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❊❧ ♣r♦❜❧❡♠❛

❉❛❞♦ ✉♥ ❞♦♠✐♥✐♦ Ω ❛❝♦t❛❞♦ ② s✐♠♣❧❡♠❡♥t❡ ❝♦♥❡①♦ ❞❡ Rn ② ✉♥❛ ❢✉♥❝✐ó♥ ♠❡❞✐❜❧❡
σ : Ω −→ (0,∞) ❛❝♦t❛❞❛ s✉♣❡r✐♦r ❡ ✐♥❢❡r✐♦r♠❡♥t❡✱ ❡st✉❞✐❛r❡♠♦s ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❝♦♥❞✉❝✲
t✐✈✐❞❛❞

∇ · σ∇u = 0 ❡♥ Ω✱ ✭✶✮

u|∂Ω = Φ ∈ H1/2(∂Ω). ✭✷✮

➱st❛ ❞❡s❝r✐❜❡ ❡❧ ♣♦t❡♥❝✐❛❧ ❡❧é❝tr✐❝♦ ❡♥ ❝❛❞❛ ♣✉♥t♦ ❞❡ ✉♥ ❝✉❡r♣♦ ❝♦♥❞✉❝t♦r ✭❞❡ ❝♦♥❞✉❝✲
t✐✈✐❞❛❞ ✐s♦tró♣✐❝❛ σ✮ q✉❡ ❤❛ ❛❧❝❛♥③❛❞♦ ❡❧ ❡q✉✐❧✐❜r✐♦✳

❊s ♥❡❝❡s❛r✐♦ ❛❝❧❛r❛r q✉é ❡♥t❡♥❞❡♠♦s ♣♦r H1/2(∂Ω) ♣❛r❛ ✉♥ ❞♦♠✐♥✐♦ ❛❝♦t❛❞♦ ❛r❜✐✲
tr❛r✐♦✳ ❙✐❡♠♣r❡ q✉❡ Ω ❡s ✉♥ ❞♦♠✐♥✐♦ ▲✐♣s❝❤✐t③✱ s❛❜❡♠♦s ✭✈❡r ❬✶❪✮ q✉❡ ❡①✐st❡ ✉♥ ú♥✐❝♦
♦♣❡r❛❞♦r ❛❝♦t❛❞♦✱ ❡❧ ♦♣❡r❛❞♦r tr❛③❛✱

T : H1(Ω) −→ H1/2(∂Ω)

q✉❡ ✈❡r✐✜❝❛ Tu = u|∂Ω s✐ u ∈ C(Ω)✳ ➱st❡ t✐❡♥❡ ✉♥❛ ✐♥✈❡rs❛ ❛ ❞❡r❡❝❤❛ T−1✱ t❛♠❜✐é♥
❛❝♦t❛❞❛✳

❊♥ ✉♥ ❞♦♠✐♥✐♦ Ω ❝✉❛❧q✉✐❡r❛✱ ♣♦❞❡♠♦s ❞❡✜♥✐r H1/2(∂Ω) = H1(Ω)/H1
0 (Ω)✳ ❙✐ Φ

❡stá ❡♥ ❡st❡ ❡s♣❛❝✐♦✱ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❉✐r✐❝❤❧❡t ✭✷✮ ❞❡❜❡ ✐♥t❡r♣r❡t❛rs❡ ❝♦♠♦ [u] = Φ ❡♥
H1(Ω)/H1

0 (Ω)✳ ❉❡✜♥✐♠♦s ❛❞❡♠ás

❘❡([u]) = [❘❡(u)],

■♠([u]) = [■♠(u)].

❊st♦ ❡stá ❜✐❡♥ ❞❡✜♥✐❞♦ ♣✉❡s s✐ u ∈ H1
0 (Ω)✱ s✉ ♣❛rt❡ r❡❛❧ ❡ ✐♠❛❣✐♥❛r✐❛ t❛♠❜✐é♥ ❡stá♥

❡♥ H1
0 (Ω)✳ ❉✐r❡♠♦s q✉❡ Φ t♦♠❛ ✈❛❧♦r❡s r❡❛❧❡s s✐ s✉ ♣❛rt❡ ✐♠❛❣✐♥❛r✐❛ ❡s 0✱ ❡s ❞❡❝✐r✱ s✐

Φ = [v] ♣❛r❛ ❛❧❣✉♥❛ ❢✉♥❝✐ó♥ v ∈ H1(Ω) q✉❡ só❧♦ t♦♠❛ ✈❛❧♦r❡s r❡❛❧❡s✳ ❱❡❛♠♦s ❛❤♦r❛
q✉❡ ❡st❛s ❞❡✜♥✐❝✐♦♥❡s s♦♥ ❡q✉✐✈❛❧❡♥t❡s ❛ ❧❛s ❤❛❜✐t✉❛❧❡s s✐ Ω ❡s ▲✐♣s❝❤✐t③✳

Pr♦♣♦s✐❝✐ó♥ ✵✳✵✳✶✳ ❙✐ Ω ❡s ✉♥ ❞♦♠✐♥✐♦ ▲✐♣s❝❤✐t③✱ ❡❧ ♦♣❡r❛❞♦r S : H1/2(∂Ω) −→
H1(Ω)/H1

0 (Ω) ❞❛❞♦ ♣♦r S(ϕ) = [T−1(ϕ)] ❡s ❛❝♦t❛❞♦ ❡ ✐♥✈❡rt✐❜❧❡✳

✈



✈✐ ❊▲ P❘❖❇▲❊▼❆

❉❡♠♦str❛❝✐ó♥✳ ❊s ❝❧❛r♦ q✉❡ ❡s ❛❝♦t❛❞♦ ♣✉❡s

||S(ϕ)||H1(Ω)/H1
0 (Ω) ≤ ||T−1(ϕ)||H1(Ω) ≤ ||ϕ||H1/2(∂Ω).

▲❛ ✐♥✈❡rs❛ ✈❡♥❞rá ❞❛❞❛ ♣♦r S−1([u]) = T (u)❀ ❡stá ❜✐❡♥ ❞❡✜♥✐❞❛ ② ❡s ❜✐②❡❝t✐✈❛✱ ♣✉❡s
H1

0 (Ω) = ker(T ) ✭❬✶✱ ❚❡♦r❡♠❛ ✺✳✸✼❪✮ ② T (H1(Ω)) = H1/2(∂Ω)✳ P❛r❛ t♦❞♦ v ♣rt❡♥❡❝✐❡♥t❡
❛ ❧❛ ❝❧❛s❡ ❞❡ u ✈❛❧❡ q✉❡

||S−1([u])||H1/2(∂Ω) = ||T (v)||H1/2(∂Ω) ≤ C||v||H1(Ω).

▲✉❡❣♦
||S−1([u])||H1/2(∂Ω) ≤ C inf

[v]=[u]
||v||H1(Ω) = C||[u]||H1(Ω)/H1

0 (Ω).

❊st♦ ♣r✉❡❜❛ q✉❡ S−1 ❡s ❛❝♦t❛❞♦✱ ❢❛❧t❛ ✈❡r q✉❡ ❡❢❡❝t✐✈❛♠❡♥t❡ ❡s ❧❛ ✐♥✈❡rs❛ ❞❡ S✳

S−1S(ϕ) = S−1([T−1(ϕ)]) = T (T−1(ϕ)) = ϕ,

♣✉❡s T−1 ❡s ❧❛ ✐♥✈❡rs❛ ❛ ❞❡r❡❝❤❛ ❞❡ T ✳ ❈♦♠♦ S−1 ❡s ❜✐②❡❝t✐✈❛✱ ❡st♦ ❜❛st❛✳

❙❡ t✐❡♥❡ ❡♥t♦♥❝❡s ✉♥ ✐s♦♠♦r✜s♠♦ ❧✐♥❡❛❧ ❡♥tr❡ H1/2(∂Ω) ② H1(Ω)/H1
0 (Ω)✱ q✉❡ ♥♦s

♣❡r♠✐t❡ ✐❞❡♥t✐✜❝❛r❧♦s✳ ❈♦♠♦ T (T−1(T (u))) = T (u) ② kerT = H1
0 (Ω)✱ ✈❛❧❡ ❛❞❡♠ás q✉❡

S(T (u)) = [u] ♣❛r❛ u ❡♥ H1(Ω)✳ ❊s ❞❡❝✐r✱ ❛♠❜❛s ✐♥t❡r♣r❡t❛❝✐♦♥❡s ❞❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡
❉✐r✐❝❤❧❡t ❝♦✐♥❝✐❞❡♥ ❛ tr❛✈és ❞❡ ❡st❡ ✐s♦♠♦r✜s♠♦✳

❋✐♥❛❧♠❡♥t❡✱ ❡❧ ❡s♣❛❝✐♦ H−1/2(∂Ω) s❡ ❞❡✜♥❡ ❝♦♠♦ ❡❧ ❞✉❛❧ ❞❡ H1/2(∂Ω)✳ P♦❞❡♠♦s
✈♦❧✈❡r ❛❤♦r❛ ❛ ❧❛ ❡❝✉❛❝✐ó♥✿

Pr♦♣♦s✐❝✐ó♥ ✵✳✵✳✷✳ P❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ ❜♦r❞❡ Φ ∈ H1/2(∂Ω)✱ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❝♦♥✲
❞✉❝t✐✈✐❞❛❞ t✐❡♥❡ ✉♥❛ ú♥✐❝❛ s♦❧✉❝✐ó♥ u ❡♥ H1(Ω)✳ ❆❞❡♠ás✱ ❧❛ ❛♣❧✐❝❛❝✐ó♥ Φ 7−→ u ❡s
❛❝♦t❛❞❛✳

❉❡♠♦str❛❝✐ó♥✳ ❙✉♣♦♥❣❛♠♦s ♣r✐♠❡r♦ q✉❡ Φ t♦♠❛ ✈❛❧♦r❡s r❡❛❧❡s✳ ❈♦♥s✐❞❡r♦ ✉♥❛ ❢✉♥❝✐ó♥
v ∈ H1(Ω) ❛ ✈❛❧♦r❡s r❡❛❧❡s t❛❧ q✉❡ v|∂Ω = Φ ② ||v||H1(Ω) ≤ 2||Φ||H1/2(∂Ω)✳ ❙✐ ❡♥❝✉❡♥tr♦
❛❤♦r❛ w ∈ H1

0 (Ω) t❛❧ q✉❡
∫

Ω

σ∇w · ∇ϕdm =

∫

Ω

σ∇v · ∇ϕdm ∀ϕ ∈ H1
0 (Ω)

✈❛❧❞rá t❛♠❜✐é♥ q✉❡
∫

Ω

σ∇(v − w) · ∇ϕdm = 0 ∀ϕ ∈ H1
0 (Ω),

v − w|∂Ω = Φ.

❊s ❞❡❝✐r✱ v − w s❡rá ❧❛ s♦❧✉❝✐ó♥ ❜✉s❝❛❞❛✳ ❉❡❜♦ ♣r♦❜❛r ❡♥t♦♥❝❡s q✉❡ ❡①✐st❡ w✳



✈✐✐

❉❡✜♥♦ a : H1
0 (Ω)×H1

0 (Ω) −→ R ② L : H1
0 (Ω) −→ R ♣♦r

a(u1, u2) =

∫

Ω

σ∇u1 · ∇u2 dm,

L(ϕ) =

∫

Ω

σ∇v · ∇ϕdm.

❚❡♥❡♠♦s q✉❡

|L(ϕ)| ≤ (||σ||L∞(Ω)||v||H1(Ω)) ||ϕ||H1(Ω),

|a(u1, u2)| ≤ ||σ||L∞(Ω)||u1||H1(Ω)||u2||H1(Ω),

② ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ P♦✐♥❝❛ré ✭❬✶✱ ❚❡♦r❡♠❛ ✻✳✸✵❪✮

|a(u1, u1)| ≥ inf
x∈Ω

σ(x) ||∇u||2L2(Ω) ≥ C||u||2H1(Ω). ✭✸✮

❙❡ ❝✉♠♣❧❡♥ ❧❛s ❤✐♣ót❡s✐s ❞❡❧ t❡♦r❡♠❛ ❞❡ ▲❛①✲▼✐❧❣r❛♠❀ ❧❛ ❢✉♥❝✐ó♥ w ❜✉s❝❛❞❛ ❡s ❧❛
q✉❡ ❝✉♠♣❧❡ a(w,ϕ) = L(ϕ) ♣❛r❛ t♦❞❛ ϕ ∈ H1

0 (Ω)✳ ❱❡r✐✜❝❛✱ ❛❞❡♠ás✱ q✉❡

||w||H1(Ω) ≤
||σ||L∞(Ω)||v||H1(Ω)

C
,

❧♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡

||u||H1(Ω) = ||v − w||H1(Ω) ≤
(
1 +

||σ||L∞(Ω)

C

)
||v||H1(Ω) ≤

≤ 2

(
1 +

||σ||L∞(Ω)

C

)
||Φ||H1/2(∂Ω)

P❛r❛ ✈❡r ❧❛ ✉♥✐❝✐❞❛❞✱ s✉♣♦♥❣♦ q✉❡ ❡①✐st❡♥ ❞♦s s♦❧✉❝✐♦♥❡s ❛ ✈❛❧♦r❡s r❡❛❧❡s u1 ② u2✱
❡♥t♦♥❝❡s ✈❛❧❞rí❛ ∫

Ω

σ∇(u1 − u2) · ∇ϕdm = 0 ∀ϕ ∈ H1
0 (Ω)

② u1 − u2 ∈ H1
0 (Ω)✳ ❙❡ s✐❣✉❡ q✉❡ a(u1 − u2, u1 − u2) = 0✱ ② ♣♦r ✭✸✮✱ u1 = u2✳

P❛r❛ ❡❧ ❝❛s♦ ❣❡♥❡r❛❧ ❡♥ q✉❡ Φ t♦♠❛ ✈❛❧♦r❡s ❝♦♠♣❧❡❥♦s✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡ u ❡s
s♦❧✉❝✐ó♥ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❝♦♥❞✉❝t✐✈✐❞❛❞ s✐ ② só❧♦ s✐ ❘❡(u) ② ■♠(u) ❧♦ s♦♥✱ ❝❛♠❜✐❛♥❞♦
❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❜♦r❞❡ Φ ♣♦r ❘❡(Φ) ② ■♠(Φ)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡❀ t❛♥t♦ ❧❛ ❡①✐st❡♥❝✐❛ ❝♦♠♦
❧❛ ✉♥✐❝✐❞❛❞ s❡ s✐❣✉❡♥ ❞❡❧ ❝❛s♦ r❡❛❧✳

❈❛❧❞❡ró♥ s❡ ♣r❡❣✉♥tó ❡♥ ❧♦s ❛ñ♦s ❝✐♥❝✉❡♥t❛ s✐ s❡rí❛ ♣♦s✐❜❧❡✱ ❡♥ ❣❡♥❡r❛❧✱ r❡❝✉♣❡r❛r ❧❛
❝♦♥❞✉❝t✐✈✐❞❛❞ ❞❡ ✉♥ ❝✉❡r♣♦ só❧♦ ♠❡❞✐❛♥t❡ ♠❡❞✐❝✐♦♥❡s ❡❧é❝tr✐❝❛s r❡❛❧✐③❛❞❛s ❡♥ s✉ s✉♣❡r✲
✜❝✐❡✳ ❊♥ ❡❧ ♠♦♠❡♥t♦ tr❛❜❛❥❛❜❛ ❡♥ ❨P❋✱ ② s✉ ♣r♦♣ós✐t♦ ❡r❛ ❧❛ ♣r♦s♣❡❝❝✐ó♥ ♣❡tr♦❧❡r❛✳
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❍♦② t❛♠❜✐é♥ s❡ ❡♠♣❧❡❛ ❡st❛ té❝♥✐❝❛ ❝♦♠♦ ❤❡rr❛♠✐❡♥t❛ ❞❡ ❞✐❛❣♥óst✐❝♦ ♠é❞✐❝♦✱ ❜❛❥♦ ❡❧
♥♦♠❜r❡ ❞❡ ❚♦♠♦❣r❛❢í❛ ♣♦r ✐♠♣❡❞❛♥❝✐❛ ❡❧é❝tr✐❝❛✳

❙✉ ♣❧❛♥t❡♦ ❢✉❡ q✉❡ σ ❞❡❜í❛ q✉❡❞❛r ❞❡t❡r♠✐♥❛❞❛ s✐ s❡ ❝♦♥♦❝í❛ ❧❛ ❡♥❡r❣í❛ ♥❡❝❡s❛r✐❛
♣❛r❛ s♦st❡♥❡r ❝❛❞❛ ✈❛❧♦r ❞❡❧ ♣♦t❡♥❝✐❛❧ ❡♥ ❡❧ ❜♦r❞❡ ✭u|∂Ω✮✳ ➱st❛ s❡ ❝❛❧❝✉❧❛ ❝♦♠♦

Qσ(u|∂Ω) =
∫

Ω

σ||∇u||22 dm,

q✉❡ ❡stá ❜✐❡♥ ❞❡✜♥✐❞❛ ❡♥ H1/2(∂Ω) ♣♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✵✳✵✳✷✳ ❊❧ ♣r♦❜❧❡♠❛ ❡♥t♦♥❝❡s
r❛❞✐❝❛ ❡♥ r❡❝✉♣❡r❛r σ ❛ ♣❛rt✐r ❞❡ Qσ✳

❯♥❛ ❢♦r♠✉❧❛❝✐ó♥ ❛❧t❡r♥❛t✐✈❛✱ q✉❡ s❡ s❡❣✉✐rá ❛q✉í✱ ❡s ♠❡❞✐❛♥t❡ ❡❧ ♠❛♣❛ ❉✐r✐❝❤❧❡t ❛
◆❡✉♠❛♥♥

Λσ : u|∂Ω 7−→ σ
∂u

∂ν
.

❊❧ ✢✉❥♦ ❞❡ ❝♦rr✐❡♥t❡ ❡♥ ❞✐r❡❝❝✐ó♥ ♥♦r♠❛❧ ❛ ❧❛ s✉♣❡r✜❝✐❡ ❡stá ❞❡✜♥✐❞♦ ❝♦♠♦ ✉♥ ❡❧❡♠❡♥t♦
❞❡ H−1/2(∂Ω)✿

〈σ∂u
∂ν
, ψ|∂Ω〉 =

∫

Ω

σ∇u · ∇ψdm

♣❛r❛ ❝❛❞❛ ψ ∈ H1(Ω)✳ ❊❧ ♠❛♣❛ ✐♥❞✐❝❛ ❡❧ ✢✉❥♦ ❞❡ ❝♦rr✐❡♥t❡ ❡♥ ❡❧ ❜♦r❞❡ q✉❡ s❡ ❝♦rr❡s♣♦♥❞❡
❛ ❝❛❞❛ ♣♦t❡♥❝✐❛❧ ❡♥ ❡❧ ♠✐s♠♦✳

Pr♦♣♦s✐❝✐ó♥ ✵✳✵✳✸✳ ▲❛ ❞❡r✐✈❛❞❛ σ∂u/∂ν ❡stá ❜✐❡♥ ❞❡✜♥✐❞❛✱ ② ❡s ❡❢❡❝t✐✈❛♠❡♥t❡ ✉♥
❡❧❡♠❡♥t♦ ❞❡ H−1/2(∂Ω)✳

❉❡♠♦str❛❝✐ó♥✳ P♦r ❍ö❧❞❡r ② ❧❛ ❛❝♦t❛❝✐ó♥ ❞❡ σ

∣∣∣∣
∫

Ω

σ∇u · ∇ψdm
∣∣∣∣ ≤ ||σ||L∞(Ω)||u||H1(Ω)||ψ||H1(Ω). ✭✹✮

❙✐ ψ1|∂Ω = ψ2|∂Ω✱ ❡s ❞❡❝✐r✱ ψ1 − ψ2 ∈ H1
0 (Ω)✱ ❡①✐st❡ ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ❢✉♥❝✐♦♥❡s Ψn ∈

C∞
c (Ω) q✉❡ ❝♦♥✈❡r❣❡♥ ❛ ψ1 − ψ2 ❡♥ H1(Ω)✳ ❉❡ ✭✹✮ s❡ s✐❣✉❡ q✉❡

∫

Ω

σ∇u · ∇(ψ1 − ψ2)dm = lim
n→∞

∫

Ω

σ∇u · ∇Ψn

= lim
n→∞

∫

Ω

(∇ · σ∇u)Ψn = 0.

❊st♦ ♣r✉❡❜❛ ❧❛ ❜✉❡♥❛ ❞❡✜♥✐❝✐ó♥✳ ▲❛ ❧✐♥❡❛❧✐❞❛❞ ❡s ❡✈✐❞❡♥t❡✱ ② ❧❛ ❛❝♦t❛❝✐ó♥ s❡ s✐❣✉❡ ❞❡
✭✹✮ s✐ ❡❧✐❥♦ ψ̃ t❛❧ q✉❡ ψ̃|∂Ω = ψ|∂Ω ② ||ψ̃||H1(Ω) ≤ 2||ψ|∂Ω||H1/2(∂Ω)✳

Pr♦♣♦s✐❝✐ó♥ ✵✳✵✳✹✳ ❊❧ ♠❛♣❛ ❉✐r✐❝❤❧❡t ❛ ◆❡✉♠❛♥♥ ❡s ❧✐♥❡❛❧ ② ❛❝♦t❛❞♦✳
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❉❡♠♦str❛❝✐ó♥✳ ▲❛ ❧✐♥❡❛❧✐❞❛❞ ❡s ✐♥♠❡❞✐❛t❛❀ t❛♠❜✐é♥ s❡ ❛❝❛❜❛ ❞❡ ♣r♦❜❛r q✉❡
∣∣∣∣
∣∣∣∣σ
∂u

∂ν

∣∣∣∣
∣∣∣∣
H−1/2(∂Ω)

≤ 2||σ||L∞(Ω)||u||H1(Ω) ≤ 2C||σ||L∞(Ω)||u|∂Ω||H1/2(∂Ω).

▲❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞ ✈❛❧❡ ♣♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✵✳✵✳✷✳

❊♥ tér♠✐♥♦s ❞❡ ❡st❛ ❛♣❧✐❝❛❝✐ó♥✱ ❡❧ ♣r♦❜❧❡♠❛ ❝♦♥s✐st❡ ❡♥ ❞❡❝✐❞✐r s✐ s❡ ♣✉❡❞❡ r❡❝♦♥str✉✐r
σ ❛ ♣❛rt✐r ❞❡ Λσ✳ ❱❡❛♠♦s q✉❡ ❧♦s ❞♦s ♣❧❛♥t❡♦s s♦♥ ❡❢❡❝t✐✈❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s✳

Pr♦♣♦s✐❝✐ó♥ ✵✳✵✳✺✳ ❙❡❛♥ σ1, σ2 : Ω −→ (0,∞) ♠❡❞✐❜❧❡s✱ ② s✉♣♦♥❣❛♠♦s q✉❡ ❡①✐st❡
c > 0 t❛❧ q✉❡ c−1 ≤ σi ≤ c✳ ❱❛❧❡ q✉❡

Λσ = Λσ̃ ⇐⇒ Qσ = Qσ̃

❉❡♠♦str❛❝✐ó♥✳ Λσ ✐♥❞✉❝❡ ✉♥❛ ❢♦r♠❛ s❡sq✉✐❧✐♥❡❛❧ ② s✐♠étr✐❝❛ aσ ❞❛❞❛ ♣♦r

aσ(u|∂Ω, v|∂Ω) = Λσ(u|∂Ω)(v|∂Ω).

❚❡♥❡♠♦s q✉❡
Qσ(u|∂Ω) = aσ(u|∂Ω, u|∂Ω).

❊s ❡✈✐❞❡♥t❡ ❡♥t♦♥❝❡s q✉❡ Λσ ❞❡t❡r♠✐♥❛ Qσ✳ ▲❛ r❡❝í♣r♦❝❛ s❡ ♦❜t✐❡♥❡ ❞❡

❘❡(aσ(u|∂Ω, v|∂Ω)) =
Qσ(u|∂Ω + v|∂Ω)−Qσ(u|∂Ω − v|∂Ω)

4
,

■♠(aσ(u|∂Ω, v|∂Ω)) = −❘❡(aσ(i.u|∂Ω, v|∂Ω)).

❱❛r✐♦s ❛✉t♦r❡s ❛❧❝❛♥③❛r♦♥ r❡s✉❧t❛❞♦s ♣❛r❝✐❛❧❡s ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❈❛❧❞❡ró♥✱ ❛s✉✲
♠✐❡♥❞♦ ❛❧❣ú♥ ❣r❛❞♦ ❞❡ r❡❣✉❧❛r✐❞❛❞ ❡♥ ❧❛ ❝♦♥❞✉❝t✐✈✐❞❛❞ σ✳ ❊♥ ❬✾❪ s❡ ♣✉❡❞❡ ❡♥❝♦♥tr❛r
✉♥❛ ❜r❡✈❡ r❡s❡ñ❛ ❞❡ ❧♦s ♠✐s♠♦s✳ ❈❧❛r♦ q✉❡ ❡st♦ ❡s ✐♥s✉✜❝✐❡♥t❡ ♣❛r❛ ❧♦s ♣r♦♣ós✐t♦s
♣rá❝t✐❝♦s ♠❡♥❝✐♦♥❛❞♦s✱ ♣✉❡s ♠♦❞❡❧❛r ❧❛ ♣r❡s❡♥❝✐❛ ❞❡ ✉♥ ②❛❝✐♠✐❡♥t♦ ❞❡ ♣❡tró❧❡♦ ♦ ✉♥
t✉♠♦r ❡♥ ❧❛ r❡❣✐ó♥ ❡st✉❞✐❛❞❛ r❡q✉✐❡r❡ ✉♥ s❛❧t♦ ❡♥ ❧❛ ❝♦♥❞✉❝t✐✈✐❞❛❞✳ ❊❧ ♠❡❥♦r r❡s✉❧t❛❞♦
♦❜t❡♥✐❞♦ ♣❛r❛ ❞✐♠❡♥s✐ó♥ tr❡s ♦ s✉♣❡r✐♦r ✭❬✶✻❪✮ ❡s ♣❛r❛ ❝♦♥❞✉❝t✐✈✐❞❛❞❡s ❡♥ W 3/2,∞(Ω)✳

❊♥ ❡st❡ tr❛❜❛❥♦ ❡st✉❞✐❛r❡♠♦s ❧❛ r❡s♦❧✉❝✐ó♥ ❞❛❞❛ ♣♦r ❑❛r✐ ❆st❛❧❛ ② ▲❛ss✐ Pä✐✈är✐♥t❛
❞❡❧ ♣r♦❜❧❡♠❛ ✐♥✈❡rs♦ ❞❡ ❈❛❧❞❡ró♥ ❡♥ ❞✐♠❡♥s✐ó♥ ❞♦s✳ ◆♦ s❡rá ♥❡❝❡s❛r✐❛ ♥✐♥❣✉♥❛ ❤✐♣ót❡s✐s
❛❞✐❝✐♦♥❛❧ s♦❜r❡ σ✳ ❙✐❣✉✐❡♥❞♦ ❡♥t♦♥❝❡s ❬✾❪✱ s❡ ❞❛rá ✉♥❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ s✐❣✉✐❡♥t❡

❚❡♦r❡♠❛ ✶✳ ❙❡❛ Ω ⊆ R2 ✉♥ ❞♦♠✐♥✐♦ ❛❝♦t❛❞♦ ② s✐♠♣❧❡♠❡♥t❡ ❝♦♥❡①♦✱ s❡❛♥ σ1, σ2 :
Ω −→ (0,∞) ❢✉♥❝✐♦♥❡s ♠❡❞✐❜❧❡s✳ ❙✉♣♦♥❣❛♠♦s q✉❡ ❡①✐st❡ c > 0 t❛❧ q✉❡ c−1 ≤ σi ≤ c✳
❙✐ Λσ1 = Λσ2✱ ❡♥t♦♥❝❡s σ1 = σ2✳
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❙❡rá s✉✜❝✐❡♥t❡ tr❛❜❛❥❛r ❝♦♥ Ω = D✱ ❡❧ ❞✐s❝♦ ✉♥✐t❛r✐♦✳ ❊♥ ❡❢❡❝t♦✱ s✉♣♦♥❣❛♠♦s q✉❡ Ω
❡s ✉♥ ❞♦♠✐♥✐♦ s✐♠♣❧❡♠❡♥t❡ ❝♦♥❡①♦ t❛❧ q✉❡ Ω ⊆ D✱ ② s❡❛♥ σ ② σ̃ ❞♦s ❝♦♥❞✉❝t✐✈✐❞❛❞❡s
❡♥ Ω ❝♦♥ Λσ = Λσ̃✳ ❙❡ ♣✉❡❞❡ ❡①t❡♥❞❡r ❛ ❛♠❜❛s ❝♦♠♦ 1 ❡♥ D \ Ω❀ s❡ ♦❜t✐❡♥❡♥ ❛sí ❞♦s
♥✉❡✈❛s ❝♦♥❞✉❝t✐✈✐❞❛❞❡s σ0 ② σ̃0 ❡♥ D✳ ❊❧✐❥♦ ❛❤♦r❛ Φ ∈ H1/2(∂D)✱ ② ❧❧❛♠♦ u0 ❛ ❧❛ ú♥✐❝❛
❢✉♥❝✐ó♥ ❡♥ H1(D) q✉❡ ✈❡r✐✜❝❛

∇ · σ0∇u0 = 0

❡♥ D ❝♦♥ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❉✐r✐❝❤❧❡t u0|∂D = Φ✳ ▲❧❛♠♦ t❛♠❜✐é♥ ũ ❛ ❧❛ s♦❧✉❝✐ó♥ ❞❡

∇ · σ̃0∇ũ = 0

❡♥ H1(Ω) q✉❡ ❝✉♠♣❧❡ ũ|∂Ω = u0|∂Ω✳ ❊s ❞❡❝✐r✱ ũ−u0 ∈ H1
0 (Ω)✱ ♣♦r ❧♦ q✉❡ ♣✉❡❞♦ ❛s❡❣✉r❛r

q✉❡ (ũ− u0)χΩ ❡stá ❡♥ H1(D)✳ ▲✉❡❣♦ ũ0 = ũχΩ + u0χD\Ω t❛♠❜✐é♥ ♣❡rt❡♥❡❝❡ ❛ H1(D)✳
❊♥ D \ Ω s❡ t✐❡♥❡ q✉❡ u0 = ũ0 ② σ0 = σ̃0❀ ❝♦♠♦ Λσ = Λσ̃✱ ♣❛r❛ ❝✉❛❧q✉✐❡r ϕ ∈ C∞

c (D) s❡
✈❡r✐✜❝❛ q✉❡

∫

D

σ̃0∇ũ0 · ∇ϕdm =

∫

Ω

σ̃0∇ũ0 · ∇ϕdm+

∫

D\Ω

σ̃0∇ũ0 · ∇ϕdm

= Λσ̃(ũ0|∂Ω)(ϕ|∂Ω) +
∫

D\Ω

σ0∇u0 · ∇ϕdm

= Λσ̃(u0|∂Ω)(ϕ|∂Ω) +
∫

D\Ω

σ0∇u0 · ∇ϕdm

= Λσ(u0|∂Ω)(ϕ|∂Ω) +
∫

D\Ω

σ0∇u0 · ∇ϕdm

=

∫

Ω

σ∇u0 · ∇ϕdm+

∫

D\Ω

σ0∇u0 · ∇ϕdm

=

∫

D

σ0∇u0 · ∇ϕdm.

▲✉❡❣♦ ∇· σ̃0∇ũ0 = ∇·σ0∇u0 = 0 ❡♥ ❡❧ ❞✐s❝♦ D✳ ❆ ♣❛rt✐r ❞❡ ❡st♦✱ ✉s❛♥❞♦ q✉❡ ũ0|∂D = Φ✱
✈❡❛♠♦s ❛❤♦r❛ q✉❡ Λσ̃0Φ = Λσ0Φ❀ ❞❛❞❛ ψ ∈ H1(D) s❡ t✐❡♥❡ q✉❡
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Λσ̃0(Φ)(ψ|∂D) =

∫

D

σ̃0∇ũ0 · ∇ψ dm

=

∫

Ω

σ̃0∇ũ0 · ∇ψ dm+

∫

D\Ω

σ̃0∇ũ0 · ∇ψ dm

= Λσ̃(ũ0|∂Ω)(ψ|∂Ω) +
∫

D\Ω

σ0∇u0 · ∇ψ dm

= Λσ̃(u0|∂Ω)(ψ|∂Ω) +
∫

D\Ω

σ0∇u0 · ∇ψ dm

= Λσ(u0|∂Ω)(ψ|∂Ω) +
∫

D\Ω

σ0∇u0 · ∇ψ dm

=

∫

Ω

σ∇u0 · ∇ψ dm+

∫

D\Ω

σ0∇u0 · ∇ψ dm

=

∫

D

σ0∇u0 · ∇ψ dm

= Λσ0(Φ)(ψ|∂D).

❈♦♠♦ ❡st♦ ✈❛❧❡ ♣❛r❛ ❝✉❛❧q✉✐❡r Φ ❡♥ H1/2(∂Ω)✱ s❡ ❝♦♥❝❧✉②❡ q✉❡ Λσ0 = Λσ̃0 ✳ ❙✐ ❡❧ t❡♦r❡♠❛
1 ✈❛❧❡ ♣❛r❛ ❡❧ ❞✐s❝♦✱ t❡♥❡♠♦s ❡♥t♦♥❝❡s q✉❡ σ0 = σ̃0✱ ② ❡♥ ♣❛rt✐❝✉❧❛r σ = σ̃✳ ❊s ❞❡❝✐r✱ ❡❧
t❡♦r❡♠❛ t❛♠❜✐é♥ ✈❛❧❡ ♣❛r❛ Ω✱ ❝♦♠♦ q✉❡rí❛♠♦s ✈❡r✳

❋❛❧t❛ ❛♥❛❧✐③❛r q✉❡ ♦❝✉rr❡ s✐ Ω ❡s ❛❝♦t❛❞♦ ♣❡r♦ ♥♦ ❡stá ✐♥❝❧✉✐❞♦ ❡♥ D✳ ❙✉♣♦♥❣♦
♥✉❡✈❛♠❡♥t❡ q✉❡ σ ② σ̃ s♦♥ ❝♦♥❞✉❝t✐✈✐❞❛❞❡s ❡♥ Ω✱ ② ❡❧✐❥♦ K ∈ R>0 t❛❧ q✉❡ Ω/K ⊆ D✳
❉❡✜♥♦ ❡♥ Ω/K ❧❛s ❝♦♥❞✉❝t✐✈✐❞❛❞❡s σ1(x) = σ(K · x) ② σ̃1(x) = σ̃(K · x)✳ ❙❡ ♦❜s❡r✈❛
q✉❡ ♣❛r❛ ❝✉❛❧q✉✐❡r u, ψ ∈ H1(Ω/K) ✈❛❧❡

Λσ1(u|∂Ω)(ψ|∂Ω) =

∫

Ω/K

σ1(x)∇u(x) · ∇ψ(x) dm(x)

=

∫

Ω/K

σ (K · x)∇u(x) · ∇ψ(x) dm(x)

=
1

K2

∫

Ω

σ(x)∇u
( x
K

)
· ∇ψ

( x
K

)
dm(x)

=
1

K2
Λσ

(
K · u

( ∗
K

) ∣∣∣
∂Ω

)(
K · ψ

( ∗
K

) ∣∣∣
∂Ω

)
.

