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❊❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦ tr❛t❛ ❞❡ ✉♥ ♣r♦❜❧❡♠❛ ❝♦♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ◆❡✉♠❛♥♥ q✉❡ t✐❡♥❡
❧❛ ♣❛rt✐❝✉❧❛r✐❞❛❞ ❞❡ ♣♦s❡❡r✱ ❡♥ s✉ ❡❝✉❛❝✐ó♥✱ ❧♦s ✈❛❧♦r❡s ❞❡s❝♦♥♦❝✐❞♦s ❞❡ ❧❛ ❢✉♥❝✐ó♥
❡♥ ❡❧ ❜♦r❞❡✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ s❡ t✐❡♥❡ ❧❛ ❡❝✉❛❝✐ó♥

y′′ =

(

ν+ + ν−√−ν+ν−

)

yy′ +
y3

2
+ δ

[

λl +
1

2
(y2(0)− y2(1))

]

xy

−
[

y2(0)

2
− λ

]

y − δ

[

λl +
1

2
(y2(0)− y2(1))

]

D, x ∈ [0, 1],

s✉❥❡t❛ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❝♦♥t♦r♥♦

y′(0) = y′(1) = 0,

❞♦♥❞❡ ν+, ν− ∈ Z, ν+ν− < 0 ② δ, λ, l ② D s♦♥ ❝♦♥st❛♥t❡s✳
❊st❛ ♠❡♥❝✐♦♥❛❞❛ ♣❛rt✐❝✉❧❛r✐❞❛❞ ❧❧❡✈❛ ❛ ❧❛ ✐♠♣♦s✐❜✐❧✐❞❛❞ ❞❡ tr❛t❛r ❡st❡ ♣r♦❜❧❡♠❛
❝♦♥ ❧♦s ♠ét♦❞♦s ❤❛❜✐t✉❛❧❡s ❞❡❧ ❛♥á❧✐s✐s ② s✉r❣❡ ❧❛ ♥❡❝❡s✐❞❛❞ ❞❡ ❛❜♦r❞❛r s✉ ❡st✉❞✐♦
❝♦♥ ♦tr❛s ❤❡rr❛♠✐❡♥t❛s✳ ❊❧ ♠ét♦❞♦ ♣r♦♣✉❡st♦ ❛ t❛❧ ❡❢❡❝t♦ ❡♥ ❧♦s tr❛❜❛❥♦s ❬✺❪ ②
❬✾❪✱ ❝♦♥ ❛♥t❡❝❡❞❡♥t❡s ❡♥ ❬✷❪✱ ❡s ✉♥ ▼ét♦❞♦ ❞❡ ❉✐s♣❛r♦ ♦ ❙❤♦♦t✐♥❣ ❜✐❞✐♠❡♥s✐♦♥❛❧✳

❊❧ ♣r♦❜❧❡♠❛ ❡♥ ❝✉❡st✐ó♥ s✉r❣❡ ❞❡ ❧❛ t❡♦rí❛ ❞❡ ❡❧❡❝tr♦❞✐❢✉s✐ó♥ ❞❡ ✐♦♥❡s ❛ tr❛✈és
❞❡ ✉♥❛ ❜❛rr❡r❛ ❞❡ ♠❛t❡r✐❛❧✱ ❝♦♥ ✈❛st♦s ❛♥t❡❝❡❞❡♥t❡s ❞❡ ❡st✉❞✐♦✱ ② ♠ú❧t✐♣❧❡s ❛♣❧✐✲
❝❛❝✐♦♥❡s ❡s♣❡❝✐❛❧♠❡♥t❡ ❡♥ ❡❧ ❝❛♠♣♦ ❞❡ ❧❛ ❇✐♦❧♦❣í❛✱ ❝♦♥ ✐♠♣♦rt❛♥t❡s ✐♠♣❧✐❝❛♥❝✐❛s
❡♥ ❢❡♥ó♠❡♥♦s ✜s✐♦❧ó❣✐❝♦s✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ❡♥ ❡❧ ❝❛♠♣♦ ❞❡ ❧❛ ◆❡✉r♦❧♦❣í❛✳

❊st❡ tr❛❜❛❥♦ ❞❡ ▲✐❝❡♥❝✐❛t✉r❛ ❝♦♠✐❡♥③❛ ❝♦♥ ❧❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡❧ ♣❛♣❡r ❞❡ ❍✳ ❘✳
▲❡✉❝❤t❛❣ ❬✶❪✱ ❡♥ ❡❧ ❝✉❛❧ s❡ ❞❡❞✉❝❡ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❛ ❧❛ ❝✉❛❧
♣❡rt❡♥❡❝❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❛rr✐❜❛ ♠❡♥❝✐♦♥❛❞❛✱ ❛ ♣❛rt✐r ❞❡❧ s✐st❡♠❛ ❞❡ ❡❝✉❛✲
❝✐♦♥❡s ❞❡ ◆❡r♥st✲P❧❛♥❝❦ ② ❧❛ ▲❡② ❞❡ ●❛✉ss✱ q✉❡ ❞❡s❝r✐❜❡ ✉♥❛ ♠❡③❝❧❛ ❛r❜✐tr❛r✐❛ ❞❡
✐♦♥❡s ❡♥ ❡st❛❞♦ ❡st❛❝✐♦♥❛r✐♦✳ ❈♦♥t✐♥ú❛ ❝♦♥ ❧♦s tr❛❜❛❥♦s ❞❡ ❍✳ ❇✳ ❚❤♦♠♣s♦♥ ❬✷❪ ②
❬✸❪✱ ❡♥ ❧♦s ❝✉❛❧❡s s❡ ❝❡♥tr❛ ❡❧ ❡st✉❞✐♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ❞♦s ✐♦♥❡s ❞❡ ❧❛
♠✐s♠❛ ✈❛❧❡♥❝✐❛ ② s❡ ❛rr✐❜❛ ❛ ❧❛ ♣r✉❡❜❛ ❞❡ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ s♦❧✉❝✐ó♥ ❡st❛❜❧❡❝✐❡♥❞♦
✉♥❛ ❝♦♥❞✐❝✐ó♥ ♣❛r❛ ❧♦s ♣❛rá♠❡tr♦s ❢ís✐❝♦s ✐♥✈♦❧✉❝r❛❞♦s✱ ② ❝✉❧♠✐♥❛ ❝♦♥ ❧♦s tr❛✲
❜❛❥♦s ❞❡ P✳❆♠st❡r✱ ▼✳❑✳❑✇♦♥❣ ② ❈✳❘♦❣❡rs ❬✺❪ ② ❬✾❪✱ ❡♥ ❧♦s q✉❡ ❡st❛ r❡str✐❝❝✐ó♥
❡s ❡❧✐♠✐♥❛❞❛ ♠❡❞✐❛♥t❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡❧ ♠❡♥❝✐♦♥❛❞♦ ❙❤♦♦t✐♥❣ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❝♦♥
✉♥ ❛r❣✉♠❡♥t♦ ❞❡ í♥❞✐❝❡ t♦♣♦❧ó❣✐❝♦✱ ❡st❛❜❧❡❝✐é♥❞♦s❡ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❡①✐st❡♥❝✐❛
❞❡ s♦❧✉❝✐ó♥ ♣❛r❛ ❧♦s ❝❛s♦s ❞❡ ✈❛❧❡♥❝✐❛s ✐❣✉❛❧❡s✱ ❡♥ ❡❧ ♣r✐♠❡r tr❛❜❛❥♦✱ ② ♣❛r❛ ❡❧
❝❛s♦ ❣❡♥❡r❛❧ ❞❡ ✈❛❧❡♥❝✐❛s ❞✐st✐♥t❛s✱ ❡♥ ❡❧ s❡❣✉♥❞♦✱ ❡♥ ❞♦♥❞❡ ❛❞❡♠ás s❡ ❞❡❞✉❝❡ ❧❛
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❡❝✉❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦✳
❙❡ ♣r❡s❡♥t❛ t❛♠❜✐é♥ ❛q✉í✱ ✉♥❛ s❡❝❝✐ó♥ ❞❡❞✐❝❛❞❛ ❛ ❝♦♠❡♥t❛r ❞✐❝❤♦ ♠ét♦❞♦ ❞❡ ❞✐s✲
♣❛r♦ ❡♥ ✉♥❛ ② ❞♦s ❞✐♠❡♥s✐♦♥❡s✱ q✉❡ s❡ ✉s❛ ❡♥ ❧❛ ♣r✉❡❜❛ ♣r✐♥❝✐♣❛❧ ❞❡ ❧❛ ❡①✐st❡♥❝✐❛✱
❝♦♥ ❧❛ ✜♥❛❧✐❞❛❞ ❞❡ ❢❛❝✐❧✐t❛r ❧❛ ❝♦♠♣r❡♥s✐ó♥ ❞❡❧ ♠✐s♠♦ ❛♣❧✐❝❛❞♦ ❛ ❡st❡ ♥♦✈❡❞♦s♦
♣r♦❜❧❡♠❛✳ ❙❡ ♠✉❡str❛♥ ❡❥❡♠♣❧♦s ❞❡❧ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ ② ❧✉❡❣♦ s✉ ❡①t❡♥s✐ó♥
❛❧ ❝❛s♦ ❜✐❞✐♠❡♥s✐♦♥❛❧✱ ❡❧ ❝✉❛❧ s❡ tr❛t❛✱ ❛❞❡♠ás✱ ❝♦♥ ❤❡rr❛♠✐❡♥t❛s ❜ás✐❝❛s ❞❡❧
❆♥á❧✐s✐s ❈♦♠♣❧❡❥♦✱ q✉❡ ❡s ❝♦♠♦ s❡ ✉t✐❧✐③❛ ❡♥ ❧❛s ❞❡♠♦str❛❝✐♦♥❡s✳
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✷✳ ❊❧ ♣r♦❝❡s♦ ❞❡ ❡❧❡❝tr♦❞✐❢✉s✐ó♥

✷✳✶✳ ■♥tr♦❞✉❝❝✐ó♥

❊❧ tr❛❜❛❥♦ ❞❡ ❍✳ ❘✳ ▲❡✉❝❤t❛❣ ❬✶❪ tr❛t❛ ❞❡ ❧❛ ❡❧❡❝tr♦❞✐❢✉s✐ó♥ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❡♥
ré❣✐♠❡♥ ❡st❛❝✐♦♥❛r✐♦ s✐♥ r❡str✐❝❝✐ó♥ ❡♥ ❡❧ ♥ú♠❡r♦ ❞❡ ✐♦♥❡s ♣r❡s❡♥t❡s✳ ❈♦♠♦ ❛❧❧í
s❡ ♠❡♥❝✐♦♥❛✱ ❧❛ t❡♦rí❛ ❞❡ ❡❧❡❝tr♦❞✐❢✉s✐ó♥ ❡s ✉♥❛ ❞❡s❝r✐♣❝✐ó♥ ♠❛❝r♦s❝ó♣✐❝❛ ❞❡❧
tr❛♥s♣♦rt❡ ❞❡ ♣❛rtí❝✉❧❛s ❝❛r❣❛❞❛s ❛ tr❛✈és ❞❡ ❜❛rr❡r❛s ❞❡ ♠❛t❡r✐❛❧✱ ♣♦r ✉♥❛ ❝♦♠✲
❜✐♥❛❝✐ó♥ ❞❡ ✢✉❥♦s ♠✐❣r❛t♦r✐♦s ② ❞✐❢✉s✐ó♥✱ q✉❡ t✐❡♥❡ s✉ ♦r✐❣❡♥ ❡♥ ❧❛ t❡♦rí❛ ❞❡ ❧❛
❥✉♥t✉r❛ ❧íq✉✐❞❛ ❞❡ ◆❡r♥st ② P❧❛♥❝❦✱ ❧❛ ❝✉❛❧ s❡ ❝♦♥✈✐❡rt❡ ❡♥ ❧❛ ❜❛s❡ ❞❡ ❧❛ t❡♦rí❛ ❞❡
❧❛ ♠❡♠❜r❛♥❛ ❞❡ ❇❡r♥st❡✐♥ ❞❡ ❧♦s ♣♦t❡♥❝✐❛❧❡s ♥❡r✈✐♦s♦s✳ ❈♦♠♦ ♠❡♥❝✐♦♥❛♥ ❧♦s ❛✉✲
t♦r❡s ❡♥ ❬✶✺❪✱ ❝♦♥ s✉s ❡st✉❞✐♦s s❡ ✐♥✐❝✐ó ❧❛ ❡❧❡❝tr♦✜s✐♦❧♦❣í❛ ♠♦❞❡r♥❛✳ ➱❧ ❞❡t❡r♠✐♥ó
❧❛s ❜❛s❡s ❡❧❡❝tr♦q✉í♠✐❝❛s ❞❡ ❧♦s ❢❡♥ó♠❡♥♦s ❜✐♦❡❧é❝tr✐❝♦s ② ❞❡s❞❡ s✉s tr❛❜❛❥♦s s❡
❤❛ r❡❝♦♥♦❝✐❞♦ ❡❧ ♣❛♣❡❧ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡❧ ♣♦t❛s✐♦ ✐♥tr❛❝❡❧✉❧❛r
❡♥ ❧❛ ❣❡♥❡r❛❝✐ó♥ ❞❡ ❧♦s ♣♦t❡♥❝✐❛❧❡s ❞❡ r❡♣♦s♦ ② ❞❡ ❧❡s✐ó♥ ❡♥ ♠ús❝✉❧♦ ② ♥❡r✈✐♦✳
❇❡r♥st❡✐♥ ❞❡s❛rr♦❧❧ó s✉ t❡♦rí❛ ♣❛r❛ ❡①♣❧✐❝❛r ❧♦s ❜✐♦♣♦t❡♥❝✐❛❧❡s ❞❡ ♠❡♠❜r❛♥❛ ❛
❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❧❛ ❤✐♣ót❡s✐s ❞❡ ❞✉ ❇♦✐s✲❘❡②♠♦♥❞✱ q✉✐❡♥ ❤❛❜í❛ ♣♦st✉❧❛❞♦ ❧❛ ❡①✐s✲
t❡♥❝✐❛ ❞❡ ♣❛rtí❝✉❧❛s ❡❧é❝tr✐❝❛s r❡❣✉❧❛r♠❡♥t❡ ♦r❞❡♥❛❞❛s ❛ ❧♦ ❧❛r❣♦ ❞❡ ❧❛ s✉♣❡r✜❝✐❡
❞❡❧ ♠ús❝✉❧♦ ② ❞❡❧ ♥❡r✈✐♦✳ ▲♦ ❤✐③♦ s♦❜r❡ ❧❛ ❜❛s❡ ❞❡ ❧♦s tr❛❜❛❥♦s ❞❡ ❖st✇❛❧❞ ② ❞❡
◆❡r♥st s♦❜r❡ ❧❛ ❞✐❢❡r❡♥❝✐❛ ❞❡ ♣♦t❡♥❝✐❛❧ ❡❧é❝tr✐❝♦ ❡♥tr❡ ❞♦s s♦❧✉❝✐♦♥❡s ❞❡❧ ♠✐s♠♦
❡❧❡❝tr♦❧✐t♦ ❛ ❞♦s ❝♦♥❝❡♥tr❛❝✐♦♥❡s ❞✐❢❡r❡♥t❡s✱ s❡♣❛r❛❞❛s ♣♦r ✉♥❛ ♠❡♠❜r❛♥❛ s❡❧❡❝✲
t✐✈❛♠❡♥t❡ ♣❡r♠❡❛❜❧❡✳ ❊❧ ❡❧❡❝tr♦❧✐t♦ ❞❡ ♠❛②♦r ♠♦✈✐❧✐❞❛❞ t❡♥❞❡rá ❛ ❛✈❛♥③❛r ♠ás
rá♣✐❞❛♠❡♥t❡ q✉❡ ❧♦s ❞❡♠ás✳ ❈r❡❛rá ♣✉❡s ✉♥ ❢r❡♥t❡ ❡❧é❝tr✐❝♦ ❞❡ s✉ ♠✐s♠♦ s✐❣♥♦✱
♠❛♥✐✜❡st♦ ❝♦♠♦ ✉♥❛ ❞✐❢❡r❡♥❝✐❛ ❞❡ ♣♦t❡♥❝✐❛❧ ❡❧é❝tr✐❝♦ ❡♥tr❡ ❧❛s ❞♦s s♦❧✉❝✐♦♥❡s✳
▲❛ ❞✐❢❡r❡♥❝✐❛ ❞❡ ♣♦t❡♥❝✐❛❧ ❣❡♥❡r❛❞❛ s❡ ♣✉❡❞❡ ❝❛❧❝✉❧❛r ♠❡❞✐❛♥t❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡✲
r✐✈❛❞❛ ♣♦r ◆❡r♥st✳ ❍❛ s✐❞♦ ✉s❛❞❛ ❡①t❡♥s❛♠❡♥t❡ ❡♥ ❧❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡ ♠❡♠❜r❛♥❛s
❜✐♦❧ó❣✐❝❛s ② ❧❛s ♠❡♠❜r❛♥❛s ❛rt✐✜❝✐❛❧❡s ❞✐s❡ñ❛❞❛s ♣❛r❛ ♠♦❞❡❧❛r❧❛s✳ ❆♣❧✐❝❛❝✐♦♥❡s
❡♥ s✐st❡♠❛s ❞❡ ♠❛t❡r✐❛ ❝♦♥❞❡♥s❛❞❛ ✐♥❝❧✉②❡♥ ❧❛s ❝♦rr✐❡♥t❡s ❧✐♠✐t❛❞❛s ❞❡ ❝❛r❣❛
❡s♣❛❝✐❛❧ ✭❙♣❛❝❡ ❈❤❛r❣❡ ▲✐♠✐t❡❞ ❈✉rr❡♥ts✮ ❡♥ ❞✐❡❧é❝tr✐❝♦s só❧✐❞♦s✳ ❋ór♠✉❧❛s ✈✐♥✲
❝✉❧❛❞❛s ❛♣❛r❡❝❡♥ ❡♥ ❡❧ ❡st✉❞✐♦ ❞❡ ❧❛ ✐♥❡st❛❜✐❧✐❞❛❞ ❞❡ ❝♦rr✐❡♥t❡s ❞✐s✐♣❛t✐✈❛s ❡♥ ❧❛
❢ís✐❝❛ ❞❡❧ ♣❧❛s♠❛✳
❙❡ r❡❧❛t❛✱ ❡♥ ❧❛ r❡❢❡r❡♥❝✐❛ ❬✶❪✱ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡✲
r❡♥❝✐❛❧❡s ♥♦ ❧✐♥❡❛❧❡s q✉❡ s✉r❣❡♥ ❞❡ s✉ ❢♦r♠✉❧❛❝✐ó♥ ② q✉❡ ❞❡s❝r✐❜❡♥ r❡❣í♠❡♥❡s
❡st❛❝✐♦♥❛r✐♦s ❞❡ ❡❧❡❝tr♦❞✐❢✉s✐ó♥ ❞❡ ❛r❜✐tr❛r✐❛ ❝♦♠♣❧❡❥✐❞❛❞✱ s✐❡♥❞♦ ❡❧ ♦r❞❡♥ ❞❡ ❧❛
❡❝✉❛❝✐ó♥ ✐❣✉❛❧ ❛❧ ♥ú♠❡r♦ ❞❡ ❞✐❢❡r❡♥t❡s ❝❛r❣❛s ♣r❡s❡♥t❡s ❡♥ ❡❧ s✐st❡♠❛✳
❈♦♠♦ s❡ ♠❡♥❝✐♦♥❛ ❡♥ ❬✷❪✱ ❡♥ r❡❢❡r❡♥❝✐❛ ❛ s✉ tr❛❜❛❥♦ ❞❡ ✶✾✽✽ ❬✸❪✱ ❡❧ ♣r♦❜❧❡♠❛ ❞❡
✈❛❧♦r❡s ❞❡ ❝♦♥t♦r♥♦ s✉r❣❡ ♥❛t✉r❛❧♠❡♥t❡ ❞❡❧ ❡st✉❞✐♦ ❞❡ ❧❛ ❝♦♥❞✉❝❝✐ó♥ ♥❡r✈✐♦s❛✱
❞❡❧ ❝✉❛❧ ❡❧ ♣r♦❜❧❡♠❛ ❢ís✐❝♦ ❡s✱ ❜ás✐❝❛♠❡♥t❡✱ ❡❧ ❡st✉❞✐♦ ❞❡ ❞♦s ✐♦♥❡s ❝♦♥ ❧❛ ♠✐s♠❛
✈❛❧❡♥❝✐❛ ❞✐❢✉♥❞✐é♥❞♦s❡ ② ♠✐❣r❛♥❞♦ ❛ tr❛✈és ❞❡ ✉♥❛ ❥✉♥t✉r❛ ❧íq✉✐❞❛ t❛❧ ❝♦♠♦ ✉♥❛
♠❡♠❜r❛♥❛✳ ▲❛ ❥✉♥t✉r❛ s❡♣❛r❛ ❞♦s ❝♦♠♣❛r❛t✐✈❛♠❡♥t❡ ❣r❛♥❞❡s r❡s❡r✈♦r✐♦s ❡❧é❝✲
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tr✐❝❛♠❡♥t❡ ♥❡✉tr♦s ❝❛❞❛ ✉♥♦ ❞❡ ❡❧❧♦s ❝♦♠♣✉❡st♦ ❞❡ ❡❧❡❝tr♦❧✐t♦s q✉❡ ❝♦♥t✐❡♥❡♥
❡s♣❡❝✐❡s ❞❡ ✐♦♥❡s t❛❧❡s ❝♦♠♦ s♦❞✐♦ ② ❝❧♦r✉r♦✳ ▲♦s ❞❡♣ós✐t♦s s♦♥ ❛❣✐t❛❞♦s ♣❛r❛
♠❛♥t❡♥❡r ❝♦♥st❛♥t❡s ❧❛s ❞✐❢❡r❡♥t❡s ❝♦♥❝❡♥tr❛❝✐♦♥❡s ❞❡ ❧♦s ✐♦♥❡s ❞❡ ❞✐st✐♥t❛s ❡s✲
♣❡❝✐❡s q✉❡ t✐❡♥❡♥✱ ❛ s✉ ✈❡③✱ ❞✐st✐♥t❛s ❝♦♥st❛♥t❡s ❞❡ ❞✐❢✉s✐ó♥✳ ❈♦♠♦ ❧❛ ❝♦♥st❛♥t❡
❞❡ ❞✐❢✉s✐ó♥ ② ❡❧ ❣r❛❞✐❡♥t❡ ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡t❡r♠✐♥❛♥ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❞✐❢✉s✐ó♥
❞❡ ✉♥❛ ❞❛❞❛ ❡s♣❡❝✐❡ ❛ tr❛✈és ❞❡ ❧❛ ❥✉♥t✉r❛✱ ❛♣❛r❡❝❡ ✉♥ ❝❛♠♣♦ ❡❧é❝tr✐❝♦ E✳ P♦r
❧❛ ▲❡② ❞❡ ●❛✉ss✱ ❡st❡ ❝❛♠♣♦ ❡❧é❝tr✐❝♦ ✈❛rí❛ ❡♥ ♣r♦♣♦r❝✐ó♥ ❛ ❧❛s ❞✐❢❡r❡♥t❡s ❝♦♥✲
❝❡♥tr❛❝✐♦♥❡s ❧♦❝❛❧❡s ❞❡ ❧❛s ❡s♣❡❝✐❡s ❞❡ ✐♦♥❡s✳ ❊❧ ❝❛♠♣♦ ❡❧é❝tr✐❝♦ ❡❥❡r❝❡ ✉♥❛ ❢✉❡r③❛
❡q✉✐❧✐❜r❛♥t❡ s♦❜r❡ ❧♦s ✐♦♥❡s✳ P❛r❛ r❡s❡r✈♦r✐♦s ❣r❛♥❞❡s✱ s❡ ❛❧❝❛♥③❛ ✉♥ ❡st❛❞♦ ❡st❛✲
❝✐♦♥❛r✐♦ ❡♥ ❡❧ q✉❡ ♠❛❝r♦s❝ó♣✐❝❛♠❡♥t❡ ❤❛② tr❛♥s❢❡r❡♥❝✐❛ ♥❡t❛ ❞❡ ♠❛s❛ ♣❡r♦ ♥♦ ❞❡
❝❛r❣❛ ② ♣♦r ❧♦ t❛♥t♦ ♥♦ ❤❛② ❝♦rr✐❡♥t❡ ❡❧é❝tr✐❝❛ ❛ tr❛✈és ❞❡ ❧❛ ❥✉♥t✉r❛✳ ❊❧ ♥ú♠❡r♦
❞❡ ✐♦♥❡s s❡ ❝♦♥s❡r✈❛✳ ❈♦♥ ❞♦s ❡s♣❡❝✐❡s ❞❡ ✐♦♥❡s ❡st❡ ♠♦❞❡❧♦ ❞❡ ❡st❛❞♦ ❡st❛❝✐♦✲
♥❛r✐♦ ❞❛ ❧✉❣❛r ❛ ✉♥ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ♣❛r❛ ❧❛s ❝♦♥❝❡♥tr❛❝✐♦♥❡s
✐ó♥✐❝❛s ② ❧❛ ✐♥t❡♥s✐❞❛❞ ❞❡❧ ❝❛♠♣♦ ❡❧é❝tr✐❝♦✳

✷✳✷✳ ❯♥❛ ❢❛♠✐❧✐❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s s✉r❣✐❞❛ ❞❡ ❧❛

❡❧❡❝tr♦❞✐❢✉s✐ó♥ ♠✉❧t✐✐ó♥✐❝❛✳

❆q✉í ❛❜♦r❞❛♠♦s ❡❧ ❛♥á❧✐s✐s ❞❡❧ tr❛❜❛❥♦ ❞❡ ▲❡✉❝❤t❛❣ ❬✶❪✱ q✉❡ ❞❡s❝r✐❜❡✱ s♦♠❡r❛✲
♠❡♥t❡✱ ❡❧ ♣r♦❝❡s♦ ❞❡ ❞✐❢✉s✐ó♥ ② ❛rr❛str❡ ❞❡ ✉♥❛ ♠❡③❝❧❛ ❞❡ ✐♦♥❡s ❛r❜✐tr❛r✐❛ ❡♥
ré❣✐♠❡♥ ❞❡ ❡st❛❞♦ ❡st❛❝✐♦♥❛r✐♦ ❡♥ ❧❛ ❥✉♥t✉r❛✱ ♠❡❞✐❛♥t❡ ❡❧ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s
❞❡ ◆❡r♥st✲P❧❛♥❝❦ ② ❧❛ ▲❡② ❞❡ ●❛✉ss✱ q✉❡ ❝✉❧♠✐♥❛ ♠♦str❛♥❞♦ s✉ ❡q✉✐✈❛❧❡♥❝✐❛ ❝♦♥
✉♥❛ s✐♠♣❧❡ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ♦r❞✐♥❛r✐❛ ❝✉②♦ ♦r❞❡♥ ❡s ✐❣✉❛❧ ❛❧ ♥ú♠❡r♦ ❞❡ ❧❛s
❞✐st✐♥t❛s ❝❛r❣❛s ✐ó♥✐❝❛s ♣r❡s❡♥t❡s ❡♥ ❡❧ s✐st❡♠❛✳

✷✳✷✳✶✳ ❉❡s❝r✐♣❝✐ó♥ ❞❡❧ ♣r♦❝❡s♦

❈♦♠♦ s❡ ❝✐t❛ ❡♥ ❡❧ ♠❡♥❝✐♦♥❛❞♦ tr❛❜❛❥♦✱ ❡s ❝♦♥✈❡♥✐❡♥t❡ ❞✐✈✐❞✐r ❧♦s ✐♦♥❡s ♣r❡s❡♥t❡s
❡♥ ❡❧ s✐st❡♠❛ ❞❡ ❞✐❢✉s✐ó♥✲❛rr❛str❡✱ ❡♥ ❝❧❛s❡s ❞❡ ❧❛ ♠✐s♠❛ ❝❛r❣❛ qi✳ ▲❛s ❞✐❢❡r❡♥t❡s
❡s♣❡❝✐❡s ♣❡rt❡♥❡❝✐❡♥t❡s ❛ ✉♥❛ ❞❛❞❛ ❝❧❛s❡ ❞❡ ❝❛r❣❛ s❡ ✐♥❞❡①❛♥ ♣♦r j✳

▲❛s ❞♦s ❡❝✉❛❝✐♦♥❡s q✉❡ ❞❡s❝r✐❜❡♥ ❡❧ s✐st❡♠❛ ❞❡ ❡❧❡❝tr♦❞✐❢✉s✐ó♥ ❡♥ ❡st❛❞♦ ❡st❛❝✐♦✲
♥❛r✐♦ s♦♥ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ◆❡r♥st✲P❧❛♥❝❦

Jij = −qiuijθ
dNij

dX
+ uijq

2
iENij, 1 ≤ i ≤ m ✭✷✳✷✳✶✮

❧❛ ❝✉❛❧ ❡st❛❜❧❡❝❡ q✉❡ ❧❛ ❞❡♥s✐❞❛❞ ❞❡ ❝♦rr✐❡♥t❡ Jij ❞❡❜✐❞❛ ❛❧ ✐ó♥ ij s❡ ❝♦♠♣♦♥❡
❞❡ ✉♥ tér♠✐♥♦ ❞❡❜✐❞♦ ❛ ❧❛ ❞✐❢✉s✐ó♥ ② ♦tr♦ ❞❡❜✐❞♦ ❛ ❧❛ ♠✐❣r❛❝✐ó♥ ♣♦r ❡❢❡❝t♦ ❞❡

✹



❛rr❛str❡ ❞❡❧ ❝❛♠♣♦ ❡❧é❝tr✐❝♦ E✱ ② ❧❛ ▲❡② ❞❡ ●❛✉ss

dE

dX
=

4π

ǫ

m
∑

i=1

ki
∑

j=1

qiNij. ✭✷✳✷✳✷✮

❊♥ ést❛s ❤❡♠♦s ❧❧❛♠❛❞♦ X ❛ ❧❛ ❝♦♦r❞❡♥❛❞❛ ♥♦r♠❛❧ ❛❧ ❜♦r❞❡ ♣❧❛♥♦✱ Nij ❡s ❧❛
❞❡♥s✐❞❛❞ ❞❡ ✐♦♥❡s ✐❥ ✭♦ s❡❛✱ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ✐♦♥❡s ♣♦r ✉♥✐❞❛❞ ❞❡ ✈♦❧✉♠❡♥✮✱ uij

❡s ❧❛ ♠♦✈✐❧✐❞❛❞ ❞❡ ❧♦s ✐♦♥❡s ij✱ ǫ ❡s ❧❛ ❝♦♥st❛♥t❡ ❞✐❡❧é❝tr✐❝❛ ② θ ❧❛ t❡♠♣❡r❛t✉r❛
❡①♣r❡s❛❞❛ ❡♥ ✉♥✐❞❛❞❡s ❞❡ ❡♥❡r❣í❛ ✭♦ s❡❛✱ θ = kBT ✱ ❞♦♥❞❡ kB ❡s ❧❛ ❝♦♥st❛♥t❡ ❞❡
❇♦❧t③♠❛♥♥✱ ② T ❧❛ t❡♠♣❡r❛t✉r❛ ❛❜s♦❧✉t❛ ♠❡❞✐❞❛ ❡♥ ❣r❛❞♦s ❑❡❧✈✐♥✮✳ ❊st❛s tr❡s
ú❧t✐♠❛s ♠❛❣♥✐t✉❞❡s s❡ s✉♣♦♥❡♥ ❝♦♥st❛♥t❡s ❛ ❧♦ ❧❛r❣♦ ❞❡ ❧❛ ♠❡♠❜r❛♥❛✳
❊♥ ré❣✐♠❡♥ ❡st❛❝✐♦♥❛r✐♦✱ ② ❡♥ ❛✉s❡♥❝✐❛ ❞❡ ❢✉❡♥t❡s ♦ s✉♠✐❞❡r♦s✱ s❡ s✉♣♦♥❡ q✉❡ ❧❛s
❞❡♥s✐❞❛❞❡s ❞❡ ❝♦rr✐❡♥t❡s Jij s♦♥ t❛♠❜✐é♥ ✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡ X✳
■♠♣❧í❝✐t❛ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✷✳✶✮ ❡stá ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❊✐♥st❡✐♥ Dij = uijθ✱ ❧❛ ❝✉❛❧
r❡❧❛❝✐♦♥❛ ❧❛ ♠♦✈✐❧✐❞❛❞ uij ❝♦♥ ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉s✐ó♥ Dij✳

❊❧ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❡s♣❡❝✐❡s ✐ó♥✐❝❛s ❡s
m
∑

i=1

ki ✭♣♦r ❝❛❞❛ ❝❛r❣❛ qi ❤❛② ki ❡s♣❡❝✐❡s

❞✐❢❡r❡♥t❡s ❞❡ ✐♦♥❡s ❝♦♥ ❡s❛ ❝❛r❣❛✮✳
▲❛s ✐♥t❡r❛❝❝✐♦♥❡s ❡♥tr❡ ❧♦s ✐♦♥❡s ❞❡ ❞✐❢❡r❡♥t❡s ❡s♣❡❝✐❡s ♥♦ ❡stá ♣r❡s❡♥t❡ ❡♥ ❧❛
❡❝✉❛❝✐ó♥ ✭✷✳✷✳✶✮✱ ♣❡r♦ s✉r❣❡ ❞❡❧ ❛❝♦♣❧❛♠✐❡♥t♦ ❡❧❡❝tr♦stát✐❝♦✱ ❛ tr❛✈és ❞❡ ❧❛ ❧❡② ❞❡
●❛✉ss✳
❊♥ ❡❧ ❡st✉❞✐♦ ❞❡ ❧❛s ♠❡♠❜r❛♥❛s✱ ❧❛s ❝❛♥t✐❞❛❞❡s ❞❡ ✐♥t❡rés ❛ ♦❜s❡r✈❛r ❡♥ ❧♦s ❞❛t♦s
❡①♣❡r✐♠❡♥t❛❧❡s s♦♥ ❧❛ ❞✐❢❡r❡♥❝✐❛ ❞❡ ♣♦t❡♥❝✐❛❧ ❡❧é❝tr✐❝♦

V = −
L
∫

0

E dX, ✭✷✳✷✳✸✮

❞♦♥❞❡ L ❡s ❡❧ ❡s♣❡s♦r ❞❡ ❧❛ ♠❡♠❜r❛♥❛✱ ② ♣♦r ♦tr♦ ❧❛❞♦✱ ❧❛ ❝♦rr✐❡♥t❡ ♥❡t❛ ❛ tr❛✈és
❞❡ ❧❛ ♠❡♠❜r❛♥❛ ✭r❡❧❛❝✐♦♥❛❞❛ ❝♦♥ ❧❛ ♠❛❣♥✐t✉❞ ♠✐❝r♦s❝ó♣✐❝❛ J✮✳
❊♥ ❡st❡ ❡st✉❞✐♦ s❡ ♠✉❡str❛ q✉❡ ❡❧ s✐st❡♠❛ ❞❡ m ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❛❝♦♣❧❛❞❛s
❞❡ ✭✷✳✷✳✶✮✱ ♠ás ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✷✳✷✮ s❡ ♣✉❡❞❡♥ r❡❞✉❝✐r ❛ ✉♥❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧
s✐♠♣❧❡ ❞❡ ♦r❞❡♥ m ❞❡♣❡♥❞✐❡♥t❡ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ E✳ ▲❛s ❡❝✉❛❝✐♦♥❡s ✭✷✳✷✳✶✮ ② ✭✷✳✷✳✷✮
❝♦♥st✐t✉②❡♥ ✉♥ s✐st❡♠❛ ♥♦ ❧✐♥❡❛❧✱ ❛sí q✉❡ ❧❛s s♦❧✉❝✐♦♥❡s ♥♦ ❡stá♥ s✉❥❡t❛s ❛ s✉♣❡r✲
♣♦s✐❝✐ó♥ ♥✐ ❛ ♠✉❧t✐♣❧✐❝❛❝✐ó♥ ♣♦r ✉♥❛ ❝♦♥st❛♥t❡✳ ❙✐♥ ❡♠❜❛r❣♦✱ ♣❛r❛ ✉♥ ❛r❜✐tr❛r✐♦
α 6= 0✱ s✐ s❡ ❞❡✜♥❡ ❧❛ tr❛♥s❢♦r♠❛❝✐ó♥ Tα ♣♦r

X −→ α−1X

V −→ V

E −→ αE

N −→ α2N

J −→ α3J

✺



s❡ ♣✉❡❞❡ ✈❡r ❢á❝✐❧♠❡♥t❡ q✉❡ ❡❧ s✐st❡♠❛ ❞❡✜♥✐❞♦ ♣♦r ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✷✳✷✳✶✮ ❛ ✭✷✳✷✳✸✮
❡s ✐♥✈❛r✐❛♥t❡ ♣❛r❛ Tα✱ ❛sí ❡s q✉❡ ❞❡ ❝✉❛❧q✉✐❡r s♦❧✉❝✐ó♥ ❞❛❞❛ ♣✉❡❞❡♥ ❣❡♥❡r❛rs❡ ✉♥❛
✐♥✜♥✐❞❛❞ ❞❡ s♦❧✉❝✐♦♥❡s ❛❞✐❝✐♦♥❛❧❡s✳ ❊❧ ❝♦♥❥✉♥t♦ ❞❡ tr❛♥s❢♦r♠❛❝✐♦♥❡s Tα ❢♦r♠❛ ✉♥
❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ ❞♦♥❞❡ TαTβ = Tαβ✱ T1 ❡s ❧❛ ✐❞❡♥t✐❞❛❞ ② T 1

α

❧❛ ✐♥✈❡rs❛ ❞❡ Tα✳

✷✳✷✳✷✳ ❋♦r♠❛ ❛❞✐♠❡♥s✐♦♥❛❧

▲❛s ❡❝✉❛❝✐♦♥❡s ✭✷✳✷✳✶✮ ② ✭✷✳✷✳✷✮ s❡ ♣✉❡❞❡♥ ❡s❝r✐❜✐r✱ ❞❡ ♠❛♥❡r❛ ❡q✉✐✈❛❧❡♥t❡✱ ❡♥
❢♦r♠❛ ❛❞✐♠❡♥s✐♦♥❛❧✱ s✉♣r✐♠✐❡♥❞♦ s✐♠✉❧tá♥❡❛♠❡♥t❡ ❡❧ s✉❜í♥❞✐❝❡ j ✭❧♦ ❝✉❛❧ ♠✉❡str❛
q✉❡ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡❧ s✐st❡♠❛ r❡✢❡❥❛ ❧❛s ❝❧❛s❡s ❞❡ ❝❛r❣❛s ♣r❡s❡♥t❡s ♠ás q✉❡
❧❛s ❡s♣❡❝✐❡s ❞❡ ✐♦♥❡s ❞✐❢❡r❡♥t❡s✱ ❛✉♥q✉❡ ❡st♦ ❞❡❜❡ s❡r ❥✉st✐✜❝❛❞♦ ❡♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s
❞❡ ❜♦r❞❡✮✳ ❊♥ ❡❢❡❝t♦✱ s✐ q0 ❡s ❡❧ q✉❛♥t✉♠ ❞❡ ❝❛r❣❛ ❡❧é❝tr✐❝❛ ✭q0 = 1,6 10−19C✮✱
❡♥t♦♥❝❡s νi = qi/q0 ❡s ❧❛ ✈❛❧❡♥❝✐❛ ❝♦♥ s✐❣♥♦ ❞❡❧ ✐ó♥ ✭s✐❡♥❞♦ qi 6= qk ② ♣♦r ❧♦ t❛♥t♦
νi 6= νk✱ s✐ i 6= k✮✳ P❛r❛ ✉♥❛ ✉♥✐❞❛❞ ❞❡ ❞❡♥s✐❞❛❞ ❞❡ ✐♦♥❡s ❛r❜✐tr❛r✐❛ N0✱ s❡ ❞❡✜♥❡
❧❛ ▲♦♥❣✐t✉❞ ❞❡ ❉❡❜②❡ λ✱ ❝♦♠♦

λ =

√

ǫθ

4πq20N0

.

❙❡❛♥ ❛❤♦r❛✱

ni =
1

N0

ki
∑

j=1

Nij,

❡s ❞❡❝✐r✱ s❡ s✉♠❛♥ ❧❛s ❞❡♥s✐❞❛❞❡s ❞❡ ❝♦♥❝❡♥tr❛❝✐♦♥❡s ❞❡ ❧❛s ❞✐st✐♥t❛s ❡s♣❡❝✐❡s ❞❡
✐♦♥❡s ❞❡ ❝❛r❣❛ qi ✭❞❡ ❧❛s q✉❡ ❤❛② ki✮ ② s❡ ♦❜t✐❡♥❡ ✉♥❛ ❝❛♥t✐❞❛❞ r❡❧❛t✐✈❛ ❞❡ ✐♦♥❡s
❞❡ ❝❛r❣❛ qi r❡s♣❡❝t♦ ❞❡ ❧❛ ✉♥✐❞❛❞ ❞❡ ❞❡♥s✐❞❛❞ N0✳
❨ s❡❛♥

ci =
λ

N0qiθ

ki
∑

j=1

Jij
uij

,

p =
q0λ

θ
E,

x =

(

X

λ

)

+ x1,

✭✷✳✷✳✹✮

❞♦♥❞❡ x1 ❡s ✉♥❛ ❝♦♥st❛♥t❡ ❛ ❞❡✜♥✐r✳
❊♥ ❡st❛s ✉♥✐❞❛❞❡s ❛❞✐♠❡♥s✐♦♥❛❧❡s✱ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✷✳✷✳✶✮ ② ✭✷✳✷✳✷✮ s❡ ✈✉❡❧✈❡♥

dni

dx
= νipni − ci, 1 ≤ i ≤ m

dp

dx
=

m
∑

i=1

νini.
✭✷✳✷✳✺✮

✻



✷✳✷✳✸✳ ▲♦s ❝❛s♦s ❞❡ ✉♥❛ ② ❞♦s ❝❛r❣❛s

❊❧ ❝❛s♦ ❞❡ ✉♥ s♦❧♦ ✐♦♥ ❢✉❡ r❡s✉❡❧t♦ ♣♦r ❋✳ ❇♦r❣♥✐s ❡♥ ✶✾✸✻✱ ❡♥ ❬✶✵❪✱ ② ❍✳ ❨✳ ❋❛♥
❡♥ ❬✶✶❪✱ ✐♥tr♦❞✉❥♦ ❧❛ ♠ás ❝♦♥✈❡♥✐❡♥t❡ ❢♦r♠❛ ❞❡ ❢✉♥❝✐ó♥ ❞❡ ❆✐r② ❞❡ ❧❛ s♦❧✉❝✐ó♥ ❡♥
✶✾✹✽✳ ❍✳ ❘✳ ▲❡✉❝❤t❛❣ ② ❏✳ ❈✳ ❙✇✐❤❛rt ❡♥ ❬✶✷❪ s❡ñ❛❧❛r♦♥ q✉❡ ❧❛ s♦❧✉❝✐ó♥ ♣❛r❛ ✉♥
ú♥✐❝♦ ✐♦♥ s❡ ♣✉❡❞❡ ❣❡♥❡r❛❧✐③❛r ❛❧ ❝❛s♦ ❞❡ ❧♦s ✐♦♥❡s ❞❡ ✉♥❛ s♦❧❛ ❝❛r❣❛✱ ❧❧❛♠❛❞♦
❡❧ ❝❛s♦ ❤♦♠♦✈❛❧❡♥t❡✳ ▲❛s ❞❡♥s✐❞❛❞❡s ❞❡ ✐♦♥❡s ✐♥❞✐✈✐❞✉❛❧❡s ♣✉❡❞❡ s❡r r❡❝✉♣❡r❛❞❛s
♠❡❞✐❛♥t❡ ❡❧ ✉s♦ ❞❡ ✉♥❛ ❢ór♠✉❧❛ ♦❜t❡♥✐❞❛ ♣♦r ❘✳ ❙❝❤❧ö❣❧ ❡♥ ❬✶✸❪✳

❈♦♥ m = 1✱ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✷✳✷✳✺✮ s❡ ✈✉❡❧✈❡♥

n′ = νpn− c,

p′ = νn,
✭✷✳✷✳✻✮

❞♦♥❞❡ ❧♦s ❛♣óstr♦❢♦s ❞❡♥♦t❛♥ ❧❛s ❞❡r✐✈❛❞❛s r❡s♣❡❝t♦ ❞❡ x✳ ❉❡s♣❡❥❛♥❞♦ n ❞❡ ❧❛
s❡❣✉♥❞❛ ② r❡❡♠♣❧❛③❛♥❞♦ ❡♥ ❧❛ ♣r✐♠❡r❛ ❞❛ n′ = pp′ − c✱ ❡ ✐♥t❡❣r❛♥❞♦ s❡ t✐❡♥❡

n =
1

2
p2 − cx, ✭✷✳✷✳✼✮

❡♥ ❞♦♥❞❡ s❡ ❤❛ ✉s❛❞♦ ❧❛ ❝♦♥st❛♥t❡ x1 ❞❡ ❧❛ ú❧t✐♠❛ ❡❝✉❛❝✐ó♥ ❞❡ ❧❛s ✭✷✳✷✳✹✮ ♣❛r❛
❛❜s♦r❜❡r ❧❛ ❝♦♥st❛♥t❡ ❞❡ ✐♥t❡❣r❛❝✐ó♥✳ ▲✉❡❣♦✱ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❡q✉✐✈❛❧❡♥t❡
❛❧ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ❞❡ ✭✷✳✷✳✻✮ ♥♦s q✉❡❞❛

p′ =
1

2
νp2 − νcx. ✭✷✳✷✳✽✮

❊st❛ ❡❝✉❛❝✐ó♥ ❡s ❡❧ ♣r✐♠❡r ♠✐❡♠❜r♦ ❞❡ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s q✉❡
s❡ ❞❡s❝r✐❜❡ ❡♥ ❡st❡ tr❛❜❛❥♦ ❝✐t❛❞♦ ✭❬✶❪✮✱ ❞♦♥❞❡ s❡ ♦♠✐t❡ ❧❛ r❡❝♦♥✈❡rs✐ó♥ ❛ ✈❛r✐❛❜❧❡s
❢ís✐❝❛s✳

P❛r❛ ✉♥ s✐st❡♠❛ q✉❡ ❝♦♥t✐❡♥❡ ✐♦♥❡s ❞❡ ❞♦s ❞✐❢❡r❡♥t❡s ✈❛❧❡♥❝✐❛s✱ m = 2✱ ② ❧❛s
❡❝✉❛❝✐♦♥❡s ✭✷✳✷✳✺✮ s❡ ✈✉❡❧✈❡♥

n′
1 = ν1pn1 − c1, ✭✷✳✷✳✾✮

n′
2 = ν2pn2 − c2, ✭✷✳✷✳✶✵✮

p′ = ν1n1 + ν2n2. ✭✷✳✷✳✶✶✮

❙✉♠❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✷✳✷✳✾✮ ② ✭✷✳✷✳✶✵✮✱ ♦❜t❡♥❡♠♦s

n′
1 + n′

2 = (ν1n1 + ν2n2)p− (c1 + c2),

❝♦♥ ❧♦ q✉❡ t❡♥❡♠♦s q✉❡

ν1n1 + ν2n2 =
1

p
(n′

1 + n′
2 + c), donde c = c1 + c2.

