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❉❡♣❛rt❛♠❡♥t♦ ❞❡ ▼❛t❡♠át✐❝❛

❚❡s✐s ❞❡ ▲✐❝❡♥❝✐❛t✉r❛
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▼❛r❝♦s ❈♦ss❛r✐♥✐

❉✐r❡❝t♦r✿ ●❛❜r✐❡❧ ▲❛r♦t♦♥❞❛

✷✾ ❞❡ ♠❛r③♦ ❞❡ ✷✵✶✷
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❊❝✉❛❝✐♦♥❡s ❞❡ ❧❛ ♠❡❝á♥✐❝❛ ❝❧ás✐❝❛

▼❛r❝♦s ❈♦ss❛r✐♥✐

✶✳ ❈♦♠❡♥t❛r✐♦ ♣r❡❧✐♠✐♥❛r

❊st❡ t❡①t♦ ❢✉❡ ♣❡♥s❛❞♦ ♣❛r❛ s❡r ❡s❝r✐t♦ ♣♦r s✉ ❛✉t♦r✱ ❝♦♥ ❡❧ ✜♥ ❞❡ ❢❛♠✐✲
❧✐❛r✐③❛rs❡ ❝♦♥ ❧❛s ❞✐st✐♥t❛s ❢♦r♠✉❧❛❝✐♦♥❡s ❞❡ ❧❛s ❧❡②❡s ❞❡ ❧❛ ♠❡❝á♥✐❝❛ ❝❧ás✐❝❛✳
❙❡ ❞❡s❛rr♦❧❧❛ ❡♥ tr❡s ❛❝t♦s✳

❊♥ ❡❧ ♣r✐♠❡r♦ s❡ ♣r❡s❡♥t❛♥ ❧♦s ❤❡❝❤♦s ❡♠♣ír✐❝♦s ❛ ❡st✉❞✐❛r ② s❡ ❞❡s❛rr♦❧❧❛
❧❛ t❡♦rí❛ ♠❡❝á♥✐❝❛ ❞❡ ◆❡✇t♦♥✱ q✉❡ ❡st✉❞✐❛ s✐st❡♠❛s ❞❡ ♣❛rtí❝✉❧❛s q✉❡ s❡
♠✉❡✈❡♥ ❡♥ ✉♥ ❡s♣❛❝✐♦ ❡✉❝❧í❞❡♦✳ ▲❛ ♥♦t❛❝✐ó♥ ✉s❛❞❛ ❜✉s❝❛ ❧♦❣r❛r ❡❧ ❧♦♦❦ ❝❛s✉❛❧
❞❡ ✉♥ ❧✐❜r♦ ❞❡ ♠❡❝á♥✐❝❛ ❡❧❡♠❡♥t❛❧✳

❊♥ ❡❧ s❡❣✉♥❞♦ s❡ ❞❡s❛rr♦❧❧❛ ❧❛ ♠❡❝á♥✐❝❛ ❛♥❛❧ít✐❝❛ ❞❡ ▲❛❣r❛♥❣❡✱ q✉❡ r❡♣r❡✲
s❡♥t❛ ❛❧ s✐st❡♠❛ ❞❡ ♣❛rtí❝✉❧❛s ❝♦♠♦ ✉♥ ♣✉♥t♦ q✉❡ s❡ ♠✉❡✈❡ ❡♥ ✉♥❛ ✈❛r✐❡❞❛❞
r✐❡♠❛♥♥✐❛♥❛✳ ❆q✉í s❡ ✈❡ ❝ó♠♦ tr❛♥s❢♦r♠❛r ♣r♦❜❧❡♠❛s ❞❡ ❞✐♥á♠✐❝❛ ❡♥ ♣r♦❜❧❡✲
♠❛s ✈❛r✐❛❝✐♦♥❛❧❡s ② ✈✐❝❡✈❡rs❛✱ ② ❡①♣❧♦t❛r s✉s s✐♠❡trí❛s ♣❛r❛ ❤❛❧❧❛r s♦❧✉❝✐♦♥❡s✳
▲❛ ♥♦t❛❝✐ó♥ r❡tr♦ ✉s❛❞❛ ❡♥ ❧♦s ❝á❧❝✉❧♦s ♠ás ❡①t❡♥s♦s✱ ❝♦♥ ❛❜✉♥❞❛♥t❡s s✉❜✲
í♥❞✐❝❡s ② s✉♣❡rí♥❞✐❝❡s✱ ❡✈♦❝❛ ❡❧ ❧♦♦❦ ✈✐♥t❛❣❡ ❞❡ ✉♥ ❧✐❜r♦ ❞❡ ❛♥á❧✐s✐s t❡♥s♦r✐❛❧✳

❊♥ ❡❧ t❡r❝❡r♦ s❡ ❞❡s❝r✐❜❡ ❧❛ ❢♦r♠✉❧❛❝✐ó♥ ❞❡ ❍❛♠✐❧t♦♥✱ s❡❣ú♥ ❧❛ ❝✉❛❧ ❡❧
❡st❛❞♦ ❞❡❧ s✐st❡♠❛ ♠❡❝á♥✐❝♦ ❡s ✉♥ ♣✉♥t♦ q✉❡ s❡ ♠✉❡✈❡ ❡♥ ✉♥❛ ✈❛r✐❡❞❛❞
s✐♠♣❧é❝t✐❝❛✳ ❊st♦ ♣❡r♠✐t❡ ❡♥❝♦♥tr❛r ♠ás s✐♠❡trí❛s ② r❡s♦❧✈❡r ❡①♣❧í❝✐t❛♠❡♥t❡
♠ás ♣r♦❜❧❡♠❛s✱ ♣❡r♦ ♥♦ q✉❡❞ó t✐❡♠♣♦ ♣❛r❛ ❡s♦✳ ❆q✉í ✉s❛♠♦s ❧❛ ♥♦t❛❝✐ó♥
♠♦❞❡r♥❛ ❞❡ ❣❡♦♠❡trí❛ ❞✐❢❡r❡♥❝✐❛❧✳

▲♦s ❡❥❡♠♣❧♦s ❡❧❡❣✐❞♦s ❢✉❡r♦♥ só❧❛♠❡♥t❡ ❧♦s ♥❡❝❡s❛r✐♦s ♣❛r❛ ❞❡s❛rr♦❧❧❛r ❧❛
t❡♦rí❛ ❜ás✐❝❛✳ ❙✐ ❜✐❡♥ ❧♦s ❝♦♠❡♥t❛r✐♦s ❤✐stór✐❝♦s ❢✉❡r♦♥ ❧✐♠✐t❛❞♦s ❝♦❜❛r❞❡✲
♠❡♥t❡ ♣♦r ❡❧ ❛✉t♦r✱ q✉❡ ♥♦ q✉✐s♦ ♠❡t❡r ❧❛ ♣❛t❛✱ s❡ tr❛tó ❞❡ ♣r❡s❡♥t❛r ❧❛s
✐❞❡❛s ❡♥ ✉♥ ♦r❞❡♥ ♥❛t✉r❛❧ ② ♣❡❞❛❣ó❣✐❝❛♠❡♥t❡ ❛❝❡♣t❛❜❧❡✳ ❈♦♠♦ s✐ ❛❧❣✉✐❡♥
q✉❡ ♥♦ s❛❜❡ ❞❡❧ t❡♠❛ ❡✈❡♥t✉❛❧♠❡♥t❡ ❧♦ ❢✉❡r❛ ❛ ❧❡❡r✱ ❧♦ ❝✉❛❧ ❡s s✐❡♠♣r❡ ✉♥❛
✜❝❝✐ó♥ út✐❧✳

❊❧ ❛✉t♦r ❡s ✉♥ ❢érr❡♦ ❞❡❢❡♥s♦r ❞❡ ❧❛ s✐♠❡trí❛✱ ② ❛rr❛str❛ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❧❛
♦❜r❛ ❧❛ t❛r❛ ❞❡ ♥♦ ♣♦❞❡r ❛❝❡♣t❛r ✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ❡❧❡❣✐❞♦ ❛r❜✐tr❛r✐❛✲
♠❡♥t❡✳ ❊st♦ ❧♦ ❝♦♥❞✉❝❡ ❛ tr❛❞✉❝✐r ❧❛s ✐❞❡❛s ❜ás✐❝❛s ❞❡ ❧❛ t❡♦rí❛ ❛ ✉♥ ❧❡♥❣✉❛❥❡
♥♦ ❡stá♥❞❛r✱ t❛r❡❛ q✉❡ ✜♥❛❧♠❡♥t❡ ✐♥s✉♠❡ t♦❞♦ s✉ ❡s❢✉❡r③♦✳ ❙✐ ❜✐❡♥ ❡❧ ❢♦r✲
♠❛❧✐s♠♦ ♠ás ♣❡❞❛♥t❡ ❡stá ❝♦♥❝❡♥tr❛❞♦ ❡♥ ❧❛s ♣r✐♠❡r❛s s❡❝❝✐♦♥❡s ✭② ❛❧❣✉♥♦s
❡①❛❜r✉♣t♦s ♣♦st❡r✐♦r❡s✮✱ ❧❛ t❡r♠✐♥♦❧♦❣í❛ ✉s❛❞❛ ❡♥ ❣❡♥❡r❛❧ ♣r❡t❡♥❞❡ ❞✐s✉❛❞✐r
❛❧ ❧❡❝t♦r ♦❝❛s✐♦♥❛❧✱ q✉❡ ❞❡ ♦tr♦ ♠♦❞♦ ♣♦❞rí❛ ❧❡❡r ❡❧ t❡①t♦ ② ❧❧❡✈❛rs❡ ✉♥ ✜❛s❝♦✳
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✶✳✶✳ ❆❞✈❡rt❡♥❝✐❛ ❛❝❡r❝❛ ❞❡ ♥♦t❛❝✐ó♥ ② ❝♦♥✈❡♥❝✐♦♥❡s

◆ú♠❡r♦s ♥❛t✉r❛❧❡s ❡ í♥❞✐❝❡s ♥✉♠ér✐❝♦s ❊❧ ❝♦♥❥✉♥t♦ ❞❡ ❧♦s ♥ú♠❡r♦s
♥❛t✉r❛❧❡s ✐♥❝❧✉②❡ ❛❧ ❝❡r♦ ② ❡s N = {0, 1, . . . }✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ s✐ n ❡s ✉♥ ♥ú♠❡r♦
♥❛t✉r❛❧✱ ❝✉❛♥❞♦ ♠❡♥❝✐♦♥❡♠♦s ✉♥❛ ❝♦❧❡❝❝✐ó♥ ✜♥✐t❛ {xi}i<n ❞❡ ♦❜❥❡t♦s✱ s❡ ❞❡❜❡
❡♥t❡♥❞❡r q✉❡ i t♦♠❛ ✈❛❧♦r❡s ♥❛t✉r❛❧❡s✱ ❞❡s❞❡ 0 ❤❛st❛ n− 1✱ ② ♣♦r ❧♦ t❛♥t♦ ❧❛
❝♦❧❡❝❝✐ó♥ t✐❡♥❡ n ❡❧❡♠❡♥t♦s✳

P♦s✐t✐✈✐❞❛❞ ❈✉❛♥❞♦ ❞❡❝✐♠♦s ✏♣♦s✐t✐✈♦✑✱ q✉❡r❡♠♦s ❞❡❝✐r ♠❛②♦r ♦ ✐❣✉❛❧ ❛
❝❡r♦✳ ▲♦s ♥ú♠❡r♦s r❡❛❧❡s ♣♦s✐t✐✈♦s ❢♦r♠❛♥ ✉♥ s❡♠✐❛♥✐❧❧♦ q✉❡ ❞❡♥♦t❛♠♦s P✳
P❛r❛ ✐♥❞✐❝❛r q✉❡ ❛❧❣♦ ❡s ♠❛②♦r q✉❡ ❝❡r♦✱ ❞✐r❡♠♦s ✏❡str✐❝t❛♠❡♥t❡ ♣♦s✐t✐✈♦✑✳

❊s♣❛❝✐♦s ❛✜♥❡s ❊♥ ❢ís✐❝❛ ❛♣❛r❡❝❡♥ ♠✉❝❤♦s ❡s♣❛❝✐♦s q✉❡ ♥♦ s♦♥ ✈❡❝t♦r✐❛❧❡s
s✐♥♦ ❛✜♥❡s✱ ❡s ❞❡❝✐r✱ ♥♦ t✐❡♥❡♥ ✉♥ ♣✉♥t♦ ❞✐st✐♥❣✉✐❞♦ ❞❡ r❡❢❡r❡♥❝✐❛ q✉❡ s✐r✈❛
❝♦♠♦ ♦r✐❣❡♥✳ P♦r ❡❥❡♠♣❧♦✱ ❡❧ ❡s♣❛❝✐♦ ❡✉❝❧í❞❡♦ tr✐❞✐♠❡♥s✐♦♥❛❧ ❡s ✉♥ ❡s♣❛❝✐♦
❛❢í♥ ✭r❡❛❧✮✳ ▲❛ ❝❛t❡❣♦rí❛ ❞❡ ❡s♣❛❝✐♦s ❛✜♥❡s s❡ ♣✉❡❞❡ ❞❡✜♥✐r s❡♥❝✐❧❧❛♠❡♥t❡
❛ ♣❛rt✐r ❞❡ ❧❛ ❞❡ ❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s✳ ❯♥ ❡s♣❛❝✐♦ ❛❢í♥ ❡s ✉♥ ❝♦♥❥✉♥t♦ A✱
♣r♦✈✐st♦ ❞❡ ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ∆A ❝✉②♦s ❡❧❡♠❡♥t♦s s❡ ❧❧❛♠❛♥ ❞✐❢❡r❡♥❝✐❛s
❡♥tr❡ ♣✉♥t♦s ❞❡ A ✭♦ tr❛s❧❛❝✐♦♥❡s ❡♥ A✮✱ ② ✉♥❛ ❛❝❝✐ó♥ s✐♠♣❧❡♠❡♥t❡ tr❛♥s✐t✐✈❛
❞❡❧ ❣r✉♣♦ ∆A ❡♥ A✿ ♣❛r❛ ❝✉❛❧❡sq✉✐❡r❛ ♣✉♥t♦s x ❡ y ❞❡ A ❡①✐st❡ ✉♥ ú♥✐❝♦
✈❡❝t♦r v ∈ ∆A t❛❧ q✉❡ y = x + v✳ ❆ ❡st❡ ✈❡❝t♦r x ❧♦ ❧❧❛♠❛♠♦s y − x✳ ❯♥❛
❢✉♥❝✐ó♥ T : A→ B ❡♥tr❡ ❡s♣❛❝✐♦s ❛✜♥❡s s❡ ❧❧❛♠❛ tr❛♥s❢♦r♠❛❝✐ó♥ ❛❢í♥ ❝✉❛♥❞♦
❡①✐st❡ ✉♥❛ tr❛♥s❢♦r♠❛❝✐ó♥ ❧✐♥❡❛❧ F : ∆A → ∆B t❛❧ q✉❡ ♣❛r❛ ❝✉❛❧❡sq✉✐❡r❛
♣✉♥t♦s x✱ y ❡♥ A s❡ t✐❡♥❡ T (y)−T (x) = F (y−x)✳ ❊st❛ tr❛♥s❢♦r♠❛❝✐ó♥ ❧✐♥❡❛❧
❡s ♥❡❝❡s❛r✐❛♠❡♥t❡ ú♥✐❝❛ ② s❡ ❧❛ ❞❡♥♦t❛ ∆T ✱ ❧❛ ♣❛rt❡ ❧✐♥❡❛❧ ❞❡ T ✳

❉✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞ ❈✉❛♥❞♦ ❞❡❝✐♠♦s q✉❡ ✉♥❛ ❢✉♥❝✐ó♥ F : X → Y ✭❝♦♥ X ❡
Y s✉❜❝♦♥❥✉♥t♦s ❛❜✐❡rt♦s ❞❡ ❡s♣❛❝✐♦s ❛✜♥❡s ♥♦r♠❛❞♦s E ② F ✮ ❡s ❞✐❢❡r❡♥❝✐❛❜❧❡
❡♥ ✉♥ ♣✉♥t♦ x0 ∈ X✱ ❡st❛♠♦s ❤❛❜❧❛♥❞♦ ❞❡ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞ ❢✉❡rt❡✳ ❊s
❞❡❝✐r✱ ❧❛ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ F ❡♥ x0 ❡s ✉♥❛ tr❛♥s❢♦r♠❛❝✐ó♥ ❧✐♥❡❛❧ T t❛❧ q✉❡

ĺım
(x,y)→(x0,x0)

F (y)− F (x)− T (y − x)

|y − x| = 0.

❊st❛ ♥♦❝✐ó♥ ❞❡ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞ ❞✐✜❡r❡ ❞❡ ❧❛ ✉s✉❛❧✱ ❛ ❧❛ q✉❡ ❧❧❛♠❛r❡♠♦s
❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞ ❞é❜✐❧✱ ❡♥ ❧❛ q✉❡ s❡ ✜❥❛ x = x0 ② só❧♦ s❡ ❧❡ ♣❡r♠✐t❡ ❛ y
♠♦✈❡rs❡✳✶ ❉✐r❡♠♦s q✉❡ F ❡s ❞❡r✐✈❛❜❧❡ ❝✉❛♥❞♦ t✐❡♥❡ ❞❡r✐✈❛❞❛✱ ❡s ❞❡❝✐r✱ ❤❛②
✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ F ′ : U → L(E,F ) q✉❡ ❞❛ ♣❛r❛ ❝❛❞❛ x0 ✉♥❛ ✭❧❛ ú♥✐❝❛
♣♦s✐❜❧❡✮ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ F ❡♥ x0✳ ❯♥❛ ❢✉♥❝✐ó♥ q✉❡ ❡s ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ t♦❞♦ s✉
❞♦♠✐♥✐♦✱ ❡s ❛✉t♦♠át✐❝❛♠❡♥t❡ ❞❡r✐✈❛❜❧❡ ♣♦rq✉❡ ❡st❛♠♦s ✉s❛♥❞♦ ❧❛ ♥♦❝✐ó♥ ❞❡

✶◆♦ ❤❛② q✉❡ ❝♦♥❢✉♥❞✐r ❡st❡ ❝♦♥❝❡♣t♦ ✭❧♦❝❛❧✮ ❝♦♥ ❡❧ ❝♦♥❝❡♣t♦ ✭❣❧♦❜❛❧✮ ❞❡ ❞❡r✐✈❛❞❛ ❞é❜✐❧✱
q✉❡ s❡ ❛♣❧✐❝❛ ❛ ❢✉♥❝✐♦♥❡s q✉❡ s✉❡❧❡♥ ♥♦ s❡r s✐q✉✐❡r❛ ❞é❜✐❧♠❡♥t❡ ❞✐❢❡r❡♥❝✐❛❜❧❡s ❡♥ t♦❞♦ s✉
❞♦♠✐♥✐♦✳

✹



❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞ ❢✉❡rt❡✳ ❊❧ ❡s♣❛❝✐♦ ❞❡ ❢✉♥❝✐♦♥❡s ❞❡r✐✈❛❜❧❡s s❡rá ❞❡♥♦t❛❞♦ ❝♦♥
s✉ ♥♦♠❜r❡ ✉s✉❛❧ C 1(X,Y )✳

❊①♣r❡s✐♦♥❡s ✐♥❞❡t❡r♠✐♥❛❞❛s ❙✐ S ❡s ✉♥ ❝♦♥❥✉♥t♦✱ ❝✉❛♥❞♦ ❞❡❝✐♠♦s q✉❡
v ❡s ✉♥ ❡❧❡♠❡♥t♦ ✐♥❞❡t❡r♠✐♥❛❞♦ ❞❡ S ♦ ✈❛r✐❛❜❧❡ ✐♥❞❡t❡r♠✐♥❛❞❛ ❡♥ S✱
♦ ❝✉❛♥❞♦ ❡s❝r✐❜✐♠♦s ✏v ∈∈ S✑✱ ❡st❛♠♦s ✐♥tr♦❞✉❝✐❡♥❞♦ ✉♥ ❡♥t❡ ♠❛t❡♠át✐❝♦
✭r❡♣r❡s❡♥t❛❞♦ ❡♥ ❡st❡ ❝❛s♦ ♣♦r ❡❧ sí♠❜♦❧♦ ✏v✑✮ q✉❡ ♠ás t❛r❞❡ ♣♦❞rá s❡r r❡✲
❡♠♣❧❛③❛❞♦ ♣♦r ❝✉❛❧q✉✐❡r ❡❧❡♠❡♥t♦ ❞❡ S✱ ♦ ♣♦r ♦tr❛ ✐♥❞❡t❡r♠✐♥❛❞❛✳ ❆ ♣❛rt✐r
❞❡ ✉♥❛ ✐♥❞❡t❡r♠✐♥❛❞❛ v ♣♦❞❡♠♦s ❝♦♥str✉✐r ❡①♣r❡s✐♦♥❡s q✉❡ ✐♥❝❧✉②❛♥ ❛ v✱
q✉❡ s♦♥✱ ❛ ✜♥ ❞❡ ❝✉❡♥t❛s✱ ❢✉♥❝✐♦♥❡s ❞❡✜♥✐❞❛s ❡♥ S✱ q✉❡ ❛❞❡♠ás t✐❡♥❡♥ ✉♥
sí♠❜♦❧♦ ♣r❡❞❡t❡r♠✐♥❛❞♦ v ♦❝✉♣❛♥❞♦ ❞❡s❞❡ ❡❧ ♣r✐♥❝✐♣✐♦ ❡❧ ❧✉❣❛r ❞❡ ❧❛ ✈❛r✐❛✲
❜❧❡ ✐♥❞❡♣❡♥❞✐❡♥t❡✳ P♦r ❡s♦ ❧❛s ❧❧❛♠❛♠♦s t❛♠❜✐é♥ v✲❢✉♥❝✐♦♥❡s✳ P♦r ❡❥❡♠♣❧♦✱
s✐ s ∈∈ R✱ ❧❛ ❡①♣r❡s✐ó♥ f = sin s ❡s ✉♥❛ s✲❢✉♥❝✐ó♥✱ ② ❧❛ ♣♦❞❡♠♦s ❡✈❛❧✉❛r
❡♥ s = π ♦❜t❡♥✐❡♥❞♦ f |s:=π = 0✳ ❚❛♠❜✐é♥ ❡s❝r✐❜✐♠♦s ✏=✑ ❡♥ ❧✉❣❛r ❞❡ ✏ :=✑
s✐ ❡s ❝❧❛r♦ ❡♥ q✉é ❞✐r❡❝❝✐ó♥ s❡ ❤❛❝❡ ❡❧ r❡❡♠♣❧❛③♦✱ ② ✉s❛♠♦s ❡❧ sí♠❜♦❧♦ f(π)
♣❛r❛ r❡♣r❡s❡♥t❛r ❛ f |s=π s✐ ❡s ❝❧❛r♦ ❝✉á❧ ❡s ❧❛ ✐♥❞❡t❡r♠✐♥❛❞❛ q✉❡ ❡st❛♠♦s
r❡❡♠♣❧❛③❛♥❞♦✱ ② ❛sí ✉♥❛ s✲❢✉♥❝✐ó♥ ♣✉❡❞❡ ✉s❛rs❡ ❞❡❧ ♠✐s♠♦ ♠♦❞♦ q✉❡ ✉♥❛
❢✉♥❝✐ó♥✳ ◆ót❡s❡ q✉❡ ❡♥ ❡❧ ❡❥❡♠♣❧♦ s❡ t✐❡♥❡ f(s) = f |s:=s = f ✳

❙✐ ❧❛ ✐♥❞❡t❡r♠✐♥❛❞❛ ❡s r❡❛❧ ✭♦ ✈❡❝t♦r✐❛❧✮✱ ❝♦♠♦ ❡♥ ♥✉❡str♦ ❡❥❡♠♣❧♦✱ ♣♦❞❡✲
♠♦s ❞❡✜♥✐r ❧❛ ❞❡r✐✈❛❞❛ df

ds ✱ q✉❡ s❡rá ✉♥❛ ♥✉❡✈❛ s✲❢✉♥❝✐ó♥ ✭❡♥ ❡st❡ ❝❛s♦ ✐❣✉❛❧
❛ cos s✮ ❞❡✜♥✐❞❛ ❡♥ ✉♥ ❞♦♠✐♥✐♦ ♣♦s✐❜❧❡♠❡♥t❡ ♠ás ❝❤✐❝♦✳ ❚❛♠❜✐é♥ ♣♦❞❡♠♦s
❝♦♥str✉✐r ❡①♣r❡s✐♦♥❡s ❝♦♥ ✈❛r✐❛s ✐♥❞❡t❡r♠✐♥❛❞❛s✱ ② s✉s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s✳
P♦r ❡❥❡♠♣❧♦✱ s✐ x, y ∈∈ R ② f = f(x, y) t♦♠❛ ✈❛❧♦r❡s r❡❛❧❡s✱ ♣♦❞❡♠♦s ♣❡r♠✉✲
t❛r ❧❛s ✈❛r✐❛❜❧❡s ❞❡✜♥✐❡♥❞♦ f(y, x) ✭q✉❡ ❡s ✐❣✉❛❧ ❛ f |(x,y):=(y,x)✮ ② s❡ ❝✉♠♣❧❡

q✉❡ ∂f
∂x (y, x) =

∂(f(y,x))
∂y ✳

❮♥❞✐❝❡s ❛❜str❛❝t♦s ❙✐ V ❡s ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ② φ ✉♥ ❝♦✈❡❝t♦r ❞❡ V
✭❡s ❞❡❝✐r✱ ✉♥ ❡❧❡♠❡♥t♦ ❞❡ V ∗✮✱ ♣♦❞❡♠♦s ✉s❛r ✉♥❛ ✐♥❞❡t❡r♠✐♥❛❞❛ α ∈∈ V

❞❡ ✐♥t❡r♠❡❞✐❛r✐♦ ♣❛r❛ ❡✈❛❧✉❛r φ ❡♥ ✉♥ ✈❡❝t♦r v ∈ V ✱ ❡s❝r✐❜✐❡♥❞♦ φ(α)|α:=v✱
❝✉②♦ ✈❛❧♦r ❡s s✐♠♣❧❡♠❡♥t❡ φ(v)✳ ❊st♦ ❧♦ ❡s❝r✐❜✐r❡♠♦s ✉s✉❛❧♠❡♥t❡ ❡♥ ❧❛ ♥♦t❛✲
❝✐ó♥ ♠ás ❝♦♠♣❛❝t❛ φαv

α ✭② ❡❧ sí♠❜♦❧♦ vα✱ ❝✉❛♥❞♦ ❡stá s♦❧♦✱ r❡♣r❡s❡♥t❛ ❛ ✉♥
❝♦✲❝♦✈❡❝t♦r✮✳ ❊st❛ ❡s ❧❛ ♥♦t❛❝✐ó♥ ❞❡ í♥❞✐❝❡s ❛❜str❛❝t♦s ❞❡ P❡♥r♦s❡ ❬✾❪✱ ② ♣❡r✲
♠✐t❡ ♦♣❡r❛r s✐♥ ❝♦♦r❞❡♥❛❞❛s✱ t❡♥✐❡♥❞♦ ❛ ❧❛ ✈❡③ ❧❛ ✢❡①✐❜✐❧✐❞❛❞ ❞❡ ❧♦s í♥❞✐❝❡s
♥✉♠ér✐❝♦s✳ P♦r ❡❥❡♠♣❧♦✱ ♣❛r❛ s✐♠❡tr✐③❛r ✉♥❛ ❢✉♥❝✐ó♥ ❜✐❧✐♥❡❛❧ B ❡s❝r✐❜✐♠♦s
Bα,β +Bβ,α✳ ❊♥ ❣❡♥❡r❛❧ ❧♦s ✈❡❝t♦r❡s t❡♥❞rá♥ ✉♥ í♥❞✐❝❡ ❛rr✐❜❛ ② ❧♦s ❝♦✈❡❝t♦✲
r❡s t❡♥❞rá♥ ✉♥ í♥❞✐❝❡ ❛❜❛❥♦✳ P♦r ♦tr❛ ♣❛rt❡✱ ❧♦s ❝♦✈❡❝t♦r❡s ❞❡ V s♦♥ ❛ ❧❛ ✈❡③
✈❡❝t♦r❡s ❞❡ V ∗✱ ② ❡♥t♦♥❝❡s ♥♦ s✐❡♠♣r❡ ❡s ♣♦s✐❜❧❡ ❡st❛❜❧❡❝❡r ✉♥❛ ❞✐st✐♥❝✐ó♥
❝♦♥s✐st❡♥t❡♠❡♥t❡✳

✺



✷✳ ▼❛❣♥✐t✉❞❡s ② ❡s♣❛❝✐♦s ❞❡ ❧❛ ♠❡❝á♥✐❝❛ ❝❧ás✐❝❛

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ❞❛r❡♠♦s ✉♥❛ ❞❡s❝r✐♣❝✐ó♥ ✭♠❛t❡♠át✐❝❛✮ ❞❡ ❧❛s ♥♦❝✐♦♥❡s
❞❡ ♠❛❣♥✐t✉❞ ❡s❝❛❧❛r✱ t✐❡♠♣♦✱ ❡s♣❛❝✐♦ ❡✉❝❧í❞❡♦ ② ♠✉♥❞♦ ❣❛❧✐❧❡❛♥♦✳ ❊♥ ❡st❛
♦❝❛s✐ó♥ ♥♦ ✐♥t❡♥t❛r❡♠♦s ❞❡✜♥✐r ❧♦s ❝♦♥❝❡♣t♦s ♣♦r ♠❡❞✐♦ ❞❡ ❡①♣❡r✐♠❡♥t♦s✱
❞❡ ♠♦❞♦ q✉❡ ❡❧ ❧❡❝t♦r t❡♥❞rá q✉❡ r❡❝✉rr✐r ❛ s✉s ♣r♦♣✐♦s ♣r❡❝♦♥❝❡♣t♦s ♣❛r❛
❝♦♠♣r♦❜❛r q✉❡ ❡st❛s ❞❡s❝r✐♣❝✐♦♥❡s s❡ ❛❞❡❝ú❛♥ ❛ ❧❛ r❡❛❧✐❞❛❞ ❢ís✐❝❛ ✭♦ ♥♦✮✳
❊❧ ❝♦♥t❡♥✐❞♦ ♦❜s❡r✈❛❜❧❡ ❞❡ ❡st♦s ❝♦♥❝❡♣t♦s s❡ ❡s♣❡❝✐✜❝❛rá ✭❡♥ ♣❛rt❡✮ ♠ás
❛❞❡❧❛♥t❡✱ ❛ ♣❛rt✐r ❞❡ ❧❛ s❡❝❝✐ó♥ ✸✳ ❙✐ ❧❛ t❡r♠✐♥♦❧♦❣í❛ r❡s✉❧t❛ ♠✉② ❡s♣❡s❛✱ t♦❞❛
❡st❛ s❡❝❝✐ó♥ ♣✉❡❞❡ s❛❧t❡❛rs❡✳

✷✳✶✳ ▼❛❣♥✐t✉❞❡s ❡s❝❛❧❛r❡s ② t✐❡♠♣♦

❊♥ ❡st❡ t❡①t♦ ❞✐st✐♥❣✉✐r❡♠♦s ❡♥tr❡ ❞✐st✐♥t♦s t✐♣♦s ❞❡ ♠❛❣♥✐t✉❞❡s ❡s❝❛❧❛✲
r❡s✳ P♦r ❡❥❡♠♣❧♦✱ ❧❛ ♠❛s❛ ❞❡ ✉♥ ♦❜❥❡t♦ ② s✉ ✈♦❧✉♠❡♥ ♥♦ s♦♥ ♥ú♠❡r♦s✱ s✐♥♦
q✉❡ s♦♥ ♣✉♥t♦s ❞❡ ❞✐st✐♥t♦s ❡s♣❛❝✐♦s✱ ② ❡♥ ♣r✐♥❝✐♣✐♦ ♥♦ s❡ ♣✉❡❞❡♥ ❝♦♠♣❛r❛r✳
P❛r❛ ❝♦♥✈❡rt✐r ✉♥❛ ♠❛❣♥✐t✉❞ ❡s❝❛❧❛r ❡♥ ✉♥ ♥ú♠❡r♦ r❡❛❧ ❤❛② q✉❡ ❡❧❡❣✐r ✉♥❛
✉♥✐❞❛❞ ❞❡ ♠❡❞✐❞❛✱ ② ❛ ✈❡❝❡s t❛♠❜✐é♥ ✉♥ ✈❛❧♦r ❞❡ r❡❢❡r❡♥❝✐❛✳

❊❧ ❡s♣❛❝✐♦ ❞❡ ❧♦s ♣♦s✐❜❧❡s ✈❛❧♦r❡s ❞❡ ❧❛ ♠❛s❛ ❞❡ ✉♥ ♦❜❥❡t♦ ❡s ✉♥❛ s❡♠✐✲
rr❡❝t❛ r❡❛❧✳ ❯♥❛ s❡♠✐rr❡❝t❛ ❡stá ♦r❞❡♥❛❞❛✿ ❙✐ x ❡ y s♦♥ ❧❛s ♠❛s❛s ❞❡ ❞✐st✐♥t♦s
♦❜❥❡t♦s✱ t✐❡♥❡ s❡♥t✐❞♦ ♣r❡❣✉♥t❛r s✐ x ❡s ♠❛②♦r✱ ♠❡♥♦r✱ ♦ ✐❣✉❛❧ q✉❡ y ✭② ❡st♦
s❡ ♣✉❡❞❡ ❞❡t❡r♠✐♥❛r✱ ❝♦♥ ❝✐❡rt♦ ♠❛r❣❡♥ ❞❡ ❡rr♦r✱ ♣♦r ♠❡❞✐♦ ❞❡ ❡①♣❡r✐♠❡♥t♦s
q✉❡ ✐♥❞✐❝❛r❡♠♦s ♠ás ❛❞❡❧❛♥t❡✮✳ ❆❞❡♠ás✱ s✐ x ❡s ❧❛ ♠❛s❛ ❞❡ ✉♥ ♦❜❥❡t♦ ② r ❡s
✉♥ ♥ú♠❡r♦ r❡❛❧ ♣♦s✐t✐✈♦✱ ♣♦❞❡♠♦s ♠✉❧t✐♣❧✐❝❛r x ♣♦r r ♦❜t❡♥✐❡♥❞♦ ✉♥ ♥✉❡✈♦
✈❛❧♦r ❞❡ ♠❛s❛ rx✳ ❙✐ x ♥♦ ❡s ♥✉❧❛✱ ❛❧ ✈❛r✐❛r r✱ ❡❧ ✈❛❧♦r r❡❝♦rr❡ t♦❞❛s ❧♦s ♣♦✲
s✐❜❧❡s ✈❛❧♦r❡s ❞❡ ♠❛s❛✳ ❊st♦ ♣❡r♠✐t❡ t♦♠❛r ❛ x ❝♦♠♦ ✉♥✐❞❛❞ ❞❡ ♠❡❞✐❞❛✱ ②
❞❡s❝r✐❜✐r ❧✉❡❣♦ t♦❞❛s ❧❛s ♣♦s✐❜❧❡s ♠❛s❛s ❝♦♠♦ ♠ú❧t✐♣❧♦s ♣♦s✐t✐✈♦s ❞❡ x✳ ❊♥
tér♠✐♥♦s té❝♥✐❝♦s✿

❉❡✜♥✐❝✐ó♥ ✷✳✶✳✶✳ ❯♥❛ s❡♠✐rr❡❝t❛ ✭r❡❛❧✮ ❡s ✉♥ ♠ó❞✉❧♦ ❧✐❜r❡✱ ❞❡ r❛♥❣♦ ✶✱
s♦❜r❡ ❡❧ s❡♠✐❛♥✐❧❧♦ P ❞❡ ❧♦s ♥ú♠❡r♦s r❡❛❧❡s ♣♦s✐t✐✈♦s✱ ② ❤❡r❡❞❛ ❡❧ ♦r❞❡♥ ❞❡
❧♦s ♥ú♠❡r♦s✳

❉❡♥♦t❛♠♦s Pkg ❛ ❧❛ s❡♠✐rr❡❝t❛ ❞❡ ❧♦s ✈❛❧♦r❡s ❞❡ ♠❛s❛✱ ♣✉❡s t♦❞❛s ❧❛s
♠❛s❛s s♦♥ ♠ú❧t✐♣❧♦s ♣♦s✐t✐✈♦s ❞❡ ❝✐❡rt❛ ♠❛s❛ kg q✉❡ s❡ s✉❡❧❡ ✉s❛r ❞❡ r❡❢❡r❡♥✲
❝✐❛✳

▲❛s ♣♦s✐❜❧❡s ❧♦♥❣✐t✉❞❡s ❞❡ ✉♥❛ ❝✉r✈❛ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❡✉❝❧í❞❡♦ ❢♦r♠❛♥ ♦tr❛
s❡♠✐rr❡❝t❛ Pm✳ ▲❛s ár❡❛s ❞❡ ❧❛s s✉♣❡r✜❝✐❡s ❢♦r♠❛♥ ✉♥❛ s❡♠✐rr❡❝t❛ Pm2 =
(Pm)2 ✭② s❡ ♣✉❡❞❡ ♠✉❧t✐♣❧✐❝❛r ❞♦s ❧♦♥❣✐t✉❞❡s ♣❛r❛ ♦❜t❡♥❡r ✉♥ ár❡❛✮✳ ❚❛♠❜✐é♥
❧♦s ✈♦❧ú♠❡♥❡s ❞❡ ❧♦s ❝✉❡r♣♦s ❢♦r♠❛♥ ✉♥❛ s❡♠✐rr❡❝t❛ Pm3✱ ② ❛sí s❡ ♣✉❡❞❡
s❡❣✉✐r ✐♠❛❣✐♥❛♥❞♦ ♠❡❞✐❞❛s ❞❡ ❝✉❛❧q✉✐❡r ❞✐♠❡♥s✐ó♥✳

▲❛s ❞✉r❛❝✐♦♥❡s ❞❡ ❧♦s ✐♥t❡r✈❛❧♦s ❞❡ t✐❡♠♣♦ ❢♦r♠❛♥ ✉♥ s❡♠✐rr❡❝t❛ Ps✳
▲❛s ❢r❡❝✉❡♥❝✐❛s ❢♦r♠❛♥ ♦tr❛ r❡❝t❛ (Ps)∗ = Ps−1✱ ❝✉②♦s ❡❧❡♠❡♥t♦s s♦♥ ❧♦s

✻



✐♥✈❡rs♦s ❞❡ ❧❛s ❞✉r❛❝✐♦♥❡s✱ ② s❡ ♣✉❡❞❡ ♠✉❧t✐♣❧✐❝❛r ✉♥❛ ❢r❡❝✉❡♥❝✐❛ ♣♦r ✉♥❛
❞✉r❛❝✐ó♥✱ ♦❜t❡♥✐❡♥❞♦ ✉♥ ♥ú♠❡r♦ ♣♦s✐t✐✈♦✳

❯♥ ❧❛♣s♦ ❞❡ t✐❡♠♣♦ Ps s❡ ♣✉❡❞❡ ♠✉❧t✐♣❧✐❝❛r t❛♠❜✐é♥ ♣♦r ✉♥ ♥ú♠❡r♦ r❡❛❧
❝✉❛❧q✉✐❡r❛ ✭♥♦ ♣♦s✐t✐✈♦✮✱ ♣❡r♦ ❡❧ r❡s✉❧t❛❞♦ ②❛ ♥♦ ❡stá ❡♥ Ps s✐ ♥♦ ❡♥ Rs = ±Ps✱
❧❛ r❡❝t❛ ✈❡❝t♦r✐❛❧ ❞❡ ❧♦s ❧❛♣s♦s✳

❊❧ á❧❣❡❜r❛ ❞❡ ❡s❝❛❧❛r❡s s❡ ♣✉❡❞❡ ❞❡s❝r✐❜✐r ❡♥ tér♠✐♥♦s ♠ás ♣r❡❝✐s♦s ✭②
té❝♥✐❝♦s✮ ❞❡❧ s✐❣✉✐❡♥t❡ ♠♦❞♦✿ ❙❡❛ P ❡❧ s❡♠✐❛♥✐❧❧♦ ❞❡ ❧♦s ♥ú♠❡r♦s r❡❛❧❡s ♣♦✲
s✐t✐✈♦s✳ ❯♥❛ s❡♠✐rr❡❝t❛ S ❡s ✉♥ P✲♠ó❞✉❧♦ ❧✐❜r❡ ❞❡ r❛♥❣♦ ✶✳ ❙❡ ♣✉❡❞❡ ❞❡✜♥✐r
s✉ ❞✉❛❧ S∗ ✭❛❧ ❝✉❛❧ t❛♠❜✐é♥ ❧❧❛♠❛r❡♠♦s S−1✮✱ ② s✐ T ❡s ♦tr❛ s❡♠✐rr❡❝t❛✱
❡❧ ♣r♦❞✉❝t♦ t❡♥s♦r✐❛❧ S ⊗P T t❛♠❜✐é♥ ❡s ✉♥❛ s❡♠✐rr❡❝t❛✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❡❧
♣r♦❞✉❝t♦ S−1 ⊗P S ❡s ♥❛t✉r❛❧♠❡♥t❡ ✐s♦♠♦r❢♦ ❛ P✳ ❈♦♠♦ ❡❧ ❛♥✐❧❧♦ R ❞❡ ❧♦s
♥ú♠❡r♦s r❡❛❧❡s ❡s t❛♠❜✐é♥ ✉♥ P✲♠ó❞✉❧♦✱ ❞❛❞❛ ✉♥❛ s❡♠✐rr❡❝t❛ S s❡ ♣✉❡❞❡ ❞❡✲
✜♥✐r ±S = R⊗PS✱ q✉❡ ❡s ✉♥❛ r❡❝t❛ ✈❡❝t♦r✐❛❧✱ ❡s ❞❡❝✐r✱ ✉♥ R✲❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧
r❡❛❧ ❞❡ ❞✐♠❡♥s✐ó♥ ✶✳

▲❛ ❧í♥❡❛ ❞❡ t✐❡♠♣♦ T ❡s ✉♥ ❡s♣❛❝✐♦ ❛❢í♥ r❡❛❧ ❞❡ ❞✐♠❡♥s✐ó♥ ✶✳ ❊s ❞❡❝✐r✱
♥♦ só❧♦ ♥♦ t✐❡♥❡ ✉♥❛ ✉♥✐❞❛❞ ❞❡ ♠❡❞✐❞❛ ♣r❡❞❡t❡r♠✐♥❛❞❛✱ s✐♥♦ q✉❡ t❛♠♣♦❝♦
t✐❡♥❡ ✉♥ ♣✉♥t♦ ❞❡ r❡❢❡r❡♥❝✐❛✳ ❙✉s ♣✉♥t♦s s❡ ❧❧❛♠❛♥ ✐♥st❛♥t❡s✳ ❙✐ ❛ ♣❛rt✐r ❞❡
✉♥ ✐♥st❛♥t❡ A ❞❡❥❛♠♦s tr❛♥s❝✉rr✐r ✉♥ ❧❛♣s♦ l ∈ Rs✱ ❧❧❡❣❛♠♦s ❛ ♦tr♦ ✐♥st❛♥t❡
❛❧ q✉❡ ❞❡♥♦t❛♠♦s A + l✳ ❈✉❛❧q✉✐❡r ✐♥st❛♥t❡ B s❡ ♣✉❡❞❡ ♦❜t❡♥❡r ❛ ♣❛rt✐r ❞❡
A s✉♠❛♥❞♦ ✉♥ l ❛❞❡❝✉❛❞♦✱ ❛❧ q✉❡ ❞❡♥♦t❛♠♦s B −A✳

❯♥ ✐♥t❡r✈❛❧♦ ❞❡ t✐❡♠♣♦ ❡s ✉♥ ✐♥t❡r✈❛❧♦ ❝♦♥t❡♥✐❞♦ ❡♥ ❧❛ ❧í♥❡❛ ❞❡ t✐❡♠♣♦✳

✷✳✷✳ ❊s♣❛❝✐♦ ❡✉❝❧í❞❡♦

❯♥ ❡s♣❛❝✐♦ ❡✉❝❧í❞❡♦ n✲❞✐♠❡♥s✐♦♥❛❧ ❡s ✉♥ ❡s♣❛❝✐♦ ❛❢í♥ E ❞❡ ❞✐♠❡♥s✐ó♥
n ❝♦♥ ✉♥❛ ♥♦r♠❛✱ ❛ ✈❛❧♦r❡s ❡♥ Pm✱ q✉❡ ♣r♦✈✐❡♥❡ ❞❡ ✉♥ ♣r♦❞✉❝t♦ ✐♥t❡r♥♦✳
❉✐❣á♠♦s❧♦ ♠❡♥♦s r❡s✉♠✐❞❛♠❡♥t❡✳

❙✐ A ② B s♦♥ ♣✉♥t♦s ❡♥ ❡❧ ❡s♣❛❝✐♦ E✱ t❡♥❡♠♦s ❧❛ ❞✐st❛♥❝✐❛ d(A,B) ∈
Pm✳ ❊st❛ ❞✐st❛♥❝✐❛ ❡s ❞❡ ❤❡❝❤♦ ✉♥❛ ♥♦r♠❛✱ ❡s ❞❡❝✐r✱ ❡s ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❧❛
❡str✉❝t✉r❛ ❛❢í♥ ✭✐♥✈❛r✐❛♥t❡ ♣♦r tr❛s❧❛❝✐♦♥❡s ② ❤♦♠♦❣é♥❡❛✮✳ ❙✐ v ∈ ∆E ❡s ✉♥
✈❡❝t♦r tr❛s❧❛❝✐ó♥✱ s❛❜❡♠♦s q✉❡ d(A + v,B + v) = d(A,B)✱ ❞❡ ❛q✉í q✉❡ ❧❛
❞✐st❛♥❝✐❛ d(A,B) ❞❡♣❡♥❞❡ só❧♦ ❞❡ ❝✉á❧ ❡s ❡❧ ✈❡❝t♦r B − A✳ ❊①✐st❡ ❡♥t♦♥❝❡s
✉♥❛ ❢✉♥❝✐ó♥ | − | : ∆E → Pm q✉❡ ❞❡t❡r♠✐♥❛ ❧❛ ❞✐st❛♥❝✐❛✿ ♣❛r❛ ❝✉❛❧❡sq✉✐❡r❛
A,B ∈ E s❡ t✐❡♥❡ d(A,B) = |B − A|✳ ❆❞❡♠ás | − | ❡s ❤♦♠♦❣é♥❡❛✱ ❡s ❞❡❝✐r✱
♣❛r❛ ❝✉❛❧q✉✐❡r ✈❡❝t♦r v ∈ ∆E ② ❝✉❛❧q✉✐❡r ♥ú♠❡r♦ ♣♦s✐t✐✈♦ r ∈ P s❡ t✐❡♥❡
|rv| = r|v|✳ P♦r ❧♦ t❛♥t♦✱ | − | ❡s ✉♥❛ ♥♦r♠❛ ❡♥ ∆E✳

P♦r ♦tr❛ ♣❛rt❡✱ s❛❜❡♠♦s q✉❡ s✐ ❞♦s ✜❣✉r❛s A ② A′ ❡♥ ✉♥ ❡s♣❛❝✐♦ ❡✉❝❧í❞❡♦
E s♦♥ s❡♠❡❥❛♥t❡s ✭s✐❡♥❞♦ ❡❧ t❛♠❛ñ♦ ❞❡ A′ ✐❣✉❛❧ ❛ r ✈❡❝❡s ❡❧ t❛♠❛ñ♦ ❞❡ A✮✱
❡♥t♦♥❝❡s ❤❛② ✉♥❛ tr❛♥s❢♦r♠❛❝✐ó♥ ❞❡❧ ❡s♣❛❝✐♦ ❝♦♠♣❧❡t♦ ❡♥ sí ♠✐s♠♦ q✉❡ ❧❧❡✈❛
A ❛ A′✳ ❊st♦ ✐♠♣❧✐❝❛ q✉❡ ❡❧ ❡s♣❛❝✐♦ ❡s ✐sótr♦♣♦✱ ❧♦ ❝✉❛❧ ♣❡r♠✐t❡ ❞❡♠♦str❛r✷

✷❱❡r ❤tt♣✿✴✴♠❛t❤♦✈❡r❢❧♦✇✳♥❡t✴q✉❡st✐♦♥s✴✹✶✷✶✶✴❡❛s②✲♣r♦♦❢✲♦❢✲t❤❡✲❢❛❝t✲t❤❛t✲

✐s♦tr♦♣✐❝✲s♣❛❝❡s✲❛r❡✲❡✉❝❧✐❞❡❛♥✳

✼



✭♣♦r ♠❡❞✐♦ ❞❡❧ t❡♦r❡♠❛ ❞❡❧ ❡❧✐♣s♦✐❞❡ ❞❡ ❏♦❤♥✮ q✉❡ ❧❛ ♥♦r♠❛ ♣r♦✈✐❡♥❡ ❞❡ ✉♥
♣r♦❞✉❝t♦ ✐♥t❡r♥♦ 〈−,−〉 : ∆E ×∆E → Pm2 ✭♣❛r❛ ❝✉❛❧q✉✐❡r ✈❡❝t♦r v ∈ ∆E
s❡ t✐❡♥❡ |v| =

√

〈v, v〉✮✳
❈♦♠❡♥t❛r✐♦ ✷✳✷✳✶✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ s✐ r ∈ P✱ ✉♥❛ r✲❞✐❧❛t❛❝✐ó♥ ❡♥ ✉♥ ❡s♣❛❝✐♦
♠étr✐❝♦ E ❡s ✉♥❛ ❢✉♥❝✐ó♥ E → E q✉❡ ♠✉❧t✐♣❧✐❝❛ t♦❞❛s ❧❛s ❞✐st❛♥❝✐❛s ♣♦r r✳ ❊❧
❡s♣❛❝✐♦ s❡ ❞✐❝❡ ❝♦♠♣❧❡t❛♠❡♥t❡ tr❛♥s✐t✐✈♦ ✭♣♦r ❞✐❧❛t❛❝✐♦♥❡s✮ s✐ t♦❞❛ ❞✐❧❛t❛❝✐ó♥
♣❛r❝✐❛❧♠❡♥t❡ ❞❡✜♥✐❞❛ f : A → E ✭❞♦♥❞❡ A ⊆ E✮ s❡ ♣✉❡❞❡ ❡①t❡♥❞❡r ❛ ✉♥❛
❞✐❧❛t❛❝✐ó♥ E → E✳ ▲♦s ❡s♣❛❝✐♦s ❡✉❝❧í❞❡♦s s♦♥ ❝♦♠♣❧❡t❛♠❡♥t❡ tr❛♥s✐t✐✈♦s✱ ②
❡st♦ ❞✐st✐♥❣✉❡ ❛ ❧♦s ❡s♣❛❝✐♦s ❡✉❝❧í❞❡♦s ❡♥tr❡ ❧♦s ❡s♣❛❝✐♦s ♥♦r♠❛❞♦s✱ ② ❞❡ ❤❡❝❤♦
❛♣❛r❡♥t❡♠❡♥t❡ ❧♦s ❞✐st✐♥❣✉❡ ❡♥tr❡ t♦❞♦s ❧♦s ❡s♣❛❝✐♦s ♠étr✐❝♦s ❧♦❝❛❧♠❡♥t❡
❝♦♠♣❛❝t♦s ② ❞❡ ♠étr✐❝❛ ✐♥t❡r✐♦r✳✸

❯♥ ❡s♣❛❝✐♦ ❡✉❝❧í❞❡♦ ❞❡ ❞✐♠❡♥s✐ó♥ n t✐❡♥❡ ✉♥ ❣r✉♣♦ ❞❡ ✐s♦♠❡trí❛s ✭❜✐✲
②❡❝❝✐♦♥❡s q✉❡ ♣r❡s❡r✈❛♥ ❧❛ ♠étr✐❝❛✱ ♥❡❝❡s❛r✐❛♠❡♥t❡ ❛✜♥❡s✮ ❞❡ ❞✐♠❡♥s✐ó♥

n+ n(n−1)
2 = n(n+1)

2 ✱ ♣✉❡s ✉♥❛ ✐s♦♠❡trí❛ S q✉❡❞❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ❧❛ ✐♠❛❣❡♥
❞❡ ✉♥ ♣✉♥t♦ A ② ✉♥❛ ✐s♦♠❡trí❛ ❞❡ ∆E✱ ② ❡❧ ❣r✉♣♦ ❞❡ ✐s♦♠❡trí❛s ❞❡ ∆E
t✐❡♥❡ ❞✐♠❡♥s✐ó♥ n(n−1)

2 ✳ ▲❛s tr❛s❧❛❝✐♦♥❡s ❢♦r♠❛♥ ✉♥ s✉❜❣r✉♣♦ ♥♦r♠❛❧✳ ▲❛s
✐s♦♠❡trí❛s q✉❡ ♣r❡s❡r✈❛♥ ❧❛ ♦r✐❡♥t❛❝✐ó♥ ❢♦r♠❛♥ ♦tr♦ s✉❜❣r✉♣♦ ♥♦r♠❛❧✳ ❯♥❛
s✐♠✐❧❛r✐❞❛❞ ❡✉❝❧í❞❡❛ ❡s ✉♥❛ tr❛♥s❢♦r♠❛❝✐ó♥ q✉❡ ♥♦ ♣r❡s❡r✈❛ ❧❛s ❞✐st❛♥❝✐❛s
s✐♥♦ q✉❡ ❧❛s ♠✉❧t✐♣❧✐❝❛ ♣♦r ✉♥ ❢❛❝t♦r ❡str✐❝t❛♠❡♥t❡ ♣♦s✐t✐✈♦✱ ② t✐❡♥❡ ❛s♦❝✐❛❞♦
✉♥ ❛✉t♦♠♦r✜s♠♦ ❞❡ Pm✳

❊❧ ❡s♣❛❝✐♦ ❡♥ ❞♦♥❞❡ ✉s✉❛❧♠❡♥t❡ ❡stá♥ ❧❛s ❝♦s❛s t✐❡♥❡ ❞✐♠❡♥s✐ó♥ n = 3✳

✷✳✸✳ ▼✉♥❞♦ ❣❛❧✐❧❡❛♥♦

✭❊♥ ❡st❛ s❡❝❝✐ó♥ s❡❣✉✐r❡♠♦s ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❧❛ ❡①♣♦s✐❝✐ó♥ ❞❡ ❬✶❪✳✮

❯♥ ♣r✐♥❝✐♣✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ❧❛ ♠❡❝á♥✐❝❛ ❝❧ás✐❝❛✱ q✉❡ só❧♦ ❡s ❛♣r♦①✐♠❛✲
❞❛♠❡♥t❡ ❝✐❡rt♦✱ ❛✜r♠❛ q✉❡ ❡s ♣♦s✐❜❧❡ ❧❛ ❝♦♠✉♥✐❝❛❝✐ó♥ ✐♥st❛♥tá♥❡❛ ❛ ❧♦ ❧❛r❣♦
❞❡❧ ❡s♣❛❝✐♦ ✭♣♦r ❡❥❡♠♣❧♦✱ ✉s❛♥❞♦ s❡ñ❛❧❡s ❧✉♠✐♥♦s❛s✮✱ ❧♦ ❝✉❛❧ ♣❡r♠✐t❡ s✐♥❝r♦✲
♥✐③❛r ❧♦s r❡❧♦❥❡s ❡♥tr❡ ♦❜s❡r✈❛❞♦r❡s q✉❡ s❡ ❡♥❝✉❡♥tr❛♥ ❛❧❡❥❛❞♦s✱ ♣❡r♠✐t✐❡♥❞♦
t❡♥❡r ✉♥❛ ♥♦❝✐ó♥ ❞❡ t✐❡♠♣♦ ✉♥✐✈❡rs❛❧ ✭✈á❧✐❞❛ ❡♥ t♦❞♦ ❡❧ ♠✉♥❞♦✮✳

❋✐❥❛❞❛ ❧❛ ❧í♥❡❛ ❞❡ t✐❡♠♣♦ T ② ❧❛ s❡♠✐rr❡❝t❛ ❞❡ ❧♦♥❣✐t✉❞❡s Pm✱ s❡ ♣✉❡❞❡ ❞❡✲
✜♥✐r ❡❧ ❝♦♥❝❡♣t♦ ❞❡♠✉♥❞♦ ❣❛❧✐❧❡❛♥♦✳ ❯♥ ♠✉♥❞♦ ❣❛❧✐❧❡❛♥♦ 1+n✲❞✐♠❡♥s✐♦♥❛❧
(G, tG, | − |G) ❡stá ❝♦♠♣✉❡st♦ ♣♦r ✉♥ ❡s♣❛❝✐♦ ❛❢í♥ G ❞❡ ❞✐♠❡♥s✐ó♥ n+1 ✭❝✉✲
②♦s ♣✉♥t♦s s❡ ❧❧❛♠❛♥ ❡✈❡♥t♦s✮✱ ✉♥ ♠♦r✜s♠♦ ❛❢í♥ ✭♥♦ s✐♥❣✉❧❛r✮ tG : G → T
✭❡❧ t✐❡♠♣♦✮ ② ✉♥❛ ♥♦r♠❛ ❡✉❝❧í❞❡❛ | − |G ❛ ✈❛❧♦r❡s ❡♥ Pm✱ ❞❡✜♥✐❞❛ ❡♥ ❡❧ ❡s✲
♣❛❝✐♦ ✈❡❝t♦r✐❛❧ tr✐❞✐♠❡♥s✐♦♥❛❧ SpaVecG := Ker(∆t) ⊆ ∆G ❞❡ ❧♦s ✈❡❝t♦r❡s
❡s♣❛❝✐❛❧❡s ✭q✉❡ ✉♥❡♥ ❡✈❡♥t♦s ❞❡♥♦♠✐♥❛❞♦s s✐♠✉❧tá♥❡♦s✱ ♣♦r ♦❝✉rr✐r ❡♥ ❡❧
♠✐s♠♦ ✐♥st❛♥t❡ ❞❡ t✐❡♠♣♦✮✳ ❖tr❛ ❢♦r♠❛ ❞❡ ❞❡❝✐r ❡st♦ ❡s ❧❛ s✐❣✉✐❡♥t❡✿ ✉♥ ♠✉♥✲
❞♦ ❣❛❧✐❧❡❛♥♦ n✲❞✐♠❡♥s✐♦♥❛❧ ❡s ✉♥ ✜❜r❛❞♦ ❛❢í♥ ✭s♦❜r❡ T ✮ ❞❡ ❡s♣❛❝✐♦s ❡✉❝❧í❞❡♦s

✸❱❡r ❞✐s❝✉s✐ó♥ ❡♥ ❤tt♣✿✴✴♠❛t❤♦✈❡r❢❧♦✇✳♥❡t✴q✉❡st✐♦♥s✴✻✹✷✻✾✴t♦✇❛r❞s✲❛✲♠❡tr✐❝✲

❝❤❛r❛❝t❡r✐③❛t✐♦♥✲♦❢✲❡✉❝❧✐❞❡❛♥✲s♣❛❝❡s✳

✽



n✲❞✐♠❡♥s✐♦♥❛❧❡s✱ ❝♦♥ ❡str✉❝t✉r❛ ❡✉❝❧í❞❡❛ ✐♥✈❛r✐❛♥t❡ ♣♦r ❧❛s tr❛s❧❛❝✐♦♥❡s ❞❡
G✳

P❛r❛ ❝❛❞❛ ✐♥st❛♥t❡ t✱ ❡❧ ❡s♣❛❝✐♦ ❛❢í♥ tr✐❞✐♠❡♥s✐♦♥❛❧ Gt = t
−1(t) ❡s ❡♥✲

t♦♥❝❡s ✉♥ ❡s♣❛❝✐♦ ❡✉❝❧í❞❡♦✱ ❡❧ ❡s♣❛❝✐♦ ❞❡ ♣♦s✐❝✐♦♥❡s ❡♥ ❡❧ ✐♥st❛♥t❡ t✳ ❯♥
❡✈❡♥t♦ t✐❡♥❡ ❡♥t♦♥❝❡s ❛s♦❝✐❛❞♦ ✉♥ ♣❛r (t, x)✱ ❡♥ ❞♦♥❞❡ t ❡s ✉♥ ✐♥st❛♥t❡ ❡♥ ❡❧
t✐❡♠♣♦ ② x ❡s ✉♥ ♣✉♥t♦ ❞❡ Gt✳ ◆ót❡s❡ q✉❡ s✐ ❞♦s ✐♥st❛♥t❡s t ② s s♦♥ ❞✐st✐♥t♦s✱
❡♥ ♣r✐♥❝✐♣✐♦ ♥♦ ❤❛② ✉♥❛ ♠❛♥❡r❛ ♥❛t✉r❛❧ ❞❡ ✐❞❡♥t✐✜❝❛r ❧♦s ♣✉♥t♦s ❞❡ Gt ❝♦♥
❧♦s ❞❡ Gs✱ ❞❡ ♠♦❞♦ q✉❡ ♥♦ t✐❡♥❡ s❡♥t✐❞♦ ❞❡❝✐r q✉❡ ✉♥ ♠ó✈✐❧ ❡stá q✉✐❡t♦✿ ❧♦
♠ás ♣❛r❡❝✐❞♦ ❛ ❧❛ q✉✐❡t✉❞ q✉❡ s❡ ♣✉❡❞❡ ❞❡✜♥✐r ❡s ❡❧ ♠♦✈✐♠✐❡♥t♦ ✉♥✐❢♦r✲
♠❡✳ ❯♥ ♠♦✈✐♠✐❡♥t♦ ✉♥✐❢♦r♠❡ ❡♥ G ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❛❢í♥ m : T → G t❛❧ q✉❡
t ◦m = idT ✳

❯♥❛ s✐♠❡trí❛ ❞❡G ❡stá ❝♦♠♣✉❡st❛ ♣♦r ✉♥❛ tr❛s❧❛❝✐ó♥ ❞❡❧ t✐❡♠♣♦ S ② ✉♥❛
❜✐②❡❝❝✐ó♥ ❛❢í♥G→ G✱ ❛ ❧❛ ❝✉❛❧ t❛♠❜✐é♥ ❧❧❛♠❛♠♦s S✱ q✉❡ r❡s♣❡t❛ ❧❛ tr❛s❧❛❝✐ó♥
t❡♠♣♦r❛❧ ✭❡s ❞❡❝✐r✱ ♣❛r❛ ❝❛❞❛ ❡✈❡♥t♦ (t, x) s❡ ❝✉♠♣❧❡ q✉❡ tG(S(t, x)) = S(t)✮
② ♣r❡s❡r✈❛ ❧❛s ❞✐st❛♥❝✐❛s✳ ▲❛s s✐♠❡trí❛s ✭♦ ❛✉t♦♠♦r✜s♠♦s✮ ❞❡ ✉♥ ♠✉♥❞♦ ❣❛✲

❧✐❧❡❛♥♦ 1+n✲❞✐♠❡♥s✐♦♥❛❧ ❢♦r♠❛♥ ✉♥ ❣r✉♣♦ ❞❡ ❞✐♠❡♥s✐ó♥ 1+n+n+ n(n−1)
2 ✱

♣✉❡s s✐ e0 ② e1 s♦♥ ❡✈❡♥t♦s ♥♦ s✐♠✉❧tá♥❡♦s✱ ✉♥❛ s✐♠❡trí❛ S ❡stá ❞❡t❡r♠✐♥❛❞❛
♣♦r ✉♥❛ tr❛s❧❛❝✐ó♥ ❡♥ ❡❧ t✐❡♠♣♦✱ ❧❛s ✐♠á❣❡♥❡s ❞❡ e0 ② e1✱ ② ✉♥❛ ✐s♦♠❡trí❛
q✉❡ ❞❡❥❛ ✜❥♦s ❛ S(e0) ② S(e1)✳ ▲❛s tr❛s❧❛❝✐♦♥❡s s♦♥ s✐♠❡trí❛s✱ ② ❢♦r♠❛♥ ✉♥
s✉❜❣r✉♣♦ ♥♦r♠❛❧✿ ❡❧ ❣r✉♣♦ ❞❡ ❧❛s s✐♠❡trí❛s S t❛❧❡s q✉❡ ❡❧ ✈❡❝t♦r q✉❡ ✉♥❡
✉♥ ❡✈❡♥t♦ e ❝♦♥ s✉ ✐♠❛❣❡♥ S(e) ❡s ❡❧ ♠✐s♠♦ ♣❛r❛ t♦❞♦s ❧♦s ❡✈❡♥t♦s e ✭❡s✲
t♦ s❡ ♣✉❡❞❡ ❞❡✜♥✐r ❡♥ ❝✉❛❧q✉✐❡r ❡s♣❛❝✐♦ ❛❢í♥✮✳ ❖❜sér✈❡s❡ q✉❡ ❧❛ ❝♦♠♣♦♥❡♥t❡
❡s♣❛❝✐❛❧ ❞❡ ✉♥❛ tr❛s❧❛❝✐ó♥ só❧♦ ❡stá ❞❡✜♥✐❞❛ ♣❛r❛ tr❛s❧❛❝✐♦♥❡s ❝♦♥ ❝♦♠♣♦✲
♥❡♥t❡ t❡♠♣♦r❛❧ ♥✉❧❛✱ ♣✉❡s ❡s ❡❧ ú♥✐❝♦ ❝❛s♦ ❡♥ ❡❧ q✉❡ e ② S(e) ❡stá♥ ✉♥✐❞♦s
♣♦r ✉♥ ✈❡❝t♦r ❡s♣❛❝✐❛❧✳ ❚♦♠❛r ❧❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ tr❛s❧❛❝✐ó♥ t❡♠♣♦r❛❧ ② ❧❛
❝♦♠♣♦♥❡♥t❡ ❞❡ ✐s♦♠❡trí❛ ❞❡t❡r♠✐♥❛ ❞♦s ♠♦r✜s♠♦s✱ ❛ ♣❛rt✐r ❞❡ ❧♦s ❝✉❛❧❡s s❡
♣✉❡❞❡♥ ❞❡✜♥✐r ♦tr♦s s✉❜❣r✉♣♦s ♥♦r♠❛❧❡s✳ ❯♥♦ ❞❡ ❡❧❧♦s ❡s ❡❧ ❞❡ ❧♦s ❜♦♦sts
❣❛❧✐❧❡❛♥♦s✿ s✐♠❡trí❛s ❝✉②❛ tr❛s❧❛❝✐ó♥ t❡♠♣♦r❛❧ ② ❝✉②❛ ✐s♦♠❡trí❛ ❛s♦❝✐❛❞❛ s♦♥
♥✉❧❛s✳ ❯♥ ❜♦♦st t✐❡♥❡ ❛s♦❝✐❛❞❛ ✉♥❛ ✈❡❧♦❝✐❞❛❞ r❡❧❛t✐✈❛ ✭♠❛❣♥✐t✉❞ q✉❡ ❞❡✜♥✐✲
r❡♠♦s ♣r❡❝✐s❛♠❡♥t❡ ❡♥ ❧❛ s❡❝❝✐ó♥ ❞❡ ❝✐♥❡♠át✐❝❛✮✱ ♣❡r♦ ♥♦ t✐❡♥❡ ❛s♦❝✐❛❞❛ ✉♥❛
❝♦♠♣♦♥❡♥t❡ ❞❡ tr❛s❧❛❝✐ó♥✱ ❛ ♠❡♥♦s q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ r❡❧❛t✐✈❛ s❡❛ ♥✉❧❛✱ ♣✉❡s
só❧♦ ❡♥t♦♥❝❡s ❡❧ ✈❡❝t♦r q✉❡ ✉♥❡ e ❝♦♥ S(e) ❡s ✐❣✉❛❧ ♣❛r❛ t♦❞♦s ❧♦s ❡✈❡♥t♦s e✳
❋✐❥❛❞♦ ✉♥ ♠♦✈✐♠✐❡♥t♦ ✉♥✐❢♦r♠❡✱ ♣♦❞❡♠♦s ❤❛❜❧❛r ❞❡❧ ❣r✉♣♦ ❞❡ s✐♠❡trí❛s q✉❡
❞❡❥❛♥ s✉s ❡✈❡♥t♦s ✜❥♦s✱ ② ❡s ✐s♦♠♦r❢♦ ❛❧ ❣r✉♣♦ ❞❡ r♦t❛❝✐♦♥❡s ❞❡ ✉♥ ❡s♣❛❝✐♦
❡✉❝❧í❞❡♦ n✲❞✐♠❡♥s✐♦♥❛❧ q✉❡ ❞❡❥❛♥ ❝✐❡rt♦ ♣✉♥t♦ ✜❥♦✳ ❊❧ ❣r✉♣♦ ❞❡ s✐♠❡trí❛s
❡s ❛ s✉ ✈❡③ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡❧ ❣r✉♣♦ ❞❡ ❧❛s s✐♠✐❧❛r✐❞❛❞❡s✱ q✉❡ ✐♥❝❧✉②❡
tr❛♥s❢♦r♠❛❝✐♦♥❡s q✉❡ ❞✐❧❛t❛♥ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡❧ t✐❡♠♣♦✱ ❡ ✐♥❞❡♣❡♥❞✐❡♥t❡♠❡♥✲
t❡ ❞✐❧❛t❛♥ ✉♥✐❢♦r♠❡♠❡♥t❡ ❧❛s ❞✐st❛♥❝✐❛s ✭♣❡r♦ ♣r❡s❡r✈❛♥❞♦ ❧❛ s✐♠✉❧t❛♥❡✐❞❛❞
❡♥tr❡ ❡✈❡♥t♦s✮✳

