡s q✉❡ s❡ ✈❡r✐✜❝❛♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❞❡❢♦r♠❛❝✐ó♥✱ ❡s ❞❡❝✐r✱ s✐ ❡①✐st❡ ✉♥❛
❢❛♠✐❧✐❛ ✉♥✐♣❛r❛♠étr✐❝❛ ❞❡ ❞❡❢♦r♠❛❝✐♦♥❡s q✉❡ ❡♠♣✐❡③❛ ❝♦♥ F1✳

❚♦♠❡♠♦s F1 ∈ HH2(A)✱ ❧❧❛♠❡♠♦s t❛♠❜✐é♥ F1 ❛ ✉♥ r❡♣r❡s❡♥t❛♥t❡ ❞❡ ❡st❛ ❝❧❛s❡ ② tr❛t❡✲
♠♦s ❞❡ ✐♥t❡❣r❛r❧♦ ❛ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ❞❡❢♦r♠❛❝✐♦♥❡s✳ ❈♦♠♦ A ❡s ❛s♦❝✐❛t✐✈❛ ② F1 ❡s ✉♥ 2✲
❝♦❝✐❝❧♦✱ s❡ ❝✉♠♣❧❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❞❡❢♦r♠❛❝✐ó♥ ♣❛r❛ s = 0, 1✳ ❙✐ F1 ❢✉❡r❛ ✐♥t❡❣r❛❜❧❡✱
❡♥t♦♥❝❡s ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❞❡❢♦r♠❛❝✐ó♥ ♣❛r❛ s = 2 ❞✐rí❛ q✉❡ F1 ◦ F1 = δ2(F2)✳ P♦r ♦tr♦ ❧❛❞♦✱
δ(F1 ◦ F1) = F1 ◦ δ(F1) − δ(F1) ◦ F1 + F1 ⌣ F1 − F1 ⌣ F1 = 0✱ ❡s ❞❡❝✐r q✉❡ F1 ◦ F1 ❡s ✉♥
3✲❝♦❝✐❝❧♦ ♣❛r❛ t♦❞♦ F1 ∈ HH2(A) ② ❧❛ ♣r✐♠❡r❛ ♦❜str✉❝❝✐ó♥ ♣❛r❛ q✉❡ F1 s❡❛ ✐♥t❡❣r❛❜❧❡ ❡s
q✉❡ F1 ◦ F1 s❡❛ ❝♦❤♦♠ó❧♦❣♦ ❛ 0✳ ❊♥ ❣❡♥❡r❛❧ s❡ t✐❡♥❡ ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✷✳✶✸✳ ❙❡❛ A ✉♥❛ k✲á❧❣❡❜r❛ ✉♥✐t❛r✐❛ ② car(k) 6= 2✳ ❙❡❛♥ F1, · · · , Fn ∈
Homk(A⊗A,A) t❛❧❡s q✉❡

∑

i+j=s

i,j>0

Fi ◦ Fj = δ2(Fs) ♣❛r❛ s = 1, ..., n.

❊♥t♦♥❝❡s

G :=
∑

i+j=n+1
i,j>0

Fi ◦ Fj ,

❡s ✉♥ 3✲❝♦❝✐❝❧♦ ❞❡ ❍♦❝❤s❝❤✐❧❞✳

❉❡♠♦str❛❝✐ó♥✳

δ(G) =

n
∑

i=1

Fi ◦ δ(Fn−i) − δ(Fi) ◦ Fn−i + Fi ⌣ Fn−i − Fn−i ⌣ Fi

=

n
∑

i=1

Fi ◦ δ(Fn−i) − δ(Fi) ◦ Fn−i

=

n
∑

i=1

(

n−i−1
∑

k=1

Fi ◦ (Fk ◦ Fn−i−k) −

i−1
∑

k=1

(Fk ◦ Fi−k) ◦ Fn−i)

=
∑

i+j+k=n

i,j,k>0

Fi ◦ (Fj ◦ Fk) − (Fi ◦ Fj) ◦ Fk,

✺✶



▲✉❡❣♦

2δ(G) =
∑

i+j+k=n

i,j,k>0

Fi ◦ (Fj ◦ Fk) − (Fi ◦ Fj) ◦ Fk + Fi ◦ (Fk ◦ Fj) − (Fi ◦ Fk) ◦ Fj

=
∑

i+j+k=n

i,j,k>0

Fi ◦ ((Fj + Fk) ◦ (Fj + Fk)) − (Fi ◦ (Fj + Fk)) ◦ (Fj + Fk) = 0.

❉❡ ❡st❛ ❢♦r♠❛✱ ♣✉❡❞❡ ✐♥t❡r♣r❡t❛rs❡ ❡❧ t❡r❝❡r ❣r✉♣♦ ❞❡ ❝♦❤♦♠♦❧♦❣í❛ ❞❡ ❍♦❝❤s❝❤✐❧❞ ❝♦♠♦
❡❧ ❧✉❣❛r ❞♦♥❞❡ ✈✐✈❡♥ ❧❛s ♦❜str✉❝❝✐♦♥❡s ♣❛r❛ ♣♦❞❡r ✐♥t❡❣r❛r ✉♥ 2✲❝♦❝✐❝❧♦✳

❉❡❢♦r♠❛❝✐♦♥❡s tr✐✈✐❛❧❡s ② ❡q✉✐✈❛❧❡♥❝✐❛ ❞❡ ❞❡❢♦r♠❛❝✐♦♥❡s

❉❡✜♥✐❝✐ó♥ ✸✳✷✳✶✹✳ ❉♦s ❢❛♠✐❧✐❛s ❞❡ ❞❡❢♦r♠❛❝✐♦♥❡s✱ ft ② gt s❡ ❞✐❝❡♥ ❡q✉✐✈❛❧❡♥t❡s s✐ ❡①✐st❡ ✉♥
✐s♦♠♦r✜s♠♦ ❞❡ K✲á❧❣❡❜r❛s Φt : Aft

−→ Agt
✱ ❞❛❞♦ ♣♦r ❧❛ ❡①t❡♥s✐ó♥ K✲❧✐♥❡❛❧ ❞❡

Φt(a) = a+ φ1(a)t+ φ2(a)t
2 + · · · ,

❞♦♥❞❡ φi : A×A −→ A ❡s k✲❧✐♥❡❛❧ ♣❛r❛ t♦❞♦ i ∈ N✳ ❉❡❝✐♠♦s q✉❡ ✉♥❛ ❢❛♠✐❧✐❛ ft ❡s tr✐✈✐❛❧ s✐
❡s ❡q✉✐✈❛❧❡♥t❡ ❛❧ ♣r♦❞✉❝t♦ ✉s✉❛❧ ❞❡ A[[t]]✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✷✳✶✺✳ ❈♦♥s✐❞❡r❛♥❞♦ ❧❛ ❞❡✜♥✐❝✐ó♥ ❛❧t❡r♥❛t✐✈❛ ❞❡ ❞❡❢♦r♠❛❝✐ó♥ ❞❛❞❛ ❡♥ ❧❛
❖❜s❡r✈❛❝✐ó♥ ✸✳✷✳✶✵✱ ❞❡❝✐♠♦s q✉❡ ❞♦s ❞❡❢♦r♠❛❝✐♦♥❡s B1 ② B2✱ ❝♦♥ ✐s♦♠♦r✜s♠♦s r❡s♣❡❝t✐✈♦s
β1 : B1 ⊗k[[t]] k −→ A ② β2 : B2 ⊗k[[t]] k −→ A✱ s♦♥ ❡q✉✐✈❛❧❡♥t❡s s✐ ❡①✐st❡ ✉♥ ✐s♦♠♦r✜s♠♦ ❞❡
k[[t]]✲á❧❣❡❜r❛s Φt : B1 −→ B2 t❛❧ q✉❡ ❡❧ s✐❣✉✐❡♥t❡ ❞✐❛❣r❛♠❛ ❝♦♥♠✉t❛

B1 ⊗k[[t]] k
Φt⊗k[[t]]idk //

β1 $$JJJJJJJJJJ
B2 ⊗k[[t]] k

β2zztttttttttt

A

❖❜s❡r✈❛❝✐ó♥ ✸✳✷✳✶✻✳ ❙❡❛ ft ✉♥❛ ❞❡❢♦r♠❛❝✐ó♥ tr✐✈✐❛❧ ❞❡ A✳ ❉❡ ❧❛ ❞❡✜♥✐❝✐ó♥ s❡ s✐❣✉❡ q✉❡
Φt(ft(a, b)) = Φt(a)Φt(b)✳ ❊❧ tér♠✐♥♦ ❞❡ ❧❛ ✐③q✉✐❡r❞❛ ❡s✿

Φt(ft(a, b)) = ab+ (φ1(ab) + F1(a, b))t+O(t2),

② ❡❧ tér♠✐♥♦ ❞❡ ❧❛ ❞❡r❡❝❤❛ ❡s✿

Φt(a)Φt(b) = ab+ (aφ1(b) + φ1(a)b)t+O(t2),

♣♦r ❧♦ t❛♥t♦✱ ✐❣✉❛❧❛♥❞♦ ❧♦s tér♠✐♥♦s ❧✐♥❡❛❧❡s ♦❜t❡♥❡♠♦s F1(a, b) = δ1(φ1)(a, b)❀ ❡s ❞❡❝✐r
F1 = 0 ❡♥ HH2(A)✳

❊♥ ❣❡♥❡r❛❧✱ s✐ ft ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ gt✱ ❛❧ ❞❡s❛rr♦❧❧❛r ❧❛ ✐❣✉❛❧❞❛❞ Φt(ft(a, b)) = gt(Φt(a),Φt(b))
❝♦♠♦ ❛♥t❡s✱ s❡ ❞❡❞✉❝❡ q✉❡ F1 = G1 + δ1(φ1)❀ s✐♥ ❡♠❜❛r❣♦✱ ❧❛ r❡❝í♣r♦❝❛ ❡s ❢❛❧s❛✱ ✉♥ ♠✐s♠♦
2✲❝♦❝✐❝❧♦ ♣♦❞rí❛ ✐♥t❡❣r❛rs❡ ❞❡ ❞♦s ♠❛♥❡r❛s ♥♦ ❡q✉✐✈❛❧❡♥t❡s✳ ❱❡r❡♠♦s ❡❥❡♠♣❧♦s ♠❛s ❛❞❡❧❛♥t❡
❡♥ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ✸✳✷✳✷✸

✺✷



▲❡♠❛ ✸✳✷✳✶✼✳ ❙❡❛♥ ft ② gt ❞♦s ❞❡❢♦r♠❛❝✐♦♥❡s✳ ❊♥t♦♥❝❡s Φt : Agt
−→ Aft

✱ ❞❛❞❛ ♣♦r

Φt := idA + φ1t+ φ2t
2 + · · · , ❡s ✉♥❛ ❡q✉✐✈❛❧❡♥❝✐❛ s✐ ② s♦❧♦ s✐

∑

i+j=s

φi(Gj(a, b)) =
∑

i+j+k=s

Fi(φj(a), φk(b)), ∀s ∈ N0,∀a, b ∈ A.

❉❡♠♦str❛❝✐ó♥✳ ❇❛st❛ ❞❡s❛rr♦❧❧❛r ❧❛ ✐❣✉❛❧❞❛❞ Φt(gt(a, b)) = ft(Φt(a),Φt(b)) ② ❛❣r✉♣❛r ❧♦s
tér♠✐♥♦s ♣♦r ♣♦t❡♥❝✐❛s ❞❡ t✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✷✳✶✽✳ ❙❡❛ ft ✉♥❛ ❢❛♠✐❧✐❛ ✉♥✐♣❛r❛♠étr✐❝❛ ❞❡ ❞❡❢♦r♠❛❝✐♦♥❡s ❞❡ A ♥♦ tr✐✈✐❛❧✱

❡♥t♦♥❝❡s ❡①✐st❡ n ∈ N≥2✱ ② ✉♥❛ ❢❛♠✐❧✐❛ ✉♥✐♣❛r❛♠étr✐❝❛ ❞❡ ❞❡❢♦r♠❛❝✐♦♥❡s gt ❞❡ A q✉❡ ❝✉♠♣❧❡

q✉❡ G1 = · · · = Gn−1 = 0 ② Gn ❡s ✉♥ 2✲❝♦❝✐❝❧♦ ♥♦ ❝♦❤♦♠ó❧♦❣♦ ❛ ❝❡r♦ ② t❛❧ q✉❡ ft ❡s

❡q✉✐✈❛❧❡♥t❡ ❛ gt✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ ft ✉♥❛ ❞❡❢♦r♠❛❝✐ó♥ ♥♦ tr✐✈✐❛❧ ❞❡ A✳ ❙❡❛ n ∈ N t❛❧ q✉❡ Fi = 0 ♣❛r❛ i < n
② Fn 6= 0✳ ❙❛❜❡♠♦s ♣♦r ❡❧ ▲❡♠❛ ✸✳✷✳✶✶ q✉❡ Fn ❡s ✉♥ 2✲❝♦❝✐❝❧♦✳ ❙✐ Fn ♥♦ ❡s ✉♥ ❝♦❜♦r❞❡✱
❡♥t♦♥❝❡s ♥♦ ❤❛② ♥❛❞❛ q✉❡ ❤❛❝❡r✳ ❙✐ Fn = δ1(φ)✱ ❝♦♥s✐❞❡r❛♠♦s gt := Φ−1

t ft(Φt(a),Φt(b))
❞♦♥❞❡ Φt = IdA − tnφ❀ ❡♥t♦♥❝❡s gt ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ft ② ❛❞❡♠ás ❝✉♠♣❧❡ q✉❡✿

Φt(gt(a, b)) = Φt(ab+G1(a, b)t+G2(a, b)t
2 + · · · )

= ab+G1(a, b)t+ · · · − tn(φ(ab) + φ(G1(a, b))t+ φ(G2(a, b))t
2 + · · · ),

② ♣♦r ❡❧ ♦tr♦ ❧❛❞♦✿

ft(Φt(a),Φt(b)) = ft(a− tnφ(a), b− tnφ(b))

=

∞
∑

i=0

Fi(a, b)t
i − (

∞
∑

i=0

Fi(a, φ(b)) + Fi(φ(a), b))ti+n +

∞
∑

i=0

(Fi(φ(a), φ(b))ti+2n

= ab+ (Fn(a, b) − aφ(b) − φ(a)b)tn +O(tn+1).

■❣✉❛❧❛♥❞♦ ❧♦s ❝♦❡✜❝✐❡♥t❡s ✈❡♠♦s q✉❡ Gi = 0 ♣❛r❛ t♦❞♦ i < n ② q✉❡ Gn(a, b) − φ(ab) =
Fn(a, b) − aφ(b) − φ(a)b✱ ❝♦♠♦ δ1(φ) = Fn s❡ s✐❣✉❡ q✉❡ Gn = 0✳ ❱❡❛♠♦s q✉❡ ❡st❡ ♣r♦❝❡❞✐✲
♠✐❡♥t♦ ❡✈❡♥t✉❛❧♠❡♥t❡ t❡r♠✐♥❛✳

❙✉♣♦♥❣❛♠♦s q✉❡ ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ♥♦ t❡r♠✐♥❛✱ ❡♥t♦♥❝❡s t❡♥❡♠♦s ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ❛✉t♦✲
♠♦r✜s♠♦s Ψk := Φ1 ◦Φ2 · · · ◦Φk q✉❡ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛ ❝♦♠♣♦s✐❝✐ó♥ ❞❡ ❧♦s ❛✉t♦♠♦r✜s♠♦s ❞❡
❧♦s ♣r✐♠❡r♦s k ♣❛s♦s✳ ❈❛❞❛ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❡st❛ s✉❝❡s✐ó♥ ❡✈❡♥t✉❛❧♠❡♥t❡ s❡ ❡st❛♥❝❛✱ ❡♥t♦♥❝❡s
Ψk ❝♦♥✈❡r❣❡ ❡♥ ❧❛ t♦♣♦❧♦❣í❛ t✲á❞✐❝❛ ❛ ❛❧❣ú♥ Ψ ∈ EndK(A[[t]])✳ ❆❞❡♠ás✱ ♣♦r ❝♦♥str✉❝❝✐ó♥
s❡ s✐❣✉❡ q✉❡ Ψ−1

k (ft(Ψk(a),Ψk(b))) = ab + Gk
n+k(a, b)t

n+k + · · · ✱ ❧✉❡❣♦✱ ♣♦r ❝♦♥t✐♥✉✐❞❛❞
♦❜t❡♥❡♠♦s Ψ−1(ft(Ψ(a),Ψ(b))) = ab✱ ❧♦ ❝✉❛❧ ❡s ❛❜s✉r❞♦ ♣✉❡s ft ♥♦ ❡s tr✐✈✐❛❧✳

❈♦r♦❧❛r✐♦ ✸✳✷✳✶✾✳ ❙✐ HH2(A) = 0 ❡♥t♦♥❝❡s t♦❞❛ ❞❡❢♦r♠❛❝✐ó♥ ❡s tr✐✈✐❛❧✳ ❊♥ ❡st♦s ❝❛s♦s s❡

❞✐❝❡ q✉❡ A ❡s rí❣✐❞❛✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✷✳✷✵✳ ❙✐ A ❡s ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥s✐ó♥ ✜♥✐t❛ ② s❡♣❛r❛❜❧❡✱ ❡♥t♦♥❝❡s A ❡s
rí❣✐❞❛✳

❱❡❛♠♦s ❛❤♦r❛ ❧❛ ✈✉❡❧t❛ ❞❡ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✸✳✷✳✶✽✳ P❛r❛ ❡❧❧♦ ♥❡❝❡s✐t❛r❡♠♦s ❡❧ s✐❣✉✐❡♥t❡
❧❡♠❛✳

✺✸



▲❡♠❛ ✸✳✷✳✷✶✳ ❙❡❛ φ ✉♥ 1✲❝♦❝✐❝❧♦ ❞❡ ❍♦❝❤s❝❤✐❧❞✳ ❊♥t♦♥❝❡s

Φt :=
∑

i≥0

φi

i!
ti,

❡s ✉♥ ❛✉t♦♠♦r✜s♠♦ ❞❡ A[[t]] ❝♦♥ ❡❧ ♣r♦❞✉❝t♦ ✉s✉❛❧✳ ◆♦t❛r❡♠♦s ❝♦♥ eφt ❛ Φt✳

❉❡♠♦str❛❝✐ó♥✳ P♦r ❡❧ ▲❡♠❛ ✸✳✷✳✶✼✱ ❜❛st❛ ❝❤❡q✉❡❛r q✉❡

φs(ab)

s!
=

∑

i+j=s

φi(a)

i!