✼



❘❡❡♠♣❧❛③❛♥❞♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✷✳✶✶✮✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r p✱ t❡♥❡♠♦s

p′p = n′
1 + n′

2 + c

❧❛ ❝✉❛❧✱ ✐♥t❡❣r❛♥❞♦ ♥♦s ❞❛

1

2
p2 = n1 + n2 + cx, ✭✷✳✷✳✶✷✮

❝♦♥ ❧♦ ❝✉❛❧✱ ❞❡s♣❡❥❛♥❞♦ n2 ② s✉st✐t✉②é♥❞♦❧❛ ❡♥ ✭✷✳✷✳✶✶✮✱ ♥♦s ❞❛

p′ =
1

2
ν2p

2 + (ν1 − ν2)n1 − ν2cx

❉❡ ❡st❛ ú❧t✐♠❛ ❡❝✉❛❝✐ó♥✱ ♦❜t❡♥❡♠♦s✱ ♣♦r ✉♥ ❧❛❞♦✱

n1 =
p′ − 1

2
ν2p

2 + ν2cx

ν1 − ν2
✭✷✳✷✳✶✸✮

② ♣♦r ♦tr♦ ❧❛❞♦✱ ❞❡r✐✈á♥❞♦❧❛✱

p′′ = ν2pp
′ + (ν1 − ν2)n

′
1 − ν2c ✭✷✳✷✳✶✹✮

❘❡❡♠♣❧❛③❛♥❞♦ ❛❤♦r❛ ❡❧ ✈❛❧♦r ❞❡ n1✱ ♦❜t❡♥✐❞♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✷✳✶✸✮✱ ❡♥ ❧❛ ❡❝✉❛✲
❝✐ó♥ ✭✷✳✷✳✾✮✱ t❡♥❡♠♦s

n′
1 =

ν1pp
′ − 1

2
ν1ν2p

3 + ν1ν2cxp

ν1 − ν2
,

❧❛ ❝✉❛❧✱ r❡❡♠♣❧❛③❛❞❛ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✷✳✶✹✮✱ ♥♦s ❞❛ ❧❛ ❞❡s❡❛❞❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥✲
❝✐❛❧ ❡♥ p✱

p′′ − (ν1 + ν2)pp
′ +

1

2
ν1ν2p

3 − ν1ν2cxp+ ν1c1 + ν2c2 = 0 ✭✷✳✷✳✶✺✮

❊st❡ ❡s ❡❧ s❡❣✉♥❞♦ ♠✐❡♠❜r♦ ❞❡ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ✱ ❧❛ ❝✉❛❧ ❢✉❡
❞❡r✐✈❛❞❛ ♣♦r ▲✳ ❏✳ ❇r✉♥❡r ❡♥ ✶✾✻✺ ♣❛r❛ ✉♥ ✐ó♥ ♣♦s✐t✐✈♦ ② ♦tr♦ ♥❡❣❛t✐✈♦✳ ❈♦♥
✐♦♥❡s ❞❡ ✐❣✉❛❧❡s ❝❛r❣❛s ② s✐❣♥♦s ♦♣✉❡st♦s✱ ❡❧ s❡❣✉♥❞♦ tér♠✐♥♦✱ q✉❡ ❝♦♥t✐❡♥❡ ❛
ν1 + ν2✱ s❡ ❛♥✉❧❛✱ ✈❡rs✐ó♥ q✉❡ ✭♣❛r❛ ±1✮ ❢✉❡ ♦❜t❡♥✐❞❛ ♣♦r ▲✳ ❇❛ss ❡♥ ✶✾✻✹ ② ♣♦r
❍✳ ❈♦❤❡♥ ② ▲✳ ❲✳ ❈♦♦❧❡② ❡♥ ✶✾✻✺✳

✷✳✷✳✹✳ ●❡♥❡r❛❧✐③❛❝✐ó♥ ❛ ✉♥ s✐st❡♠❛ ❞❡ ✐♦♥❡s

❊❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ♣❛r❛ ✉♥ s✐st❡♠❛ ❞❡ ✐♦♥❡s ❝♦♥ ✉♥ ♥ú♠❡r♦ ❛r❜✐tr❛r✐♦ ❞❡ ❝❛r❣❛s
❞✐❢❡r❡♥t❡s ❡s ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞✐r❡❝t❛ ❞❡ ❡st♦s ❝❛s♦s ❡s♣❡❝✐❛❧❡s✱ ❝♦♠♦ ♣✉❡❞❡
✈❡rs❡ ❡♥ ❬✶❪✱ ❞♦♥❞❡ s❡ ♦❜s❡r✈❛ q✉❡ ❧❛ ❝♦♠♣❧❡❥✐❞❛❞ ❞❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡❧ s✐st❡♠❛
❡♥ ré❣✐♠❡♥ ❡st❛❝✐♦♥❛r✐♦ ❞❡♣❡♥❞❡ ❞❡ ❡st❡ ♥ú♠❡r♦ ❞❡ ❞✐st✐♥t❛s ❝❛r❣❛s✳ ❊❧ s✐st❡♠❛
❞❡ ❡❝✉❛❝✐♦♥❡s ✭✷✳✷✳✶✮ ② ✭✷✳✷✳✷✮✱ ♣❛r❛ m ❝❛r❣❛s✱ s❡ ❞❡s❝r✐❜❡ ♣♦r ✉♥❛ ❡❝✉❛❝✐ó♥
❞✐❢❡r❡♥❝✐❛❧ ❞❡ ♦r❞❡♥ m✱ ❞❡❞✉❝✐❞❛ ❡♥ ❬✶❪✱ ❞♦♥❞❡ ❛❞❡♠ás s❡ ♠✉❡str❛♥ ❧❛ t❡r❝❡r❛ ②
❝✉❛rt❛ ❡❝✉❛❝✐♦♥❡s ❞❡ ❧❛ ❢❛♠✐❧✐❛✳

✽



✷✳✸✳ ❊①✐st❡♥❝✐❛ ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡ ✈❛❧♦r❡s ❞❡ ❝♦♥t♦r♥♦ ❡♥

❡❧❡❝tr♦❞✐❢✉s✐ó♥ ❞❡ ❞♦s ✐♦♥❡s

❊♥ ❡❧ tr❛❜❛❥♦ ❞❡ ❍✳ ❇✳ ❚❤♦♠♣s♦♥ ❬✷❪✱ q✉❡ ❡♥ ❡st❛ ♣❛rt❡ ❞❡ ❡st❛ s❡❝❝✐ó♥ s❡ ❛♥❛❧✐③❛✱
q✉❡ ❡①t✐❡♥❞❡ ② ✉♥✐✜❝❛ ❡❧ ❛♥t❡r✐♦r ♣r♦♣✐♦ ❞❡❧ ❛ñ♦ ✶✾✽✽ ❬✸❪✱ s❡ ❝♦♥s✐❞❡r❛ ❡❧ ♣r♦❜❧❡♠❛
❞❡ ✈❛❧♦r❡s ❞❡ ❜♦r❞❡

y′′(x) = y(x)

{

λ− y2(0)− y2(x)

2
+

[

lλ+
y2(0)− y2(1)

2

]

x

}

−
[

lλ+
y2(0)− y2(1)

2

]

D, x ∈ [0, 1], ✭✷✳✸✳✶✮

y′(0) = 0, y′(1) = 0. ✭✷✳✸✳✷✮

❡❧ ❝✉❛❧ s✉r❣❡ ❝✉❛♥❞♦ ❞♦s ✐♦♥❡s ❞❡ ❧❛ ♠✐s♠❛ ✈❛❧❡♥❝✐❛ ♠✐❣r❛♥ ② s❡ ❞✐❢✉♥❞❡♥ ❛
tr❛✈és ❞❡ ✉♥❛ ❥✉♥t✉r❛ ❧íq✉✐❞❛ ❜❛❥♦ ❧❛ ✐♥✢✉❡♥❝✐❛ ❞❡ ✉♥ ❝❛♠♣♦ ❡❧é❝tr✐❝♦ E✳ ❆q✉í
y ❡s ♣r♦♣♦r❝✐♦♥❛❧ ❛❧ ❝❛♠♣♦ ❡❧é❝tr✐❝♦ E ②✱ ❞❡s♣✉és ❞❡ r❡❡s❝❛❧❛r✱ ❧❛ ❥✉♥t✉r❛ ♦❝✉♣❛
❧❛ r❡❣✐ó♥ 0 ≤ x ≤ 1✳ ▲♦s ♣❛rá♠❡tr♦s l✱ λ ② D✱ s♦♥ ❢✉♥❝✐♦♥❡s ❞❡ ❧❛s ❝♦♥st❛♥t❡s
❢ís✐❝❛s ❞❡❧ ♣r♦❜❧❡♠❛✱ s✐❡♥❞♦ ❡❧ r❛♥❣♦ ❞❡ ✐♥t❡rés ❢ís✐❝♦ l, λ > 0 ② −1 < D < 1✳

✷✳✸✳✶✳ ❊❧ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s ❞❡ ❜♦r❞❡

❈♦♠♦ s❡ ♠❡♥❝✐♦♥❛ ❡♥ ❬✷❪✱ ❡♥ ❡❧ tr❛❜❛❥♦ ❛♥t❡r✐♦r ❬✸❪✱ s❡ ♠✉❡str❛ q✉❡ s✐ y ❡s s♦❧✉❝✐ó♥
♣❛r❛ ❧♦s ♣❛rá♠❡tr♦s l, D, λ✱ ❡♥t♦♥❝❡s −y ❧♦ ❡s ♣❛r❛ ♣❛rá♠❡tr♦s l,−D, λ✳ ▲✉❡❣♦✱
❛q✉í s❡ ❝♦♥s✐❞❡r❛ ❡❧ ❝❛s♦ l, λ,D > 0✳ P❛r❛ ❡st❡ ❝❛s♦✱ s❡ ♣r♦❜ó q✉❡ s✐ ❡①✐st❡ ✉♥❛
❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ m q✉❡ ❝✉♠♣❧❡

m(λ− m2

2
)− lλD − m2D

2
> 0, ✭✷✳✸✳✸✮

❡♥t♦♥❝❡s ❡①✐st❡ ❛❧ ♠❡♥♦s ✉♥❛ y✱ s♦❧✉❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❛❞♦ ♣♦r ❧❛s ❡❝✉❛❝✐♦♥❡s
✭✷✳✸✳✶✮✲✭✷✳✸✳✷✮✱ q✉❡ ❝✉♠♣❧❡ 0 < y < m ② q✉❡ ❡s ❡str✐❝t❛♠❡♥t❡ ❞❡❝r❡❝✐❡♥t❡✳
▲❛ ♣r✉❡❜❛ ❞❡ ❡①✐st❡♥❝✐❛ ✉s❛ s✉♣❡r ② s✉❜ s♦❧✉❝✐♦♥❡s ❥✉♥t♦ ❝♦♥ ❡❧ ♣r✐♥❝✐♣✐♦ ❞❡❧
♠á①✐♠♦ ♣❛r❛ ♦❜t❡♥❡r ✉♥❛ ❝♦t❛ ❛ ♣r✐♦r✐ ♥❡❝❡s❛r✐❛ ♣❛r❛ ❛♣❧✐❝❛r ❧❛ t❡♦rí❛ ❞❡ ❣r❛❞♦✱
❧♦ ❝✉❛❧ r❡q✉✐❡r❡ q✉❡

m(1 +
l

2
)− lD > 0.

❚❛♠❜✐é♥ ❡♥ ♦tr♦ r❡s✉❧t❛❞♦ ❞❡❧ ♠✐s♠♦ tr❛❜❛❥♦ ✭❚❡♦r❡♠❛ ✹✳✷ ❞❡ ❬✸❪✮✱ s❡ ♣r♦❜ó ❧❛
❡①✐st❡♥❝✐❛ ❞❡ s♦❧✉❝✐♦♥❡s ❝✉❛♥❞♦ ❛❧ ♠❡♥♦s ✉♥♦ ❞❡ ❧♦s ♣❛rá♠❡tr♦s l ♦ D s♦♥ ♣❡q✉❡✲
ñ♦s✱ ✉s❛♥❞♦ ♠ét♦❞♦ ❞❡ ❞✐s♣❛r♦ ✭s❤♦♦t✐♥❣✮ ② ❡❧ t❡♦r❡♠❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ✐♠♣❧í❝✐t❛✳

✾



❆sí✱ ❧❛ ❡①✐st❡♥❝✐❛ ❢✉❡ ❡st❛❜❧❡❝✐❞❛ ♣❛r❛ ✉♥ ❣r❛♥ r❛♥❣♦ ❞❡ ✈❛❧♦r❡s ❞❡ ❧♦s ♣❛rá♠❡tr♦s
❞❡ ✐♥t❡rés ❢ís✐❝♦✳

❊♥ ❬✷❪✱ s❡ ❝♦♥s✐❞❡r❛ ❡❧ ♣r♦❜❧❡♠❛ só❧♦ ❡♥ ❡❧ ❝❛s♦ l, D, λ > 0✳ ❯s❛♥❞♦ ❡❧ ♣r✐♥❝✐♣✐♦
❞❡❧ ♠á①✐♠♦ s❡ ♦❜t✐❡♥❡ ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✷✳✸✳✶ ❙❡❛♥ l, D, λ > 0✳ ❊❧ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s ❞❡ ❝♦♥t♦r♥♦ ✭✷✳✸✳✶✮✲
✭✷✳✸✳✷✮ ♥♦ t✐❡♥❡ s♦❧✉❝✐♦♥❡s ♥❡❣❛t✐✈❛s ② ❧❛s s♦❧✉❝✐♦♥❡s ♣♦s✐t✐✈❛s s♦♥ ❡str✐❝t❛♠❡♥t❡
❞❡❝r❡❝✐❡♥t❡s ② s❛t✐s❢❛❝❡♥

0 < y(1) ≤ y(0) ≤ (1 + l)y(1). ✭✷✳✸✳✹✮

❉❡♠✳❚❡♦r❡♠❛ ✷✳✸✳✶ ❙✐ ❧❧❛♠❛♠♦s

γ = lλ+
y20 − y21

2
y h(x, y) = λ− y20 − y2

2
+ γx,

r❡❡♠♣❧❛③❛♥❞♦ ❡♥ ✭✷✳✸✳✶✮✱ t❡♥❡♠♦s q✉❡

y′′ = yh(x, y)− γD,

y′′(0) = y0λ− γD,

y′′(1) = y1λ(1 + l)− γD

❧❧❛♠❛♥❞♦ y0 ❛ y(0)✱ y1 ❛ y(1)✱ ② ✉s❛♥❞♦ q✉❡ h(0, y0) = λ ② h(1, y1) = λ(1 + l)✳

❙❡❛ ② ✉♥❛ s♦❧✉❝✐ó♥✳ ❈♦♠♦ y′(0) = 0 = y′(1)✱ s✐ ② t✐❡♥❡ ✉♥ ♠á①✐♠♦ ❧♦❝❛❧ ❡♥ t ②
✉♥ ♠í♥✐♠♦ ❧♦❝❛❧ ❡♥ ✉✱

y′(t) = 0 y y′(u) = 0, mientras que y′′(t) ≤ 0 ≤ y′′(u).

❙✉♣♦♥❣❛♠♦s q✉❡ ❡①✐st❡ ②✭①✮✱ ✉♥❛ s♦❧✉❝✐ó♥ ♥❡❣❛t✐✈❛✱ ② ❝♦♥s✐❞❡r❡♠♦s ♣r✐♠❡r♦ q✉❡
γ > 0✳ ❊♥t♦♥❝❡s✱

y′′(0) = y0λ− γD < 0, dado que y0 ≤ 0.

❈♦♠♦ y′(0) = 0✱ ❧❛ s♦❧✉❝✐ó♥ ② t✐❡♥❡ ✉♥ ♠í♥✐♠♦ ♥❡❣❛t✐✈♦ ❡♥ u > 0 ✭♣✉❡s y′′(0) <
0✮✱ ❝♦♥ y(u) < y0 ≤ 0✳
❊♥t♦♥❝❡s✱ h(u, y(u)) > h(0, y0) = λ✱ ❞❛❞♦ q✉❡ ❤ ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❞❡❝r❡❝✐❡♥t❡ ❡♥ ②✱
♣✉❡s

∂h

∂y
= 2y ≤ 0, si y ≤ 0, y

∂h

∂y
< 0, si y < 0.

P♦r ❧♦ t❛♥t♦✱ s❡ t✐❡♥❡ q✉❡

0 ≤ y′′(u) = y(u)h(u, y(u))− γD < y0λ− γD < 0,

✶✵



✉♥❛ ❝♦♥tr❛❞✐❝❝✐ó♥✳

❙✉♣♦♥❣❛♠♦s ❡♥t♦♥❝❡s q✉❡ γ ≤ 0✳ ❊♥t♦♥❝❡s ❡s

lλ+
y20 − y21

2
≤ 0 =⇒ y20 − y21

2
≤ −lλ < 0 =⇒ y20 < y21,

❧✉❡❣♦✱ ❞❛❞♦ q✉❡ ② ❡s ♥❡❣❛t✐✈❛✱

y1 < y0 ≤ 0. ✭✷✳✸✳✺✮

❈♦♠♦ ② ❛❧❝❛♥③❛ ✉♥ ♠á①✐♠♦ ❡♥ t✱ s❡ t✐❡♥❡ q✉❡ y′′(t) ≤ 0✱ ② ❝♦♠♦ 0 ≥ y(t) ≥ y0✱
s❡ t✐❡♥❡ q✉❡ h(t, y(t)) ≤ h(0, y0) = λ✱ ❛sí q✉❡

y0λ− γD ≤ y(t)h(t, y(t))− γD = y′′(t) ≤ 0.

❊♥t♦♥❝❡s✱
y0λ ≤ γD. ✭✷✳✸✳✻✮

❆❤♦r❛✱ ② t✐❡♥❡ s✉ ♠í♥✐♠♦ ❡♥ ✉✱ ❝♦♥ y(u) ≤ y1 ≤ 0✱ ❝♦♥ y′′(u) ≥ 0✳
❈♦♠♦ 0 ≥ y1 ≥ y(u)✱ h(u, y(u)) ≥ h(1, y1) = λ(1 + l)− γD.✱ ❡♥t♦♥❝❡s

y1λ(1 + l) ≥ γD ≥ y0λ,

② ❡♥t♦♥❝❡s ❞❡ ✭✷✳✸✳✻✮✱ s❡ t✐❡♥❡ q✉❡

0 ≥ y1(1 + l) ≥ y0,

❡♥ ❝♦♥tr❛❞✐❝❝✐ó♥ ❝♦♥ ✭✷✳✸✳✺✮✳

▲✉❡❣♦✱ ♥♦ ❡①✐st❡♥ s♦❧✉❝✐♦♥❡s ♥❡❣❛t✐✈❛s✳ P♦r ❧♦ t❛♥t♦✱ ♣♦❞❡♠♦s t❡♥❡r ♦ ❜✐❡♥ s♦❧✉✲
❝✐♦♥❡s ♣♦s✐t✐✈❛s✱ ♦ ❜✐❡♥ s♦❧✉❝✐♦♥❡s q✉❡ ✐♥✐❝✐❛❧♠❡♥t❡ ❧♦ s♦♥ ② q✉❡ ❧✉❡❣♦ s❡ ✈✉❡❧✈❡♥
♥❡❣❛t✐✈❛s✳

P❛r❛ ❞❡♠♦str❛r ❧❛ s❡❣✉♥❞❛ ♣❛rt❡ ❞❡❧ t❡♦r❡♠❛✱ s✉♣♦♥❣❛♠♦s ❡♥t♦♥❝❡s q✉❡ t❡♥❡♠♦s
✉♥❛ s♦❧✉❝✐ó♥ y ≥ 0✱ ②✱ ♥✉❡✈❛♠❡♥t❡✱ s✉♣♦♥❣❛♠♦s ♣r✐♠❡r♦ q✉❡ γ ≤ 0✳ ❊♥t♦♥❝❡s✱
0 ≤ y0 ≤ y1✱ ② ❝♦♥s✐❞❡r❡♠♦s ✉♥❛ ✈❡③ ♠ás q✉❡ ② t✐❡♥❡ ✉♥ ♠á①✐♠♦ ❡♥ t✳ ❊♥t♦♥❝❡s✱
y′′(t) ≤ 0✱ ② y(t) ≥ y1✳ ▲✉❡❣♦✱ h(t, y(t)) ≥ h(1, y1) = λ(1 + l) > 0 ✭❞❛❞♦ q✉❡
❛❤♦r❛ ∂h

∂y
= 2y ≥ 0✮✱ ② ♣♦r ❧♦ t❛♥t♦✱

0 ≥ y(t)h(t, y(t))− γD ≥ y1λ(1 + l)− γD.

❙✐♠✐❧❛r♠❡♥t❡✱ ❝♦♥s✐❞❡r❛♠♦s ✉♥ ♠í♥✐♠♦ ❞❡ ② ❡♥ ✉✱ ❝♦♥ 0 ≤ y(u) ≤ y0 ② y′′(u) ≥
0✳ ❊♥t♦♥❝❡s ❛❝á t❡♥❡♠♦s q✉❡ h(u, y(u)) ≤ h(0, y0) = λ✱ ❛sí q✉❡

0 ≤ y(u)h(u, y(u))− γD ≤ y0λ− γD,

✶✶



② ♣♦r ❧♦ t❛♥t♦✱
y0 ≥ y1(1 + l) ≥ 0,

❡♥ ❝♦♥tr❛❞✐❝❝✐ó♥ ❝♦♥ ❧♦ s✉♣✉❡st♦✳

❆sí✱ ❛rr✐❜❛♠♦s ❛ q✉❡ γ > 0 ② s❡❣✉✐❞❛♠❡♥t❡ ♠♦str❡♠♦s q✉❡ ❧❛ s♦❧✉❝✐ó♥ ❡s ❡str✐❝✲
t❛♠❡♥t❡ ❞❡❝r❡❝✐❡♥t❡✳
❙✉♣♦♥❣❛♠♦s q✉❡ ♥♦ ❧♦ ❡s✳ ❊♥t♦♥❝❡s ② t✐❡♥❡ ✉♥ ♠í♥✐♠♦ ❧♦❝❛❧ ❡♥ ✉ ② ✉♥ ♠á①✐♠♦
❧♦❝❛❧ ❡♥ t✱ ❝♦♥ t > u✱ y(t) ≥ y(u) ≥ 0✱ ② ❝♦♥ y′′(u) = y(u)h(u, y(u))− γD ≥ 0 ≥
y′′(t)✳ ❊♥t♦♥❝❡s✱ h(t, y(t)) > h(u, y(u)) ≥ 0✱ ❛sí q✉❡

0 ≥ y(t)h(t, y(t))− γD > y(u)h(u, y(u))− γD ≥ 0,

✉♥❛ ❝♦♥tr❛❞✐❝❝✐ó♥✳
P♦r ❧♦ t❛♥t♦✱ ② ❡s ❡str✐❝t❛♠❡♥t❡ ❞❡❝r❡❝✐❡♥t❡✳

P❛r❛ ♠♦str❛r q✉❡ 0 < y(1) ≤ y(0) ≤ (1 + l)y(1), ❡s s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡
y(0) ≤ y(1)(1 + l)✱ ❞❛❞♦ q✉❡ ② ❡s ❡str✐❝t❛♠❡♥t❡ ❞❡❝r❡❝✐❡♥t❡✳
❈♦♠♦ ② t✐❡♥❡ s✉ ♠á①✐♠♦ ❡♥ ✵ ② s✉ ♠í♥✐♠♦ ❡♥ ✶✱

y′′(0) = y0λ− γD ≤ y1λ(1 + l)− γD = y′′(1),

② ❡❧ r❡s✉❧t❛❞♦ ❡s ✐♥♠❡❞✐❛t♦✳�

❚❛♠❜✐é♥ s❡ t✐❡♥❡ ❡❧ r❡s✉❧t❛❞♦ s✐❣✉✐❡♥t❡ ♣❛r❛ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ s♦❧✉❝✐ó♥✱ ❝✉②❛ ❞❡✲
♠♦str❛❝✐ó♥ ♥♦ ✐♥❝❧✉í♠♦s✱ q✉❡ ♣✉❡❞❡ ✈❡rs❡ ❡♥ ❬✷❪✿

❚❡♦r❡♠❛ ✷✳✸✳✷ ❙✐ ♠ ❡s ✉♥❛ s♦❧✉❝✐ó♥ ♣♦s✐t✐✈❛ ❞❡

mλ−
[

lλ+
m2

2

(

1− 1

(1 + l)2

)]

D ≥ 0, ✭✷✳✸✳✼✮

❡♥t♦♥❝❡s ❡❧ ♣r♦❜❧❡♠❛ ✭✷✳✸✳✶✮✲✭✷✳✸✳✷✮ t✐❡♥❡ ✉♥❛ s♦❧✉❝✐ó♥ ❡str✐❝t❛♠❡♥t❡ ❞❡❝r❡❝✐❡♥t❡
s❛t✐s❢❛❝✐❡♥❞♦ 0 ≤ y ≤ m ② ✭✷✳✸✳✹✮✳

◆♦t❛✳ ❖❜s❡r✈❛♠♦s q✉❡ ✭✷✳✸✳✼✮ s❡ ❝✉♠♣❧❡ s✐ ② só❧♦ s✐

λ ≥ 2l

(

1− 1

(1 + l)2

)

D2. ✭✷✳✸✳✽✮

❊♥ ❡❢❡❝t♦✱ ❡s❝r✐❜✐❡♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✷✳✸✳✼✮ ❡♥ ❧❛ ❢♦r♠❛ am2+bm+c ≥ 0✱ ❞♦♥❞❡

✶✷



a = −
1− 1

(1+l)2

2
D

b = λ

c = −lλD,

✈❡♠♦s q✉❡ a < 0✱ ② ♣♦r ❧♦ t❛♥t♦ ❡❧ ❝♦♥❥✉♥t♦ s♦❧✉❝✐ó♥ s❡rá ❡❧ ✐♥t❡r✈❛❧♦ [m1,m2]✱
❞♦♥❞❡ m1 ② m2 s♦♥ ❧♦s ❝❡r♦s ❞❡ ❧❛ ♣❛rá❜♦❧❛ ❞❛❞♦s ♣♦r ❧❛ ❝♦♥♦❝✐❞❛ ❢ór♠✉❧❛

m1,2 =

−λ±
√

λ2 − 4

(

−
1− 1

(1+l)2

2
D

)

(−lλD)

2

(

−
1− 1

(1+l)2

2
D

)

❧♦s ❝✉❛❧❡s ❡①✐st✐rá♥ s✐ ❡❧ r❛❞✐❝❛♥❞♦ ❡s ♥♦ ♥❡❣❛t✐✈♦✱ ❡s ❞❡❝✐r

λ2 ≥ 2lλD2

(

1− 1

(1 + l)2

)

,

❧♦ q✉❡ ❡q✉✐✈❛❧❡✱ ❞❛❞♦ q✉❡ λ > 0✱ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✸✳✽✮✳

❖❜s❡r✈❛❝✐ó♥✳ ▲❛s s♦❧✉❝✐♦♥❡s ♣♦s✐t✐✈❛s m ❞❡ ✭✷✳✸✳✼✮✱ s❛t✐s❢❛❝❡♥ m− ≤ m ≤ m+✱
❞♦♥❞❡

m± =
λ±

√
λ
√

λ− 2l(1− 1
(1+l)2

)D2

(1− 1
(1+l)2

)D
,

② ❧❛s s♦❧✉❝✐♦♥❡s ♣♦s✐t✐✈❛s y✱ ♦❜t❡♥✐❞❛s ❡♥ ❡❧ t❡♦r❡♠❛ ✷✳✸✳✷ ❛♥t❡r✐♦r✱ s❛t✐s❢❛❝❡♥ q✉❡
0 < y < m−✱ ❧♦ ❝✉❛❧ ♣✉❡❞❡ ✈❡rs❡ ❝♦♥ ✉♥ ❛r❣✉♠❡♥t♦ ❞❡ ❝♦♥tr❛❞✐❝❝✐ó♥✱ ✉t✐❧✐③❛♥❞♦
❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ t❡♦r❡♠❛ ✷✳✸✳✶✳ ❙✐ ❛❞❡♠ás s❡ ❤❛❝❡ ❧❛ s✉♣♦s✐❝✐ó♥ ❛❞✐❝✐♦♥❛❧
❝✐t❛❞❛✿ m(1 + l/2) − lD > 0✱ s❡ ♣✉❡❞❡ ✉s❛r ❧❛ t❡♦rí❛ ❞❡ ❣r❛❞♦ ♣❛r❛ ♣r♦❜❛r
❡①✐st❡♥❝✐❛ ❞❡ s♦❧✉❝✐♦♥❡s✳ ❚❛♠❜✐é♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ t❡♦r❡♠❛ ✷✳✸✳✶ s❡ ✉t✐❧✐③❛
❡♥ ❧❛ ✐♥♠❡❞✐❛t❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛✱ q✉❡ s❡ ✉s❛ ❡♥ ❡❧ r❡s✉❧t❛❞♦ ❞❡
❧❛ ❡①✐st❡♥❝✐❛ ✉s❛♥❞♦ ❡❧ ♠ét♦❞♦ ❞❡ ❞✐s♣❛r♦ ✭s❤♦♦t✐♥❣✮✱ ♦❜t❡♥✐❞♦ ❡♥ ❡❧ tr❛❜❛❥♦
♣r❡❝❡❞❡♥t❡ ❬✸❪✱ q✉❡ ❡st❛❜❧❡❝❡ q✉❡✱ ♣❛r❛ ❞❡t❡r♠✐♥❛❞♦s ✈❛❧♦r❡s ❞❡ ❧♦s ♣❛rá♠❡tr♦s✱
❧❛s s♦❧✉❝✐♦♥❡s ♥♦ ❝❛♠❜✐❛♥ ❞❡ s✐❣♥♦✳

▲❡♠❛ ✷✳✸✳✶ ❙❡❛ D = 0✱ ② l, λ ≥ 0✳ ❊♥t♦♥❝❡s y ≡ 0 ❡s ❧❛ ú♥✐❝❛ s♦❧✉❝✐ó♥ ❞❡❧
♣r♦❜❧❡♠❛ ❞❛❞♦ ♣♦r ✭✷✳✸✳✶✮ ✲ ✭✷✳✸✳✷✮✳ ❙✐ D, λ > 0 ② l = 0✱ ❡♥t♦♥❝❡s y ≡ 0 ❡s
❧❛ ú♥✐❝❛ s♦❧✉❝✐ó♥✳ ❙✐ λ = 0, ② l, D ≥ 0✱ ❡♥t♦♥❝❡s ❧❛s ú♥✐❝❛s s♦❧✉❝✐♦♥❡s s♦♥ ❧❛s
❝♦♥st❛♥t❡s✳

✶✸



❊♥ ❡st❡ tr❛❜❛❥♦ s❡ ♠✉❡str❛ q✉❡ ❧❛s s♦❧✉❝✐♦♥❡s ♦❜t❡♥✐❞❛s ❡♥ ❡❧ tr❛❜❛❥♦ ❛♥t❡r✐♦r
♣♦r ♠ét♦❞♦ ❞❡ ❞✐s♣❛r♦ ② ❡❧ t❡♦r❡♠❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ✐♠♣❧í❝✐t❛✱ s♦♥ ♣♦s✐t✐✈❛s ♣❛r❛ l
♦ D ♣❡q✉❡ñ♦s✱ ❝♦♥ λ, l ② D > 0✳
▲♦s r❡s✉❧t❛❞♦s ❞❡ ❡①✐st❡♥❝✐❛ ♠❡❥♦r❛❞♦s ❞❡r✐✈❛♥ ❞❡ ♠❡❥♦r❡s ❝♦t❛s ❛ ♣r✐♦r✐ ❡st❛✲
❜❧❡❝✐❞❛s ♣♦r ❡❧ ♣r✐♥❝✐♣✐♦ ❞❡❧ ♠á①✐♠♦✱ ❡❧ ✉s♦ ❞❡ s✉♣❡r ② s✉❜ s♦❧✉❝✐♦♥❡s✱ ② ❡❧ ✉s♦
❞❡ ❧❛ t❡♦rí❛ ❞❡ ❣r❛❞♦ ❞❡ ▲❡r❛②✲❙❝❤❛✉❞❡r✱ ❡♥ ✉♥ ❞♦♠✐♥✐♦ ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞✐❢❡r❡♥t❡✱
q✉❡ ♣❡r♠✐t❡ ✉♥❛ ♠❛②♦r ✐♥❞❡♣❡♥❞❡♥❝✐❛ ② ❝♦♥tr♦❧ ❡♥ ❡❧ ❜♦r❞❡ ❞❡❧ ❞♦♠✐♥✐♦✱ s♦❜r❡
❧♦s ✈❛❧♦r❡s ❞❡ ✉♥❛ s♦❧✉❝✐ó♥ ❡♥ ❝♦♠♣❛r❛❝✐ó♥ ❝♦♥ s✉s ✈❛❧♦r❡s ❞❡ ❜♦r❞❡✳

❆✉♥q✉❡ ♥♦ s❡ t✐❡♥❡♥ ❛q✉í r❡s✉❧t❛❞♦s ❞❡ ❡①✐st❡♥❝✐❛ ♣❛r❛ s♦❧✉❝✐♦♥❡s q✉❡ ❝❛♠❜✐❛♥
❞❡ s✐❣♥♦✱ s❡ ♣✉❡❞❡ ❞❡♠♦str❛r q✉❡✱ s✐ ❡①✐st❡♥✱ ❡stá♥ ❛❝♦t❛❞❛s ❡♥ tér♠✐♥♦ ❞❡ s✉s
✈❛❧♦r❡s ❞❡ ❜♦r❞❡✱ ❡♥ ♣❛rt✐❝✉❧❛r✱ s✐ γ > 0✱ ❡♥t♦♥❝❡s y(0) > 0✱ ② ❧❛ s♦❧✉❝✐ó♥ y ❡stá
❛❝♦t❛❞❛ ❡♥ tér♠✐♥♦s ❞❡ y(0)✱ ② s✐ γ ≤ 0✱ ❡♥t♦♥❝❡s y(1) ≤ 0✱ ② ❧❛ s♦❧✉❝✐ó♥ ❡stá
❛❝♦t❛❞❛ ❡♥ tér♠✐♥♦s ❞❡ y(1)✳ ❚❛♠❜✐é♥ s❡ ♣✉❡❞❡ ♠♦str❛r q✉❡ s✐ ❡①✐st❡♥ s♦❧✉❝✐♦♥❡s
♣♦s✐t✐✈❛s ❣r❛♥❞❡s✱ s♦♥ ❛s✐♥tót✐❝❛♠❡♥t❡ ❧✐♥❡❛❧❡s✱ ❧♦ ❝✉❛❧ s❡ ♣✉❡❞❡ ✉s❛r ♣❛r❛ ♠♦str❛r
q✉❡ ♥♦ ❤❛② s♦❧✉❝✐♦♥❡s ♣♦s✐t✐✈❛s ❣r❛♥❞❡s ❡♥ ❛❧ ♠❡♥♦s ❝❛s♦s ♠✉② ❡s♣❡❝✐❛❧❡s✳ ❯s❛♥❞♦
❡❧ ♣r✐♥❝✐♣✐♦ ❞❡❧ ♠á①✐♠♦✱ ❡s ♣♦s✐❜❧❡ ♠♦str❛r q✉❡ s✐ s♦❧✉❝✐♦♥❡s ❞❡ ❡st❡ t✐♣♦ ❡①✐st❡♥✱
t✐❡♥❡♥ ❧❛ ❢♦r♠❛ ❛s✐♥tót✐❝❛

y = y0(1− x) + y1x+
c(x, y)

y0 + y1
,

❞♦♥❞❡ c(x, y) ❡stá ❛❝♦t❛❞❛ ✐♥❞❡♣❡♥❞✐❡♥t❡♠❡♥t❡ ❞❡ x ② y✳

✷✳✸✳✷✳ ❊①✐st❡♥❝✐❛ ❞❡ s♦❧✉❝✐♦♥❡s

P❛r❛ ❡st❛❜❧❡❝❡r ❧❛ ❡①✐st❡♥❝✐❛ s❡ ✉s❛ ❡❧ ❣r❛❞♦ ❞❡ ▲❡r❛②✲❙❝❤❛✉❞❡r ❡❧ ❝✉❛❧ s❡ ❝❛❧❝✉❧❛
✉s❛♥❞♦ ❤♦♠♦t♦♣í❛s✳ ❆sí s❡ ✐♥t❡❣r❛ ❡❧ ♣r♦❜❧❡♠❛ ❛ ✉♥❛ ❢❛♠✐❧✐❛ ♣❛r❛♠étr✐❝❛ ❞❡
♣r♦❜❧❡♠❛s ♣❛r❛ ❧♦s ❝✉❛❧❡s s❡ ♥❡❝❡s✐t❛ ✉♥❛ ❝♦t❛ ❛ ♣r✐♦r✐✱ ② ♣❛r❛ ❧♦s q✉❡ ❤❛②
q✉❡ ♣♦❞❡r ❝❛❧❝✉❧❛r ❡❧ ❣r❛❞♦ ♣❛r❛ ✉♥ ✈❛❧♦r ❞❡❧ ♣❛rá♠❡tr♦✳ P❛r❛ ❧❧❡✈❛r ❛ ❝❛❜♦
❡st♦ s❡ ♠♦❞✐✜❝❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❛ ✈❛❧♦r❡s ❞❡ y, y0✱ ② y1 ❢✉❡r❛ ❞❡ ✉♥❛
❝✐❡rt❛ r❡❣✐ó♥ ② s❡ ❝♦♥str✉②❡ ❧❛ ❢❛♠✐❧✐❛ ♣❛r❛♠étr✐❝❛ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ♠♦❞✐✜❝❛❞❛ ②
❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❢r♦♥t❡r❛✳ P♦r ❧❛ t❡♦rí❛ ❞❡ ❣r❛❞♦ ❞❡ ▲❡r❛②✲❙❝❤❛✉❞❡r✱ ❤❛② ✉♥❛
s♦❧✉❝✐ó♥ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ♠♦❞✐✜❝❛❞❛ ② s❡ ♠✉❡str❛ q✉❡ ❡st❛ s♦❧✉❝✐ó♥ s❡
❡♥❝✉❡♥tr❛ ❡♥ ❧❛ r❡❣✐ó♥ ❞♦♥❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ♥♦ ❢✉❡ ♠♦❞✐✜❝❛❞❛✳

✷✳✸✳✸✳ ❙♦❧✉❝✐♦♥❡s ♣♦r ❙❤♦♦t✐♥❣

❙❡ tr❛t❛♥ ❡♥ ❬✷❪ ❧♦s s✐❣✉✐❡♥t❡s r❡s✉❧t❛❞♦s ❞❡ ❡①✐st❡♥❝✐❛✱ ♦❜t❡♥✐❞♦s ❡♥ ❬✸❪ ♣♦r s❤♦♦✲
t✐♥❣✱ ② s✉s r❡❧❛❝✐♦♥❡s ❝♦♥ ❡❧ t❡♦r❡♠❛ ✷✳✸✳✷✳

✶✹



❚❡♦r❡♠❛ ✹✳✷ ❞❡ ❬✸❪ ❙❡❛♥ l0D0 = 0 ② λ0 > 0✱ ❡♥t♦♥❝❡s ❤❛② ✉♥❛ δ > 0 t❛❧
q✉❡ ♣❛r❛ |l − l0| + |D −D0| + |λ− λ0| < δ ❡①✐st❡ ✉♥❛ s♦❧✉❝✐ó♥ y ❞❡❧ ♣r♦❜❧❡♠❛
✭✷✳✸✳✶✮✲✭✷✳✸✳✷✮✱ ❝♦♥ y(i) = yi(l, D, λ), |y(i)| < δ, i = 0, 1.

❚❡♦r❡♠❛ ✹✳✸ ❞❡ ❬✸❪ ❙✐ l0D0 6= 0 ② λ0 = 0 ❡①✐st❡ ✉♥❛ s♦❧✉❝✐ó♥ y ❞❡❧ ♣r♦❜❧❡♠❛
✭✷✳✸✳✶✮✲✭✷✳✸✳✷✮✱ ❝♦♥ y(0) = y0(y(1), l, D)✱ λ = λ(y(1), l, D)✱ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡✲
r❡♥❝✐❛❜❧❡ ❡♥ ✉♥ ❡♥t♦r♥♦ ❞❡ (0, l0, D0)✱ ❝♦♥ y0(0, l0, D0) = 0 = λ(0, l0, D0)✳ ❆❞❡♠ás
❡st❛ ❡s ❧❛ ú♥✐❝❛ s♦❧✉❝✐ó♥ ❡♥ ✉♥ ❡♥t♦r♥♦ ❞❡ (y(0), y(1), l, D, λ) = (0, 0, l0, D0, 0)✳

❙❡ ♦❜s❡r✈❛ q✉❡✱ ❡♥ ❡❧ t❡♦r❡♠❛ ✹✳✷ ❞❡ ❬✸❪✱ ❧❛s s♦❧✉❝✐♦♥❡s ♦❜t❡♥✐❞❛s s♦♥ λ = 0✱ ❡
y ❝♦♥st❛♥t❡✱ ❡♥ ✉♥ ❡♥t♦r♥♦ ❞❡ y(0) = y(1) = λ0 = 0✳ ❆❞❡♠ás✱ ♣♦r ✉♥❛ té❝♥✐❝❛
s✐♠✐❧❛r✱ s❡ ♣✉❡❞❡ ✈❡r q✉❡ λ = 0 ❡ y ❝♦♥st❛♥t❡ s♦♥ ❧❛s ú♥✐❝❛s s♦❧✉❝✐♦♥❡s ❡♥ ✉♥
❡♥t♦r♥♦ ❞❡ y(0) = c = y(1), ✭c = constante✮✱ ② λ0 = 0✳
❉❡❧ ❧❡♠❛ ✷✳✸✳✶ s❡ ✈❡ q✉❡ ❧❛s ❝♦♥st❛♥t❡s s♦♥ ❧❛s ú♥✐❝❛s s♦❧✉❝✐♦♥❡s ❞❡❧ ♣r♦❜❧❡♠❛
✭✷✳✸✳✶✮✲✭✷✳✸✳✷✮✱ ❧❛s ❝✉❛❧❡s ♥♦ ❝❛♠❜✐❛♥ ❞❡ s✐❣♥♦ ♣♦r ❧♦ q✉❡ ♥♦ ♣♦❞❡♠♦s ♦❜t❡♥❡r
s♦❧✉❝✐♦♥❡s ❛❞✐❝✐♦♥❛❧❡s ♣♦r ❡st❡ ❡♥❢♦q✉❡✳
❚❛♠❜✐é♥ ♣♦r ❡❧ ♠✐s♠♦ ❧❡♠❛ ✷✳✸✳✶✱ ❡♥ ❡❧ ❝❛s♦ lD = 0✱ y ≡ 0 ❡s ❧❛ ú♥✐❝❛ s♦❧✉❝✐ó♥ ❞❡❧
♣r♦❜❧❡♠❛ ✭✷✳✸✳✶✮✲✭✷✳✸✳✷✮✱ ❧❛ ❝✉❛❧ ♥♦ ❝❛♠❜✐❛ ❞❡ s✐❣♥♦✱ ❛sí q✉❡ t❛♠♣♦❝♦ s❡ ♣✉❡❞❡
t❡♥❡r s♦❧✉❝✐♦♥❡s ♣♦s✐t✐✈❛s ❛❞✐❝✐♦♥❛❧❡s ♣♦r ❡st❡ ❡♥❢♦q✉❡✳

❙❡ t✐❡♥❡ t❛♠❜✐é♥ ❡♥ ❬✷❪ ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ ❝✉②❛ ♣r✉❡❜❛ ❛❧❧í s❡ r❡❛❧✐③❛✿

❚❡♦r❡♠❛ ✷✳✸✳✸ P❛r❛ l, D, λ > 0 ❧❛s s♦❧✉❝✐♦♥❡s ♦❜t❡♥✐❞❛s ❞❡❧ t❡♦r❡♠❛ ✹✳✷ ❞❡ ❬✸❪
s♦♥ ♣♦s✐t✐✈❛s✳

✷✳✸✳✹✳ ■♦♥❡s ❞❡ ❞✐❢❡r❡♥t❡s ✈❛❧❡♥❝✐❛s

P♦r ú❧t✐♠♦ s❡ ♦❜t✐❡♥❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ♠ás ❣❡♥❡r❛❧✱ ❞❡ ❧❛ ❝✉❛❧ ❧❛ ❡❝✉❛❝✐ó♥
❡♥ ❡st✉❞✐♦ ❡s ✉♥ ❝❛s♦ ♣❛rt✐❝✉❧❛r✳
❙✐❣✉✐❡♥❞♦ ❧❛ ♥♦t❛❝✐ó♥ ❞❡ ▲❡✉❝❤t❛❣ ❬✶❪✱ ♣r♦❝❡❞✐❡♥❞♦ ❞❡ ❢♦r♠❛ ❡♥t❡r❛♠❡♥t❡ s✐♠✐❧❛r
❛✉♥q✉❡ ❝♦♥ ❧✐❣❡r❛s ♠♦❞✐✜❝❛❝✐♦♥❡s✱ ❧❛ ❥✉♥t✉r❛ ❧íq✉✐❞❛ ♦❝✉♣❛ ❧❛ r❡❣✐ó♥ 0 ≤ t ≤ δ✱
ǫ ❡s ❧❛ ❝♦♥st❛♥t❡ ❞✐❡❧é❝tr✐❝❛✱ k ❧❛ ❝♦♥st❛♥t❡ ❞❡ ❇♦❧t③♠❛♥♥✱ T ❧❛ t❡♠♣❡r❛t✉r❛✱ E
❡❧ ❝❛♠♣♦ ❡❧é❝tr✐❝♦✱ N0 ✉♥❛ ❛r❜✐tr❛r✐❛ ✉♥✐❞❛❞ ❞❡ ❞❡♥s✐❞❛❞ ✐ó♥✐❝❛✱ q0 ❧❛ ❝❛r❣❛ ❞❡❧
♣r♦tó♥✱ q± ❧❛ ❝❛r❣❛ ❞❡ ❧♦s ✐♦♥❡s✱ N± s✉s ❞❡♥s✐❞❛❞❡s✱ u± s✉s ♠♦✈✐❧✐❞❛❞❡s✱ ②✱ ❞❡
❛❝✉❡r❞♦ ❛ ❧❛s r❡❧❛❝✐♦♥❡s ❞❡ ❊✐♥st❡✐♥✱ D± = u±kT s✉s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❞✐❢✉s✐ó♥✳
P♦♥✐❡♥❞♦ ν± = q±/q0, n± = N±/N0✱ ❛❤♦r❛ ❧❛ ❧♦♥❣✐t✉❞ ❞❡ ❉❡❜②❡ q✉❡❞❛ ❡①♣r❡s❛❞❛
❝♦♠♦

λ =

√

ǫkT

4πq20N0

,
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② ❛❞❡♠ás

p =
q0λ

kT
E y n = n+ + n−.

■♥t❡❣r❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❡st❛❞♦ ❡st❛❝✐♦♥❛r✐♦ ♣❛r❛ ❧❛ ❝♦♥s❡r✈❛❝✐ó♥ ❞❡ ❧♦s ✐♦♥❡s
s❡ ♦❜t✐❡♥❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ◆❡r♥st✲P❧❛♥❝❦

n′
− = ν−pn− − c− ✭✷✳✸✳✾✮

n′
+ = ν+pn+ − c+ ✭✷✳✸✳✶✵✮

② ❧❛s ❝♦rr✐❡♥t❡s ✐♥❞✉❝✐❞❛s ♣♦r ❧♦s ✐♦♥❡s ❡stá♥ ❞❛❞❛s ♣♦r

J± =
q0N0

λ
ν±D±c±.