❙✐ E ❡s ✉♥ ❡s♣❛❝✐♦ ❡✉❝❧í❞❡♦ ❞❡ ❞✐♠❡♥s✐ó♥ n✱ ❡❧ ♣r♦❞✉❝t♦ ❞❡ ❡s♣❛❝✐♦s ❛✜✲
♥❡s T × E ❛❞q✉✐❡r❡ ♥❛t✉r❛❧♠❡♥t❡ ❡str✉❝t✉r❛ ❞❡ ♠✉♥❞♦ ❣❛❧✐❧❡❛♥♦✱ ② s✐ G ❡s
✉♥ ♠✉♥❞♦ ❣❛❧✐❧❡❛♥♦✱ ✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ✐♥❡r❝✐❛❧ ♣❛r❛ G ❡s ✉♥ ✐s♦✲
♠♦r✜s♠♦ ❡♥tr❡ G ② ✉♥ ♠✉♥❞♦ ♣r♦❞✉❝t♦✳ ❆❧ ❡s♣❡❝✐✜❝❛r ❡♥ G ✉♥ ♠♦✈✐♠✐❡♥t♦

✾



r❡❝t✐❧í♥❡♦ ✉♥✐❢♦r♠❡ co ❝♦♠♦ ♥✉❧♦✱ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r ❡✈❡♥t♦s ❞❡ ❞✐st✐♥t♦s
✐♥st❛♥t❡s ❡♥tr❡ sí✿ s❡ ♣✐❡♥s❛ q✉❡ ❞♦s ❡✈❡♥t♦s ♦❝✉rr❡♥ ❡♥ ❧❛ ♠✐s♠❛ ♣♦s✐❝✐ó♥
❞❡❧ ❡s♣❛❝✐♦ s✐ ❡stá♥ ✉♥✐❞♦s ♣♦r ✉♥❛ r❡❝t❛ ♣❛r❛❧❡❧❛ ❛ co✳ ❊♥t♦♥❝❡s✱ s✐ t ❡s ✉♥
✐♥st❛♥t❡ ❝✉❛❧q✉✐❡r❛✱ ❡❧ ♠✉♥❞♦ ❣❛❧✐❧❡❛♥♦ q✉❡❞❛ ✐❞❡♥t✐✜❝❛❞♦ ❝♦♥ ❡❧ ♣r♦❞✉❝✲
t♦ T × Gt✱ ❧♦ ❝✉❛❧ ❡st❛❜❧❡❝❡ ✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ✐♥❡r❝✐❛❧✳ ❙✐❡♠♣r❡ q✉❡
❞❡❝✐♠♦s q✉❡ ✉♥ ♣✉♥t♦ ❡stá ✜❥♦ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❡st❛♠♦s ❛❧✉❞✐❡♥❞♦ ✐♠♣❧í❝✐t❛✲
♠❡♥t❡ ❛ ✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛✳ ❊❧ ♣r✐♥❝✐♣✐♦ ❞❡ r❡❧❛t✐✈✐❞❛❞ ❛✜r♠❛ q✉❡
t♦❞♦s ❧♦s s✐st❡♠❛s ❞❡ r❡❢❡r❡♥❝✐❛ s♦♥ ❡q✉✐✈❛❧❡♥t❡s ❢ís✐❝❛♠❡♥t❡✱ ❡s ❞❡❝✐r✱ ✐♥❞✐s✲
t✐♥❣✉✐❜❧❡s ♣♦r ♠❡❞✐♦ ❞❡ ❡①♣❡r✐♠❡♥t♦s✳ ▲❛ ❞❡s❝r✐♣❝✐ó♥ ❣❛❧✐❧❡❛♥❛ ❞❡❧ ♠✉♥❞♦
s❡ ❛❥✉st❛ ❛ ❡st❡ ♣r✐♥❝✐♣✐♦ ❝♦♥ ❜❛st❛♥t❡ ❡①❛❝t✐t✉❞ s✐ só❧♦ s❡ t✐❡♥❡♥ ❡♥ ❝✉❡♥t❛
❧♦s ❢❡♥ó♠❡♥♦s q✉❡ ❡st✉❞✐❛ ❧❛ ♠❡❝á♥✐❝❛ ❝❧ás✐❝❛✳ ❊st❡ ❤❡❝❤♦ ❡s ❝♦♥♦❝✐❞♦ ❝♦♠♦
♣r✐♥❝✐♣✐♦ ❞❡ r❡❧❛t✐✈✐❞❛❞ ❣❛❧✐❧❡❛♥❛✳

▲❛ ❞❡s❝r✐♣❝✐ó♥ ❣❛❧✐❧❡❛♥❛ ❞❡❥❛ ❞❡ s❡r ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡❧ ♣r✐♥❝✐♣✐♦ ❞❡ r❡❧❛t✐✲
✈✐❞❛❞ ❝✉❛♥❞♦ s❡ t✐❡♥❡ ❡♥ ❝✉❡♥t❛ q✉❡ ❧❛ ❧✉③ s❡ ♣r♦♣❛❣❛ ❛ ✉♥❛ ✈❡❧♦❝✐❞❛❞ ✜♥✐t❛✱
♣✉❡s ✉♥ ♠♦✈✐♠✐❡♥t♦ r❡❝t✐❧í♥❡♦ ✉♥✐❢♦r♠❡ ❛ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❧❛ ❧✉③ r❡s✉❧t❛rí❛
❞✐st✐♥❣✉✐❞♦ ❞❡ ♦tr♦s ♠♦✈✐♠✐❡♥t♦s ❛ ♦tr❛s ✈❡❧♦❝✐❞❛❞❡s✳ ▲❛s ❝♦♥❝❡♣❝✐♦♥❡s ❞❡❧
♠✉♥❞♦ q✉❡ ❝♦♠♣❛t✐❜✐❧✐③❛♥ ❡❧ ♣r✐♥❝✐♣✐♦ ❞❡ r❡❧❛t✐✈✐❞❛❞ ❝♦♥ ❧❛ ✜♥✐t✉❞ ❞❡ ❧❛ ✈❡✲
❧♦❝✐❞❛❞ ❞❡ ❧❛ ❧✉③ s❡ s✉❡❧❡♥ ❧❧❛♠❛r r❡❧❛t✐✈✐st❛s✱ ② s♦♥ ♥❡❝❡s❛r✐❛s t❛♠❜✐é♥ ♣❛r❛
❞❡s❝r✐❜✐r ❡①♣❡r✐♠❡♥t♦s ♠❡❝á♥✐❝♦s q✉❡ ✐♥✈♦❧✉❝r❛♥ ♠♦✈✐♠✐❡♥t♦s r❡❧❛t✐✈♦s ❛ ✈❡✲
❧♦❝✐❞❛❞❡s ❝♦♠♣❛r❛❜❧❡s ❝♦♥ ❧❛ ❞❡ ❧❛ ❧✉③✱ ❡ ✐♥❝❧✉s♦ ♣❛r❛ ❞❡s❝r✐❜✐r ♠♦✈✐♠✐❡♥t♦s
♠ás ❧❡♥t♦s ❡♥ ♣r❡s❡♥❝✐❛ ❞❡ ♦❜❥❡t♦s ♠✉② ♠❛s✐✈♦s✳

✷✳✹✳ ❈✐♥❡♠át✐❝❛ ❡♥ ♠✉♥❞♦s ❣❛❧✐❧❡❛♥♦s

❙✐ G ❡s ✉♥ ♠✉♥❞♦ ❣❛❧✐❧❡❛♥♦ ❝♦♥ t : G→ T ❧❛ ❢✉♥❝✐ó♥ t✐❡♠♣♦✱ ✉♥ ♠♦✈✐✲
♠✐❡♥t♦ ✭❞❡ ✉♥❛ ♣❛rtí❝✉❧❛✮ ❡♥ G ❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ I ⊆ T ❡s ✉♥❛ ❢✉♥❝✐ó♥
❝♦♥t✐♥✉❛ c : I → G t❛❧ q✉❡ t ◦ c = idI ✳ ❊❧ ♠♦✈✐♠✐❡♥t♦ q✉❡❞❛ ❞❡t❡r♠✐♥❛❞♦
♣♦r s✉ tr❛②❡❝t♦r✐❛ H = Im c ⊆ G✱ ② t✐❡♥❡ ❡str✉❝t✉r❛ ❞❡ ✜❜r❛❞♦ ❞❡ ♣✉♥✲
t♦s s♦❜r❡ T ✳ ❙✐ c ❡s ✉♥ ♠♦✈✐♠✐❡♥t♦ ❞✐❢❡r❡♥❝✐❛❜❧❡ q✉❡ ❡♥ ❝✐❡rt♦ ✐♥st❛♥t❡ t0
✐♥❝✐❞❡ ❡♥ ❡❧ ❡✈❡♥t♦ (t0, x0) = c(x0)✱ s✉ ✈❡❧♦❝✐❞❛❞ c′(t0) = dc(t0) ❡♥ ❞✐❝❤♦
✐♥st❛♥t❡ ❡s ✉♥❛ tr❛♥s❢♦r♠❛❝✐ó♥ ❧✐♥❡❛❧ Rs → ∆G ✭r❡❝♦r❞❛♥❞♦ q✉❡ ∆T = Rs✮✳
❊st❛ tr❛♥s❢♦r♠❛❝✐ó♥ ❧✐♥❡❛❧ ❡s s❡❝❝✐ó♥ ❞❡ ∆t : ∆G → Rs✱ ❡s ❞❡❝✐r✱ s❡ ❝✉♠♣❧❡
∆t ◦ dc(t0) = idRs✳

▲❛s ♣♦s✐❜❧❡s ✈❡❧♦❝✐❞❛❞❡s ❡♥ G✱ ✭❧❛s s❡❝❝✐♦♥❡s ❞❡ ∆t✮ ❢♦r♠❛♥ ✉♥ ❡s♣❛❝✐♦
❛❢í♥ Ġ✳ ❊❧ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ∆Ġ ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s r❡❧❛t✐✈❛s ✭❞✐❢❡r❡♥❝✐❛s
❡♥tr❡ ✈❡❧♦❝✐❞❛❞❡s✮ ❝♦♥t✐❡♥❡ ❛ ❧❛s tr❛♥s❢♦r♠❛❝✐♦♥❡s ❧✐♥❡❛❧❡s Rs → ∆G q✉❡
❝♦♠♣✉❡st❛s ❝♦♥ ∆t ❞❛♥ ❝❡r♦✱ ❡s ❞❡❝✐r✱ ❝✉②❛ ✐♠❛❣❡♥ ❝♦♥t✐❡♥❡ só❧♦ ✈❡❝t♦r❡s ❡s✲
♣❛❝✐❛❧❡s✳ ▲❛s ✈❡❧♦❝✐❞❛❞❡s r❡❧❛t✐✈❛s s♦♥ ❡♥t♦♥❝❡s ❧❛s tr❛♥s❢♦r♠❛❝✐♦♥❡s ❧✐♥❡❛❧❡s
Rs → SpaVecG✱ ② ❡♥t♦♥❝❡s ∆Ġ = (Rs)∗ ⊗R SpaVecG ❤❡r❡❞❛ ❞❡ SpaVecG
✉♥❛ ♥♦r♠❛ ❡✉❝❧í❞❡❛✱ q✉❡ t♦♠❛ ✈❛❧♦r❡s ❡♥ P

m
s ✳

❙✐ c : I → G ❡s ✉♥ ♠♦✈✐♠✐❡♥t♦ ❞✐❢❡r❡♥❝✐❛❜❧❡✱ t❡♥❡♠♦s s✉ ❢✉♥❝✐ó♥ ❞❡r✐✲
✈❛❞❛ c′ : I → Ġ✱ ② s✐ ❡st❛ ❢✉♥❝✐ó♥ ❡s ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ ❝✐❡rt♦ ✐♥st❛♥t❡ t0✱ ❧❛
❞✐❢❡r❡♥❝✐❛❧ ❡s ❧♦ q✉❡ ❧❧❛♠❛♠♦s ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❡♥ t0✱ ② ❡s ✉♥❛

✶✵



tr❛♥s❢♦r♠❛❝✐ó♥ ❧✐♥❡❛❧ Rs → ∆Ġ✳ ▲❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❡♥ G ❢♦r♠❛♥ ✉♥ ❡s♣❛❝✐♦
✈❡❝t♦r✐❛❧ G̈✱ ✭❡❧ ❡s♣❛❝✐♦ ❞❡ ❧❛s tr❛♥s❢♦r♠❛❝✐♦♥❡s ❧✐♥❡❛❧❡s Rs → ∆Ġ✮✱ q✉❡ ❤❡✲
r❡❞❛ ❞❡ Ġ ✉♥❛ ♥♦r♠❛ ❛ ✈❛❧♦r❡s ❡♥ P

m
s2
✳ ❯♥ ♠♦✈✐♠✐❡♥t♦ ❡s r❡❝t✐❧í♥❡♦ ✉♥✐❢♦r♠❡

❝✉❛♥❞♦ t✐❡♥❡ ❛❝❡❧❡r❛❝✐ó♥ ♥✉❧❛ ❡♥ t♦❞♦ ✐♥st❛♥t❡✳

▲❛s s✐♠❡trí❛s ❞❡❧ ❡s♣❛❝✐♦ ❡✉❝❧í❞❡♦ ❛❝tú❛♥ ♥❛t✉r❛❧♠❡♥t❡ s♦❜r❡ s✉s ❡s♣❛❝✐♦s
❞❡ ✈❡❧♦❝✐❞❛❞❡s✱ ✈❡❧♦❝✐❞❛❞❡s r❡❧❛t✐✈❛s ② ❛❝❡❧❡r❛❝✐♦♥❡s✳

P❛r❛ ❞❡s❝r✐❜✐r ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ✉♥ s✐st❡♠❛ ✭❞✐❣❛♠♦s✱ ✜♥✐t♦✮ Γ ❞❡ ♣❛rtí❝✉✲
❧❛s i ❡♥ ✉♥ ♠✉♥❞♦ ❣❛❧✐❧❡❛♥♦ G ❞❡ ❞✐♠❡♥s✐ó♥ 1+n✱ ❞❡❜❡♠♦s ❞❡✜♥✐r ❡❧ ❡s♣❛❝✐♦
❛❢í♥ ❞❡ ❝♦♥✜❣✉r❛❝✐♦♥❡s GΓ ❞❡ ❞✐❝❤♦ s✐st❡♠❛✱ ❞❡ ❞✐♠❡♥s✐ó♥ 1 + n|Γ|✱ ❛❧ ❝✉❛❧
❧❧❛♠❛r❡♠♦s ♠✉♥❞♦ ♣r♦❞✉❝t♦ ♦ ♠✉♥❞♦ ❞❡ ❝♦♥✜❣✉r❛❝✐♦♥❡s ❞❡❧ s✐st❡♠❛✱
② t✐❡♥❡ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ q✉❡ ♣❛r❛ ❝❛❞❛ ✐♥st❛♥t❡ t✱ ❛ ❝❛❞❛ Γ✲✉♣❧❛ ❞❡ ♣♦s✐❝✐♦♥❡s
(xi ∈ Gt)i∈Γ ♦ ❝♦♥✜❣✉r❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ❡♥ ❡❧ ✐♥st❛♥t❡ t ❧❡ ❝♦rr❡s♣♦♥❞❡
✉♥ ♣✉♥t♦ x ❡♥ ❡❧ ❡s♣❛❝✐♦ GΓ

t ✳ ❊❧ ♠✉♥❞♦ GΓ ♥♦ ❡s ❡❧ ♣r♦❞✉❝t♦ ❝❛rt❡s✐❛♥♦ ❞❡
❧♦s ❡s♣❛❝✐♦s ❛✜♥❡s G✱ s✐♥♦ ✉♥ s✉❜❝♦♥❥✉♥t♦ ❞❡❧ ♠✐s♠♦✱ ②❛ q✉❡ só❧♦ ❝♦♥s✐❞❡r❛✲
♠♦s ❧❛s Γ✲✉♣❧❛s ❞❡ ❡✈❡♥t♦s s✐♠✉❧tá♥❡♦s✳ ◆ót❡s❡ q✉❡ ❡❧ ♠✉♥❞♦ q✉❡ ❡st❛♠♦s
❞❡✜♥✐❡♥❞♦ sí ❡s ✉♥ ♣r♦❞✉❝t♦ ❡♥ ❧❛ ❝❛t❡❣♦rí❛ ❞❡ ✜❜r❛❞♦s ❛✜♥❡s ❞❡ ❡s♣❛❝✐♦s
❛✜♥❡s s♦❜r❡ T ✳ ❊❧ ♠✉♥❞♦ ♣r♦❞✉❝t♦ GΓ t✐❡♥❡ ✉♥ t✐❡♠♣♦ tGΓ : GΓ → T ❛❧
❝✉❛❧ ✉s✉❛❧♠❡♥t❡ ❧❧❛♠❛r❡♠♦s s✐♠♣❧❡♠❡♥t❡ t✳ ❯♥ ♠♦✈✐♠✐❡♥t♦ ❞❡❧ s✐st❡♠❛ ❡s
✉♥❛ ❝✉r✈❛ c = c(t)✱ s❡❝❝✐ó♥ ❞❡ t✱ ❞❡✜♥✐❞❛ ❡♥ ✉♥ ✐♥t❡r✈❛❧♦ ❞❡ t✐❡♠♣♦ I ⊆ T ✱
q✉❡ ❞❡s❝r✐❜❡ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ t♦❞❛s ❧❛s ♣❛rtí❝✉❧❛s ❞✉r❛♥t❡ ❞✐❝❤♦ ✐♥t❡r✈❛❧♦✳

❊❧ ❡s♣❛❝✐♦ ❛❢í♥ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ˙(GΓ) ❡s ✐s♦♠♦r❢♦ ❛
(

Ġ
)Γ

✱ ② ❧♦ ♠✐s♠♦ s✉❝❡✲

❞❡ ❝♦♥ ❡❧ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❞❡ ❛❝❡❧❡r❛❝✐♦♥❡s ¨(GΓ)✳ ❙✐ Γ ❡s ✜♥✐t♦ ② t♦❞❛s ❧❛s
♣❛rtí❝✉❧❛s s♦♥ ✐❣✉❛❧❡s✱ ♣✉❡❞❡ ❞árs❡❧❡ ❛❧ ♣r♦❞✉❝t♦ ✉♥❛ ♥♦r♠❛ ❡✉❝❧í❞❡❛✱ ♣❡r♦
❝♦♥✈✐❡♥❡ ❡s♣❡r❛r ❤❛st❛ ❤❛❜❡r ✐♥tr♦❞✉❝✐❞♦ ❡❧ ❝♦♥❝❡♣t♦ ❞❡ ♠❛s❛✱ ♣❛r❛ ♣♦❞❡r
❡♥ ❣❡♥❡r❛❧ ❞❛r❧❡ ❛ ❝❛❞❛ ♣❛rtí❝✉❧❛ ❧❛ ✐♠♣♦rt❛♥❝✐❛ q✉❡ ❧❡ ❝♦rr❡s♣♦♥❞❡✳

✶✶
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✸✳ ❉✐♥á♠✐❝❛ ❡♥ ♠✉♥❞♦s ❣❛❧✐❧❡❛♥♦s✿ ♠❡❝á♥✐❝❛ ❞❡ ◆❡✇✲

t♦♥

✸✳✶✳ ❊❝✉❛❝✐ó♥ ❞❡ ◆❡✇t♦♥

✭❊♥ ❡st❛ s❡❝❝✐ó♥ ✐♥tr♦❞✉❝✐r❡♠♦s ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ◆❡✇t♦♥✱ s✐❣✉✐❡♥❞♦ ❛♣r♦✲
①✐♠❛❞❛♠❡♥t❡ ❧❛ ❡①♣♦s✐❝✐ó♥ ❞❡ ❬✶❪✳✮

▲❛ ♠❡❝á♥✐❝❛ ❡st✉❞✐❛ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ✉♥ s✐st❡♠❛ ✭❞✐❣❛♠♦s✱ ✜♥✐t♦✮ ❞❡
♣❛rtí❝✉❧❛s ❡♥ ✉♥ ♠✉♥❞♦ ❣❛❧✐❧❡❛♥♦ G ✭❞❡ ❞✐♠❡♥s✐ó♥ ✸✮✳ ❯♥ ❤❡❝❤♦ ❡♠♣ír✐❝♦
❡s q✉❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ t♦❞❛s ❧❛s ♣❛rtí❝✉❧❛s q✉❡❞❛ ❞❡t❡r♠✐♥❛❞❛✱ ❡♥ ❝❛❞❛
s✐st❡♠❛ ❞❡ ♣❛rtí❝✉❧❛s✱ ♣♦r ❧❛s ♣♦s✐❝✐♦♥❡s ② ✈❡❧♦❝✐❞❛❞❡s ❞❡ ❧❛s ♣❛rtí❝✉❧❛s ❡♥
❝✉❛❧q✉✐❡r ✐♥st❛♥t❡ ✐♥✐❝✐❛❧✳ ❊s ❞❡❝✐r✱ ❝❛❞❛ s✐st❡♠❛ Γ t✐❡♥❡ ❛s♦❝✐❛❞❛ ✉♥❛ Γ✲✉♣❧❛
(Ai)i∈Γ ❞❡ ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s

Ai(t, x, ẋ) : G
n × Ġn → G̈,

② ❡✈♦❧✉❝✐♦♥❛ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❡❧ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s

∀i ẍi = Ai(t, x, ẋ),

❧❧❛♠❛❞❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ◆❡✇t♦♥✱ ❡♥ ❤♦♥♦r ❛ ■s❛❛❝ ◆❡✇t♦♥ ✭✶✻✹✷✲✶✼✷✼✮✱
q✉❡ ❧❛s ❡st✉❞✐ó ❡♥ s✉ ♦❜r❛ ❬✽❪✳ ❊st♦ s❡ ♣✉❡❞❡ ❡①♣r❡s❛r ❡♥ ✉♥❛ só❧❛ ❡❝✉❛❝✐ó♥

ẍ = A(t, x, ẋ) ✭✶✮

✭❛ ❧❛ ❝✉❛❧ ❧❧❛♠❛r❡♠♦s ❡❝✉❛❝✐ó♥ ❞❡ ◆❡✇t♦♥✮✱ ❡♥ ❞♦♥❞❡ A = (Ai)i∈Γ ❛❝tú❛
❝♦♠♦ ✉♥❛ ❢✉♥❝✐ó♥ ❛ ✈❛❧♦r❡s ❡♥ G̈n✱ ❧❧❛♠❛❞❛ ❢✉♥❝✐ó♥ ❞❡ ❛❝❡❧❡r❛❝✐♦♥❡s ❞❡❧
s✐st❡♠❛✳ ▲❛ ❡❝✉❛❝✐ó♥ ❞❡ ◆❡✇t♦♥ ❡s ✉♥❛ ❡❝✉❛❝✐ó♥ ❞❡ ♠♦✈✐♠✐❡♥t♦ ♦ ❡❝✉❛✲
❝✐ó♥ ❞✐♥á♠✐❝❛✱ ♣✉❡s ❛ ♣❛rt✐r ❞❡ ❝❛❞❛ ❝♦♥✜❣✉r❛❝✐ó♥ ② ✈❡❧♦❝✐❞❛❞ ✐♥✐❝✐❛❧❡s
❞❡t❡r♠✐♥❛ ✉♥ ♠♦✈✐♠✐❡♥t♦ ✭❛❧ ♠❡♥♦s ❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ ❞❡ t✐❡♠♣♦✱ s✐ A ❡s
❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③ r❡s♣❡❝t♦ ❞❡ ❧❛ ❝♦♥✜❣✉r❛❝✐ó♥ x✮✳ ▲❛s t❡r♥❛s (t, x, ẋ) ✭❡♥
❞♦♥❞❡ t ❡s ✉♥ ✐♥st❛♥t❡✱ x ❡s ✉♥❛ ❝♦♥✜❣✉r❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ❡♥ ❡❧ ✐♥st❛♥t❡ t✱
② ẋ ❡s ✉♥❛ ✈❡❧♦❝✐❞❛❞ ❡♥ ❡❧ ♠✉♥❞♦ ❞❡ ❝♦♥✜❣✉r❛❝✐♦♥❡s✮ s♦♥ ❧♦s ❡st❛❞♦s ❞❡❧
s✐st❡♠❛✳ ❊❧ ❤❡❝❤♦ ❞❡ q✉❡ ❛ ♣❛rt✐r ❞❡ ✉♥ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❞❡❧ s✐st❡♠❛ ❡♥ ❝✐❡rt♦
✐♥st❛♥t❡ s❡ ♣✉❡❞❛ ❞❡t❡r♠✐♥❛r ❡❧ ❡st❛❞♦ ❡♥ ❧♦s ♦tr♦s ✐♥st❛♥t❡s s❡ ❝♦♥♦❝❡ ❝♦♠♦
♣r✐♥❝✐♣✐♦ ❞❡ ❞❡t❡r♠✐♥✐s♠♦ ❞❡ ❧❛ ❢ís✐❝❛ ❝❧ás✐❝❛✳

▲❛ ❢✉♥❝✐ó♥ A ❞❡ ✉♥ s✐st❡♠❛ ❛✐s❧❛❞♦ ❞❡ ♣❛rtí❝✉❧❛s ❡s ✐♥✈❛r✐❛♥t❡ ♣♦r s✐♠❡✲
trí❛s ❣❛❧✐❧❡❛♥❛s✿ ❙✐ S ❡s ✉♥❛ s✐♠❡trí❛✱ ❡♥t♦♥❝❡s ♣❛r❛ ❝❛❞❛ ❡st❛❞♦ (t, x, ẋ) s❡
❝✉♠♣❧❡ ❧❛ r❡❧❛❝✐ó♥

A(S(t, x, ẋ)) = S(A(t, x, ẋ)), ✭✷✮

❛ ❧❛ ❝✉❛❧ ♣♦❞❡♠♦s ❧❧❛♠❛r ❡❝✉❛❝✐ó♥ ❞❡ ●❛❧✐❧❡♦✳ ❉❡ ❧❛ ♠✐s♠❛ s❡ ❞❡❞✉❝❡ ✐♥✲
♠❡❞✐❛t❛♠❡♥t❡ ✭✉s❛♥❞♦ s✐♠❡trí❛s ❞❡ tr❛s❧❛❝✐ó♥✮ q✉❡ ♣❛r❛ ✉♥ s✐st❡♠❛ ❛✐s❧❛❞♦
❞❡ ♣❛rtí❝✉❧❛s✱ ❧❛ ❢✉♥❝✐ó♥ A ♥♦ ♣✉❡❞❡ ❞❡♣❡♥❞❡r ❞❡❧ t✐❡♠♣♦ ♥✐ ❞❡ ❧❛s ♣♦s✐❝✐♦♥❡s
❛❜s♦❧✉t❛s xi ❞❡ ❧❛s ♣❛rtí❝✉❧❛s✱ s✐♥♦ só❧♦ ❞❡ ❧❛s ♣♦s✐❝✐♦♥❡s r❡❧❛t✐✈❛s xi − xj ✳

✶✸



❯s❛♥❞♦ s✐♠❡trí❛s ❜♦♦st ✈❡♠♦s q✉❡ t❛♠♣♦❝♦ ♣✉❡❞❡ ❞❡♣❡♥❞❡r ❞❡ ❧❛s ✈❡❧♦❝✐✲
❞❛❞❡s ❛❜s♦❧✉t❛s✱ s✐♥♦ q✉❡ só❧♦ ❞❡♣❡♥❞❡ ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s r❡❧❛t✐✈❛s ẋi − ẋj ✳
P❡r♦ ❡st❡ r❛③♦♥❛♠✐❡♥t♦ ♥♦ s❡ ❛♣❧✐❝❛ ❛ ✉♥ s✐st❡♠❛ ♥♦ ❛✐s❧❛❞♦ ❞❡ ♣❛rtí❝✉❧❛s q✉❡
✐♥t❡r❛❝tú❛♥ ❝♦♥ ❛❣❡♥t❡s ❡①t❡r♥♦s✱ ♣✉❡s ❛❧ ❛♣❧✐❝❛r❧❡ ✉♥❛ s✐♠❡trí❛ ❣❛❧✐❧❡❛♥❛ ❛❧
❝♦♥❥✉♥t♦ ❞❡ ♣❛rtí❝✉❧❛s✱ s✉ s✐t✉❛❝✐ó♥ r❡s♣❡❝t♦ ❞❡ ❧♦s ❛❣❡♥t❡s ❡①t❡r♥♦s ❝❛♠❜✐❛✳
❆sí ❡s ♣♦s✐❜❧❡ ♦❜t❡♥❡r ❢✉♥❝✐♦♥❡s q✉❡ ❞❡♣❡♥❞❛♥ ❞❡ ❧❛ ♣♦s✐❝✐ó♥ ❛❜s♦❧✉t❛✱ ② ❛ú♥
❞❡❧ t✐❡♠♣♦ ✭s✐ ❡❧ ❡st❛❞♦ ❞❡ ❧♦s ❛❣❡♥t❡s ❡①t❡r♥♦s ♥♦ ❡s ❝♦♥st❛♥t❡ ❡♥ ❡❧ t✐❡♠♣♦✮✳

❊♠♣❡❝❡♠♦s ❡st✉❞✐❛♥❞♦ ❛❧❣✉♥♦s s✐st❡♠❛s ❞❡ ✉♥❛ só❧❛ ♣❛rtí❝✉❧❛✳

❊❥❡♠♣❧♦ ✸✳✶✳✶✳ ❊♥ ❡❧ ❝❛s♦ ❞❡ ✉♥❛ só❧❛ ♣❛rtí❝✉❧❛ ♠♦✈✐é♥❞♦s❡ ❡♥ ✉♥ ♠✉♥✲
❞♦ ✈❛❝í♦✱ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❜❡ s❡r ♥✉❧❛✱ ♣✉❡s s✐ ❡♥ ❛❧❣ú♥ ✐♥st❛♥t❡ t✉✈✐❡r❛ ✉♥❛
❞✐r❡❝❝✐ó♥ ❡♥ ♣❛rt✐❝✉❧❛r✱ ❡st♦ ♣❡r♠✐t✐rí❛ ❡st❛❜❧❡❝❡r ✉♥❛ ❞✐r❡❝❝✐ó♥ ❡s♣❡❝✐❛❧✱ r♦♠✲
♣✐❡♥❞♦ ❡❧ ♣r✐♥❝✐♣✐♦ ❞❡ r❡❧❛t✐✈✐❞❛❞✳ P❛r❛ ❞❡♠♦str❛r ❡st♦ ❛ ♣❛rt✐r ❞❡ ❧❛ ❡❝✉❛❝✐ó♥
❞❡ ●❛❧✐❧❡♦✱ ❡♥ ❝❛❞❛ ❡st❛❞♦ (t, x, ẋ) s❡ ♣✉❡❞❡ ❝♦♥❝❧✉✐r q✉❡ A(t, x, ẋ) = 0 ❛♣❧✐✲
❝❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ●❛❧✐❧❡♦ ❛❧ ❣r✉♣♦ ❞❡ r♦t❛❝✐♦♥❡s q✉❡ ❞❡❥❛♥ ✜❥♦ ❡❧ ❡st❛❞♦
(t, x, ẋ)✱ q✉❡ ♥♦ ❞❡❥❛ ♥✐♥❣✉♥❛ ❞✐r❡❝❝✐ó♥ ❡s♣❛❝✐❛❧ ✜❥❛✳ ❆sí ♦❜t❡♥❡♠♦s ❧❛ ♣r✐✲
♠❡r❛ ❧❡② ❞❡ ◆❡✇t♦♥ ♦ ❧❡② ❞❡ ✐♥❡r❝✐❛✿ ✉♥❛ ♣❛rtí❝✉❧❛ ❛✐s❧❛❞❛ ❞❡s❝r✐❜❡ ✉♥
♠♦✈✐♠✐❡♥t♦ r❡❝t✐❧í♥❡♦ ✉♥✐❢♦r♠❡✳ ❊①♣❧í❝✐t❛♠❡♥t❡✱ ❧❛ s♦❧✉❝✐ó♥ ❣❡♥❡r❛❧ ❞❡ ❡st❛
❡❝✉❛❝✐ó♥ ❞❡ ♠♦✈✐♠✐❡♥t♦ ❝♦♥ ❝♦♥❞✐❝✐ó♥ ✐♥✐❝✐❛❧ (t0, x0, ẋ0) ❡s

x = x0 + ẋ0(t− t0).

◆ót❡s❡ q✉❡ ❧❛ ❝✉r✈❛ ♣r♦♣✉❡st❛ ❡s ✉♥ ♠♦✈✐♠✐❡♥t♦✱ ♣✉❡s ❡s s❡❝❝✐ó♥ ❞❡ t✳

▲♦s ♠♦✈✐♠✐❡♥t♦s ✉♥✐❢♦r♠❡s ♣❡r♠✐t❡♥ ❡①♣❡r✐♠❡♥t❛r ❧❛ ❡str✉❝t✉r❛ ❛❢í♥ ❞❡❧
♠✉♥❞♦✱ ② ❞❛♥ ✉♥ ♠ét♦❞♦ s❡♥❝✐❧❧♦ ❞❡ ❝♦♠♣r♦❜❛r q✉❡ ✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛
✭s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ♣❛r❛ ❡❧ ♠✉♥❞♦✮ ❡s ✐♥❡r❝✐❛❧ ✭r❡s♣❡t❛ ❧❛ ❡str✉❝t✉✲
r❛ ❛❢í♥ ❞❡❧ ♠✉♥❞♦✮✱ ♣✉❡s ❡♥ ✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ✭❛♣r♦①✐♠❛❞❛♠❡♥t❡✮
✐♥❡r❝✐❛❧ ❡s ♣♦s✐❜❧❡ ♦❜s❡r✈❛r q✉❡ ❧❛s ♣❛rtí❝✉❧❛s q✉❡ ❡stá♥ ✭❛♣r♦①✐♠❛❞❛♠❡♥t❡✮
❛✐s❧❛❞❛s ❞❡s❝r✐❜❡♥ ♠♦✈✐♠✐❡♥t♦s ✭❛♣r♦①✐♠❛❞❛♠❡♥t❡✮ ✉♥✐❢♦r♠❡s✳ ❊st♦s ♠♦✈✐✲
♠✐❡♥t♦s ❢✉❡r♦♥ ❡st✉❞✐❛❞♦s ♣♦r ●❛❧✐❧❡✐✳

P❛r❛ q✉❡ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ✉♥❛ ♣❛rtí❝✉❧❛ s❡❛ ♥♦ ✉♥✐❢♦r♠❡✱ t✐❡♥❡ q✉❡ ✐♥t❡r✲
❡❝t✉❛r ❝♦♥ ♦tr❛s ♣❛rtí❝✉❧❛s ✭♦ ❛❧❣ú♥ ♦tr♦ ❛❣❡♥t❡ ❡①t❡r♥♦✮✳ P❛r❛ ♣♦❞❡r ❡st✉❞✐❛r
♥✉❡str❛ ♣❛rtí❝✉❧❛ ✭♦ s✐st❡♠❛ ♥♦ ❛✐s❧❛❞♦✮ ♣♦r s❡♣❛r❛❞♦✱ ❞❡❜❡♠♦s s✉♣♦♥❡r q✉❡
❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧♦s ❛❣❡♥t❡s ❡①t❡r♥♦s ②❛ ❡stá ♣r❡❞❡t❡r♠✐♥❛❞♦✳ ❈♦♠♦
✈❡r❡♠♦s ♠ás ❛❞❡❧❛♥t❡✱ ❡st♦ ♥♦ ❡s ♣♦s✐❜❧❡✱ ♣✉❡s s✐❡♠♣r❡ q✉❡ ❞♦s ♣❛rtí❝✉❧❛s
✐♥t❡r❛❝tú❛♥✱ s❡ ❛❢❡❝t❛♥ ♠✉t✉❛♠❡♥t❡✳ P❡r♦ ❡♥ ❧❛ ♣rá❝t✐❝❛✱ ❧❛ ✐♥❞❡♣❡♥❞❡♥❝✐❛
❞❡ ❧♦s ❛❣❡♥t❡s ❡①t❡r♥♦s r❡s♣❡❝t♦ ❞❡❧ s✐st❡♠❛ s❡ ❞❛ ❛♣r♦①✐♠❛❞❛♠❡♥t❡✱ ♣♦r
❡❥❡♠♣❧♦✱ s✐ s♦♥ ❝✉❡r♣♦s ♠✉❝❤♦ ♠ás ❣r❛♥❞❡s q✉❡ ❧❛s ♣❛rtí❝✉❧❛s q✉❡ ❡st❛♠♦s
❡st✉❞✐❛♥❞♦✳ ▲♦s ♠♦✈✐♠✐❡♥t♦s ✉♥✐❢♦r♠❡s ② ❡❧ ♣r✐♥❝✐♣✐♦ ❞❡ r❡❧❛t✐✈✐❞❛❞ ❢✉❡r♦♥
❡st✉❞✐❛❞♦s ♣♦r ●❛❧✐❧❡♦ ●❛❧✐❧❡✐ ✭✶✺✻✹✕✶✻✸✷✮✳

❊❥❡♠♣❧♦ ✸✳✶✳✷✳ ❊❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ✉♥❛ ♣❛rtí❝✉❧❛ ❝❡r❝❛ ❞❡ ❧❛ s✉♣❡r✜❝✐❡ t❡✲
rr❡str❡ s❡ ❞❡s❝r✐❜❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ẍ = g✱ ❞♦♥❞❡ g ❡s ✉♥

✶✹



✈❡❝t♦r ❡s♣❛❝✐❛❧ ❝♦♥st❛♥t❡✱ ✈❡rt✐❝❛❧ ② ❤❛❝✐❛ ❛❜❛❥♦✳ ▲❛ s♦❧✉❝✐ó♥ ❝♦♥ ❡st❛❞♦ ✐♥✐✲
❝✐❛❧ (t0, x0, ẋ0) s❡ ♦❜t✐❡♥❡ ✐♥t❡❣r❛♥❞♦ ✉♥❛ ✈❡③ ♣❛r❛ ❝❛❧❝✉❧❛r ❧❛ ✈❡❧♦❝✐❞❛❞ ẋ =
ẋ0+g(t−t0) ② ♦tr❛ ✈❡③ ♣❛r❛ ❤❛❧❧❛r ❧❛ ♣♦s✐❝✐ó♥ x = x0+ẋ0(t−t0)+ 1

2g(t−t0)2.
◆ót❡s❡ q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ♣r♦♣✉❡st❛ ❡s ✈á❧✐❞❛✱ ♣✉❡s s✐❡♥❞♦ g ✉♥❛ ❛❝❡❧❡r❛❝✐ó♥
✭♥❡❝❡s❛r✐❛♠❡♥t❡ ❡s♣❛❝✐❛❧✮✱ ❞✐✜❡r❡ ❡♥ ✉♥ ✈❡❝t♦r ❡s♣❛❝✐❛❧ g(t− t0) ❞❡ ✉♥❛ ✈❡❧♦✲
❝✐❞❛❞ ❝♦♥st❛♥t❡✳ P♦r ❧♦ t❛♥t♦✱ ❡❧ tér♠✐♥♦ 1

2g(t− t0)
2 ❞❡ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❡st❡

♠♦✈✐♠✐❡♥t♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ✈❛r✐❛❞♦ ② ✉♥ ♠♦✈✐♠✐❡♥t♦ ✉♥✐❢♦r♠❡ ❡s ✉♥
❞❡s♣❧❛③❛♠✐❡♥t♦ ❡s♣❛❝✐❛❧✱ ❞❡ ♠♦❞♦ q✉❡ ❧❛ ❝✉r✈❛ ♣r♦♣✉❡st❛ ❡s ❡❢❡❝t✐✈❛♠❡♥t❡
✉♥ ♠♦✈✐♠✐❡♥t♦✳ ❊st❡ t✐♣♦ ❞❡ ♠♦✈✐♠✐❡♥t♦ t❛♠❜✐é♥ ❢✉❡ ❡st✉❞✐❛❞♦ ●❛❧✐❧❡✐✳

❊❥❡♠♣❧♦ ✸✳✶✳✸✳ ❊❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ✉♥❛ ♣❛rtí❝✉❧❛ ❡♥ ✉♥ ✢✉✐❞♦ ✈✐s❝♦s♦ q✉✐❡t♦
s❡ ❞❡s❝r✐❜❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡✹ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ r̈ = −kṙ✱ ❞♦♥❞❡ r ❡s ❧❛ ♣♦✲
s✐❝✐ó♥ ❞❡ ❧❛ ♣❛rtí❝✉❧❛ r❡❧❛t✐✈❛ ❛ ❛❧❣ú♥ ♣✉♥t♦ ✜❥♦ r❡s♣❡❝t♦ ❞❡❧ ✢✉✐❞♦ ② k > 0
❡s ✉♥ ❡s❝❛❧❛r✳ ▲❛ s♦❧✉❝✐ó♥ s❡ ♦❜t✐❡♥❡ ✐♥t❡❣r❛♥❞♦ ✉♥❛ ✈❡③ ♣❛r❛ ♦❜t❡♥❡r ❧❛
✈❡❧♦❝✐❞❛❞ ṙ = ṙ0e

−k(t−t0) ② ♦tr❛ ✈❡③ ♣❛r❛ ♦❜t❡♥❡r ❧❛ ♣♦s✐❝✐ó♥✳

❊❥❡♠♣❧♦ ✸✳✶✳✹✳ ❈♦♥s✐❞❡r❡♠♦s ❡♥ ✉♥ ♠✉♥❞♦ ❣❛❧✐❧❡❛♥♦ ♦r✐❡♥t❛❞♦ G ❞❡ ❞✐✲
♠❡♥s✐ó♥ 1 + 2✱ ✉♥❛ ♣❛rtí❝✉❧❛ i ❡♥ ♠♦✈✐♠✐❡♥t♦ ❝✐r❝✉❧❛r ✉♥✐❢♦r♠❡ ❝♦♥
✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ω ∈ Ps−1 ❛❧r❡❞❡❞♦r ❞❡ ✉♥ ♣✉♥t♦ ✜❥♦ o✱ ❡s ❞❡❝✐r✱ s❡❣ú♥
❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ♣r✐♠❡r ♦r❞❡♥

ṙ = ωT (r),

❞♦♥❞❡ r = xi−xo ❡s ❡❧ ✈❡❝t♦r ❞❡ ♣♦s✐❝✐ó♥ r❡❧❛t✐✈❛ ❞❡ i r❡s♣❡❝t♦ ❞❡ o ② T (r) ❡s
❡❧ ú♥✐❝♦ ✈❡❝t♦r t❛❧ q✉❡ (r, T (r)) ❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧✺ ❞❡ SpaVecG ♦r✐❡♥✲
t❛❞❛ ♣♦s✐t✐✈❛♠❡♥t❡ ✭❡st♦ ❣❛r❛♥t✐③❛ q✉❡ s❡ ♠✉❡✈❛ ❛ ❞✐st❛♥❝✐❛ ✜❥❛ ❞❡ o✱ ② q✉❡
❧❛ ♥♦r♠❛ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡❧ ♠♦✈✐♠✐❡♥t♦ s❡❛ |ω||r|✱ ❧♦ ❝✉❛❧ ❡①♣❧✐❝❛ ❡❧ ♥♦♠✲
❜r❡✮✳ ❈♦♠♦ T ❡s ❧❛ tr❛♥s❢♦r♠❛❝✐ó♥ ❧✐♥❡❛❧ ❞❛❞❛ ❡♥ ❝✉❛❧q✉✐❡r ❜❛s❡ ♦rt♦♥♦r♠❛❧
B ♦r✐❡♥t❛❞❛ ♣♦s✐t✐✈❛♠❡♥t❡ ♣♦r ❧❛ ♠❛tr✐③

[T ]B =

(

0 −1
1 0

)

,

❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❡stá ❞❛❞❛ ♣♦r

r̈ = ωT ṙ = ω2T 2r = −ω2r.

❊st❡ t✐♣♦ ❞❡ ♠♦✈✐♠✐❡♥t♦ ❢✉❡ ❡st✉❞✐❛❞♦ ♣♦r❈❤r✐st✐❛❛♥ ❍✉②❣❡♥s ✭✶✻✷✾✕
✶✻✾✺✮✳

❈♦♠❡♥t❛r✐♦ ✸✳✶✳✺✳ ▲❛ ♣♦s✐❝✐ó♥ r ❡♥ ❡❧ ✐♥st❛♥t❡ t ♥♦ s❡ ♣✉❡❞❡ ❞❡s❝r✐❜✐r ♣♦r
♠❡❞✐♦ ❞❡ ❢✉♥❝✐♦♥❡s ❛❧❣❡❜r❛✐❝❛s✱ ♣❡r♦ ❞❡♣❡♥❞❡ ❧✐♥❡❛❧♠❡♥t❡ ❞❡ ❧❛ ♣♦s✐❝✐ó♥ r0 ❡♥

✹❊st❛ ❛♣r♦①✐♠❛❝✐ó♥ ♣✉❡❞❡ ♥♦ s❡r ❜✉❡♥❛ ✭✈❡r ❝♦♠❡♥t❛r✐♦ ❞❡ ❬✶✵❪ s♦❜r❡ ❡❧ s❡❣✉♥❞♦ ❧✐❜r♦
❞❡ ❧♦s Pr✐♥❝✐♣✐❛✮✱ ♣❡r♦ t✐❡♥❡ ❧❛ ✈❡♥t❛❥❛ ❞❡ ❞❡♣❡♥❞❡r ❧✐♥❡❛❧♠❡♥t❡ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞✱ ❧♦ ❝✉❛❧
❢❛❝✐❧✐t❛ ❧♦s ❝á❧❝✉❧♦s✳

✺❯♥❛ ❜❛s❡ ♦rt♦❣♦♥❛❧ s❡ ❞✐❝❡ ♦rt♦♥♦r♠❛❧ s✐ ② só❧♦ s✐ ❡stá ❝♦♠♣✉❡st❛ ♣♦r ✈❡❝t♦r❡s ❞❡ ❧❛
♠✐s♠❛ ♥♦r♠❛✳

✶✺



❡❧ ✐♥st❛♥t❡ t0 s❡❣ú♥ ❧❛ ❢ór♠✉❧❛ r = Sω,t,t0r0✱ ② ♣✉❡❞❡ ♣r♦❜❛rs❡ ✉s❛♥❞♦ s✐♠✐❧❛✲
r✐❞❛❞❡s q✉❡ ❡♥ r❡❛❧✐❞❛❞ r = Sω,t,t0 só❧♦ ❞❡♣❡♥❞❡ ❞❡❧ á♥❣✉❧♦ ϕ = ω(t−t0) ∈ R✱
❞❡ ♠♦❞♦ q✉❡ Sω,t,t0 = Rϕ✳ ❯s❛♥❞♦ s✐♠❡trí❛s ♣✉❡❞❡ ❛❞❡♠ás ♣r♦❜❛rs❡ q✉❡ R
❡s ✉♥ ♠♦r✜s♠♦ s✉❛✈❡ ❞❡ R ❛❧ ❣r✉♣♦ ❞❡ r♦t❛❝✐♦♥❡s ❞❡ SpaVecG✳ ❙✉ ♥ú❝❧❡♦
❡s Z(2π)✱ ❞♦♥❞❡ π ❡s ❝✐❡rt♦ ♥ú♠❡r♦ ♣♦s✐t✐✈♦✳ P♦r ❧♦ t❛♥t♦✱ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❡s
♣❡rí♦❞✐❝♦✱ ② ❧❛ ❞✉r❛❝✐ó♥ ❞❡ ❝❛❞❛ ♣❡rí♦❞♦ ❡s 2π

ω ✳ ▲❛ tr❛♥s❢♦r♠❛❝✐ó♥ Rϕ ❡s✲
tá ❞❛❞❛ ❡♥ ❝✉❛❧q✉✐❡r ❜❛s❡ ♦rt♦♥♦r♠❛❧ B ♦r✐❡♥t❛❞❛ ♣♦s✐t✐✈❛♠❡♥t❡ ♣♦r ❝✐❡rt❛
♠❛tr✐③

[Rϕ]B =

(

cosϕ − sinϕ
sinϕ cosϕ

)

,

❞♦♥❞❡ sin ② cos s♦♥ ❢✉♥❝✐♦♥❡s s✉❛✈❡s R → R✳

❊❥❡♠♣❧♦ ✸✳✶✳✻✳ ❙✐ ✉♥✐♠♦s ✉♥❛ ♣❛rtí❝✉❧❛ i ♣♦r ♠❡❞✐♦ ❞❡ ✉♥ r❡s♦rt❡ ❛ ✉♥
♣✉♥t♦ ✜❥♦✱ ② ❧❛ ❛♣❛rt❛♠♦s ❞❡ s✉ ♣♦s✐❝✐ó♥ ❞❡ ❡q✉✐❧✐❜r✐♦ xeq✱ ést❛ ❝♦♠✐❡♥③❛ ❛
♦s❝✐❧❛r ❛❧r❡❞❡❞♦r ❞❡ ❞✐❝❤❛ ♣♦s✐❝✐ó♥ s❡❣ú♥ ❧❛ ❡❝✉❛❝✐ó♥

r̈ = −ω2r,

❞♦s❞❡ r = xi−xeq ❡s ❧❛ ♣♦s✐❝✐ó♥ ❞❡ ❧❛ ♣❛rtí❝✉❧❛ r❡❧❛t✐✈❛ ❛❧ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦
✭q✉❡ s❡ s✉♣♦♥❡ ✜❥♦✮ ② ω2 ∈ P(s−2) ❡s ✉♥ ❡s❝❛❧❛r ♣♦s✐t✐✈♦ ❝♦♥st❛♥t❡✳ ■♥tr♦❞✉✲
❝✐❡♥❞♦ ❧❛ ✈❛r✐❛❜❧❡ v = ṙ✱ ❧❛ ❞✐♥á♠✐❝❛ s❡ ❞❡s❝r✐❜❡ ♣♦r ♠❡❞✐♦ ❞❡❧ s✐st❡♠❛ ❞❡
❡❝✉❛❝✐♦♥❡s

v̇ = −ω2r

ṙ = v,

♦ ♠❛tr✐❝✐❛❧♠❡♥t❡ ❡♥ ❧❛ ❢♦r♠❛

˙(v
r

)

=

(

0 −ω2

1 0

)(

v

r

)

,

❞♦♥❞❡ ♣♦❞❡♠♦s ♠✉❧t✐♣❧✐❝❛r ❧❛ ✈❛r✐❛❜❧❡ r ♣♦r ω ♣❛r❛ ❤♦♠♦❣❡♥❡✐③❛r ✭s✐❡♥❞♦
❛❤♦r❛ v ② ωr ❞♦s ✈❡❝t♦r❡s ✈❡❧♦❝✐❞❛❞✮✳ ❊♥t♦♥❝❡s q✉❡❞❛ ❧❛ ❡❝✉❛❝✐ó♥

˙(

v

ωr

)

=

(

0 −ω
ω 0

)(

v

ωr

)

,

❝✉②❛ s♦❧✉❝✐ó♥ ❣❡♥❡r❛❧ ❡s

(

v

ωr

)

=

(

cos(ω(t− t0)) − sin(ω(t− t0))
sin(ω(t− t0)) cos(ω(t− t0))

)(

v0
ωr0

)

,

❞♦♥❞❡ r0 ② v0 s♦♥ ❧❛ ♣♦s✐❝✐ó♥ ② ✈❡❧♦❝✐❞❛❞ ✐♥✐❝✐❛❧ ❡♥ ✉♥ ✐♥st❛♥t❡ t0✳ ❊st❡
♠♦✈✐♠✐❡♥t♦ s❡ ❧❧❛♠❛ ♠♦✈✐♠✐❡♥t♦ ❛r♠ó♥✐❝♦ s✐♠♣❧❡✳ ◆ót❡s❡ q✉❡ ❡❧ ♣❛r
(v, ωr) s❡ ♠✉❡✈❡ ❡♥ ✉♥ ❝ír❝✉❧♦✱ ❝♦♥s❡r✈á♥❞♦s❡ ❧❛ ❝❛♥t✐❞❛❞ |v|2 + ω2|r|2✳

✶✻



✸✳✷✳ ▼♦✈✐♠✐❡♥t♦ ♣❧❛♥❡t❛r✐♦ ② ❝❛♠♣♦s ❝❡♥tr❛❧❡s

❯♥ ❣r❛♥ tr✐✉♥❢♦ ❞❡ ❧❛ ♠❡❝á♥✐❝❛ ❞❡ ◆❡✇t♦♥ ❢✉❡ ❧♦❣r❛r ❡①♣❧✐❝❛r ❝♦♥ ❣r❛♥
♣r❡❝✐s✐ó♥ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❧♦s ❛str♦s ❞❡ ♥✉❡str♦ ❙✐st❡♠❛ ❙♦❧❛r✳ ❊♥ ✉♥❛ ♣r✐♠❡✲
r❛ ❛♣r♦①✐♠❛❝✐ó♥✱ s❡ ♦❜s❡r✈❛ q✉❡ ❝❛❞❛ ♣❧❛♥❡t❛ i ❡❥❡❝✉t❛ ❛❧r❡❞❡❞♦r ❞❡❧ ❙♦❧ ✉♥
♠♦✈✐♠✐❡♥t♦ ❝✐r❝✉❧❛r ✉♥✐❢♦r♠❡ ❞❡ r❛❞✐♦ ρ ② ♣❡rí♦❞♦ τ ✳ ▲♦s ♣❧❛♥❡t❛s s❡ ♠✉❡✈❡♥
✐♥❞❡♣❡♥❞✐❡♥t❡♠❡♥t❡✱ s✐❡♥❞♦ ❡❧ ♣❡rí♦❞♦ ❞❡ r❡✈♦❧✉❝✐ó♥ ♠❛②♦r ♠✐❡♥tr❛s ♠❛②♦r
❡s ❡❧ r❛❞✐♦ ❞❡ ❧❛ ór❜✐t❛✳

▼ás ♣r❡❝✐s❛♠❡♥t❡✱ ❤❛❝✐❡♥❞♦ ✉♥ ❣rá✜❝♦ ❧♦❣❛rít♠✐❝♦ ❞❡❧ ♣❡rí♦❞♦ ❡♥ ❢✉♥❝✐ó♥

❞❡❧ r❛❞✐♦✱ s❡ ♦❜s❡r✈❛ q✉❡ ❧❛ ♠❛❣♥✐t✉❞ ρ3

τ2
t✐❡♥❡ ❡❧ ♠✐s♠♦ ✈❛❧♦r ♣❛r❛ t♦❞♦s ❧♦s

♣❧❛♥❡t❛s✳ ❊st❡ ❤❡❝❤♦ ❡♠♣ír✐❝♦ ❡s ❝♦♥♦❝✐❞♦ ❝♦♠♦ t❡r❝❡r❛ ❧❡② ❞❡ ❑❡♣❧❡r✱ ❡♥
❤♦♥♦r ❛❧ ❛stró♥♦♠♦ ❏♦❤❛♥♥❡s ❑❡♣♣❧❡r ✭✶✺✼✶✕✶✻✸✵✮ q✉❡ ❡st✉❞✐ó ❡❧ ♠♦✈✐✲
♠✐❡♥t♦ ❞❡ ❧♦s ♣❧❛♥❡t❛s ❛ ♣❛rt✐r ❞❡ ❧❛s ♦❜s❡r✈❛❝✐♦♥❡s s✐st❡♠át✐❝❛s ❞❡ ❚②❝❤♦
❇r❛❤❡ ✭✶✺✹✻✕✶✻✵✶✮✳ ❊♥ tér♠✐♥♦s ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ω✱ q✉❡ ❡s ✐♥✈❡rs❛✲
♠❡♥t❡ ♣r♦♣♦r❝✐♦♥❛❧ ❛❧ r❛❞✐♦✱ ❧❛ ❧❡② ❞✐❝❡ q✉❡ ❡❧ ♥ú♠❡r♦ k = ω2ρ3 ❡s ✐❣✉❛❧ ♣❛r❛
t♦❞♦s ❧♦s ♣❧❛♥❡t❛s✳ ❙❡❣ú♥ ❧♦ ❝❛❧❝✉❧❛❞♦ ❡♥ ✸✳✶✳✹✱ s✐ r ❡s ❡❧ ✈❡❝t♦r ❞❡ ♣♦s✐❝✐ó♥
r❡❧❛t✐✈❛ ❞❡ ✉♥ ♣❧❛♥❡t❛ r❡s♣❡❝t♦ ❞❡❧ ❙♦❧ ✭✜❥♦✮✱ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ r̈ = −ω2r ❞❡❧

♠♦✈✐♠✐❡♥t♦ ❝✐r❝✉❧❛r ✉♥✐❢♦r♠❡ ❡s ❡♥ ❡st❡ ❝❛s♦ ✐❣✉❛❧ ❛ −ω2|r|3

|r|3
r = − k

|r|3
r✳ ❆sí✱

❧♦s ♣❧❛♥❡t❛s ❡stá♥ s♦♠❡t✐❞♦s ❛ ✉♥ ❝❛♠♣♦ ❞❡ ❛❝❡❧❡r❛❝✐♦♥❡s ❞✐r✐❣✐❞♦ ❤❛❝✐❛ ❡❧
❙♦❧ ② ❞❡ ✐♥t❡♥s✐❞❛❞ k

|r|2
✱ ❡s ❞❡❝✐r✱ ✐♥✈❡rs❛♠❡♥t❡ ♣r♦♣♦r❝✐♦♥❛❧ ❛❧ ❝✉❛❞r❛❞♦ ❞❡

❧❛ ❞✐st❛♥❝✐❛ ❛❧ ♠✐s♠♦✳

❈✉❛♥❞♦ ❡❧ ❝❛♠♣♦ ❞❡ ❛❝❡❧❡r❛❝✐♦♥❡s ❛❧ q✉❡ ❡stá s♦♠❡t✐❞♦ ✉♥❛ ♣❛rtí❝✉❧❛
❞❡♣❡♥❞❡ só❧❛♠❡♥t❡ ❞❡ s✉ ♣♦s✐❝✐ó♥ ✭s✐❡♥❞♦ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡
❧❛ ♣❛rtí❝✉❧❛✱ ② ❞❡❧ t✐❡♠♣♦✮ ② t✐❡♥❡ s✐♠❡trí❛ ❛❧r❡❞❡❞♦r ❞❡ ✉♥ ❝❡♥tr♦ ✜❥♦✱ s❡
❞✐❝❡ q✉❡ ❡s ✉♥ ❝❛♠♣♦ ❝❡♥tr❛❧ ❞❡ ❛❝❡❧❡r❛❝✐♦♥❡s✱ ② ♣✉❡❞❡ ♣r♦❜❛rs❡ ✭✉s❛♥❞♦ ❧❛
s✐♠❡trí❛✮ q✉❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ t✐❡♥❡ ❧❛ ❞✐r❡❝❝✐ó♥ ❞❡❧ ✈❡❝t♦r ♣♦s✐❝✐ó♥ r ✭r❡❧❛t✐✈❛
❛❧ ❝❡♥tr♦✮✱ ② s✉ s❡♥t✐❞♦ ❡ ✐♥t❡♥s✐❞❛❞ ❞❡♣❡♥❞❡♥ só❧❛♠❡♥t❡ ❞❡ ❧❛ ❞✐st❛♥❝✐❛
ρ = |r|✱ ♣♦r ❧♦ q✉❡ ❡stá ❞❛❞❛ ♣♦r ❧❛ ❢♦r♠❛ r̈ = a(|r|) r

|r| ✱ s✐❡♥❞♦ a = a(|ρ|) ✉♥❛
❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ ② ❛ ✈❛❧♦r❡s ❡s❝❛❧❛r❡s✱ q✉❡ ❞❡♣❡♥❞❡ ❞❡❧ ❝❛♠♣♦ ❡♥ ❝✉❡st✐ó♥✳
❆q✉í ❝♦♥s✐❞❡r❛r❡♠♦s q✉❡ ❡❧ ❝❛♠♣♦ ♥♦ ❡stá ❞❡✜♥✐❞♦ ❡♥ ❡❧ ❝❡♥tr♦✱ ♣♦r ❧♦ q✉❡
✐♥t❡rr✉♠♣✐r❡♠♦s ❝✉❛❧q✉✐❡r ♠♦✈✐♠✐❡♥t♦ q✉❡ ❧❧❡❣✉❡ ❤❛st❛ ❛❧❧í✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✷✳✶✳ ❊♥ ❝✉❛❧q✉✐❡r ❝❛♠♣♦ ❝❡♥tr❛❧ ❞❛❞♦ ♣♦r ✉♥❛ ❢✉♥❝✐ó♥ a =
a(ρ)✱ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❝✐r❝✉❧❛r ✉♥✐❢♦r♠❡ ❞❡ r❛❞✐♦ ρ s❡rá ♣♦s✐❜❧❡ ♣❛r❛ ❝✉❛❧q✉✐❡r
✈❛❧♦r ❞❡ ρ > 0 ♣❛r❛ ❡❧ ❝✉❛❧ ❡❧ ❝❛♠♣♦ r❡s✉❧t❡ ❛tr❛❝t✐✈♦✱ ❡s ❞❡❝✐r✱ ♣❛r❛ ❡❧ ❝✉❛❧
s❡ t❡♥❣❛ a(ρ) ≤ 0✳

❈♦♠❡♥t❛r✐♦ ✸✳✷✳✷✳ ❈✉❛♥❞♦ a = a(ρ) ❡s ❞❡ ❧❛ ❢♦r♠❛ a = kρα✱ ❞❡❝✐♠♦s q✉❡
❡s ✉♥ ❝❛♠♣♦ ❝❡♥tr❛❧ ❤♦♠♦❣é♥❡♦✱ ♣✉❡s s♦♥ ❧♦s ú♥✐❝♦s ❝❛♠♣♦s ❝❡♥tr❛❧❡s q✉❡
❛❞♠✐t❡♥ s✐♠❡trí❛s ❞❡ s✐♠✐❧❛r✐❞❛❞ ✭q✉❡ ❞✐❧❛t❛♥ ❧❛s ❞✐st❛♥❝✐❛s ② ❡❧ t✐❡♠♣♦✮✱ ❧♦
❝✉❛❧ ✐♠♣❧✐❝❛ q✉❡ t♦❞♦s ❧♦s ♣✉♥t♦s ✭❞✐st✐♥t♦s ❞❡❧ ❝❡♥tr♦✮ r❡s✉❧t❛♥ ❡q✉✐✈❛❧❡♥t❡s✱
♥♦ ❤❛❜✐❡♥❞♦ ✉♥ ❡①♣❡r✐♠❡♥t♦ q✉❡ ♣❡r♠✐t❛ ❞✐st✐♥❣✉✐r ✉♥ r❛❞✐♦ ♣♦s✐t✐✈♦ ❞❡ ♦tr♦
✭❛s✉♠✐❡♥❞♦ q✉❡ ♥♦ ❤❛② ✉♥✐❞❛❞❡s ❞❡ ♠❡❞✐❞❛ ❞✐st✐♥❣✉✐❞❛s ♣❛r❛ ♠❡❞✐r t✐❡♠♣♦
♦ ❞✐st❛♥❝✐❛✮✳ ◆♦t❛r q✉❡✱ ❡♥ ❡❧ ❝❛s♦ ❞❡ α = 0✱ ♥✐ s✐q✉✐❡r❛ ❡s ♣♦s✐❜❧❡ ❞✐st✐♥❣✉✐r
✉♥ r❛❞✐♦ ❞❡ ♦tr♦ ❞✐s♣♦♥✐❡♥❞♦ ❞❡ ✉♥❛ ✉♥✐❞❛❞ ❞❡ t✐❡♠♣♦ ❞✐st✐♥❣✉✐❞❛✳

✶✼



✸✳✸✳ ❈♦♥s❡r✈❛❝✐ó♥ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛r❡♦❧❛r ❡♥ ❝❛♠♣♦s ❝❡♥tr❛✲
❧❡s

❈✉❛♥❞♦ s❡ ❛♥❛❧✐③❛ ♠ás ❞❡t❡♥✐❞❛♠❡♥t❡ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ✉♥ ♣❧❛♥❡t❛ ❛❧r❡✲
❞❡❞♦r ❞❡❧ ❙♦❧✱ s❡ ♥♦t❛ q✉❡ s✉ ór❜✐t❛ ❡♥ ❣❡♥❡r❛❧ ♥♦ ❡s ❡①❛❝t❛♠❡♥t❡ ✉♥ ❝ír❝✉❧♦
❝❡♥tr❛❞♦ ❡♥ ❡❧ ♠✐s♠♦✱ s✐♥♦ q✉❡ ♣❛r❡❝❡ ❡st❛r ❞❡s❝❡♥tr❛❞❛✱ ② ❛❞❡♠ás s❡ ♦❜s❡r✲
✈❛ q✉❡ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡❧ ♣❧❛♥❡t❛ ❡s ♠ás ❧❡♥t♦ ❝✉❛♥❞♦ ❡❧ ♣❧❛♥❡t❛ ❡stá ♠ás
❛❧❡❥❛❞♦ ❞❡❧ ❙♦❧✳✻✼ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ ❧❛ s❡❣✉♥❞❛ ❧❡② ❞❡ ❑❡♣❧❡r✱ t❛♠❜✐é♥
❞❡ ❝❛rá❝t❡r ❡♠♣ír✐❝♦✱ ❛✜r♠❛ q✉❡ ❡❧ ár❡❛ ❜❛rr✐❞❛ ❡♥ ✉♥ ✐♥t❡r✈❛❧♦ ❞❡ t✐❡♠♣♦
♣♦r ❡❧ ✈❡❝t♦r ♣♦s✐❝✐ó♥ ❞❡ ✉♥ ♣❧❛♥❡t❛ ❡s ♣r♦♣♦r❝✐♦♥❛❧ ❛❧ t✐❡♠♣♦ tr❛♥s❝✉rr✐❞♦✱ ♦
❞✐❝❤♦ ❞❡ ♦tr❛ ♠❛♥❡r❛✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛r❡♦❧❛r ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❝❛❞❛ ♣❧❛♥❡t❛
❡s ❝♦♥st❛♥t❡✳ ❊st♦ ♦❝✉rr❡ ❝♦♥ ❝✉❛❧q✉✐❡r ♣❛rtí❝✉❧❛ i ♠♦✈✐é♥❞♦s❡ ❡♥ ✉♥ ❝❛♠♣♦
❝❡♥tr❛❧ ❛❧r❡❞❡❞♦r ❞❡ ✉♥ ♣✉♥t♦ ✜❥♦ o✳

P❛r❛ ❡♠♣❡③❛r✱ ♣✉❡❞❡ ♣r♦❜❛rs❡ q✉❡ s❡ ❝♦♥s❡r✈❛ ❡❧ ♣❧❛♥♦ ❞❡ ✈❡❝t♦r❡s ❡s✲
♣❛❝✐❛❧❡s ❣❡♥❡r❛❞♦ ♣♦r ❧❛ ♣♦s✐❝✐ó♥ r❡❧❛t✐✈❛ r = xi − xo ② ❧❛ ✈❡❧♦❝✐❞❛❞ r❡❧❛t✐✈❛
ṙ = ẋi− ẋo✱✽ ❡s ❞❡❝✐r✱ ❡❧ ♣❧❛♥♦ ❞❡t❡r♠✐♥❛❞♦ ♣♦r ❡❧ ❜✐✈❡❝t♦r r∧ ṙ ✭♦ ❝✉❛❧q✉✐❡r❛
❞❡ s✉s ♠ú❧t✐♣❧♦s✮✳ ▼ás ❛ú♥✱ ❡❧ ❜✐✈❡❝t♦r r ∧ ṙ ❡s ❝♦♥st❛♥t❡✱ ② ♣❛r❛ ♣r♦❜❛r❧♦
❜❛st❛ ❝♦♥ ✈❡r q✉❡

d

dt
(r ∧ ṙ) = ṙ ∧ ṙ + r ∧ r̈

= 0 + r ∧ (ẍi − ẍ0)

= 0.