φj(b)

j!
,

♣❛r❛ t♦❞♦ s ∈ N✳ ❊s ❞❡❝✐r✱ ❜❛st❛ ❝❤❡q✉❡❛r q✉❡

−δ1(
φs

s!
) =

∑

i+j=s

i,j>0

φi

i!
⌣

φj

j!
,

♣❛r❛ t♦❞♦ s ∈ N✳
❈♦♠♦ φ ❡s ✉♥ 1✲❝♦❝✐❝❧♦ ❞❡ ❍♦❝❤s❝❤✐❧❞✱ ❡♥t♦♥❝❡s ❧❛ ✐❣✉❛❧❞❛❞ ✈❛❧❡ ♣❛r❛ s = 1✳ ❱❡❛♠♦s

♣♦r ✐♥❞✉❝❝✐ó♥ q✉❡ ✈❛❧❡ ♣❛r❛ t♦❞♦ s ∈ N✳

−δ1(
φs+1

(s+ 1)!
) =

1

s+ 1
δ1(φ ◦ (−

φs

s!
))

=
1

s+ 1
(

∑

i+j=s,i,j≥0

(φ ◦ (
φi

i!
⌣

φj

j!
)) −

φs

s!
⌣ φ− φ ⌣

φs

s!
)

=
1

s+ 1
(

∑

i+j=s,i,j>0

(
φi+1

i!
⌣

φj

j!
+
φi

i!
⌣

φj+1

j!
) −

φs

s!
⌣ φ− φ ⌣

φs

s!
)

=
1

s+ 1
(

s−1
∑

i=2

(
φi

(i− 1)!
⌣

φs+1−i

(s+ 1 − i)!
+
φi

i!
⌣

φs+1−i

(s− i)!
)+

+
φs

(s− 1)!
⌣ φ+ φ ⌣

φs

(s− 1)!
−
φs

s!
⌣ φ− φ ⌣

φs

s!
)

=

s
∑

i=1

φi

i!
⌣

φs−i

(s− i)!
.

❈♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦str❛r✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✷✳✷✷✳ ❙❡❛ ft ✉♥❛ ❞❡❢♦r♠❛❝✐ó♥ tr✐✈✐❛❧ ❞❡ A ❞✐st✐♥t❛ ❞❡❧ ♣r♦❞✉❝t♦ ✉s✉❛❧ ❞❡

A[[t]]✳ ❙❡❛ i0 ∈ N ❡❧ ♠í♥✐♠♦ ❞❡ ❧♦s i ∈ N t❛❧ q✉❡ Fi 6= 0✳ ❊♥t♦♥❝❡s Fi0 ❡s ✉♥ 2✲❝♦❜♦r❞❡✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ Φt : A[[t]] −→ Aft
❧❛ ❡q✉✐✈❛❧❡♥❝✐❛✳ P♦r ❡❧ ❧❡♠❛ ✸✳✷✳✶✼✱ t❡♥❡♠♦s

−δ1(φs) =
∑

i+j=s

i,j>0

φi ⌣ φj ,

✺✹



♣❛r❛ t♦❞♦ s < i0✳ ❙❡❛ s0 ❡❧ ♠í♥✐♠♦ ❞❡ ❧♦s s ∈ N t❛❧ q✉❡ φs 6= 0✳ ❊♥t♦♥❝❡s δ1(φs0) = 0✳
❈♦♥s✐❞❡r❡♠♦s Φ′

t := Φt ◦ e
−φs0 ts0 ✳ ❊♥t♦♥❝❡s Φ′

t : A[[t]] −→ Aft
❡s ✉♥❛ ❡q✉✐✈❛❧❡♥❝✐❛ ②

φ′s = 0 ♣❛r❛ t♦❞♦ s ≤ s0✳ ❉❡ ❡st❛ ♠❛♥❡r❛ ♣♦❞❡♠♦s s✉♣♦♥❡r q✉❡ φs = 0 ♣❛r❛ t♦❞♦ s < i0✳
▲✉❡❣♦✱ ♣♦r ❡❧ ▲❡♠❛ ✸✳✷✳✶✼ t❡♥❡♠♦s −δ1(φi0) = Fi0 .

❖❜s❡r✈❛❝✐ó♥ ✸✳✷✳✷✸✳ ❙❡❛ ft ✉♥❛ ❞❡❢♦r♠❛❝✐ó♥ ❞❡ A ♥♦ tr✐✈✐❛❧✳ P♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✸✳✷✳✶✽
❡①✐st❡ ✉♥❛ ❞❡❢♦r♠❛❝✐ó♥ gt ❡q✉✐✈❛❧❡♥t❡ ❛ ft t❛❧ q✉❡

gt(a, b) = ab+Gn(a, b)tn +Gn+1t
n+1 + · · · ,

② Gn ♥♦ ❡s ✉♥ ✷✲❝♦❜♦r❞❡✳ ❙❡❛ m ∈ N ② ❝♦♥s✐❞❡r❡♠♦s

ĝt(a, b) = ab+Gn(a, b)tnm +Gn+1t
(n+1)m + · · · .

❊s ❞❡❝✐r✱ ĝt s❡ ♦❜t✐❡♥❡ ❞❡ gt ❡✈❛❧✉❛♥❞♦ ❡♥ tm✳ P♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✸✳✷✳✷✷ r❡s✉❧t❛ q✉❡ ĝt ❡s
✉♥❛ ❞❡❢♦r♠❛❝✐ó♥ ♥♦ tr✐✈✐❛❧✳ ❉❡ ❡st❛ ♠❛♥❡r❛ ❛ ♣❛rt✐r ❞❡ ✉♥❛ ❞❡❢♦r♠❛❝✐ó♥ ♥♦ tr✐✈✐❛❧ ♣♦❞❡♠♦s
♦❜t❡♥❡r ♦tr❛s ❞❡❢♦r♠❛❝✐♦♥❡s ♥♦ tr✐✈✐❛❧❡s ❝✉②♦ ♣r✐♠❡r ❝♦❡✜❝✐❡♥t❡ ❡s ♥✉❧♦✳

❉❡❢♦r♠❛❝✐♦♥❡s r❡❧❛t✐✈❛s ❛ ✉♥❛ s✉❜á❧❣❡❜r❛

❊❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st❛ s❡❝❝✐ó♥ ❡s ♣r♦❜❛r q✉❡ t♦❞❛ ❞❡❢♦r♠❛❝✐ó♥ ft ❞❡ ✉♥❛ k✲á❧❣❡❜r❛ ❝♦♥ ✉♥✐❞❛❞
r❡s✉❧t❛ ✉♥✐t❛r✐❛✳

❉❡✜♥✐❝✐ó♥ ✸✳✷✳✷✹✳ ❙❡❛ A ✉♥❛ k✲á❧❣❡❜r❛ ② s❡❛ S ✉♥❛ s✉❜á❧❣❡❜r❛ ❞❡ A✳ ❯♥❛ ❞❡❢♦r♠❛❝✐ó♥
ft s❡ ❞✐❝❡ S✲r❡❧❛t✐✈❛ s✐ ft(s, a) = sa✱ ② ft(a, s) = as✱ ♣❛r❛ t♦❞♦ s ∈ S✳

▲❡♠❛ ✸✳✷✳✷✺✳ ❙❡❛ ft ✉♥❛ ❞❡❢♦r♠❛❝✐ó♥ S✲r❡❧❛t✐✈❛✳ ❊♥t♦♥❝❡s Fi ∈ C̄2(A,S;A) ♣❛r❛ t♦❞♦

i ∈ N✳

❉❡♠♦str❛❝✐ó♥✳ ❉❡❜❡♠♦s ✈❡r q✉❡ ♣❛r❛ t♦❞♦ i ∈ N ② ♣❛r❛ t♦❞♦s a, b ∈ A✱ s ∈ S✱

✶✳ Fi(a, b) = 0 s✐ a ó b ∈ S,

✷✳ Fi(as, b) = Fi(a, sb),

✸✳ sFi(a, b) = Fi(sa, b),

✹✳ Fi(a, bs) = Fi(a, b)s.

▲❛ ✐❣✉❛❧❞❛❞ ✭✶✮ ❡s ❝♦♥s❡❝✉❡♥❝✐❛ ❞✐r❡❝t❛ ❞❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ft(s, a) = sa ② ft(a, s) = 0✳ ▲❛
s❡❣✉♥❞❛ ✐❣✉❛❧❞❛❞ ♣✉❡❞❡ ♦❜t❡♥❡rs❡ ♦❜s❡r✈❛♥❞♦ q✉❡

ft(as, b) = ft(ft(a, s), b) = ft(a, ft(s, b)) = ft(a, sb).

❆r❣✉♠❡♥t♦s ❛♥á❧♦❣♦s ❞❡✈✉❡❧✈❡♥ ✭✸✮ ② ✭✹✮✳

❉❡✜♥✐❝✐ó♥ ✸✳✷✳✷✻✳ ❙❡❛♥ ft ② gt ❞♦s ❞❡❢♦r♠❛❝✐♦♥❡s S✲r❡❧❛t✐✈❛s✳ ❯♥❛ ❡q✉✐✈❛❧❡♥❝✐❛ S✲r❡❧❛t✐✈❛
❡♥tr❡ ft ② gt ❡s ✉♥❛ ❡q✉✐✈❛❧❡♥❝✐❛ ✉s✉❛❧ Φt q✉❡ s❛t✐s❢❛❝❡ ❛❞❡♠ás Φt(s) = s∀s ∈ S✳

▲❡♠❛ ✸✳✷✳✷✼✳ ❙❡❛ Φt ✉♥❛ ❡q✉✐✈❛❧❡♥❝✐❛ S✲r❡❧❛t✐✈❛ ❡♥tr❡ ❞♦s ❞❡❢♦r♠❛❝✐♦♥❡s S✲r❡❧❛t✐✈❛s ft ②

gt✳ ❊♥t♦♥❝❡s φi ∈ C̄1(A,S;A)✳

✺✺



❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ s ∈ S✳ ▲❛ ❝♦♥❞✐❝✐ó♥ Φt(s) = s ✐♠♣❧✐❝❛ ❞✐r❡❝t❛♠❡♥t❡ q✉❡ φi(s) = 0 ♣❛r❛
t♦❞♦ i ∈ N✳

❚❡♦r❡♠❛ ✸✳✷✳✷✽✳ ❙❡❛ A ✉♥❛ k✲á❧❣❡❜r❛✳ ❙❡❛ S ✉♥❛ s✉❜á❧❣❡❜r❛ s❡♣❛r❛❜❧❡ ❞❡ A✳ ❊♥t♦♥❝❡s

t♦❞❛ ❞❡❢♦r♠❛❝✐ó♥ ft ❞❡ A ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♥❛ ❞❡❢♦r♠❛❝✐ó♥ S✲r❡❧❛t✐✈❛✳

❉❡♠♦str❛❝✐ó♥✳ ❈♦♠♦ S ❡s s❡♣❛r❛❜❧❡✱ H•(A,S;A) = H•(A,A)✳ ❆❞❡♠ás✱ H•(A,S;A) ♣✉❡❞❡
❝❛❧❝✉❧❛rs❡ ✉t✐❧✐③❛♥❞♦ ❡❧ ❝♦♠♣❧❡❥♦ ❞❡ ❝♦❝❛❞❡♥❛s S✲r❡❧❛t✐✈❛s ♥♦r♠❛❧✐③❛❞❛s C̄•(A,S;A)✳ ❱❡❛♠♦s✱
♣♦r ✐♥❞✉❝❝✐ó♥ ❡♥ n ∈ N✱ q✉❡ s✐ F1, · · · , Fn ∈ C̄2(A,S;A)✱ ❡♥t♦♥❝❡s ft ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♥❛
❞❡❢♦r♠❛❝✐ó♥ gt ❝♦♥ Gi = Fi ♣❛r❛ i = 1, · · · , n✱ ② Gn+1 ∈ C̄2(A,S;A)✳ ❈♦♠♦ F1 ∈ Ker (δ2)✱
❡①✐st❡ F̃1 ∈ Z̄2(A,S;A) ② φ ∈ C1(A,S;A) t❛❧ q✉❡ F̃1 − F1 = δ1(φ)✳

❙❡❛ Φt = idA + φt✳ ❊♥t♦♥❝❡s s✐ ❞❡✜♥✐♠♦s gt := Φ−1
t (ft(Φt(a),Φt(b)) r❡s✉❧t❛ ✉♥❛ ❞❡❢♦r✲

♠❛❝✐ó♥ ❡q✉✐✈❛❧❡♥t❡ ❛ ft✳ ▲✉❡❣♦ ♣♦r ❡❧ ▲❡♠❛ ✸✳✷✳✶✼✱ G1 = F1 + δ1φ = F̃1✳
❙✉♣♦♥❣❛♠♦s ②❛ ♥♦r♠❛❧✐③❛❞♦s F1, · · · , Fn−1✳ ❯♥❛ s✐♠♣❧❡ ✈❡r✐✜❝❛❝✐ó♥ ♠✉❡str❛ q✉❡ s✐ α ∈

C̄r(A,S;A) ② β ∈ C̄s(A,S;A)✱ ❡♥t♦♥❝❡s ❡❧ ❛s♦❝✐❛❞♦r α ◦ β ∈ C̄r+s−1(A,S;A)✳ ▲✉❡❣♦

δ2(Fn) =
∑

i+j=n

i,j>0

Fi ◦ Fj ∈ B̄3(A,S;A).

❊♥t♦♥❝❡s ❡①✐st❡ F ′
n ∈ C̄2(A,S;A) t❛❧ q✉❡ δ2(Fn) = δ2(F

′
n)✱ ② ♣♦r ❧♦ t❛♥t♦ F1 − F ′

1 ∈
Z̄2(A,S;A)✳

❙❡❛♥ F ′′
n ∈ Z̄2(A,S;A) ② φ ∈ C̄1(A,S;A) t❛❧ q✉❡ F ′′

n − (F1 − F ′
1) = δ1(φ)✳

❙❡❛ Φt = idA + tnFn✱ ② s❡❛ gt := Φ−1
t (ft(Φt(a),Φt(b)))✳ P♦r ❡❧ ❧❡♠❛ ✸✳✷✳✶✼ ♦❜t❡♥❡♠♦s

Gi = Fi ♣❛r❛ t♦❞♦ i = 1, · · · , n− 1✱ ② Gn = Fn + δ1(φ) = F ′′
n + F ′

n ∈ C̄2(A,S;A)✳
❋✐♥❛❧♠❡♥t❡✱ ❧❛ ❝♦♠♣♦s✐❝✐ó♥ ✐♥✜♥✐t❛ ❞❡ ❧❛s ❡q✉✐✈❛❧❡♥❝✐❛s ❞❡ ❝❛❞❛ ♣❛s♦ ❝♦♥✈❡r❣❡ ❡♥ ❧❛

t♦♣♦❧♦❣í❛ t✲á❞✐❝❛ ② ♣♦r ❧♦ t❛♥t♦ ft ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♥❛ ❞❡❢♦r♠❛❝✐ó♥ ❝♦♥ t♦❞♦s s✉s tér♠✐♥♦s
❡♥ C̄2(A,S;A)✱ ❡s ❞❡❝✐r✱ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♥❛ ❞❡❢♦r♠❛❝✐ó♥ S✲r❡❧❛t✐✈❛✳

❈♦r♦❧❛r✐♦ ✸✳✷✳✷✾✳ ❙❡❛ A ✉♥❛ k✲á❧❣❡❜r❛ ❝♦♥ ✉♥✐❞❛❞✳ ❊s ❡✈✐❞❡♥t❡ q✉❡ k ⊂ A ❡s ✉♥❛ k✲á❧❣❡❜r❛
s❡♣❛r❛❜❧❡✳ ❆♣❧✐❝❛♥❞♦ ❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r ❛ S = k ❞❡❞✉❝✐♠♦s q✉❡ t♦❞❛ ❞❡❢♦r♠❛❝✐ó♥ ft ❞❡ A
❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♥❛ ❞❡❢♦r♠❛❝✐ó♥ k✲r❡❧❛t✐✈❛✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ t✐❡♥❡ ✉♥✐❞❛❞✳

✸✳✸ ❉❡❢♦r♠❛❝✐♦♥❡s ❞❡ ●❡rst❡♥❤❛❜❡r ❞❡ ✉♥ á❧❣❡❜r❛ ❞❡ ▲✐❡

❊♥ ❡st❛ s❡❝❝✐ó♥✱ ♥♦t❛r❡♠♦s ❝♦♥ Zn(g, g) ② Bn(g, g) r❡s♣❡❝t✐✈❛♠❡♥t❡ ❛ ❧♦s ❝♦❝✐❝❧♦s ② ❝♦❜♦r❞❡s
❞❡❧ ❝♦♠♣❧❡❥♦ Homk(∧

•g, g) ❞❡❧ ❈♦r♦❧❛r✐♦ ✷✳✷✳✶✾ ❞❡❧ ❝❛♣ít✉❧♦ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡✳
❙❡❛ k = C✳ ❙❡❛ V ✉♥ k✲❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❞❡ ❞✐♠❡♥s✐ó♥ n✱ ② s❡❛ [−,−] : V × V −→ V ✉♥