❉❡❧ ♠✐s♠♦ ♠♦❞♦

Λσ̃1(u|∂Ω)(ψ|∂Ω) =
1

K2
Λσ̃

(
K · u

( ∗
K

) ∣∣∣
∂Ω

)(
K · ψ

( ∗
K

) ∣∣∣
∂Ω

)
.
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❈♦♠♦ Λσ = Λσ̃✱ s❡ s✐❣✉❡ q✉❡ Λσ1 = Λσ̃1 ✱ ② s✐ ❡❧ t❡♦r❡♠❛ ✈❛❧❡ ♣❛r❛ Ω/K ♦❜t❡♥❣♦ q✉❡
σ1 = σ̃1✱ ② ✜♥❛❧♠❡♥t❡ σ = σ̃✳

❊❧ ♦❜❥❡t✐✈♦ ❞❡ ❧❛ t❡s✐s✱ ❞❡♠♦str❛r ❡❧ t❡♦r❡♠❛ ✶✱ s❡ ❛❧❝❛♥③❛rá ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✺✳ ❙❡
s❡❣✉✐rá ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ ♣♦r s✉♣✉❡st♦✱ ❬✾❪✳ ❊♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ s❡ ❡♠♣❧❡❛rá♥ r❡s✉❧t❛✲
❞♦s ❞❡ ❛♥á❧✐s✐s ❝♦♠♣❧❡❥♦✱ ❢✉♥❞❛♠❡♥t❛❧♠❡♥t❡ ❧❛ t❡♦rí❛ ❞❡ ❛♣❧✐❝❛❝✐♦♥❡s ❝✉❛s✐❝♦♥❢♦r♠❡s✳
▲♦s r❡s✉❧t❛❞♦s ♥❡❝❡s❛r✐♦s ✭♦❜t❡♥✐❞♦s ❞❡ ❬✶✹❪ ② ❬✼❪✮ s❡ ❧✐st❛rá♥ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✷✱ s✐♥ ❞❡✲
♠♦str❛❝✐ó♥✱ ❡①❝❡♣t♦ ❛q✉❡❧❧♦s ❝✉②♦ ✐♥t❡rés s❡ ✈✐♥❝✉❧❡ ❞✐r❡❝t❛♠❡♥t❡ ❝♦♥ ❡❧ t❡♠❛ ❞❡ ❧❛
t❡s✐s✳ ❙❡ ♣r❡s❡♥t❛rá ❧❛ ❞✐❧❛t❛❝✐ó♥ ❝♦♠♣❧❡❥❛✱ q✉❡ ✈✐♥❝✉❧❛ ❡st❛ t❡♦rí❛ ❝♦♥ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡
❝♦♥❞✉❝t✐✈✐❞❛❞ ❛ tr❛✈és ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❇❡❧tr❛♠✐✳

❊❧ ❝❛♣ít✉❧♦ ✸ ❡st❛rá ❞❡❞✐❝❛❞♦ ❛ ❡❧❧❛✳ ❙❡ ♣r♦❜❛rá q✉❡ t♦❞❛ s♦❧✉❝✐ó♥ ❞❡ ✭✶✮ ❛❞♠✐t❡ ✉♥❛
❝♦♥❥✉❣❛❞❛ ❛r♠ó♥✐❝❛ q✉❡ ❧❛ ✈✉❡❧✈❡ s♦❧✉❝✐ó♥ ❞❡ ❇❡❧tr❛♠✐ ② s❡ ✐♥tr♦❞✉❝✐rá ❧❛ tr❛♥s❢♦r♠❛❞❛
❞❡ ❍✐❧❜❡rt ❛s♦❝✐❛❞❛ ❛ ❡st❡ ♣r♦❜❧❡♠❛✳ ❙❡ ♦❜s❡r✈❛rá s✉ r❡❧❛❝✐ó♥ ❝♦♥ ❧♦s ♦♣❡r❛❞♦r❡s ❞❡
❇❡❧tr❛♠✐✱ ∂

−1
② ∂∂

−1
✱ ❝✉②❛ t❡♦rí❛ s❡ ❤❛❜rá ❞❡s❛rr♦❧❧❛❞♦ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✶ s✐❣✉✐❡♥❞♦

❢✉♥❞❛♠❡♥t❛❧♠❡♥t❡ ❬✶✽❪✳ ❋✐♥❛❧♠❡♥t❡ s❡ ❞❡♠♦str❛rá♥ r❡s✉❧t❛❞♦s ❛♥á❧♦❣♦s ❛❧ t❡♦r❡♠❛ ❞❡
▲✐♦✉✈✐❧❧❡ ② ❛❧ ♣r✐♥❝✐♣✐♦ ❞❡❧ ❛r❣✉♠❡♥t♦ ♣❛r❛ ❢✉♥❝✐♦♥❡s ♣s❡✉❞♦❛♥❛❧ít✐❝❛s ❞❡ ❇❡rs✳

❊♥ ❡❧ ❝❛♣ít✉❧♦ ✹ s❡ ❞✐s❝✉t✐rá ✉♥❛ ❢❛♠✐❧✐❛ ♣❛rt✐❝✉❧❛r ❞❡ s♦❧✉❝✐♦♥❡s ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡
❇❡❧tr❛♠✐✱ ❧❛s s♦❧✉❝✐♦♥❡s ❝♦♠♣❧❡❥❛s ❞❡ ❧❛ ó♣t✐❝❛ ❣❡♦♠étr✐❝❛✱ q✉❡ s♦♥ ✉♥❛ ❤❡rr❛♠✐❡♥t❛
❤❛❜✐t✉❛❧ ♣❛r❛ ❛t❛❝❛r ❡st❡ ♣r♦❜❧❡♠❛ ✐♥✈❡rs♦✳ ❙❡ ♣r♦❜❛rá s✉ ❡①✐st❡♥❝✐❛ ② ❧✉❡❣♦ s❡ ❞✐s✲
❝✉t✐rá s✉ ❞❡♣❡♥❞❡♥❝✐❛ ❞❡❧ í♥❞✐❝❡ ❝♦♠♣❧❡❥♦ k✳ ❊♥ ú❧t✐♠❛ ✐♥st❛♥❝✐❛ s❡ ❧♦❣r❛rá✱ ❛ tr❛✈és
❞❡ ✉♥ ❝❛♠❜✐♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❝✉❛s✐❝♦♥❢♦r♠❡✱ ❡s❝r✐❜✐r❧❛s ❡♥ ✉♥❛ ❢♦r♠❛ ❡①♣♦♥❡♥❝✐❛❧ ②
❞❡t❡r♠✐♥❛r s✉ ❝♦♠♣♦rt❛♠✐❡♥t♦ ♣❛r❛ k ❣r❛♥❞❡✳

❊♥ ❡❧ ❝❛♣ít✉❧♦ ✺ s❡ ❝♦♠❡♥③❛rá ♣♦r ♣r♦❜❛r q✉❡ ❡❧ ♠❛♣❛ ❉✐r✐❝❤❧❡t ❛ ◆❡✉♠❛♥♥ ❝❛r❛❝✲
t❡r✐③❛ ❧❛s s♦❧✉❝✐♦♥❡s ❝♦♠♣❧❡❥❛s ❞❡ ❧❛ ó♣t✐❝❛ ❣❡♦♠étr✐❝❛ ❛❢✉❡r❛ ❞❡❧ ❞✐s❝♦✳ ❙❡ ♣r❡s❡♥t❛rá
❧✉❡❣♦ ❧❛ ♠❛tr✐③ ❞❡ tr❛♥s♣♦rt❡✱ q✉❡ ♣❡r♠✐t❡ ♦❜t❡♥❡r ❡❧ ✈❛❧♦r ❞❡ ❧❛ s♦❧✉❝✐ó♥ ❡♥ t♦❞♦ ♣✉♥t♦
❛ ♣❛rt✐r ❞❡❧ ②❛ ❝♦♥♦❝✐❞♦ ❡♥ ✉♥ ♣✉♥t♦ ❞❛❞♦✳ ❙❡ r❡❞✉❝✐rá ❡♥t♦♥❝❡s ❡❧ ♣r♦❜❧❡♠❛ ❛ ❞❡✲
♠♦str❛r q✉❡ ❧❛ ♠❛tr✐③ ❞❡ tr❛♥s♣♦rt❡ q✉❡❞❛ ❝❛r❛❝t❡r✐③❛❞❛ ✉♥í✈♦❝❛♠❡♥t❡ ♣♦r ❡❧ ♠❛♣❛
❉✐r✐❝❤❧❡t ❛ ◆❡✉♠❛♥♥✱ ♣✉❡st♦ q✉❡ r❡❝✉♣❡r❛r ✉♥❛ s♦❧✉❝✐ó♥ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ♣❡r♠✐t❡ r❡❝✉✲
♣❡r❛r tr✐✈✐❛❧♠❡♥t❡ ❧❛ ❝♦♥❞✉❝t✐✈✐❞❛❞✳

◗✉✐❡r♦ ❛❣r❛❞❡❝❡r ❛ ♠✐ ❞✐r❡❝t♦r✱ ❘✐❝❛r❞♦ ❉✉rá♥✱ ② ❛ ❧♦s ❥✉r❛❞♦s✱ ●❛❜r✐❡❧ ❆❝♦st❛ ②
P❛❜❧♦ ❉❡ ◆á♣♦❧✐✳ ❚❛♠❜✐é♥ ❛ ♠✐s ♣❛❞r❡s✱ ② ❛ ♠✐s ❛♠✐❣♦s ▼❛✉r♦ ② ▼✐❣✉❡❧✱ q✉❡ ❝✉rs❛r♦♥
❝♦♥♠✐❣♦ t♦❞♦s ❡st♦s ❛ñ♦s✳



❈❛♣ít✉❧♦ ✶

❋✉♥❝✐♦♥❡s ❞❡ ✈❛r✐❛❜❧❡ ❝♦♠♣❧❡❥❛

✶✳✶ ❉❡r✐✈❛❞❛s ❡♥ ♥♦t❛❝✐ó♥ ❝♦♠♣❧❡❥❛

P❛r❛ ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ f ∈ L1
❧♦❝
(Ω) ✭❞♦♥❞❡ Ω ❡s ✉♥ ❞♦♠✐♥✐♦ ❞❡❧ ♣❧❛♥♦✮✱ ❡♠♣❧❡❛r❡♠♦s ❧❛

♥♦t❛❝✐ó♥

∂f = ∂zf =
1

2
(∂xf − i∂yf), ✭✶✳✶✮

∂f = ∂zf =
1

2
(∂xf + i∂yf), ✭✶✳✷✮

❞♦♥❞❡ ∂x ② ∂y s♦♥ ❧❛s r❡s♣❡❝t✐✈❛s ❞❡r✐✈❛❞❛s ❞é❜✐❧❡s ✭❝✉❛♥❞♦ ❡①✐st❡♥✮✳ ❊s ❞❡❝✐r✱ s✐
f = u+ iv✱

∂f =
1

2
(∂xu+ ∂yv + i(∂xv − ∂yu)) ,

∂f =
1

2
(∂xu− ∂yv + i(∂xv + ∂yu)) .

❙❡ ♦❜s❡r✈❛ q✉❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ∂f = 0 ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❈❛✉❝❤②✲❘✐❡♠❛♥♥
❞é❜✐❧❡s❀ s❡ ♣r♦❜❛rá ❧✉❡❣♦ ✭t❡♦r❡♠❛ ✻✮ q✉❡ ❡st♦ ❛❧❝❛♥③❛ ♣❛r❛ ❛s❡❣✉r❛r q✉❡ f ❡s ❤♦❧♦♠♦r❢❛✳
❇❛❥♦ ❡st❛ ❝♦♥❞✐❝✐ó♥ t❛♠❜✐é♥ ∂f = f ′✳

❈♦♠♦ s❡ ✉s❛rá ❝♦♥ ❢r❡❝✉❡♥❝✐❛✱ ❡s ❝♦♥✈❡♥✐❡♥t❡ s❡ñ❛❧❛r q✉❡

∂f = ∂ f, ✭✶✳✸✮

✶
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♣✉❡s f = u− iv ②

∂f =
1

2
(∂xu+ ∂yv + i(∂xv − ∂yu))

=
1

2
(∂xu+ ∂yv − i(∂xv − ∂yu)) ,

∂ f =
1

2
(∂xu+ ∂yv + i(−∂xv + ∂yu)) .

❖❜✈✐❛♠❡♥t❡ t❛♠❜✐é♥

∂f = ∂f. ✭✶✳✹✮

▲❛s ❞❡r✐✈❛❞❛s ❞é❜✐❧❡s ❝♦♥ r❡s♣❡❝t♦ ❛ z ② z s❡ ♣✉❡❞❡♥ ❞❡✜♥✐r ❞✐r❡❝t❛♠❡♥t❡✱ ❡s ❞❡❝✐r✱
s✐♥ r❡❝✉rr✐r ❛ ∂x ② ∂y✿

Pr♦♣♦s✐❝✐ó♥ ✶✳✶✳✶✳ ❙❡❛ f ∈ L1
loc(Ω)✳ ❙✐ ❡①✐st❡♥ ❧❛s ❞❡r✐✈❛❞❛s ❞é❜✐❧❡s ∂xf ② ∂yf ✱

❡♥t♦♥❝❡s s❡ ✈❡r✐✜❝❛

∫

Ω

f ∂ϕ dm = −
∫

Ω

∂f ϕ dm, ✭✶✳✺✮
∫

Ω

f ∂ϕ dm = −
∫

Ω

∂f ϕ dm, ✭✶✳✻✮

♣❛r❛ t♦❞❛ ϕ ∈ C∞
c (Ω)✳

❘❡❝í♣r♦❝❛♠❡♥t❡✱ s✐ g1, g2 ∈ L1
❧♦❝
(Ω) ✈❡r✐✜❝❛♥

∫

Ω

f ∂ϕ dm = −
∫

Ω

g1 ϕdm, ✭✶✳✼✮
∫

Ω

f ∂ϕ dm = −
∫

Ω

g2 ϕdm, ✭✶✳✽✮

♣❛r❛ t♦❞❛ ϕ ∈ C∞
c (Ω)✱ ❡♥t♦♥❝❡s ❡①✐st❡♥ ∂xf ② ∂yf ✱ ② s❡ ❝✉♠♣❧❡ q✉❡

∂f = g1,

∂f = g2.

❉❡♠♦str❛❝✐ó♥✳ P❛r❛ ♣r♦❜❛r ✭✶✳✺✮ ② ✭✶✳✻✮ só❧♦ ❤❛② q✉❡ ✉s❛r ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❧❛s ❞❡r✐✈❛❞❛s
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❞é❜✐❧❡s ❝♦♥ r❡s♣❡❝t♦ ❛ x ② ❛ y✿
∫

Ω

f ∂ϕ dm =
1

2

(∫

Ω

f ∂xϕdm− i

∫

Ω

f ∂yϕdm

)

= −1

2

(∫

Ω

∂xf ϕ dm− i

∫

Ω

∂yf ϕ dm

)

= −
∫

Ω

∂f ϕ dm,

∫

Ω

f ∂ϕ dm =
1

2

(∫

Ω

f ∂xϕdm+ i

∫

Ω

f ∂yϕdm

)

= −1

2

(∫

Ω

∂xf ϕ dm+ i

∫

Ω

∂yf ϕ dm

)

= −
∫

Ω

∂f ϕ dm.

P♦r ♦tr❛ ♣❛rt❡✱ s✐ ✈❛❧❡♥ ✭✶✳✼✮ ② ✭✶✳✽✮ s❡ t✐❡♥❡ q✉❡

∫

Ω

f ∂xϕdm =

∫

Ω

f (∂ϕ+ ∂ϕ) dm

=

∫

Ω

f ∂ϕ dm+

∫

Ω

f ∂ϕ dm

= −
(∫

Ω

g1 ϕdm+

∫

Ω

g2 ϕdm

)

= −
∫

Ω

(g1 + g2)ϕdm,
∫

Ω

f ∂yϕdm =

∫

Ω

f i(∂ϕ− ∂ϕ) dm

= i

∫

Ω

f ∂ϕ dm− i

∫

Ω

f ∂ϕ dm

= −i
(∫

Ω

g1 ϕdm−
∫

Ω

g2 ϕdm

)

= −
∫

Ω

i(g1 − g2)ϕdm,

❡s ❞❡❝✐r✱ ∂xf = g1 + g2 ② ∂yf = i(g1 − g2)✳ ▲✉❡❣♦

∂f =
1

2
(g1 + g2 − i2(g1 − g2)) =

1

2
(2g1) = g1,

∂f =
1

2
(g1 + g2 + i2(g1 − g2)) =

1

2
(2g2) = g2,
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❝♦♠♦ s❡ q✉❡rí❛ ❞❡♠♦str❛r✳

P♦r s✉♣✉❡st♦✱ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ❛♥t❡r✐♦r s❡ s♦st✐❡♥❡ s✐ s❡ r❡❡♠♣❧❛③❛ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡
♣r✉❡❜❛ ϕ ❡♥ C∞

c (Ω) ♣♦r ❢✉♥❝✐♦♥❡s ❡♥ C1
c (Ω)✳ ❆❞❡♠ás✱ s✐ s❡ s❛❜❡ q✉❡ ❡①✐st❡♥ ∂xf ②

∂yf ✱ s❡rá s✉✜❝✐❡♥t❡ ♣r♦❜❛r ✭✶✳✼✮ ♦ ✭✶✳✽✮ ♣❛r❛ ♦❜t❡♥❡r q✉❡ ∂f = g1 ♦ q✉❡ ∂f = g2✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❯s❛♥❞♦ ✭✶✳✹✮ s❡ ♣✉❡❞❡ ✈❡r ❞❡ ✐♥♠❡❞✐❛t♦ q✉❡ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ∂f ❡♥ ❡st❡ s❡♥t✐❞♦
❞✐r❡❝t♦ ✐♠♣❧✐❝❛ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ∂ f ✱ ② q✉❡ ∂ f = ∂f ✱ ♣✉❡s

∫

Ω

f ∂ϕ dm =

∫

Ω

f ∂ϕ dm

=

∫

Ω

f ∂ϕ dm

= −
∫

Ω

∂f ϕ dm

= −
∫

Ω

∂f ϕ dm.

❉❡❧ ♠✐s♠♦ ♠♦❞♦✱ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ∂f ✐♠♣❧✐❝❛ ❧❛ ❞❡ ∂f ✱ ② ∂f = ∂f ✳ ❊st♦ s❡ ✉s❛rá ♣❛r❛
♣r♦❜❛r✱ ❡♥ ❡❧ ú❧t✐♠♦ t❡♦r❡♠❛ ❞❡❧ ❝❛♣ít✉❧♦✱ q✉❡ ❜❛st❛ ❝♦♥ ✈❡r✐✜❝❛r ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥❛
❞❡ ❧❛s ❞❡r✐✈❛❞❛s ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞✐r❡❝t❛ ♣❛r❛ q✉❡ ❧❛ ♦tr❛ t❛♠❜✐é♥ ❡①✐st❛✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✶✳✷✳ ❙❡❛ f ∈ L1
loc(C) ❝♦♥ ∂f, ∂f ∈ L2(C)✳ ❊♥t♦♥❝❡s

||∂f ||L2(C) = ||∂f ||L2(C). ✭✶✳✾✮

❉❡♠♦str❛❝✐ó♥✳ ❈♦♥s✐❞❡r♦ ♣r✐♠❡r♦ f ∈ C∞(C)✳ ❙✐ ❡s❝r✐❜♦ f = u+ iv✱ s❡ t✐❡♥❡ q✉❡

4

∫

C

|∂f |2 dm =

∫

C

|∂xu+ ∂yv + i(∂xv − ∂yu)|2 dm

=

∫

C

(∂xu+ ∂yv)
2 + (∂xv − ∂yu)

2 dm

=

∫

C

(∂xu
2 + ∂yu

2 + ∂xv
2 + ∂yv

2) dm+ 2

∫

C

∂xu ∂yv dm− 2

∫

C

∂xv ∂yu dm

=

∫

C

(∂xu
2 + ∂yu

2 + ∂xv
2 + ∂yv

2) dm− 2

∫

C

u ∂x∂yv dm+ 2

∫

C

u ∂y∂xv dm

=

∫

C

(∂xu
2 + ∂yu

2 + ∂xv
2 + ∂yv

2) dm.
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P❡r♦ ♣♦r ♦tr❛ ♣❛rt❡

4

∫

C

|∂f |2 dm =

∫

C

|∂xu− ∂yv + i(∂xv + ∂yu)|2 dm

=

∫

C

(∂xu− ∂yv)
2 + (∂xv + ∂yu)

2 dm

=

∫

C

(∂xu
2 + ∂yu

2 + ∂xv
2 + ∂yv

2) dm− 2

∫

C

∂xu ∂yv dm+ 2

∫

C

∂xv ∂yu dm

=

∫

C

(∂xu
2 + ∂yu

2 + ∂xv
2 + ∂yv

2) dm+ 2

∫

C

u ∂x∂yv dm− 2

∫

C

u ∂y∂xv dm

=

∫

C

(∂xu
2 + ∂yu

2 + ∂xv
2 + ∂yv

2) dm,

❞❡ ❞♦♥❞❡ ||∂f ||L2(C) = ||∂f ||L2(C)✳
❙✐ ❛❤♦r❛ f ✈❡r✐✜❝❛ ❧❛s ❤✐♣ót❡s✐s ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥✱ ♣✉❡❞♦ ❝♦♥s✐❞❡r❛r ✉♥❛ s✉❝❡s✐ó♥ ❞❡

❢✉♥❝✐♦♥❡s fn ∈ C∞(C) ❞❛❞❛s ♣♦r

fn = f ∗ ρ1/n,

❝♦♥ ρ ∈ C∞
c (C)✱ ρ ≥ 0✱

∫
ρ = 1✳ ❊♥t♦♥❝❡s ∂fn −→ ∂f ❡♥ L2(C)✱ ② t❛♠❜✐é♥ ∂fn −→ ∂f ✳

❈♦♠♦ ||∂fn||L2(C) = ||∂fn||L2(C) ♣❛r❛ t♦❞♦ n✱ ❡st♦ ❝♦♥❝❧✉②❡ ❧❛ ❞❡♠♦str❛❝✐ó♥✳

✶✳✷ ▲❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r

❘❡❝♦r❞❡♠♦s q✉❡ ♣❛r❛ ✉♥❛ ❢✉♥❝✐ó♥ f ❞❡✜♥✐❞❛ ❡♥ R2✱ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r s❡ ❞❡✜♥❡
✉s✉❛❧♠❡♥t❡ ❝♦♠♦

F0(f)(k) =

∫

R2

f(ξ) e−2πik·ξ dm(ξ)

=

∫

R

∫

R

f(z1, z2) e
−2πi(k1z1+k2z2) dz1 dz2.

▲❛ ❞❡✜♥✐❝✐ó♥ q✉❡ s❡ ❡♠♣❧❡❛rá ❛ ❧♦ ❧❛r❣♦ ❞❡ ❡st❛ t❡s✐s✱ ♠ás ❛❞❡❝✉❛❞❛ ♣❛r❛ tr❛❜❛❥❛r ❝♦♥
❧❛s ❞❡r✐✈❛❞❛s ❝♦♠♣❧❡❥❛s✱ s❡rá

f̂(k) = F(f)(k) =
1

π

∫

C

f(ξ)ek(ξ) dm(ξ), ✭✶✳✶✵✮

❞♦♥❞❡

ek(z) = ei(kz+kz) ✭✶✳✶✶✮
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▼✉❝❤❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❡st❛ tr❛♥s❢♦r♠❛❞❛ s❡ ♣✉❡❞❡♥ r❡❝✉♣❡r❛r ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ✉s✉❛❧✱
s✐ s❡ ♦❜s❡r✈❛ q✉❡

f̂(k) =
1

π

∫

C

f(ξ)e2i(k1ξ1−k2ξ2) dm(ξ)

=
1

π

∫

C

f(ξ)e−2πi( k1
−π

ξ1+
k2
π
ξ2) dm(ξ)

=
1

π
F0(f)

(
−k1
π
,
k2
π

)
.

Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✶✳ ❙✐ f ∈ L1(C)✱ ❡♥t♦♥❝❡s |f̂(k)| → 0 ❝✉❛♥❞♦ |k| → ∞✳

❉❡♠♦str❛❝✐ó♥✳ ❊s ✐♥♠❡❞✐❛t♦ ❞❡❧ ❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥✲▲❡❜❡s❣✉❡ ✉s✉❛❧ ✭❬✶✶✱ ✶✳✶✹❪✮✱ s✐ s❡
♦❜s❡r✈❛ q✉❡

∣∣∣∣
(−k1

π
,
k2
π

)∣∣∣∣ −→ ∞

❝✉❛♥❞♦ |k| → ∞✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✷✳ F : L2(C) −→ L2(C) ❡s ✉♥❛ ✐s♦♠❡trí❛✳

❉❡♠♦str❛❝✐ó♥✳ P❛r❛ f ∈ L2(C)✱ r❡❛❧✐③❛♥❞♦ ✉♥ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡s s❡ t✐❡♥❡ q✉❡

||f̂ ||2L2(C) =
1

π2

∫

C

∣∣∣∣F0(f)

(
−k1
π
,
k2
π

)∣∣∣∣
2

dm(k)

=

∫

C

|F0(f)(w1, w2)|2 dm(w)

= ||F0(f)||2L2(C)

= ||f ||2L2(C),

♣✉❡s ❡s s❛❜✐❞♦ q✉❡ F0 ❡s ✉♥❛ ✐s♦♠❡trí❛ ❡♥ L2(C) ✭❬✶✶✱ ❚❡♦r❡♠❛ ✶✳✶✽❪✮✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✸✳ ❙✐ f, g ∈ L2(C)✱ ❡♥t♦♥❝❡s

∫

C

f g dm =

∫

C

f̂ ĝ dm.

❉❡♠♦str❛❝✐ó♥✳ ❊s ✐♥♠❡❞✐❛t❛ ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ❛♥t❡r✐♦r✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✹✳ ❙✐ f, g ∈ L2(C)✱ ❡♥t♦♥❝❡s

(fg)̂ =
1

π
f̂ ∗ ĝ.
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❉❡♠♦str❛❝✐ó♥✳ P♦r ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛ ❝♦♥✈♦❧✉❝✐ó♥ ♣❛r❛ ❧❛ tr❛♥s❢♦r♠❛❞❛ ✉s✉❛❧✱

(fg)̂ (k) =
1

π
F0(fg)

(
−k1
π
,
k2
π

)

=
1

π
F0(f) ∗ F0(g)

(
−k1
π
,
k2
π

)

= π

∫

C

(
1

π
F0(f)(w)

) (
1

π
F0(g)

(
−k1
π

− w1,
k2
π

− w2

))
dm(w)

=
1

π

∫

C

(
1

π
F0(f)

(
−u1
π
,
u2
π

)) ( 1

π
F0(g)

(
−k1
π

+
u1
π
,
k2
π

− u2
π

))
dm(u)

=
1

π

∫

C

f̂(u)ĝ(k − u) dm(u)

=
1

π
f̂ ∗ ĝ.

Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✺✳ ❙❡❛ f ∈ C1
c (C)✱ ❡♥t♦♥❝❡s

∂̂f(k) = −ikf̂(k),

∂̂f(k) = −ikf̂(k).

❉❡♠♦str❛❝✐ó♥✳ ❈♦♠♦ f ∈ C1
c (C)✱ ♣♦❞❡♠♦s ✉s❛r ✭✶✳✺✮ ② ✭✶✳✻✮✿

∂̂f(k) =
1

π

∫

C

∂f(ξ)ek(ξ) dm(ξ)

= − 1

π

∫

C

f(ξ)∂ek(ξ) dm(ξ)

= − 1

π

∫

C

f(ξ) i k ek(ξ) dm(ξ)

= −ikf̂(k),

∂̂f(k) =
1

π

∫

C

∂f(ξ)ek(ξ) dm(ξ)

= − 1

π

∫

C

f(ξ)∂ek(ξ) dm(ξ)

= − 1

π

∫

C

f(ξ) i k ek(ξ) dm(ξ)

= −ikf̂(k).
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Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✻✳ ❙❡❛ f ∈ L1
loc(C) ❝♦♥ ∂f, ∂f ∈ L2(C)✳ ❊♥t♦♥❝❡s

∂̂f(k) =
k

k
∂̂f(k). ✭✶✳✶✷✮

❉❡♠♦str❛❝✐ó♥✳ ❊s ❡✈✐❞❡♥t❡ s✐ f ∈ C1
c (C)✱ ♣♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ❛♥t❡r✐♦r✳ ❙✐ ❛❤♦r❛ f ∈

L1
loc(C)✱ ❝♦♥s✐❞❡r♦ ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ❢✉♥❝✐♦♥❡s fn ∈ C∞

c (C) ❞❛❞❛s ♣♦r

fn = f ∗ ρ1/n
❝♦♥ ρ ∈ C∞

c (C)✱ ρ ≥ 0✱
∫
ρ = 1✳ ❊♥t♦♥❝❡s ∂fn −→ ∂f ❡♥ L2(C)✱ ② t❛♠❜✐é♥ ∂fn −→ ∂f ✳

❊♥t♦♥❝❡s ❧❛ ✐❣✉❛❧❞❛❞ ✭✶✳✶✷✮ ✈❛❧❡ ♣❛r❛ ❧❛s fn✱ ② ❡❧ r❡s✉❧t❛❞♦ s❡ ❝♦♥❝❧✉②❡ ❞❡ ❧❛ ❝♦♥t✐♥✉✐❞❛❞
❞❡ F ❡♥ L2(C)✳

❙❡ ♦❜s❡r✈❛ q✉❡ ❡st❡ r❡s✉❧t❛❞♦✱ ❥✉♥t♦ ❝♦♥ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✶✳✷✳✷✱ ❞❛ ❞❡ ✐♥♠❡❞✐❛t♦ ✉♥❛
♥✉❡✈❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ✶✳✶✳✷✳

✶✳✸ ▲♦s ♦♣❡r❛❞♦r❡s ❞❡ ❇❡❧tr❛♠✐

❊st✉❞✐❛r❡♠♦s ❛❤♦r❛ ❧♦s ♦♣❡r❛❞♦r❡s ❞❡ ❇❡❧tr❛♠✐✱ q✉❡ ♣✉❡❞❡♥ ❞❡✜♥✐rs❡ ❢♦r♠❛❧♠❡♥t❡ ❝♦♠♦
P = ∂

−1
② S = ∂∂

−1
✳ ▼ás r✐❣✉r♦s❛♠❡♥t❡ s♦♥ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❈❛✉❝❤②

Pg(z) = − 1

π

∫

C

g(w)

w − z
dm(w), ✭✶✳✶✸✮

② ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❇❡✉r❧✐♥❣

Sg(z) = − 1

π

∫

C

g(w)

(w − z)2
dm(w). ✭✶✳✶✹✮

❊st❛ ú❧t✐♠❛ ✐♥t❡❣r❛❧ ❞❡❜❡ ❡♥t❡♥❞❡rs❡ ❝♦♠♦ ✈❛❧♦r ♣r✐♥❝✐♣❛❧✳
❉❡ ❛❤♦r❛ ❡♥ ♠ás ❡s❝r✐❜✐r❡♠♦s

Lp(Ω) =
{
g ∈ Lp(C) : g|C\Ω ≡ 0

}

❈♦♥ ❡st❛ ♥♦t❛❝✐ó♥✱ s✐ g ∈ L1(Ω) ❝♦♥ Ω ❛❝♦t❛❞♦✱ ❡s ❝❧❛r♦ q✉❡ Pg ❡stá ❜✐❡♥ ❞❡✜♥✐❞❛ ❡♥
❡❧ ❝♦♠♣❧❡♠❡♥t♦ ❞❡ Ω✳ P❛r❛ ♣r♦❜❛r ❧❛ ❜✉❡♥❛ ❞❡✜♥✐❝✐ó♥ ❡♥ t♦❞♦ ❡❧ ♣❧❛♥♦✱ ♥❡❝❡s✐t❛r❡♠♦s
❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛✿

▲❡♠❛ ✶✳✸✳✶✳ ❙❡❛ Ω ✉♥ ❞♦♠✐♥✐♦ ❛❝♦t❛❞♦ ② s❡❛ g ∈ Lp(Ω)✳ ❊♥t♦♥❝❡s ❧❛ ❢✉♥❝✐ó♥

h(z) =

∫

Ω

g(w)

|w − z|λ dm(w)

❡s ❝♦♥t✐♥✉❛ ❡♥ t♦❞♦ ❡❧ ♣❧❛♥♦✱ s✐❡♠♣r❡ q✉❡ λ < 2 ② 2
2−λ

< p <∞✳ ❆❞❡♠ás✱ s✐ ❝♦♥s✐❞❡r♦
♦tr♦ ❞♦♠✐♥✐♦ ❛❝♦t❛❞♦ G ⊇ Ω✱ ✈❛❧❡ q✉❡

|h(z)| ≤ C||g||Lp(G)

♣❛r❛ t♦❞♦ z ∈ G✱ ❝♦♥ ✉♥❛ ❝♦♥t❛♥t❡ C q✉❡ ❞❡♣❡♥❞❡ ❞❡ p ② ❞❡ G✳
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❉❡♠♦str❛❝✐ó♥✳ ❙✐ ✜❥♦ z0 ∈ C ② ❝♦♥s✐❞❡r♦ ❧♦s z1 ∈ B(z0, 1)✱ ♣❛r❛ ✉♥ R s✉✜❝✐❡♥t❡♠❡♥t❡
❣r❛♥❞❡ ✈❛❧❡

|h(z1)− h(z0)| ≤
∫

B(0,R)

|g(w + z1)− g(w + z0)|
|w|λ dm(w)

≤
(∫

B(0,R)

|g(w + z1)− g(w + z0)|pdm(w)

) 1
p
(∫

B(0,R)

|w|−λp′dm(w)

) 1
p′

.

❈♦♠♦ λp′ = λp
p−1

< 2✱ ❡❧ s❡❣✉♥❞♦ ❢❛❝t♦r ❡s ✜♥✐t♦✳ ❊❧ ♣r✐♠❡r ❢❛❝t♦r t✐❡♥❞❡ ❛ ❝❡r♦ ❝✉❛♥❞♦
z1 → z0✳

P♦r ♦tr❛ ♣❛rt❡✱ s✐ ❝♦♥s✐❞❡r♦ R′ t❛❧ q✉❡ G ⊆ B(0, R′)✱ t❡♥❣♦ q✉❡

|h(z)| ≤
∫

B(0,2R′)

|g(w + z)|
|w|λ dm(w)

≤
(∫

B(0,2R′)

|w|−λp′ dm(w)

) 1
p′

||g||Lp(C).

◆✉❡✈❛♠❡♥t❡ ❡❧ ♣r✐♠❡r ❢❛❝t♦r ❡s ✜♥✐t♦✳

❚❡♦r❡♠❛ ✷✳ ❙❡❛ Ω ✉♥ ❞♦♠✐♥✐♦ ❛❝♦t❛❞♦ ❞❡❧ ♣❧❛♥♦✳ ❙✐ g ∈ L1(Ω)✱ ❡♥t♦♥❝❡s Pg(z) ❡stá
❞❡✜♥✐❞❛ ♣❛r❛ ❝❛s✐ t♦❞♦ z ∈ C✳ ❆❞❡♠ás✱ Pg ∈ Lp

❧♦❝
(C) ♣❛r❛ ❝✉❛❧q✉✐❡r 1 ≤ p < 2✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ G ✉♥ ❞♦♠✐♥✐♦ ❛❝♦t❛❞♦✱ Ω ⊆ G✳ ❈♦♥s✐❞❡r❡♠♦s ❢✉♥❝✐♦♥❡s ❞❡ ❧❛ ❢♦r♠❛

f̃(z) =

∫

C

|f(w)|
|w − z| dm(w),

♣❛r❛ f ∈ Lq(G)✱ q > 2✳ P♦r ❡❧ ❧❡♠❛ ✶✳✸✳✶ s❡ t✐❡♥❡ q✉❡ |g|f̃ ❡s ✐♥t❡❣r❛❜❧❡ s♦❜r❡ G✱ ②
❡♥t♦♥❝❡s

C ||f ||Lq(G) ||g||L1(G) ≥
∫

G

|g(z)| f̃(z) dm(z)

=

∫

G

∫

G

|g(z)| |f(w)|
|w − z| dm(w) dm(z)

=

∫

G

g̃(w)|f(w)| dm(w),

❝♦♥

g̃(w) =

∫

G

|g(z)|
|w − z| dm(z) =

∫

C

|g(z)|
|w − z| dm(z).

❈♦♠♦ f ❡s ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ ❞❡ Lq(G)✱ s❡ s✐❣✉❡ q✉❡ g̃ ∈ Lp(G) ♣❛r❛ ❝✉❛❧q✉✐❡r 1 ≤ p < 2✳
❙❡ ❝♦♥❝❧✉②❡ q✉❡ Pg ❡stá ❞❡✜♥✐❞❛ ❡♥ ❝❛s✐ t♦❞♦ ♣✉♥t♦ ❞❡ G✱ ② q✉❡ Pg ∈ Lp

❧♦❝
(C)✳
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❖❜s❡r✈❡♠♦s ♣♦r ú❧t✐♠♦ q✉❡ s✐ g ∈ Lp(C) ✭p > 2✮ ② Pg ❡stá ❞❡✜♥✐❞❛ ❡♥ ✉♥ ♣✉♥t♦ z1✱
❡♥t♦♥❝❡s ❡stá ❞❡✜♥✐❞❛ ❡♥ t♦❞♦ ❡❧ ♣❧❛♥♦✳ ❊st♦ ❡s ❛sí ♣✉❡s

∫

C

∣∣∣∣
g(w)

w − z2

∣∣∣∣ dm(w) =

=

∫

C\B(z2,1)

∣∣∣∣
g(w)

w − z1

∣∣∣∣
∣∣∣∣
w − z1
w − z2

∣∣∣∣ dm(w) +

∫

B(z2,1)

∣∣∣∣
g(w)

w − z2

∣∣∣∣ dm(w)

≤C

∫

C

∣∣∣∣
g(w)

w − z1

∣∣∣∣ dm(w) + ||g||Lp(C)

∫

B(0,1)

|w|−p′ dm(w)

<∞.

▲❛ s✐❣✉✐❡♥t❡ ❡s ✉♥❛ ♣r♦♣✐❡❞❛❞ ✐♠♣♦rt❛♥t❡ ❞❡ P ✱ q✉❡ s❡rá ♥❡❝❡s❛r✐❛ ♠ás ❛❞❡❧❛♥t❡
♣❛r❛ ❞✐s❝✉t✐r s✉ ❝♦♠♣❛❝✐❞❛❞✳

❚❡♦r❡♠❛ ✸✳ ❙❡❛ Ω ✉♥ ❞♦♠✐♥✐♦ ❛❝♦t❛❞♦ ❞❡❧ ♣❧❛♥♦ ② s❡❛ p > 2✳ ❙✐ g ∈ Lp(Ω) ② z1, z2 ∈ C✱
❡♥t♦♥❝❡s

|Pg(z1)| ≤M1||g||Lp(Ω) ✭✶✳✶✺✮

|Pg(z1)− Pg(z2)| ≤M2||g||Lp(Ω)|z1 − z2|α ✭✶✳✶✻✮

❞♦♥❞❡ α = 1 − 2/p✳ ▲❛ ❝♦♥st❛♥t❡ M1 ❞❡♣❡♥❞❡ ❞❡ p ② ❞❡ Ω✱ ♠✐❡♥tr❛s q✉❡ M2 só❧♦
❞❡♣❡♥❞❡ ❞❡ p✳

❉❡♠♦str❛❝✐ó♥✳ P♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r

|Pg(z)| ≤ 1

π

(∫

Ω

|g(w)|p dm(w)

) 1
p
(∫

Ω

|w − z|−p′ dm(w)

) 1
p′

≤ 1

π

(
2π

αp′

) 1
p′

(2d)α||g||Lp(Ω),

❞♦♥❞❡ d ❡s ❡❧ ❞✐á♠❡tr♦ ❞❡ Ω✳ ❊st♦ ♣r✉❡❜❛ ✭✶✳✶✺✮✳
❆❤♦r❛✱

Pg(z1)− Pg(z2) = −z1 − z2
π

∫

Ω

g(w)

(w − z1)(w − z2)
dm(w)

s✐❡♠♣r❡ q✉❡ z1 6= z2✳ ❊♥t♦♥❝❡s

|Pg(z1)− Pg(z2)| ≤ ||g||Lp(Ω)
|z1 − z2|

π

(∫

Ω

(|w − z1| |w − z2|)−p′ dm(w)

) 1
p′
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❉❡❜❡♠♦s ❛❝♦t❛r
∫

Ω

(|w − z1| |w − z2|)−p′ dm(w) ≤
∫

|w−z1|>2|z1−z2|

(|w − z1| |w − z2|)−p′ dm(w)

︸ ︷︷ ︸
(i)

+

+

∫

|w−z1|≤2|z1−z2|

(|w − z1| |w − z2|)−p′ dm(w)

︸ ︷︷ ︸
(ii)

.

❙✐ |w − z1| > 2|z1 − z2|✱ s❡ t✐❡♥❡ q✉❡ |w − z1| ≤ 2 |w − z2|❀ ❧✉❡❣♦

(i) ≤ 2p
′

∫

|w−z1|>2|z1−z2|

(|w − z1| |w − z1|)−p′ dm(w)

≤ π21+p′
∫ ∞

|z1−z2|

ρ1−2p′ dm(w)

= π21+p′ |z1 − z2|2−2p′

2p′ − 2

=
π21+p′

2p′ − 2
|z1 − z2|−2 p′

p .

❆❞❡♠ás✱ s✐ ❤❛❣♦ ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡s u = (w − z1)/(z2 − z1)✱

(ii) =
1

|z1 − z2|2p′−2

∫

|u|≤2

dm(u)

|u|p′ |u− 1|p′

= Cp′ |z1 − z2|−2 p′

p .

❙❡ ❝♦♥❝❧✉②❡ q✉❡

|Pg(z1)− Pg(z2)| ≤M2 ||g||Lp(Ω) |z1 − z2|
(
|z1 − z2|−2 p′

p

) 1
p′

=M2 ||g||Lp(Ω) |z1 − z2|α,

❝♦♠♦ s❡ q✉❡rí❛ ❞❡♠♦str❛r✳

❙❡ ♣r♦❜ó q✉❡ ❧❛ ❝♦♥st❛♥t❡ ❡♥ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✶✳✶✻✮ ♥♦ ❞❡♣❡♥❞❡ ❞❡❧ ❞♦♠✐♥✐♦✳ ❙✐ ❧❛
tr❛♥s❢♦r♠❛❞❛ ❞❡ ❈❛✉❝❤② ❡stá ❞❡✜♥✐❞❛ ❡♥ t♦❞♦ ❡❧ ♣❧❛♥♦ ✭❜❛st❛ ✈❡r✐✜❝❛r❧♦ ❡♥ ✉♥ ♣✉♥t♦✮
♣❛r❛ ✉♥❛ ❢✉♥❝✐ó♥ g ∈ Lp(C)✱ p > 2✱ ❡♥t♦♥❝❡s

|Pg(z1)− Pg(z2)| = lim
R→∞

∣∣P (g χB(0,R))(z1)− P (g χB(0,R))(z2)
∣∣

≤ lim
R→∞

M2||g||Lp(B(0,R))|z1 − z2|α

=M2||g||Lp(C)|z1 − z2|α.
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❊s ❞❡❝✐r✱ ✭✶✳✶✻✮ ✈❛❧❡ t❛♠❜✐é♥ s✐ ❡❧ ❞♦♠✐♥✐♦ ♥♦ ❡s ❛❝♦t❛❞♦✳
▲❛ ❜✉❡♥❛ ❞❡✜♥✐❝✐ó♥ ❡♥ ❝❛s✐ t♦❞♦ ♣✉♥t♦ ② ❧❛ ❛❝♦t❛❝✐ó♥ ❡♥ Lp(C) ✭1 < p < ∞✮ ❞❡ S

s❡ ♦❜t✐❡♥❡♥ ✐♥♠❡❞✐❛t❛♠❡♥t❡ ❞❡ ❧❛ t❡♦rí❛ ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ✭✈❡r ♣♦r ❡❥❡♠♣❧♦✱ ❬✶✼✱
❈❛♣ít✉❧♦ ✷❪✮✳ ❙ó❧♦ ❡s ♥❡❝❡s❛r✐♦ ♣r♦❜❛r

Pr♦♣♦s✐❝✐ó♥ ✶✳✸✳✷✳ w−2 ❡s ✉♥ ♥ú❝❧❡♦ ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ❤♦♠♦❣é♥❡♦ ❞❡ ❣r❛❞♦ −2✳

❉❡♠♦str❛❝✐ó♥✳ ▲❛ ❛❝♦t❛❝✐ó♥ q✉❡ ❞❡❜❡ ✈❡r✐✜❝❛r w−2 ❡s tr✐✈✐❛❧✿

|w−2| ≤ 1

|w|2 .