♣✉❡s ❡❧ s♦❧ t✐❡♥❡ ❛❝❡❧❡r❛❝✐ó♥ ♥✉❧❛ ② ẍi ❡s ♣❛r❛❧❡❧♦ ❛ r✳

❘❡❝í♣r♦❝❛♠❡♥t❡✱ ♣✉❡❞❡ ♣r♦❜❛rs❡ q✉❡ s✐ ❡❧ ✭❜✐✮✈❡❝t♦r r ∧ ṙ ✭q✉❡ ❡s ❧❛
✈❡❧♦❝✐❞❛❞ ❛r❡♦❧❛r✱ s✐ ❡♥t❡♥❞❡♠♦s ❡❧ ár❡❛ ❝♦♠♦ ✉♥❛ ♠❛❣♥✐t✉❞ ✈❡❝t♦r✐❛❧✱ ② ♥♦
só❧♦ ❝♦♥s✐❞❡r❛♠♦s s✉ ♠❡❞✐❞❛ ❛❜s♦❧✉t❛✮ ❡s ❝♦♥st❛♥t❡✱ ❡♥t♦♥❝❡s ❡❧ ♠♦✈✐♠✐❡♥t♦
tr❛♥s❝✉rr❡ ❡♥ ✉♥ ♣❧❛♥♦ q✉❡ ♣❛s❛ ♣♦r ❡❧ ❝❡♥tr♦✱ ② ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❡stá ❞✐r✐❣✐❞❛
❤❛❝✐❛ ❡❧ ❝❡♥tr♦✳

✻❙❡ ♣✉❡❞❡ ✈❡r ✉♥❛ ❛♥✐♠❛❝✐ó♥ ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❧♦s ♣❧❛♥❡t❛s ✖❞❡s❞❡ ❡❧ ♣✉♥t♦ ❞❡ ✈✐st❛
❞❡ ❧❛ ❚✐❡rr❛✖ ❡♥ ❤tt♣✿✴✴❥♦✈❡✳❣❡♦❧✳♥✐✉✳❡❞✉✴❢❛❝✉❧t②✴st♦❞❞❛r❞✴❏❆❱❆✴♣t♦❧❡♠②✳❤t♠❧✳

✼❯♥ ♠♦❞❡❧♦ ♣r♦♣✉❡st♦ ♣❛r❛ ❞❡s❝r✐❜✐r ❡❧ ♠♦✈✐♠✐❡♥t♦ ♣r♦♣♦♥í❛ ✉♥❛ ór❜✐t❛ ❝✐r❝✉❧❛r✱ ❝♦♥
❡❧ ❙♦❧ S ❞❡s♣❧❛③❛❞♦ ❞❡❧ ❝❡♥tr♦ C ✭♣❡r♦ s✐t✉❛❞♦ ❡♥ ❡❧ ♠✐s♠♦ ♣❧❛♥♦ ❞❡❧ ❝ír❝✉❧♦✮✳ ❆❞❡♠ás
❤❛❜í❛ ♦tr♦ ♣✉♥t♦ E ❧❧❛♠❛❞♦ ❡❝✉❛♥t❡ ❝♦♥ ✉♥ ❞❡s♣❧❛③❛♠✐❡♥t♦ ✭r❡s♣❡❝t♦ ❞❡❧ ❝❡♥tr♦✮ ♦♣✉❡st♦
❛❧ ❞❡❧ ❙♦❧✱ ❞❡ ♠♦❞♦ q✉❡ C ❡r❛ ❡❧ ♣✉♥t♦ ♠❡❞✐♦ ❡♥tr❡ S ② E✳ ❊❧ ♠♦✈✐♠✐❡♥t♦ ♣r♦♣✉❡st♦ ❞❡❧
♣❧❛♥❡t❛ P ❡♥ s✉ ór❜✐t❛ ❡r❛ ✉♥✐❢♦r♠❡ r❡s♣❡❝t♦ ❞❡ E✱ ❡s ❞❡❝✐r✱ ❝♦♥ ❡❧ á♥❣✉❧♦ ❡♥tr❡ EP ② ES

✈❛r✐❛♥❞♦ ❝♦♥ r❛♣✐❞❡③ ❝♦♥st❛♥t❡✳ ❙❡ ♣✉❡❞❡ ✈❡r ✉♥ ❞✐❜✉❥♦ ❞❡ ❡st♦ ❡♥ ❬✷❪✳
✽❊st♦ s❡ ♣✉❡❞❡ ❞❡♠♦str❛r✱ ❡♥ ❣❡♥❡r❛❧✱ ♣❛r❛ ✉♥ s✐st❡♠❛ ❛✐s❧❛❞♦ ❝♦♠♣✉❡st♦ ♣♦r ❞♦s

♣❛rtí❝✉❧❛s✿ ❧❛ r❡❝t❛ q✉❡ ✉♥❡ s✉s ♣♦s✐❝✐♦♥❡s ❡♥ ❝✐❡rt♦ ✐♥st❛♥t❡✱ ② ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❞❡ ❧❛s ❞♦s
♣❛rtí❝✉❧❛s ❡♥ ❞✐❝❤♦ ✐♥st❛♥t❡✱ ❣❡♥❡r❛♥ ✉♥ s✉❜♠✉♥❞♦ ❣❛❧✐❧❡❛♥♦ ❞❡ H ⊂ G ❞❡ ❞✐♠❡♥s✐ó♥ 3 ✭♦
♠❡♥♦r✮✱ ② ✉s❛♥❞♦ ❧❛s s✐♠❡trí❛s q✉❡ ❧♦ ❞❡❥❛♥ ✜❥♦ ✭♣♦r ❡❥❡♠♣❧♦✱ s✐ dim(G) = 1 + 3 ✉s❛♠♦s
✐s♦♠❡trí❛s ❞❡ ❡s♣❡❥♦✮ ❡♥❝♦♥tr❛♠♦s q✉❡ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s t✐❡♥❡♥ q✉❡ ❡st❛r ❞✐r✐❣✐❞❛s ❛ ❧♦
❧❛r❣♦ ❞❡ H✱ ♣♦r ❧♦ q✉❡ t♦❞♦ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡❜❡ tr❛♥s❝✉rr✐r ❡♥ H✱ ♦ ❞✐❝❤♦ ❞❡ ♦tr❛ ♠❛♥❡r❛✱
✭❡①✐st❡ ✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ✐♥❡r❝✐❛❧ ❡♥ ❡❧ q✉❡✮ ❧❛s ❞♦s ♣❛rtí❝✉❧❛s ♣❡r♠❛♥❡❝❡♥ ❡♥ ✉♥
♣❧❛♥♦ ❝♦♥st❛♥t❡✳

✶✽



✸✳✹✳ Ór❜✐t❛s ❡♥ ❝❛♠♣♦s ❝❡♥tr❛❧❡s

❊♥ ❡st❛ s❡❝❝✐ó♥ ❞❡s❛rr♦❧❧❛r❡♠♦s✱ ✉s❛♥❞♦ ♥♦t❛❝✐ó♥ ♠♦❞❡r♥❛✱ ❧♦s ♣✉♥t♦s
❝❡♥tr❛❧❡s ❞❡❧ ❛♥á❧✐s✐s ❞❡ ◆❡✇t♦♥ ❞❡ ❧❛s ór❜✐t❛s ❡♥ ❝❛♠♣♦s ❝❡♥tr❛❧❡s✱ q✉❡
♣✉❡❞❡ ✈❡rs❡ ❝♦♥ ♠ás ❞❡t❛❧❧❡ ❡♥ ❬✶✶❪✳

❯♥❛ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❧❛ ❝♦♥s❡r✈❛❝✐ó♥ ❞❡❧ ✐♠♣✉❧s♦ ❛♥❣✉❧❛r ❡♥ ✉♥ ❝❛♠♣♦
❝❡♥tr❛❧ ❡s q✉❡✱ ❝♦♥♦❝✐❞❛ ❧❛ ór❜✐t❛ q✉❡ r❡❝♦rr❡ ❧❛ ♣❛rtí❝✉❧❛ ✭❡s ❞❡❝✐r✱ ❡❧ ❝♦♥✲
❥✉♥t♦ ❞❡ ♣✉♥t♦s ❞❡❧ ❡s♣❛❝✐♦ q✉❡ ✈✐s✐t❛✱ ♠❡❞✐❞❛s r❡s♣❡❝t♦ ❞❡❧ ❝❡♥tr♦✮ ② ❡❧ ✈❛❧♦r
❞❡❧ ✐♠♣✉❧s♦ ❛♥❣✉❧❛r ✭❡❧ ❝✉❛❧ s❡ ♣✉❡❞❡ ❝❛❧❝✉❧❛r ❝♦♥♦❝✐❡♥❞♦ ❧❛ ✈❡❧♦❝✐❞❛❞ ❡♥ ✉♥
♣✉♥t♦ ❞❡ ❧❛ ór❜✐t❛✮✱ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❧❛ ór❜✐t❛ ❛ ♣❛rt✐r ❞❡ ✉♥
✐♥st❛♥t❡ ② ♣♦s✐❝✐ó♥ ✐♥✐❝✐❛❧ ②❛ q✉❡❞❛ ❞❡t❡r♠✐♥❛❞♦✱ ❛ú♥ s✐♥ ❝♦♥♦❝❡r ❧❛ ❢✉♥❝✐ó♥
a(ρ) q✉❡ ❞❡t❡r♠✐♥❛ ❡❧ ❝❛♠♣♦ ❝❡♥tr❛❧✳ ▲❛ ❢✉♥❝✐ó♥ a(ρ) s❡ ♣✉❡❞❡ ❞❡t❡r♠✐♥❛r
❞❡s♣✉és✱ ❛ ♣❛rt✐r ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❧❛ ♣❛rtí❝✉❧❛✱ ❛❧ ♠❡♥♦s ♣❛r❛ ❡❧ ✐♥t❡r✈❛❧♦
❞❡ ✈❛❧♦r❡s ❞❡ ρ = |r| q✉❡ ✈✐s✐t❛ ❧❛ ♣❛rtí❝✉❧❛✳

❊♥ ❡❢❡❝t♦✱ s✐ H ⊆ G ❡s ✉♥❛ tr❛②❡❝t♦r✐❛ ❡♥ ✉♥ ❝❛♠♣♦ ❝❡♥tr❛❧ ② s ❡s
✉♥ ♣❛rá♠❡tr♦ r❡❣✉❧❛r ❡♥ H ✭❧♦ ❝✉❛❧ ❤❛❝❡ q✉❡ t ② s ❡sté♥ r❡❧❛❝✐♦♥❛❞♦s ♣♦r
✉♥ ❞✐❢❡♦♠♦r✜s♠♦✱ ❝♦♥ ❧♦ q✉❡ ds

dt ② dt
ds s♦♥ ❡s❝❛❧❛r❡s ♥♦ ♥✉❧♦s✱ ② ❡♥ ❣❡♥❡r❛❧

♣♦❞❡♠♦s ❞❡r✐✈❛r ❝✉❛❧q✉✐❡r ❡①♣r❡s✐ó♥ E ✭❛ ✈❛❧♦r❡s ❡♥ ✉♥ ❡s♣❛❝✐♦ ❛❢í♥✮ ❞❡✜♥✐❞❛
❡♥ H r❡s♣❡❝t♦ ❞❡ s ✭♦❜t❡♥✐❡♥❞♦ E′ := dE

ds ✮ ♦ r❡s♣❡❝t♦ ❞❡ t ✭♦❜t❡♥✐❡♥❞♦

Ė = dE
dt ✮✳ ❆ ❧♦ ❧❛r❣♦ ❞❡ H t❡♥❡♠♦s

λ = r ∧ ṙ = r ∧ dr

dt
= r ∧

(

dr

ds

ds

dt

)

= r ∧ (r′ṡ) = (r ∧ r′)ṡ,

❝♦♥ ❧♦ q✉❡ ♣♦❞❡♠♦s ✉s❛r ❧❛ ♣❛r❛♠❡tr✐③❛❝✐ó♥ s 7→ r ♣❛r❛ ❝❛❧❝✉❧❛r ❧❛ r❡❧❛❝✐ó♥
❡♥tr❡ ❧♦s ❞✐❢❡r❡♥❝✐❛❧❡s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s✿

λdt = (r ∧ r′)ds.

❊st❛ r❡❧❛❝✐ó♥ ♣❡r♠✐t❡✱ ♣❛r❛ ❝✉❛❧q✉✐❡r ❝❛♥t✐❞❛❞ E ❞❡✜♥✐❞❛ ❡♥ H✱ ❝❛❧❝✉❧❛r Ė
❛ ♣❛rt✐r ❞❡ E′ ✭② ✈✐❝❡✈❡rs❛✮✱ ♣✉❡s t❡♥❡♠♦s

λ
d

ds
= (r ∧ r′) d

dt
,

❡s ❞❡❝✐r✱
λE′ = (r ∧ r′)Ė.

❊♥ ♣❛rt✐❝✉❧❛r✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r

r̈ =
dṙ

dt
=
dṙ

ds

ds

dt
=
d
(

dr
ds

ds
dt

)

ds

ds

dt
= (r′ṡ)′ṡ = (r′′ṡ+ r′ṡ′)ṡ,

q✉❡ s❡ ♣✉❡❞❡ ❝❛❧❝✉❧❛r ❡♥ tér♠✐♥♦s ❞❡ s ✭r❡❝♦r❞❛♥❞♦ q✉❡ ṡ = λ
r∧r′ ✮✳ P❛r❛ ♦❜✲

t❡♥❡r ❧❛ ❢✉♥❝✐ó♥ a = a(ρ) q✉❡ ❞❡✜♥❡ ❧❛ ✐♥t❡♥s✐❞❛❞ ❞❡❧ ❝❛♠♣♦ ❞❡ ❛❝❡❧❡r❛❝✐♦♥❡s
s❡❣ú♥ ❧❛ ❢ór♠✉❧❛ |r̈| = a(|r|)✱ só❧♦ ❤❛❝❡ ❢❛❧t❛ ❝❛❧❝✉❧❛r |r| ❡♥ ❢✉♥❝✐ó♥ ❞❡ s ❡
✐♥✈❡rt✐r ♣❛r❛ ❡s❝r✐❜✐r s ❡♥ ❢✉♥❝✐ó♥ ❞❡ |r| ② ♣♦❞❡r ✉s❛r ❡❧ ❝á❧❝✉❧♦ ❛♥t❡r✐♦r ✭q✉❡
❞❛ r̈ ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✮✳

✶✾



❈♦♠❡♥t❛r✐♦ ✸✳✹✳✶✳ ❆ ♣❛rt✐r ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ a = a(ρ) ② ✉♥ ❡st❛❞♦ ✐♥✐❝✐❛❧
❝♦♥ ♠♦♠❡♥t♦ ❛♥❣✉❧❛r ♥♦ ♥✉❧♦✱ s❡ ❣❡♥❡r❛ ✉♥ tr❛♠♦ ❞❡ ór❜✐t❛ ♣❧❛♥♦✱ ❞♦s
✈❡❝❡s ❞❡r✐✈❛❜❧❡✱ ❝✉②♦ ✈❡❝t♦r t❛♥❣❡♥t❡ ♥✉♥❝❛ ❡s ♣❛r❛❧❡❧♦ ❛❧ ✈❡❝t♦r ♣♦s✐❝✐ó♥✱ ②
q✉❡ ♥♦ r❡♣✐t❡ ✈❛❧♦r❡s ❞❡ |r| ✭♣✉❡s s✐ r❡♣✐t✐❡r❛✱ ♣♦❞rí❛♠♦s q✉❡❞❛r♥♦s ❝♦♥ ✉♥
✐♥t❡r✈❛❧♦ ❞❡ t✐❡♠♣♦ ❡♥ ❡❧ q✉❡ |r| ❝r❡③❝❛ ♦ ❞❡❝r❡③❝❛ ♠♦♥ót♦♥❛♠❡♥t❡✱ ❝♦rt❛♥❞♦
❡❧ ♠♦✈✐♠✐❡♥t♦ ❡♥ ❝✉❛❧q✉✐❡r ♣❡r✐❝❡♥tr♦ ✭♣✉♥t♦ ❡♥ ❡❧ q✉❡ |r| ❡s ♠í♥✐♠♦✮ ♦
❛♣♦❝❡♥tr♦ ✭♣✉♥t♦ ❡♥ ❡❧ q✉❡ |r| ❡s ♠á①✐♠♦✮ q✉❡ ❛♣❛r❡③❝❛✮✳✾ ❊st❛ ❛s✐❣♥❛❝✐ó♥
❡s ✐♥②❡❝t✐✈❛✱ ♣✉❡s ❛ ♣❛rt✐r ❞❡❧ tr❛♠♦ ❞❡ ór❜✐t❛ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❧❛ ✐♥t❡♥s✐❞❛❞
❞❡❧ ❝❛♠♣♦ ❞❡ ❛❝❡❧❡r❛❝✐♦♥❡s✱ ❝♦♠♦ ✐♥❞✐❝❛♠♦s ❛trás✱ ❛❧ ♠❡♥♦s ♣❛r❛ ❧♦s ✈❛❧♦r❡s
❞❡ |r| q✉❡ r❡❝♦rr❡ ❧❛ ♣❛rtí❝✉❧❛✳ ❆❞❡♠ás ❡s s♦❜r❡②❡❝t✐✈❛✿ ❙✐ t❡♥❡♠♦s ✉♥ tr❛♠♦
❞❡ ❝✉r✈❛ ❞♦s ✈❡❝❡s ❞❡r✐✈❛❜❧❡✱ ❝♦♥ ✈❡❝t♦r t❛♥❣❡♥t❡ ♥✉♥❝❛ ♣❛r❛❧❡❧♦ ❛❧ ✈❡❝t♦r
♣♦s✐❝✐ó♥✱ ❝♦♥t❡♥✐❞♦ ❡♥ ✉♥ ♣❧❛♥♦ q✉❡ ♣❛s❛ ♣♦r ❡❧ ❝❡♥tr♦✱ ② q✉❡ ♥♦ r❡♣✐t❡ ✈❛❧♦r❡s
❞❡ |r|✱ ♣♦❞❡♠♦s ♣❛r❛♠❡tr✐③❛r❧♦ ❝♦♥ λ = r ∧ ṙ ❝♦♥st❛♥t❡✱ ② ❧❛ ❛❝❡❧❡r❛❝✐ó♥
r❡s✉❧t❛rá ❞✐r✐❣✐❞❛ ❤❛❝✐❛ ❡❧ ❝❡♥tr♦✱ ♣♦r ❧♦ ❝✉❛❧ ❡❧ ♠♦✈✐♠✐❡♥t♦ ♣♦❞rá ❡①♣❧✐❝❛rs❡
❝♦♠♦ ❣❡♥❡r❛❞♦ ♣♦r ✉♥ ❝❛♠♣♦ ❝❡♥tr❛❧✳

❈♦♠❡♥t❛r✐♦ ✸✳✹✳✷✳ ❚❡♥✐❡♥❞♦ ❡st❛ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ❡♥tr❡ ór❜✐t❛s ② ❝❛♠♣♦s
❝❡♥tr❛❧❡s✱ ❝❛❜❡ ♣r❡❣✉♥t❛rs❡ ❝ó♠♦ s♦♥ ❧♦s ♠♦✈✐♠✐❡♥t♦s ♥♦ ❝✐r❝✉❧❛r❡s q✉❡ ❝♦✲
rr❡s♣♦♥❞❡♥ ❛❧ ❝❛♠♣♦ ❞❡ ❛tr❛❝❝✐ó♥ ❞❡❧ ❙♦❧✱ ❞❡ ✐♥t❡♥s✐❞❛❞ a = k

|r|2
✱ ❝♦♥ ❝✐❡rt♦

k > 0✳ ❯♥❛ ❝♦♥❝❧✉s✐ó♥ s♦r♣r❡♥❞❡♥t❡ ❡s q✉❡ ❧❛s ór❜✐t❛s s♦♥ s✐❡♠♣r❡ ❝❡rr❛❞❛s✱
② ❞❡ ❤❡❝❤♦✱ s♦♥ s❡❝❝✐♦♥❡s ❝ó♥✐❝❛s ✭❡❧✐♣s❡s✱ ♣❛rá❜♦❧❛s ♦ ❤✐♣ér❜♦❧❛s✮✱ ❝♦♥ ❡❧ ❙♦❧
❡♥ ✉♥♦ ❞❡ s✉s ❢♦❝♦s✳ P❛r❛ ♣r♦❜❛r ❡st♦ ❜❛st❛ ❝♦♥ ♠♦str❛r q✉❡ t♦❞❛s ❧❛s s❡❝✲
❝✐♦♥❡s ❝ó♥✐❝❛s✱ ♣❛r❛♠❡tr✐③❛❞❛s ❛❞❡❝✉❛❞❛♠❡♥t❡✱ t✐❡♥❡♥ ❛❝❡❧❡r❛❝✐ó♥ r̈ = k

|r|3
r✱

② ❛❞❡♠ás ♠♦str❛r q✉❡ ♣❛r❛ ❝✉❛❧q✉✐❡r ❝♦♥❞✐❝✐ó♥ ✐♥✐❝✐❛❧ ❡①✐st❡ ✉♥❛ s❡❝❝✐ó♥
❝ó♥✐❝❛ ❛❞❡❝✉❛❞❛✳ ◆♦ ❝♦♥♦❝✐❡♥❞♦ ✉♥❛ ❞❡♠♦str❛❝✐ó♥ ❢á❝✐❧ ② ❡❧❡❣❛♥t❡ ❞❡ ❡st♦s
❤❡❝❤♦s✱ ♠❡ ❧✐♠✐t♦ ❛ ❡s❜♦③❛r ✉♥❛ ❞❡♠♦str❛❝✐ó♥✱ q✉❡ ❝♦♥s✐st❡ ❡♥ ❛♣❧✐❝❛r ❡❧
♠ét♦❞♦ ❛♥t❡r✐♦r ❞❡ r❡❝♦♥str✉❝❝✐ó♥ ❞❡ ❝❛♠♣♦s ❛ ♣❛rt✐r ❞❡ ór❜✐t❛s✳

P❛r❛ ♣r♦❜❛r q✉❡ ❧❛s ❝ó♥✐❝❛s s♦♥ s♦❧✉❝✐♦♥❡s ✉s❛♥❞♦ ❝♦♦r❞❡♥❛❞❛s ❝❛rt❡✲

s✐❛♥❛s✱ s❡ ♣✉❡❞❡ ♣❛rt✐r ✭❡♥ ❡❧ ❝❛s♦ ❞❡ ✉♥❛ ❡❧✐♣s❡ (x−c)2

a2
+ y2

b2
= 1✱ ❝♦♥

a > c ≥ 0 ② b2 = a2 − c2✮ ❞❡ ❧❛ ♣❛r❛♠❡tr✐③❛❝✐ó♥ ✉s✉❛❧ r = r(s)✱ ❞❛❞❛
♣♦r r = (a cos s − c, b sin s)✱ ② ❝❛❧❝✉❧❛r ❡❧ r❛❞✐♦ |r| = a − c cos s ② ❡❧ ✈❛❧♦r
q✉❡ ❞❡❜❡ t❡♥❡r ṡ ♣❛r❛ q✉❡ ❡❧ ♠♦♠❡♥t♦ ❛♥❣✉❧❛r (r ∧ r′)ṡ t❡♥❣❛ ❝✐❡rt♦ ✈❛❧♦r
❝♦♥st❛♥t❡ λ✱ q✉❡ ❡stá ❞❛❞♦ ♣♦r rṡ = λ

b(1,0)∧(0,1) ✳ ❆ ♣❛rt✐r ❞❡ ❛❝á ❡s ♣♦s✐❜❧❡

❝❛❧❝✉❧❛r r̈✱ ✉s❛♥❞♦ ❡❧ ✈❛❧♦r ❞❡ s̈ q✉❡ s❡ ♦❜t✐❡♥❡ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ d(rṡ)
dt = 0✱ ②

❧❧❡❣❛r ✜♥❛❧♠❡♥t❡ ❛ q✉❡ r̈ = − |λ|2a
b|r|3

r✳

❆❧t❡r♥❛t✐✈❛♠❡♥t❡✱ s❡ ♣✉❡❞❡ ✉s❛r ❧❛ ❡❝✉❛❝✐ó♥ ♣♦❧❛r r = p
1+ǫ cos θ ✱ ❝♦♥ p > 0

✾❊❧ ♠♦✈✐♠✐❡♥t♦ ❡♥ ✉♥ ❝❛♠♣♦ ❝❡♥tr❛❧ ✭❝♦♠♦ ❧❛ ♠❛②♦rí❛ ❞❡ ❧♦s ♠♦✈✐♠✐❡♥t♦s q✉❡ ❡st✉❞✐❛✲
r❡♠♦s✮✱ ❛❞♠✐t❡ s✐♠❡trí❛s q✉❡ ✐♥✈✐❡rt❡♥ ❡❧ t✐❡♠♣♦✳ ❊s ❞❡❝✐r✱ ❝✉❛❧q✉✐❡r ♠♦✈✐♠✐❡♥t♦✱ r❡❝♦rr✐❞♦
❤❛❝✐❛ ❛trás✱ ❡s s♦❧✉❝✐ó♥ ❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞✐♥á♠✐❝❛s✳ ❯s❛♥❞♦ ❡st❡ t✐♣♦ ❞❡ s✐♠❡trí❛s✱ s❡ ♣✉❡❞❡
♣r♦❜❛r q✉❡ s✐ ❡❧ r❛❞✐♦ ❝r❡❝❡ ✭♦ ❞❡❝r❡❝❡✮ ❤❛st❛ ❛❧❝❛♥③❛r ✉♥ ✈❛❧♦r ❡st❛❝✐♦♥❛r✐♦ ❡♥ ✉♥ ♣✉♥t♦
E ❞❡❧ ♣❧❛♥♦✱ ❡♥t♦♥❝❡s ❛ ♣❛rt✐r ❞❡ ❛❤í ✈❛ ❛ tr❛③❛r ✉♥ tr❛♠♦ q✉❡ ❡s ✐♠❛❣❡♥ ❡s♣❡❝✉❧❛r ❞❡❧
❛♥t❡r✐♦r✱ r❡s♣❡❝t♦ ❞❡ ❧❛ r❡❝t❛ q✉❡ ✉♥❡ ❡❧ ❝❡♥tr♦ ❝♦♥ E✳ ❊st♦ ✐♠♣❧✐❝❛ q✉❡ ❧♦s ♣✉♥t♦s ❞❡ r❛✲
❞✐♦ ❡st❛❝✐♦♥❛r✐♦ s♦♥ ♥❡❝❡s❛r✐❛♠❡♥t❡ ♠á①✐♠♦s ♦ ♠í♥✐♠♦s✱ ② q✉❡ t♦❞♦ ❡❧ ♠♦✈✐♠✐❡♥t♦ q✉❡❞❛
❞❡t❡r♠✐♥❛❞♦ ❛ ♣❛rt✐r ❞❡ ❧♦ q✉❡ ♣❛s❛ ❡♥ ✉♥ ♣❡rí♦❞♦ ♠❛①✐♠❛❧ ❞❡ ♠♦♥♦t♦♥í❛✳

✷✵



② ǫ ∈ R ✭q✉❡ s✐r✈❡ ♣❛r❛ ❡❧✐♣s❡s✱ ♣❛rá❜♦❧❛s ❡ ❤✐♣ér❜♦❧❛s✮✱ ♣❛r❛♠❡tr✐③❛♥❞♦ ❧❛
❝✉r✈❛ ♣♦r ♠❡❞✐♦ ❞❡ θ✳ ❊♥ ❡st❡ ❝❛s♦ ❤❛② q✉❡ ❡❧❡❣✐r θ̇ = λ

|r|2(r̂∧θ̂)
♣❛r❛ ♦❜t❡♥❡r

r ∧ ṙ ❝♦♥st❛♥t❡✱ ② ❞❡s♣✉és ❝❛❧❝✉❧❛r ❧❛ ❝♦♠♣♦♥❡♥t❡ r❛❞✐❛❧ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞
✭❧❛ ú♥✐❝❛ ❝♦♠♣♦♥❡♥t❡ ♥♦ ♥✉❧❛✮✱ ❝✉②❛ ✐♥t❡♥s✐❞❛❞ ❡♥ ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s ❡s
¨|r| − |r|θ̇2✱ ② ❝♦♥❝❧✉✐r q✉❡ ❡s ✐❣✉❛❧ ❛ − |λ|2

p|r|2
✳

❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ ♦❜t❡♥❡r s❡❝❝✐♦♥❡s ❝ó♥✐❝❛s q✉❡ s❡ ❛❥✉st❡♥ ❛ ❝✉❛❧q✉✐❡r
❝♦♥❞✐❝✐ó♥ ✐♥✐❝✐❛❧ ② ❝✉❛❧q✉✐❡r ✈❛❧♦r ❞❡ k✱ ❤❛② q✉❡ r❡s♦❧✈❡r ❡❧ ♣r♦❜❧❡♠❛ ❞❡
tr❛③❛r ✉♥❛ ❝ó♥✐❝❛ ❛ ♣❛rt✐r ❞❡ ✉♥ ❢♦❝♦ F ✭❡❧ ❝❡♥tr♦ ❞❡❧ ❝❛♠♣♦✮✱ ✉♥ ♣✉♥t♦
P ❞❡ ❧❛ ❝✉r✈❛ ✭❧❛ ♣♦s✐❝✐ó♥ ✐♥✐❝✐❛❧✮✱ ❧❛ r❡❝t❛ R t❛♥❣❡♥t❡ ❛ ❧❛ ❝✉r✈❛ ❡♥ P ✭❧❛
❞✐r❡❝❝✐ó♥ ✐♥✐❝✐❛❧ ❞❡ ♠♦✈✐♠✐❡♥t♦✮✱ ② ❧❛ ❝✉r✈❛t✉r❛ ❡♥ ❞✐❝❤♦ ♣✉♥t♦ ✭❞❡t❡r♠✐♥❛❞❛
♣♦r λ ② k✮✳ P❛r❛ ❡s♦ ❞❡❜❡♠♦s ✉❜✐❝❛r ❡❧ s❡❣✉♥❞♦ ❢♦❝♦ F ′✳ P❡r♦ ❝♦♠♦ ❧❛s r❡❝t❛s
PF ② PF ′ t✐❡♥❡♥ ❛ ❧❛ t❛♥❣❡♥t❡ R ❝♦♠♦ ❜✐s❡❝tr✐③✱ q✉❡❞❛ ❞❡t❡r♠✐♥❛❞❛ ✉♥❛
r❡❝t❛ ❞❡ ✈❛❧♦r❡s ♣♦s✐❜❧❡s ♣❛r❛ F ′✱ ② ❤❛② q✉❡ ❡❧❡❣✐r ✉♥♦ ❞❡ ❡❧❧♦s ♣❛r❛ ❞❛r❧❡ ❛
❧❛ s❡❝❝✐ó♥ ❝ó♥✐❝❛ ❧❛ ❝✉r✈❛t✉r❛ ❡♥ P ❞❡s❡❛❞❛✳

❈♦♠❡♥t❛r✐♦ ✸✳✹✳✸✳ ▲❛ ♣r✐♠❡r❛ ❧❡② ❞❡ ❑❡♣❧❡r ❛✜r♠❛ q✉❡ ❧❛s ór❜✐t❛s ❞❡
❧♦s ♣❧❛♥❡t❛s s♦♥ ❡❧✐♣s❡s ❝♦♥ ❡❧ ❙♦❧ ❡♥ ✉♥♦ ❞❡ s✉s ❢♦❝♦s✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❡♥ ❧❛
♣rá❝t✐❝❛ ❢✉❡ ❞✐❢í❝✐❧ ❞❡ ❡st❛❜❧❡❝❡r✱ ♣✉❡s ✉♥❛ ór❜✐t❛ ❡❧í♣t✐❝❛ ❞❡ ❡❝❝❡♥tr✐❝✐❞❛❞ ǫ ②
s❡♠✐❞✐á♠❡tr♦ ♠❛②♦r a ❝♦✐♥❝✐❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✭♣❛r❛ ✈❛❧♦r❡s ❞❡ ǫ ❝❡r❝❛♥♦s
❛ ❝❡r♦✱ ❛ ♣r✐♠❡r ♦r❞❡♥ ❡♥ ǫ✮ ❝♦♥ ✉♥❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ ❞❡ r❛❞✐♦ a ② ❝♦♥ ❡❧ ❝❡♥tr♦
❞❡s♣❧❛③❛❞♦ ✉♥❛ ❞✐st❛♥❝✐❛ ǫa r❡s♣❡❝t♦ ❞❡❧ ❙♦❧✳ P♦r ❧♦ t❛♥t♦✱ ♥♦ ❢✉❡ t❛♥ s❡♥❝✐❧❧♦
♣❛r❛ ◆❡✇t♦♥ ❡st❛❜❧❡❝❡r s✉ t❡♦rí❛✳ P❛r❛ t❡♥❡r ✉♥ ✈✐st❛③♦ ❞❡❧ ❝♦♥t❡①t♦ ❤✐stór✐❝♦
❡♥ ❡❧ q✉❡ ♣✉❜❧✐❝ó s✉ ♦❜r❛✱ ✈❡r ❬✶✵❪✳

✸✳✺✳ ▼❛s❛ ✐♥❡r❝✐❛❧ ② ❢✉❡r③❛s

❆❤♦r❛ ❡st✉❞✐❛r❡♠♦s s✐st❡♠❛s ❞❡ ♠ás ❞❡ ✉♥❛ ♣❛rtí❝✉❧❛✳

❊♥ ❡❧ ❝❛s♦ ❞❡ ❞♦s ♣❛rtí❝✉❧❛s i ② j✱ q✉❡ ✐♥✐❝✐❛❧♠❡♥t❡ t✐❡♥❡♥ ✈❡❧♦❝✐❞❛❞ r❡❧❛✲
t✐✈❛ ♥✉❧❛✱ ❛♣❧✐❝❛♥❞♦ ❡♥ ❝✐❡rt♦ ❡st❛❞♦ (t, (xi, xj), (ẋi, ẋj)) ❧❛s r♦t❛❝✐♦♥❡s q✉❡ ❧♦
❞❡❥❛♥ ✜❥♦✱ ♣✉❡❞❡ ✈❡rs❡ q✉❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ ❝❛❞❛ ♣❛rtí❝✉❧❛ t✐❡♥❡ ❧❛ ❞✐r❡❝❝✐ó♥
❞❡ ❧❛ r❡❝t❛ q✉❡ ✉♥❡ ❛ ❛♠❜❛s✳ ❆❞❡♠ás✱ s✐ ❧❛s ❞♦s ♣❛rtí❝✉❧❛s s♦♥ s❡♠❡❥❛♥t❡s✱
❛♣❧✐❝❛♥❞♦ ❧❛ s✐♠❡trí❛ ❞❡❧ s✐st❡♠❛ q✉❡ ❧❛s ♣❡r♠✉t❛ ✭q✉❡ ♥♦ ❡s ✉♥❛ s✐♠❡trí❛
❣❛❧✐❧❡❛♥❛✱ s✐♥♦ ✉♥❛ s✐♠❡trí❛ ❞❡❧ s✐st❡♠❛ ♠❡❝á♥✐❝♦ ♣r♦❞✉❝t♦✮✱ ♥♦t❛♠♦s q✉❡
❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s ❞❡ ❛♠❜❛s ♣❛rtí❝✉❧❛s ❞❡❜❡♥ s❡r ✈❡❝t♦r❡s ♦♣✉❡st♦s✱ ❞❡ ♠♦❞♦
q✉❡ s✐ ♣r♦♠❡❞✐❛♠♦s ❧❛s ♣♦s✐❝✐♦♥❡s ❞❡ ❧❛s ❞♦s ♣❛rtí❝✉❧❛s✱ ♦❜t❡♥❡♠♦s ✉♥ ♣✉♥t♦
❝✉②♦ ♠♦✈✐♠✐❡♥t♦ ❡s ✉♥✐❢♦r♠❡✳

❙✐ ❧❛s ❞♦s ♣❛rtí❝✉❧❛s s♦♥ ❞✐st✐♥t❛s✱ ❧❛ ♥❛t✉r❛❧❡③❛ t❛♠❜✐é♥ ♣r♦✈❡❡ ✉♥❛ ❢♦r♠❛
❞❡ ♣r♦♠❡❞✐❛r❧❛s✳ ❊♠♣ír✐❝❛♠❡♥t❡ s❡ ♦❜s❡r✈❛ q✉❡ t♦❞❛s ❧❛s ♣❛rtí❝✉❧❛s ♣❛r❡❝❡♥
s❡r ♠ú❧t✐♣❧♦s ♣♦s✐t✐✈♦s ❞❡ ✉♥❛ ♠✐s♠❛ ❝♦s❛✿ ❛ú♥ s✐ ❡♥ ❡❧ ❡①♣❡r✐♠❡♥t♦ ❛♥t❡r✐♦r
✉s❛♠♦s ❞♦s ♣❛rtí❝✉❧❛s ❞✐st✐♥t❛s✱ ❧❛s ❛❝❡❧❡r❛❝✐♦♥❡s t❛♠❜✐é♥ s♦♥ ♦♣✉❡st❛s✱ ❞❡
♠♦❞♦ q✉❡ − ẍj

ẍi
❡s ✉♥ ♥ú♠❡r♦ ♣♦s✐t✐✈♦✱ q✉❡ ❛❞❡♠ás r❡s✉❧t❛ ❝♦♥st❛♥t❡ ❞✉r❛♥t❡

❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❧❛s ❞♦s ♣❛rtí❝✉❧❛s✱ ② ♣❡rs✐st❡ ❛❧ r❡♣❡t✐r ❡❧ ❡①♣❡r✐♠❡♥t♦ ♣❛r✲
t✐❡♥❞♦ ❞❡ ♦tr♦ ❡st❛❞♦ ✐♥✐❝✐❛❧✱ ② ❛ú♥ ❛❧ ❝❛♠❜✐❛r ❡❧ ♠❡❝❛♥✐s♠♦ ❞❡ ✐♥t❡r❛❝❝✐ó♥

✷✶



✭♣♦r ❡❥❡♠♣❧♦✱ s✐ ❡st❛❜❛♥ ✉♥✐❞❛s ♣♦r ✉♥❛ ❝✉❡r❞❛ ♦ r❡s♦rt❡✱ s❡ ❧♦ ❝❛♠❜✐❛ ♣♦r
♦tr❛ ❝✉❡r❞❛ ♦ r❡s♦rt❡ ❞✐st✐♥t♦✱ ❡♥ ❝✉②♦ ❝❛s♦ ❝❛♠❜✐❛ ❧❛ ❢✉♥❝✐ó♥ A q✉❡ ❞❡t❡r♠✐✲
♥❛ ❡❧ ♠♦✈✐♠✐❡♥t♦✮✳ ❊st❡ ♥ú♠❡r♦ ❝♦♥st❛♥t❡ s❡ ❧❧❛♠❛ ♠❛s❛ ❞❡ i r❡❧❛t✐✈❛ ❛ j✱ ②
❧♦ ❞❡♥♦t❛♠♦s ♣r♦✈✐s♦r✐❛♠❡♥t❡ ❝♦♥ ❡❧ sí♠❜♦❧♦ mi/j ✳ ❆❞❡♠ás✱ ❛❧ ❡①♣❡r✐♠❡♥t❛r
❝♦♥ ✈❛r✐❛s ♣❛rtí❝✉❧❛s ❞❡ ❛ ♣❛r❡s✱ s❡ ♦❜s❡r✈❛ q✉❡ ♣❛r❛ ❝✉❛❧❡sq✉✐❡r❛ ♣❛rtí❝✉❧❛s
i✱ j ② k s❡ ❝✉♠♣❧❡ ❧❛ r❡❧❛❝✐ó♥ ❞❡ ❝❛♥❝❡❧❛❝✐ó♥

mi/k

mj/k
= mi/j ✱ ❧❛ ❝✉❛❧ ♥♦s ✐♥❞✐❝❛

q✉❡ ❡♥ r❡❛❧✐❞❛❞ ❝❛❞❛ ♣❛rtí❝✉❧❛ i t✐❡♥❡ ✉♥❛ ♠❛s❛ mi > 0✱ ❞❡ ♠♦❞♦ q✉❡ ❧❛
♠❛s❛ ❞❡ i r❡❧❛t✐✈❛ ❛ j ❡s ❡♥ r❡❛❧✐❞❛❞ ❡❧ ❝♦❝✐❡♥t❡ mi

mj
✳ ▲❛s ♠❛s❛s ❡stá♥ ❡♥ ✉♥❛

♥✉❡✈❛ s❡♠✐rr❡❝t❛ Pkg ✭q✉❡ t❛♠❜✐é♥ ✐♥❝❧✉②❡ ✉♥ ✈❛❧♦r ♥✉❧♦✮✳

❙✐ ❞✉r❛♥t❡ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ✉♥❛ ♣❛rtí❝✉❧❛ i ♠✉❧t✐♣❧✐❝❛♠♦s s✉ ♠❛s❛ mi

♣♦r s✉ ❛❝❡❧❡r❛❝✐ó♥ ẍi✱ ♦❜t❡♥❡♠♦s ✉♥❛ ♠❛❣♥✐t✉❞

fi = miẍi,

❛ ❧❛ ❝✉❛❧ ❧❧❛♠❛♠♦s ❢✉❡r③❛ ❡❢❡❝t✐✈❛ s♦❜r❡ ❧❛ ♣❛rtí❝✉❧❛ i✳ ▲❛s ❡❝✉❛❝✐♦♥❡s ❞❡
◆❡✇t♦♥ ✭✶✮ s❡ ♣✉❡❞❡♥ r❡❡s❝r✐❜✐r ❡♥ ❧❛ ❢♦r♠❛

∀i miẍi = Fi(t, x, ẋ),

❞♦♥❞❡ Fi(t, x, ẋ) = miAi(t, x, ẋ)✱ ♦ ❡♥ ❧❛ ❢♦r♠❛

mẍ = F (t, x, ẋ), ✭✸✮

❞♦♥❞❡ m = (mi)i∈Γ ❡s ❧❛ ♠❛s❛ ❞❡❧ s✐st❡♠❛ ✭q✉❡ ❡♥ ❡st❡ ❝❛s♦ ❡st❛♠♦s
♠✉❧t✐♣❧✐❝❛♥❞♦ ❝♦♠♣♦♥❡♥t❡ ❛ ❝♦♠♣♦♥❡♥t❡ ♣♦r ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ x =
(xi)i∈Γ✮✱ ② F = (Fi)i∈Γ ❡s ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❢✉❡r③❛s ❞❡❧ s✐st❡♠❛✱ ❛ ❞❡t❡r♠✐♥❛r
♣❛r❛ ❝❛❞❛ s✐st❡♠❛ ❡♥ ♣❛rt✐❝✉❧❛r✳

❊❥❡♠♣❧♦ ✸✳✺✳✶✳ ❙✐ ❡♥ ❧♦s ❞♦s ❡①tr❡♠♦s ❞❡ ✉♥ r❡s♦rt❡✱ ❞❡ ❧♦♥❣✐t✉❞ ✐♥✐❝✐❛❧
♥✉❧❛✱ ✜❥❛♠♦s ❞♦s ♣❛rtí❝✉❧❛s a ② b✱ ést❛s s❡ ♠✉❡✈❡♥ s❡❣ú♥ ❧❛s ❡❝✉❛❝✐♦♥❡s

ẍa = −ωa(xa − xb)

ẍb = −ωb(xb − xa),

✭❝♦♥ ωa, ωb > 0✮ q✉❡✱ ✐♥tr♦❞✉❝✐❡♥❞♦ ❧❛s ♠❛s❛s ❞❡ ❧❛s ♣❛rtí❝✉❧❛s✱ s❡ r❡❡s❝r✐❜❡♥
❡♥ ❧❛ ❢♦r♠❛

maẍa = −k(xa − xb)

mbẍb = −k(xb − xa),

s✐❡♥❞♦ k = maωa = mbωb ✉♥❛ ❝♦♥st❛♥t❡ ❡❧ást✐❝❛ q✉❡ ❞❡ ❤❡❝❤♦ ❞❡♣❡♥❞❡
só❧♦ ❞❡❧ r❡s♦rt❡✱ ❧♦ ❝✉❛❧ s❡ ♣✉❡❞❡ ❝♦♠♣r♦❜❛r r❡♣✐t✐❡♥❞♦ ❡❧ ❡①♣❡r✐♠❡♥t♦ ❝♦♥
♦tr❛s ♣❛rtí❝✉❧❛s✳ ❙✉♠❛♥❞♦ ❡st❛s ❡❝✉❛❝✐♦♥❡s ② ❞✐✈✐❞✐❡♥❞♦ ♣♦r ma +mb ♥♦t❛✲
♠♦s q✉❡ ❡❧ ♣✉♥t♦ xcmy = maxa+mbxb

ma+mb
✱ ❞❡❧ ❝✉❛❧ ❤❛❜❧❛r❡♠♦s ❡♥ ❣❡♥❡r❛❧ ♠ás

❛❞❡❧❛♥t❡✱ s❡ ♠✉❡✈❡ ✉♥✐❢♦r♠❡♠❡♥t❡✳ P❛r❛ t❡r♠✐♥❛r ❞❡ ❞❡s❝r✐❜✐r ❡❧ ♠♦✈✐♠✐❡♥t♦✱

✷✷



❜❛st❛rí❛ ❝♦♥ ❝❛❧❝✉❧❛r ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡❧ ✈❡❝t♦r ❡s♣❛❝✐❛❧ r = xb − xa✳ ❙✉♠❛♥❞♦
❧❛s ❡❝✉❛❝✐♦♥❡s ♦r✐❣✐♥❛❧❡s ♦❜t❡♥❡♠♦s

r̈ = −k
µ
r,

❡♥ ❞♦♥❞❡ µ ❡s ❧❛ ♠❛s❛ r❡❞✉❝✐❞❛ ❞❡❧ s✐st❡♠❛✱ ❞❛❞❛ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ 1
µ =

1
ma

+ 1
mb

✳ ❉❡✜♥✐❡♥❞♦ ω ∈ Ps−1 s❡❣ú♥ ❧❛ ❢ór♠✉❧❛ ω2 = k
µ ✱ ❧❛ ❡❝✉❛❝✐ó♥ q✉❡❞❛

❡♥ ❧❛ ❢♦r♠❛ r̈ = −ω2r✱ q✉❡ s❡ r❡s✉❡❧✈❡ ❝♦♠♦ ❡♥ ❡❧ ❡❥❡♠♣❧♦ ✸✳✶✳✻✱ ♦❜t❡♥✐❡♥❞♦
❧❛ s♦❧✉❝✐ó♥

(

v

ωr

)

=

(

cos(ω(t− t0)) − sin(ω(t− t0))
sin(ω(t− t0)) cos(ω(t− t0))

)(

v0
ωr0

)

,

❞♦♥❞❡ v = ẋb − ẋa✳ ❊♥ ❡st❡ ❝❛s♦ s❡ ❝♦♥s❡r✈❛ ❧❛ ❝❛♥t✐❞❛❞ |v|2 + k
µ |r|2✱ q✉❡

♠✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r µ
2 ❞❛ ❧❛ ❡♥❡r❣í❛ ♠❡❝á♥✐❝❛ E = µ

2 |v|2 + k
2 |r|2✱ ❞❡ ❧❛ ❝✉❛❧

❤❛❜❧❛r❡♠♦s ❡♥ ❣❡♥❡r❛❧ ♠ás ❛❞❡❧❛♥t❡✳

❊♥ ❡st❡ ❡❥❡♠♣❧♦ ✈✐♠♦s q✉❡ ✉♥ r❡s♦rt❡ ❞❡ ❝♦♥st❛♥t❡ ❡❧ást✐❝❛ k ② ❧♦♥❣✐✲
t✉❞ ✐♥✐❝✐❛❧ ♥✉❧❛ ❛❝tú❛ s♦❜r❡ ❧❛s ♣❛rtí❝✉❧❛s a ② b s✉❥❡t❛s s♦❜r❡ s✉s ❡①tr❡♠♦s
❡❥❡r❝✐❡♥❞♦ s♦❜r❡ a ✉♥❛ ❢✉❡r③❛ −k(xa − xb) ② s♦❜r❡ b ✉♥❛ ❢✉❡r③❛ ♦♣✉❡st❛
−k(xb − xa)✳ ❊st❛s ❢ór♠✉❧❛s ❞❡✜♥❡♥ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❢✉❡r③❛s✳ ❍❛❝✐❡♥❞♦ ❡①♣❡✲
r✐♠❡♥t♦s s✐♠✐❧❛r❡s s❡ ♣✉❡❞❡ ❛s♦❝✐❛r ❛ ❝❛❞❛ ♠❡❝❛♥✐s♠♦ ❞❡ ✐♥t❡r❛❝❝✐ó♥ ✭❣r❛✈✐✲
t❛❝✐♦♥❛❧✱ ❡❧❡❝tr♦♠❛❣♥ét✐❝♦✱ r♦③❛♠✐❡♥t♦✱ ❡t❝✳✮ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❢✉❡r③❛s✳ ❈✉❛♥❞♦
❡♥ ✉♥ s✐st❡♠❛ ❝♦❡①✐st❡♥ ✈❛r✐♦s ♠❡❝❛♥✐s♠♦s ❞❡ ✐♥t❡r❛❝❝✐ó♥✱ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❡s
❞❡s❝r✐t♦ s❛t✐s❢❛❝t♦r✐❛♠❡♥t❡ ♣♦r ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❢✉❡r③❛s r❡s✉❧t❛♥t❡s q✉❡ s❡
♦❜t✐❡♥❡ s✉♠❛♥❞♦ ❧❛s ❢✉♥❝✐♦♥❡s q✉❡ ❝♦rr❡s♣♦♥❞❡♥ ❛ t♦❞♦s ❧♦s ♠❡❝❛♥✐s♠♦s ❞❡
✐♥t❡r❛❝❝✐ó♥ ♣r❡s❡♥t❡s✳ ❊♥ ❛❞❡❧❛♥t❡ ❡♥t❡♥❞❡r❡♠♦s ❧❛ ♣❛❧❛❜r❛ ❢✉❡r③❛ ❡♥ ❡st❡
s❡♥t✐❞♦✿ ❝♦♠♦ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❢✉❡r③❛ q✉❡ ❝♦♥tr✐❜✉②❡ ❝♦♠♦ s✉♠❛♥❞♦ ❛ ❧❛ ❢✉♥✲
❝✐ó♥ ❞❡ ❢✉❡r③❛s ❞❡ ✉♥ s✐st❡♠❛ ✭❧❧❛♠❛❞❛ ❢✉❡r③❛ r❡s✉❧t❛♥t❡✮✱ ② ❡s ❞❡❜✐❞❛ ❛
❧❛ ♣r❡s❡♥❝✐❛ ❞❡ ✉♥ ♠❡❝❛♥✐s♠♦ ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❝♦♥❝r❡t♦✳ ▲❛ ❧❡② ❞❡ ◆❡✇t♦♥ s❡
❡♥✉♥❝✐❛ ❡♥ ♣❛❧❛❜r❛s ❞✐❝✐❡♥❞♦ q✉❡ ❡❧ s✐st❡♠❛ s❡ ♠✉❡✈❡ ❞❡ ♠♦❞♦ q✉❡ ❧❛ ❢✉❡r③❛
❡❢❡❝t✐✈❛ f = mẍ ❡s ✐❣✉❛❧ ❛ ❧❛ ❢✉❡r③❛ r❡s✉❧t❛♥t❡ F (t, x, ẋ)✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✺✳✷✳ ❊♥ ❡❧ ❡❥❡♠♣❧♦ ✸✳✶✳✷✱ ② t❛♠❜✐é♥ ❡♥ ❡❧ ❝❛s♦ ❞❡❧ ♠♦✈✐♠✐❡♥t♦
❞❡ ❧♦s ♣❧❛♥❡t❛s ❛❧r❡❞❡❞♦r ❞❡❧ s♦❧✱ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ g q✉❡ ❡①♣❡r✐♠❡♥t❛ ❝✉❛❧q✉✐❡r
♣❛rtí❝✉❧❛ ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ s✉ ♠❛s❛ m✳ P❛r❛ q✉❡ ❡s♦ ♦❝✉rr❛✱ ❧❛ ❢✉❡r③❛ q✉❡
❛❝tú❛ s♦❜r❡ é❧ ✭❧❧❛♠❛❞❛ ❢✉❡r③❛ ♣❡s♦✱ ② ❞❡❜✐❞❛ ❛ ❧❛ ♣r❡s❡♥❝✐❛ ❞❡ ❧❛ ❚✐❡rr❛✮
❞❡❜❡ s❡r ✐❣✉❛❧ ❛ mg✱ ❡s ❞❡❝✐r✱ ♣r♦♣♦r❝✐♦♥❛❧ ❛ ❧❛ ♠❛s❛✳ ❊❧ ✈❡❝t♦r ❛❝❡❧❡r❛❝✐ó♥
g = g(t, x)✱ q✉❡ ♣✉❡❞❡ ✈❛r✐❛r ❡♥tr❡ ✉♥ ❡✈❡♥t♦ ② ♦tr♦✱ ❡s ❧❧❛♠❛❞♦ ❝❛♠♣♦
❣r❛✈✐t❛t♦r✐♦✳

❊❥❡♠♣❧♦ ✸✳✺✳✸✳ ❯♥ ♣é♥❞✉❧♦ s✐♠♣❧❡ ❡s ✉♥❛ ♣❛rtí❝✉❧❛ ✐♥♠❡rs❛ ❡♥ ✉♥ ❝❛♠♣♦
❣r❛✈✐t❛t♦r✐♦ ✉♥✐❢♦r♠❡ g ② s✉❥❡t❛ ❞❡ ✉♥ ♣✉♥t♦ ✜❥♦ ♣♦r ♠❡❞✐♦ ❞❡ ✉♥❛ ❝✉❡r❞❛ ✜♥❛
② ❧✐✈✐❛♥❛ ❞❡ ❧♦♥❣✐t✉❞ l✳ ❊❧ ♣é♥❞✉❧♦ t✐❡♥❡ ✉♥❛ ♣♦s✐❝✐ó♥ ❞❡ ❡q✉✐❧✐❜r✐♦ ✭♣✉♥t♦
❞❡❧ ♠✉♥❞♦ ❞❡ ❝♦♥✜❣✉r❛❝✐♦♥❡s ❡♥ ❡❧ q✉❡ s✐ ❡❧ s✐st❡♠❛ s❡ q✉❡❞❛ q✉✐❡t♦✱ ❝✉♠♣❧❡
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❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ♠♦✈✐♠✐❡♥t♦✮ s✐t✉❛❞♦ ❞❡❜❛❥♦ ❞❡❧ ♣✉♥t♦ ❞❡ s✉❥❡❝✐ó♥ ✭s✐❡♥❞♦
❛❜❛❥♦ ❧❛ ❞✐r❡❝❝✐ó♥ ❛ ❞♦♥❞❡ ❛♣✉♥t❛ g✮✳ ❆❧ ❛♣❛rt❛r ❧❡✈❡♠❡♥t❡ ❧❛ ♣❛rtí❝✉❧❛ ❞❡
❡st❛ ♣♦s✐❝✐ó♥ ❞❡ ❡q✉✐❧✐❜r✐♦ ② s♦❧t❛r❧❛ ✭❝♦♥ ✈❡❧♦❝✐❞❛❞ ✐♥✐❝✐❛❧ ♥✉❧❛✮✱ ♥♦t❛♠♦s
q✉❡ ❝♦♠✐❡♥③❛ ❛ ♦s❝✐❧❛r ♣❡r✐ó❞✐❝❛♠❡♥t❡ ❡♥ ✉♥ ♣❧❛♥♦ ✈❡rt✐❝❛❧✱✶✵ ♣✉❞✐❡♥❞♦ s✉
♣♦s✐❝✐ó♥ ❞❡s❝r✐❜✐rs❡ ❡♥ ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s ρ, θ✱ ❞♦♥❞❡ ρ ❡s ❧❛ ❞✐st❛♥❝✐❛ ❛❧
♣✉♥t♦ ❞❡ s✉❥❡❝✐ó♥ ✭❞❡ ✈❛❧♦r ✜❥♦ l✮ ② θ ❡s ❡❧ á♥❣✉❧♦ ❞❡ ❛♣❛rt❛♠✐❡♥t♦ ❞❡ ❧❛
❝✉❡r❞❛ r❡s♣❡❝t♦ ❞❡ ❧❛ ❞✐r❡❝❝✐ó♥ ✈❡rt✐❝❛❧ ✭❝♦♥ ✉♥ s✐❣♥♦ q✉❡ ❞❡♣❡♥❞❡ ❞❡ ❧❛
❞✐r❡❝❝✐ó♥ ❞❡ ❛♣❛rt❛♠✐❡♥t♦✮✳ ▲❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ ❧❛ ♣❛rtí❝✉❧❛ ❡s

r̈ = (ρ̈− ρθ̇2)
∂

∂ρ
+ (2ρ̇θ̇ + ρθ̈)

∂

∂θ
= −lθ̇2 ∂

∂ρ
+ lθ̈

∂

∂θ

② ❧❛s ❢✉❡r③❛s ❛ ❧❛s q✉❡ ❡stá s♦♠❡t✐❞❛ s♦♥ ❧❛ t❡♥s✐ó♥ ❞❡ ❧❛ ❝✉❡r❞❛ ✭❝✉②❛ ❞✐r❡❝✲
❝✐ó♥✱ s✉♣♦♥❡♠♦s✱✶✶ ❡s ♣❛r❛❧❡❧❛ ❛ ❧❛ ❝✉❡r❞❛✱ ② ♣♦r ❧♦ t❛♥t♦✱ ♣❡r♣❡♥❞✐❝✉❧❛r ❛ ❧❛
❞✐r❡❝❝✐ó♥ ❞❡ ♠♦✈✐♠✐❡♥t♦ ❞❡❧ ♣é♥❞✉❧♦✮ ② ❧❛ ❢✉❡r③❛ ♣❡s♦m|g|(cos θ ∂

∂ρ−sin θ ∂
∂θ )

✭❞♦♥❞❡ m ❡s ❧❛ ♠❛s❛ ❞❡ ❧❛ ♣❛rtí❝✉❧❛✮✳ P❛r❛ ❝❛❧❝✉❧❛r ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡ θ ❜❛st❛
❝♦♥ ❛♥❛❧✐③❛r ❧❛ ❝♦♠♣♦♥❡♥t❡ t❛♥❣❡♥❝✐❛❧ mlθ̈ = −m|g| sin θ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡

◆❡✇t♦♥✱ q✉❡ ❞❡✜♥✐❡♥❞♦ ω =

√

|g|
l ✱ s❡ r❡❡s❝r✐❜❡ ❝♦♠♦

θ̈ = −ω2 sin θ.

❖❜s❡r✈❛❝✐ó♥ ✸✳✺✳✹✳ P❛r❛ ❝❛❧❝✉❧❛r ❡❧ ♠♦✈✐♠✐❡♥t♦ ♥♦ ❤❛❝❡ ❢❛❧t❛ ❝♦♥♦❝❡r ❧❛
t❡♥s✐ó♥ ❞❡ ❧❛ ❝✉❡r❞❛✳ ❯♥❛ ✈❡③ ❝♦♥♦❝✐❞♦ ❡❧ ♠♦✈✐♠✐❡♥t♦✱ ❧❛ t❡♥s✐ó♥ ♣✉❡❞❡ ❝❛❧✲
❝✉❧❛rs❡ ✉s❛♥❞♦ ❧❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ◆❡✇t♦♥ q✉❡ ❡s ♣❡r♣❡♥❞✐❝✉❧❛r
❛❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❧❛ ♣❛rtí❝✉❧❛✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✺✳✺✳ ❆♣❧✐❝❛♥❞♦ ✉♥❛ s✐♠❡trí❛ q✉❡ ✐♥✈✐❡rt❡ ❡❧ ♦r❞❡♥ ❞❡❧ t✐❡♠♣♦✱
❡♥ ❡❧ ✐♥st❛♥t❡ ❡♥ ❡❧ q✉❡ ❧❛ ♣❛rtí❝✉❧❛ ❡stá ❡♥ ❡❧ ♣✉♥t♦ θ = 0✱ ✈❡♠♦s q✉❡
❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡❜❡ s❡r s✐♠étr✐❝♦ r❡s♣❡❝t♦ ❞❡ ❡st❡ ♣✉♥t♦✱ ❞❡ ♠♦❞♦ q✉❡ ❧❛
♦s❝✐❧❛❝✐ó♥ ✈❛ ❛ s❡r ❡♥tr❡ ❡❧ á♥❣✉❧♦ ✐♥✐❝✐❛❧ θ0 ✭❡♥ ❡❧ ✐♥st❛♥t❡ ✐♥✐❝✐❛❧ t0✮ ② s✉
♦♣✉❡st♦ −θ0✳
❈♦♠❡♥t❛r✐♦ ✸✳✺✳✻✳ ▲❛ ❡❝✉❛❝✐ó♥ ❞❡ ♠♦✈✐♠✐❡♥t♦ θ̈ = −ω2 sin θ s❡ ♣❛r❡❝❡ ❛ ❧❛
❡❝✉❛❝✐ó♥ ❧✐♥❡❛❧ θ̈ = −ω2θ ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❛r♠ó♥✐❝♦ s✐♠♣❧❡✱ ② ❞❡ ❤❡❝❤♦✱ ❧❛
❞✉r❛❝✐ó♥ ❞❡ ✉♥❛ ♦s❝✐❧❛❝✐ó♥ ❞❡❧ ♣é♥❞✉❧♦ t✐❡♥❞❡ ❛ ❧❛ ❞✉r❛❝✐ó♥ 2π

ω ❞❡❧ ♦s❝✐❧❛❞♦r
❧✐♥❡❛❧✱ ❛ ♠❡❞✐❞❛ q✉❡ ❧❛ ❛♠♣❧✐t✉❞ ❞❡ ♦s❝✐❧❛❝✐ó♥ ✭❞❡t❡r♠✐♥❛❞❛ ♣♦r ❡❧ á♥❣✉❧♦
✐♥✐❝✐❛❧ θ0✮ t✐❡♥❞❡ ❛ ❝❡r♦✳ ❊♥ ❡❢❡❝t♦ ✉s❛♥❞♦ ❡❧ ✈❛❧♦r ✐♥✐❝✐❛❧ θ0 ✭q✉❡ t❛♠❜✐é♥
❡s ❡❧ ✈❛❧♦r ♠á①✐♠♦ ❞❡ θ✮✱ ♣♦❞❡♠♦s ❞❡s❝r✐❜✐r ❧❛ ♣♦s✐❝✐ó♥ ♣♦r ♠❡❞✐♦ ❞❡ ✉♥❛
✈❛r✐❛❜❧❡ ❛✉①✐❧✐❛r q ❞❡✜♥✐❡♥❞♦ θ = θ0q✳ ❊♥t♦♥❝❡s ❡❧ ♠♦✈✐♠✐❡♥t♦ ❡stá ❞❡s❝r✐t♦
♣♦r ❧❛ ❡❝✉❛❝✐ó♥ θ0q̈ = −ω2 sin(θ0q) ❝♦♥ ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s q0 = 1 ② q̇0 = 0✳

✶✵❊❧ ♣❧❛♥♦ ❞❡ ♦s❝✐❧❛❝✐ó♥ ❡♥ r❡❛❧✐❞❛❞ ❣✐r❛ ❧❡♥t❛♠❡♥t❡ ❝♦♥ ✉♥❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ♠❡♥♦r q✉❡
❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ r♦t❛❝✐ó♥ ❞❡ ❧❛ ❚✐❡rr❛✳ ❊st❡ ❡①♣❡r✐♠❡♥t♦✱ ❧❧❛♠❛❞♦ ♣é♥❞✉❧♦ ❞❡ ❋♦✉❝❛✉❧t✱
♣❡r♠✐t❡ ❝♦♠♣r♦❜❛r ❧❛ r♦t❛❝✐ó♥ ❞❡ ♥✉❡str♦ ♣❧❛♥❡t❛ r❡s♣❡❝t♦ ❞❡ ❧❛s ❡str❡❧❧❛s✱ ♠♦str❛♥❞♦ q✉❡
✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ✜❥♦ ❛ ❧❛ ❚✐❡rr❛ ♥♦ ❡s ✐♥❡r❝✐❛❧✳

✶✶❊st♦ s❡ ♣✉❡❞❡ ❡①♣❧✐❝❛r ❛ ♣❛rt✐r ❞❡ ❧❛ ❞❡❧❣❛❞❡③ ❞❡ ❧❛ ❝✉❡r❞❛ s✐ s✉♣♦♥❡♠♦s q✉❡ ❧❛s ❢✉❡r③❛s
✐♥t❡r♥❛s ❡♥tr❡ s✉s ♣❛rtí❝✉❧❛s ❝✉♠♣❧❡♥ ❧❛ ❧❡② ❢✉❡rt❡ ❞❡ ✐♥t❡r❛❝❝✐ó♥✱ ❛ ❡①♣❧✐❝❛r ♠ás ❛❞❡❧❛♥t❡✳

✷✹



❈♦♠♦ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡❜❡ ❞❡♣❡♥❞❡r s✉❛✈❡♠❡♥t❡ ❞❡❧ ♣❛rá♠❡tr♦ θ0
✭♣✉❡s ❧❛ ❢✉♥❝✐ó♥ a(q) = −ω2 sin(θ0q) ❞❡♣❡♥❞❡ ❛♥❛❧ít✐❝❛♠❡♥t❡ ❞❡ θ0✮✱ ✈❡♠♦s
q✉❡ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ q t✐❡♥❞❡ ❛ ❧❛ s♦❧✉❝✐ó♥ q = cosω(t− t0) ❞❡ ❧❛ ❡❝✉❛❝✐ó♥
❧✐♥❡❛❧✳ ▼ás ❛ú♥✱ ❝♦♠♦ ❝✉❛❧q✉✐❡r ✈❛❧♦r ❞❡ θ0 ❡q✉✐✈❛❧❡ ✭❛ ❧♦s ❡❢❡❝t♦s ❞❡ ❝❛❧❝✉❧❛r
❡❧ ♣❡rí♦❞♦ ❞❡ ♦s❝✐❧❛❝✐ó♥✮ ❛ s✉ ♦♣✉❡st♦ −θ0✱ s♦s♣❡❝❤❛♠♦s q✉❡ ❡❧ ♣❡rí♦❞♦ ❞❡❜❡
❞❡♣❡♥❞❡r s✉❛✈❡♠❡♥t❡ ❞❡ θ20✳

✶✷

❖❜s❡r✈❛❝✐ó♥ ✸✳✺✳✼✳ ❊❧ ❡st❛❞♦ (θ, θ̇) ❞❡❧ ♣é♥❞✉❧♦ s❡ ♠✉❡✈❡ ❡♥ ❝✉r✈❛s ❝❡rr❛❞❛s
❛❧r❡❞❡❞♦r ❞❡❧ ♣✉♥t♦ (0, 0)✱ q✉❡ ❞❡❜❡♥ s❡r ❝✉r✈❛s ❞❡ ♥✐✈❡❧ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥
e = e(θ, θ̇) q✉❡ ❛❧❝❛♥③❛ s✉ ✈❛❧♦r ♠í♥✐♠♦ ❡♥ (0, 0)✳ ❊♥ ❡❢❡❝t♦✱ ❧❛ ❞❡r✐✈❛❞❛
t❡♠♣♦r❛❧ ❞❡ e ❡♥ ✉♥❛ ❝✉r✈❛ s♦❧✉❝✐ó♥ ❡s

∂e

∂θ
θ̇ +

∂e

∂θ̇
θ̈ =

∂e

∂θ
θ̇ − ∂e

∂θ̇

|g|
l
sin θ,

q✉❡ s❡ ❛♥✉❧❛ s✐ t♦♠❛♠♦s ✉♥❛ e t❛❧ q✉❡ ∂e
∂θ = |g|

l sin θ ② ∂e
∂θ̇

= θ̇✳ P♦r ❡❥❡♠♣❧♦✱

♣♦❞❡♠♦s t♦♠❛r e = 1
2 θ̇

2 − |g|
l cos θ✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r ml2 ♦❜t❡♥❡♠♦s E =

m
(lθ̇)2

2 −m|g|l cos θ = m
|ṙ|2

2 −m〈g, r〉✱ q✉❡ ❡s ❧❛ ❡♥❡r❣í❛ ♠❡❝á♥✐❝❛✱ ❞❡ ❧❛ ❝✉❛❧
❤❛❜❧❛r❡♠♦s ❡♥ ❣❡♥❡r❛❧ ♠ás ❛❞❡❧❛♥t❡✳

✸✳✻✳ ▲❡② ❞❡ ✐♥t❡r❛❝❝✐ó♥

❊❧ ❤❡❝❤♦ ♦❜s❡r✈❛❞♦ ❡♥ ❧♦s ❡①♣❡r✐♠❡♥t♦s ❝♦♥ ❞♦s ♣❛rtí❝✉❧❛s q✉❡❞❛ ❡①✲
♣r❡s❛❞♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ fi = −fj ✱ ② r❡❝✐❜❡ ❡❧ ♥♦♠❜r❡ ❞❡ ❧❡② ✭❞é❜✐❧✮ ❞❡
✐♥t❡r❛❝❝✐ó♥✳ ❊s❝r✐t❛ ❡♥ ❧❛ ❢♦r♠❛ fi + fj = 0✱ s❡ ❡①t✐❡♥❞❡ ❞❡ ❤❡❝❤♦ ❛ s✐s✲
t❡♠❛s ❞❡ ♠ás ♣❛rtí❝✉❧❛s✿ ❧❛ s✉♠❛

∑

i∈Γ fi ❞❡ ❧❛s ❢✉❡r③❛s q✉❡ ❛❝tú❛♥ s♦❜r❡
t♦❞❛s ❧❛s ♣❛rtí❝✉❧❛s ❞❡ ✉♥ s✐st❡♠❛ ❛✐s❧❛❞♦ Γ ❡s ♥✉❧❛✳ ❊st❡ ❤❡❝❤♦ ❡q✉✐✈❛❧❡ ❛
q✉❡ ❧❛ ❢✉❡r③❛ r❡s✉❧t❛♥t❡ s♦❜r❡ ❝❛❞❛ ♣❛rtí❝✉❧❛ i s❡ ♣✉❡❞❛ ❞❡s❝♦♠♣♦♥❡r ❝♦♠♦

fi =
∑

j 6=i

fi,j ,

❞♦♥❞❡ fi,j ❡s ❧❛ ❢✉❡r③❛ ❞❡ ✐♥t❡r❛❝❝✐ó♥ q✉❡ j ❡❥❡r❝❡ s♦❜r❡ i✱ ② s❡ ❝✉♠♣❧❡
q✉❡ fi,j = −fj,i✳ ❊st❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ♥♦ ❡s ú♥✐❝❛✱ ♣❡r♦ ❡♥ ♠✉❝❤♦s ❝❛s♦s
❝♦♥❝r❡t♦s✱ s❡ ♣✉❡❞❡ ❞❡s❝♦♠♣♦♥❡r ❞❡ ♠♦❞♦ q✉❡ fi,j ❞❡♣❡♥❞❛ s♦❧❛♠❡♥t❡ ❞❡❧
❡st❛❞♦ ❞❡ ❧❛s ♣❛rtí❝✉❧❛ i ② j✱ ❧♦ ❝✉❛❧ ♠✉❡str❛ q✉❡ ❡♥ r❡❛❧✐❞❛❞ ❝❛❞❛ ♣❛r ❞❡
♣❛rtí❝✉❧❛s ✐♥t❡r❛❝tú❛ ✐♥❞❡♣❡♥❞✐❡♥t❡♠❡♥t❡✳ ❊st❛s ❢✉❡r③❛s q✉❡ s❡ ♣r❡s❡♥t❛♥ ❞❡
❛ ♣❛r❡s ❞❡ ✈❡❝t♦r❡s ♦♣✉❡st♦s ❛❝t✉❛♥❞♦ ❡♥ ❞✐st✐♥t❛s ♣❛rtí❝✉❧❛s s❡ ❞❡♥♦♠✐♥❛♥
❢✉❡r③❛s ❞❡ ✐♥t❡r❛❝❝✐ó♥ ♦ ♣❛r❡s ❞❡ ❛❝❝✐ó♥ ② r❡❛❝❝✐ó♥✳

✶✷❙❡❣ú♥ ❧❛ ❲✐❦✐♣❡❞✐❛ ✭❤tt♣✿✴✴❡♥✳✇✐❦✐♣❡❞✐❛✳♦r❣✴✇✐❦✐✴P❡♥❞✉❧✉♠✮✱ ❡❧ ♣❡rí♦❞♦ ❡s

2π

√

l

|g|

(

1 +
1

16
θ
2
0 +

11

3072
θ
4
0 +

173

737280
θ
6
0 +

22931

1321205760
θ
8
0 + . . .