♠♦r✜s♠♦ k✲❧✐♥❡❛❧✳ ❙❡❛ {v1, · · · , vn} ✉♥❛ k✲❜❛s❡ ❞❡ V ✳ ❊♥t♦♥❝❡s ❡①✐st❡♥ αr
i,j ∈ k t❛❧❡s q✉❡

[vi, vj ] =
∑

k α
r
i,jvr✳

▲❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❏❛❝♦❜✐ ② ❧❛ ❛♥t✐s✐♠❡trí❛ ❞❡❧ ❝♦r❝❤❡t❡ s❡ tr❛❞✉❝❡♥ ❡♥ ❡❝✉❛❝✐♦♥❡s ♣♦❧✐♥♦✲
♠✐❛❧❡s ❡♥ {αr

i,j}i,j,r✳ ▲✉❡❣♦ ♣♦❞❡♠♦s ♣❡♥s❛r ❛ ❧❛s ❡str✉❝t✉r❛s ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ s♦❜r❡ V

❝♦♠♦ ✉♥❛ ✈❛r✐❡❞❛❞ ❛❧❣❡❜r❛✐❝❛ ❡♥ kn3
✳ ❆♥á❧♦❣❛♠❡♥t❡ ❛❧ ❝❛s♦ ❞❡ ❧❛s á❧❣❡❜r❛s ❛s♦❝✐❛t✐✈❛s✱ s✐

❝♦♥s✐❞❡r❛♠♦s ✉♥❛ ❡str✉❝t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ▲✐❡ ✜❥❛ s♦❜r❡ V q✉❡ ❧❧❛♠❛r❡♠♦s g✱ ✉♥❛ ❝✉r✈❛
❛♥❛❧ít✐❝❛ γ : C −→ Lie q✉❡ ❡♥ 0 ♣❛s❛ ♣♦r g ♣✉❡❞❡ ❡s❝r✐❜✐rs❡✱ ❡♥ ✉♥ ❡♥t♦r♥♦ ❞❡❧ 0✱ ❝♦♠♦

γt(v, w) = [v, w] + F1(v, w)t+ F2(v, w)t2 + · · · ,

✺✻



♣❛r❛ ❝✐❡rt❛s Fi : ∧2V −→ V ✱ ❞♦♥❞❡ ❡❧ ❝♦r❝❤❡t❡ [−,−] ❡s ❡❧ ❞❡ g✳ ❱✐st❛ ❞❡ ❡st❛ ♠❛♥❡r❛✱ ❧❛
❝♦♥❞✐❝✐ó♥ ❞❡ ❏❛❝♦❜✐ r❡s✉❧t❛

∑

i+j=s

i,j≥0

Fi(Fj(a, b), c) + Fi(Fj(b, c), a) + Fi(Fj(c, a), b) = 0, ∀s ∈ N0. ✭✸✳✸✳✶✮

❉❡ ❡st❛ ♠❛♥❡r❛ ♦❜t❡♥❡♠♦s ❧❛ ❛s✐❣♥❛❝✐ó♥

④●ér♠❡♥❡s ❞❡ ❝✉r✈❛s ❛♥❛❧ít✐❝❛s⑥ // ④❋❛♠✐❧✐❛s {Fi}i q✉❡ ❝✉♠♣❧❡♥ ✸✳✸✳✶⑥ .

P♦r ♦tr♦ ❧❛❞♦✱ ♣♦❞❡♠♦s ♣❡♥s❛r ❛ ✉♥❛ ❢❛♠✐❧✐❛ {Fi} q✉❡ ❝✉♠♣❧❡ ✸✳✸✳✶ ❝♦♠♦ ❧❛ ❡str✉❝t✉r❛ ❞❡
á❧❣❡❜r❛ ❞❡ ▲✐❡ s♦❜r❡ ❧❛s s❡r✐❡s ❢♦r♠❛❧❡s ❡♥ V ❝♦♥ ❝♦r❝❤❡t❡ ❞❛❞♦ ♣♦r

[v, w]t = [v, w] + F1(v, w)t+ F2(v, w)t2 + · · · , ∀v, w ∈ V.

❉❡✜♥✐❝✐ó♥ ✸✳✸✳✶✳ ❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡✳ ❯♥❛ ❢❛♠✐❧✐❛ ✉♥✐♣❛r❛♠étr✐❝❛ ❞❡ ❞❡❢♦r♠❛❝✐♦♥❡s
❞❡ g ❡s ✉♥ ❝♦r❝❤❡t❡ ❞❡ ▲✐❡ ❡♥ g[[t]] ❞❛❞♦ ♣♦r ❧❛ ❡①t❡♥s✐ó♥ k[[t]]✲❜✐❧✐♥❡❛❧ ❞❡ ft : ∧2g −→ g[[t]]
❞♦♥❞❡

ft(v, w) = [v, w] + F1(v, w)t+ F2(v, w)t2 + · · · ,

❝♦♥ Fi : g × g −→ g k✲❜✐❧✐♥❡❛❧ ② ❛❧t❡r♥❛❞❛ ♣❛r❛ t♦❞♦ i ∈ N✳ ❈✉❛♥❞♦ ♥♦ ❤❛②❛ ❛♠❜✐❣ü❡❞❛❞
♥♦t❛r❡♠♦s ❝♦♥ gt ❛ g[[t]] ❝♦♥ ❡❧ ❝♦r❝❤❡t❡ ❞❛❞♦ ♣♦r ft✱ ❞❡ ❧♦ ❝♦♥tr❛r✐♦ ❧❛ ♥♦t❛r❡♠♦s ❝♦♥ gft

✳

❉❡✜♥✐❝✐ó♥ ✸✳✸✳✷✳ ❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡✳ ❉♦s ❢❛♠✐❧✐❛s ❞❡ ❞❡❢♦r♠❛❝✐♦♥❡s ft ② gt ❞❡ g

s❡ ❞✐❝❡♥ ❡q✉✐✈❛❧❡♥t❡s s✐ ❡①✐st❡ ✉♥ ✐s♦♠♦r✜s♠♦ ❞❡ K✲á❧❣❡❜r❛s ❞❡ ▲✐❡ Φt : gft
−→ ggt

✱ ❞❛❞♦
♣♦r ❧❛ ❡①t❡♥s✐ó♥ K✲❧✐♥❡❛❧ ❞❡

Φt(a) = a+ φ1(a)t+ φ2(a)t
2 + · · · ,

❞♦♥❞❡ φi : g× g −→ g s♦♥ k✲❧✐♥❡❛❧❡s✳ ❉❡❝✐♠♦s q✉❡ ✉♥❛ ❢❛♠✐❧✐❛ ft ❡s tr✐✈✐❛❧ s✐ ❡s ❡q✉✐✈❛❧❡♥t❡
❛❧ ❝♦r❝❤❡t❡ ✉s✉❛❧ ❞❡ g[[t]]✳

✸✳✸✳✶ ■♥t❡❣r❛❜✐❧✐❞❛❞ ② ♦❜str✉❝❝✐♦♥❡s

❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡ ② s❡❛ ft ✉♥❛ ❢❛♠✐❧✐❛ ✉♥✐♣❛r❛♠étr✐❝❛ ❞❡ ❞❡❢♦r♠❛❝✐♦♥❡s✳ ▲❛
❝♦♥❞✐❝✐ó♥ ❞❡ ❏❛❝♦❜✐ ❡s

ft(ft(a, b), c) + ft(ft(b, c), a) + ft(ft(c, a), b) = 0,

q✉❡ s❡ tr❛❞✉❝❡ ❡♥
∑

i+j=s

i,j≥0

Fi(Fj(a, b), c) + Fi(Fj(b, c), a) + Fi(Fj(c, a), b) = 0, ∀s ∈ N0.

❉❡s♣❡❥❛♥❞♦ ❧♦s tér♠✐♥♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ (i, j) = (0, s) ❡ (i, j) = (s, 0)✱ ♦❜t❡♥❡♠♦s
∑

i+j=s

i,j>0

Fi(Fj(a, b), c) + Fi(Fj(b, c), a) + Fi(Fj(c, a), b) = δ2(Fs)(a, b, c), ∀s ∈ N0,

❞♦♥❞❡ δ2 ❡s ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❡♥ ❣r❛❞♦ 2 ❞❡❧ ❝♦♠♣❧❡❥♦ Homk(∧
•g, g)✳

❊♥ ❢♦r♠❛ ❛♥á❧♦❣❛ ❛❧ ❝❛s♦ ❞❡ á❧❣❡❜r❛s ❛s♦❝✐❛t✐✈❛s✱ s❡ ❞❡❞✉❝❡♥ ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣♦s✐❝✐♦♥❡s✳

✺✼



Pr♦♣♦s✐❝✐ó♥ ✸✳✸✳✸✳ ❙❡❛♥ F1 · · ·Fn−1 t❛❧❡s q✉❡

δ2(Fs)(a, b, c) =
∑

i+j=s

i,j>0

Fi(Fj(a, b), c) + Fi(Fj(b, c), a) + Fi(Fj(c, a), b),

♣❛r❛ s = 1, · · · , n− 1✱ ♣❛r❛ t♦❞♦ a, b, c ∈ g✳ ❙❡❛

G(a, b, c) :=
∑

i+j=n

i,j>0

Fi(Fj(a, b), c) + Fi(Fj(b, c), a) + Fi(Fj(c, a), b).

❊♥t♦♥❝❡s G ∈ Z3(g, g)✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✸✳✹✳ ❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡ ② s❡❛ ft ✉♥❛ ❞❡❢♦r♠❛❝✐ó♥ ♥♦ tr✐✈✐❛❧✳ ❊♥✲

t♦♥❝❡s ❡①✐st❡ n ∈ N≥2 ② ✉♥❛ ❞❡❢♦r♠❛❝✐ó♥ gt t❛❧ q✉❡ G1 = · · · = Gn−1 = 0✱ Gn ♥♦ ❡s ✉♥

2✲❝♦❜♦r❞❡ ② ft ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ gt✳

❈♦r♦❧❛r✐♦ ✸✳✸✳✺✳ ❙❡❛ g ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡ s❡♠✐s✐♠♣❧❡✱ ❝♦♠♦ H2
Lie(g, g) = 0✱ t❡♥❡♠♦s q✉❡

t♦❞❛ ❞❡❢♦r♠❛❝✐ó♥ ❞❡ g ❡s tr✐✈✐❛❧✳ ❊♥ ❡st♦s ❝❛s♦s s❡ ❞✐❝❡ q✉❡ g ❡s rí❣✐❞❛✳

✺✽



❈❛♣ít✉❧♦ ✹

❊❧ ❧❡♠❛ ❞❡❧ ❞✐❛♠❛♥t❡ ② s✉ ❛♣❧✐❝❛❝✐ó♥
❛❧ ❝á❧❝✉❧♦ ❞❡ ❞❡❢♦r♠❛❝✐♦♥❡s

✹✳✶ ▲❡♠❛ ❞❡❧ ❞✐❛♠❛♥t❡ ❞❡ ❇❡r❣♠❛♥

❊❧ ❧❡♠❛ ❞❡❧ ❞✐❛♠❛♥t❡ ❡s ✉♥❛ ❤❡rr❛♠✐❡♥t❛ ♣❛r❛ ❡♥❝♦♥tr❛r ❜❛s❡s ❞❡ ♠ó❞✉❧♦s ❞❛❞♦s ♣♦r ❣❡♥❡✲
r❛❞♦r❡s ② r❡❧❛❝✐♦♥❡s✳ ❊♥ ❡st❛ s❡❝❝✐ó♥ ✈❡r❡♠♦s ❧❛s ❞❡✜♥✐❝✐♦♥❡s ② ♥♦t❛❝✐♦♥❡s ♥❡❝❡s❛r✐❛s ♣❛r❛
♣♦❞❡r ❡♥✉♥❝✐❛r ❧✉❡❣♦ ❞✐❝❤♦ r❡s✉❧t❛❞♦✳

❆ ❧♦ ❧❛r❣♦ ❞❡ ❡st❛ s❡❝❝✐ó♥

• k s❡rá ✉♥ ❛♥✐❧❧♦ ❝♦♥♠✉t❛t✐✈♦ ❝♦♥ ✉♥✐❞❛❞✱

• s✐ X ❡s ✉♥ ❝♦♥❥✉♥t♦✱ 〈X〉 s❡rá ❡❧ s❡♠✐❣r✉♣♦ ❝♦♥ ✉♥✐❞❛❞ ❞❡ ❧❛s ♣❛❧❛❜r❛s ❡♥ X✱ k〈X〉 ❧❛
k✲á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ❧✐❜r❡ ❝♦♥ k✲❜❛s❡ 〈X〉✳

❉❡✜♥✐❝✐ó♥ ✹✳✶✳✶✳ ❙❡❛ X ✉♥ ❝♦♥❥✉♥t♦✳ ❯♥ s✐st❡♠❛ ❞❡ r❡❞✉❝❝✐ó♥ ♣❛r❛ k〈X〉 ❡s ✉♥ ❝♦♥❥✉♥t♦
S ❞❡ ♣❛r❡s σ = (Wσ, fσ)✱ ❞♦♥❞❡ Wσ ∈ 〈X〉 ② fσ ∈ k〈X〉✳

❙❡❛ S ✉♥ s✐st❡♠❛ ❞❡ r❡❞✉❝❝✐ó♥ ♣❛r❛ k〈X〉✳

❉❡✜♥✐❝✐ó♥ ✹✳✶✳✷✳ ✶✳ P❛r❛ ❝❛❞❛ σ ∈ S✱ A,B ∈ 〈X〉✱ s❡❛ rAσB : k〈X〉 −→ k〈X〉 ❡❧
♠♦r✜s♠♦ ❞❡✜♥✐❞♦ ♣♦r rAσB(AWσB) = AfσB✱ ② q✉❡ ✜❥❛ ❡❧ r❡st♦ ❞❡ ❧❛s ♣❛❧❛❜r❛s✳
❊st♦s ♠♦r✜s♠♦s r❡❝✐❜❡♥ ❡❧ ♥♦♠❜r❡ ❞❡ r❡❞✉❝❝✐♦♥❡s✳

✷✳ ❙❡❛ a ∈ k〈X〉✳ ❯♥❛ r❡❞✉❝❝✐ó♥ rAσB s❡ ❞✐❝❡ q✉❡ ❛❝tú❛ tr✐✈✐❛❧♠❡♥t❡ ❡♥ a s✐ ❡❧ ❝♦❡✜❝✐❡♥t❡
❞❡ AWσB ❞❡ a ❡s ❝❡r♦✳ ❆❞❡♠ás✱ a s❡ ❞✐❝❡ ✐rr❡❞✉❝✐❜❧❡ s✐ t♦❞❛ r❡❞✉❝❝✐ó♥ ❛❝tú❛ tr✐✈✐❛❧✲
♠❡♥t❡ ❡♥ a✳ ❖❜s❡r✈❡♠♦s q✉❡ s✐ ✉♥ ❡❧❡♠❡♥t♦ a ❡s ✐rr❡❞✉❝✐❜❧❡✱ ❡♥t♦♥❝❡s rAσB(a) = a
♣❛r❛ t♦❞♦ A,B ∈ 〈X〉✱ σ ∈ S✳ ◆♦t❛r❡♠♦s ❝♦♥ k〈X〉irr ❛❧ s✉❜♠ó❞✉❧♦ ❢♦r♠❛❞♦ ♣♦r ❧♦s
❡❧❡♠❡♥t♦s ✐rr❡❞✉❝✐❜❧❡s✳

✸✳ ❙❡❛ a ∈ k〈X〉✳ ❯♥❛ s✉❝❡s✐ó♥ ✜♥✐t❛ ❞❡ r❡❞✉❝❝✐♦♥❡s r1, · · · , rn s❡ ❞✐❝❡ ✜♥❛❧ ❡♥ a s✐
rn ◦ · · · ◦ r1(a) ∈ k〈X〉irr✳ ❊❧ ❡❧❡♠❡♥t♦ rn ◦ · · · ◦ r1(a) s❡ ❧❧❛♠❛ ✐♠❛❣❡♥ ❞❡ a ♣♦r ❧❛

s✉❝❡s✐ó♥ ✜♥❛❧✳

✹✳ ❯♥ ❡❧❡♠❡♥t♦ a ∈ k〈X〉 s❡ ❞✐❝❡ ❞❡ r❡❞✉❝❝✐ó♥ ✜♥✐t❛ s✐ ♣❛r❛ ❝❛❞❛ s✉❝❡s✐ó♥ ✐♥✜♥✐t❛ ❞❡
r❡❞✉❝❝✐♦♥❡s {ri}i∈N✱ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡ ♣❛r❛ t♦❞♦ n ≥ n0✱ rn ❛❝tú❛ tr✐✈✐❛❧♠❡♥t❡ ❡♥
rn−1 ◦ · · · ◦ r1(a)✳

✺✾



✺✳ ❯♥ ❡❧❡♠❡♥t♦ a ∈ k〈X〉 s❡ ❞✐❝❡ ❞❡ r❡❞✉❝❝✐ó♥ ú♥✐❝❛ s✐ ❡s ❞❡ r❡❞✉❝❝✐ó♥ ✜♥✐t❛ ② ❡①✐st❡
rS(a) ∈ k〈X〉irr t❛❧ q✉❡ rn ◦ · · · ◦ r1(a) = rS(a) ♣❛r❛ t♦❞❛ s✉❝❡s✐ó♥ r1, · · · , rn ✜♥❛❧ ❡♥
a✳