❚❛♠❜✐é♥ ❧♦ ❡s ❧❛ ❞❡ s✉ ❣r❛❞✐❡♥t❡✿

|∇(w−2)| = |(−2w−3,−2 i w−3)| ≤ C

|w|3
❋✐♥❛❧♠❡♥t❡ ✈❛❧❡ ∫

a<|w|<b

w−2 dm(w) =

∫

a<|w|<b

w2

|w|4 dm(w) =

=

∫

a<|w|<b

i w
2

|i w|4 dm(w) =

= −
∫

a<|w|<b

w2

|w|4 dm(w) =

= −
∫

a<|w|<b

w−2 dm(w),

❧♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ❧❛ ✐♥t❡❣r❛❧ s♦❜r❡ ❝♦r♦♥❛s ❡s ❝❡r♦✳

✶✳✹ Pr♦♣✐❡❞❛❞❡s

❈♦♥s✐❞❡r❛r❡♠♦s ❛❤♦r❛ ❧❛ ✈❛❧✐❞❡③ ❞❡ ❧❛s ❞❡✜♥✐❝✐♦♥❡s ❢♦r♠❛❧❡s ❞❡ P ② S✱ q✉❡ s♦♥ ❧❛ r❛③ó♥
♣♦r ❧❛ q✉❡ ❡st♦s ♦♣❡r❛❞♦r❡s s♦♥ r❡❧❡✈❛♥t❡s ♣❛r❛ ❡st✉❞✐❛r ❧❛s ❞❡r✐✈❛❞❛s ❝♦♠♣❧❡❥❛s✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✹✳✶✳ ❙❡❛ Ω ✉♥ ❞♦♠✐♥✐♦ ❛❝♦t❛❞♦✳ ❙✐ g ∈ Lp(Ω) ♣❛r❛ ❛❧❣ú♥ p > 1
❡♥t♦♥❝❡s

∂x(Pg) = Sg + g,

∂y(Pg) = i(Sg − g).

❊s ❞❡❝✐r✱

∂Pg = Sg, ✭✶✳✶✼✮

∂Pg = g. ✭✶✳✶✽✮



✶✳✹✳ P❘❖P■❊❉❆❉❊❙ ✶✸

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ ϕ ∈ C∞
c (C)✱ s❡ ♦❜t✐❡♥❡ q✉❡

∫

C

(−π)Pg(z) ∂xϕ(z) dm(z) =

∫

C

∫

C

g(w)

w − z
dm(w) ∂xϕ(z) dm(z)

=

∫

C

∫

C

g(w)

w − z
∂xϕ(z) dm(w) dm(z)

=

∫

C

∫

C

g(w)

w − z
∂xϕ(z) dm(z) dm(w)

=

∫

C

lim
ǫ→0

∫

|w−z|>ǫ

∂xϕ(z)

w − z
dm(z) g(w) dm(w)

=

∫

C

lim
ǫ→0

[
−
∫

|w−z|>ǫ

ϕ(z)

(w − z)2
dm(z) +

∫

|w−z|=ǫ

ϕ(z)

w − z

w1 − z1
ǫ

dS(z)

]
g(w) dm(w)

=

∫

C

lim
ǫ→0

[
−
∫

|w−z|>ǫ

ϕ(z) g(w)

(w − z)2
dm(z)

]
dm(w)

︸ ︷︷ ︸
(i)

+

+

∫

C

lim
ǫ→0

∫

|w−z|=ǫ

ϕ(z)− ϕ(w)

w − z

w1 − z1
ǫ

dS(z)

︸ ︷︷ ︸
(ii)

g(w) dm(w)+

+

∫

C

lim
ǫ→0

∫

|w−z|=ǫ

ǫ−1 w1 − z1
w − z

dS(z)

︸ ︷︷ ︸
(iii)

ϕ(w)g(w) dm(w).

❊❧ ❧í♠✐t❡ ♣✉♥t✉❛❧ ❡♥ (i) ✈❛❧❡ t❛♠❜✐é♥ ❡♥ L1(C)✱ ♣✉❡s S ❡s ✉♥ ♦♣❡r❛❞♦r ❞❡ ❈❛❧❞❡ró♥✲
❩②❣♠✉♥❞ ✭❡❧ ✈❛❧♦r ♣r✐♥❝✐♣❛❧ ❝♦♥✈❡r❣❡ ❡♥ Lp′(C)✮ ② g ∈ Lp(C)✳ ▲✉❡❣♦

(i) = − lim
ǫ→0

∫

C

∫

|w−z|>ǫ

ϕ(z) g(w)

(w − z)2
dm(z) dm(w)

= − lim
ǫ→0

∫

C

∫

|w−z|>ǫ

ϕ(z) g(w)

(w − z)2
dm(w) dm(z)

= −
∫

C

lim
ǫ→0

∫

|w−z|>ǫ

g(w)

(w − z)2
dm(w)ϕ(z) dm(z) ✭✶✳✶✾✮

=

∫

C

π Sg(z)ϕ(z) dm(z).

❊❧ ❧í♠✐t❡ ❡♥ ✭✶✳✶✾✮ t❛♠❜✐é♥ ✈❛❧❡ ❡♥ L1(C)✱ ♣✉❡s ❡❧ ✈❛❧♦r ♣r✐♥❝✐♣❛❧ ❝♦♥✈❡r❣❡ ❡♥ Lp(C) ②
ϕ ❡s ❛❝♦t❛❞❛ ② ❞❡ s♦♣♦rt❡ ❝♦♠♣❛❝t♦✳

❊❧ tér♠✐♥♦ (ii) s❡ ❛♥✉❧❛ ♣✉❡s
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|(ii)| ≤ lim
ǫ→0

∫

|w−z|=ǫ

∣∣∣∣
ϕ(z)− ϕ(w)

w − z

∣∣∣∣
|w1 − z1|

ǫ
dS(z)

≤ C lim
ǫ→0

ǫ ||∇ϕ||L∞ ✭✶✳✷✵✮

= 0.

P♦r ú❧t✐♠♦✱ s✐ σ(t) = w + ǫ eit✱

(iii) = lim
ǫ→0

∫ 2π

0

ǫ cos(t) |σ′(t)|
ǫ2 (cos(t) + i s❡♥(t))

dt =

= lim
ǫ→0

∫ 2π

0

ǫ2 cos(t)

ǫ2 (cos(t) + i s❡♥(t))
dt = ✭✶✳✷✶✮

=

∫ 2π

0

cos2(t)− i cos(t) s❡♥(t)
cos2(t) + s❡♥2(t)

dt =

= π,

♣✉❡s
∫ 2π

0

cos2(t) dt = π,

∫ 2π

0

cos(t) s❡♥(t) dt = 0.

❙❡ ❝♦♥❝❧✉②❡ q✉❡
∫

C

Pg(z) ∂xϕ(z) dm(z) = − 1

π

∫

C

π [Sg(z) + g(z)] ϕ(z) dm(z)

= −
∫

C

[Sg(z) + g(z)]ϕ(z) dm(z),

❡s ❞❡❝✐r✱ q✉❡ ∂x(Pg) = Sg + g✳
❙✐ ♦❜s❡r✈❛♠♦s ❛❤♦r❛ q✉❡

P̃ (g)(z) : = Pg(iz)

= − 1

π

∫

C

g(w)

w − iz
dm(w)

= − 1

π

∫

C

(−i) g(w)

−iw − z
dm(w)

=
i

π

∫

C

g(iu)

u− z
dm(u)

= −iP g̃(z),
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❝♦♥ g̃(z) = g(iz)✱ ② q✉❡

S(g̃)(−iz) = − 1

π

∫

C

g̃(w)

(w + iz)2
dm(w)

=
1

π

∫

C

g̃(w)

(iw − z)2
dm(w)

=
1

π

∫

C

g̃(−iu)
(u− z)2

dm(w)

= −S(g)(z),

s❡ s✐❣✉❡

∂y(Pg)(z) = ∂x(P̃ g)(−iz)
= −i∂x(P g̃)(−iz)
= −i[Sg̃(−iz) + g̃(−iz)]
= i[S(g)(z)− g(z)],

❝♦♠♦ s❡ q✉❡rí❛ ❞❡♠♦str❛r✳

❖❜s❡r✈❡♠♦s q✉❡✱ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❡st❡ r❡s✉❧t❛❞♦✱ ∂Pg = 0 ❡♥ ❝❛s✐ t♦❞♦ ♣✉♥t♦ ❞❡ Ωc✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✹✳✷✳ ❙✐ g ∈ C1
c (C)✱ ❡♥t♦♥❝❡s

P (∂xg) = Sg + g,

P (∂yg) = i(Sg − g).

❊s ❞❡❝✐r✱

P (∂g) = Sg, ✭✶✳✷✷✮

P (∂g) = g. ✭✶✳✷✸✮

❉❡♠♦str❛❝✐ó♥✳ ■♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s ② ❡♠♣❧❡❛♥❞♦ (1.20) ② (1.21) s❡ ♦❜t✐❡♥❡

−πP (∂xg)(z) =
∫

C

∂xg(w)

w − z
dm(w)

= lim
ǫ→0

∫

|w−z|>ǫ

∂xg(w)

w − z
dm(w)

= lim
ǫ→0

[
−
∫

|w−z|>ǫ

− g(w)

(w − z)2
dm(w)−

∫

|w−z|=ǫ

g(w)

w − z

w1 − z1
ǫ

dS(w)

]

= −πSg(z)− πg(z).
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P♦r ♦tr❛ ♣❛rt❡✱

−πP (∂yg)(z) =
∫

C

∂yg(w)

w − z
dm(w)

= lim
ǫ→0

∫

|w−z|>ǫ

∂yg(w)

w − z
dm(w)

= lim
ǫ→0

[
−
∫

|w−z|>ǫ

−i g(w)

(w − z)2
dm(w)−

∫

|w−z|=ǫ

g(w)

w − z

w2 − z2
ǫ

dS(w)

]
.

❆❤♦r❛ ❡s❝r✐❜✐♠♦s
∫

|w−z|=ǫ

g(w)

w − z

w2 − z2
ǫ

dS(w) =

=

∫

|w−z|=ǫ

g(w)− g(z)

w − z

w2 − z2
ǫ

dS(w) +

∫

|w−z|=ǫ

g(z)

w − z

w2 − z2
ǫ

dS(w).

❈♦♠♦ ✈❛❧❡

lim
ǫ→0

∫

|w−z|=ǫ

∣∣∣∣
g(w)− g(z)

w − z

∣∣∣∣
|w2 − z2|

ǫ
dS(z) ≤ C lim

ǫ→0
ǫ ||∇g||L∞

= 0,

② ✭s✐ σ(t) = z + ǫ eit✮

∫

|w−z|=ǫ

1

w − z

w2 − z2
ǫ

dS(w) = lim
ǫ→0

∫ 2π

0

ǫ s❡♥(t) |σ′(t)|
ǫ2 (cos(t) + i s❡♥(t))

dt

= lim
ǫ→0

∫ 2π

0

ǫ2 s❡♥(t)
ǫ2 (cos(t) + i s❡♥(t))

dt

=

∫ 2π

0

s❡♥(t) cos(t)− i s❡♥2(t)

cos2(t) + s❡♥2(t)
dt

= −i π,

s❡ ❝♦♥❝❧✉②❡ q✉❡ −πP (∂yg)(z) = −iπSg(z) + iπg(z)✳

❍❛❝✐❡♥❞♦ ✉s♦ ❞❡ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✶✳✹✳✷ s❡ ♣✉❡❞❡ ❞❡♠♦str❛r q✉❡ ✭✶✳✶✽✮ ✈❛❧❡ ♣❛r❛ ❢✉♥✲
❝✐♦♥❡s ♠ás ❣❡♥❡r❛❧❡s✿

Pr♦♣♦s✐❝✐ó♥ ✶✳✹✳✸✳ ❙❡❛ Ω ✉♥ ❞♦♠✐♥✐♦ ❛❝♦t❛❞♦ ② s❡❛ g ∈ L1(Ω)✳ ❊♥t♦♥❝❡s

∂Pg = g

❡♥ ❡❧ s❡♥t✐❞♦ ❞❛❞♦ ♣♦r ✭✶✳✻✮✳
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❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ ϕ ∈ C∞
c (C)✱ s❛❜❡♠♦s ♣♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ❛♥t❡r✐♦r q✉❡

ϕ(z) = P (∂ϕ)(z)

= − 1

π

∫

C

∂ϕ(w)

w − z
dm(w).

♣❛r❛ ❝❛s✐ t♦❞♦ z✳ ▲✉❡❣♦
∫

C

Pg(z) ∂ϕ(z) dm(z) = − 1

π

∫

C

∫

C

g(w)

w − z
∂ϕ(z) dm(w) dm(z)

= − 1

π

∫

C

∫

C

g(w)

w − z
∂ϕ(z) dm(z) dm(w)

= − 1

π

∫

C

g(w)

∫

C

∂ϕ(z)

w − z
dm(z) dm(w)

= −
∫

C

g(w)P (∂ϕ)(w) dm(w)

= −
∫

C

g(w)ϕ(w) dm(w),

❡s ❞❡❝✐r✱ ∂Pg = g✳

▲❛ ♣r♦♣♦s✐❝✐ó♥ 1.4.2 t❛♠❜✐é♥ ✐♠♣❧✐❝❛✿

Pr♦♣♦s✐❝✐ó♥ ✶✳✹✳✹✳ ❙✐ g ∈ C1
c (C)✱ ❡♥t♦♥❝❡s

S(∂g) = ∂g. ✭✶✳✷✹✮

❉❡♠♦str❛❝✐ó♥✳ ❉❡r✐✈❛♥❞♦ ✭✶✳✷✸✮ r❡s♣❡❝t♦ ❛ z s❡ ♦❜t✐❡♥❡

∂P (∂g) = ∂g.

P❡r♦ ∂g ✈❡r✐✜❝❛ ❧❛s ❤✐♣ót❡s✐s ❞❡ ✭✶✳✹✳✶✮❀ ❡❧ r❡s✉❧t❛❞♦ s❡ s✐❣✉❡ ❡♥t♦♥❝❡s ❞❡ ✭✶✳✶✼✮✳

❊st❡ r❡s✉❧t❛❞♦ ♣✉❡❞❡ ❡①t❡♥❞❡rs❡ ♣♦r ❧❛ ❝♦♥t✐♥✉✐❞❛❞ ❞❡ S ❡♥ Lp(C)✿

Pr♦♣♦s✐❝✐ó♥ ✶✳✹✳✺✳ ❙❡❛ g ∈ W 1,p(C) ❝♦♥ 1 < p <∞✱ ❡♥t♦♥❝❡s

S(∂g) = ∂g.

❉❡♠♦str❛❝✐ó♥✳ ❈♦♥s✐❞❡r♦ ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ❢✉♥❝✐♦♥❡s gn ∈ C1
c (C) q✉❡ ❝♦♥✈❡r❥❛♥ ❛ g ❡♥

W 1,p(C)✳ ❚❡♥❡♠♦s ❡♥t♦♥❝❡s q✉❡

∂gn −→ ∂g,

∂gn −→ ∂g,
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❡♥ Lp(C)✳ ▲❛ ♣r♦♣♦s✐❝✐ó♥ ❛♥t❡r✐♦r ♥♦s ♣❡r♠✐t❡ ❛s❡❣✉r❛r

∂gn = S(∂gn) −→ S(∂g),

❞❡ ♠♦❞♦ q✉❡ S(∂g) = ∂g✳

❱♦❧✈✐❡♥❞♦ ❛ P ✱ ✈❡❛♠♦s ❛❤♦r❛ s✉ ♣r♦♣✐❡❞❛❞ ❜ás✐❝❛ ❞❡ ❛❝♦t❛❝✐ó♥✿

▲❡♠❛ ✶✳✹✳✻✳ ❙❡❛ Ω ✉♥ ❞♦♠✐♥✐♦ ❛❝♦t❛❞♦ ❞❡❧ ♣❧❛♥♦✱ s❡❛ 2 < p < ∞✳ ❙✐ g ∈ Lp(Ω)
❡♥t♦♥❝❡s Pg ∈ Lp(C) ② ❛❞❡♠ás

||Pg||Lp(C) ≤ C||g||Lp(Ω).

❊s ❞❡❝✐r✱ P : Lp(Ω) −→ Lp(C) ❡s ❛❝♦t❛❞❛✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ R > 0 t❛❧ q✉❡ Ω ⊆ B(0, R)✳ ❙❡ t✐❡♥❡ q✉❡

π||Pg||Lp(C) =

(∫

C

∣∣∣∣
∫

C

g(w)

w − z
dm(w)

∣∣∣∣
p

dm(z)

) 1
p

≤
(∫

|z|>2R

∣∣∣∣
∫

C

g(w)

w − z
dm(w)

∣∣∣∣
p

dm(z)

) 1
p

︸ ︷︷ ︸
(i)

+

(∫

|z|<2R

∣∣∣∣
∫

C

g(w)

w − z
dm(w)

∣∣∣∣
p

dm(z)

) 1
p

︸ ︷︷ ︸
(ii)

.

❙✐ ❡❧ |z| > 2R ❡♥t♦♥❝❡s |w− z| ≥ |z| − |w| ≥ |z| −R ≥ |z|/2 ♣❛r❛ t♦❞♦ w ∈ B(0, R)✳
❯s❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ▼✐♥❦♦✇s❦✐✱

(i) ≤
∫

C

(∫

|z|>2R

|g(w)|p
|w − z|p dm(z)

) 1
p

dm(w)

≤
∫

C

(∫

|z|>2R

2p|g(w)|p
|z|p dm(z)

) 1
p

dm(w)

= 2||g||L1(Ω)

(∫

|z|>2R

|z|−p

) 1
p

.

❊❧ ú❧t✐♠♦ ❢❛❝t♦r ❡s ✜♥✐t♦ ♣✉❡s p > 2❀ ❝♦♠♦ Ω ❡s ❛❝♦t❛❞♦ t❛♠❜✐é♥ ✈❛❧❡ q✉❡ ||g||L1(Ω) ≤
C1||g||Lp(Ω)✳ ❖❜t✉✈✐♠♦s ❡♥t♦♥❝❡s q✉❡ (i) ≤ C2||g||Lp(Ω)✳ ❋❛❧t❛ ❛❝♦t❛r (ii)✱ ♣❛r❛ ❧♦ q✉❡
✉s❛♠♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r✿

(ii) ≤
(∫

|z|<2R

(
||g||Lp(Ω)

(∫

Ω

|w − z|−p′ dm(w)

) 1
p′

)p

dm(z)

) 1
p

≤ ||g||Lp(Ω)

(∫

B(0,3R)

|w|−p′ dm(w)

) 1
p′
(∫

|z|<2R

dm(z)

) 1
p

≤ C3||g||Lp(Ω),

♣✉❡s p′ < 2✳
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❊♠♣❧❡❛♥❞♦ ❛❤♦r❛ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✶✳✹✳✶ ♣♦❞❡♠♦s r❡✜♥❛r ❡st❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✹✳ ❙❡❛ Ω ✉♥ ❞♦♠✐♥✐♦ ❛❝♦t❛❞♦ ❞❡❧ ♣❧❛♥♦✱ s❡❛ 2 < p < ∞✳ ❙✐ g ∈ Lp(Ω)
❡♥t♦♥❝❡s Pg ∈ W 1,p(C) ② ❛❞❡♠ás

||Pg||W 1,p(C) ≤ C||g||Lp(Ω).

❊s ❞❡❝✐r✱ P : Lp(Ω) −→ W 1,p(C) ❡s ❛❝♦t❛❞❛✳

❉❡♠♦str❛❝✐ó♥✳ ❊s ✐♥♠❡❞✐❛t❛ ♣✉❡s

||∂(Pg)||Lp(C) = ||Sg||Lp(C) ≤ C1||g||Lp(C),

||∂(Pg)||Lp(C) = ||g||Lp(Ω).

❉❡ ❛❤♦r❛ ❡♥ ♠ás ♥♦t❛♠♦s

W 1,p(C,Ω) = {g ∈ W 1,p(C) : ∂g|C\Ω ≡ 0}.

➱st❡ ❡s ✉♥ s✉❜❡s♣❛❝✐♦ ❝❡rr❛❞♦ ❞❡ W 1,p(C)✳ P♦❞❡♠♦s ✉s❛r ❧❛ ❝♦♥t✐♥✉✐❞❛❞ r❡❝✐é♥ ❞❡✲
♠♦str❛❞❛ ♣❛r❛ ♠❡❥♦r❛r ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❡♥ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r✳

❈♦r♦❧❛r✐♦ ✶✳✹✳✼✳ ❙✐ g ∈ W 1,p(C,Ω) ✭❝♦♥ 2 < p < ∞✮ ♣❛r❛ ❛❧❣ú♥ ❞♦♠✐♥✐♦ Ω ❛❝♦t❛❞♦✱
❡♥t♦♥❝❡s

P (∂g) = g.

❉❡ ❤❡❝❤♦✱ ❧❛ ❤✐♣ót❡s✐s ∂g ∈ Lp(C) r❡s✉❧t❛rá ✐♥♥❡❝❡s❛r✐❛✳

❉❡♠♦str❛❝✐ó♥✳ ❈♦♥s✐❞❡r♦ ✉♥❛ s✉❝❡s✐ó♥ (gn)n∈N ❞❡ ❢✉♥❝✐♦♥❡s ❡♥ C1
c (C) q✉❡ ❝♦♥✈❡r❥❛♥ ❛

g ❡♥ Lp(C)✳ ❙❡ ♣✉❡❞❡♥ t♦♠❛r ❞❡ ❧❛ ❢♦r♠❛

gn = (g χB(0,n)) ∗ ρ1/n

❝♦♥ sop(ρ) = B(0, 1) ②
∫
ρ = 1✳ P❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❡♥❡♠♦s ❡♥t♦♥❝❡s q✉❡

∂gn = ∂g ∗ ρ1/n✱ q✉❡ s❡ ❛♥✉❧❛ ❡♥ ❧♦s ♣✉♥t♦s ❞❡ (Ω+B(0, 1))c✳ ▲✉❡❣♦ ∂gn ❝♦♥✈❡r❣❡ ❛ ∂g
❡♥ Lp(Ω + B(0, 1))❀ ❡❧ t❡♦r❡♠❛ ✹ ♥♦s ✐♥❞✐❝❛ q✉❡

gn = P (∂gn) −→ P (∂g) ❡♥ Lp(C).

❙❡ ❝♦♥❝❧✉②❡ q✉❡ P (∂g) = g✳

❚❡♦r❡♠❛ ✺✳ ❙✐ Ω ❡s ✉♥ ❞♦♠✐♥✐♦ ❛❝♦t❛❞♦ ❞❡❧ ♣❧❛♥♦ ② 2 < p < ∞✱ ❡♥t♦♥❝❡s
P : Lp(Ω) −→ Lp(C) ❡s ❝♦♠♣❛❝t♦✳
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❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ (gn)n∈N ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ❢✉♥❝✐♦♥❡s ❡♥ Lp(Ω) q✉❡ ❝♦♥✈❡r❣❡♥ ❞é❜✐❧✲
♠❡♥t❡ ❛ g ∈ Lp(Ω)✱ q✉❡r❡♠♦s ✈❡r q✉❡ ❡①✐st❡ ✉♥❛ s✉❜s✉❝❡s✐ó♥ (gnk

)k∈N t❛❧ q✉❡ Pgnk

❝♦♥✈❡r❣❡ ❢✉❡rt❡♠❡♥t❡ ❛ Pg✳ P♦r ❧❛ r❡✢❡①✐✈✐❞❛❞ ❞❡ Lp(Ω)✱ ❡st♦ ❜❛st❛rá ♣❛r❛ ♣r♦❜❛r ❧❛
❝♦♠♣❛❝✐❞❛❞✳

❈♦♠♦ ❧❛s ||gn||Lp(Ω) ❞❡❜❡♥ ❡st❛r ❛❝♦t❛❞❛s✱ s❡ ❞❡❞✉❝❡ ❞❡❧ t❡♦r❡♠❛ ✸ q✉❡ ❧❛s ❢✉♥❝✐♦♥❡s
Pgn s♦♥ ✉♥✐❢♦r♠❡♠❡♥t❡ ❛❝♦t❛❞❛s ② ✉♥✐❢♦r♠❡♠❡♥t❡ ❡q✉✐❝♦♥t✐♥✉❛s✳ P♦r ❡❧ t❡♦r❡♠❛ ❞❡
❆r③❡❧à✲❆s❝♦❧✐✱ s❡ s✐❣✉❡ q✉❡ (Pgn)n∈N ❞❡❜❡ t❡♥❡r✱ s♦❜r❡ ❝❛❞❛ ❝♦♠♣❛❝t♦ K✱ ✉♥❛ s✉❜s✉❝❡✲
s✐ó♥ Pgnk

q✉❡ ❝♦♥✈❡r❥❛ ✉♥✐❢♦r♠❡♠❡♥t❡✳ ❈♦♠♦

||Pgnk
− h||Lp(K) ≤ ||Pgnk

− h||L∞(K)m(K)1/p,

s❡ s✐❣✉❡ q✉❡ ❞✐❝❤❛ s✉❜s✉❝❡s✐ó♥ ❝♦♥✈❡r❣❡ ❡♥ Lp(K)✳
❉❡❧ ♠✐s♠♦ ♠♦❞♦ q✉❡ ❡♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❧❡♠❛ ✶✳✹✳✻✱ s❡ ♣✉❡❞❡ ✈❡r q✉❡ ♣❛r❛

❝✉❛❧q✉✐❡r R > 0 ❝♦♥ Ω ⊆ B(0, R/2) ✈❛❧❡ q✉❡

∫

B(0,R)c
|Pgn(z)|pdm(z) ≤

[
2||gn||L1(Ω)

(∫

|z|>2R

|z|−p

) 1
p

]p
≤

≤ 2pm(Ω)p/p
′ R2−p

p− 2
||gn||pLp(Ω),

q✉❡ ❝♦♥✈❡r❣❡ ❛ 0 ❝✉❛♥❞♦ R → ∞ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♥ n✱ ♣✉❡s ❧❛s ♥♦r♠❛s ❡♥ Lp ❞❡ ❧❛s
❢✉♥❝✐♦♥❡s gn ❡stá♥ ❛❝♦t❛❞❛s✳

❋✐❥♦ ǫ > 0✱ ❡❧✐❥♦ ❛❤♦r❛ ✉♥ R t❛❧ q✉❡

(∫

B(0,R)c
|Pgn(z)|pdm(z)

)1/p

< ǫ/4,

♣❛r❛ ❝✉❛❧q✉✐❡r n✱ ② ❝♦♥s✐❞❡r♦ ❧❛ s✉❜s✉❝❡s✐ó♥ ❝♦♥✈❡r❣❡♥t❡ (Pgnk
)k∈N ♦❜t❡♥✐❞❛ ♣❛r❛ ❡❧

❝♦♠♣❛❝t♦ B[0, R]✳ P✉❡❞♦ ✉s❛r q✉❡ ❡s ❞❡ ❈❛✉❝❤② ❡♥ Lp(B[0, R]) ♣❛r❛ ❡❧❡❣✐r k0 ∈ N ❝♦♥

||Pgnk
− Pgnl

||Lp(B[0,R]) < ǫ/2

♣❛r❛ t♦❞♦s k, l ≥ k0✳ ❙❡ s✐❣✉❡ q✉❡

||Pgnk
− Pgnl

||Lp(C) ≤ ||Pgnk
||Lp(B(0,R)c) + ||Pgnl

||Lp(B(0,R)c) + ||Pgnk
− Pgnl

||Lp(B[0,R]) <

< ǫ,

②✱ ❝♦♠♦ ǫ ❡r❛ ❝✉❛❧q✉✐❡r❛✱ (Pgnk
)k∈N ❡s ❞❡ ❈❛✉❝❤② ❡♥ Lp(C)✳ ❙❡ ❝♦♥❝❧✉②❡ q✉❡ ❝♦♥✈❡r❣❡

❡♥ Lp(C)✱ ② s✉ ❧í♠✐t❡ ❞❡❜❡ s❡r Pg ♣✉❡s Pgn → Pg ❡♥ s❡♥t✐❞♦ ❞é❜✐❧✱ ② ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛
❢✉❡rt❡ t❛♠❜✐é♥ ✐♠♣❧✐❝❛ ❝♦♥✈❡r❣❡♥❝✐❛ ❞é❜✐❧✳

P❛s❡♠♦s ❛❤♦r❛ ❛ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❇❡✉r❧✐♥❣✿
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Pr♦♣♦s✐❝✐ó♥ ✶✳✹✳✽✳ S : L2(C) −→ L2(C) ❡s ✉♥❛ ✐s♦♠❡trí❛✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ g ∈ C∞
c (C)✱ ❡♥t♦♥❝❡s g = ∂Pg✱ ② Pg ∈ W 1,p(C) ♣❛r❛ 2 < p < ∞✳

P♦r ✭✶✳✾✮ s❛❜❡♠♦s q✉❡

||Sg||L2(C) = ||S(∂Pg)||L2(C)

= ||∂Pg||L2(C)

= ||∂Pg||L2(C)

= ||g||L2(C).

P❛r❛ ❥✉st✐✜❝❛r ❡❧ ✉s♦ ❞❡ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✶✳✶✳✷ ❢❛❧t❛ ✈❡r q✉❡ ∂Pg ② ∂Pg ❡stá♥ ❡♥
L2(C)✳ ❈♦♠♦ S ❡s ❛❝♦t❛❞❛ ❡♥ L2(C)✱ ❡♥t♦♥❝❡s ∂Pg = Sg ∈ L2(C)✳ ❆❞❡♠ás ∂Pg =
g ∈ C∞

c (C) ⊆ L2(C)✳

❊st❛ ♣r♦♣♦s✐❝✐ó♥ ♥♦s ❞✐❝❡✱ ❡♥ ♣❛rt✐❝✉❧❛r✱ q✉❡ ❧❛ ♥♦r♠❛ ❞❡❧ ♦♣❡r❛❞♦r S ❡♥ L2(C) ❡s
||S||L2→L2 = 1✳ P♦r ❡❧ t❡♦r❡♠❛ ❞❡ ❝♦♥✈❡①✐❞❛❞ ❞❡ ❘✐❡s③✲❚❤♦r✐♥ ✭❬✷✱ ✺✳❉❪✮ ❧❛ ❢✉♥❝✐ó♥
1/p 7→ log ||S||Lp→Lp ❞❡❜❡ s❡r ❝♦♥✈❡①❛✱ ❧✉❡❣♦ ❡s ❝♦♥t✐♥✉❛ ②

lim
p→2

||S||Lp→Lp = ||S||L2→L2 = 1. ✭✶✳✷✺✮

▲❛ ♥♦r♠❛ ❡♥ Lp ❡s ❞❡s❝♦♥♦❝✐❞❛✱ ② ❡s ♦❜❥❡t♦ ❞❡ ✉♥❛ ❝♦♥❥❡t✉r❛ ❢❛♠♦s❛ q✉❡ s❡ ❞❡❜❡ ❛ ❚✳
■✇❛♥✐❡❝ ✭❬✶✸❪✮✿

❈♦♥❥❡t✉r❛ ✶✳✹✳✾✳ ||S||Lp→Lp = min
{
p− 1, 1

p−1

}
✳

❈❡rr❛r❡♠♦s ❡st❛ s❡❝❝✐ó♥ ♣r♦❜❛♥❞♦ q✉❡ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❇❡✉r❧✐♥❣ ❡s ✉♥ ♦♣❡r❛❞♦r
♠✉❧t✐♣❧✐❝❛❞♦r ❞❡ ❋♦✉r✐❡r ❝♦♥ sí♠❜♦❧♦ ξ/ξ✱ ❧♦ q✉❡ t❛♠❜✐é♥ ✐♠♣❧✐❝❛ q✉❡ ❡s ✉♥❛ ✐s♦♠❡trí❛✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✹✳✶✵✳ ❙❡❛ g ∈ C1
c (C)✱ ❡♥t♦♥❝❡s

Ŝg(ξ) =
ξ

ξ
ĝ(ξ).

❉❡♠♦str❛❝✐ó♥✳ ❊s s❡♠❡❥❛♥t❡ ❛ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ❛♥t❡r✐♦r✱ só❧♦ q✉❡ ❛❤♦r❛ ❤❛❣♦ ✉s♦ ❞❡
✭✶✳✶✷✮✿

Ŝg(k) = ̂S(∂Pg)(k) = ∂̂Pg(k) =
k

k
∂̂Pg(k) =

k

k
ĝ(k).
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✶✳✺ ❱❛r✐❛♥t❡s ❞❡ ❧♦s ♦♣❡r❛❞♦r❡s ❞❡ ❇❡❧tr❛♠✐

❆❞❡♠ás ❞❡ ❧♦s ②❛ ❞❡✜♥✐❞♦s✱ ♥❡❝❡s✐t❛r❡♠♦s ❡st✉❞✐❛r ❧♦s s✐❣✉✐❡♥t❡s ❞♦s ♦♣❡r❛❞♦r❡s✿

Pg(z) = − 1

π

∫

C

g(w)

w − z
dm(w), ✭✶✳✷✻✮

Sg(z) = S(g)(z). ✭✶✳✷✼✮

❙♦❜r❡ S ❤❛② q✉❡ ♦❜s❡r✈❛r q✉❡ só❧♦ ❡s R✲❧✐♥❡❛❧✳ ◆♦s ✐♥t❡r❡s❛rá ❢✉♥❞❛♠❡♥t❛❧♠❡♥t❡ ❡❧
♣r✐♠❡r♦✳ ❙✉s ♣r♦♣✐❡❞❛❞❡s s♦♥ ❛♥á❧♦❣❛s ❛ ❧❛s ❞❡ ❧♦s ♦tr♦s ❞♦s✱ ② s❡ ♣✉❡❞❡♥ ❞❡❞✉❝✐r ❞❡
ést❛s ❞❡ ♠❛♥❡r❛ ✐♥♠❡❞✐❛t❛ ✉s❛♥❞♦ q✉❡

Pg(z) = P (g)(z). ✭✶✳✷✽✮

❊❧ ❡st✉❞✐♦ ❞❡ ❧❛ ❜✉❡♥❛ ❞❡✜♥✐❝✐ó♥ ❡s ❡♥t♦♥❝❡s ✐❣✉❛❧ ❛❧ ❞❡ P ✱ ② s❡ t✐❡♥❡♥ ❧♦s s✐❣✉✐❡♥t❡s
r❡s✉❧t❛❞♦s✿

Pr♦♣♦s✐❝✐ó♥ ✶✳✺✳✶✳ ❙❡❛ Ω ✉♥ ❞♦♠✐♥✐♦ ❛❝♦t❛❞♦ ❞❡❧ ♣❧❛♥♦✱ s❡❛ 2 < p <∞✳ ❙✐ g ∈ Lp(Ω)
❡♥t♦♥❝❡s Pg ∈ W 1,p(C) ② ❛❞❡♠ás

||Pg||W 1,p(C) ≤ C||g||Lp(Ω).

❊s ❞❡❝✐r✱ P : Lp(Ω) −→ W 1,p(C) ❡s ❛❝♦t❛❞❛✳

❉❡♠♦str❛❝✐ó♥✳ ❆♣❧✐❝❛♥❞♦ ❡❧ t❡♦r❡♠❛ ✹✱

||P (g)||W 1,p(C) = ||P (g)||W 1,p(C)

≤ C||g||Lp(C).

Pr♦♣♦s✐❝✐ó♥ ✶✳✺✳✷✳ ❙❡❛ Ω ✉♥ ❞♦♠✐♥✐♦ ❛❝♦t❛❞♦ ② s❡❛ g ∈ L1(Ω)✳ ❊♥t♦♥❝❡s

∂Pg = g

❡♥ ❡❧ s❡♥t✐❞♦ ❞❛❞♦ ♣♦r ✭✶✳✻✮✳

❉❡♠♦str❛❝✐ó♥✳ ❆♣❧✐❝❛♥❞♦ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✶✳✹✳✸ ② ✭✶✳✹✮✱

∂Pg = ∂P (g)

= ∂P (g)

= g.
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Pr♦♣♦s✐❝✐ó♥ ✶✳✺✳✸✳ ❙✐ g ∈ W 1,p(C) ✭❝♦♥ 2 < p <∞✮ ② ∂g t✐❡♥❡ s♦♣♦rt❡ ❡♥ ✉♥ ❞♦♠✐♥✐♦
Ω ❛❝♦t❛❞♦✱ ❡♥t♦♥❝❡s

P (∂g) = g.

❉❡♠♦str❛❝✐ó♥✳ ❯s❛♠♦s ❡❧ ❝♦r♦❧❛r✐♦ ✶✳✹✳✼ ② ♥✉❡✈❛♠❡♥t❡ ✭✶✳✸✮✿

P (∂g) = P (∂g)

= P (∂ g)

= g.

Pr♦♣♦s✐❝✐ó♥ ✶✳✺✳✹✳ ❙❡❛ Ω ✉♥ ❞♦♠✐♥✐♦ ❛❝♦t❛❞♦✳ ❙✐ g ∈ Lp(Ω) ♣❛r❛ ❛❧❣ú♥ p > 1
❡♥t♦♥❝❡s

∂ Pg = S(g).

❉❡♠♦str❛❝✐ó♥✳ ❆♣❧✐❝❛♠♦s ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✶✳✹✳✶✿

∂ Pg = ∂ P (g)

= ∂P (g)

= S(g)

= S(g).