▲❛ ❡❝✉❛❝✐ó♥ ❞❡ ●❛✉ss t✐❡♥❡ ❧❛ ❢♦r♠❛

p′ = ν+n+ + ν−n−. ✭✷✳✸✳✶✶✮

❙✉♠❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✷✳✸✳✾✮ ② ✭✷✳✸✳✶✵✮✱ ✉s❛♥❞♦ ✭✷✳✸✳✶✶✮ ♣❛r❛ s✉st✐t✉✐r ❛
p(ν+n+ + ν−n−)✱ ❡ ✐♥t❡❣r❛♥❞♦✱ s❡ ♦❜t✐❡♥❡✱ ♣♦♥✐❡♥❞♦ c = c+ + c−✱

n+ + n− − n(0) =
p2 − p2(0)

2
− ct, ✭✷✳✸✳✶✷✮

q✉❡ ❝♦rr✐❣❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✵✮ ❞❡ ❬✶❪✱ ❧❛ ❝✉❛❧ ❤❡♠♦s ✉t✐❧✐③❛❞♦ ❡♥ ✉♥❛ ❡①♣r❡s✐ó♥
❡q✉✐✈❛❧❡♥t❡ ❡♥ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r ✭❡❝✉❛❝✐ó♥ ✭✷✳✷✳✶✷✮✮✳ ❯s❛♥❞♦ ❛❤♦r❛ ❡st❛ ❡❝✉❛❝✐ó♥
✭✷✳✸✳✶✷✮ ♣❛r❛ s✉st✐t✉✐r ♣♦r n+ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✸✳✶✶✮✱ s❡ ♦❜t✐❡♥❡

p′ = (ν− − ν+)n− + ν+
p2 − p2(0)

2
− ν+ct+ ν+n(0). ✭✷✳✸✳✶✸✮

❉✐❢❡r❡♥❝✐❛♥❞♦✱ ✉s❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✸✳✾✮ ♣❛r❛ s✉st✐t✉✐r ♣♦r n′
−✱ ② ❧❛ ✭✷✳✸✳✶✸✮ ♣❛r❛

s✉st✐t✉✐r ♣♦r n−✱ s❡ t✐❡♥❡

p′′ = (ν+ + ν−)pp
′−

ν+ν−

{

p

[

n(0) +
p2 − p2(0)

2
− ct

]

+
D+ −D−

ν+D+ − ν−D−
c

}

,
✭✷✳✸✳✶✹✮

❡❝✉❛❝✐ó♥ ❡q✉✐✈❛❧❡♥t❡ ❛ ❧❛ ✭✷✶✮ ❞❡ ❬✶❪✱ tr❛t❛❞❛ ❡♥ ❧❛ s✉❜s❡❝❝✐ó♥ ❛♥t❡r✐♦r ❝♦♠♦
❡❝✉❛❝✐ó♥ ✭✷✳✷✳✶✺✮✱ ❡❧ s❡❣✉♥❞♦ ♠✐❡♠❜r♦ ❞❡ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s
❛❧❧í tr❛t❛❞❛✳
❯s❛♥❞♦ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ♥♦ ❤❛② ❝♦rr✐❡♥t❡ ♥❡t❛ ❛ tr❛✈és ❞❡ ❧❛ ❥✉♥t✉r❛ s❡ ♦❜t✐❡♥❡ q✉❡
ν−D−c− + ν+D+c+ = 0✳ ❘❡s♦❧✈✐❡♥❞♦ ✭✷✳✸✳✶✷✮ ♣❛r❛ c✱ ❝✉❛♥❞♦ t = δ ② ♥♦t❛♥❞♦
q✉❡ ❧❛ ❛❣✐t❛❝✐ó♥ ❞❡ ❧♦s r❡s❡r✈♦r✐♦s r❡s✉❧t❛ ❡♥ n+ ② n− ❝♦♥st❛♥t❡s ❡♥ 0 ② δ✱ s❡

✶✻



❡❧✐♠✐♥❛ c ❞❡ ✭✷✳✸✳✶✹✮✳ ❚❛♠❜✐é♥ ❧❛ ♥❡✉tr❛❧✐❞❛❞ ❡❧é❝tr✐❝❛ ❡♥ ❡❧ r❡s❡r✈♦r✐♦ ❥✉♥t♦ ❝♦♥
❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✸✳✶✶✮ ❞❛ q✉❡ p′(0) = 0 = p′(δ)✳
P♦♥✐❡♥❞♦ δx = t✱ ②

D =
√−ν−ν+

D+ −D−

ν+D+ − ν−D−
, l =

n(1)− n(0)

n(0)
, λ = −δ2ν−ν+n(0),

χ =
ν− + ν+√−ν−ν+

, y y = δ
√−ν−ν+p,

s❡ ♦❜t✐❡♥❡

y′′ = χyy′ + y

{

λ− y2(0)− y2

2
+

[

lλ+
y2(0)− y2(1)

2

]

x

}

−
[

lλ+
y2(0)− y2(1)

2

]

D, para x ∈ [0, 1].

◆♦t❛✳ ❖❜s❡r✈❛♠♦s q✉❡ ν+ν− < 0✱ ② ♣❛r❛ ❡❧ ❝❛s♦ n(1) > n(0) ② ν− + ν+ = 0 s❡
♦❜t✐❡♥❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✸✳✶✮✳

✷✳✹✳ ❊❝✉❛❝✐♦♥❡s ❞❡❧ ♣r♦❜❧❡♠❛ ❝♦♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ◆❡✉♠❛♥♥

❞❡ ❡❧❡❝tr♦❞✐❢✉s✐ó♥

❈♦♥s✐❞❡r❛♠♦s ❛q✉í ❡❧ tr❛❜❛❥♦ r❡❛❧✐③❛❞♦ ❡♥ ❬✾❪✱ ❡♥ ❞♦♥❞❡✱ ❝♦♠♦ ❝♦♠❡♥t❛♠♦s ❡♥
❧❛ ✐♥tr♦❞✉❝❝✐ó♥✱ s❡ ❞❡❞✉❝❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ♦❜❥❡t♦ ❞❡ ❛♥á❧✐s✐s✱ ❜❛s❛❞♦ ❡♥
❧❛ ❞❡❞✉❝❝✐ó♥ ❛♥t❡r✐♦r ❞❡ ❬✷❪✳ ❆q✉í s❡ ✐♥✈❡st✐❣❛ ❡❧ ♣r♦❜❧❡♠❛ ❝♦♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡
◆❡✉♠❛♥♥ ❡♥ ❡❧ ❝❛s♦ ❣❡♥❡r❛❧ ❡♥ ❡❧ q✉❡ ν+ + ν− 6= 0✱ ♥♦✈❡❞♦s♦ ❡♥ q✉❡✱ ❝♦♠♦
♠❡♥❝✐♦♥ár❛♠♦s ❡♥ ❧❛ ✐♥tr♦❞✉❝❝✐ó♥✱ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦ ♣❛r❛ ❡❧ ❝❛♠♣♦ ❡❧é❝tr✐❝♦
❝♦♥t✐❡♥❡ ❧♦s ✈❛❧♦r❡s ❞❡ ❜♦r❞❡ ❞❡ ❧❛ s♦❧✉❝✐ó♥ ❛ú♥ ♥♦ ❞❡t❡r♠✐♥❛❞❛✳ ❚❛♠❜✐é♥ ❛❧❧í
❡♥ ❧❛ r❡❢❡r❡♥❝✐❛✱ s❡ ♦❜t✐❡♥❡ ✉♥❛ r❡❞✉❝❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥ tér♠✐♥♦s ❞❡ ❢✉♥❝✐♦♥❡s
❡❧í♣t✐❝❛s ♣❛r❛ r❡❧❛❝✐♦♥❡s ♣r✐✈✐❧❡❣✐❛❞❛s ❞❡ ❧❛s ✈❛❧❡♥❝✐❛s✳

✶✼



✷✳✹✳✶✳ ❊❝✉❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦

❙❡ r❡t♦♠❛ ❡❧ ❛♥á❧✐s✐s ❞❡ ❚❤♦♠♣s♦♥ ❬✷❪✱ r❡str✐♥❣✐❞♦ ❛❧ ❝❛s♦ ❞❡ ❞♦s ✐♦♥❡s✱ ✉t✐❧✐③á♥✲
❞♦s❡ ❧❛ ♠✐s♠❛ ♥♦t❛❝✐ó♥✱ ❝♦♥ ✉♥ tr❛t❛♠✐❡♥t♦ ❧✐❣❡r❛♠❡♥t❡ ❞✐❢❡r❡♥t❡✱ ❡♥ ❞♦♥❞❡

n′
+ = ν+n+p− c+, ✭✷✳✹✳✶✮

n′
− = ν−n−p− c−, ✭✷✳✹✳✷✮

p′ = ν+n+ + ν−n−. ✭✷✳✹✳✸✮

Pr♦❝❡❞✐❡♥❞♦ ❝♦♠♦ ❡♥ ❬✷❪✱ s✉♠❛♥❞♦ ✭✷✳✹✳✶✮ ② ✭✷✳✹✳✷✮✱ ✉s❛♥❞♦ ❧❛ ✭✷✳✹✳✸✮ ❡ ✐♥t❡❣r❛♥✲
❞♦✱ ❞❛

n+ + n− =
p2

2
− cx− k, ✭✷✳✹✳✹✮

❞♦♥❞❡ c = c+ + c− ② k ❡s ✉♥❛ ❛r❜✐tr❛r✐❛ ❝♦♥st❛♥t❡ ❞❡ ✐♥t❡❣r❛❝✐ó♥✳

❊❧✐♠✐♥❛♥❞♦ n+ ❡♥tr❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✷✳✹✳✸✮ ② ✭✷✳✹✳✹✮✱ s❡ t✐❡♥❡

p′ = n−(ν− − ν+) + ν+
p2

2
− cν+x− ν+k

❞❡ ❞♦♥❞❡✱ ❞❡r✐✈❛♥❞♦ r❡s♣❡❝t♦ ❞❡ x✱

p′′ = (ν− − ν+)(ν−n−p− c−) + ν+pp
′ − cν+

= ν−p

[

p′ − ν+
p2

2
+ cν+x+ kν+

]

− c−[ν− − ν+] + ν+pp
′ − cν+

❛sí q✉❡

p′′ = (ν+ + ν−)pp
′ −
(ν+ν−

2

)

p3 + (cx+ k)ν+ν−p− (ν+c+ + ν−c−). ✭✷✳✹✳✺✮

▲❛ ❝♦♥❞✐❝✐ó♥ ❝♦♥s✐❞❡r❛❞❛ ❡♥ ❬✷❪✱ ❞❡ q✉❡ ♥♦ ❤❛② ❝♦rr✐❡♥t❡ ♥❡t❛ ❛ tr❛✈és ❞❡ ❧❛
❥✉♥t✉r❛✱ ❞❛

ν+d+c+ + ν−D−c− = 0, ✭✷✳✹✳✻✮

❞♦♥❞❡✱ ❝♦♠♦ ✈✐♠♦s✱ D± = u±kT ✱ ❛sí q✉❡

ν+u+c+ + ν−u−c− = 0 ✭✷✳✹✳✼✮

❞❡ ❞♦♥❞❡
(ν+u+c+ + ν−u−c−)(ν+ − ν−) = 0. ✭✷✳✹✳✽✮

❈♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛✱

ν+c+ + ν−c− =
(D+ −D−)cν+ν−
ν+D+ − ν−D−

, ✭✷✳✹✳✾✮

✶✽



② ❡♥t♦♥❝❡s ✭✷✳✹✳✺✮ s❡ ✈✉❡❧✈❡

p′′ − (ν+ + ν−)pp
′ + ν+ν−

[

p3

2
− (cx+ k)p

]

+
(D+ −D−)cν+ν−
ν+D+ − ν−d−

= 0. ✭✷✳✹✳✶✵✮

❙✐ ❧❛ ❥✉♥t✉r❛ t✐❡♥❡ ❜♦r❞❡s x = 0 ② x = δ✱ ❡♥t♦♥❝❡s✱ r❡❡s❝❛❧❛♥❞♦ ❝♦♥

x = δx∗, p =
y

δ
√−ν+ν−

, ✭✷✳✹✳✶✶✮

❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✹✳✶✵✮ ♥♦s ❞❛

y′′ =

(

ν+ + ν−√−ν+ν−

)

yy′ +
y3

2
+ δ2ν+ν−(cδx

∗ + k)y − cδ3Dν+ν− ✭✷✳✹✳✶✷✮

❞♦♥❞❡ ❡❧ ❛♣óstr♦❢♦ ❞❡♥♦t❛ ❧❛ ❞❡r✐✈❛❞❛ ❝♦♥ r❡s♣❡❝t♦ ❛ x∗✱ ② ❞♦♥❞❡

c = n(0)− n(1) +
1

2δ2ν+ν−
[y2(0)− y2(1)], ✭✷✳✹✳✶✸✮

k =
y2(0)

2δ2ν+ν−
− n(0), ✭✷✳✹✳✶✹✮

D =

√−ν+ν−(D+ −D−)

ν+D+ − ν−D−
, ν+ν− < 0. ✭✷✳✹✳✶✺✮

❙❡ ♦❜s❡r✈❛ q✉❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✷✳✹✳✶✵✮ ② ✭✷✳✹✳✶✷✮ ✐♥❝♦r♣♦r❛♥ ❛ tr❛✈és ❞❡ ❝ ② ❦ ❧♦s
✈❛❧♦r❡s ❞❡ ❜♦r❞❡ n(0) = n+(0) + n−(0)✱ n(1) = n+(1) + n−(1)✱ ❥✉♥t♦ ❝♦♥ y(0) ②
y(1)✳ ❊stá ♣r❡✈✐st♦ q✉❡ ❧❛s ❝♦♥❝❡♥tr❛❝✐♦♥❡s ❞❡ ❧❛ ✐♥t❡r❢❛s❡ n+(0), n−(0), n+(1), n−(1)✱
s❡❛♥ ❝♦♥♦❝✐❞❛s✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❧♦s tér♠✐♥♦s ❞❡ ❜♦r❞❡ y(0) ② y(1) q✉❡ ♣❡r♠❛♥❡❝❡♥
❡♥ ❧❛ ❡❝✉❛❝✐ó♥✱ ❞❡♣❡♥❞❡♥ ❞❡ ❧❛ s♦❧✉❝✐ó♥ t♦❞❛✈í❛ ♥♦ ❞❡t❡r♠✐♥❛❞❛✳

❯t✐❧✐③❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✷✳✹✳✶✸✮ ② ✭✷✳✹✳✶✹✮ ❡♥ ✭✷✳✹✳✶✷✮✱ ♥♦s ❞❛

y′′ =

(

ν+ + ν−√−ν+ν−

)

yy′ +
y3

2
+ δ

[

δ2ν+ν−(n(0)− n(1)) +
1

2
(y2(0)− y2(1))

]

x∗y

−
[

y2(0)

2
+ δ2ν+ν−n(0)

]

y − δ

[

δ2ν+ν−(n(0)− n(1)) +
1

2
(y2(0)− y2(1))

]

D,

② ♣♦♥✐❡♥❞♦ λ = −δ2ν+ν−n(0) ② l = [n(1)− n(0)]/n(0), s❡ t✐❡♥❡

✶✾



y′′ =

(

ν+ + ν−√−ν+ν−

)

yy′ +
y3

2
+ δ

[

λl +
1

2
(y2(0)− y2(1))

]

x∗y

−
[

y2(0)

2
− λ

]

y − δ

[

λl +
1

2
(y2(0)− y2(1))

]

D ✭✷✳✹✳✶✻✮

▲❛ ♣❛rt✐❝✐♣❛❝✐ó♥ ❞❡ ❧♦s tér♠✐♥♦s ❞❡ ❜♦r❞❡ y(0) ② y(1) ❡♥ ✭✷✳✹✳✶✻✮ r❡♣r❡s❡♥t❛ ✉♥
✐♠♣❡❞✐♠❡♥t♦ ❡①tr❛♦r❞✐♥❛r✐♦ ♣❛r❛ s✉ ❛♥á❧✐s✐s ② ♠♦t✐✈❛ ❧❛ ❛❞♦♣❝✐ó♥ ❞❡ ♠ét♦❞♦s ♥♦
tr❛❞✐❝✐♦♥❛❧❡s ♣❛r❛ ❧♦❣r❛r❧♦✳ ❊♥ ❧❛ s❡❝❝✐ó♥ ✸ ❞❡ ❬✾❪✱ s❡ ❛♣❧✐❝❛ ✉♥ ♠ét♦❞♦ ❡①❛❝t♦ ❞❡
s❤♦♦t✐♥❣ ❛ ❡st❛ ❡❝✉❛❝✐ó♥ ✭✷✳✹✳✶✻✮✱ ❝♦♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ◆❡✉♠❛♥♥✱ q✉❡ r❡♣r♦❞✉❝✐♠♦s
❡♥ ❧❛ s❡❝❝✐ó♥ ✹✱ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ν++ν− ≤ 0✱ ❧✉❡❣♦ ❞❡ ❝♦♥s✐❞❡r❛r ❡❧ ❝❛s♦ ν++ν− = 0✱
tr❛t❛❞♦ ❡♥ ❬✺❪✱ ❝♦♥ ❛♥t❡r✐♦r✐❞❛❞✱ ② q✉❡ r❡s✉❧t❛ ❝♦♥t❡♥✐❞♦ ❡♥ ❛q✉❡❧✳

✷✵



 

 

 

 

 

 

 

 

 

 

 

  

1 

z(x) 

x 

1 

λ1 

λ2 

λ3 

❋✐❣✉r❛ ✶✿ ❯♥❛ s♦❧✉❝✐ó♥ ❝♦♥ ❝❛❞❛ λ

✸✳ ▼ét♦❞♦ ❞❡ ❞✐s♣❛r♦

❙✐♥tét✐❝❛♠❡♥t❡✱ ❡❧ ▼ét♦❞♦ ❞❡ ❉✐s♣❛r♦ ♦ ❙❤♦♦t✐♥❣ ❛♣❧✐❝❛❞♦ ❛ ✉♥ ♣r♦❜❧❡♠❛ ❞❡
✈❛❧♦r❡s ❞❡ ❝♦♥t♦r♥♦ ❞❛❞♦✱ ❝♦♥s✐st❡ ❡♥ s♦❧✉❝✐♦♥❛r ♣r✐♠❡r❛♠❡♥t❡ ✉♥ ♣r♦❜❧❡♠❛ ❞❡
✈❛❧♦r❡s ✐♥✐❝✐❛❧❡s ❝♦♥ ✉♥ ♣❛rá♠❡tr♦ ❧✐❜r❡ λ ② ❧✉❡❣♦ tr❛t❛r ❞❡ ❤❛❧❧❛r ✉♥ ✈❛❧♦r ❛♣r♦✲
♣✐❛❞♦ ❞❡ ❡st❡ λ t❛❧ q✉❡ ❧❛ s♦❧✉❝✐ó♥ ♦❜t❡♥✐❞❛ s❛t✐s❢❛❣❛ ❧❛ ❞❡s❡❛❞❛ ❝♦♥❞✐❝✐ó♥ ❞❡
❜♦r❞❡ ❞❡❧ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧ ❡♥ ❝✉❡st✐ó♥✳

▼ás ♣r❡❝✐s❛♠❡♥t❡ ❤❛❜❧❛♥❞♦✱ t❡♥❡♠♦s✱ ❡♥ ❣❡♥❡r❛❧✱ ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s ❞❡
❝♦♥t♦r♥♦ ❞❡ ♦r❞❡♥ n✿

dny

dxn
= f

(

x, y,
dy

dx
,
d2y

dx2
, ...,

dn−1y

dxn−1

)

, con x ∈ [a, b],

❝♦♥ r ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❝♦♥t♦r♥♦ ❡♥ x = a

y(a) = A1,
dy

dx
(a) = A2,

d2y

dx2
(a) = A3, ... ,

dr−1y

dxr−1
(a) = Ar,

✷✶



② ❝♦♥ s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❝♦♥t♦r♥♦ ❡♥ x = b

y(b) = B1,
dy

dx
(b) = B2,

d2y

dx2
(b) = B3, ... ,

ds−1y

dxs−1
(b) = Bs, ✭✸✳✵✳✶✮

❞♦♥❞❡ r + s = n✳

▲❛ ✐❞❡❛ ❞❡❧ ♠ét♦❞♦ ❞❡ ❞✐s♣❛r♦ ✭s❤♦♦t✐♥❣✮ ❡s s✉st✐t✉✐r ❧❛s s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❝♦♥t♦r♥♦
❡♥ x = b✱ ♣♦r s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ❡♥ x = a✱ ♣❧❛♥t❡❛♥❞♦ ❡❧ s✐❣✉✐❡♥t❡ Pr♦❜❧❡♠❛
❞❡ ❱❛❧♦r❡s ■♥✐❝✐❛❧❡s































dny

dxn
= f

(

x, y,
dy

dx
,
d2y

dx2
, ...,

dn−1y

dxn−1

)

, con x ∈ [a, b],

y(a) = A1,
dy

dx
(a) = A2,

d2y

dx2
(a) = A3, ... ,

dr−1y

dxr−1
(a) = Ar,

dry

dxr
(a) = λ1,

dr+1y

dxr+1
(a) = λ2,

dr+2y

dxr+2
(a) = λ3, .. ,

dn−1y

dxn−1
(a) = λs,

❞♦♥❞❡ λ1, λ2, ..., λs✱ s♦♥ ♣❛rá♠❡tr♦s ❞❡s❝♦♥♦❝✐❞♦s ❛ ❞❡t❡r♠✐♥❛r✱ ❞❡ ❧♦s ❝✉❛❧❡s ❞❡✲
♣❡♥❞❡ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ❡st❡ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s ✐♥✐❝✐❛❧❡s✳ P❛r❛ ✉♥ ❞❛❞♦ ❝♦♥❥✉♥t♦ ❞❡
✈❛❧♦r❡s ❞❡ ❡st♦s λ1, λ2, ..., λs✱ ♦❜t❡♥❞r❡♠♦s ✉♥❛ s♦❧✉❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s
✐♥✐❝✐❛❧❡s✳ ❊❧ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧ ❞❡ ✈❛❧♦r❡s ❞❡ ❝♦♥t♦r♥♦ ❡st❛rá r❡s✉❡❧t♦ s✐ ❧❛ s♦❧✉✲
❝✐ó♥ ♦❜t❡♥✐❞❛ ♣❛r❛ ❡st❡ ❝♦♥❥✉♥t♦ ❞❡ ♣❛rá♠❡tr♦s t❛♠❜✐é♥ ❝✉♠♣❧❡ ❧❛s s ❝♦♥❞✐❝✐♦♥❡s
✭✸✳✵✳✶✮✳

P❛r❛ ❡❧ ❝❛s♦ ❞❡ ✉♥ ♣r♦❜❧❡♠❛ ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ❝♦♠♦ ❡❧ q✉❡ ♥♦s ♦❝✉♣❛✱ t❡♥❡♠♦s


















d2y

dx2
= f

(

x, y,
dy

dx

)

, con x ∈ [0, δ],

y(0) = A,

y(δ) = B,

✭✸✳✵✳✷✮

q✉❡ tr❛♥s❢♦r♠❛♠♦s ❡♥ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s ✐♥✐❝✐❛❧❡s






















d2y

dx2
= f

(

x, y,
dy

dx

)

, con x ∈ [0, δ],

y(0) = A,

dy

dx
(0) = λ.

❊❧ ♠ét♦❞♦ ❞❡ ❞✐s♣❛r♦ ❝♦♥s✐st❡ ❡♥ ❞❡t❡r♠✐♥❛r ❧❛ ❝♦♥❞✐❝✐ó♥ ✐♥✐❝✐❛❧ λ ♣❛r❛ q✉❡ s❡
✈❡r✐✜q✉❡♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❝♦♥t♦r♥♦ ❞❡❧ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧ ✭✸✳✵✳✷✮✳

❊st❛ t❛r❡❛ r❡q✉✐❡r❡ ❛❧❣ú♥ ❛♥á❧✐s✐s ❝✉❛❧✐t❛t✐✈♦✳ ❊♥ ❛❧❣✉♥♦s ❝❛s♦s✱ s❡ r❡❝✉rr❡ ❛
♠ét♦❞♦s ♥✉♠ér✐❝♦s ♣❛r❛ ❡✈❛❧✉❛r ❝❛❞❛ s♦❧✉❝✐ó♥ ♦❜t❡♥✐❞❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❝❛❞❛

✷✷



✈❛❧♦r ❞❡❧ λ✱ ❞❡ t❛❧ ♠♦❞♦ q✉❡ ❞✐❝❤❛ s♦❧✉❝✐ó♥ s❛t✐s❢❛❣❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❜♦r❞❡ ❞❡❧
♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧✱ ❤❛st❛ ✉♥❛ ❞❡t❡r♠✐♥❛❞❛ ❝♦t❛ ❞❡ ❡rr♦r ♣r❡❡st❛❜❧❡❝✐❞❛✳ ❊♥ ♦tr♦s
❝❛s♦s✱ ❡s ♣♦s✐❜❧❡ ❝♦♥♦❝❡r ❛♥t✐❝✐♣❛❞❛♠❡♥t❡ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛ s♦❧✉❝✐ó♥ ❞❡❧
♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s ✐♥✐❝✐❛❧❡s ❝♦♥ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡❧ ♣❛rá♠❡tr♦ λ✳ ❊♥ ❡❧ tr❛❜❛❥♦
r❡❛❧✐③❛❞♦ ❡♥ ❬✺❪ ♣r✐♠❡r♦✱ ② ❡♥ ❬✾❪ ❞❡s♣✉és✱ ❡❧ ❛♥á❧✐s✐s ❞❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛
s♦❧✉❝✐ó♥ ❧❧❡✈❛ ❛ ✉♥❛ ❛❞❡❝✉❛❞❛ ❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❞❡ t❛❧ ♠♦❞♦ ❞❡ ♦❜t❡♥❡r
❡❧ r❡s✉❧t❛❞♦ ❞❡s❡❛❞♦✱ ❝♦♠♦ ✈❡r❡♠♦s ❡♥ ❧❛ s❡❝❝✐ó♥ ✹✳

✸✳✶✳ Pr♦❜❧❡♠❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧

❈♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ♣r♦❜❧❡♠❛s ❡♥ ✉♥❛ ❞✐♠❡♥s✐ó♥✱ t♦♠❛❞♦s ❞❡ ❬✹❪✱ ❛ ♠♦❞♦
❞❡ ❡❥❡♠♣❧♦s✳

✸✳✶✳✶✳ ❊❝✉❛❝✐ó♥ ❝♦♥ ❝♦♥❞✐❝✐♦♥❡s ❉✐r✐❝❤❧❡t ❤♦♠♦❣é♥❡❛s

❈♦♥s✐❞❡r❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❡❝✉❛❝✐ó♥ ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥

u′′(t) = f(t, u(t)), ✭✸✳✶✳✶✮

❝♦♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❉✐r✐❝❤❧❡t

u(0) = u(1) = 0. ✭✸✳✶✳✷✮

▲❛ ✐❞❡❛ ❞❡❧ ♠ét♦❞♦ ❞❡ ❞✐s♣❛r♦ ❡s ❧❛ s✐❣✉✐❡♥t❡✿ ♣❛r❛ ✉♥ λ ∈ R, r❡s♦❧✈❡♠♦s ❧❛
❡❝✉❛❝✐ó♥ ✭✸✳✶✳✶✮✱ ❝♦♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s

u(0) = 0, u′(0) = λ. ✭✸✳✶✳✸✮

❊s ❞❡❝✐r✱ r❡s♦❧✈❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s ✐♥✐❝✐❛❧❡s✿











u′′(t) = f(t, u(t))

u(0) = 0

u′(0) = λ

❙✐ f s❛t✐s❢❛❝❡ ❧♦s r❡q✉✐s✐t♦s ❡stá♥❞❛r ❞❡ ❧❛ t❡♦rí❛ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ✈❛❧♦r❡s ✐♥✐❝✐❛❧❡s✱
❡st♦ ❡s✱ ❝♦♥t✐♥✉❛ ② ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③ ❡♥ u✱ ❡♥t♦♥❝❡s ❧❛ s♦❧✉❝✐ó♥ uλ ❡stá ❜✐❡♥
❞❡✜♥✐❞❛ ② ❡s ú♥✐❝❛✳ ▲✉❡❣♦✱ ❡s s✉✜❝✐❡♥t❡ ❤❛❧❧❛r ❛❧❣ú♥ ✈❛❧♦r ❞❡❧ ♣❛rá♠❡tr♦ ❞❡

✷✸



❞✐s♣❛r♦ λ t❛❧ q✉❡ uλ(1) = 0✳
❊♥ ❢♦r♠❛ ❡q✉✐✈❛❧❡♥t❡✱ ❜✉s❝❛♠♦s ✉♥ ❝❡r♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥ Φ✱ ❞❡✜♥✐❞❛ ♣♦r

Φ(λ) := uλ(1).

▲✉❡❣♦✱ ❝♦♥ ✉♥❛ ❛♥❛❧♦❣í❛ ♠❡❝á♥✐❝❛✱ ♣♦❞❡♠♦s ❡①♣❧✐❝❛r ❡❧ ♥♦♠❜r❡ ❞❡❧ ♠ét♦❞♦✿ ❡❧
♣r♦❝❡❞✐♠✐❡♥t♦ ❝♦♥s✐st❡ ❡♥ ❡❧ ❛❥✉st❡ ❞❡❧ ✈❛❧♦r ❞❡❧ ♣❛rá♠❡tr♦ λ ❤❛st❛ q✉❡ ✉♥ á♥❣✉❧♦
❞❡ ❞✐s♣❛r♦ ❛♣r♦♣✐❛❞♦ s❡❛ ♦❜t❡♥✐❞♦✱ ♣❛r❛ ❛sí ❛❧❝❛♥③❛r ❛ ❣♦❧♣❡❛r ❡❧ ♣✉♥t♦ (1, 0)✳

❈♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡❧ ❛♥á❧✐s✐s ❞❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦✱ s❡ s✉s❝✐t❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥✲
s✐❞❡r❛r s✐ ❧❛s s♦❧✉❝✐♦♥❡s ❞❡❧ ♥✉❡✈♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s ✐♥✐❝✐❛❧❡s ❡stá♥ ❞❡✜♥✐❞❛s
❤❛st❛ ❡❧ ✈❛❧♦r t = 1✳ ❙✐ ❡st♦ ♥♦ ♦❝✉rr❡✱ ♦ s❡❛✱ ♥♦ ❡stá♥ ❞❡✜♥✐❞❛s ❤❛st❛ ❡s❡ ✈❛❧♦r✱
❡♥t♦♥❝❡s t❛♠♣♦❝♦ ❧❛ ❢✉♥❝✐ó♥ Φ ❧♦ ❡stá ♣❛r❛ t♦❞♦s ❧♦s ✈❛❧♦r❡s ❞❡ λ✳
❙✐♥ ❡♠❜❛r❣♦✱ ♥♦ ♦❜st❛♥t❡ t❛❧ ♣♦s✐❜✐❧✐❞❛❞✱ ❧❛ ❢✉♥❝✐ó♥ Φ t✐❡♥❡ ✉♥❛ ❞❡st❛❝❛❜❧❡ ♣r♦✲
♣✐❡❞❛❞ ✿ Φ ❡s ❝♦♥t✐♥✉❛✳
❊♥ ❛❧❣✉♥♦s ❝❛s♦s✱ ♣♦❞❡♠♦s ❛s❡❣✉r❛r q✉❡ dom(Φ) = R✳ P♦r ❡❥❡♠♣❧♦✱ ❡st❡ ❡s ❡❧
❝❛s♦ ❝✉❛♥❞♦ f ❝r❡❝❡ ❛ ❧♦ s✉♠♦ ❧✐♥❡❛❧♠❡♥t❡ ❡♥ s✉ s❡❣✉♥❞❛ ✈❛r✐❛❜❧❡✱ ❡s ❞❡❝✐r

|f(t, u)| ≤ a|u|+ b,

♣❛r❛ ❛❧❣✉♥❛s ❝♦♥st❛♥t❡s a ② b✳
❊♥ ♣❛rt✐❝✉❧❛r✱ s✐ f ❡s ❛❝♦t❛❞❛✱ ❡❧ ♠ét♦❞♦ ❞❡ ❞✐s♣❛r♦ ❢✉♥❝✐♦♥❛ ♠✉② ❜✐❡♥ ❝♦♠♦ s❡
♠✉❡str❛ ❡♥ ❡❧ s✐❣✉✐❡♥t❡ ❡❥❡♠♣❧♦✳

✸✳✶✳✷✳ ❊❝✉❛❝✐ó♥ ❞❡❧ ♣é♥❞✉❧♦

❙❡ ❡①❛♠✐♥❛ ❧❛ ❜✐❡♥ ❝♦♥♦❝✐❞❛ ❡❝✉❛❝✐ó♥ ❞❡❧ ♣é♥❞✉❧♦ ✐❞❡❛❧✱ ❡♥ ré❣✐♠❡♥ ❢♦r③❛❞♦ ♣♦r
✉♥❛ ♣❡rt✉r❜❛❝✐ó♥ p ✿

u′′(t) + senu(t) = p(t), t ∈ (0, 1).

❡♥ ❞♦♥❞❡ ❝♦♥s✐❞❡r❛♠♦s q✉❡ ❧❛ ❢✉❡r③❛ p : [0, 1] −→ R✱ ❡s ❝♦♥t✐♥✉❛✳

❊st❛ ❡❝✉❛❝✐ó♥ ❡s ♠✉② ❢❛♠♦s❛ ② ❤❛ s✐❞♦ ❡❧ t❡♠❛ ❞❡ ♠✉❝❤❛s ♦❜r❛s ✐♠♣♦rt❛♥t❡s ②✱
❛❞❡♠ás✱ ❤❛② ♣r♦❜❧❡♠❛s t♦❞❛✈í❛ ❛❜✐❡rt♦s ✐♥t❡r❡s❛♥t❡s r❡❢❡r✐❞♦s ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s
♣❡r✐ó❞✐❝❛s✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❧❛ s✐t✉❛❝✐ó♥ ❡s ❝♦♠♣❧❡t❛♠❡♥t❡ ❞✐❢❡r❡♥t❡ ❝✉❛♥❞♦ s❡ tr❛t❛
❞❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❉✐r✐❝❤❧❡t ✭✸✳✶✳✷✮✳ ▲❛ ❡①✐st❡♥❝✐❛ ❞❡ s♦❧✉❝✐♦♥❡s ♣✉❡❞❡ s❡r
❢á❝✐❧♠❡♥t❡ ❝♦♠♣r♦❜❛❞❛ ♣♦r ❡❧ ♠ét♦❞♦ ❞❡ ❞✐s♣❛r♦✿

❝♦♥s✐❞❡r❛♠♦s ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ✭✸✳✶✳✸✮

u(0) = 0, u′(0) = λ.

✷✹



❙✐ uλ ❡s ❧❛ ú♥✐❝❛ s♦❧✉❝✐ó♥ s❛t✐s❢❛❝✐❡♥❞♦ ❡st❛s ❝♦♥❞✐❝✐♦♥❡s✱ ❡♥t♦♥❝❡s✱ ✐♥t❡❣r❛♥❞♦ s❡
t✐❡♥❡

u′
λ(t) = λ+

t
∫

0

[p(s)− senuλ(s)]ds

② ♣♦♥✐❡♥❞♦✱ R :=
1
∫

0

|p(t)|dt+ 1✱ s❡ ❞❡❞✉❝❡ q✉❡ uλ ❡s ♠♦♥ót♦♥❛ ♣❛r❛ |λ| ≥ R✳

▼ás ♣r❡❝✐s❛♠❡♥t❡✱

λ ≥ R ⇒ u′
λ(t) ≥ 0, para todo t

λ ≤ −R ⇒ u′
λ(t) ≤ 0, para todo t.

❊♥ ♣❛rt✐❝✉❧❛r✱ ❞❛❞♦ q✉❡ u′
R(t) ≥ 0✱ ❡♥t♦♥❝❡s uR ❡s ♥♦ ❞❡❝r❡❝✐❡♥t❡✱ ② ❞❛❞♦ q✉❡

u′
−R(t) ≤ 0✱ u−R ❡s ♥♦ ❝r❡❝✐❡♥t❡ ✳ ❈♦♠♦ uλ(0) = 0✱ ♣❛r❛ t♦❞♦ λ✱ ✐♠♣❧✐❝❛ q✉❡

Φ(R) ≥ 0 ≥ Φ(−R).

❊♥t♦♥❝❡s✱ ♣♦r ❡❧ t❡♦r❡♠❛ ❞❡ ❇♦❧③❛♥♦✱ Φ s❡ ❛♥✉❧❛ ❡♥ [−R,R]✳

❊✈✐❞❡♥t❡♠❡♥t❡ ❡❧ ♠✐s♠♦ ♣r♦❝❡❞✐♠✐❡♥t♦ s❡ ♣✉❡❞❡ ❛♣❧✐❝❛r ❛ ❡❝✉❛❝✐♦♥❡s ♠ás ❣❡✲
♥❡r❛❧❡s ❞❡❧ t✐♣♦ ❞❡ ❧❛ ✭✸✳✶✳✶✮✱ ♣❛r❛ f ❛r❜✐tr❛r✐❛ ❛❝♦t❛❞❛✳ P❡r♦ ❡st❛ ❝♦♥❞✐❝✐ó♥ ❞❡
s❡r ❛❝♦t❛❞❛ ❡s ♠✉② r❡str✐❝t✐✈❛✳ ❉❡s❡❛rí❛♠♦s ❞❡♠♦str❛r q✉❡ ❡❧ ♠ét♦❞♦ ❞❡ ❞✐s♣❛r♦
♣✉❡❞❡ s❡r ❛♣❧✐❝❛❞♦ ❛ s✐t✉❛❝✐♦♥❡s ♠ás ❣❡♥❡r❛❧❡s✱ ❡♥ ❧❛s ❝✉❛❧❡s ♥♦ s❡ ❡①✐❥❛ ❡st❛
r❡str✐❝❝✐ó♥ ♣❛r❛ ❧❛ ❢✉♥❝✐ó♥ f ✳

✸✳✶✳✸✳ ❈♦t❛s ❛ ♣r✐♦r✐

❉❡❧ ❡❥❡♠♣❧♦ ❛♥t❡r✐♦r s❡ ♣✉❡❞❡ ✐♥❢❡r✐r q✉❡ ❡❧ é①✐t♦ ❞❡❧ ♠ét♦❞♦ ❞❡ ❞✐s♣❛r♦ ❡♥ ❧❛
♣r✉❡❜❛ ❞❡ ❡①✐st❡♥❝✐❛ ❞❡ s♦❧✉❝✐♦♥❡s✱ ❞❡♣❡♥❞❡ ❢✉❡rt❡♠❡♥t❡ ❞❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ❞❡
❛❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s ❞❡❧ ✢✉❥♦ ❛s♦❝✐❛❞♦ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧✳ P♦r ❧♦ ♠❡♥♦s
♥❡❝❡s✐t❛♠♦s ❡st❛r s❡❣✉r♦s ❞❡ q✉❡ ❧❛s s♦❧✉❝✐♦♥❡s ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s ✐♥✐❝✐❛✲
❧❡s✱ ♣❛r❛ ✉♥ ❛♣r♦♣✐❛❞♦ ❝♦♥❥✉♥t♦ ❞❡ ♣❛rá♠❡tr♦s✱ ❡stá♥ ❞❡✜♥✐❞❛s ❤❛st❛ ❡❧ ✜♥ ❞❡❧
✐♥t❡r✈❛❧♦✳ ❈♦♠♦ s❡ ♠❡♥❝✐♦♥❛ ♠ás ❛rr✐❜❛✱ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ❡stá♥❞❛r ❞❡ ❧❛ t❡♦rí❛
❞❡ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ♦r❞✐♥❛r✐❛s✱ ❡st♦ ❡stá ❣❛r❛♥t✐③❛❞♦ ♣❛r❛ t♦❞♦ λ✱ ❝✉❛♥✲
❞♦ ❧❛ ♥♦ ❧✐♥❡❛❧✐❞❛❞ t✐❡♥❡ ❝r❡❝✐♠✐❡♥t♦✱ ❝♦♠♦ ♠á①✐♠♦✱ ❧✐♥❡❛❧✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❤❛②
✉♥❛ ❝❛♥t✐❞❛❞ ❞❡ ❝❛s♦s ❡♥ ❧♦s q✉❡ ❡st❛ r❡str✐❝❝✐ó♥ ♥♦ s❡ ❝✉♠♣❧❡✱ ② ❡❧ ♠ét♦❞♦ ❞❡
❞✐s♣❛r♦ ❡s t♦❞❛✈í❛ ❛♣❧✐❝❛❜❧❡ ❡♥ ❧❛ ❞❡t❡r♠✐♥❛❝✐ó♥ ❞❡ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ s♦❧✉❝✐♦♥❡s✳
❊♥ ❛❧❣✉♥♦s ❝❛s♦s✱ ♣✉❡❞❡ s❡r ❞❡ ♠✉❝❤❛ ❛②✉❞❛ ❝♦♥t❛r ❝♦♥ ❝♦t❛s ♣r❡❡st❛❜❧❡❝✐❞❛s✱ ♦
❝♦t❛s ❛ ♣r✐♦r✐✱ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s✳
▲❛ ✐❞❡❛ ❡s❡♥❝✐❛❧ ❡s ❧❛ s✐❣✉✐❡♥t❡✿ s✐ s❡ s❛❜❡ ❞❡ ❛♥t❡♠❛♥♦ q✉❡ ❧❛s s♦❧✉❝✐♦♥❡s ❞❡

✷✺



✉♥ ❝✐❡rt♦ ♣r♦❜❧❡♠❛ ❡stá♥ ❛❝♦t❛❞❛s ♣♦r ❛❧❣✉♥❛ ❝♦♥st❛♥t❡ R✱ ❡♥t♦♥❝❡s s❡ ♣✉❡❞❡
r❡❡♠♣❧❛③❛r ❧❛ ❢✉♥❝✐ó♥ ♥♦ ❧✐♥❡❛❧ f ♣♦r ♣♦r ♦tr❛ ❢✉♥❝✐ó♥ ❛❝♦t❛❞❛✱ ❞✐❣❛♠♦s f̄ ✱ t❛❧
q✉❡ f̄(t, u) = f(t, u)✱ ♣❛r❛ |u| ≤ R✳ ❖❜✈✐❛♠❡♥t❡✱ ❡st♦ s❡ ❞❡❜❡ ❤❛❝❡r ❞❡ t❛❧ ♠♦❞♦
q✉❡ ❧❛s s♦❧✉❝✐♦♥❡s ❞❡❧ ♣r♦❜❧❡♠❛ ♠♦❞✐✜❝❛❞♦✱ u′′ = f̄(t, u)✱ s❡❛♥ t❛♠❜✐é♥ ❛❝♦t❛❞❛s
♣♦r R✱ ❞❡ ♠♦❞♦ q✉❡ ❡❧❧❛s t❛♠❜✐é♥ s❡❛♥ s♦❧✉❝✐♦♥❡s ❞❡❧ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧ ✭✸✳✶✳✶✮✳
❊♥ ❧♦s s✐❣✉✐❡♥t❡s ❡❥❡♠♣❧♦s✱ s❡ ❛♣❧✐❝❛ ❡st❛ ♠❡t♦❞♦❧♦❣í❛✱ q✉❡ ❡①t✐❡♥❞❡ ❧❛ ✉t✐❧✐❞❛❞
❞❡❧ s❤♦♦t✐♥❣✱ ❛ ♠ás ❝❛s♦s✳

❊❥❡♠♣❧♦ ✸✳✶ ❙❡❛ f : [0, 1] × R −→ R✱ ❝♦♥t✐♥✉❛ ② ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③ ❡♥ s✉
s❡❣✉♥❞❛ ✈❛r✐❛❜❧❡ ② s✉♣♦♥❣❛♠♦s q✉❡ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ R > 0✱ q✉❡ ❝✉♠♣❧❡ ❧❛
s✐❣✉✐❡♥t❡ ❝♦♥❞✐❝✐ó♥

f(t,−R) < 0 < f(t, R) para todo t ∈ [0, 1]. ✭✸✳✶✳✹✮

❧❧❛♠❛❞❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❍❛rt♠❛♥✳

❊♥t♦♥❝❡s ❡❧ ♣r♦❜❧❡♠❛ ❉✐r✐❝❤❧❡t ✭✸✳✶✳✶✮✲✭✸✳✶✳✷✮ t✐❡♥❡ ❛❧ ♠❡♥♦s ✉♥❛ s♦❧✉❝✐ó♥ u✱ q✉❡
❝✉♠♣❧❡ q✉❡ ‖ u ‖∞≤ R✳

P❛r❛ ✈❡r❧♦✱ s❡ ❞❡✜♥❡

f̄(t, u) :=











f(t, u) si |u| ≤ R

f(t, R) si u > R

f(t,−R) si u < −R.

❊st❛ ❢✉♥❝✐ó♥ ❛sí ❞❡✜♥✐❞❛✱ f̄ ✱ ♠❛♥t✐❡♥❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ f ❞❡ ❝♦♥t✐♥✉✐❞❛❞ ② ❡s
t❛♠❜✐é♥ ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③ ❡♥ u✱ ♣❡r♦ ❛❞❡♠ás ❡s ❛❝♦t❛❞❛✳ ▲✉❡❣♦✱ ❡❧ ♠ét♦❞♦
❞❡ ❞✐s♣❛r♦ ♣r♦✈❡❡ ❞❡ ✉♥❛ s♦❧✉❝✐ó♥ u ❞❡❧ ♣r♦❜❧❡♠❛

{

u′′(t) = f̄(t, u)

u(0) = u(1) = 0.

P♦r ❧♦ t❛♥t♦✱ só❧♦ r❡st❛ ♣r♦❜❛r q✉❡ ❡st❛ s♦❧✉❝✐ó♥ ❡stá ❛❝♦t❛❞❛ ♣♦r R ♣❛r❛ t♦❞♦ t
✭♦ s❡❛ |u| ≤ R, ∀t✮✱ ❞❛❞♦ q✉❡ ❡♥t♦♥❝❡s s❡ t✐❡♥❡ q✉❡ f̄(t, u) = f(t, u), ∀t ② ❡st❛♠♦s✱
♣♦r ❡❧❧♦✱ ❡♥ ❡❧ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧✳
P❛r❛ ✈❡r❧♦✱ s✉♣♦♥❣❛♠♦s q✉❡ u ❛❧❝❛♥③❛ s✉ ✈❛❧♦r ♠á①✐♠♦ ❡♥ ❛❧❣ú♥ t0✱ s✐❡♥❞♦ u(t0) >
R✳ ❊♥t♦♥❝❡s t❡♥❡♠♦s q✉❡ t0 ∈ (0, 1) ② u′′(t0) = f̄(t0, u(t0)) = f(t0, R) > 0✱ ❞❡ ❧❛
❞❡✜♥✐❝✐ó♥ ❞❡ f̄ ✱ ❧♦ ❝✉❛❧ ❝♦♥tr❛❞✐❝❡ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ❡♥ t0 u ❛❧❝❛♥③❛ s✉ ♠á①✐♠♦ ②✱
♣♦r ❧♦ t❛♥t♦✱ u′′(t0) ≤ 0✳ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦ s❡ ♣r✉❡❜❛ q✉❡ u(t) ≥ −R ♣❛r❛ t♦❞♦ t✳

✷✻



❙❡ ♦❜s❡r✈❛ q✉❡✱ ❡♥ ❡st❡ ❝❛s♦✱ ♥♦ ❡s ♥❡❝❡s❛r✐❛♠❡♥t❡ ❝✐❡rt♦ q✉❡ t♦❞❛s ❧❛s s♦❧✉❝✐♦✲
♥❡s ❞❡❧ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧ ❡sté♥ ❛❝♦t❛❞❛s ♣♦r R✳ P❛r❛ ❡❧ ♣r♦♣ós✐t♦ ❞❡ ❡st❛❜❧❡❝❡r
❡①✐st❡♥❝✐❛ ❞❡ s♦❧✉❝✐ó♥ ❢✉❡ s✉✜❝✐❡♥t❡ ♣r♦❜❛r❧♦ ♣❛r❛ ❧❛ ❢✉♥❝✐ó♥ tr✉♥❝❛❞❛ f̄ ✳

❊♥ ❡❧ s✐❣✉✐❡♥t❡ ♣r♦❜❧❡♠❛✱ ♦tr❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥✱ ❧❛ ♠♦♥♦t♦♥í❛✱ ♣❡r♠✐t❡
♦❜t❡♥❡r ❛❞❡♠ás ✉♥✐❝✐❞❛❞ ❞❡ s♦❧✉❝✐ó♥✳

❊❥❡♠♣❧♦ ✸✳✷ ❙❡❛ f : [0, 1] × R −→ R✱ ❝♦♥t✐♥✉❛ ② ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③ ❡♥ s✉
s❡❣✉♥❞❛ ✈❛r✐❛❜❧❡ ② s✉♣♦♥❣❛♠♦s q✉❡ f ❡s ♥♦ ❞❡❝r❡❝✐❡♥t❡ ❝♦♥ r❡s♣❡❝t♦ ❛ u✱ ❛ s❛❜❡r

f(t, u) ≤ f(t, v), para todo t ∈ [0, 1], u, v ∈ R, u ≤ v.