)

.

✷✺



P♦r ❡❥❡♠♣❧♦✱ ❧❛ ❧❡② ❞❡ ❣r❛✈✐t❛❝✐ó♥ ✉♥✐✈❡rs❛❧ ♣♦st✉❧❛❞❛ ♣♦r ◆❡✇t♦♥
❛✜r♠❛ q✉❡ ❡♥tr❡ ❝❛❞❛ ♣❛r ❞❡ ♣❛rtí❝✉❧❛s i✱ j ❤❛② ✉♥❛ ❢✉❡r③❛ ❛tr❛❝t✐✈❛✱ ❡♥
❧❛ ❞✐r❡❝❝✐ó♥ ❞❡ ri,j = xi − xj ✱ ② ❞❡ ✐♥t❡♥s✐❞❛❞

kgmimj

|ri,j |2
✱ ❞♦♥❞❡ kg ❡s ✉♥❛

❝♦♥st❛♥t❡ ✉♥✐✈❡rs❛❧✱ ✈á❧✐❞❛ ♣❛r❛ t♦❞♦s ❧♦s ♣❛r❡s ❞❡ ❝✉❡r♣♦s✳✶✸ ❊st♦ ♣❡r♠✐t❡
❡①♣❧✐❝❛r ❝♦♥ ❣r❛♥ ♣r❡❝✐s✐ó♥ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❧♦s ❝✉❡r♣♦s ❞❡❧ s✐st❡♠❛ s♦❧❛r✳
▲❛ ❢✉❡r③❛ ♣r❡❞♦♠✐♥❛♥t❡ s♦❜r❡ ❝❛❞❛ ♣❧❛♥❡t❛✱ ❛st❡r♦✐❞❡✱ ✉ ♦tr♦ ❝✉❡r♣♦ ❡s ❧❛ ❞❡
✐♥t❡r❛❝❝✐ó♥ ❝♦♥ ❡❧ ❙♦❧✱ ♣❡r♦ t❛♠❜✐é♥ ❤❛② ❢✉❡r③❛s ♠ás ❞é❜✐❧❡s✶✹ ❞❡ ✐♥t❡r❛❝❝✐ó♥
❡♥tr❡ ❧♦s ❞❡♠ás ❝✉❡r♣♦s✱ q✉❡ s♦♥ ❡s♣❡❝✐❛❧♠❡♥t❡ ♥♦t♦r✐❛s ❡♥tr❡ ❝❛❞❛ ♣❧❛♥❡t❛
② s✉s s❛té❧✐t❡s ✭❧✉♥❛s✮✳

▼✉❝❤❛s ❢✉❡r③❛s ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡ ♣❛rtí❝✉❧❛s✱ ❝♦♠♦ ❧❛ ❣r❛✈✐t❛❝✐♦♥❛❧ ②
❧❛ ❡❧ást✐❝❛ ②❛ ✈✐st❛s✱ ❝✉♠♣❧❡♥ ❧❛ ❧❡② ❢✉❡rt❡ ❞❡ ✐♥t❡r❛❝❝✐ó♥✱ q✉❡ r❡q✉✐❡r❡
q✉❡ ❧❛ ❢✉❡r③❛ ❝♦♥ ❧❛ q✉❡ j ❛tr❛❡ ❛ i t❡♥❣❛ ❧❛ ❞✐r❡❝❝✐ó♥ ❞❡❧ ✈❡❝t♦r ri,j ✳ ❙✐❡♠♣r❡
q✉❡ ❧❛ ❢✉❡r③❛ ❞❡♣❡♥❞❛ só❧♦ ❞❡ ❧❛ ❝♦♥✜❣✉r❛❝✐ó♥ ❞❡ ❧❛s ❞♦s ♣❛rtí❝✉❧❛s✱ s❡ ♣✉❡❞❡
♣r♦❜❛r ✉s❛♥❞♦ s✐♠❡trí❛s ✭❝♦♠♦ ❡♥ ❡❧ ❛♥á❧✐s✐s ❞❡ ❝❛♠♣♦s ❝❡♥tr❛❧❡s✮ q✉❡ ❡s ❞❡
❧❛ ❢♦r♠❛ fi,j = α(|ri,j |) ri,j

|ri,j |
✱ ❝♦♥ α ❡s❝❛❧❛r✳ ❉❡❝✐♠♦s ❡♥t♦♥❝❡s q✉❡ s❡ tr❛t❛ ❞❡

✉♥❛ ❢✉❡r③❛ ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❝❡♥tr❛❧✳

❈♦♠❡♥t❛r✐♦ ✸✳✻✳✶✳ ❊♥tr❡ ❞♦s ♣❛rtí❝✉❧❛s ❝♦♥ ❝❛r❣❛ ❡❧é❝tr✐❝❛ ❛♣❛r❡❝❡ ✉♥❛ ❢✉❡r✲
③❛ ❡❧❡❝tr♦stát✐❝❛✱ ❞❛❞❛ ♣♦r ✉♥❛ ❢ór♠✉❧❛ s✐♠✐❧❛r ❛ ❧❛ ❞❡ ❧❛ ❛tr❛❝❝✐ó♥ ❣r❛✈✐t❛✲
t♦r✐❛✱ ② ✉♥❛ ❢✉❡r③❛ ♠❛❣♥ét✐❝❛ ♠ás ❞é❜✐❧✱ q✉❡ ❞❡♣❡♥❞❡ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞✱ ② ♥♦
❝✉♠♣❧❡ ❧❛ ❧❡② ❞❡ ✐♥t❡r❛❝❝✐ó♥✱ ♥✐ r❡s♣❡t❛ ❡❧ ♣r✐♥❝✐♣✐♦ ❞❡ r❡❧❛t✐✈✐❞❛❞ ❣❛❧✐❧❡❛♥♦✱
♣✉❡s ❧❛ ❢ór♠✉❧❛ q✉❡ s❡ ♦❜t✐❡♥❡ ♣❛r❛ ❝❛❧❝✉❧❛r❧❛ ❡♥ tér♠✐♥♦s ❞❡ ❧❛s ♣♦s✐❝✐♦♥❡s
② ✈❡❧♦❝✐❞❛❞❡s ❞❡ ❧❛s ♣❛rtí❝✉❧❛s ✭r❡s♣❡❝t♦ ❞❡ ✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ✐♥❡r✲
❝✐❛❧✮ ❞❛ ✈❛❧♦r❡s ❞✐st✐♥t♦s ❛❧ ❝❛♠❜✐❛r ❞❡ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛✳ ❊st♦ ✐♠♣✐❞❡
tr❛t❛r❧❛s s❛t✐s❢❛❝t♦r✐❛♠❡♥t❡ ✉s❛♥❞♦ ❡❧ ♠♦❞❡❧♦ ❣❛❧✐❧❡❛♥♦ ❞❡❧ ♠✉♥❞♦✳ ❆❧ ♣❛s❛r
❛❧ ♠♦❞❡❧♦ r❡❧❛t✐✈✐st❛✱ ❡♥ ❡❧ q✉❡ ❧❛ s✐♠✉❧t❛♥❡✐❞❛❞ ♥♦ ❡stá ❞❡✜♥✐❞❛✱ ❧❛ ❛❝❝✐ó♥
❛ ❞✐st❛♥❝✐❛ ✐♥st❛♥tá♥❡❛ ❞❡❥❛ ❞❡ s❡r ♣♦s✐❜❧❡✱ ② s❡ ❝♦♥s✐❞❡r❛ q✉❡ ❧❛s ♣❛rtí❝✉❧❛s
✐♥t❡r❛❝tú❛♥ ❧♦❝❛❧♠❡♥t❡ ❝♦♥ ❝✐❡rt♦s ❝❛♠♣♦s✱ ❣❡♥❡r❛♥❞♦ ✉♥❛ ♣❡rt✉r❜❛❝✐ó♥
q✉❡ s❡ ♣r♦♣❛❣❛ ♣♦r ❡❧ ♠✉♥❞♦✳ ❙✐♥ ❡♠❜❛r❣♦✱ ✜❥❛❞♦ ✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ②
❝♦♥♦❝✐❞♦ ❡❧ ❝❛♠♣♦ ❡❧❡❝tr♦♠❛❣♥ét✐❝♦ ❛❧ q✉❡ ❡st❛rá s♦♠❡t✐❞❛ ✉♥❛ ♣❛rtí❝✉❧❛✱ ❡s
♣♦s✐❜❧❡ ❡st✉❞✐❛r s✉ ♠♦✈✐♠✐❡♥t♦ ❡♥ ❡❧ ♠♦❞❡❧♦ ❣❛❧✐❧❡❛♥♦ ✭✈❡r ♣✳ ✷✻✕✷✾ ❞❡ ❬✺❪✮✳

✸✳✼✳ ❈❛♥t✐❞❛❞ ❞❡ ♠♦✈✐♠✐❡♥t♦ ② ❝❡♥tr♦ ❞❡ ♠❛s❛s

▲❛ ❢✉❡r③❛ ❡❢❡❝t✐✈❛ fi = miẍi q✉❡ ❛❝tú❛ s♦❜r❡ ✉♥❛ ♣❛rtí❝✉❧❛ i ❡s ❧❛ ✈❡❧♦❝✐✲
❞❛❞ ❝♦♥ ❧❛ q✉❡ ✈❛rí❛ ❧❛ ♠❛❣♥✐t✉❞

pi = miẋi,

✶✸◆❡✇t♦♥ ♦❜t✉✈♦ ✉♥❛ ❝♦♥✜r♠❛❝✐ó♥ ❞❡ ❡st❛ ❧❡② ❛❧ ❡①♣❧✐❝❛r ❡❧ ♠♦✈✐♠✐❡♥t♦ ♦r❜✐t❛❧ ❞❡ ❧❛
▲✉♥❛ ❛❧r❡❞❡❞♦r ❞❡ ❧❛ t✐❡rr❛ ♣♦r ❡❧ ♠✐s♠♦ ♠❡❝❛♥✐s♠♦ q✉❡ ❤❛❝❡ q✉❡ ❧♦s ♦❜❥❡t♦s ❝❛✐❣❛♥ s♦❜r❡
❧❛ ❚✐❡rr❛✳

✶✹❊❧ ♣❧❛♥❡t❛ ◆❡♣t✉♥♦ ❢✉❡ ❞❡s❝✉❜✐❡rt♦ ♣♦r ❛♥♦♠❛❧í❛s ❞❡t❡❝t❛❞❛s ❡♥ ❧❛ ór❜✐t❛ ❞❡ ❯r❛♥♦✳

✷✻



❞❡♥♦♠✐♥❛❞❛ ❝❛♥t✐❞❛❞ ❞❡ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❧❛ ♣❛rtí❝✉❧❛✳ ▲❛ ❧❡② ❞❡ ✐♥t❡r❛❝❝✐ó♥
❡q✉✐✈❛❧❡ ❛❧ ❤❡❝❤♦ ❞❡ q✉❡ ❧❛ ❝❛♥t✐❞❛❞ t♦t❛❧ ❞❡ ♠♦✈✐♠✐❡♥t♦

ptot =
∑

i∈Γ

pi

❞❡ ✉♥ s✐st❡♠❛ ❛✐s❧❛❞♦ s❡ ♠❛♥t✐❡♥❡ ❝♦♥st❛♥t❡✳ ▲❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ◆❡✇t♦♥ s❡
♣✉❡❞❡♥ r❡❡s❝r✐❜✐r ♥✉❡✈❛♠❡♥t❡✱ ❡♥ tér♠✐♥♦s ❞❡ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ♠♦✈✐♠✐❡♥t♦✱
❝♦♠♦

∀i ṗi = Fi(t, x, ẋ),

q✉❡ ❡s ❧❛ ❢♦r♠❛ q✉❡ é❧ ❧❡s ❞✐♦ ♦r✐❣✐♥❛❧♠❡♥t❡✳ ❉❡✜♥✐❡♥❞♦ ❧❛ ❝❛♥t✐❞❛❞ ❞❡
♠♦✈✐♠✐❡♥t♦ ❞❡❧ s✐st❡♠❛ ❝♦♠♦ p = (pi)i∈Γ✱ ♣♦❞❡♠♦s ❝♦♠❜✐♥❛r❧❛s ❡♥ ✉♥❛
❡❝✉❛❝✐ó♥

ṗ = F (t, x, ẋ). ✭✹✮

▲❛ ❢✉♥❝✐ó♥ ❞❡ ❢✉❡r③❛s F ✐♥❞✐❝❛ ❝ó♠♦ ❧❛s ♣❛rtí❝✉❧❛s ✈❛♥ ✐♥t❡r❝❛♠❜✐❛♥❞♦ ❝❛♥✲
t✐❞❛❞ ❞❡ ♠♦✈✐♠✐❡♥t♦✳

❆❞❡♠ás ❞❡ ❧❛ ♠❛s❛ ❞❡❧ s✐st❡♠❛ m = (mi)i∈Γ✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❧❛ ♠❛s❛
t♦t❛❧ ❞❡❧ s✐st❡♠❛ ❝♦♠♦ ❧❛ s✉♠❛

mtot =
∑

i∈Γ

mi.

❙✐ ✉♥ s✐st❡♠❛ ❞❡ ♣❛rtí❝✉❧❛s ❡stá ❝♦♠♣✉❡st♦ ♣♦r ✈❛r✐♦s ❝✉❡r♣♦s ✭s✉❜s✐st❡✲
♠❛s✮✱ s✉ ♠❛s❛ t♦t❛❧ ❡s ❧❛ s✉♠❛ ❞❡ ❧❛s ♠❛s❛s t♦t❛❧❡s ❞❡ t♦❞♦s ❧♦s ❝✉❡r♣♦s q✉❡
❧♦ ❝♦♠♣♦♥❡♥✳ ❆sí✱ ❧❛ ♠❛s❛ t♦t❛❧ ❡s ✉♥❛ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛ ✭❛ ✈❛❧♦r❡s ❡♥ Pkg✮✱
❞❡✜♥✐❞❛ ❡♥ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❧♦s s✐st❡♠❛s ❞❡ ♣❛rtí❝✉❧❛s q✉❡ s❡ ♠✉❡✈❡♥ ❡♥
G✳ ▲❛ ♠❛s❛ ♣r♦✈❡❡ ✉♥❛ ❢♦r♠❛ ❞❡ ♣r♦♠❡❞✐❛r ♣♦s✐❝✐♦♥❡s ❞❡ ✈❛r✐❛s ♣❛rtí❝✉❧❛s✿
s❡ ❞❡✜♥❡ ❡❧ ❝❡♥tr♦ ❞❡ ♠❛s❛s xcm ❞❡ Γ ♠❡❞✐❛♥t❡ ❧❛ ❢ór♠✉❧❛

mtotxcm =
∑

i

mixi.

▲❛ ❢✉❡r③❛ ❡s ❛❞✐t✐✈❛ ❡♥ ❡❧ s✐❣✉✐❡♥t❡ s❡♥t✐❞♦✿ s✐ ❝♦♠❜✐♥❛♠♦s ✈❛r✐❛s ♣❛rtí✲
❝✉❧❛s ❢♦r♠❛♥❞♦ ✉♥ ❝✉❡r♣♦✱ ② ❞❡✜♥✐♠♦s ❧❛ ❢✉❡r③❛ t♦t❛❧ q✉❡ ❛❝tú❛ s♦❜r❡ ❡❧
❝✉❡r♣♦ ❝♦♠♦ ❧❛ r❛♣✐❞❡③ ❝♦♥ ❧❛ q✉❡ ✈❛rí❛ s✉ ❝❛♥t✐❞❛❞ t♦t❛❧ ❞❡ ♠♦✈✐♠✐❡♥t♦✱
❧❛ ❢✉❡r③❛ t♦t❛❧ s❡rá ❧❛ s✉♠❛ ❞❡ ❧❛s ❢✉❡r③❛s s♦❜r❡ t♦❞❛s ❧❛s ♣❛rtí❝✉❧❛s ✭♣✉❡s
❧❛ ❝❛♥t✐❞❛❞ t♦t❛❧ ❞❡ ♠♦✈✐♠✐❡♥t♦ ❡s ❛❞✐t✐✈❛✮✳ ❊st♦ s❡ ♣✉❡❞❡ r❡♣❡t✐r✱ ✉♥✐❡♥❞♦
❝✉❡r♣♦s ♣❛r❛ ❢♦r♠❛r ♥✉❡✈♦s ❝✉❡r♣♦s✳ ▲❛ ❢✉❡r③❛ ❡s ✉♥❛ ♠❡❞✐❞❛ ✭❛ ✈❛❧♦r❡s ✈❡❝✲
t♦r✐❛❧❡s✮ ❡♥ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ❧♦s ❝✉❡r♣♦s q✉❡ s❡ ♠✉❡✈❡♥ ❡♥ G✳ ▲❛ ❧❡② ❞❡
✐♥t❡r❛❝❝✐ó♥ s❡ ❝✉♠♣❧❡ ♣❛r❛ s✐st❡♠❛s ❞❡ ✈❛r✐♦s ❝✉❡r♣♦s✿ ❧❛ s✉♠❛ ❞❡ ❧❛s ❢✉❡r③❛s
q✉❡ ❛❝tú❛♥ s♦❜r❡ ❧❛s ♣❛rt❡s ❞❡ ✉♥ s✐st❡♠❛ ❛✐s❧❛❞♦ ✭q✉❡ s♦♥ ❧♦s ❝✉❡r♣♦s q✉❡
❧♦ ❝♦♠♣♦♥❡♥✮ ❡s ♥✉❧❛✳

▲❛ ❝❛♥t✐❞❛❞ t♦t❛❧ ❞❡ ♠♦✈✐♠✐❡♥t♦ ❞❡ ✉♥ ❝✉❡r♣♦ ♣✉❡❞❡ ❡①♣r❡s❛rs❡ ❡♥ tér✲
♠✐♥♦s ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡❧ ❝❡♥tr♦ ❞❡ ♠❛s❛s s❡❣ú♥ ❧❛ ❢ór♠✉❧❛

ptot = mtotẋcm,
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♣♦r ❧♦ q✉❡ ❧❛ ❢✉❡r③❛ q✉❡ ❛❝tú❛ s♦❜r❡ ❡❧ ❝✉❡r♣♦ s❡rá ✐❣✉❛❧ ❛

ftot = mtotẍcm.

▲❛ ❧❡② ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❡q✉✐✈❛❧❡✱ ❡♥t♦♥❝❡s✱ ❛❧ ❤❡❝❤♦ ❞❡ q✉❡ ❡❧ ❝❡♥tr♦ ❞❡ ♠❛s❛s
❞❡ ✉♥ s✐st❡♠❛ ❛✐s❧❛❞♦ s❡ ♠✉❡✈❡ ✉♥✐❢♦r♠❡♠❡♥t❡✳

❊❧ ❡s♣❛❝✐♦ ❞❡ t♦❞❛s ❧❛s ♣♦s✐❜❧❡s ❝❛♥t✐❞❛❞❡s t♦t❛❧❡s ❞❡ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❧♦s
s✐st❡♠❛s ❞❡ ♣❛rtí❝✉❧❛s q✉❡ s❡ ♠✉❡✈❡♥ ❡♥ ✉♥ ♠✉♥❞♦ ❣❛❧✐❧❡❛♥♦ G ❡s ✉♥ P✲
♠ó❞✉❧♦ MovG = Pkg ⊗P Ġ✱ q✉❡ t✐❡♥❡ s✉♠❛s ❢♦r♠❛❧❡s ❞❡ ♣r♦❞✉❝t♦s ❡♥tr❡
♠❛s❛s ② ✈❡❧♦❝✐❞❛❞❡s✳ ❆sí ❝♦♠♦ ❡❧ ♠✉♥❞♦ G ❡stá ❡str❛t✐✜❝❛❞♦ ♣♦r ❡❧ t✐❡♠♣♦✱
❡❧ ❡s♣❛❝✐♦ MovG ❡stá ❡str❛t✐✜❝❛❞♦ ♣♦r ❧❛ ♠❛s❛ t♦t❛❧✿ ✜❥❛❞❛ ✉♥ ✈❛❧♦r ❞❡ ♠❛s❛
mtot > 0✱ ❧❛s ♣♦s✐❜❧❡s ❝❛♥t✐❞❛❞❡s ❞❡ ♠♦✈✐♠✐❡♥t♦ ❞❡ ✉♥ s✐st❡♠❛ ❞❡ ♠❛s❛ t♦t❛❧
mtot ❢♦r♠❛♥ ✉♥ s✉❜❡s♣❛❝✐♦ ❛❢í♥ Movmtot G✳ ▲❛ ♠❛s❛ t♦t❛❧ ❡s ✉♥ P✲♠♦r✜s♠♦
❞❡ MovG ❛ Pkg✳ ▲❛s ♣♦s✐❜❧❡s ❞✐❢❡r❡♥❝✐❛s ❡♥tr❡ ❞♦s ❝❛♥t✐❞❛❞❡s ❞❡ ♠♦✈✐♠✐❡♥t♦
❞❡ ✐❣✉❛❧ ♠❛s❛ t♦t❛❧ m ❢♦r♠❛♥ ❡❧ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ImpG = ∆(Movmtot G)
❞❡ ❧♦s ✐♠♣✉❧s♦s ❡♥ G✱ q✉❡ ♥♦ ❞❡♣❡♥❞❡ ❞❡ mmtot ✱ ② ❞❡ ❤❡❝❤♦ ❡s ✐❣✉❛❧ ❛
Pkg ⊗P ∆Ġ✳

✸✳✽✳ ■♠♣✉❧s♦ ❛♥❣✉❧❛r ② t♦rq✉❡

❆sí ❝♦♠♦ ❧❛s ♣❛rtí❝✉❧❛s✱ ❛❧ ✐♥t❡r❛❝t✉❛r ❡♥tr❡ sí✱ ❡①♣❡r✐♠❡♥t❛♥ ✈❛r✐❛❝✐♦♥❡s
❡♥ s✉ ✈❡❧♦❝✐❞❛❞✱ ✐♥t❡r❝❛♠❜✐❛♥❞♦ ❝❛♥t✐❞❛❞ ❞❡ ♠♦✈✐♠✐❡♥t♦ ✭q✉❡ ❡s ❡❧ ♣r♦❞✉❝t♦
❡♥tr❡ ❧❛ ♠❛s❛ ② ❧❛ ✈❡❧♦❝✐❞❛❞✮✱ s❡ ♦❜s❡r✈❛ q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛r❡♦❧❛r ❞❡ ❧♦s
♣❧❛♥❡t❛s ❛❧r❡❞❡❞♦r ❞❡❧ ❙♦❧ ♥♦ ❡s ❝♦♥st❛♥t❡✱ s✐♥♦ q✉❡ ❡♥tr❡ ❡❧❧♦s ✐♥t❡r❝❛♠❜✐❛♥
✉♥❛ ♠❛❣♥✐t✉❞ ❞❡♥♦♠✐♥❛❞❛ ✐♠♣✉❧s♦ ❛♥❣✉❧❛r✱ q✉❡ ❡s ❡❧ ♣r♦❞✉❝t♦ ❞❡ ❧❛ ♠❛s❛
♣♦r ❧❛ ✈❡❧♦❝✐❞❛❞ ❛r❡♦❧❛r✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ s✐ o ❡s ✉♥ ♣✉♥t♦ ❝✉❛❧q✉✐❡r❛ q✉❡
s❡ ♠✉❡✈❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ✭♣♦r ❡❥❡♠♣❧♦✱ ❡❧ ❝❡♥tr♦ ❞❡ ♠❛s❛s ❞❡❧ s✐st❡♠❛✮✱ s❡
❞❡✜♥❡ ✐♠♣✉❧s♦ ❛♥❣✉❧❛r ❞❡ ✉♥❛ ♣❛rtí❝✉❧❛ i r❡s♣❡❝t♦ ❞❡ o ❝♦♠♦

li,o = ri,o ∧ pi,o.

❙✉ ❞❡r✐✈❛❞❛ t❡♠♣♦r❛❧ ❡s
l̇i,o = ri,o ∧ fi

② r❡❝✐❜❡ ❡❧ ♥♦♠❜r❡ ❞❡ t♦rq✉❡ ♦ ♠♦♠❡♥t♦ ❞❡ ❧❛ ❢✉❡r③❛ fi r❡s♣❡❝t♦ ❞❡❧ ♣✉♥t♦
o✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✽✳✶✳ ❊❧ t♦rq✉❡ ❞❡ ❧❛ ❢✉❡r③❛ fi q✉❡ ❛❝tú❛ s♦❜r❡ ✉♥❛ ♣❛rtí❝✉❧❛ i
❞❡♣❡♥❞❡ ♥♦ só❧❛♠❡♥t❡ ❞❡❧ ✈❡❝t♦r fi✱ s✐♥♦ q✉❡ t❛♠❜✐é♥ ❞❡♣❡♥❞❡ ❞❡ ❝✉á❧ ❡s ❧❛
r❡❝t❛ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❧❛ ❝✉❛❧ ❛❝tú❛ ❧❛ ❢✉❡r③❛✳

❊❧ ✐♠♣✉❧s♦ ❛♥❣✉❧❛r t♦t❛❧ ❞❡❧ s✐st❡♠❛ s❡ ❞❡✜♥❡ ❝♦♠♦ ❧❛ s✉♠❛

lo =
∑

i∈Γ

li,o

❞❡ ❧♦s ✐♠♣✉❧s♦s ❞❡ t♦❞❛s s✉s ♣❛rtí❝✉❧❛s✳ ❊s ♣♦s✐❜❧❡ ♣r♦❜❛r q✉❡ ❡st❛ ♠❛❣♥✐t✉❞
s❡ ❝♦♥s❡r✈❛ ❡♥ ✉♥ s✐st❡♠❛ ❛✐s❧❛❞♦✱ s✉♣♦♥✐❡♥❞♦ q✉❡ ❧❛s ❢✉❡r③❛s ❞❡ ✐♥t❡r❛❝❝✐ó♥
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❡♥tr❡ s✉s ♣❛rtí❝✉❧❛s s❛t✐s❢❛❝❡♥ ❧❛ ❧❡② ❢✉❡rt❡ ❞❡ ✐♥t❡r❛❝❝✐ó♥✳ ❊♥ ❡❢❡❝t♦✱ s✉
❞❡r✐✈❛❞❛ t❡♠♣♦r❛❧ ❡s

d

dt
(lo) =

∑

i∈Γ

ri,o ∧ fi

=
∑

i,j∈Γ, i 6=j

ri,o ∧ fi,j ,

♣❡r♦ ❝❛❞❛ tér♠✐♥♦ ri,o ∧ fi,j ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ✉♥ ♣❛r (i, j) s❡ ❝❛♥❝❡❧❛ ❝♦♥ ❡❧
tér♠✐♥♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ (j, i)✱ ♣✉❡s

ri,o ∧ fi,j + rj,o ∧ fj,i = (ri,o − rj,o) ∧ fi,j = ri,j ∧ fi,j = 0.

❖❜s❡r✈❛❝✐ó♥ ✸✳✽✳✷✳ ❊st❛ ❝♦♥s❡r✈❛❝✐ó♥ s❡ ❞❛ ❛ú♥ s✐ ❛❣r❡❣❛♠♦s ❛ ❝❛❞❛ ♣❛rtí❝✉❧❛
i ✉♥❛ ❢✉❡r③❛ fi,o q✉❡ t❡♥❣❛ ❧❛ ❞✐r❡❝❝✐ó♥ ❞❡ ri − ro✳ P♦r ❡❥❡♠♣❧♦✱ ❡❧ ✐♠♣✉❧s♦
❛♥❣✉❧❛r t♦t❛❧ ❞❡ ✉♥ s✐st❡♠❛ ❞❡ ♣❧❛♥❡t❛s ♠♦✈✐é♥❞♦s❡ ❝❡r❝❛ ❞❡ ✉♥ s♦❧ ✜❥♦ q✉❡
❧♦s ❛tr❛❡ s❡ ❝♦♥s❡r✈❛✳

✸✳✾✳ ❙✐st❡♠❛s ❞❡ r❡❢❡r❡♥❝✐❛ ♥♦ ✐♥❡r❝✐❛❧❡s

❯♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ♥♦ ✐♥❡r❝✐❛❧ ♦ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ❛❝❡✲
❧❡r❛❞♦ ❡♥ G ✭❞❡ ❞✐♠❡♥s✐ó♥ 1+n✮ ❡s ✉♥❛ ❢✉♥❝✐ó♥ C 2 ❜✐②❡❝t✐✈❛ S : T ×X → G

✭❞♦♥❞❡ X ❡s ✉♥ ❡s♣❛❝✐♦ ❡✉❝❧í❞❡♦ ❞❡ ❞✐♠❡♥s✐ó♥ n✮✱ q✉❡ r❡s♣❡t❛ ❡❧ t✐❡♠♣♦ ②
❧❛ ❡str✉❝t✉r❛ ♠étr✐❝❛ ✭❞❡ ♠♦❞♦ q✉❡ ♣❛r❛ ❝❛❞❛ ✐♥st❛♥t❡ t ❞❛ ✉♥❛ ❜✐②❡❝❝✐ó♥
✐s♦♠étr✐❝❛ St : X → Gt✮✱ ♣❡r♦ ♥♦ ♥❡❝❡s❛r✐❛♠❡♥t❡ r❡s♣❡t❛ ❧❛ ❡str✉❝t✉r❛ ❛❢í♥
❞❡ G✳ P♦r ❡❥❡♠♣❧♦✱ ❝♦♠♦ ❡❧ ♣❧❛♥❡t❛ ❚✐❡rr❛ ❡s ✉♥ ❝✉❡r♣♦ ❛♣r♦①✐♠❛❞❛♠❡♥t❡
rí❣✐❞♦✱ ❤❛② ✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ♥♦ ✐♥❡r❝✐❛❧ ❡♥ ❡❧ q✉❡ t♦❞♦s ❧♦s ♣✉♥t♦s ❞❡
❧❛ ❚✐❡rr❛ ❡stá♥ q✉✐❡t♦s✳

❈✉❛♥❞♦ ❝❛❧❝✉❧❛♠♦s ❧❛ ❢✉❡r③❛ ❡❢❡❝t✐✈❛ s♦❜r❡ ✉♥❛ ♣❛rtí❝✉❧❛ i ❡♥ ✉♥ s✐st❡♠❛
❞❡ r❡❢❡r❡♥❝✐❛ ♥♦ ✐♥❡r❝✐❛❧ s❡❣ú♥ ❧❛ ❢ór♠✉❧❛ f̃i = mi

d2

dt2
(S−1(xi)) ✭♠❡❞✐❞♦ ❡♥ ❡❧

♠✉♥❞♦ T ×X✮✱ ♦❜t❡♥❡♠♦s ✉♥ ✈❡❝t♦r ❡s♣❛❝✐❛❧ q✉❡ ❞✐✜❡r❡ ❞❡ ❧❛ ✐♠❛❣❡♥ S−1
t (fi)

❞❡ ❧❛ ❢✉❡r③❛ ❡❢❡❝t✐✈❛ r❡❛❧ fi = miẍi✳ ▲❛ ❞✐❢❡r❡♥❝✐❛ finery = f̃i − fi ❡s ❧❧❛♠❛❞❛
❢✉❡r③❛ ✐♥❡r❝✐❛❧ ♦ ❢✉❡r③❛ ✜❝t✐❝✐❛ s♦❜r❡ i✳ P♦r ❧♦ t❛♥t♦✱ ♣❛r❛ ♣♦❞❡r ❡st✉❞✐❛r
❡❧ ♠♦✈✐♠✐❡♥t♦ ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ◆❡✇t♦♥✱ ❤❛② q✉❡ s✉♠❛r ❛ ❧❛s
❢✉❡r③❛s r❡❛❧❡s ✭q✉❡ ♣r♦✈✐❡♥❡♥ ❞❡ ❧♦s ♠❡❝❛♥✐s♠♦s ❞❡ ✐♥t❡r❛❝❝✐ó♥✮ ❧❛s ❢✉❡r③❛s
✜❝t✐❝✐❛s✱ q✉❡ ❡♥ ❣❡♥❡r❛❧ ♥♦ t✐❡♥❡♥ ✉♥ ♣❛r ❞❡ ✐♥t❡r❛❝❝✐ó♥ ✭❡s ❞❡❝✐r ♥♦ ❡①✐st❡
♦tr❛ ♣❛rtí❝✉❧❛ ❡♥ ❞♦♥❞❡ ❡sté ❛❝t✉❛♥❞♦ ✉♥❛ ❢✉❡r③❛ ♦♣✉❡st❛✱ s❛t✐s❢❛❝✐❡♥❞♦ ❧❛
❧❡② ❞❡ ✐♥t❡r❛❝❝✐ó♥✮✳ ▲❛ ❢✉❡r③❛ ✐♥❡r❝✐❛❧ s♦❜r❡ i ❡s ♣r♦♣♦r❝✐♦♥❛❧ ❛ ❧❛ ♠❛s❛✱ ♠ás
♣r❡❝✐s❛♠❡♥t❡✱ ❡s ❡❧ ♣r♦❞✉❝t♦ ❡♥tr❡ ❧❛ ♠❛s❛ ② ✉♥❛ ❡①♣r❡s✐ó♥ q✉❡ ❞❡♣❡♥❞❡ ❞❡❧
♠♦✈✐♠✐❡♥t♦ ❞❡ ❧❛ ♣❛rtí❝✉❧❛ ❡♥ r❡❧❛❝✐ó♥ ❛❧ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ♥♦ ✐♥❡r❝✐❛❧✱ ②
❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡❧ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ♥♦ ✐♥❡r❝✐❛❧ ❡♥ ❡❧ ♠✉♥❞♦✳

✷✾



❊❥❡♠♣❧♦ ✸✳✾✳✶✳ ❙✐ ✉♥ ❞✐s❝♦ rí❣✐❞♦ ❣✐r❛ ❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❝♦♥st❛♥t❡ ω ✭❡♥
❛❧❣ú♥ s✐st❡♠❛ ✐♥❡r❝✐❛❧✮✱ ❝❛❞❛ ♣❛rtí❝✉❧❛ j ❞❡❧ ♠✐s♠♦ t✐❡♥❡ ✉♥❛ ❛❝❡❧❡r❛❝✐ó♥
❝❡♥trí♣❡t❛ ❞❡ ✈❛❧♦r ω2|rj | ✭❞♦♥❞❡ rj ❡s ❧❛ ♣♦s✐❝✐ó♥ ❞❡ j r❡❧❛t✐✈❛ ❛❧ ❝❡♥tr♦ ❞❡❧
❞✐s❝♦✮✳ ❊st❛ ❛❝❡❧❡r❛❝✐ó♥ ❡s ❧♦❣r❛❞❛ ♣♦r ❢✉❡r③❛s ✐♥t❡r♥❛s ❡♥tr❡ ❧❛s ♣❛rtí❝✉❧❛s
❞❡❧ ❞✐s❝♦✱ q✉❡ ❛s❡❣✉r❛♥ s✉ r✐❣✐❞❡③✳ ❊♥ ✉♥ s✐st❡♠❛ ✜❥♦ ❛❧ ❞✐s❝♦✱ ❝❛❞❛ ♣❛rtí❝✉❧❛
j q✉❡ ❧♦ ❝♦♠♣♦♥❡ ❡stá q✉✐❡t❛✱ ② ❧❛ ❢✉❡r③❛ ✭♥✉❧❛✮ q✉❡ ❛❝tú❛ s♦❜r❡ ❡❧❧❛ ❡s
s✉♠❛ ❞❡ ❧❛ ❢✉❡r③❛ ❝❡♥trí♣❡t❛ q✉❡ ②❛ ❝❛❧❝✉❧❛♠♦s✱ ② ✉♥❛ ❢✉❡r③❛ ❝❡♥trí❢✉❣❛
✭✜❝t✐❝✐❛✮ ♦♣✉❡st❛✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✾✳✷✳ P❛r❛ ❝✉❛❧q✉✐❡r ♣❛rtí❝✉❧❛ ♠♦✈✐é♥❞♦s❡ ❡♥ G ❡①✐st❡ ✉♥ s✐s✲
t❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ❛❝❡❧❡r❛❞♦ S t❛❧ q✉❡ ❧❛ ✐♠❛❣❡♥ ❞❡ ❧❛ ♣❛rtí❝✉❧❛ ❡♥ X ❡s ✉♥
♣✉♥t♦ ✜❥♦✳ ❆❞❡♠ás✱ ❡❧ s✐st❡♠❛ ♣✉❡❞❡ ❡❧❡❣✐rs❡ ❞❡ ♠♦❞♦ q✉❡ ❧❛ ♣❛rt❡ ❧✐♥❡❛❧ ❞❡
❧❛ ✐s♦♠❡trí❛ St : Gt → X s❡❛ ❧❛ ♠✐s♠❛ ♣❛r❛ t♦❞♦s ❧♦s t✱ ❡♥ ❝✉②♦ ❝❛s♦ s❡
❞✐❝❡ q✉❡ ❡❧ s✐st❡♠❛ ❡stá ✉♥✐❢♦r♠❡♠❡♥t❡ ❛❝❡❧❡r❛❞♦✱ ② s✉ ❛❝❡❧❡r❛❝✐ó♥ ❡♥ ❡❧
✐♥st❛♥t❡ t ❡s ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❡♥ t✳

❈♦♠❡♥t❛r✐♦ ✸✳✾✳✸✳ ▲❛ ❢✉❡r③❛ ♣❡s♦ ❡s ♣r♦♣♦r❝✐♦♥❛❧ ❛ ❧❛ ♠❛s❛ ❞❡ ❧♦s ♦❜❥❡t♦s
s♦❜r❡ ❧♦s q✉❡ ❛❝tú❛✱ ❧♦ ❝✉❛❧ ❧♦ ❤❛❝❡ s✐♠✐❧❛r ❛ ✉♥❛ ❢✉❡r③❛ ✜❝t✐❝✐❛✳ ❉❡ ❤❡❝❤♦✱
s✐ ❡♥ ✉♥❛ r❡❣✐ó♥ ♣❡q✉❡ñ❛ ❞❡❧ ♠✉♥❞♦ ✭❞♦♥❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ ❝❛í❞❛ ❞❡ ❧♦s
♦❜❥❡t♦s s❡❛ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❝♦♥st❛♥t❡✮ t♦♠❛♠♦s ✉♥ s✐st❡♠❛ ✉♥✐❢♦r♠❡♠❡♥✲
t❡ ❛❝❡❧❡r❛❞♦ ❝♦♥ ❛❝❡❧❡r❛❝✐ó♥ g ✭❧❧❛♠❛❞♦ s✐st❡♠❛ ❡♥ ❝❛í❞❛ ❧✐❜r❡✮✱ ❡♥t♦♥❝❡s
❧♦s ❝✉❡r♣♦s q✉❡ ❝❛❡♥ ❧✐❜r❡♠❡♥t❡ ♣♦r s✉ ♣❡s♦ ✭s❡❣ú♥ ✉♥ s✐st❡♠❛ ✐♥❡r❝✐❛❧✮ s❡
✈❡♥ ♠♦✈❡rs❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♥ ❡❧ s✐st❡♠❛ ❛❝❡❧❡r❛❞♦✱ ❧♦ ❝✉❛❧ ♠✉❡str❛ q✉❡ ❧❛
❢✉❡r③❛ ✐♥❡r❝✐❛❧ ❛s♦❝✐❛❞❛ ❛❧ s✐st❡♠❛ ❛❝❡❧❡r❛❞♦ ❡stá ❝❛♥❝❡❧❛♥❞♦ ❛ ❧❛ ❢✉❡r③❛ ♣❡s♦✳
❙❡❣ú♥ ❧❛ t❡♦rí❛ ❣❡♥❡r❛❧ ❞❡ ❧❛ r❡❧❛t✐✈✐❞❛❞✱ q✉❡ ♥♦ tr❛t❛r❡♠♦s ❛❝á✱ ❧❛s ❢✉❡r③❛s
✜❝t✐❝✐❛s ② ❧❛s ❢✉❡r③❛s ♣❡s♦ s♦♥✱ ❜❛❥♦ ❝✐❡rt❛s ❝♦♥❞✐❝✐♦♥❡s✱ ✐♥❞✐st✐♥❣✉✐❜❧❡s ❡♥tr❡
sí✳

✸✳✶✵✳ ❊♥❡r❣í❛ ❝✐♥ét✐❝❛

▲❛ ♠❛s❛ t❛♠❜✐é♥ ♣❡r♠✐t❡ ♦❜t❡♥❡r ✉♥❛ ♠❛❣♥✐t✉❞ ❡s❝❛❧❛r q✉❡ ✐♥❞✐❝❛ ❝✉á♥✲
t♦ s❡ ❡stá♥ ♠♦✈✐❡♥❞♦ ❧❛s ♣❛rtí❝✉❧❛s ❞❡ ✉♥ s✐st❡♠❛ Γ✳ P❡r♦ ♣❛r❛ ❡s♦ ❤❛❝❡ ❢❛❧t❛
❞❡✜♥✐r ✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛✳ ❙✐ ẋo ❡s ✉♥❛ ✈❡❧♦❝✐❞❛❞ ✜❥❛ ✭❧❛ ❝✉❛❧ ❞❡t❡r♠✐♥❛
✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ✐♥❡r❝✐❛❧✱ ② ♣❡r♠✐t❡ ❛s♦❝✐❛r❧❡ ❛ ❝❛❞❛ ✈❡❧♦❝✐❞❛❞ ẋi ✉♥❛
✈❡❝t♦r ✈❡❧♦❝✐❞❛❞ r❡❧❛t✐✈❛ vi,o = ẋi − ẋo✮✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❡♥ ❝❛❞❛ ✐♥st❛♥t❡ ❧❛
❡♥❡r❣í❛ ❝✐♥ét✐❝❛ ✭♦ ❡♥❡r❣í❛ ❞❡ ♠♦✈✐♠✐❡♥t♦✮ ❞❡ Γ ✭r❡s♣❡❝t♦ ❞❡ ẋo✮ ❝♦♠♦

Ko =
∑

i∈Γ

mi
|v̇i,o|2
2

.

❈♦♠❡♥t❛r✐♦ ✸✳✶✵✳✶✳ P❛r❡❝❡ ✐♥❡✈✐t❛❜❧❡ q✉❡ ❧❛ ♥♦❝✐ó♥ ❞❡ ❡♥❡r❣í❛ ❝✐♥ét✐❝❛ ❞❡✲
♣❡♥❞❛ ❞❡ ✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛✳ ❈♦♠♦ ❧❛ ✈❡❧♦❝✐❞❛❞ ẋi ❞❡ ✉♥❛ ♣❛rtí❝✉❧❛
❡s ✉♥ ✈❡❝t♦r ❡s♣❛❝✐♦t❡♠♣♦r❛❧✱ ♥♦ ♣♦❞❡♠♦s ♠❡❞✐r s✉ ♥♦r♠❛✱ ♣✉❡s só❧♦ t✐❡✲
♥❡♥ ♥♦r♠❛ ❧♦s ✈❡❝t♦r❡s ❡s♣❛❝✐❛❧❡s✳ ❊♥ ❧❛ t❡♦rí❛ r❡❧❛t✐✈✐st❛✱ ❤❛② ✉♥❛ ♥♦r♠❛
♣❛r❛ ✈❡❝t♦r❡s ❡s♣❛❝✐♦t❡♠♣♦r❛❧❡s✱ ❝✉②♦ ❝á❧❝✉❧♦ ❞❡♣❡♥❞❡ ❞❡ ❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡
❞❡t❡r♠✐♥❛r ❛ ❝✉á♥t♦s ♠❡tr♦s ❞❡ ❞✐st❛♥❝✐❛ ❡q✉✐✈❛❧❡ ✉♥ s❡❣✉♥❞♦ ❞❡ t✐❡♠♣♦✳
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❖❜s❡r✈❛❝✐ó♥ ✸✳✶✵✳✷✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❝✉❛♥❞♦ ❧❛ ❝❛♥t✐❞❛❞ t♦t❛❧ ❞❡ ♠♦✈✐♠✐❡♥t♦
❞❡ ✉♥ s✐st❡♠❛ s❡ ❝♦♥s❡r✈❛ ✭♣♦r ❡❥❡♠♣❧♦✱ ♣♦rq✉❡ ❡❧ s✐st❡♠❛ ❡s ❛✐s❧❛❞♦✮✱ ❧❛ ✈❛✲
r✐❛❝✐ó♥ ❞❡ ❧❛ ❡♥❡r❣í❛ ❝✐♥ét✐❝❛ ❡♥tr❡ ❞♦s ✐♥st❛♥t❡s ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡❧ s✐st❡♠❛
❞❡ r❡❢❡r❡♥❝✐❛✳ ❊♥ ❡❢❡❝t♦✱ s✐ ẋo′ ❡s ♦tr❛ ✈❡❧♦❝✐❞❛❞✱ t❡♥❡♠♦s

Ko′ =
∑

i∈Γ

mi
|vi,o′ |2

2

=
∑

i∈Γ

mi
|(vi,o) + (vo,o′)|2

2

=
∑

i∈Γ

mi
|vi,o|2
2

+
∑

i∈Γ

mi〈vi,o, vo,o′〉+
∑

i∈Γ

mi
|vo,o′ |2

2

= Ko +mtot〈vcm,o, vo,o′〉+mtot
|vo,o′ |2

2
,

② s✐❡♥❞♦ ❧♦s ❞♦s ú❧t✐♠♦s tér♠✐♥♦s ❝♦♥st❛♥t❡s✱ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ Ko′ s❡rá ✐❣✉❛❧
❛ ❧❛ ❞❡ Ko✳ ❙✐ ❧❛ ❝❛♥t✐❞❛❞ t♦t❛❧ ❞❡ ♠♦✈✐♠✐❡♥t♦ ♥♦ s❡ ❝♦♥s❡r✈❛✱ ❡s ♣♦rq✉❡ ❤❛②
❛❧❣✉♥❛ ❛s✐♠❡trí❛✱ q✉❡ ❡♥ ❛❧❣✉♥♦s ❝❛s♦s ♣❡r♠✐t❡ ❡❧❡❣✐r ❡❧ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛
s❡❣ú♥ ❡❧ ❝✉❛❧ ❝❛❧❝✉❧❛r ❧❛ ❡♥❡r❣í❛ ❝✐♥ét✐❝❛✳

✸✳✶✶✳ ❙✐st❡♠❛s ❝♦♥s❡r✈❛t✐✈♦s✱ tr❛❜❛❥♦ ② ❡♥❡r❣í❛

✭❊♥ ❡st❛ s❡❝❝✐ó♥ ❝♦♥s✐❞❡r❡♠♦s ✉♥❛ ✈❡❧♦❝✐❞❛❞ ẋo ❞❡ r❡❢❡r❡♥❝✐❛ ✜❥❛✱ ② ❞❡✲
♥♦t❛♠♦s K ❛ ❧❛ ❡♥❡r❣í❛ ❝✐♥ét✐❝❛ ❞❡❧ s✐st❡♠❛ Γ r❡s♣❡❝t♦ ❞❡ ❡s❛ ✈❡❧♦❝✐❞❛❞ ❞❡
r❡❢❡r❡♥❝✐❛✱ ② vi = ẋi−ẋo ❧❛s ✈❡❧♦❝✐❞❛❞❡s r❡❧❛t✐✈❛s ❞❡ ❧❛s ♣❛rtí❝✉❧❛s✳ ❊❧ s✐st❡♠❛
❞❡ r❡❢❡r❡♥❝✐❛ ♣❡r♠✐t❡ ✐❞❡♥t✐✜❝❛r ❝♦♥✜❣✉r❛❝✐♦♥❡s ❡♥ ❞✐st✐♥t♦s ✐♥st❛♥t❡s✳✮

❊♥ ♠✉❝❤♦s s✐st❡♠❛s ❢ís✐❝♦s ✐❞❡❛❧❡s✱ ❝♦♠♦ ❡❧ ♦s❝✐❧❛❞♦r ❡❧ást✐❝♦✱ ❡❧ ♣é♥❞✉❧♦✱
② ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❧♦s ♣❧❛♥❡t❛s✱ s❡ ♦❜s❡r✈❛ q✉❡ ❧❛ ❡♥❡r❣í❛ ❝✐♥ét✐❝❛ q✉❡ t✐❡♥❡
❡❧ s✐st❡♠❛ ❝❛❞❛ ✈❡③ q✉❡ ♣❛s❛ ♣♦r ✉♥❛ ♠✐s♠❛ ❝♦♥✜❣✉r❛❝✐ó♥ ❡s ❧❛ ♠✐s♠❛✳ ❯♥
s✐st❡♠❛ ❛sí s❡ ❞✐❝❡ ❝♦♥s❡r✈❛t✐✈♦✳

▲❛ r❛♣✐❞❡③ ❝♦♥ ❧❛ q✉❡ ✈❛rí❛ ❧❛ ❡♥❡r❣í❛ ❝✐♥ét✐❝❛ ❡s

K̇ =
∑

i∈Γ

mi〈ẍi, vi〉 =
∑

i∈Γ

〈fi, vi〉,

♣♦r ❧♦ q✉❡ s✉ ✈❛r✐❛❝✐ó♥ ❡♥tr❡ t0 ② t1 ❡s ✐❣✉❛❧ ❛

K1 −K0 =
∑

i∈Γ

∫ t1

t0

〈fi, vi〉dt.

❉❡♥♦♠✐♥❛♥❞♦ tr❛❜❛❥♦ ❞❡ ❧❛ ❢✉❡r③❛ fi ❡♥tr❡ t0 ② t1 ❛ ❧❛ ✐♥t❡❣r❛❧
∫ t1
t0
〈fi, vi〉dt✱

r❡s✉❧t❛ q✉❡ ❧❛ ✈❛r✐❛❝✐ó♥ ✭❡♥tr❡ ❞♦s ✐♥st❛♥t❡s✮ ❞❡ ❧❛ ❡♥❡r❣í❛ ❝✐♥ét✐❝❛ ❞❡❧ s✐st❡♠❛
❡s ✐❣✉❛❧ ❛ ❧❛ s✉♠❛ ❞❡ ❧♦s tr❛❜❛❥♦s ✭❡♥tr❡ ❧♦s ♠✐s♠♦s ✐♥st❛♥t❡s✮ ❞❡ ❧❛s ❢✉❡r③❛s
q✉❡ ❛❝tú❛♥ s♦❜r❡ s✉s ♣❛rtí❝✉❧❛s✳ ❊❧ tr❛❜❛❥♦ ❞❡ ✉♥❛ s✉♠❛ ❞❡ ❢✉❡r③❛s q✉❡

✸✶



❛❝tú❛ s♦❜r❡ ✉♥ ♠✐s♠❛ ♣❛rtí❝✉❧❛ ❡s ✐❣✉❛❧ ❛ ❧❛ s✉♠❛ ❞❡ ❧♦s tr❛❜❛❥♦s ❞❡ ❧❛s
❢✉❡r③❛s ✐♥❞✐✈✐❞✉❛❧❡s✱ ② ❡♥ ❣❡♥❡r❛❧ s❡ ❞❡✜♥❡ ❡❧ tr❛❜❛❥♦ ❞❡ ✉♥❛ ❢✉❡r③❛ ❛♣❧✐❝❛❞❛
❛❧ s✐st❡♠❛ ✭❡s ❞❡❝✐r✱ ✉♥❛ Γ✲✉♣❧❛ ❞❡ ❢✉❡r③❛s✱ ✉♥❛ ❛♣❧✐❝❛❞❛ ❛ ❝❛❞❛ ♣❛rtí❝✉❧❛✮
❝♦♠♦ ❧❛ s✉♠❛ ❞❡ ❧♦s tr❛❜❛❥♦s ❞❡ ❧❛s ❢✉❡r③❛s ✐♥❞✐✈✐❞✉❛❧❡s✳

P❛r❛ q✉❡ ✉♥ s✐st❡♠❛ s❡❛ ❝♦♥s❡r✈❛t✐✈♦✱ ❧❛ ❢✉❡r③❛ r❡s✉❧t❛♥t❡ q✉❡ ❛❝tú❛ s♦✲
❜r❡ ❡❧ s✐st❡♠❛ ❞❡❜❡ s❡r t❛❧ q✉❡ s✉ tr❛❜❛❥♦ ❡♥tr❡ ❞♦s ✐♥st❛♥t❡s ❞❡♣❡♥❞❛ só❧♦
❞❡ ❧❛ ❝♦♥✜❣✉r❛❝✐ó♥ ✐♥✐❝✐❛❧ ② ✜♥❛❧✱ ② ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡❧
s✐st❡♠❛ ❡♥tr❡ ❞✐❝❤♦s ✐♥st❛♥t❡s✳ ❯♥❛ ❢✉❡r③❛ ❝♦♥ ❡st❛ ♣r♦♣✐❡❞❛❞ s❡ ❞✐❝❡ ❝♦♥✲
s❡r✈❛t✐✈❛✳ P♦r ❡❥❡♠♣❧♦✱ ❧❛s ❢✉❡r③❛s ❣r❛✈✐t❛t✐♦r✐❛s✱ ❡❧ást✐❝❛s ② ❡❧❡❝tr♦stát✐❝❛s
s♦♥ ❝♦♥s❡r✈❛t✐✈❛s✳

❈✉❛♥❞♦ ✉♥❛ ❢✉❡r③❛ q✉❡ ❛❝tú❛ s♦❜r❡ ✉♥ s✐st❡♠❛ ❡s ❝♦♥s❡r✈❛t✐✈❛✱ s❡ ♣✉❡❞❡
❞❡✜♥✐r ✉♥❛ ❢✉♥❝✐ó♥ −V = −V (t, x)✱ ❧❧❛♠❛❞❛ ❢✉♥❝✐ó♥ ❞❡ tr❛❜❛❥♦✱ t❛❧ q✉❡ ❡❧
tr❛❜❛❥♦ ❞❡ ❞✐❝❤❛ ❢✉❡r③❛ ❡♥tr❡ ✉♥❛ ❝♦♥✜❣✉r❛❝✐ó♥ ② ♦tr❛ s❡❛ ✐❣✉❛❧ ❛ ❧❛ ✈❛r✐❛❝✐ó♥
❞❡−V ✳ ❈✉❛♥❞♦ t♦❞❛s ❧❛s ❢✉❡r③❛s s♦♥ ❝♦♥s❡r✈❛t✐✈❛s✱ s❡ ♦❜s❡r✈❛ q✉❡ ❧❛ ❡♥❡r❣í❛
♠❡❝á♥✐❝❛

E = K + V

s❡ ❝♦♥s❡r✈❛ ❡♥ ❝✉❛❧q✉✐❡r ♠♦✈✐♠✐❡♥t♦ ❞❡❧ s✐st❡♠❛✱ ② ❧❛ ♠❛❣♥✐t✉❞ V r❡❝✐❜❡ ❡❧
♥♦♠❜r❡ ❞❡ ❡♥❡r❣í❛ ♣♦t❡♥❝✐❛❧✱ ♣♦r ❧❛ ♣♦s✐❜✐❧✐❞❛❞ q✉❡ t✐❡♥❡ ❞❡ tr❛♥s❢♦r♠❛rs❡
❡♥ ❡♥❡r❣í❛ ❞❡ ♠♦✈✐♠✐❡♥t♦✳ ▲❛ ❝♦♥s❡r✈❛❝✐ó♥ ❞❡ ❧❛ ❡♥❡r❣í❛ ♣❡r♠✐t❡✱ ❛ ♣❛rt✐r ❞❡
❧❛ ❡♥❡r❣í❛ E0 ❞❡❧ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❞❡ ✉♥ ♠♦✈✐♠✐❡♥t♦✱ ❝❛❧❝✉❧❛r ❝✉á♥t❛ ❡♥❡r❣í❛
❝✐♥ét✐❝❛ t❡♥❞rá ❡❧ ♠♦✈✐♠✐❡♥t♦ ❝✉❛♥❞♦ ♣❛s❡ ♣♦r ❝❛❞❛ ❝♦♥✜❣✉r❛❝✐ó♥✱ ❧♦ ❝✉❛❧
r❡str✐♥❣❡ ❧❛s ♣♦s✐❜❧❡s s♦❧✉❝✐♦♥❡s ❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ♠♦✈✐♠✐❡♥t♦ ✭♠ás ♣r❡❝✐s❛✲
♠❡♥t❡✱ ♣❛r❛ ❝❛❞❛ ❝✉r✈❛ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❝♦♥✜❣✉r❛❝✐♦♥❡s ✭❢♦r♠❛❞❛ ♣♦r ♣✉♥t♦s
❞♦♥❞❡ V < E0✮ q✉❡❞❛ ❞❡t❡r♠✐♥❛❞❛ ✉♥❛ ú♥✐❝❛ ♣❛r❛♠❡tr✐③❛❝✐ó♥ ♣♦s✐❜❧❡✱ ♣✉❡s
❧❛ ♥♦r♠❛ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❡stá ❞❡t❡r♠✐♥❛❞❛ ♣♦r ❧❛ ❡♥❡r❣í❛ ❝✐♥ét✐❝❛✮✳

P❛r❛ q✉❡ ✉♥❛ ❢✉❡r③❛ f q✉❡ ♥♦ ❞❡♣❡♥❞❡ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞✶✺ s❡❛ ❝♦♥s❡r✈❛t✐✈❛✱
❞❡❜❡ ♥♦ ❞❡♣❡♥❞❡r ❞❡❧ t✐❡♠♣♦ ✭♣✉❡s ❡❧ tr❛❜❛❥♦ ❡♥ ✉♥ ♠♦✈✐♠✐❡♥t♦ rá♣✐❞♦
s❡❣✉✐❞♦ ❞❡ ✉♥❛ ❡s♣❡r❛ ❞❡❜❡ s❡r ✐❣✉❛❧ ❛❧ tr❛❜❛❥♦ ❡♥ ❧❛ ♠✐s♠❛ ❡s♣❡r❛ s❡❣✉✐❞❛
❞❡❧ ♠✐s♠♦ ♠♦✈✐♠✐❡♥t♦ rá♣✐❞♦✮✳ ❊st♦ ✐♠♣❧✐❝❛ q✉❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ tr❛❜❛❥♦ −V
t❛♠♣♦❝♦ ❞❡♣❡♥❞❡ ❞❡❧ t✐❡♠♣♦✳ ❆❞❡♠ás✱ ❝❛❧❝✉❧❛♥❞♦ ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ tr❛❜❛❥♦
❞❡ f = (fi)i∈Γ ❡♥ ✉♥ ♠♦✈✐♠✐❡♥t♦ ❝✉❛❧q✉✐❡r❛ ❝♦♠♦

d(−V ) =
∑

i∈Γ

〈fi, vi〉dt =
∑

i∈Γ

〈fi, dxi〉,

♥♦t❛♠♦s q✉❡ ❧❛ ❢✉❡r③❛ f ❡s ❡❧ ❣r❛❞✐❡♥t❡ ❞❡ −V ✱ ❡s ❞❡❝✐r✱ s❡ t✐❡♥❡

〈fi,−〉 = −∂V
∂xi

.

❘❡❝í♣r♦❝❛♠❡♥t❡✱ ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ q✉❡ s❡❛ ❣r❛❞✐❡♥t❡ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ −V =
−V (x) ❡s ❝♦♥s❡r✈❛t✐✈❛✳

✶✺❊st❛ ❤✐♣ót❡s✐s ❡s ♥❡❝❡s❛r✐❛✱ ♣✉❡s ♣♦r ❡❥❡♠♣❧♦ ❧❛ ❢✉❡r③❛ ♠❛❣♥ét✐❝❛✱ q✉❡ ❞❡♣❡♥❞❡ ❞❡ ❧❛
✈❡❧♦❝✐❞❛❞✱ ♥✉♥❝❛ r❡❛❧✐③❛ tr❛❜❛❥♦✱ ② s✐♥ ❡♠❜❛r❣♦ ❡❧ r❛③♦♥❛♠✐❡♥t♦ q✉❡ s✐❣✉❡ ♥♦ s❡ ❧❡ ❛♣❧✐❝❛✳
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❯♥ ❝❛♠♣♦ ❝❡♥tr❛❧ ❡s ♥❡❝❡s❛r✐❛♠❡♥t❡ ❝♦♥s❡r✈❛t✐✈♦✱ ♣✉❡s ❡s ❡❧ ❣r❛❞✐❡♥t❡
❞❡ ✉♥❛ ❢✉♥❝✐ó♥ q✉❡ ❞❡♣❡♥❞❡ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ❛❧ ❝❡♥tr♦✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❧❛ ❢✉❡r✲
③❛ ❡❧ást✐❝❛ −kr ♣r♦❞✉❝✐❞❛ ♣♦r ✉♥ r❡s♦rt❡ ❞❡ ❝♦♥st❛♥t❡ k q✉❡ ❝♦♥❡❝t❛ ✉♥❛
♣❛rtí❝✉❧❛ ❝♦♥ ✉♥ s♦♣♦rt❡ ✜❥♦ ❡s ❡❧ ❣r❛❞✐❡♥t❡ ❞❡ ❧❛ ❢✉♥❝✐ó♥ −V = −k

2 |ri|2✱ ②
✉♥❛ ❢✉❡r③❛ ❣r❛✈✐t❛❝✐♦♥❛❧ − k

|r|3
r ❡s ❡❧ ❣r❛❞✐❡♥t❡ ❞❡ ❧❛ ❢✉♥❝✐ó♥ −V = k

|r| ✳ ❊♥

❣❡♥❡r❛❧✱ t♦❞♦ ♣❛r ❞❡ ❢✉❡r③❛s ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❝❡♥tr❛❧✱ ❞❡ ❧❛ ❢♦r♠❛ fi,j = −fj,i =
α(|ri,j |) ri,j

|ri,j |
✭❝♦♥ α ❡s❝❛❧❛r✮✱ ❡s ❡❧ ❣r❛❞✐❡♥t❡ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ −V (|ri,j |) ❞❛❞❛

♣♦r −V =
∫

α(ρ)dρ✱ ② ♣♦r ❧♦ t❛♥t♦✱ ❡s ❝♦♥s❡r✈❛t✐✈❛✳

❊❥❡♠♣❧♦s ✸✳✶✶✳✶✳ ❊♥ ✉♥ ♦s❝✐❧❛❞♦r ❛r♠ó♥✐❝♦ s✐♠♣❧❡ ✭❝♦♠♦ ❡❧ ❞❡❧ ❡❥❡♠♣❧♦
✸✳✶✳✻✮✱ s❡ ❝♦♥s❡r✈❛ ❧❛ ❡♥❡r❣í❛

E = m
|ṙ|2
2

+ k
|r|2
2
.

❊♥ ✉♥ ♣é♥❞✉❧♦ ✭❝♦♠♦ ❡❧ ❞❡❧ ❡❥❡♠♣❧♦ ✸✳✺✳✸✮ s❡ ❝♦♥s❡r✈❛ ❧❛ ❡♥❡r❣í❛

E = m
|ṙ|2
2

−m〈g, r〉.