Pr♦♣♦s✐❝✐ó♥ ✶✳✺✳✺✳ ❙✐ Ω ❡s ✉♥ ❞♦♠✐♥✐♦ ❛❝♦t❛❞♦ ❞❡❧ ♣❧❛♥♦ ② p > 2✱ ❡♥t♦♥❝❡s P :
Lp(Ω) −→ Lp(C) ❡s ❝♦♠♣❛❝t♦✳

❉❡♠♦str❛❝✐ó♥✳ ❙✉♣♦♥❣❛♠♦s q✉❡ (gn)n∈N ❡s ✉♥❛ s✉❝❡s✐ó♥ ❡♥ Lp(Ω) q✉❡ ❝♦♥✈❡r❣❡ ❞é❜✐❧✲
♠❡♥t❡ ❛ g ∈ Lp(Ω)✱ ❡♥t♦♥❝❡s gn ❞❡❜❡ ❝♦♥✈❡r❣❡r ❞é❜✐❧♠❡♥t❡ ❛ g✳ P♦r ❡❧ t❡♦r❡♠❛ ✺✱
(Pgn)n∈N t✐❡♥❡ ✉♥❛ s✉❜s✉❝❡s✐ó♥ (Pgnk

)k∈N q✉❡ ❝♦♥✈❡r❣❡ ❛ Pg✳ ❆♣❧✐q✉❡♠♦s ✭✶✳✷✽✮ ♣❛r❛
✈❡r q✉❡ Pgnk

−→ Pg✿

||Pgnk
− Pg||Lp(C) = ||Pgnk

− Pg||Lp(C)

= ||Pgnk
− Pg||Lp(C),

q✉❡ t✐❡♥❞❡ ❛ ❝❡r♦ ♣♦r ❧♦ ❞✐❝❤♦ ❛♥t❡r✐♦r♠❡♥t❡✳
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✶✳✻ ❈♦♥❝❧✉s✐♦♥❡s

Pr♦❜❛r❡♠♦s ❛♥t❡ t♦❞♦ ❡❧ t❡♦r❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦♠❡t✐❞♦ ❡♥ ❧❛ s❡❝❝✐ó♥ ✶✳✶✳

❚❡♦r❡♠❛ ✻✳ ❙❡❛ g ∈ L1
❧♦❝
(Ω) t❛❧ q✉❡ ∂g = 0✳ ❊♥t♦♥❝❡s g ❡s ❤♦❧♦♠♦r❢❛ ❡♥ Ω✳

❉❡♠♦str❛❝✐ó♥✳ ❇❛st❛ ♣r♦❜❛r q✉❡ g ❡s ❤♦❧♦♠♦r❢❛ ❡♥ ✉♥ ❞✐s❝♦ ❛❧r❡❞❡❞♦r ❞❡ ❝✉❛❧q✉✐❡r
♣✉♥t♦ z0 ∈ Ω❀ ♣♦❞❡♠♦s s✉♣♦♥❡r z0 = 0 s✐♥ ♣ér❞✐❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞✳ ❈♦♥s✐❞❡r❛♠♦s
❡♥t♦♥❝❡s ✉♥ ❞✐s❝♦ B(0, R) ⊆ Ω t❛❧ q✉❡ g ∈ L1(B(0, R))✱ ② ❡st✉❞✐❛♠♦s ❧❛ ❢✉♥❝✐ó♥ ❞❡
●r❡❡♥ ❜✐❛r♠ó♥✐❝❛

Z(z, ζ) = 2|z − ζ|2 log |R2 − zζ|
R|z − ζ| − (R2 − |z|2)

(
1− |ζ|2

R2

)
,

❞❡✜♥✐❞❛ ♣❛r❛ z, ζ ∈ B[0, R]✳ ❊st❛ ❢✉♥❝✐ó♥ ♣❡rt❡♥❡❝❡ ❛ C1(Ω) ② ❛❞❡♠ás ✈❡r✐✜❝❛✱ ♣❛r❛
❝✉❛❧q✉✐❡r z ❡♥ ❡❧ ❜♦r❞❡ ❞❡❧ ❞✐s❝♦✱

Z(z, ζ) = Zx(z, ζ) = Zy(z, ζ) = 0,

s✐❡♠♣r❡ q✉❡ |ζ| < R✳
❙❡ s✐❣✉❡ ❡♥t♦♥❝❡s q✉❡ ❧❛ ❢✉♥❝✐ó♥ ❞❛❞❛ ♣♦r

ϕζ(z) =

{
Z(z, ζ) s✐ |z| ≤ R
0 s✐ |z| > R

♣❡rt❡♥❡❝❡ ❛ C1
c (Ω)✳ ❈♦♠♦ ∂g = 0 ❡♥ Ω✱

∫

Ω

g ∂zϕζ dm =

∫

B(0,R)

g(z) ∂zZ(z, ζ) dm(z)

= 0,

♣❛r❛ ✉♥ ♣✉♥t♦ ζ ❛r❜✐tr❛r✐♦ ❡♥ B(0, R)✳ ❆♣❧✐❝❛♠♦s ❛❤♦r❛ ∂ζ∂ζ ② ♦❜t❡♥❡♠♦s✿

0 = ∂ζ∂ζ

∫

B(0,R)

g(z) ∂zZ(z, ζ) dm(z)

=

∫

B(0,R)

g(z)
∂3Z(z, ζ)

∂ζ∂ζ∂z
dm(z), ✭✶✳✷✾✮

❞♦♥❞❡ ❡❧ ❝❛♠❜✐♦ ❞❡❧ ♦r❞❡♥ ❞❡ ❧❛ ❞❡r✐✈❛❞❛ ② ❧❛ ✐♥t❡❣r❛❧ s❡ ❥✉st✐✜❝❛ ❢á❝✐❧♠❡♥t❡ ♣❛r❛ ❧❛s
❞❡r✐✈❛❞❛s ❞é❜✐❧❡s✳ ❆❞❡♠ás s❡ ♦❜t✐❡♥❡ q✉❡

∂3Z(z, ζ)

∂ζ∂ζ∂z
=

1

ζ − z
+
R2z − 2R2ζ + zζ2

(R2 − zζ)2
+

zζ

R2 − zζ
.
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❙❡ s✐❣✉❡ ❡♥t♦♥❝❡s ❞❡ ✭✶✳✷✾✮ q✉❡

P (g χB(0,R))(ζ) = − 1

π

∫

B(0,R)

g(z)

z − ζ
dm(z)

= Φ1(ζ) + Φ2(ζ),

❞♦♥❞❡

Φ1(ζ) = − 1

π

∫

B(0,R)

g(z)
R2z − 2R2ζ + zζ2

(R2 − zζ)2
dm(z),

Φ2(ζ) = − 1

π

∫

B(0,R)

g(z)
zζ

R2 − zζ
dm(z).

❈♦♠♦ Φ1 ② Φ2 s♦♥ ❤♦❧♦♠♦r❢❛s✱ s❡ ❝♦♥❝❧✉②❡ ♣♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✶✳✺✳✷ q✉❡ ❡♥ ❝❛s✐ t♦❞♦
♣✉♥t♦ ❞❡ B(0, R)✱

g = ∂P (g χB(0,R)) = Φ′
1,

q✉❡ t❛♠❜✐é♥ ❧♦ ❡s✳

❖❜s❡r✈❡♠♦s q✉❡ ❡♥ ❡st❛ ❞❡♠♦str❛❝✐ó♥ só❧♦ s❡ ✉só q✉❡ ∂g = 0 ❝✉♠♣❧❡ ✭✶✳✻✮✱ ❡s ❞❡❝✐r✱
❧❛ ❞❡✜♥✐❝✐ó♥ ❞✐r❡❝t❛ ❞❡ ∂✳ ▲❛ ❡①✐st❡♥❝✐❛ ❞❡ ∂g ♥♦ ❡s ♥❡❝❡s❛r✐❛ ❝♦♠♦ ❤✐♣ót❡s✐s✱ ② s✉r❣❡
❞❡ ❧❛ ❞❡♠♦str❛❝✐ó♥✳

●r❛❝✐❛s ❛ ❡st❡ t❡♦r❡♠❛ s❡ ♣♦❞rá✱ ❞❡ ❛❤♦r❛ ❡♥ ♠ás✱ ❤❛❝❡r ✉s♦ ❞❡ ❧❛ t❡♦rí❛ ❞❡ ❢✉♥❝✐♦♥❡s
❤♦❧♦♠♦r❢❛s✳ P♦r ❡❥❡♠♣❧♦✱ ❧❛ s✐❣✉✐❡♥t❡ ♣r♦♣♦s✐❝✐ó♥ s❡rá ❞❡ ♠✉❝❤❛ ✉t✐❧✐❞❛❞ ❡♥ ❡st❛ t❡s✐s✿

Pr♦♣♦s✐❝✐ó♥ ✶✳✻✳✶✳ ❙❡❛ Ω ✉♥ ❞♦♠✐♥✐♦ ❛❝♦t❛❞♦ ❞❡❧ ♣❧❛♥♦✱ ② s❡❛ g ∈ Lp(Ω) ✭p > 2✮✳
❊♥t♦♥❝❡s

Pg(z) = O

(
1

z

)

❝✉❛♥❞♦ |z| → ∞✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ R > 0 t❛❧ q✉❡ Ω ⊆ B(0, R)✳ ❈♦♠♦ ∂Pg = g = 0 ❛❢✉❡r❛ ❞❡ B(0, R)✱
❡♥t♦♥❝❡s Pg ❡s ❤♦❧♦♠♦r❢❛ ❡♥ ❡s❛ r❡❣✐ó♥✳ ❙❡ s✐❣✉❡ q✉❡ ♣❛r❛ ⑤③⑤❃❘ ♣✉❡❞♦ ❡s❝r✐❜✐r ❧❛
❢✉♥❝✐ó♥ ❝♦♠♦ ✉♥❛ s❡r✐❡ ❞❡ ▲❛✉r❡♥t✱ ❡s ❞❡❝✐r

Pg(z) =
∞∑

n=−∞

anz
n.
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❙✉s ❝♦❡✜❝✐❡♥t❡s ✈❡r✐✜❝❛rá♥

R ≥ lim sup
n→∞

|a−n|1/n,

❧♦ q✉❡ ♣❡r♠✐t❡ ❛s❡❣✉r❛r q✉❡ |a−n| < (R + C)n ♣❛r❛ t♦❞♦ n ≤ 1✳ P❛r❛ |z| > 2(R + C)
✈❛❧❡

∣∣∣∣∣
−2∑

n=−∞

anz
n

∣∣∣∣∣ ≤
∞∑

n=2

(
R + C

|z|

)n

≤ 1

1− (R + C)/|z| − 1− R + C

|z|

=
1

(|z|/(R + C))2 − |z|/(R + C)

=

(
R + C

|z|

)(
1

|z|/(R + C)− 1

)

≤ (R + C)
1

|z| .

❈❧❛r❛♠❡♥t❡
∣∣∣∣∣

−1∑

n=−∞

anz
n

∣∣∣∣∣ ≤ C ′ 1

|z| .

P♦r ♦tr❛ ♣❛rt❡✱ ❧❛ s✉♠❛
∞∑

n=0

anz
n

❞❡✜♥❡ ✉♥❛ ❢✉♥❝✐ó♥ ❡♥t❡r❛✳ Pg ❡s ❛❝♦t❛❞❛ ♣♦r ✭✶✳✶✺✮✱ ❧✉❡❣♦

∣∣∣∣∣

∣∣∣∣∣
∞∑

n=0

anz
n

∣∣∣∣∣

∣∣∣∣∣
L∞(B(0,R)c)

≤
∣∣∣∣∣

∣∣∣∣∣
∞∑

n=−∞

anz
n

∣∣∣∣∣

∣∣∣∣∣
L∞(B(0,R)c)

+

∣∣∣∣∣

∣∣∣∣∣
−1∑

n=−∞

anz
n

∣∣∣∣∣

∣∣∣∣∣
L∞(B(0,R)c)

≤M1||g||Lp(C) +
C ′

R
,

② s❡ s✐❣✉❡ q✉❡
∑∞

n=0 anz
n ❡s ❛❝♦t❛❞❛✳ P♦r ❡❧ t❡♦r❡♠❛ ❞❡ ▲✐♦✉✈✐❧❧❡✱ ❡st❛ s✉♠❛ ❡s ❝♦♥st❛♥t❡

✭an = 0 ∀n ≥ 1✮✳ ❉❡❜❡ s❡r 0 ♣✉❡s s✐ ♥♦

|Pg(z)| ≥ |a0| − C ′/|z|

♣❛r❛ |z| s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ❧♦ q✉❡ ❡s ✐♠♣♦s✐❜❧❡ ♣✉❡s Pg ∈ Lp(C)✳
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❘❡❝♦r❞❡♠♦s q✉❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞✐r❡❝t❛ ❞❡ ❧❛s ❞❡r✐✈❛❞❛s ❝♦♠♣❧❡❥❛s ✭❞❛❞❛ ♣♦r ❧❛ ♣r♦♣♦s✐✲
❝✐ó♥ ✶✳✶✳✶✮ ♥♦ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ❧❛ ♦r✐❣✐♥❛❧ s✐ s❡ ❞❡s❡❛ ❝♦♥s✐❞❡r❛r ✉♥❛ ❞❡ ❧❛s ❞❡r✐✈❛❞❛s
♣♦r s❡♣❛r❛❞♦✳ P♦❞rí❛ ♦❝✉rr✐r✱ ❡♥ ❣❡♥❡r❛❧✱ q✉❡ ❧❛ ♦tr❛ ❞❡r✐✈❛❞❛ ♥♦ ❡①✐st✐❡r❛✱ ② ❡♥ ❡s❡
❝❛s♦ ❧❛ ❞❡✜♥✐❝✐♦♥ ✭✶✳✶✲✶✳✷✮ ♥♦ t❡♥❞rí❛ s❡♥t✐❞♦✳ P❡r♦ ✈❡r❡♠♦s ❛❤♦r❛✱ ✉s❛♥❞♦ ❧❛ t❡♦rí❛
❞❡s❛rr♦❧❧❛❞❛ ❡♥ ❡st❡ ❝❛♣ít✉❧♦✱ q✉❡ ❡st♦ ♥♦ ♣✉❡❞❡ ♦❝✉rr✐r s✐ ❧❛ ❞❡r✐✈❛❞❛ ❡stá ❡♥ Lp(Ω)
♣❛r❛ ❛❧❣ú♥ 1 < p <∞✳

❚❡♦r❡♠❛ ✼✳ ❙❡❛ Ω ✉♥ ❞♦♠✐♥✐♦ ❛❝♦t❛❞♦ ② s❡❛ f ∈ L1
loc(Ω)✳ ❙✐ ∂f ❡①✐st❡ ❡♥ ❡❧ s❡♥t✐❞♦

❞❡ ✭✶✳✻✮✱ ② ∂f ∈ Lp(Ω) ❝♦♥ 1 < p < ∞✱ ❡♥t♦♥❝❡s ∂f ❡①✐st❡ ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ ✭✶✳✺✮ ②
♣❡rt❡♥❡❝❡ ❛ Lp

loc(Ω)✳
❉❡❧ ♠✐s♠♦ ♠♦❞♦✱ s✐ ∂f ❡①✐st❡ ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ ✭✶✳✺✮✱ ② ∂f ∈ Lp(Ω) ❝♦♥ 1 < p <∞✱

❡♥t♦♥❝❡s ∂f ❡①✐st❡ ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ ✭✶✳✻✮ ② ♣❡rt❡♥❡❝❡ ❛ Lp
loc(Ω)✳

❉❡♠♦str❛❝✐ó♥✳ Pr♦❜❡♠♦s ❧♦ ♣r✐♠❡r♦✳ ❈♦♠♦ ∂f ∈ Lp(Ω)✱ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✶✳✹✳✶ ♥♦s ❞✐❝❡
q✉❡ P (∂f) t✐❡♥❡ ❞❡r✐✈❛❞❛s ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ ✭✶✳✶✲✶✳✷✮ q✉❡ ❝✉♠♣❧❡♥

∂P (∂f) = ∂f,

∂P (∂f) = S(∂f).

▲✉❡❣♦ ✈❛❧❡✱ ❡♥ ❡❧ s❡♥t✐❞♦ ❞❛❞♦ ♣♦r ✭✶✳✻✮✱ q✉❡

∂(f − P (∂f)) = 0

❡♥ Ω✱ ❡s ❞❡❝✐r q✉❡

f = Φ+ P (∂f),

❝♦♥ Φ ❤♦❧♦♠♦r❢❛✳ ❙❡ ❝♦♥❝❧✉②❡ q✉❡ ∂f ❡①✐st❡✱ ② ❡s

∂f = Φ′ + S(∂f),

q✉❡ ♣❡rt❡♥❡❝❡ ❛ Lp
loc(Ω) ♣♦rq✉❡ Φ′ ❡s ❝♦♥t✐♥✉❛✳

P❛r❛ ♣r♦❜❛r ❧❛ s❡❣✉♥❞❛ ♣❛rt❡✱ ✉s❛♥❞♦ ✭✶✳✸✮✱ ∂f = ∂ f ✳ ❙❡ s✐❣✉❡ q✉❡ ∂ f ❡stá ❡♥

Lp(Ω)✱ ♣♦r ❧♦ q✉❡ ∂f ❡①✐st❡ ② ❡stá ❡♥ Lp
loc(Ω)✳ ❈♦♠♦ ∂f = ∂f ✱ s❡ ♦❜t✐❡♥❡ q✉❡ t❛♠❜✐é♥

❡①✐st❡ ② ∂f ∈ Lp
loc(Ω)✳
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❈❛♣ít✉❧♦ ✷

❆♣❧✐❝❛❝✐♦♥❡s ❝✉❛s✐❝♦♥❢♦r♠❡s

✷✳✶ ❉❡✜♥✐❝✐ó♥ ② ♣r♦♣✐❡❞❛❞❡s

◆♦t❛r❡♠♦s ♣♦r ∂α ❛ ❧❛ ❞❡r✐✈❛❞❛ ❝♦♠♣❧❡❥❛ ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥ ❞❡ α✱ ❡s ❞❡❝✐r

∂αf(z) = lim
r→0

f(z + reiα − f(z))

reiα
= ∂f(z) + e−2iα∂f(z).

❉❡✜♥✐❝✐ó♥ ✷✳✶✳✶✳ ❯♥❛ ❛♣❧✐❝❛❝✐ó♥ K✲❝✉❛s✐❝♦♥❢♦r♠❡ ❡s ✉♥ ❤♦♠❡♦♠♦r✜s♠♦ f ❞❡✜♥✐❞♦
❡♥ ✉♥ ❞♦♠✐♥✐♦ Ω ⊆ C q✉❡ ♣r❡s❡r✈❛ ❡❧ s❡♥t✐❞♦✱ ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉♦ s♦❜r❡ ❧í♥❡❛s
② ✈❡r✐✜❝❛

max
0≤α<2π

|∂αf | ≤ K min
0≤α<2π

|∂αf | ✭✷✳✶✮

❡♥ ❝❛s✐ t♦❞♦ ♣✉♥t♦✳ ❙❡ ❞✐❝❡ q✉❡ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❡s ❝✉❛s✐❝♦♥❢♦r♠❡ s✐ ❡s K✲❝✉❛s✐❝♦♥❢♦r♠❡
♣❛r❛ ❛❧❣ú♥ K✳

❊♥ tér♠✐♥♦s ❞❡ ∂f ② ∂f ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✷✳✶✮ s❡ ♣✉❡❞❡ ❡s❝r✐❜✐r ❝♦♠♦

|∂f |+ |∂f | ≤ K(|∂f | − |∂f |),

❡s ❞❡❝✐r

|∂f | ≤ K − 1

K + 1
|∂f |.

❖❜s❡r✈❡♠♦s ❛❤♦r❛ q✉❡ ❡❧ ❏❛❝♦❜✐❛♥♦ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♠♣❧❡❥❛ s❡rá

Jf (z) = |∂f(z)|2 − |∂f(z)|2,

♣♦r ❧♦ q✉❡ ♣❛r❛ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❝✉❛s✐❝♦♥❢♦r♠❡

4K

(K + 1)2
|∂f(z)|2 ≤ Jf (z) ≤ |∂f(z)|2.

✷✾
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❉❡❧ ♠✐s♠♦ ♠♦❞♦

||Df(z)||2 = |∂f(z)|2 + |∂f(z)|2

✈❡r✐✜❝❛

|∂f |2 ≤ ||Df(z)||2 ≤ 2K2 + 2

(K + 1)2
|∂f |2.

❙❡ t✐❡♥❡ ❡♥t♦♥❝❡s q✉❡ |∂f(z)|2✱ Jf (z) ② ||Df(z)||2 s♦♥ ❝♦♠♣❛r❛❜❧❡s ❝♦♥ ❝♦♥st❛♥t❡s q✉❡
só❧♦ ❞❡♣❡♥❞❡♥ ❞❡ K✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✶✳✶✳ ❊❧ ❏❛❝♦❜✐❛♥♦ ❞❡ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❝✉❛s✐❝♦♥❢♦r♠❡ ❡s ♣♦s✐t✐✈♦ ❡♥ ❝❛s✐
t♦❞♦ ♣✉♥t♦✳

❉❡♠♦str❛❝✐ó♥✳ ❱❡r ❬✶✹✱ ■❱✳✶✳✺❪✳

❊s ✐♥♠❡❞✐❛t♦ ❛ ♣❛rt✐r ❞❡ ❡st♦ q✉❡ ∂f 6= 0 ❡♥ ❝❛s✐ t♦❞♦ ♣✉♥t♦✱ ❛sí q✉❡ ♣♦❞❡♠♦s
❞❡✜♥✐r ❧❛ ❞✐❧❛t❛❝✐ó♥ ❝♦♠♣❧❡❥❛

χf (z) =
∂f(z)

∂f(z)
.

❱❡r✐✜❝❛ ♦❜✈✐❛♠❡♥t❡

|χf | ≤
K − 1

K + 1
< 1 ✭✷✳✷✮

②

∂f = χf ∂f. ✭✷✳✸✮

➱st❛ ❡s ❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ❇❡❧tr❛♠✐✳ ❚♦❞❛s ❧❛s s♦❧✉❝✐♦♥❡s ❤♦♠❡♦♠♦r❢❛s ② ❛❜s♦✲
❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛s s♦❜r❡ ❧í♥❡❛s ❞❡ ✭✷✳✸✮ s♦♥✱ ❛ s✉ ✈❡③✱ ❛♣❧✐❝❛❝✐♦♥❡s K✲❝✉❛s✐❝♦♥❢♦r♠❡s✱
s✐❡♠♣r❡ q✉❡ s❡ ❝✉♠♣❧❛ ✭✷✳✷✮✳

❚❡♦r❡♠❛ ✽✳ ❙✐ Ω ⊆ C ❡s ✉♥ ❞♦♠✐♥✐♦ ❛r❜✐tr❛r✐♦ ② χ ❡s ✉♥❛ ❢✉♥❝✐ó♥ ♠❡❞✐❜❧❡ ❡♥ Ω t❛❧
q✉❡

sup
z∈Ω

|χ(z)| < 1,

❡♥t♦♥❝❡s ❡①✐st❡ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❝✉❛s✐❝♦♥❢♦r♠❡ f ❞❡✜♥✐❞❛ ❡♥ Ω ❝✉②❛ ❞✐❧❛t❛❝✐ó♥ ❝♦♠♣❧❡❥❛
❡s ✐❣✉❛❧ ❡♥ ❝❛s✐ t♦❞♦ ♣✉♥t♦ ❛ χ✳

❉❡♠♦str❛❝✐ó♥✳ ❱❡r ❬✶✹✱ ❱✳✶✳✸❪✳

❈❧❛r♦ q✉❡ ♥♦ t♦❞❛s ❧❛s s♦❧✉❝✐♦♥❡s ❞❡ ✭✷✳✸✮ s♦♥ ❝✉❛s✐❝♦♥❢♦r♠❡s✿
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❉❡✜♥✐❝✐ó♥ ✷✳✶✳✷✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ f ❞❡✜♥✐❞❛ ❡♥ ✉♥❛ ❞♦♠✐♥✐♦ Ω ⊆ C ❡s
K✲❝✉❛s✐r❡❣✉❧❛r s✐ f ∈ H1

❧♦❝
(Ω) ②

∂f = χ∂f

♣❛r❛ ❛❧❣✉♥❛ ❢✉♥❝✐ó♥ ♠❡❞✐❜❧❡ χ ❝♦♥ |χ(z)| ≤ (K − 1)/(K + 1) ❡♥ ❝❛s✐ t♦❞♦ ♣✉♥t♦✳ ❙❡
❞✐❝❡ q✉❡ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❡s ❝✉❛s✐r❡❣✉❧❛r s✐ ❡s K✲❝✉❛s✐r❡❣✉❧❛r ♣❛r❛ ❛❧❣ú♥ K✳

❚❡♦r❡♠❛ ✾✳ ❙✐ f ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ K✲❝✉❛s✐r❡❣✉❧❛r ❞❡ ✉♥ ❞♦♠✐♥✐♦ Ω ⊆ C ② g : Ω −→ Ω′

❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ K✲❝✉❛s✐❝♦♥❢♦r♠❡✱ ❡♥t♦♥❝❡s f ♣✉❡❞❡ ❡s❝r✐❜✐rs❡ ❝♦♠♦

f = h ◦ g,

❞♦♥❞❡ h ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❤♦❧♦♠♦r❢❛ ❡♥ Ω′✳

❉❡♠♦str❛❝✐ó♥✳ ❱❡r ❬✶✹✱ ❚❡♦r❡♠❛ ❱■✳✷✳✷❪ ② ❬✶✹✱ ■❱✳✺✳✷❪✳

❊♥ ♣❛rt✐❝✉❧❛r✱ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ❝✉❛s✐r❡❣✉❧❛r❡s s♦♥ s♦❧✉❝✐♦♥❡s ❝♦♥t✐♥✉❛s ❞❡ ✭✷✳✸✮✳

❚❡♦r❡♠❛ ✶✵✳ ❙✐ f ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ K✲❝✉❛s✐❝♦♥❢♦r♠❡ ❞❡✜♥✐❞❛ ❡♥ t♦❞♦ ❡❧ ♣❧❛♥♦ ❝♦♠✲
♣❧❡❥♦✱ ❡♥t♦♥❝❡s ❡①✐st❡ ✉♥ ❤♦♠❡♦♠♦r✜s♠♦ ❝r❡❝✐❡♥t❡ γK : [0,∞) −→ [0,∞) t❛❧ q✉❡

|f(y)− f(x)|
|f(z)− f(x)| ≤ γK

( |y − x|
|z − x|

)

♣❛r❛ t♦❞♦ x, y, z ∈ C ❞✐st✐♥t♦s✳ ▲❛ ❢✉♥❝✐ó♥ γK só❧♦ ❞❡♣❡♥❞❡ ❞❡ K✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡ ♣✉❡❞❡ ✈❡r ❡♥ ❬✻✱ ❚❡♦r❡♠❛ ✸✳✺✳✸❪✳

✷✳✷ ❉✐st♦rs✐ó♥ ❞❡❧ ár❡❛

❚❡♦r❡♠❛ ✶✶✳ ❙❡❛ f ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ K✲❝✉❛s✐❝♦♥❢♦r♠❡ ❝♦♥ fB(0, 1) = B(0, 1) ② f(0) =
0✳ ❊♥t♦♥❝❡s ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ CK t❛❧ q✉❡

|f(E)| ≤ CK |E|1/K

♣❛r❛ t♦❞♦ E ⊆ B(0, 1) ♠❡❞✐❜❧❡✳

▲❛ ❞❡♠♦str❛❝✐ó♥ ♦r✐❣✐♥❛❧ s❡ ♣✉❡❞❡ ❡♥❝♦♥tr❛r ❡♥ ❬✺❪❀ ✉♥❛ ♠ás s❡♥❝✐❧❧❛ s❡ s✐❣✉❡ ❞❡ ❬✶✷❪✳
❙❡rá út✐❧ t❡♥❡r ✉♥❛ ❡①♣r❡s✐ó♥ ✐♥✈❛r✐❛♥t❡ ❞❡ ❡st❡ t❡♦r❡♠❛✿

❈♦r♦❧❛r✐♦ ✷✳✷✳✶✳ ❊①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ CK t❛❧ q✉❡ ♣❛r❛ ❝✉❛❧q✉✐❡r ❛♣❧✐❝❛❝✐ó♥K✲❝✉❛s✐❝♦♥❢♦r♠❡
f ❞❡ C✱ ❝✉❛❧q✉✐❡r ❞✐s❝♦ B ⊆ C ② ❝✉❛❧q✉✐❡r ♠❡❞✐❜❧❡ E ⊆ B ✈❛❧❡

|f(E)| ≤ CK |f(B)|
( |E|
|B|

)1/K

.
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❉❡♠♦str❛❝✐ó♥✳ ❙✐ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❡s K✲❝✉❛s✐❝♦♥❢♦r♠❡✱ t❛♠❜✐é♥ ❧♦ ❡s s✉ ❝♦♠♣♦s✐❝✐ó♥ ❝♦♥
❞✐❧❛t❛❝✐♦♥❡s ② tr❛s❧❛❝✐♦♥❡s✳ ❇❛st❛ ❡♥t♦♥❝❡s ♣r♦❜❛r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ♣❛r❛ B = B(0, 1/2)✱
② ♣❛r❛ f(0) = 0✳

❆❤♦r❛✱ f ❡s ❝✉❛s✐✲s✐♠étr✐❝❛ ✭t❡♦r❡♠❛ ✶✵✮✱ ❡s ❞❡❝✐r✱

|f(y)− f(x)|
|f(z)− f(x)| ≤ γK

( |y − x|
|z − x|

)

♣❛r❛ t♦❞♦ x, y, z ∈ C ❞✐st✐♥t♦s✱ ❞♦♥❞❡ γK ❡s ✉♥ ❤♦♠❡♦♠♦r✜s♠♦ ❝r❡❝✐❡♥t❡ ❞❡ [0,∞) ❡♥
sí ♠✐s♠♦ ✭q✉❡ só❧♦ ❞❡♣❡♥❞❡ ❞❡ K✮✳ ◆❡❝❡s✐t❛r❡♠♦s ❞♦s ♣r♦♣✐❡❞❛❞❡s q✉❡ s❡ ❞❡❞✉❝❡♥ ❞❡
❡st♦✳

Pr✐♠❡r♦✱ ❝♦♠♦ fB(0, 1) ❡s ❛❜✐❡rt❛ ✭f ❡s ✉♥ ❤♦♠❡♦♠♦r✜s♠♦✮✱ ♣✉❡❞♦ ❝♦♥s✐❞❡r❛r ❡❧
s✉♣r❡♠♦ R ❡♥tr❡ t♦❞♦s ❧♦s ρ t❛❧❡s q✉❡ B(0, ρ) ⊆ fB(0, 1)❀ s❡ ❝✉♠♣❧❡ q✉❡ B(0, R) ⊆
fB(0, 1)✱ ② ❛❞❡♠ás s✉s ❢r♦♥t❡r❛s ❞❡❜❡♥ ✐♥t❡rs❡❝❛rs❡✳ ▲❛ ❝✉❛s✐✲s✐♠❡trí❛ ✐♥❞✐❝❛ ❡♥t♦♥❝❡s
q✉❡

|f(y)| ≤ γK

( |y|
|z|

)
|f(z)|,

s✐ f(y), f(z) ❡stá♥ ❡♥ ❧♦s ❜♦r❞❡s ❞❡ fB(0, 1) ② B(0, R)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ✭❡s ❧♦ ♠✐s♠♦ ❡❧❡✲
❣✐r y, z ❡♥ ❧♦s ❜♦r❞❡s ❞❡ B(0, 1) ② f−1B(0, R)✮✳ P✉❡❞♦ ❡❧❡❣✐r |f(y)| ≥ 1

2
❞✐❛♠ (fB(0, 1))

② f(z) ∈ ∂(fB(0, 1))✱ ❧♦ q✉❡ ♥♦s ❞❛

❞✐❛♠ (fB(0, 1)) ≤ 2 γK (1)R.

❈♦♠♦ B(0, R) ⊆ fB(0, 1)✱ s❡ s✐❣✉❡ q✉❡

(❞✐❛♠ fB(0, 1))2 ≤ C̃1(K)|fB(0, 1)|.

◆✉❡✈❛♠❡♥t❡ ❝♦♠♣♦♥❣♦ ❝♦♥ ❞✐❧❛t❛❝✐♦♥❡s ♣❛r❛ ✈❡r q✉❡

(❞✐❛♠ fB(0, 1/2))2 ≤ C̃1(K)|fB(0, 1/2)|,

②✱ ❝♦♠♦ ♣♦r ♦tr♦ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r ❞❡ ❝✉❛s✐✲s✐♠❡trí❛ ✈❛❧❡

❞✐❛♠ fB(0, 1/2) ≥ 1

γK(2)
❞✐❛♠ fB(0, 1),

s❡ ❝♦♥❝❧✉②❡ q✉❡

(❞✐❛♠ fB(0, 1))2 ≤ C1(K)|fB(0, 1/2)|. ✭✷✳✹✮

❆❤♦r❛✱ ❞❛❞♦ ǫ > 0✱ ❝♦♥s✐❞❡r♦ ❞♦s ♣✉♥t♦s y, z ∈ C ❝♦♥ |y| = 1/2 ② |z| < 1 t❛❧❡s q✉❡

|f(y)− f(z)| ≤ ❞✐st
(
fB(0, 1/2),C \ fB(0, 1)

)
+ ǫ = ❞✐st (fB(0, 1/2),C \ fB(0, 1)) + ǫ.
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P♦r ❧❛ ❝✉❛s✐✲s✐♠❡trí❛✱

|f(0)− f(z)|
|f(y)− f(z)| ≤ γK

( |0− z|
|y − z|

)
≤ γK (2) . ✭✷✳✺✮

P✉❞❡ ❛ s✉ ✈❡③ ❡❧❡❣✐r z ❞❡ ♠♦❞♦ t❛❧ q✉❡ ❡①✐st❛ z′ ❝♦♥ |z′| ≤ |z| t❛❧ q✉❡ |f(z′)− f(0)| ≥
1
2
❞✐❛♠(fB(0, 1))− ǫ✱ ❝♦♥ ❧♦ ❝✉❛❧

|f(z′)− f(0)|
|f(z)− f(0)| ≤ γK

( |z′ − 0|
|z − 0|

)
≤ γK (1) .

❊s ❞❡❝✐r✱

❞✐❛♠(fB(0, 1))− 2ǫ ≤ 2γK(1)|f(z)− f(0)|.

❙✐ ❥✉♥t♦ ❡st♦ ❝♦♥ ✭✷✳✺✮ ♦❜t❡♥❣♦

❞✐❛♠(fB(0, 1)) ≤ 2γK(1)γK(2)|f(y)− f(z)|+ 2ǫ ≤
≤ C2(K) [❞✐st (fB(0, 1/2),C \ fB(0, 1)) + ǫ] + 2ǫ

❈♦♠♦ ǫ ❡s ❝✉❛❧q✉✐❡r❛✱

❞✐❛♠(fB(0, 1)) ≤ C2(K) ❞✐st (fB(0, 1/2),C \ fB(0, 1)) . ✭✷✳✻✮

❯s❛r❡♠♦s ✭✷✳✹✮ ② ✭✷✳✻✮ ♣❛r❛ ♣r♦❜❛r ❡❧ ❝♦r♦❧❛r✐♦✳ ❈♦♥s✐❞❡r❛♠♦s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❝♦♥✲
❢♦r♠❡ Φ : f(B(0, 1)) → B(0, 1) q✉❡ ✈❡r✐✜q✉❡ Φ(0) = 0✳ ❆♣❧✐❝❛♥❞♦ ✭✷✳✻✮ ❛ Φ ◦ f ✱ s❡
♦❜t✐❡♥❡ q✉❡

❞✐st (ΦfB(0, 1/2),C \B(0, 1)) ≥ 2

C2(K)
,

❧✉❡❣♦ ΦfB(0, 1/2) ⊆ B(0, rK) ♣❛r❛ rK = 1 − 2
C2(K)

< 1✳ ❙✐ ❛❤♦r❛ z0 ∈ B(0, rK)✱
❝♦♥s✐❞❡r♦ ❧❛ ❢✉♥❝✐ó♥ λ : B(0, 1) → fB(z0, 1− rK) ❞❛❞❛ ♣♦r

λ(x) = Φ−1(z0 + (1− rK)x),

② ❛♣❧✐❝♦ ❡❧ t❡♦r❡♠❛ ❞❡❧ ❝✉❛rt♦ ❞❡ ❑♦❡❜❡ ✭✈❡r ♣♦r ❡❥❡♠♣❧♦ ❬✸✱ ❈♦r♦❧❛r✐♦ ✺✳✸❪✮ ♣❛r❛ ♦❜t❡♥❡r

❞✐❛♠(fB(0, 1)) ≥ ❞✐❛♠(fB(z0, 1− rK))

≥ ❞✐❛♠(λB(0, 1))

≥ |λ′(0)|
2

=
1− rK

2

1

|Φ′(Φ−1(z0))|
.
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❊s ❞❡❝✐r✱ q✉❡ ♣❛r❛ ❝✉❛❧q✉✐❡r z ∈ B(0, 1/2) ✈❛❧❡

|Φ′(z)| ≥ 1− rK
2

1

❞✐❛♠fB(0, 1)

=
C3(K)

❞✐❛♠fB(0, 1)
. ✭✷✳✼✮

❏✉♥t♦ ❛❤♦r❛ ❡st♦ ❝♦♥ ✭✷✳✹✮ ② ❡❧ t❡♦r❡♠❛ ✶✶ ♣❛r❛ ❝♦♥❝❧✉✐r q✉❡✱ s✐ E ⊆ B✱

|f(E)|
|f(B)| ≤ C1(K)

|f(E)|
(❞✐❛♠fB(0, 1))2

≤ C4(K)

∫

f(E)

|Φ′(z)|2 dm(z)

= C4(K)

∫

f(E)

JΦ(z) dm(z)

= C4(K) |Φ ◦ f(E)|
≤ C(K) |E|1/K ,

❝♦♠♦ s❡ q✉❡rí❛ ❞❡♠♦str❛r✳

✷✳✸ ❊❧ ❏❛❝♦❜✐❛♥♦ ❝♦♠♦ ♣❡s♦ Ap

❯s❛r❡♠♦s ❛❤♦r❛ ❧❛ t❡♦rí❛ ♦❜t❡♥✐❞❛ ❡♥ ❧❛s s❡❝❝✐♦♥❡s ❛♥t❡r✐♦r❡s ♣❛r❛ ♣r♦❜❛r ❡❧ t❡♦r❡♠❛ ✶✷✱
q✉❡ ❡①♣r❡s❛ ❡❧ ❏❛❝♦❜✐❛♥♦ ❞❡ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❝✉❛s✐❝♦♥❢♦r♠❡ ❝♦♠♦ ✉♥ ♣❡s♦ Ap✳ ▲❛ ✉t✐❧✐❞❛❞
❞❡ ❡st❡ r❡s✉❧t❛❞♦ r❛❞✐❝❛ ❡♥ ✉♥ t❡♦r❡♠❛ ❞❡ ❈♦✐❢♠❛♥ ② ❋❡✛❡r♠❛♥ ✭❬✶✵❪✮✱ q✉❡ ❛s❡❣✉r❛ q✉❡
❧♦s ♦♣❡r❛❞♦r❡s ❞❡ ❈❛❧❞❡ró♥✲❩②❣♠✉♥❞ ✭❝♦♠♦ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❇❡✉r❧✐♥❣✮ s♦♥ ❛❝♦t❛❞♦s
❡♥ ❧♦s ❡s♣❛❝✐♦s Lp

w ♣❛r❛ w ❝✉❛❧q✉✐❡r ♣❡s♦ Ap✳ ❯s❛r❡♠♦s ❡st♦ ❡♥ ❡❧ ♣ró①✐♠♦ ❝❛♣ít✉❧♦
❝✉❛♥❞♦ s❡ q✉✐❡r❛ ❤❛❧❧❛r ❡❧ r❛♥❣♦ ❞❡ ✐♥✈❡rt✐❜✐❧✐❞❛❞ ❞❡ ❧♦s ♦♣❡r❛❞♦r❡s ❞❡ ❇❡❧tr❛♠✐✳

❈♦r♦❧❛r✐♦ ✷✳✸✳✶✳ ❊①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C(K) t❛❧ q✉❡ s✐ B ⊆ C ❡s ✉♥ ❞✐s❝♦ ② f ❡s ✉♥❛
❛♣❧✐❝❛❝✐ó♥ K✲❝✉❛s✐❝♦♥❢♦r♠❡ ❞❡ C ❡♥t♦♥❝❡s

1

|B|

∫

B

(|∂f |+ |∂f |)p dm ≤ pC(K)

(1 + 1/κ)− p

( |f(B)|
|B|

) p
2

♣❛r❛ t♦❞♦ p ∈ [1, 1 + 1/κ)✱ ❞♦♥❞❡ κ = K−1
K+1

✳ ▲❛ ❡st✐♠❛❝✐ó♥ t❛♠❜✐é♥ ✈❛❧❡ s✐ B ❡s ✉♥
❝✉❛s✐✲❞✐s❝♦✱ ❡s ❞❡❝✐r✱ ❧❛ ✐♠❛❣❡♥ ❞❡ ✉♥ ❞✐s❝♦ ♣♦r ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ K✲❝✉❛s✐❝♦♥❢♦r♠❡ ❞❡❧
♣❧❛♥♦✳
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❉❡♠♦str❛❝✐ó♥✳ Pr✐♠❡r♦ ❝♦♥s✐❞❡r❛♠♦s ❡❧ ❝❛s♦ ❡♥ q✉❡ B ❡s ✉♥ ❞✐s❝♦✳ ❈♦♠♣♦♥✐❡♥❞♦ ❛ f
❝♦♥ ❞✐❧❛t❛❝✐♦♥❡s✱ ♣♦❞❡♠♦s s✉♣♦♥❡r q✉❡ |B| = |f(B)| = 1✳ ❆♣❧✐❝❛♠♦s ❛❤♦r❛ ❡❧ ❝♦r♦❧❛r✐♦
✷✳✷✳✶ ❛ ❧♦s ❝♦♥❥✉♥t♦s Et = {z ∈ B : |∂f(z)|2 + |∂f(z)|2 ≥ t} ❝♦♥ t > 0✱ ♣❛r❛ ♦❜t❡♥❡r

|Et| ≤ t−1

∫

Et

(|∂f |2 + |∂f |2) dm

≤ C ′(K) t−1

∫

Et

(|∂f |2 − |∂f |2) dm

= C ′(K) t−1|f(Et)|
≤ C ′′(K)|Et|1/K ,

❞♦♥❞❡ s❡ ✉só q✉❡ J(f) ② ||Df ||2 s♦♥ ❝♦♠♣❛r❛❜❧❡s✱ ❝♦♥ ❝♦t❛s q✉❡ só❧♦ ❞❡♣❡♥❞❡♥ ❞❡ K✳
❉❡s♣❡❥❛♥❞♦ |Et| s❡ s✐❣✉❡ q✉❡

|Et|1−1/K ≤ t−1C ′′(K),

|Et| ≤ C ′′(K)tK/(1−K),

❧♦ q✉❡ ✈❛❧❡ tr✐✈✐❛❧♠❡♥t❡ s✐ |Et| = 0✳ ❉❡ ❛❤í q✉❡
∫

B

(|∂f |+ |∂f |)p dm ≤ 2p/2
∫

B

(|∂f |2 + |∂f |2)p/2 dm

= 2p/2
∫ ∞

0

p

2
tp/2−1|Et| dt

≤ 2p/2C ′′(K)
p

2

∫ ∞

1

tp/2−1 tK/(1−K) dt + 2p/2
p

2

∫ 1

0

tp/2−1 dt

=
2p/2C ′′(K)p

(1 + 1/κ)− p
+

2p/2

(1 + 1/κ)− p

≤ pC(K)

(1 + 1/κ)− p
,

♣✉❡s

K

K − 1
− p

2
=

1

2

(
1 +

1

κ
− p

)
.