❊♥t♦♥❝❡s ❡❧ ♣r♦❜❧❡♠❛ ❉✐r✐❝❤❧❡t ✭✸✳✶✳✶✮✲✭✸✳✶✳✷✮✱ t✐❡♥❡ ✉♥❛ ú♥✐❝❛ s♦❧✉❝✐ó♥✳

❊s ❞✐❣♥♦ ❞❡ ♦❜s❡r✈❛rs❡ ✉♥❛ ♥♦t❛❜❧❡ ♥♦✈❡❞❛❞ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ❡❥❡♠♣❧♦s ❛♥t❡r✐♦✲
r❡s✿ ❧❛ s♦❧✉❝✐ó♥ ❡s ú♥✐❝❛✱ ❧♦ ❝✉❛❧ ♥♦s ♣❡r♠✐t❡ ❝♦♠♣r❡♥❞❡r ❡❧ ♣❛♣❡❧ ❞❡ ❧❛ ♠♦♥♦t♦♥í❛
❡♥ ❧❛ ♦❜t❡♥❝✐ó♥ ❞❡ ✉♥✐❝✐❞❛❞✳ P❛r❛ ❡❧❧♦✱ ♥♦t❡♠♦s q✉❡ s✐ u ② v s♦♥ s♦❧✉❝✐♦♥❡s ❞❡❧
♣r♦❜❧❡♠❛✱ ❡♥t♦♥❝❡s ❧❛ ❢✉♥❝✐ó♥ w := u− v s❛t✐s❢❛❝❡

w′′(t) = u′′(t)− v′′(t) = f(t, u)− f(t, v),

② ❡♥t♦♥❝❡s

w′′(t)w(t) = [f(t, u)− f(t, v)](u(t)− v(t)) ≥ 0, ✭✸✳✶✳✺✮

❞❛❞♦ q✉❡ s✐ u ≥ v ❡♥t♦♥❝❡s f(t, u) ≥ f(t, v)✱ ② ✈✐❝❡✈❡rs❛✱ ♣♦r ❧❛ ♠♦♥♦t♦♥í❛✱ ② s❡
t✐❡♥❡ q✉❡ ❧♦s ❞♦s ❢❛❝t♦r❡s ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r s♦♥ ❛♠❜♦s ♥♦ ♥❡❣❛t✐✈♦s ♦
❜✐❡♥ ♥♦ ♣♦s✐t✐✈♦s s✐♠✉❧tá♥❡❛♠❡♥t❡✳ ❆❞❡♠ás✱ ✐♥t❡❣r❛♥❞♦ ❧❛ ✭✸✳✶✳✺✮ ♣♦r ♣❛rt❡s✱ s❡
t✐❡♥❡

0 ≤
1
∫

0

w′′(t)w(t)dt = w(t)w′(t)|10 −
1
∫

0

w′2(t)dt,

❡♥ ❞♦♥❞❡ ❡❧ ♣r✐♠❡r tér♠✐♥♦ s❡ ❛♥✉❧❛ ♣✉❡s w(0) = 0 = w(1)✳ ❚♦❞♦ ❧♦ ❝✉❛❧ ✐♠♣❧✐❝❛

q✉❡
1
∫

0

w′2(t)dt = 0✱ ② ❡♥t♦♥❝❡s w′ ≡ 0✱ ❧♦ q✉❡ ❛ s✉ ✈❡③ ♥♦s ❞✐❝❡ q✉❡ w ≡ 0 ② ♣♦r

❧♦ t❛♥t♦ s❡ ♦❜t✐❡♥❡ ❧❛ ❞❡s❡❛❞❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ✉♥✐❝✐❞❛❞✿ u ≡ v✳

❘❡st❛ ❡♥t♦♥❝❡s ♣r♦❜❛r ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ s♦❧✉❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛✳ ❆❧ r❡s♣❡❝t♦ ♣♦❞❡✲
♠♦s ♠❡♥❝✐♦♥❛r q✉❡ ❡st❡ ❡s ✉♥ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ✉♥❛ ❝❧❛s❡ ❜❛st❛♥t❡ ❣❡♥❡r❛❧ ❞❡

✷✼



♣r♦❜❧❡♠❛s ❡♥ ❧♦s ❝✉❛❧❡s ❞❡❝✐♠♦s q✉❡ ✉♥✐❝✐❞❛❞ ✐♠♣❧✐❝❛ ❡①✐st❡♥❝✐❛✳ ❆q✉í r❡❡♠♣❧❛✲
③❛r❡♠♦s ♥✉❡✈❛♠❡♥t❡ ❧❛ ❢✉♥❝✐ó♥ ❞❛❞❛ f ♣♦r ♦tr❛ ❢✉♥❝✐ó♥ tr✉♥❝❛❞❛ f̄ ✱ ❝♦♠♦ ❡♥
❡❧ ❡❥❡♠♣❧♦ ❛♥t❡r✐♦r✱ ❝♦♥ ❧❛ ❞✐❢❡r❡♥❝✐❛ q✉❡ ❡♥ ❡❧ ♣r❡s❡♥t❡ ♣r♦❜❧❡♠❛ ♥♦ t❡♥❡♠♦s
✉♥❛ ❝♦t❛ R ❞❛❞❛ ♣♦r ❛♥t✐❝✐♣❛❞♦✱ ❝♦♠♦ ❧❛ q✉❡ s✉r❣í❛ ❞❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❍❛rt✲
♠❛♥ ✈✐st❛✳ P♦r ❧♦ t❛♥t♦ ❞❡❜❡♠♦s ❡❧❡❣✐r❧❛ ❞❡ ✉♥ ♠♦❞♦ ❝♦♥✈❡♥✐❡♥t❡✳ ❊st❛ ❡s ❧❛
✐❞❡❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♥❛ ❝♦t❛ ❛ ♣r✐♦r✐ ✿ ❛ ✈❡❝❡s ❡s ♣♦s✐❜❧❡✱ ❛♥t❡s ❞❡ s❛❜❡r s✐ ❡❧
♣r♦❜❧❡♠❛ t✐❡♥❡ ♦ ♥♦ s♦❧✉❝✐ó♥✱ ❞❡♠♦str❛r q✉❡ ❧❛ ✐♠❛❣❡♥ ❞❡ t❛❧ s♦❧✉❝✐ó♥✱ s✐ ❡①✐st❡✱
s❡ ❡♥❝✉❡♥tr❛ ❡♥ ✉♥ ❝✐❡rt♦ ❝♦♥❥✉♥t♦ ❛❝♦t❛❞♦✳

❆ t❛❧ ❡❢❡❝t♦ ♦❜s❡r✈❛♠♦s q✉❡ s✐ u(t) ❡s s♦❧✉❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❛❞♦ ♣♦r ❧❛s ❡❝✉❛✲
❝✐♦♥❡s ✭✸✳✶✳✶✮✲✭✸✳✶✳✷✮✱ ❡♥t♦♥❝❡s ♣♦❞❡♠♦s ❡s❝r✐❜✐r

u′′(t) = f(t, u(t))− f(t, 0) + f(t, 0),

②✱ ❝♦♠♦ u(0) = 0✱ t❡♥❡♠♦s q✉❡

u′′(t)u(t) = [f(t, u(t))− f(t, 0)]u(t) + f(t, 0)u(t) ≥ f(t, 0)u(t), ✭✸✳✶✳✻✮

❞♦♥❞❡ ♥✉❡✈❛♠❡♥t❡ ✉s❛♠♦s ❧❛ ♠♦♥♦t♦♥í❛ ❞❡ f r❡s♣❡❝t♦ ❞❡ u✱ ❞❛❞♦ q✉❡ s✐ u(t) ≥
0 = u(0) =⇒ f(t, u(t)) ≥ f(t, 0) ② s✐ u(t) ≤ 0 = u(0) =⇒ f(t, u(t)) ≤ f(t, 0)✱
❝♦♥ ❧♦ q✉❡ [f(t, u(t))− f(t, 0)](u(t)− 0) ≥ 0✳

❈♦♠♦✱ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s✱ t❡♥❡♠♦s q✉❡

1
∫

0

u′′(t)u(t)dt = u(t)u′(t)|10 −
1
∫

0

u′2(t)dt = −
1
∫

0

u′2(t)dt,

♣✉❡s u(0) = u(1) = 0 ✭♣♦r ✭✸✳✶✳✷✮✮✱ ✐♥t❡❣r❛♥❞♦ ❡♥ ❛♠❜♦s ♠✐❡♠❜r♦s ❞❡ ❧❛ ❞❡✲
s✐❣✉❛❧❞❛❞ ✭✸✳✶✳✻✮ t❡♥❡♠♦s

1
∫

0

u′2(t)dt ≤ −
1
∫

0

f(t, 0)u(t)dt ≤‖ u ‖∞
1
∫

0

|f(t, 0)|dt. ✭✸✳✶✳✼✮

P♦r ♦tr❛ ♣❛rt❡✱ ♣♦❞❡♠♦s ❡s❝r✐❜✐r

|u(t)| =

∣

∣

∣

∣

∣

∣

t
∫

0

u′(s)ds

∣

∣

∣

∣

∣

∣

≤
t
∫

0

|u′(s)|ds ≤
1
∫

0

|u′(s)|ds, para todo t.

❊♥t♦♥❝❡s✱ t♦♠❛♥❞♦ ❡❧ ♠á①✐♠♦ ❞❡ |u(t)| ② ❛♣❧✐❝❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❈❛✉❝❤②✲
❙❝❤✇❛r③ ❛❧ ♠✐❡♠❜r♦ ❞❡r❡❝❤♦✱ ❧❧❡❣❛♠♦s ❛ q✉❡

‖ u ‖∞≤





1
∫

0

u′2(t)dt





1
2

=‖ u′ ‖L2[0,1] .

✷✽



▲✉❡❣♦✱ ❝♦♠❜✐♥❛♥❞♦ ❡st❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞ ❝♦♥ ❧❛ ✭✸✳✶✳✼✮✱ t❡♥❡♠♦s q✉❡

‖ u ‖∞≤
1
∫

0

|f(t, 0)|dt := R.

❙✐ ♣♦♥❡♠♦s ❛❤♦r❛ f̄ ❡①❛❝t❛♠❡♥t❡ ❝♦♠♦ ❡♥ ❡❧ ❡❥❡♠♣❧♦ ❛♥t❡r✐♦r✱ ❡♥t♦♥❝❡s ❡❧ ♣r♦✲
❜❧❡♠❛ ♠♦❞✐✜❝❛❞♦

{

u′′(t) = f̄(t, u)

u(0) = u(1) = 0.

t✐❡♥❡ ✉♥❛ s♦❧✉❝✐ó♥ u✳ ▲❛ ❝♦t❛ R ❢✉❡ ♦❜t❡♥✐❞❛ ✉s❛♥❞♦ só❧♦ ❧❛ ♠♦♥♦t♦♥í❛ ❞❡ f ✳
❈♦♠♦ f̄ ❡s t❛♠❜✐é♥ ♥♦ ❞❡❝r❡❝✐❡♥t❡ ❡♥ s✉ s❡❣✉♥❞❛ ✈❛r✐❛❜❧❡ ② ❡s f̄(t, 0) = f(t, 0)✱
❞❡❞✉❝✐♠♦s q✉❡ ‖ u ‖∞ ❡stá ❛❝♦t❛❞❛ ♣♦r ❧❛ ♠✐s♠❛ R✱ ② ❡♥t♦♥❝❡s ❡s ✉♥❛ s♦❧✉❝✐ó♥
❞❡❧ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧✳

❊❥❡♠♣❧♦ ✸✳✸ ❙❡❛ f : [0, 1] × R −→ R✱ ❝♦♥t✐♥✉❛ ② ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③ ❡♥ s✉
s❡❣✉♥❞❛ ✈❛r✐❛❜❧❡ ② s✉♣♦♥❣❛♠♦s q✉❡ f t✐❡♥❡ ❝r❡❝✐♠✐❡♥t♦ ❧✐♥❡❛❧ ❡♥ u✱ ❡st♦ ❡s

|f(t, u)| ≤ c|u|+ d,

♣❛r❛ ❛❧❣✉♥❛s ❝♦♥st❛♥t❡s c, d ≥ 0✳
❙✐ c < 1✱ ❡♥t♦♥❝❡s ❡❧ ♣r♦❜❧❡♠❛ ❝♦♥ ❝♦♥❞✐❝✐♦♥❡s ❉✐r✐❝❤❧❡t ✭✸✳✶✳✶✮✲✭✸✳✶✳✷✮ t✐❡♥❡ ✉♥❛
s♦❧✉❝✐ó♥✳

❙✐❣✉✐❡♥❞♦ ❧❛ ♠✐s♠❛ ✐❞❡❛✱ ❜✉s❝❛♠♦s ✉♥❛ ❝♦t❛ ❛ ♣r✐♦r✐ ♣❛r❛ ❧❛ f ✳ Pr♦❝❡❞❡♠♦s✱
❜✉s❝❛♥❞♦ ✉♥❛ ❝♦t❛ ♣❛r❛ ✉♥❛ s♦❧✉❝✐ó♥✱ ♥✉❡✈❛♠❡♥t❡ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥
❞✐❢❡r❡♥❝✐❛❧ ✭✸✳✶✳✶✮ ♣♦r u ❡ ✐♥t❡❣r❛♥❞♦✳ ❖❜t❡♥❡♠♦s

1
∫

0

u′′(t)u(t)dt = u(t)u′(t)|10 −
1
∫

0

u′2(t)dt = −
1
∫

0

u′2(t)dt,

♣♦r ❧♦ ❝✉❛❧

1
∫

0

u′2(t)dt = −
1
∫

0

f(t, u(t))u(t)dt ≤ c

1
∫

0

u2(t)dt+ d

1
∫

0

|u(t)|dt,

♣✉❡st♦ q✉❡ ✲
1
∫

0

fudt ≤
∣

∣

∣

∣

1
∫

0

fudt

∣

∣

∣

∣

≤
1
∫

0

|f ||u|dt✱ ❞❡ ❞♦♥❞❡ s❡ ♦❜t✐❡♥❡ ❧♦ ❛♥t❡r✐♦r ❞❛❞♦

q✉❡ |f | ≤ c|u|+ d✳

✷✾



▲✉❡❣♦✱ ♦tr❛ ✈❡③ t♦♠❛♥❞♦ ❡❧ ♠á①✐♠♦ ❝♦♠♦ ❡♥ ❧❛ ❝✉❡♥t❛ ❛♥t❡r✐♦r✱ ❧❧❡❣❛♠♦s ❛

‖ u ‖2∞≤ c ‖ u ‖2∞ +d ‖ u ‖∞

② ❡♥t♦♥❝❡s

‖ u ‖∞≤ d

1− c
.

❙❡ ✜❥❛ ❡♥t♦♥❝❡s R ≥ d
1−c

✱ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ②✱ ❞❡✜♥✐❡♥❞♦ ❧❛ ❢✉♥❝✐ó♥ tr✉♥✲
❝❛❞❛ f̄ ❝♦♠♦ ❛♥t❡s✱ s❡ t✐❡♥❡ q✉❡ |f̄(t, u)| ≤ c|u| + d ≤ R✱ ② ❧❛s s♦❧✉❝✐♦♥❡s ❞❡❧
♣r♦❜❧❡♠❛ tr✉♥❝❛❞♦ s♦♥✱ ❡♥ ♣❛rt✐❝✉❧❛r✱ s♦❧✉❝✐♦♥❡s ❞❡❧ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧✱ ❞❛❞♦ q✉❡
‖ u ‖∞≤ d

1−c
≤ R ②✱ ♣♦r ❧♦ t❛♥t♦✱ f̄(t, u(t)) = f(t, u(t))✳

◆♦t❛✳ ❙❡ ♦❜s❡r✈❛ ❡♥ ❬✹❪ ✭❖❜s❡r✈❛❝✐ó♥ ✷✳✶✮ q✉❡ ❧❛ ❝♦♥❞✐❝✐ó♥ c < 1 ♣✉❡❞❡ ♠❡❥♦✲
r❛rs❡ ✉s❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ P♦✐♥❝❛ré

1
∫

0

u2(t)dt ≤ 1

π2

1
∫

0

u′2(t)dt,

❝♦♥ ❧❛ ❝✉❛❧ s❡ ✈❡r✐✜❝❛ q✉❡ ✉♥❛ ❝♦♥❞✐❝✐ó♥ s✉✜❝✐❡♥t❡ ♣❛r❛ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ s♦❧✉❝✐ó♥
❡s q✉❡ c < π2✱ ❧❛ ❝✉❛❧ ♣♦❞❡♠♦s ✈❡r q✉❡ ❡s ✉♥❛ ❝♦t❛ ó♣t✐♠❛✳ ❊❢❡❝t✐✈❛♠❡♥t❡
♦❜s❡r✈❡♠♦s q✉❡ s✐ c = π2✱ s✐✱ ♣♦r ❡❥❡♠♣❧♦✱ f(t, u) = sen(πt) − π2u✱ ♥♦ ❡①✐st❡
s♦❧✉❝✐ó♥✿
s✐ s✉♣♦♥❡♠♦s q✉❡ u(t) ❡s ✉♥❛ s♦❧✉❝✐ó♥✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♠✐❡♠❜r♦s ❞❡ ❧❛
❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ✭✸✳✶✳✶✮✱ ❡ ✐♥t❡❣r❛♥❞♦✱ s❡ t✐❡♥❡ q✉❡

1
∫

0

sen2(πt)dt =

1
∫

0

[u′′(t) + π2u(t)]sen(πt)dt = 0,

❧♦ ❝✉❛❧ ❡s ❛❜s✉r❞♦✳

✸✳✷✳ Pr♦❜❧❡♠❛ ❜✐❞✐♠❡♥s✐♦♥❛❧

❈♦♥s✐❞❡r❛♠♦s ❛❤♦r❛✱ s✐❣✉✐❡♥❞♦ ❛ ❬✹❪✱ ❧❛ ❡①t❡♥s✐ó♥ ❞❡❧ ♠ét♦❞♦ ❛ ✉♥ ♣r♦❜❧❡♠❛ ❞❡
♠❛②♦r❡s ❞✐♠❡♥s✐♦♥❡s q✉❡ ✉♥♦✱ ❡♥ ♣❛rt✐❝✉❧❛r✱ ❛ ❞♦s ❞✐♠❡♥s✐♦♥❡s✳ ❊❧ ♦❜❥❡t✐✈♦ ❝♦♥✲
s✐st❡ ❡♥ r❡s♦❧✈❡r✱ ❡♥ ❧✉❣❛r ❞❡ ✉♥❛ ❡❝✉❛❝✐ó♥ ❡s❝❛❧❛r✱ ✉♥ s✐st❡♠❛ ❞❡ ❞♦s ❡❝✉❛❝✐♦♥❡s✳
❊st♦ ❡s✱ s❡ ❝♦♥s✐❞❡r❛ ✉♥❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❝♦♠♦ ❧❛ ✭✸✳✶✳✶✮✱ ♣❡r♦ ❛❤♦r❛ ❝♦♥✱
♣♦r ❡❥❡♠♣❧♦✱ f : [0, 1]×R2 −→ R2✱ ② s❡ ❜✉s❝❛ ✉♥❛ s♦❧✉❝✐ó♥ u : [0, 1] −→ R2✱ q✉❡
s❛t✐s❢❛❣❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❉✐r✐❝❤❧❡t ✭✸✳✶✳✷✮✳
❈♦♠♦ s❡ ♠❡♥❝✐♦♥❛ ❡♥ ❧❛ r❡❢❡r❡♥❝✐❛✱ ❧♦s r❡s✉❧t❛❞♦s ❞❡❧ ❝❛s♦ ❞❡ ❞♦s ❞✐♠❡♥s✐♦♥❡s
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♣✉❡❞❡♥ s❡r ❡①t❡♥❞✐❞♦s ❛ ♠ás ❞✐♠❡♥s✐♦♥❡s ②❛ q✉❡ ❛q✉❡❧ ❝♦♥t✐❡♥❡ ❧♦s ❡❧❡♠❡♥t♦s
♣r✐♥❝✐♣❛❧❡s ❞❡❧ ❛♥á❧✐s✐s✱ ❝♦♠♦ ❡❧ ❛r❣✉♠❡♥t♦ q✉❡ ✉t✐❧✐③❛ ❧❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡❧ ❚❡♦✲
r❡♠❛ ❞❡ ❇♦❧③❛♥♦✱ ❛ ❧❛ ✈❡③ q✉❡ ♣❡r♠✐t❡ ♠❛②♦r s✐♠♣❧✐❝✐❞❛❞ ❡♥ ❡❧ ♠✐s♠♦✱ ✉s❛♥❞♦
só❧♦ ❡❧ ❚❡♦r❡♠❛ ❞❡ ●r❡❡♥✱ ❣❡♥❡r❛❧✐③á♥❞♦s❡ ❧✉❡❣♦ ❛ ♠❛②♦r❡s ❞✐♠❡♥s✐♦♥❡s q✉❡ ❞♦s✳
P♦r ♦tr❛ ♣❛rt❡✱ ❡s ❝♦♠♦ s❡rá ✉t✐❧✐③❛❞♦ ❡♥ ❡❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦✳ ❚❛♠❜✐é♥ ❡♥ ❢✉♥❝✐ó♥
❞❡ s✉ ✉t✐❧✐③❛❝✐ó♥✱ ❝♦♥s✐❞❡r❛r❡♠♦s ♠ás ❞❡t❡♥✐❞❛♠❡♥t❡ ❡❧ ❡♠♣❧❡♦ ❞❡ ❧♦s ❡❧❡♠❡♥t♦s
❜ás✐❝♦s ❞❡❧ ❛♥á❧✐s✐s ❝♦♠♣❧❡❥♦ ❞❡❧ í♥❞✐❝❡ ❞❡ ✉♥❛ ❝✉r✈❛ ❝❡rr❛❞❛ ② s✉ ✐♥✈❛r✐❛♥❝✐❛ ♣♦r
❤♦♠♦t♦♣í❛s✳

✸✳✷✳✶✳ ❊①t❡♥s✐ó♥ ❛ ✉♥ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s

❆♥á❧♦❣❛♠❡♥t❡ ❛❧ ❝❛s♦ ❡s❝❛❧❛r✱ s❡❛ ❛❤♦r❛ f : [0, 1] × R2 −→ R2✱ ❝♦♥t✐♥✉❛ ②
❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③ ❡♥ u✱ ② ❞❡✜♥❛♠♦s ♣❛r❛ λ ∈ R2✱ uλ(t) ∈ R2 ❝♦♠♦ ❧❛ ú♥✐❝❛
s♦❧✉❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s ✐♥✐❝✐❛❧❡s ✭✸✳✶✳✶✮✲✭✸✳✶✳✸✮

{

u′′(t) = f(t, u)

u(0) = (0, 0), u′(0) = λ.

❊♥t♦♥❝❡s✱ ❝♦♠♦ ❛♥t❡s✱

u′
λ(t) = λ+

t
∫

0

f(s, u(s))ds,

❡ ✐♥t❡❣r❛♥❞♦ ♥✉❡✈❛♠❡♥t❡✱

uλ(t) = λt+

t
∫

0





τ
∫

0

f(s, u(s))ds



 dτ.

❙✐ uλ ❡stá ❞❡✜♥✐❞❛ ❤❛st❛ t = 1✱ ♣♦❞❡♠♦s ✉♥❛ ✈❡③ ♠ás ❞❡✜♥✐r

Φ(λ) := uλ(1),

② ♣♦r ❧♦ t❛♥t♦✱
Φ(λ) = λ+ S,

❞♦♥❞❡ ❧❛s s✉♠❛s ❛♥t❡r✐♦r❡s s❡ r❡❛❧✐③❛♥ ❡♥ R2✱ ❝✉♠♣❧✐é♥❞♦s❡ q✉❡ ‖ S ‖≤‖ f ‖∞✳
❊♥ ❡st❡ ❝♦♥t❡①t♦✱ ♥♦ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❡❧ t❡♦r❡♠❛ ❞❡ ❇♦❧③❛♥♦ t❛❧ ② ❝♦♠♦ s❡ r❡❛❧✐③ó
❡♥ ❧♦s ❡❥❡♠♣❧♦s ❡♥ R✱ ❞❛❞♦ q✉❡ ❡st❛♠♦s tr❛t❛♥❞♦ ❝♦♥ ✉♥ ♣r♦❜❧❡♠❛ ❡♥ R2✳ P♦r ❧♦
t❛♥t♦✱ ♣❛r❛ ♣r♦❜❛r ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥ ❝❡r♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥ Φ ∈ R2 ♥♦ ❛♣❛r❡❝❡ ❡❧
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❝❛♠✐♥♦ s❡❣✉✐❞♦ ❛♥t❡s ❝♦♠♦ ♦❜✈✐♦✳
❊❧ ♣r♦❝❡❞✐♠✐❡♥t♦✱ q✉❡ s❡ s✐❣✉❡ ❡♥ ❬✹❪✱ ♣❛r❛ t❛❧ ✜♥✱ ❝♦♠✐❡♥③❛ ❝♦♥s✐❞❡r❛♥❞♦ ❡❧
s✐❣✉✐❡♥t❡ ❛r❣✉♠❡♥t♦✿ ❡♥ ♣r✐♠❡r ❧✉❣❛r✱ ❡s ❝❧❛r♦ q✉❡ s✐ R >‖ f ‖∞✱ ❡♥t♦♥❝❡s
‖ Φ(λ)− λ ‖< R✱ ♣❛r❛ t♦❞♦ λ✳

❊♥t♦♥❝❡s✱
‖ λ ‖2 −2Φ(λ).λ+ ‖ Φ(λ) ‖2< R2

②✱ ❡♥ ♣❛rt✐❝✉❧❛r✱ ❝✉❛♥❞♦ ‖ λ ‖= R✱ s❡ ❞❡❞✉❝❡ q✉❡

Φ(λ).λ >
1

2
‖ Φ(λ) ‖2≥ 0 =⇒ Φ(λ).λ > 0.

❘❡❝♦r❞❛♥❞♦ q✉❡ Φ(λ).λ =‖ Φ(λ) ‖ . ‖ λ ‖ cosα✱ ❞♦♥❞❡ α ❡s ❡❧ á♥❣✉❧♦ ❡♥tr❡
Φ(λ) ② λ✱ ❡❧ ❝á❧❝✉❧♦ ❛♥t❡r✐♦r ✐♠♣❧✐❝❛ q✉❡ ❝✉❛♥❞♦ ‖ λ ‖= R✱ ❡❧ cosα > 0✱ s✐❡♥❞♦
❡♥t♦♥❝❡s −π

2
≤ α ≤ π

2
✱ ② ♣♦r ❧♦ t❛♥t♦ ❡❧ ✈❡❝t♦r Φ ❛♣✉♥t❛ ❤❛❝✐❛ ❛❢✉❡r❛ ❞❡ ❧❛ ❜♦❧❛

BR(0)✳
❙❡ ♣❧❛♥t❡❛ ❧❛ ♣r❡❣✉♥t❛ ❞❡ s✐ ❡st❛ ❝♦♥❞✐❝✐ó♥ ❡s s✉✜❝✐❡♥t❡ ♣❛r❛ ❝♦♥❝❧✉✐r q✉❡ Φ s❡
❛♥✉❧❛ ❡♥ BR(0)✳ ❉❡ s✉♣♦♥❡r ❧♦ ❝♦♥tr❛r✐♦✱ s❡ ❞❡❞✉❝❡ q✉❡ ♣❛r❛ ❝❛❞❛ λ ∈ BR(0)✱ ❡❧
✈❡❝t♦r Lδ := λ + δΦ(λ) ✐♥t❡rs❡❝❛ ❧❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ ∂BR(0) ❡♥ ✉♥ ú♥✐❝♦ ✈❛❧♦r ❞❡
δ = δ(λ) ≥ 0✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥

‖ λ+ δΦ(λ) ‖2= R2,

❞❡s❛rr♦❧❧❛♥❞♦ ❡❧ ❝✉❛❞r❛❞♦ ② ❤❛❧❧❛♥❞♦ ❧❛ r❛í③ ♣♦s✐t✐✈❛✱ s❡ t✐❡♥❡ q✉❡

δ(λ) =
−Φ(λ).λ+

√

(Φ(λ).λ)2 +R2− ‖ λ ‖2
‖ Φ(λ) ‖2 ,

✭❡❧ s✐❣♥♦ ♥❡❣❛t✐✈♦ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥❛ r❛í③ δ < 0✮✱ ❡♥ ❞♦♥❞❡ s❡ ♣✉❡❞❡ ✈❡r q✉❡ ❡❧
r❛❞✐❝❛♥❞♦✱ ♣❛r❛ ‖ λ ‖= R✱ ❡s ♣♦s✐t✐✈♦✱ ❝♦♥ ❧♦ q✉❡ ❧❛ ❢✉♥❝✐ó♥ δ ❡s t❛♥ r❡❣✉❧❛r
❝♦♠♦ Φ✳
▲✉❡❣♦✱ s❡ ❝♦♥❝❧✉②❡ q✉❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ r : BR(0) −→ R2✱ ❞❡✜♥✐❞❛ ♣♦r

r(λ) = λ+ δ(λ)Φ(λ)

❡s t❛♥ s✉❛✈❡ ❝♦♠♦ Φ ② t✐❡♥❡ ❧❛s ❞♦s ♣r♦♣✐❡❞❛❞❡s s✐❣✉✐❡♥t❡s✿

1. r
(

BR(0)
)

⊂ ∂BR(0)

2. λ ∈ ∂BR(0) =⇒ r(λ) = λ.

❊s ❞❡❝✐r✱ r ❡s ✉♥❛ r❡tr❛❝❝✐ó♥✱ q✉❡ ❛♣❧✐❝❛ ✉♥❛ ❜♦❧❛ ❝❡rr❛❞❛ ❡♥ s✉ ❜♦r❞❡ ② ❞❡❥❛ ❧♦s
♣✉♥t♦s ❞❡❧ ❜♦r❞❡ ✜❥♦s✳
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❊❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ ✭❚❡♦r❡♠❛ ✷✳✶ ❞❡ ❬✹❪✮ q✉❡ ❡♥✉♥❝✐❛♠♦s s✐♥ ❞❡♠♦str❛❝✐ó♥ ✭❡♥
❧❛ ❝✉❛❧ s❡ ♣r♦❝❡❞❡ ♣♦r ✉♥ ❛r❣✉♠❡♥t♦ ❞❡ ❝♦♥tr❛❞✐❝❝✐ó♥ ② s❡ ✉s❛ ❡❧ ❚❡♦r❡♠❛ ❞❡
●r❡❡♥✮✱ ❛✜r♠❛ q✉❡ ✉♥❛ t❛❧ ❛♣❧✐❝❛❝✐ó♥ C2 ♥♦ ♣✉❡❞❡ ❡①✐st✐r✳

❚❡♦r❡♠❛ ✸✳✷✳✶ ◆♦ ❡①✐st❡ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ C2✱ r : B1(0) −→ ∂B1(0)✱ t❛❧ q✉❡
r|∂B1(0) = id✳

❈♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❡st❛ ✈❡rs✐ó♥ ❞❡❧ t❡♦r❡♠❛ ❞❡ ❧❛ ♥♦ r❡tr❛❝❝✐ó♥ s❡ ❞❡❞✉❝❡✱ ❞❡
❧♦s ❝á❧❝✉❧♦s ♣r❡✈✐♦s✱ q✉❡ s✐ Φ ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ C2 ❞❡ ❧❛ ❜♦❧❛ ❝❡rr❛❞❛ ✉♥✐t❛r✐❛✱ q✉❡
❛♣✉♥t❛ ❤❛❝✐❛ ❛❢✉❡r❛ ❡♥ ❡❧ ❜♦r❞❡✱ ❡s ❞❡❝✐r Φ(x).x > 0 ♣❛r❛ x ∈ ∂B1(0)✱ ❡♥t♦♥❝❡s
♥❡❝❡s❛r✐❛♠❡♥t❡ s❡ ❛♥✉❧❛ ❡♥ ❡❧ ✐♥t❡r✐♦r ❞❡ ❧❛ ❜♦❧❛ ✭❚❡♦r❡♠❛ ✷✳✷ ❞❡ ❬✹❪✮✿

❚❡♦r❡♠❛ ✸✳✷✳✷ ❙✉♣♦♥❣❛♠♦s q✉❡ Φ : BR(0) −→ R2 ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ C2 ②
s❛t✐s❢❛❝❡ q✉❡ Φ(x).x > 0 ♣❛r❛ x ∈ ∂B1(0)✳
❊♥t♦♥❝❡s Φ t✐❡♥❡ ✉♥ ❝❡r♦ ❡♥ B1(0)✳

❆❞❡♠ás✱ t❛♠❜✐é♥ s❡ ♦❜t✐❡♥❡ ✉♥❛ ✈❡rs✐ó♥ C2 ❞❡❧ ❚❡♦r❡♠❛ ❞❡ ❇r♦✉✇❡r ✭❚❡♦r❡♠❛
✷✳✸ ❞❡ ❬✹❪✮✿

❚❡♦r❡♠❛ ✸✳✷✳✸ ❙❡❛ f : B1(0) −→ B1(0) ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ C2✳ ❊♥t♦♥❝❡s ❢ t✐❡♥❡ ❛❧
♠❡♥♦s ✉♥ ♣✉♥t♦ ✜❥♦✱ ♦ s❡❛✱ ❡①✐st❡ x ∈ B1(0) t❛❧ q✉❡ f(x) = x✳

❉❡♠✳❚❡♦r❡♠❛ ✸✳✷✳✶ ❙✐ f(x) = x ♣❛r❛ ❛❧❣ú♥ x ∈ ∂B1(0)✱ s❡ ❝✉♠♣❧❡✳ ❊♥t♦♥❝❡s
s✉♣♦♥❣❛♠♦s q✉❡ ♥♦✳ ▲✉❡❣♦ ❞❡✜♥✐♠♦s ❧❛ ❛♣❧✐❝❛❝✐ó♥ Φ := x− f(x)✳ P♦r ❧♦ t❛♥t♦✱
♣❛r❛ x ∈ ∂B1(0)✱

Φ(x).x =‖ x ‖2 −f(x).x = 1− f(x).x > 0

♣✉❡st♦ q✉❡ f(x).x =‖ f(x) ‖ . ‖ x ‖ cos(f̂(x), x) < 1✱ ❞❛❞♦ q✉❡ f(x) 6= x✳ P♦r ❧♦
t❛♥t♦ Φ s❡ ❛♥✉❧❛ ❡♥ B1(0)✳ �

❊❧ tr❛t❛♠✐❡♥t♦ ❞❡❧ t❡♠❛ ❡♥ ❬✹❪ ❛❤♦r❛ ❝♦♥t✐♥ú❛ ❝♦♥ ❡❧ r❡s✉❧t❛❞♦ s✐❣✉✐❡♥t❡ ✭❚❡♦r❡♠❛
✷✳✹✮✱ q✉❡ ♣✉❡❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡❧ t❡♦r❡♠❛ ❞❡ ❇♦❧③❛♥♦
♣❛r❛ ❝❛♠♣♦s ✈❡❝t♦r✐❛❧❡s ❡♥ R2✱ t❛♠❜✐é♥ ❝♦♥♦❝✐❞♦ ❝♦♠♦ ❡❧ ❚❡♦r❡♠❛ ❞❡❧ ✈❛❧♦r
✐♥t❡r♠❡❞✐♦ ❣❡♥❡r❛❧✐③❛❞♦ q✉❡ ❡♥ ❧❛ r❡❢❡r❡♥❝✐❛ s❡ ♣r✉❡❜❛✿

❚❡♦r❡♠❛ ✸✳✷✳✹ ✭P♦✐♥❝❛ré✲▼✐r❛♥❞❛✱ ✈❡rs✐ó♥ C2✮ ✳
❙❡❛ f : [−1, 1]× [−1, 1] −→ R2 ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ C2 t❛❧ q✉❡

f1(−1, x2) < 0 < f1(1, x2) ∀x2 ∈ [−1, 1]

y f2(x1,−1) < 0 < f2(x1, 1) ∀x1 ∈ [−1, 1],
✭✸✳✷✳✶✮

❊♥t♦♥❝❡s ❡①✐st❡ x ∈ (−1, 1)× (−1, 1) t❛❧ q✉❡ f(x) = (0, 0)✳
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❙❡ ♦❜s❡r✈❛✱ ❛❞❡♠ás✱ q✉❡ t❛♥t♦ ❡st❡ t❡♦r❡♠❛ ❝♦♠♦ ❡❧ ❛♥t❡r✐♦r ❚❡♦r❡♠❛ ✸✳✷✳✷ s✐❣✉❡♥
s✐❡♥❞♦ ✈á❧✐❞♦s s✐ ❝✉❛❧q✉✐❡r❛ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✸✳✷✳✶✮ ② Φ(x).x > 0 s❡ ✐♥✈✐❡rt❡♥
♦ s✐ ❞❡❥❛♥ ❞❡ s❡r ❡str✐❝t❛s✳

❊st❛ ♣❛rt❡ ❝♦♥❝❧✉②❡ ♣r♦❜❛♥❞♦ q✉❡ ❧♦s r❡s✉❧t❛❞♦s ♣r❡❝❡❞❡♥t❡s s♦♥ t♦♣♦❧ó❣✐❝♦s✱ ❡s
❞❡❝✐r✱ q✉❡ ❝♦♥t✐♥ú❛♥ ✈❛❧✐❡♥❞♦ s✐♥ ❧❛ ❡①✐❣❡♥❝✐❛ ❞❡ r❡❣✉❧❛r✐❞❛❞✱ ♦ s❡❛✱ s✐ ❧❛s ❛♣❧✐❝❛✲
❝✐♦♥❡s s♦♥ só❧♦ ❝♦♥t✐♥✉❛s✳ P❛r❛ t❛❧ ✜♥ s❡ ✉t✐❧✐③❛ ❡❧ ❚❡♦r❡♠❛ ❞❡ ❙t♦♥❡✲❲❡✐❡rstr❛ss
♣❛r❛ ❞❡♠♦str❛r ❧♦s s✐❣✉✐❡♥t❡s t❡♦r❡♠❛s ✭❚❡♦r❡♠❛s ✷✳✺✱ ✷✳✻✱ ✷✳✼ ② ✷✳✽ ❞❡ ❬✹❪✮✱ ✈❡r✲
s✐♦♥❡s ❞❡ ❧♦s t❡♦r❡♠❛s ❛♥t❡r✐♦r❡s ❡♥ ❧♦s q✉❡ ❧❛ Φ ✭② ♣♦r ❧♦ t❛♥t♦ t❛♠❜✐é♥ ❧❛ r✮ ❡s
só❧♦ ❝♦♥t✐♥✉❛✱ q✉❡ ❡♥✉♥❝✐❛♠♦s s✐♥ ❞❡♠♦str❛❝✐ó♥✱ ❧❛s q✉❡ ♣✉❡❞❡♥ ✈❡rs❡ ❡♥ ❬✹❪✿

❚❡♦r❡♠❛ ✸✳✷✳✺ ◆♦ ❡①✐st❡ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❝♦♥t✐♥✉❛✱ r : B1(0) −→ ∂B1(0)✱ t❛❧
q✉❡ r|∂B1(0) = id✳

❚❡♦r❡♠❛ ✸✳✷✳✻ ❙✉♣♦♥❣❛♠♦s q✉❡ Φ : B1(0) −→ R2 ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❝♦♥t✐♥✉❛
② s❛t✐s❢❛❝❡ q✉❡ Φ(x).x > 0 ♣❛r❛ x ∈ ∂B1(0)✳
❊♥t♦♥❝❡s Φ t✐❡♥❡ ✉♥ ❝❡r♦ ❡♥ B1(0)✳

❚❡♦r❡♠❛ ✸✳✷✳✼ ✭❚❡♦r❡♠❛ ❞❡ ❇r♦✉✇❡r✱ ✈❡rs✐ó♥ ❝♦♥t✐♥✉❛✮ ✳
❈✉❛❧q✉✐❡r ❛♣❧✐❝❛❝✐ó♥ ❝♦♥t✐♥✉❛ f : B1(0) −→ B1(0) t✐❡♥❡ ❛❧ ♠❡♥♦s ✉♥ ♣✉♥t♦ ✜❥♦✳

❚❡♦r❡♠❛ ✸✳✷✳✽ ✭❚❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré✲▼✐r❛♥❞❛✮ ✳
❙❡❛ f : [−1, 1]× [−1, 1] −→ R2 ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❝♦♥t✐♥✉❛ t❛❧ q✉❡

f1(−1, x2) < 0 < f1(1, x2) ∀x2 ∈ [−1, 1]

y f2(x1,−1) < 0 < f2(x1, 1) ∀x1 ∈ [−1, 1],
✭✸✳✷✳✷✮

❊♥t♦♥❝❡s ❡①✐st❡ x ∈ (−1, 1)× (−1, 1) t❛❧ q✉❡ f(x) = (0, 0)✳

❙❡ ♦❜s❡r✈❛ ❛❞❡♠ás ❡♥ ❬✹❪✱ ❧❛ ❡q✉✐✈❛❧❡♥❝✐❛ ❞❡ ❡st♦s t❡♦r❡♠❛s✱ ♣❡s❡ ❛❧ ♦r❞❡♥ ❡s✲
♣❡❝í✜❝♦ ❡♥ ❡❧ q✉❡ ❢✉❡r♦♥ ♣r❡s❡♥t❛❞♦s✱ ❡s ❞❡❝✐r✱ ❝✉❛❧q✉✐❡r❛ ❞❡ ❡❧❧♦s s❡ ♣✉❡❞❡ ✉s❛r
♣❛r❛ ♣r♦❜❛r ♦tr♦ ❞❡ ❡❧❧♦s✱ ② s✉ ✈❛❧✐❞❡③ ❡♥ ❞✐♠❡♥s✐♦♥❡s ♠❛②♦r❡s ❛ ❞♦s✳ ❆❞❡♠ás✱
❝✉❛❧q✉✐❡r❛ ❞❡ ❡❧❧♦s ✐♠♣❧✐❝❛ ❡❧ ❆①✐♦♠❛ ❞❡ ❝♦♠♣❧❡t✐t✉❞ ❞❡ ❧♦s ♥ú♠❡r♦s r❡❛❧❡s✳

❊♥ sí♥t❡s✐s✱ ❝♦♥t❛♥❞♦ ❝♦♥ ❡st♦s r❡s✉❧t❛❞♦s✱ ♣♦❞❡♠♦s ❝♦♥t❡st❛r ❛✜r♠❛t✐✈❛♠❡♥t❡ ❧❛
♣r❡❣✉♥t❛ ❢♦r♠✉❧❛❞❛ ❛❧ ♣r✐♥❝✐♣✐♦ ② ❝♦♥❝❧✉ír q✉❡ ❡❢❡❝t✐✈❛♠❡♥t❡ ❧❛ ❢✉♥❝✐ó♥ Φ t✐❡♥❡
✉♥ ❝❡r♦ ❡♥ ❧❛ ❜♦❧❛ BR(0)✱ ❧♦ ❝✉❛❧ ❡q✉✐✈❛❧❡ ❛ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ s♦❧✉❝✐ó♥ ❡♥ t♦❞♦ ❡❧
✐♥t❡r✈❛❧♦ [0, 1]✱ ❡①t❡♥❞✐❡♥❞♦ ❡❧ ♠ét♦❞♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ✉♥❛ ❞✐♠❡♥s✐ó♥
❛❧ ❝❛s♦ ❞❡ ❞♦s ❞✐♠❡♥s✐♦♥❡s✳

✸✹



✸✳✷✳✷✳ ❯t✐❧✐③❛♥❞♦ ❆♥á❧✐s✐s ❈♦♠♣❧❡❥♦

❈♦♠❡♥t❛♠♦s ❛q✉í ❡❧ tr❛t❛♠✐❡♥t♦ ❞❡❧ ❝❛s♦ ❞❡ ❞♦s ❞✐♠❡♥s✐♦♥❡s ♠❡❞✐❛♥t❡ ❧❛ ✉t✐❧✐✲
③❛❝✐ó♥ ❞❡ ❤❡rr❛♠✐❡♥t❛s ❞❡❧ ❆♥á❧✐s✐s ❈♦♠♣❧❡❥♦✳
❘❡♣❛s❛♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❝♦♥❝❡♣t♦s ❜ás✐❝♦s ♠✉② ❞✐❢✉♥❞✐❞♦s✳

❮♥❞✐❝❡ ♦ ◆ú♠❡r♦ ❞❡ ✈✉❡❧t❛s✿ s❡❛ γ : [α, β] −→ C \ {a}✱ ✉♥❛ ❝✉r✈❛ ❝❡rr❛❞❛
❝♦♥t✐♥✉❛✱ q✉❡ ♥♦ ♣❛s❛ ♣♦r ❡❧ ♣✉♥t♦ a✳
❙❡ ❞❡✜♥❡ ❡❧ ❮♥❞✐❝❡ ❞❡ ❧❛ ❝✉r✈❛ γ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ♣✉♥t♦ ❛ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥

I(γ, a) =
1

2πi

∫

γ

dz

z − a
,

t❛♠❜✐é♥ ❧❧❛♠❛❞♦ ◆ú♠❡r♦ ❞❡ ✈✉❡❧t❛s ❞❡ γ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ♣✉♥t♦ ❛✳

❈✉r✈❛s ❤♦♠♦tó♣✐❝❛s✿ ✐♥t❡r❡s❛ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ✉♥ ❛r❝♦ ❜❛❥♦ ❞❡❢♦r♠❛✲
❝✐♦♥❡s ❝♦♥t✐♥✉❛s✳ ■♥t✉✐t✐✈❛♠❡♥t❡ ❤❛❜❧❛♥❞♦✱ s✉r❣❡ ❧❛ ♣r❡❣✉♥t❛ ❞❡ s✐ ❡s ♣♦s✐❜❧❡
❞❡❢♦r♠❛rs❡ ❞❡ ♠❛♥❡r❛ ❝♦♥t✐♥✉❛ ✉♥ ❛r❝♦ γ1 ❡♥ ♦tr♦ ❛r❝♦ γ2✱ t❡♥✐❡♥❞♦ ❛♠❜♦s ❛r❝♦s
s✉s ❡①tr❡♠♦s ❝♦♠✉♥❡s✱ ❡st❛♥❞♦ ❛♠❜♦s ❝♦♥t❡♥✐❞♦s ❡♥ ✉♥❛ r❡❣✐ó♥ Ω ② ♠❛♥t❡♥✐é♥✲
❞♦s❡ ✜❥♦s ❧♦s ❡①tr❡♠♦s ② ❧♦s ❛r❝♦s ✐♥t❡r♠❡❞✐♦s ❞❡♥tr♦ ❞❡ Ω✳ ❉♦s t❛❧❡s ❛r❝♦s q✉❡
♣✉❡❞❛♥ ❞❡❢♦r♠❛rs❡ ✉♥♦ ❡♥ ❡❧ ♦tr♦ s❡ ❞✐❝❡♥ ❤♦♠♦tó♣✐❝♦s ❝♦♥ r❡s♣❡❝t♦ ❛ Ω✱ ② ❡s✲
t❛ ❡s ✉♥❛ ❝❧❛s❡ ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛✳ ❊st❡ ❝♦♥❝❡♣t♦ ❢ís✐❝♦ ❞❡ ❞❡❢♦r♠❛❝✐ó♥ t✐❡♥❡ ✉♥❛
✐♥t❡r♣r❡t❛❝✐ó♥ ❝❛s✐ ✐♥♠❡❞✐❛t❛ ❡♥ tér♠✐♥♦s ♠❛t❡♠át✐❝♦s✿

s❡ ❞✐❝❡ q✉❡ ❞♦s ❛r❝♦s γ1 ② γ2✱ ❞❡✜♥✐❞♦s ♣♦r ❧❛s ❡❝✉❛❝✐♦♥❡s z = z1(t) ② z = z2(t)
s♦❜r❡ ❡❧ ♠✐s♠♦ ✐♥t❡r✈❛❧♦ ♣❛r❛♠étr✐❝♦ α ≤ t ≤ β✱ s♦♥ ❤♦♠♦tó♣✐❝♦s ❡♥ Ω✱ s✐ ❡①✐st❡
✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ h : [α, β]× [0, 1] −→ Ω✱ ❝♦♥ ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s✿

✶✮ h(t, s) ∈ Ω ♣❛r❛ t♦❞♦ (t, s) ∈ [α, β]× [0, 1]✱
✷✮ h(t, 0) = z1(t) y h(t, 1) = z2(t)✱ ♣❛r❛ t♦❞♦ t ∈ [α, β]✱
✸✮h(α, s) = z1(α) = z2(α) ② h(β, s) = z1(β) = z2(β)✱ ♣❛r❛ t♦❞♦ s ∈ [0, 1]✳

❙❡ ♣✉❡❞❡♥ ❡❢❡❝t✉❛r ❝♦♥ ❢❛❝✐❧✐❞❛❞ ❧❛s ❞❡♠♦str❛❝✐♦♥❡s q✉❡ ♠✉❡str❛♥ q✉❡ ❧❛ r❡❧❛❝✐ó♥
❞❡ ❤♦♠♦t♦♣í❛✱ ❝♦♠♦ ❡stá ❞❡✜♥✐❞❛ ❛q✉í✱ ❡s ✉♥❛ r❡❧❛❝✐ó♥ ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛✱ s✐❡♥❞♦
♣♦s✐❜❧❡✱ ♣♦r ❧♦ t❛♥t♦✱ ❛❣r✉♣❛r t♦❞♦s ❧♦s ❛r❝♦s ❡♥ ❝❧❛s❡s ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛ ❧❧❛♠❛❞❛s
❝❧❛s❡s ❞❡ ❤♦♠♦t♦♣í❛✳ ▲♦s ❛r❝♦s ❡♥ ✉♥❛ ❝❧❛s❡ ❞❡ ❤♦♠♦t♦♣í❛ t✐❡♥❡♥ ❡①tr❡♠♦s ❝♦♠✉✲
♥❡s ② ♣✉❡❞❡♥ ❞❡❢♦r♠❛rs❡ ✉♥♦s ❡♥ ♦tr♦s ❞❡♥tr♦ ❞❡ Ω✳ ❈♦♠♦ s❡ ♣✉❡❞❡ ✈❡r ❡♥ ❬✶✹❪✱
s✐ s❡ tr❛③❛♥ s✉❝❡s✐✈❛♠❡♥t❡ ❞♦s ❛r❝♦s γ1 ② γ2 ❡♠♣❡③❛♥❞♦ γ2 ❡♥ ❡❧ ♣✉♥t♦ t❡r♠✐♥❛❧
❞❡ γ1✱ ❢♦r♠❛♥ ✉♥ ♥✉❡✈♦ ❛r❝♦ Γ12 ✭❝✉②❛ ♣❛r❛♠❡tr✐③❛❝✐ç♦♥ ♥♦ ❡stá ❞❡t❡r♠✐♥❛❞❛
❞❡ ♠❛♥❡r❛ ú♥✐❝❛✮✳ ❯♥ r❛③♦♥❛♠✐❡♥t♦ s❡♥❝✐❧❧♦ ♠✉❡str❛ q✉❡ ❧❛ ❝❧❛s❡ ❞❡ ❤♦♠♦t♦♣í❛
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❞❡ Γ12 ❞❡♣❡♥❞❡ só❧♦ ❞❡ ❧❛s ❝❧❛s❡s ❞❡ γ1 ② γ2✱ ♣♦r ❧♦ ❝✉❛❧ s❡ ❧❛ ♣✉❡❞❡ ❝♦♥s✐❞❡r❛r
❝♦♠♦ ✉♥❛ ♠✉❧t✐♣❧✐❝❛❝✐ó♥ ❞❡ ❝❧❛s❡s ❞❡ ❤♦♠♦t♦♣í❛✱ ❧❛ q✉❡ ❡stá ❞❡✜♥✐❞❛ ú♥✐❝❛♠❡♥✲
t❡ ❝✉❛♥❞♦ ❝♦✐♥❝✐❞❡♥ ❡❧ ♣✉♥t♦ ✐♥✐❝✐❛❧ ❞❡ γ2 ❝♦♥ ❡❧ ✐♥✐❝✐❛❧ ❞❡ γ1✳ ▲✐♠✐t❛♥❞♦♥♦s ❛
❧❛s ❝❧❛s❡s ❞❡ ❤♦♠♦t♦♣í❛ ❞❡ ❝✉r✈❛s ❝❡rr❛❞❛s✱ ❡❧ ♣r♦❞✉❝t♦ ❡stá s✐❡♠♣r❡ ❞❡✜♥✐❞♦ ②
❢♦r♠❛♥ ✉♥ ❣r✉♣♦✳

■♥✈❛r✐❛♥❝✐❛ ❞❡❧ ❮♥❞✐❝❡ ♣♦r ❤♦♠♦t♦♣í❛s✿ s✐ γ1, γ2 : [α, β] −→ C \ {a} s♦♥
❝✉r✈❛s ❝❡rr❛❞❛s✱ ② h : [α, β] × [0, 1] −→ C \ {a}✱ ❡s ❝♦♥t✐♥✉❛ ② s❛t✐s❢❛❝❡ q✉❡
h(t, 0) = γ1(t), h(t, 1) = γ2(t) ♣❛r❛ t♦❞♦ t ∈ [α, β]✱ ② h(α, s) = h(β, s) ♣❛r❛ t♦❞♦
s ∈ [0, 1]✱ ❡♥t♦♥❝❡s

I(γ1, a) = I(γ2, a).