❊st❛ ❢ór♠✉❧❛ t❛♠❜✐é♥ ✈❛❧❡ ❡♥ ❡❧ ❝❛s♦ ❞❡❧ ♣é♥❞✉❧♦ ❝✐❝❧♦✐❞❛❧ ✐❞❡❛❞♦ ♣♦r
❍✉②❣❡♥s✱ ❡♥ ❡❧ q✉❡ ❧❛ ♣❛rtí❝✉❧❛ ❡s r❡str✐♥❣✐❞❛ ❛ ♠♦✈❡rs❡ ❡♥ ✉♥❛ ❝✉r✈❛ q✉❡ ♥♦
❡s ✉♥ ❝ír❝✉❧♦✱ s✐♥♦ ✉♥❛ ❝✐❝❧♦✐❞❡ ✭② ❞❡ ❤❡❝❤♦✱ ❧❛ ❢ór♠✉❧❛ s❡ ❛♣❧✐❝❛ ❛ ❝✉❛❧q✉✐❡r
❝✉r✈❛ r❡❣✉❧❛r✮✳

❊♥ ❡❧ ❝❛s♦ ❞❡ ✉♥ ♣❧❛♥❡t❛ ♠♦✈✐é♥❞♦s❡ ❛❧r❡❞❡❞♦r ❞❡❧ ❙♦❧✱ s❡ ❝♦♥s❡r✈❛ ❧❛
❡♥❡r❣í❛

E = m
|ṙ|2
2

−m
k

|r| .

❈♦♠❡♥t❛r✐♦ ✸✳✶✶✳✷✳ ❆ ✈❡❝❡s ✉♥❛ ❢✉❡r③❛ ♥♦ ❡s ❝♦♥s❡r✈❛t✐✈❛✱ ♣❡r♦ sí ❡s ❣r❛❞✐❡♥✲
t❡ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ −V (t, x)✳ ❙❡ ❞✐❝❡ q✉❡ ❧❛ ❢✉❡r③❛ ❞❡r✐✈❛ ❞❡ ✉♥ ♣♦t❡♥❝✐❛❧
✭❞❡♣❡♥❞✐❡♥t❡ ❞❡❧ t✐❡♠♣♦✮✳ P♦r ❡❥❡♠♣❧♦ s✐ ❡st✉❞✐❛♠♦s ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡
✉♥❛ ♣❛rtí❝✉❧❛ a ✉♥✐❞❛ ♣♦r ✉♥ r❡s♦rt❡ ❛ ♦tr❛ ♣❛rtí❝✉❧❛ b ❝✉②♦ ♠♦✈✐♠✐❡♥t♦
xb = xb(t) ②❛ ❡stá ❞❡t❡r♠✐♥❛❞♦✱ ❧❛ ❢✉❡r③❛ ❡❧ást✐❝❛ ❛ ❧❛ q✉❡ ❡stá s♦♠❡t✐❞❛ a
s❡rá fa,b = −k(xa − xb)✱ q✉❡ ❡s ❡❧ ❣r❛❞✐❡♥t❡ ❞❡ −V (t, xa) = −k|xa − xb|2✱
q✉❡ ❞❡♣❡♥❞❡ ❞❡❧ t✐❡♠♣♦✳ ◆ót❡s❡ q✉❡ s✐ ❛❣r❡❣❛♠♦s ❧❛ ♣❛rtí❝✉❧❛ b ❛❧ s✐st❡✲
♠❛✱ ❡♥t♦♥❝❡s t❛♠❜✐é♥ ❡st❛♠♦s ✐♥❝❧✉②❡♥❞♦ ❧❛ ❢✉❡r③❛ fb,a✱ ② ❡❧ ♣❛r ❞❡ ❢✉❡r③❛s
❡❧ást✐❝❛s ♣❛s❛ ❛ s❡r ❝♦♥s❡r✈❛t✐✈♦✳ P❡r♦ ❧❛ ♦tr❛ ❢✉❡r③❛ q✉❡ ❡stá ♠♦✈✐❡♥❞♦ ❛ b
♣r♦❜❛❜❧❡♠❡♥t❡ ♥♦ ❧♦ s❡❛✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✶✶✳✸✳ ❨❛ ✈✐♠♦s q✉❡ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❡♥❡r❣í❛ ❝✐♥ét✐❝❛ ❞❡♣❡♥❞❡ ❞❡❧
s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ q✉❡ ❡st❡♠♦s ✉s❛♥❞♦✱ ② só❧♦ s❡ ♣✉❡❞❡ ❞❡✜♥✐r ♥❛t✉r❛❧✲
♠❡♥t❡ s✉ ✈❛r✐❛❝✐ó♥ ❡♥tr❡ ❞♦s ❡st❛❞♦s ✭s✐ ❡❧ s✐st❡♠❛ ❡s ❛✐s❧❛❞♦✮✳ ❙✐♠✐❧❛r♠❡♥t❡✱
❧❛ ❡♥❡r❣í❛ ♣♦t❡♥❝✐❛❧ ✭② ♣♦r ❧♦ t❛♥t♦✱ ❧❛ ❡♥❡r❣í❛ ♠❡❝á♥✐❝❛✮✱ ❡stá♥ ❞❡✜♥✐❞❛s ❛
♠❡♥♦s ❞❡ ✉♥❛ ❝♦♥st❛♥t❡ ❛❞✐t✐✈❛✱ ❧♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ ♥♦ s♦♥ ❢✉♥❝✐♦♥❡s ❞❡✜✲
♥✐❞❛s ♥❛t✉r❛❧♠❡♥t❡ ❡♥ ❡❧ ♠✉♥❞♦ ❞❡ ❡st❛❞♦s✱ s✐♥♦ q✉❡ s❡ ❛♣❧✐❝❛♥ ❛ ♣❛r❡s ❞❡
❡st❛❞♦s✳ ▲❛ ✐♥❢♦r♠❛❝✐ó♥ q✉❡ ♥♦s ♣r♦♣♦r❝✐♦♥❛ ❧❛ ❡♥❡r❣í❛ ♥♦ ❡stá ❡♥ s✉ ✈❛❧♦r
❛❜s♦❧✉t♦✱ s✐♥♦ ❡♥ s✉ ✈❛r✐❛❝✐ó♥✳

✸✸



❈♦♠❡♥t❛r✐♦ ✸✳✶✶✳✹✳ ❊♥ ❣❡♥❡r❛❧✱ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛ ❡♥❡r❣í❛ ♠❡❝á♥✐❝❛ ❡s ✐❣✉❛❧
❛❧ tr❛❜❛❥♦ ❞❡ ❧❛s ❢✉❡r③❛s q✉❡ ♥♦ ❡stá♥ ✐♥❝❧✉✐❞❛s ❡♥ ❡❧ ❝á❧❝✉❧♦ ❞❡ −V ✱ ② s❡
❝♦♥s✐❞❡r❛ q✉❡ ❧❛ ❡♥❡r❣í❛ ♠❡❝á♥✐❝❛ ❢❛❧t❛♥t❡ s❡ ❝♦♥✈✐rt✐ó ❡♥ ❡♥❡r❣í❛ ♥♦ ♠❡✲
❝á♥✐❝❛✱ q✉❡ s✉❡❧❡♥ ❤❛❧❧❛rs❡ ❡♥ ❢♦r♠❛ ❞❡ ❡♥❡r❣í❛ ♠❡❝á♥✐❝❛ ❢✉❡r❛ ❞❡❧ s✐st❡♠❛✱
❡♥❡r❣í❛ tér♠✐❝❛✱ ❡♥❡r❣í❛ ❡❧❡❝tr♦♠❛❣♥ét✐❝❛✱ ❡t❝✳✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ s❡ s❛❜❡ q✉❡ ❧❛
❡♥❡r❣í❛ tér♠✐❝❛ ❡stá ❛s♦❝✐❛❞❛ ❛❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ♣❛rtí❝✉❧❛s ♠✉② ♣❡q✉❡ñ❛s q✉❡
❝♦♠♣♦♥❡♥ ❧❛ ♠❛t❡r✐❛✳ ▲❛s ❢✉❡r③❛s ❢✉♥❞❛♠❡♥t❛❧❡s s♦♥ ❝♦♥s❡r✈❛t✐✈❛s✱ ② ❧❛ ♥♦
❝♦♥s❡r✈❛❝✐ó♥ ❞❡ ❧❛ ❡♥❡r❣í❛ ♠❡❝á♥✐❝❛ ❡s ❡✈✐❞❡♥❝✐❛ ❞❡ q✉❡ ❡st❛♠♦s ❤❛❝✐❡♥❞♦
✉♥ ❛♥á❧✐s✐s ✐♥❝♦♠♣❧❡t♦✱ s❡❛ ♣♦rq✉❡ ❡❧ s✐st❡♠❛ q✉❡ ❡st❛♠♦s ❡st✉❞✐❛♥❞♦ ♥♦ ❡s
❛✐s❧❛❞♦✱ ♦ ♣♦rq✉❡ ❧❛s ✈❛r✐❛❜❧❡s q✉❡ ❡st❛♠♦s ❛♥❛❧✐③❛♥❞♦ ♥♦ ❞❡s❝r✐❜❡♥ ❝♦♠♣❧❡✲
t❛♠❡♥t❡ ❡❧ ❡st❛❞♦ ❞❡❧ s✐st❡♠❛ ✭♣♦r ❡❥❡♠♣❧♦✱ ❛❧ ♥♦ ✐♥❝❧✉✐r ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡
❧❛s ♣❛rt❡s✱ q✉❡ ❝✉❛♥t✐✜❝❛ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❛ ♥✐✈❡❧ ♠♦❧❡❝✉❧❛r✮✳

✸✹



✹✳ ❉✐♥á♠✐❝❛ ❡♥ ✈❛r✐❡❞❛❞❡s r✐❡♠❛♥♥✐❛♥❛s✿ ♠❡❝á♥✐❝❛

❞❡ ▲❛❣r❛♥❣❡

▲❛ ♠❡❝á♥✐❝❛ ❛♥❛❧ít✐❝❛ ❞❡ ▲❛❣r❛♥❣❡ ♣❡r♠✐t❡ ❡st✉❞✐❛r s✐st❡♠át✐❝❛♠❡♥t❡ ❡❧
♠♦✈✐♠✐❡♥t♦ ❞❡ ✉♥ s✐st❡♠❛ Γ ❞❡ ♣❛rtí❝✉❧❛s ❡♥ ✉♥ ♠✉♥❞♦ ❣❛❧✐❧❡❛♥♦ G✱ ❝✉❛♥❞♦
ést❡ s❡ ❤❛❧❧❛ r❡str✐♥❣✐❞♦ ❛ ✉♥ s✉❜♠✉♥❞♦ M ❞❡ GΓ✳ ❊❧ ♠ét♦❞♦ ❝♦♥s✐st❡ ❡♥
♣❛r❛♠❡tr✐③❛r M ❝♦♥ ❧❛ ❝❛♥t✐❞❛❞ ❛❞❡❝✉❛❞❛ ❞❡ ✈❛r✐❛❜❧❡s✱ ② ❡s❝r✐❜✐r ❡❝✉❛❝✐♦♥❡s
❞❡ ♠♦✈✐♠✐❡♥t♦ q✉❡ ❞❡s❝r✐❜❛♥ ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡ ❡s❛s ✈❛r✐❛❜❧❡s✳

✹✳✶✳ ❱❡❝t♦r❡s ② ❝♦✈❡❝t♦r❡s ❡♥ ♠❡❝á♥✐❝❛

❆♥t❡s ❞❡ ❞❡s❛rr♦❧❧❛r ❧❛ ♠❡❝á♥✐❝❛ ❞❡ ▲❛❣r❛♥❣❡✱ ✈❛♠♦s ❛ r❡✈✐s❛r ❛❧❣✉♥♦s
❛s♣❡❝t♦s ❢♦r♠❛❧❡s ❞❡ ❧❛ ♠❡❝á♥✐❝❛ ❞❡ ◆❡✇t♦♥✳

❈✉❛♥❞♦ ✉♥❛ ♣❛rtí❝✉❧❛ i s❡ ♠✉❡✈❡ ❡♥ ✉♥ ♠✉♥❞♦ ❣❛❧✐❧❡❛♥♦ G✱ ✉♥❛ ❢✉❡r③❛
Fi q✉❡ ❛❝tú❛ s♦❜r❡ ❧❛ ♠✐s♠❛ ❡s tr❛❞✐❝✐♦♥❛❧♠❡♥t❡ ❝♦♥s✐❞❡r❛❞❛ ✉♥ ✈❡❝t♦r✱ ♣❡r♦
❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ❛ ✈❡❝❡s ❡s ❡❧ ❣r❛❞✐❡♥t❡ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ −V (t, x) ✭❡s ❞❡❝✐r✱ s❡
t✐❡♥❡ 〈Fi,−〉 = ∂V

∂x ✮ s✉❣✐❡r❡ q✉❡ q✉✐③ás s❡❛ ♠ás s❡♥❝✐❧❧♦ ♣❡♥s❛r ❛ ❧❛ ❢✉❡r③❛
❡♥ tér♠✐♥♦s ❞❡❧ ❝♦✈❡❝t♦r (Fi)β = 〈Fi,−〉✳ ➽❈ó♠♦ s❡ r❡❝♦♥❝✐❧✐❛ ❡st♦ ❝♦♥ ❧❛
❡❝✉❛❝✐ó♥ ❞❡ ◆❡✇t♦♥ ṗi = Fi❄ ❆♣❧✐❝❛♥❞♦ ❡❧ ♣r♦❞✉❝t♦ ✐♥t❡r♥♦ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡
◆❡✇t♦♥✱ ♦❜t❡♥❡♠♦s

〈ṗi,−〉 = (Fi)β ,

♣♦r ❧♦ q✉❡ t❛♠❜✐é♥ ♣♦❞❡♠♦s ♣❡♥s❛r ❛ ❧❛ ❢✉❡r③❛ ❡❢❡❝t✐✈❛ fi = ṗi ❝♦♠♦ ✉♥
❝♦✈❡❝t♦r (fi)β = 〈fi,−〉 = mi〈ẍi,−〉✳ ❉❡✜♥✐❡♥❞♦ ✉♥ ♥✉❡✈♦ ♣r♦❞✉❝t♦ ✐♥t❡r♥♦
gi = mi〈−,−〉✱ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ◆❡✇t♦♥ q✉❡❞❛ ❡♥ ❧❛ ❢♦r♠❛ gi(ẍi,−) = (Fi)β ✳
❊♥ ❛❞❡❧❛♥t❡✱ ❡s❝r✐❜✐r❡♠♦s ❛ ❧❛s ❢✉❡r③❛s ❝♦♥ s✉♣❡rí♥❞✐❝❡ ♣❛r❛ ✐♥❞✐❝❛r q✉❡
❡stá♥ ❡♥ ❢♦r♠❛ ✈❡❝t♦r✐❛❧ ② ❝♦♥ s✉❜í♥❞✐❝❡ ♣❛r❛ ✐♥❞✐❝❛r q✉❡ ❡stá♥ ❡♥ ❢♦r♠❛
❝♦✈❡❝t♦r✐❛❧✳ ❊♥ ❝❛s♦ ❞❡ ❤❛❜❧❛r ❞❡ ❢✉❡r③❛ s✐♥ ❛❝❧❛r❛r ♥✐ ❡s❝r✐❜✐r ✉♥ í♥❞✐❝❡✱ s❡
❞❡❜❡ ❡♥t❡♥❞❡r q✉❡ ♣♦r ❞❡❢❡❝t♦ ❤❛❜❧❛♠♦s ❞❡ ✉♥ ❝♦✈❡❝t♦r✳

❊♥ ❡❧ ❝❛s♦ ❞❡ ✉♥ s✐st❡♠❛ Γ ❞❡ ♣❛rtí❝✉❧❛s i q✉❡ s❡ ♠✉❡✈❡♥ ❡♥ ❡❧ ♠✐s♠♦
♠✉♥❞♦ ❣❛❧✐❧❡❛♥♦ G✱ ❧❛ ❢✉❡r③❛ r❡s✉❧t❛♥t❡ F = (Fi)i s❡rá ✉♥❛ Γ✲✉♣❧❛ ❞❡ ❝♦✈❡❝✲
t♦r❡s ✭❡s ❞❡❝✐r✱ ✉♥ ❝♦✈❡❝t♦r ❞❡ GΓ✮✱ ② ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ◆❡✇t♦♥ s❡ ❡s❝r✐❜✐rá ❡♥
❧❛ ❢♦r♠❛

g(ẍ,−) = F (t, x, ẋ)

❞♦♥❞❡ g =
∑

i∈Γ gi =
∑

i∈Γmi〈−,−〉G✳ P♦❞❡♠♦s ❞❡✜♥✐r ❡♥t♦♥❝❡s ❧❛ ❢✉❡r③❛
❡❢❡❝t✐✈❛ f = g(ẍ,−)✱ q✉❡ ❡s ✐❣✉❛❧ ❛ m〈ẍ,−〉✱ s✐ m ❡s ❧❛ ♠❛s❛ ❞❡❧ s✐st❡♠❛✱ q✉❡
❛❝á ♦♣❡r❛ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❧❛ ❝♦♠♣♦♥❡♥t❡ i✲és✐♠❛ 〈ẍi,−〉G ❞❡❧ ❝♦✈❡❝t♦r 〈ẍ,−〉
♣♦r ❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ♠❛s❛ mi✳ ❊❧ ❡s♣❛❝✐♦ G

Γ ♣✉❡❞❡ ❡♥t♦♥❝❡s ❝♦♥s✐❞❡r❛rs❡
✉♥ ❡s♣❛❝✐♦ ❣❛❧✐❧❡❛♥♦ ❡♥ ❡❧ q✉❡ s❡ ♠✉❡✈❡ ❧❛ ❝♦♥✜❣✉r❛❝✐ó♥ ❞❡❧ s✐st❡♠❛✱ ♣❡✲
r♦ ❧❛ ♠❛s❛ m ❞❡ ❧❛ ❝♦♥✜❣✉r❛❝✐ó♥ ♥♦ ❡s ✉♥ ❡s❝❛❧❛r✱ s✐♥♦ ✉♥ ♦♣❡r❛❞♦r ♠ás
❝♦♠♣❧✐❝❛❞♦✳

✸✺



❯s❛♥❞♦ í♥❞✐❝❡s ❛❜str❛❝t♦s✱ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ◆❡✇t♦♥ s❡ ❡s❝r✐❜❡ ❝♦♠♦

gαβẍ
α = Fβ .

✹✳✷✳ ❙✐st❡♠❛s r❡str✐♥❣✐❞♦s ♣♦r ❢✉❡r③❛s ❞❡ ✈í♥❝✉❧♦

❆ ✈❡❝❡s✱ s♦❜r❡ ✉♥ s✐st❡♠❛ Γ ❞❡ ♣❛rtí❝✉❧❛s q✉❡ s❡ ♠✉❡✈❡♥ ❡♥ ✉♥ ♠✉♥❞♦
❣❛❧✐❧❡❛♥♦ G✱ ❛❝tú❛♥ ❢✉❡r③❛s ❞❡ ✈í♥❝✉❧♦ q✉❡ ♦❜❧✐❣❛♥ ❛❧ s✐st❡♠❛ ❛ ♠♦✈❡rs❡
❜❛❥♦ ❝✐❡rt❛ r❡str✐❝❝✐ó♥ ✭❤♦❧ó♥♦♠❛✮ ❝♦♥♦❝✐❞❛✱ ❡s ❞❡❝✐r✱ ❛ ♠♦✈❡rs❡ ❡♥ ✉♥
♠✉♥❞♦ ❞❡ ❝♦♥✜❣✉r❛❝✐♦♥❡s M ⊆ GΓ✳ P♦r ❡❥❡♠♣❧♦✱ ✉♥❛ ❜❛rr❛ rí❣✐❞❛ ❞❡ ❧♦♥❣✐✲
t✉❞ l q✉❡ ✉♥❡ ❞♦s ♣❛rtí❝✉❧❛s a ② b r❡str✐♥❣❡ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡❧ s✐st❡♠❛ ❞❡ ❞♦s
♣❛rtí❝✉❧❛s ❛ ❝♦♥✜❣✉r❛❝✐♦♥❡s ❡♥ ❧❛s q✉❡ |xa − xb| = l✳

❈♦♠❡♥t❛r✐♦ ✹✳✷✳✶✳ ▲❛s ❢✉❡r③❛s ❞❡ ✈í♥❝✉❧♦ ❛ ✈❡❝❡s ♣r♦✈✐❡♥❡♥ ❡♥ ❧❛ ♣rá❝t✐❝❛ ❞❡
✉♥ ♣♦t❡♥❝✐❛❧ ❞❡✜♥✐❞♦ ❡♥ GΓ✱ q✉❡ ❝r❡❝❡ ♠✉❝❤♦ ❛❧ ❛❧❡❥❛rs❡ ❧❡✈❡♠❡♥t❡ ❞❡M ✱ ❧♦✲
❣r❛♥❞♦ q✉❡ ❧♦s ♠♦✈✐♠✐❡♥t♦s ✭❞❡ ❡♥❡r❣í❛ s✉✜❝✐❡♥t❡♠❡♥t❡ ❜❛❥❛✮ s❡ ♠❛♥t❡♥❣❛♥
❛♣r♦①✐♠❛❞❛♠❡♥t❡ r❡str✐♥❣✐❞♦s ❛ M ✳

❈♦♠❡♥t❛r✐♦ ✹✳✷✳✷✳ ❚❛♠❜✐é♥ ❡①✐st❡♥ r❡str✐❝❝✐♦♥❡s ❞❡ ❧❛ ❢♦r♠❛ U(t, x) ≥ q✱ ②
r❡str✐❝❝✐♦♥❡s ❛♥❤♦❧ó♥♦♥♦♠❛s q✉❡ ✐♥✈♦❧✉❝r❛♥ ❛ ẋ✱ q✉❡ ♥♦ tr❛t❛r❡♠♦s ❛q✉í
♣♦rq✉❡ ❧❛ ✈✐❞❛ ❡s ❝♦rt❛✳ P♦r ❡❥❡♠♣❧♦✱ ✉♥❛ ❡s❢❡r❛ q✉❡ r✉❡❞❛ s✐♥ ❞❡s❧✐③❛r s♦❜r❡
✉♥ ♣❧❛♥♦ ❡stá s✉❥❡t❛ ❛ ✉♥❛ r❡str✐❝❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❞❛❞❛ ♣♦r ✉♥❛ ❡❝✉❛❝✐ó♥
ẋ ∈ S(t, x)✱ ❞♦♥❞❡ S(t, x) ❡s ✉♥ s✉❜♠✉♥❞♦ ❞❡ ∆G✳ P❛r❛ ❡st✉❞✐❛r ❡st❛ ❝❧❛s❡
❞❡ ✈í♥❝✉❧♦s✱ ✈❡r ♣✳ ✹✺✶✕✹✺✺ ❞❡ ❬✶✶❪✳

❉❡❝✐♠♦s q✉❡ ❧❛ ❢✉❡r③❛ ❞❡ ✈í♥❝✉❧♦ ❡s ✐❞❡❛❧ ♦ ♣✉r❛ ❝✉❛♥❞♦ s✉ ✈❛❧♦r ❡s
t❛❧ q✉❡ ❤❛❝❡ tr❛❜❛❥♦ ♥✉❧♦ ❡♥ ❝✉❛❧q✉✐❡r ❞❡s♣❧❛③❛♠✐❡♥t♦ ✈✐rt✉❛❧ ❞❡❧ s✐st❡♠❛
✭q✉❡ ❡s ✉♥ ❞❡s♣❧❛③❛♠✐❡♥t♦ ✐♥st❛♥tá♥❡♦ ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❧❛s r❡str✐❝❝✐♦♥❡s✱ ❡s
❞❡❝✐r✱ ✉♥❛ ❝✉r✈❛ ❡♥ Mt✮✳ P♦r ❡❥❡♠♣❧♦✱ ❧❛ ❝✉❡r❞❛ ❞❡❧ ♣é♥❞✉❧♦ ❡♥ ❡❧ ❡❥❡♠♣❧♦
✸✳✺✳✸ ❡s ✉♥ ✈í♥❝✉❧♦ ✐❞❡❛❧✱ ♣✉❡s ❧❛ t❡♥s✐ó♥ ❞❡ ❧❛ ❝✉❡r❞❛ ❡s ♣❡r♣❡♥❞✐❝✉❧❛r ❛❧
♠♦✈✐♠✐❡♥t♦ ✭② ❡st♦ t❛♠❜✐é♥ ✈❛❧❡ s✐ s❡ ❧❡ ❞❛ ✉♥❛ ✈❡❧♦❝✐❞❛❞ ✐♥✐❝✐❛❧ ♥♦ ♥✉❧❛✱
❡♥ ❝✉②♦ ❝❛s♦ ❡❧ ♠♦✈✐♠✐❡♥t♦ q✉❡❞❛ r❡str✐♥❣✐❞♦ ❛ ✉♥❛ ❡s❢❡r❛✱ ❡♥ ✈❡③ ❞❡ ❛ ✉♥
❝ír❝✉❧♦✮✳ ❊❧ ♣❛r ❞❡ ❢✉❡r③❛s ❞❡ ❝♦♥t❛❝t♦ ❡♥tr❡ ❞♦s ❝✉❡r♣♦s q✉❡ ♥♦ ❞❡s❧✐③❛♥ ❡♥tr❡
sí ❡s ✉♥ ✈í♥❝✉❧♦ ✐❞❡❛❧✳ ◆ót❡s❡ q✉❡ ❡♥ ❣❡♥❡r❛❧✱ ✉♥ ♣❛r ❞❡ ❢✉❡r③❛s ❞❡ ✐♥t❡r❛❝❝✐ó♥
❡s ✐❞❡❛❧ s✐♥ q✉❡ ❝❛❞❛ ✉♥❛ ❞❡ ❡❧❧❛s ❧♦ s❡❛✳ P♦r ❡❥❡♠♣❧♦✱ ❡❧ ♣❛r ❞❡ ❢✉❡r③❛s ❞❡
❝♦♥t❛❝t♦ ❡♥tr❡ ✉♥ ❛s❝❡♥s♦r ② s✉ ❝❛r❣❛ ❡s ✐❞❡❛❧✱ ♣✉❡s s❡ tr❛t❛ ❞❡ ❞♦s ❢✉❡r③❛s
♦♣✉❡st❛s ❛♣❧✐❝❛❞❛s ❛ ♦❜❥❡t♦s q✉❡ s❡ ♠✉❡✈❡♥ ❛ ❧❛ ♠✐s♠❛ ✈❡❧♦❝✐❞❛❞✳

❊❧ ♣❛r ❞❡ ❢✉❡r③❛s ✐♥t❡r♥❛s ❡♥tr❡ ❞♦s ♣❛rtí❝✉❧❛s i, j ❞❡ ✉♥ ❝✉❡r♣♦ rí❣✐❞♦✱
q✉❡ ♦❜❧✐❣❛ ❛ ♠❛♥t❡♥❡r ❧❛s ❞✐st❛♥❝✐❛ ❡♥tr❡ ❡❧❧❛s ❝♦♥st❛♥t❡✱ ❡s ✉♥❛ ❢✉❡r③❛ ❞❡
✈í♥❝✉❧♦ ✐❞❡❛❧ ✭❧♦ ❝✉❛❧ s❡ ♣✉❡❞❡ ❞❡♠♦str❛r s✉♣♦♥✐❡♥❞♦ q✉❡ ❝✉♠♣❧❡ ❧❛ ❧❡② ❢✉❡rt❡
❞❡ ✐♥t❡r❛❝❝✐ó♥✱ ② ❡st♦ ❛ s✉ ✈❡③ q✉❡❞❛ ❡✈✐❞❡♥❝✐❛❞♦ ♣♦r ❧❛ ❝♦♥s❡r✈❛❝✐ó♥ ❞❡❧
✐♠♣✉❧s♦ ❛♥❣✉❧❛r✮✳

❖❜s❡r✈❛❝✐ó♥ ✹✳✷✳✸✳ ❙✐ ❜✐❡♥ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ✈í♥❝✉❧♦ ✐❞❡❛❧ ♠❡♥❝✐♦♥❛ ❛❧ tr❛❜❛❥♦✱
s❡ tr❛t❛ ❞❡ ✉♥ tr❛❜❛❥♦ ❛ t✐❡♠♣♦ ❝♦♥st❛♥t❡✱ ♣♦r ❧♦ ❝✉❛❧ ♥♦ ❤❛❝❡ ❢❛❧t❛ ✉♥ s✐st❡♠❛
❞❡ r❡❢❡r❡♥❝✐❛ ♣❛r❛ ❞❡✜♥✐r❧♦✳

✸✻



❈✉❛♥❞♦ ✉♥❛ ❢✉❡r③❛ ❞❡ ✈í♥❝✉❧♦ ♥♦ ❡s ✐❞❡❛❧✱ s❡ ❧❛ ♣✉❡❞❡ ❞❡s❝♦♠♣♦♥❡r ❡♥
✉♥❛ ♣❛rt❡ ✐❞❡❛❧ ② ♦tr❛ ♥♦ ✐❞❡❛❧✳ P♦r ❡❥❡♠♣❧♦✱ ❧❛ ❢✉❡r③❛ ❞❡ ❝♦♥t❛❝t♦ ❡♥tr❡
✉♥❛ s✉♣❡r✜❝✐❡ ② ✉♥❛ ♣❛rtí❝✉❧❛ q✉❡ ❞❡s❧✐③❛ s♦❜r❡ ❡❧❧❛ s❡ ❞❡s❝♦♠♣♦♥❡ ❡♥ ✉♥❛
❝♦♠♣♦♥❡♥t❡ ✐❞❡❛❧ q✉❡ ❡s ♣❡r♣❡♥❞✐❝✉❧❛r ❛ ❧❛ s✉♣❡r✜❝✐❡ ② ✉♥❛ ❝♦♠♣♦♥❡♥t❡
♥♦ ✐❞❡❛❧ t❛♥❣❡♥❝✐❛❧ ✭q✉❡ ✐♥❝❧✉②❡ ❛❧ r♦③❛♠✐❡♥t♦✱ s✐ ❡①✐st✐❡r❛✮✳ P♦r ❧♦ t❛♥t♦✱
❡♥ ❛❞❡❧❛♥t❡ ✈❛♠♦s ❛ s✉♣♦♥❡r q✉❡ t♦❞♦s ❧♦s ✈í♥❝✉❧♦s s♦♥ ✐❞❡❛❧❡s✳ ❆❞❡♠ás
s✉♣♦♥❞r❡♠♦s q✉❡ ❧❛ ❢✉❡r③❛ ❞❡ ✈í♥❝✉❧♦ ♣✉❡❞❡ t♦♠❛r ❝✉❛❧q✉✐❡r ✈❛❧♦r ✭✐❞❡❛❧✮
q✉❡ ❤❛❣❛ ❢❛❧t❛ ♣❛r❛ r❡str✐♥❣✐r ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡❧ s✐st❡♠❛ ❛❧ ♠✉♥❞♦ M ✳ ❊❧
s✐❣♥✐✜❝❛❞♦ ♣r❡❝✐s♦ ❞❡ ❡st❛ ú❧t✐♠❛ ❛✜r♠❛❝✐ó♥ q✉❡❞❛rá ❝❧❛r♦ ♠ás ❛❞❡❧❛♥t❡✱
❝✉❛♥❞♦ ❡①♣❧✐q✉❡♠♦s ❝ó♠♦ s❡ ❞❡✜♥❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❢✉❡r③❛ ❞❡ ❧❛ ❝✉❛❧ ♣r♦✈✐❡♥❡
❧❛ ❢✉❡r③❛ ❞❡ ✈í♥❝✉❧♦✳

❆ ❧❛s ❢✉❡r③❛s q✉❡ ❛❝tú❛♥ s♦❜r❡ ❡❧ s✐st❡♠❛ ② ♥♦ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦
❝♦♠♦ ❢✉❡r③❛s ❞❡ ✈í♥❝✉❧♦ ❧❛s ❧❧❛♠❛r❡♠♦s ❢✉❡r③❛s ❛♣❧✐❝❛❞❛s✳ ▲❛ ✈❡♥t❛❥❛ ❞❡
✐❞❡♥t✐✜❝❛r ② ❛♣❛rt❛r ❢✉❡r③❛s ❞❡ ✈í♥❝✉❧♦ ✐❞❡❛❧❡s ❡s q✉❡ ♠ás ❛❞❡❧❛♥t❡ ♣♦❞r❡♠♦s
✐❣♥♦r❛r❧❛s✱ ② ❡st✉❞✐❛r ❡❧ ♠♦✈✐♠✐❡♥t♦ r❡str✐♥❣✐❞♦ ❞❡❧ s✐st❡♠❛ ❛ ♣❛rt✐r ❞❡ ❧❛s
❢✉❡r③❛s ❛♣❧✐❝❛❞❛s✳

✹✳✸✳ ❈✐♥❡♠át✐❝❛ ❞❡ s✐st❡♠❛s r❡str✐♥❣✐❞♦s

❯♥ ♠✉♥❞♦ ❞❡ ❝♦♥✜❣✉r❛❝✐♦♥❡s ✭❞❡ ❞✐♠❡♥s✐ó♥ 1 + n✮ ❡s ✉♥ ✜❜r❛❞♦
s✉❛✈❡✱ ❞❡ ✈❛r✐❡❞❛❞❡s s✉❛✈❡s ✭❞❡ ❞✐♠❡♥s✐ó♥ n✮✱ s♦❜r❡ T ✳ ❊s ❞❡❝✐r✱ ❡s ✉♥ ♣❛r
(M, tM )✱ ❞♦♥❞❡M ❡s ✉♥❛ ✈❛r✐❡❞❛❞ s✉❛✈❡ ✭❞❡ ❞✐♠❡♥s✐ó♥ 1+n✮ ② tM :M → T
❡s ✉♥❛ ❢✉♥❝✐ó♥ r❡❣✉❧❛r✳ ❯♥ ♠♦✈✐♠✐❡♥t♦ ❡♥ M ❡s ✉♥❛ s❡❝❝✐ó♥ ❞❡ tM ✳ ❯♥
♠♦r✜s♠♦ ❞❡ ♠✉♥❞♦s ❞❡ ❝♦♥✜❣✉r❛❝✐ó♥ ❡s ✉♥❛ ❢✉♥❝✐ó♥ s✉❛✈❡ F :M → N q✉❡
r❡s♣❡t❛ ❡❧ t✐❡♠♣♦✱ ❡s ❞❡❝✐r✱ t❛❧ q✉❡ tN ◦F = tM ✳ ❈✉❛♥❞♦ dimN ≤ dimM ✱ s❡
❞✐❝❡ q✉❡ F ❡s r❡❣✉❧❛r ❡♥ ✉♥ ♣✉♥t♦ (t, x) ❞❡M ❝✉❛♥❞♦ ❧❛ ❢✉♥❝✐ó♥ F ❡s r❡❣✉❧❛r
❡♥ ❞✐❝❤♦ ♣✉♥t♦✱ ② ❛❞❡♠ás ❡❧ Ker d(t,x)F ♥♦ ❡stá ❝♦♥t❡♥✐❞♦ ❡♥ ❡❧ Ker d(t,x)tM ✳
❖ ❡q✉✐✈❛❧❡♥t❡✱ tM × F ❡s r❡❣✉❧❛r ❡♥ (t, x)✳

P♦r ❡❥❡♠♣❧♦✱ GΓ ❡s ✉♥ ♠✉♥❞♦ ❞❡ ❝♦♥✜❣✉r❛❝✐♦♥❡s✱ ② ❞❛❞♦ ✉♥ ♠♦r✜s♠♦
F : GΓ → N ② ✉♥ ♠♦✈✐♠✐❡♥t♦ c ❡♥ N ✱ ❡❧ ❝♦♥❥✉♥t♦ M = {(t, x) ∈ GΓ :
F (t, x) = c(t)} ❡s ✉♥ s✉❜♠✉♥❞♦ ❞❡ ❝♦♥✜❣✉r❛❝✐♦♥❡s ❞❡ GΓ ✭s✐ F ❡s r❡❣✉❧❛r ❡♥
M✮✳ ▲♦s ♠✉♥❞♦s q✉❡ ♥♦s ✐♥t❡r❡s❛♥ s♦♥ ❞❡ ❡st❡ t✐♣♦✳

❊♥ ❝❛❞❛ ♣✉♥t♦ (t, x) ❞❡ ✉♥ ♠✉♥❞♦ ❞❡ ❝♦♥✜❣✉r❛❝✐♦♥❡s M s❡ ♣✉❡❞❡♥ ❞❡✲
✜♥✐r✱ ❝♦♠♦ ❡♥ ✉♥ ♠✉♥❞♦ ❣❛❧✐❧❡❛♥♦✱ ❡❧ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ SpaVec(t,x)M =

Ker(d(t,x)tM ) = TxMt ❞❡ ✈❡❝t♦r❡s t❛♥❣❡♥t❡s ❡s♣❛❝✐❛❧❡s✱ ❡❧ ❡s♣❛❝✐♦ ❛❢í♥ Ṁ(t,x)

❞❡ ✈❡❧♦❝✐❞❛❞❡s ✭s❡❝❝✐♦♥❡s ❞❡ d(t,x)tM ✮ ② ❡❧ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧∆Ṁ(t,x) = (Rs)∗⊗R

SpaVec(t,x)M ❞❡ ✈❡❧♦❝✐❞❛❞❡s r❡❧❛t✐✈❛s✳ ❆ ❧♦s ✈❡❝t♦r❡s t❛♥❣❡♥t❡s ❡s♣❛❝✐❛✲
❧❡s t❛♠❜✐é♥ s❡ ❧♦s ❧❧❛♠❛ ❞❡s♣❧❛③❛♠✐❡♥t♦s ✈✐rt✉❛❧❡s ✐♥✜♥✐t❡s✐♠❛❧❡s✳ ❯♥
♠♦r✜s♠♦ F : M → N q✉❡ ♠❛♥❞❛ (t, x) ❛ (t, y) ❝♦♥✈✐❡rt❡ ♠♦✈✐♠✐❡♥t♦s ❡♥
M ❡♥ ♠♦✈✐♠✐❡♥t♦s ❡♥ N ✱ ② tr❛♥s❢♦r♠❛ ❧❛s ✈❡❧♦❝✐❞❛❞❡s s❡❣ú♥ ❧❛ ❢ór♠✉❧❛
ẏ = ∂F

∂t + ∂F
∂xα ẋ

α✱ ❡st❛❜❧❡❝✐❡♥❞♦ ✉♥ ♠♦r✜s♠♦ Ḟ : Ṁ → Ṅ ✳

▲❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ ✉♥ ♠♦✈✐♠✐❡♥t♦ ❡♥M ♥♦ s❡ ♣✉❡❞❡ ❞❡✜♥✐r ❝♦♠♦ ✉♥ ✈❡❝t♦r

✸✼



❡s♣❛❝✐❛❧ s✐♥ r❡❝✉rr✐r ❛ ❧❛ ❡str✉❝t✉r❛ ❛❢í♥ ② ♠étr✐❝❛ ❞❡ ✉♥ ♠✉♥❞♦ ❣❛❧✐❧❡❛♥♦ G
q✉❡ ❝♦♥t❡♥❣❛ ❛M ✳ P❛r❛ ❝❛❧❝✉❧❛r ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ ✉♥ ♠♦✈✐♠✐❡♥t♦ ❡♥M ✱ ❤❛②
q✉❡ ♠❡❞✐r s✉ ❛❝❡❧❡r❛❝✐ó♥ ❡♥ G ✭✉s❛♥❞♦ ❧❛ ❡str✉❝t✉r❛ ❛❢í♥ ❞❡ G✮✱ ② ♣r♦②❡❝t❛r
❡❧ ✈❡❝t♦r ẍ ∈ G̈ ♦❜t❡♥✐❞♦ ✭q✉❡ t✐❡♥❡ ❞✐r❡❝❝✐ó♥ ❡s♣❛❝✐❛❧✮ ♦rt♦❣♦♥❛❧♠❡♥t❡ s♦❜r❡
M̈ = R(s−2)⊗R TxMt ⊆ G̈✱ ✉s❛♥❞♦ ❧❛ ♠étr✐❝❛ ❞❡ Gt✳

✹✳✹✳ ❉✐♥á♠✐❝❛ ❞❡ s✐st❡♠❛s r❡str✐♥❣✐❞♦s✿
♣r✐♥❝✐♣✐♦ ❞❡ ❉✬❆❧❡♠❜❡rt

✶✻ ❈♦♥s✐❞❡r❡♠♦s ✉♥ s✐st❡♠❛ r❡str✐♥❣✐❞♦ ❛ ✉♥ ♠✉♥❞♦ ❞❡ ❝♦♥✜❣✉r❛❝✐♦♥❡s
M ⊆ G ✭❞♦♥❞❡ G ❡s ✉♥ ♣r♦❞✉❝t♦ ❞❡ ♠✉♥❞♦s ❣❛❧✐❧❡❛♥♦s✮✱ ❝♦♥ ❢✉❡r③❛ r❡s✉❧✲
t❛♥t❡ FG = FM +FG/M ✱ ❞♦♥❞❡ FM ❡s ❧❛ ❢✉❡r③❛ ❛♣❧✐❝❛❞❛ ② FG/M ❡s ❧❛ ❢✉❡r③❛
❞❡ ✈í♥❝✉❧♦✱ ❛♠❜❛s ❞❡♣❡♥❞✐❡♥❞♦ ❞❡❧ ❡st❛❞♦ (t, x, ẋ) ✭② ❡♥ ❢♦r♠❛ ❝♦✈❡❝t♦r✐❛❧✮✳
❊❧ ♠♦✈✐♠✐❡♥t♦ q✉❡ ✈❛ ❛ t❡♥❡r ❡❧ s✐st❡♠❛ ❡stá ❞❡t❡r♠✐♥❛❞♦ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ❞❡
◆❡✇t♦♥ g(ẍ,−) = FG✳ ❙❡ ✈❡ ❡♥t♦♥❝❡s q✉❡ ❡❧ ❝♦✈❡❝t♦r g(ẍ,−)− FG ❞❡❜❡ s❡r
♥✉❧♦✱ ❡♥ ♣❛rt✐❝✉❧❛r✱ ❡s ♥✉❧❛ s✉ r❡str✐❝❝✐ó♥ TxMt✳ ❖ ♣❛r❛ ❞❡❝✐r❧♦ ❞❡ ❧❛ ❢♦r♠❛
tr❛❞✐❝✐♦♥❛❧✱ ❧❛ ❢✉❡r③❛ g(ẍ,−)− FG r❡❛❧✐③❛ tr❛❜❛❥♦ ♥✉❧♦ ❡♥ ❝✉❛❧q✉✐❡r ❞❡s♣❧❛✲
③❛♠✐❡♥t♦ ✈✐rt✉❛❧✳ P❡r♦ ❧❛s ❢✉❡r③❛s ❞❡ ✈í♥❝✉❧♦ ❞❡ ♣♦r sí r❡❛❧✐③❛♥ tr❛❜❛❥♦ ♥✉❧♦✱
♣♦r ❧♦ ❝✉❛❧ ♥♦ ❛♣♦rt❛♥ ♥❛❞❛ ❛ ❡st❛ ❡❝✉❛❝✐ó♥✳ ❊♥t♦♥❝❡s ❧❛ ❢✉❡r③❛ g(ẍ,−)−FM

♥♦ r❡❛❧✐③❛ tr❛❜❛❥♦ ❡♥ ♥✐♥❣ú♥ ❞❡s♣❧❛③❛♠✐❡♥t♦ ✈✐rt✉❛❧✳

❊st❛ ❡❝✉❛❝✐ó♥
(g(ẍ,−)− FM )|TxMt = 0

❡s ❝♦♥♦❝✐❞❛ ❝♦♠♦ ♣r✐♥❝✐♣✐♦ ✭♦ ❡❝✉❛❝✐ó♥✮ ❞❡ ❉✬❆❧❡♠❜❡rt✱ ② ❞❡t❡r♠✐✲
♥❛ ✉♥ ú♥✐❝♦ ♠♦✈✐♠✐❡♥t♦ ♣♦s✐❜❧❡ ❞❡❧ s✐st❡♠❛ ✭q✉❡ ♥♦ s❡ s❛❧❡ ❞❡ M✮✱ ❝♦♠♦
❝❛❧❝✉❧❛r❡♠♦s ♣ró①✐♠❛♠❡♥t❡✳

❊♥ ❡❢❡❝t♦✱ s❡❛ X : U → M ✉♥❛ ♣❛r❛♠❡tr✐③❛❝✐ó♥ ❧♦❝❛❧ ❞❡ M ✱ ❝♦♥ U ⊆
T ×Q ❛❜✐❡rt♦ ② Q ❡s♣❛❝✐♦ ❛❢í♥ ❢♦r♠❛❞♦ ♣♦r ♣✉♥t♦s q✳ ❊st♦ ♣❡r♠✐t❡ ❡s❝r✐❜✐r
❧❛ ❝♦♥✜❣✉r❛❝✐ó♥ x ❡♥ ❢✉♥❝✐ó♥ ❞❡ (t, q)✱ s❡❣ú♥ ❧❛ ❡❝✉❛❝✐ó♥ x = X(t, q)✱ ② ❞❛
✉♥❛ ❜✐②❡❝❝✐ó♥ ❡♥tr❡ ❧♦s ❡st❛❞♦s (t, q, q̇) ❞❡ ❧♦s ♠♦✈✐♠✐❡♥t♦s ❡♥ U ② ❧♦s ❡st❛❞♦s
(t, x, ẋ) ❞❡ ❧♦s ♠♦✈✐♠✐❡♥t♦s ❡♥ ❡❧ ❝♦♥❥✉♥t♦ X(U) ❛❜✐❡rt♦ ❞❡M ✳ ❆❧ ❤❛❝❡r ❡st♦✱
❡❧ sí♠❜♦❧♦ x✱ q✉❡ r❡♣r❡s❡♥t❛❜❛ ✉♥ ♣✉♥t♦ ✐♥❞❡t❡r♠✐♥❛❞♦ ❡ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❡♥
Gt✱ s❡ ✈✉❡❧✈❡ ✉♥ ♣♦❝♦ ♠❡♥♦s ✐♥❞❡t❡r♠✐♥❛❞♦ ✭♣✉❡s q✉❡❞❛ r❡str✐♥❣✐❞♦ ❛ M✮ ②
♠ás ❞❡♣❡♥❞✐❡♥t❡ ✭♣♦rq✉❡ x = x(t, q)✮✳ ❊❧ sí♠❜♦❧♦ ẋ ❡s ❛❤♦r❛ ✉♥❛ ✈❡❧♦❝✐❞❛❞
✐♥❞❡t❡r♠✐♥❛❞❛ ❞❡ ✉♥ ♠♦✈✐♠✐❡♥t♦ ❡♥ M ✱ ② s❡ t✐❡♥❡ ẋ = ∂x

∂t +
∂x
∂q q̇✱ ❞♦♥❞❡

∂x
∂t

② ∂x
∂q s♦♥ tr❛♥s❢♦r♠❛❝✐♦♥❡s ❧✐♥❡❛❧❡s ✭q✉❡ ❞❡♣❡♥❞❡♥ ❞❡ (t, q)✮✳ ▲♦ ♠✐s♠♦ ♣❛s❛

❝♦♥ ẍ✳ ❊♥ ✜♥✳ ▲❛ ❡❝✉❛❝✐ó♥ ❞❡ ❉✬❆❧❡♠❜❡rt ❞✐❝❡ q✉❡ ❡❧ ❝♦✈❡❝t♦r

gα,βẍ
α − Fβ

❡s ♥✉❧♦ ❡♥ TxMt✱ ❡s ❞❡❝✐r✱ ❡❧ ❝♦✈❡❝t♦r

(gα,βẍ
α − Fβ)

∂xβ

∂qν

✶✻▲❆❚❊❳ ✐ss✉❡✿ ✏■✬♠ ❤❛♣♣② ❜✉t ❉➪❧❡♠❜❡rt ✐s ♥♦t✑✳ ❲♦r❦❛r♦✉♥❞✿ ✏❉✬④⑥❆❧❡♠❜❡rt✑✳

✸✽



❡s ♥✉❧♦ ✭❡♥ ∆Q✮✱ ♦ ❧♦ q✉❡ ❡s ❧♦ ♠✐s♠♦✱

gα,βẍ
α∂x

β

∂qν
= Fβ

∂xβ

∂qν
. ✭✺✮

✭▲❛ ♦♣❡r❛❝✐ó♥ ˙(−) ❞❡ ❞❡r✐✈❛❞❛ t♦t❛❧ r❡s♣❡❝t♦ ❞❡❧ t✐❡♠♣♦ t ❞❡❜❡ ❤❛❝❡rs❡ ❡♥
✉♥❛ ❝✉r✈❛ s♦❧✉❝✐ó♥ q = c(t)✮✳ ❆❤♦r❛✱ ❝♦♠♦ ẋα = ∂xα

∂t + ∂xα

∂qµ q̇
µ✱ t❡♥❡♠♦s

ẍα =
˙(

∂xα

∂t

)

+
˙(

∂xα

∂qµ

)

q̇µ +
∂xα

∂qµ
q̈µ,

q✉❡ ♣♦❞❡♠♦s r❡❡♠♣❧❛③❛r ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❉✬❆❧❡♠❜❡rt✱ ♦❜t❡♥✐❡♥❞♦

gα,β
∂xα

∂qµ
∂xβ

∂qν
q̈µ = Fβ

∂xβ

∂qν
− gα,β

(

˙(

∂xα

∂t

)

+
˙(

∂xα

∂qµ

)

q̇µ

)

∂xβ

∂qν
.

❉❡✜♥✐❡♥❞♦ ❡❧ ♣r♦❞✉❝t♦ ✐♥t❡r♥♦ hµ,ν = gα,β
∂xα

∂qµ
∂xβ

∂qν ✱ ♥♦t❛♠♦s q✉❡ ❧❛ ❡❝✉❛❝✐ó♥
q✉❡❞❛ ❡♥ ❧❛ ❢♦r♠❛

hµ,ν q̈
µ = Hν ,

❞♦♥❞❡ H = H(t, q, q̇) ❡s ✉♥ ❝♦✈❡❝t♦r ❞❡ Q✳ P♦r ❧♦ t❛♥t♦✱ q✉❡❞ó ✉♥❛ ❡❝✉❛❝✐ó♥
❞❡ ◆❡✇t♦♥ ❡♥ U ✱ q✉❡ ❡s ❞❡t❡r♠✐♥✐st❛ ♣♦rq✉❡ s❡ ♣✉❡❞❡ ✐♥✈❡rt✐r hµ,ν ♣❛r❛ ♦❜✲
t❡♥❡r ✉♥❛ ❡❝✉❛❝✐ó♥ ❡①♣❧í❝✐t❛ ❞❡ ♦r❞❡♥ ✷ ✭❛✉♥q✉❡ U ♥♦ ❡s ✉♥ ❡s♣❛❝✐♦ ❣❛❧✐❧❡❛♥♦
tr❛❞✐❝✐♦♥❛❧✱ ♣✉❡s ❡❧ ♣r♦❞✉❝t♦ ✐♥t❡r♥♦ h = h(t, q) ♥♦ ❡s ❝♦♥st❛♥t❡✮✳✶✼

❈♦♠❡♥t❛r✐♦ ✹✳✹✳✶✳ ▼ás ❛❞❡❧❛♥t❡ ✈❛♠♦s ❛ ❡s❝r✐❜✐r ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ▲❛❣r❛♥✲
❣❡✱ q✉❡ ❡s ♠ás ❢á❝✐❧ ❞❡ ✉s❛r✱ ② t❛♠❜✐é♥ ♣❡r♠✐t❡ r❡s♦❧✈❡r ❧❛ ❡❝✉❛❝✐ó♥ ❞❡
❉✬❆❧❡♠❜❡rt✳

❊❧ r❛③♦♥❛♠✐❡♥t♦ ❛♥t❡r✐♦r ♣❛rt❡ ❞❡ ❧❛ r❡str✐❝❝✐ó♥ M ② ❧❛ ❢✉❡r③❛ ❛♣❧✐❝❛❞❛
✭q✉❡ ❡s ❧❛ ú♥✐❝❛ q✉❡ ✐♠♣♦rt❛ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❉✬❆❧❡♠❜❡rt✮ ② ❧♦❣r❛ ❡s❝r✐❜✐r
ẍ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ❡st❛❞♦ (t, x, ẋ) ✭q✉❡ ❞❡❜❡ s❡r ✉♥ ❡st❛❞♦ ❞❡ ♠♦✈✐♠✐❡♥t♦ ❡♥
M ✱ ❡s ❞❡❝✐r✱ (t, x) ❞❡❜❡ ❡st❛r ❡♥ M ② ẋ ❞❡❜❡ ❡st❛r ❝♦♥t❡♥✐❞♦ ❡♥ T(t,x)M✮✳ ❊♥
✉♥ ♠♦✈✐♠✐❡♥t♦ s♦❧✉❝✐ó♥✱ s❡ ✈❡ q✉❡ ❡❧ ❝♦✈❡❝t♦r g(ẍ,−) − FM ✱ q✉❡ ♥♦ r❡❛❧✐③❛
tr❛❜❛❥♦ ❡♥ ♥✐♥❣ú♥ ❞❡s♣❧❛③❛♠✐❡♥t♦ ✈✐rt✉❛❧✱ ❡s ✉♥ ♣♦s✐❜❧❡ ✈❛❧♦r ❞❡ ❧❛ ❢✉❡r③❛ ❞❡
✈í♥❝✉❧♦✳ ❊st❡ ♣r♦❝❡❞✐♠✐❡♥t♦ ❞❡t❡r♠✐♥❛ ❧❛ ❢✉❡r③❛ ❞❡ ✈í♥❝✉❧♦ FG/M = g(ẍ,−)−
FM ❡♥ ❝✉❛❧q✉✐❡r ❡st❛❞♦ ❞❡ ♠♦✈✐♠✐❡♥t♦ (t, x, ẋ) ❡♥ M ✱ ❧♦ ❝✉❛❧ ♠✉❡str❛ q✉❡

✶✼❊❧ ❛✉t♦r ♥♦ s❛❜❡ ❝ó♠♦ ❞❡✜♥✐r ✉♥ ♠✉♥❞♦ ❞❡ ❝♦♥✜❣✉r❛❝✐♦♥❡s ❛❜str❛❝t♦ q✉❡ ✐♥❝❧✉②❛ ❧❛
♣♦s✐❜✐❧✐❞❛❞ ❞❡ ❝❛❧❝✉❧❛r ❛❝❡❧❡r❛❝✐♦♥❡s✳ ❊s ✉♥❛ ✈❛r✐❡❞❛❞ r✐❡♠❛♥♥✐❛♥❛ q✉❡ ❝❛♠❜✐❛ ❛❧ tr❛♥s✲
❝✉rr✐r ❡❧ t✐❡♠♣♦✱ ♣❡r♦ ❡st❛ ❡str✉❝t✉r❛ ♥♦ ❡s s✉✜❝✐❡♥t❡ ♣❛r❛ ❝❛❧❝✉❧❛r ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ ✉♥❛
❝✉r✈❛✱ ❝♦♠♦ ❧♦ ❞❡♠✉❡str❛♥ ❧♦s s✐st❡♠❛s ♥♦ ✐♥❡r❝✐❛❧❡s ✭❡♥ ❧♦s q✉❡ ❧❛ ✈❛r✐❡❞❛❞ r✐❡♠❛♥♥✐❛♥❛
❡s s✐❡♠♣r❡ ❧❛ ♠✐s♠❛ ✭❡❧ ❡s♣❛❝✐♦ ❡✉❝❧í❞❡♦✮✮ ♣❡r♦ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ♥♦ s❡ ❝❛❧❝✉❧❛ s✐♠♣❧❡♠❡♥t❡
❞❡r✐✈❛♥❞♦ ❞♦s ✈❡❝❡s✮✳ ▲❛ ❞❡✜♥✐❝✐ó♥ ❞❡❜❡rí❛ ❛❜❛r❝❛r ❛ ❧♦s ❡s♣❛❝✐♦s T ×R✱ ❝♦♥ R ✈❛r✐❡❞❛❞
r✐❡♠❛♥♥✐❛♥❛✱ ❡♥ ❝✉②♦ ❝❛s♦ s❡ ♣✉❡❞❡ ❝❛❧❝✉❧❛r ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ✉s❛♥❞♦ ❧❛ ❝♦♥❡①✐ó♥ ❞❡ ▲❡✈✐✲
❈✐✈✐t❛✳ ❊♥ ✉♥ ♠✉♥❞♦ ❞❡ ❡st❡ t✐♣♦ s❡ ♣♦❞rí❛ ❛♣❧✐❝❛r ✉♥❛ ❢✉❡r③❛ ✭❝❛♠♣♦ ❞❡ ❝♦✈❡❝t♦r❡s✮ ②
❡st✉❞✐❛r ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❉✬❆❧❡♠❜❡rt✱ ✐♥t❡r♣r❡t❛❞❛ ❝♦♠♦ ✉♥❛ ❡❝✉❛❝✐ó♥ ❞❡ ◆❡✇t♦♥ ❡♥ ✉♥
❡s♣❛❝✐♦ ❝✉r✈❛❞♦✳

✸✾



❡stá ❞❛❞❛ ♣♦r ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❢✉❡r③❛s✱ ❝♦♠♦ ❞❡❜❡ s❡r✳ ❆❣r✉♣❛♥❞♦ ❧❛s ❢✉♥❝✐♦♥❡s
❞❡ ❢✉❡r③❛ ❞❡ ✉♥ ❧❛❞♦✱ ✈❡♠♦s q✉❡ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❝❛❧❝✉❧❛❞♦ ❝✉♠♣❧❡ ❧❛ ❡❝✉❛❝✐ó♥
❞❡ ◆❡✇t♦♥ g(ẍ,−) = FM + FG/M ✳ P♦r ❧♦ t❛♥t♦✱ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❉✬❆❧❡♠❜❡rt
❡q✉✐✈❛❧❡✱ ♣❛r❛ ♠♦✈✐♠✐❡♥t♦s r❡str✐♥❣✐❞♦s✱ ❛ ❧❛ ❧❡② ❞❡ ◆❡✇t♦♥ ✭t✐❡♥❡ ❛ ❧♦s
♠✐s♠♦s ♠♦✈✐♠✐❡♥t♦s ❡♥ M ❝♦♠♦ s♦❧✉❝✐♦♥❡s✮✳

❖❜s❡r✈❛❝✐ó♥ ✹✳✹✳✷✳ ▲❛ ❢✉♥❝✐ó♥ FG/M s❡ ❝♦♥str✉②❡ ❛ ♣❛rt✐r ❞❡ ❧❛ ❢✉♥❝✐ó♥ FM

✭r❡str✐♥❣✐❞❛ ❛ M✮✳

❙❡ ♣✉❡❞❡ ✈❡r ❝ó♠♦ ❢✉♥❝✐♦♥❛ ❧❛ r❡str✐❝❝✐ó♥ ❡♥ ✉♥ ❡❥❡♠♣❧♦ ❝♦♥❝r❡t♦✿

❊❥❡♠♣❧♦ ✹✳✹✳✸✳ ❙❡❛ S ✉♥❛ s✉♣❡r✜❝✐❡ ❡♥ ✉♥ ❡s♣❛❝✐♦ ❡✉❝❧í❞❡♦ X ❞❡ ❞✐♠❡♥s✐ó♥
✸✳ ❈♦♥s✐❞❡r❡♠♦s ✉♥❛ ♣❛rtí❝✉❧❛ q✉❡ s❡ ♠✉❡✈❡ ❡♥ T × S✱ ♣♦r ❧❛ ❛❝❝✐ó♥ ❞❡ ✉♥❛
❢✉❡r③❛ ❞❡ ✈í♥❝✉❧♦ ✐❞❡❛❧✱ ❡s ❞❡❝✐r✱ ♣❡r♣❡♥❞✐❝✉❧❛r ❛ ❧❛ s✉♣❡r✜❝✐❡✳ ❊st♦ s✐❣♥✐✜❝❛
q✉❡ ❧❛ ❝♦♠♣♦♥❡♥t❡ t❛♥❣❡♥❝✐❛❧ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ ❧❛ ♣❛rtí❝✉❧❛ ❡s ♥✉❧❛✳ P♦r
♦tr❛ ♣❛rt❡✱ ❧❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ q✉❡ ❡s ♥♦r♠❛❧ ❛ ❧❛ s✉♣❡r✜❝✐❡
❡stá ❞❡t❡r♠✐♥❛❞❛ ❡♥ ❝❛❞❛ ✐♥st❛♥t❡ ♣♦r ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❡♥ ❞✐❝❤❛
❞✐r❡❝❝✐ó♥ ② ❧❛ ❝✉r✈❛t✉r❛ ♥♦r♠❛❧ ❞❡ ❧❛ s✉♣❡r✜❝✐❡ ❡♥ ❡❧ ❡s♣❛❝✐♦ ✭t❡♦r❡♠❛ ❞❡
▼❡✉s♥✐❡r✱ ✈❡r ♣✳ ✶✹✾ ❞❡ ❬✸❪✳ P♦r ❧♦ t❛♥t♦✱ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ s❡ ♣✉❡❞❡ ❡s❝r✐❜✐r ❡♥
❢✉♥❝✐ó♥ ❞❡ ❧❛ ♣♦s✐❝✐ó♥ ② ✈❡❧♦❝✐❞❛❞✱ q✉❡❞❛♥❞♦ ❞❡t❡r♠✐♥❛❞♦ ❡❧ ♠♦✈✐♠✐❡♥t♦✳

✹✳✺✳ ❊stát✐❝❛✿ Pr✐♥❝✐♣✐♦ ❞❡ ❧♦s tr❛❜❛❥♦s ✈✐rt✉❛❧❡s

❆♥t❡s ❞❡ ❡st✉❞✐❛rs❡ ❧❛ ❞✐♥á♠✐❝❛ ❞❡ s✐st❡♠❛s r❡str✐♥❣✐❞♦s✱ s❡ ❝♦♥♦❝í❛ ❧❛
✈❡rs✐ó♥ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❉✬❆❧❡♠❜❡rt ♣❛r❛ ❡❧ ❝❛s♦ ❡stát✐❝♦✳ ❈♦♥s✐❞❡r❡♠♦s ✉♥
s✐st❡♠❛ ❝♦♥ ♠✉♥❞♦ ❞❡ ❝♦♥✜❣✉r❛❝✐♦♥❡s M ⊆ T ×X ❝♦♥st❛♥t❡ ❡♥ ❡❧ t✐❡♠♣♦✱
② ✉♥❛ ❢✉❡r③❛ ❛♣❧✐❝❛❞❛ q✉❡ ♥♦ ❞❡♣❡♥❞❡ ❞❡❧ t✐❡♠♣♦ ♥✐ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞✳ ❙❡❣ú♥
❡❧ ♣r✐♥❝✐♣✐♦ ❞❡ ❧♦s tr❛❜❛❥♦s ✈✐rt✉❛❧❡s✱ ❧❛s ❝♦♥✜❣✉r❛❝✐♦♥❡s ❞❡ ❡q✉✐❧✐❜r✐♦
s♦♥ ❛q✉❡❧❧❛s ❡♥ ❧❛s q✉❡ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❢✉❡r③❛ ❛♣❧✐❝❛❞❛ ❡s t❛❧ q✉❡ ♥♦ r❡❛❧✐③❛
tr❛❜❛❥♦ ❡♥ ♥✐♥❣ú♥ ❞❡s♣❧❛③❛♠✐❡♥t♦ ✈✐rt✉❛❧ ✐♥✜♥✐t❡s✐♠❛❧✳ ❊♥ ❡❧ ❝❛s♦ ❞❡ ❢✉❡r③❛s
q✉❡ ♣r♦✈✐❡♥❡♥ ❞❡ ✉♥ ♣♦t❡♥❝✐❛❧✱ ❧♦s ♣✉♥t♦s ❞❡ ❡q✉✐❧✐❜r✐♦ s♦♥ ❛q✉❡❧❧♦s ❞♦♥❞❡
❡❧ ♣♦t❡♥❝✐❛❧ ❡s ❡st❛❝✐♦♥❛r✐♦✱ ② ❡s♦ ✐♥❝❧✉②❡ ❛ t♦❞♦s ❧♦s ♣✉♥t♦s ❡♥ ❞♦♥❞❡ ❡s
♠á①✐♠♦ ♦ ♠í♥✐♠♦✳ P♦r ❡❥❡♠♣❧♦✱ ❡♥ ✉♥❛ ♠♦♥t❛ñ❛ r✉s❛✱ ❧❛s ♣♦s✐❝✐♦♥❡s ❞❡
❡q✉✐❧✐❜r✐♦ s♦♥ ❧♦s ♣✉♥t♦s ❡♥ ❞♦♥❞❡ ❧❛ r❡❝t❛ t❛♥❣❡♥t❡ ❡s ❤♦r✐③♦♥t❛❧✱ q✉❡ s♦♥
❧♦s ❧✉❣❛r❡s ❡♥ ❞♦♥❞❡ ❧❛ ❢✉❡r③❛ ❣r❛✈✐t❛t♦r✐❛ ♥♦ ❤❛❝❡ tr❛❜❛❥♦✱ ♣♦rq✉❡ ❧❛ ❡♥❡r❣í❛
♣♦t❡♥❝✐❛❧ ❣r❛✈✐t❛❝✐♦♥❛❧ ❡s ❡st❛❝✐♦♥❛r✐❛✳

▲♦s ♣r♦❜❧❡♠❛s ❞❡ ❡stát✐❝❛ q✉❡ ✐♥✈♦❧✉❝r❛♥ s✐st❡♠❛s ❞❡ ✐♥✜♥✐t❛s ♣❛rtí❝✉❧❛s✱
② ❡♥ ❧♦s ❝✉❛❧❡s ❧❛ ❢✉❡r③❛ ♣r♦✈✐❡♥❡ ❞❡ ✉♥ ♣♦t❡♥❝✐❛❧✱ ❝♦♥❞✉❝❡♥ ❛ ♣r♦❜❧❡♠❛s
❝❧ás✐❝♦s ❞❡❧ ❝á❧❝✉❧♦ ❞❡ ✈❛r✐❛❝✐♦♥❡s✱ ❝✉②❛ t❡♦rí❛ ♥♦ ❞❡s❛rr♦❧❧❛r❡♠♦s ♣♦r ❛❤♦r❛✱
s✐♥♦ q✉❡ ♥♦s ❧✐♠✐t❛r❡♠♦s ❛ ❤❛❝❡r ❝á❧❝✉❧♦s ✐♥❣❡♥✉♦s ❡♥ ❛❧❣ú♥ ❡❥❡♠♣❧♦✳

❊❥❡♠♣❧♦ ✹✳✺✳✶✳ ❈♦♥s✐❞❡r❡♠♦s ✉♥ r❡s♦rt❡ ♠❛s✐✈♦ ❞❡ ❧♦♥❣✐t✉❞ ✐♥✐❝✐❛❧ ♥✉❧❛✱
❝♦♥ ❝♦♥st❛♥t❡ ❡❧ást✐❝❛ k ② ♠❛s❛ m✱ s✉❥❡t♦ ❡♥ s✉s ❡①tr❡♠♦s ❛ ❞♦s ♣✉♥t♦s A
② B ✜❥♦s ❡♥ ✉♥ ❡s♣❛❝✐♦ ❡✉❝❧í❞❡♦ X✱ ❡♥ ❡❧ q✉❡ ❤❛② ✉♥ ❝❛♠♣♦ ❣r❛✈✐t❛t♦r✐♦
✉♥✐❢♦r♠❡ g✳ ❙✉ ❡s♣❛❝✐♦ ❞❡ ❝♦♥✜❣✉r❛❝✐♦♥❡s ❡s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❝✉r✈❛s r = c(s)

✹✵



❞❡✜♥✐❞❛s ♣❛r❛ s ∈ [0, 1]✱ ❞♦s ✈❡❝❡s ❞✐❢❡r❡♥❝✐❛❜❧❡s✱ ❝♦♥ c(0) = A ② c(1) = B✳
▲❛ ❡♥❡r❣í❛ ♣♦t❡♥❝✐❛❧ E = E(c) ❞❡ ✉♥❛ ❝♦♥✜❣✉r❛❝✐ó♥ ❡s

E = Eelastica + Egravitacional

=

∫ 1

0
k
|x′|2
2
ds−

∫ 1

0
m〈g, x〉ds

=

∫ 1

0

(

k
〈x′, x′〉

2
−m〈g, x〉

)

ds,

❞♦♥❞❡ ❧❛ (−)′ ❞❡♥♦t❛ ❞❡r✐✈❛❞❛ r❡s♣❡❝t♦ ❞❡ s✳ ❊st♦ ❡stá ♠❛❧ ❞❡✜♥✐❞♦ ♣♦rq✉❡
❝♦♠♦ x ♥♦ ❡s ✉♥ ✈❡❝t♦r s✐♥♦ ✉♥ ♣✉♥t♦✱ ♥♦ s❡ ❧♦ ♣✉❡❞❡ ♠✉❧t✐♣❧✐❝❛r ❡s❝❛❧❛r♠❡♥t❡
❝♦♥tr❛ g✳ P❡r♦ sí ❡stá ❜✐❡♥ ❞❡✜♥✐❞❛ s✉ ✈❛r✐❛❝✐ó♥

δE =

∫ 1

0

(

k〈x′, δx′〉 −m〈g, δx〉
)

ds

❡♥ ✉♥❛ ♣❡rt✉r❜❛❝✐ó♥ ❛r❜✐tr❛r✐❛ δx = (δc)(s) ❞❡ ❧❛ ❝✉r✈❛✳ ❙✐ ♣✉❞✐ér❛♠♦s s❛❝❛r
❛ δx ❞❡ ❢❛❝t♦r ❝♦♠ú♥ ❡♥ ❡❧ ✐♥t❡❣r❛♥❞♦✱ t❡♥❞rí❛♠♦s q✉❡ ❝♦♥❝❧✉✐r q✉❡ ❡❧ ♦tr♦
❢❛❝t♦r ❡s ✉♥❛ ❢✉♥❝✐ó♥ ♥✉❧❛✱ ♣✉❡s ❡❧ ♣r♦❞✉❝t♦ ❞❡ ❡s❛ ❢✉♥❝✐ó♥ ♣♦r ✉♥❛ ❢✉♥❝✐ó♥
❛r❜✐tr❛r✐❛ ✐♥t❡❣r❛ ❝❡r♦✳ ❈♦♠♦ ❧❛s ♣❡rt✉r❜❛❝✐♦♥❡s ❞❡ x ② ❞❡ x′ ♥♦ s♦♥ ✐♥❞❡✲
♣❡♥❞✐❡♥t❡s✱ s✐♥♦ q✉❡ δ(x′) = (δx)′✱ ♣❛r❛ ♣♦❞❡r s❛❝❛r δx ❞❡ ❢❛❝t♦r ❝♦♠ú♥ ❡♥
❡❧ ✐♥t❡❣r❛♥❞♦✱ ❞❡❜❡♠♦s ✐♥t❡❣r❛r ♣♦r ♣❛rt❡s ❡❧ ♣r✐♠❡r tér♠✐♥♦ ✭s✉♣♦♥✐❡♥❞♦
q✉❡ ❧❛ ❝✉r✈❛ ❡s ❞♦s ✈❡❝❡s ❞✐❢❡r❡♥❝✐❛❜❧❡✮✱ ♦❜t❡♥✐❡♥❞♦

δE =

∫ 1

0

(

k〈x′, δx〉
)′
ds

=

∫ 1

0

(

k〈x′′, δx〉+m〈g, δx〉
)

ds

=
[

k〈x′, δx〉
]s=1

s=o
−
∫ 1

0
〈kx′′ +mg, δx〉ds.