✻✳ ❯♥❛ 5✲✉♣❧❛ (σ, τ, A,B,C) ❝♦♥ σ, τ ∈ S❀ A,B,C ∈ 〈X〉 − {1} t❛❧ q✉❡ Wσ = AB✱ ②
Wτ = BC✱ s❡ ❧❧❛♠❛ ✉♥❛ ❛♠❜✐❣ü❡❞❛❞ ❞❡ t✐♣♦ ♦✈❡r❧❛♣✱ ♦ s✐♠♣❧❡♠❡♥t❡ ✉♥ ♦✈❡r❧❛♣✳ ❯♥
♦✈❡r❧❛♣ (σ, τ, A,B,C) s❡ ❞✐❝❡ r❡s♦❧✉❜❧❡ s✐ ❡①✐st❡♥ r❡❞✉❝❝✐♦♥❡s r ② r′ t❛❧❡s q✉❡ r(fσC) =
r′(Afτ )✳

✼✳ ❯♥❛ 5✲✉♣❧❛ (σ, τ, A,B,C) ❝♦♥ σ 6= τ ∈ S❀ A,B,C ∈ 〈X〉 t❛❧ q✉❡ Wσ = B✱ ②
Wτ = ABC✱ s❡ ❧❧❛♠❛ ✉♥❛ ❛♠❜✐❣ü❡❞❛❞ ❞❡ t✐♣♦ ✐♥❝❧✉s✐ó♥✱ ♦ s✐♠♣❧❡♠❡♥t❡ ✉♥ ✐♥❝❧✉s✐ó♥✳
❯♥ ✐♥❝❧✉s✐ó♥ (σ, τ, A,B,C) s❡ ❞✐❝❡ r❡s♦❧✉❜❧❡ s✐ ❡①✐st❡♥ r❡❞✉❝❝✐♦♥❡s r ② r′ t❛❧❡s q✉❡
r(AfσB) = r′(fτ )✳

✽✳ ❯♥ ♦r❞❡♥ ♣❛r❝✐❛❧ 6 s♦❜r❡ 〈X〉 s❡ ❧❧❛♠❛ ♦r❞❡♥ ♣❛r❝✐❛❧ ❞❡ s❡♠✐❣r✉♣♦ s✐ ♣❛r❛ t♦❞♦ B,B′ ∈
〈X〉 t❛❧ q✉❡ B < B′✱ ✈❛❧❡ q✉❡ ABC < AB′C ♣❛r❛ t♦❞♦ A,C ∈ 〈X〉✳ P♦r ♦tr♦ ❧❛❞♦✱ ✉♥
♦r❞❡♥ ♣❛r❝✐❛❧ s♦❜r❡ 〈X〉 t✐❡♥❡ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ ❝❛❞❡♥❛ ❞❡s❝❡♥❞❡♥t❡ s✐ t♦❞❛ ❝❛❞❡♥❛ ❞❡
♠♦♥♦♠✐♦s A1 ≥ A2 ≥ · · · ❡✈❡♥t✉❛❧♠❡♥t❡ s❡ ❡st❛♥❝❛✳

✾✳ ❯♥ ♦r❞❡♥ ♣❛r❝✐❛❧ ❞❡ s❡♠✐❣r✉♣♦ ❡♥ 〈X〉 s❡ ❞✐❝❡ ❝♦♠♣❛t✐❜❧❡ ❝♦♥ S s✐ ♣❛r❛ t♦❞♦ σ ∈ S✱
fσ ❡s ❝♦♠❜✐♥❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡ ♠♦♥♦♠✐♦s A1, · · · , An ∈ 〈X〉 ❝♦♥ Ai < Wσ ♣❛r❛ t♦❞♦ i✳

❚❡♦r❡♠❛ ✹✳✶✳✸✳ ❙❡❛ X ✉♥ ❝♦♥❥✉♥t♦✱ s❡❛ S ✉♥ s✐st❡♠❛ ❞❡ r❡❞✉❝❝✐ó♥ ♣❛r❛ k〈X〉 ② s❡❛ 6 ✉♥

♦r❞❡♥ ♣❛r❝✐❛❧ ❞❡ s❡♠✐❣r✉♣♦ ❡♥ 〈X〉 ❝♦♠♣❛t✐❜❧❡ ❝♦♥ S ❝♦♥ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ ❝❛❞❡♥❛ ❞❡s❝❡♥❞❡♥t❡✳

❊♥t♦♥❝❡s ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥❞✐❝✐♦♥❡s s♦♥ ❡q✉✐✈❛❧❡♥t❡s✳

✐✮ ❚♦❞❛s ❧❛s ❛♠❜✐❣ü❡❞❛❞❡s ❞❡ S s♦♥ r❡s♦❧✉❜❧❡s✳

✐✐✮ ❚♦❞♦s ❧♦s ❡❧❡♠❡♥t♦s ❞❡ k〈X〉 s♦♥ ❞❡ r❡❞✉❝❝✐ó♥ ú♥✐❝❛✳

✐✐✐✮ ▲❛ ❝❧❛s❡ ❞❡ ❧♦s ♠♦♥♦♠✐♦s ✐rr❡❞✉❝✐❜❧❡s s♦♥ k✲❜❛s❡ ❞❡❧ ♠ó❞✉❧♦ k〈X〉/I ❞♦♥❞❡ I ❡s ❡❧ ✐❞❡❛❧

❜✐❧át❡r♦ ❣❡♥❡r❛❞♦ ♣♦r Wσ − fσ ♣❛r❛ t♦❞♦ σ ∈ S✳

❯♥❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❡ r❡s✉❧t❛❞♦ ♣✉❡❞❡ ❡♥❝♦♥tr❛rs❡ ❡♥ ❬❇❡r❪✳

❖❜s❡r✈❛❝✐ó♥ ✹✳✶✳✹✳ ❙❡❛ ω : X −→ N ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦♥❥✉♥t♦s ② 6 ✉♥ ♦r❞❡♥ t♦t❛❧ ❡♥
X✳ P♦❞❡♠♦s ❞❡✜♥✐r ✉♥ ♦r❞❡♥ ❡♥ 〈X〉 ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿ x1 · · ·xn < y1 · · · ym s✐ ②
s♦❧♦ s✐

∑

i ω(xi) <
∑

i ω(yi) ó
∑

i ω(xi) =
∑

i ω(yi) ② ❡①✐st❡ k ∈ N t❛❧ q✉❡ xi = yi ♣❛r❛
i = 1, · · · , k − 1 ② xk < yk✳

Pr♦♣♦s✐❝✐ó♥ ✹✳✶✳✺✳ ❊❧ ♦r❞❡♥ ❞❡✜♥✐❞♦ ❡♥ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ❛♥t❡r✐♦r ❡s ✉♥ ♦r❞❡♥ ❞❡ s❡♠✐❣r✉♣♦

②✱ s✐ X ❡s ✜♥✐t♦✱ t✐❡♥❡ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ ❝❛❞❡♥❛ ❞❡s❝❡♥❞❡♥t❡✳

❉❡♠♦str❛❝✐ó♥✳ Pr✐♠❡r♦ ❡①t❡♥❞❛♠♦s ω ❛ t♦❞♦ 〈X〉 ❝♦♠♦ ω(x1 · · ·xn) =
∑

i ω(xi)✳ ❊s ❡✈✐✲
❞❡♥t❡ q✉❡ ❞❡ ❡st❛ ♠❛♥❡r❛ ω(AB) = ω(A) + ω(B)✳ ❱❡❛♠♦s q✉❡ ❡❧ ♦r❞❡♥ ❡s ❞❡ s❡♠✐❣r✉♣♦✳
❙❡❛♥ B = b1 · · · bn ② B′ = b′1 · · · b

′
m t❛❧❡s q✉❡ B < B′✱ ② s❡❛♥ A = a1 · · · ar ② C = c1 · · · cs✳

• ❙✐ ω(B) < ω(B′)✱ ❡♥t♦♥❝❡ ω(ABC) = ω(A) + ω(B) + ω(C) < ω(A) + ω(B′) + ω(C) =
ω(AB′C)❀ ② ♣♦r ❧♦ t❛♥t♦ ABC < AB′C✳

✻✵



• ❙✐ ω(B) = ω(B′) ② bi = b′i ♣❛r❛ i = 1, · · · , k − 1 ② bk < b′k✱ ❡♥t♦♥❝❡s ω(ABC) =
ω(AB′C) ② ❛❞❡♠ás

(ABC)i = ai = (AB′C)i ♣❛r❛ t♦❞♦ i = 1, · · · , r,

(ABC)r+i = bi = b′i = (AB′C)i+r ♣❛r❛ t♦❞♦ i = 1, · · · , k − 1,

② (ABC)r+k = bk < b′k = (AB′C)r+k✳ P♦r ❧♦ t❛♥t♦ ABC < AB′C✳

❊♥t♦♥❝❡s ❡❧ ♦r❞❡♥ ❡s ❞❡ s❡♠✐❣r✉♣♦✳
P♦r ♦tr♦ ❧❛❞♦✱ s✐ X ❡s ✜♥✐t♦✱ ♣❛r❛ t♦❞♦ A ∈ 〈X〉 ✈❛❧❡ q✉❡ ❤❛② ✜♥✐t♦s ❡❧❡♠❡♥t♦s ♠❡♥♦r❡s

♦ ✐❣✉❛❧❡s q✉❡ A✱ ② ♣♦r ❧♦ t❛♥t♦ ❝✉♠♣❧❡ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ ❝❛❞❡♥❛ ❞❡s❝❡♥❞❡♥t❡✳

✹✳✷ ❈á❧❝✉❧♦ ❞❡ ❞❡❢♦r♠❛❝✐♦♥❡s ❞❡ ❧❛s á❧❣❡❜r❛s ❡♥✈♦❧✈❡♥t❡s ❞❡

❧❛s á❧❣❡❜r❛s ❞❡ ▲✐❡ ❞❡❧ t✐♣♦ rα

❊♥ ❡st❛ s❡❝❝✐ó♥ ❛♣❧✐❝❛r❡♠♦s ❡❧ ❧❡♠❛ ❞❡❧ ❞✐❛♠❛♥t❡ ♣❛r❛ ❝❛❧❝✉❧❛r ❞❡ ❢♦r♠❛ ❡❢❡❝t✐✈❛ ✉♥❛ ❢❛♠✐❧✐❛
❞❡ ❞❡❢♦r♠❛❝✐♦♥❡s ❞❡ ❧❛s á❧❣❡❜r❛s ❡♥✈♦❧✈❡♥t❡s ❞❡ ❧❛s á❧❣❡❜r❛s ❞❡ ▲✐❡ ❞❡❧ t✐♣♦ rα✳

◆❡❝❡s✐t❛r❡♠♦s ♣❛r❛ ❡st♦ ❝♦♥♦❝❡r ❧♦s ❣r✉♣♦s ❞❡ ❝♦❤♦♠♦❧♦❣í❛ ❞❡ ❍♦❝❤s❝❤✐❧❞ ❞❡ ❡st❛s á❧❣❡✲
❜r❛s✳

✹✳✷✳✶ ❈♦❤♦♠♦❧♦❣í❛ ❞❡ ❍♦❝❤s❝❤✐❧❞ ❞❡ ❧❛s á❧❣❡❜r❛s ❡♥✈♦❧✈❡♥t❡s ❞❡ ❧❛s á❧❣❡✲
❜r❛s ❞❡ ▲✐❡ ❞❡❧ t✐♣♦ rα

❙❡❛ α ∈ C×✱ ② s❡❛ g = rα ❡❧ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞❡ ❞✐♠❡♥s✐ó♥ 3 ❝♦♥ ❝♦r❝❤❡t❡ ❞❡✜♥✐❞♦ ♣♦r [x, y] = y✱
[x, z] = αz ② [y, z] = 0✳ ❙❡❛ A(α) s✉ á❧❣❡❜r❛ ❡♥✈♦❧✈❡♥t❡ ❛ ❧❛ q✉❡ t❛♠❜✐é♥ ❧❧❛♠❛r❡♠♦s ❛ ✈❡❝❡s
A ❝✉❛♥❞♦ ♥♦ ❤❛②❛ ❝♦♥❢✉s✐ó♥✳

▲❛ ❝♦❤♦♠♦❧♦❣í❛ ❞❡ ❍♦❝❤s❝❤✐❧❞ ❡s ❧❛ ❝♦❤♦♠♦❧♦❣í❛ ❞❡❧ ❝♦♠♣❧❡❥♦

0 ∧3g∗|Aoo ∧2g∗|A
δ2oo g∗|A

δ1oo A
δ0oo 0oo

❝✉②♦s ❞✐❢❡r❡♥❝✐❛❧❡s s♦♥

δ0(u) = dx|x · u+ dy|y · u+ dz|z · u,

δ1(dx|u1 + dy|u2 + dz|u3) = dx ∧ dy|(x · u2 − u2 − y · u1)

+ dx ∧ dz|(x · u3 − αu3 − z · u1)

+ dy ∧ dz|(z · u2 − y · u3),

δ2(dx ∧ dy|v1 + dx ∧ dz|v2 + dy ∧ dz|v3) = x · v3 − y · v2 + z · v1 − v3 − αv3,

❞♦♥❞❡ ❧❛ ❛❝❝✐ó♥ ❡s ❧❛ ❛❝❝✐ó♥ ❛❞❥✉♥t❛ g · p = gp− pg✱ ♣❛r❛ g ∈ g ② p ∈ A(α)✳

❊♥ ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛ ❧✐st❛♠♦s ❛❧❣✉♥♦s ❝á❧❝✉❧♦s út✐❧❡s✳

▲❡♠❛ ✹✳✷✳✶✳ ❙❡❛ α ∈ C×✳ ❙❡❛ g = rα ② s❡❛♥ p, q ∈ A(α)✳ ❊♥t♦♥❝❡s

✶✳ x · xiyjzk = (j + αk)xiyjzk,

✷✳ y · p = (p(x− 1, y, z) − p(x, y, z))y.

✻✶



✸✳ z · p = (p(x− α, y, z) − p(x, y, z))z.

❉❡♠♦str❛❝✐ó♥✳ ✶✮ Pr✐♠❡r♦ ✈❡❛♠♦s q✉❡ yjx = xyj − jy✳ ❊❧ ❝❛s♦ j = 1 s❡ ❞❡❞✉❝❡ ❞❡ ❧❛s
r❡❧❛❝✐♦♥❡s ❞❡❧ á❧❣❡❜r❛✳ P❛r❛ j ∈ N✱ yj+1x = yjxy − yj+1 = xyj+1 − jyj+1 − yj+1 =
xyj+1 − (j + 1)yj+1✳

❉❡ ♠❛♥❡r❛ ❛♥á❧♦❣❛ s❡ ♣✉❡❞❡ ♣r♦❜❛r q✉❡ zkx = xzk − αkzk✳
▲✉❡❣♦ xiyjzkx = xiyjxzk − αkxiyjzk = xi+1yjzk − jxiyjzk − αkxiyjzk✳ ❊♥t♦♥❝❡s

x · xiyjzk = (j + αk)xiyjzk✳
✷✮ ❱❡❛♠♦s q✉❡ yxi = (x − 1)iy✳ P❛r❛ i = 1 ❧❛ ✐❣✉❛❧❞❛❞ s❡ ❞❡❞✉❝❡ ❞❡ ❧❛s r❡❧❛❝✐♦♥❡s ❞❡❧

á❧❣❡❜r❛✳ P❛r❛ i ∈ N✱ yxi+1 = xyxi − yxi = x(x − 1)iy − (x − 1)iy = (x − 1)i+1y✳ ▲✉❡❣♦
y · xiyjzk = yxiyjzk − xiyjzky = ((x− 1)i − xi)yjzky✳

✸✮ ▲❛ ♣r✉❡❜❛ ❡s ❛♥á❧♦❣❛ ❛❧ ❝❛s♦ ❛♥t❡r✐♦r✳

▲❡♠❛ ✹✳✷✳✷✳ ❙❡❛ k ✉♥ ❝✉❡r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❝❡r♦✳ ❙❡❛ α ∈ k✱ α 6= 0✱ ② s❡❛ p(x) ∈ k[x]
t❛❧ q✉❡ p(x− α) = p(x)✳ ❊♥t♦♥❝❡s p ❡s ❝♦♥st❛♥t❡✳

❉❡♠♦str❛❝✐ó♥✳ ❙✉♣♦♥❣❛♠♦s q✉❡ p ♥♦ ❡s ❝♦♥st❛♥t❡✳ ❙❡❛ x0 ✉♥❛ r❛í③ ❡♥ ✉♥❛ ❝❧❛✉s✉r❛ ❛❧❣❡✲
❜r❛✐❝❛✱ ❡♥t♦♥❝❡s {x0 − iα}i∈N ❡s ✉♥ ❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦ ❞❡ r❛í❝❡s✱ ❛❜s✉r❞♦✳

❈♦r♦❧❛r✐♦ ✹✳✷✳✸✳ ❙❡❛ α ∈ C×✳ ❙❡❛ p =
∑

λi,j,kx
iyjzk ∈ A(α)✱ ❝♦♥ λi,j,k ∈ C✱ t❛❧ q✉❡

y · p = 0 ó z · p = 0✱ ❡♥t♦♥❝❡s λi,j,k = 0 ♣❛r❛ t♦❞♦ i 6= 0✳

❉❡♠♦str❛❝✐ó♥✳ P♦r ❡❧ t❡♦r❡♠❛ ❞❡ P❇❲ s❛❜❡♠♦s q✉❡ y ② z ♥♦ s♦♥ ❞✐✈✐s♦r❡s ❞❡ ❝❡r♦✳ P♦❞❡♠♦s
❡s❝r✐❜✐r p =

∑

j,k pj,ky
jzk ♣❛r❛ ❝✐❡rt♦s pj,k ∈ k[x]✳ ❙✐ y · p = 0✱ ✉s❛♥❞♦ ❧❛s ❢ór♠✉❧❛s ❞❡❧ ▲❡♠❛

✹✳✷✳✶ ♦❜t❡♥❡♠♦s q✉❡
∑

j,k

(pj,k(x− 1) − pj,k(x))y
jzk = 0.