❙❡ ❝♦♥s✐❞❡r❛ ❛❤♦r❛ ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛ ✭▲❡♠❛ ✷✳✶ ❞❡ ❬✹❪✮✱ q✉❡ s❡rá ❞❡ ❣r❛♥ ✐♠♣♦r✲
t❛♥❝✐❛ ❡♥ ❧❛ ♣r✉❡❜❛ ❞❡❧ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❡♥ ❧❛ ♣ró①✐♠❛ s❡❝❝✐ó♥✳

▲❡♠❛ ✸✳✷✳✶ ❙❡❛ f : B̄1(0) −→ C\{0}✱ ❝♦♥t✐♥✉❛✱ ② s❡❛ γ(t) = eit ♣❛r❛ t ∈ [0, 2π]✳
❊♥t♦♥❝❡s

I(f ◦ γ, 0) = 0.

❉❡♠✳▲❡♠❛ ✸✳✷✳✶ ❊s s✉✜❝✐❡♥t❡ ❝♦♥s✐❞❡r❛r ❧❛ ❤♦♠♦t♦♣í❛ h(t, s) = f(sγ(t))✳
❊♥ ❡❢❡❝t♦✱ ❞❛❞♦ q✉❡ h(t, 0) = f(0) ② h(t, 1) = f(γ(t))✱ s❡ t✐❡♥❡ q✉❡ f ◦ γ ❡s
❤♦♠♦tó♣✐❝❛ ❛❧ ♣✉♥t♦ f(0)✳ ❈♦♠♦ I(f(0), 0) = 0✱ ♣♦r ❧❛ ✐♥✈❛r✐❛♥❝✐❛ ❞❡❧ í♥❞✐❝❡ ♣♦r
❧❛ ❤♦♠♦t♦♣í❛ s❡ t✐❡♥❡ ❡❧ r❡s✉❧t❛❞♦.�

❯t✐❧✐③❛❝✐ó♥ ❡♥ ❧❛ ♣r✉❡❜❛ ❞❡❧ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡ ❧❛ ❙❡❝❝✐ó♥ ✹

❈♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❡st❡ ▲❡♠❛ ✸✳✷✳✶✱ ❝✉②❛ ✈❛❧✐❞❡③ s❡ ♠❛♥t✐❡♥❡ ❡♥ ✉♥ ❞♦♠✐♥✐♦
❤♦♠❡♦♠♦r❢♦ ❛❧ ❞✐s❝♦✱ ❝♦♠♦ ❡❧ ❞♦♠✐♥✐♦ Ω q✉❡ ❞❡✜♥✐r❡♠♦s ❡♥ ❡❧ ♣r♦❜❧❡♠❛ ❡s♣❡✲
❝í✜❝♦ q✉❡ s❡ tr❛t❛ ❡♥ ❡❧ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✱ s✐ ❝♦♥s✐❞❡r❛♠♦s q✉❡ I(f ◦ γ, 0) 6= 0✱
❡♥t♦♥❝❡s ❧❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ f ❞❡❜❡ ❛♥✉❧❛rs❡✳ ❊♥ ❧❛ ♣r✉❡❜❛ ❞❡❧ r❡s✉❧t❛❞♦ ♣r✐♥❝✐✲
♣❛❧ ❞❡ ❧❛ ♣ró①✐♠❛ s❡❝❝✐ó♥✱ ❜❛s❛❞❛ ❡♥ ❧♦s tr❛❜❛❥♦s ❬✺❪ ② ❬✾❪✱ s❡ ♣r✉❡❜❛ q✉❡ ❡❧ í♥❞✐❝❡
❞❡ ❧❛ ✐♠❛❣❡♥ ♣♦r ✉♥❛ tr❛♥s❢♦r♠❛❝✐ó♥ ❝♦♥t✐♥✉❛ T ❞❡❧ ❜♦r❞❡ ❞❡ ❡st❡ ❛❞❡❝✉❛❞♦
❞♦♠✐♥✐♦ Ω r❡s♣❡❝t♦ ❞❡ ✉♥ ♣✉♥t♦ ❞❡t❡r♠✐♥❛❞♦✱ ♥♦ s❡ ❛♥✉❧❛✱ ❝♦♥ ❧♦ ❝✉❛❧✱ ❡❧ ✉s♦ ❞❡
❡st❡ ▲❡♠❛ ✸✳✷✳✶ ♣❡r♠✐t❡ ♦❜t❡♥❡r ❡❧ r❡s✉❧t❛❞♦ ❞❡s❡❛❞♦✳
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◆♦t❛✳ ❱❡♠♦s t❛♠❜✐é♥ ♦tr❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ t❡♦r❡♠❛ ❞❡ ❇r♦✉✇❡r✱ ♣❛r❛ ❛♣❧✐✲
❝❛❝✐♦♥❡s ❝♦♥t✐♥✉❛s✱ ♠❡♥❝✐♦♥❛❞♦ ❡♥ ❡❧ ♣✉♥t♦ ❛♥t❡r✐♦r✱ ✉t✐❧✐③❛♥❞♦ ❡st♦s ❡❧❡♠❡♥t♦s
❞❡❧ ❆♥á❧✐s✐s ❈♦♠♣❧❡❥♦✳

❙✉♣♦♥❡♠♦s q✉❡ f : B̄1(0) −→ B̄1(0) ❡s ❝♦♥t✐♥✉❛ ② q✉❡ f(z) 6= z ♣❛r❛ t♦❞♦
z ∈ B̄1(0)✳ ▲✉❡❣♦ ❞❡✜♥✐♠♦s g(z) = z − f(z)✳ ❈♦♠♦ f ♥♦ t✐❡♥❡ ♣✉♥t♦s ✜❥♦s✱ g
♥♦ s❡ ❛♥✉❧❛✳ P♦r ✉♥ ❧❛❞♦✱ ❝♦♥s✐❞❡r❛♠♦s ❧❛ ❤♦♠♦t♦♣í❛ h(t, s) = γ(t) − sf(γ(t))✳
▲✉❡❣♦✱ g ◦ γ ❡s ❤♦♠♦tó♣✐❝❛ ❛ γ ✱ ♣✉❡s h(t, 0) = γ(t) ② h(t, 1) = g(γ(t)) ② ♣♦r ❧♦
t❛♥t♦ I(g ◦ γ, 0) = I(γ, 0) = 1✳ P♦r ♦tr❛ ♣❛rt❡✱ ❡❧ ❧❡♠❛ ♣r❡✈✐♦ ♥♦s ❞✐❝❡ q✉❡ ✱ ❞❛❞♦
q✉❡ g ♥♦ s❡ ❛♥✉❧❛✱ I(g ◦ γ, 0) = 0✱ ❡♥ ❝♦♥tr❛❞✐❝❝✐ó♥ ❝♦♥ ❧♦ ❛♥t❡r✐♦r✳ �
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✹✳ ❆♣❧✐❝❛❝✐ó♥ ❛❧ ♣r♦❜❧❡♠❛ ❝♦♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡
◆❡✉♠❛♥♥ ♣❛r❛ ✉♥ ♠♦❞❡❧♦ ❞❡ ❡❧❡❝tr♦❞✐❢✉s✐ó♥
❞❡ ❞♦s ✐♦♥❡s

❆♥á❧✐③❛♠♦s ❡♥ ❡st❛ s❡❝❝✐ó♥ ❧♦s tr❛❜❛❥♦s ❬✺❪ ② ❬✾❪✱ ❡♥ ❧♦s ❝✉❛❧❡s s❡ ❛♣❧✐❝❛ ❡❧ ♠ét♦❞♦
❞❡ ❞✐s♣❛r♦ ❡①♣❧✐❝❛❞♦ ❛ ❡st❡ ♣r♦❜❧❡♠❛ ♣❛rt✐❝✉❧❛r ❝♦♥s✐❞❡r❛❞♦✱ ♣❛r❛ ❧♦s ❝❛s♦s ❞❡
✈❛❧❡♥❝✐❛s ✐❣✉❛❧❡s ν+ + ν− = 0✱ ② ❡❧ ♠ás ❣❡♥❡r❛❧ ❞❡ ν+ + ν− ≤ 0✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✹✳✶✳ ❊❧ ❝❛s♦ ν+ + ν− = 0

▲❛ ❡❧✐♠✐♥❛❝✐ó♥ ❞❡ ❧❛s ❝♦♥❝❡♥tr❛❝✐♦♥❡s ✐ó♥✐❝❛s ❡♥ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❞♦s ✐♦♥❡s ❝♦♥❞✉❝❡
❛ ✉♥❛ ❡❝✉❛❝✐ó♥ ♥♦ ❧✐♥❡❛❧ ❡♥ ❧❛ ✈❛r✐❛❜❧❡ ② ✱ ♣r♦♣♦r❝✐♦♥❛❧ ❛❧ ❝❛♠♣♦ ❡❧é❝tr✐❝♦ ❊✱ ❛
s❛❜❡r✿

y′′(x) = f(x, y(x); y(0), y(1)), x ∈ (0, 1) ✭✹✳✶✳✶✮

❞♦♥❞❡

f(x, y; y(0), y(1)) := y

[

λ− y(0)2 − y2

2
+ Ax

]

− AD ✭✹✳✶✳✷✮

❝♦♥

A = lλ+
y(0)2 − y(1)2

2
, ✭✹✳✶✳✸✮

② ❧❛ ❥✉♥t✉r❛ ❧íq✉✐❞❛ ♦❝✉♣❛ ❧❛ r❡❣✐ó♥ 0 ≤ x ≤ 1✳ ▲❛s ❝❛♥t✐❞❛❞❡s l > 0, λ > 0 ②
D✱ ❝♦♥ −1 < D < 1 s♦♥ ♣❛rá♠❡tr♦s ❝♦♠♦ s❡ ❞❡s❝r✐❜❡♥ ❡♥ ❬✷❪✱ ❡♥ ❞♦♥❞❡ ♥♦t❛♠♦s
q✉❡ s✐ y ❡s ✉♥❛ s♦❧✉❝✐ó♥ ❞❡ ✭✹✳✶✳✶✮ ♣❛r❛ ❧♦s ♣❛rá♠❡tr♦s l, λ ② D ✱ ❡♥t♦♥❝❡s −y
❡s ✉♥❛ s♦❧✉❝✐ó♥ ♣❛r❛ ❧♦s ♣❛rá♠❡tr♦s l, λ ② −D✳ ❊s ✐♥♠❡❞✐❛t♦ ✈❡r q✉❡ ❝✉❛♥❞♦
D = 0 ❧❛ ú♥✐❝❛ s♦❧✉❝✐ó♥ ❡s y ≡ 0✳ P♦r ❧♦ t❛♥t♦ ♣♦❞❡♠♦s s✉♣♦♥❡r✱ s✐♥ ♣ér❞✐❞❛ ❞❡
❣❡♥❡r❛❧✐❞❛❞✱ q✉❡ D > 0✳ ▲❛ ♥❡✉tr❛❧✐❞❛❞ ❡❧é❝tr✐❝❛ ❡♥ ❧♦s r❡s❡r✈♦r✐♦s ✐♠♣♦♥❡ ❧❛s
❝♦♥❞✐❝✐♦♥❡s ❞❡ ❝♦♥t♦r♥♦ ❞❡ ◆❡✉♠❛♥♥

y′(0) = y′(1) = 0 ✭✹✳✶✳✹✮

✸✽



❈♦♠♦ ❝♦♠❡♥tár❛♠♦s ❡♥ ❧❛ ✐♥tr♦❞✉❝❝✐ó♥✱ ❡❧ ♣r♦❜❧❡♠❛ ❞❡t❡r♠✐♥❛❞♦ ♣♦r ❧❛s ❡❝✉❛✲
❝✐♦♥❡s ✭✹✳✶✳✶✮ ✲ ✭✹✳✶✳✹✮ ❡s ♥♦ ❝♦♥✈❡♥❝✐♦♥❛❧ ❡♥ ❡❧ s❡♥t✐❞♦ q✉❡ ❧❛ ❡❝✉❛❝✐ó♥ ♥♦ ❧✐♥❡❛❧
❞❡❧ ♠♦❞❡❧♦ ✭✹✳✶✳✶✮ ✐♥❝❧✉②❡ ❧❛s ❝❛♥t✐❞❛❞❡s ❞❡♣❡♥❞✐❡♥t❡s ❞❡ ❧❛ s♦❧✉❝✐ó♥ y(0) ❡ y(1)✳
❈♦♠♦ ✈✐♠♦s ❡♥ ❧❛ ♣r✐♠❡r❛ s❡❝❝✐ó♥✱ ❚❤♦♠♣s♦♥ ❡♥ ❬✷❪ ✉t✐❧✐③❛ ❧❛ t❡♦rí❛ ❞❡ ❣r❛❞♦ ②
❡❧ ♠ét♦❞♦ ❜✐❡♥ ❡st❛❜❧❡❝✐❞♦ ❞❡ s✉♣❡r s♦❧✉❝✐♦♥❡s ② s✉❜s♦❧✉❝✐♦♥❡s ✭✈❡r ♣♦r ❡❥❡♠♣❧♦
❬✻❪✮ ♣❛r❛ ♣r♦❜❛r ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥❛ s♦❧✉❝✐ó♥ ♣♦s✐t✐✈❛ ❛❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥t♦r♥♦
✭✹✳✶✳✶✮✲✭✹✳✶✳✹✮ ❝✉❛♥❞♦ ❉❃✵ ② s✉❥❡t♦ ❛ ❧❛ ②❛ ❡①♣❧✐❝❛❞❛ r❡str✐❝❝✐ó♥

λ ≥ 2l

[

1− 1

(1 + l)2

]

D2. ✭✹✳✶✳✺✮

❈♦♥ ❡❧ ♠ét♦❞♦ ❛❞♦♣t❛❞♦✱ q✉❡ ❝♦♥s✐st❡ ❡♥ ❧❛ r❡❞✉❝❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧ ❛
✉♥♦ ❡q✉✐✈❛❧❡♥t❡✱ s✉s❝❡♣t✐❜❧❡ ❞❡ ❛♣❧✐❝árs❡❧❡ ✉♥ ♠ét♦❞♦ ❞❡ ❞✐s♣❛r♦ ❜✐❞✐♠❡♥s✐♦♥❛❧✱
❡❧ ❝✉❛❧✱ ❝♦♠♦ ✈✐♠♦s✱ ❡s ✉♥❛ ❡①t❡♥s✐ó♥ ❞❡❧ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❝♦♥♦❝✐❞♦✱ s❡ ❡❧✐♠✐♥❛ ❧❛
r❡str✐❝❝✐ó♥ ♠❡♥❝✐♦♥❛❞❛✳

✹✳✶✳✶✳ ❯♥❛ r❡❞✉❝❝✐ó♥ ❛ P❛✐♥❧❡✈é ■■

▲❛s ❡❝✉❛❝✐♦♥❡s ❞❡ P❛✐♥❧❡✈é

▲❛s s❡✐s ❚r❛♥s❝❡♥❞❡♥t❡s ❝❧ás✐❝❛s ❞❡ P❛✐♥❧❡✈é s❡ ✐♥tr♦❞✉❥❡r♦♥ ❛ ❝♦♠✐❡♥③♦s ❞❡❧
s✐❣❧♦ ❳❳ ♣♦r P❛✉❧ P❛✐♥❧❡✈é ② s✉ ❡s❝✉❡❧❛✱ ❝♦♠♦ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ✉♥ t✐♣♦ ❡s♣❡❝í✜❝♦
❞❡ ♣r♦❜❧❡♠❛s ♣❛r❛ ❊❝✉❛❝✐♦♥❡s ❉✐❢❡r❡♥❝✐❛❧❡s ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ♥♦ ❧✐♥❡❛❧❡s✱ ❡♥ ❡❧
♣❧❛♥♦ ❝♦♠♣❧❡❥♦✱ ❞❡ ❧❛ ❢♦r♠❛

uxx = F (x, u, ux)

❞♦♥❞❡ F ❡s ✉♥❛ ❢✉♥❝✐ó♥ ♠❡r♦♠♦r❢❛ ❡♥ x ② r❛❝✐♦♥❛❧ ❡♥ u ② ux✳

❊❧ ♣r♦❜❧❡♠❛ ❡r❛ ❡♥❝♦♥tr❛r t♦❞❛s ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❡st❛ ❢♦r♠❛✱ q✉❡ t✐❡♥❡♥ ❧❛ ♣r♦✲
♣✐❡❞❛❞ ❞❡ q✉❡ s✉s s♦❧✉❝✐♦♥❡s s♦♥ ❧✐❜r❡s ❞❡ ♣✉♥t♦s ❝rít✐❝♦s ♠ó✈✐❧❡s✱ ❡s ❞❡❝✐r✱ ❧❛
✉❜✐❝❛❝✐ó♥ ❞❡ ❧❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ ❧❛ s♦❧✉❝✐ó♥ ♥♦ ❞❡♣❡♥❞❡ ❞❡ ❧♦s ❞❛t♦s ✐♥✐❝✐❛❧❡s✳
❆ ✜♥❡s ❞❡❧ ❙✐❣❧♦ ❳■❳ ② ♣r✐♥❝✐♣✐♦s ❞❡❧ ❳❳✱ P❛✐♥❧❡✈é ② s✉s ❞✐s❝í♣✉❧♦s ♠♦str❛r♦♥
q✉❡ ❡①✐st❡ ✉♥❛ ❝❧❛s❡ ❞❡ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ♦r❞✐♥❛r✐❛s ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ♥♦
❧✐♥❡❛❧❡s q✉❡ ♣♦s❡❡♥ ❧❛ ♣r♦♣✐❡❞❛❞✱ ♦r✐❣✐♥❛❧♠❡♥t❡ ♣r♦♣✉❡st❛ ♣♦r P✐❝❛r❞✱ ❧❧❛♠❛❞❛
❧✉❡❣♦ ❧❛ Pr♦♣✐❡❞❛❞ ❞❡ P❛✐♥❧❡✈é✱ ❞❡ q✉❡ ♣✉❡❞❡♥ s❡r s✐❡♠♣r❡ tr❛♥s❢♦r♠❛❞❛s ❡♥ ✉♥❛
❞❡ ❧❛s ❝✐♥❝✉❡♥t❛ ❢♦r♠❛s ❝❛♥ó♥✐❝❛s ♣♦s✐❜❧❡s✱ ❞❡t❡r♠✐♥❛❞❛s ♣♦r ❡❧❧♦s ♠✐s♠♦s✳ ❙❡✐s
❞❡ ❡st❛s ❝✐♥❝✉❡♥t❛ ❡❝✉❛❝✐♦♥❡s r❡q✉✐❡r❡♥ ♥✉❡✈❛s ❢✉♥❝✐♦♥❡s tr❛s❝❡♥❞❡♥t❡s ♣❛r❛ ❡①✲
♣r❡s❛r s✉ s♦❧✉❝✐ó♥✳ ❊st❛s ❢✉♥❝✐♦♥❡s ❡s♣❡❝✐❛❧❡s q✉❡ r❡s✉❡❧✈❡♥ ❧❛s s❡✐s ❡❝✉❛❝✐♦♥❡s
r❡❢❡r✐❞❛s✱ s♦♥ ❧❧❛♠❛❞❛s ❧❛s ❚r❛s❝❡♥❞❡♥t❡s ❞❡ P❛✐♥❧❡✈é✱ ② s✉s ú♥✐❝❛s s✐♥❣✉❧❛r✐❞❛❞❡s
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♠ó✈✐❧❡s s♦♥ ♣♦❧♦s✱ ❡st♦ ❡s q✉❡ ❧❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡♣❡♥❞❡♥ só❧♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❡♥
❡st✉❞✐♦ ② ♥♦ ❞❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ❞❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❝✉❡st✐ó♥✳
P❛✐♥❧❡✈é ② ●❛♠❜✐❡r ♠♦str❛r♦♥ ❛ ♣r✐♥❝✐♣✐♦s ❞❡❧ s✐❣❧♦ ❳❳✱ ♠❡❞✐❛♥t❡ ✉♥❛ tr❛♥s❢♦r✲
♠❛❝✐ó♥ ❞❡ Möbius✱

x 7−→ φ(x), u 7−→ α(x)u+ β(x)

γ(x)u+ δ(x)
,

❞♦♥❞❡ α, β, γ, δ ② φ s♦♥ ❢✉♥❝✐♦♥❡s ♠❡r♦♠♦r❢❛s ❡♥ x✱ q✉❡ ❡①✐st❡♥ só❧♦ ❝✐♥❝✉❡♥t❛ ❞❡
t❛❧❡s ❡❝✉❛❝✐♦♥❡s✱ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ❝✉❛❧❡s ♦ ❜✐❡♥ ♣✉❡❞❡ s❡r ✐♥t❡❣r❛❞❛ ❡♥ tér♠✐♥♦s ❞❡
❢✉♥❝✐♦♥❡s ❝♦♥♦❝✐❞❛s✱ ♦ s❡ ♣✉❡❞❡ ❛s✐❣♥❛r ❛ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ s❡✐s ❡❝✉❛❝✐♦♥❡s q✉❡ ♥♦
♣✉❡❞❡♥ s❡r ✐♥t❡❣r❛❞❛s ❡♥ tér♠✐♥♦s ❞❡ ❢✉♥❝✐♦♥❡s ❝♦♥♦❝✐❞❛s✳ ❊st❛s s❡✐s ❡❝✉❛❝✐♦♥❡s
s♦♥ ❧❧❛♠❛❞❛s ❊❝✉❛❝✐♦♥❡s ❞❡ P❛✐♥❧❡✈é✱ ② s✉s s♦❧✉❝✐♦♥❡s ❣❡♥❡r❛❧❡s s♦♥ ❧❧❛♠❛❞❛s
❚r❛s❝❡♥❞❡♥t❡s ❞❡ P❛✐♥❧❡✈é✳

▲❛s ❢♦r♠❛s ❝❛♥ó♥✐❝❛s ❞❡ ❧❛s ❊❝✉❛❝✐♦♥❡s ❞❡ P❛✐♥❧❡✈é s♦♥✿

1. uxx = 6u2 + x

2. uxx = xu+ 2u3 − α

3. uxx =
1

u
u2
x −

ux

x
+

1

x
(αu2 + β) + γu3 +

δ

u

4. uxx =
1

2u
u2
x +

3

2
u3 + 4xu2 + 2(x2 − α)u+

β

u

5. uxx =
3u− 1

2u(u− 1)
u2
x −

1

x
ux +

(u− 1)2

x2

(

αu+
β

u

)

+
γu

x
+

δu(u+ 1)

u− 1

6. uxx =
1

2

(

1

u
+

1

u− 1
+

1

u− x

)

u2
x −

(

1

x
+

1

x− 1
+

1

u− x

)

ux+

u(u− 1)(u− x)

x2(x− 1)2

(

α + β
x

u2
+ γ

x− 1

(u− 1)2
+ δ

x(x− 1)

(u− x)2

)

❡♥ ❞♦♥❞❡✱ α, β, γ ② δ s♦♥ ♣❛rá♠❡tr♦s ❝♦♠♣❧❡❥♦s✳

❉❡s❞❡ ❡♥t♦♥❝❡s ❤❛st❛ ❤♦②✱ ✉♥❛ ❣r❛♥ ❝❛♥t✐❞❛❞ ❞❡ ❤❡❝❤♦s ❛❝❡r❝❛ ❞❡ ❡st❛s ❡❝✉❛❝✐♦✲
♥❡s ❢✉❡r♦♥ ❞❡s❝✉❜✐❡rt♦s✿ ❧❛ ❡str✉❝t✉r❛ ❞❡ ❧❛s s✐♥❣✉❧❛r✐❞❛❞❡s ♠ó✈✐❧❡s✱ ❢❛♠✐❧✐❛s ❞❡
s♦❧✉❝✐♦♥❡s ❡①♣❧í❝✐t❛s✱ s✉s ♣r♦♣✐❡❞❛❞❡s ❞❡ tr❛♥s❢♦r♠❛❝✐ó♥✱ ❡t❝✳

▲❛ r❡❞✉❝❝✐ó♥ ❡♥ ♥✉❡str♦ ❝❛s♦

❖❜s❡r✈❛♠♦s q✉❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✳✶✮ ❛❞♦♣t❛ ❧❛ ❢♦r♠❛
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y′′ = y

(

ζ +
y2

2
+ µx

)

+ ν

❞♦♥❞❡

ζ = λ− y(0)2

2
✱ µ = lλ+ y(0)2−y(1)2

2
, ν = −µD

②✱ ❤❛❝✐❡♥❞♦ ❧♦s ❝❛♠❜✐♦s ❞❡ ✈❛r✐❛❜❧❡s

y = ξU, x = ηX + δ

s❡ ♦❜t✐❡♥❡ ❧❛ r❡❞✉❝❝✐ó♥ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ❝❛♥ó♥✐❝❛

d2U

dX2
= 2U3 +XU + ᾱ

❝♦♥

|ξη| = 2, δ = −ζ/µ, η = µ−1/3

② ❞♦♥❞❡ ❡❧ ♣❛rá♠❡tr♦ ᾱ ❡stá ❞❛❞♦ ♣♦r

ᾱ =
η2ν

ξ
= −µ1/3D

ξ

❈♦♠♦ µ = lλ +
y20−y21

2
= lλ + 2µ2/3(U2

0 − U2
1 ), ❞♦♥❞❡ ✉s❛♠♦s ❧❛ ♥♦t❛❝✐ó♥y(0) =

y0, y(1) = y1, U(0) = U0 ② U(1) = U1✱ ♦❜t❡♥❡♠♦s ✉♥❛ ❡❝✉❛❝✐ó♥ ❞❡❧ ♣❛rá♠❡✲
tr♦ ᾱ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❢ís✐❝♦s l, λ,D ② ❞❡ ❧♦s ✈❛❧♦r❡s ❞❡ ❜♦r❞❡
U0 = U |X=−δ/η, U1 = U |X=(1−δ)/η✳ ❊♥ ❣❡♥❡r❛❧✱ ❡♥t♦♥❝❡s✱ ❡❧ ❡st✉❞✐♦ ❞❡ ❧❛ ❡①✐s✲
t❡♥❝✐❛ ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❜♦r❞❡ ♦r✐❣✐♥❛❧ ❜❛❥♦ ❡st❛ r❡❞✉❝❝✐ó♥ ❞❡ P❛✐♥❧❡✈é ■■ ♥♦
❡s ❛❜♦r❞❛❜❧❡ ❡♥ ✈✐st❛ ❞❡ ❡st❛ ❝♦♠♣❧✐❝❛❞❛ ❞❡♣❡♥❞❡♥❝✐❛ ❞❡ ᾱ ❞❡ ❧♦s ✈❛❧♦r❡s ❞❡
❜♦r❞❡✳
◆♦t❡♠♦s q✉❡ s✐ δ = 1, η = −1 ② ♣♦r ❧♦ t❛♥t♦ ζ = 1, µ = −1 ❡♥t♦♥❝❡s x = 0 ⇒
X = 1, x = 1 ⇒ X = 0 ② ᾱ = D/ξ, ❜❛❥♦ ❧❛ r❡❞✉❝❝✐ó♥ ❝❛♥ó♥✐❝❛✳ P♦r ❧♦ t❛♥t♦✱
♦❜t❡♥❡♠♦s ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ◆❡✉♠❛♥♥ ♣❛r❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ P❛✐♥❧❡✈é ■■ ❝♦♥✈❡♥✲
❝✐♦♥❛❧✱ ❞♦♥❞❡ ᾱ ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❝♦♥t♦r♥♦✳ ❘❡s✉❧t❛❞♦s ❞❡
❡①✐st❡♥❝✐❛ ♣❛r❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ P❛✐♥❧❡✈é ■■ ❜❛❥♦ ❝♦♥❞✐❝✐♦♥❡s ❉✐r✐❝❤❧❡t ② ❝♦♥❞✐❝✐♦✲
♥❡s ❞❡ ❜♦r❞❡ ♣❡r✐ó❞✐❝❛s ❤❛♥ s✐❞♦ ✐♥✈❡st✐❣❛❞❛s ❡♥ ❬✼❪✱ ♠✐❡♥tr❛s q✉❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥
❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥t♦r♥♦ s❡ ❤❛ r❡❛❧✐③❛❞♦ ❡♥ ❬✽❪✳
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✹✳✶✳✷✳ ❯♥ Pr♦❜❧❡♠❛ ❊q✉✐✈❛❧❡♥t❡

❆q✉í✱ ❡♥ ✈✐st❛ ❞❡ ❧❛ ♥❛t✉r❛❧❡③❛ ✐♥tr❛t❛❜❧❡ ❞❡❧ ♣r♦❜❧❡♠❛ ❝♦♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ◆❡✉✲
♠❛♥♥ ✭✹✳✶✳✶✮ ✲ ✭✹✳✶✳✹✮ ❜❛❥♦ ❧❛ r❡❞✉❝❝✐ó♥ ❛♥t❡r✐♦r✱ s❡ ❛❞♦♣t❛ ✉♥❛ ❢♦r♠✉❧❛❝✐ó♥
❛❧t❡r♥❛t✐✈❛ q✉❡ ♣❡r♠✐t❡ ✉♥❛ ♥♦✈❡❞♦s❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ✉♥ ♠ét♦❞♦ ❞❡ ❞✐s♣❛r♦ ❡①❛❝✲
t♦✳

❈♦♥s✐❞❡r❛♠♦s ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡

z(x) =
y(x)

y(0)
✭✹✳✶✳✻✮

q✉❡ ✐♥tr♦❞✉❝✐❞❛ ❡♥ ✭✹✳✶✳✶✮ ❞❛

z′′(x) = g(x, z(x), γ, z(1)), x ∈ (0, 1) ✭✹✳✶✳✼✮

❞♦♥❞❡

g(x, z, γ, z1) =

z(x)

{

λ− γ2

2
(1− z(x)2) +

[

lλ+
γ2

2
(1− z21)

]

x

}

− [lλ+ γ2

2
(1− z21)]D

γ
✭✹✳✶✳✽✮

❝♦♥ γ = y0 = y(0) > 0 ② z1 = z(1)

❙✐ ♣♦♥❡♠♦s

α =
lλ+ γ2

2
(1− z21)

γ
✭✹✳✶✳✾✮

❡♥t♦♥❝❡s ❧❛ ❡❝✉❛❝✐ó♥ ❛❞♦♣t❛ ❧❛ ❢♦r♠❛ ❝♦♠♣❛❝t❛

z′′(x) =

[

λ− γ2

2
(1− z(x)2) + γαx

]

z(x)− αD ✭✹✳✶✳✶✵✮

✹✷



❞♦♥❞❡✱ s✐ α ❡s ❝♦♥♦❝✐❞❛✱ ❡♥t♦♥❝❡s l ♣✉❡❞❡ s❡r ♦❜t❡♥✐❞❛ ❞❡

l =
γα− γ2

2
(1− z21)

λ
✭✹✳✶✳✶✶✮

② z ❛❤♦r❛ s❛t✐s❢❛❝❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s

z(0) = 1, z′(0) = 0 ✭✹✳✶✳✶✷✮

②

z′(1) = 0 ✭✹✳✶✳✶✸✮

❊♥ ❡❧ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧✱ ❞❛❞♦s ❧♦s ♣❛rá♠❡tr♦s ❢ís✐❝♦s λ, l > 0 ② D✱ ❜✉s❝❛♠♦s
✉♥❛ ❢✉♥❝✐ó♥ y(x) q✉❡ s❛t✐s❢❛❣❛ ✭✹✳✶✳✶✮ ✲ ✭✹✳✶✳✹✮✳ ❊st♦ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ❤❛❧❧❛r ✉♥❛
❛❞❡❝✉❛❞❛ γ > 0 ② ✉♥❛ ❢✉♥❝✐ó♥ z(x) q✉❡ s❛t✐s❢❛❝❡ ✭✹✳✶✳✶✵✮✱ ✭✹✳✶✳✶✷✮✱ ② ✭✹✳✶✳✶✸✮✳ ❚❛❧
❝♦♠♦ ❡stá✱ ❡❧ ú❧t✐♠♦ ♣r♦❜❧❡♠❛ t✐❡♥❡ ❧❛ ♠✐s♠❛ ❞✐✜❝✉❧t❛❞ q✉❡ ❡❧ ♦r✐❣✐♥❛❧ ②❛ q✉❡ ❧❛
❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ✭✹✳✶✳✶✵✮ ❝♦♥t✐❡♥❡ ❡❧ ♣❛rá♠❡tr♦ ✐♥❞❡t❡r♠✐♥❛❞♦ γ t❛♥t♦ ❝♦♠♦
❡❧ ♣❛rá♠❡tr♦ α ❞❡♣❡♥❞✐❡♥t❡ ❞❡❧ ✈❛❧♦r ❛ s❡r ❞❡t❡r♠✐♥❛❞♦ z1✳ ❊❧ ♣r♦❝❡❞✐♠✐❡♥t♦
❝♦♥s✐st❡ ❡♥ ♠♦❞✐✜❝❛r ❡❧ ♣r♦❜❧❡♠❛ ♥♦ ❡s♣❡❝✐✜❝❛♥❞♦ ❡❧ ✈❛❧♦r ❞❡ l ❛❧ ♣r✐♥❝✐♣✐♦✱
❛rr❛♥❝❛♥❞♦ ❝♦♥ ❞♦s ✈❛❧♦r❡s ❞❛❞♦s ❞❡ ❧❛s ❝♦♥st❛♥t❡s α > 0 ② γ ≥ 0 ✭◆♦t❛r
q✉❡ ♣❡r♠✐t✐♠♦s γ = 0 ♣♦r ❝♦♥✈❡♥✐❡♥❝✐❛✱ ②❛ q✉❡ γ > 0 ❡♥ ❡❧ ♣r♦❜❧❡♠❛ ✭✹✳✶✳✻✮✲
✭✹✳✶✳✽✮✮✳ ❆q✉í ♣r♦❝❡❞❡♠♦s s✐♥ ❡❧ r❡q✉✐s✐t♦ ❞❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❜♦r❞❡ ✭✹✳✶✳✶✸✮✳ ❊♥
❝♦♥s♦♥❛♥❝✐❛✱ ❡♥ ❧✉❣❛r ❞❡ ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s ❞❡ ❝♦♥t♦r♥♦ ❡st❛♠♦s tr❛t❛♥❞♦
❝♦♥ ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s ✐♥✐❝✐❛❧❡s✱ ♦ s❡❛ ✭✹✳✶✳✶✵✮ ✲ ✭✹✳✶✳✶✷✮✳

❊❧ ▼ét♦❞♦ ❞❡ ❉✐s♣❛r♦

❙✉♣♦♥❣❛♠♦s q✉❡ ❡①✐st❡ ✉♥❛ s♦❧✉❝✐ó♥ ♣♦s✐t✐✈❛ ❡♥ t♦❞♦ ❡❧ ✐♥t❡r✈❛❧♦ ❬✵✱✶❪✳ ❊♥t♦♥❝❡s
♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❡❧ ♣❛r ❞❡ ✈❛❧♦r❡s z′(1), l ✭♦❜t❡♥✐❞❛ ❞❡ ✭✹✳✶✳✶✶✮✮✳ ❊st♦ ❞❡✜♥❡ ✉♥
♦♣❡r❛❞♦r ❝♦♥t✐♥✉♦ T : R2 −→ R2✱ T (α, γ) = (z′(1), l)✳ ❊❧ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s
❞❡ ❝♦♥t♦r♥♦ ♦r✐❣✐♥❛❧ t❡♥❞rá ✉♥❛ s♦❧✉❝✐ó♥ s✐ ② só❧♦ s✐ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡❧ ♦♣❡r❛❞♦r T ✱
T (α, γ) = (0, l)✱ ❝♦♥ α > 0 ② γ > 0✱ ❞♦♥❞❡ ❡❧ ✈❛❧♦r ❞❡ l ❡s ❡❧ ✜❥❛❞♦ ❡♥ ❡❧ ♣r♦❜❧❡♠❛
♦r✐❣✐♥❛❧✱ t✐❡♥❡ s♦❧✉❝✐ó♥✳
▲❧❛♠❛♠♦s ❛ ❡st❛ té❝♥✐❝❛ ❡❧ ♠ét♦❞♦ ❞❡ ❞✐s♣❛r♦ ✭✧s❤♦♦t✐♥❣✧✮ ❜✐❞✐♠❡♥s✐♦♥❛❧✳
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❙❡ ♣r❡s❡♥t❛ ❡❧ s✐❣✉✐❡♥t❡ ♣r♦❜❧❡♠❛✿ ❡s s❛❜✐❞♦ q✉❡ ✉♥❛ s♦❧✉❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡
✈❛❧♦r❡s ✐♥✐❝✐❛❧❡s s✐❡♠♣r❡ ❡①✐st❡ ❡♥ ✉♥ ❡♥t♦r♥♦ ❞❡❧ ♦r✐❣❡♥✱ ♣❡r♦ ést❛ ♣✉❡❞❡ ♥♦ s❡r
✉♥❛ s♦❧✉❝✐ó♥ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛ ❡♥ t♦❞♦ ❡❧ ❬✵✱✶❪✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r✱ ❧❛ s♦❧✉❝✐ó♥ ♣✉❡❞❡
❛♥✉❧❛rs❡ ❡♥ ❛❧❣ú♥ ♣✉♥t♦ ❞❡❧ ❬✵✱✶❪ ② ✈♦❧✈❡rs❡ ♥❡❣❛t✐✈❛ ♠ás ❛❧❧á ❞❡ é❧✳ ❊♥ s❡❣✉♥❞♦
❧✉❣❛r✱ ❞❡❜✐❞♦ ❛ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡❧ tér♠✐♥♦ ❝✉❛❞rát✐❝♦ z2 ❡♥ ❡❧ ♠✐❡♠❜r♦ ❞❡r❡❝❤♦
❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✳✶✵✮ ✱ ❧❛ s♦❧✉❝✐ó♥ ♣✉❡❞❡ ❡①♣❧♦t❛r ❡♥ ❛❧❣ú♥ ♣✉♥t♦ ❞❡❧ ❬✵✱✶❪ ②
❡♥t♦♥❝❡s z′(1) ♥♦ ❡st❛rá ❞❡✜♥✐❞❛✳ ✭❊♥ ❡❢❡❝t♦✱ ✉♥❛ ❝✉❡♥t❛ s❡♥❝✐❧❧❛ ♠✉❡str❛ q✉❡
❧❛ ✐♥❝✐❞❡♥❝✐❛ ❞❡❧ tér♠✐♥♦ ❞❡ ❣r❛❞♦ ✸ q✉❡ r❡s✉❧t❛ ❡♥ ❡❧ ♠✐❡♠❜r♦ ❞❡r❡❝❤♦ ❞❡ ❧❛
❡❝✉❛❝✐ó♥ ✭✹✳✶✳✶✵✮✱ ♣r♦❞✉❝❡ ✉♥❛ ❞❡♣❡♥❞❡♥❝✐❛ ❝✉❛❞rát✐❝❛ ❞❡ z′ ❝♦♥ z✮✳
▼ás ❛❞❡❧❛♥t❡ s❡ ♠✉❡str❛ q✉❡ ❡st❛s ❝✐r❝✉♥st❛♥❝✐❛s ♥♦ ♣✉❡❞❡♥ ♦❝✉rr✐r ❞❡✜♥✐❡♥❞♦
❛❞❡❝✉❛❞❛♠❡♥t❡ ❡❧ ♦♣❡r❛❞♦r T ② ✉♥ ❝♦♥✈❡♥✐❡♥t❡ ❞♦♠✐♥✐♦ Ω✱ q✉❡ s❡rá ✉♥ s✉❜❝♦♥✲
❥✉♥t♦ ❛❜✐❡rt♦ ❞❡ R2✱ ❝♦♥ ❜♦r❞❡ ∂Ω✳ ❙✐ (c, d) ∈ R2 ❡s ✉♥ ♣✉♥t♦ q✉❡ ♥♦ ♣❡rt❡♥❡❝❡
❛ ❧❛ ✐♠❛❣❡♥ ❞❡ ∂Ω ♣♦r T ② ♥♦t❛♠♦s ♣♦r A ✉♥ ♣✉♥t♦ ❝✉❛❧q✉✐❡r❛ ❞❡❧ ❜♦r❞❡ ∂Ω✱
❝♦♠♦ A r❡❝♦rr❡ ❡❧ ❜♦r❞❡ ✭❡♥ ✉♥ s❡♥t✐❞♦ ❞❛❞♦✱ ♣♦r ❡❥❡♠♣❧♦ ❛♥t✐❤♦r❛r✐♦✮ s✉ ✐♠❛❣❡♥
T (A) tr❛③❛ ✉♥❛ ❝✉r✈❛ ❝❡rr❛❞❛ q✉❡ ♥♦ ♣❛s❛ ♣♦r ❡❧ ♣✉♥t♦ (c, d)✳ P♦❞❡♠♦s ❡♥t♦♥❝❡s
❞❡✜♥✐r ❡❧ ✧♥ú♠❡r♦ ❞❡ ✈✉❡❧t❛s✧ ♦ ✧❮♥❞✐❝❡ ❞❡ ❧❛ ❝✉r✈❛✧ ❞❡ ❡st❛ ❝✉r✈❛ T (∂Ω) ❝♦♥
r❡s♣❡❝t♦ ❛ (c, d)✳ ❊s út✐❧ r❡❝❛❧❝❛r q✉❡ s✐ T ❡s ❤♦♠♦tó♣✐❝❛ ❛ ♦tr❛ ❛♣❧✐❝❛❝✐ó♥ T1 ②
❡❧ ♣✉♥t♦ (c, d) ♥♦ ❡stá ❡♥ ❧❛ ✐♠❛❣❡♥ ❞❡ ∂Ω ❜❛❥♦ ❧❛ ❤♦♠♦t♦♣í❛✱ ❡♥t♦♥❝❡s ❡❧ í♥❞✐❝❡
❞❡ T ❝♦♥ r❡s♣❡❝t♦ ❛ (c, d) ❡s ❡❧ ♠✐s♠♦ q✉❡ ❡❧ ❞❡ T1✳
❊❧ ▲❡♠❛ ✸✳✷✳✶ ❞❡ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r ♥♦s ♣❡r♠✐t❡ ❡st❛❜❧❡❝❡r q✉❡ s✐ ❡❧ í♥❞✐❝❡ ❞❡❧
♣✉♥t♦ (c, d) r❡s♣❡❝t♦ ❞❡ ❧❛ ❝✉r✈❛ ♥♦ ❡s ❝❡r♦✱ ❡♥t♦♥❝❡s ❧❛ ❡❝✉❛❝✐ó♥ T (α, γ) = (c, d)
t✐❡♥❡ ✉♥❛ s♦❧✉❝✐ó♥ (α, γ) ❡♥ Ω✳
P❛r❛ ❛♣❧✐❝❛r ❡st❡ r❡s✉❧t❛❞♦ ❛ ♥✉❡str♦ ♣r♦❜❧❡♠❛✱ ♣♦♥❡♠♦s (c, d) = (0, l) ② ❜✉s❝❛✲
♠♦s ✉♥❛ ❛❞❡❝✉❛❞❛ r❡❣✐ó♥ Ω t❛❧ q✉❡ ❡❧ ♥ú♠❡r♦ ❞❡ ✈✉❡❧t❛s ❞❡ T (∂Ω) ❝♦♥ r❡s♣❡❝t♦
❛ (0, l) ♥♦ s❡❛ ❝❡r♦✳

❊♥ ❧♦ q✉❡ s✐❣✉❡✱ s❡ ♠✉❡str❛ q✉❡ s✐ s❡ ❡❧✐❣❡♥ ❞♦s ♥ú♠❡r♦s s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥✲
❞❡s α∗ ② γ∗ ❡♥t♦♥❝❡s ❡❧ ✐♥t❡r✐♦r ❞❡❧ r❡❝tá♥❣✉❧♦ ❝♦♥ ✈ért✐❝❡s P = (λ/D, 0), Q =
(α∗, 0), R = (α∗, γ∗) ② S = (λ/D, γ∗) s❡r✈✐rá ❝♦♠♦ ❡❧ Ω✳

▲❡♠❛s ❞❡ ✉t✐❧✐❞❛❞✿

❊❧ ♣r✐♠❡r ❧❡♠❛ tr❛t❛❞♦ ❡♥ ❬✺❪✱ s❡ ✉s❛ ❡♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ✉♥ ❧❡♠❛ ♣♦st❡r✐♦r✳
❆q✉í ❝♦♥s✐❞❡r❛♠♦s ❛❞✐❝✐♦♥❛❧♠❡♥t❡ q✉❡ z(x0) ≥ 0 ② q✉❡ z′′(x0) ≥ 0✱ q✉❡ ❡s ❝♦♠♦
s❡ ✉t✐❧✐③❛✳

▲❡♠❛ ✹✳✶✳✶ ❙❡❛♥ x0 < x1 ❞♦s ♣✉♥t♦s ❞❡❧ ✐♥t❡r✈❛❧♦ [0, 1]✱ t❛❧❡s q✉❡ ❝✉♠♣❧❡♥ q✉❡
0 ≤ z(x0) ≤ z(x1)✱ ② s✉♣♦♥❣❛♠♦s ❛❞❡♠ás q✉❡ z′′(x0) ≥ 0✳
❊♥t♦♥❝❡s z′′(x0) < z′′(x1)✳

❉❡♠✳▲❡♠❛ ✹✳✶✳✶ ❙✐ ❞❡r✐✈❛♠♦s ❡❧ ♠✐❡♠❜r♦ ❞❡r❡❝❤♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧

✹✹



✭✹✳✶✳✶✵✮ r❡s♣❡❝t♦ ❞❡ ③✱ ♣❛r❛ x = x0, f ijo✱ t❡♥❡♠♦s

∂z′′

∂z
⌋(x,z)=(x0,z(x0)) = γ2z(x0)

2 +

(

λ− γ2

2
(1− z(x0)

2) + γαx0

)

.