❊❧ ♣r✐♠❡r tér♠✐♥♦ ❡s ♥✉❧♦✱ ② ❡♥ ❡❧ s❡❣✉♥❞♦✱ ❡❧ ❢❛❝t♦r kx′′+mg ❞❡❜❡ s❡r ♥✉❧♦✱
♣♦r ❧♦ q✉❡ ❧❛ ❝♦♥✜❣✉r❛❝✐ó♥ ❞❡ ❡q✉✐❧✐❜r✐♦ s❡rá ✉♥❛ ♣❛rá❜♦❧❛ ❝♦♥ x′′ = −m

k g✳
◆ót❡s❡ q✉❡ s✐ g = 0✱ ❧❛ ❝✉r✈❛ q✉❡ q✉❡❞❛ ❡s ✉♥❛ r❡❝t❛✱ q✉❡ ❡s ❡❧ ❝❛♠✐♥♦
♠ás ❝♦rt♦ ♣♦s✐❜❧❡ ❡♥tr❡ a ② b✳ ❯♥ ♣r♦❜❧❡♠❛ ❝❧ás✐❝♦ r❡❧❛❝✐♦♥❛❞♦ ❡s ❡❧ ❞❡ ❧❛
❝❛t❡♥❛r✐❛✱ ❡♥ ❡❧ q✉❡ s❡ s✉st✐t✉②❡ ❡❧ r❡s♦rt❡ ♣♦r ✉♥❛ ❝✉❡r❞❛ ❞❡ ♠❛s❛ m ②
❧♦♥❣✐t✉❞ l✱ q✉❡ ♣✉❡❞❡ ♣❡♥s❛rs❡ ❝♦♠♦ ✉♥ r❡s♦rt❡ ❝♦♥ ❧♦♥❣✐t✉❞ ✐♥✐❝✐❛❧ ♥♦ ♥✉❧❛
② ❝♦♥st❛♥t❡ ❡❧ást✐❝❛ ✐♥✜♥✐t❛✳

✹✳✻✳ ❈á❧❝✉❧♦ ❞❡ ✈❛r✐❛❝✐♦♥❡s

❯♥ ♣r♦❜❧❡♠❛ ❝❧ás✐❝♦ ❞❡❧ ❝á❧❝✉❧♦ ❞❡ ✈❛r✐❛❝✐♦♥❡s ❡s ❡❧ ❞❡ ❞❡s❝✉❜r✐r ❧❛ ❢♦r♠❛
q✉❡ ❞❡❜❡ t❡♥❡r ✉♥ t♦❜♦❣á♥ ✭s✐♥ ❢r✐❝❝✐ó♥✮ q✉❡ ✉♥❡ ❞♦s ♣✉♥t♦s ♣r❡❞❡t❡r♠✐♥❛❞♦s
♣❛r❛ q✉❡ ❡❧ ❞❡s❝❡♥s♦ ❛ ❧♦ ❧❛r❣♦ ❞❡❧ ♠✐s♠♦ s❡❛ ❡❧ ♠ás rá♣✐❞♦ ♣♦s✐❜❧❡✳ ❊st❛ ❝✉r✈❛

✹✶



s❡ ❧❧❛♠❛ ❜r❛q✉✐stó❝r♦♥❛✳ ❊❧ ❞❡s❛❢í♦ ❢✉❡ ♣❧❛♥t❡❛❞♦ ♣♦r ❏♦❤❛♥♥ ❇❡r♥♦✉❧❧✐

❛ s✉s ❝♦♥t❡♠♣♦rá♥❡♦s ❡♥ ✶✻✾✻✱ ② r❡s✉❡❧t♦ ♣♦r ✈❛r✐♦s ❞❡ ❡❧❧♦s✳ P❛r❛ ❡♥❢r❡♥t❛r❧♦✱
❞❡s❛rr♦❧❧❛r❡♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❡❧ ♠ét♦❞♦ ✉s❛❞♦ ❡♥ ❡❧ ❡❥❡♠♣❧♦ ✹✳✺✳✶✱ q✉❡
♣❡r♠✐t❡ ❡♥ ❣❡♥❡r❛❧ tr❛❞✉❝✐r ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ❝á❧❝✉❧♦ ❞❡ ✈❛r✐❛❝✐♦♥❡s ❛ ✉♥❛
❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧✳ ❊st❛ té❝♥✐❝❛ ❡s ♠ás r❡❧❡✈❛♥t❡ ♣❛r❛ ❧❛ ♠❡❝á♥✐❝❛ ❞❡ ❧♦
q✉❡ ♣✉❡❞❡ ♣❛r❡❝❡r ❡♥ ❡st❡ ♠♦♠❡♥t♦✳

✹✳✻✳✶✳ Pr♦❜❧❡♠❛s ✈❛r✐❛❝✐♦♥❛❧❡s

❈♦♥s✐❞❡r❡♠♦s ✉♥ s✐st❡♠❛ ❧❛❣r❛♥❣✐❛♥♦ (M,L)✱ ❡s ❞❡❝✐r✱ ✉♥ ♠✉♥❞♦ M
❥✉♥t♦ ❝♦♥ ✉♥❛ ❢✉♥❝✐ó♥ ❧❛❣r❛♥❣✐❛♥❛ ✭❞♦s ✈❡❝❡s ❞❡r✐✈❛❜❧❡✮ L = L(t, q, q̇)✱ q✉❡
♣❛r❛ ❝❛❞❛ ✐♥st❛♥t❡✱ ♣♦s✐❝✐ó♥ ② ✈❡❧♦❝✐❞❛❞ ❡♥ M ❞❛ ✉♥ ✈❛❧♦r ❡s❝❛❧❛r✱ ❡♥ ✉♥❛
r❡❝t❛ ❛❢í♥ A✳ ❙❡❛ E ❡❧ ❡s♣❛❝✐♦ ❞❡ ❧♦s ♠♦✈✐♠✐❡♥t♦s C = C(t) q✉❡ ✈❛♥ ❞❡ ❝✐❡rt❛
❝♦♥✜❣✉r❛❝✐ó♥ ✐♥✐❝✐❛❧ (t0, q0) ❛ ❝✐❡rt❛ ❝♦♥✜❣✉r❛❝✐ó♥ ✜♥❛❧ (t1, q1)✳ ❈♦♥s✐❞❡r❡♠♦s
❡❧ ❢✉♥❝✐♦♥❛❧ ❞❡ ❛❝❝✐ó♥ I ❞❡✜♥✐❞♦ ❡♥ E✱ q✉❡ ❛ ❝❛❞❛ ♠♦✈✐♠✐❡♥t♦ C = C(t) ❧❡
❛s✐❣♥❛ ❡❧ ✈❛❧♦r ❡s❝❛❧❛r

I(C) =

∫ t1

t0

L
(

t, C, Ċ
)

dt.

✭❊st❛ ✐♥t❡❣r❛❧ ❡stá ♠❛❧ ❞❡✜♥✐❞❛ ♣♦rq✉❡ L t♦♠❛ ✈❛❧♦r❡s ❡♥ ✉♥❛ r❡❝t❛ ❛❢í♥✱
♥♦ ✈❡❝t♦r✐❛❧✳ P❡r♦ ❡♥ r❡❛❧✐❞❛❞ ♥♦s ✐♥t❡r❡s❛ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ I ❡♥tr❡ ❞✐st✐♥t❛s
❝✉r✈❛s✱ q✉❡ sí s❡ ♣✉❡❞❡ ❞❡✜♥✐r✱ ② t♦♠❛ ✈❛❧♦r❡s ❡♥ Rs×∆A✳✮

◗✉❡r❡♠♦s ❤❛❧❧❛r ❧♦s ♠♦✈✐♠✐❡♥t♦s C ❞♦♥❞❡ ❡❧ ✈❛❧♦r ❞❡ I ❡s ❡st❛❝✐♦♥❛r✐♦
❛❧ ✈❛r✐❛r ❧❛ ❝✉r✈❛✱ ❛ ♣r✐♠❡r ♦r❞❡♥ ❡♥ ❧❛ ✈❛r✐❛❝✐ó♥ δC✳ ❯♥❛ ❢♦r♠❛ ❞❡ ♣r❡❝✐s❛r
❡st♦ ♣❛rt❡ ❞❡ ❝♦♥s✐❞❡r❛r ✈❛r✐❛❝✐♦♥❡s ✉♥✐♣❛r❛♠étr✐❝❛s ❞❡❧ ♠♦✈✐♠✐❡♥t♦✳ ❯♥❛
✈❛r✐❛❝✐ó♥ ✉♥✐♣❛r❛♠étr✐❝❛ ❞❡ C ❡s ✉♥❛ ❝✉r✈❛ F ❞❡ ❡❧❡♠❡♥t♦s ❞❡ E✱ ❞❡✜♥✐❞❛
❡♥ ✉♥ ❡♥t♦r♥♦ ❞❡ ✵✱ ② t❛❧ q✉❡ F (0) = C✳

✹✳✻✳✷✳ ◆♦t❛ s♦❜r❡ ❡s♣❛❝✐♦s ❞❡ ❝✉r✈❛s

❙❡❛♥ X✱ Y ② Z ❡s♣❛❝✐♦s t♦♣♦❧ó❣✐❝♦s ② x ∈∈ X ② y ∈∈ Y ♣✉♥t♦s ✐♥❞❡✲
t❡r♠✐♥❛❞♦s✳ ❈✉❛♥❞♦ ❞❡❝✐♠♦s q✉❡ ✉♥❛ ❢✉♥❝✐ó♥ F : X → C (Y, Z) ❡s ❝♦♥t✐✲
♥✉❛✱ ❡s♦ ❡q✉✐✈❛❧❡ ❛ ❛✜r♠❛r q✉❡ ❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❢✉♥❝✐ó♥ ❞❡ ❞♦s ✈❛r✐❛❜❧❡s
F (x)(y) : X × Y 7→ Z r❡s✉❧t❛ ❝♦♥t✐♥✉❛✳

❙✐ ❧♦s ❡s♣❛❝✐♦s s♦♥ ❛✜♥❡s ♥♦r♠❛❞♦s ② F : X → C 1(Y, Z)✱ ❞❡❝✐♠♦s q✉❡
F ❡s ❝♦♥t✐♥✉❛✱ ♦ q✉❡ F (x) ❞❡♣❡♥❞❡ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞❡ x ❝♦♠♦ ❡❧❡♠❡♥t♦
❞❡ C 1(Y, Z) ❝✉❛♥❞♦ F (x) ❞❡♣❡♥❞❡ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞❡ x ✭❝♦♠♦ ❡❧❡♠❡♥t♦ ❞❡
C (Y, Z) ② s✉ ❞❡r✐✈❛❞❛ ✭r❡s♣❡❝t♦ ❞❡ y✮ ❞❡♣❡♥❞❡ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞❡ x ✭❝♦♠♦
❡❧❡♠❡♥t♦ ❞❡ C (Y, L(∆Y,∆Z))✱ ♦ ❧♦ q✉❡ ❡s ❧♦ ♠✐s♠♦✱ ❧❛ ❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧ ❞❡
F (x)(y) r❡s♣❡❝t♦ ❞❡ y ❡stá ❡♥ C (X × Y, L(∆Y,∆Z))✳

❚❛♠❜✐é♥ t✐❡♥❡ s❡♥t✐❞♦ ♣r❡❣✉♥t❛rs❡ s✐ ✉♥❛ F : X → C (Y, Z) ❡s ❞✐❢❡r❡♥❝✐❛✲
❜❧❡✳ ❊♥ ✉♥ ♣✉♥t♦ x0 ∈ X✱ ❡❧ ❞✐❢❡r❡♥❝✐❛❧ dx0F ❞❡❜❡ s❡r ✉♥❛ ❢✉♥❝✐ó♥ ✭❝♦♥t✐♥✉❛✮

✹✷



q✉❡ ♣❛r❛ ❝❛❞❛ ✈❛❧♦r y0 ∈ Y ♥♦s ❞é ❧❛ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ F (x)(y0) ❡♥ x = x0✱ q✉❡
❡s ✉♥ ❡❧❡♠❡♥t♦ ❞❡ L(∆X,∆Z)✳ P♦r ❧♦ t❛♥t♦✱ dx0F ∈ C (Y, L(∆X,∆Z))✳
❈✉❛♥❞♦ ❞❡❝✐♠♦s q✉❡ F ❡s ❞❡r✐✈❛❜❧❡✱ q✉❡r❡♠♦s ❞❡❝✐r q✉❡ ❤❛② ✉♥❛ ❢✉♥❝✐ó♥
❝♦♥t✐♥✉❛ F ′ : X → C (Y, L(∆X,∆Z)) q✉❡ ❡♥ ❝❛❞❛ x0 ♥♦s ❞❛ dx0F ✳ ❊s ❞❡✲
❝✐r✱ F ′ ∈ C (X,C (Y, L(∆X,∆Z)))=̃C (X × Y, L(∆X,∆Y ))✳ ❊♥t♦♥❝❡s F ❡s
❞❡r✐✈❛❜❧❡ ❝✉❛♥❞♦ F (x)(y) t✐❡♥❡ ❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧ ✭❝♦♥t✐♥✉❛✮ r❡s♣❡❝t♦ ❞❡ x✳

❖❜s❡r✈❛❝✐ó♥ ✹✳✻✳✶✳ ▲♦s ❞♦s ♣árr❛❢♦s ❛♥t❡r✐♦r❡s ♣r✉❡❜❛♥ q✉❡

C
1(X × Y, Z) = C

1(X,C (Y, Z)) ∩ C (X,C 1(Y, Z)).

❈✉r✐♦s❛♠❡♥t❡✱ C 1(X,C 1(Y, Z))=̃C 1(Y,C 1(X,Z))✱ ♣✉❡s ✉♥❛ ❢✉♥❝✐ó♥ F =

F (x, y) ❞❡❧ ♣r✐♠❡r ❡s♣❛❝✐♦ t✐❡♥❡ F ✱ ∂F
∂x ✱

∂F
∂y ② ∂2F

∂x∂y ❝♦♥t✐♥✉❛s✱ ② ❡st♦ ♣❡r♠✐t❡

♣r♦❜❛r ❢á❝✐❧♠❡♥t❡ q✉❡ ∂2F
∂y∂x ❡s ✐❣✉❛❧ ❛ ∂2F

∂x∂y ✭② ♣♦r ❧♦ t❛♥t♦✱ t❛♠❜✐é♥ ❝♦♥t✐♥✉❛✮✳

✹✳✻✳✸✳ ❊❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡

❱♦❧✈❛♠♦s ❛❧ ❝á❧❝✉❧♦ ❞❡ ✈❛r✐❛❝✐♦♥❡s✳ ❉✐r❡♠♦s q✉❡ I ❡s ❡st❛❝✐♦♥❛r✐♦ ❡♥
C✱ ♦ q✉❡ C ❡s ♠♦✈✐♠✐❡♥t♦ ❡①tr❡♠❛❧ ❞❡ I✱ ❝✉❛♥❞♦ dI(F (s))

ds |s=0 = 0 ♣❛r❛
❝✉❛❧q✉✐❡r F ✈❛r✐❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❜❧❡ ❞❡ C✳ ✭◆♦t❛r q✉❡ F ❡s ✉♥❛ ❝✉r✈❛ ❞✐❢❡r❡♥✲
❝✐❛❜❧❡ ❞❡ ❝✉r✈❛s ❞✐❢❡r❡♥❝✐❛❜❧❡s✮✳ ❈❛❧❝✉❧❡♠♦s ❡st❛ ❞❡r✐✈❛❞❛✳ ❙❡❛ F = F (s, t)
✉♥❛ ✈❛r✐❛❝✐ó♥ ❞❡ C✳ ❈♦♠♦

I(F ) =

∫ t1

t0

L
(

t, F, Ḟ
)

dt

✭q✉❡ ❡s ✉♥❛ s✲❢✉♥❝✐ó♥✮✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r

d(I(F ))

ds
=

∫ t1

t0





∂L

∂qα

(

t, F, Ḟ
) ∂Fα

∂s
+
∂L

∂q̇α

(

t, F, Ḟ
) ∂

(

Ḟα
)

∂s



 dt.

❆❤♦r❛ ❜✐❡♥✱ ❝✉❛♥❞♦ ❡✈❛❧✉❛♠♦s ❡st♦ ❡♥ s = 0✱ ♥♦t❛♠♦s q✉❡ ❝♦♠♦ ❧❛ ✈❛r✐❛❝✐ó♥
❡s ❛r❜✐tr❛r✐❛✱ ♣♦❞❡♠♦s ❤❛❝❡r q✉❡ ❧❛ t✲❢✉♥❝✐ó♥ ∂F

∂s (0, t) s❡❛ ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥
❞✐❢❡r❡♥❝✐❛❜❧❡ v = v(t) ❛ ✈❛❧♦r❡s ✈❡❝t♦r✐❛❧❡s q✉❡ s❡ ❛♥✉❧❡ ❡♥ t0 ② ❡♥ t1✳ ❙✐
❧♦❣rár❛♠♦s✱ ❝♦♠♦ ❡♥ ❡❧ ❡❥❡♠♣❧♦ ✹✳✺✳✶✱ ❡①♣r❡s❛r ❡❧ ✐♥t❡❣r❛♥❞♦ ✭♣❛r❛ s = 0✮ ❡♥
❧❛ ❢♦r♠❛ φα

∂F
∂s

α
✭❝♦♥ φ = φ(t) ❝♦♥str✉✐❞❛ ❛ ♣❛rt✐r ❞❡ C ② s✉s ❞❡r✐✈❛❞❛s✱ ❡

✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ ❧❛ ✈❛r✐❛❝✐ó♥✮✱ s❛❜rí❛♠♦s q✉❡ I ❡s ❡st❛❝✐♦♥❛r✐❛ ✭❡s ❞❡❝✐r✱ ❧❛
✐♥t❡❣r❛❧ s❡ ❛♥✉❧❛ ❡♥ ❝✉❛❧q✉✐❡r ✈❛r✐❛❝✐ó♥ F ✮ s✐ ② só❧♦ s✐ φ ❡s ❧❛ ❢✉♥❝✐ó♥ ♥✉❧❛✳
❨ ❡♥t♦♥❝❡s ❡❧ ♣r♦❜❧❡♠❛ ✈❛r✐❛❝✐♦♥❛❧ s❡ r❡❞✉❝✐rí❛ ❛ ❜✉s❝❛r ❧❛s C q✉❡ ❝✉♠♣❧❡♥
❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ φ(t) = 0✳

❊♥t♦♥❝❡s ❞❡❜❡♠♦s s❛❝❛r ❞❡ ❢❛❝t♦r ❝♦♠ú♥ ❛ ∂F
∂s ❡♥ ❡❧ ✐♥t❡❣r❛♥❞♦✳ P❛r❛ ❡s♦

♥❡❝❡s✐t❛♠♦s ❞❡s❤❛❝❡r♥♦s ❞❡❧ ❢❛❝t♦r ∂2F
∂s∂t ❡♥ ❡❧ s❡❣✉♥❞♦ tér♠✐♥♦✳ ❘❡❝♦r❞❛♥✲

❞♦ q✉❡✱ s❡❣ú♥ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ✹✳✻✳✶✱ ❡♥ ❡st❛ s✐t✉❛❝✐ó♥ t❡♥❡♠♦s ∂2F
∂s∂t = ∂2F

∂t∂s ✱

✹✸



♣♦❞❡♠♦s ✐♥t❡❣r❛r ❡❧ s❡❣✉♥❞♦ tér♠✐♥♦ ♣♦r ♣❛rt❡s ♦❜t❡♥✐❡♥❞♦

∂L

∂q̇α

(

t, F, Ḟ
) ∂2F

∂s∂t

α

=
∂

∂t

(

∂L

∂q̇α

(

t, F, Ḟ
) ∂F

∂s

α)

− ∂

∂t

(

∂L

∂q̇α

(

t, F, Ḟ
)

)

∂F

∂s

α

.

◆✉❡str♦ ✐♥t❡❣r❛♥❞♦ q✉❡❞❛ ❡①♣r❡s❛❞♦ ❡♥t♦♥❝❡s ❝♦♠♦

∂L

∂qα

(

t, F, Ḟ
) ∂F

∂s

α

+
∂

∂t

(

∂L

∂q̇α

(

t, F, Ḟ
) ∂F

∂s

α)

− ∂

∂t

(

∂L

∂q̇α

(

t, F, Ḟ
)

)

∂F

∂s

α

,

q✉❡ ♣❛r❛ s = 0 s❡ ❝♦♥✈✐❡rt❡ ❡♥

∂L

∂qα

(

t, C, Ċ
)

vα +
d

dt

(

∂L

∂q̇α

(

t, C, Ċ
)

vα
)

− d

dt

(

∂L

∂q̇α

(

t, C, Ċ
)

)

vα.

❚r❛♥s❢♦r♠❛❞♦ ❛sí ❡❧ ✐♥t❡❣r❛♥❞♦✱ ♣♦❞❡♠♦s ✈♦❧✈❡r ❛ ❛ ❧❛ ✐♥t❡❣r❛❧✱ ♦❜t❡♥✐❡♥❞♦

dI(Fs)

ds
(0) =

∫ t1

t0

(

∂L

∂qα

(

t, C, Ċ
)

− d

dt

(

∂L

∂q̇α

(

t, C, Ċ
)

))

vαdt

+

[

∂L

∂q̇α

(

t, C, Ċ
)

vα
]t=t1

t=t0

, ✭✻✮

❡♥ ❞♦♥❞❡ ❡❧ s❡❣✉♥❞♦ tér♠✐♥♦ ❡s ♥✉❧♦ ♣♦rq✉❡ v(a) = 0 ② v(b) = 0✳ ❈♦♠♦
dI(Fs)

ds (0) = 0 ♣❛r❛ ❝✉❛❧q✉✐❡r ✈❛r✐❛❝✐ó♥ ✭❡s ❞❡❝✐r✱ ♣❛r❛ ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ v(t)✱
❝♦♥❝❧✉✐♠♦s q✉❡ ❧❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐❛❜❧❡ C = C(t) ❡st❛❝✐♦♥❛ ❡❧ ✈❛❧♦r ❞❡❧ ❢✉♥❝✐♦✲
♥❛❧ I s✐ ② só❧♦ s✐ s❛t✐s❢❛❝❡

d

dt

(

∂L

∂q̇α

(

t, C, Ċ
)

)

− ∂L

∂qα

(

t, C, Ċ
)

= 0

q✉❡ s❡ ❝♦♥♦❝❡ ❝♦♠♦ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡✳ ❊s ✉♥❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧
✐♠♣❧í❝✐t❛ ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ♣❛r❛ C✳

▲❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ s❡ s✉❡❧❡ ❡s❝r✐❜✐r ❡♥ ❧❛ ❢♦r♠❛

d

dt

(

∂L

∂q̇α

)

− ∂L

∂qα
= 0, ✭✼✮

❡♥t❡♥❞✐é♥❞♦s❡ q✉❡ L ② s✉s ❞❡r✐✈❛❞❛s s❡ ❡✈❛❧ú❛♥ ❡♥ ❡❧ ♠♦✈✐♠✐❡♥t♦ C✱ ② t❛♠✲
❜✐é♥ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ✈❛r✐❛❝✐ó♥ ✭✻✮ s❡ ❡s❝r✐❜❡ ♠ás s✐♥tét✐❝❛♠❡♥t❡ ❡♥ ❧❛ ❢♦r♠❛

δI(0) =

∫ t1

t0

(

∂L

∂qα
− d

dt

(

∂L

∂q̇α

))

δqαdt+

[

∂L

∂q̇α
δqα
]t=t1

t=t0

, ✭✽✮

❞♦♥❞❡ δ r❡♣r❡s❡♥t❛ ❧❛ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ ❞❡ ❢✉♥❝✐♦♥❡s ❞❡✜♥✐❞❛s ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡
❝✉r✈❛s✱ ② ❛sí ❧❛ ❡❝✉❛❝✐ó♥ ❡s ✉♥❛ ✐❣✉❛❧❞❛❞ ❡♥tr❡ ✈❡❝t♦r❡s ❞✉❛❧❡s t❛♥❣❡♥t❡s ❛

✹✹



❡st❡ ❡s♣❛❝✐♦✳ ❊❧ ✈❡❝t♦r ❡♥ ❡❧ q✉❡ ❡st✉✈✐♠♦s ❡✈❛❧✉á♥❞♦❧❛s ❛❧ ❤❛❝❡r ❧❛ ✈❛r✐❛❝✐ó♥
❞❡t❡r♠✐♥❛❞❛ ♣♦r ❧❛ ❢✉♥❝✐ó♥ F = F (s, t) ❡s ❧❛ t✲❢✉♥❝✐ó♥ ∂F

∂s |s=0✱ q✉❡ ❡s ✉♥
❝❛♠♣♦ ❝♦♥t✐♥✉♦ ❞❡ ✈❡❝t♦r❡s ❞❡✜♥✐❞♦ ❛ ❧♦ ❧❛r❣♦ ❞❡ C✳

P❛r❛ ❤❛❝❡r ❡①♣❧í❝✐t❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡✱ ❞❡❜❡♠♦s ❝❛❧❝✉❧❛r ❧❛
❞❡r✐✈❛❞❛ t❡♠♣♦r❛❧ q✉❡ ❛♣❛r❡❝❡ ❡♥ ❡❧ ♣r✐♠❡r tér♠✐♥♦✱ ❛ s❛❜❡r✱

d

dt

(

∂L

∂q̇α

)

=
∂2L

∂t∂q̇α
+

∂2L

∂q∂q̇α
Ċα +

∂2L

∂q̇∂q̇α
C̈α.

P❛r❛ q✉❡ s❡ ♣✉❡❞❛ ❞❡s♣❡❥❛r C̈ ❡♥ ❢✉♥❝✐ó♥ ❞❡
(

t, C, Ċ
)

❜❛st❛ ❝♦♥ q✉❡✱ ♣❛r❛

❝✉❛❧q✉✐❡r ❡st❛❞♦ (t, q, q̇, )✱ ❧❛ ❢✉♥❝✐ó♥ ❜✐❧✐♥❡❛❧ ∂2L
∂q̇∂q̇ (t, q, q̇) s❡❛ ♥♦ ❞❡❣❡♥❡r❛❞❛✳

❉❡❝✐♠♦s ❡♥t♦♥❝❡s q✉❡ ❧❛ ❢✉♥❝✐ó♥ ❧❛❣r❛♥❣✐❛♥❛ L ❡s r❡❣✉❧❛r✳

❈♦♠❡♥t❛r✐♦ ✹✳✻✳✷✳ ❊♥ ❡st❡ ♣r♦❝❡❞✐♠✐❡♥t♦ q✉❡❞❛♥ ✈❛r✐♦s ❝❛❜♦s s✉❡❧t♦s✳ P♦r
❡❥❡♠♣❧♦✱ ❛❧ ❛❧t❡r❛r ❡❧ ✐♥t❡❣r❛♥❞♦ ♦r✐❣✐♥❛❧ ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ ✐♥t❡❣r❛❝✐ó♥ ♣♦r

♣❛rt❡s✱ ❡st❛♠♦s s✉♣♦♥✐❡♥❞♦ q✉❡ ❡①✐st❡ ❧❛ ❞❡r✐✈❛❞❛ d
dt

(

∂L
∂q̇

(

t, F, Ḟ
))

✱ ❧♦ ❝✉❛❧

❡s ❝✐❡rt♦ s✐ F ❡s ❞♦s ✈❡❝❡s ❞❡r✐✈❛❜❧❡ r❡s♣❡❝t♦ ❞❡ t✱ ♣❡r♦ ❡♥ ♦tr♦ ❝❛s♦ ♣♦❞rí❛ ♥♦
s❡r❧♦✳ P♦r ❧♦ t❛♥t♦✱ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ▲❛❣r❛♥❣❡ ♣❛r❛ ❤❛❧❧❛r ♠♦✈✐♠❡♥t♦s ❡①tr❡✲
♠❛❧❡s ♣♦❞rí❛ ♥♦ ❞❡t❡❝t❛r ❛q✉❡❧❧♦s q✉❡ ♥♦ t✐❡♥❡♥ ❞❡r✐✈❛❞❛ s❡❣✉♥❞❛✱ ♠✐❡♥tr❛s
q✉❡ ❧❛ ✐♥t❡❣r❛❧ ♦r✐❣✐♥❛❧ ❡♥ ❧♦s ❝❛s♦s q✉❡ ♥♦s ✐♥t❡r❡s❛♥ ✈❛ ❛ ❡st❛r ❞❛❞♦ ♣♦r ✉♥❛
❢✉♥❝✐ó♥ s✉❛✈❡ ❡♥ (t, q) ② ❝✉❛❞rát✐❝❛ ❡♥ q̇✱ q✉❡ s❡ ♣✉❡❞❡ ❡✈❛❧✉❛r ❡♥ ❝✉❛❧q✉✐❡r
❝✉r✈❛ ❞❡ ❝❧❛s❡ H1✳ ❊st❛s ❞✐✜❝✉❧t❛❞❡s ♣✉❡❞❡♥ r❡s♦❧✈❡rs❡ ♣r♦❜❛♥❞♦ q✉❡ ❧❛s
❝✉r✈❛s ❡①tr❡♠❛❧❡s s♦♥ ❞♦s ✈❡❝❡s ❞✐❢❡r❡♥❝✐❛❜❧❡s✳✶✽ P❡r♦ ❡♥ r❡❛❧✐❞❛❞ ♣♦❞❡♠♦s
♥♦ ♣r❡♦❝✉♣❛r♥♦s ♣♦r ❡st❛s ❝✉❡st✐♦♥❡s✱ ♣♦rq✉❡ ♥✉❡str♦ ♦❜❥❡t✐✈♦ ✈❡r❞❛❞❡r♦ ♥♦
❡s r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ ❝á❧❝✉❧♦ ❞❡ ✈❛r✐❛❝✐♦♥❡s✱ s✐♥♦ ❛♣❧✐❝❛r ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦
❢♦r♠❛❧ ❛♥t❡r✐♦r ♣❛r❛ ♠❛♥✐♣✉❧❛r ❡❝✉❛❝✐♦♥❡s✳

✹✳✻✳✹✳ Pr♦❜❧❡♠❛s ✈❛r✐❛❝✐♦♥❛❧❡s r❡str✐♥❣✐❞♦s

❙✉♣♦♥❣❛♠♦s q✉❡ ❧❛ ❢✉♥❝✐ó♥ ❧❛❣r❛♥❣✐❛♥❛ L = L(t, q, q̇) ❞❡ ✉♥ s✐st❡♠❛
(M,L) ♣r♦✈✐❡♥❡ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❧❛❣r❛♥❣✐❛♥❛ K = K(t, x, ẋ) ❞❡ ♦tr♦ s✐st❡♠❛
(N,K) ✈✐❛ ✉♥ ♠♦r✜s♠♦ ❧❛❣r❛♥❣✐❛♥♦ H = H(t, q) : (M,L) → (N,K)✱ q✉❡

❡s ✉♥ ♠♦r✜s♠♦ ❞❡ ♠✉♥❞♦s ✭❞♦s ✈❡❝❡s ❞✐❢❡r❡♥❝✐❛❜❧❡✮ t❛❧ q✉❡ L =
(

Ḣ
)∗

(K)✱

❡s ❞❡❝✐r✱ L = K
(

t,H, Ḣ
)

✳ P♦r ❡❥❡♠♣❧♦✱ M ♣♦❞rí❛ s❡r ✉♥ s✉❜♠✉♥❞♦ ❞❡ N ✱

② H ❡❧ ♠♦r✜s♠♦ ❞❡ ✐♥❝❧✉s✐ó♥✳ ❊s❝r✐❜❛♠♦s ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡
❞❡❧ s✐st❡♠❛ (M,L)✱ q✉❡ ♣❡r♠✐t❡ ❜✉s❝❛r ❧❛s ❝✉r✈❛s ❡♥ M ❝✉②❛ ✐♠❛❣❡♥ ✈✐❛ H
❡①tr❡♠✐③❛ ❧❛ ✐♥t❡❣r❛❧ ❞❡ K✳ P♦r ✉♥ ❧❛❞♦✱ ❛ ♣❛rt✐r ❞❡

∂L

∂q̇ν
=
∂K

∂ẋβ
∂Ḣβ

∂q̇ν
=
∂K

∂ẋβ

∂
(

∂Hβ

∂t + ∂Hβ

∂qµ q̇
µ
)

∂q̇ν
=
∂K

∂ẋβ
∂Hβ

∂qν

✶✽▼✐r❛♥❞♦ ❢✉❣❛③♠❡♥t❡ ❧❛s ♣✳✹✵✕✹✶ ❞❡ ❬✹❪✱ ♣❛r❡❝❡ q✉❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❡s
❛❞❡❝✉❛❞❛ ♣❛r❛ ❡♥❝♦♥tr❛r t♦❞♦s ❧❛s ❝✉r✈❛s ❡①tr❡♠❛❧❡s ❡♥ ❧♦s ❝❛s♦s q✉❡ ♥♦s ✈❛♥ ❛ ✐♥t❡r❡s❛r✱
❡♥ ❧♦s q✉❡ L = a(t,q)(q̇)✱ ❞♦♥❞❡ a(t,q) ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❝✉❛❞rát✐❝❛ ❡str✐❝t❛♠❡♥t❡ ♣♦s✐t✐✈❛ ❡♥
❡❧ ❡s♣❛❝✐♦ ❛❢í♥ ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s q̇✱ q✉❡ ❞❡♣❡♥❞❡ ❞✐❢❡r❡♥❝✐❛❜❧❡♠❡♥t❡ ❞❡ (t, q)✳

✹✺



♣♦❞❡♠♦s ❝❛❧❝✉❧❛r

d

dt

(

∂L

∂q̇ν

)

=
d

dt

(

∂K

∂ẋβ

)

∂Hβ

∂qν
+
∂K

∂ẋβ
d

dt

(

∂Hβ

∂qν

)

.

P♦r ♦tr♦ ❧❛❞♦ t❡♥❡♠♦s

∂L

∂qν
=
∂K

∂xβ
∂Hβ

∂qν
+
∂K

∂ẋβ
∂Ḣβ

∂qν
.

❊♥t♦♥❝❡s ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❡s

d

dt

(

∂L

∂q̇ν

)

− ∂L

∂qν
= 0

d

dt

(

∂K

∂ẋβ

)

∂Hβ

∂qν
+
∂K

∂ẋβ
d

dt

(

∂Hβ

∂qν

)

− ∂K

∂xβ
∂Hβ

∂qν
− ∂K

∂ẋβ
∂Ḣβ

∂qν
= 0

(

d

dt

(

∂K

∂ẋβ

)

− ∂K

∂xβ

)

∂Hβ

∂qν
+
∂K

∂ẋβ

(

d

dt

(

∂Hβ

∂qν

)

− ∂Ḣβ

∂qν

)

= 0,

❡♥ ❞♦♥❞❡ ❡❧ ú❧t✐♠♦ tér♠✐♥♦ ❡s ♥✉❧♦ ♣✉❡s

d

dt

(

∂Hβ

∂qν

)

=
∂2Hβ

∂t∂qν
+

∂2Hβ

∂qµ∂qν
q̇µ

=
∂2Hβ

∂qν∂t
+

∂2Hβ

∂qν∂qµ
q̇µ =

∂K

∂ẋβ

∂
(

∂Hβ

∂t + ∂Hβ

∂qµ q̇
µ
)

∂qν
=
∂
(

Ḣβ
)

∂qν
.

▲❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ s❡ s✐♠♣❧✐✜❝❛ ❡♥t♦♥❝❡s ❛

(

d

dt

(

∂K

∂ẋβ

)

− ∂K

∂xβ

)

∂Hβ

∂qν
= 0,

❡s ❞❡❝✐r✱
(

d

dt

(

∂K

∂ẋβ

)

− ∂K

∂xβ

)∣

∣

∣

∣

Im
(

∂H
∂q

)

= 0.

❊st❛ ❡❝✉❛❝✐ó♥ t❛♠❜✐é♥ s❡ ♣✉❡❞❡ ♦❜t❡♥❡r ❞✐r❡❝t❛♠❡♥t❡ ♣♦r ❡❧ ♠✐s♠♦ ♣r♦✲
❝❡❞✐♠✐❡♥t♦ q✉❡ ✉s❛♠♦s ❡♥ ♣r✐♠❡r ❧✉❣❛r ♣❛r❛ ♦❜t❡♥❡r ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r✲
▲❛❣r❛♥❣❡✳ ❆❧ ❡①♣r❡s❛r ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛ ✐♥t❡❣r❛❧ ❞❡K✱ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s✱
♦❜t❡♥❡♠♦s ✉♥❛ ❡①♣r❡s✐ó♥ s✐♠✐❧❛r ❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✽✮✱ q✉❡ s❡ ❛♥✉❧❛ ❡♥ ❝✉❛❧q✉✐❡r
✈❛r✐❛❝✐ó♥ ❞❡ ❧❛ ❝✉r✈❛ q✉❡ ♣r♦✈❡♥❣❛ ✈í❛ H ❞❡ ✉♥❛ ✈❛r✐❛❝✐ó♥ ❡♥ M ✱ ❡s ❞❡❝✐r✱
❡♥ ❝✉❛❧q✉✐❡r ✈❛r✐❛❝✐ó♥ ❡♥ N q✉❡ s❡❛ t❛♥❣❡♥t❡ ❛ ❧❛ ✐♠❛❣❡♥ ❞❡ H✳ ❊st♦ ❡s
❡q✉✐✈❛❧❡♥t❡ ❛ q✉❡ ❡❧ ❝♦✈❡❝t♦r d

dt

(

∂K
∂ẋβ

)

− ∂K
∂xβ s❡❛ ♥✉❧♦ ❡♥ ❡❧ ❡s♣❛❝✐♦ t❛♥❣❡♥t❡

❛ ❧❛ ✐♠❛❣❡♥ ❞❡ H✳

✹✻



✹✳✻✳✺✳ ❈✉r✈❛s ❣❡♦❞és✐❝❛s

❯♥ ♣r♦❜❧❡♠❛ tí♣✐❝♦ ❞❡ ❝á❧❝✉❧♦ ❞❡ ✈❛r✐❛❝✐♦♥❡s ❡s ❡❧ ❞❡ ❡♥❝♦♥tr❛r ❡❧ ❝❛♠✐♥♦
♠ás ❝♦rt♦ ♣❛r❛ ✐r ❞❡ ✉♥ ♣✉♥t♦ ❞❡ ✉♥❛ s✉♣❡r✜❝✐❡ ❛ ♦tr♦✱ ✈✐❛❥❛♥❞♦ s✐♥ s❛❧✐r ❞❡ ❧❛
♠✐s♠❛✳ ❊♥ ❣❡♥❡r❛❧✱ s❡❛♥ X ✉♥ ❡s♣❛❝✐♦ ❡✉❝❧í❞❡♦ ❝♦♥ ♠étr✐❝❛ g✱ M ⊆ T ×X

✉♥❛ r❡str✐❝❝✐ó♥ ✭q✉❡ ♣✉❡❞❡ ✈❛r✐❛r ❝♦♥ ❡❧ t✐❡♠♣♦✮✱ t0 < t1 ❞♦s ✐♥st❛♥t❡s ②
x0 ∈Mt0 ② x1 ∈Mt1 ❞♦s ♣✉♥t♦s✳ ❈♦♥s✐❞❡r❡♠♦s ❡❧ ❡s♣❛❝✐♦ E ❞❡ ♠♦✈✐♠✐❡♥t♦s
q✉❡ ✈❛♥ ❞❡ (t0, x0) ❛ (t1, x1)✱ s✐♥ s❛❧✐r ❞❡ M ✳ ❇✉s❝❛♠♦s ❛q✉❡❧ q✉❡ ♠✐♥✐♠✐❝❡
❧❛ ✐♥t❡❣r❛❧

Ĩ =

∫ t1

t0

√

gα,βẋαẋβdt.

❊st❡ ♣r♦❜❧❡♠❛ ❡s ♣❛t♦❧ó❣✐❝♦ ❡♥ ❡❧ ❝❛s♦ ❡♥ ❡❧ q✉❡ ❧❛ r❡str✐❝❝✐ó♥ ♥♦ ❞❡♣❡♥❞❛
❞❡❧ t✐❡♠♣♦✱ ♣♦rq✉❡ ❡♥t♦♥❝❡s ❝✉❛❧q✉✐❡r r❡♣❛r❛♠❡tr✐③❛❝✐ó♥ ❞❡ ✉♥❛ s♦❧✉❝✐ó♥ ✈❛
❛ s❡r t❛♠❜✐é♥ ✉♥❛ s♦❧✉❝✐ó♥✳ ▲❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❛s♦❝✐❛❞❛ ❞❡❜❡ s❡r ♥♦
❞❡t❡r♠✐♥✐st❛✳

❯♥❛ ❛❧t❡r♥❛t✐✈❛ ❡s t❡♥❞❡r ✉♥ ✏r❡s♦rt❡✑ ❛ ❧♦ ❧❛r❣♦ ❞❡ M ✱ q✉❡ ✉♥❛ (t0, x0)
❝♦♥ (t1, x1) ♠✐♥✐♠✐③❛♥❞♦ s✉ ✏❡♥❡r❣í❛ ❡❧ást✐❝❛✑

I =

∫ t1

t0

1

2
gα,βẋ

αẋβdt.

❊st❡ ♣r♦❜❧❡♠❛ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛❧ ♣r♦❜❧❡♠❛ ❞❡❧ ❝❛♠✐♥♦ ❝♦rt♦✱ ❛❧ ♠❡♥♦s s✐ ❧❛
r❡str✐❝❝✐ó♥ M ♥♦ ❞❡♣❡♥❞❡ ❞❡❧ t✐❡♠♣♦✳ ❊♥ ❡❢❡❝t♦✱ ❛❧ ♠✐♥✐♠✐③❛r ❧❛ ❡♥❡r❣í❛ I✱
❡❧ r❡s♦rt❡ ❡♥❝✉❡♥tr❛ ✉♥❛ ❝✉r✈❛ C q✉❡✱ ❡♥ ♣❛rt✐❝✉❧❛r✱ ♠✐♥✐♠✐③❛ I ❞❡♥tr♦ ❞❡❧
❡s♣❛❝✐♦ ❞❡ ❧❛s r❡♣❛r❛♠❡tr✐③❛❝✐♦♥❡s ❞❡ C✱ ❡s ❞❡❝✐r✱ ❧♦s ♠♦✈✐♠✐❡♥t♦s ❝♦♥t❡♥✐❞♦s
❡♥ [t0, t1]× Im(C) ✭q✉❡ ❡stá♥ ❡♥M ♣♦rq✉❡Mt ♥♦ ❞❡♣❡♥❞❡ ❞❡ t✮✳ P❡r♦ Im(C)
❡s ✉♥❛ ✈❛r✐❡❞❛❞ r✐❡♠❛♥♥✐❛♥❛ ❞❡ ❞✐♠❡♥s✐ó♥ ✶✱ q✉❡ ❡s ✐s♦♠♦r❢❛ ❛ ✉♥ s❡❣♠❡♥t♦
❞❡ r❡❝t❛ ❡✉❝❧í❞❡❛✱ ② ❛❤í ❡❧ ♣r♦❜❧❡♠❛ ❡s tr✐✈✐❛❧✿ ❝♦♠♦ ✈✐♠♦s ❡♥ ❡❧ ❡❥❡♠♣❧♦ ✹✳✺✳✶
✭q✉❡ ❛❤♦r❛ ❞❡❜❡♠♦s r❡str✐♥❣✐r ❛❧ ❝❛s♦ ❞❡ ❞✐♠❡♥s✐ó♥ ✶ ② ❣r❛✈❡❞❛❞ ♥✉❧❛✮✱ ❧❛
s♦❧✉❝✐ó♥ ❡s ✉♥❛ ♣❛r❛♠❡tr✐③❛❝✐ó♥ ❝♦♥ ✈❡❧♦❝✐❞❛❞ ❝♦♥st❛♥t❡✳ ❊st♦ ♠✉❡str❛ q✉❡
❡❧ ♠♦✈✐♠✐❡♥t♦ q✉❡ ♠✐♥✐♠✐③❛ I t✐❡♥❡ ✈❡❧♦❝✐❞❛❞ ❞❡ ♥♦r♠❛ ❝♦♥st❛♥t❡✳ P❡r♦ s✐
♥♦s r❡str✐♥❣✐♠♦s ❛ ❧♦s ♠♦✈✐♠✐❡♥t♦s ❝♦♥ ✈❡❧♦❝✐❞❛❞ ❞❡ ♥♦r♠❛ ❝♦♥st❛♥t❡✱ ❧❛s
✐♥t❡❣r❛❧❡s I ② Ĩ s♦♥ ❡q✉✐✈❛❧❡♥t❡s✱ ② ❧✉❡❣♦ ❡❧ r❡s♦rt❡ ❡♥❝✉❡♥tr❛ ❧❛ ❝✉r✈❛ q✉❡
♠✐♥✐♠✐③❛ Ĩ ② ❛❞❡♠ás t✐❡♥❡ ✈❡❧♦❝✐❞❛❞ ❞❡ ♥♦r♠❛ ❝♦♥st❛♥t❡✳

❊st✉❞✐❡♠♦s ❡♥t♦♥❝❡s ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛r ❧❛ ✐♥t❡❣r❛❧ ❞❡

L =
1

2
gα,βẋ

αẋβ ,

r❡str✐♥❣✐❞❛ ❛ ♠♦✈✐♠✐❡♥t♦s ❝♦♥t❡♥✐❞♦s ❡♥ M ✳ ❙❡❣ú♥ ❡❧ r❡s✉❧t❛❞♦ ❞❡ ❧❛ s❡❝❝✐ó♥
❛♥t❡r✐♦r✱ ❧❛s ❝✉r✈❛s q✉❡ ❜✉s❝❛♠♦s s♦♥ ❧❛s q✉❡ ❝✉♠♣❧❡♥ ❧❛ ❡❝✉❛❝✐ó♥

(

d

dt

(

∂L

∂ẋβ

)

− ∂L

∂xβ

)∣

∣

∣

∣

TxMt

= 0,

✹✼



q✉❡ s❡♥❝✐❧❧❛♠❡♥t❡ ❡q✉✐✈❛❧❡ ❛

gα,βẍ
α|TxMt = 0,

❡s ❞❡❝✐r✱ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡❜❡ s❡r ♦rt♦❣♦♥❛❧ ❛ Mt✳

❖❜s❡r✈❛❝✐ó♥ ✹✳✻✳✸✳ ▲❛ ❡❝✉❛❝✐ó♥ ♦❜t❡♥✐❞❛ ❡s ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❉✬❆❧❡♠❜❡rt ✭✺✮
q✉❡ ❞❡s❝r✐❜❡ ❡❧ ♠♦✈✐♠✐❡♥t♦ r❡str✐♥❣✐❞♦ ❛ M ♣♦r ♠❡❞✐♦ ❞❡ ✉♥ ✈í♥❝✉❧♦ ✐❞❡❛❧✱
② ❝♦♥ ❢✉❡r③❛ ❛♣❧✐❝❛❞❛ ♥✉❧❛✳

✹✳✼✳ ❊❝✉❛❝✐♦♥❡s ❞❡ ▲❛❣r❛♥❣❡ ♣❛r❛ ❧❛ ♠❡❝á♥✐❝❛

▲♦s ❝á❧❝✉❧♦s ❞❡ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r ♠✉❡str❛♥ q✉❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❉✬❆❧❡♠❜❡rt

gα,βẍ
α∂x

β

∂qν
= 0

❞❡ ✉♥ ♠♦✈✐♠✐❡♥t♦ ❧✐❜r❡ ✭s✐♥ ❢✉❡r③❛s ❛♣❧✐❝❛❞❛s✮ ❡♥M ⊆ T ×X ❡s ❡q✉✐✈❛❧❡♥t❡
❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ♣❛r❛ ❤❛❧❧❛r ❝❛♠✐♥♦s ❡♥ ❞♦♥❞❡

I =

∫ t1

t0

L(t, x, ẋ)dt

❡s ❡st❛❝✐♦♥❛r✐❛✱ s✐❡♥❞♦ L ✐❣✉❛❧ ❛ ❧❛ ❡♥❡r❣í❛ ❝✐♥ét✐❝❛ K ❞❛❞❛ ♣♦r

K =
1

2
gα,βẋ

αẋβ .

✭◆ót❡s❡ q✉❡ L ❡stá ❜✐❡♥ ❞❡✜♥✐❞♦ ♣✉❡s ❡st❛♥❞♦ ❡♥ ✉♥ ❡s♣❛❝✐♦ ♣r♦❞✉❝t♦✱ ❧♦s
♣✉♥t♦s ẋ ❞❡❧ ❡s♣❛❝✐♦ ❛❢í♥ Ṁ(t,x) ♣✉❡❞❡♥ ❝♦♥s✐❞❡r❛rs❡ ✈❡❝t♦r❡s✱ ❡①✐st✐❡♥❞♦
✉♥❛ ✈❡❧♦❝✐❞❛❞ ♥✉❧❛ ❞❡ r❡❢❡r❡♥❝✐❛✳✮ ❊st♦ ❞❛ ✉♥ ♠ét♦❞♦ s❡♥❝✐❧❧♦ ♣❛r❛ ❤❛❧❧❛r
❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ♠♦✈✐♠✐❡♥t♦ ❞❡ ✉♥ t❛❧ s✐st❡♠❛ ♠❡❝á♥✐❝♦✱ ❛ ♣❛rt✐r ❞❡ ✉♥❛
❡①♣r❡s✐ó♥ ❞❡ L ❡♥ tér♠✐♥♦s ❞❡ (t, q, q̇)✳

P❡r♦ ❧♦s ♠♦✈✐♠✐❡♥t♦s ❧✐❜r❡s ♥♦ s♦♥ ❧♦s ú♥✐❝♦s q✉❡ r❡s♣♦♥❞❡♥ ❛ ✉♥ ♣r♦❜❧❡✲
♠❛ ✈❛r✐❛❝✐♦♥❛❧✳ ❊♥ ❡❧ ❡❥❡♠♣❧♦ ✹✳✺✳✶ ✈✐♠♦s q✉❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡
❞❡ ✉♥ r❡s♦rt❡ ♠❛s✐✈♦ ② ❞❡ ❧♦♥❣✐t✉❞ ✐♥✐❝✐❛❧ ♥✉❧❛✱ q✉❡ ❝✉❡❧❣❛ s✉❥❡t♦ ❞❡ s✉s ❡①tr❡✲
♠♦s ❡♥ ✉♥ ❝❛♠♣♦ ❣r❛✈✐t❛t♦r✐♦ ✉♥✐❢♦r♠❡ g✱ ❡s ❧❛ ♠✐s♠❛ ❡❝✉❛❝✐ó♥ q✉❡ ❞❡s❝r✐❜❡
❡❧ ♠♦✈✐♠✐❡♥t♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ✈❛r✐❛❞♦ q✉❡ ❡①♣❡r✐♠❡♥t❡ ✉♥❛ ♣❛rtí❝✉❧❛ s♦❜r❡ ❧❛
q✉❡ ❛❝tú❛ ❡❧ ❝❛♠♣♦ ❣r❛✈✐t❛t♦r✐♦ ♦♣✉❡st♦ −g ✭s✐ ♠✉❧t✐♣❧✐❝❛♠♦s ♣♦r ✉♥ ❢❛❝t♦r
❝♦♥st❛♥t❡ ♣❛r❛ q✉❡ ❝♦✐♥❝✐❞❛♥ ❧♦s t✐♣♦s ❞❡ ♠❛❣♥✐t✉❞✮✳ ❉❡ ❤❡❝❤♦✱ s✐❡♠♣r❡ q✉❡
✉♥❛ ❢✉❡r③❛ Fβ ❞❡✜♥✐❞❛ ❡♥ ✉♥ ♠✉♥❞♦ ❣❛❧✐❧❡❛♥♦ G s❡❛ ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ✭❡s♣❛❝✐❛❧✮
❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ tr❛❜❛❥♦ −V (t, x)✱ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ◆❡✇t♦♥

gα,βẍ
α = Fβ

s❡rá ❡q✉✐✈❛❧❡♥t❡ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❛s♦❝✐❛❞❛ ❛❧ ✐♥t❡❣r❛♥❞♦ L =
K − V ✳ ❊st❛ ♣♦s✐❜✐❧✐❞❛❞ s❡ ❡①t✐❡♥❞❡ ❛ ❝✉❛❧q✉✐❡r ❢✉❡r③❛ q✉❡ ♣✉❡❞❛ ♦❜t❡♥❡rs❡
❞❡ ✉♥ ♣♦t❡♥❝✐❛❧ ❣❡♥❡r❛❧✐③❛❞♦ V (t, x, ẋ) s❡❣ú♥ ❧❛ ❢ór♠✉❧❛

Fβ =
d

dt

(

∂V

∂ẋβ

)

− ∂V

∂xβ

✹✽



✭❝♦♠♦ ❡s ❡❧ ❝❛s♦ ❞❡ ❧❛ ❢✉❡r③❛ ❡❧❡❝tr♦♠❛❣♥ét✐❝❛✱ tr❛t❛❞♦ ❡♥ ❧❛s ♣✳✷✻✕✷✾ ❞❡ ❬✺❪✮✳

❊❧ ❝❛s♦ ❡♥ ❡❧ q✉❡ ❛❝tú❛♥ ❢✉❡r③❛s s❡ ♣✉❡❞❡ ❝♦♠❜✐♥❛r ❝♦♥ ✉♥ ✈í♥❝✉❧♦ ✐❞❡❛❧✳
❊♥ ❣❡♥❡r❛❧✱ ❝♦♥s✐❞❡r❡♠♦s ✉♥ ♠✉♥❞♦ ❣❛❧✐❧❡❛♥♦ G ❝♦♥ ♠étr✐❝❛ g✱ ❡♥ ❡❧ q✉❡ ✉♥
♣✉♥t♦ ✭q✉❡ ♣♦❞rí❛ r❡♣r❡s❡♥t❛r ✉♥ s✐st❡♠❛ ❞❡ ♣❛rtí❝✉❧❛s✮ s❡ ♠✉❡✈❡ r❡str✐♥❣✐❞♦
❛ ✉♥ s✉❜♠✉♥❞♦M ♣♦r ✉♥❛ ❢✉❡r③❛ ❞❡ ✈í♥❝✉❧♦ ✐❞❡❛❧✱ ② ❝♦♥ ✉♥❛ ❢✉❡r③❛ ❛♣❧✐❝❛❞❛

Fβ =
d

dt

(

∂V

∂ẋβ

)

− ∂V

∂xβ
+Qβ ,

q✉❡ ✐♥❝❧✉②❡ ❡♥ ❡❧ tér♠✐♥♦ Qβ ❧❛ ♣❛rt❡ ❞❡ ❧❛ ❢✉❡r③❛ q✉❡ ♥♦ ♣✉❞✐♠♦s ✭♦ ♥♦
q✉✐s✐♠♦s✮ ❞❡r✐✈❛r ❞❡ ✉♥ ♣♦t❡♥❝✐❛❧✳ ❊♥t♦♥❝❡s ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❉✬❆❧❡♠❜❡rt

gα,βẋ
α|TxMt = Fβ |TxMt

q✉❡ ❞❡s❝r✐❜❡ ❧♦s ♠♦✈✐♠✐❡♥t♦s ❞❡❧ s✐st❡♠❛ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭❞✐✲
♥á♠✐❝❛✮ ❞❡ ▲❛❣r❛♥❣❡

(

d

dt

(

∂L

∂ẋβ

)

− ∂L

∂xβ

)∣

∣

∣

∣

TxMt

= Qβ |TxMt
,

❞♦♥❞❡ L = K − V ❡s ❧❛ ❢✉♥❝✐ó♥ ❧❛❣r❛♥❣✐❛♥❛ ❞❡❧ s✐st❡♠❛✱ q✉❡ ✐♥✈♦❧✉❝r❛ ❛
❧❛ ❡♥❡r❣í❛ ❝✐♥ét✐❝❛

K =
1

2
gα,βẋ

αẋβ

❊♥ ❧❛ ♣rá❝t✐❝❛✱ s❡ s✉❡❧❡ ❡s❝r✐❜✐r ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ▲❛❣r❛♥❣❡ ❛ ♣❛rt✐r ❞❡ ✉♥❛
♣❛r❛♠❡tr✐③❛❝✐ó♥ ❞❡ M q✉❡ ❞❡t❡r♠✐♥❛ x = x(t, q) ✭❝♦♥ q ❡♥ ✉♥ ❡s♣❛❝✐♦ ❛❢í♥✮✳
▲❛ ❢✉♥❝✐ó♥ ❧❛❣r❛♥❣✐❛♥❛ L q✉❡❞❛ t❛♠❜✐é♥ ❡♥ ❢✉♥❝✐ó♥ ❞❡ (t, q, q̇) ② ❧❛ ❡❝✉❛❝✐ó♥
q✉❡❞❛ ❡♥ ❧❛ ❢♦r♠❛

d

dt

(

∂L

∂q̇ν

)

− ∂L

∂qν
= Qβ

∂xβ

∂qν
,

❞♦♥❞❡ L = K − V ✱ ❝♦♥

K =
1

2
gα,β

(

∂xα

∂t
+
∂xα

∂qµ
q̇µ
)(

∂xβ

∂t
+
∂xβ

∂qµ
q̇µ
)

.

▲❛ ❝❛♥t✐❞❛❞ pν = ∂L
∂q̇ν ✱ q✉❡ q✉❡❞❛ ❡①♣r❡s❛❞❛ ❡♥ tér♠✐♥♦s ❞❡❧ ❡st❛❞♦ ❞❡ ♠♦✈✐✲

♠✐❡♥t♦ (t, q, q̇)✱ ❡s ❡❧ ✐♠♣✉❧s♦ ❞❡❧ s✐st❡♠❛✱ ② s❡ ❧❛ ♣✉❡❞❡ ❞❡✜♥✐r ❡♥ ❝✉❛❧q✉✐❡r
s✐st❡♠❛ ❧❛❣r❛♥❣✐❛♥♦✱ ♣♦r ♠ás q✉❡ ♥♦ ❡sté ❛s♦❝✐❛❞♦ ❛ ✉♥ s✐st❡♠❛ ♠❡❝á♥✐❝♦✳
▲❧❛♠❛r❡♠♦s s✐st❡♠❛ ♠❡❝á♥✐❝♦ ❧❛❣r❛♥❣✐❛♥♦ ❛ ❝✉❛❧q✉✐❡r s✐st❡♠❛ ♠❡❝á♥✐✲
❝♦ ❝✉②❛ ❡❝✉❛❝✐ó♥ ❞❡ ♠♦✈✐♠✐❡♥t♦ ♣✉❡❞❛ ❞❡r✐✈❛rs❡ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ❧❛❣r❛♥❣✐❛♥❛
❛❞❡❝✉❛❞❛✱ ❡s ❞❡❝✐r✱ ✉♥ s✐st❡♠❛ ❡♥ ❡❧ q✉❡ ❧❛ ❢✉❡r③❛ ❛♣❧✐❝❛❞❛ ♣✉❡❞❛ ❞❡r✐✈❛rs❡
❝♦♠♣❧❡t❛♠❡♥t❡ ❞❡ ✉♥ ♣♦t❡♥❝✐❛❧ ✭❣❡♥❡r❛❧✐③❛❞♦✮✳

❈♦♠♦ ✈✐♠♦s ❛❧ ❛♥❛❧✐③❛r ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡✱ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐✲
♥á♠✐❝❛ ❞❡ ▲❛❣r❛♥❣❡ s❡ ♣✉❡❞❡ ✉s❛r ♣❛r❛ ♦❜t❡♥❡r ✉♥❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❞❡
s❡❣✉♥❞♦ ♦r❞❡♥ ② ❡①♣❧í❝✐t❛ q✉❡ ❞❡s❝r✐❜❡ ❡❧ ♠♦✈✐♠✐❡♥t♦✱ ❛❧ ♠❡♥♦s ❝✉❛♥❞♦ ∂2L

∂q̇∂q̇

✹✾



❡s ♥♦ ❞❡❣❡♥❡r❛❞❛✳ ❊st♦ s❡ ❝✉♠♣❧❡ ❡♥ t♦❞♦s ❧♦s ♣r♦❜❧❡♠❛s ♠❡❝á♥✐❝♦s q✉❡
t❡♥❣❛♥ V = V (t, q)✱ ♣✉❡s ❡♥t♦♥❝❡s s❡ t✐❡♥❡

∂2L

∂q̇∂q̇
=
∂2K

∂q̇∂q̇
= gα,β

∂xα

∂q

∂xβ

∂q
,

q✉❡ ❡s ♣♦s✐t✐✈❛ ✭② ♣♦r ❧♦ t❛♥t♦✱ ♥♦ ❞❡❣❡♥❡r❛❞❛✮✳

❊❥❡♠♣❧♦ ✹✳✼✳✶✳ ❈♦♥s✐❞❡r❡♠♦s ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ✉♥❛ ♣❛rtí❝✉❧❛ ❡♥ ✉♥ ❝❛♠♣♦
❞❡ ❢✉❡r③❛s ❝❡♥tr❛❧ q✉❡ ❞❡r✐✈❛ ❞❡ ✉♥ ♣♦t❡♥❝✐❛❧ V = V (ρ)✱ ❝♦♥ ρ ❧❛ ❞✐st❛♥❝✐❛
❛❧ ❝❡♥tr♦✳ ❙❡❣ú♥ ②❛ s❛❜❡♠♦s✱ ❡st❡ ♠♦✈✐♠✐❡♥t♦ tr❛♥s❝✉rr❡ ❡♥ ✉♥ ♣❧❛♥♦✱ q✉❡
♣♦❞❡♠♦s ♣❛r❛♠❡tr✐③❛r ✉s❛♥❞♦ ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s ρ ② θ✳ ❊❧ ❧❛❣r❛♥❣✐❛♥♦ ❡♥
❡st❡ ❝❛s♦ ❡s

L = K − V = m
ρ̇2

2
+m

(

ρθ̇
)2

2
− V (ρ).