❯t✐❧✐③❛♥❞♦ ♥✉❡✈❛♠❡♥t❡ ❡❧ t❡♦r❡♠❛ ❞❡ P❇❲✱ ❞❡❞✉❝✐♠♦s ❧❛ ✐❣✉❛❧❞❛❞ pj,k(x − 1) = pj,k(x) ②
♣♦r ❧♦ t❛♥t♦ pj,k ∈ C ♣❛r❛ t♦❞♦ j, k ∈ N0✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ❞❡s❝r✐❜✐r❡♠♦s ❡♥ tér♠✐♥♦s ❞❡ ❜❛s❡s ❛ ❧❛ ❝♦❤♦♠♦❧♦❣í❛ ❞❡ ❍♦❝❤s❝❤✐❧❞
HH•(A(α))✳

❈♦❤♦♠♦❧♦❣í❛ ❡♥ ❣r❛❞♦ ✵✿ ❱❡❛♠♦s ❛❤♦r❛ ✉♥❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡ HH0(A(α))✳

Pr♦♣♦s✐❝✐ó♥ ✹✳✷✳✹✳ ✶✳ ❙❡❛ α ∈ Q<0✱ α = −a
b
❝♦♥ a, b ∈ N✱ (a : b) = 1✳ ❙❡❛ ∆ := yazb✱

❡♥t♦♥❝❡s Z(A(α)) = HH0(A(α)) = k[∆]✳

✷✳ ❙❡❛ α ∈ C \ Q<0✳ ❊♥t♦♥❝❡s Z(A(α)) = HH0(A(α)) = k✳

❉❡♠♦str❛❝✐ó♥✳ • ✶✮ ❈♦♠♦ y ② z ❝♦♥♠✉t❛♥✱ ❡♥t♦♥❝❡s ∆i = yaizbi✳ ❙❡❛ p = yaizbi ♣❛r❛
i ∈ N✳ ❊♥t♦♥❝❡s x · yaizbi = (ai+ αbi)yaizbi = 0✳ ▲✉❡❣♦ k[∆] ⊂ HH0(A(α))✳

❙❡❛ p =
∑

λi,j,kx
iyjzk✱ p ∈ HH0(A(α))✱ ❡s ❞❡❝✐r✱

x · p = 0, y · p = 0, z · p = 0.

❈♦♠♦ x · p = 0✱ t❡♥❡♠♦s q✉❡ λi,j,k(j + αk) = 0 ♣❛r❛ t♦❞♦ i, j, k ∈ N0✳ ❊♥t♦♥❝❡s
λi,j,k = 0 ♣❛r❛ t♦❞♦ (j, k) t❛❧ q✉❡ j

k
6= a

b
✳ ❘❡s✉♠✐❡♥❞♦✱ ❧♦s tér♠✐♥♦s ❞❡ p ❝♦♥ λi,j,k 6= 0

✻✷



s❡ ❡s❝r✐❜❡♥ ❝♦♠♦ λi,j,kx
iyarzbr = λi,j,kx

i∆r ❞♦♥❞❡ r ❡s t❛❧ q✉❡ j = ra ② k = rb✳ ❉❡
❡st❛ ♠❛♥❡r❛ ♦❜t❡♥❡♠♦s q✉❡ ❡①✐st❡♥ pi ∈ k[x] t❛❧❡s q✉❡ p =

∑

i pi∆
i✳

P♦r ♦tr♦ ❧❛❞♦ 0 = y · p =
∑

i(pi(x− 1)− pi(x))∆
i✳ P♦r ❡❧ t❡♦r❡♠❛ ❞❡ P❇❲ ♦❜t❡♥❡♠♦s

q✉❡ pi(x− 1) − pi(x) = 0 ② ♣♦r ❧♦ t❛♥t♦ pi ∈ k✳ ❊♥t♦♥❝❡s p ∈ k[∆]✳

• ✷✮ ❙❡❛ p ∈ HH0(A(α))✳ ❊♥ ❡st❡ ❝❛s♦ x · p = 0 ✐♠♣❧✐❝❛ p ∈ k[x] ②❛ q✉❡ j + αk = 0 s✐ ②
s♦❧♦ s✐ j = k = 0✳ ▲✉❡❣♦✱ ❧❛ ✐❣✉❛❧❞❛❞ y · p = 0 s❡ tr❛❞✉❝❡ ❡♥ p(x− 1) = p(x) ② ♣♦r ❧♦
t❛♥t♦ p ∈ k✳

❈♦❤♦♠♦❧♦❣í❛ ❡♥ ❣r❛❞♦ ✶✿ ❱❡❛♠♦s ❛❤♦r❛ ✉♥❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡ HH1(A(α))✳

Pr✐♠❡r♦ ♣r♦❜❛r❡♠♦s ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s✳

▲❡♠❛ ✹✳✷✳✺✳ ❙❡❛ λ ∈ k✱ λ 6= 0✱ ❡♥t♦♥❝❡s f : k[x] −→ k[x] ❞❡✜♥✐❞❛ ♣♦r f(p) = p(x−λ)−p(x)
❡s s♦❜r❡②❡❝t✐✈❛✳

❉❡♠♦str❛❝✐ó♥✳ f ❡s k✲❧✐♥❡❛❧✳ P♦r ♦tr♦ ❧❛❞♦✱ f(xi) = (x − λ)i − xi = iλxi−1 + · · · ✳ P♦r ❧♦
t❛♥t♦✱ ♣❛r❛ n ∈ N✱ f |kn[x] : kn[x] −→ kn−1[x] ❡♥✈í❛ ❡❧ ❝♦♥❥✉♥t♦ {xi}n

i=1 ❛ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ n
♣♦❧✐♥♦♠✐♦s ❞❡ ❞✐st✐♥t♦s ❣r❛❞♦s q✉❡ ♣♦r ❧♦ t❛♥t♦ r❡s✉❧t❛ ✉♥❛ ❜❛s❡✳ ▲✉❡❣♦ f |kn[x] : kn[x] −→
kn−1[x] ❡s s♦❜r❡②❡❝t✐✈❛ ♣❛r❛ t♦❞♦ n ② ❡♥t♦♥❝❡s f r❡s✉❧t❛ s♦❜r❡②❡❝t✐✈❛✳

❈♦r♦❧❛r✐♦ ✹✳✷✳✻✳ ❙❡❛ α 6= 0✳ ❊♥t♦♥❝❡s Im(y · (−)) = A(α)y✱ Im(z · (−)) = A(α)z✳

❉❡♠♦str❛❝✐ó♥✳ ❊❧ r❡s✉❧t❛❞♦ s❡ s✐❣✉❡ ❞❡❧ ▲❡♠❛ ✹✳✷✳✺ ② ❞❡ ❧❛s ❢ór♠✉❧❛s ❞❡❧ ▲❡♠❛ ✹✳✷✳✶

▲❡♠❛ ✹✳✷✳✼✳ ❙❡❛♥ ϕ,ψ, θ : A(α) −→ A(α) ❧♦s ♠♦r✜s♠♦s ❞❡✜♥✐❞♦s ♣♦r ϕ(u) = x · u − u✱
ψ(u) = x · u− αu✱ θ(u) = x · u− (1 + α)u✳

✶✳ ❙✐ α ∈ C× \ Q<0 ② α 6= 1 ❡♥t♦♥❝❡s Kerϕ = k[x]y✱ Kerψ = k[x]z✱ Ker θ = k[x]yz✳

✷✳ ❙✐ α = 1 ❡♥t♦♥❝❡s Kerϕ = Kerψ = k[x]y ⊕ k[x]z✱ Ker θ = k[x]y2 ⊕ k[x]yz ⊕ k[x]z2✳

✸✳ ❙✐ α ∈ Q<0✱ α = −a
b
❝♦♥ a, b ∈ N ❡♥t♦♥❝❡s Kerϕ ❡s ❡❧ s✉❜❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❣❡♥❡r❛❞♦ ♣♦r

{xiyak+1zkb : i, k ∈ N0} ② Kerψ ❡s ❡❧ s✉❜❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❣❡♥❡r❛❞♦ ♣♦r {xiykazkb+1 :
i, k ∈ N0}✳

P❛r❛ α 6= −1✱ Ker θ ❡s ❡❧ s✉❜❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❣❡♥❡r❛❞♦ ♣♦r {xiyak+1zbk+1 : i, k ∈ N0}
♠✐❡♥tr❛s q✉❡ ♣❛r❛ α = −1✱ Ker θ ❡stá ❣❡♥❡r❛❞♦ ♣♦r {xiykzk : i, k ∈ N0}✳

✹✳ P❛r❛ t♦❞♦ α ∈ C×✱ ϕ,ψ, θ ❧♦s ♠♦r✜s♠♦s t✐❡♥❡♥ ❝♦♠♦ ❜❛s❡ ❞❡ ❛✉t♦✈❡❝t♦r❡s ❛ ❧♦s

♠♦♥♦♠✐♦s ♦r❞❡♥❛❞♦s {xiyjzk}i,j,k∈N0✳ ❊♥ ♣❛rt✐❝✉❧❛r ❧❛s ✐♠á❣❡♥❡s ❞❡ ❧♦s ♠♦r✜s♠♦s

ϕ,ψ ② θ ❡stá♥ ❣❡♥❡r❛❞❛s ♣♦r ❧♦s ♠♦♥♦♠✐♦s ❞❡ ❛✉t♦✈❛❧♦r ♥♦ ♥✉❧♦✱ ② ❛❞❡♠ás A(α) =
Kerϕ⊕ Imϕ = Kerψ ⊕ Imψ = Ker θ ⊕ Imθ✳

✺✳ ❙❡❛♥ P : A(α) −→ Kerϕ✱ Q : A(α) −→ Kerψ✱ R : A(α) −→ Ker θ ❧❛s ♣r♦②❡❝❝✐♦♥❡s

♦rt♦❣♦♥❛❧❡s✳ ❊♥t♦♥❝❡s 0 = P ◦ ϕ = Q ◦ ψ = R ◦ θ✳

❉❡♠♦str❛❝✐ó♥✳ ❉❡ ❧❛s ❢ór♠✉❧❛s ❞❡❧ ▲❡♠❛ ✹✳✷✳✶ s❡ ❞❡❞✉❝❡ ❢á❝✐❧♠❡♥t❡ ✭✹✮✳ ▲♦s ít❡♠s ✭✶✮✱ ✭✷✮ ②
✭✸✮ s❡ ♦❜t✐❡♥❡♥ ❞❡ ❝❛❧❝✉❧❛r ♣❛r❛ ❝❛❞❛ α ∈ C× ❧♦s ❛✉t♦❡s♣❛❝✐♦s ❛s♦❝✐❛❞♦s ❛❧ ❛✉t♦✈❛❧♦r 0✳

✻✸



❯s❛♥❞♦ ❧♦s r❡s✉❧t❛❞♦s ❛♥t❡r✐♦r❡s✱ ❞❡s❝r✐❜❛♠♦s ❛❤♦r❛ ❧❛ ❝♦❤♦♠♦❧♦❣í❛ ❞❡ ❍♦❝❤s❝❤✐❧❞ ❡♥
❣r❛❞♦ 1✳

Pr♦♣♦s✐❝✐ó♥ ✹✳✷✳✽✳ ✶✳ ❙❡❛ α ∈ C×\Q<0✱ α 6= 1✳ ❊♥t♦♥❝❡s HH1(A(α)) t✐❡♥❡ ❝♦♠♦ ❜❛s❡

❡❧ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r ❧❛s ❝❧❛s❡s ❞❡ ❧♦s ❡❧❡♠❡♥t♦s

dx|1, dz|z.

✷✳ ❙❡❛ α = 1✳ ❊♥t♦♥❝❡s HH1(A(α)) t✐❡♥❡ ❝♦♠♦ ❜❛s❡ ❡❧ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r ❧❛s ❝❧❛s❡s

❞❡ ❧♦s ❡❧❡♠❡♥t♦s

dx|1, dy|z, dz|y, dz|z.

✸✳ ❙❡❛ α ∈ Q<0✳ ❊♥t♦♥❝❡s HH1(A(α)) t✐❡♥❡ ❝♦♠♦ ❜❛s❡ ❡❧ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r ❧❛s

❝❧❛s❡s ❞❡ ❧♦s ❡❧❡♠❡♥t♦s

dx|∆i, i ∈ N0, dz|yakzbk+1, k ∈ N0,

❞♦♥❞❡ ∆ = yazb ❝♦♥ α = −a
b
✱ (a : b) = 1✱ a, b ∈ N✳ P♦r ❧♦ t❛♥t♦ HH1(A(α))✱ ❝♦♠♦

♠ó❞✉❧♦ s♦❜r❡ k[∆] ❡s ❧✐❜r❡ ② ✉♥❛ ❜❛s❡ ❡stá ❞❛❞❛ ♣♦r ❡❧ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r ❧❛s ❝❧❛s❡s

❞❡ ❧♦s ❡❧❡♠❡♥t♦s

dx|1, dz|z.

❉❡♠♦str❛❝✐ó♥✳ • ✶✮ ❊s ❝❧❛r♦ q✉❡ t❛♥t♦ dx|1 ❝♦♠♦ dz|z s♦♥ ❡❧❡♠❡♥t♦s ❞❡ Ker δ1 ② ❡s ❢á❝✐❧
✈❡r✐✜❝❛r q✉❡ s✉s ❝❧❛s❡s s♦♥ ❧✐♥❡❛❧♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s✳

❙❡❛ f := dx|u1 + dy|u2 + dz|u3 ∈ Ker δ1✳ ❊st♦ ♥♦s ❜r✐♥❞❛ ❧❛s s✐❣✉✐❡♥t❡s ✐❣✉❛❧❞❛❞❡s

0 = x · u2 − u2 − y · u1, ✭✹✳✷✳✶✮

0 = x · u3 − αu3 − z · u1, ✭✹✳✷✳✷✮

0 = z · u2 − y · u3. ✭✹✳✷✳✸✮

❈♦♠♦ ❡♥ ❡st❡ ❝❛s♦ ❡❧ ♠♦r✜s♠♦ x · (−) t✐❡♥❡ ✐♠❛❣❡♥ Ay + Az✱ ♣♦❞❡♠♦s s✉♣♦♥❡r✱
r❡❞✉❝✐❡♥❞♦ ♠ó❞✉❧♦ ❜♦r❞❡s✱ q✉❡ u1 ∈ k[x]✳

❉❡ ❧❛ ✐❣✉❛❧❞❛❞ ✭✹✳✷✳✶✮ ❞❡❞✉❝✐♠♦s q✉❡ x · u2 − u2 = y · u1✳ P♦r ♦tr♦ ❧❛❞♦✱ ♣♦r ❡❧ ▲❡♠❛
✹✳✷✳✼✱ P (x · u2 − u2) = 0✳ ❊♥t♦♥❝❡s ❝♦♠♦ y · u1 ∈ k[x]y✱

y · u1 = P (y · u1) = P (x · u2 − u2) = 0,

② ♣♦r ❧♦ t❛♥t♦
x · u2 − u2 = 0.
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❊♥t♦♥❝❡s ♣♦r ❡❧ ▲❡♠❛ ✹✳✷✳✷✱ s❛❜❡♠♦s q✉❡ u1 = λ ∈ C ② ♣♦r ❡❧ ▲❡♠❛ ✹✳✷✳✼✱ ♦❜t❡♥❡♠♦s
q✉❡ u2 ∈ k[x]y✳

P♦r ♦tr♦ ❧❛❞♦✱ ❞❡ ❧❛ ✐❣✉❛❧❞❛❞ ✭✹✳✷✳✷✮ ♣♦❞❡♠♦s ❞❡❞✉❝✐r ❡♥ ❢♦r♠❛ ❛♥á❧♦❣❛ ❛ ❧❛ ❝✉❡♥t❛
❛♥t❡r✐♦r q✉❡ u3 ∈ k[x]z✳

❈♦♠♦ u2 =
∑

λix
iy✱ ♣♦r ❡❧ ▲❡♠❛ ✹✳✷✳✺ ❡①✐st❡ q ∈ k[x] t❛❧ q✉❡ y·q = (q(x−1)−q(x))y =

u2✱ q✉❡ ❛❞❡♠ás ❝✉♠♣❧❡ x·q = 0✱ ② ❡♥t♦♥❝❡s f−δ0(q) = dx|λ+dz|(u3−z·q)✳ ❖❜s❡r✈❡♠♦s
q✉❡ u3 − z · q ∈ k[x]z✳

❋✐♥❛❧♠❡♥t❡✱ ❝♦♠♦ f−δ0(q) ∈ Ker δ1✱ ❞❡ ❧❛ ✐❣✉❛❧❞❛❞ ✭✹✳✷✳✸✮ ♦❜t❡♥❡♠♦s y ·(u3−z ·q) = 0
② ♣♦r ❡❧ ❈♦r♦❧❛r✐♦ ✹✳✷✳✸✱ u3 − z · q = µz r❡s✉❧t❛ q✉❡ f − δ0(q) = λdx|1 + µdz|z✳

• ✷✮ ❈♦♠♦ ❡♥ ❡❧ ❝❛s♦ ❛♥t❡r✐♦r✱ Im(x · (−)) = Ay + Az✱ ② ♣♦r ❧♦ t❛♥t♦ ♣♦❞❡♠♦s r❡❞✉❝✐r
❧❛ ♣r✉❡❜❛ ❛❧ ❝❛s♦ ❡♥ ❡❧ q✉❡ u1 ∈ k[x]✳

P♦r ❧❛ ✐❣✉❛❧❞❛❞ ✭✹✳✷✳✶✮✱ t❡♥❡♠♦s q✉❡ x ·u2−u2 = y ·u1 ② ❛♥á❧♦❣❛♠❡♥t❡ ❛❧ ❝❛s♦ ❛♥t❡r✐♦r
❞❡❞✉❝✐♠♦s q✉❡ y ·u1 = 0 ② x ·u2−u2 = 0✳ P♦r ❡❧ ▲❡♠❛ ✹✳✷✳✷ s❛❜❡♠♦s q✉❡ u1 = λ ∈ C✱
② q✉❡ u2 = u1