❈♦♠♦ s✉♣♦♥❡♠♦s z′′(x0) ≥ 0✱ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✳✶✵✮ ♥♦s ❞✐❝❡ q✉❡
[

λ− γ2

2
(1− z(x0)

2) + γαx0

]

z(x0) ≥ αD > 0,

❧♦ ❝✉❛❧✱ ❞❛❞♦ q✉❡ z(x0) > 0 ✭❞❡ s❡r z(x0) ≥ 0✮✱ ♥♦s ♠✉❡str❛ q✉❡
[

λ− γ2

2
(1− z(x0)

2) + γαx0

]

> 0,

② ❡♥t♦♥❝❡s✱ s✐❡♥❞♦ γ2z(x0)
2 ≥ 0✱ t❡♥❡♠♦s q✉❡

∂z′′

∂z
⌋z=z(x0) > 0.

P♦r ♦tr♦ ❧❛❞♦✱ ❞❡r✐✈❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❛❤♦r❛ r❡s♣❡❝t♦ ❞❡ ①✱ ♣❛r❛ ✉♥ z = z(x0) ✜❥♦✱
t❛♠❜✐é♥ t❡♥❡♠♦s

∂z′′

∂z
⌋(x,z)=(x0,z(x0)) = γαz(x0) > 0

P♦r ❧♦ t❛♥t♦✱ ❝♦♠♦ x0 < x1 ② 0 < z(x0) ≤ z(x1)✱ t❡♥❡♠♦s ❡❧ r❡s✉❧t❛❞♦ ❜✉s❝❛❞♦✳�

❊❧ ❧❡♠❛ s✐❣✉✐❡♥t❡ ❡♥ ❬✺❪✱ t❛♠❜✐é♥ ❡s ✉t✐❧✐③❛❞♦ ❡♥ ❞❡♠♦str❛❝✐♦♥❡s ♣♦st❡r✐♦r❡s

▲❡♠❛ ✹✳✶✳✷ ❙✉♣♦♥❣❛♠♦s q✉❡ Z(x) ② U(x) s♦♥ ❢✉♥❝✐♦♥❡s ❞❡✜♥✐❞❛s ❡♥ ❡❧ ✐♥t❡r✲
✈❛❧♦ [0, x1] ② q✉❡ ❡❧❧❛s s❛t✐s❢❛❝❡♥

Z ′′(x) ≥ F (x, Z(x)), ✭✹✳✶✳✶✹✮

U ′′(x) = F (x, U(x)), ✭✹✳✶✳✶✺✮

❞♦♥❞❡ ❧❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ ❋✭①✱❩✮ ❡s ❝r❡❝✐❡♥t❡ ❡♥ ❩ ♣❛r❛ ❝❛❞❛ x ∈ [0, x1] ✜❥♦✳ ❙✐
❛❞❡♠ás s❡ s✉♣♦♥❡ q✉❡

Z(0) ≥ U(0), Z ′(0) ≥ U ′(0), ✭✹✳✶✳✶✻✮

❡♥t♦♥❝❡s

✹✺



Z(x) ≥ U(x), Z ′(x) ≥ U ′(x), ∀x ∈ [0, x1].

❉❡♠✳▲❡♠❛ ✹✳✶✳✷ Pr✐♠❡r❛♠❡♥t❡ s❡ ♣r✉❡❜❛ ❡♥ ❧❛ s✉♣♦s✐❝✐ó♥ ♠ás ❢✉❡rt❡ ❞❡ q✉❡ ❧❛s
❞❡s✐❣✉❛❧❞❛❞❡s ❡♥ ✭✹✳✶✳✶✹✮ ② ✭✹✳✶✳✶✻✮ s♦♥ ❡str✐❝t❛s✱ ♣❛r❛ ♦❜t❡♥❡r ❧❛ ❝♦♥❝❧✉s✐ó♥ ❞❡
q✉❡ Z(x) > U(x) ♣❛r❛ t♦❞♦ x ∈ [0, x1]✳
❙✉♣♦♥✐❡♥❞♦ q✉❡ ❧❛ ❝♦♥❝❧✉s✐ó♥ ❡s ❢❛❧s❛✱ ❡①✐st❡ ✉♥ ♣✉♥t♦ ξ ∈ (0, x1] ❡♥ ❡❧ ❝✉❛❧
Z(ξ) = U(ξ)✱ ♠✐❡♥tr❛s Z(x) > U(x) ♣❛r❛ t♦❞♦ x < ξ✳ P♦r ❧♦ t❛♥t♦ ❞❡❜❡ s❡r

Z ′(ξ) ≤ U ′(ξ) ✭✹✳✶✳✶✼✮

P♦r ♦tr♦ ❧❛❞♦✱ ❝♦♠♦ ❋ ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❝r❡❝✐❡♥t❡ ❞❡ ❩✱ Z ′′(x) > F (x, Z(x)) ≥
F (x, U(x)) = U ′′(x) ∀x < ξ✱ ❞❛❞♦ q✉❡ Z(x) > U(x) ∀x < ξ✳ ▲✉❡❣♦ Z ′′(x) >
U ′′(x) q✉❡ ❥✉♥t❛♠❡♥t❡ ❝♦♥ ❧❛ s❡❣✉♥❞❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ✭✹✳✶✳✶✻✮ ✐♠♣❧✐❝❛ q✉❡ Z ′(ξ) >
U ′(ξ) ❧♦ ❝✉❛❧ ❝♦♥tr❛❞✐❝❡ ✭✹✳✶✳✶✼✮✳ ❊st♦ ♣r✉❡❜❛ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❞❡✲
s✐❣✉❛❧❞❛❞❡s ❡str✐❝t❛s✳

❆❧ ❝❛s♦ ❣❡♥❡r❛❧ ❧❧❡❣❛♠♦s ✉t✐❧✐③❛♥❞♦ ❡❧ s✐❣✉✐❡♥t❡ ❛r❣✉♠❡♥t♦ ❞❡ ❝♦♥t✐♥✉✐❞❛❞✿

❞❡✜♥✐♠♦s✱ ♣❛r❛ ❝❛❞❛ ♥ ∈ N✱ ② ♣❛r❛ ❝❛❞❛ x ∈ [0, x1]

Fn(x, t) = F (x, t)− 1

n
,

Un(x) = U(x)− (x+ 1)2

2n
.

❊♥t♦♥❝❡s✱ Fn(x, t) ❡s ❝♦♥t✐♥✉❛ ② ❝r❡❝✐❡♥t❡ ❡♥ t ♣❛r❛ t♦❞♦ x ∈ [0, x1]✱ ✜❥♦✱ ②
t❡♥❡♠♦s q✉❡

Z ′′(x) > Fn(x, t), ∀n ∈ N, ❞❛❞♦ q✉❡ Fn(x, t) < F (x, t), ∀n ∈ N,

②

U ′
n(x) = U ′(x)− (x+ 1)

n
, ② ♣♦r ❧♦ t❛♥t♦✱ U ′′

n(x) = U ′′(x)− 1

n
,

❝♦♥ ❧♦ ❝✉❛❧ t❛♠❜✐é♥ s❡ ❝✉♠♣❧❡ q✉❡ U ′′
n(x) = Fn(x, t)✱ ♣❛r❛ t♦❞♦ n ∈ N✱ ②✱ ❛❞❡♠ás✱

s❡ ✈❡r✐✜❝❛♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s

Z(0) > Un(0), ❞❛❞♦ q✉❡ Un(0) = U(0)− 1

2n
< U(0), y

Z ′(0) > U ′
n(0), ♣✉❡st♦ q✉❡ U ′

n(0) = U ′(0)− 1

n
< U ′(0).

❊♥t♦♥❝❡s t❡♥❡♠♦s
{

Z ′′(x) > Fn(x, Z(x)),

U ′′
n(x, Un(x)) = Fn(x, Un(x)),

✹✻



❝♦♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s

Z(0) > Un(0) y Z ′(0) > U ′
n(0),

❝♦♥ ❧♦ ❝✉❛❧ ❡st❛♠♦s ❡♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ♠ás ❡str✐❝t❛s ♣❛r❛ ❧❛s ❝✉❛❧❡s ②❛ ❤❡♠♦s
❞❡♠♦str❛❞♦ q✉❡

Z(x) > Un(x) y Z ′(x) > U ′
n(x), ∀x ∈ [0, x1].

P♦r ❧♦ t❛♥t♦✱ t♦♠❛♥❞♦ ❧í♠✐t❡ ❞❡ ❛♠❜❛s ❞❡s✐❣✉❛❧❞❛❞❡s ♣❛r❛ ♥ t❡♥❞✐❡♥❞♦ ❛ ✐♥✜♥✐t♦✱
❞❛❞♦ q✉❡

ĺım
n→∞

Fn(x, Z(x)) = F (x, Z(x)) y ĺım
n→∞

Fn(x, Un(x)) = F (x, U(x)),

♣♦r ❧❛ ❝♦♥t✐♥✉✐❞❛❞ ❞❡ ❋✱ ♣✉❡st♦ q✉❡ Un(x) −−−→
n→∞

U(x)✱ s❡ t✐❡♥❡ q✉❡ Z(x) ≥ U(x)

② Z ′(x) ≥ U ′(x) ♣❛r❛ ❝❛❞❛ x ∈ [0, x1]✱ ❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦str❛r✳�

❈♦♠♦ ♠❡♥❝✐♦♥❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ s❡ ❝♦♥s✐❞❡r❛ ❡❧ ♣r♦❜❧❡♠❛ ✭✹✳✶✳✶✵✮ ✲ ✭✹✳✶✳✶✷✮✱
s✐♥ ❝♦♥s✐❞❡r❛r ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✹✳✶✳✶✸✮✳ ❙❡ ❜✉s❝❛ ❡①t❡♥❞❡r ❧❛ s♦❧✉❝✐ó♥ ❛ ✉♥ ♠á①✐♠♦
✐♥t❡r✈❛❧♦ ❞❡ ❞❡✜♥✐❝✐ó♥ ✭❝♦♠❡♥③❛♥❞♦ ❝♦♥ ✉♥ s✉❜❝♦♥❥✉♥t♦ ❞❡❧ [0, 1]✮ ❝♦♥ ❡❧ r❡q✉✐s✐t♦
❞❡ q✉❡ ❧❛ s♦❧✉❝✐ó♥ ♣❡r♠❛♥❡③❝❛ ♣♦s✐t✐✈❛ ② ❛❝♦t❛❞❛ ♣♦r ✉♥ ❛❞❡❝✉❛❞♦ ✈❛❧♦r ✭♣♦r
❡❥❡♠♣❧♦ ✷ ✮✳ ❊①✐st❡♥ tr❡s ♣♦s✐❜✐❧✐❞❛❞❡s✱ ❡sq✉❡♠❛t✐③❛❞❛s ❡♥ ❧❛ ✜❣✉r❛ ✷ ✿

1
er
caso(C1)✿ ▲❛ s♦❧✉❝✐ó♥ ♥♦ ❛❧❝❛♥③❛ ❡❧ ✈❛❧♦r z = 2 ②✱ ❡✈❡♥t✉❛❧♠❡♥t❡✱ ❞♦❜❧❛ ❤❛❝✐❛

❛❜❛❥♦ ❤❛st❛ ✐♥t❡rs❡❝❛r ❡❧ ❡❥❡ ✧x✧✳ ❙❡❛ ❡♥t♦♥❝❡s σ0 ≤ 1 ❡❧ ♣r✐♠❡r ✈❛❧♦r ❡♥ ❡❧ [0, 1]
❞♦♥❞❡ z(σ0) = 0✳
2
do
caso(C2)✿ ▲❛ s♦❧✉❝✐ó♥ ❡✈❡♥t✉❛❧♠❡♥t❡ s❡ ✐♥❝r❡♠❡♥t❛ ❤❛st❛ ❛❧❝❛♥③❛r ❡❧ ✈❛❧♦r

z = 2✳ ❙❡❛ σ1 ≤ 1 ❡❧ ♣r✐♠❡r ♣✉♥t♦ ❡♥ ❡❧ [0, 1] ❞♦♥❞❡ z(σ1) = 2✳
3
er
caso(C3)✿ ▲❛ s♦❧✉❝✐ó♥ s❛t✐s❢❛❝❡ 0 < z(x) < 2 ∀x ∈ [0, 1]✳

❊♥ ❝♦♥s❡❝✉❡♥❝✐❛ s❡ ❞❡✜♥❡ ❡❧ ♣✉♥t♦ ✜♥❛❧ ❞❡ ❧❛ s♦❧✉❝✐ó♥ z ❝♦♠♦ ❧♦s ♣✉♥t♦s (σ0, 0)✱
(σ1, 2)✱ (1, z(1)) ② s❡ ❞❡♥♦t❛ ♣♦r σ ❧♦s ✈❛❧♦r❡s σ0, σ1, 1 ❞❡ ❛❝✉❡r❞♦ ❛ ❧♦s ❝❛s♦s ✭❈✶✮
❛ ✭❈✸✮ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
❯♥❛ ✈❡③ q✉❡ ❡❧ ♣✉♥t♦ ✜♥❛❧ ❞❡ ❧❛ s♦❧✉❝✐ó♥ ❡stá ❞❡t❡r♠✐♥❛❞♦✱ s❡ ❞❡✜♥❡

δ = z′(σ) ✭✹✳✶✳✶✽✮

②✱ t❡♥✐❡♥❞♦ ♣r❡s❡♥t❡ ✭✹✳✶✳✶✶✮✱ s❡ ♣♦♥❡

L =
γα− γ2

2
(1− z(σ)2)

λ
✭✹✳✶✳✶✾✮

❊❧ ♣✉♥t♦ ✜♥❛❧ ✈❛rí❛ s❡❣ú♥ ✈❛rí❛♥ ❧♦s ♣❛rá♠❡tr♦s λ, α ② γ✱ ♥♦ ♥❡❝❡s❛r✐❛♠❡♥t❡ ❡♥
❢♦r♠❛ ❝♦♥t✐♥✉❛✳ ❚❛❧ s✐t✉❛❝✐ó♥ ♣✉❡❞❡ ♦❝✉rr✐r✱ ♣♦r ❡❥❡♠♣❧♦✱ ❝✉❛♥❞♦ ✉♥❛ s♦❧✉❝✐ó♥

✹✼



 

 

 

 

 

 

 

 

 

 

 

  

2 

1 

z(x) 

x 

σ0 σ1 1 

Caso (C1) 

caso (C2) 

Caso (C3) 

❋✐❣✉r❛ ✷✿ ❈❛s♦s ♣♦s✐❜❧❡s

z(x) ❡s ♥♦ ♥❡❣❛t✐✈❛ ② t❛♥❣❡♥t❡ ❡❧ ❡❥❡ x ❡♥ σ0 < 1✱ ♣❡r♦ ♣♦r ❧♦ ❞❡♠ás s❡ ♣✉❡❞❡
❡①t❡♥❞❡r ❛ t♦❞♦ ❡❧ ✐♥t❡r✈❛❧♦ [0, 1]✳ ❆❧ ✈❛r✐❛r ❧♦s ♣❛rá♠❡tr♦s ❧✐❣❡r❛♠❡♥t❡✱ ♣✉❡❞❡
s❡r ♣♦s✐❜❧❡ ❡❧❡✈❛r ❡❧ ❣rá✜❝♦ ❞❡ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ♠♦❞♦ q✉❡ ♥♦ t♦q✉❡ ❡❧ ❡❥❡ ✧x✧✳ ❉❡ t❛❧
♠❛♥❡r❛✱ ❡❧ ♣✉♥t♦ ✜♥❛❧ s❛❧t❛ ❞✐s❝♦♥t✐♥✉❛♠❡♥t❡ ❞❡s❞❡ ❡❧ ♣✉♥t♦ (σ0, 0) ❛ ✉♥ ♣✉♥t♦
s✐t✉❛❞♦ ❡♥ ❧❛ ❧í♥❡❛ ✈❡rt✐❝❛❧ x = 1✳ ❊♥ ❧❛ ✜❣✉r❛ ✸ s❡ ❡sq✉❡♠❛t✐③❛ ❡st❛ ♣♦s✐❜✐❧✐❞❛❞✳

❊❧ ▲❡♠❛ s✐❣✉✐❡♥t❡ ♠✉❡str❛ q✉❡ ❡st♦ ♥♦ ♣✉❡❞❡ s✉❝❡❞❡r ❝♦♥ ♥✉❡str❛ ❡❝✉❛❝✐ó♥
✭✹✳✶✳✶✵✮✳

▲❡♠❛ ✹✳✶✳✸ P❛r❛ ❧♦s ❝❛s♦s ✭❈✶✮ ② ✭❈✷✮✱ ❧❛ s♦❧✉❝✐ó♥ z s❛t✐s❢❛❝❡✿

✶✳ z′(σ0) < 0

✷✳ z′(σ1) > 0

❈♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛✱ ❡❧ ♣✉♥t♦ ✜♥❛❧✱ ❧❛ ❞❡r✐✈❛❞❛ z′(σ) ❡♥ ❡❧ ♣✉♥t♦ ✜♥❛❧✱ ② ❡❧ ✈❛❧♦r
L s♦♥ t♦❞❛s ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s ❞❡ ❧♦s ♣❛rá♠❡tr♦s λ, α ② γ✳

❉❡♠✳▲❡♠❛ ✹✳✶✳✸ ❈❛s♦ ✭❈✶✮✿ ❝♦♠♦ s❛❜❡♠♦s q✉❡ z′(σ0) ≤ 0 ✭♣✉❡st♦ q✉❡ z(σ0) = 0
② z(σ0−h) > 0 ♣❛r❛ h > 0 ✭s✉✜❝✐❡♥t❡♠❡♥t❡ ❝❤✐❝❛✮✮ ❜❛st❛ ♠♦str❛r q✉❡ z′(σ0) 6= 0✳
❙✉♣♦♥❡♠♦s q✉❡ z′(σ0) = 0✱ ❡♥t♦♥❝❡s z(σ0) ❡s ✉♥ ♠í♥✐♠♦ ❧♦❝❛❧ ✭❝♦♥s✐❞❡r❛♥❞♦ ❡❧
❡♥t♦r♥♦ ❛ ✐③q✉✐❡r❞❛ ❞❡ σ0)✮✱ ② ♣♦r ❧♦ t❛♥t♦ z′′(σ0) ≥ 0✳ P❡r♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✳✼✮

✹✽



 

 

 

 

 

  

 

 

 

 

 

  

2 

1 

z(x) 

x 

σ0 1 

Solución 

inicialmente 

(σ=σ0) 

Solución 

modificada 

(σ=1) 

❋✐❣✉r❛ ✸✿ ❙❛❧t♦ ❞✐s❝♦♥t✐♥✉♦

✭② ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✳✽✮✮ s❡ t✐❡♥❡ q✉❡ z′′(σ0) = −αD < 0✱ ✉♥❛ ❝♦♥tr❛❞✐❝❝✐ó♥✳ ❈❛s♦
✭❈✷✮✿ s❡❛ x0 ∈ [0, σ1] ❞♦♥❞❡ z(x) ❛❧❝❛♥③❛ s✉ ♠í♥✐♠♦✳ ❊s ❝❧❛r♦ q✉❡ x0 ♥♦ ♣✉❡❞❡
s❡r σ1✱ ❛sí q✉❡ ❞❡❜❡ s❡r x0 < σ1✳ ❊♥ x0, z

′(x0) = 0 ② z′′(x0) ≥ 0✳ ❊♥ [x0, σ1], z(x)
❡s ❝r❡❝✐❡♥t❡✳ P♦r ❡❧ ▲❡♠❛ ✹✳✶✳✶✱ z′′(x) > z′′(x0) ≥ 0 ♣❛r❛ t♦❞♦ x ∈ (x0, σ1] ②
❡♥t♦♥❝❡s ✐♠♣❧✐❝❛ q✉❡ z′(σ1) > 0✳
❈ó♠♦ s❡ ❡st❛❜❧❡❝❡ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❞❡❧ ♣✉♥t♦ ✜♥❛❧ r❡s♣❡❝t♦ ❞❡ α ② γ✿ ♣❛r❛ ❡❧ ❝❛s♦
✭❈✸✮❡s ❡❧ r❡s✉❧t❛❞♦ ❝❧ás✐❝♦ ❞❡ ❞❡♣❡♥❞❡♥❝✐❛ ❝♦♥t✐♥✉❛ ❞❡ ✉♥❛ s♦❧✉❝✐ó♥ r❡s♣❡❝t♦ ❞❡
❧♦s ♣❛rá♠❡tr♦s✳ P❛r❛ ❡❧ ❝❛s♦ ✭❈✶✮✱ z(σ0) = 0 ② z′(σ0) < 0✳ ▲❛ s♦❧✉❝✐ó♥ ♣✉❡❞❡
❡♥t♦♥❝❡s s❡r ❝♦♥t✐♥✉❛❞❛ ❡♥ ✉♥ ♣❡q✉❡ñ♦ ❡♥t♦r♥♦ ❞❡ σ0✱ ❝♦♥ z(x) < 0 ♣❛r❛ x > σ0✳
❚♦♠❡♠♦s ❞♦s ♣✉♥t♦s ♠✉② ❝❡r❝❛♥♦s ❛ σ0✱ ξ1 ② ξ2✱ t❛❧❡s q✉❡ ξ1 < σ0 < ξ2✳ ❊♥t♦♥❝❡s
z(ξ1) > 0 ② z(ξ2) < 0✳ ❙✐ s❡ ✈❛rí❛♥ λ, α✱ ②✴♦ γ ♠✉② ❧✐❣❡r❛♠❡♥t❡✱ s❡ ♣✉❡❞❡
❛s❡❣✉r❛r q✉❡ z̄(ξ1) ❡s t♦❞❛✈í❛ ♠❛②♦r ❛ ❝❡r♦ ② z̄(ξ2) ❡s t♦❞❛✈í❛ ♠❡♥♦r ❛ ❝❡r♦✱
❞♦♥❞❡ z̄ ❧❧❛♠❛♠♦s ❛ ❧❛ s♦❧✉❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s ✐♥✐❝✐❛❧❡s ❝♦♥ ❧♦s ✈❛❧♦r❡s
❞❡ ❧♦s ♣❛rá♠❡tr♦s ❧✐❣❡r❛♠❡♥t❡ ❝❛♠❜✐❛❞♦s✳ ▲✉❡❣♦✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡ ❧♦s ❱❛❧♦r❡s
■♥t❡r♠❡❞✐♦s✱ z̄ t✐❡♥❡ ✉♥ ❝❡r♦ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ [ξ1, ξ2] ②✱ ♣♦r ❧♦ t❛♥t♦✱ ♠✉② ❝❡r❝❛ ❞❡❧
❝❡r♦ ♦r✐❣✐♥❛❧ σ0 ❞❡ z✳
▲❛ ❞❡♣❡♥❞❡♥❝✐❛ ❝♦♥t✐♥✉❛ r❡s♣❡❝t♦ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ♣❛r❛ ❡❧ ❝❛s♦ ✭❈✷✮ ❧❛ ♣♦❞❡♠♦s
✈❡r ❞❡ ♠♦❞♦ s✐♠✐❧❛r✳ �

▲❡♠❛ ✹✳✶✳✹ P❛r❛ ❧♦s ❝❛s♦s ✭❈✷✮ ♦ ✭❈✸✮✱ ③ ♥♦ ♣✉❡❞❡ t❡♥❡r ♠ás q✉❡ ✉♥ ♠í♥✐♠♦

✹✾



❧♦❝❛❧ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ ❬✵✱✶✮✳
❙✐ s❡ s✉♣♦♥❡ q✉❡ αD ≥ λ ② ③ t✐❡♥❡ ✉♥ ♠í♥✐♠♦ ❧♦❝❛❧ ❡♥ ❬✵✱✶❪✱ ❡♥t♦♥❝❡s δ > 0 ②
L ≥ 0✳

❉❡♠✳▲❡♠❛ ✹✳✶✳✹ ❙✐ ③ t✐❡♥❡ ✉♥ ♠í♥✐♠♦ ❧♦❝❛❧ ❡♥ ❡❧ ♣✉♥t♦ x0✱ ❡♥t♦♥❝❡s✱ ♣♦r ❡❧ ▲❡♠❛
✹✳✶✳✶✱ z′′(x) > 0 ♣❛r❛ x > x0 ✭♣✉❡s z(x0) ≤ z(x) ② z′′(x0) ≥ 0)✳ ❊♥t♦♥❝❡s δ > 0
✭♣✉❡s ❡♥ ❛♠❜♦s ❝❛s♦s σ > x0 ② ♣♦r ❧♦ t❛♥t♦ t❛♠❜✐é♥ z′′(σ) > z′′(x0)✮ ② ③ ♥♦ ♣✉❡❞❡
t❡♥❡r ♦tr♦ ♠í♥✐♠♦ ❧♦❝❛❧ ♠ás ❛❧❧á ❞❡ x0✳
P❛r❛ ❡❧ ❝❛s♦ ✭❈✷✮✱ z(σ) = 2 ② ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✳✶✾✮ ♣♦❞❡♠♦s ✈❡r q✉❡ L ≥ 0✳
❊♥ ❡❧ ❝❛s♦ ✭❈✸✮ t❡♥❡♠♦s q✉❡ σ = 1 ② s✐ ❡s z(1) ≥ 1 ♥✉❡✈❛♠❡♥t❡ ❧❛ ✭✹✳✶✳✶✾✮ ♥♦s
❞❛ L ≥ 0✳ ❙✉♣♦♥❣❛♠♦s ❡♥t♦♥❝❡s q✉❡ z(1) < 1✱ ❝♦♥s✐❞❡r❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ♦r✐❣✐♥❛❧
✭✹✳✶✳✼✮ ② ✭✹✳✶✳✽✮ ❡♥ ❡❧ ✈❛❧♦r x = 1✱ ♦❜t❡♥❡♠♦s

z′′(1) = z(1)(λ+ Lλ)− αD ✭✹✳✶✳✷✵✮

② ❝♦♠♦ z′′(1) > 0✱ t❡♥❡♠♦s q✉❡

z(1)(λ+ Lλ) > αD, ✭✹✳✶✳✷✶✮

② ♣♦r ❧♦ t❛♥t♦

Lλ >
αD

z(1)
− λ ≥ αD − λ ≥ 0 ✭✹✳✶✳✷✷✮

✭♣✉❡s z(1) < 1✮✳ ❆sí q✉❡ ❡♥t♦♥❝❡s t❡♥❡♠♦s q✉❡ L ≥ 0 ✭♣✉❡s λ > 0✮✳ �

❉❡✜♥✐❡♥❞♦ ❡❧ ♦♣❡r❛❞♦r ❚

❙❡ ♣✉❡❞❡ ❛❤♦r❛ ❞❡✜♥✐r ❡❧ ♦♣❡r❛❞♦r ❝♦♥t✐♥✉♦ T : Ω̄ −→ R2✱ ❞♦♥❞❡ Ω ⊆ R2✱ ♣♦r

T (α, γ) := (δ, L) = (z′(σ), L). ✭✹✳✶✳✷✸✮

❊♥ ❧❛ ❋✐❣✉r❛ ✹ ✈❡♠♦s q✉❡ T ❛♣❧✐❝❛ ❡❧ ♣❧❛♥♦ ✭α, γ✮ ❡♥ ❡❧ ♣❧❛♥♦ ✭δ, L✮✳ ❙❡ ♣✉❡❞❡
✈❡r q✉❡ ❛✉♥q✉❡ ❡♥ ❧❛ r❡❞✉❝❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s ❞❡ ❜♦r❞❡ ♦r✐❣✐♥❛❧ ❛❧
♥✉❡✈♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s ✐♥✐❝✐❛❧❡s só❧♦ s❡ ♣❡r♠✐t❡ γ > 0✱ ❡❧ ♥✉❡✈♦ ♣r♦❜❧❡♠❛ ❞❡❧
♦♣❡r❛❞♦r T ♣✉❡❞❡ s❡r ❡st✉❞✐❛❞♦ ♣❛r❛ γ ∈ (−∞,+∞)✳ ❖ s❡❛✱ T ♣✉❡❞❡ ❞❡✜♥✐rs❡
♣❛r❛ γ ≤ 0✳

❊❧ ❘❡s✉❧t❛❞♦ Pr✐♥❝✐♣❛❧

❚❡♦r❡♠❛ ✹✳✶✳✶ ❞❛❞♦s ❝✉❛❧❡sq✉✐❡r❛ λ, l > 0 ② D ∈ (0, 1]✱ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s
❞❡ ❝♦♥t♦r♥♦ ✭✹✳✶✳✶✮ ✲ ✭✹✳✶✳✹✮ t✐❡♥❡ ✉♥❛ s♦❧✉❝✐ó♥ ♣♦s✐t✐✈❛✳
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❋✐❣✉r❛ ✹✿ ❖♣❡r❛❞♦r ❚

❙✐ z′(σ) = 0 ❡♥t♦♥❝❡s✱ ♣♦r ❡❧ ▲❡♠❛ ✹✳✶✳✸✱ ❞❡❜❡♠♦s t❡♥❡r ❡❧ ❝❛s♦ (C3) ② ♣♦r ❧♦
t❛♥t♦ σ = 1✳ ❙✐✱ ❛❞❡♠ás✱ L = l✱ ❡♥t♦♥❝❡s ✭✹✳✶✳✶✾✮ ❝♦✐♥❝✐❞❡ ❝♦♥ ✭✹✳✶✳✶✶✮ ② z ❡s ✉♥❛
s♦❧✉❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s ❞❡ ❝♦♥t♦r♥♦ ♦r✐❣✐♥❛❧✳ P♦r ❧♦ t❛♥t♦✱ ❧❛ ✈❛❧✐❞❡③ ❞❡❧
❚❡♦r❡♠❛ ✹✳✶✳✶ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ❧❛ ❛✜r♠❛❝✐ó♥ ❞❡ q✉❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡❧ ♦♣❡r❛❞♦r

T (α, γ) = (0, l)

t✐❡♥❡ ✉♥❛ s♦❧✉❝✐ó♥ ❝♦♥ α > 0 ② γ > 0✳
❊♥ ❧♦ q✉❡ s✐❣✉❡✱ ❡st❛ ❛✜r♠❛❝✐ó♥ s❡ ♣r✉❡❜❛ ✉s❛♥❞♦ ❡❧ ♠ét♦❞♦ ❞❡s❝r✐♣t♦✳ ❊❧❡❣✐♠♦s
❝✉❛❧q✉✐❡r ♥ú♠❡r♦

α∗ >
λ+ lλ

D
, ✭✹✳✶✳✷✹✮

② ♦tr♦ ♥ú♠❡r♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ γ∗ ❝✉②♦ ✈❛❧♦r s❡ ❞❡t❡r♠✐♥❛ ❛ ♣♦st❡r✐♦r✐✳ ❙❡❛
PQRS ❡❧ r❡❝tá♥❣✉❧♦ ❝✉②♦s ✈ért✐❝❡s s♦♥ P = (λ/D, 0), Q = (α∗, 0), R = (α∗, γ∗)
② S = (λ/D, γ∗)✱ ❝♦♠♦ ❛♥t❡s ♠❡♥❝✐♦♥❛♠♦s✳ ❊♥ ❧♦s s✐❣✉✐❡♥t❡s ❧❡♠❛s s❡ ❡st✉❞✐❛ ❧❛
✐♠❛❣❡♥ ❞❡ ❝❛❞❛ ❧❛❞♦ ❞❡ ❡st❡ r❡❝tá♥❣✉❧♦ ❜❛❥♦ ❡❧ ♦♣❡r❛❞♦r T ✳

▲❡♠❛ ✹✳✶✳✺ T (A) = (δ, 0)✱ ❝♦♥ δ < 0 ♣❛r❛ ❝❛❞❛ ♣✉♥t♦ A = (α, 0) ❡♥ ❧❛ ❧í♥❡❛
P◗✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❡❧ ♣✉♥t♦ P s❡ ❛♣❧✐❝❛ ❛ P ′ = (0, 0) ② P ′Q′✱ ❧❛ ✐♠❛❣❡♥ ❞❡ P◗✱
❡s ✉♥ s❡❣♠❡♥t♦ ❝♦♥t❡♥✐❞♦ ❡♥ ❧❛ ♣❛rt❡ ♥❡❣❛t✐✈❛ ❞❡❧ ❡❥❡ δ ✭✈❡r ❋✐❣✉r❛ ✹✮✳

❉❡♠✳▲❡♠❛ ✹✳✶✳✺ ❙✐ γ = 0 ❡♥t♦♥❝❡s L = 0 ✭❤❛❝✐❡♥❞♦ γ = 0 ❡♥ ❧❛ ❡❝✉❛❝✐ó♥
✭✹✳✶✳✶✾✮✮✱ ♠✐❡♥tr❛s q✉❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ✭✹✳✶✳✶✵✮ s❡ r❡❞✉❝❡ ❛ z′′(x) = λz−
αD✱ ♣♦r ❧♦ ❝✉❛❧ z′′ ❞✐s♠✐♥✉②❡ ❝♦♥ ❡❧ ❛✉♠❡♥t♦ ❞❡ α ② ♣♦r ❧♦ t❛♥t♦ ❞✐s♠✐♥✉②❡ z′✳
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P❛r❛ ❡❧ ♣✉♥t♦ P✱ α = λ/D ② ♣♦r ❧♦ t❛♥t♦ ✭z′′(x) = λz − λ✮ z ≡ 1 ❡❧ ❧❛ s♦❧✉❝✐ó♥
❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s ✐♥✐❝✐❛❧❡s ② ❡♥t♦♥❝❡s ❡s z′ = 0✳ ▲✉❡❣♦ ✭ σ = 1✮ z′(1) = 0 ②
❡♥t♦♥❝❡s T (P ) = T (λ/D, 0) = (0, 0)✳ ❈✉❛♥❞♦ α s❡ ✐♥❝r❡♠❡♥t❛ ❛❧ ✐r ❞❡ P ❛ ◗✱ ❡❧
❝♦rr❡s♣♦♥❞✐❡♥t❡ ✈❛❧♦r ❞❡ z′(σ) ❞❡❝r❡❝❡ ❞❡s❞❡ ❝❡r♦✱ ♣♦r ❧♦ q✉❡ ❡s ♥❡❣❛t✐✈♦ ✭δ < 0✮✳
❊♥ ❝♦♥❝♦r❞❛♥❝✐❛ ❝♦♥ ❡st♦ ❡❧ ♣✉♥t♦ ❚✭❆✮ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❡❧ s❡♠✐❡❥❡ ♥❡❣❛t✐✈♦ ❞❡❧
❡❥❡ δ✳�

❊❧ s✐❣✉✐❡♥t❡ ▲❡♠❛ ♠✉❡str❛ q✉❡ s✐ z(x) s❛t✐s❢❛❝❡ t❛♠❜✐é♥ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❜♦r❞❡
✭✹✳✶✳✶✸✮ ✭♦ s❡❛ ❡♥ x = 1✮✱ ❡♥t♦♥❝❡s z ❞❡❜❡ s❡r ✉♥❛ ❢✉♥❝✐ó♥ ❞❡❝r❡❝✐❡♥t❡ ② ❧♦s ú♥✐❝♦s
♣✉♥t♦s ❝rít✐❝♦s s♦♥ x = 0 ② x = 1✳ ◆♦t❛r q✉❡✱ ♣♦r ❡❧ ▲❡♠❛ ✹✳✶✳✸✱ ❧❛ ❝♦♥❞✐❝✐ó♥
✭✹✳✶✳✶✸✮ ✐♠♣❧✐❝❛ q✉❡ ❡st❛♠♦s ❡♥ ❡❧ ❝❛s♦ (C3)✳

▲❡♠❛ ✹✳✶✳✻ ❙✉♣♦♥❣❛♠♦s q✉❡ γ ≥ 0✳ ❙✐ ❧❛ ❢✉♥❝✐ó♥ ♣♦s✐t✐✈❛ z(x) t❛♠❜✐é♥ s❛t✐s✲
❢❛❝❡ ✭✹✳✶✳✶✸✮✱ ❡♥t♦♥❝❡s z′(x) ≤ 0 ∀x ∈ [0, 1]✱ z′′(0) ≤ 0 ② z′′(1) ≥ 0✳

❉❡♠✳▲❡♠❛ ✹✳✶✳✻ ❙✐ γ = 0✱ ③ s♦❧♦ ♣✉❡❞❡ s❛t✐s❢❛❝❡r ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✹✳✶✳✶✸✮ ❝✉❛♥❞♦
α = λ/D s✐❡♥❞♦ z ≡ 1✱ ❝♦♥ ❧♦ q✉❡ ❝✉♠♣❧❡ tr✐✈✐❛❧♠❡♥t❡✳ ❆sí q✉❡ ♣♦❞❡♠♦s s✉♣♦♥❡r
q✉❡ γ > 0✳ ❉❛❞♦ q✉❡ δ = 0 ② α ≥ λ/D✱ ♣♦r ❡❧ ▲❡♠❛ ✹✳✶✳✹✱ ③ ♥♦ t✐❡♥❡ ✉♥ ♠í♥✐♠♦
❧♦❝❛❧ ❡♥ ❬✵✱✶✮✱ ❞❡ ♦tr♦ ♠♦❞♦ s❡rí❛ δ > 0 ❝♦♥tr❛❞✐❝✐❡♥❞♦ ❧❛ ❤✐♣ót❡s✐s ✭✹✳✶✳✶✸✮✳
P♦r ❧♦ t❛♥t♦ x = 1 ❡s ❡❧ ú♥✐❝♦ ♠í♥✐♠♦ ❧♦❝❛❧✳ ❈♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛✱ ③✭①✮ ❡s ✉♥❛
❢✉♥❝✐ó♥ ❞❡❝r❡❝✐❡♥t❡ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ ❬✵✱✶❪✱ ② ♣♦r ❧♦ t❛♥t♦ z′(x) ≤ 0, ∀x ∈ [0, 1]✳
▲❛s ❝♦♥❝❧✉s✐♦♥❡s z′′(0) ≤ 0 ② z′′(1) ≥ 0 s❡ s✐❣✉❡♥ ❞❡❧ ❤❡❝❤♦ ❞❡ q✉❡ x = 0 ❡s ✉♥
♠á①✐♠♦ ❧♦❝❛❧ ✭z′(0) = 0✮ ② x = 1 ❡s ✉♥ ♠í♥✐♠♦ ❧♦❝❛❧ ✭z′(1) = 0✮✳ �

▲♦s s✐❣✉✐❡♥t❡s ❧❡♠❛s ♥♦s ♠✉❡str❛♥ ❞ó♥❞❡ s❡ ❡♥❝✉❡♥tr❛♥ ❧❛s ✐♠á❣❡♥❡s ❞❡ ❧♦s ❧❛❞♦s
QR ② RS ♣❛r❛ ✉♥❛ ❛❞❡❝✉❛❞❛ ❡❧❡❝❝✐ó♥ ❞❡❧ ♣❛rá♠❡tr♦ γ✱ γ∗✳

▲❡♠❛ ✹✳✶✳✼ ❙❡❛ A = (α, γ) ✉♥ ♣✉♥t♦ ❞❡❧ ❧❛❞♦ ◗❘ ② T (A) = (δ, L)✳ ❙✐ δ = 0✱
❡♥t♦♥❝❡s L > l✳

❉❡♠✳▲❡♠❛ ✹✳✶✳✼ ❈♦♠♦ ❆ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ◗❘✱ α = α∗✳ ❙✐ δ = 0✱ ❡♥t♦♥❝❡s
t❡♥❡♠♦s ❡❧ ❝❛s♦ ✭❈✸✮ ② ❡❧ ♣✉♥t♦ ✜♥❛❧ ❞❡❜❡ s❡r ✭✶✱③✭✶✮✮✳ P♦r ❡❧ ▲❡♠❛ ✹✳✶✳✻✱ z′′(1) ≥
0 ② z(1) ≤ 1 ✭♣✉❡s z′(x) ≤ 0 ② z(0) = 1✮✳ P♦r ❡❧ ♠✐s♠♦ ❛r❣✉♠❡♥t♦ ✉s❛❞♦ ❡♥ ❧❛
❞❡♠♦str❛❝✐ó♥ ❞❡❧ ▲❡♠❛ ✹✳✶✳✹ ✭❝♦♥s✐❞❡r❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ♦r✐❣✐♥❛❧ ✭✹✳✶✳✼✮ ② ✭✹✳✶✳✽✮
❡♥ ❡❧ ✈❛❧♦r x = 1✮✱ ❡♥ x = 1✱

z′′(1) = z(1)(λ+ Lλ)− α∗D ≥ 0 ✭✹✳✶✳✷✺✮

② ❡♥t♦♥❝❡s✱ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ α ✭✹✳✶✳✾✮

Lλ ≥ α∗D

z(1)
− λ > α∗D − λ > lλ (pues z(1) ≤ 1) ✭✹✳✶✳✷✻✮

② ❡♥t♦♥❝❡s t❡♥❡♠♦s q✉❡ L > l✳ �
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●❡♦♠étr✐❝❛♠❡♥t❡✱ ❧❛ ✐♠♣♦rt❛♥t❡ ❝♦♥❝❧✉s✐ó♥ ❞❡ ❡st❡ ▲❡♠❛ ✹✳✶✳✼ ❡s q✉❡ ❧❛ ❝✉r✈❛
Q′R′✱ ✐♠❛❣❡♥ ♣♦r T ❞❡❧ ❧❛❞♦ QR ❞❡❧ r❡❝tá♥❣✉❧♦✱ ✐♥t❡rs❡❝❛ ❛❧ ❡❥❡ L ❞❡❧ ♣❧❛♥♦
✐♠❛❣❡♥ ✭δ, L✮ ❡♥ ✉♥♦ ♦ ♠ás ♣✉♥t♦s✱ q✉❡ s❡ ❡♥❝✉❡♥tr❛♥✱ t♦❞♦s ❡❧❧♦s✱ ♣♦r ❡♥❝✐♠❛
❞❡❧ ♣✉♥t♦ (0, l)✳ ❈♦♠♦ s❡ ✈❡ ❡♥ ❧♦s ▲❡♠❛s s✐❣✉✐❡♥t❡s✱ ✉♥❛ ✈❡③ q✉❡ γ∗ s❡ ❡❧✐❣❡
❧♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ❧❛ ✐♠❛❣❡♥ ❞❡❧ ♣✉♥t♦ R✱ R′✱ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❡❧ ♣r✐♠❡r
❝✉❛❞r❛♥t❡ ❞❡❧ ♣❧❛♥♦ (δ, L)✱ ② ♣♦r ❧♦ t❛♥t♦✱ ❡❧ ♣✉♥t♦ (0, l) s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❡❧ ✐♥t❡r✐♦r
❞❡ ❧❛ ✐♠❛❣❡♥ ❞❡❧ r❡❝tá♥❣✉❧♦ PQRS ✭♦ s❡❛ (0, l) ∈ T (Ω)✮ ✭❱❡r ❋✐❣✉r❛ ✭✹✮ ❡♥ ❧❛ q✉❡
❡st❛s ❝✉r✈❛s s❡ ❞✐❜✉❥❛♥ ❞❡ ♠❛♥❡r❛ ❛r❜✐tr❛r✐❛✱ só❧♦ ♣❛r❛ ✐❧✉str❛r ❧❛s ❛✜r♠❛❝✐♦♥❡s
❞❡ ❧♦s ❞✐st✐♥t♦s ❧❡♠❛s✮✳

▲❡♠❛ ✹✳✶✳✽ ▲❛ ✐♠❛❣❡♥ ❞❡❧ ❧❛❞♦ ❙P✱ T (SP ) = S ′P ′✱ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❡❧ ♣r✐♠❡r
❝✉❛❞r❛♥t❡ ❞❡❧ ♣❧❛♥♦ ✭δ, L)✳ ❆❞❡♠ás✱ ❡①❝❡♣t♦ ❡❧ ♣✉♥t♦ P ′ = T (P )✱ ♥♦ ❤❛② ♦tr♦
♣✉♥t♦ ❞❡ ❧❛ ❝✉r✈❛ S ′P ′ q✉❡ s❡ ❡♥❝✉❡♥tr❡ s♦❜r❡ ❡❧ ❡❥❡ ▲✳

❉❡♠✳▲❡♠❛ ✹✳✶✳✽ ❊♥ ❧♦s ♣✉♥t♦s ❞❡ ❧❛ ❧í♥❡❛ ❙P✱ α = λ/D ② ③✭①✮ s❛t✐s❢❛❝❡ ❧❛
✐♥❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧

z′′(x) ≥
{

λ− γ2

2
(1− z(x)2)

}

z(x)− λ

♣✉❡s γαx = γ λ
D
x ≥ 0 ❡♥ ✭✹✳✶✳✶✵✮✳ ❙✐ s❡ ❝♦♥s✐❞❡r❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧

W ′′(x) =

(

λ− γ2

2
(1−W (x)2)

)

W (x)− λ, ✭✹✳✶✳✷✼✮

❡♥t♦♥❝❡s✱ W (x) ≡ 1 ❡s s♦❧✉❝✐ó♥ ②

W ′′(x) =

(

λ− γ2

2
(1− 12)

)

1λ = λ− λ = 0

② ✉s❛♥❞♦ ❡❧ ▲❡♠❛ ✹✳✶✳✷ ✭t♦♠❛♥❞♦ ❝♦♠♦ ❧❛ F (x, .) ❡❧ s❡❣✉♥❞♦ ♠✐❡♠❜r♦ ❞❡ ✭✹✳✶✳✷✼✮✱
② s✐❡♥❞♦ z(0) ≥ 1 = W (0) ② z′(0) = 0 ≥ 0 = W ′(0)✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ z(x) ≥
W (x) ≡ 1✳ ❊♥t♦♥❝❡s✱ x = 0 ❡s ✉♥ ♠í♥✐♠♦ ❧♦❝❛❧ ✭z(0) = 1✮✳ ▲✉❡❣♦✱ ♣♦r ❡❧ ▲❡♠❛
✹✳✶✳✹ ✭❝♦♠♦ α ≥ λ

D
⇔ αD ≥ λ✮ ② ❞❛❞♦ q✉❡ ③ t✐❡♥❡ ✉♥ ♠í♥✐♠♦ ❧♦❝❛❧ ❡♥ ❬✵✱✶✮

s❡ s✐❣✉❡ q✉❡ δ > 0 ② L ≥ 0✱ ♣♦r ❧♦ t❛♥t♦ só❧♦ P ′ t✐❡♥❡ s✉ ✐♠❛❣❡♥ s♦❜r❡ ❡❧ ❡❥❡
▲✳ ❊♥ ❡❢❡❝t♦✱ s✐ γ = 0 ✭♣✉❡s P = (λ/D, 0)✮✱ ❡st❛♠♦s ❡♥ q✉❡ z ≡ 1 ② ❡♥t♦♥❝❡s
z′(1) = 0 = δ✱ ❝♦♠♦ ✈❡♠♦s ❡♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ▲❡♠❛ ✹✳✶✳✻✳ �

❊❧ ♣ró①✐♠♦ ▲❡♠❛ tr❛t❛ ❞❡❧ r❡st❛♥t❡ ❧❛❞♦ ❞❡❧ r❡❝tá♥❣✉❧♦✿ ❡❧ ❧❛❞♦ RS✳

▲❡♠❛ ✹✳✶✳✾ ❈♦♥ t❛❧ q✉❡ γ∗ s❡ ❡❧✐❥❛ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ❧❛ ✐♠❛❣❡♥ ❞❡❧ ❧❛❞♦
❘❙ ❡stá ❝♦♥t❡♥✐❞❛ ❡♥ ❡❧ ♣r✐♠❡r ❝✉❛❞r❛♥t❡ ❞❡❧ ♣❧❛♥♦ (δ, L)✳