❊s♦ ❝♦♠♣❧❡t❛ ❧❛ ❞❡♠♦str❛❝✐ó♥ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡❧ ❞✐s❝♦✳ ❙✐ ❛❤♦r❛ B ❡s ✉♥ ❝✉❛s✐❞✐s❝♦✱ ❡❧
r❡s✉❧t❛❞♦ ❡s ✐♥♠❡❞✐❛t♦ ♣✉❡s ♣♦r ❝✉❛s✐✲s✐♠❡trí❛ ❡①✐st❡ ✉♥ ❞✐s❝♦ B1 ⊇ B t❛❧ q✉❡ |B1| ≤
C2(K)|B| ② |f(B1)| ≤ C3(K)|f(B)|✳ ✭❙✐ ♥♦ ✉s♦ ❡st♦ ❞❡s♣✉és ❧♦ ❜♦rr♦✮

❚❡♦r❡♠❛ ✶✷✳ ❙❡❛ f : C −→ C ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ K−❝✉❛s✐❝♦♥❢♦r♠❡✱ ② s❡❛ p ∈ [2, 1+1/κ)
❝♦♥ κ = (K − 1)/(K + 1)✳ ❙✐ ❡s❝r✐❜✐♠♦s

w = |Jf |1−p/2,

s❡ t✐❡♥❡ q✉❡ w ∈ A2✱ ❝♦♥ |w|A2 ≤ pC(K)/(1 + 1/κ− p)✳
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❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ B ✉♥❛ ❜♦❧❛ ② s❡❛ g = f−1✳ ❙❡ t✐❡♥❡ ❡♥t♦♥❝❡s q✉❡

|Jf | = | detDf | = | det(Dg ◦ g−1)−1| = |Jg ◦ g−1|−1,

❧✉❡❣♦ w = |Jg ◦ g−1|p/2−1✳ ❯s❛♥❞♦ ❡❧ ❝♦r♦❧❛r✐♦ ✷✳✸✳✶ ♣❛r❛ ❡❧ ❝✉❛s✐✲❞✐s❝♦ f(B)✱ ② q✉❡
|Jg| = |∂g|2 − |∂g|2 ≤ (|∂g|+ |∂g|)2 s❡ ♣r✉❡❜❛ q✉❡

1

|B|

∫

B

w dm =
1

|B|

∫

B

|Jg ◦ g−1|p/2−1 dm

=
1

|B|

∫

f(B)

|Jg|p/2−1|Jg| dm

=
1

|B|

∫

f(B)

|Jg|p/2 dm

≤ |f(B)|
|B|

1

|f(B)|

∫

f(B)

(|∂g|+ |∂g|)p dm

≤ pC(K)

(1 + 1/κ)− p

|f(B)|
|B|

( |g ◦ f(B)|
|f(B)|

) p
2

=
pC(K)

(1 + 1/κ)− p

( |f(B)|
|B|

)1− p
2

.

❆❞❡♠ás✱ s✐ p− 2 ≥ 1✱

1

|B|

∫

B

w−1 dm =
1

|B|

∫

B

|Jf |p/2−1 dm

≤ pC(K)

(1 + 1/κ)− (p− 2)

( |f(B)|
|B|

) p
2
−1

,

❡ ✐❣✉❛❧♠❡♥t❡✱ s✐ p− 2 < 1✱ s❡ ♦❜t✐❡♥❡ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r q✉❡

1

|B|

∫

B

w−1 dm =
1

|B|

∫

B

|Jf |p/2−1 dm

≤ 1

|B|

(∫

B

(
|Jf |p/2−1

) 1
p/2−1 dm

)p/2−1(∫

B

1
2

4−p

)2−p/2

=

( |f(B)|
|B|

) p
2
−1

≤ pC ′(K)

(1 + 1/κ)− (p− 2)

( |f(B)|
|B|

) p
2
−1

,

♣❛r❛ ❛❧❣✉♥❛ ❝♦♥st❛♥t❡ C ′(K) > C(K)✳
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❙❡ ❝♦♥❝❧✉②❡ ❡♥t♦♥❝❡s q✉❡

|w|A2 = sup
B

(
1

|B|

∫

B

w dm

)(
1

|B|

∫

B

w−1 dm

)

≤ pC ′(K)

(1 + 1/κ)− p

pC ′(K)

(1 + 1/κ)− (p− 2)

≤ pC ′(K)

(1 + 1/κ)− p

pC ′(K)

2

≤ p (1 + 1/κ)C ′(K)2

(1 + 1/κ)− p

≤ pC ′′(K)

(1 + 1/κ)− p
,

❝♦♠♦ s❡ q✉❡rí❛ ❞❡♠♦str❛r✳
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❈❛♣ít✉❧♦ ✸

▲❛ ❡❝✉❛❝✐ó♥ ❞❡ ❇❡❧tr❛♠✐

✸✳✶ ▲❛ ❝♦♥❥✉❣❛❞❛ ❛r♠ó♥✐❝❛ ② ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❍✐❧❜❡rt

▲❛ ❡❝✉❛❝✐ó♥ ❞❡ ❇❡❧tr❛♠✐ s❡ ✈✐♥❝✉❧❛ ❝♦♥ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❝♦♥❞✉❝t✐✈✐❞❛❞ ❛ tr❛✈és ❞❡❧ s✐✲
❣✉✐❡♥t❡ ❧❡♠❛✿

▲❡♠❛ ✸✳✶✳✶✳ ❙✉♣♦♥❣❛♠♦s q✉❡ u ∈ H1(D) ❡s ✉♥❛ s♦❧✉❝✐ó♥ ❛ ✈❛❧♦r❡s r❡❛❧❡s ❞❡ ❧❛ ❡❝✉❛❝✐ó♥
❞❡ ❝♦♥❞✉❝t✐✈✐❞❛❞ ✭✶✮✳ ❊♥t♦♥❝❡s ❡①✐st❡ ✉♥❛ ❢✉♥❝✐ó♥ v ∈ H1(D)✱ ú♥✐❝❛ s❛❧✈♦ ✉♥❛ ❝♦♥s✲
t❛♥t❡✱ t❛❧ q✉❡ f = u+ iv s❛t✐s❢❛❝❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❇❡❧tr❛♠✐ R✲❧✐♥❡❛❧

∂f = µ∂f, ✭✸✳✶✮

❞♦♥❞❡ µ = (1 − σ)/(1 + σ)✳ ❘❡❝í♣r♦❝❛♠❡♥t❡✱ s✐ f ∈ H1(D) ❡s s♦❧✉❝✐ó♥ ❞❡ ✭✸✳✶✮ ♣❛r❛
❛❧❣ú♥ µ ❛ ✈❛❧♦r❡s r❡❛❧❡s✱ ❡♥t♦♥❝❡s u = ❘❡ f ② v = ■♠ f s❛t✐s❢❛❝❡♥

∇ · σ∇u = 0 ② ∇ · 1
σ
∇v = 0, ✭✸✳✷✮

❞♦♥❞❡ σ = (1− µ)/(1 + µ)✳

❖❜s❡r✈❡♠♦s q✉❡ s✐ σ ≡ 1 ❡♥ D✱ ❡s ❞❡❝✐r✱ s✐ ✭✶✮ ❡s ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ▲❛♣❧❛❝❡✱ ❡♥t♦♥❝❡s
✭✸✳✶✮ ♣❛s❛ ❛ s❡r ∂f = 0✳ ❊st♦ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ♣❡❞✐r q✉❡ f s❡❛ ❤♦❧♦♠♦r❢❛✳ ❙❡ ✈❡ ❡♥t♦♥❝❡s
q✉❡ ❡❧ ❧❡♠❛ ✸✳✶✳✶ ❣❡♥❡r❛❧✐③❛ ✉♥ r❡s✉❧t❛❞♦ ❝♦♥♦❝✐❞♦✱ q✉❡ t♦❞❛ ❢✉♥❝✐ó♥ ❛r♠ó♥✐❝❛ ❡♥ C

❛❞♠✐t❡ ✉♥❛ ❝♦♥❥✉❣❛❞❛ q✉❡ ❧❛ ❤❛❝❡ ❤♦❧♦♠♦r❢❛✳ ▲❛ ❞❡♠♦str❛❝✐ó♥ ❡s s✐♠✐❧❛r✿

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛♥ w1, w2 ∈ L2(D) t❛❧❡s q✉❡ ∂yw1 = ∂xw
2 ✭❡♥ s❡♥t✐❞♦ ❞✐str✐❜✉❝✐♦♥❛❧✮✳

❈♦♥s✐❞❡r♦ s✉❝❡s✐♦♥❡s ❞❡ ❢✉♥❝✐♦♥❡s ❡♥ C∞(D) q✉❡ ❝♦♥✈❡r❥❛♥ ❛ ést❛s ❡♥ L2(D)✱ ❡♥ ❝♦♥❝r❡t♦

w1
n = w1 ∗ ρ1/n −→ w1,

w2
n = w2 ∗ ρ1/n −→ w2.

✸✾
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➱st❛s ✈❡r✐✜❝❛♥ ❡♥t♦♥❝❡s
∂yw

1
n = (∂yw

1) ∗ ρ1/n,
∂xw

2
n = (∂xw

2) ∗ ρ1/n,
♣♦r ❧♦ q✉❡ t❛♠❜✐é♥ ❝✉♠♣❧❡♥ ∂yw

1
n = ∂xw

2
n✱ ❛❤♦r❛ ❡♥ s❡♥t✐❞♦ ❝❧ás✐❝♦ ❡♥ D✱ ♣✉❡s s♦♥

❢✉♥❝✐♦♥❡s ❞❡ C∞(D)✳ ❙❡ s✐❣✉❡ ❞❡ ❡st♦ q✉❡ ♣❛r❛ ❝❛❞❛ n ❡①✐st❡ vn ∈ C∞(D) t❛❧ q✉❡
∇vn = (w1

n, w
2
n)❀ ❝♦♠♦ ❧♦s vn s♦♥ ✐♥t❡❣r❛❜❧❡s✱ s❡ ♣✉❡❞❡♥ t♦♠❛r ❞❡ ✐♥t❡❣r❛❧ 0✳ ❊s ❝❧❛r♦

q✉❡ (∇vn)n∈N ❡s ❞❡ ❈❛✉❝❤② ❡♥ L2(D)✱ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ P♦✐♥❝❛ré s❡ s✐❣✉❡ q✉❡
(vn)n∈N t❛♠❜✐é♥ ❧♦ ❡s✳ ❊①✐st❡ ❡♥t♦♥❝❡s v ∈ H1(D) t❛❧ q✉❡ vn −→ v ❡♥ H1(D)✱ ② s❡ s✐❣✉❡
q✉❡ ∇v = (w1, w2)✳

❈♦♥s✐❞❡r❛♠♦s ❛❤♦r❛ ❡❧ ❝❛♠♣♦

w = (−σ∂yu, σ∂xu),

q✉❡ ❝✉♠♣❧❡✱ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭1✮✱ q✉❡ ∂yw1 = ∂xw2✳ P♦r ❧♦ ❛♥t❡r✐♦r ❡①✐st❡ ✉♥❛ ❢✉♥❝✐ó♥
v ∈ H1(D) t❛❧ q✉❡

∂xv = −σ∂yu, ✭✸✳✸✮

∂yv = σ∂xu. ✭✸✳✹✮

❚♦♠❛♥❞♦ f = u+ iv s❡ t✐❡♥❡ q✉❡

∂f =
1

2
(∂xu− ∂yv + i(∂xv + ∂yu)) ✭✸✳✺✮

=
1

2
(1− σ)(∂xu+ i∂yu),

∂f =
1

2
∂xu+ ∂yv + i(∂xv − ∂yu) ✭✸✳✻✮

=
1

2
(1 + σ)(∂xu+ i∂yu),

❡s ❞❡❝✐r✱ f ❡s s♦❧✉❝✐ó♥ ❞❡ ✭✸✳✶✮✳ ❙❡❛ ❛❤♦r❛ ṽ ∈ H1(D) t❛❧ q✉❡ u + iṽ t❛♠❜✐é♥ ❡s
s♦❧✉❝✐ó♥ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❇❡❧tr❛♠✐ ❝♦♥ µ = (1 − σ)/(1 + σ)✳ ❙❡ t✐❡♥❡ ❡♥t♦♥❝❡s q✉❡
(u+ iv)− (u+ iṽ) = i(v − ṽ) ❞❡❜❡ s❡r❧♦✳ ❊st♦ q✉✐❡r❡ ❞❡❝✐r✱ ♣♦r ✭✸✳✺✮ ② ✭✸✳✻✮✱ q✉❡

(1 + µ)∂y(v − ṽ) = 0,

(1 + µ)∂x(v − ṽ) = 0,

❞❡ ❞♦♥❞❡ s❡ s✐❣✉❡ ✭♣✉❡s µ > −1✮ q✉❡ v ② ṽ ❞✐✜❡r❡♥ ❡♥ ✉♥❛ ❝♦♥st❛♥t❡✳
P❛r❛ ✈❡r ❧❛ r❡❝í♣r♦❝❛✱ s✉♣♦♥❣❛♠♦s q✉❡ f = u + iv ∈ H1(D) ❡s s♦❧✉❝✐ó♥ ❞❡ ✭✸✳✶✮✱

❡♥t♦♥❝❡s ♣♦r ✭✸✳✺✮ ② ✭✸✳✻✮ t❡♥❡♠♦s q✉❡

∂xu− ∂yv = µ(∂xu+ ∂yv),

∂xv + ∂yu = µ(∂yu− ∂xv).
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❙❡ s✐❣✉❡ q✉❡

1− µ

1 + µ
∂xu = ∂yv

1− µ

1 + µ
∂yu = −∂xv,

1 + µ

1− µ
∂yv = ∂xu

1 + µ

1− µ
∂xv = −∂yu.

❈♦♠♦ σ = (1− µ)(1 + µ) ② 1/σ = (1 + µ)/(1− µ)✱ s❡ ♦❜t✐❡♥❡ q✉❡ u ② v ✈❡r✐✜❝❛♥ ✭✸✳✷✮
♣♦r ❧❛ ✐❞❡♥t✐❞❛❞ ❞❡ ❧❛s ❞❡r✐✈❛❞❛s ❞✐str✐❜✉❝✐♦♥❛❧❡s ❝r✉③❛❞❛s✳

❉❡ ❛q✉í ❡♥ ♠ás s✐❡♠♣r❡ s❡ ❡♥t❡♥❞❡rá q✉❡ µ = (1 − σ)/(1 + σ)✱ ❡s ❞❡❝✐r✱ σ =
(1− µ)/(1 + µ)✳ ❚❛♠❜✐é♥ s✉♣♦♥❞r❡♠♦s q✉❡ σ s❡ ❡①t✐❡♥❞❡ ❝♦♠♦ 1 ❡♥ C \D✱ ❡s ❞❡❝✐r✱ µ
s❡ ❡①t❡♥❞❡rá ❝♦♠♦ 0✳ P♦r ❧❛ ❛❝♦t❛❝✐ó♥ ✐♥❢❡r✐♦r ② s✉♣❡r✐♦r ❞❡ σ s❡ t✐❡♥❡ q✉❡ ❡①✐st❡ ✉♥❛
❝♦♥st❛♥t❡ 0 ≤ κ < 1 t❛❧ q✉❡ |µ(z)| ≤ κ ❡♥ ❝❛s✐ t♦❞♦ z ∈ C✳

❙✐ u ∈ H1(D) ❡s ✉♥❛ s♦❧✉❝✐ó♥ ❞❡ ✭✶✮✱ ❞❡✜♥✐r❡♠♦s s✉ σ✲❝♦♥❥✉❣❛❞❛ ❛r♠ó♥✐❝❛ ❝♦♠♦ ❧❛
ú♥✐❝❛ ❢✉♥❝✐ó♥ v ∈ H1(D) ❝♦♥ ∫

∂D

v ds = 0

t❛❧ q✉❡ u+ iv ✈❡r✐✜❝❛ ✭✸✳✶✮✳ ❊st❛ ✉♥✐❝✐❞❛❞ ♥♦s ♣❡r♠✐t❡ t❛♠❜✐é♥ ❞❡✜♥✐r ✭♣♦r ❛❤♦r❛ ♣❛r❛
❢✉♥❝✐♦♥❡s ❛ ✈❛❧♦r❡s r❡❛❧❡s✮ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❍✐❧❜❡rt ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ❡❝✉❛❝✐ó♥✱
Hµ : H1/2(∂D) → H1/2(∂D)✱ ❞❛❞❛ ♣♦r

Hµ(u|∂D) = v|∂D
♣❛r❛ t♦❞❛ s♦❧✉❝✐ó♥ u ❞❡ ✭✶✮✳ P♦r ❝♦♥✈❡♥✐❡♥❝✐❛ ❡s❝r✐❜✐r❡♠♦s ❛ ✈❡❝❡s Hµu = v✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✶✳✷✳ ❙✐ L : H1/2(∂D) → H1/2(∂D) ❡s ❡❧ ♦♣❡r❛❞♦r ♣r♦♠❡❞✐♦

L(u|∂D) = L(u) =
1

2π

∫

∂D

u ds,

s❡ t✐❡♥❡ q✉❡
Hµ ◦ H−µu = H−µ ◦ Hµu = −u+ L(u). ✭✸✳✼✮

❊♥ ♣❛rt✐❝✉❧❛r✱ H−µ = L− (Hµ + L)−1✳

❉❡♠♦str❛❝✐ó♥✳ ❉❛❞❛ u ∈ H1(D) s♦❧✉❝✐ó♥ ❞❡ ✭✶✮✱ ❧❧❛♠♦ v ❛ s✉ σ✲❝♦♥❥✉❣❛❞❛ ❛r♠ó♥✐❝❛ ②
f = u+ iv✳ ▲❛ ❢✉♥❝✐ó♥ g = −if s❛t✐s❢❛❝❡

∂g = (−i)∂f = (−i)µ∂f = −µ (−i)∂f = −µ∂g.

❈♦♠♦ s✉ ♣❛rt❡ r❡❛❧ ❡s v ② s✉ ♣❛rt❡ ✐♠❛❣✐♥❛r✐❛ ❡s −u✱ s❡ s✐❣✉❡ q✉❡

H−µv = −u+ 1

2π

∫

∂D

u ds = −u+ L(u). ✭✸✳✽✮
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P❡r♦ v = Hµu✱ ❞❡ ♠♦❞♦ q✉❡

H−µ ◦ Hµu = −u+ L(u),

❝♦♠♦ s❡ q✉❡rí❛ ❞❡♠♦str❛r✳ ❊❧ r❡s✉❧t❛❞♦ ♣❛r❛ Hµ ◦H−µ s❡ ♦❜t✐❡♥❡ ❞❡ ❡st♦ r❡❡♠♣❧❛③❛♥❞♦
µ ♣♦r −µ✳

P♦r ú❧t✐♠♦✱

(Hµ + L)(L−H−µ) = HµL+ L2 −HµH−µ − LH−µ

= 0 + L− (−I + L)− 0

= I,

(L−H−µ)(Hµ + L) = LHµ + L2 −H−µHµ −H−µL

= 0 + L− (−I + L)− 0

= I.

❊s ❞❡❝✐r✱ (Hµ + L)−1 = L−H−µ✱ ❧♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ H−µ = L− (Hµ + L)−1✳

▲❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❍✐❧❜❡rt s❡ ♣✉❡❞❡ ❡①t❡♥❞❡r ♣❛r❛ ❢✉♥❝✐♦♥❡s ❛
✈❛❧♦r❡s ❝♦♠♣❧❡❥♦s t♦♠❛♥❞♦

Hµ(u+ iũ) = Hµ(u) + iH−µ(ũ). ✭✸✳✾✮

❊s ✐♥♠❡❞✐❛t♦ q✉❡ ❡st❛ ❞❡✜♥✐❝✐ó♥ ❡s R✲❧✐♥❡❛❧✱ ② ♥♦ ❤❛② ♠❛②♦r ❞✐❢❡r❡♥❝✐❛ ♣❛r❛ ♣r♦❜❛r
q✉❡ ✈❡r✐✜❝❛ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✸✳✶✳✷✳ ❉❡✜♥✐♠♦s t❛♠❜✐é♥ ✉♥ ♦♣❡r❛❞♦r Qµ : H1/2(∂D) →
H1/2(∂D) ❝♦♠♦

Qµ =
1

2
(I − iHµ).

Pr♦♣♦s✐❝✐ó♥ ✸✳✶✳✸✳ ▲❛ ❛♣❧✐❝❛❝✐ó♥ g 7→ Qµ(g)− 1
2
L(g) ❡s ✉♥❛ ♣r♦②❡❝❝✐ó♥ ❡♥ H1/2(∂D)✳

❉❡♠♦str❛❝✐ó♥✳ ❖❜s❡r✈❡♠♦s ♣r✐♠❡r♦ q✉❡

Hµ(ig) = Hµ(i(u+ iv))

= −Hµ(v) + iH−µ(u)

= i(iHµ(v) +H−µ(u))

= iH−µ(u+ iv)

= iH−µ(g)
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♣❛r❛ ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ g ∈ H1/2(∂Ω)✳ ▲✉❡❣♦ HµiHµ = iH−µHµ✱ ② ✉s❛♥❞♦ ✭✸✳✼✮ s❡
♦❜t✐❡♥❡

Q2
µ =

1

4
(I − iHµ)(I − iHµ)

=
1

4
(I − 2iHµ −H−µHµ)

=
1

2
(I − iHµ)−

1

4
(I +H−µHµ)

= Qµ −
1

4
L.

❙❡ s✐❣✉❡ q✉❡
(
Qµ −

1

2
L

)(
Qµ −

1

2
L

)
= Q2

µ +
1

4
L2 − 1

2
(LQµ +QµL) =

= Qµ −
1

2
L,

❝♦♠♦ s❡ q✉❡rí❛ ❞❡♠♦str❛r✳

▲❡♠❛ ✸✳✶✳✹✳ ❙❡❛ g ∈ H1/2(∂D)✳ ❙♦♥ ❡q✉✐✈❛❧❡♥t❡s✿

❛✮ ▲❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✮ t✐❡♥❡ ✉♥❛ s♦❧✉❝✐ó♥ f ∈ H1(D) t❛❧ q✉❡ g = f |∂D✳

❜✮ Qµ(g) ❡s ❝♦♥st❛♥t❡✳

❉❡♠♦str❛❝✐ó♥✳ ❙✉♣♦♥❣❛♠♦s ♣r✐♠❡r♦ q✉❡ ✈❛❧❡ ❛✮✳ ❙✐ g = u+ iv✱ ♣♦r ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❧❛
tr❛♥s❢♦r♠❛❞❛ ❞❡ ❍✐❧❜❡rt ② ♣♦r ✭✸✳✽✮ ✈❛❧❡

Hµ(u+ iv) = Hµ(u) + iH−µ(v)

= v − L(v) + i(−u+ L(u))

= (−i)(u+ iv − L(u+ iv))

= (−i)(g − L(g)).

P❡r♦ ❡♥t♦♥❝❡s

Qµ(g) =
1

2
(g − iHµ(g))

=
1

2
L(g),

q✉❡ ❡s ❝♦♥st❛♥t❡✱ ❝♦♠♦ s❡ q✉❡rí❛ ❞❡♠♦str❛r✳
❙✉♣♦♥❣❛♠♦s ❛❤♦r❛ q✉❡ ✈❛❧❡ ❜✮✳ ❊s ❝❧❛r♦ ♣♦r ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡Hµ q✉❡ s✐ u ∈ H1/2(∂D)

t♦♠❛ ✈❛❧♦r❡s r❡❛❧❡s✱ u+ iHµ(u) ❞❡❜❡ s❡r ❧❛ tr❛③❛ ❞❡ ✉♥❛ s♦❧✉❝✐ó♥ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✮✳
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P♦r ♦tr♦ ❧❛❞♦✱ ❝♦♠♦ Hµ(H−µ(v)) = −v+L(v)✱ ❧❛ ❢✉♥❝✐ó♥ H−µ(v)+ i(−v) t❛♠❜✐é♥ ❞❡❜❡
s❡r❧♦✳ ❈♦♠♦

g + iHµ(g) = u+ iv + i(Hµ(u) + iH−µ(v)) =

= [u+ iHµ(u)]− [H−µ(v) + i(−v)],

s❡ s✐❣✉❡ q✉❡ g+ iHµ(g) ❞❡❜❡ s❡r tr❛③❛ ❞❡ ✉♥❛ s♦❧✉❝✐ó♥ ❞❡ ✭✸✳✶✮ ♣❛r❛ t♦❞❛ g ∈ H1/2(∂D)✱
❛✉♥q✉❡ g t♦♠❡ ✈❛❧♦r❡s ❝♦♠♣❧❡❥♦s✳ ❈♦♠♦ Qµ(g) ❡s ❝♦♥st❛♥t❡✱ ❧♦ ♠✐s♠♦ ♣✉❡❞❡ ❞❡❝✐rs❡ ❞❡
g + iHµ(g) + 2Qµ(g) = 2g✱ ② ❧✉❡❣♦ t❛♠❜✐é♥ ❞❡ g✳ ❊st♦ ❝♦♥❝❧✉②❡ ❧❛ ❞❡♠♦str❛❝✐ó♥✳

❈❡rr❛♠♦s ❡st❛ s❡❝❝✐ó♥ ❞❡♠♦str❛♥❞♦ q✉❡ ❡❧ ♠❛♣❛ ❉✐r✐❝❤❧❡t ❛ ◆❡✉♠❛♥♥ ❞❡t❡r♠✐♥❛
❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❍✐❧❜❡rt✱ ❝♦♠♦ ✉♥ ♣r✐♠❡r r❡s✉❧t❛❞♦ ❡♥ ❡❧ ❝❛♠✐♥♦ ♣❛r❛ r❡❝✉♣❡r❛r ❧❛
❝♦♥❞✉❝t✐✈✐❞❛❞✿

Pr♦♣♦s✐❝✐ó♥ ✸✳✶✳✺✳ ❊❧ ♠❛♣❛ ❉✐r✐❝❤❧❡t ❛ ◆❡✉♠❛♥♥ Λσ ❞❡t❡r♠✐♥❛ ✉♥í✈♦❝❛♠❡♥t❡ ❧♦s
♦♣❡r❛❞♦r❡s Hµ✱ H−µ ② Λσ−1✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡ ♣r♦❜ó ❡♥ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✸✳✶✳✷ q✉❡ Hµ ❞❡t❡r♠✐♥❛ H−µ ♣❛r❛ ❢✉♥❝✐♦♥❡s
❛ ✈❛❧♦r❡s r❡❛❧❡s✳ P♦r ❧❛ ❞❡✜♥✐❝✐ó♥ ✭✸✳✾✮✱ ❝♦♥♦❝❡r Hµ(u) ♣❛r❛ u ❛ ✈❛❧♦r❡s r❡❛❧❡s t❛♠❜✐é♥
❞❡t❡r♠✐♥❛ t❛♥t♦ Hµ ❝♦♠♦ H−µ ❡♥ t♦❞❛s ❧❛s ❢✉♥❝✐♦♥❡s ❛ ✈❛❧♦r❡s ❝♦♠♣❧❡❥♦s✳

❙✐ s❡ ❡❧✐❣❡ ❧❛ ♦r✐❡♥t❛❝✐ó♥ ♣♦s✐t✐✈❛ ❞❡ ∂D✱ ② ♥♦t❛♠♦s ♣♦r ∂T ❛ ❧❛ ❞❡r✐✈❛❞❛ t❛♥❣❡♥❝✐❛❧
✭❡♥ s❡♥t✐❞♦ ❞✐str✐❜✉❝✐♦♥❛❧✮ s♦❜r❡ ∂D ❞❡ ❛❝✉❡r❞♦ ❛ ❡s❛ ♦r✐❡♥t❛❝✐ó♥✱ ✈❛♠♦s ❛ ♣r♦❜❛r q✉❡
♣❛r❛ u ∈ H1/2(∂D) ❛ ✈❛❧♦r❡s r❡❛❧❡s s❡ t✐❡♥❡

∂THµ(u) = Λσ(u). ✭✸✳✶✵✮

❈♦♠♦ −µ = (1 − σ−1)/(1 + σ−1)✱ ❡st♦ ✐♠♣❧✐❝❛ t❛♠❜✐é♥ q✉❡ ∂TH−µ(u) = Λσ−1(u)✱ ❧♦
q✉❡ ❞❡t❡r♠✐♥❛ Λσ−1 ♣✉❡s ❡s C✲❧✐♥❡❛❧✳ ❚❛♠❜✐é♥ ❡s ✐♥♠❡❞✐❛t♦ ❛ ♣❛rt✐r ❞❡ ✭✸✳✶✵✮ q✉❡ Λσ

❞❡t❡r♠✐♥❛ Hµ✱ ♣✉❡s s✐ ❞♦s ❢✉♥❝✐♦♥❡s ❞❡ H1/2(∂D) t✐❡♥❡♥ ❧❛ ♠✐s♠❛ ❞❡r✐✈❛❞❛ t❛♥❣❡♥❝✐❛❧
❞✐str✐❜✉❝✐♦♥❛❧✱ ❞✐✜❡r❡♥ ❡♥ ✉♥❛ ❝♦♥st❛♥t❡ ✭② Hµ t✐❡♥❡ ✐♥t❡❣r❛❧ 0✮✳

Pr♦❜❡♠♦s ❡♥t♦♥❝❡s ✭✸✳✶✵✮✳ P♦r ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ Λσ✱ ♣❛r❛ ϕ ∈ C∞(D) s❡ t✐❡♥❡ ✭❧❧❛✲
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♠❛♥❞♦ ♥✉❡✈❛♠❡♥t❡ v ❛ ❧❛ σ✲❝♦♥❥✉❣❛❞❛ ❛r♠ó♥✐❝❛ ❞❡ u✮ q✉❡

〈Λσ(u), ϕ|∂D〉 =
∫

D

σ∇u · ∇ϕdm

=

∫

D

(∂xϕσ∂xu+ ∂yϕσ∂yu) dm

=

∫

D

(∂xϕ∂yv − ∂yϕ∂xv) dm

=

∫

D

(−∂y∂xϕ v + ∂x∂yϕ v) dm+

+

∫

∂D

(∂xϕHµ(u)ν2 − ∂yϕHµ(u)ν1) ds

=

∫

∂D

Hµ(u)∇ϕ · (ν2,−ν1) ds

= −
∫

∂D

Hµ(u) ∂Tϕds,

❞♦♥❞❡ ν ❡s ❧❛ ♥♦r♠❛❧ ❡①t❡r✐♦r✱ ② ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ (ν2,−ν1) ❡s ❧❛ t❛♥❣❡♥t❡ ❡♥ s❡♥t✐❞♦
❤♦r❛r✐♦✳ ❙❡ ✉só ✐♥t❡❣r❛❝✐ó♥ ♣♦r ♣❛rt❡s✱ ② ❧❛s ❢ór♠✉❧❛s ✭✸✳✸✲✸✳✹✮✳ ❊st♦ ❝♦♥❝❧✉②❡ ❧❛
❞❡♠♦str❛❝✐ó♥✱ ♣♦rq✉❡ t♦❞❛ ❢✉♥❝✐ó♥ ❞❡ C∞(∂D) s❡ ♣✉❡❞❡ ❛ ❡①t❡♥❞❡r ❛ ✉♥❛ ❞❡ C∞(D)✳

✸✳✷ ❘❛♥❣♦ ❞❡ ✐♥✈❡rt✐❜✐❧✐❞❛❞ ❞❡ ❙

❈♦♠♦ ❡s ❡s♣❡r❛❜❧❡✱ ❧♦s ♦♣❡r❛❞♦r❡s ❞❡ ❇❡❧tr❛♠✐ ♣✉❡❞❡♥ ❡♠♣❧❡❛rs❡ ♣❛r❛ ❞❡s❝r✐❜✐r ❧❛s
s♦❧✉❝✐♦♥❡s ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✮✳ ❚❡♥❡♠♦s ♣♦r ❡❥❡♠♣❧♦✿

Pr♦♣♦s✐❝✐ó♥ ✸✳✷✳✶✳ ❙❡❛ f ∈ L1
loc(C)✱ λ ∈ C ② s❡❛ 2 < p <∞✳ ❙♦♥ ❡q✉✐✈❛❧❡♥t❡s✿

❛✮ f − λz ∈ W 1,p(C) ② f ❡s s♦❧✉❝✐ó♥ ❞❡ ✭✸✳✶✮✳ ❆❞❡♠ás

f(z) = λz +O

(
1

z

)
. ✭✸✳✶✶✮

❜✮ ❊①✐st❡ g ∈ Lp(C)✱ t❛❧ q✉❡

g = µSg + λµ

②

f(z) = λz + Pg(z).
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❉❡♠♦str❛❝✐ó♥✳ ❙✐ ✈❛❧❡ ❜✮✱ ❡s ✐♥♠❡❞✐❛t♦ q✉❡ g ∈ Lp(D)✱ ❡♥t♦♥❝❡s f − λz ∈ W 1,p(C) ②
♣♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✶✳✹✳✶ s❡ t✐❡♥❡ q✉❡

∂f = ∂Pg

= g,

∂f = λ+ ∂Pg

= λ+ Sg.

❙❡ s✐❣✉❡ ❡♥t♦♥❝❡s q✉❡

∂f − µ∂f = g − µλ− µSg

= 0,

❡s ❞❡❝✐r✱ q✉❡ f ❡s s♦❧✉❝✐ó♥ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❇❡❧tr❛♠✐✳ ❊❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❛s✐♥tót✐❝♦ ❡s
✐♥♠❡❞✐❛t♦ ♣♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✶✳✻✳✶✳

❙✐ ❛❤♦r❛ ✈❛❧❡ ❛✮✱ ❞❡✜♥♦ g = ∂f = ∂(f − λz)✳ ❈♦♠♦ f − λz ∈ W 1,p(C) ② ❛❞❡♠ás
∂(f − λz) = µ∂f t✐❡♥❡ s♦♣♦rt❡ ❡♥ D✱ s❡ ♣✉❡❞❡ ❛♣❧✐❝❛r ❡❧ ❝♦r♦❧❛r✐♦ ✶✳✹✳✼✿

λz + Pg(z) = λz + P (∂(f − λz))(z)

= f(z).

❆❤♦r❛ ♣♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✶✳✹✳✺✱ s❡ s✐❣✉❡ q✉❡

Sg = S(∂(f − λz)) = ∂(f − λz) = ∂f − λ.

P❡r♦ ♣♦r ✭✸✳✶✮✱ µ∂f = ∂f ✱ ② s❡ t✐❡♥❡

µSg = µ∂f − µλ = ∂f − µλ.

❊s ❞❡❝✐r✱ g = µSg + µλ✱ ❝♦♠♦ s❡ q✉❡rí❛ ❞❡♠♦str❛r✳

P❛r❛ ❞❡❝✐❞✐r ❛ q✉é ❡s♣❛❝✐♦s Lp ♣❡rt❡♥❡❝❡♥ ❧❛s ❞❡r✐✈❛❞❛s ❞❡ ✉♥❛ s♦❧✉❝✐ó♥✱ ♥❡❝❡s✐t❛♠♦s
❡♥t♦♥❝❡s ❡st✉❞✐❛r ❧❛ ✐♥✈❡rt✐❜✐❧✐❞❛❞ ❞❡❧ ♦♣❡r❛❞♦r I − µS✳ ❊❧ r❡st♦ ❞❡ ❧❛ s❡❝❝✐ó♥ s❡rá
❞❡st✐♥❛❞♦ ❛ ♣r♦❜❛r ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ ❞❡ ❆st❛❧❛✱ ■✇❛♥✐❡❝ ② ❙❛❦s♠❛♥ ❬✼❪✿

❚❡♦r❡♠❛ ✶✸✳ ❙❡❛♥ µ1 ② µ2 ❢✉♥❝✐♦♥❡s ♠❡❞✐❜❧❡s ❛ ✈❛❧♦r❡s ❝♦♠♣❧❡❥♦s t❛❧❡s q✉❡

|µ1(z)|+ |µ2(z)| ≤ κ

♣❛r❛ ❝❛s✐ t♦❞♦ z ∈ C✱ ❞♦♥❞❡ κ ❡s ✉♥❛ ❝♦♥st❛♥t❡ 0 ≤ κ < 1✳ ❙✐ 1 + κ < p < 1 + 1/κ✱
❡♥t♦♥❝❡s ❡❧ ♦♣❡r❛❞♦r ❞❡ ❇❡❧tr❛♠✐

B = I − µ1S − µ2S

❡s ❛❝♦t❛❞♦ ❡ ✐♥✈❡rt✐❜❧❡ ❡♥ Lp(C)✳ ❆❞❡♠ás✱ ❧❛s ♥♦r♠❛s ❞❡ B ② B−1 só❧♦ ❞❡♣❡♥❞❡♥ ❞❡ κ
② ❞❡ p✳
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❖❜s❡r✈❡♠♦s q✉❡ s✐ s❡ ♣✉❞✐❡r❛ ♣r♦❜❛r ❧❛ ❝♦♥❥❡t✉r❛ ✶✳✹✳✾✱ ❡st❡ r❡s✉❧t❛❞♦ s❡rí❛ tr✐✈✐❛❧✱
♣✉❡s s❡ t❡♥❞rí❛ q✉❡

||µ1S + µ2S||Lp→Lp ≤ (||µ1||L∞ + ||µ2||L∞)||S||Lp→Lp ≤

≤ κmax

{
p− 1,

1

p− 1

}
<

< 1.