2 + u2
2 ∈ k[x]y ⊕ k[x]z✳ ❉❡ ♠❛♥❡r❛ s✐♠✐❧❛r ♦❜t❡♥❡♠♦s u3 = u1

3 + u2
3 ∈

k[x]y ⊕ k[x]z✳ P♦r ❡❧ ▲❡♠❛ ✹✳✷✳✺ ❡①✐st❡ q ∈ k[x] t❛❧ q✉❡ y · q = (q(x− 1) − q(x)) = u1
2✱

❝♦♠♦ t❛♠❜✐é♥ x · q = 0 ❞❡❞✉❝✐♠♦s q✉❡ f − δ0(q) = dx|λ+ dy|u2
2 + dz|(u1

3 + u2
3)✳

❋✐♥❛❧♠❡♥t❡ ❝♦♠♦ f−δ0(q) ∈ Ker δ1✱ ❧❛ ✐❣✉❛❧❞❛❞ ✭✹✳✷✳✸✮ ❞✐❝❡ q✉❡ z ·u2
2−y ·u

1
3−y ·u

2
3 = 0✳

❆❞❡♠ás✱ z ·u2
2 ∈ k[x]z2✱ y ·u1

3 ∈ k[x]y2 ② y ·u2
3 ∈ k[x]yz✳ P♦r ❧♦ t❛♥t♦✱ ♣♦r ❡❧ t❡♦r❡♠❛ ❞❡

P❇❲ ♦❜t❡♥❡♠♦s q✉❡ ❝❛❞❛ tér♠✐♥♦ ❡s ♥✉❧♦ ② ❡♥t♦♥❝❡s ♣♦r ❡❧ ❈♦r♦❧❛r✐♦ ✹✳✷✳✸✱ u2
2 = µ1z✱

u1
3 = µ2y✱ u2

3 = µ3z ♣❛r❛ µ1, µ2, µ3 ∈ C✳

❘❡s✉♠✐❡♥❞♦✱ f − δ0(q) = λdx|1 + µ1dy|z + µ2dz|y + µ3dz|z✳ ❊♥t♦♥❝❡s ❧❛s ❝❧❛s❡s ❞❡
❡st♦s ❡❧❡♠❡♥t♦s ❣❡♥❡r❛♥ HH1(A(1))✳ ❙❡ ♣✉❡❞❡ ✈❡r✐✜❝❛r ❢á❝✐❧♠❡♥t❡ q✉❡ ❡❧ ❝♦♥❥✉♥t♦
{dx|1, dy|z, dz|y, dz|z} ❡s ❧✐♥❡❛❧♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡✳

• ✸✮ ❙❡❛ V ❡❧ s✉❜❡s♣❛❝✐♦ ❣❡♥❡r❛❞♦ ♣♦r ❧♦s ♠♦♥♦♠✐♦s {xiyjzk : j+αk = 0} = {xiyakzbk :
i, k ∈ N0} = {xi∆k : i, k ∈ N0}✳ ❆q✉í Im(x · (−)) = {xiyjzk : j + αk 6= 0}✳ P♦r ❧♦
t❛♥t♦ ♣♦❞❡♠♦s r❡❞✉❝✐r ♠ó❞✉❧♦ ❜♦r❞❡s✱ ❛❧ ❝❛s♦ u1 ∈ V ✳

❖❜s❡r✈❡♠♦s q✉❡ s✐ xiyjzk ❡s t❛❧ q✉❡ j + αk = 0✱ ❡♥t♦♥❝❡s

x · (y · (xiyjzk)) = x · (((x− 1)i − xi)yj+1zk) = (j + 1 + αk)(x− 1)i − xi)yj+1zk)

= ((x− 1)i − xi)yj+1zk)

= y · (xiyjzk).

P♦r ❧♦ t❛♥t♦ ♣❛r❛ t♦❞♦ u ∈ V ✱ y · u ♣❡rt❡♥❡❝❡ ❛❧ ♥ú❝❧❡♦ ❞❡❧ ♠♦r✜s♠♦ ϕ ❞❡✜♥✐❞♦ ❡♥ ❡❧
▲❡♠❛ ✹✳✷✳✼

❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛✱ ♣❛r❛ t♦❞♦ u ∈ V ✱ z ·u ♣❡rt❡♥❡❝❡ ❛❧ ♥ú❝❧❡♦ ❞❡❧ ♠♦r✜s♠♦ ψ ❞❡❧ ▲❡♠❛
✹✳✷✳✼

❉❡ ❧❛ ✐❣✉❛❧❞❛❞ ✭✹✳✷✳✶✮ ❞❡❞✉❝✐♠♦s q✉❡ x · u2 − u2 = y · u1✳ P♦r ❡❧ ▲❡♠❛ ✹✳✷✳✼

y · u1 = P (y · u1) = P (x · u2 − u2) = 0.

② ♣♦r ❧♦ t❛♥t♦
ϕ(u2) = x · u2 − u2 = 0.

✻✺



P♦r ❡❧ ❈♦r♦❧❛r✐♦ ✹✳✷✳✸ ♦❜t❡♥❡♠♦s q✉❡ ❡①✐st❡♥ ηi ∈ C t❛❧❡s q✉❡

u1 =
∑

i

ηi∆
i ∈ k[∆]

② ♣♦r ❡❧ ▲❡♠❛ ✹✳✷✳✼ ❡①✐st❡♥ λi,k ∈ C t❛❧❡s q✉❡

u2 =
∑

i,k∈N0

λi,kx
iyak+1zbk.

▲❛ ✐❣✉❛❧❞❛❞ ✭✹✳✷✳✷✮ ♥♦s ❞✐❝❡ q✉❡ x · u3 − αu3 = z · u1✳

❉❛❞♦ i ∈ N0✱ s❡❛ qi ∈ k[x] t❛❧ q✉❡ qi(x− 1) − qi(x) = xi✳ ❙❡❛

u :=
∑

i,k∈N0

λi,kqiy
kazkb,

❡♥t♦♥❝❡s y · u = u2✳ ❆❞❡♠ás x · u =
∑

λi,k(ak + αbk)qiy
akzbk = 0 ② ♣♦r ❧♦ t❛♥t♦

f − δ0(u) = dx|u1 + dz|(u3 − z · u).

❙❡❛ û3 = u3 − z · u✳ ❈♦♠♦ f − δ0(u) ∈ Ker δ1✱ ❞❡ ❧❛ ✐❣✉❛❧❞❛❞ ✭✹✳✷✳✷✮ ❞❡❞✉❝✐♠♦s q✉❡
x · û3 − αû3 = z · u1 = 0 ♣✉❡s u1 ∈ k[∆]✳ ❊♥t♦♥❝❡s ♣♦r ❡❧ ▲❡♠❛ ✹✳✷✳✼ ❡①✐st❡♥ µi,k ∈ C

t❛❧❡s q✉❡
û3 =

∑

i,k∈N0

µi,kx
iyakzbk+1.

❋✐♥❛❧♠❡♥t❡✱ ❝♦♠♦ f − δ0(u) ∈ Ker δ1✱ y · û3 = 0✳ P♦r ❡❧ ❈♦r♦❧❛r✐♦ ✹✳✷✳✸ ❞❡❞✉❝✐♠♦s

u3 =
∑

k∈N0

µ0,ky
akzbk+1.

❘❡s✉♠✐❡♥❞♦✱ ♦❜t✉✈✐♠♦s

f − δ0(u) =
∑

i∈N0

ηidx|∆
i +

∑

k∈N0

µ0,kdz|y
akzbk+1.

❊s ❞❡❝✐r✱ ❧❛s ❝❧❛s❡s ❞❡ ❧♦s ❡❧❡♠❡♥t♦s dx|∆i ② dz|yakzbk+1 ❝♦♥ i, k ∈ N0 s♦♥ ❣❡♥❡r❛❞♦r❡s
❞❡ HH1(A(α))✳ ❆❞❡♠ás s❡ ♣✉❡❞❡ ✈❡r✐✜❝❛r ❢❛❝✐❧♠❡♥t❡ q✉❡ s♦♥ ❧✐♥❡❛❧♠❡♥t❡ ✐♥❞❡♣❡♥✲
❞✐❡♥t❡s✳

❈♦❤♦♠♦❧♦❣í❛ ❡♥ ❣r❛❞♦ ✷✿ ❱❡❛♠♦s ❛❤♦r❛ ✉♥❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡ HH2(A(α))✳

Pr♦♣♦s✐❝✐ó♥ ✹✳✷✳✾✳ ✶✳ ❙❡❛ α ∈ C \ Q<0✱ α 6= 1✳ ❊♥t♦♥❝❡s HH2(A(α)) t✐❡♥❡ ❝♦♠♦ ❜❛s❡

❡❧ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r ❧❛ ❝❧❛s❡ ❞❡❧ ❡❧❡♠❡♥t♦

dx ∧ dz|z.

✻✻



✷✳ ❙❡❛ α = 1✳ ❊♥t♦♥❝❡s HH2(A(α)) t✐❡♥❡ ❝♦♠♦ ❜❛s❡ ❡❧ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r ❧❛s ❝❧❛s❡s

❞❡ ❧♦s ❡❧❡♠❡♥t♦s

dx ∧ dy|z, dx ∧ dz|y, dx ∧ dz|z.

✸✳ ❙❡❛ α ∈ Q<0 \ {−1}✳ ❊♥t♦♥❝❡s HH2(A(α)) t✐❡♥❡ ❝♦♠♦ ❜❛s❡ ❡❧ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r

❧❛s ❝❧❛s❡s ❞❡ ❧♦s ❡❧❡♠❡♥t♦s

dx ∧ dz|yakzbk+1 k ∈ N0.

P♦r ❧♦ t❛♥t♦✱ ❝♦♠♦ ♠ó❞✉❧♦ s♦❜r❡ k[∆]✱ ❡s ❧✐❜r❡ ② ✉♥❛ ❜❛s❡ ❡stá ❞❛❞❛ ♣♦r ❧❛ ❝❧❛s❡ ❞❡❧

❡❧❡♠❡♥t♦

dx ∧ dz|z

✹✳ ❙❡❛ α = −1✳ ❊♥t♦♥❝❡s HH2(A(α)) t✐❡♥❡ ❝♦♠♦ ❜❛s❡ ❡❧ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r ❧❛s ❝❧❛s❡s

❞❡ ❧♦s ❡❧❡♠❡♥t♦s

dx ∧ dz|ykzk+1, k ∈ N0, dy ∧ dz|xi, i ∈ N0.

❉❡♠♦str❛❝✐ó♥✳ • ✶✮ ❙❡❛ h = dx ∧ dy|v1 + dx ∧ dz|v2 + dy ∧ dz|v3 ∈ Ker δ2✱ ❡s ❞❡❝✐r✱

z · v1 − y · v2 = x · v3 − (1 + α)v3.

P♦r ❡❧ ▲❡♠❛ ✹✳✷✳✼✱ Im(ϕ) = 〈{xiyjzk : (j, k) 6= (1, 0)}〉 ② ♣♦r ❡❧ ❈♦r♦❧❛r✐♦ ✹✳✷✳✻✱
s❛❜❡♠♦s q✉❡ Im(y · (−)) = A(α)y✳ ❊♥t♦♥❝❡s Im(ϕ) + Im(y · (−)) = A(α) ② ❧✉❡❣♦
♣♦❞❡♠♦s s✉♣♦♥❡r✱ r❡❞✉❝✐❡♥❞♦ ♠ó❞✉❧♦ ❜♦r❞❡s✱ q✉❡ v1 = 0✳ ❆❞❡♠ás✱ ♥✉❡✈❛♠❡♥t❡ ♣♦r
❡❧ ▲❡♠❛ ✹✳✷✳✼ Im(ψ) = 〈{xiyjzk : (j, k) 6= (0, 1)}〉 ② ♣♦r ❧♦ t❛♥t♦ ♣♦❞❡♠♦s r❡❞✉❝✐r ❛❧
❝❛s♦ v2 ∈ k[x]z✳ ❆s✐✱ ❧❛ ❝♦♥❞✐❝✐ó♥ h ∈ Ker δ2 r❡s✉❧t❛

−y · v2 = x · v3 − (1 + α)v3 = θ(v3).

❈♦♠♦ y · v2 ∈ k[x]yz = Ker θ✱ t❡♥❡♠♦s q✉❡

θ(v3) = −y · v2 = R(−y · v2) = R(θ(v3)) = 0.

P♦r ❧♦ t❛♥t♦ v2 = λz ② v3 ∈ k[x]yz✳ ❙❡❛ p ∈ k[x] t❛❧ q✉❡ v3 = pyz ② s❡❛ q ∈ k[x] t❛❧
q✉❡ q(x− 1) − q(x) = p✳ ❊♥t♦♥❝❡s f − δ1(dy|qy) = dx ∧ dz|v2 = λdx ∧ dz|z✳ P♦r ♦tr♦
❧❛❞♦ ❡s ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ dx ∧ dz|z ♥♦ ❡s ❝❡r♦ ❡♥ HH2(A(α))✳

• ✷✮ P♦r ❡❧ ▲❡♠❛ ✹✳✷✳✼✱ Im(ϕ) = Im(ψ) = 〈{xiyjzk : (j, k) 6= (1, 0), (j, k) 6= (0, 1)}〉 ②
❝♦♠♦ Im(y · (−)) = Ay✱ ♣♦❞❡♠♦s s✉♣♦♥❡r ✱ r❡❞✉❝✐❡♥❞♦ ♠ó❞✉❧♦ ❜♦r❞❡s✱ v1 ∈ k[x]z ②
v2 = v1

2 + v2
2 ∈ k[x]y ⊕ k[x]z✳

▲✉❡❣♦ ❝♦♠♦ h ∈ Ker δ2✱ t❡♥❡♠♦s ❧❛ ✐❣✉❛❧❞❛❞

z · v1 − y · v1
2 − y · v2

2 = x · v3 − (1 + α)v3 = θ(v3)

✻✼



❊❧ tér♠✐♥♦ ❞❡ ❧❛ ✐③q✉✐❡r❞❛ ♣❡rt❡♥❡❝❡ ❛ k[x]z2 ⊕ k[x]yz⊕ k[x]y2 = Ker θ✳ ❊♥t♦♥❝❡s ♣♦r
❡❧ ▲❡♠❛ ✹✳✷✳✼

θ(v3) = z · v1 − y · v1
2 − y · v2

2 = R(z · v1 − y · v1
2 − y · v2

2) = R(θ(v3)) = 0.

❊❧ t❡♦r❡♠❛ ❞❡ P❇❲ ✐♠♣❧✐❝❛ q✉❡ z · v1 = y · v1
2 = y · v2

2 = 0✳ P♦r ❧♦ t❛♥t♦ ❡①✐st❡♥
λ1, λ2, λ3 ∈ C t❛❧❡s q✉❡ v1 = λ1z✱ v1

2 = λ2y✱ v2
2 = λ3z✳

P♦r ♦tr♦ ❧❛❞♦✱ ❝♦♠♦ v3 ∈ Ker θ = k[x]y2 ⊕ k[x]yz ⊕ k[x]z2✱ ❡①✐st❡♥ p1, p2, p3 ∈ k[x]
t❛❧❡s q✉❡ v3 = p1y

2 +p2yz+p3z
2✳ ❙❡❛♥ q1, q2, q3 ∈ k[x] t❛❧❡s q✉❡ qi(x−1)− qi(x) = pi

♣❛r❛ i = 1, 2, 3✳ ❊♥t♦♥❝❡s δ1(dy|(q2y + q3z) − dz|q1y) = dy ∧ dz|v3✳

❘❡s✉♠✐❡♥❞♦✱ ♦❜t✉✈✐♠♦s ❧❛ ✐❣✉❛❧❞❛❞

h− δ1(dy|(q2y + q3z) − dz|q1y) = λ1dx ∧ dy|z + λ2dx ∧ dz|y + λ3dx ∧ dz|z.

• ✸✮ ② ✹✮ ❊♥ ❡st♦s ❝❛s♦s Imϕ+ Im(y · (−)) = A(α)✳ ❊♥t♦♥❝❡s ♣♦❞❡♠♦s s✉♣♦♥❡r v1 = 0✳
P♦r ♦tr♦ ❧❛❞♦✱ Im(ψ) = 〈{xiyjzk : (j, k) 6= (ar, br + 1)∀r ∈ N0}〉✳ P♦❞❡♠♦s r❡❞✉❝✐r ❛❧
❝❛s♦ v2 ∈ 〈{xiyarzbr+1 : i, r ∈ N0}〉 = Kerψ✳

❈♦♠♦ h ∈ Ker δ2✱ t❡♥❡♠♦s ❧❛ ✐❣✉❛❧❞❛❞

−y · v2 = x · v3 − (1 + α)v3 = θ(v3).

❆♥á❧♦❣❛♠❡♥t❡ ❛ ❧♦s ❝❛s♦s ❛♥t❡r✐♦r❡s ❞❡❞✉❝✐♠♦s y · v2 = 0 ② θ(v3) = 0✳ ▲✉❡❣♦✱ ♣♦r ❡❧
❈♦r♦❧❛r✐♦ ✹✳✷✳✸ ❡①✐st❡♥ λk ∈ C t❛❧❡s q✉❡ v2 =

∑

k λky
akzbk+1❀

✕ ❙✐ α 6= −1✱ ❝♦♠♦ v3 ∈ Ker θ✱ ♣♦r ❡❧ ❧❡♠❛ ✹✳✷✳✼ ♦❜t❡♥❡♠♦s q✉❡ ❡①✐st❡♥ pi ∈ k[x]
t❛❧❡s q✉❡ v3 =

∑

i piy
ai+1zbi+1✳

❉❛❞♦ i ∈ N0✱ s❡❛ qi ∈ k[x] t❛❧ q✉❡ qi(x− 1) − qi(x) = −pi✳ ❊♥t♦♥❝❡s

δ1(dz|
∑

i

qiy
aizbi+1) = dy ∧ dz|v3.