✺✸



❉❡♠✳▲❡♠❛ ✹✳✶✳✾ ❉❡ ❛❝✉❡r❞♦ ❛❧ ▲❡♠❛ ✹✳✶✳✹✱ só❧♦ ❜❛st❛ ♠♦str❛r q✉❡ ③ t✐❡♥❡ ✉♥
♠í♥✐♠♦ ❧♦❝❛❧ ❡♥ ❛❧❣ú♥ x0 < 1✱ ♦ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ q✉❡ z′(x0) = 0✳ P♦r ❡❧ ▲❡♠❛
✹✳✶✳✽ ②❛ s❛❜❡♠♦s q✉❡ S ′ ❡stá ❡♥ ❡❧ ♣r✐♠❡r ❝✉❛❞r❛♥t❡✱ ❞❡ ♠♦❞♦ q✉❡ ♣♦❞❡♠♦s ❝♦♥✲
s✐❞❡r❛r ✉♥ ♣✉♥t♦ ❆ ❡♥ ❘❙ ❞✐❢❡r❡♥t❡ ❞❡ ❙✳ ❖ s❡❛✱ ♣♦❞❡♠♦s s✉♣♦♥❡r q✉❡ α > λ/D✱
❧♦ ❝✉❛❧ ✐♠♣❧✐❝❛ q✉❡ ③ ❡s ✐♥✐❝✐❛❧♠❡♥t❡ ❞❡❝r❡❝✐❡♥t❡ ❝❡r❝❛ ❞❡ x = 0 ✭r❡❡♠♣❧❛③❛♥❞♦ ❡♥
❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ✭✹✳✶✳✶✵✮ ① ♣♦r ✵ ② ③✭✵✮ ♣♦r ✶ ♦❜t❡♥❡♠♦s z′′(0) = λ− αD✱
q✉❡ ❝♦♥ α > λ/D ♥♦s ❞❛ z′′(0) < 0✮✳ ❙✐ z(ξ) = 1 ♣❛r❛ ❛❧❣ú♥ ξ > 0✱ ❡♥t♦♥❝❡s ③
❞❡❜❡ t❡♥❡r ✉♥ ♠í♥✐♠♦ ❧♦❝❛❧ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ (0, ξ) ② ❡♥t♦♥❝❡s ②❛ ❡st❛♠♦s ❡♥ ❧❛s
❤✐♣ót❡s✐s ❞❡❧ ▲❡♠❛ ✹✳✶✳✹✳ ❊♥t♦♥❝❡s s✉♣♦♥❣❛♠♦s q✉❡ z(x) < 1 ♣❛r❛ t♦❞♦ x ∈ [0, 1]✳
❙❡❣✉✐❞❛♠❡♥t❡ s❡ ♠✉❡str❛ q✉❡ ❡st♦ ♥♦ ♣✉❡❞❡ s✉❝❡❞❡r s✐ s❡ ❡❧✐❣❡ γ∗ s✉✜❝✐❡♥t❡♠❡♥✲
t❡ ❣r❛♥❞❡✳ ❙✉♣♦♥❣❛♠♦s q✉❡ sí ♦❝✉rr❡ ② q✉❡ ♣♦❞❡♠♦s t❡♥❡r z(x) < 1✱ ♣❛r❛ t♦❞♦
x ∈ (0, 1]✳ P❛r❛ ♣✉♥t♦s ❞❡ ❘❙✱ γ = γ∗✱ ② ❡♥t♦♥❝❡s✱

γ∗2

2
(1− z(x)2)z(x) ≤ γ∗2(1− z(x)) ✭✹✳✶✳✷✽✮

② ❝♦♠♦ ❡♥t♦♥❝❡s✱

−γ∗2(1− z(x)) ≤ −γ∗2

2
(1− z(x)2)z(x),

③ s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞✐❢❡r❡♥❝✐❛❧

z′′(x) ≥ −γ∗2(1− z(x)2) + (λ+ γ∗αx)z(x)− αD

≥ −γ∗2(1− z(x)) + (λ+ γ∗αx)z(x)− α ✭✹✳✶✳✷✾✮

❞❛❞♦ q✉❡ D ≤ 1✳

❙✉♣♦♥❣❛♠♦s ❛❤♦r❛ q✉❡

z(x) ≥ m :=
2α∗ + λ

2(α∗ + λ)
, ✭✹✳✶✳✸✵✮

❊♥t♦♥❝❡s ❞❡ ✭✹✳✶✳✷✾✮ t❡♥❡♠♦s q✉❡

z′′(x) ≥ −γ∗2(1− z(x)) + (λ+ γ∗αx)m− α ✭✹✳✶✳✸✶✮

❙❡❛ ❛❤♦r❛ ❲✭①✮ ❧❛ s♦❧✉❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s ✐♥✐❝✐❛❧❡s

W ′′(x) = −γ∗2(1−W (x)) + (λ+ γ∗αx)m− α ✭✹✳✶✳✸✷✮

W (0) = 1, W ′(0) = 0 ✭✹✳✶✳✸✸✮

✺✹



❊♥t♦♥❝❡s✱ ♣♦r ❡❧ ▲❡♠❛ ✹✳✶✳✷✱ t♦♠❛♥❞♦ ❝♦♠♦ ❧❛ F (x, .) ❡❧ ♠✐❡♠❜r♦ ❞❡r❡❝❤♦ ❞❡
✭✹✳✶✳✸✶✮ ♦ ✭✹✳✶✳✸✷✮✱ ② ❡♥t♦♥❝❡s ❝✉♠♣❧✐é♥❞♦s❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✭✹✳✶✳✶✹✮ ② ✭✹✳✶✳✶✺✮✱
❝♦♥ z(0) = 1 ≥ 1 = W (0) ② z′(0) = 0 ≥ 0 = W ′(0)✱ s❡ t✐❡♥❡ q✉❡ z(x) ≥ W (x) ②
z′(x) ≥ W ′(x)✳ ❙✐ ♠♦str❛♠♦s q✉❡ W (x) ≥ m✱ ❡♥t♦♥❝❡s ✭✹✳✶✳✸✵✮ s❡ ✈❡r✐✜❝❛rá✱ ② s✐
♣♦❞❡♠♦s ♠♦str❛r q✉❡ W (1) ≥ 1✱ ❡♥t♦♥❝❡s t❡♥❞r❡♠♦s ✭❡✈❛❧✉❛♥❞♦ z(x) ≥ W (x) ❡♥
x = 1✮✱ q✉❡ z(1) ≥ 1 ② ♦❜t❡♥❞r❡♠♦s✱ ♣♦r ❧♦ t❛♥t♦✱ ❧❛ ❝♦♥tr❛❞✐❝❝✐ó♥ ❛ ❧♦ s✉♣✉❡st♦
❞❡ q✉❡ z(x) < 1 ♣❛r❛ t♦❞♦ x ∈ [0, 1]✳

❘❡s♦❧✈✐❡♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ✭✹✳✶✳✸✷✮ ❝♦♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ✭✹✳✶✳✸✸✮✱
♣♦r ❡❧ ♠ét♦❞♦ ❞❡ ✈❛r✐❛❝✐ó♥ ❞❡ ♣❛rá♠❡tr♦s✱ ♦❜t❡♥❡♠♦s ✉♥❛ ❡①♣r❡s✐ó♥ ♣❛r❛ ❲✭①✮

W (x) = C1e
γ∗x + C2e

−γ∗x + 1− αm

γ∗ x− λm− α

γ∗2 ✭✹✳✶✳✸✹✮

❞♦♥❞❡ C1 ② C2 s♦♥ ❧❛s ❝♦♥st❛♥t❡s ❞❡ ✐♥t❡❣r❛❝✐ó♥ q✉❡ ❝❛❧❝✉❧❛♠♦s ♣♦r ♠❡❞✐♦ ❞❡ ❧❛s
❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ✭✹✳✶✳✸✸✮✱ ❧❛s ❝✉❛❧❡s ♥♦s ❞❛♥

W (0) = C1 + C2 −
λm− α

γ∗2 = 1 ✭✹✳✶✳✸✺✮

W ′(0) = γ∗(C1 − C2)−
αm

γ∗ = 0 ✭✹✳✶✳✸✻✮

② ❡♥t♦♥❝❡s

C1 =
1

2γ∗2 (m(λ+ α)− α)

❝♦♥ ❧♦ q✉❡ r❡❡♠♣❧❛③❛♥❞♦ ♠ ♣♦r s✉ ❡①♣r❡s✐ó♥ ❡♥ ✭✹✳✶✳✸✵✮✱ t❡♥❡♠♦s q✉❡

C1 =
λ(2α∗ + λ− α)

4γ∗2(α∗ + λ)
, ✭✹✳✶✳✸✼✮

②

C2 =
1

2γ∗2 (m(λ− α)− α) ✭✹✳✶✳✸✽✮

P♦r ❧❛ ❛♣❛r✐❝✐ó♥ ❞❡ γ∗ ❡♥ s✉s ❞❡♥♦♠✐♥❛❞♦r❡s✱ |C2| ②
∣

∣

∣
−αm

γ∗
x− λm−α

γ∗2

∣

∣

∣ ❡♥ ✭✹✳✶✳✸✹✮

♣✉❡❞❡♥ ❤❛❝❡rs❡ ❛r❜✐tr❛r✐❛♠❡♥t❡ ♣❡q✉❡ñ♦s ❡❧✐❣✐❡♥❞♦ γ∗ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳
P♦r ❧♦ t❛♥t♦✱ ❧♦s ❞♦s ú❧t✐♠♦s tér♠✐♥♦s ❡♥ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ ✭✹✳✶✳✸✹✮✱ ❛sí ❝♦♠♦
❡❧ tér♠✐♥♦ q✉❡ ❝♦♥t✐❡♥❡ ❛ C2 ♣✉❡❞❡♥ ❤❛❝❡rs❡ t❛♥ ♣❡q✉❡ñ♦s ❝♦♠♦ s❡❛ ♥❡❝❡s❛r✐♦✳
P♦r ♦tr♦ ❧❛❞♦✱ ❝♦♠♦ α < α∗ ✭② ❡♥t♦♥❝❡s 2α∗+λ−α

α∗+λ
> 1✮✱

C1 ≥
λ

4γ∗2 > 0 ✭✹✳✶✳✸✾✮

✺✺



❡♥t♦♥❝❡s ❡❧ tér♠✐♥♦ eγ
∗x ❡♥ ❡❧ ♠✐❡♠❜r♦ ❞❡r❡❝❤♦ ❞❡ ✭✹✳✶✳✸✹✮ ❡s ♣♦s✐t✐✈♦✳ P♦r ❧♦

t❛♥t♦✱ s❡ ♣✉❡❞❡ ❤❛❝❡r q✉❡ W (x) > m ♣❛r❛ t♦❞♦ ① ❡❧✐❣✐❡♥❞♦ γ∗ ❧♦ s✉✜❝✐❡♥t❡♠❡♥t❡
❣r❛♥❞❡ ② ❡♥t♦♥❝❡s s❡ ❥✉st✐✜❝❛ ✭✹✳✶✳✸✵✮ ❝♦♠♦ ❤❛❜í❛♠♦s s✉♣✉❡st♦ ❛❞ ❤♦❝✳
❆❞❡♠ás✱ ❡♥ x = 1

C1e
γ∗

>
λ

4γ∗2 e
γ∗

② ❝♦♠♦

ĺım
γ∗→∞

λ

4γ∗2 e
γ∗

= ∞ ✭✹✳✶✳✹✵✮

t❡♥❡♠♦s q✉❡ W (1) −→ ∞✱ ❝✉❛♥❞♦ γ∗ −→ ∞✱ ♣♦r ❧♦ t❛♥t♦ ❡①✐st❡ ✉♥ β > 0 t❛❧
q✉❡ γ∗ > β ✐♠♣❧✐❝❛ q✉❡ W (1) > 1✱ ② ♣♦r ❧♦ t❛♥t♦ z(1) > 1 ❝♦♥tr❛❞✐❝✐❡♥❞♦ ❧❛
s✉♣♦s✐❝✐ó♥ ❞❡ q✉❡ z(x) < 1 ♣❛r❛ t♦❞♦ x ∈ (0, 1] P♦r ❧♦ t❛♥t♦ ❡①✐st❡ ✉♥ ♣✉♥t♦
ξ ∈ [0, 1] t❛❧ q✉❡ z(ξ) = 1✱ ② ❡♥t♦♥❝❡s ③ t✐❡♥❡ ✉♥ ♠í♥✐♠♦ ❧♦❝❛❧ ❡♥ ❛❧❣ú♥ x0 < 1 ②
❡st❛♠♦s ❡♥ ❧❛s ❤✐♣ót❡s✐s ❞❡❧ ▲❡♠❛ ✹✳✶✳✹✳ ❊st♦ ✐♠♣❧✐❝❛ q✉❡ δ > 0 ② L ≥ 0 ② ♣♦r ❧♦
t❛♥t♦ R′S ′ ❡stá ❝♦♥t❡♥✐❞❛ ❡♥ ❡❧ ♣r✐♠❡r ❝✉❛❞r❛♥t❡ ❞❡❧ ♣❧❛♥♦ (δ, L)✳ �

❈♦♥❝❧✉s✐ó♥✳ ▲♦s ❧❡♠❛s ✹✳✶✳✺✱ ✹✳✶✳✼✱ ✹✳✶✳✾ ② ✹✳✶✳✽ ♥♦s ♣♦s✐❜✐❧✐t❛♥ ❝♦♥♦❝❡r ❝ó✲
♠♦ ❡s ❧❛ ✐♠❛❣❡♥ ❞❡❧ ❜♦r❞❡ ❞❡❧ r❡❝tá♥❣✉❧♦ PQRS✱ ❞♦♥❞❡ P = (λ/D, 0), Q =
(α∗, 0), R = (α∗, γ∗) ② S = (λ/D, γ∗)✱ ❝♦♥ ❧❛s ❝♦♥st❛♥t❡s α∗ ② γ∗ ❡❧❡❣✐❞❛s ❞❡❧
♠♦❞♦ ❞❡s❝r✐♣t♦✱ ❧♦ ❝✉❛❧ ♥♦s ♣❡r♠✐t❡ ❛rr✐❜❛r ❛ ❧❛ ❝♦♥❝❧✉s✐ó♥ ❞❡ q✉❡ ❡❧ ♥ú♠❡r♦ ❞❡
✈✉❡❧t❛s ❞❡ ❧❛ ❝✉r✈❛ ❝❡rr❛❞❛ ✐♠❛❣❡♥ P ′Q′R′S ′P ′ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ♣✉♥t♦ (0, l) ❡s −1
✭❧♦ q✉❡ ♣✉❡❞❡ ❞❡♠♦str❛rs❡ r✐❣✉r♦s❛♠❡♥t❡ ✉s❛♥❞♦ ❞❡❢♦r♠❛❝✐ó♥ ❤♦♠♦tó♣✐❝❛ ❞❡ ❧❛
✐♠❛❣❡♥ ❞❡❧ ❜♦r❞❡ ❞❡ PQRS ❜❛❥♦ T ✮✳ ❊♥t♦♥❝❡s✱ ♣♦r ❧♦ ❛♥t❡r✐♦r✱ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡❧
♦♣❡r❛❞♦r T ✱ T (α, γ) = (0, l) t✐❡♥❡ ✉♥❛ s♦❧✉❝✐ó♥ (α, γ) ❡♥ ❡❧ ✐♥t❡r✐♦r ❞❡❧ r❡❝tá♥❣✉✲
❧♦ PQRS✱ ❧♦ ❝✉❛❧ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ s♦❧✉❝✐ó♥ ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡
✈❛❧♦r❡s ❡♥ ❧❛ ❢r♦♥t❡r❛ ♦r✐❣✐♥❛❧✱ ❧♦ ❝✉❛❧ ♣r✉❡❜❛ ❡❧ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧✱ ❡♥✉♥❝✐❛❞♦
❡♥ ❡❧ ❚❡♦r❡♠❛ ✹✳✶✳✶✳

❖❜s❡r✈❛❝✐ó♥✳ Pr♦❝❡❞✐❡♥❞♦ ♠ás ❝✉✐❞❛❞♦s❛♠❡♥t❡ ❝♦♥ ❧♦s ❝á❧❝✉❧♦s ❞❡D s❡ ♣✉❡❞❡
♠♦str❛r q✉❡ ❡❧ ▲❡♠❛ ✹✳✶✳✾ s❡ ♠❛♥t✐❡♥❡ ♣❛r❛ ✈❛❧♦r❡s ❞❡ D ❡s❝❛s❛♠❡♥t❡ ♠❛②♦r❡s ❛
1✳ ❙❡ ♣✉❡❞❡ ♣r♦❜❛r q✉❡ ❡❧ ▲❡♠❛ ✹✳✶✳✾ ② ❡♥t♦♥❝❡s ❡❧ ❚❡♦r❡♠❛ ✹✳✶✳✶ s✐❣✉❡♥ ✈❛❧✐❡♥❞♦
❝✉❛♥❞♦ D ≤

√

(l + 1)2 + 1− l✳

✹✳✷✳ ❊❧ ❝❛s♦ ν+ + ν− ≤ 0

❆❜♦r❞❛♠♦s ❛❤♦r❛ ❡❧ ❝❛s♦ ♠ás ❣❡♥❡r❛❧ tr❛t❛❞♦ ❡♥ ❡❧ tr❛❜❛❥♦ ❬✾❪✱ ❡♥ ❡❧ ❝✉❛❧ ❛❞❡♠ás✱
❝♦♠♦ ♠♦str❛♠♦s ❡♥ ❡❧ ❛♣❛rt❛❞♦ ✷✳✹ ❞❡ ❧❛ s❡❝❝✐ó♥ ✷✱ s❡ ❞❡❞✉❝❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡❧
♠♦❞❡❧♦✳ ❙❡ ❡①t✐❡♥❞❡ ❡❧ ♠ét♦❞♦ ❡♠♣❧❡❛❞♦ ❡♥ ❬✺❪ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ✈❛❧❡♥❝✐❛s ✐❣✉❛❧❡s✱

✺✻



✐♥❝❧✉②é♥❞♦❧♦✳ ▲❛ ❝♦♥s✐❞❡r❛❝✐ó♥ ❞❡❧ ❝❛s♦ ❡str✐❝t♦✱ ❡s ❞❡❝✐r✱ ❡❧ ❝❛s♦ ν+ + ν− < 0✱
❝♦♥❧❧❡✈❛ ✉♥❛ ❞✐✜❝✉❧t❛❞ ♠✉❝❤♦ ♠❛②♦r✱ ❧♦ ❝✉❛❧ ❥✉st✐✜❝❛ ❧❛ r❡❛❧✐③❛❝✐ó♥ ❞❡ ❡st❡ ❝❛s♦✱
❝♦♠♦ ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡ ❧❛ ♠✐s♠❛ ✐❞❡❛ ❡♠♣❧❡❛❞❛ ♣❛r❛ ❡❧ ❝❛s♦ ❛♥t❡r✐♦r ❞❡
ν+ + ν− = 0✳

❆q✉í s❡ ❝♦♥s✐❞❡r❛ ✭✷✳✹✳✶✻✮ ❜❛❥♦ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ◆❡✉♠❛♥♥✱ ❛ s❛❜❡r✱ ❡❧ ♣r♦❜❧❡♠❛

y′′ =

(

ν+ + ν−√−ν+ν−

)

yy′ +
y3

2
+ δ

[

λl +
1

2
(y2(0)− y2(1))

]

xy

−
[

y2(0)

2
− λ

]

y − δ

[

λl +
1

2
(y2(0)− y2(1))

]

D ✭✹✳✷✳✶✮

y′(0) = y′(1) = 0, ✭✹✳✷✳✷✮

s✐♥ ❛s✉♠✐r ♥✐♥❣✉♥❛ r❡❧❛❝✐ó♥ ♣r✐✈✐❧❡❣✐❛❞❛ ❞❡ ✈❛❧❡♥❝✐❛s✱ ❡①❝❡♣t♦ q✉❡ s❡❛ ν++ν− ≤ 0✱
② ❞♦♥❞❡ s❡ ♦❜s❡r✈❛ q✉❡ λ = −δ2ν+ν−n(0) > 0✳

❖❜s❡r✈❛❝✐ó♥✳ ❙✐ ❡♥ ✭✹✳✷✳✶✮ ❤❛❝❡♠♦s ν+ + ν− = 0 ② δ = 1✱ ❡♥t♦♥❝❡s t❡♥❡♠♦s

y′′ =
y3

2
+

[

λl +
1

2
(y2(0)− y2(1))

]

xy −
[

y2(0)

2
− λ

]

y

−
(

λl +
1

2
(y2(0)− y2(1))

)

D

= y

(

λ− (y2(0)− y2)

2
+ Ax

)

− AD

❊s ❞❡❝✐r✱ t❡♥❡♠♦s ❧❛ ❡❝✉❛❝✐ó♥ ❞❛❞❛ ♣♦r ✭✹✳✶✳✶✮ ② ✭✹✳✶✳✷✮✱ ❞♦♥❞❡ A ❡stá ❞❛❞♦ ♣♦r
✭✹✳✶✳✸✮✱ ♦ s❡❛ ❡❧ ❝❛s♦ tr❛t❛❞♦ ❡♥ ❬✺❪✱ q✉❡ ♠♦str❛♠♦s ❡♥ ✹✳✶✳ ❊❧ r❡s✉❧t❛❞♦ ♣♦r ♣r♦❜❛r
❛❤♦r❛ ❡①t✐❡♥❞❡ ❡st❡ ú❧t✐♠♦✱ ❛❧ q✉❡ ✐♥❝❧✉②❡ ❝♦♠♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r✳

❊❧ ❘❡s✉❧t❛❞♦ Pr✐♥❝✐♣❛❧

❚❡♦r❡♠❛ ✹✳✷✳✶ ❙✉♣♦♥✐❡♥❞♦ q✉❡ ν++ν− ≤ 0✱ δ ≤ 1 ② l > 0✱ ❡♥t♦♥❝❡s ❡❧ ♣r♦❜❧❡♠❛
✭✹✳✷✳✶✮✲✭✹✳✷✳✷✮ ❛❞♠✐t❡ ❛❧ ♠❡♥♦s ✉♥❛ s♦❧✉❝✐ó♥✱ ❝♦♥ t❛❧ q✉❡ 0 < D < 1 + 1

l
✳

✺✼



◆♦t❛✳ ❊st❡ ✈❛❧♦r ❞❡ D ♠❡❥♦r❛ ❡❧ ✈❛❧♦r ♦❜t❡♥✐❞♦ ♣❛r❛ ❡❧ ❝❛s♦ ❛♥t❡r✐♦r tr❛t❛❞♦
❞❡ ✈❛❧❡♥❝✐❛s ✐❣✉❛❧❡s✳

❊♥ ❧❛ ♣r✉❡❜❛ ❞❡ ❡st❡ r❡s✉❧t❛❞♦✱ ♣r✐♠❡r❛♠❡♥t❡ ♣r♦❝❡❞❡♠♦s ❛♥á❧♦❣❛♠❡♥t❡ ❛❧ ❝❛s♦
❛♥t❡r✐♦r ♣♦♥✐❡♥❞♦ z = y/γ✱ ❞♦♥❞❡ γ = y(0)✱ ❝♦♥ ❧♦ q✉❡ ❡♥t♦♥❝❡s ✭✹✳✷✳✶✮ ② ✭✹✳✷✳✷✮
s♦♥ ❡q✉✐✈❛❧❡♥t❡s ❛

z′′(x)− Cγz(x)z′(x) =

[

λ− γ2

2
(1− z(x)2) + γαx

]

z(x)− αD ✭✹✳✷✳✸✮

❝♦♥ ❝♦♥❞✐❝✐♦♥❡s
z(0) = 1, z′(0) = z′(1) = 0, ✭✹✳✷✳✹✮

❞♦♥❞❡ ❧❧❛♠❛♠♦s

α =
δ

γ

(

lλ+
γ2

2
(1− z(1)2)

)

✭✹✳✷✳✺✮

② t♦♠❛♠♦s

C :=
ν+ + ν−√

ν+ν−
. ✭✹✳✷✳✻✮

❊♥ ❡❧ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧✱ ✈✐❡♥❡♥ ❞❛❞♦s ❧♦s ♣❛rá♠❡tr♦s l, λ,D✱ ② δ ② s❡ ❜✉s❝❛ ✉♥❛
s♦❧✉❝✐ó♥ y ❞❡ ✭✹✳✷✳✶✮ ❧❛ ❝✉❛❧ s❛t✐s❢❛❝❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❜♦r❞❡ ❞❛❞❛s ❡♥ ✭✹✳✷✳✷✮✳
❈♦♠♦ ✈✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ✭✹✳✷✳✶✮ ❝♦♥✲
t❡♥❣❛ ❧♦s ❞❡s❝♦♥♦❝✐❞♦s ✈❛❧♦r❡s y(0) ② y(1) ❞❡♣❡♥❞✐❡♥t❡s ❞❡ ❧❛ s♦❧✉❝✐ó♥ y✱ ❤❛❝❡ ❛❧
♣r♦❜❧❡♠❛ ♥♦ ❝♦♥✈❡♥❝✐♦♥❛❧ ② ♥♦ ♣✉❡❞❡ s❡r ❛❜♦r❞❛❞♦ ♣♦r ♠ét♦❞♦s tr❛❞✐❝✐♦♥❛❧❡s✳
P❛r❛ s♦rt❡❛r ❡st❛ ❞✐✜❝✉❧t❛❞✱ s❡ ❝♦♥s✐❞❡r❛ ❡❧ ♥✉❡✈♦ ♣r♦❜❧❡♠❛ ❞❛❞♦ ♣♦r ❧❛s ❡❝✉❛❝✐♦✲
♥❡s ✭✹✳✷✳✸✮ ② ✭✹✳✷✳✹✮ ❞♦♥❞❡ ❡❧ ♣❛rá♠❡tr♦ ❧ ♥♦ ❡stá ❞❛❞♦ ❞❡ ❛♥t❡♠❛♥♦✳ ❊♥ ❝❛♠❜✐♦
s❡ ✜❥❛♥ ❧♦s ✈❛❧♦r❡s α ② γ ② s❡ ♣r♦❝❡❞❡ ❛ r❡s♦❧✈❡r ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s ✐♥✐❝✐❛❧❡s
✭✹✳✷✳✸✮ ❝♦♥ ❧❛s ♣r✐♠❡r❛s ❞♦s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ✭✹✳✷✳✹✮ ✭z(0) = 1, z′(0) = 0✮✳ ❆❥✉s✲
t❛♥❞♦ ❛❞❡❝✉❛❞❛♠❡♥t❡ ❡❧ ♣❛rá♠❡tr♦ α ♣♦❞❡♠♦s ❢♦r③❛r ❧❛ ♦❝✉rr❡♥❝✐❛ ❞❡ ❧❛ t❡r❝❡r❛
❞❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ✭✹✳✷✳✹✮✱ z′(1) = 0✱ ② ❧✉❡❣♦ ♦❜t❡♥❡r ❡❧ ✈❛❧♦r ❞❡ l ❞❡s❞❡ ❧❛
❡❝✉❛❝✐ó♥ ✭✹✳✷✳✺✮✿

l =
2αγ − δγ2(1− z(1)2)

2δλ
. ✭✹✳✷✳✼✮

❙✐ ❞❡ ❡st❡ ❝á❧❝✉❧♦ ♦❜t❡♥❡♠♦s ❡❧ ✈❛❧♦r ❝♦✐♥❝✐❞❡♥t❡ ❛❧ ❡s♣❡❝✐✜❝❛❞♦ ✐♥✐❝✐❛❧♠❡♥t❡ ♣❛r❛
l✱ ❡♥t♦♥❝❡s t❡♥❡♠♦s ❧❛ s♦❧✉❝✐ó♥ ❞❡s❡❛❞❛✳
❆sí✱ ❝♦♠♦ ❛♥t❡s✱ só❧♦ ❜❛st❛ ❝♦♥ ❡♥❝♦♥tr❛r ✉♥ ♣❛r ❞❡ ✈❛❧♦r❡s (α, γ) t❛❧ q✉❡ ❧❛
s♦❧✉❝✐ó♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s ✐♥✐❝✐❛❧❡s s❛t✐s❢❛❣❛ z′(1) = 0 ②
❝❛❧❝✉❧❛r l ❞❡ ✭✹✳✷✳✼✮✳ ❙✐♥ ❡♠❜❛r❣♦ s❡ ♦❜s❡r✈❛ q✉❡ ✉♥ ♦❜stá❝✉❧♦ s✉r❣❡ ❡♥ ❡❧ ❤❡❝❤♦
❞❡ q✉❡ z ♣✉❡❞❡ ♥♦ ❡st❛r ♣r♦♣✐❛♠❡♥t❡ ❞❡✜♥✐❞❛ ❛ ❧♦ ❧❛r❣♦ ❞❡ t♦❞♦ ❡❧ ✐♥t❡r✈❛❧♦ [0, 1]✳
❯♥❛ s✐t✉❛❝✐ó♥ q✉❡ ♣✉❡❞❡ ♦❝✉rr✐r ❡s q✉❡ z ♣✉❡❞❡ ❡①♣❧♦t❛r ❤❛st❛ ✐♥✜♥✐t♦ ❛♥t❡s ❞❡
q✉❡ x ❛❧❝❛♥❝❡ ❡❧ ✈❛❧♦r 1 ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ [0, 1]✳ ❖tr❛ ♣♦s✐❜✐❧✐❞❛❞ ❡s q✉❡ z ♣✉❡❞❛

✺✽



❛❧❝❛♥③❛r ❛❧ ❡❥❡ x ② s❡ ✈✉❡❧✈❛ ♥❡❣❛t✐✈❛ ♠ás ❛❧❧á ❞❡ ❛❤í✳
❉❡❧ ♠✐s♠♦ ♠♦❞♦ q✉❡ ❛♥t❡s✱ s❡ ❛❞♦♣t❛ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡❧ ♣✉♥t♦ ✜♥❛❧ σ ∈ (0, 1]
❝♦♠♦✿

Caso1 (C1) : ❙✐ 0 < z < 2 ❡♥ [0, x0) ⊂ [0, 1] ② z(x0) = 0, ❡♥t♦♥❝❡s σ := x0✳
Caso2 (C2) : ❙✐ 0 < z < 2 ❡♥ [0, x0) ⊂ [0, 1] ② z(x0) = 2, ❡♥t♦♥❝❡s σ := x0✳
Caso3 (C3) : ❙✐ 0 < z < 2 ❡♥ [0, 1] ❡♥t♦♥❝❡s σ := 1✳

❆sí✱ s♦♠♦s ❝❛♣❛❝❡s ❞❡ ❞❡✜♥✐r ❛ ✉♥ ♦♣❡r❛❞♦r ❞❡ ❞✐s♣❛r♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❚ ❞❛❞♦
♣♦r

T (α, γ) := (z′(σ), L),

❞♦♥❞❡ L ❡stá ❞❛❞♦ ♣♦r

L = L(α, γ) :=
2αγ − δγ2(1− z(σ)2)

2δλ
✭✹✳✷✳✽✮

❆✉♥q✉❡ ❢ís✐❝❛♠❡♥t❡ só❧♦ ✐♥t❡r❡s❛♥ ❛q✉❡❧❧♦s ♣✉♥t♦s (α, γ) ✉❜✐❝❛❞♦s ❡♥ ❡❧ ♣r✐♠❡r
❝✉❛❞r❛♥t❡ ✭❡①❝❧✉②❡♥❞♦ ❧♦s ❡❥❡s ❞♦♥❞❡ ❛❧❣✉♥♦ ❞❡ ❡❧❧♦s s❡ ❛♥✉❧❛✮ ♥♦t❛♠♦s q✉❡ T
t❛♠❜✐é♥ ❡stá ❞❡✜♥✐❞♦ ♣❛r❛ γ = 0✳ ❇✉s❝❛♠♦s✱ ♥✉❡✈❛♠❡♥t❡✱ ✉♥ ♣❛r (α, γ) t❛❧ q✉❡

T (α, γ) = (0, l).

❊♥ ❡s❡ ❝❛s♦ s❡ ✈❡rá q✉❡ σ = 1 ② γ > 0✱ ② ♣♦r ❧♦ t❛♥t♦ ❧❛ z ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❡s
✉♥❛ s♦❧✉❝✐ó♥ ♣♦s✐t✐✈❛ ❞❡ ✭✹✳✷✳✸✮✲✭✹✳✷✳✹✮ ❝♦♥ α ❝♦♠♦ ❡♥ ✭✹✳✷✳✺✮✳

❊♥ ❧❛ ♣r✉❡❜❛ ❞❡❧ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧✱ s❡ ✉t✐❧✐③❛♥ ❞♦s ❧❡♠❛s ❞❡ ❝♦♠♣❛r❛❝✐ó♥❀ s❡
✈✉❡❧✈❡ ❛ ✉s❛r ❡❧ ▲❡♠❛ ✹✳✶✳✷ ❞❡ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r✱ ② ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛✳

▲❡♠❛ ✹✳✷✳✶ ❙❡❛ ③ ✉♥❛ s♦❧✉❝✐ó♥ ❞❡ ✭✹✳✷✳✸✮ ❝♦♥ α > 0 ② ♦ ❜✐❡♥ γ > 0 ♦ ❜✐❡♥
γ = 0✱ ♣❡r♦ λ 6= αD.
❙✉♣♦♥❣❛♠♦s q✉❡ 0 ≤ z(x0) ≤ z(x1) ② z′′(x0) ≥ Cγz(x0)z

′(x0) ♣❛r❛ ❛❧❣ú♥ x0 < x1✳
❊♥t♦♥❝❡s✱

z′′(x0)− Cγz(x0)z
′(x0) < z′′(x1)− Cγz(x1)z

′(x1).

◆♦t❛✳ ❙✐ γ = 0 ② λ = αD✱ ❡♥t♦♥❝❡s ✭✹✳✷✳✸✮ t✐❡♥❡ s♦❧✉❝✐ó♥ z(x) ≡ 1 ✭❧❛ ❡❝✉❛❝✐ó♥
✭✹✳✷✳✸✮ s❡ ❝♦♥✈✐❡rt❡ ❡♥ z′′(x) = λz(x) − αD q✉❡ z(x) ≡ 1 ❝✉♠♣❧❡ tr✐✈✐❛❧♠❡♥t❡
s✐❡♥❞♦ λ = αD✮✱ ② ♥♦ s❡ ❝✉♠♣❧❡ ❧❛ ❛✜r♠❛❝✐ó♥ ❞❡❧ ❧❡♠❛✳

❉❡♠✳▲❡♠❛ ✹✳✷✳✶ ❙✉♣♦♥❣❛♠♦s ♣r✐♠❡r♦ q✉❡ γ > 0✳ ❈♦♠♦ z′′(x0) ≥ Cγz(x0)z
′(x0)✱

❡♥t♦♥❝❡s✱ z′′(x0) − Cγz(x0)z
′(x0) ≥ 0✱ ② ♣♦r ❧♦ t❛♥t♦✱ ❡❧ ♠✐❡♠❜r♦ ❞❡r❡❝❤♦ ❞❡ ❧❛

❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ✭✹✳✷✳✸✮ ❡s ♥♦ ♥❡❣❛t✐✈♦✳ ❖ s❡❛✱ t❡♥❡♠♦s q✉❡
[

λ− γ2

2
(1− z(x0)

2) + γαx0

]

z(x0) ≥ αD > 0

✺✾



❊st♦ ✐♠♣❧✐❝❛ q✉❡✱ ❞❛❞♦ q✉❡ z(x0) ≥ 0✱ z(x0) > 0✱ ② ❡♥t♦♥❝❡s
[

λ− γ2

2
(1− z(x0)

2) + γαx0

]

> 0.

❙✐ ❞❡r✐✈❛♠♦s ❡❧ ♠✐❡♠❜r♦ ❞❡r❡❝❤♦ ❞❡ ✭✹✳✷✳✸✮ r❡s♣❡❝t♦ ❞❡ ③ ✭t♦♠❛♥❞♦ x = x0✱ ✜❥♦✮✱
❞❛

γ2z2(x0)

[

λ− γ2

2
(1− z(x0)

2) + γαx0

]

> 0

♣✉❡s t♦❞♦s ❧♦s ❢❛❝t♦r❡s s♦♥ ♣♦s✐t✐✈♦s✳ ❙✐ ❞❡r✐✈❛♠♦s ❛❤♦r❛ r❡s♣❡❝t♦ ❞❡ ① ❝♦♥ ③ ✜❥♦
❡♥ x0✱ ❞❛

γαz(x0) > 0, ♣✉❡s z(x0) > 0 (s✐❡♥❞♦ γ > 0).

▲✉❡❣♦✱

x0 < x1 =⇒ z′′(x0)− Cγz(x0)z
′(x0) < z′′(x1)− Cγz(x1)z

′(x1),

♣✉❡s z(x0) ≤ z(x1)✱ ❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦str❛r✳

❙✐ ❛❤♦r❛ ❝♦♥s✐❞❡r❛♠♦s γ = 0 ② λ 6= αD✱ ✭✹✳✷✳✸✮ s❡ ❝♦♥✈✐❡rt❡ ❡♥

z′′(x) = λz(x)− αD, ✭✹✳✷✳✾✮

✉♥❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❝✉②❛ r❡s♦❧✉❝✐ó♥ ❞✐r❡❝t❛ ♥♦s ❞❛

z(x) = C1e
√
λx + C2e

−
√
λx +

αD

λ
. ✭✹✳✷✳✶✵✮

② ❡♥t♦♥❝❡s

z′(x) =
√
λ
(

C1e
√
λx − C2e

−
√
λx
)

❉❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❝♦♥t♦r♥♦ ✭✹✳✷✳✹✮

z(0) = 1 = C1 + C2 +
αD

λ
y z′(0) = 0 =

√
λ (C1 − C2) ,

❝♦♥ ❧♦ ❝✉❛❧ s❡ ❞❡❞✉❝❡ q✉❡ C1 = C2 =
1
2

(

1− αD
λ

)

② ❡♥t♦♥❝❡s

z(x) =
1

2

(

1− αD

λ

)

(

e
√
λx + e−

√
λx
)

+
αD

λ
. ✭✹✳✷✳✶✶✮

❈♦♠♦ γ = 0✱ ❧❛ t❡s✐s ❡q✉✐✈❛❧❡ ❛ ♣r♦❜❛r q✉❡ z′′(x0) < z′′(x1)✱ ❧♦ ❝✉❛❧ ❡q✉✐✈❛❧❡ ❛ s✉
✈❡③✱ ❝♦♠♦ ✈❡♠♦s ❞❡ ✭✹✳✷✳✾✮✱ ❛ ♠♦str❛r q✉❡ z(x0) < z(x1)✱ ♣❡r♦ ❡st♦ ❡s ✐♥♠❡❞✐❛t♦
❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✳✶✶✮ ♦❜t❡♥✐❞❛ ♣❛r❛ z✳ ❊♥ ❡❢❡❝t♦✱ ❞❛❞♦ q✉❡ λ 6= αD✱ ❡♥t♦♥❝❡s
(

1− αD
λ

)

6= 0✱ ② ❝♦♠♦ ♣♦r ❤✐♣ót❡s✐s ❡s z(x0) ≤ z(x1)✱ ❞❡❜❡ s❡r z(x0) < z(x1)✱
❝♦♠♦ q✉❡rí❛♠♦s ♣r♦❜❛r✳�

✻✵



❊❧ ▲❡♠❛ ✹✳✷✳✶ ♥♦s ♣❡r♠✐t❡ ❡st❛❜❧❡❝❡r ❞♦s ❤❡❝❤♦s ❢✉♥❞❛♠❡♥t❛❧❡s s♦❜r❡ ❡❧ ♦♣❡r❛❞♦r
❞❡ ❞✐s♣❛r♦ ❚✳ ❊st♦s ❡stá♥ ❡st❛❜❧❡❝✐❞♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥✳

▲❡♠❛ ✹✳✷✳✷ ❚ ❡s ❝♦♥t✐♥✉♦✳ P♦r ♦tr❛ ♣❛rt❡✱ s✐ T (α, γ) = (0, l) ❝♦♥ γ > 0✱ ❡♥t♦♥✲
❝❡s y := γz ❡s ✉♥❛ s♦❧✉❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧ ✭✹✳✷✳✶✮✲✭✹✳✷✳✷✮✳

❉❡♠✳▲❡♠❛ ✹✳✷✳✷ ❈♦♠❡♥③❛♠♦s ♣r♦❜❛♥❞♦ ❧❛ ❛✜r♠❛❝✐ó♥ s✐❣✉✐❡♥t❡✿

Si z′(σ) = 0 =⇒ 0 < z < 2 en [0, 1].

❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ z′(σ) = 0 s❡ ♦♣♦♥❡ ❛ ❧♦s ❝❛s♦s ✭❈✶✮ ② ✭❈✷✮ ② ❞❡❜❡♠♦s t❡♥❡r
σ = 1 ✭❈❛s♦ ✭❈✸✮✮✳
❙✉♣♦♥❣❛♠♦s q✉❡ ♦❝✉rr❡ ❡❧ ❈❛s♦ ✭❈✶✮✳ ❊♥t♦♥❝❡s x = σ ❡s ❡❧ ♠í♥✐♠♦ ❣❧♦❜❛❧ ❞❡ ③
❡♥ ❡❧ ✐♥t❡r✈❛❧♦ [0, σ]✱ ❧♦ ❝✉❛❧ ✐♠♣❧✐❝❛ q✉❡ z′′(σ) ≥ 0 ✭❞❛❞♦ q✉❡ z′(σ) = 0✮✳ P❡r♦✱
❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ✭✹✳✷✳✸✮ ✭❝♦♥ x = σ, z(σ) = 0 ② z′(σ) = 0✮ t❡♥❡♠♦s q✉❡
z′′(σ) = −αD < 0 ❧♦ ❝✉❛❧ ❡s ✉♥❛ ❝♦♥tr❛❞✐❝❝✐ó♥✳
❙✉♣♦♥❣❛♠♦s ❡♥t♦♥❝❡s q✉❡ ♦❝✉rr❡ ❡❧ ❈❛s♦ ✭❈✷✮✳ ❙❡❛ x = x0 ❡❧ ♠í♥✐♠♦ ❣❧♦❜❛❧ ❞❡ ③
❡♥ [0, σ]✳ ❊♥t♦♥❝❡s 0 < z(x0) < z(σ) ② z′′(x0) ≥ 0✳ ❈♦♠♦ z′(x0) = z′(σ) = 0✱ ♣♦r
❡❧ ▲❡♠❛ ✹✳✷✳✶ ✭❞❛❞♦ q✉❡ z′(x0) = 0 ② ♣♦r ❧♦ t❛♥t♦ ❡st❛♠♦s ❡♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡❧
❧❡♠❛✮✱ ♦❜t❡♥❡♠♦s q✉❡ z′′(σ) > 0 ✭♣✉❡s z′′(σ) > z′′(x0) ≥ 0✮✱ q✉❡ ♥♦ ♣✉❡❞❡ ♦❝✉rr✐r
❞❛❞♦ q✉❡ z′(σ) = 0✱ ❡①❝❡♣t♦ ❡♥ ❡❧ ❝❛s♦ ❡♥ ❡❧ q✉❡ γ = 0 ② λ = αD✱ ❡♥ ❝✉②♦ ❝❛s♦
✱ ❡①❝❡♣❝✐♦♥❛❧✱ ❧❛ ❛✜r♠❛❝✐ó♥ s❡ ❝✉♠♣❧❡ tr✐✈✐❛❧♠❡♥t❡ ✭❞❛❞♦ q✉❡ t❡♥❡♠♦s z′′(x) =
λz(x)− αD ❡♥ ✭✹✳✷✳✸✮ ❝♦♥ ❧❛ s♦❧✉❝✐ó♥ z(x) ≡ 1 ❝♦♠♦ ②❛ ♠❡♥❝✐♦♥ár❛♠♦s✮✳

▲❛ ❝♦♥t✐♥✉✐❞❛❞ ❞❡ ❚ s❡ ❞❡❞✉❝❡ ❛ ♣❛rt✐r ❞❡❧ r❡s✉❧t❛❞♦ ❡stá♥❞❛r ❞❡ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛
❝♦♥t✐♥✉❛ ♣❛r❛ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ♦r❞✐♥❛r✐❛s ❞❡ ❧❛ s♦❧✉❝✐ó♥ r❡s♣❡❝t♦ ❞❡ ❧♦s
♣❛rá♠❡tr♦s✳

P♦r ú❧t✐♠♦✱ s✐ T (α, γ) = (0, l)✱ ❡♥t♦♥❝❡s✱ ♣♦r ❧❛ ❛✜r♠❛❝✐ó♥ q✉❡ ♣r♦❜❛♠♦s✱ ❞❡❜❡
s❡r σ = 1 ② ♣♦r ❧♦ t❛♥t♦ L = l ✭σ = 1 ❡♥ ✭✹✳✷✳✽✮ ♥♦s ❞❛ ✭✹✳✷✳✼✮✮✱ ② ❡st♦ ✐♠♣❧✐❝❛
q✉❡ α s❛t✐s❢❛❝❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✳✺✮✱ ② ♣♦r ❧♦ t❛♥t♦ z ❡s s♦❧✉❝íó♥ ❞❡ ✭✹✳✷✳✸✮ ❝♦♥
❧❛s ❝♦♥❞✐❝✐♦♥❡s ✭✹✳✷✳✹✮ ❞♦♥❞❡ ❛❞❡♠ás ❝✉♠♣❧❡ z′(1) = 0✱ ② ❡♥t♦♥❝❡s y = γz ❡s
✉♥❛ s♦❧✉❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧ ✭✹✳✷✳✶✮✲✭✹✳✷✳✷✮✳�

❈♦♥ ❡❧ ✜♥ ❞❡ ♣r♦❜❛r ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥ ♣❛r (α, γ) t❛❧ q✉❡ T (α, γ) = (0, l)✱
❡♥❝♦♥tr❛r❡♠♦s ✉♥ ❞♦♠✐♥✐♦ ❛❝♦t❛❞♦ Ω ⊂ (0,+∞) × [0,+∞) t❛❧ q✉❡ ❡❧ í♥❞✐❝❡
t♦♣♦❧ó❣✐❝♦ I ❞❡ ❧❛ ❝✉r✈❛ T ◦ ∂Ω✱ ❧❛ ❝✉❛❧ ❡s ❧❛ ✐♠❛❣❡♥ ❞❡ ❧❛ ❢r♦♥t❡r❛ ❞❡ Ω ♣♦r T ✱
s❛t✐s❢❛❝❡

I(T ◦ ∂Ω, (0, l)) 6= 0.

❉❡ ❧❛ t❡♦rí❛ ❡stá♥❞❛r ❞❡❧ í♥❞✐❝❡ t♦♣♦❧ó❣✐❝♦✱ ❡st♦ ✐♠♣❧✐❝❛ q✉❡ ❧❛ ❡❝✉❛❝✐ó♥ T = (0, l)
t✐❡♥❡ ❛❧ ♠❡♥♦s ✉♥❛ s♦❧✉❝✐ó♥ ❡♥ Ω✳ ▼ás ❡s♣❡❝í✜❝❛♠❡♥t❡✱ Ω s❡ ❞❡✜♥✐rá ❝♦♠♦ ❡❧

✻✶



r❡❝tá♥❣✉❧♦ PQRS ❞❛❞♦ ♣♦r ❧♦s ✈❡rt✐❝❡s

S :=

(

λ

D
, γ∗
)

, R := (α∗, γ∗)

P :=

(

λ

D
, 0

)

, Q := (α∗, 0)

❞♦♥❞❡ α∗ ② γ∗ s♦♥ ❝♦♥st❛♥t❡s q✉❡ s❡ ❡❧✐❣❡♥ ❛❞❡❝✉❛❞❛♠❡♥t❡ ❛ ♣♦st❡r✐♦r✐✳

▲❡♠❛ ✹✳✷✳✸ ❙❡❛ γ > 0✳ ❙✐ ③ ❛❧❝❛♥③❛ ✉♥ ♠í♥✐♠♦ ❧♦❝❛❧ ❡♥ x0 < σ✱ ❡♥t♦♥❝❡s
z′(x) > 0 ♣❛r❛ x > x0 ✭② ♣♦r ❧♦ t❛♥t♦ z′(σ) > 0✮✳ ❙✐ ❛❞❡♠ás αD ≥ 0✱ ❡♥t♦♥❝❡s
L > 0✳

❉❡♠✳▲❡♠❛ ✹✳✷✳✸ ❙✐ z′(x1) = 0 ♣❛r❛ ❛❧❣ú♥ x1 > x0✱ ❡♥t♦♥❝❡s ♦ ❜✐❡♥ z(x1) < z(x0)
♦ ❜✐❡♥ ❞❡❧ ▲❡♠❛ ✹✳✷✳✶ ♦❜t❡♥❡♠♦s q✉❡ z′′(x1) > 0 ✭♣✉❡s x1 > x0 ② z(x1) ≥
z(x0) =⇒ z′′(x1) > z′′(x0) ≥ 0 ♣♦r ❡❧ ▲❡♠❛✮ ② x1 ❡s ✉♥ ♠í♥✐♠♦ ❧♦❝❛❧✳ ❊♥ ❛♠❜♦s
❝❛s♦s✱ ③ ❛❧❝❛♥③❛ ✉♥ ♠á①✐♠♦ ❧♦❝❛❧ ❡♥ ❛❧❣ú♥ x2 ∈ (x0, x1) ✭② ♣♦r ❧♦ t❛♥t♦ ❝♦♥
z′′(x2) ≤ 0✮ ② ♥✉❡✈❛♠❡♥t❡ ♦❜t❡♥❡♠♦s ❞❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡❧ ▲❡♠❛ ✹✳✷✳✶✱ z(x2) >
z(x0) ≥ 0✱ q✉❡ ❧♦ ❝♦♥tr❛❞✐❝❡✳ ❊s ❛sí ❡♥t♦♥❝❡s q✉❡ z′ ♥♦ s❡ ❛♥✉❧❛ ❞❡s♣✉és ❞❡ x0 ②
♣♦r ❧♦ t❛♥t♦ z′(x) > 0, ∀x > x0✳ ▲✉❡❣♦✱ ♦❜s❡r✈❛♠♦s t❛♠❜✐é♥ q✉❡ ❡❧ ❈❛s♦ ✭❈✶✮
♥♦ ♣✉❡❞❡ ♦❝✉rr✐r✳
❙✐ ♦❝✉rr❡ ❡❧ ❈❛s♦ ✭❈✷✮✱ ♦ s✐ ♦❝✉rr❡ ❡❧ ❝❛s♦ ✭❈✸✮ ❝♦♥ z(1) ≥ 1✱ ❡♥t♦♥❝❡s✱ ❞❡ ❧❛
❞❡✜♥✐❝✐ó♥ ❞❡ ▲ ✭❡❝✉❛❝✐ó♥ ✭✹✳✷✳✽✮✮✱ L > 0 ✐♥❞❡♣❡♥❞✐❡♥t❡♠❡♥t❡ ❞❡ s✐ αD 6= λ ♦
♥♦✳ P❛r❛ ❡❧ r❡st❛♥t❡ ❝❛s♦✱ ❈❛s♦ ✭❈✸✮ ❝♦♥ z(1) < 1 ✭σ = 1✮✱ t❡♥❡♠♦s q✉❡

0 < z′′(1)− Cγz(1)z′(1)

= z(1)

(

λ(1 + L) + γα

(

1− 1

δ

))

− αD

< λ(1 + L)− λ = λL.