▲❛ ❡❝✉❛❝✐ó♥ ❞❡ ▲❛❣r❛♥❣❡ ❡s ✉♥❛ ✐❣✉❛❧❞❛❞ ❡♥tr❡ ❞♦s ❝♦✈❡❝t♦r❡s✳ ❊✈❛❧✉❛♥❞♦
❡♥ ∂

∂θ ♦❜t❡♥❡♠♦s

d

dt

(

∂L

∂θ̇

)

=
∂L

∂θ

d

dt

(

mρ2θ̇
)

= 0,

♣♦r ❧♦ q✉❡ ❡❧ ❡s❝❛❧❛r l = mρ2θ̇ ✭q✉❡ r❡♣r❡s❡♥t❛ ❛❧ ✐♠♣✉❧s♦ ❛♥❣✉❧❛r✮ ❡s ❝♦♥s✲
t❛♥t❡ ❛ ❧♦ ❧❛r❣♦ ❞❡❧ ♠♦✈✐♠✐❡♥t♦✳ ❊✈❛❧✉❛♥❞♦ ❡♥ ∂

∂ρ ♦❜t❡♥❡♠♦s

d

dt

(

∂L

∂ρ̇

)

=
∂L

∂ρ

d

dt
(mρ̇) = mρθ̇2 − dV

dρ
,

❡♥ ❞♦♥❞❡ ♣♦❞❡♠♦s r❡❡♠♣❧❛③❛r θ̇ = l
mρ2

✱ ♦❜t❡♥✐❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥

mρ̈ =
l2

mρ3
− dV

dρ
✭✾✮

q✉❡ ❞❡s❝r✐❜❡ ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡ ρ ❡♥ ❡❧ t✐❡♠♣♦✳ P❡r♦ ♥♦s♦tr♦s s❛❜❡♠♦s q✉❡ ❡♥
❡st❡ s✐st❡♠❛ s❡ ❝♦♥s❡r✈❛ ❧❛ ❡♥❡r❣í❛

E = K + V = m
ρ̇2

2
+m

(

ρθ̇
)2

2
+ V (ρ)

= m
(ρ̇)2

2
+

l2

2mρ2
+ V,

✺✵



❧♦ ❝✉❛❧ ❞❡❜❡ ♣♦❞❡r ❞❡❞✉❝✐rs❡ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ▲❛❣r❛♥❣❡ ✭q✉❡ ❞❡s❝r✐❜❡♥
❝♦♠♣❧❡t❛♠❡♥t❡ ❡❧ ♠♦✈✐♠✐❡♥t♦✮✳ ❨ ❡♥ ❡❢❡❝t♦✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✾✮
♣♦r ρ̇✱ ♦❜t❡♥❡♠♦s

mρ̈ρ̇− l2ρ̇

mρ3
+
dV

dρ
ρ̇ = 0,

❡s ❞❡❝✐r✱ dE
dt = 0✳ ▲❛ ❝♦♥s❡r✈❛❝✐ó♥ ❞❡ ❧❛ ❡♥❡r❣í❛✱ ❡s❝r✐t❛ ❡♥ tér♠✐♥♦s ❞❡ ρ ② ρ̇✱

♣❡r♠✐t❡ ❡s❝r✐❜✐r ❛ ρ̇2 ❡♥ ❢✉♥❝✐ó♥ ❞❡ ρ✱ ❝♦♥ ❧♦ q✉❡ ρ q✉❡❞❛ ❞❡t❡r♠✐♥❛❞♦ ♣♦r
✉♥❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ♣r✐♠❡r ♦r❞❡♥✳

❖❜s❡r✈❛❝✐ó♥ ✹✳✼✳✷✳ ▲❛ ❡❝✉❛❝✐ó♥ ✭✾✮ ❞❡s❝r✐❜❡ t❛♠❜✐é♥ ❡❧ ♠♦✈✐♠✐❡♥t♦ ✉♥✐❞✐✲

♠❡♥s✐♦♥❛❧ ❞❡ ✉♥❛ ♣❛rtí❝✉❧❛ ❞❡ ♠❛s❛m s✉❥❡t❛ ❛ ✉♥❛ ❢✉❡r③❛ ❛♣❧✐❝❛❞❛ l2

mρ3
− dV

dρ ✱

q✉❡✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r✱ ♣r♦✈✐❡♥❡ ❞❡❧ ♣♦t❡♥❝✐❛❧ Vefectivo = V + l2

2mρ2
✳ ❊♥ ❡st❡

♠♦✈✐♠✐❡♥t♦ s❡ ❝♦♥s❡r✈❛ ❧❛ ❡♥❡r❣í❛

Eefectiva = Kefectiva + Vefectiva = m
(ρ̇)2

2
+ V +

l2

2mρ2

q✉❡✱ ♣♦r s✉♣✉❡st♦✱ ❡s ❧❛ ♠✐s♠❛ ❡♥❡r❣í❛ ❞❡❧ s✐st❡♠❛ ♦r✐❣✐♥❛❧✳

❖❜s❡r✈❛❝✐ó♥ ✹✳✼✳✸✳ ❊♥ ❡❧ ❡❥❡♠♣❧♦ s❡ ♦❜s❡r✈❛ q✉❡ s✐ ❛❧❣✉♥❛ ❝♦♦r❞❡♥❛❞❛ qi ✭q✉❡
❡♥ ❡❧ ❡❥❡♠♣❧♦ ❢✉❡ θ✮ ♥♦ ❛♣❛r❡❝❡ ❡♥ ❧❛ ❢ór♠✉❧❛ q✉❡ ❞❡✜♥❡ ❛ L✱ ♦ ❞✐❝❤♦ ❞❡ ♦tr❛
♠❛♥❡r❛✱ s✐ ∂L

∂qi
= 0✱ ❡♥t♦♥❝❡s ❧❛ ❝❛♥t✐❞❛❞ ❡s❝❛❧❛r ∂L

∂q̇i
s❡ ❝♦♥s❡r✈❛ ❡♥ ❝✉❛❧q✉✐❡r

♠♦✈✐♠✐❡♥t♦ s♦❧✉❝✐ó♥✳ ❊st♦ s❡ ♦❜t✐❡♥❡ ✐♥♠❡❞✐❛t❛♠❡♥t❡ ❛❧ ❛♣❧✐❝❛r ❧❛ ❡❝✉❛❝✐ó♥
❞❡ ▲❛❣r❛♥❣❡ ❛❧ ✈❡❝t♦r ∂

∂qi
✳ ❙❡ ❞✐❝❡ ❡♥t♦♥❝❡s q✉❡ qi ❡s ✉♥❛ ❝♦♦r❞❡♥❛❞❛ ❝í✲

❝❧✐❝❛✳ ❖tr❛ ✐♥st❛♥❝✐❛ ❞❡ ❡st❡ ❢❡♥ó♠❡♥♦ s❡ ♦❜t✐❡♥❡ ❛❧ ❛♥❛❧✐③❛r ❡❧ ❧❛❣r❛♥❣✐❛♥♦
L = gα,βẋ

αẋβ ✭❝♦♥ gα,β ❝♦♥st❛♥t❡✮ ❞❡ ✉♥❛ ♣❛rtí❝✉❧❛ ♠♦✈✐é♥❞♦s❡ ❧✐❜r❡♠❡♥t❡
♣♦r ❡❧ ❡s♣❛❝✐♦ ❡✉❝❧í❞❡♦✳ ❊♥ ❡st❡ ❝❛s♦ s❡ ❝♦♥s❡r✈❛ ❡❧ ❝♦✈❡❝t♦r ∂L

∂ẋβ = gα,βẋ
α✱

q✉❡ ❡s ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ♠♦✈✐♠✐❡♥t♦✳

✹✳✽✳ ❙✐♠❡trí❛s ② ❝❛♥t✐❞❛❞❡s ❝♦♥s❡r✈❛❞❛s✿ t❡♦r❡♠❛ ❞❡ ◆öt❤❡r

❯♥❛ s✐♠❡trí❛ ❞❡ ✉♥ s✐st❡♠❛ ❧❛❣r❛♥❣✐❛♥♦ (M,L) ❡s ✉♥ ❛✉t♦♠♦r✜s♠♦ ❞❡
❞✐❝❤♦ s✐st❡♠❛✱ ❡s ❞❡❝✐r✱ ✉♥ ✐s♦♠♦r✜s♠♦ S ❞❡❧ ♠✉♥❞♦ M ❡♥ sí ♠✐s♠♦ t❛❧ q✉❡
❡❧ ✐s♦♠♦r✜s♠♦ Ṡ ❞❡ Ṁ ❡♥ sí ♠✐s♠♦ ♣r❡s❡r✈❛ ❡❧ ❧❛❣r❛♥❣✐❛♥♦✳ ❯♥❛ s✐♠❡trí❛ S
♣r❡s❡r✈❛ ❧❛ ❞✐♥á♠✐❝❛ ❞❡❧ s✐st❡♠❛✱ ❡s ❞❡❝✐r✱ ❡s t❛❧ q✉❡ s✐ ✉♥ ♠♦✈✐♠✐❡♥t♦ q =
C(t) ❡s s♦❧✉❝✐ó♥ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡✱ ❡♥t♦♥❝❡s ❡❧ ♠♦✈✐♠✐❡♥t♦
q = S(C(t)) ❡s t❛♠❜✐é♥ s♦❧✉❝✐ó♥✳ ✭◆♦t❛r q✉❡ ❡♥ ❡❧ ♣r♦❜❧❡♠❛ ❞❡❧ ♠♦✈✐♠✐❡♥t♦
❧✐❜r❡ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❣❛❧✐❧❡❛♥♦✱ ❧♦s ❛✉t♦♠♦r✜s♠♦s ❛✜♥❡s ❞❡❧ ❡s♣❛❝✐♦ ✭✐♥❝❧✉②❡♥❞♦
❞✐❧❛t❛❝✐♦♥❡s✮ ❧❧❡✈❛♥ s♦❧✉❝✐♦♥❡s ❛ s♦❧✉❝✐♦♥❡s✱ ♣❡r♦ ♥♦ s♦♥ s✐♠❡trí❛s ❞❡❧ s✐st❡♠❛
❧❛❣r❛♥❣✐❛♥♦ ♣♦r ❛❧t❡r❛r ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❧❛❣r❛♥❣✐❛♥❛✳✮✶✾

❯♥ ❣r✉♣♦ ✉♥✐♣❛r❛♠étr✐❝♦ ❞❡ s✐♠❡trí❛s s✐❡♠♣r❡ ❡s ❞❡ ❧❛ ❢♦r♠❛ (ws)s∈R✱ ❡s
❞❡❝✐r✱ ❡stá ❣❡♥❡r❛❞♦ ♣♦r ✉♥ ❝❛♠♣♦ w = w(t, s) ❞❡ ✈❡❝t♦r❡s t❛♥❣❡♥t❡s ❛M ✱ q✉❡
s♦♥ ❞❡ ❞✐r❡❝❝✐ó♥ ❡s♣❛❝✐❛❧ ♣♦rq✉❡ só❧♦ ❛❞♠✐t✐♠♦s ♠♦r✜s♠♦s q✉❡ ♣r❡s❡r✈❡♥ ❡❧

✶✾➽❙✐r✈❡♥ ♣❛r❛ ❛❧❣♦ ❧❛s s✐♠❡trí❛s ❞❡ ❞✐❧❛t❛❝✐ó♥❄

✺✶



t✐❡♠♣♦✳ ❊❧ ❝❛♠♣♦ w∗✱ t❛♥❣❡♥t❡ ❛ TM ② ❞❛❞♦ ♣♦r ❧❛ r❡❧❛❝✐ó♥ (w∗)
s = (ws)∗✱

t❛♠❜✐é♥ ❡s ❞❡ ❞✐r❡❝❝✐ó♥ ❡s♣❛❝✐❛❧✱ ❡s ❞❡❝✐r✱ t❛♥❣❡♥t❡ ❛ Ker d(t,q)t ❡♥ ❝❛❞❛
❡s♣❛❝✐♦ T(t,q)M ✳ P♦r ❧♦ t❛♥t♦ w∗ ❞❛ ✉♥ ❣r✉♣♦ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s ❞❡❧ ❡s♣❛❝✐♦ ❞❡

✈❡❧♦❝✐❞❛❞❡s Ṁ(t,q) ⊆ Rs−1×TM(t,x) ✭q✉❡ ❝♦♥t✐❡♥❡ ❛ ❧❛s s❡❝✐♦♥❡s ❞❡ d(t,q)t✮✱ ❛❧
❝✉❛❧ t❛♠❜✐é♥ ✈❛♠♦s ❛ ❧❧❛♠❛r w∗✳ ❊st❡ ❝❛♠♣♦ ♣r❡s❡r✈❛ L✱ ❡s ❞❡❝✐r✱ ❧❛ ❞❡r✐✈❛❞❛
❞❡ L ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥ ❞❡ w∗ s❡ ❛♥✉❧❛✳ ❨ r❡❝í♣r♦❝❛♠❡♥t❡✱ ✉♥ ❝❛♠♣♦ w t❛♥❣❡♥t❡
❛ M ② ❞❡ ❞✐r❡❝❝✐ó♥ ❡s♣❛❝✐❛❧✱ t❛❧ q✉❡ w∗(L) = 0✱ ❣❡♥❡r❛ ♥❡❝❡s❛r✐❛♠❡♥t❡ ✉♥
❣r✉♣♦ ✉♥✐♣❛r❛♠étr✐❝♦ ❞❡ s✐♠❡trí❛s ws ✭q✉✐③ás ❞❡✜♥✐❞❛s só❧♦ ❧♦❝❛❧♠❡♥t❡ ❡♥
M ② ♣❛r❛ s ❝❡r❝❛♥♦ ❛ ❝❡r♦✱ s✐ M ♥♦ ❡s ❝♦♠♣❛❝t❛✮✳ ❙❡ ❞✐❝❡ ❡♥t♦♥❝❡s q✉❡ w ❡s
✉♥❛ s✐♠❡trí❛ ✐♥✜♥✐t❡s✐♠❛❧ ❞❡❧ s✐st❡♠❛ ❧❛❣r❛♥❣✐❛♥♦✳

❚♦❞❛ ❝♦♦r❞❡♥❛❞❛ ❝í❝❧✐❝❛ ❡✈✐❞❡♥❝✐❛ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥ ❣r✉♣♦ ✉♥✐♣❛r❛♠é✲
tr✐❝♦ ❞❡ s✐♠❡trí❛s ❞❡❧ s✐st❡♠❛ ❧❛❣r❛♥❣✐❛♥♦✳ ❊♥ ❡❧ ❝❛s♦ ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❡♥ ✉♥
❝❛♠♣♦ ❝❡♥tr❛❧✱ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ❧❛ ❝♦♦r❞❡♥❛❞❛ ❛♥❣✉❧❛r s❡❛ ❝í❝❧✐❝❛ ♠✉❡str❛ q✉❡
❧❛s r♦t❛❝✐♦♥❡s ❛❧r❡❞❡❞♦r ❞❡❧ ❝❡♥tr♦ s♦♥ s✐♠❡trí❛s ✭❛✉t♦♠♦r✜s♠♦s✮ ❞❡❧ s✐st❡✲
♠❛ ❧❛❣r❛♥❣✐❛♥♦✳ ❊♥ ❡❧ ❝❛s♦ ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❧✐❜r❡ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❡✉❝❧í❞❡♦ ✭❡♥
❝♦♦r❞❡♥❛❞❛s ❝❛rt❡s✐❛♥❛s✮✱ t♦❞❛s ❧❛s ❝♦♦r❞❡♥❛❞❛s s♦♥ ❝í❝❧✐❝❛s✱ ♣✉❡s ❧❛s tr❛s✲
❧❛❝✐♦♥❡s ❞❡❧ ♣❧❛♥♦ ❡♥ ❝✉❛❧q✉✐❡r ❞✐r❡❝❝✐ó♥ s♦♥ s✐♠❡trí❛s✳ ❆❞❡♠ás ✈✐♠♦s q✉❡ s✐
qi ❡s ✉♥❛ ❝♦♦r❞❡♥❛❞❛ ❝í❝❧✐❝❛✱ ❧❛ ❝❛♥t✐❞❛❞ ❛s♦❝✐❛❞❛ ∂L

∂q̇i
❡s ✉♥❛ ❝♦♥st❛♥t❡ ❞❡

♠♦✈✐♠✐❡♥t♦ ❞❡❧ s✐st❡♠❛ ❧❛❣r❛♥❣✐❛♥♦✱ ❡s ❞❡❝✐r✱ ✉♥❛ ❢✉♥❝✐ó♥ ❡s❝❛❧❛r ❞❡✜♥✐❞❛
❡♥ Ṁ q✉❡ r❡s✉❧t❛ ❝♦♥st❛♥t❡ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❝✉❛❧q✉✐❡r ♠♦✈✐♠✐❡♥t♦ s♦❧✉❝✐ó♥ ❞❡
❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❞❡❧ s✐st❡♠❛✳

❊st❡ ❢❡♥ó♠❡♥♦ s❡ ♣✉❡❞❡ ❞❡s❝r✐❜✐r s✐♥ ✉s❛r ❝♦♦r❞❡♥❛❞❛s✳ ❙✉♣♦♥❣❛♠♦s q✉❡
w ❡s ✉♥ ❣r✉♣♦ ✉♥✐♣❛r❛♠étr✐❝♦ ❞❡ s✐♠❡trí❛s ❞❡ ✉♥ s✐st❡♠❛ ❧❛❣r❛♥❣✐❛♥♦✳ ❊❧
❝❛♠♣♦ ❞❡ ✈❡❝t♦r❡s w ❡stá ❛s♦❝✐❛❞♦ ❛ ✉♥❛ ❝♦♦r❞❡♥❛❞❛ ❝í❝❧✐❝❛ q̃i ❡♥ ❝✐❡rt♦
s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❛♣r♦♣✐❛❞♦ q̃ ✭❛❧ ♠❡♥♦s ❧♦❝❛❧♠❡♥t❡ ❡♥ t♦r♥♦ ❛ ❝❛❞❛
♣✉♥t♦ ❞♦♥❞❡ w s❡❛ ♥♦ ♥✉❧♦✮✱ t❡♥✐é♥❞♦s❡ w = ∂

∂q̃i
✱ ♣♦r ❧♦ q✉❡ ♣✉❡❞❡ ✉s❛rs❡ ♣❛r❛

♦❜t❡♥❡r ✉♥❛ ❝♦♥st❛♥t❡ ❞❡ ♠♦✈✐♠✐❡♥t♦ L̃
∂ ˙̃qi

❞♦♥❞❡ L̃(t, q̃, ˙̃q) = L(t, q, q̇) ❡s ❡❧

❧❛❣r❛♥❣✐❛♥♦ ❡s❝r✐t♦ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛s ♥✉❡✈❛s ❝♦♦r❞❡♥❛❞❛s✳ P❡r♦ ❧❛ ❤✐♣ót❡s✐s ❞❡

q✉❡ w s❡❛ ♥♦ ♥✉❧♦ ❡s s✉♣❡r✢✉❛✱ ② ❧❛ ❝♦♥st❛♥t❡ ❞❡ ♠♦✈✐♠✐❡♥t♦ L̃
∂ ˙̃qi

= L̃
∂ ˙̃q

∂
∂q̃i

=
L

∂q̇αw
α ♣✉❡❞❡ ❤❛❧❧❛rs❡ ❞✐r❡❝t❛♠❡♥t❡✱ s✐♥ ✉s❛r ❝♦♦r❞❡♥❛❞❛s✳ ❊♥ ❡st♦ ❝♦♥s✐st❡✱

♣❛r❛ ♥♦s♦tr♦s✱ ❡❧ t❡♦r❡♠❛ ❞❡ ◆öt❤❡r✳✷✵

❊♥ ❡❢❡❝t♦✱ s❡❛ w ✉♥❛ s✐♠❡trí❛ ✐♥✜♥✐t❡s✐♠❛❧ ❞❡❧ s✐st❡♠❛ ❧❛❣r❛♥❣✐❛♥♦✳ ❈♦♥✲
s✐❞❡r❡♠♦s ✉♥ ♠♦✈✐♠✐❡♥t♦ C = C(t) q✉❡ s❡❛ s♦❧✉❝✐ó♥ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r✲
▲❛❣r❛♥❣❡ ❞❡❧ s✐st❡♠❛✱ ② ❛♣❧✐q✉é♠♦s❧❡ ❡❧ ❝❛♠♣♦ w✱ ♦❜t❡♥✐❡♥❞♦ ✉♥❛ ❢✉♥❝✐ó♥
❞❡ ❞♦s ✈❛r✐❛❜❧❡s F = F (t, s) ✭❞❡✜♥✐❞❛ ❡♥ ✉♥ ❛❜✐❡rt♦ q✉❡ ✐♥❝❧✉②❡ ❛ ❧❛ ❝✉r✈❛
♦r✐❣✐♥❛❧✱ s✐t✉❛❞❛ ❡♥ s = 0✮✱ ❞❡ ♠♦❞♦ q✉❡ ♣❛r❛ ❝✉❛❧q✉✐❡r ✈❛❧♦r ✜❥♦ ❞❡ s✱ ❧❛
t✲❢✉♥❝✐ó♥ F ❡s ✉♥ ♠♦✈✐♠✐❡♥t♦ s♦❧✉❝✐ó♥✳ P♦r ❧♦ t❛♥t♦✱ t❡♥❡♠♦s

d

dt

(

∂L

∂q̇α

(

t, F, Ḟ
)

)

=
∂L

∂qα

(

t, F, Ḟ
)

.

✷✵❍❛② q✉✐❡♥❡s ❞✐❝❡♥ q✉❡ ❡❧ t❡♦r❡♠❛ ❡s ❡♥ r❡❛❧✐❞❛❞ ♠ás ❣❡♥❡r❛❧✳

✺✷



P♦r ♦tr❛ ♣❛rt❡✱ ❝♦♠♦ ❡❧ ✈❛❧♦r ❞❡❧ ❧❛❣r❛♥❣✐❛♥♦ L(t, F, Ḟ ) s❡ ❝♦♥s❡r✈❛ ❛❧ ✈❛r✐❛r
s✱ t❡♥❡♠♦s

0 =
∂

∂s

(

L
(

t, F, Ḟ
))

=
∂L

∂qα

(

t, F, Ḟ
) ∂Fα

∂s
+
∂L

∂q̇α

(

t, F, Ḟ
) ∂2Fα

∂s∂t
.

▼ás s✐♥tét✐❝❛♠❡♥t❡✱ ❡s❝r✐❜❛♠♦s

∂L

∂qα
∂Fα

∂s
+
∂L

∂q̇α
∂2Fα

∂s∂t
= 0,

❡♥t❡♥❞✐é♥❞♦s❡ q✉❡ L ② s✉s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s s✐❡♠♣r❡ ❡stá♥ ❡✈❛❧✉❛❞❛s ❡♥
(

t, F, Ḟ
)

✳

▲❛ ❝❛♥t✐❞❛❞ ❝♦♥s❡r✈❛❞❛ q✉❡ ❜✉s❝❛♠♦s s❡rá ✉♥ ❡s❝❛❧❛r ❝✉②❛ ❞❡r✐✈❛❞❛ r❡s✲
♣❡❝t♦ ❞❡ t s❡❛ ❝❡r♦✳ ❆rr✐❜❛ só❧♦ ❛♣❛r❡❝❡ ❧❛ ❞❡r✐✈❛❞❛ r❡s♣❡❝t♦ ❞❡ t ❡♥ ✉♥ ❢❛❝t♦r
❞❡❧ ú❧t✐♠♦ tér♠✐♥♦✱ ♣♦r ❧♦ q✉❡ ❞❡❜❡♠♦s ✐♥t❡❣r❛r ❞✐❝❤♦ tér♠✐♥♦ ♣♦r ♣❛rt❡s
r❡s♣❡❝t♦ ❞❡ t ♣❛r❛ ♦❜t❡♥❡r ✉♥❛ ❞❡r✐✈❛❞❛ t❡♠♣♦r❛❧✳ ❆❧ ❤❛❝❡r❧♦ q✉❡❞❛

∂L

∂qα
∂Fα

∂s
+
d

dt

(

∂L

∂q̇α
∂Fα

∂s

)

− d

dt

(

∂L

∂q̇α

)

∂Fα

∂s
= 0.

❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ q✉❡ ♣r✐♠❡r♦ ② ❡❧ ú❧t✐♠♦ tér♠✐♥♦ s❡ ❝❛♥❝❡❧❛♥ ♣♦r s❛t✐s❢❛✲
❝❡rs❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ▲❛❣r❛♥❣❡✱ ② r❡❝♦r❞❛♥❞♦ q✉❡ ∂F

∂s = w✱ ❝♦♥❝❧✉✐♠♦s q✉❡ ❡❧
❡s❝❛❧❛r

f =
∂L

∂q̇α
wα,

❞❡✜♥✐❞♦ ❡♥ t♦❞♦ Ṁ ❛ ♣❛rt✐r ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❧❛❣r❛♥❣✐❛♥❛ ② ❡❧ ❝❛♠♣♦ ✈❡❝t♦r✐❛❧
w✱ ❡s ✉♥❛ ❝♦♥st❛♥t❡ ❞❡ ♠♦✈✐♠✐❡♥t♦✳

✹✳✾✳ ❈♦♥s❡r✈❛❝✐ó♥ ❞❡ ❧❛ ❡♥❡r❣í❛

❆❞❡♠ás ❞❡ ❧❛s ❝♦♥st❛♥t❡s ❞❡ ♠♦✈✐♠✐❡♥t♦ q✉❡ s❡ ♣✉❡❞❡♥ ❤❛❧❧❛r ❡♥ ❝✉❛❧✲
q✉✐❡r ♣r♦❜❧❡♠❛ ✈❛r✐❛❝✐♦♥❛❧ ❛ ♣❛rt✐r ❞❡ ❧❛s s✐♠❡trí❛s ✐♥✜♥✐t❡s✐♠❛❧❡s✱ s❛❜❡♠♦s
q✉❡ ❡♥ ❛❧❣✉♥♦s s✐st❡♠❛s ♠❡❝á♥✐❝♦s s❡ ❝♦♥s❡r✈❛ ❧❛ ❡♥❡r❣í❛ ♠❡❝á♥✐❝❛✳

P♦r ❡❥❡♠♣❧♦✱ ❝♦♥s✐❞❡r❡♠♦s ✉♥❛ ♣❛rtí❝✉❧❛ q✉❡ s❡ ♠✉❡✈❡ ❡♥ ✉♥❛ s✉❜✈❛r✐❡✲
❞❛❞ S ❞❡ ✉♥ ❡s♣❛❝✐♦ ❡✉❝❧í❞❡♦ X✱ s♦♠❡t✐❞❛ ❛ ✉♥❛ ❢✉❡r③❛ ❛♣❧✐❝❛❞❛ q✉❡ ❞❡r✐✈❛
❞❡ ✉♥ ♣♦t❡♥❝✐❛❧ V = V (x)✳ ❊♥ ❡st❛ s✐t✉❛❝✐ó♥ s❡ ❝♦♥s❡r✈❛ ❧❛ ❡♥❡r❣í❛ ♠❡❝á♥✐❝❛✱
♣✉❡s ❧❛ ❢✉❡r③❛ ❛♣❧✐❝❛❞❛ ❡s ❝♦♥s❡r✈❛t✐✈❛✱ ② ❧❛ ❢✉❡r③❛ ❞❡ ✈í♥❝✉❧♦✱ q✉❡ s✉♣♦♥❡♠♦s
✐❞❡❛❧✱ ♥♦ tr❛❜❛❥❛ ❡♥ ♥✐♥❣ú♥ ❞❡s♣❧❛③❛♠✐❡♥t♦ ✈✐rt✉❛❧ ✭② ❝♦♠♦ ❧❛ r❡str✐❝❝✐ó♥ ❡s
❝♦♥st❛♥t❡✱ t❛♠♣♦❝♦ tr❛❜❛❥❛ ❡♥ ✉♥ ♠♦✈✐♠✐❡♥t♦ ❞❡❧ s✐st❡♠❛✮✳ ✭◆ót❡s❡ q✉❡ ❡❧
s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ ❤❛❝❡ ❢❛❧t❛ ❡♥ ❡st❡ ❝❛s♦ ♣❛r❛ ♣♦❞❡r ❞❡✜♥✐r ❧❛ ❡♥❡r❣í❛✳✮
❯♥ s✐st❡♠❛ ♠❡❝á♥✐❝♦ ❞❡ ❡st❛s ❝❛r❛❝t❡ríst✐❝❛s s❡ ❧❧❛♠❛ s✐st❡♠❛ ❧❛❣r❛♥❣✐❛♥♦
♥❛t✉r❛❧✳

✺✸



❊❧ ❡s♣❛❝✐♦ ❞❡ ❝♦♥✜❣✉r❛❝✐♦♥❡s ❞❡❧ s✐st❡♠❛ ❡s M = T × S✱ ❝♦♥ S ✈❛r✐❡❞❛❞
r✐❡♠❛♥♥✐❛♥❛ ✭❝♦♥ ♠étr✐❝❛ ✐❣✉❛❧ ❛❧ ❞♦❜❧❡ ❞❡ ❧❛ ❡♥❡r❣í❛ ❝✐♥ét✐❝❛✮✱ ② ❛❞❡♠ás
❤❛② ❞❡✜♥✐❞❛ ❡♥ S ✉♥❛ ❢✉♥❝✐ó♥ ♣♦t❡♥❝✐❛❧ V ✳ ❊♥ r❡❛❧✐❞❛❞✱ ❡st❛ ❡str✉❝t✉r❛
❞❡ ✈❛r✐❡❞❛❞ r✐❡♠❛♥♥✐❛♥❛ ❝♦♥ ✉♥ ♣♦t❡♥❝✐❛❧ ❡s t♦❞♦ ❧♦ q✉❡ ❤❛❝❡ ❢❛❧t❛ ❡♥ ❧♦
q✉❡ s✐❣✉❡✱ ② ♣♦r ❧♦ t❛♥t♦ ❡s ♦tr❛ ♣♦s✐❜❧❡ ❞❡✜♥✐❝✐ó♥ ❞❡ ✏s✐st❡♠❛ ❧❛❣r❛♥❣✐❛♥♦
♥❛t✉r❛❧✑✱ q✉❡ ❛♣❛r❡❝❡ ❡♥ ❧❛ ♣✳✽✹ ❞❡ ❬✶❪✳✷✶

❊❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❧❛ ♣❛rtí❝✉❧❛ ❝✉♠♣❧✐rá ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ▲❛❣r❛♥❣❡ q✉❡
❞❡r✐✈❛ ❞❡❧ ❧❛❣r❛♥❣✐❛♥♦ L = K−V ✱ ❞♦♥❞❡K ❡s ❧❛ ❡♥❡r❣í❛ ❝✐♥ét✐❝❛✳ ❉❛❞♦ q✉❡ ❡❧
s✐st❡♠❛ ❧❛❣r❛♥❣✐❛♥♦ (M,L) ❞❡s❝r✐❜❡ ❝♦♠♣❧❡t❛♠❡♥t❡ ❧❛ ❞✐♥á♠✐❝❛✱ ❡s s❛❧✉❞❛❜❧❡
✐♥t❡♥t❛r ♣r♦❜❛r q✉❡ s❡ ❝♦♥s❡r✈❛ ❧❛ ❡♥❡r❣í❛ ♣❛rt✐❡♥❞♦ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡
▲❛❣r❛♥❣❡✳ ❊st♦ ✐♥✈♦❧✉❝r❛✱ ❡♥ ♣r✐♠❡r tér♠✐♥♦✱ ❡①♣r❡s❛r ❧❛ ❡♥❡r❣í❛ E = K+V
❡♥ tér♠✐♥♦s ❞❡❧ ❧❛❣r❛♥❣✐❛♥♦ L✱ ❧♦ ❝✉❛❧ r❡q✉✐❡r❡ s❡♣❛r❛r ❧♦s ❞♦s tér♠✐♥♦s K
② V ✳ P❛r❛♠❡tr✐❝❡♠♦s S ❡s❝r✐❜✐❡♥❞♦ x = x(q)✱ ❝♦♥ q ❡♥ ✉♥ ❡s♣❛❝✐♦ ❛❢í♥ A✳
❊♥t♦♥❝❡s ♣♦❞❡♠♦s ❡①♣r❡s❛r V = V (q) ② K = gµ,ν q̇

µq̇ν ✱ ❝♦♥ g = g(q)✱ ❞❡
♠♦❞♦ q✉❡ ❡❧ ❧❛❣r❛♥❣✐❛♥♦ ❡s

L =
1

2
gµ,ν q̇

µq̇ν − V.

❊❧ ♣♦t❡♥❝✐❛❧ V ♥♦ ❞❡♣❡♥❞❡ ❞❡ q̇✱ ♣♦r ❧♦ q✉❡ ❛❧ ❞❡r✐✈❛r r❡s♣❡❝t♦ ❞❡ q̇ ♦❜t❡♥❡♠♦s

pν =
∂L

∂q̇ν
= gµ,ν q̇

µ,

❞❡ ❞♦♥❞❡ ♣♦❞❡♠♦s r❡❝✉♣❡r❛r ❧❛ ❡♥❡r❣í❛ ❝✐♥ét✐❝❛ ✭❞✉♣❧✐❝❛❞❛✮ s✐ ❛♣❧✐❝❛♠♦s ❡st❡
❝♦✈❡❝t♦r ❛ q̇✱ ♣✉❡s

pν q̇
ν = gµ,ν q̇

µq̇ν = 2K.

P❛r❛ ♦❜t❡♥❡r ❧❛ ❡♥❡r❣í❛ ♠❡❝á♥✐❝❛✱ ❜❛st❛ ❝♦♥ r❡st❛r K − V ✱ q✉❡ ❡s ❡❧ ❧❛✲
❣r❛♥❣✐❛♥♦✳ ❊♥t♦♥❝❡s ❧❛ ❡♥❡r❣í❛ s❡ ♣✉❡❞❡ ❡①♣r❡s❛r ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ❧❛❣r❛♥❣✐❛♥♦
✉s❛♥❞♦ ❧❛ ❢ór♠✉❧❛

H = pν q̇
ν − L.

❊st❛ ❝❛♥t✐❞❛❞✱ ❞❡✜♥✐❞❛ ❡♥ ❢✉♥❝✐ó♥ ❞❡ (t, q, q̇) ♣❛r❛ ❝✉❛❧q✉✐❡r s✐st❡♠❛ ❧❛❣r❛♥✲
❣✐❛♥♦ s❡❣ú♥ ❧❛ ú❧t✐♠❛ ❢ór♠✉❧❛✱ ❡s ❧❧❛♠❛❞❛ ❤❛♠✐❧t♦♥✐❛♥♦✳ ▲♦ ❞❡♥♦t❛♠♦s ❝♦♥
❧❛ ❧❡tr❛ H ♣♦rq✉❡ ❡♥ ❛❧❣✉♥♦s s✐st❡♠❛s ♠❡❝á♥✐❝♦s✱ ♥♦ ❡s ✐❣✉❛❧ ❛ ❧❛ ❡♥❡r❣í❛✱ ②
❛❞❡♠ás s❡ ❧♦ ♣✉❡❞❡ ❞❡✜♥✐r ❡♥ ♦tr♦s ♣r♦❜❧❡♠❛s ✈❛r✐❛❝✐♦♥❛❧❡s ♥♦ ♠❡❝á♥✐❝♦s✳

✷✶▲❛ ❞❡✜♥✐❝✐ó♥ ❛q✉í ♣r❡s❡♥t❛❞❛ ❛s❡❣✉r❛ q✉❡ ❤❛②❛ ✉♥ ❣r✉♣♦ ✉♥✐♣❛r❛♠étr✐❝♦ ❞❡ s✐♠❡trí❛s
❞❡ ❧❛ ✐♥❝❧✉s✐ó♥ ❞❡ M ❡♥ ❡❧ ❡s♣❛❝✐♦ ❣❛❧✐❧❡❛♥♦ G = T × X ❝♦♥ ♣♦t❡♥❝✐❛❧ V ✭s✐ ❛❞♠✐t✐♠♦s
s✐♠❡trí❛s q✉❡ tr❛s❧❛❞❛♥ ❡❧ t✐❡♠♣♦✮✳

✺✹



❱❡❛♠♦s q✉❡ H ❡s ✉♥❛ ❝♦♥st❛♥t❡ ❞❡ ♠♦✈✐♠✐❡♥t♦✳

Ḣ =
d

dt
(pν q̇

ν − L)

= ṗν q̇
ν + pν q̈

ν − ∂L

∂t
− ∂L

∂qν
q̇ν − ∂L

∂q̇ν
q̈ν

=

(

ṗν −
∂L

∂qν

)

q̇ν +

(

pν −
∂L

∂q̇ν

)

q̈ν − ∂L

∂t
.

❊❧ ♣r✐♠❡r tér♠✐♥♦ s❡ ❛♥✉❧❛ ♣♦rq✉❡ s❡ s❛t✐s❢❛❝❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡✳
❊❧ s❡❣✉♥❞♦ s❡ ❛♥✉❧❛ ♣♦r ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ pν ✳ ❊♥t♦♥❝❡s Ė = −∂L

∂t ♣❡r♦ ❡st❛
❞❡r✐✈❛❞❛ t❛♠❜✐é♥ ❡s ♥✉❧❛ ♣♦rq✉❡ ❡❧ ❧❛❣r❛♥❣✐❛♥♦ só❧♦ ❞❡♣❡♥❞❡ ❞❡ q ② q̇✳ ❯♥
s✐st❡♠❛ ❧❛❣r❛♥❣✐❛♥♦ ❡♥ ❡❧ q✉❡ ♦❝✉rr❡ ❡st♦ s❡ ❞✐❝❡ ❛✉tó♥♦♠♦✱ ② ❡♥ t♦❞♦
s✐st❡♠❛ ❛✉tó♥♦♠♦ s❡ ❝♦♥s❡r✈❛ ❡❧ ❤❛♠✐❧t♦♥✐❛♥♦✳

❊❥❡♠♣❧♦ ✹✳✾✳✶✳ ❈♦♥s✐❞❡r❡♠♦s ✉♥❛ ♣❛rtí❝✉❧❛ ❞❡ ♠❛s❛ m q✉❡ s❡ ♠✉❡✈❡ ❡♥ ❡❧
♣❧❛♥♦ ❡✉❝❧í❞❡♦✱ r❡str✐♥❣✐❞❛ ♣♦r ✉♥ ✈í♥❝✉❧♦ ✐❞❡❛❧ ❛ ♠❛♥t❡♥❡rs❡ ❡♥ ✉♥❛ r❡❝t❛
q✉❡ ❣✐r❛ ❝♦♥ ✈❡❧♦❝✐❞❛❞ ❝♦♥st❛♥t❡ ω ❛❧r❡❞❡❞♦r ❞❡ ✉♥ ❝❡♥tr♦ ✜❥♦✳ ❈♦♠♦ ♥♦ ❤❛②
❢✉❡r③❛ ❛♣❧✐❝❛❞❛✱ ❡❧ ❧❛❣r❛♥❣✐❛♥♦ ❞❡❧ s✐st❡♠❛ ❡s s✐♠♣❧❡♠❡♥t❡ ❧❛ ❡♥❡r❣í❛ ❝✐♥ét✐❝❛✿

L = m
ρ̇2

2
+m

ω2ρ2

2
,

❞♦♥❞❡ ρ ❡s ❧❛ ❞✐st❛♥❝✐❛ ❛❧ ❝❡♥tr♦ ✭❝♦♥ ✉♥ s✐❣♥♦ q✉❡ ❝❛♠❜✐❛ ❛❧ ❝r✉③❛r ❡❧
❝❡♥tr♦✮✳ ❈♦♠♦ ❡❧ ❧❛❣r❛♥❣✐❛♥♦ ❡s ❛✉tó♥♦♠♦✱ s❡ ❝♦♥s❡r✈❛ ❡❧ ❤❛♠✐❧t♦♥✐❛♥♦ H =

m ρ̇2

2 −mω2ρ2

2 ✱ q✉❡ ❡♥ ❡st❡ ❝❛s♦ s❡ ♣✉❡❞❡ ❝❛❧❝✉❧❛r s✐♠♣❧❡♠❡♥t❡ ❝❛♠❜✐á♥❞♦❧❡
❡❧ s✐❣♥♦ ❛ ❧❛ ♣❛rt❡ q✉❡ ❞❡♣❡♥❞❡ ❞❡ ❧❛ ♣♦s✐❝✐ó♥✳ P❡r♦ ❧❛ ❡♥❡r❣í❛ ✈❡r❞❛❞❡r❛ ❡s
❡❧ ❧❛❣r❛♥❣✐❛♥♦✱ q✉❡ ♥♦ ❡s ✉♥❛ ❝♦♥st❛♥t❡ ❞❡ ♠♦✈✐♠✐❡♥t♦ ♣♦rq✉❡ ❧❛ ❢✉❡r③❛ ❞❡
✈í♥❝✉❧♦ ❡stá r❡❛❧✐③❛♥❞♦ tr❛❜❛❥♦✳ ▲❛ ❡❝✉❛❝✐ó♥ ❞❡ ▲❛❣r❛♥❣❡ ❡s mρ̈ = mω2ρ✱ ② ρ

❡✈♦❧✉❝✐♦♥❛ ❝♦♠♦ ❡♥ ❡❧ ♣r♦❜❧❡♠❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❞❡ ♣♦t❡♥❝✐❛❧ −mω2ρ2

2 ✱ ❡♥ ❡❧

❝✉❛❧ s❡ ❝♦♥s❡r✈❛ ❧❛ ❡♥❡r❣í❛ m ρ̇2

2 −mω2ρ2

2 q✉❡ ❡s ❡❧ ❤❛♠✐❧t♦♥✐❛♥♦ ❞❡❧ ♣r♦❜❧❡♠❛
♦r✐❣✐♥❛❧✳

❈♦♠❡♥t❛r✐♦ ✹✳✾✳✷✳ ▲❛ ❞❡✜♥✐❝✐ó♥ ❞❡ s✐st❡♠❛ ❛✉tó♥♦♠♦ r❡q✉✐❡r❡ ✉♥ s✐st❡♠❛
❞❡ r❡❢❡r❡♥❝✐❛✱ ❡s ❞❡❝✐r✱ ✉♥❛ ❢♦❧✐❛❝✐ó♥ ❞❡❧ ♠✉♥❞♦ ❞❡ ❝♦♥✜❣✉r❛❝✐♦♥❡s M ♣♦r
♠♦✈✐♠✐❡♥t♦s ❝✉②❛ ✈❡❧♦❝✐❞❛❞ ♣✉❡❞❛ ❝♦♥s✐❞❡r❛rs❡ ♥✉❧❛✳ ❊st❛ ❢♦❧✐❛❝✐ó♥ s❡ ♣✉❡❞❡
❞❡s❝r✐❜✐r ♣♦r ♠❡❞✐♦ ❞❡ ✉♥ ❝❛♠♣♦ ❞❡ ✈❡❝t♦r❡s ❝✉②❛ ♣r♦②❡❝❝✐ó♥ ❡♥ Rs ✈✐❛ dt
❡s ❝♦♥st❛♥t❡✱ ② ❞❡t❡r♠✐♥❛ ✉♥ ❣r✉♣♦ ✉♥✐♣❛r❛♠étr✐❝♦ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s ❞❡ M
q✉❡ tr❛s❧❛❞❛ ❡❧ t✐❡♠♣♦ ✉♥✐❢♦r♠❡♠❡♥t❡✳ ❆ ❡st♦s ❞✐❢❡♦♠♦r✜s♠♦s ♥♦ ♣♦❞❡♠♦s
❧❧❛♠❛r❧♦s ✏s✐♠❡trí❛s✑ ♣♦rq✉❡ tr❛s❧❛❞❛♥ ❡❧ t✐❡♠♣♦✳ P❡r♦ ❡♥ ❝❛s♦ ❞❡ ♣r❡s❡r✈❛r ❛
L✱ t❛♠❜✐é♥ ✈❛♥ ❛ ♣r❡s❡r✈❛r ❧♦s ♠♦✈✐♠✐❡♥t♦s s♦❧✉❝✐ó♥✳ ▲❛s tr❛♥s❢♦r♠❛❝✐♦♥❡s
❞❡ ❡st❡ t✐♣♦ ♣✉❡❞❡♥ ✉s❛rs❡ t❛♠❜✐é♥ ♣❛r❛ ❤❛❧❧❛r ❝❛♥t✐❞❛❞❡s ❝♦♥s❡r✈❛❞❛s✱ q✉❡
✈❛♥ ❛ s❡r ❛♥á❧♦❣❛s ❛❧ ❤❛♠✐❧t♦♥✐❛♥♦✱ ♣♦r ♠❡❞✐♦ ❞❡ ✉♥ ♣r♦❝❡❞✐♠✐❡♥t♦ s✐♠✐❧❛r
❛❧ q✉❡ ✉s❛♠♦s ♣❛r❛ ❞❡♠♦str❛r ❡❧ t❡♦r❡♠❛ ❞❡ ◆öt❤❡r✳ ✷✷

✷✷❱❡r ❡❧ ú❧t✐♠♦ ❡❥❡r❝✐❝✐♦ ❞❡ ❧❛ ♣✳ ✾✵ ❞❡ ❬✶❪✳ ❆❝á ♥♦ ✈♦② ❛ ❞❡s❛rr♦❧❧❛r ❡st❛ té❝♥✐❝❛✱ ♣♦rq✉❡

✺✺



❈♦♠❡♥t❛r✐♦ ✹✳✾✳✸✳ ❆❧ ❡❧❡❣✐r ✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♥❛
❡♥❡r❣í❛ ❝✐♥ét✐❝❛✱ q✉❡ ✉s❛♠♦s ♣❛r❛ ❝♦♥str✉✐r ✉♥❛ ❢✉♥❝✐ó♥ ❧❛❣r❛♥❣✐❛♥❛✳ P❡r♦
✐♥✈❡rs❛♠❡♥t❡✱ ❡♥ ♠✉❝❤♦s s✐st❡♠❛s ♠❡❝á♥✐❝♦s ❡❧ ❧❛❣r❛♥❣✐❛♥♦ ❞❡♣❡♥❞❡ ❝✉❛❞rá✲
t✐❝❛♠❡♥t❡ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ✭❝♦♥ ❤❡ss✐❛♥♦ ♣♦s✐t✐✈♦✱ ② ❝♦❡✜❝✐❡♥t❡s ❞❡♣❡♥❞✐❡♥t❡s
❞❡❧ t✐❡♠♣♦ ② ❧❛ ♣♦s✐❝✐ó♥✮✱ ❧♦ ❝✉❛❧ ♣❡r♠✐t❡ ❡♥ ❝❛❞❛ ♣✉♥t♦ ❞❡❧ s✐st❡♠❛ ❞❡✲
t❡r♠✐♥❛r ✉♥❛ ✈❡❧♦❝✐❞❛❞ ❡s♣❡❝✐❛❧✿ ❧❛ q✉❡ ♠✐♥✐♠✐③❛ L ✭❞♦♥❞❡ p = 0✮✳ P♦r ❧♦
t❛♥t♦✱ q✉❡❞❛ ❞❡t❡r♠✐♥❛❞♦ ✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛✳ ❙❡❣ú♥ ❡s❡ s✐st❡♠❛✱ ❡❧
❧❛❣r❛♥❣✐❛♥♦✱ q✉❡ s✐❣✉❡ ❞❡♣❡♥❞✐❡♥❞♦ ❝✉❛❞rát✐❝❛♠❡♥t❡ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞✱ t✐❡♥❡
tér♠✐♥♦ ❧✐♥❡❛❧ ♥✉❧♦✱ ② ❡st❛ ♣r♦♣✐❡❞❛❞ ❝❛r❛❝t❡r✐③❛ ❛ ❧❛ ♣❛r❛♠❡tr✐③❛❝✐ó♥ ♥❛t✉r❛❧
❛s♦❝✐❛❞❛ ❛❧ ❧❛❣r❛♥❣✐❛♥♦✳

❊♥ ❡❧ ❝❛s♦ ❞❡ ✉♥ s✐st❡♠❛ ❧❛❣r❛♥❣✐❛♥♦ ♥❛t✉r❛❧✱ ❧❛ ♣❛r❛♠❡tr✐③❛❝✐ó♥ ♥❛t✉r❛❧
❡s ❧❛ ♦r✐❣✐♥❛❧✱ q✉❡ ②❛ t✐❡♥❡ tér♠✐♥♦ ❧✐♥❡❛❧ ♥✉❧♦✱ ♣❡r♦ ❡♥ ♦tr♦s s✐st❡♠❛s ♣✉❡❞❡
♥♦ s❡r❧♦✳

✹✳✶✵✳ ❙♦❧✉❝✐ó♥ ❛❧ ♣r♦❜❧❡♠❛ ❞❡ ❧❛ ❜r❛q✉✐stó❝r♦♥❛

❱♦❧✈❛♠♦s ❛❧ ♣r♦❜❧❡♠❛ ❞❡ ❧❛ ❜r❛q✉✐stó❝r♦♥❛✳ ❙❡❛♥ P0 ② P1 ♣✉♥t♦s ❞❡ ✉♥
❡s♣❛❝✐♦ ❡✉❝❧í❞❡♦ ❝♦♥ ❝❛♠♣♦ ❣r❛✈✐t❛t♦r✐♦ ✉♥✐❢♦r♠❡ ❞❡ ♥♦r♠❛ g✱ s❡❛ m ✉♥❛
♠❛s❛ ② s❡❛ E ✉♥❛ ❡♥❡r❣í❛✳ P❛r❛ ❝❛❞❛ ❝✉r✈❛ C q✉❡ ✉♥❡ P0 ❝♦♥ P1 ♣♦❞❡♠♦s
❝❛❧❝✉❧❛r ❡❧ t✐❡♠♣♦ q✉❡ t❛r❞❛ ✉♥❛ ♣❛rtí❝✉❧❛ ❞❡ ♠❛s❛ m ② ❝♦♥ ❡♥❡r❣í❛ E ❡♥
❧❧❡❣❛r ❞❡ P0 ❛ P1✱ ❜❛❥♦ ❡❧ ❡❢❡❝t♦ ❞❡ s✉ ♣❡s♦ ② ✉♥❛ ❢✉❡r③❛ ❞❡ ✈í♥❝✉❧♦ ✐❞❡❛❧ q✉❡
❧❛ ♦❜❧✐❣❛ ❛ ♠❛♥t❡♥❡rs❡ ❡♥ C✳ ❊st❛♠♦s ❜✉s❝❛♥❞♦ ❧❛ ❝✉r✈❛ q✉❡ ♠✐♥✐♠✐③❛ ❡st❡
t✐❡♠♣♦✳ ❉✐❝❤♦ ♠♦✈✐♠✐❡♥t♦ s❡❣✉r❛♠❡♥t❡ ❡st❛rá ❝♦♥t❡♥✐❞♦ ❡♥ ❡❧ ♣❧❛♥♦ ✈❡rt✐❝❛❧
q✉❡ ✉♥❡ ❛♠❜♦s ♣✉♥t♦s✱ ♣♦rq✉❡ ❝✉❛❧q✉✐❡r ♦tr❛ ❝✉r✈❛ ♣✉❡❞❡ s❡r ♣r♦②❡❝t❛❞❛
s♦❜r❡ ❡st❡ ♣❧❛♥♦✱ r❡❞✉❝✐❡♥❞♦ s✉ t✐❡♠♣♦✳

❊❧✐❣✐❡♥❞♦ ❝♦♦r❞❡♥❛❞❛s x ❡ y ❛❞❡❝✉❛❞❛s✱ ❧❛ ❡♥❡r❣í❛ ♠❡❝á♥✐❝❛ E = K+V =

m ẋ2+ẏ2

2 −mgy ❞❡ ❧❛ ♣❛rtí❝✉❧❛ r❡s✉❧t❛ ♥✉❧❛✱ ② ❡♥t♦♥❝❡s ❞✉r❛♥t❡ ❡❧ ♠♦✈✐♠✐❡♥t♦
❞❡ ❧❛ ♣❛rtí❝✉❧❛ s❡ t✐❡♥❡

ẋ2 + ẏ2 = 2gy

✭◆♦t❛r q✉❡ y ❞✐❝❡ q✉é t❛♥ ❛❜❛❥♦ ❡stá ❧❛ ♣❛rtí❝✉❧❛ ❞❡❧ ♠❛②♦r ♥✐✈❡❧ ❞❡ ❛❧t✉r❛ ❛❧
q✉❡ ♣✉❡❞❡ ❧❧❡❣❛r✱ ② ❡s s✐❡♠♣r❡ ♣♦s✐t✐✈❛✳✮ ▲❛ ✐♥t❡❣r❛❧ q✉❡ q✉❡r❡♠♦s ♠✐♥✐♠✐③❛r
❡s
∫

dt =

∫

dt

dl
dl =

∫

1
dl
dt

dl =

∫

1
√

ẋ2 + ẏ2
dl =

∫

1√
2gy

dl =

∫

√

dl2

2gy
.

P❡r♦ ést❛ ❡s ❧❛ ❧♦♥❣✐t✉❞ ❞❡ ❝✉r✈❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ❧❛ ♠étr✐❝❛ r✐❡♠❛♥♥✐❛♥❛
dt2 = dl2

2gy ✱ ❞❡✜♥✐❞❛ ❡♥ ❡❧ s❡♠✐♣❧❛♥♦ y > 0✳ ❖❜t❡♥❡♠♦s ❧❛ ♠✐s♠❛ ❝✉r✈❛ s✐
✐♥t❡♥t❛♠♦s ♠✐♥✐♠✐③❛r ❧❛ ✐♥t❡❣r❛❧ ❞❡ ❧❛ ✏❡♥❡r❣í❛ ❝✐♥ét✐❝❛✑

∫

dt2

2
=

∫

dl2

4gy
=

∫

x′2 + y′2

4gy
ds,

❧❛ ❞❡♠♦str❛❝✐ó♥ q✉❡ ❝♦♥♦③❝♦ ❡s ❞❡s♣r♦❧✐❥❛✳ ◗✉✐③ás s❡❛ ♣♦rq✉❡ ❡st♦② ✉s❛♥❞♦ ✉♥❛ ❞❡✜♥✐❝✐ó♥
r❡str✐❝t✐✈❛ ❞❡ ✏♠♦r✜s♠♦✑✱ q✉❡ ✐♠♣✐❞❡ tr❛s❧❛❞❛r ✭② ❞✐❧❛t❛r✮ ❡❧ t✐❡♠♣♦✳ ❊♥ ♦tr❛ ❡❞✐❝✐ó♥ ❞❡ ❡st❡
t❡①t♦✱ ❝❛❞❛ ♠✉♥❞♦ t❡♥❞rá s✉ ♣r♦♣✐❛ ❧í♥❡❛ ❞❡ t✐❡♠♣♦ ② s✉ ♣r♦♣✐❛ s❡♠✐rr❡❝t❛ ❞❡ ❧♦♥❣✐t✉❞❡s✳

✺✻



❞♦♥❞❡ s ❡s ✉♥ ♥✉❡✈♦ ♣❛rá♠❡tr♦ ② (−)′ = d
ds ✳ ❆❞❡♠ás✱ ❛❧ ♠✐♥✐♠✐③❛r ❡st❛

✐♥t❡❣r❛❧✱ ❧❛ ♣❛r❛♠❡tr✐③❛❝✐ó♥ q✉❡ ♦❜t❡♥❡♠♦s ❡s ❛❢í♥♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ ❛❧ t✐❡♠✲
♣♦✱ q✉❡ ❡s ❧❛ ✏❧♦♥❣✐t✉❞✑ ❛s♦❝✐❛❞❛ ❛ ❧❛ ♠étr✐❝❛ dt2✳ ❊st♦ ❡s ✉♥❛ ❝♦♥s❡❝✉❡♥❝✐❛
❞❡ ❧❛ ❝♦♥s❡r✈❛❝✐ó♥ ❞❡❧ ❤❛♠✐❧t♦♥✐❛♥♦✱ q✉❡ ❡♥ ❡st❡ ❝❛s♦ ❡s ✐❣✉❛❧ ❛ ❧❛ ❢✉♥❝✐ó♥
❧❛❣r❛♥❣✐❛♥❛✱ ♣♦rq✉❡ só❧♦ ❤❛② ✏❡♥❡r❣í❛ ❝✐♥ét✐❝❛✑✳

❉❡❜❡♠♦s r❡s♦❧✈❡r ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❝♦♥ ❡❧ ❧❛❣r❛♥❣✐❛♥♦

L =
x′2 + y′2

4gy
.

❈♦♠♦ ∂L
∂x = 0✱ ❧❛ ❡❝✉❛❝✐ó♥ ❛s♦❝✐❛❞❛ ❛ ❧❛ ❝♦♦r❞❡♥❛❞❛ x ❞✐❝❡ q✉❡ ❧❛ ❝❛♥t✐❞❛❞

px =
∂L

∂ẋ
=

x′

2gy

❡s ✉♥❛ ❝♦♥st❛♥t❡ ❞❡ ♠♦✈✐♠✐❡♥t♦✳ ▲❛ ❡❝✉❛❝✐ó♥ ❛s♦❝✐❛❞❛ ❛ y ♥♦ ❡s ♥❡❝❡s❛r✐❛✱
♣✉❡s s❡❣✉r❛♠❡♥t❡ ✈❛ ❛ s❡r ❡q✉✐✈❛❧❡♥t❡ ❛ ❧❛ ❝♦♥s❡r✈❛❝✐ó♥ ❞❡❧ ❤❛♠✐❧t♦♥✐❛♥♦

L =
x′2 + y′2

4gy
=

(2gpxy)
2 + y′2

4gy
,

q✉❡ ②❛ ❡s s✉✜❝✐❡♥t❡ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❧❛ ❝✉r✈❛✳ ❉❡s♣❡❥❛♥❞♦ ♦❜t❡♥❡♠♦s

y′2 = 4gLy − 4g2p2xy
2 = 4g2p2x

(

L

gp2x
y − y2

)

,

q✉❡ ❞❡✜♥✐❡♥❞♦ k = 2gpx ② a = L
2gp2x

s❡ ❝♦♥✈✐❡rt❡ ❡♥

y′2 = k2(2ay − y2).

❊st❛ ❡❝✉❛❝✐ó♥ ❞❡ ♣r✐♠❡r ♦r❞❡♥ ❞❡t❡r♠✐♥❛ y ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✱ ♣❡r♦ t❛♠❜✐é♥
❞❡t❡r♠✐♥❛ s ❡♥ ❢✉♥❝✐ó♥ ❞❡ y✱ ② ❝♦♠♦ ♥♦ ❞❡♣❡♥❞❡ ❞❡ s✱ s❡ r❡s✉❡❧✈❡ ❡♥t♦♥❝❡s
s✐♠♣❧❡♠❡♥t❡ ✐♥t❡❣r❛♥❞♦✳ ❊♥ ❡❢❡❝t♦✱ s✉♣♦♥✐❡♥❞♦ q✉❡ y ✈❛❧❡ ❝❡r♦ ❝✉❛♥❞♦ s = 0
② ❛ ♣❛rt✐r ❞❡ ❛❤í ❛♠❜❛s ✈❛r✐❛❜❧❡s ❛✉♠❡♥t❛♥✱ t❡♥❡♠♦s

dy = k
√

2ay − y2ds

kds =
dy

√

2ay − y2
=

dy
√

a2 − (a− y)2
=

1

a

dy
√

1− (1− y
a)

2
,

❡ ✐♥t❡❣r❛♥❞♦✱ ks = arc cos
(

1− y
a

)

✱ ❞❡ ❞♦♥❞❡ ❞❡s♣❡❥❛♠♦s

y = a(1− cos(ks)).

P❛r❛ ❝❛❧❝✉❧❛r x✱ s✉♣♦♥✐❡♥❞♦ q✉❡ ✈❛❧❡ ❝❡r♦ ♣❛r❛ s = 0✱ ♣❛rt✐♠♦s ❞❡ q✉❡

dx

ds
= 2gpxy = ky = ka(1− cos(ks))

❡ ✐♥t❡❣r❛♥❞♦ ♦❜t❡♥❡♠♦s

x = a(ks− sin(ks)).

▲❛ ❝✉r✈❛ ♦❜t❡♥✐❞❛ ❡s ✉♥❛ ❝✐❝❧♦✐❞❡✳
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✺✳ ❉✐♥á♠✐❝❛ ❡♥ ✉♥❛ ✈❛r✐❡❞❛❞ s✐♠♣❧é❝t✐❝❛✿ ♠❡❝á♥✐❝❛

❞❡ ❍❛♠✐❧t♦♥

❲✐❧❧✐❛♠ ❘♦✇❛♥ ❍❛♠✐❧t♦♥ ✭✶✽✵✺✲✶✽✻✺✮ ❤❛❜í❛ ❡st✉❞✐❛❞♦ ó♣t✐❝❛ ② ❞❡s✲
❝✉❜✐❡rt♦ ❧❛s ✈❡♥t❛❥❛s ❞❡ ♣❛s❛r ❞❡ ♣❡♥s❛r ❡♥ r❛②♦s ❛ ♣❡♥s❛r ❡♥ ❢r❡♥t❡s ❞❡ ♦♥❞❛✳
❊♠♣ír✐❝❛♠❡♥t❡ s❡ ♦❜s❡r✈❛♥ ♠ás ❢á❝✐❧♠❡♥t❡ ❧♦s r❛②♦s✿ ✉♥ r❛②♦ ❡s ✉♥ ❝❛♠✐♥♦
❛ ❧♦ ❧❛r❣♦ ❞❡❧ ❝✉❛❧ s❡ ♣r♦♣❛❣❛ ❧❛ ❧✉③✱ ❡s ❞❡❝✐r✱ t❛❧ q✉❡ s✐ ❧♦ ✐♥t❡rr✉♠♣✐♠♦s✱ ❧❛
❧✉③ ♥♦ ❧❧❡❣❛✳ ❊❧ r❡s✉❧t❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ❍❛♠✐❧t♦♥✱ q✉❡ ②❛ ❤❛❜í❛ s✐❞♦ ♣r♦✲
❜❛❞♦ ❡♥ ✉♥ ❝❛s♦ ♣❛rt✐❝✉❧❛r ♣♦r ▼❛❧✉s ✭❬✶✶❪✱ ♣✳ ✹✾✾✮✱ ❞❡❝í❛ q✉❡ s✐ ✉♥ s✐st❡♠❛
❞❡ r❛②♦s ✭q✉❡ ❡s ✉♥❛ ❢♦❧✐❛❝✐ó♥ ❞❡❧ ❡s♣❛❝✐♦ ❡✉❝❧í❞❡♦ ♣♦r r❡❝t❛s✮ ❛❞♠✐tí❛ ✉♥❛
s✉♣❡r✜❝✐❡ ♦rt♦❣♦♥❛❧ ✭❡st♦ ♣❛s❛ s✐❡♠♣r❡ ❡♥ ❞✐♠❡♥s✐ó♥ ✷✱ ♣❡r♦ ♥♦ s✐❡♠♣r❡ ❡♥
❞✐♠❡♥s✐ó♥ ✸✮✱ ❡♥t♦♥❝❡s t❛♠❜✐é♥ ❞❡❜í❛ ❛❞♠✐t✐r t♦❞❛ ✉♥❛ ❢♦❧✐❛❝✐ó♥ ♦rt♦❣♦♥❛❧
❞❡ s✉♣❡r✜❝✐❡s✳ ❊st♦ s❡ ❝✉♠♣❧❡ ❡♥ ❣❡♥❡r❛❧ ♣❛r❛ s✐st❡♠❛s ❞❡ r❛②♦s ó♣t✐❝♦s q✉❡
♣r♦✈✐❡♥❡♥ ❞❡ ✉♥ ❢♦❝♦✱ ♣♦r ♠ás q✉❡ ❡♥ ❡❧ ❝❛♠✐♥♦ s❡ r❡✢❡❥❡♥ ❡♥ ❡s♣❡❥♦s ♦ r❡✲
❢r❛❝t❡♥ ❛❧ ❝❛♠❜✐❛r ❞❡ ♠❡❞✐♦✱ ② ❛ú♥ ❝✉❛♥❞♦ ❤❛② r❡❢r❛❝❝✐ó♥ ❛t♠ós❢ér✐❝❛✱ q✉❡
❤❛❝❡ q✉❡ s❡ ❝✉r✈❡♥ ❞❡ ❛ ♣♦❝♦ ❛❧ ✈✐❛❥❛r✱ ❝♦♠♦ ❣❡♦❞és✐❝❛s ❡♥ ✉♥❛ ✈❛r✐❡❞❛❞
r✐❡♠❛♥♥✐❛♥❛ ✭❡st♦ ♦❝✉rr❡ ❝✉❛♥❞♦ ❧❛ ♠étr✐❝❛ q✉❡ ❞❡✜♥❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ♦♥❞❛
♥♦ ❡s ❧❛ ♠✐s♠❛ ❡♥ t♦❞♦s ❧♦s ♣✉♥t♦s ❞❡❧ ❡s♣❛❝✐♦✮✳

❯♥❛ ✐❞❡❛ ❜ás✐❝❛ ♣❛r❛ ❍❛♠✐❧t♦♥ ❡r❛ ♣❡♥s❛r ❡♥ ❧❛ ❧♦♥❣✐t✉❞ ó♣t✐❝❛ ❞❡ ✉♥
r❛②♦✳ ❈✉❛♥❞♦ ❍❛♠✐❧t♦♥ ❡s❝r✐❜✐ó s✉s ♣r✐♠❡r♦s tr❛❜❛❥♦s ✭❬✻❪✱❬✼❪✮ t♦❞❛✈í❛ ♥♦ ❡s✲
t❛❜❛ ❝❧❛r♦ q✉❡ ❧❛ ❧✉③ ❢✉❡r❛ ✉♥ ❢❡♥ó♠❡♥♦ ♦♥❞✉❧❛t♦r✐♦✳ ◆❡✇t♦♥ ❤❛❜í❛ ♣♦st✉❧❛❞♦
s✉ t❡♦rí❛ ❝♦r♣✉s❝✉❧❛r✱ s❡❣ú♥ ❧❛ ❝✉❛❧ ❧♦s r❛②♦s ❡r❛♥ ❤❛❝❡s ❞❡ ♣❛rtí❝✉❧❛s q✉❡
❛❧ ♣❛s❛r ❛ ✉♥ ♠❡❞✐♦ ó♣t✐❝♦ ❞❡ ♠❛②♦r í♥❞✐❝❡ ❞❡ r❡❢r❛❝❝✐ó♥ ✭♣♦r ❡❥❡♠♣❧♦✱
❞❡❧ ❛✐r❡ ❛❧ ❛❣✉❛✮ ❡r❛♥ ❛❝❡❧❡r❛❞❛s ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥ ♣❡r♣❡♥❞✐❝✉❧❛r ❛ ❧❛ s✉♣❡r✜❝✐❡
❞❡ tr❛♥s✐❝✐ó♥ ✭❝♦♠♦ s✐ ❡st✉✈✐❡r❛♥ ❜❛❥❛♥❞♦ ♣♦r ✉♥❛ r❛♠♣❛✮✱ ② ♣♦r ❡s♦ ❡❧ r❛②♦
s❡ ❝✉r✈❛❜❛ ❡♥ ❞✐r❡❝❝✐ó♥ ❤❛❝✐❛ ❡❧ ♠❡❞✐♦ ❞❡ ♠❛②♦r í♥❞✐❝❡✳ ▲❛ ✈❡❧♦❝✐❞❛❞ ❞❡❜í❛
s❡r ❞✐r❡❝t❛♠❡♥t❡ ♣r♦♣♦r❝✐♦♥❛❧ ❛❧ í♥❞✐❝❡ ❞❡ r❡❢r❛❝❝✐ó♥ ♣❛r❛ ❡①♣❧✐❝❛r ❧❛ ❧❡② ❞❡
r❡❢r❛❝❝✐ó♥ ❡♠♣ír✐❝❛✿ ❡❧ ♣r♦❞✉❝t♦ ❡♥tr❡ ❡❧ í♥❞✐❝❡ ❞❡ r❡❢r❛❝❝✐ó♥ ② ❡❧ s❡♥♦ ❞❡❧
á♥❣✉❧♦ ❞❡ ✐♥❝✐❞❡♥❝✐❛ ✭q✉❡ ❡s ❡❧ á♥❣✉❧♦ ❡♥tr❡ ❡❧ r❛②♦ ② ❧❛ r❡❝t❛ ♥♦r♠❛❧ ❛ ❧❛
s✉♣❡r✜❝✐❡✮ s❡ ❝♦♥s❡r✈❛ ❞✉r❛♥t❡ ❧❛ r❡❢r❛❝❝✐ó♥✳ ❚❛♠❜✐é♥ s❡ ❝♦♥♦❝í❛ ❧❛ t❡♦rí❛
♦♥❞✉❧❛t♦r✐❛ ❞❡ ❍✉②❣❡♥s✱ s❡❣ú♥ ❧❛ ❝✉❛❧ ❧❛ ❧✉③ ❡r❛ ✉♥❛ ♣❡rt✉r❜❛❝✐ó♥ q✉❡ s❡
♣r♦♣❛❣❛❜❛ ❝♦♠♦ ✉♥❛ ♦♥❞❛ ♠❡❝á♥✐❝❛ ♦ ✉♥❛ ♦❧❛ ❡♥ ❡❧ ❛❣✉❛✱ ② ❧♦s r❛②♦s ❞❡ ❧✉③
❡r❛♥ ❝♦♥❥✉♥t♦s ❞❡ ❝❛♠✐♥♦s ✈❡❝✐♥♦s ❛ ❧♦ ❧❛r❣♦ ❞❡ ❧❛s ❝✉❛❧❡s ❧❛s ♣❡rt✉r❜❛❝✐♦♥❡s
s❡ ♣r♦♣❛❣❛❜❛♥ ❡♥ ❡❧ ♠✐s♠♦ t✐❡♠♣♦✱ ♣r♦❞✉❝✐❡♥❞♦ ✐♥t❡r❢❡r❡♥❝✐❛ ❝♦♥str✉❝t✐✈❛✳
❊♥ ❡st❡ ♠♦❞❡❧♦✱ ❧❛ r❡❢r❛❝❝✐ó♥ ❛❧ ♣❛s❛r ❛ ✉♥ ♠❡❞✐♦ ❞❡ ♠❛②♦r í♥❞✐❝❡ s❡ ❡①♣❧✐❝❛
❞✐❝✐❡♥❞♦ q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ♣r♦♣❛❣❛❝✐ó♥ ❡s ✐♥✈❡rs❛♠❡♥t❡ ♣r♦♣♦r❝✐♦♥❛❧ ❛❧
í♥❞✐❝❡ ❞❡ r❡❢r❛❝❝✐ó♥✱ ❧♦ ❝✉❛❧ ✐♠♣❧✐❝❛ q✉❡ ❧❛ ❧✉③ ✈✐❛❥❛ ♠ás ❞❡s♣❛❝✐♦ ❡♥ ❡❧ ❛❣✉❛
q✉❡ ❡♥ ❡❧ ❛✐r❡✳

❯♥❛ ❢♦r♠❛ ❞❡ ❤❛❜❧❛r s✐♥ ❞❡s♣❡rt❛r ❝♦♥tr♦✈❡rs✐❛ ✭♣✳ ✹✾✼ ❞❡ ❬✶✶❪✮ ❡r❛ ❞❡✲
❝✐r q✉❡ ❧❛ ❧✉③ s❡ ♣r♦♣❛❣❛❜❛ ♣♦r ✉♥ ❝❛♠✐♥♦ ❡①tr❡♠❛❧ ❞❡ ❧❛ ❧♦♥❣✐t✉❞ ó♣t✐❝❛
✭t❛♠❜✐é♥ ❧❧❛♠❛❞❛ ♠ás ✈❛❣❛♠❡♥t❡ ✏❛❝❝✐ó♥✑✱ q✉❡ ❡s ❡❧ tér♠✐♥♦ q✉❡ ✉s❛❜❛ ❍❛✲
♠✐❧t♦♥✮✱ q✉❡ ❡r❛ ❧❛ ✐♥t❡❣r❛❧ ❞❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ❧♦♥❣✐t✉❞ ♠✉❧t✐♣❧✐❝❛❞♦ ♣♦r ❡❧
í♥❞✐❝❡ ❞❡ r❡❢r❛❝❝✐ó♥ ✭q✉❡ ❡♥ ❣❡♥❡r❛❧ ❞❡♣❡♥❞❡ ❞❡❧ ❧✉❣❛r ② ❧❛ ❞✐r❡❝❝✐ó♥✿ ❤❛②

✺✾



❝r✐st❛❧❡s ❤♦♠♦❣é♥❡♦s ❛♥✐sótr♦♣♦s✱ ② t❛♠❜✐é♥ ♠❡❞✐♦s ♥♦ ❤♦♠♦❣é♥❡♦s✱ ❝♦♠♦
❧❛ ❛t♠ós❢❡r❛✱ ♣❡r♦ ❛♣❛r❡♥t❡♠❡♥t❡ s✐❡♠♣r❡ ❡s ✉♥❛ ❢♦r♠❛ ❝✉❛❞rát✐❝❛ q✉❡ ✈❛rí❛
❡♥ ❡❧ ❡s♣❛❝✐♦✮✳ ❊❧ ❤❡❝❤♦ ❞❡ q✉❡ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❞❡t❡r♠✐♥❛r ❧♦s r❛②♦s ❢✉❡r❛
❡q✉✐✈❛❧❡♥t❡ ❛ ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ❝á❧❝✉❧♦ ❞❡ ✈❛r✐❛❝✐♦♥❡s ②❛ ❤❛❜í❛ s✐❞♦ ❡①♣❧♦t❛❞♦✱
❡♥ s❡♥t✐❞♦ ✐♥✈❡rs♦✱ ♣♦r ❏♦❤❛♥♥ ❇❡r♥♦✉❧❧✐✱ ❛❧ ❡st❛❜❧❡❝❡r ✉♥❛ ❛♥❛❧♦❣í❛ ó♣t✐❝❛
♣❛r❛ ❞❛r s✉ s♦❧✉❝✐ó♥ ❛❧ ♣r♦❜❧❡♠❛ ❞❡ ❧❛ ❜r❛q✉✐stó❝r♦♥❛✳

▲❛s s✉♣❡r✜❝✐❡s ♦rt♦❣♦♥❛❧❡s ❞❡ ✉♥ s✐st❡♠❛ ❞❡ r❛②♦s ♣r♦✈❡♥✐❡♥t❡ ❞❡ ✉♥ ❢♦❝♦
❡r❛♥ s✐♠♣❧❡♠❡♥t❡ s✉♣❡r✜❝✐❡s ❞❡ ♥✐✈❡❧ ❞❡ ❧❛ ❧♦♥❣✐t✉❞ ó♣t✐❝❛✳ P❡♥s❛♥❞♦ ❞❡ ❡st❛
♠❛♥❡r❛✱ ❡s ❢á❝✐❧ ♣r♦❜❛r ❡❧ t❡♦r❡♠❛ ❞❡ ❍❛♠✐❧t♦♥ ❞❡ ❧❛s ❢♦❧✐❛❝✐♦♥❡s✳ ❆❞❡♠ás✱
t❛♠❜✐é♥ s❡ ♣✉❡❞❡ ♣❛rt✐r ❞❡ ✉♥ s✐st❡♠❛ ❞❡ r❛②♦s q✉❡ ♥♦ ♣r♦✈✐❡♥❡♥ ♥❡❝❡s❛r✐❛✲
♠❡♥t❡ ❞❡ ✉♥ ❢♦❝♦✳ ❉❡ ❤❡❝❤♦✱ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ✐♥t❡❣r❛❜✐❧✐❞❛❞ ❞❡ ❧❛ ❞✐str✐❜✉❝✐ó♥
❞❡ ♣❧❛♥♦s ♦rt♦❣♦♥❛❧❡s ❛ ❧♦s r❛②♦s ❡q✉✐✈❛❧❡ ❛ q✉❡ ❡❧ s✐st❡♠❛ s❡ ♣✉❡❞❛ ❤❛❝❡r
❝♦♥✈❡r❣❡r ❛ ✉♥ ❢♦❝♦ ✉s❛♥❞♦ ✉♥ ❡s♣❡❥♦ ♦ ❧❡♥t❡✳ ❍❛♠✐❧t♦♥ ❡♥t❡♥❞✐ó q✉❡ ❡❧ ❝♦♠✲
♣♦rt❛♠✐❡♥t♦ ❞❡ ❧♦s r❛②♦s ❡st❛❜❛ ❞❡t❡r♠✐♥❛❞♦ ❝♦♠♣❧❡t❛♠❡♥t❡ ♣♦r ❧❛ ❢✉♥❝✐ó♥
❞❡ ❞✐st❛♥❝✐❛ ó♣t✐❝❛ ❡♥tr❡ ♣✉♥t♦s ✭❧❧❛♠❛❞❛ ✏❢✉♥❝✐ó♥ ❝❛r❛❝t❡ríst✐❝❛✑ ♣♦r ❍❛✲
♠✐❧t♦♥✮✱ q✉❡ ❡s ❧❛ ❧♦♥❣✐t✉❞ ó♣t✐❝❛ ❞❡ ✉♥ r❛②♦ ✭❝✉r✈❛ ❡①tr❡♠❛❧ ❞❡ ❧❛ ❧♦♥❣✐t✉❞
ó♣t✐❝❛✮ q✉❡ ❧♦s ✉♥❡✳ ✭❙✐ ❤❛② ✈❛r✐♦s ❡①tr❡♠❛❧❡s✱ ❧❛ ❞✐st❛♥❝✐❛ ó♣t✐❝❛ ♣✉❡❞❡ s❡r
✉♥❛ ❢✉♥❝✐ó♥ ♠✉❧t✐✈❛❧✉❛❞❛✳✮ ❈♦♥♦❝✐❞❛ ❧❛ ❢✉♥❝✐ó♥ ❝❛r❛❝t❡ríst✐❝❛✱ ❧♦s r❛②♦s s❡
♣✉❡❞❡♥ ❝❛❧❝✉❧❛r ❢á❝✐❧♠❡♥t❡ ♣♦r ♠❡❞✐♦ ❞❡ ✉♥❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ♣r✐♠❡r

♦r❞❡♥✱ ❝♦♠♦ ✈❡r❡♠♦s ♣ró①✐♠❛♠❡♥t❡✳

✺✳✶✳ ❋✉♥❝✐ó♥ ❝❛r❛❝t❡ríst✐❝❛ ② ❡❝✉❛❝✐ó♥ ❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐

❱♦❧✈❛♠♦s ❛ ❧❛ ♠❡❝á♥✐❝❛✳ ❖ ❡♥ ❣❡♥❡r❛❧✱ ♣❡♥s❡♠♦s ❡♥ ✉♥ ♣r♦❜❧❡♠❛ ✈❛r✐❛✲
❝✐♦♥❛❧✱ ❞❛❞♦ ♣♦r ✉♥ s✐st❡♠❛ ❧❛❣r❛♥❣✐❛♥♦ (M,L)✱ ❝♦♥ L = L(t, q, q̇)✳ ◗✉❡r❡♠♦s
❜✉s❝❛r t✲♠♦✈✐♠✐❡♥t♦s C = C(t) q✉❡ ❡①tr❡♠✐❝❡♥ ✭❛ ❜♦r❞❡s (t0, q0) ② (t1, q1)
✜❥♦s✮ ❧❛ ❛❝❝✐ó♥ I = I(C) ❞❛❞❛ ♣♦r L✱ q✉❡ ❡s ❧❛ ✐♥t❡❣r❛❧

I =

∫ t1

t0

L(t, C, Ċ)dt.