▲❛ ❞❡♠♦str❛❝✐ó♥ q✉❡ ♣r❡s❡♥t❛r❡♠♦s s❡rá ❛❧❣♦ ♠ás ❡①t❡♥s❛ ② r❡q✉❡r✐rá ✉♥ ❧❡♠❛ ♣r❡✈✐♦✿

▲❡♠❛ ✸✳✷✳✷✳ ❙❡❛ µ ✉♥❛ ❢✉♥❝✐ó♥ ♠❡❞✐❜❧❡ ❛ ✈❛❧♦r❡s ❝♦♠♣❧❡❥♦s t❛❧ q✉❡ |µ(z)| ≤ κ ♣❛r❛
❝❛s✐ t♦❞♦ z ∈ C✱ ❞♦♥❞❡ 0 ≤ κ < 1✳ ❙✐ 1+ κ < p < 1+ 1/κ✱ ❡♥t♦♥❝❡s ❡❧ ♦♣❡r❛❞♦r I −µS
❡stá ❛❝♦t❛❞♦ ✐♥❢❡r✐♦♠❡♥t❡ ❡♥ Lp(C)✱ ❡s ❞❡❝✐r✱

||(I − µS)g||Lp(C) ≥ C0||g||Lp(C)

♣❛r❛ t♦❞❛ g ∈ Lp(C)✳ ▲❛ ❝♦♥t❛♥t❡ ❞❡♣❡♥❞❡ ❞❡ κ ② ❞❡ p✱ ♣❡r♦ ♥♦ ❞❡ µ✳

❉❡♠♦str❛❝✐ó♥✳ ❇❛st❛ ❞❡♠♦str❛r ❡❧ r❡s✉❧t❛❞♦ ♣❛r❛ ❧❛s ❢✉♥❝✐♦♥❡s g ∈ C∞
c (C) ❝♦♥

∫
C
g = 0✱

q✉❡ s♦♥ ❞❡♥s❛s ❡♥ Lp(C) ♣❛r❛ t♦❞♦ 1 < p < ∞✳ ❊st♦ ❡s ❛sí ♣✉❡s s❡ ♣✉❡❞❡♥ ♦❜t❡♥❡r
❢✉♥❝✐♦♥❡s ❡♥ C∞

c (C) ❝♦♥ ✐♥t❡❣r❛❧ 1 ② ♥♦r♠❛ p ❛r❜✐tr❛r✐❛♠❡♥t❡ ❝❤✐❝❛✳ ❙✐ ❡s❝r✐❜✐♠♦s ❞❡
❛❤♦r❛ ❡♥ ♠ás h = g − µSg ② w = Pg✱ ♣♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✶✳✹✳✶ t❡♥❡♠♦s ∂w = g ②
∂w = Sg✱ ② w s❛t✐s❢❛❝❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❇❡❧tr❛♠✐ ♥♦ ❤♦♠♦❣é♥❡❛

∂w = µ∂w + h.

❍❛② q✉❡ ♣r♦❜❛r✱ ❡♥t♦♥❝❡s✱ q✉❡ ||∂w||Lp(C) ≤ C||h||Lp(C)✳
❙✐ t♦♠❛♠♦s K = 1+κ

1−κ
✱ ❡①✐st❡ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ K✲❝✉❛s✐❝♦♥❢♦r♠❡ f : C → C q✉❡

s❛t✐s❢❛❝❡ ✭t❡♦r❡♠❛ ✽✮

∂f = µ∂f. ✭✸✳✶✷✮

❆❞❡♠ás✱ 2K/(K + 1) < p < 2K/(K − 1)✳ ❍❛❝✐❡♥❞♦ ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡s

u = w ◦ f−1,

s❡ ❝❛❧❝✉❧❛ q✉❡

∂w = (∂u ◦ f)∂f + (∂u ◦ f)∂f ✭✸✳✶✸✮

= µ(∂u ◦ f)∂f + (∂u ◦ f)∂f
µ∂w + h = µ((∂u ◦ f)∂f + (∂u ◦ f)∂f) + h,
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❞❡ ❞♦♥❞❡

h = ∂w − µ∂w

= (∂u ◦ f)∂f − µ(∂u ◦ f)∂f
= (1− |µ|2)((∂u ◦ f)∂f),

❡s ❞❡❝✐r

(∂u ◦ f)∂f =
h

1− |µ|2 .

❙❡ s✐❣✉❡ ❞❡ ✐♥♠❡❞✐❛t♦ q✉❡
∫

C

|(∂u ◦ f)∂f |p dm ≤ (1− κ2)−p

∫

C

|h|p dm. ✭✸✳✶✹✮

P♦r ♦tr❛ ♣❛rt❡✱ ❝♦♠♦ Jf = |∂f |2 − |∂f |2 ② |u(z)| ≤ κ✱ s❡ s✐❣✉❡ ❞❡ ✭✸✳✶✷✮ q✉❡

|∂f | ≤ |∂f |
|∂f |2 ≤ (1− κ2)−1Jf .

❙✐ ❧❧❛♠❛♠♦s α = |∂f ◦ f−1|p−2✱ ✉♥ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡s ♠✉❡str❛ q✉❡
∫

C

|(∂u ◦ f)∂f |p dm ≤
∫

C

|(∂u ◦ f)∂f |p dm

=

∫

C

|∂u|p|∂f ◦ f−1|pJf−1 dm

≤ (1− κ2)−1

∫

C

|∂u|p αJf ◦ f−1 Jf−1 dm

= (1− κ2)−1

∫

C

|∂u|p α dm.

❈♦♠♦

(Jf−1)−1 = Jf ◦ f−1 ≤ |∂f ◦ f−1|2 ≤ (1− κ2)−1Jf ◦ f−1 = (1− κ2)−1(Jf−1)−1,

s❡ t✐❡♥❡ q✉❡ (Jf−1)1−p/2 ❡s ❝♦♠♣❛r❛❜❧❡ ❝♦♥ α = |∂f ◦ f−1|p−2✱ ② ♣♦r ❡❧ t❡♦r❡♠❛ ✶✷
α ∈ A2 ⊆ Ap ♣❛r❛ 2 ≤ p < 1 + 1/κ ✭❡st♦ ❡s ✐♥♠❡❞✐❛t♦ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❧♦s ♣❡s♦s✮✳
P❛r❛ 1 + κ < p < 2✱ s❡ ♣✉❡❞❡ ✉s❛r q✉❡ α ∈ Ap s✐ ② só❧♦ s✐ α−1/(p−1) ∈ Ap′ ✱ ❝♦♥ p′

❡❧ ❝♦♥❥✉❣❛❞♦ ❞❡ p✳ ❆sí✱ ❝♦♠♦ (Jf−1)(1−p/2)(−1/(p−1)) = (Jf−1)1−p′/2 ❡s ❝♦♠♣❛r❛❜❧❡ ❝♦♥
α−1/(p−1) ② 2 ≤ p′ < 1 + κ✱ ♣✉❡❞♦ ✉s❛r ♥✉❡✈❛♠❡♥t❡ ❡❧ t❡♦r❡♠❛ ✶✷ ♣❛r❛ ♦❜t❡♥❡r q✉❡
α−1/(p−1) ∈ A2 ⊆ Ap′ ✱ ❝♦♥❝❧✉②❡♥❞♦ ❡♥t♦♥❝❡s q✉❡ α ∈ Ap ♣❛r❛ t♦❞♦ 1+κ < p < 1+1/κ✳
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P♦❞❡♠♦s ❛♣❧✐❝❛r ❛❤♦r❛ ❡❧ t❡♦r❡♠❛ ❞❡ ❈♦✐❢♠❛♥ ② ❋❡✛❡r♠❛♥ ❝♦♠♦ s❡ ❛♥t✐❝✐♣ó ❡♥ ❡❧
❝❛♣ít✉❧♦ ✷✱ ♦❜t❡♥✐❡♥❞♦ q✉❡ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❇❡✉r❧✐♥❣ ❡s ❛❝♦t❛❞❛ ❡♥ ❡❧ ❡s♣❛❝✐♦ Lp(α)✳
❊♥ ♣❛rt✐❝✉❧❛r✱

∫

C

|∂u|pα dm ≤ λpα

∫

C

|∂u|pα dm,

♣✉❡s S(∂u) = ∂u✳ ▲❛ ❝♦♥st❛♥t❡ λα s❡ ♣✉❡❞❡ t♦♠❛r ❞❡ ♠❛♥❡r❛ q✉❡ s❡❛ ♠❛②♦r q✉❡ 1 ②
só❧♦ ❞❡♣❡♥❞❛ ❞❡ ❧❛ ♥♦r♠❛ Ap ❞❡ α✳ ▲✉❡❣♦

∫

C

|∂u|pα dm ≤ λpα

∫

C

|∂u|pα dm

= λpα

∫

C

|∂u|p|∂f ◦ f−1|p−2 dm

= λpα

∫

C

|∂u ◦ f |p|∂f |p−2Jf dm

≤ λpα

∫

C

|(∂u ◦ f)∂f |p dm

≤ λpα
(1− κ2)p

∫

C

|h|p dm.

❱♦❧✈✐❡♥❞♦ ❛ ✭✸✳✶✸✮✱

||∂w||Lp(C) ≤ ||(∂u ◦ f)∂f ||Lp(C) + ||(∂u ◦ f)∂f ||Lp(C)

≤ (1− κ2)−1

(∫

C

|h|p dm
)1/p

+
λα

(1− κ2)1+1/p

(∫

C

|h|p dm
)1/p

≤ CK,p ||h||Lp(C).

❊st♦ ❝♦♥❝❧✉②❡ ❧❛ ❞❡♠♦str❛❝✐ó♥✳

❉❡♠♦str❛❝✐ó♥ ❞❡❧ t❡♦r❡♠❛✳ ❊s ❝❧❛r♦ q✉❡ ❡❧ ♦♣❡r❛❞♦r B ❡s ▲✐♣s❝❤✐t③❀ ✈❡❛♠♦s q✉❡ ❞❡
❤❡❝❤♦ ❡s ❜✐✲▲✐♣s❝❤✐t③✳ ❈♦♠♦

|(µ1Sg1 + µ2Sg1)− (µ1Sg2 + µ2Sg2)| ≤ κ|Sg1 − Sg2|,

♣♦❞❡♠♦s ❡s❝r✐❜✐r (µ1Sg1+µ2Sg1)−(µ1Sg2+µ2Sg2) = µg1,g2(Sg1−Sg2) ❝♦♥ |µg1,g2 | ≤ κ✳
▲✉❡❣♦ g1 − g2 ✈❡r✐✜❝❛

h = (g1 − g2)− µg1,g2S(g1 − g2)

❝♦♥ h = Bg1 − Bg2✳ P♦r ❡❧ ❧❡♠❛✱ ||g1 − g2||Lp(C) ≤ Cκ,p||h||Lp(C)✳
❙✐❡♥❞♦ ❡♥t♦♥❝❡s B ❜✐✲▲✐♣s❝❤✐t③✱ ♣❛r❛ ✈❡r q✉❡ ❡s ✐♥✈❡rt✐❜❧❡ só❧♦ ❤❛② q✉❡ ❝♦♠♣r♦❜❛r

q✉❡ s✉ ✐♠❛❣❡♥ ❡s ❞❡♥s❛ ❡♥ Lp(C)✳ ❈♦♥s✐❞❡r❡♠♦s f ∈ L2(C) ∩ Lp(C)✱ ② ❞❡✜♥❛♠♦s ❡❧
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♦♣❡r❛❞♦r B̃g = f + µ1Sg + µ2Sg✳ ❈♦♠♦ S ❡s ✉♥❛ ✐s♦♠❡trí❛ ❡♥ L2(C) ✭♣r♦♣♦s✐❝✐ó♥
✶✳✹✳✽✮✱ B̃ ❡s ✉♥❛ ❝♦♥tr❛❝❝✐ó♥ ❡str✐❝t❛✿

||B̃g1 − B̃g2||L2(C) = ||µ1S(g1 − g2) + µ2S(g1 − g2)||L2(C)

≤ κ||S(g1 − g2)||L2(C)

= κ||g1 − g2||L2(C).

❊❧ t❡♦r❡♠❛ ❞❡❧ ♣✉♥t♦ ✜❥♦ ❞❡ ❇❛♥❛❝❤ ✐♥❞✐❝❛ ❡♥t♦♥❝❡s q✉❡ ❡①✐st❡ f̃ ∈ L2(C) ❝♦♥ B̃f̃ = f̃ ✱ ❡s
❞❡❝✐r Bf̃ = f ✳ ▲❛ ❢✉♥❝✐ó♥ f̃ t❛♠❜✐é♥ ♣❡rt❡♥❡❝❡ ❛ Lp(C)✱ ♣✉❡s ||f̃ ||Lp(C) ≤ Cκ,p||Bf̃ ||Lp(C)✳
❙❡ ❝♦♥❝❧✉②❡ q✉❡ L2(C)∩Lp(C) ⊆ B(Lp(C))✱ ② s✉ ❞❡♥s✐❞❛❞ ✐♠♣❧✐❝❛ q✉❡ B ❡s ✐♥✈❡rt✐❜❧❡✳

✸✳✸ ❋✉♥❝✐♦♥❡s ♣s❡✉❞♦✲❛♥❛❧ít✐❝❛s

❆❤♦r❛ ❞❡♠♦str❛r❡♠♦s ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡❧ t❡♦r❡♠❛ ❞❡ ▲✐♦✉✈✐❧❧❡ ♣❛r❛ ❢✉♥❝✐♦♥❡s ♣s❡✉❞♦✲
❛♥❛❧ít✐❝❛s✳ ❉❡ ést❡ s❡ s✐❣✉❡✱ ♣♦r ❡❥❡♠♣❧♦✱ q✉❡ ♥♦ ❡s ♣♦s✐❜❧❡ q✉❡ ❡①✐st❛♥ ❞♦s s♦❧✉❝✐♦♥❡s
❞✐st✐♥t❛s ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❇❡❧tr❛♠✐ ❝♦♥ ❡❧ ♠✐s♠♦ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❛s✐♥tót✐❝♦ ✭✸✳✶✶✮✳
▲❛ ♣❛rt❡ b) ❡s ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡❧ ♣r✐♥❝✐♣✐♦ ❞❡❧ ❛r❣✉♠❡♥t♦ ♣❛r❛ ❡st❛s ❢✉♥❝✐♦♥❡s✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✸✳✶✳ ❙❡❛ Ω ⊆ C ❛❝♦t❛❞♦✱ s❡❛♥ F ∈ W 1,p
❧♦❝

(C) ② γ ∈ Lp
❧♦❝
(C) ♣❛r❛ ❛❧❣ú♥

p > 2✱ ② s✉♣♦♥❣❛♠♦s q✉❡ ❡①✐st❡ ❛❧❣✉♥❛ ❝♦♥st❛♥t❡ 0 ≤ κ < 1 t❛❧ q✉❡

|∂F (z)| ≤ κχΩ(z)|∂F (z)|+ γ(z)|F (z)|. ✭✸✳✶✺✮

❊♥t♦♥❝❡s s❡ ✈❡r✐✜❝❛✿

❛✮ ❙✐ F (z) → 0 ❝✉❛♥❞♦ |z| → ∞ ② γ t✐❡♥❡ s♦♣♦rt❡ ❝♦♠♣❛❝t♦✱ ❡♥t♦♥❝❡s F (z) ≡ 0✳

❜✮ ❙✐ ♣❛r❛ |z| s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ F (z) = λz + ǫ(z)z✱ ❝♦♥ λ 6= 0 ② ǫ(z) → 0
❝✉❛♥❞♦ |z| → ∞✱ ❡♥t♦♥❝❡s F s❡ ❛♥✉❧❛ ❡♥ ❡①❛❝t❛♠❡♥t❡ ✉♥ ♣✉♥t♦ z0 ∈ C✳

❉❡♠♦str❛❝✐ó♥✳ ❉❡♠♦str❡♠♦s ♣r✐♠❡r♦ b)✳ ❙✐ ❝♦♥s✐❞❡r♦ R > 0 t❛❧ q✉❡ |ǫ(z)| < |λ|/2 ♣❛r❛
|z| > R✱ ❡s ❝❧❛r♦ q✉❡ F |{|z|=R} ♥♦ s❡ ❛♥✉❧❛ ② ❡s ❤♦♠♦tó♣✐❝❛ ❛ ❧❛ ✐❞❡♥t✐❞❛❞ r❡❧❛t✐✈❛ ❛
C \ 0✳ ▲✉❡❣♦ ❧❛ ❝✉r✈❛ {|z| = R} ✭♦r✐❡♥t❛❞❛ ❡♥ s❡♥t✐❞♦ ♣♦s✐t✐✈♦✮ ❞❡❜❡ t❡♥❡r ❡❧ ♠✐s♠♦
í♥❞✐❝❡ ❝♦♥ r❡s♣❡❝t♦ ❛ 0 q✉❡ s✉ ✐♠❛❣❡♥ ♣♦r F ✱ ♦ s❡❛ 1✳ ❈♦♠♦ F (B(0, R)) ❡s s✐♠♣❧❡♠❡♥t❡
❝♦♥❡①♦ ✭F ❡s ❝♦♥t✐♥✉❛ ♣♦r ❡st❛r ❡♥ W 1,p

❧♦❝
✮✱ ❞❡❜❡ s❡r 0 ∈ F (B(0, R))✳ ❊st♦ ❞❡♠✉❡str❛

q✉❡ ❡①✐st❡ z0 ∈ C t❛❧ q✉❡ F (z0) = 0 ✭❞❡ ❤❡❝❤♦✱ ❡❧ ♠✐s♠♦ ❛r❣✉♠❡♥t♦ ❞❡♠✉❡str❛ q✉❡ F
❡s s♦❜r❡②❡❝t✐✈❛✮✳ ❋❛❧t❛ ✈❡r q✉❡ ❡s ú♥✐❝♦✳

P❛r❛ ❡st♦ ❡s❝r✐❜✐♠♦s ✭✸✳✶✺✮ ❝♦♠♦

∂F = ν(z)∂F + A(z)F,
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❝♦♥ |ν(z)| ≤ κ ② |A(z)| ≤ γ(z) ♣❛r❛ ❝❛s✐ t♦❞♦ z ∈ C✳ ❈♦♠♦ A ∈ Lp
❧♦❝
(C)✱ s✐ B = B(0, R)

❡♥t♦♥❝❡s AχB ∈ Lr(C) ♣❛r❛ ❝✉❛❧q✉✐❡r 1 ≤ r ≤ p✳ P♦r ❡❧ t❡♦r❡♠❛ ✶✸✱ s❡ s✐❣✉❡ q✉❡
(I − νS)−1(AχB) ∈ Lr(C) ♣❛r❛ t♦❞♦ 1 + κ < r < p′ = min {p, 1 + 1/κ}✳ ❈♦♠♦ ν ②
AχB t✐❡♥❡♥ s♦♣♦rt❡ ❝♦♠♣❛❝t♦✱ (I − νS)−1(AχB) ❞❡❜❡ t❡♥❡r❧♦✳ P♦❞❡♠♦s ❛s❡❣✉r❛r ✭♣♦r
❡❧ t❡♦r❡♠❛ ✹✮ q✉❡ ❧❛ ❢✉♥❝✐ó♥ η = P ((I − νS)−1(AχB)) ♣❡rt❡♥❡❝❡ ❛ W 1,r(C) ♣❛r❛ t♦❞♦
2 < r < p′✱ ② t❛♠❜✐é♥ ✭♣♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✶✳✻✳✶✮ q✉❡ η(z) = O(1/z) ❝✉❛♥❞♦ |z| → ∞✳

❊st❛ ❢✉♥❝✐ó♥ ✈❡r✐✜❝❛✱ ♣♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✶✳✹✳✶✱

∂η − ν∂η = (I − νS)−1(AχB)− νS((I − νS)−1(AχB))

= (I − νS)((I − νS)−1(AχB))

= AχB.

P♦r ♦tr❛ ♣❛rt❡✱ g = e−ηF ❝✉♠♣❧❡

∂g − ν∂g = e−η∂F − ∂ηe−ηF − ν(e−η∂F − ∂ηe−ηF )

= (∂F − ν∂F )e−η − (∂η − ν∂η)e−ηF

= 0

❞❡♥tr♦ ❞❡❧ ❞✐s❝♦ B✳ g t❛♠❜✐é♥ ♣❡rt❡♥❡❝❡ ❛ W 1,r
❧♦❝

(C)✱ ❧✉❡❣♦ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r ✐♥❞✐❝❛
q✉❡ ❡s ❝✉❛s✐r❡❣✉❧❛r ❡♥ B✳ ❙❡ s✐❣✉❡ ❞❡ ❡st♦ ✭t❡♦r❡♠❛ ✾✮ q✉❡ ❡①✐st❡♥ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥
❝✉❛s✐❝♦♥❢♦r♠❡ ψ : B → B ② ✉♥❛ ❢✉♥❝✐ó♥ ❤♦❧♦♠♦r❢❛ h : B → C t❛❧❡s q✉❡ g = h ◦ ψ❀
❛♠❜❛s s♦♥ ❝♦♥t✐♥✉❛s ❤❛st❛ ❡❧ ❜♦r❞❡✳

❈♦♠♦ η ❡s ❝♦♥t✐♥✉❛✱ e−η ❡s ❤♦♠♦tó♣✐❝❛ ❛ ❧❛ ❢✉♥❝✐ó♥ ✐❞é♥t✐❝❛♠❡♥t❡ 1✱ r❡❧❛t✐✈❛ ❛
C \ 0✳ ▲✉❡❣♦ g|{|z|=R} ❡s ❤♦♠♦tó♣✐❝❛ ❛ ❧❛ ✐❞❡♥t✐❞❛❞ r❡❧❛t✐✈❛ ❛ C \ 0✳ ❚❛♠❜✐é♥ ψ−1 ❡s
❤♦♠♦tó♣✐❝❛ ❛ ❧❛ ✐❞❡♥t✐❞❛❞ r❡❧❛t✐✈❛ ❛ {|z| = R}✱ ❧✉❡❣♦ h|{|z|=R} ❞❡❜❡ s❡r❧♦✱ r❡❧❛t✐✈❛ ❛
C \ 0✳ P♦r ❡st♦ ② ❡❧ ♣r✐♥❝✐♣✐♦ ❞❡❧ ❛r❣✉♠❡♥t♦✱ ❡❧ ♥ú♠❡r♦ ❞❡ ❝❡r♦s ❞❡ h ❡♥ B(0, R) ❡s

1

2πi

∫

∂B(0,R)

h′(z)

h(z)
dz =

1

2πi

∫

h(∂B(0,R))

1

z
dz

=
1

2πi

∫

∂B(0,R)

1

z
dz

= 1,

❞♦♥❞❡ s❡ ❝♦♥s✐❞❡ró ❧❛ ♦r✐❡♥t❛❝✐ó♥ ♣♦s✐t✐✈❛ ❞❡ ∂B(0, R)✳ P❡r♦ ❝♦♠♦ h(ψ(z)) = e−η(z)F (z)✱
F ♥♦ ♣✉❡❞❡ ❛♥✉❧❛rs❡ ❡♥ ♠ás ❞❡ ✉♥ ♣✉♥t♦ ❞❡ B(0, R)✳ R s❡ ♣✉❡❞❡ t♦♠❛r ❛r❜✐tr❛r✐❛♠❡♥t❡
❣r❛♥❞❡✱ ❧♦ q✉❡ ❝♦♥❝❧✉②❡ ❧❛ ❞❡♠♦str❛❝✐ó♥✳

P❛r❛ ✈❡r a)✱ ❝♦♥s✐❞❡r❛♠♦s ❛❤♦r❛ ✉♥ R q✉❡ ❝✉♠♣❧❛ s♦♣(γ) ⊆ B(0, R)✳ ❊♥t♦♥❝❡s A
t❛♠❜✐é♥ t❡♥❞rá s♦♣♦rt❡ ❡♥ B✱ ② s❡rá

∂η − ν∂η = A
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❡♥ t♦❞♦ C✳ ▲✉❡❣♦ t❛♠❜✐é♥

∂g − ν∂g = 0

❡♥ t♦❞♦ C✱ ❡s ❞❡❝✐r q✉❡ g ❡s ❝✉❛s✐r❡❣✉❧❛r ❡♥ C✳ P❡r♦ η ② F s♦♥ ❛❝♦t❛❞♦s ✭F ❡s ❝♦♥t✐♥✉❛✮✱
❧✉❡❣♦ g ❧♦ ❡s✱ ② ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❡❧ t❡♦r❡♠❛ ❞❡ ▲✐♦✉✈✐❧❧❡ ❛ ❧❛ ❢✉♥❝✐ó♥ h ❡♥t❡r❛ t❛❧ q✉❡
g = h ◦ ψ✱ ❞♦♥❞❡ ψ ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❝✉❛s✐❝♦♥❢♦r♠❡ ❡♥ C✳ ❊st♦ ♣r✉❡❜❛ q✉❡ g ❡s
❝♦♥st❛♥t❡✱ ②

F = C1e
η. ✭✸✳✶✻✮

❈♦♠♦ η = O(1/z)✱ F ❞❡❜❡ ❝♦♥✈❡r❣❡r ❛ C1 ❡♥ ❡❧ ✐♥✜♥✐t♦✱ ② ♣♦r ❤✐♣ót❡s✐s ❞❡❜❡ s❡r
F ≡ 0✳

❙❡rá út✐❧ ♠❡♥❝✐♦♥❛r ✉♥ r❡s✉❧t❛❞♦ ♣❛r❝✐❛❧ ❞❡ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❛♥t❡r✐♦r ❞❡ ♠❛♥❡r❛
✐♥❞❡♣❡♥❞✐❡♥t❡✿

❈♦r♦❧❛r✐♦ ✸✳✸✳✷✳ ❙❡❛ Ω ⊆ C ❛❝♦t❛❞♦✱ s❡❛ F ∈ W 1,p
❧♦❝

(C)∩L∞(C)✱ p > 2✳ ❙❡❛♥ t❛♠❜✐é♥
0 ≤ κ < 1 ② γ ∈ Lp(C) ❞❡ s♦♣♦rt❡ ❝♦♠♣❛❝t♦✳ ❙✐

|∂F (z)| ≤ κχΩ(z)|∂F (z)|+ γ(z)|F (z)|

♣❛r❛ ❝❛s✐ t♦❞♦ z ∈ C✱ ❡♥t♦♥❝❡s

F (z) = C1e
η(z),

❞♦♥❞❡ C1 ❡s ✉♥❛ ❝♦♥st❛♥t❡ ② η ∈ C0(C) ✭❧❛ ❝❧❛✉s✉r❛ ❞❡ C∞
c (C) ❡♥ L∞(C)✮✳

❉❡♠♦str❛❝✐ó♥✳ ❊st♦ ♥♦ ❡s ♠ás q✉❡ ✭✸✳✶✻✮✱ s✐ s❡ ❛❝❧❛r❛ q✉❡ η ∈ C0(C) ♣♦r s❡r ❝♦♥t✐♥✉❛
✭❡stá ❡♥ W 1,r(C) ♣❛r❛ ❛❧❣ú♥ 2 < r < p′✮ ② ✈❡r✐✜❝❛r η(z) = O(1/z)✳



❈❛♣ít✉❧♦ ✹

❙♦❧✉❝✐♦♥❡s ❝♦♠♣❧❡❥❛s ❞❡ ❧❛ ó♣t✐❝❛
❣❡♦♠étr✐❝❛

✹✳✶ ❊①✐st❡♥❝✐❛

❊♥ ❡st❛ s❡❝❝✐ó♥ ♣r♦❜❛r❡♠♦s ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ s♦❧✉❝✐♦♥❡s ❞❡ ✭✸✳✶✮ ❞❡ ❧❛ ❢♦r♠❛

fµ(z, k) = eikzMµ(z, k), ✭✹✳✶✮

❝♦♥

Mµ(z, k) = 1 +O

(
1

z

)
✭✹✳✷✮

♣❛r❛ k ✜❥♦✱ ❝✉❛♥❞♦ |z| → ∞✳

Pr♦♣♦s✐❝✐ó♥ ✹✳✶✳✶✳ ❙✉♣♦♥❣❛♠♦s q✉❡ 2 < p < 1+1/κ✱ q✉❡ α ∈ L∞(C) t✐❡♥❡ s♦♣♦rt❡ ❡♥
D ② q✉❡ |ν| ≤ κχD ❡♥ ❝❛s✐ t♦❞♦ ♣✉♥t♦✳ ❉❡✜♥✐♠♦s ❡❧ ♦♣❡r❛❞♦r K : Lp(C) −→ W 1,p(C)
❝♦♠♦

Kg = P (I − νS)−1(αg).

❊♥t♦♥❝❡s I −K : Lp(C) −→ Lp(C) ❡s ✐♥✈❡rt✐❜❧❡✳

❖❜s❡r✈❡♠♦s q✉❡ I − νS ❡s ✐♥✈❡rt✐❜❧❡ ♣♦r ❡❧ t❡♦r❡♠❛ ✶✸✳ ❆❞❡♠ás✱ ❝♦♠♦ α ② ν t✐❡♥❡♥
s♦♣♦rt❡ ❡♥ D✱ (I − νS)−1(αg) t❛♠❜✐é♥ ❞❡❜❡ t❡♥❡r❧♦✳ ▲❛ ❜✉❡♥❛ ❞❡✜♥✐❝✐ó♥ ② ❛❝♦t❛❝✐ó♥
❞❡ K s❡ s✐❣✉❡♥ ❡♥t♦♥❝❡s ❞❡❧ t❡♦r❡♠❛ ✹❀ ❛❞❡♠ás ❡s ❝♦♠♣❛❝t♦ ♣♦r ❡❧ t❡♦r❡♠❛ ✺✳

❉❡♠♦str❛❝✐ó♥✳ P♦r ❧❛ ❛❧t❡r♥❛t✐✈❛ ❞❡ ❋r❡❞❤♦❧♠✱ só❧♦ ❤❛② q✉❡ ♣r♦❜❛r q✉❡ I − K ❡s ✐♥✲
②❡❝t✐✈❛✳ ❙✉♣♦♥❣❛♠♦s ❡♥t♦♥❝❡s q✉❡ ❡①✐st❡ g ∈ Lp(C) ❛❧ q✉❡ (I −K)(g) = 0✱ ❡s ❞❡❝✐r✱

g = P
(
(I − νS)−1(αg)

)
.

✺✸
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❉❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ 1.4.1 s❡ s✐❣✉❡ q✉❡

∂g = (I − νS)−1(αg),

❧✉❡❣♦

∂g − ν∂g = αg.

❈♦♠♦ g ∈ W 1,p(C) ② g(z) = O(1/z) → 0✱ s❡ ✈❡r✐✜❝❛♥ ❧❛s ❤✐♣ót❡s✐s ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥
✸✳✸✳✶ ✭❛✮✱ ② ❞❡❜❡ s❡r g = 0✳

❈♦♥ ❡st♦ ♣♦❞❡♠♦s ♣r♦❝❡❞❡r ❛ ❞❡♠♦str❛r ❡❧ r❡s✉❧t❛❞♦ ❛♥t✐❝✐♣❛❞♦✳

❚❡♦r❡♠❛ ✶✹✳ P❛r❛ ❝❛❞❛ k ∈ C ② ♣❛r❛ ❝❛❞❛ 2 < p < 1 + 1/κ✱ ❧❛ ❡❝✉❛❝✐ó♥ ✸✳✶ ❛❞♠✐t❡
✉♥❛ ú♥✐❝❛ s♦❧✉❝✐ó♥ f ∈ W 1,p

❧♦❝
(C) ❞❡ ❧❛ ❢♦r♠❛ ✭✹✳✶✮ t❛❧ q✉❡ ✈❛❧❣❛ ❧❛ ❢ór♠✉❧❛ ❛s✐♥tót✐❝❛

✭✹✳✷✮✳

❊s ❝❧❛r♦ q✉❡ ♣❛r❛ k = 0✱ ❡st❛ s♦❧✉❝✐ó♥ s❡rá ✐❞é♥t✐❝❛♠❡♥t❡ 1❀ ❡s ❞❡❝✐r✱ fµ(z, 0) ≡ 1✳

❉❡♠♦str❛❝✐ó♥✳ Pr✐♠❡r♦ ❤❛r❡♠♦s ❛❧❣✉♥❛s ❝✉❡♥t❛s ❢♦r♠❛❧❡s✳ ❙✐ s❡ ❡s❝r✐❜❡

fµ(z, k) = eikz(1 + η(z)),

s❡ t✐❡♥❡ q✉❡

∂fµ(z)− µ(z)∂fµ(z) = eikz∂η(z)− µ(z)(ikeikz(1 + η(z)) + eikz∂η(z))

= eikz ∂η(z) + ikµ(z)e−ikz + ikµ(z)e−ikz η(z)− µ(z)e−ikz ∂η.

❉✐✈✐❞✐❡♥❞♦ ♣♦r eikz ✭q✉❡ ♥♦ s❡ ❛♥✉❧❛✮✱ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❇❡❧tr❛♠✐ s❡ ♣✉❡❞❡ ❡s❝r✐❜✐r ❝♦♠♦

∂η(z) + ikµ(z)e−i(kz+kz) + ikµ(z)e−i(kz+kz) η(z)− µ(z)e−i(kz+kz) ∂η = 0,

❡s ❞❡❝✐r✱

∂η − e−kµ∂η = αη + α, ✭✹✳✸✮

(I − e−kµS)(∂η) = αη + α,

❞♦♥❞❡ α(z) = −ike−k(z)µ(z)✳ ❘❡❝♦r❞❡♠♦s q✉❡ e−k s❡ ❞❡✜♥✐ó ❡♥ ✭✶✳✶✶✮✳ ❆❤♦r❛✱ s✐
❝♦♥s✐❞❡r❛♠♦s K ❝♦♠♦ ❡♥ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ❛♥t❡r✐♦r ✭❝♦♥ ν = e−kµ✮✱ s❡ t✐❡♥❡ q✉❡

η = P (I − νS)−1(αη + αχD) = K(η + χD), ✭✹✳✹✮

η = (I −K)−1(K(χD)). ✭✹✳✺✮

❈♦♠♦ K(χD) ∈ Lp(C) ❡ I −K ❡s ✐♥✈❡rt✐❜❧❡✱ s❡ ♣✉❡❞❡ ❞❡✜♥✐r η ∈ Lp(C) ❛ ♣❛rt✐r ❞❡ ❡st❛
ú❧t✐♠❛ ❡①♣r❡s✐ó♥✳ ❈♦♠♦ η = K(η + χD)✱ ❡s ❛❞❡♠ás η ∈ W 1,p(C)❀ ❡st♦ ❥✉st✐✜❝❛ ❡❧ ✉s♦



✹✳✶✳ ❊❳■❙❚❊◆❈■❆ ✺✺

❞❡ ❧❛s ♣r♦♣♦s✐❝✐♦♥❡s ✶✳✹✳✶ ② ✶✳✹✳✺ ❛❧ ❞❡s❛♥❞❛r r✐❣✉r♦s❛♠❡♥t❡ ❧❛s ❝✉❡♥t❛s ❛♥t❡r✐♦r❡s✳ ❙❡
♦❜t✐❡♥❡ q✉❡ fµ ❡s ❡❢❡❝t✐✈❛♠❡♥t❡ s♦❧✉❝✐ó♥ ❞❡ ✭✸✳✶✮✳ ❆❞❡♠ás✱ ♣♦r ✭✹✳✹✮ ② ❧❛ ♣r♦♣♦s✐❝✐ó♥
✶✳✻✳✶✱ ✈❛❧❡

η(z) = O

(
1

z

)
,

q✉❡ ❡r❛ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❛s✐♥tót✐❝♦ ❞❡s❡❛❞♦✳
❱❡❛♠♦s ❧❛ ✉♥✐❝✐❞❛❞✳ ▲❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✮ ♣✉❡❞❡ r❡❡s❝r✐❜✐rs❡ ❡♥ tér♠✐♥♦s ❞❡ Mµ =

fµe
−ikz = η + 1 ❝♦♠♦

∂Mµ − µe−k∂Mµ = αMµ. ✭✹✳✻✮

❙✐ ❡①✐st✐❡r❛♥ ❞♦s s♦❧✉❝✐♦♥❡s ❡♥ W 1,p
❧♦❝

(C)✱ f 1
µ ② f 2

µ✱ ❡♥t♦♥❝❡s M
1
µ −M2

µ ∈ W 1,p
❧♦❝

❞❡❜❡rí❛
s❡r ✉♥❛ s♦❧✉❝✐ó♥ ❞❡ ✭✹✳✻✮ q✉❡ t❡♥❞✐❡r❛ ❛ 0 ❡♥ ❡❧ ✐♥✜♥✐t♦✳ P♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✭✸✳✸✳✶✳✭❛✮✮✱
❞❡❜❡ s❡r M1

µ =M2
µ✳

Pr♦♣♦s✐❝✐ó♥ ✹✳✶✳✷✳ P❛r❛ t♦❞♦ k, z ∈ C✱

❘❡

(
Mµ(z, k)

M−µ(z, k)

)
> 0.

❉❡♠♦str❛❝✐ó♥✳ ❈♦♠♦ s❡ ✐♥❞✐❝ó ❡♥ ✭✹✳✻✮✱ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❇❡❧tr❛♠✐ ✐♠♣❧✐❝❛ ♣❛r❛ Mµ q✉❡

∂Mµ − µe−k∂Mµ = −ikµe−kMµ.

◆❛t✉r❛❧♠❡♥t❡✱ ♣❛r❛ M−µ ✈❛❧❡

∂M−µ + µe−k∂M−µ = ikµe−kM−µ.

❈♦♠♦ µ t✐❡♥❡ s♦♣♦rt❡ ❝♦♠♣❛❝t♦✱ s❡ s✐❣✉❡ ❞❡❧ ❝♦r♦❧❛r✐♦ ✸✳✸✳✷ ② ❞❡ M±µ − 1 = O(1/z)
q✉❡ ♣❛r❛ ❝❛❞❛ k ∈ C ❡①✐st❡♥ η+(·, k), η−(·, k) ∈ C0(C) t❛❧❡s q✉❡

M±µ(z, k) = eη±(z,k). ✭✹✳✼✮

❊st♦ ♥♦ s❡ ❛♥✉❧❛✱ ❛sí q✉❡ ❡❧ ❝♦❝✐❡♥t❡Mµ/M−µ ❡stá ❜✐❡♥ ❞❡✜♥✐❞♦✳ ❈♦♠♦ η±(·, k) ∈ C0(C)✱
limz→∞M±µ(z, k) = 1✱ ② ❧❛ ♣❛rt❡ r❡❛❧ ❞❡ ❞✐❝❤♦ ❝♦❝✐❡♥t❡ ❞❡❜❡ s❡r ♣♦s✐t✐✈❛ ❡♥ ❛❧❣ú♥ ♣✉♥t♦✳

❙✉♣♦♥❣❛♠♦s q✉❡ ♥♦ ❧♦ ❢✉❡r❛ s✐❡♠♣r❡❀ ♣♦r ❧❛ ❝♦♥t✐♥✉✐❞❛❞ ❞❡ M±µ✱ ❞❡❜❡ ❤❛❜❡r ✉♥
z0 ∈ C ❞♦♥❞❡ s❡ ❛♥✉❧❡✱ ❡s ❞❡❝✐r✱

Mµ(z0, k) = itM−µ(z0, k)

♣❛r❛ ❛❧❣ú♥ t ∈ R \ {0}✳ ❈♦♥s✐❞❡r♦ ❡♥t♦♥❝❡s ❧❛ ❢✉♥❝✐ó♥ gk(z) =Mµ(z, k)− itM−µ(z, k)✱
q✉❡ ✈❡r✐✜❝❛

∂gk = ∂Mµ − it∂M−µ

= µe−k∂Mµ − ikµe−kMµ − it(−µe−k∂M−µ + ikµe−kM−µ)

= −ikµe−k(Mµ + itM−µ) + µe−k(∂Mµ + it∂M−µ)

= −ikµe−kgk + µe−k∂gk.
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◆✉❡✈❛♠❡♥t❡ ❡st♦② ❡♥ ❧❛s ❤✐♣ót❡s✐s ❞❡❧ ❝♦r♦❧❛r✐♦ ✸✳✸✳✷✱ ❞❡ ❞♦♥❞❡

gk(z) = Ceη(z).