❡♥ ❞♦♥❞❡ ❧❛ ♣r✐♠❡r❛ ❞❡s✐❣✉❛❧❞❛❞ ❡s ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❛♣❧✐❝❛r ❡❧ ▲❡♠❛ ✹✳✷✳✶ ✭x0 < 1
② z(x0) ≤ z(1) =⇒ z′′(1) − Cγz(1)z′(1) > z′′(x0) − Cγz(x0)z

′(x0) ≥ 0 ✭❝♦♥
z′(x0) = 0✮✮✱ ❧❛ ✐❣✉❛❧❞❛❞ ❡♥ ❧❛ s❡❣✉♥❞❛ ❧í♥❡❛ ♣r♦✈✐❡♥❡ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧
✭✹✳✷✳✸✮ ② ❧❛ ❞❡✜♥✐❝✐ó♥ ✭✹✳✷✳✽✮✱ ② ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❡♥ ❧❛ t❡r❝❡r❛ ❧í♥❡❛✱ ❞❡ ❧❛ s✉♣♦s✐❝✐ó♥
❞❡ q✉❡ δ ≤ 1, z(1) < 1, ② αD ≥ λ✳ ▲✉❡❣♦✱ t❡♥❡♠♦s q✉❡ L > 0✳ �

▲♦s s✐❣✉✐❡♥t❡s ❧❡♠❛s ♣r♦♣♦r❝✐♦♥❛♥ ✉♥❛ ✐❞❡❛ ❞❡❧ ❛s♣❡❝t♦ ❞❡ ❧❛ ✐♠❛❣❡♥ ❞❡ ∂Ω ❜❛❥♦
❡❧ ♦♣❡r❛❞♦r T ✳

▲❡♠❛ ✹✳✷✳✹ ❊❧ s❡❣♠❡♥t♦ P◗ s❡ ❛♣❧✐❝❛ ✉♥♦ ❛ ✉♥♦ s♦❜r❡ ❡❧ s❡❣♠❡♥t♦ P ′Q′✱ ❞♦♥❞❡
P ′ = (0, 0) ② Q′ = (−r, 0)✱ ♣❛r❛ ❛❧❣ú♥ r > 0✳

✻✷



❉❡♠✳▲❡♠❛ ✹✳✷✳✹ ❆ ❧♦ ❧❛r❣♦ ❞❡❧ s❡❣♠❡♥t♦ P◗✱ s❡ t✐❡♥❡ γ = 0 ② ❡♥t♦♥❝❡s ③✭①✮ ❡stá
❞❛❞❛ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✳✶✶✮✱ ❡s ❞❡❝✐r

z(x) =
1

2

(

1− αD

λ

)

(

e
√
λx + e−

√
λx
)

+
αD

λ
.

❊♥t♦♥❝❡s✱

z′(x) =

√
λ

2

(

1− αD

λ

)

(

e
√
λx − e−

√
λx
)

. ✭✹✳✷✳✶✷✮

q✉❡✱ ❝♦♠♦ α = λ
D
✱ s❡ ❛♥✉❧❛ ✭② ❡♥t♦♥❝❡s z′(x) = 0✱ ❝♦♥ z(x) = 1, ∀x✱ ❡♥ ♣❛rt✐❝✉❧❛r

z′(1) = 0✱ s✐❡♥❞♦ σ = 1✮✳ ❈♦♠♦ ❛❞❡♠ás✱ ❞❡ s✉ ❡❝✉❛❝✐ó♥ ❞❡ ❞❡✜♥✐❝✐ó♥ ✭✹✳✷✳✽✮ s❡
t✐❡♥❡ q✉❡ L = 0 ✭❞❛❞♦ q✉❡ γ = 0✮✱ ♦❜t❡♥❡♠♦s q✉❡ P ′ = T (P ) = (0, 0)✳

❱❡♠♦s ❧❛ ✐♥②❡❝t✐✈✐❞❛❞ ❞❡ ❚ s♦❜r❡ ❡❧ s❡❣♠❡♥t♦ P◗ ✭❛✉♥q✉❡ ♥♦ s❡ ♥❡❝❡s✐t❡ ❡♥ ❧❛
❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✹✳✷✳✶✮✿ ❞❡ P ❛ ◗✱ α s❡ ✐♥❝r❡♠❡♥t❛ ❞❡s❞❡ ❡❧ ✈❛❧♦r α

D
✳

■♥✐❝✐❛❧♠❡♥t❡ t❡♥❡♠♦s ❈❛s♦✭❈✸✮✱ ❡♥ ❡❧ q✉❡ σ = 1✳ P♦❞❡♠♦s ❡♥t♦♥❝❡s ❞❡r✐✈❛r ❧❛
❡❝✉❛❝✐♦♥ ✭✹✳✷✳✶✶✮ ❞❡ z′(x)✱ ❡✈❛❧✉❛❞❛ ❡♥ x = 1✱ r❡s♣❡❝t♦ ❞❡❧ ♣❛rá♠❡tr♦ α✱ ❧♦ ❝✉❛❧
♥♦s ❞❛

∂

∂α
z′(1) =

−D

2
√
λ

(

e
√
λ − e−

√
λ
)

< 0,

q✉❡ ♥♦s ♣❡r♠✐t❡ ✈❡r q✉❡✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ z′(σ) ❡s ❞❡❝r❡❝✐❡♥t❡ ❡♥ α✳ ❙✐♥ ❡♠❜❛r❣♦✱
❞❡s♣✉és✱ α ❛❧❝❛♥③❛ ✉♥ ✈❛❧♦r ❝rít✐❝♦ α0✱ ❡s ❞❡❝✐r✱ ♣❛r❛ α > α0✱ ❡❧ ❈❛s♦✭❈✶✮ ♣r❡✲
✈❛❧❡❝❡✳
❊♥ ❡❢❡❝t♦✱ s✐ α > λ

D
✭s✐❡♥❞♦ γ = 0✮✱ s✐ ❤❛❝❡♠♦s ❡♥ ✭✹✳✷✳✶✶✮ x = σ ❡ ✐❣✉❛❧❛♠♦s

❛ ❝❡r♦ ✭❈❛s♦✭❈✶✮✮✱ ♦❜t❡♥❡♠♦s✱ ✭✉s❛♥❞♦ q✉❡ et+e−t

2
= cosh(t) ✮✱

z(σ) =
αD

λ
+

(

1− αD

λ

)

cosh(
√
λσ) = 0,

② ❡♥t♦♥❝❡s ❞❡❜❡ s❡r

cosh(
√
λσ) =

αD/λ
αD
λ

− 1
=

1

1− λ
αD

❈♦♠♦ z′(σ) =
(

1− αD
λ

)√
λ senh(

√
λσ), ✭❞♦♥❞❡ senh(t) = et−e−t

2
✮✱

✉s❛♥❞♦ ❧❛ ❝♦♥♦❝✐❞❛ r❡❧❛❝✐ó♥ cosh2(t) − senh2(t) = 1✱ ✉♥❛ ❝✉❡♥t❛ s❡♥❝✐❧❧❛ ♥♦s
❧❧❡✈❛ ❛

z′(σ) =

(

1− αD

λ

)√
λ

√

√

√

√

(

1

1− λ
αD

)2

− 1 < 0

✻✸



❞❛❞♦ q✉❡ α > λ
D

✭② ♣♦r ❧♦ t❛♥t♦ ❡❧ r❛❞✐❝❛♥❞♦ ❡s ♣♦s✐t✐✈♦✮✳
❙✐ ❤❛❝❡♠♦s ❛❤♦r❛✱ z′(σ) =

(

1− αD
λ

)

senh(
√
λσ) = 0✱ ✈❡♠♦s q✉❡ ❡st♦ ♦❝✉rr❡

❡♥ ❡❧ ❝❛s♦ αD
λ

= 1 ✭❡❧ ❈❛s♦✭❈✸✮✱ ❝♦♥ σ = 1✮✱ ♦ ❝✉❛♥❞♦ senh(
√
λσ) = 0✱ q✉❡ ❞❛

σ = 0✱ q✉❡ ♥♦ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥ ✈❛❧♦r ♣♦s✐❜❧❡ ❞❡❧ ♣✉♥t♦ ✜♥❛❧ ✭❡st❛♠♦s ❡♥ x = 0
❝♦♥ z′(0) = 0 ② z(0) = 1✮✳

❖tr❛ ♠❛♥❡r❛ ❞❡ ✈❡r❧♦ ✭❧❛ ♠♦str❛❞❛ ❡♥ ❬✾❪✮✱ ❡s ♠✉❧t✐♣❧✐❝❛r ❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧
q✉❡ s❡ ♦❜t✐❡♥❡ ❝♦♥ γ = 0✱ z′′ = λz − αD✱ ♣♦r z′✱ ❡ ✐♥t❡❣r❛r ❞❡s❞❡ x = 0 ❛ x = σ✱
♣❛r❛ ♦❜t❡♥❡r

z′2(σ)

2
=

λz2(σ)

2
− αDz(σ)− λ

2
+ αD = −λ

2
+ αD.

❉❡ ❞♦♥❞❡ s❡ ✈❡ q✉❡ z′2(σ) ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❝r❡❝✐❡♥t❡ ❞❡ α✱ ❧♦ q✉❡ ♥♦s ♣❡r♠✐t❡
❡st❛❜❧❡❝❡r✱ ❞❛❞♦ q✉❡ z′(σ) ❡s ♥❡❣❛t✐✈❛✱ q✉❡ ést❛ ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❞❡❝r❡❝✐❡♥t❡ ❞❡ α✳
▲✉❡❣♦✱ z′(σ) ❡s ♥❡❣❛t✐✈❛ ♣❛r❛ ❧❛ ✐♠❛❣❡♥ ♣♦r ❚✱ q✉❡ r❡s✉❧t❛ ❛sí ✐♥②❡❝t✐✈❛✱ ❞❡ t♦❞♦
♣✉♥t♦ q✉❡ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❡❧ s❡❣♠❡♥t♦ P◗✱ ❝♦♥ α > λ

D
✳ �

❊❧ s✐❣✉✐❡♥t❡ ❧❡♠❛ ♠✉❡str❛ q✉❡ ✱ ❡①❝❡♣t♦ ♣❛r❛ ❡❧ ♣✉♥t♦ P ✱ ❧❛ ✐♠❛❣❡♥ ❞❡❧ s❡❣♠❡♥t♦
PS s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❡❧ ♣r✐♠❡r ❝✉❛❞r❛♥t❡ ❞❡❧ ♣❧❛♥♦ (z′(σ), L)✳

▲❡♠❛ ✹✳✷✳✺ ❙✐ α = λ/D ② γ > 0✱ ❡♥t♦♥❝❡s z′(σ) > 0 ② L > 0✳

❉❡♠✳▲❡♠❛ ✹✳✷✳✺ ❙✐ s✉♣♦♥❡♠♦s q✉❡ ③ ❡s ✐♥✐❝✐❛❧♠❡♥t❡ ❝r❡❝✐❡♥t❡✱ ❡♥t♦♥❝❡s x = 0
❡s ✉♥ ♠í♥✐♠♦ ❧♦❝❛❧✱ ② ❡♥t♦♥❝❡s✱ ♣♦r ❡❧ ▲❡♠❛ ✹✳✷✳✸✱ ❝✉②❛s ❤✐♣ót❡s✐s s❡ ❝✉♠♣❧❡♥✱
t❡♥❡♠♦s q✉❡ z′(σ) > 0 ② ❝♦♠♦ ❛❞❡♠ás α ≥ λ/D s❡ t✐❡♥❡ q✉❡ L > 0✳
▲✉❡❣♦✱ ❝♦♥s✐❞❡r❛♠♦s q✉❡ ③ ❡s ✐♥✐❝✐❛❧♠❡♥t❡ ❞❡❝r❡❝✐❡♥t❡✳ ❊♥ ❡s❡ ❝❛s♦✱ ❝♦♠♦ ❧❛
❝♦♥st❛♥t❡ ❈✱ ❞❡✜♥✐❞❛ ❡♥ ✭✹✳✷✳✻✮ ❝✉♠♣❧❡ C ≤ 0 ✭❞❛❞♦ q✉❡ ❡st❛♠♦s ❡♥ ❡❧ ❝❛s♦
ν++ν− ≤ 0✮✱ ② ♣❛r❛ ❛❧❣ú♥ ǫ > 0 s❡ ❝✉♠♣❧❡ q✉❡ z′(x) ≤ 0 ♣❛r❛ x ∈ [0, ǫ]✱ t❡♥❡♠♦s
q✉❡

z′′ ≥
[

λ− γ2

2
(1− z2)

]

z − λ en [0, ǫ]

❆♣❧✐❝❛♥❞♦ ❡♥t♦♥❝❡s ♥✉❡✈❛♠❡♥t❡ ❡❧ ▲❡♠❛ ✹✳✶✳✷ ❝♦♥ W ≡ 1✱ ❛♥á❧♦❣❛♠❡♥t❡ ❛ ❝♦♠♦
❧♦ ❤✐❝✐ér❛♠♦s ❡♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ▲❡♠❛ ✹✳✶✳✽✱ s❡ ❞❡❞✉❝❡ q✉❡ z(x) ≥ 1 ♣❛r❛
x ∈ [0, ǫ]✱ ❝♦♥tr❛❞✐❝✐❡♥❞♦ ❧❛ s✉♣♦s✐❝✐ó♥✳
P♦r ú❧t✐♠♦✱ s✐ ♥✐♥❣✉♥❛ ❞❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❛♥t❡r✐♦r❡s ♦❝✉rr❡✱ ③ t❡♥❞rí❛ ♠ás ❞❡ ✉♥
♠í♥✐♠♦ ❧♦❝❛❧✱ ② ❡st♦ ❝♦♥tr❛❞✐❝❡ ❡❧ ▲❡♠❛ ✹✳✷✳✸✳ �

▲♦s s✐❣✉✐❡♥t❡s ❞♦s ❧❡♠❛s r❡st❛♥t❡s s❡ r❡✜❡r❡♥ ❛ ❧❛ ❝♦♥✈❡♥✐❡♥t❡ ❡❧❡❝❝✐ó♥ ❞❡ ❧❛s
❝♦♥st❛♥t❡s α∗ ② γ∗✳

▲❡♠❛ ✹✳✷✳✻ ❙❡❛♥ α > λ(1+l)
D

② γ ≥ 0✳ ❙✐ z′(σ) = 0✱ ❡♥t♦♥❝❡s L > l✳

✻✹



❉❡♠✳▲❡♠❛ ✹✳✷✳✻ ❈♦♠♦ z′(σ) = 0✱ ❡♥t♦♥❝❡s ❡st❛♠♦s ❡♥ ❡❧ ❈❛s♦✭❈✸✮✭▲❡♠❛ ✹✳✷✳✷✮✱
s✐❡♥❞♦ ❢á❝✐❧ ✈❡r q✉❡ γ > 0✿
s✐ s✉♣♦♥❡♠♦s q✉❡ γ = 0✱ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✳✶✷✮ ✭❞❡ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ▲❡♠❛
✹✳✷✳✹✮✱ t❡♥❡♠♦s q✉❡

z′(x) =

√
λ

2

(

1− αD

λ

)

(

e
√
λx − e−

√
λx
)

6= 0, ∀x,

✭❞❛❞♦ q✉❡ α 6= λ/D ② x 6= 0✮✱ ❧♦ ❝✉❛❧ ❝♦♥tr❛❞✐❝❡ z′(σ) = 0✳
P♦r ❡❧ ❧❡♠❛ ✹✳✷✳✸✱ ③ ♥♦ ♣✉❡❞❡ t❡♥❡r ✉♥ ♠í♥✐♠♦ ❧♦❝❛❧ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ [0, 1) ✳ P♦r
❝♦♥s✐❣✉✐❡♥t❡✱ ❡❧ ♠í♥✐♠♦ ❣❧♦❜❛❧ ❞❡ ③ s❡ ❛❧❝❛♥③❛ ❡♥ ❡❧ ♣✉♥t♦ ✜♥❛❧ σ = 1✱ ❝♦♥ ❧♦ q✉❡
s❡ ❞❡❞✉❝❡ q✉❡ z′′(1) ≥ 0 ② q✉❡ ③ ❡s ♥♦ ❝r❡❝✐❡♥t❡✳
▲✉❡❣♦✱ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ✭✹✳✷✳✸✮ t❛♠❜✐é♥ s❡ ♣✉❡❞❡ ✈❡r q✉❡ z 6= 1✱ ② ♣♦r
❧♦ t❛♥t♦✱ z(1) < 1 ② ❡♥t♦♥❝❡s✱ ❡✈✉❛❧❛♥❞♦ ❡♥ x = 1 ② ♥✉❡✈❛♠❡♥t❡ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥
❞❡ L ✭❡❝✉❛❝✐ó♥ ✭✹✳✶✳✶✾✮✮ ✭s✐♠✐❧❛r♠❡♥t❡ ❝♦♠♦ ♣r♦❝❡❞✐♠♦s ❡♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧
▲❡♠❛ ✹✳✷✳✸✮✱ ♣♦❞❡♠♦s ❡st❛❜❧❡❝❡r

0 ≤ z′′(1)

= z(1)

(

λ(1 + L) + γα

(

1− 1

δ

))

− αD

< λ(1 + L)− λ(1 + l) = λ(L− l)

❧♦ ❝✉❛❧ ✐♠♣❧✐❝❛ q✉❡ L > l✳ �

❊♥ ✈✐st❛ ❞❡❧ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r✱ s❡ ✜❥❛ ✉♥❛ ❝♦♥st❛♥t❡ α∗ t❛❧ q✉❡

α∗ >
λ(1 + l)

D
, ✭✹✳✷✳✶✸✮

② s❡ ♣r♦❝❡❞❡ ❞❡ ❛❝✉❡r❞♦ ❛❧ ❧❡♠❛ s✐❣✉✐❡♥t❡✱ ❡♥ ❧❛ ❞❡t❡r♠✐♥❛❝✐ó♥ ❞❡ γ∗✳

▲❡♠❛ ✹✳✷✳✼ ❙✐ γ∗ ❡s s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ❡♥t♦♥❝❡s ❧❛ ✐♠❛❣❡♥ ❞❡❧ s❡❣♠❡♥t♦
❘❙ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❡❧ ♣r✐♠❡r ❝✉❛❞r❛♥t❡✳

❉❡♠✳▲❡♠❛ ✹✳✷✳✼ ❉❡❧ ▲❡♠❛ ✹✳✷✳✺ ②❛ s❛❜❡♠♦s q✉❡ ❧❛ ✐♠❛❣❡♥ ❞❡❧ ♣✉♥t♦ ❙✱ S ′ =
T (S)✱ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❡❧ ♣r✐♠❡r ❝✉❛❞r❛♥t❡✱ ❛sí q✉❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❧♦s ♣✉♥t♦s
❞❡❧ s❡❣♠❡♥t♦ ❘❙ ❝♦♥ α > λ/D✳ ❊♥t♦♥❝❡s z′′ < 0 ❡♥ ✉♥ ❡♥t♦r♥♦ ❞❡ ✵ ✭❡♥ ❧❛
❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ✭✹✳✷✳✸✮✱ ❝♦♥ x = 0✱ ② z(0) = 1 ② z′(0) = 0✱ ❞❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s
✭✹✳✷✳✹✮✮✱ ② ③ ❡s ❡♥t♦♥❝❡s ✐♥✐❝✐❛❧♠❡♥t❡ ❞❡❝r❡❝✐❡♥t❡✳ ❙✐ ③ ❛❧❝❛♥③❛ ✉♥ ♠í♥✐♠♦ ❧♦❝❛❧
❡♥ ❛❧❣ú♥ ♣✉♥t♦ x0 < σ✱ ❡♥t♦♥❝❡s✱ ♣♦r ❡❧ ▲❡♠❛ ✹✳✷✳✸✱ z′(σ) > 0 ② ❛❞❡♠ás✱ ❝♦♠♦
α > λ/D✱ s❡ t✐❡♥❡ q✉❡ L > 0✳ ❉❡ ♠♦❞♦ q✉❡ ❡♥t♦♥❝❡s ❡s s✉✜❝✐❡♥t❡ ♣r♦❜❛r q✉❡ ③
♥♦ ♣✉❡❞❡ s❡r ❡str✐❝t❛♠❡♥t❡ ❞❡❝r❡❝✐❡♥t❡ ❡♥ t♦❞♦ ❡❧ [0, σ]✳
❙✉♣♦♥❣❛♠♦s q✉❡ sí ❧♦ ❡s✳ ❖ s❡❛ q✉❡ ③ ❞❡❝r❡❝❡ ❡str✐❝t❛♠❡♥t❡ ❤❛st❛ ❛❧❝❛♥③❛r ❡❧

✻✺



♣✉♥t♦ ✜♥❛❧ σ✳ ❈♦♠♦ C ≤ 0✱ z ≥ 0 ② z′ < 0✱ ❡❧ tér♠✐♥♦ Cγz(x)z′(x) ≥ 0✱ ②
s✐❡♥❞♦ z ≤ 1✱ ❧♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ (1 − z2)z ≤ 2(1 − z)✱ ❡♥t♦♥❝❡s✱ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥
❞✐❢❡r❡♥❝✐❛❧ ✭✹✳✷✳✸✮✱ s❡ ♦❜t✐❡♥❡

z′′(x) ≥ −γ∗2(1− z(x)) + (λ+ γ∗αx)z(x)− αD, ✭✹✳✷✳✶✹✮

✭❞♦♥❞❡ ✉s❛♠♦s ❡❧ ✈❛❧♦r ❞❡ γ✱ γ∗✮✳ ❙❡❣✉✐❞❛♠❡♥t❡✱ ✜❥❛♠♦s ✉♥❛ ❝♦♥st❛♥t❡ ♠ t❛❧ q✉❡
α∗D/(α∗ + λ) < m < 1✱ ❧♦ ❝✉❛❧ ❡s ♣♦s✐❜❧❡ ②❛ q✉❡ D < 1 + 1

l
✳ ❊♥ ❡❢❡❝t♦✱

α∗D

α∗ + λ
< 1 ⇐⇒ α∗ <

λ

D − 1
,

❡♥t♦♥❝❡s✱ ❞❡ ✭✹✳✷✳✶✸✮✱ ❞❡❜❡ s❡r

λ(1 + l)

D
<

λ

D − 1
,

❧♦ q✉❡ ❡q✉✐✈❛❧❡ ❛ q✉❡ D < 1 + 1
l
✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❛♥á❧♦❣❛♠❡♥t❡ ❛ ❧♦ r❡❛❧✐③❛❞♦ ❡♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ▲❡♠❛ ✹✳✶✳✾
❞❡❧ ❝❛s♦ ν+ + ν− = 0✱ ❞❡✜♥✐♠♦s ❲ ❝♦♠♦ ❧❛ s♦❧✉❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s
✐♥✐❝✐❛❧❡s

W ′′(x) = −γ∗2(1−W (x)) + (λ+ γ∗αx)m− αD

W (0) = 1, W ′(0) = 0,

❝✉②♦ ❝á❧❝✉❧♦ ❞✐r❡❝t♦ ♥♦s ❞❛

W (x) = C1e
γ∗x + C2e

−γ∗x + 1−
(

λm− αD

γ∗2 +
αmx

γ∗

)

, ✭✹✳✷✳✶✺✮

❞♦♥❞❡

C1 =
(λ+ α)m− αD

2γ∗2 y C2 =
(λ− α)m− αD

2γ∗2 .

❉❛❞♦ q✉❡ α ≤ α∗✱ ❝♦♠♦ ❡❧❡❣✐♠♦s ♠ t❛❧ q✉❡ m > α∗D/(α∗ + λ)✱ ② ❡♥t♦♥❝❡s
(α∗ + λ)m > α∗D ≥ αD✱ s❡ t✐❡♥❡ q✉❡ C1 > 0✳ ❊❧✐❣✐❡♥❞♦ γ∗ s✉✜❝✐❡♥t❡♠❡♥t❡
❣r❛♥❞❡✱ ♣♦❞❡♠♦s ❤❛❝❡r

∣

∣

∣

∣

C2e
−γ∗x −

(

λm− αD

γ∗2 +
αmx

γ∗

)∣

∣

∣

∣

< 1−m,

♣❛r❛ ❝❛❞❛ x ∈ [0, 1]✱ ❧♦ ❝✉❛❧ ✐♠♣❧✐❝❛✱ ❛ s✉ ✈❡③✱ q✉❡ W > m ❡♥ ❡❧ ❬✵✱✶❪ ✭❞❛❞♦ q✉❡
❡♥ ✭✹✳✷✳✶✺✮✱ t❡♥❡♠♦s ✶ s✉♠❛❞♦ ❛❧ tér♠✐♥♦ C1e

γ∗x✱ q✉❡ ❡s ♣♦s✐t✐✈♦✮✳ ❙✉♣♦♥❣❛♠♦s
❛❤♦r❛ q✉❡ ③ ❛❧❝❛♥③❛ ❡❧ ✈❛❧♦r ♠ ❡♥ ❛❧❣ú♥ ♣✉♥t♦ x0✱ ♦ s❡❛✱ z(x0) = m✳ ❊♥t♦♥❝❡s✱
t❡♥❡♠♦s ❞❡ ✭✹✳✷✳✶✹✮ q✉❡

z′′(x) ≥ −γ∗2(1− z(x)) + (λ+ γ∗αx)m− αD ✭✹✳✷✳✶✻✮

✻✻



❡♥ [0, x0]✳ ❉❡❧ ▲❡♠❛ ✹✳✶✳✷ ❞❡ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r✱ t❡♥❡♠♦s q✉❡ z ≥ W > m ❡♥
[0, x0]✱ ❝♦♥tr❛r✐♦ ❛ ❧♦ s✉♣✉❡st♦ ❞❡ q✉❡ z(x0) = m✳ P♦r ❧♦ t❛♥t♦✱ z > m ② ❧❛ ❞❡✲
s✐❣✉❛❧❞❛❞ ✭✹✳✷✳✶✻✮ ♦❝✉rr❡ ❡♥ t♦❞♦ ❡❧ ❬✵✱✶❪✳ P♦❞❡♠♦s ❛♣❧✐❝❛r ❡♥t♦♥❝❡s ♥✉❡✈❛♠❡♥t❡
❡❧ ▲❡♠❛ ✹✳✶✳✷ ♣❛r❛ ❝♦♥❝❧✉ír q✉❡ z ≥ W ❡♥ t♦❞♦ ❡❧ ❬✵✱✶❪✳ ❈♦♠♦ C1e

γ∗x −→ ∞
❝✉❛♥❞♦ γ∗ −→ ∞✱ ❡♥t♦♥❝❡s✱ ♣❛r❛ γ∗ s✉✜❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ t❡♥❡♠♦s q✉❡ W (1) >
1✱ ② ♣♦r ❝♦♥s✐❣✉✐❡♥t❡✱ z(1) > 1✱ ❝♦♥tr❛❞✐❝✐❡♥❞♦ ❧❛ s✉♣♦s✐❝✐ó♥ ❞❡ q✉❡ z ≤ 1✳ �

❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❘❡s✉❧t❛❞♦ Pr✐♥❝✐♣❛❧✿ ❚❡♦r❡♠❛ ✹✳✷✳✶

❉❡ ❧♦s ❧❡♠❛s ❛♥t❡r✐♦r❡s s❡ ❝♦♥❝❧✉②❡ q✉❡ ❡❧ í♥❞✐❝❡ ❞❡ ❧❛ ❝✉r✈❛ T ◦∂Ω ❝♦♥ r❡s♣❡❝t♦
❛❧ ♣✉♥t♦ (0, l) ❡s −1✱ ② ♣♦r ❧♦ t❛♥t♦ T (α, γ) = (0, l) ♣❛r❛ ❛❧❣ú♥ (α, γ) ∈ Ω ✭❡♥
♣❛rt✐❝✉❧❛r✱ ❡❧ ▲❡♠❛ ✹✳✷✳✻ ♥♦s ❛s❡❣✉r❛ q✉❡ (0, l) ∈ T ◦ Ω✮✳ P♦r ❧♦ t❛♥t♦ ❡①✐st❡
s♦❧✉❝✐ó♥ ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s ❞❡ ❝♦♥t♦r♥♦ ✭✹✳✷✳✶✮✲✭✹✳✷✳✷✮✳ �

✻✼



 

α 

ϒ 

❋✐❣✉r❛ ✺✿ α ❡♥ ❢✉♥❝✐ó♥ ❞❡ γ

✺✳ ❈♦♥❝❧✉s✐♦♥❡s ② ❛s♣❡❝t♦s ♣❡♥❞✐❡♥t❡s

❍❡♠♦s ♣♦❞✐❞♦ ✈❡r ❝♦♥ ❡st❛s ❛♣❧✐❝❛❝✐♦♥❡s ❞❡❧ ♠ét♦❞♦✱ ❡♥ ❡st♦s tr❛❜❛❥♦s ❬✺❪ ② ❬✾❪✱
s✉ ❡✜❝❛❝✐❛ ❡♥ ❡❧ ❝♦♠❡t✐❞♦ ♣r♦♣✉❡st♦ ❞❡ ❞❡♠♦str❛r ❡①✐st❡♥❝✐❛ ❞❡ s♦❧✉❝✐♦♥❡s✱ ❡♥
♣❛rt✐❝✉❧❛r ❡❧✐♠✐♥❛♥❞♦ ❧❛ r❡str✐❝❝✐ó♥ q✉❡ s❡ ✐♠♣♦♥❡ ❡♥ ❬✷❪ r❡s♣❡❝t♦ ❞❡ ❧♦s ♣❛rá♠❡✲
tr♦s ❢ís✐❝♦s ✭❡❝✉❛❝✐ó♥ ✭✷✳✸✳✽✮ ❞❡ ❧❛ s❡❝❝✐ó♥ ✷✳✸✮✳
❊♥ ❡s❡ ♠✐s♠♦ s❡♥t✐❞♦ ♣♦❞❡♠♦s ♦❜s❡r✈❛r✱ ❡♥ ❡❧ tr❛❜❛❥♦ ❬✺❪✱ ✈❛r✐❛s ❝♦♥❝❧✉s✐♦♥❡s ❞❡
❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡ ❡①♣❡r✐♠❡♥t♦s ♥✉♠ér✐❝♦s ❛❧❧í r❡❛❧✐③❛❞♦s ❡♥ ❧♦s ❆♣é♥❞✐❝❡s ❞❡❧
✜♥❛❧✳ ❈♦♠♦ ♠❡♥❝✐♦♥❛♥ ❧♦s ❛✉t♦r❡s✱ ♥✐♥❣ú♥ tr❛t❛♠✐❡♥t♦ ♥✉♠ér✐❝♦ ❞❡❧ ♣r♦❜❧❡♠❛
❝♦♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ◆❡✉♠❛♥♥ ✭✹✳✶✳✶✮✲✭✹✳✶✳✹✮ ❤❛ s✐❞♦ ❡♠♣r❡♥❞✐❞♦ ❡♥ ❧❛ ❧✐t❡r❛t✉r❛
② ❧❛ ♣r✉❡❜❛ ❞❡ ❡①✐st❡♥❝✐❛ t♦♣♦❧ó❣✐❝❛ ♥♦ ❝♦♥❞✉❝❡ ❞✐r❡❝t❛♠❡♥t❡ ❛ ✉♥ ❛❧❣♦r✐t♠♦
♣rá❝t✐❝♦✳

❊♥ ❡❧ ❆♣é♥❞✐❝❡ ■ s❡ ♣r❡s❡♥t❛♥ ❡st✉❞✐♦s ♥✉♠ér✐❝♦s ♣r❡❧✐♠✐♥❛r❡s ❞❡❧ ♣r♦❜❧❡♠❛✱ ❝♦♥
D = 1✱ r❡❛❧✐③❛❞♦s ♠❡❞✐❛♥t❡ ✉♥ ❛❧❣♦r✐t♠♦ ♣✉❡st♦ ❡♥ ♣rá❝t✐❝❛ ❡♥ ▼❆❚▲❆❇✳ ▲♦s
r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ✐♥❞✐❝❛♥ q✉❡ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❞❡ α ❝♦♥ γ ❡s s✐❡♠♣r❡ ♠♦♥ót♦♥❛
② ♣♦r ❧♦ t❛♥t♦ ❧❛ ❛s✐❣♥❛❝✐ó♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❡s ✉♥♦ ❛ ✉♥♦✱ ② ❧❛ ❛♣❧✐❝❛❝✐ó♥ ✐♥✈❡rs❛
❡①✐st❡ ② ❡s ❝♦♥t✐♥✉❛✳ ❙✐♥ ❡♠❜❛r❣♦✱ ♥♦ s❡ ❡stá ❡♥ ❝❛♣❛❝✐❞❛❞ ❞❡ ❝♦♥✜r♠❛rs❡ ❡st❛
t❡♦rí❛ ② s❡ ♣r❡✜❡r❡ ♣❧❛♥t❡❛r ❡st♦ ❝♦♠♦ ✉♥❛ ❝♦♥❥❡t✉r❛✱ ❞❡❧ ♠♦❞♦ s✐❣✉✐❡♥t❡✿

✻✽



 

 

 

ϒ 

L 

❋✐❣✉r❛ ✻✿ L ❡♥ ❢✉♥❝✐ó♥ ❞❡ γ

P❛r❛ ❝❛❞❛ γ > 0✱ ❞❛❞❛✱ ❡①✐st❡ ✉♥❛ ② só❧♦ ✉♥❛ α✱ t❛❧ q✉❡ ❧❛ s♦❧✉❝✐ó♥ z(x) ❞❡❧ ♣r♦✲
❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s ✐♥✐❝✐❛❧❡s ❛s♦❝✐❛❞♦ ✭✹✳✶✳✶✵✮✲✭✹✳✶✳✶✷✮✱ t❛♠❜✐é♥ s❛t✐s❢❛❝❡ ❧❛ ❝♦♥❞✐✲
❝✐ó♥ ❞❡ ❢r♦♥t❡r❛ ✭✹✳✶✳✶✸✮✳ ▲❛ ❞❡♣❡♥❞❡♥❝✐❛ ❞❡ α ❝♦♥ γ ❡s ❝♦♥t✐♥✉❛✳ ❊❧ ✈❛❧♦r ❞❡ L
♦❜t❡♥✐❞♦ ❞❡ α ❡s t❛♠❜✐é♥ ✉♥❛ ❢✉♥❝✐ó♥ ♠♦♥ót♦♥❛ ❞❡ γ✳ ❊st❛ ú❧t✐♠❛ ❛✜r♠❛❝✐ó♥
❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ❧❛ ❛✜r♠❛❝✐ó♥ ❞❡ q✉❡ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s ❞❡ ❝♦♥t♦r♥♦ ♦r✐❣✐♥❛❧
t✐❡♥❡ ✉♥❛ s♦❧✉❝✐ó♥ ú♥✐❝❛✳

❙✐ ❡st❛ ❝♦♥❥❡t✉r❛ ❡s ❝✐❡rt❛✱ ❡♥t♦♥❝❡s ❡♥ ❡❧ ♣❛s♦ ✹ ❞❡❧ ❛❧❣♦r✐t♠♦ ❛❧❧í ❡①♣✉❡st♦✱ s❡
♣✉❡❞❡ ❛✜r♠❛r q✉❡ L ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ ❞❡ γ ② ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥ ❛❞❡❝✉❛❞♦
γ q✉❡ ❞❛ L = l ❡stá ❣❛r❛♥t✐③❛❞❛✳ ❊st♦ ❡q✉✐✈❛❧❡ ❛ ✉♥❛ ♣r✉❡❜❛ ❛❧t❡r♥❛t✐✈❛ ❞❡❧
r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ s✐♥ r❡❝✉rr✐r ❛ ❧❛ t❡♦rí❛ ❞❡ ❣r❛❞♦ t♦♣♦❧ó❣✐❝♦✳

▲❛s ✜❣✉r❛s ✺ ② ✻ ♠✉❡str❛♥ ❡❧ r❡s✉❧t❛❞♦ ♥✉♠ér✐❝♦ ❞❡ ✉♥♦ ❞❡ ❧♦s ❡①♣❡r✐♠❡♥t♦s✱
❝♦♥ λ = 1✳ ▲❛ ✜❣✉r❛ ✺ ♠✉❡str❛ ❡❧ ❣rá✜❝♦ ❞❡ α ❝♦♠♦ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ γ✱ q✉❡ ❡s
♠♦♥♦t♦♥❛ ② ❡♥ ❡❧ q✉❡ s❡ ♣✉❡❞❡ ❛♣r❡❝✐❛r q✉❡ α −→ ∞✱ ❝✉❛♥❞♦ γ −→ ∞✳ ▲❛ ✜❣✉r❛
✻ ♠✉❡str❛ ❡❧ ❣rá✜❝♦ ❞❡ L ❡♥ ❢✉♥❝✐ó♥ ❞❡ γ✱ q✉❡ ❞❡ ♥✉❡✈♦ ♣❛r❡❝❡ s❡r ♠♦♥♦t♦♥❛✳
❚❛♠❜✐é♥ s❡ ✈❡ q✉❡ L −→ 0✱ ❝✉❛♥❞♦ γ −→ 0 ② L −→ ∞✱ ❝✉❛♥❞♦ γ −→ ∞✳ P♦r
❧♦ t❛♥t♦✱ L t♦♠❛ ❝❛❞❛ ✈❛❧♦r ♣♦s✐❜❧❡ ❞❡ l✳

❊♥ ❡❧ ❆♣é♥❞✐❝❡ ■■ s❡ ♠✉❡str❛♥ r❡s✉❧t❛❞♦s ❞❡ ❡①♣❡r✐♠❡♥t♦s s✐♠✐❧❛r❡s ♣❛r❛ D > 1✳
▲❛s ✜❣✉r❛s ✼ ② ✽ r❡♣r❡s❡♥t❛♥ ❧♦s r❡s✉❧t❛❞♦s ♣❛r❛ D = 2 ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧♦s ❞❡
❧❛s ❋✐❣✉r❛s ✺ ② ✻✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞♦♥❞❡ s❡ ❤❛ ♠❛♥t❡♥✐❞♦ λ = 1✳ ❙❡ ❛♣r❡❝✐❛ q✉❡
α t♦❞❛✈í❛ ❞❡♣❡♥❞❡ ❞❡ γ ❞❡ ❢♦r♠❛ ❝♦♥t✐♥✉❛ ② ♠♦♥ót♦♥❛✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❧❛ ❋✐❣✉r❛ ✽
♠✉❡str❛ q✉❡ L ②❛ ♥♦ ❡s ♠♦♥ót♦♥❛ ❡♥ γ✳ ❊①✐st❡ ✉♥ ✈❛❧♦r ♠á①✐♠♦ L∗ = M(l) q✉❡

✻✾



 

α 

ϒ 

❋✐❣✉r❛ ✼✿ α ❡♥ ❢✉♥❝✐ó♥ ❞❡ γ ♣❛r❛ D = 2

L ♣✉❡❞❡ ❛❧❝❛♥③❛r✳ ❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ♥♦ ❤❛❜rá ♥✐♥❣✉♥❛ s♦❧✉❝✐ó♥ ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛
❞❡ ❝♦♥t♦r♥♦ s✐ L > L∗✳ ❊st♦ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ❞❡❝✐r q✉❡ ✉♥❛ ❝♦♥❞✐❝✐ó♥ ❞❡❧ t✐♣♦
❞❡ ❧❛ ❡st❛❜❧❡❝✐❞❛ ❡♥ ❡❧ tr❛❜❛❥♦ ❞❡ ❚❤♦♠♣s♦♥ ❬✷❪ t✐❡♥❡ q✉❡ s❡r ✐♠♣✉❡st❛ ♣❛r❛
❛s❡❣✉r❛r ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥❛ s♦❧✉❝✐ó♥✳ ❖tr❛ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❧❛ ❢♦r♠❛ ❞❡ ❧❛ ❝✉r✈❛
❡s q✉❡✱ ❡♥ ❣❡♥❡r❛❧✱ ♣❛r❛ ❛❧❣✉♥♦s ✈❛❧♦r❡s ❞❛❞♦s ❞❡ l ♣✉❡❞❡ ❤❛❜❡r ❞♦s s♦❧✉❝✐♦♥❡s
❞✐❢❡r❡♥t❡s✳

▲❛ ♣r❡❣✉♥t❛ q✉❡ s❡ ♣❧❛♥t❡❛ ❡s ♣♦rq✉é ♥♦ s✐❣✉❡ ✈❛❧✐❡♥❞♦ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧
❚❡♦r❡♠❛ ✹✳✶✳✶ ♣❛r❛ ❡st❡ ❝❛s♦ ❞❡ D > 1✱ ❞❛❞♦ q✉❡ t♦❞♦s ❧♦ ❧❡♠❛s ❡♥ ❧❛ s❡❝❝✐ó♥
✹✳✶ s✐❣✉❡♥ ✈❛❧✐❡♥❞♦✱ ❡①❝❡♣t♦ ❡❧ ▲❡♠❛ ✹✳✶✳✾✱ ❛✉♥q✉❡ ❡s ✐♠♣♦rt❛♥t❡ ♥♦t❛r q✉❡ ♣❛r❛
D > 1✱ s❡ ♦❜s❡r✈❛ q✉❡ ❡❧ ▲❡♠❛ ✹✳✶✳✼ s❡ ❝✉♠♣❧❡ ❡♥ ✉♥ ❝♦♥t❡①t♦ ✈❛❝í♦✱ ❡s ❞❡❝✐r✱ ❡♥
r❡❛❧✐❞❛❞ ♥♦ s❡ ❝✉♠♣❧❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ q✉❡ ❧❛ ❝✉r✈❛ Q′R′ ✐♥t❡rs❡❝❛ ❛❧ ❡❥❡ δ✳ ❊♥ ❡❧
▲❡♠❛ ✹✳✶✳✾✱ ♥♦ s❡ ♣✉❡❞❡♥ ❡st❛❜❧❡❝❡r ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s W (x) > m ② W (1) > 1✳
❊♥ ❧❛ ❋✐❣✉r❛ ✽ ✈❡♠♦s q✉❡ ♣❛r❛ ✉♥ l∗ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ♥♦ ❤❛② s♦❧✉❝✐ó♥✳ ▲❛
❝♦♥❞✐❝✐ó♥ r❡s♣❡❝t♦ ❛ D ❡st❛❜❧❡❝✐❞❛ ❡♥ ❡❧ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ✭❚❡♦r❡♠❛ ✹✳✷✳✶✮ ❞❡
❧❛ s❡❝❝✐ó♥ ✹✳✷✱

D < 1 +
1

l
,

✐♠♣❧✐❝❛ q✉❡ s✐ D = 2✱ ❞❡❜❡ s❡r l < 1
2−1

= 1✳

❊♥ ❡❧ tr❛❜❛❥♦ ❬✾❪ ♣❛r❛ ❛②✉❞❛r ❛ ✈✐s✉❛❧✐③❛r ❧❛ ❞❡♠♦str❛❝✐ó♥✱ s❡ ♠✉❡str❛ ❡❧ ❞✐❜✉❥♦
❞❡ ❧❛ ✐♠❛❣❡♥ P ′Q′R′S ′ ❞❡❧ r❡❝tá♥❣✉❧♦ PQRS ❜❛❥♦ ❧❛ ❛♣❧✐❝❛❝✐ó♥ T ✭❋✐❣✉r❛ ✾✮✱
❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ✉♥ ❡❥❡♠♣❧♦ ♥✉♠ér✐❝♦✱ r❡❛❧✐③❛❞♦ ❝♦♥ ❧❛ ❛②✉❞❛ ❞❡ ▼❆❚▲❆❇✱
♣❛r❛ ❡❧ ❝❛s♦ ❡s♣❡❝✐❛❧ ❡♥ ❡❧ ❝✉❛❧ ❧♦s ♣❛rá♠❡tr♦s ❢ís✐❝♦s ❤❛♥ s✐❞♦ ❡❧❡❣✐❞♦s λ =
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L 

ϒ 

❋✐❣✉r❛ ✽✿ L ❡♥ ❢✉♥❝✐ó♥ ❞❡ γ ♣❛r❛ D = 2

1, D = 1, δ = 1✱ ② ❧❛s ❝♦♥st❛♥t❡s α∗ ② γ∗✱ ❡♥ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡❧ r❡❝tá♥❣✉❧♦ P◗❘❙
❡❧❡❣✐❞❛s 6 ② 4 r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙✐ ❧❧❛♠❛♠♦s O ❛❧ ♦r✐❣❡♥ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ② A ❛❧
♣✉♥t♦ ❞♦♥❞❡ ❧❛ ❝✉r✈❛ Q′R′ ✐♥t❡rs❡❝❛ ❡❧ ❡❥❡ L ✭❡❥❡ ❞❡ ♦r❞❡♥❛❞❛s✮✱ ❡♥t♦♥❝❡s ❡❧ í♥❞✐❝❡
t♦♣♦❧ó❣✐❝♦ ❞❡ P ′Q′R′S ′ ❡s −1 ♣♦r ❝❛❞❛ ♣✉♥t♦ q✉❡ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❡❧ s❡❣♠❡♥t♦
❞❡ ❧í♥❡❛ OA✳ P♦r ❧♦ t❛♥t♦✱ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ◆❡✉♠❛♥♥ ♦r✐❣✐♥❛❧ t✐❡♥❡ ✉♥❛ s♦❧✉❝✐ó♥
♣❛r❛ ❡st♦s ✈❛❧♦r❡s ❞❡ L✳ ▼❡❞✐❛♥t❡ ❡❧ ❛✉♠❡♥t♦ ❞❡ α∗ ② γ∗✱ s❡ ❛❜❛r❝❛♥ ♠ás ✈❛❧♦r❡s
❞❡ L ✭▲❡♠❛s ✹✳✷✳✻ ② ✹✳✷✳✼✮✳
❙✐ s❡ r❡❞✉❝❡ γ∗ ❛ 3✱ ❧❛ ✐♠❛❣❡♥ ❞❡❧ ❧❛❞♦ RS s❡ ✈✉❡❧✈❡ ❡❧ R′′S ′′✱ q✉❡✱ ❝♦♠♦ s❡
♠✉❡str❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✾✱ ♥♦ s❡ ❡♥❝✉❡♥tr❛ ❡♥t❡r❛♠❡♥t❡ ❡♥ ❡❧ ♣r✐♠❡r ❝✉❛❞r❛♥t❡✱ ❧♦
❝✉❛❧ ❞❛ ❝✉❡♥t❛ ❞❡ q✉❡ ❡❧ ▲❡♠❛ ✹✳✷✳✼ só❧♦ t✐❡♥❡ ✈❛❧✐❞❡③ s✐ γ∗ ❡s s✉✜❝✐❡♥t❡♠❡♥t❡
❣r❛♥❞❡✳
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