❙✉ ✈❛r✐❛❝✐ó♥ ❡stá ❞❛❞❛ ♣♦r ❧❛ ❢ór♠✉❧❛ ✭✽✮✱ q✉❡ r❡❝♦r❞❛♠♦s✿

δI(0) =

∫ t1

t0

(

∂L

∂qα
− d

dt

(

∂L

∂q̇α

))

δqαdt+

[

∂L

∂q̇α
δqα
]t=t1

t=t0

.

❯♥ ♠♦✈✐♠✐❡♥t♦ ❡s ❡①tr❡♠❛❧ s✐ ② só❧♦ s✐ ❝✉♠♣❧❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡
✭✼✮

d

dt

(

∂L

∂q̇α

)

− ∂L

∂qα
= 0.

◆♦s ♣r♦♣♦♥❡♠♦s ❤❛❧❧❛r ❧❛ ❢✉♥❝✐ó♥ ❝❛r❛❝t❡ríst✐❝❛ S = S(t0, q0, t1, q1)✱ q✉❡
❛s✐❣♥❛ ❛ ❝❛❞❛ ♣❛r ❞❡ ❡✈❡♥t♦s ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❛❝❝✐ó♥ I ❡♥ ✉♥ t✲♠♦✈✐♠✐❡♥t♦ ❡①✲
tr❡♠❛❧ C = C(t0,q0,t1,q1) q✉❡ ❧♦s ✉♥❡✳ ❊st❡ ♠♦✈✐♠✐❡♥t♦ ❡s ú♥✐❝♦ s✐ ❧♦s ❡✈❡♥t♦s

✻✵



❡stá♥ s✉✜❝✐❡♥t❡♠❡♥t❡ ❝❡r❝❛ ② ❡❧ ❧❛❣r❛♥❣✐❛♥♦ ❡s r❡❣✉❧❛r✱ ♣❡r♦ ✜♥❛❧♠❡♥t❡ ✈❡r❡✲
♠♦s q✉❡ ♥♦ ♥❡❝❡s✐t❛♠♦s ♣r♦❜❛r ❡st♦✳ P❛r❛ ❞❡t❡r♠✐♥❛r S✱ ❡♠♣❡③❛r❡♠♦s ♣♦r
❝❛❧❝✉❧❛r s✉s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s✳ ❙✉♣♦♥❣❛♠♦s✱ ♣❛r❛ s✐♠♣❧✐✜❝❛r ❧♦s ❝á❧❝✉❧♦s✱
q✉❡ ❡❧ ❡✈❡♥t♦ ✐♥✐❝✐❛❧ (t0, q0) ❡stá ✜❥♦✱ ② ❡st✉❞✐❡♠♦s ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ r❡s♣❡❝t♦
❞❡❧ ❡✈❡♥t♦ ✜♥❛❧✱ q✉❡ ❛❤♦r❛ ♣✉❡❞❡ ❧❧❛♠❛rs❡ (t, q)✳

❆❧ ♣❡rt✉r❜❛r ❧❛ ♣♦s✐❝✐ó♥ ✜♥❛❧ q✱ ✈❛rí❛ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❡①tr❡♠❛❧ C✱ ② ❡♥✲
t♦♥❝❡s ❧❛ ❛❝❝✐ó♥✱ q✉❡ ❡s ❧❛ ✐♥t❡❣r❛❧ ❞❡ L ❡♥ ❞✐❝❤♦ ♠♦✈✐♠✐❡♥t♦✱ ✈❛rí❛ s❡❣ú♥
❧❛ ❢ór♠✉❧❛ ✭✽✮✱ ❡♥ ❧❛ ❝✉❛❧ ❡♥ ❡st❡ ❝❛s♦ s❡ ❛♥✉❧❛ ❡❧ tér♠✐♥♦ ✐♥t❡❣r❛❧ ♣♦rq✉❡
❧♦s ♠♦✈✐♠✐❡♥t♦s q✉❡ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ s♦♥ ❡①tr❡♠❛❧❡s✱ ② ♣♦r ❧♦ t❛♥t♦
❝✉♠♣❧❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡✳ ❊♥t♦♥❝❡s só❧♦ q✉❡❞❛ ❡❧ tér♠✐♥♦ ❞❡
❜♦r❞❡✱ q✉❡ ♥♦s ❞✐❝❡ q✉❡

∂S

∂q
=
∂L

∂q̇

(

t, C, Ċ
)

.

❊♥ ♣❛❧❛❜r❛s✱ ❧❛ ❞❡r✐✈❛❞❛ ❞❡ S r❡s♣❡❝t♦ ❞❡ ❧❛ ♣♦s✐❝✐ó♥ ❡♥ ✉♥ ❡✈❡♥t♦ (t, q)
❡s ❡❧ ✐♠♣✉❧s♦ ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❡①tr❡♠❛❧ C q✉❡ ❧❧❡❣❛ ❤❛st❛ ❛❤í✳ ▲❛ ❢ór♠✉❧❛
❞❡ ✈❛r✐❛❝✐ó♥ ♥♦ ♥♦s ❞✐❝❡ ❧❛ ❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧ ❞❡ S r❡s♣❡❝t♦ ❞❡ t ♣♦rq✉❡ ❞❡
❤❡❝❤♦ ♥♦ ❡stá ❞❡✜♥✐❞❛ t❛❧ ❝♦s❛✿ ❝♦♠♦ ♥♦ t❡♥❡♠♦s ✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛✱
♥♦ ❤❛② ✉♥❛ ❞✐r❡❝❝✐ó♥ ❞❡t❡r♠✐♥❛❞❛ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❧❛ ❝✉❛❧ ❞❡r✐✈❛r S✳ ▲♦ q✉❡ sí
❡s s❡♥❝✐❧❧♦ ❡s ❝❛❧❝✉❧❛r ❧❛ ❞❡r✐✈❛❞❛ t❡♠♣♦r❛❧ ❞❡ S ❛ ❧♦ ❧❛r❣♦ ❞❡ C✱ ♣✉❡s ❝♦♠♦
S ❡s ❧❛ ✐♥t❡❣r❛❧ ❞❡ L ❛ ❧♦ ❧❛r❣♦ ❞❡❧ ♠✐s♠♦✱ s❡ t✐❡♥❡

d (S(t, C))

dt
= L

(

t, C, Ċ
)

.

P❛r❛ ❝♦♥t✐♥✉❛r✱ s✉♣♦♥❣❛♠♦s q✉❡ sí t❡♥❡♠♦s ✉♥ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛✱ ❞❡
♠♦❞♦ q✉❡ ❡s ♣♦s✐❜❧❡ ✐❞❡♥t✐✜❝❛r ♣♦s✐❝✐♦♥❡s q ❛ ❞✐st✐♥t♦s t✐❡♠♣♦s✱ ② ❞❡r✐✈❛r S
r❡s♣❡❝t♦ ❞❡ t ❝♦♥ q ✜❥♦✱ ♦❜t❡♥✐❡♥❞♦ ∂S

∂t ✳ ❈♦♠♦ ❛ ❧♦ ❧❛r❣♦ ❞❡ C ②❛ s❛❜❡♠♦s
❝❛❧❝✉❧❛r

d (S(t, C))

dt
=
∂S

∂t
(t, C) +

∂S

∂qα
(t, C)Ċα,

q✉❡ r❡s✉❧t❛ ✐❣✉❛❧ ❛ L
(

t, C, Ċ
)

✱ ❞❡s♣❡❥❛♥❞♦ ❝♦♥❝❧✉✐♠♦s q✉❡

∂S

∂t
(t, C) = L

(

t, C, Ċ
)

− ∂S

∂qα
(t, C)Ċα

❆❤♦r❛ ✈✐❡♥❡ ❧❛ ✐❞❡❛ ❞❡ ❍❛♠✐❧t♦♥✳ ❊❧ ♣r♦❜❧❡♠❛ ❞❡ ❤❛❧❧❛r ❧♦s ♠♦✈✐♠✐❡♥t♦s
❡①tr❡♠❛❧❡s ♣✉❡❞❡ s❡♣❛r❛rs❡ ❡♥ ❞♦s ♣❛rt❡s✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r✱ ❞❡❜❡♠♦s ❞❡t❡r✲
♠✐♥❛r ❧❛ ❢✉♥❝✐ó♥ ❝❛r❛❝t❡ríst✐❝❛ S✳ ❯♥❛ ✈❡③ ♦❜t❡♥✐❞❛ ❡st❛ ❢✉♥❝✐ó♥✱ ✈❡r❡♠♦s
❝ó♠♦ ❤❛❧❧❛r ❧♦s ♠♦✈✐♠✐❡♥t♦s ❡①tr❡♠❛❧❡s✳ P❛r❛ ♣♦❞❡r ❝❛❧❝✉❧❛r S ❡♥ t♦❞♦ ❡❧
♠✉♥❞♦ ❝♦♥♦❝✐❡♥❞♦ ❝✉á♥t♦ ✈❛❧❡ ❡♥ ❝✐❡rt♦ ✐♥st❛♥t❡ ✐♥✐❝✐❛❧✱ ❜❛st❛rí❛ ❝♦♥ t❡♥❡r
❡①♣r❡s❛❞❛ ∂S

∂t ❡♥ ❢✉♥❝✐ó♥ ❞❡ S ② s✉ ❞❡r✐✈❛❞❛ ❡s♣❛❝✐❛❧ ∂S
∂q ✳ ❊s♦ s❡ ♣✉❡❞❡ ♦❜✲

t❡♥❡r ❛ ♣❛rt✐r ❞❡ ❧❛ ú❧t✐♠❛ ❡❝✉❛❝✐ó♥✱ ♣✉❡s ❧❛ ✈❡❧♦❝✐❞❛❞ Ċ ❞❡❧ ♠♦✈✐♠✐❡♥t♦

✻✶



❡①tr❡♠❛❧ q✉❡ ❧❧❡❣❛ ❛ (t, q) s❡ ♣✉❡❞❡ ❞❡t❡r♠✐♥❛r ❛ ♣❛rt✐r ❞❡ S ② ∂S
∂q ✳ ❊♥ ❡❢❡❝t♦✱

❡♥ ❡st❡ ❝❛s♦ ❝♦♥♦❝❡♠♦s ❡❧ ✐♠♣✉❧s♦ pα = ∂L
∂q̇α = ∂S

∂qα ✱ ② s✉❡❧❡ ♣❛s❛r q✉❡ ✜❥❛❞♦
✉♥ ❡✈❡♥t♦ (t, q)✱ ❧❛ ❢✉♥❝✐ó♥ L = L(q̇) ❡s ❝✉❛❞rát✐❝❛ ② ❝♦♥ ❤❡ss✐❛♥♦ ♣♦s✐t✐✈♦✱
② ❡♥ ❡s❡ ❝❛s♦ ❧❛ ❢✉♥❝✐ó♥ ∂L

∂q̇α = ∂L
∂q̇α (q̇) ❡s ✉♥ ✐s♦♠♦r✜s♠♦ ❛❢í♥✳ ✭❊♥ ❣❡♥❡✲

r❛❧✱ ♣♦❞❡♠♦s r❡str✐♥❣✐r♥♦s ❛ ❧❛❣r❛♥❣✐❛♥♦s ❤✐♣❡rr❡❣✉❧❛r❡s✱ q✉❡ s♦♥ ❛q✉❡❧❧♦s
L t❛❧❡s q✉❡ ♣❛r❛ ❝❛❞❛ ❡✈❡♥t♦ (t, q)✱ ❧❛ ❢✉♥❝✐ó♥ ∂L

∂q̇α = ∂L
∂q̇α (q̇) ❡s ✉♥ ❞✐❢❡♦✲

♠♦r✜s♠♦✳✮ ❘❡❝♦r❞❛♥❞♦✱ ❛❞❡♠ás✱ q✉❡ ❤❛❜í❛♠♦s ❞❡✜♥✐❞♦ ❡❧ ❤❛♠✐❧t♦♥✐❛♥♦ ❞❡
✉♥ s✐st❡♠❛ ❧❛❣r❛♥❣✐❛♥♦ ❝♦♠♦ H = pαq̇

α − L✱ ❧❧❡❣❛♠♦s ❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡
❍❛♠✐❧t♦♥✲❏❛❝♦❜✐

∂S

∂t
= −H

(

t, q,
∂S

∂q

)

, ✭✶✵✮

❞♦♥❞❡ H = H(t, q, p) ❡s ❧❛ ❢✉♥❝✐ó♥ ❤❛♠✐❧t♦♥✐❛♥❛ ❞❡❧ s✐st❡♠❛✱ q✉❡ ❡s ❡❧ ❤❛✲
♠✐❧t♦♥✐❛♥♦ ♣❡r♦ ❛❤♦r❛ ❡s❝r✐t♦ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ✐♠♣✉❧s♦ s❡❣ú♥ ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦
❛♥t❡r✐♦r✳

✺✳✷✳ ❊❝✉❛❝✐ó♥ ❞❡ ❈❧❛✐r❛✉t ② tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❡❣❡♥❞r❡

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ♥♦s ♦❝✉♣❛r❡♠♦s ❞❡ ✉♥ ♣r♦❜❧❡♠❛ ❣❡♦♠étr✐❝♦ ❝♦♥ ❡❧ ✜♥ ❞❡
❢❛♠✐❧✐❛r✐③❛r♥♦s ❝♦♥ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❡❣❡♥❞r❡✱ q✉❡ ❡s r❡❧❡✈❛♥t❡ ♣❛r❛ ❧♦
q✉❡ ✈❡r❡♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥✳ ❉✉r❛♥t❡ ❡st❛ s❡❝❝✐ó♥✱ E ❡s ✉♥❛ r❡❝t❛ ❛❢í♥ r❡❛❧
♦r❞❡♥❛❞❛ ❡♥ ❞♦♥❞❡ ❡stá♥ ❧♦s ❡s❝❛❧❛r❡s✱ ∆E ❡s ❧❛ r❡❝t❛ ✈❡❝t♦r✐❛❧ ♦r❞❡♥❛❞❛
❞❡ ❧❛s tr❛s❧❛❝✐♦♥❡s ❞❡ E✱ ② ♣❛r❛ ❝❛❞❛ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ r❡❛❧ V ✭❞❡ ❞✐♠❡♥s✐ó♥
✜♥✐t❛✮ ❞❡✜♥✐♠♦s s✉ ❞✉❛❧ V ∗ := L(V,∆E)✳ ❖❜s❡r✈❛r q✉❡ ❤❛② ✉♥ ♠♦r✜s♠♦
❡✈ : V → V ∗∗✱ q✉❡ ❡s ❛❞❡♠ás ✉♥ ✐s♦♠♦r✜s♠♦✳

❙❡❛ V ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ r❡❛❧ ❞❡ ❞✐♠❡♥s✐ó♥ ✜♥✐t❛ ② X ✉♥ s✉❜❝♦♥❥✉♥t♦
❛❜✐❡rt♦ ❡♥ V ✳✷✸ ❈♦♥s✐❞❡r❡♠♦s ❡❧ ♣r♦❜❧❡♠❛ ❞❡ r❡❝♦♥str✉✐r ✉♥❛ ❢✉♥❝✐ó♥ ❞✐❢❡r❡♥✲
❝✐❛❜❧❡ f : X → E ❛ ♣❛rt✐r ❞❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❤✐♣❡r♣❧❛♥♦s t❛♥❣❡♥t❡s ❛ s✉ ❣rá✜❝♦✳
❙✐ ❧❛ ❢✉♥❝✐ó♥ ❞❡r✐✈❛❞❛ df : X → V ∗ ❡s ✐♥②❡❝t✐✈❛ ❝♦♥ ✐♠❛❣❡♥ P ✭❧♦ ❝✉❛❧ ♦❝✉✲
rr❡ ❝✉❛♥❞♦ f ❡s ✉♥❛ ❢♦r♠❛ ❝✉❛❞rát✐❝❛ ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✮✱✷✹ ✉♥❛ ♠❛♥❡r❛ ❞❡
❞❡s❝r✐❜✐r ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ♣❧❛♥♦s t❛♥❣❡♥t❡s ❛❧ ❣rá✜❝♦ ❞❡ f ❡s ♣♦r ♠❡❞✐♦ ❞❡ ❧❛
❢✉♥❝✐ó♥ g : P → E q✉❡ ❞❛✱ ♣❛r❛ ❝❛❞❛ ♣♦s✐❜❧❡ ♣❡♥❞✐❡♥t❡ p ∈ V ∗✱ ❧❛ ♦r❞❡♥❛❞❛
❛❧ ♦r✐❣❡♥ −g(p) ❞❡❧ ú♥✐❝♦ ♣❧❛♥♦ t❛♥❣❡♥t❡ ❛❧ ❣rá✜❝♦ ❞❡ f q✉❡ t✐❡♥❡ ♣❡♥❞✐❡♥t❡
p✳ ❊st❛ ❢✉♥❝✐ó♥ g r❡❝✐❜❡ ❡❧ ♥♦♠❜r❡ ❞❡ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❡❣❡♥❞r❡ ❞❡ f ✱ ②
s❡ ❞❡♥♦t❛ ❝♦♥ ❡❧ sí♠❜♦❧♦ f∗✳

◆♦ ❡s ❞✐❢í❝✐❧ ♦❜t❡♥❡r ✉♥❛ ❢ór♠✉❧❛ ♣❛r❛ g ❡♥ tér♠✐♥♦s ❞❡ f ② (df)−1 : X →
P ✳ ❙✐ p ∈ P ❡s ✉♥❛ ♣❡♥❞✐❡♥t❡ ② x ∈ V ❡s ❡❧ ♣✉♥t♦ ❞❡ X ❞♦♥❞❡ df(x) = p✱
❝♦♠♦ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡❧ ♣❧❛♥♦ t❛♥❣❡♥t❡ ❛❧ ❣rá✜❝♦ ❞❡ f ❡♥ x ❡s

ψ = f(x) + p(χ− x),

✷✸➽❙❡ ♣✉❡❞❡ ❝❛♠❜✐❛r ❛ V ♣♦r ✉♥ ❡s♣❛❝✐♦ ❛❢í♥❄
✷✹▼ás ❣❡♥❡r❛❧♠❡♥t❡✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ ❞❡r✐✈❛❜❧❡ ❡str✐❝t❛♠❡♥t❡ ❝♦♥✲

✈❡①❛ ✭❞❡✜♥✐❞❛ ❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦✮✳ ●❡♥❡r❛❧✐③❛♥❞♦ ❡♥ ♦tr❛ ❞✐r❡❝❝✐ó♥✱ ♣♦❞❡♠♦s ❝♦♥s✐✲
❞❡r❛r ❝✉❛❧q✉✐❡r ❢♦r♠❛ ❝✉❛❞rát✐❝❛ ♥♦ ❞❡❣❡♥❡r❛❞❛✳

✻✷



❧❛ ♦r❞❡♥❛❞❛ ❛❧ ♦r✐❣❡♥ ❞❡ ❞✐❝❤♦ ♣❧❛♥♦ s❡rá f(x) = f(x) − px✱ ② ❝♦♥❝❧✉✐♠♦s
q✉❡

g(p) = px− f(x), ❞♦♥❞❡ x = (df)−1(p).

✷✺ ▲❛ ❢✉♥❝✐ó♥ g s❡rá ❞❡r✐✈❛❜❧❡ s✐ f ❡s ❞♦s ✈❡❝❡s ❞❡r✐✈❛❜❧❡✳

➽❈ó♠♦ s❡ r❡❝✉♣❡r❛ f ❛ ♣❛rt✐r ❞❡ g❄ ❘❡♦r❞❡♥❛♥❞♦ ❧❛ ❢ór♠✉❧❛ q✉❡ ❞❡✜♥❡
g ② ❡s❝r✐❜✐❡♥❞♦ df(x) ❡♥ ❧✉❣❛r ❞❡ p✱ ♦❜t❡♥❡♠♦s ❧❛ ❡①♣r❡s✐ó♥

f(x) = df(x)x+ g(df(x)),

q✉❡✱ ✐♥t❡r♣r❡t❛❞❛ ❝♦♠♦ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❛ f ✱ r❡❝✐❜❡ ❡❧ ♥♦♠❜r❡ ❞❡
❡❝✉❛❝✐ó♥ ❞❡ ❈❧❛✐r❛✉t✳ ❊st❛ ❡❝✉❛❝✐ó♥ ✐♠♣❧í❝✐t❛ ❞❡ ♣r✐♠❡r ♦r❞❡♥ ♣❡r♠✐t❡
❡s♣❡❝✐✜❝❛r ❧❛ ❢✉♥❝✐ó♥ ❛ ♣❛rt✐r ❞❡❧ ❝♦♥❥✉♥t♦ ❞❡ s✉s ♣❧❛♥♦s t❛♥❣❡♥t❡s✳ ◆♦t❡♠♦s
q✉❡ ♥♦ só❧♦ ❛❞♠✐t❡ ❛ ❧❛ ❢✉♥❝✐ó♥ q✉❡ ❜✉s❝❛♠♦s ❝♦♠♦ s♦❧✉❝✐ó♥✱ s✐♥♦ t❛♠❜✐é♥ ❛
❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ ❧✐♥❡❛❧ ❝✉②♦ ❣rá✜❝♦ s❡❛ t❛♥❣❡♥t❡ ❛❧ ❞❡ f ✳ ❉❡❜❡♠♦s r❡s♦❧✈❡r❧❛✱
❞❡s❤❛❝✐é♥❞♦♥♦s ❞❡ ❡st❛s s♦❧✉❝✐♦♥❡s tr✐✈✐❛❧❡s✳

P❛r❛ t❡♥❡r ✉♥❛ ✐♠❛❣❡♥ ❝♦♥❝r❡t❛✱ ♣❡♥s❡♠♦s ♣r✐♠❡r♦ ❡♥ ✉♥❛ f ❞❡ ✉♥❛
✈❛r✐❛❜❧❡ t❛❧ q✉❡ f ′′ > 0✳ ❊♥ ❡st❡ ❝❛s♦✱ f ′ ❡s ❛✉t♦♠át✐❝❛♠❡♥t❡ ✐♥②❡❝t✐✈❛✱ ② s✉
✐♠❛❣❡♥ P ❡s ✉♥ ✐♥t❡r✈❛❧♦✳ ❉❛❞♦ ✉♥ ♣✉♥t♦ x ∈ X✱ ♣❛r❛ ❤❛❧❧❛r f(x) ❜❛st❛rí❛
❝♦♥ ❤❛❧❧❛r ❧❛ ♣❡♥❞✐❡♥t❡ p = f ′(x) ❞❡ ❧❛ r❡❝t❛ t❛♥❣❡♥t❡✱ ♣✉❡s ❡♥t♦♥❝❡s g
♥♦s ❞✐rí❛ ❧❛ ♦r❞❡♥❛❞❛ ❛❧ ♦r✐❣❡♥ ❞❡ ❞✐❝❤❛ r❡❝t❛✱ ② ❝♦♥♦❝✐❡♥❞♦ ❧❛ r❡❝t❛ ② ❧❛
❛❜s❝✐s❛ ❞❡ t❛♥❣❡♥❝✐❛ ♣♦❞rí❛♠♦s ❝♦♥♦❝❡r ❧❛ ♦r❞❡♥❛❞❛ ❞❡ t❛♥❣❡♥❝✐❛✳ ❊♥t♦♥❝❡s
❞❡❜❡♠♦s ❤❛❧❧❛r ❧❛ r❡❧❛❝✐ó♥ ✭❜✐②❡❝t✐✈❛✮ ❡♥tr❡ ❡❧ ♣✉♥t♦ ❞❡ t❛♥❣❡♥❝✐❛ x ∈ X ② ❧❛
♣❡♥❞✐❡♥t❡ p ∈ P ✳ ❯♥❛ ❜✉❡♥❛ ✐❞❡❛ ❡s ♣❡rt✉r❜❛r x s✉♠á♥❞♦❧❡ ✉♥ ♣❡q✉❡ñ♦ ∆x✱
② ✉❜✐❝❛r ❧❛ ♥✉❡✈❛ r❡❝t❛ t❛♥❣❡♥t❡✱ ❝✉②❛ ♣❡♥❞✐❡♥t❡ s❡rá p + ∆p✳ ❆❧ ✈❛r✐❛r ❧❛
r❡❝t❛ t❛♥❣❡♥t❡✱ t❛♠❜✐é♥ s❡ ♠♦❞✐✜❝❛rá ❧❛ ♦r❞❡♥❛❞❛ ❛❧ ♦r✐❣❡♥✱ ② s✉ ✈❛r✐❛❝✐ó♥
s❡rá ❛♣r♦①✐♠❛❞❛♠❡♥t❡ −x∆p✳ ❊st❡ ❝á❧❝✉❧♦ ♥♦ ❡s ❡①❛❝t♦ ♣♦r ❤❛❜❡r ✈❛r✐❛❞♦
t❛♠❜✐é♥ ❡❧ ♣✉♥t♦ ❞❡ t❛♥❣❡♥❝✐❛✱ ♣❡r♦ ❡s ❝♦rr❡❝t♦ ❛ ♣r✐♠❡r ♦r❞❡♥ ❡♥∆p ♣♦rq✉❡✱
❛❧ ❡st❛r ❡❧ ♥✉❡✈♦ ♣✉♥t♦ ❞❡ t❛♥❣❡♥❝✐❛ ❡♥ ❡❧ ❣rá✜❝♦ ❞❡ f ✱ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡❧ ♣✉♥t♦
❞❡ t❛♥❣❡♥❝✐❛ ❡s ♣❛r❛❧❡❧❛ ❛ ❧❛ r❡❝t❛ t❛♥❣❡♥t❡✱ ② ❡♥t♦♥❝❡s ♥♦ ❛❢❡❝t❛ ✭❛ ♣r✐♠❡r
♦r❞❡♥✮ ❛❧ ❝á❧❝✉❧♦ ❞❡ ❧❛ ♦r❞❡♥❛❞❛ ❛❧ ♦r✐❣❡♥✳ ❈♦♠♦ ♣♦r ♦tr❛ ♣❛rt❡ ❝♦♥♦❝❡♠♦s
❧❛ ♥✉❡✈❛ ♦r❞❡♥❛❞❛ ❛❧ ♦r✐❣❡♥✱ q✉❡ ❡s g(p+∆p)✱ t❡♥❡♠♦s

g(p+∆p)− g(p)=̃x∆p

② ♣♦❞❡♠♦s ❝♦♥❥❡t✉r❛r ❡♥t♦♥❝❡s ❧❛ r❡❧❛❝✐ó♥ ✐♥✜♥✐t❡s✐♠❛❧ dg = xdp✱ ❡s ❞❡❝✐r✱
g′(p) = −x✱ ② ❝♦♠♦ ❧❛ r❡❧❛❝✐ó♥ ❡♥tr❡ x ② p ❡s ❜✐②❡❝t✐✈❛✱ g′ ❡s ✐♥✈❡rs✐❜❧❡✱ ② s❡
♣✉❡❞❡ ❞❡s♣❡❥❛r p = (g′)−1(x)✳

❱❡á♠♦s❧♦ r✐❣✉r♦s❛♠❡♥t❡✳ ◆✉❡str♦ ♣✉♥t♦ ❞❡ ♣❛rt✐❞❛ ❡s ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❈❧❛✐✲
r❛✉t

f(x) = xf ′(x)− g(f ′(x)),

✷✺▲❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❡❣❡♥❞r❡ s❡ ♣✉❡❞❡ ❞❡✜♥✐r t❛♠❜✐é♥ ❝✉❛♥❞♦ f ❡s ✉♥❛ ❢✉♥❝✐ó♥
❝♦♥✈❡①❛ ✭♥♦ ♥❡❝❡s❛r✐❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐❛❜❧❡✮ ❞❡✜♥✐❞❛ ❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦✱ ❞❡✜♥✐❡♥❞♦
g(p) = ı́nfx∈X px− f(x) ✳ ❊♥ t❛❧ ❝❛s♦ ❝♦♥✈✐❡♥❡ ❛❞♠✐t✐r ❧♦s ✈❛❧♦r❡s ✐♥✜♥✐t♦s ∞ ② −∞ ❝♦♠♦
♣♦s✐❜❧❡s ❡s❝❛❧❛r❡s✳ ✭▲♦ q✉❡ ♥♦ sé ❡s s✐ ❤❛② ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ q✉❡ ❛❜❛rq✉❡ t❛♥t♦ ❛ ❧❛s
❢✉♥❝✐♦♥❡s ❝♦♥✈❡①❛s ♥♦ ❞✐❢❡r❡♥❝✐❛❜❧❡s ❝♦♠♦ ❛ ❧❛s ❢♦r♠❛s ❝✉❛❞rát✐❝❛s ♥♦ ❞❡❣❡♥❡r❛❞❛s✳✮
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② ❝♦♠♦ q✉❡r❡♠♦s ❛♥❛❧✐③❛r ❧♦ q✉❡ ♣❛s❛ ❛❧ ✈❛r✐❛r x✱ ❞❡❜❡♠♦s ❞❡r✐✈❛r ❛♠❜♦s
♠✐❡♠❜r♦s ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ r❡s♣❡❝t♦ ❞❡ x✳ ❖❜t❡♥❡♠♦s

f ′(x) = f ′(x) + f ′′(x)x− g′(f ′(x))f ′′(x)

② ❧✉❡❣♦

f ′′(x)(x− g′(f ′(x))) = 0.

❈♦♠♦ s❛❜❡♠♦s q✉❡ f ′′(x) ♥♦ ❡s ❝❡r♦ ✭❡st♦ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛s r❡❝t❛s t❛♥❣❡♥✲
t❡s✱ q✉❡ t❛♠❜✐é♥ s♦♥ s♦❧✉❝✐♦♥❡s ❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❈❧❛✐r❛✉t✮✱ ❝♦♥❝❧✉✐♠♦s q✉❡
g′(f ′(x)) = x✳ ❈♦♠♦ f ′ ❡s ❜✐②❡❝❝í♦♥ ❞❡ X ❛ P ✱ ② g′ ❡stá ❞❡✜♥✐❞❛ ❡♥ ❡❧ ❞♦✲
♠✐♥✐♦ ❞❡ g✱ q✉❡ ❡s P ✱ ❝♦♥❝❧✉✐♠♦s q✉❡ g′ ❡s ❜✐②❡❝t✐✈❛ ② q✉❡ ♣❛r❛ ❝❛❞❛ x s❡
t✐❡♥❡ f ′(x) = (g′)−1(x)✳ ❊st♦ s✐❣♥✐✜❝❛ q✉❡ g′ ❡s ❧❛ ❢✉♥❝✐ó♥ ✐♥✈❡rs❛ ❞❡ f ′✳ ❊st❛
r❡❧❛❝✐ó♥ ❡♥tr❡ f ② s✉ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❡❣❡♥❞r❡ g ❡s s✐♠étr✐❝❛✱ ❞❡ ♠♦❞♦ q✉❡
♣❛r❛ ♦❜t❡♥❡r f ✱ ❡♥t♦♥❝❡s✱ ❜❛st❛ ❝♦♥ tr❛♥s❢♦r♠❛r ♥✉❡✈❛♠❡♥t❡ ❛ g✳✷✻

❊♥ ❣❡♥❡r❛❧✱ s✐ f ❡stá ❞❡✜♥✐❞❛ ❡♥ ✉♥ s✉❜❝♦♥❥✉♥t♦ X ❞❡ ✉♥ ❡s♣❛❝✐♦ ❞❡
❞✐♠❡♥s✐ó♥ ✜♥✐t❛✱ ② s✉ ❞❡r✐✈❛❞❛ df : X → V ∗ ❡s ✐♥②❡❝t✐✈❛ ❝♦♥ ✐♠❛❣❡♥ P ✱
♣♦❞❡♠♦s ♣r♦❝❡❞❡r ❛♥á❧♦❣❛♠❡♥t❡✳ ❊♥ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❈❧❛✐r❛✉t

f(x) = dαf(x)x
α − g(df(x)),

q✉❡ ❡s ✉♥❛ ✐❣✉❛❧❞❛❞ ❡♥tr❡ ❢✉♥❝✐♦♥❡s ❞❡ X ❛ E✱ ♣♦❞❡♠♦s ❞❡r✐✈❛r ❛♠❜♦s
♠✐❡♠❜r♦s r❡s♣❡❝t♦ ❞❡ x ♦❜t❡♥✐❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❢✉♥❝✐♦♥❡s ❞❡ X ❛ V ∗

s✐❣✉✐❡♥t❡✿

dβf(x) = dβdαf(x)x
α + dαf(x) id

α
β −dαg(df(x))dβdαf(x)

✭② ❛q✉í ❧❛ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ g ❧❧❡✈❛ ✉♥ s✉♣❡rí♥❞✐❝❡ ❡♥ ❧✉❣❛r ❞❡ ✉♥ s✉❜í♥❞✐❝❡ ♣♦rq✉❡
❡❧ ❞♦♠✐♥✐♦ ❞❡ g ❡s ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ❝♦✈❡❝t♦r❡s✮✳ ❈❛♥❝❡❧❛♥❞♦✱ ♦❜t❡♥❡♠♦s

dβdαf(x)x
α = dαg(df(x))dβdαf(x).

❙✐ s❛❜❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ x ❧❛ ❞✐❢❡r❡♥❝✐❛❧ s❡❣✉♥❞❛ ❞❡ f ❡s ♥♦ ❞❡❣❡♥❡r❛❞❛✱
❧❧❡❣❛♠♦s ❛ q✉❡

x̂ = dg(df(x)),

❡♥ ❞♦♥❞❡ x̂ ∈ V ∗∗ ❡s ❧❛ ❡✈❛❧✉❛❝✐ó♥ ❡♥ x✳ ❊♥t♦♥❝❡s ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡
dg−1(x̂) = df(x)✱ ② q✉❡ f = g∗ ❝♦♠♦ ❛♥t❡s✳ ❘❡s✉♠✐❡♥❞♦✱ t❡♥❡♠♦s

❉❡✜♥✐❝✐ó♥ ✺✳✷✳✶✳ ❙❡❛ X ✉♥ s✉❜❝♦♥❥✉♥t♦ ❛❜✐❡rt♦ ❞❡ ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧
r❡❛❧ ❞❡ ❞✐♠❡♥s✐ó♥ ✜♥✐t❛ V ✱ s❡❛ E ✉♥❛ r❡❝t❛ ❛❢í♥ r❡❛❧✱ ② s❡❛ f : X → E ✉♥❛
❢✉♥❝✐ó♥ ❞❡r✐✈❛❜❧❡ t❛❧ q✉❡ df : X → V ∗ ❡s ✐♥✈❡rs✐❜❧❡ ❝♦♥ ✐♠❛❣❡♥ P ✳ ❊♥t♦♥❝❡s
s❡ ❞❡✜♥❡ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❡❣❡♥❞r❡ ❞❡ f ✱ q✉❡ ❡s ❧❛ ❢✉♥❝✐ó♥ f∗ : P → E

❞❛❞❛ ♣♦r

f∗(p) = px− f(x), ❞♦♥❞❡ x = df−1(p).

✷✻P✉❡❞❡ ♣r♦❜❛rs❡ q✉❡ s✐ f ❡s ❝♦♥✈❡①❛✱ ❡♥t♦♥❝❡s f∗ t❛♠❜✐é♥ ❧♦ ❡s✳
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❚❡♦r❡♠❛ ✺✳✷✳✷✳ ❙✐ ❛❞❡♠ás f ❡s ❞♦s ✈❡❝❡s ❞❡r✐✈❛❜❧❡✱ ② ♣❛r❛ ❝❛❞❛ x s❡ t✐❡♥❡

d2f(x) : V → V ∗ ✐♥✈❡rs✐❜❧❡✱ ❡♥t♦♥❝❡s df : X → P ❡s ✉♥ ❞✐❢❡♦♠♦r✜s♠♦✱ ②

P ❡s ❛❜✐❡rt♦✳ ❊♥t♦♥❝❡s g := f∗ ❡s ❞✐❢❡r❡♥❝✐❛❜❧❡✱ dg : P → V ∗∗ t✐❡♥❡ ♣♦r

✐♠❛❣❡♥ ❛ X̂✱ ② ♣❛r❛ ❝❛❞❛ x ∈ X s❡ t✐❡♥❡ df(x) = (g′)−1(x̂)✳ ❆❞❡♠ás✱ g t✐❡♥❡

tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❡❣❡♥❞r❡ g∗✱ q✉❡ r❡s✉❧t❛ ✐❣✉❛❧ ❛ f ✳

❖❜s❡r✈❛❝✐ó♥ ✺✳✷✳✸✳ ❙✐ ❡❧ ❞♦♠✐♥✐♦ ❞❡ f ❡s ❝♦♥✈❡①♦✱ ❡♥t♦♥❝❡s ❜❛st❛ ❝♦♥ s❛❜❡r
q✉❡ ❡♥ t♦❞♦ ♣✉♥t♦ x t❡♥❡♠♦s d2f(x) ♥♦ ❞❡❣❡♥❡r❛❞❛ ✭q✉❡ ❡s ❝❛s✐ ❧♦ ♠✐s♠♦
q✉❡ ❞❡❝✐r q✉❡ f ❡s ❡str✐❝t❛♠❡♥t❡ ❝♦♥✈❡①❛✮✱ ♣❛r❛ ❝♦♥❝❧✉✐r q✉❡ df t✐❡♥❡ ✐♠❛❣❡♥
❛❜✐❡rt❛ ② ❡s ❞✐❢❡♦♠♦r✜s♠♦✱ ② s❡ ♣✉❡❞❡ ❛♣❧✐❝❛r ❡❧ t❡♦r❡♠❛✳ ❙✐ f ❡s ✉♥❛ ❢♦r♠❛
❝✉❛❞rát✐❝❛ ♥♦ ❞❡❣❡♥❡r❛❞❛✱ ❡♥t♦♥❝❡s t❛♠❜✐é♥ s❡ ♣✉❡❞❡ ❛♣❧✐❝❛r ❡❧ t❡♦r❡♠❛✳

✺✳✸✳ ❉✐♥á♠✐❝❛ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❝♦t❛♥❣❡♥t❡✿ ❡❝✉❛❝✐♦♥❡s ❞❡ ❍❛✲
♠✐❧t♦♥

❆sí ❝♦♠♦ ❧❛ ❢✉♥❝✐ó♥ L ❡♥❝✐❡rr❛ ❡♥ s✉s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s ❡❧ ♣r♦❜❧❡♠❛
❞✐♥á♠✐❝♦✱ ❧❛ ❢✉♥❝✐ó♥ H = H(t, q, p)✱ q✉❡ ❡s ❧❛ tr❛♥s❢♦r♠❛❞❛ ▲❡❣❡♥❞r❡ ❞❡ L✱
t❛♠❜✐é♥ t✐❡♥❡ ❡st❛ ✐♥❢♦r♠❛❝✐ó♥✱ ② ♣♦❞❡♠♦s r❡❝♦♥str✉✐r ❧❛ ❞✐♥á♠✐❝❛ ❛ ♣❛rt✐r
❞❡ s✉s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s✳ ▲❛ ❢✉♥❝✐ó♥ H ❡stá ❞❡✜♥✐❞❛ ❝♦♠♦

H(t, q, p) = pαq̇
α − L (t, q, q̇) ,

❞♦♥❞❡ q̇ ❡stá ❡♥ ❢✉♥❝✐ó♥ ❞❡ (t, q, p) s❡❣ú♥ ❧❛ r❡❧❛❝✐ó♥ pα = ∂L
∂q̇α (t, q, q̇)✱ ♦ ♠ás

❡①♣❧í❝✐t❛♠❡♥t❡✱ q̇α =
(

∂L
∂q̇α (t, q)

)−1
(pα)✳ ❉✐❢❡r❡♥❝✐❛♥❞♦✱

dH = dpαq̇
α + pαdq̇

α − ∂L

∂t
dt− ∂L

∂qα
dqα − ∂L

∂q̇α
dq̇α

= −∂L
∂t
dt− ∂L

∂qα
dqα + q̇αdpα +

(

pα − ∂L

∂q̇α

)

dq̇α

= −∂L
∂t
dt− ∂L

∂qα
dqα + q̇αdpα.

❉❡ ❛q✉í ♦❜t❡♥❡♠♦s ❧❛s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s ❞❡ H✱ q✉❡ s♦♥

∂H

∂t
= −∂L

∂t
,

∂H

∂qα
= − ∂L

∂qα
,

∂H

∂pα
= q̇α.

❖❜s❡r✈❛❝✐ó♥ ✺✳✸✳✶✳ ❈♦♠♦ pα = ∂L
∂q̇α ② H ❡s ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❡❣❡♥❞r❡ ❞❡

L r❡s♣❡❝t♦ ❞❡ q̇✱ s❡ t✐❡♥❡ ∂H
∂pα

= q̇α✳

✻✺



❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ q✉❡ ❡♥ ✉♥ ♠♦✈✐♠✐❡♥t♦ s♦❧✉❝✐ó♥ s❡ s❛t✐s❢❛❝❡ ❧❛ ❡❝✉❛❝✐ó♥
❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ṗα = ∂L

∂qα ✱ ♣♦❞❡♠♦s r❡❡s❝r✐❜✐r ❧❛ s❡❣✉♥❞❛ ❡❝✉❛❝✐ó♥✱ ②
❡♥t♦♥❝❡s ❡❧ ♠♦✈✐♠✐❡♥t♦ q✉❡❞❛ ❞❡s❝r✐♣t♦ s❡❣ú♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❍❛♠✐❧t♦♥

ṗα = − ∂H

∂qα
, q̇α =

∂H

∂pα
. ✭✶✶✮

❖❜s❡r✈❛❝✐ó♥ ✺✳✸✳✷✳ ▲❛ s❡❣✉♥❞❛ ❡❝✉❛❝✐ó♥ s❡ ❝✉♠♣❧❡ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❝✉❛❧q✉✐❡r
♠♦✈✐♠✐❡♥t♦ ❡♥ ❡❧ ♠✉♥❞♦ ❞❡ ✐♠♣✉❧s♦s (t, q, p) q✉❡ s❡❛ ✐♠❛❣❡♥ ❞❡ ✉♥ ♠♦✲
✈✐♠✐❡♥t♦ ❡♥ ❡❧ ♠✉♥❞♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s (t, q, q̇) ✈✐❛ ❧❛ ❛s✐❣♥❛❝✐ó♥ p = ∂L

∂q̇ ✱ ②
♥♦ só❧♦ ❡♥ ❧♦s ♠♦✈✐♠✐❡♥t♦s s♦❧✉❝✐ó♥✳ ❊s ❞❡❝✐r✱ ❝♦♥♦❝✐❞❛ ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡ ❧❛s
❝♦♦r❞❡♥❛❞❛s (t, q) ❞❡ ✉♥ ♠♦✈✐♠✐❡♥t♦ C = C(t) ❡♥ M ✱ q✉❡❞❛♥ ❞❡t❡r♠✐♥❛❞❛s
s✉ ✈❡❧♦❝✐❞❛❞ Ċ✱ s✉ ✐♠♣✉❧s♦ p̃ = ∂L

∂q̇ (t, q, q̇) ② ∂H
∂p (t, q, p̃)✱ q✉❡ r❡s✉❧t❛ ✐❣✉❛❧ ❛

Ċ✳ P❡r♦ ❝♦♠♦ ∂H
∂p (t, q, p) ❞❡♣❡♥❞❡ ❜✐②❡❝t✐✈❛♠❡♥t❡ ❞❡ p ✭❧♦ ❝✉❛❧ ❡s ♥❡❝❡s❛r✐♦

♣❛r❛ ♣♦❞❡r ❛♥t✐tr❛♥s❢♦r♠❛r H ② ♦❜t❡♥❡r L✱ ② s❡ ❞❛ s✐❡♠♣r❡ q✉❡ L s❡❛ ❤✐✲
♣❡rr❡❣✉❧❛r✮✱ ✉♥ t✲♠♦✈✐♠✐❡♥t♦ (C,D) ❡♥ ❡❧ ♠✉♥❞♦ ❞❡ ✐♠♣✉❧s♦s q✉❡ ❝✉♠♣❧❛ ❧❛
❡❝✉❛❝✐ó♥ ∂H

∂p (t, C,D) = Ċ ❡s ✉♥ ♠♦✈✐♠✐❡♥t♦ ❝✉②♦ D t✐❡♥❡ ❡❧ ✈❛❧♦r ❝♦rr❡❝t♦

p = ∂L
∂q̇

(

t, C, Ċ
)

♣❛r❛ s✉ ✈❡❧♦❝✐❞❛❞ Ċ✳ ❊♥ ❝♦♥❝❧✉s✐ó♥✱ ❧❛ ❡❝✉❛❝✐ó♥ ∂H
∂p = q̇

❝❛r❛❝t❡r✐③❛ ❛ ❧♦s ♠♦✈✐♠✐❡♥t♦s ❡♥ ❡❧ ♠✉♥❞♦ ❞❡ ✐♠♣✉❧s♦s q✉❡ s♦♥ ✐♠❛❣❡♥ ❞❡
✉♥ ♠♦✈✐♠✐❡♥t♦ ❡♥ ❡❧ ♠✉♥❞♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ✈✐❛ ❧❛ ❛s✐❣♥❛❝✐ó♥ p = ∂L

∂q̇ (t, q, q̇)✳

✺✳✹✳ Pr✐♥❝✐♣✐♦ ✈❛r✐❛❝✐♦♥❛❧ ❢✉❡rt❡

❙❛❜❡♠♦s q✉❡ ✉♥ ♠♦✈✐♠✐❡♥t♦ C = C(t) ❡♥ M q✉❡ s❛t✐s❢❛❝❡ ❧❛ ❡❝✉❛❝✐ó♥
❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❡s ✉♥ ❡①tr❡♠❛❧ ❞❡ ❧❛ ❛❝❝✐ó♥

I =

∫ t1

t0

L (t, q, q̇) dt,

q✉❡ s❡ ♣✉❡❞❡ ❡s❝r✐❜✐r ❡♥ tér♠✐♥♦s ❞❡❧ ✐♠♣✉❧s♦ p = ∂L
∂q̇α ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❝♦♠♦

I =

∫ t1

t0

(pαq̇
α −H) dt.

❆q✉í ✈❡♠♦s q✉❡ ❧❛ ❛❝❝✐ó♥ I(C) ❡s ❧❛ ✐♥t❡❣r❛❧ ❞❡❧ ❝❛♠♣♦ ❞❡ ❝♦✈❡❝t♦r❡s θ̃ =
pαdq

α − Hdt ❡♥ ❧❛ ✐♠❛❣❡♥ ❞❡❧ ♠♦✈✐♠✐❡♥t♦ C ❡♥ ❡❧ ♠✉♥❞♦ ❞❡ ✐♠♣✉❧s♦s
(t, q, p)✳ ❊❧ ❝❛♠♣♦ θ̃ ❡✈❛❧✉❛❞♦ ❡♥ ✉♥ ♠♦✈✐♠✐❡♥t♦ s❡ ♣✉❡❞❡ ❡s❝r✐❜✐r ❝♦♠♦
θ̃ = (pαq̇

α −H) dt✱ ❞❛❞♦ q✉❡ ❧❛ ❝♦♠♣♦♥❡♥t❡ t❡♠♣♦r❛❧ ❞❡❧ ✈❡❝t♦r t❛♥❣❡♥t❡
❛ ✉♥ ♠♦✈✐♠✐❡♥t♦ ❡s ♥♦ ♥✉❧❛✳ ▲♦s ♠♦✈✐♠✐❡♥t♦s s♦❧✉❝✐ó♥ ❡♥ M s♦♥ ❡♥t♦♥❝❡s
❛q✉❡❧❧♦s q✉❡ ❡①tr❡♠✐③❛♥✱ ❛ ❡✈❡♥t♦s ❞❡ ❜♦r❞❡ (t0, q0) ② (t1, q1) ✜❥♦s✱ ❧❛ ✐♥t❡❣r❛❧
❞❡ θ̃ ✭❡✈❛❧✉❛❞❛ ❡♥ ❧❛ ✐♠❛❣❡♥ ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❡♥ ❡❧ ♠✉♥❞♦ ❞❡ ✐♠♣✉❧s♦s✮✳ P♦r
❧❛ ♦❜s❡r✈❛❝✐ó♥ ✺✳✸✳✷✱ ❡❧ ♣r♦❜❧❡♠❛ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛❧ ❞❡ ❜✉s❝❛r ✉♥ ♠♦✈✐♠✐❡♥t♦
❡♥ ❡❧ ♠✉♥❞♦ ❞❡ ✐♠♣✉❧s♦s q✉❡ ❡♠♣✐❡❝❡ ❝♦♥ (t, q) = (t0, q0) ② t❡r♠✐♥❡ ❝♦♥
(t, q) = (t1, q1) ✭② ❝✉❛❧q✉✐❡r ✐♠♣✉❧s♦✮✱ q✉❡ ❡♥ t♦❞♦ ♣✉♥t♦ t❡♥❣❛ ❡❧ ✈❛❧♦r ❞❡

✻✻



✐♠♣✉❧s♦ p ❞❡t❡r♠✐♥❛❞♦ ✐♠♣❧í❝✐t❛♠❡♥t❡ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ∂H
∂p (t, q, p) = q̇✱ ② q✉❡

❛❞❡♠ás ❡①tr❡♠✐❝❡ ❧❛ ✐♥t❡❣r❛❧ ❞❡ θ̃ ❞❡♥tr♦ ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ♠♦✈✐♠✐❡♥t♦s q✉❡
❝✉♠♣❧❡♥ ❡st❛s r❡str✐❝❝✐♦♥❡s✳

❆❤♦r❛ ❜✐❡♥✱ ❛❧ ❜✉s❝❛r ✉♥ t❛❧ ♠♦✈✐♠✐❡♥t♦ ❡①tr❡♠❛❧ ❡♥ ❡❧ ♠✉♥❞♦ ❞❡ ✐♠✲
♣✉❧s♦s✱ ♥♦t❛♠♦s q✉❡ ❧❛ ú❧t✐♠❛ r❡str✐❝❝✐ó♥ ❡s s✉♣❡r✢✉❛✱ ♣✉❡s ♣❛r❛ ❝✉❛❧q✉✐❡r
❡✈❡♥t♦ (t, q)✱ ❡❧ ✈❛❧♦r ❞❡ p q✉❡ ❡①tr❡♠✐③❛ θ̃ = pαdq

α−Hdt ❡s ❛q✉é❧ q✉❡ ❝✉♠♣❧❡
∂H
∂p = q̇✳ P❛r❛ ♣r♦❜❛r ❡st♦ r✐❣✉r♦s❛♠❡♥t❡✱ ❜❛st❛ ❝♦♥ ♥♦t❛r q✉❡ s✐ ❜✉s❝❛♠♦s

✉♥ ♠♦✈✐♠✐❡♥t♦ q✉❡ ❡①tr❡♠✐❝❡ ❧❛ ✐♥t❡❣r❛❧ ❞❡ θ̃ ✭❛❤♦r❛ ❝♦♥ p ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡
❧♦ q✉❡ ❤❛❣❛ q✮✱ ❛❧ ❤❛❝❡r ✈❛r✐❛❝✐♦♥❡s ❞❡ ❧❛ ❝♦♠♣♦♥❡♥t❡ p ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ✭❝♦♥
q ✜❥♦✮ ♥♦t❛♠♦s q✉❡ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡❧ ✐♥t❡❣r❛♥❞♦ θ̃ ❡stá ❞❛❞❛ ♣♦r

δθ̃ =

(

q̇αδpα − ∂H

∂pα
δpα
)

dt,

♣♦r ❧♦ q✉❡ ✉♥ ♠♦✈✐♠✐❡♥t♦ ❡①tr❡♠❛❧ ♥❡❝❡s❛r✐❛♠❡♥t❡ s❛t✐s❢❛❝❡ ❧❛ ❡❝✉❛❝✐ó♥
∂H
∂p = q̇✳ ❆sí ❧❧❡❣❛♠♦s ❛❧ ♣r✐♥❝✐♣✐♦ ✈❛r✐❛❝✐♦♥❛❧ ❢✉❡rt❡✱ s❡❣ú♥ ❡❧ ❝✉á❧ ✉♥ ♠♦✲
✈✐♠✐❡♥t♦ ❡♥ ❡❧ ♠✉♥❞♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s s❛t✐s❢❛❝❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡
s✐ ② só❧♦ s✐ s✉ ✐♠❛❣❡♥ ❡♥ ❡❧ ♠✉♥❞♦ ❞❡ ✐♠♣✉❧s♦s ❡s ♠♦✈✐♠✐❡♥t♦ ❡①tr❡♠❛❧ ❞❡
❧❛ ✐♥t❡❣r❛❧ ❞❡ θ̃ = pdq −Hdt✱ s✐♥ r❡str✐❝❝✐♦♥❡s ♣❛r❛ p✱ ② ❝♦♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡
❜♦r❞❡ (t0, q0) ② (t1, q1)✳

✺✳✺✳ ❉✐♥á♠✐❝❛ ❡♥ ✈❛r✐❡❞❛❞❡s s✐♠♣❧é❝t✐❝❛s

❈♦♠♦ ❛❤♦r❛ ❧❛s ✈❛r✐❛❜❧❡s t✱ q ② p s♦♥ ❝♦♠♣♦♥❡♥t❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡ ✉♥
❡✈❡♥t♦ x = (t, q, p) ❡♥ ❡❧ ♠✉♥❞♦ ❞❡ ✐♠♣✉❧s♦s✱ ❧❛ ❛❝❝✐ó♥ I✱ ❞❡✜♥✐❞❛ ❛❤♦r❛ ♣❛r❛
❝✉❛❧q✉✐❡r ♠♦✈✐♠✐❡♥t♦ C = C(t) ❡♥ ❡❧ ♠✉♥❞♦ ❞❡ ✐♠♣✉❧s♦s✱ ♣✉❡❞❡ ❡s❝r✐❜✐rs❡
❝♦♠♦

I(C) =

∫

Graf C
θ̃ =

∫ t1

t0

θ̃ǫẋ
ǫdt,

❞♦♥❞❡ ❧❛ ú❧t✐♠❛ ✐♥t❡❣r❛❧ ❡stá ❡✈❛❧✉❛❞❛ ❛ ❧♦ ❧❛r❣♦ ❞❡ x = C(t)✳ ❆❤♦r❛ ❜✐❡♥✱
❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ I r❡s♣❡❝t♦ ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ♣✉❡❞❡ ❡s❝r✐❜✐rs❡ ❡♥ tér♠✐♥♦s ❞❡ ❧❛
✷✲❢♦r♠❛ ❡①t❡r✐♦r ω̃λ,ǫ = d[λθ̃ǫ] ✭❧❛ ❞✐❢❡r❡♥❝✐❛❧ ❡①t❡r✐♦r ❞❡ θ̃✮ ❝♦♠♦

δI =

∫

Graf C
δ[λθ̃ǫ] =

∫

Graf C
d[λθ̃ǫ] δx

λ =

∫

Graf C
ω̃λ,ǫ δx

λ =

∫ t1

t0

ω̃λ,ǫ δx
λ ẋǫdt.

❊♥ ❡❢❡❝t♦✱ s✐ F = F (s, t) ❡s ✉♥❛ ❢❛♠✐❧✐❛ s✲♣❛r❛♠étr✐❝❛ ❞❡ t✲♠♦✈✐♠✐❡♥t♦s
❞❡✜♥✐❞♦s ❡♥ [t0, t1] q✉❡ ✈❛♥ ❞❡ q0 ❛ q1✱ t❡♥❡♠♦s ♣♦r ❡❧ t❡♦r❡♠❛ ❞❡ ❙t♦❦❡s q✉❡

I(Fs1)− I(Fs0) =

∫

[s0,s1]×[t0,t1]

(

F ∗
(

dθ̃
))

(ds ∧ dt)

=

∫

[s0,s1]×[t0,t1]

(

d[λθ̃ǫ](F )
∂F λ

∂s

∂F ǫ

∂t

)

(ds ∧ dt)

=

∫ 1

0

(∫ t1

t0

d[λθ̃ǫ](F )
∂F λ

∂s

∂F ǫ

∂t
dt

)

ds
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② ❡♥t♦♥❝❡s
d(I(F ))

ds
=

∫ t1

t0

d[λθ̃ǫ](F )
∂F ǫ

∂t

∂F λ

∂s
dt,

q✉❡ t❛♠❜✐é♥ s❡ ♣✉❡❞❡ ❡s❝r✐❜✐r ❝♦♠♦

δI =

∫ t1

t0

d[λθ̃ǫ] ẋ
ǫ δxλdt.

❊♥t♦♥❝❡s ✉♥ ♠♦✈✐♠✐❡♥t♦ s❡rá s♦❧✉❝✐ó♥ s✐ ② só❧♦ s✐ ❡❧ ❝♦✈❡❝t♦r ω̃λ,ǫẋ
ǫ ❡s ♥✉❧♦

❞✉r❛♥t❡ t♦❞♦ ❡❧ ♠♦✈✐♠✐❡♥t♦✳ ❈♦♠♦

ω̃ = dθ̃ = d(p dq −Hdt) = dp ∧ dq − dH ∧ dt,

❞❡✜♥✐❡♥❞♦ ω = dp ∧ dq✱ t❡♥❡♠♦s ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ♠♦✈✐♠✐❡♥t♦

ωλ,ǫ ẋ
ǫ = dλH dǫt ẋ

ǫ − dλt dǫH ẋǫ

= dλH − dλt
d(H(x))

dt
.

❆❧ ❞❡s❛rr♦❧❧❛r ❡st❛ ❡①♣r❡s✐ó♥ ❡♥ tér♠✐♥♦s ❞❡ ❧❛s ❝♦♠♣♦♥❡♥t❡s (t, q, p) s❡ ♦❜✲
t✐❡♥❡♥✱ ♣♦r s✉♣✉❡st♦✱ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❍❛♠✐❧t♦♥✱ q✉❡ ♥♦ r❡♣❡t✐r❡♠♦s✳ ❊♥
s✐st❡♠❛ ❛✉tó♥♦♠♦s✱ ❡♥ ❧♦s q✉❡ ∂H

∂t = 0✱ ❡❧ ❤❛♠✐❧t♦♥✐❛♥♦ ❡s ✉♥❛ ❝♦♥st❛♥t❡ ❞❡
♠♦✈✐♠✐❡♥t♦✱ ② ♣♦r ❧♦ t❛♥t♦ ❡❧ ú❧t✐♠♦ tér♠✐♥♦ s❡ ❛♥✉❧❛✱ q✉❡❞❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥
❞❡ ♠♦✈✐♠✐❡♥t♦ ❡♥ ❧❛ ❢♦r♠❛

ωλ,ǫẋ
ǫ = dλH,

♦ ❡s❝r✐t❛ s✐♥ í♥❞✐❝❡s
ω(−, ẋ) = dH.

❆q✉í ♣✉❡❞❡ ✐❣♥♦r❛rs❡ ❧❛ ❝♦♦r❞❡♥❛ t ② ♣❡♥s❛rs❡ q✉❡ ❡❧ ♠♦✈✐♠✐❡♥t♦ tr❛♥s❝✉✲
rr❡ ❡♥ ❧❛ ✈❛r✐❡❞❛❞ ❡s♣❛❝✐❛❧ ❞❡ ❧♦s ♣❛r❡s (q, p)✱ q✉❡ ❥✉♥t♦ ❝♦♥ ❧❛ ✷✲❢♦r♠❛ ♥♦
❞❡❣❡♥❡r❛❞❛ ω t✐❡♥❡ ❡str✉❝t✉r❛ ❞❡ ✈❛r✐❡❞❛❞ s✐♠♣❧é❝t✐❝❛✳
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