❈♦♠♦ gk(z0) = 0✱ ❞❡❜❡ s❡r C = 0 ② gk ≡ 0✳ P❡r♦ gk(z) → 1 − it ❝✉❛♥❞♦ z → ∞✱ ♣♦r
❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❛s✐♥tót✐❝♦ ❞❡ M±µ✳ ❊st❛ ❝♦♥tr❛❞✐❝❝✐ó♥ ✐♥❞✐❝❛ q✉❡ ❘❡(Mµ/M−µ) > 0
♣❛r❛ t♦❞♦ z✱ ② ♣❛r❛ t♦❞♦ k✳

✹✳✷ ❊❝✉❛❝✐♦♥❡s ♣❛r❛ ∂k

❊st✉❞✐❛r❡♠♦s ❛❤♦r❛ ❧❛s ❞❡r✐✈❛❞❛s ❝♦♥ r❡s♣❡❝t♦ ❛ k ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❝♦♠♣❧❡❥❛s ❞❡ ❧❛
ó♣t✐❝❛ ❣❡♦♠étr✐❝❛✳ P❛r❛ ❡♠♣❡③❛r✱ ❝♦♠♦

µ∂(ekMµ) = −ikµe−kMµ + µe−k∂Mµ,

❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✻✮ s❡ ♣✉❡❞❡ r❡❡s❝r✐❜✐r ❝♦♠♦

∂Mµ = µ∂(ekMµ). ✭✹✳✽✮

❊♥❝♦♥tr❛r ✉♥❛ s♦❧✉❝✐ó♥ ❝♦♠♣❧❡❥❛ ❞❡ ❧❛ ó♣t✐❝❛ ❣❡♦♠étr✐❝❛ s❡rá ❡q✉✐✈❛❧❡♥t❡ ❛ ❡♥❝♦♥tr❛r
Mµ q✉❡ ✈❡r✐✜q✉❡ ❡st♦ ② Mµ − 1 ∈ W 1,p(C)✳

■♥tr♦❞✉❝✐♠♦s ❛❤♦r❛ ❡❧ ♦♣❡r❛❞♦r R✲❧✐♥❡❛❧ Lµ : W 1,p
❧♦❝

(C) → W 1,p(C)✱ ❞❛❞♦ ♣♦r

Lµg = P (µ∂(e−kg)).

❊s ❝❧❛r♦ q✉❡ ❡stá ❜✐❡♥ ❞❡✜♥✐❞♦ ② ❡s ❛❝♦t❛❞♦ ♣♦r ❡❧ t❡♦r❡♠❛ ✹✳

Pr♦♣♦s✐❝✐ó♥ ✹✳✷✳✶✳ ❙✐ p > 2✱ ♣❛r❛ g ∈ W 1,p
❧♦❝

(C) s♦♥ ❡q✉✐✈❛❧❡♥t❡s✿

❛✮ (I − Lµ)g = 1✳

❜✮ ∂g = µ∂(ekg) ② g − 1 ∈ W 1,p(C)✳

❉❡♠♦str❛❝✐ó♥✳ ❙✉♣♦♥❣♦ ♣r✐♠❡r♦ q✉❡ ✈❛❧❡ ✭❜✮✱ ❡♥t♦♥❝❡s

Lµg = P (µ∂(e−kg)) = P (µ∂(ekg)) = P (µ∂(ekg)) = P (∂g) = P (∂(g − 1)) = g − 1,

♣✉❡s g − 1 ∈ W 1,p(C) ② ∂(g − 1) = ∂g = µ∂(ekg) t✐❡♥❡ s♦♣♦rt❡ ❡♥ D ✭❝♦r♦❧❛r✐♦ ✶✳✹✳✼✮✳
❙❡ ♣r♦❜ó q✉❡ (I − Lµ)g = 1✳

❆❤♦r❛ ❛s✉♠♦ q✉❡ ✈❛❧❡ ✭❛✮✳ ❊s ❝❧❛r♦ q✉❡ g− 1 = Lµg ∈ W 1,p(C)✳ P♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥
✶✳✹✳✶✱

∂g = ∂Lµg = ∂P (µ∂(ekg)) = µ∂(ekg),

❝♦♠♦ s❡ q✉❡rí❛ ❞❡♠♦str❛r✳
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◆✉❡str❛ ♣r✐♥❝✐♣❛❧ ❤❡rr❛♠✐❡♥t❛ ❡♥ ❡st❛ s❡❝❝✐ó♥ s❡rá

❚❡♦r❡♠❛ ✶✺✳ ❙❡❛ µ ∈ L∞(C) q✉❡ s❡ ❛♥✉❧❛ ❛❢✉❡r❛ ❞❡ ✉♥ ❞♦♠✐♥✐♦ Ω ❛❝♦t❛❞♦ ② ✈❡r✐✜❝❛
||µ||∞ ≤ κ < 1✳ P❛r❛ k ∈ C ✜❥♦✱ s❡ t✐❡♥❡ q✉❡ s✐ 2 < p < 1 + 1/κ ❡♥t♦♥❝❡s ❡❧ ♦♣❡r❛❞♦r

I − Lµ : W 1,p(C,Ω)⊕ C −→ W 1,p(C,Ω)⊕ C

❡s ❛❝♦t❛❞♦ ❡ ✐♥✈❡rt✐❜❧❡✳

❉❡♠♦str❛❝✐ó♥✳ ❊s ❝❧❛r♦ q✉❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥

W 1,p(C,Ω)⊕ C −→ Lp(Ω)

g 7−→ µ∂(e−kg)

❡s ❛❝♦t❛❞❛✱ ❛❧ ✐❣✉❛❧ q✉❡ P : Lp(Ω) → W 1,p(C,Ω) ✭t❡♦r❡♠❛ ✹ ② ♣r♦♣♦s✐❝✐ó♥ ✶✳✹✳✶✮ ② ❧❛
✐♥❝❧✉s✐ó♥

W 1,p(C,Ω) −→ W 1,p(C,Ω)⊕ C.

❆sí✱ Lµ ❡s ❛❝♦t❛❞❛✱ ② t❛♠❜✐é♥ I − Lµ✳ ❈♦♠♦ W 1,p(C,Ω)⊕C ❡s ❞❡ ❇❛♥❛❝❤✱ só❧♦ q✉❡❞❛
♣r♦❜❛r q✉❡ I − Lµ ❡s ❜✐②❡❝t✐✈❛✳

❙✉♣♦♥❣❛♠♦s q✉❡

(I − Lµ)(g + C0) = h+ C1 ✭✹✳✾✮

♣❛r❛ g, h ∈ W 1,p(C,Ω) ② C0, C1 ❝♦♥st❛♥t❡s✳ ❊♥t♦♥❝❡s

g − h− Lµ(g + C0) = C1 − C0.

P❡r♦ Lµ(g + C0) ∈ W 1,p(C)✱ ❛❧ ✐❣✉❛❧ q✉❡ g ② h✱ ② ❞❡❜❡ s❡r C1 = C0✳ ❉❡r✐✈❛♥❞♦ ❝♦♥
r❡s♣❡❝t♦ ❛ z ♦❜t❡♥❣♦

∂h = ∂g − ∂Lµ(g + C0)

= ∂g − µ∂(e−kg)− µ∂(e−kC0)

= ∂g + ikµe−kg − µe−k∂g + ikµe−kC0

= ∂g + ikµe−kg − µe−kS(∂g) + ikµe−kC0

= (I − µe−kS)(∂g) + ikµe−kg + ikµe−kC0.

❙✐ ❧❧❛♠♦ α = −ikµe−k ② ν = µe−k✱ ♣✉❡❞♦ ✉s❛r ❡❧ t❡♦r❡♠❛ ✶✸ ♣❛r❛ ♦❜t❡♥❡r

(I − νS)−1(∂h) = ∂g − (I − νS)−1(αg + αC0),
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②✱ ❡♥ ❧❛ ♥♦t❛❝✐ó♥ ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✹✳✶✳✶✱

P [(I − νS)−1∂h] +K(C0χΩ) = P (∂g)−Kg,

P [(I − νS)−1∂h] +K(C0χΩ) = (I −K)g,

♣✉❡s g, h ∈ W 1,p(C,Ω)✳ ❊❧ tér♠✐♥♦ ❞❡ ❧❛ ✐③q✉✐❡r❞❛ ❡stá ❡♥ Lp(C) ♣❛r❛ ❝❛❞❛ h ∈
W 1,p(C,Ω) ② ♣❛r❛ ❝❛❞❛ C0 ∈ C✱ ❧✉❡❣♦ ♣♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✹✳✶✳✶ ❡①✐st❡ ✉♥❛ ú♥✐❝❛ g ∈
W 1,p(C) q✉❡ ✈❡r✐✜❝❛ ❧❛ ❡❝✉❛❝✐ó♥✳ ▲❛ ✐♥②❡❝t✐✈✐❞❛❞ ❞❡ I −Lµ ❡s ✐♥♠❡❞✐❛t❛ ❞❡ ❡st♦✳ P❛r❛
✈❡r ❧❛ s♦❜r❡②❡❝t✐✈✐❞❛❞ ❤❛② q✉❡ ♣r♦❜❛r q✉❡ ❡st❛ g ❡❢❡❝t✐✈❛♠❡♥t❡ ❝✉♠♣❧❡ ✭✹✳✾✮✱ ❧♦ q✉❡ ❡s
✐♥♠❡❞✐❛t♦ ♦❜s❡r✈❛♥❞♦ ❧❛s ❝✉❡♥t❛s ❛♥t❡r✐♦r❡s❀ ② q✉❡ ∂g ∈ Lp(Ω)✱ ❧♦ q✉❡ s❡ s✐❣✉❡ ❞❡

∂g − (I − νS)−1(αg) = ∂(I −K)g

= ∂P [(I − νS)−1∂h]− ∂K(C0χΩ)

= (I − νS)−1∂h− (I − νS)−1(αC0),

♣✉❡s t♦❞♦s ❧♦s ❞❡♠ás tér♠✐♥♦s s❡ ❛♥✉❧❛♥ ❛❢✉❡r❛ ❞❡ Ω✳

❙❡ tr❛❜❛❥❛rá ♠ás ❢r❡❝✉❡♥t❡♠❡♥t❡ ❝♦♥ ❡❧ ♦♣❡r❛❞♦r L2
µ✱ q✉❡ ✈❡r✐✜❝❛ ❧❛ ❢ór♠✉❧❛ ❝♦♥✈❡✲

♥✐❡♥t❡

L2
µg = Lµ(P (µ∂(e−kg)))

= P (µ∂(e−kP (µ∂(e−kg))))

= P (µ∂(e−kP (µ∂(e−kg))))

= P (µ∂(e−kP (µ∂(e−kg))))

= P (µ∂(e−kP (µ∂(ekg))))

= P (µ∂(e−kP (i k µ ek g + µek∂g)))

= P (µ∂(e−kP (i k µ ek g + µek∂g)))

= P (µ∂(∂ + ik)−1(µ(∂ + ik)g)), ✭✹✳✶✵✮

❞♦♥❞❡

(∂ + ik)−1g = e−kP (ekg)

♣❛r❛ ❝❛❞❛ g ∈ Lp(Ω)✳ ❖❜s❡r✈❛r q✉❡ ❡♥ ❡❢❡❝t♦

(∂ + ik)(∂ + ik)−1g = ∂(e−kP (ekg)) + ike−kP (ekg)

= −ike−kP (ekg) + ike−kP (ekg) + e−k∂P (ekg)

= e−kekg

= g.

❙❡ ❡♠♣❧❡ó ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✶✳✺✳✷✳ ❙♦❜r❡ L2
µ t❡♥❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ ✐♠♣♦rt❛♥t❡✿
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❈♦r♦❧❛r✐♦ ✹✳✷✳✷✳ ❊❧ ♦♣❡r❛❞♦r I − L2
µ ❡s ✐♥✈❡rt✐❜❧❡ ❡♥ W 1,p(C,Ω)⊕ C✳

❉❡♠♦str❛❝✐ó♥✳ ❈♦♠♦ Lµ = −L−µ✱ s❡ t✐❡♥❡ (I −L2
µ) = (I −Lµ)(I +Lµ) = (I −Lµ)(I −

L−µ)✱ ② ♣♦r ❡❧ t❡♦r❡♠❛ ❞❡❜❡ s❡r ✐♥✈❡rt✐❜❧❡✳

❱♦❧✈❛♠♦s ❞❡ ❛❤♦r❛ ❡♥ ♠ás ❛ Ω = D ② ♣r♦❝❡❞❛♠♦s ❡♥t♦♥❝❡s ❛ ❡st✉❞✐❛r ❧❛s ❞❡r✐✈❛❞❛s
❝♦♥ r❡s♣❡❝t♦ ❛ k✳ ❙❡ ♦❜t✐❡♥❡ ✭❞❡ ♠❛♥❡r❛ s✐♠✐❧❛r ❛ ❬✶✺✱ ▲❡♠❛ ✷✳✷❪✮

▲❡♠❛ ✹✳✷✳✸✳ ❙❡❛ p > 2✱ ❡♥t♦♥❝❡s ❧❛ ❛♣❧✐❝❛❝✐ó♥ k 7→ µ∂(∂ + ik)−1 ❡s ❝♦♥t✐♥✉❛♠❡♥t❡
❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ C✳ ❆❞❡♠ás✱ s✐ ♥♦t♦ ❛ ❧❛s ❞❡r✐✈❛❞❛s ♣♦r Dk ② Dk✱ ❡♥t♦♥❝❡s

Dk(k)g(z) = −µk
π

∫

C

ek(w − z)g(w) dm(w) = −µkĝ(k)e−k(z),

Dk(k)g(z) = −µ
(
k

π

∫

C

ek(w − z)
w − z

w − z
g(w) dm(w) +

i

π

∫

C

ek(w − z)
w − z

(w − z)2
g(w) dm(w)

)
.

❉❡♠♦str❛❝✐ó♥✳ ❊♠♣❡❝❡♠♦s ♣♦r ❞❡✜♥✐r ❧♦s ♦♣❡r❛❞♦r❡s✿

T a
k : Lp(D) −→ Lp(D)

g 7−→ ekg,

T b
k : W 1,p(C) −→ W 1,p(D)

g 7−→ (e−kg)|D,

T c : W 1,p(D) −→ Lp(D)

g 7−→ µ∂g.

❙❡ t✐❡♥❡ ❡♥t♦♥❝❡s q✉❡ µ∂(∂ + ik)−1 = T c T b
k P T

a
k ✳ ❱❛♠♦s ❛ ♣r♦❜❛r q✉❡ ❝❛❞❛ ✉♥❛ ❞❡

❡st❛s ❢❛♠✐❧✐❛s ❞❡ ♦♣❡r❛❞♦r❡s ❡s ❞✐❢❡r❡♥❝✐❛❜❧❡ ❝♦♠♦ ❢✉♥❝✐ó♥ ❞❡ k✳
❊♠♣❡❝❡♠♦s ♣♦r T a

k ❀ q✉❡r❡♠♦s ♣r♦❜❛r q✉❡ ∂kT a
k (g)(z) = iz ekg ② q✉❡ ∂kT

a
k (g)(z) =

iz ekg✱ ❡s ❞❡❝✐r q✉❡
∣∣∣∣
∣∣∣∣
ek+hg − ekg − iz ekgh− iz ekgh

h

∣∣∣∣
∣∣∣∣
Lp(D)→Lp(D)

−→ 0

❝♦♠♦ ♦♣❡r❛❞♦r ❡♥ g✳ ❊s❝r✐t♦ ❞❡ ♦tr❛ ♠❛♥❡r❛✱
∣∣∣∣
∣∣∣∣
ek+hg − ekg − iz ekgh− iz ekgh

h

∣∣∣∣
∣∣∣∣
Lp(D)

≤ Ch||g||Lp(D)

❝♦♥ Ch → 0 ❝✉❛♥❞♦ h→ 0✳ ❆❤♦r❛✱ ❝♦♠♦

∂k(ek) = izek,

∂k(ek) = izek,
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s❡ t✐❡♥❡ q✉❡

e(k+h) − ek − (izekh+ izekh)

h

❝♦♥✈❡r❣❡ ❛ 0 ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♥ z ∈ D✳ P✉❡❞♦ t♦♠❛r ❡♥t♦♥❝❡s

Ch =

∣∣∣∣∣

∣∣∣∣∣
e(k+h) − ek − (izekh+ izekh)

h

∣∣∣∣∣

∣∣∣∣∣
L∞(D)

.

P❛s❡♠♦s ❛ T b
k ✳ ❊♥ ❡st❡ ❝❛s♦ ❞❡❜❡rá ✈❛❧❡r ∂kT b

k(g)(z) = −iz e−kg ② ∂kT
b
k(g)(z) =

−iz e−kg✳ ❊s ❝❧❛r♦ ❛❧ ✐❣✉❛❧ q✉❡ ❛♥t❡s q✉❡
∣∣∣∣∣

∣∣∣∣∣
e−(k+h)g − e−kg + iz e−kgh+ iz e−kgh

h

∣∣∣∣∣

∣∣∣∣∣
Lp(D)

≤ Ch||g||Lp(D) ≤ Ch||g||W 1,p(C),

♣❡r♦ ❝♦♠♦ ❡st♦s ♦♣❡r❛❞♦r❡s ❧❧❡❣❛♥ ❛W 1,p(D) ❞❡❜❡♠♦s t❛♠❜✐é♥ ♣r♦❜❛r ❧❛ ❛❝♦t❛❝✐ó♥ ♣❛r❛
❧❛s ❞❡r✐✈❛❞❛s ∂z ② ∂z✳ ❊s ❞❡❝✐r✱ ♣❛r❛

∣∣∣∣
∣∣∣∣
e−k [−i(k + h)e−h − (−ik) + ih+ iz(−ik)h+ iz(−ik)h] g + e−k [e−h − 1 + iz h+ iz h] ∂zg

h

∣∣∣∣
∣∣∣∣
Lp(D)

,

∣∣∣∣∣

∣∣∣∣∣
e−k [−i(k + h)e−h − (−ik) + iz(−ik)h+ ih+ iz(−ik)h] g + e−k [e−h − 1 + iz h+ iz h] ∂zg

h

∣∣∣∣∣

∣∣∣∣∣
Lp(D)

.

❆❤♦r❛✱ t❡♥❡♠♦s

∂k(−ike−k) = −ie−k − kze−k,

∂k(−ike−k) = −kze−k,

∂k(−ike−k) = −kze−k,

∂k(−ike−k) = −ie−k − kze−k,

❞❡ ❞♦♥❞❡ s❡ s✐❣✉❡ q✉❡ ❧❛s ❡①♣r❡s✐♦♥❡s

e−k [−i(k + h)e−h − (−ik)− (−ih− zkh− zkh)]

h

②

e−k [−i(k + h)e−h − (−ik)− (−zkh− ih− zkh)]

h



✹✳✷✳ ❊❈❯❆❈■❖◆❊❙ P❆❘❆ ∂K ✻✶

t✐❡♥❞❡♥ ❛ 0 ❝✉❛♥❞♦ h → 0✱ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♥ z ∈ D✳ P✉❡❞♦ ❡♥t♦♥❝❡s r❡❛❧✐③❛r ❧❛
❛❝♦t❛❝✐ó♥

∣∣∣∣∣

∣∣∣∣∣
e−(k+h)g − e−kg + iz e−kgh+ iz e−kgh

h

∣∣∣∣∣

∣∣∣∣∣
W 1,p(D)

≤ Ch

(
||g||Lp(D) + ||∂zg||Lp(D) + ||∂zg||Lp(D)

)
+ C ′

h||g||Lp(D)

≤ C ′′
h ||g||W 1,p(D),

❞♦♥❞❡

C ′
h =

∣∣∣∣
∣∣∣∣
e−k [−i(k + h)e−h − (−ik)− (−ih− zkh− zkh)]

h

∣∣∣∣
∣∣∣∣
L∞(D)

+

+

∣∣∣∣∣

∣∣∣∣∣
e−k [−i(k + h)e−h − (−ik)− (−zkh− ih− zkh)]

h

∣∣∣∣∣

∣∣∣∣∣
L∞(D)

.

❆sí C ′′
h → 0 ❝✉❛♥❞♦ h→ 0✳

❋✐♥❛❧♠❡♥t❡✱ ❝♦♠♦ T c ② P ♥♦ ❞❡♣❡♥❞❡♥ ❞❡ k s✉s ❞❡r✐✈❛❞❛s s♦♥ tr✐✈✐❛❧♠❡♥t❡ 0✳ ❙❡
♦❜s❡r✈❛ q✉❡ t♦❞❛s ❧❛s ❞❡r✐✈❛❞❛s ♦❜t❡♥✐❞❛s s♦♥ ❝♦♥t✐♥✉❛s ❝♦♠♦ ❢✉♥❝✐♦♥❡s ❞❡ k✱ ❞❡ ❞♦♥❞❡
❧❛ ❢❛♠✐❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ❛ ❡st✉❞✐❛r ❡s ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐❛❜❧❡✳ ❈❛❧❝✉❧❡♠♦s ❛❤♦r❛
s✉s ❞❡r✐✈❛❞❛s✿

∂k(T
c T b

k P T
a
k )(g) = (T c ∂kT

b
k P T

a
k + T c T b

k P ∂kT
a
k )(g)

= µ∂(−ize−kP (ekg)) + µ∂(e−kP (iwekg))

= −µzk e−kP (ekg)− iµze−kS(ekg) + µke−kP (wekg) + iµe−kS(wekg)

= µke−kP ((w − z)ekg) + iµe−kS((w − z)ekg),

∂k(T
c T b

k P T
a
k )(g) = (T c ∂kT

b
k P T

a
k + T c T b

k P ∂kT
a
k )(g)

= µ∂(−ize−kP (ekg)) + µ∂(e−kP (iwekg))

= −iµe−kP (ekg)− µzk e−kP (ekg)− iµze−kS(ekg) + µke−kP (wekg)+

+ iµe−kS(wekg)

= −iµe−kP (ekg) + µke−kP ((w − z)ekg) + iµe−kS((w − z)ekg)

= µke−kP ((w − z)ekg).

❊st♦ ❝♦♥❝❧✉②❡ ❧❛ ❞❡♠♦str❛❝✐ó♥✳

P♦r ❡st❡ ❧❡♠❛ ② ✭✹✳✶✵✮✱ s❡ ♦❜s❡r✈❛ q✉❡ k 7→ L2
µ ❡s ✉♥ ♦♣❡r❛❞♦r C1✱ ❝✉②♦ ❝♦♥❥✉♥t♦ ❞❡

❧❧❡❣❛❞❛ s♦♥ ❛ s✉ ✈❡③ ❧♦s ♦♣❡r❛❞♦r❡s ❞❡ W 1,p(C,Ω)⊕C → W 1,p(C,Ω)⊕C✳ ❙✐ ❞❡✜♥✐♠♦s
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❧❛ ❛♠♣❧✐t✉❞ ❞❡ ❞✐s♣❡rs✐ó♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ g ❝♦♠♦

tµ(g; k) : =
1

π

∫

D

µ∂(ekg) dm

=
1

π

∫

D

µ(ikekg + ek∂g) dm

=
1

π

∫

D

µek(∂ + ik)g dm

= (µ(∂ + ik)g)̂ (k),

s❡ ♦❜t✐❡♥❡ ❝♦♥❝r❡t❛♠❡♥t❡ q✉❡

∂kL
2
µ(g) = P (∂k(µ∂(∂ + ik)−1)(µ(∂ + ik)g))

= P (−µk(µ(∂ + ik)g)̂ (k)e−k)

= −itµ(g; k)P (µ∂e−k) ✭✹✳✶✶✮

♣❛r❛ ❝❛❞❛ g ∈ W 1,p(C,Ω)⊕ C✳
❱♦❧✈✐❡♥❞♦ ❛ Mµ✱ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✹✳✷✳✶ ✐♥❞✐❝❛ q✉❡

(I + Lµ)(I − Lµ)(Mµ) = (I + Lµ)(1)

(I − L2
µ)(Mµ) = 1 + P (µ∂e−k) ✭✹✳✶✷✮

Mµ = (I − L2
µ)

−1(1 + P (µ∂e−k)).

❉❛❞♦ q✉❡ L2
µ ② e−k s♦♥ C1 ❝♦♠♦ ❢✉♥❝✐♦♥❡s ❞❡ k✱ s❡ s✐❣✉❡ q✉❡ k 7→Mµ(·, k) ∈ W 1,p(C,Ω)⊕

C t❛♠❜✐é♥ ❧♦ ❡s✳ ❈♦♠♦ p > 2 s❛❜❡♠♦s q✉❡ ❧❛ ✐♥❝❧✉s✐ó♥ W 1,p(C) → C0(C) ❡s ❛❝♦t❛❞❛✱
❧✉❡❣♦ s❡ t✐❡♥❡ ❡♥ ♣❛rt✐❝✉❧❛r q✉❡ ♣❛r❛ ❝✉❛❧q✉✐❡r z ∈ C ✜❥♦ ❧❛ ❢✉♥❝✐ó♥ Mµ(z, ·) ❡s ❝♦♥t✐♥✲
✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐❛❜❧❡✳

P♦r ✭✹✳✽✮✱ Mµ(·, k) ❡s ❤♦❧♦♠♦r❢❛ ❡♥ C \ D ♣❛r❛ ❝❛❞❛ k✳ ❆❞❡♠ás✱ Mµ(·, k) − 1 ∈
W 1,p(C)✱ ❧✉❡❣♦ ❡s ❛❝♦t❛❞❛✱ ② ✉♥ r❛③♦♥❛♠✐❡♥t♦ s✐♠✐❧❛r ❛❧ q✉❡ s❡ ❡♠♣❧❡ó ❡♥ ❧❛ ♣r♦♣♦s✐❝✐ó♥
✶✳✻✳✶ ♥♦s ♣❡r♠✐t❡ ♦❜t❡♥❡r ♣❛r❛ ❝❛❞❛ k ∈ C ❡❧ ❞❡s❛rr♦❧❧♦

Mµ(z, k) = 1 +
∞∑

n=1

bn(k)z
−n, ✭✹✳✶✸✮

s✐ |z| > 1✱ ❝♦♥ (bn)n∈N ❛❝♦t❛❞♦s✳

Pr♦♣♦s✐❝✐ó♥ ✹✳✷✳✹✳ P❛r❛ ❝❛❞❛ k ∈ C✱ b1(k) = tµ(Mµ; k)✳

❉❡♠♦str❛❝✐ó♥✳ ❈♦♥s✐❞❡r❛♠♦s ♣❛r❛ k ✜❥♦ ❧❛ ❢✉♥❝✐ó♥ f(z) = (Mµ(z, k)− 1)z− b1(k)✱ q✉❡
✈❡r✐✜❝❛ ♣❛r❛ |z| > 1

f(z) =
∞∑

n=1

bn+1z
−n.
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P♦r ❧❛ ❛❝♦t❛❝✐ó♥ ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s✱ |f(z)| = O(1/|z|) ❝✉❛♥❞♦ |z| → ∞✱ ② ❝♦♠♦ (Mµ −
1) ∈ Lp(C) s❡ s✐❣✉❡ ❞❡ ✐♥♠❡❞✐❛t♦ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ q✉❡ f ∈ Lp(C)✳ ❆❞❡♠ás✱ ♣♦r ✭✹✳✽✮✱

∂f = ∂Mµz = µ∂(ekMµ)z ∈ Lp(D).

❊st❛♠♦s ❡♥ ❧❛s ❤✐♣ót❡s✐s ❞❡❧ ❝♦r♦❧❛r✐♦ ✶✳✹✳✼✱ ♣♦r ❧♦ q✉❡ P (∂f) = f ✳ ❊s ❞❡❝✐r✱

(Mµ(z, k)− 1)z − b1(k) = P (∂Mµ(z, k)z)

= − 1

π

∫

D

µ(w)∂(ekMµ(·, k))(w)w
w − z

dm(w).

❊✈❛❧✉❛♥❞♦ ❡♥ z = 0✱

−b1(k) = (Mµ(0, k)− 1)0− b1(k)

= P (∂Mµ(z, k)z)(0)

= − 1

π

∫

D

µ(w)∂(ekMµ(·, k))(w)w
w

dm(w)

= − 1

π

∫

D

µ∂(ekMµ) dm

= −tµ(Mµ; k),

♣✉❡s µ ❡s r❡❛❧✳

❙✐ ❞❡✜♥✐♠♦s ❧❛s ❢✉♥❝✐♦♥❡s

F+ =
1

2
(Mµ +M−µ),

F− =
ie−k

2
(Mµ −M−µ),

❡♥t♦♥❝❡s ✭✹✳✶✷✮ ✐♠♣❧✐❝❛ ✭❝♦♠♦ L2
−µ = L2

µ✮

(I − L2
µ)(F+) = 1.

❉❡r✐✈❛♥❞♦ r❡s♣❡❝t♦ ❛ k ② ✉s❛♥❞♦ ✭✹✳✶✶✮✱

iτµ(k)P (µ∂e−k) + (I − L2
µ)(∂kF+) = 0, ✭✹✳✶✹✮

❞♦♥❞❡ ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐s♣❡rs✐ó♥ τµ(k) ❡stá ❞❛❞♦ ♣♦r

τµ(k) = tµ(F+; k) = tµ(Mµ; k)− t−µ(M−µ; k).
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❚❡♦r❡♠❛ ✶✻✳ P❛r❛ ❝❛❞❛ z ∈ C✱ ❧❛s ❢✉♥❝✐♦♥❡s k 7→ F±(z, k) s♦♥ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡✲
r❡♥❝✐❛❜❧❡s✱ ② ✈❡r✐✜❝❛♥

∂kF+(z, k) = τµ(k)e−k(z)F−(z, k),

∂kF−(z, k) = τµ(k)e−k(z)F+(z, k).

❉❡♠♦str❛❝✐ó♥✳ ▲❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞ ❡s ✐♥♠❡❞✐❛t❛ ♣✉❡s ✈❛❧❡ ♣❛r❛M±µ✳ ❙✐ ❛❤♦r❛ r❡st❛♠♦s
❛ ✭✹✳✶✷✮ ❛♣❧✐❝❛❞❛ ❛ Mµ ❧❛ ♠✐s♠❛ ❡❝✉❛❝✐ó♥ ❛♣❧✐❝❛❞❛ ❛ M−µ✱ s❡ ♦❜t✐❡♥❡

(I − L2
µ)(Mµ)− (I − L2

−µ)(M−µ) = 1 + P (µ∂e−k)− (1 + P (−µ∂e−k))

(I − L2
µ)(Mµ −M−µ) = 2P (µ∂e−k)

(I − L2
µ)

(
2i

ek
F−

)
= 2P (µ∂e−k)

(I − L2
µ)
(
e−kF−

)
= −iP (µ∂e−k).

❙❡ ✉só q✉❡ L2
µ = L2

−µ ② q✉❡ s♦♥ C✲❧✐♥❡❛❧❡s✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s tér♠✐♥♦s ♣♦r τµ(k) s❡
s✐❣✉❡ ❞❡ ✭✹✳✶✹✮ q✉❡

(I − L2
µ)
(
τµ(k)e−kF−

)
= (I − L2

µ)(∂kF+).

▲❛ ♣r✐♠❡r❛ ♣❛rt❡ ❞❡❧ t❡♦r❡♠❛ s❡ s✐❣✉❡ ❡♥t♦♥❝❡s ❞❡❧ ❝♦r♦❧❛r✐♦ ✹✳✷✳✷✳
P♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✹✳✷✳✶

F+ =
1

2
(Mµ +M−µ) = 1 +

1

2
Lµ(Mµ) +

1

2
L−µ(M−µ)

= 1 +
1

2
Lµ(Mµ −M−µ) = 1 + Lµ(ie−kF−)

= 1− iP (µ∂F−),

F− =
ie−k

2
(Mµ −M−µ) =

ie−k

2
(Lµ(Mµ)− L−µ(M−µ))

= ie−kLµ

(
1

2
(Mµ +M−µ)

)
= ie−kLµ(F+)

= ie−kP (µ∂(e−kF+)) = ie−kP (µ∂(ekF+)).

❉❡r✐✈❛♥❞♦ ❧❛ s❡❣✉♥❞❛ ❡❝✉❛❝✐ó♥ ❝♦♥ r❡s♣❡❝t♦ ❛ k s❡ ♦❜t✐❡♥❡

∂kF− = ze−kP (µ∂(ekF+)) + ie−kP (µ∂(izekF+)) + ie−kP (µ∂(ek∂kF+))

= −ze−k(z)
1

π

∫

C

µ(w)∂(ekF+)(w)

w − z
dm(w) + e−k(z)

1

π

∫

C

µ(w)w∂(ekF+)(w)

w − z
+

+ ie−kP (µ∂(ek∂kF+)) = e−k(z)
1

π

∫

C

µ∂(ekF+) dm+ ie−kP (µ∂(ek∂kF+))

= e−kτµ(k)(1 + iP (µ∂F−)) = e−kτµ(k)F+,

♣♦r ❧❛ ♣r✐♠❡r❛ ♣❛rt❡ ❞❡❧ t❡♦r❡♠❛✳
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❱♦❧✈✐❡♥❞♦ ❛ ❧❛s s♦❧✉❝✐♦♥❡s ❝♦♠♣❧❡❥❛s ❞❡ ❧❛ ó♣t✐❝❛ ❣❡♦♠étr✐❝❛✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r

h+ : =
1

2
(fµ + f−µ) = eikzF+, ✭✹✳✶✺✮

h− : =
i

2
(fµ − f−µ) = eikzF−. ✭✹✳✶✻✮

❊♥ ❡st♦s tér♠✐♥♦s✱ ❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r ❞✐❝❡ q✉❡

∂kh+ = τµh−, ✭✹✳✶✼✮

∂kh− = τµh+. ✭✹✳✶✽✮

▲♦ ♥♦t♦r✐♦ ❞❡ ❡st❛s ❡❝✉❛❝✐♦♥❡s ❡s q✉❡ ❡❧ ❝♦❡✜❝✐❡♥t❡ τµ ♥♦ ❞❡♣❡♥❞❡ ❞❡ z✳

✹✳✸ ❈r❡❝✐♠✐❡♥t♦ s✉❜❡①♣♦♥❡♥❝✐❛❧

❈♦♠♦ ♠✉❡str❛♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✶✮ ② ✭✹✳✼✮✱ ❧❛s s♦❧✉❝✐♦♥❡s ❝♦♠♣❧❡❥❛s ❞❡ ❧❛ ó♣t✐❝❛ ❣❡✲
♦♠étr✐❝❛ s❡ ♣✉❡❞❡♥ ❡s❝r✐❜✐r ❡♥ ❢♦r♠❛ ❡①♣♦♥❡♥❝✐❛❧✳ ❊♥ ❡st❛ s❡❝❝✐ó♥ ❛♥❛❧✐③❛r❡♠♦s ❡st❡
r❡s✉❧t❛❞♦ ❡♥ ❞❡t❛❧❧❡✳ ◆❡❝❡s✐t❛r❡♠♦s ❡st✉❞✐❛r ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❇❡❧tr❛♠✐ ❝♦♥ ❝♦❡✜❝✐❡♥t❡s
❝♦♠♣❧❡❥♦s λµ✱ ❞♦♥❞❡ λ ∈ ∂D ② µ = (1− σ)/(1 + σ)✳ ❊❧ t❡♦r❡♠❛ ✶✹ s✐❣✉❡ s✐❡♥❞♦ ✈á❧✐❞♦
❝♦♥ ❡①❛❝t❛♠❡♥t❡ ❧❛ ♠✐s♠❛ ❞❡♠♦str❛❝✐ó♥✳ ❊s ❞❡❝✐r✱ ♣♦❞❡♠♦s ❛s❡❣✉r❛r q✉❡ ❡①✐st❡ ✉♥❛
ú♥✐❝❛ fλµ ∈ W 1,p

❧♦❝
(C) t❛❧ q✉❡

fλµ(z, k) = eikz
(
1 +O

(
1

z

))

②

∂fλµ = λµ∂fλµ.

▲❡♠❛ ✹✳✸✳✶✳ ▲❛ ❢✉♥❝✐ó♥ fλµ s❡ ♣✉❡❞❡ ❡s❝r✐❜✐r ❡♥ ❧❛ ❢♦r♠❛

fλµ(z, k) = eikϕλ(z,k),

❞♦♥❞❡ ♣❛r❛ ❝❛❞❛ k ∈ C \ {0} ② λ ∈ ∂D✱ ❧❛ ❢✉♥❝✐ó♥ ϕλ(·, k) : C −→ C ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥
❝✉❛s✐❝♦♥❢♦r♠❡ q✉❡ s❛t✐s❢❛❝❡

ϕλ(z, k) = z +O

(
1

z

)
✭✹✳✶✾✮

②

∂ϕλ(z, k) = −k
k
λµ(z)(e−k ◦ ϕλ)(z, k)∂ϕλ(z, k) ✭✹✳✷✵✮

♣❛r❛ t♦❞♦ z ∈ C✳
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❉❡♠♦str❛❝✐ó♥✳ ❊❧ ♣❛rá♠❡tr♦ k ❡stá ✜❥♦✱ ♣♦r ❧♦ q✉❡ ♣♦❞❡♠♦s ✐❣♥♦r❛r❧♦ ❡♥ ❧❛ ♥♦t❛❝✐ó♥✳
▲❧❛♠❛♠♦s

µ1(z) = λµ(z)
∂fλµ(z)

∂fλµ(z)
,

❡♥t♦♥❝❡s

∂fλµ = µ1∂fλµ. ✭✹✳✷✶✮

P♦r ♦tr♦ ❧❛❞♦✱ ❡s ❢á❝✐❧ ❞❡♠♦str❛r q✉❡ ❡①✐st❡ ✉♥ ú♥✐❝♦ ❤♦♠❡♦♠♦r✜s♠♦ ❝✉❛s✐❝♦♥❢♦r♠❡
ϕλ ∈ H1

❧♦❝
(C) t❛❧ q✉❡

∂ϕλ = µ1∂ϕλ

②

ϕλ(z) = z +O

(
1

z

)
.

P♦r ❡❧ t❡♦r❡♠❛ ✾✱ ❝✉❛❧q✉✐❡r s♦❧✉❝✐ó♥ ❞❡ ✭✹✳✷✶✮ s❡ ♣✉❡❞❡ ♦❜t❡♥❡r ❞❡ ϕλ ❝♦♠♦

fλµ(z) = h ◦ ϕλ(z),

❞♦♥❞❡ h ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❡♥t❡r❛✳ P❡r♦

h ◦ ϕλ(z)

eikϕλ(z)
=

fλµ(z)

eikϕλ(z)
=
eikz

(
1 +O

(
1
z

))

eik(z+O( 1
z ))

t✐❡♥❡ ❧í♠✐t❡ 1 ❝✉❛♥❞♦ z → ∞✳ ❈♦♠♦ ϕλ ❡s ✉♥ ❤♦♠❡♦♠♦r✜s♠♦✱ h(z)e−ikz ❞❡❜❡ s❡r
t❛♠❜✐é♥ ❛❝♦t❛❞❛ ②✱ ♣♦r ❧♦ t❛♥t♦✱ ❝♦♥st❛♥t❡✳ ❊s ❞❡❝✐r✱

fλµ(z) = eikϕλ(z).

❆❞❡♠ás✱

∂fλµ = ikeikϕλ∂ϕλ,

λµ∂fλµ = −iλµke−ikϕλ ∂ϕλ.