▲✉❡❣♦ f − δ1(dz|
∑

i qiy
aizbi+1) = dx ∧ dz|v2 =

∑

k λkdx ∧ dz|yakzbk+1.

✕ ❙✐ α = −1✱ ❡♥t♦♥❝❡s a = b = 1✳ ❈♦♠♦ v3 ∈ Ker θ✱ ❡❧ ▲❡♠❛ ✹✳✷✳✼ ♥♦s ❞✐❝❡ ❡♥ ❡st❡
❝❛s♦ q✉❡ ❡①✐st❡♥ pi ∈ k[x] t❛❧❡s q✉❡ v3 =

∑

i piy
izi✳

❉❛❞♦ i ∈ N0✱ s❡❛ qi ∈ k[x] t❛❧ q✉❡ qi(x− 1) − qi(x) = −pi+1✳ ❊♥t♦♥❝❡s

δ1(dz|
∑

i∈N0

qiy
izi+1) = dy ∧ dz|(

∑

i

pi+1y
i+1zi+1) = dy ∧ dz|(v3 − p0).

▲✉❡❣♦ s✐ ❡s❝r✐❜✐♠♦s p0 =
∑

k µkx
k✱ ♦❜t❡♥❡♠♦s

f − δ1(dz|
∑

i

qiy
izi+1) =

∑

k

λkdx ∧ dz|ykzk+1 +
∑

k

µkdy ∧ dz|x
k.

❈♦r♦❧❛r✐♦ ✹✳✷✳✶✵✳ ❙❡❛ α ∈ C×✳

✶✳ ❙✐ α /∈ Q<0 ❡♥t♦♥❝❡s HH2(A(α)) = H2
Lie(rα, rα)✳

✷✳ ❙✐ α ∈ Q<0✱ α 6= −1 ❡♥t♦♥❝❡s HH2(A(α)) = k[∆]H2
Lie(rα, rα)✳

✻✽



❈♦❤♦♠♦❧♦❣í❛ ❡♥ ❣r❛❞♦ ✸✿ P❛r❛ ✜♥❛❧✐③❛r✱ ✈❡❛♠♦s ✉♥❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡ HH3(A(α))✳

Pr♦♣♦s✐❝✐ó♥ ✹✳✷✳✶✶✳ ✶✳ ❙❡❛ α ∈ C× \ {−1}✳ ❊♥t♦♥❝❡s HH3(A(α)) = 0✳

✷✳ ❙❡❛ α = −1✳ ❊♥t♦♥❝❡s HH3(A(α)) t✐❡♥❡ ❝♦♠♦ ❜❛s❡ ❡❧ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r ❧❛s ❝❧❛s❡s

❞❡ ❧♦s ❡❧❡♠❡♥t♦s

dx ∧ dy ∧ dz ⊗ xi, i ∈ N0.

❉❡♠♦str❛❝✐ó♥✳ P❛r❛ α 6= −1✱ ♦❜s❡r✈❡♠♦s q✉❡ Im(y · (−)) = A(α)y✱ Im(z · (−)) = A(α)z ❡
Im(θ) ⊇ k[x]✳ ❈♦♠♦

δ2(dx ∧ dy|v1 + dx ∧ dz|v2 + dy ∧ dz|v3) = θ(v3) − y · v2 + z · v1,

② ❝♦♥❝❧✉✐♠♦s ❡♥t♦♥❝❡s q✉❡ δ2 ❡s s♦❜r❡②❡❝t✐✈❛✳
P❛r❛ α = −1✱ k[x] ⊂ Ker (θ) ② ❝♦♠♦ Ker (θ) ∩ Im(θ) = 0✱ ♦❜t❡♥❡♠♦s q✉❡ Im(θ) ⊂

A(α)y +A(α)z✱ ❡♥t♦♥❝❡s Im(δ2) = A(α)y +A(α)z ② ♣♦r ❧♦ t❛♥t♦ HH3(A(α)) = k[x]✳

✹✳✷✳✷ ▼♦r✜s♠♦s ❞❡ ❝♦♠♣❛r❛❝✐ó♥

❙✐ ❜✐❡♥ ❡♥ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r ❝❛❧❝✉❧❛♠♦s ❧♦s ❣r✉♣♦s ❞❡ ❝♦❤♦♠♦❧♦❣í❛ ❞❡ ❍♦❝❤s❝❤✐❧❞✱ ❡st♦s
q✉❡❞❛r♦♥ ♣r❡s❡♥t❛❞♦s ❝♦♠♦ ❝❧❛s❡s ❞❡ ♠♦r✜s♠♦s ϕ : ∧ng −→ A k✲❧✐♥❡❛❧❡s✳ P❛r❛ r❡❛❧✐③❛r
❝á❧❝✉❧♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♥ ❧❛s ❞❡❢♦r♠❛❝✐♦♥❡s ✈❛♠♦s ❛ ♥❡❝❡s✐t❛r ♣r❡s❡♥t❛r❧♦s ❝♦♠♦ ❝❧❛s❡s ❞❡
♠♦r✜s♠♦s k✲❧✐♥❡❛❧❡s ϕ : A⊗n −→ A✳

P❛r❛ ❡❧❧♦ ❝♦♥s✐❞❡r❡♠♦s ❧❛s s✐❣✉✐❡♥t❡s s✉❝❡s✐♦♥❡s ❡①❛❝t❛s✱ ❞♦♥❞❡ g ❡s ✉♥❛ k✲á❧❣❡❜r❛ ❞❡ ▲✐❡
❞❡❧ t✐♣♦ rα ② A ❡s s✉ á❧❣❡❜r❛ ❡♥✈♦❧✈❡♥t❡✳

0 // A| ∧3 g|A //

ϕ

��

A| ∧2 g|A //

ϕ

��

A|g|A //

ϕ

��

Ae //

ϕ

��

A // 0

· · · // A|A⊗3|A //

η

OO

A|A⊗2|A //

η

OO

A|A|A //

η

OO

Ae //

η

OO

A // 0.

▲♦s ♠♦r✜s♠♦s ❞❡ ❝♦♠♣❧❡❥♦s ϕ ② η ❡①✐st❡♥ ♣✉❡s s❡ ♦❜t✐❡♥❡♥ ❝♦♠♦ ❧❡✈❛♥t❛❞♦s ❞❡ ❧❛ ✐❞❡♥t✐❞❛❞✳
▲❛s ❝♦♠♣♦s✐❝✐♦♥❡s ϕ ◦ η ② η ◦ ϕ s♦♥ ❤♦♠♦tó♣✐❝❛s ❛ ❧❛s r❡s♣❡❝t✐✈❛s ✐❞❡♥t✐❞❛❞❡s ♣♦r s❡r
❧❡✈❛♥t❛❞♦s ❞❡ ❧❛ ✐❞❡♥t✐❞❛❞✳

❆❧ ❛♣❧✐❝❛r ❡❧ ❢✉♥t♦r HomAe(−, A) ② ❧♦s ✐s♦♠♦r✜s♠♦s ♥❛t✉r❛❧❡s ♦❜t❡♥❡♠♦s

0 Homk(∧
3g, A)oo

η∗

��

Homk(∧
2g, A)oo

η∗

��

Homk(g, A)oo

η∗

��

Aoo

η∗

��

0oo

· · · Homk(A
⊗3, A)oo

ϕ∗

OO

Homk(A
⊗2, A)oo

ϕ∗

OO

Homk(A,A)oo

ϕ∗

OO

Aoo

ϕ∗

OO

0.oo

❉♦♥❞❡ ϕ∗ ② η∗ ✐♥❞✉❝❡♥ ✐s♦♠♦r✜s♠♦s ❛ ♥✐✈❡❧ ❞❡ ❧❛ ❝♦❤♦♠♦❧♦❣í❛✳
P♦r ❧♦ t❛♥t♦✱ ❝♦♥♦❝❡r ❧♦s ♠♦r✜s♠♦s ϕ ② η ♥♦s ♣❡r♠✐t✐rá ♣♦❞❡r ♣❛s❛r ❞❡ ❧♦s ❣r✉♣♦s ❞❡

❝♦❤♦♠♦❧♦❣í❛ ❝❛❧❝✉❧❛❞♦s ❝♦♥ ❧❛ r❡s♦❧✉❝✐ó♥ ❞❡ ❈❤❡✈❛❧❧❡②✲❊✐❧❡♥❜❡r❣ ❛ ❧♦s ❣r✉♣♦s ❞❡ ❝♦❤♦♠♦❧♦❣í❛
❝❛❧❝✉❧❛❞♦s ❝♦♥ ❧❛ r❡s♦❧✉❝✐ó♥ ❇❛r✳

▲❛ ❡①♣r❡s✐ó♥ ❞❡❧ ♠♦r✜s♠♦ ϕ ❡s s❡♥❝✐❧❧❛ ② s❡ tr❛t❛ ❞❡ ❧❛ ✐♥❝❧✉s✐ó♥

ϕ(1|x1 ∧ · · · ∧ xn|1) =
∑

σ∈Sn

(−1)σ1|xσ(1)| · · · |xσ(n)|1.

✻✾



▲❛ ❡①♣r❡s✐ó♥ ❞❡❧ ♠♦r✜s♠♦ η ❡s ❡♥ ❣❡♥❡r❛❧ ♠❛s ❝♦♠♣❧✐❝❛❞❛ ② ❧❛ ❝♦♥♦❝❡♠♦s só❧♦ ❡♥ ❣r❛❞♦s
1 ② 2✳ ❊♥ ❣r❛❞♦ 1

η(1|xiyjzk|1) =
∑

a+b=i−1

xa|x|xbyjzk +
∑

a+b=j−1

xiya|y|ybzk +
∑

a+b=k−1

xiyjza|z|zb.

P❛r❛ ❧❛ ❡①♣r❡s✐ó♥ ❞❡ η ❡♥ ❣r❛❞♦ 2✱ ❝♦♥s✐❞❡r❡♠♦s ❡♥ k〈x, y, z〉 ❡❧ s✐st❡♠❛ ❞❡ r❡❞✉❝❝✐ó♥

S := {(yx, xy − y), (zy, yz), (zx, xz − αz)}.

▲❧❛♠❡♠♦s r❡s♣❡❝t✐✈❛♠❡♥t❡ σ1, σ2 ② σ3 ❛ ❧♦s ❡❧❡♠❡♥t♦s ❞❡ S✳ ❖❜s❡r✈❡♠♦s q✉❡

k〈x, y, z〉/〈Wσ − fσ〉σ∈S = A.

P♦r ❡❧ t❡♦r❡♠❛ ❞❡ P❇❲ ❧♦s ♠♦♥♦♠✐♦s ♦r❞❡♥❛❞♦s s♦♥ ✉♥❛ k✲❜❛s❡✳ ❈♦♠♦ ❧♦s ♠♦♥♦♠✐♦s
♦r❞❡♥❛❞♦s r❡s✉❧t❛♥ s❡r ❡①❛❝t❛♠❡♥t❡ ❧♦s ✐rr❡❞✉❝✐❜❧❡s✱ ❡❧ ❧❡♠❛ ❞❡❧ ❞✐❛♠❛♥t❡ ❛s❡❣✉r❛ q✉❡ t♦❞♦s
❧♦s ❡❧❡♠❡♥t♦s ❞❡ k〈X〉 s♦♥ ❞❡ r❡❞✉❝❝✐ó♥ ú♥✐❝❛✳

❙❡❛ s : S −→ ∧2g ❧❛ ❢✉♥❝✐ó♥

• s(σ1) = dx ∧ dy✱ • s(σ2) = dy ∧ dz✱ • s(σ3) = dx ∧ dz✳

▲✉❡❣♦✱ η ❡♥ ❣r❛❞♦ 2 ♣✉❡❞❡ ❞❡✜♥✐rs❡ r❡❝✉rs✐✈❛♠❡♥t❡ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

η(1|xiyjzk|xaybzc|1) = A|s(σ)|B + η(1|A|fσB|1),

❞♦♥❞❡ AWσB = xiyjzkxaybzc✱ ② B ♥♦ ❝♦♥t✐❡♥❡ ❝♦♠♦ s✉❜♠♦♥♦♠✐♦ ❛ Wτ ♣❛r❛ ♥✐♥❣ú♥ τ ∈ S✳
❖❜s❡r✈❡♠♦s q✉❡ ❡st❛ r❡❝✉rs✐ó♥ ❡❢❡❝t✐✈❛♠❡♥t❡ t❡r♠✐♥❛ ♣✉❡s t♦❞♦s ❧♦s ❡❧❡♠❡♥t♦s ❞❡ A s♦♥ ❞❡
r❡❞✉❝❝✐ó♥ ú♥✐❝❛✳

■♥t✉✐t✐✈❛♠❡♥t❡✱ η ❡♥ ❣r❛❞♦ 2 ❡s ✉♥ ❤✐st♦r✐❛❧ ❞❡ ❧❛s r❡❞✉❝❝✐♦♥❡s q✉❡ ❤❛② q✉❡ ❤❛❝❡r ♣❛r❛
♦r❞❡♥❛r ✉♥ ♣r♦❞✉❝t♦✳

✹✳✷✳✸ ❈á❧❝✉❧♦ ❞❡ ❞❡❢♦r♠❛❝✐♦♥❡s

❈♦♥t❛♥❞♦ ❝♦♥ ❧♦s ❞❛t♦s ❝❛❧❝✉❧❛❞♦s ❡♥ ❧❛ s❡❝❝✐♦♥❡s ❛♥t❡r✐♦r❡s✱ ❡st❛♠♦s ❡♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡
♣❛s❛r ❛❧ ❝á❧❝✉❧♦ ❞❡ ❧❛s ❞❡❢♦r♠❛❝✐♦♥❡s✳

❈♦r♦❧❛r✐♦ ✹✳✷✳✶✷✳ ❙❡❛ α ∈ C×\{−1}✳ ❊♥t♦♥❝❡s t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ HH2(A(α)) ❡s ✐♥t❡❣r❛❜❧❡✳

❉❡♠♦str❛❝✐ó♥✳ ❊❧ r❡s✉❧t❛❞♦ s❡ ♦❜t✐❡♥❡ ❞❡ ♦❜s❡r✈❛r q✉❡ HH3(A(α)) = 0 ♣❛r❛ α ∈ C× \
{−1}✳

❆❤♦r❛ ❞❛r❡♠♦s ❞❡❢♦r♠❛❝✐♦♥❡s ❡①♣❧í❝✐t❛s ♣❛r❛ ❝❛❞❛ 2✲❝♦❝✐❝❧♦ ❡♥ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❞✐st✐♥t♦s
❝❛s♦s ❞❡ α✳

Pr♦♣♦s✐❝✐ó♥ ✹✳✷✳✶✸✳ ❙❡❛ α ∈ C× \ Q<0✱ α 6= 1✳ ❙❡❛♥ λ ∈ C ② ❞❡✜♥❛♠♦s

B := k[t]〈x, y, z〉/〈xy − yx− y, yz − zy, xz − zx− (α+ tλ)z〉.

❊♥t♦♥❝❡s ❧❛ ❝♦♠♣❧❡t❛❝✐ó♥ t✲á❞✐❝❛ B̂ ❞❡ B ❡s ✉♥❛ ❞❡❢♦r♠❛❝✐ó♥ ❞❡ A(α) ❝♦♥

ϕ∗(F1) = λdx ∧ dz|z.

✼✵



❉❡♠♦str❛❝✐ó♥✳ ❆✜r♠❛♠♦s q✉❡ ❧♦s ♠♦♥♦♠✐♦s xiyjzk ❝♦♥ i, j, k ≥ 0 ❢♦r♠❛♥ ✉♥❛ k[t]✲❜❛s❡ ❞❡
B✳ P❛r❛ ❡❧❧♦ t♦♠❛♠♦s ❡❧ s✐st❡♠❛ ❞❡ r❡❞✉❝❝✐ó♥ S s♦❜r❡ k[t]〈x, y, z〉 ❞❛❞♦ ♣♦r

S = {(yx, xy − y), (zy, yz), (zx, xz − (α+ tλ)z)}.

▲❧❛♠❛r❡♠♦s r❡s♣❡❝t✐✈❛♠❡♥t❡ σ1, σ2 ② σ3 ❛ ❧♦s ❡❧❡♠❡♥t♦s ❞❡ S✳
❈♦♥s✐❞❡r❛♠♦s ❡❧ ♦r❞❡♥ ❡♥ ❧♦s ♠♦♥♦♠✐♦s ✐♥❞✉❝✐❞♦ ♣♦r ❧❛ ❢✉♥❝✐ó♥ ω(x) = ω(y) = ω(z) = 1

② x < y < z✳ ❊s ❝❧❛r♦ q✉❡ ❡st❡ ♦r❞❡♥ ❡s ❝♦♠♣❛t✐❜❧❡ ❝♦♥ S ② ♣♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✹✳✶✳✺✱ t✐❡♥❡
❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ ❝❛❞❡♥❛ ❞❡s❝❡♥❞❡♥t❡ ♣♦r s❡r ♠♦♥♦♠✐♦s ❡♥ ✉♥❛ ❝❛♥t✐❞❛❞ ✜♥✐t❛ ❞❡ ❧❡tr❛s✳

❱❡❛♠♦s q✉❡ ❧❛s ❛♠❜✐❣ü❡❞❛❞❡s s❡ r❡s✉❡❧✈❡♥✳ ▲❛ ú♥✐❝❛ ❛♠❜✐❣ü❡❞❛❞ q✉❡ s❡ ♣r❡s❡♥t❛ ❡s ❡❧
♦✈❡r❧❛♣ (σ2, σ1, z, y, x). ❊♥t♦♥❝❡s✱ ✉t✐❧✐③❛♥❞♦ ✉♥❛ ♥♦t❛❝✐ó♥ ❡✈✐❞❡♥t❡✱ t❡♥❡♠♦s ❧❛s s✐❣✉✐❡♥t❡s
s✉❝❡s✐♦♥❡s ❞❡ r❡❞✉❝❝✐♦♥❡s✿

zyx = (zy)x 7→ (yz)x = y(zx) 7→ y(xz − (α+ tλ)z) =

= yxz − (α+ tλ)yz 7→ xyz − (1 + α+ tλ)yz.

P♦r ♦tr♦ ❧❛❞♦✱

zyx = z(yx) 7→ z(xy − y) = zxy − zy 7→ xzy − yz 7→ (xz − (α+ tλ)z)y − yz =

= xzy − (α+ tλ)zy − yz 7→ xyz − (α+ tλ+ 1)yz.

P♦r ❧♦ t❛♥t♦✱ ❧❛ ú♥✐❝❛ ❛♠❜✐❣ü❡❞❛❞ s❡ r❡s✉❡❧✈❡ ② ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ ♦❜t❡♥❡♠♦s ❡❧ r❡s✉❧t❛❞♦
❞❡s❡❛❞♦✳ ❉✐❝❤♦s ♠♦♥♦♠✐♦s ✐rr❡❞✉❝✐❜❧❡s s♦♥ ❧♦s ♠♦♥♦♠✐♦s ♦r❞❡♥❛❞♦s xiyjzk ②❛ q✉❡ s♦♥ ❧♦s
q✉❡ ♥♦ ❝♦♥t✐❡♥❡♥ ❝♦♠♦ s✉❜♠♦♥♦♠✐♦s ❛ Wσ1 ,Wσ2 ♥✐ ❛ Wσ3 ✳

▲✉❡❣♦✱ ❡❧ ♠♦r✜s♠♦

ψ : A(α) −→ B ⊗k[t] k,

❞❡✜♥✐❞♦ ♣♦r ψ(xiyjzk) = xiyjzk ⊗ 1 ❡s ✉♥ ✐s♦♠♦r✜s♠♦ ❞❡ k✲❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s✳ ▼❛s
❛ú♥✱ r❡s✉❧t❛ ✉♥ ✐s♦♠♦r✜s♠♦ ❞❡ k✲á❧❣❡❜r❛s ♣✉❡s ❛❧ ❡st❛❜❧❡❝❡r t = 0 ❡♥ ❧❛s r❡❧❛❝✐♦♥❡s ❞❡ B
♦❜t❡♥❡♠♦s ❧❛s r❡❧❛❝✐♦♥❡s ❞❡ A(α)✳

P♦r ♦tr♦ ❧❛❞♦✱ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ❧♦s ♠♦♥♦♠✐♦s xiyjzk s❡❛♥ ✉♥❛ k[t]✲❜❛s❡ ❞❡ B ✐♠♣❧✐❝❛ q✉❡
B ❡s ❧✐❜r❡ ❞❡ t♦rs✐ó♥✳

❊♥t♦♥❝❡s ❝♦♥s✐❞❡r❛♠♦s ❧❛ ❝♦♠♣❧❡t❛❝✐ó♥ t✲á❞✐❝❛ B̂ ❞❡ B✱ ❧❛ ❝✉❛❧ ❝✉♠♣❧❡

B̂ ⊗k[[t]] k ∼= B ⊗k[t] k,

❝♦♠♦ k✲á❧❣❡❜r❛s✱ ② ❡s ✉♥ k[[t]]✲♠ó❞✉❧♦ ❧✐❜r❡ ❞❡ t♦rs✐ó♥✳ ❉❡ ❡st❛s ♦❜s❡r✈❛❝✐♦♥❡s ♦❜t❡♥❡♠♦s
q✉❡ B̂ ❝♦♥s✐st❡ ❞❡ s❡r✐❡s ❡♥ t ❝♦♥ ❝♦❡✜❝✐❡♥t❡s ❡♥ B̂⊗k[[t]] k ∼= A(α)✱ ❝✉②♦ ♣r♦❞✉❝t♦ ft ❝✉♠♣❧❡

• ft(y, x) = xy − y,

• ft(x, y) = xy,

• ft(z, x) = xz−αz−λzt,

• ft(x, z) = xz,

• ft(z, y) = yz,

• ft(y, z) = yz.

❊♥t♦♥❝❡s F1(y, x) = F1(x, y) = F1(x, z) = F1(z, y) = F1(y, z) = 0✱ ② F1(z, x) = −λz✳
❋✐♥❛❧♠❡♥t❡✱ ϕ∗(F1) = λdx ∧ dz|z✳

✼✶



Pr♦♣♦s✐❝✐ó♥ ✹✳✷✳✶✹✳ ❙❡❛ α = 1✳ ❙❡❛♥ λ1, λ2, λ3 ∈ C ② ❞❡✜♥❛♠♦s

B := k[t]〈x, y, z〉/〈xy − yx− y − λ1zt, yz − zy, xz − zx− z − (λ2y + λ3z)t〉.

❊♥t♦♥❝❡s ❧❛ ❝♦♠♣❧❡t❛❝✐ó♥ t✲á❞✐❝❛ B̂ ❞❡ B ❡s ✉♥❛ ❞❡❢♦r♠❛❝✐ó♥ ❞❡ A(1) ❝♦♥

ϕ∗(F1) = λ1dx ∧ dy|z + λ2dx ∧ dz|y + λ3dx ∧ dz|z.

❉❡♠♦str❛❝✐ó♥✳ ◆✉❡✈❛♠❡♥t❡ ❛✜r♠❛♠♦s q✉❡ ❧♦s ♠♦♥♦♠✐♦s xiyjzk s♦♥ ✉♥❛ k[t]✲❜❛s❡ ❞❡ B✳
P❛r❛ ❡❧❧♦✱ s❡❛ S ❡❧ s✐st❡♠❛ ❞❡ r❡❞✉❝❝✐ó♥ S s♦❜r❡ k[t]〈x, y, z〉

S := {(yx, xy − y − λ1zt), (zy, yz), (zx, xz − z − (λ2y + λ3z)t)},

❝✉②♦s ❡❧❡♠❡♥t♦s ❧❧❛♠❛r❡♠♦s σ1, σ2 ② σ3 r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊❧ ♦r❞❡♥ q✉❡ ❝♦♥s✐❞❡r❛♠♦s ❡s ❡❧
✐♥❞✉❝✐❞♦ ♣♦r ❧❛ ❢✉♥❝✐ó♥ ω(x) = ω(y) = ω(z) = 1✱ ② x < y < z✳

❈♦♠♦ ❡♥ ❡❧ ❝❛s♦ ❛♥t❡r✐♦r✱ ❧❛ ú♥✐❝❛ ❛♠❜✐❣ü❡❞❛❞ ❡s ❡❧ ♦✈❡r❧❛♣ (σ2, σ1, z, y, x) ② s❡ r❡s✉❡❧✈❡✳
❊♥ ❡❢❡❝t♦

(zy)x = yzx 7→ y(xz − z − (λ2y + λ3z)t) = yxz − yz − (λ2y
2 + λ3yz)t

7→ xyz − 2yz − (λ1z
2 + λ2y

2 + λ3yz)t.

P♦r ❡❧ ♦tr♦ ❧❛❞♦✱

z(yx) = zxy − zy − λ1z
2t 7→ xyz − 2yz − (λ1z

2 + λ2y
2 + λ3yz)t.

▲✉❡❣♦ ♣♦r ❡❧ ❧❡♠❛ ❞❡❧ ❞✐❛♠❛♥t❡ ♦❜t❡♥❡♠♦s q✉❡ ❧♦s ♠♦♥♦♠✐♦s xiyjzk s♦♥ ✉♥❛ k[t]✲❜❛s❡ ❞❡
B✳ ❊♥t♦♥❝❡s ❡❧ ♠♦r✜s♠♦

ψ : A(1) −→ B ⊗k[t] k,

❞❡✜♥✐❞♦ ♣♦r ψ(xiyjzk) = xiyjzk ⊗ 1 ❡s ✉♥ ✐s♦♠♦r✜s♠♦ k✲❧✐♥❡❛❧✱ ② ❝♦♠♦ ❧❛s r❡❧❛❝✐♦♥❡s ❞❡ B
r❡s✉❧t❛♥ ❧❛s r❡❧❛❝✐♦♥❡s ❞❡ A ❛❧ ❡st❛❜❧❡❝❡r t = 0✱ ♦❜t❡♥❡♠♦s q✉❡ ψ ❡s ❛❞❡♠ás ✉♥ ✐s♦♠♦r✜s♠♦
❞❡ k✲á❧❣❡❜r❛s✳

▲✉❡❣♦ ❧❛ ❝♦♠♣❧❡t❛❝✐ó♥ t✲á❞✐❝❛ B̂ ❞❡ B ❡s ✉♥❛ k[[t]]✲á❧❣❡❜r❛ t✲á❞✐❝❛♠❡♥t❡ ❝♦♠♣❧❡t❛✱ ❧✐❜r❡
❞❡ t♦rs✐ó♥ ② ❝✉♠♣❧❡

B̂ ⊗k[[t]] k ∼= B ⊗k[t] k ∼= A(1),

❝♦♠♦ k✲á❧❣❡❜r❛s✳ P♦r ❧♦ t❛♥t♦ B̂ ❡s ✉♥❛ ❞❡❢♦r♠❛❝✐ó♥ ❞❡ A(1) ② ❝♦♥s✐st❡ ❞❡ s❡r✐❡s ❡♥ t ❝♦♥
❝♦❡✜❝✐❡♥t❡s ❡♥ B̂ ⊗k[[t]] k ∼= A(1) ❝♦♥ ♣r♦❞✉❝t♦ ft q✉❡ ❝✉♠♣❧❡

• ft(y, x) = xy − y − λ1zt,

• ft(x, y) = xy,

• ft(z, x) = xz − z − (λ2y + λ3z)t,

• ft(x, z) = xz,

• ft(z, y) = yz,

• ft(y, z) = yz.

❊♥t♦♥❝❡s F1(x, y) = F1(x, z) = F1(z, y) = F1(y, z) = 0, F1(y, x) = −λ1z✱ F1(z, x) =
−(λ2y + λ3z) ② ϕ∗(F1) = λ1dx ∧ dy|z + λ2dx ∧ dz|y + λ3dx ∧ dz|z✳

✼✷



Pr♦♣♦s✐❝✐ó♥ ✹✳✷✳✶✺✳ ❙❡❛ α ∈ Q<0✱ α 6= −1✱ α = −a
b
❝♦♥ a, b ∈ N✳ ❙❡❛♥ λ ∈ C ②

B := k[t]〈x, y, z〉/〈xy − yx− y, yz − zy, xz − zx− αz − λyakzbk+1t〉.

❊♥t♦♥❝❡s ❧❛ ❝♦♠♣❧❡t❛❝✐ó♥ t✲á❞✐❝❛ B̂ ❞❡ B ❡s ✉♥❛ ❞❡❢♦r♠❛❝✐ó♥ ❞❡ A(α) ❝♦♥

ϕ∗(F1) = λdx ∧ dz|yakzbk+1.

❉❡♠♦str❛❝✐ó♥✳ ❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛ ❛ ❧♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✱ ❜❛st❛ ♣r♦❜❛r q✉❡ ❧♦s ♠♦♥♦♠✐♦s
xiyjzk s♦♥ ✉♥❛ k[t]✲❜❛s❡ ❞❡ B✳ P❛r❛ ❡❧❧♦ ❝♦♥s✐❞❡r❛♠♦s ❡❧ s✐st❡♠❛ ❞❡ r❡❞✉❝❝✐ó♥ S s♦❜r❡
k〈x, y, z〉

S := {(yx, xy − y), (zy, yz), (zx, xz − αz − λyakzbk+1t)}.

▲♦s ❡❧❡♠❡♥t♦s ❞❡ S ❧♦s ❧❧❛♠❛r❡♠♦s σ1, σ2 ② σ3 r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❚♦♠❛♠♦s ❡❧ ♦r❞❡♥ ✐♥❞✉❝✐❞♦
♣♦r ❧❛ ❢✉♥❝✐ó♥ ω(y) = ω(z) = 1✱ ω(x) = (a + b)k + 1❀ ② x < y < z✳ ❊s ❡✈✐❞❡♥t❡ q✉❡
❞✐❝❤♦ ♦r❞❡♥ ❡s ❝♦♠♣❛t✐❜❧❡ ❝♦♥ S ② ♣♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✹✳✶✳✺ t✐❡♥❡ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ ❝❛❞❡♥❛
❞❡s❝❡♥❞❡♥t❡✳

▲❛ ú♥✐❝❛ ❛♠❜✐❣ü❡❞❛❞ q✉❡ s❡ ♣r❡s❡♥t❛ ❡s ❡❧ ♦✈❡r❧❛♣ (σ2, σ1, z, y, x) ② s❡ r❡s✉❡❧✈❡✳ ❊♥ ❡❢❡❝t♦

(zy)x 7→ yzx 7→ yxz − αyz − λyak+1zbk+1t

7→ xyz − (1 + α)yz − λyak+1zbk+1t.

P♦r ♦tr♦ ❧❛❞♦✱

z(yx) 7→ zxy − zy 7→ xzy − αzy − λyak+1zbk+1t− zy

7→ xyz − (1 + α)yz − λyak+1zbk+1t.

▲✉❡❣♦ ♣♦r ❡❧ ❧❡♠❛ ❞❡❧ ❞✐❛♠❛♥t❡ ❧♦s ♠♦♥♦♠✐♦s xiyjzk s♦♥ ✉♥❛ k[t]✲❜❛s❡ ❞❡ B✳ ❊♥t♦♥❝❡s ♣♦r
❛r❣✉♠❡♥t♦s ❛♥á❧♦❣♦s ❛ ❧♦s ❞❡ ❧♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✱ ❧❛ ❝♦♠♣❧❡t❛❝✐ó♥ t✲á❞✐❝❛ B̂ ❞❡ B ❡s ✉♥❛
k[[t]]✲á❧❣❡❜r❛ q✉❡ ❝✉♠♣❧❡

B̂ ⊗k[[t]] k ∼= B ⊗k[t] k ∼= A(α),

② ❡s ❧✐❜r❡ ❞❡ t♦rs✐ó♥✳ B̂ ❝♦♥s✐st❡ ❞❡ s❡r✐❡s ❡♥ t ❝♦♥ ❝♦❡✜❝✐❡♥t❡s ❡♥ B̂ ⊗k[[t]] k ∼= A(α) ❝♦♥
♣r♦❞✉❝t♦ ft q✉❡ ❝✉♠♣❧❡

• ft(y, x) = xy − y,

• ft(x, y) = xy,

• ft(z, x) = xz − αz − λyakzbk+1t,

• ft(x, z) = xz,

• ft(z, y) = yz,

• ft(y, z) = yz.

❊♥t♦♥❝❡s ϕ∗(F1) = λdx ∧ dz|yakzbk+1✳

Pr♦♣♦s✐❝✐ó♥ ✹✳✷✳✶✻✳ ❙❡❛ α = −1✳ ❙❡❛♥ λ ∈ C ②

B := k[t]〈x, y, z〉/〈xy − yx− y, yz − zy, xz − zx− αz − λykzk+1t〉.

❊♥t♦♥❝❡s ❧❛ ❝♦♠♣❧❡t❛❝✐ó♥ t✲á❞✐❝❛ B̂ ❞❡ B ❡s ✉♥❛ ❞❡❢♦r♠❛❝✐ó♥ ❞❡ A(−1) ❝♦♥

ϕ∗(F1) = λdx ∧ dz|ykzk+1.

✼✸



❉❡♠♦str❛❝✐ó♥✳ ▲❛ ♣r✉❡❜❛ ❡s ✐❞é♥t✐❝❛ ❛❧ ❝❛s♦ ❛♥t❡r✐♦r✳

Pr♦♣♦s✐❝✐ó♥ ✹✳✷✳✶✼✳ ❙❡❛ α = −1✳ ❙❡❛♥ λ ∈ C✱ i ∈ N0 ②

B := k[t]〈x, y, z〉/〈xy − yx− y, yz − zy − λxit, xz − zx+ z〉.

❊♥t♦♥❝❡s ❧❛ ❝♦♠♣❧❡t❛❝✐ó♥ t✲á❞✐❝❛ B̂ ❞❡ B ❡s ✉♥❛ ❞❡❢♦r♠❛❝✐ó♥ ❞❡ A(−1) ❝♦♥

ϕ∗(F1) = λdy ∧ dz|xi.

❉❡♠♦str❛❝✐ó♥✳ ▲❛ ❞❡♠♦str❛❝✐ó♥ ❡s ❝♦♠♣❧❡t❛♠❡♥t❡ ❛♥á❧♦❣❛ ❛ ❧❛s ❞❡ ❧♦s ♦tr♦s ❝❛s♦s✳ Pr♦❜❡✲
♠♦s s♦❧❛♠❡♥t❡ q✉❡ ❧♦s ♠♦♥♦♠✐♦s xiyjzk s♦♥ ✉♥❛ k[t]✲❜❛s❡ ❞❡ B✳ ❈♦♥s✐❞❡r❡♠♦s ❡❧ s✐st❡♠❛
❞❡ r❡❞✉❝❝✐♦♥❡s S s♦❜r❡ k[t]〈x, y, z〉

S := {(yx, xy − y), (zy, yz − λxit), (zx, xz + z)},

❝♦♥ ❡❧ ♦r❞❡♥ ✐♥❞✉❝✐❞♦ ♣♦r ❧❛ ❢✉♥❝✐ó♥ ω(x) = ω(y) = 1✱ ω(z) = i + 1✱ ② x < y < z✳ ❘❡s✉❧t❛
❡✈✐❞❡♥t❡ q✉❡ ❡s ✉♥ ♦r❞❡♥ ❝♦♠♣❛t✐❜❧❡ ❝♦♥ S ② t✐❡♥❡ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ ❝❛❞❡♥❛ ❞❡s❝❡♥❞❡♥t❡✳
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