❈♦♠♦ ∂fλµ = λµ∂fλµ✱ s❡ ❝♦♥❝❧✉②❡ q✉❡

∂ϕλ = −λµk
k
e−i(kϕλ+kϕλ) ∂ϕλ.
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▲♦ q✉❡ ❞✐❝❡ ❡st❡ ❧❡♠❛ ❡s q✉❡ tr❛s ✉♥ ❝❛♠❜✐♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❝✉❛s✐❝♦♥❢♦r♠❡ ❧❛s
s♦❧✉❝✐♦♥❡s ❝♦♠♣❧❡❥❛s ❞❡ ❧❛ ó♣t✐❝❛ ❣❡♦♠étr✐❝❛ ♥♦ s♦♥ ♠ás q✉❡ ❢✉♥❝✐♦♥❡s ❡①♣♦♥❡♥❝✐❛❧❡s✳
❊❧ ♦❜❥❡t✐✈♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ❧♦ q✉❡ q✉❡❞❛ ❞❡ ❡st❡ ❝❛♣ít✉❧♦ s❡rá ❞❡♠♦str❛r

❚❡♦r❡♠❛ ✶✼✳ ❙❡❛ ϕλ ∈ H1
❧♦❝
(C) s♦❧✉❝✐ó♥ ❞❡ ✭✹✳✶✾✲✹✳✷✵✮✳ ❊♥t♦♥❝❡s ❝✉❛♥❞♦ k → ∞✱

ϕλ(z, k) → z

✉♥✐❢♦r♠❡♠❡♥t❡ ❡♥ z ∈ C ② λ ∈ ∂D✳

❙❡♣❛r❛r❡♠♦s ❧❛ ❞❡♠♦str❛❝✐ó♥ ❡♥ ✈❛r✐♦s ❧❡♠❛s✳

▲❡♠❛ ✹✳✸✳✷✳ ❙❡❛ ǫ > 0✳ ❙✐ Sj : L2(C) −→ L2(C) s♦♥ ♦♣❡r❛❞♦r❡s ♠✉❧❧t✐♣❧✐❝❛❞♦r❡s ❞❡
❋♦✉r✐❡r✱ ❝❛❞❛ ✉♥♦ ❝♦♥ ✉♥ sí♠❜♦❧♦ ✉♥✐♠♦❞✉❧❛r✱ ②

fn = λµSnλµSn−1λµ...λµS1λµ,

❡♥t♦♥❝❡s ❡①✐st❡ ✉♥ ♥ú♠❡r♦ Rn = Rn(µ, ǫ) t❛❧ q✉❡

|f̂n(ξ)| < ǫ ♣❛r❛ |ξ| > Rn.

❉❡♠♦str❛❝✐ó♥✳ P♦❞❡♠♦s s✉♣♦♥❡r q✉❡ λ = 1✳ ❙❛❜❡♠♦s q✉❡

Ŝjg(ξ) = mj(ξ)ĝ(ξ),

❝♦♥ |mj| ≡ 1✳ ❈♦♠♦ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❡s ✉♥❛ ✐s♦♠❡trí❛ ❡♥ L2(C)✱ s❡ s✐❣✉❡
q✉❡ ❝❛❞❛ Sj t❛♠❜✐é♥ ❧♦ ❡s✳ ▲✉❡❣♦

||fn||L2(C) ≤ ||µ||L∞(C)||SnµSn−1µ...µS1µ||L2(C)

= ||µ||L∞(C)||µSn−1µ...µS1µ||L2(C)

≤ ...

≤ ||µ||nL∞(C)||S1µ||L2(C)

= ||µ||nL∞(C)||µ||L2(C)

≤ κn+1|D|1/2

=
√
π κn+1.

❈♦♠❡♥③❛♠♦s ♣♦r ❡❧❡❣✐r ρn t❛❧ q✉❡
∫

|ξ|>ρn

|µ̂|2 dm < ǫ2.

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ❡❧❡❣✐♠♦s ✐♥❞✉❝t✐✈❛♠❡♥t❡ ρn−1, ρn−2, ..., ρ1 t❛❧❡s q✉❡ ♣❛r❛ 1 ≤ l ≤ n− 1

∫

|ξ|>ρl

|µ̂|2 dm ≤ ǫ2

π

(
n∏

j=l+1

πρj

)−2

.
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❚♦❞♦ ❡st♦ ❡s ♣♦s✐❜❧❡ ♣✉❡s µ̂ ∈ L2(C)✳ ❋✐♥❛❧♠❡♥t❡✱ ❝♦♠♦ µ ∈ L1(C)✱ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✶✳✷✳✶
♥♦s ♣❡r♠✐t❡ ❡❧❡❣✐r ρ0 t❛❧ q✉❡

|µ̂(ξ)| < ǫπ−n

(
n∏

j=1

ρj

)−1

s✐❡♠♣r❡ q✉❡ |ξ| > ρ0✳
❉❡✜♥✐♠♦s ❡♥t♦♥❝❡s Rn =

∑n
j=0 ρj✳ ❙✐ |ξ| > Rn✱ ✈❛❧❡ ✭♣♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✶✳✷✳✹✮

|f̂n(ξ)| = |(µSnfn−1)̂ (ξ)| =
1

π
|µ̂ ∗ Ŝnfn−1(ξ)| ≤

∫

C

|µ̂(ξ − η)| |f̂n−1(η)| dm(η)

=

∫

|ξ−η|≤ρn

|µ̂(ξ − η)| |f̂n−1(η)| dm(η) +

∫

|ξ−η|≥ρn

|µ̂(ξ − η)| |f̂n−1(η)| dm(η).

P❡r♦ s✐ |ξ − η| ≤ ρn ❡♥t♦♥❝❡s |η| ≥ |ξ| − ρn >
∑n−1

j=0 ρj✳ ❙✐ ♥♦t❛♠♦s

∆n = sup

{
|f̂n(ξ)| : |ξ| >

n∑

j=0

ρj

}
,

s❡ t✐❡♥❡ q✉❡

∆n ≤
∫

|ξ−η|≤ρn

|µ̂(ξ − η)| |f̂n−1(η)| dm(η) +

∫

|ξ−η|≥ρn

|µ̂(ξ − η)| |f̂n−1(η)| dm(η)

≤
∫

|ξ−η|≤ρn

|µ̂(ξ − η)|∆n−1 dm(η) +

(∫

|η|≥ρn

|µ̂(η)|2 dm(η)

)1/2

||f̂n−1||L2(C)

≤ ||µ||L2(C)∆n−1

√
πρ2n +

(∫

|η|≥ρn

|µ̂(η)|2 dm(η)

)1/2

||fn−1||L2(C)

≤ πρnκ∆n−1 + κn
(
π

∫

|η|≥ρn

|µ̂(η)|2 dm(η)

)1/2

♣❛r❛ ❝❛❞❛ n ∈ N ✭s✐ ❝♦♥s✐❞❡r❛♠♦s f0 := µ✮✳ ■t❡r❛♥❞♦ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞✱ s❡ ❝♦♥❝❧✉②❡ q✉❡

∆n ≤ (κπ)n

(
n∏

j=1

ρj

)
∆0 + κn

n∑

l=1

(
n∏

j=l+1

πρj

)(
π

∫

|η|≥ρl

|µ̂(η)|2 dm(η)

)1/2

,

❞♦♥❞❡ ❡❧ ♣r♦❞✉❝t♦r✐♦ s♦❜r❡ ✉♥ ❝♦♥❥✉♥t♦ ✈❛❝í♦ s❡ ❝♦♥s✐r❛ 1✳ P♦r ❝♦♠♦ s❡ ❡❧✐❣✐❡r♦♥ ❧♦s ρj✱

∆n ≤ (n+ 1)κnǫ.

❊st♦ ❝♦♥❝❧✉②❡ ❧❛ ❞❡♠♦str❛❝✐ó♥✳



✹✳✸✳ ❈❘❊❈■▼■❊◆❚❖ ❙❯❇❊❳P❖◆❊◆❈■❆▲ ✻✾

❆♥t❡s ❞❡ ❞❡♠♦str❛r ❡❧ t❡♦r❡♠❛ ✶✼✱ s❡rá ♥❡❝❡s❛r✐♦ ♣r♦❜❛r ✉♥ r❡s✉❧t❛❞♦ s✐♠✐❧❛r ♣❛r❛
✉♥❛ ❡❝✉❛❝✐ó♥ ❧✐♥❡❛❧✿

Pr♦♣♦s✐❝✐ó♥ ✹✳✸✳✸✳ ❙❡❛ ψ ∈ H1
❧♦❝
(C) t❛❧ q✉❡

∂ψ = λ
k

k
µe−k∂ψ, ✭✹✳✷✷✮

ψ(z) = z +O

(
1

z

)
. ✭✹✳✷✸✮

❊♥t♦♥❝❡s ψ(z, k) → z ❝✉❛♥❞♦ k → ∞✱ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♥ z ∈ C ② λ ∈ ∂D✳

▲❛ s♦❧✉❝✐ó♥ ❞❡ ✭✹✳✷✷✲✹✳✷✸✮ ♣❡rt❡♥❡❝❡ ❛ W 1,p
❧♦❝

(C) ♣❛r❛ ❛❧❣ú♥ p > 2✱ ❧✉❡❣♦ ❡s ú♥✐❝❛ ♣♦r
❧❛ ♣r♦♣♦s✐❝✐ó♥ ✸✳✸✳✶✳❛✳ ❖❜s❡r✈❡♠♦s ❛❤♦r❛ q✉❡ ♣♦r ✭✶✳✷✺✮ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r δκ > 0 t❛❧
q✉❡ κ||S||Lp→Lp < 1 ♣❛r❛ t♦❞♦ 2− δκ ≤ p ≤ 2 + δκ✳ ❈♦♥ ❡st❛ ♥♦t❛❝✐ó♥ s❡ t✐❡♥❡

▲❡♠❛ ✹✳✸✳✹✳ ❙❡❛ ψ ∈ H1
❧♦❝
(C) ❧❛ ú♥✐❝❛ s♦❧✉❝✐ó♥ ❞❡ ✭✹✳✷✷✲✹✳✷✸✮ ② s❡❛ ǫ > 0✳ ❙❡ ♣✉❡❞❡

❞❡s❝♦♠♣♦♥❡r ∂ψ ❝♦♠♦ ∂ψ = g + h ❞♦♥❞❡

✭✐✮ ||h(·, k)||Lp(C) < ǫ ♣❛r❛ t♦❞♦ k ∈ C ② ♣❛r❛ t♦❞♦ 2− δκ ≤ p ≤ 2 + δκ✱

✭✐✐✮ ||g(·, k)||Lp(C) ≤ C0 = C0(κ) ♣❛r❛ t♦❞♦ k ∈ C✱

✭✐✐✐✮ ĝ(·, k) → 0 ❝✉❛♥❞♦ k → ∞✱ ✉♥✐❢♦r♠❡♠❡♥t❡ s♦❜r❡ t♦❞♦ ❝♦♠♣❛❝t♦ ② ✉♥✐❢♦r♠❡♠❡♥t❡
❡♥ λ ∈ ∂D✳

▲❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❡♥ ✭✐✐✐✮ ❡s só❧♦ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ♣r✐♠❡r❛ ✈❛r✐❛❜❧❡✳

❉❡♠♦str❛❝✐ó♥✳ ▲❛ s❡r✐❡

∞∑

n=0

(
λ
k

k
µe−kS

)n(
λ
k

k
µe−k

)

❞❡✜♥❡ ✉♥❛ ❢✉♥❝✐ó♥ ❡♥ Lp(D)✱ ♣✉❡s

∞∑

n=0

∣∣∣∣∣

∣∣∣∣∣

(
λ
k

k
µe−kS

)n(
λ
k

k
µe−k

)∣∣∣∣∣

∣∣∣∣∣
Lp(C)

≤
∞∑

n=0

(κ||S||Lp→Lp)n κπ1/p

q✉❡ ❝♦♥✈❡r❣❡ ❞❛❞♦ q✉❡ κ||S||Lp→Lp < 1✳ ▲❛ s♦❧✉❝✐ó♥ ❞❡ ✭✹✳✷✷✲✹✳✷✸✮ ❡st❛rá ❞❛❞❛ ♣♦r

ψ = P

(
∞∑

n=0

(
λ
k

k
µe−kS

)n(
λ
k

k
µe−k

))
+ z,
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q✉❡ ❝❧❛r❛♠❡♥t❡ ❡stá ❡♥H1
❧♦❝
(C)✳ ❊❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❛s✐♥tót✐❝♦ s❡ s✐❣✉❡ ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥

✶✳✻✳✶✳ ❈♦♠♦ ψ − z ∈ W 1,p(C)✱

S(∂ψ) = S(∂(ψ − z)) = ∂(ψ − z) = ∂ψ − 1.

❈✉♠♣❧❡ ❡♥t♦♥❝❡s ✭✹✳✷✷✮✱ ♣♦rq✉❡

λ
k

k
µe−k∂ψ = λ

k

k
µe−kS(∂ψ) + λ

k

k
µe−k

=

(
λ
k

k
µe−kS

)
∂

(
P

(
∞∑

n=0

(
λ
k

k
µe−kS

)n(
λ
k

k
µe−k

))
+ z

)
+ λ

k

k
µe−k

=

(
λ
k

k
µe−kS

)( ∞∑

n=0

(
λ
k

k
µe−kS

)n(
λ
k

k
µe−k

))
+ λ

k

k
µe−k

=
∞∑

n=0

(
λ
k

k
µe−kS

)n+1(
λ
k

k
µe−k

)
+ λ

k

k
µe−k

=
∞∑

n=0

(
λ
k

k
µe−kS

)n(
λ
k

k
µe−k

)

= ∂ψ.

❚♦♠❛r❡♠♦s ❧❛ ❢✉♥❝✐ó♥ h ❝♦♠♦

h =
∞∑

n=n0

(
λ
k

k
µe−kS

)n(
λ
k

k
µe−k

)
,

q✉❡ ✈❡r✐✜❝❛

||h||Lp(C) ≤
∞∑

n=n0

(κ||S||Lp→Lp)n κπ1/p

= κπ1/p (κ||S||Lp→Lp)n0

1− κ||S||Lp→Lp

.

❇❛st❛ ❡❧❡❣✐r n0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ♣❛r❛ q✉❡ ✈❛❧❣❛ ✭✐✮✱ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♥ k✳ ❊s ❝❧❛r♦
q✉❡ ❧❛ ♣❛rt❡ r❡st❛♥t❡✱

g =

n0−1∑

n=0

(
λ
k

k
µe−kS

)n(
λ
k

k
µe−k

)
,

❝✉♠♣❧❡ ✭✐✐✮✱ ❝♦♥

C0 =

n0−1∑

n=0

(
sup

2−δκ≤p≤2+δκ

κ||S||Lp→Lp

)n

κπ1/p.
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❋❛❧t❛ ♣r♦❜❛r ✭✐✐✐✮✳ P❛r❛ ❡st♦ ♦❜s❡r✈❡♠♦s q✉❡ s✐ s❡ ❞❡✜♥❡ ❡❧ ♦♣❡r❛❞♦r Sk ❝♦♠♦

Skφ = ekS(e−kφ),

❡♥t♦♥❝❡s✱ ♣♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✶✳✹✳✶✵✱

(Skφ)̂ (ξ) = (ekS(e−kφ))̂ (ξ) = (S(e−kφ))̂ (ξ + k)

= m(ξ + k)(e−kφ)̂ (ξ + k) = m(ξ + k)φ̂(ξ)

♣❛r❛ t♦❞❛ φ ∈ C1
❝
(C)✱ ❞♦♥❞❡ m(ξ) = ξ/ξ✳ ❊s ❞❡❝✐r✱ q✉❡ Sk ❡s ✉♥ ♦♣❡r❛❞♦r ♠✉❧t✐♣❧✐❝❛❞♦r

❞❡ ❋♦✉r✐❡r ❝♦♥ sí♠❜♦❧♦ m(·+ k)✳ P♦r ❧❛ ❞❡✜♥✐❝✐ó♥✱

(µe−kS)
nµe−k = (µe−kS)

n−1µe−2kSkµ

= (µe−kS)
n−2µe−3kS2kµSkµ

= ...

= e−(n+1)kµSnkµS(n−1)k...µSkµ,

❞❡ ❞♦♥❞❡

g =

n0∑

n=1

(
λ
k

k

)n

(µe−kS)
n−1 (µe−k)

=

n0∑

n=1

(
λ
k

k

)n

e−nkµS(n−1)kµ...µSkµ

=

n0∑

n=1

e−nkGn

❝♦♥ Gn =
(
λk

k

)
µS(n−1)k

(
λk

k

)
µ...
(
λk

k

)
µSk

(
λk

k

)
µ✳ P♦r ❡❧ ❧❡♠❛ ✹✳✸✳✷✱ |Ĝn(ξ)| < ǫ̃

♣❛r❛ t♦❞♦ n s✐ |ξ| > R = maxj≤n0 Rj✳ R ♥♦ ❞❡♣❡♥❞❡ ❞❡ λ✳ ❙❡ t✐❡♥❡

ĝ(ξ, k) =

n0∑

n=1

(e−nkGn)̂ (ξ)

=

n0∑

n=1

Ĝn(ξ − nk).

P❛r❛ ❝✉❛❧q✉✐❡r ❝♦♠♣❛❝t♦ K0 ♣♦❞❡♠♦s ❡❧❡❣✐r |k| s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❛❧ q✉❡ ✈❛❧❣❛
K0 − jk ⊆ C \B(0, R) ♣❛r❛ ❝❛❞❛ 1 ≤ j ≤ n0✳ ❇❛❥♦ ❡st❛s ❝♦♥❞✐❝✐♦♥❡s✱

sup
ξ∈K0

|ĝ(ξ, k)| ≤ n0ǫ̃,

❧♦ q✉❡ ❝♦♥❝❧✉②❡ ❧❛ ❞❡♠♦str❛❝✐ó♥✳
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❉❡♠♦str❛❝✐ó♥ ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥✳ Pr♦❜❛r❡♠♦s ♣r✐♠❡r♦ q✉❡ ❝✉❛♥❞♦ k → ∞✱ ∂ψ → 0
❞é❜✐❧♠❡♥t❡ ❡♥ Lp(C)✱ ♣❛r❛ t♦❞♦ 2 − δκ ≤ p ≤ 2 + δκ✳ ❋✐❥❛♠♦s ♣❛r❛ ❡st♦ f ∈ C∞

❝
(C)

✭❛ ✈❛❧♦r❡s r❡❛❧❡s✮ ② ❡❧❡❣✐♠♦s ǫ > 0✳ ❯s❛♥❞♦ ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡❧ ❧❡♠❛ ✹✳✸✳✹ ② ❧❛
♣r♦♣♦s✐❝✐ó♥ ✶✳✷✳✸ ✭g(·, k) ② f s♦♥ ❢✉♥❝✐♦♥❡s ❞❡ L2(C)✮✱

∣∣∣∣
∫

C

∂ψ(ξ, k)f(ξ) dm(ξ)

∣∣∣∣ ≤
∣∣∣∣
∫

C

h(ξ, k)f(ξ) dm(ξ)

∣∣∣∣+
∣∣∣∣
∫

C

g(ξ, k)f(ξ) dm(ξ)

∣∣∣∣

≤ ||h(·, k)||Lp(C)||f ||Lp′ (C) +

∣∣∣∣
∫

C

ĝ(ξ, k)f̂(ξ) dm(ξ)

∣∣∣∣

≤ ǫ ||f ||Lp′ (C) +

∣∣∣∣
∫

C

ĝ(ξ, k)f̂(ξ) dm(ξ)

∣∣∣∣ .

❈♦♠❡♥③❛♠♦s ♣♦r ❡❧❡❣✐r ✉♥ R t❛❧ q✉❡
∫

C\B(0,R)

|f̂(ξ)|2 dm(ξ) ≤ ǫ2,

❧♦ q✉❡ ♣✉❡❞❡ ❤❛❝❡rs❡ ❞❛❞♦ q✉❡ f̂ ∈ L2(C)✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥ s❡ ❡❧✐❣❡ ✉♥ |k| s✉✜❝✐❡♥t❡♠❡♥t❡
❣r❛♥❞❡ ♣❛r❛ q✉❡ |ĝ(ξ, k)| ≤ ǫ/(

√
πR) ♣❛r❛ t♦❞♦ ξ ∈ B(0, R)✳ ❇❛❥♦ ❡s❛s ❝♦♥❞✐❝✐♦♥❡s✱

∣∣∣∣
∫

C

f̂(ξ)ĝ(ξ, k) dm(ξ)

∣∣∣∣

≤
∣∣∣∣
∫

B(0,R)

f̂(ξ)ĝ(ξ, k) dm(ξ)

∣∣∣∣+
∣∣∣∣
∫

C\B(0,R)

f̂(ξ)ĝ(ξ, k) dm(ξ)

∣∣∣∣

≤ ǫ√
πR

∫

B(0,R)

|f̂(ξ)| dm(ξ) +

(∫

C\B(0,R)

|f̂(ξ)|2 dm(ξ)

)1/2(∫

C\B(0,R)

|ĝ(ξ, k)|2 dm(ξ)

)1/2

≤ ǫ ||f̂ ||L2(C) + ǫ C0

≤ ǫ C(f).

❆✉♥q✉❡ s❡ ♣✐❞✐ó q✉❡ f ♣❡rt❡♥❡❝✐❡r❛ ❛ C∞
❝
(C) ❡♥ ✈❡③ ❞❡ ❛ Lp′(C)✱ ❡st♦ ❛❧❝❛♥③❛ ♣❛r❛

❛s❡❣✉r❛r ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ❞é❜✐❧ ♣✉❡s ||∂ψ(·, k)||Lp(C) ❡stá ❛❝♦t❛❞❛ ✐♥❞❡♣❡♥❞✐❡♥t❡♠❡♥t❡
❞❡ k✳ ◆✐♥❣✉♥❛ ❞❡ ❧❛s ❝♦t❛s ♦❜t❡♥✐❞❛s ❞❡♣❡♥❞❡ ❞❡ λ✱ ❞❡ ♠♦❞♦ q✉❡ ♣❛r❛ ❝❛❞❛ f ∈ Lp′(C)✱

sup
λ∈∂D

∣∣∣∣
∫

C

∂ψ(ξ, k)f(ξ) dm(ξ)

∣∣∣∣→ 0 ❝✉❛♥❞♦ |k| → ∞.

P❛r❛ ♣r♦❜❛r ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ✉♥✐❢♦r♠❡ r❡❝♦r❞❡♠♦s q✉❡

ψ(z, k) = P (∂ψ)(z, k) + z ✭✹✳✷✹✮

= z − 1

π

∫

D

∂ψ(w, k)

w − z
dm(w),
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♣♦rq✉❡ ❡❧ s♦♣♦rt❡ ❞❡ ∂ψ ❡stá ❡♥ ❡❧ ❞✐s❝♦✳ ❆❞❡♠ás✱ χD(w)/(w − z) ∈ Lq(C) ♣❛r❛ ❝❛❞❛
q < 2 ② ❝❛❞❛ z ∈ C✱ ❞❡ ♠♦❞♦ q✉❡ ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ❞é❜✐❧ ❞❡ ∂ψ ❡♥ Lq′(C) ✭♣❛r❛ q
s✉✜❝✐❡♥t❡♠❡♥t❡ ❝❡r❝❛♥♦ ❛ 2✮ ♥♦s ❞❛

ψ(z, k) → z ❝✉❛♥❞♦ k → ∞, ✭✹✳✷✺✮

♣❛r❛ ❝❛❞❛ z ∈ C ✜❥♦✱ ♣❡r♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♥ λ ∈ ∂D✳ P♦r ♦tr♦ ❧❛❞♦✱ t❡♥❡♠♦s q✉❡

|ψ(z, k)− z| ≤ 1

π
||χD(·)/(· − z)||Lq(C)||∂ψ(·, k)||Lq′ (C)

≤ C(κ)

π
||χD(·)/(· − z)||Lq(C)

< ǫ

♣❛r❛ |z| s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♥ k ② λ✳ P♦r ✭✹✳✷✹✮ ② ❡❧ t❡♦r❡♠❛ ✸✱ s❡
t✐❡♥❡ q✉❡

|ψ(z1, k)− ψ(z2, k)| ≤ |z1 − z2|+ ||∂ψ(·, k)||Lq′ (C)|z1 − z2|α

≤ |z1 − z2|+ C(κ)|z1 − z2|1−2/q′ .

❊s ❞❡❝✐r q✉❡ ❧❛ ❢❛♠✐❧✐❛ {ψ(·, k) : k ∈ C, λ ∈ ∂D} ❡s ✉♥✐❢♦r♠❡♠❡♥t❡ ❡q✉✐❝♦♥t✐♥✉❛✳
❉❛❞♦ ǫ > 0✱ ❡♠♣❡③❛♠♦s ❡♥t♦♥❝❡s ♣♦r ❡❧❡❣✐r R > 0 t❛❧ q✉❡ |ψ(z, k)−z| < ǫ ♣❛r❛ t♦❞♦

k ② t♦❞♦ λ✱ s✐ |z| > R✳ ❋✐❥❛♠♦s ❧✉❡❣♦ ✉♥ 0 < δ < ǫ ♣❛r❛ q✉❡ |ψ(z1, k) − ψ(z2, k)| < ǫ
s✐❡♠♣r❡ q✉❡ |z1 − z2| < δ✱ s✐♥ ✐♠♣♦rt❛r ❝✉á❧❡s s❡❛♥ k ② λ✳ ❊st♦ ♣✉❡❞❡ ❤❛❝❡rs❡ ♣♦r
❧❛ ❡q✉✐❝♦♥t✐♥✉✐❞❛❞✳ ❆❤♦r❛✱ ❧❛ ❝♦♠♣❛❝✐❞❛❞ ❞❡ B[0, R] ♠❡ ♣❡r♠✐t❡ ❡❧❡❣✐r {y1, ..., yn} ⊆
B[0, R] t❛❧❡s q✉❡ ❝❛❞❛ ♣✉♥t♦ ❞❡ ❞✐❝❤♦ ❞✐s❝♦ s❡ ❤❛❧❧❡ ❛ ❞✐st❛♥❝✐❛ ♠❡♥♦r q✉❡ δ ❞❡ ❛❧❣ú♥ yi✳
❋✐♥❛❧♠❡♥t❡✱ ♣♦r ✭✹✳✷✺✮ ♣✉❡❞♦ t♦♠❛rK > 0 t❛❧ q✉❡ s✐ |k| > K ❡♥t♦♥❝❡s |ψ(yi, k)−yi| < ǫ
♣❛r❛ t♦❞♦ λ ∈ ∂D ② ♣❛r❛ t♦❞♦ 1 ≤ i ≤ n✳ ❱❛❧❡ ❡♥t♦♥❝❡s✱ s✐ s❡ t♦♠❛ ✉♥ yi ❛♣r♦♣✐❛❞♦✱
q✉❡ s✐❡♠♣r❡ q✉❡ |k| > K ② |z| ≤ R✱

|ψ(z, k)− z| ≤ |ψ(z, k)− ψ(yi, k)|+ |ψ(yi, k)− yi|+ |yi − z|
< 3ǫ,

❛❧ ✐❣✉❛❧ q✉❡ ♣❛r❛ |z| > R✳ ◆✉❡✈❛♠❡♥t❡ ❡st❛s ❛❝♦t❛❝✐♦♥❡s ♥♦ ❞❡♣❡♥❞❡♥ ❞❡ λ✳ ❊st♦
♣r✉❡❜❛ ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ✉♥✐❢♦r♠❡✳

❯s❛r❡♠♦s ❞❡ ❛❤♦r❛ ❡♥ ♠ás ❧❛ ♥♦t❛❝✐ó♥

Σκ =

{
g ∈ H1

❧♦❝
(C) : ∂g = ν∂g, |ν| ≤ κχ4D ② g(z) = z +O

(
1

z

)
❝✉❛♥❞♦ z → ∞

}

❊st❛s ❢✉♥❝✐♦♥❡s t❛♠❜✐é♥ ♣❡rt❡♥❡❝❡♥ ❛ W 1,p
❧♦❝

(C)✱ ❧✉❡❣♦ s❡ s✐❣✉❡ ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✸✳✸✳✶✳❜
q✉❡ s♦♥ ❜✐②❡❝t✐✈❛s✱ ② ❞❡❜❡♥ s❡r ❝✉❛s✐❝♦♥❢♦r♠❡s✳

❖❜s❡r✈❡♠♦s q✉❡ t♦❞♦s ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❡st❛ s❡❝❝✐ó♥ s♦st✐❡♥❡♥ s✉ ✈❛❧✐❞❡③ s✐ s❡ ♣✐❞❡
t❛♥ s♦❧♦ q✉❡ ❡❧ s♦♣♦rt❡ ❞❡ µ ❡sté ❝♦♥t❡♥✐❞♦ ❡♥ nD✱ ② ♥♦ ❡♥ D✳ ❊st♦ s❡rá ♥❡❝❡s❛r✐♦ ❡♥
❧❛s ú❧t✐♠❛s ❞♦s ♣❛rt❡s ❞❡ ❧❛ ❞❡♠♦str❛❝✐ó♥✿
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▲❡♠❛ ✹✳✸✳✺✳ ✭❛✮ ❙✐ Ω ⊆ C ❡s ❛❝♦t❛❞♦✱ ❧❛ ❢❛♠✐❧✐❛ χΩΣκ ❡s ❝♦♠♣❛❝t❛ ❡♥ ❧❛ t♦♣♦❧♦❣í❛
❞❡ ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ✉♥✐❢♦r♠❡✳

✭❜✮ ❙✉♣♦♥❣❛♠♦s q✉❡ f, g ∈ Σκ✱ 1 + κ < p < 1 + 1/κ ② q✉❡ ǫ > 0 ❡s s✉✜❝✐❡♥t❡♠❡♥t❡
❝❤✐❝♦ ♣❛r❛ q✉❡ (1 + ǫ)p < 1 + 1/κ✳ ❊♥t♦♥❝❡s

∫

C

|∂f − ∂g|p dm ≤ C(p, ǫ)

(∫

C

|νf − νg|p
1+ǫ
ǫ dm

) ǫ
1+ǫ

,

❞♦♥❞❡

νf =
∂f

∂f
,

νg =
∂g

∂g
.

▲❛s ❢✉♥❝✐♦♥❡s νf ② νg ❡stá♥ ❜✐❡♥ ❞❡✜♥✐❞❛s ♣♦rq✉❡ ❡❧ ❣r❛❞✐❡♥t❡ ❞❡ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥
❝✉❛s✐❝♦♥❢♦r♠❡ só❧♦ s❡ ♣✉❡❞❡ ❛♥✉❧❛r ❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ❝❡r♦ ✭♣r♦♣♦s✐❝✐ó♥ ✷✳✶✳✶✮✳

❉❡♠♦str❛❝✐ó♥✳ ❈♦♥s✐❞❡r❛♠♦s ♦tr♦ ❞♦♠✐♥✐♦ ❛❝♦t❛❞♦ U q✉❡ ❝♦♥t❡♥❣❛ ❛ ❧❛ ❝❧❛✉s✉r❛ ❞❡ Ω❀
q✉❡r❡♠♦s ❤❛❝❡r ✉s♦ ❞❡ ❬✶✹✱ ❚❡♦r❡♠❛ ■■✳✺✳✶❪✳ ▲❛ ♠étr✐❝❛ ❡s❢ér✐❝❛ ♥♦ tr❛❡ ✐♥❝♦♥✈❡♥✐❡♥t❡s
♣♦rq✉❡ g(U) ❡s ✉♥ ❝♦♥❥✉♥t♦ ❛❝♦t❛❞♦ ✐♥❞❡♣❡♥❞✐❡♥t❡♠❡♥t❡ ❞❡ ν✿

g = P

(
∞∑

n=0

(νS)n(ν)

)
+ z,

|g(z)| ≤M1

∣∣∣∣∣

∣∣∣∣∣
∞∑

n=0

(νS)n(ν)

∣∣∣∣∣

∣∣∣∣∣
Lp(4D)

+ |z|

≤M1κ(16π)
1/p 1

1− κ||S||Lp→Lp

+ sup
z∈U

|z|,

♣❛r❛ ❝✉❛❧q✉✐❡r z ∈ U ✱ s✐ ✜❥♦ ✉♥ 2 < p ≤ 2 + δκ✳ ❙❡ ✉só ❡❧ t❡♦r❡♠❛ ✸✳ ▲✉❡❣♦ ❡❧ ❡s♣❛❝✐♦
❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ Σκ r❡str✐♥❣✐❞❛s ❛ U ❡s ♥♦r♠❛❧✱ ② s❡ s✐❣✉❡ q✉❡ χΩΣκ ❡s ❝♦♠♣❛❝t♦ ❡♥
❧❛ t♦♣♦❧♦❣í❛ ❞❡ ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ✉♥✐❢♦r♠❡✳ ❊st♦ ♣r✉❡❜❛ ❛✮✳

▲❛s ❢✉♥❝✐♦♥❡s g ❞❡ Σκ ✈❡r✐✜❝❛♥ g ∈ W 1,p
❧♦❝

(C) ♣❛r❛ ❛❧❣ú♥ p > 2✳ ❊♥t♦♥❝❡s ∂g ∈
Lp(4D)✱ ② ♣♦r ❡❧ t❡♦r❡♠❛ ✹ P (∂g) ∈ W 1,p(C)✳ ❙❡ s✐❣✉❡ ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✶✳✹✳✶ q✉❡

∂(P (∂g)) = ∂g,

② ♣♦r ❡❧ t❡♦r❡♠❛ ✻ ❡①✐st❡ ✉♥❛ ❢✉♥❝✐ó♥ h ❡♥t❡r❛ t❛❧ q✉❡

P (∂g) = g + h.
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▲❛ ♣r♦♣♦s✐❝✐ó♥ ✶✳✻✳✶ ✐♥❞✐❝❛ q✉❡ P (∂g) = O(1/z)✱ ② ♣♦r ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ Σκ

h+ z = P (∂g)− g + z = O

(
1

z

)
.

❈♦♠♦ h+ z ❡s ❤♦❧♦♠♦r❢❛✱ s❡ s✐❣✉❡ ♣♦r ❡❧ t❡♦r❡♠❛ ❞❡ ▲✐♦✉✈✐❧❧❡ q✉❡ h ≡ −z✱ ❞❡ ❞♦♥❞❡

S(∂g) = ∂(P (∂g)) = ∂(g − z) = ∂g − 1.

P❛r❛ ♣r♦❜❛r ❜✮✱ ❝♦♥s✐❞❡r❛♠♦s ❛❤♦r❛ ❞♦s ❢✉♥❝✐♦♥❡s f, g ∈ Σκ✱ ② t❡♥❡♠♦s

(I − νfS)(∂f − ∂g) = ∂f − νf (∂f − 1)− ∂g + νfS(∂g)

= νf − νg∂g + νfS(∂g)

= νf − νg + (νf − νg)S(∂g)

= (νf − νg)∂g,

♦ s❡❛

∂f − ∂g = (I − νfS)
−1((νf − νg)∂g).

❘❡❝♦r❞❡♠♦s q✉❡ ❧❛ ✐♥✈❡rt✐❜✐❧✐❞❛❞ ❞❡ I − νfS ❡♥ Lp(C) ❡stá ❛s❡❣✉r❛❞❛ ♣♦r ❡❧ t❡♦r❡♠❛
✶✸✱ ❞❡❧ q✉❡ t❛♠❜✐é♥ s❡ s✐❣✉❡ q✉❡

(∫

C

|∂f − ∂g|p dm
)1/p

≤ Cp

(∫

4D

|(νf − νg)∂g|p dm
)1/p

≤ Cp

(∫

C

|νf − νg|p
1+ǫ
ǫ dm

) ǫ
(1+ǫ)p

||∂g||Lp(1+ǫ)(4D).

❋✐♥❛❧♠❡♥t❡✱ t❡♥❡♠♦s q✉❡

(I − νgS)(∂g) = ∂g − νg(∂g − 1) = νg

∂g = (I − νgS)
−1νg,

♣♦r ❧♦ q✉❡ ✭♥✉❡✈❛♠❡♥t❡ ✉s❛♥❞♦ ❡❧ t❡♦r❡♠❛ ✶✸✮

||∂g||Lp(1+ǫ)(4D) = ||1 + S(∂g)||Lp(1+ǫ)(4D)

≤ |4D|
1

p(1+ǫ) + Cp||∂g||Lp(1+ǫ)(C)

≤ C(p, ǫ) + C(p, ǫ)||νg||Lp(1+ǫ)(C)

≤ C(p, ǫ)(1 + ||κχ4D||Lp(1+ǫ)(C))

≤ C(p, ǫ). ✭✹✳✷✻✮

❊st♦ ❝♦♥❝❧✉②❡ ❧❛ ❞❡♠♦str❛❝✐ó♥✳
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❉❡♠♦str❛❝✐ó♥ ❞❡❧ t❡♦r❡♠❛✳ ❙✐ ϕλ s❛t✐s❢❛❝❡ ✭✹✳✶✾✲✹✳✷✵✮ ❡♥t♦♥❝❡s ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❝✉❛✲
s✐❝♦♥❢♦r♠❡✱ ② ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r s✉ ✐♥✈❡rs❛ ψλ : C −→ C✱ t❛♠❜✐é♥ ❝✉❛s✐❝♦♥❢♦r♠❡✳ ❙❡
t✐❡♥❡ q✉❡

0 = ∂z = ∂(ψλ ◦ ϕλ) = ∂ψλ ◦ ϕλ ∂ϕλ + ∂ψλ ◦ ϕλ ∂ϕλ

= ∂ψλ ◦ ϕλ ∂ϕλ + ∂ψλ ◦ ϕλ

(
−k
k
λµ(e−k ◦ ϕλ)∂ϕλ

)
,

② ❝♦♠♦ ∂ϕλ 6= 0 ❡♥ ❝❛s✐ t♦❞♦ ♣✉♥t♦✱

∂ψλ ◦ ϕλ = ∂ψλ ◦ ϕλ

(
k

k
λµ(e−k ◦ ϕλ)

)
.

❈♦♠♣♦♥✐❡♥❞♦ ❝♦♥ ψλ ❛ ❞❡r❡❝❤❛✱

∂ψλ =
k

k
λ(µ ◦ ψλ)e−k∂ψλ.

❆❞❡♠ás✱ ❡s ❡✈✐❞❡♥t❡ q✉❡

ψλ(z, k) = z +O

(
1

z

)

❝✉❛♥❞♦ |z| → ∞✳ Pr♦❜❛r ❡❧ t❡♦r❡♠❛ s❡rá ❡q✉✐✈❛❧❡♥t❡ ❛ ✈❡r q✉❡ ψλ(z, k) → z ✉♥✐❢♦r♠❡✲
♠❡♥t❡ ❡♥ z ② λ ❝✉❛♥❞♦ k → ∞✳

❊❧ s♦♣♦rt❡ ❞❡ µ ◦ ψλ ♥♦ ♥❡❝❡s❛r✐❛♠❡♥t❡ ❡stá ❝♦♥t❡♥✐❞♦ ❡♥ D✳ ❙í ✈❛❧❡ q✉❡ ❡stá
❝♦♥t❡♥✐❞♦ ❡♥ 4D❀ ♣❛r❛ ❞❡♠♦str❛r❧♦ ✉s❛r❡♠♦s ❡❧ t❡♦r❡♠❛ ❞❡❧ ❝✉❛rt♦ ❞❡ ❑♦❡❜❡ ✭✈❡r ♣♦r
❡❥❡♠♣❧♦ ❬✸✱ ❈♦r♦❧❛r✐♦ ✺✳✸❪✮✳ ❙✐ ❞❡✜♥✐♠♦s ϕλ(∞) = ∞✱ ❧❛ ❢✉♥❝✐ó♥ g : D −→ C ❞❛❞❛ ♣♦r
g(z) = (ϕλ(1/z))

−1 ❡s ❝❧❛r❛♠❡♥t❡ ❤♦❧♦♠♦r❢❛✱ ② ❧✉❡❣♦

g(D) ⊇ 1

4
D.

P❡r♦ g(D) = ϕλ (D
−1)

−1✱ ♣♦r ❧♦ q✉❡

ϕλ(D
−1) ⊇ 4(D−1).

❈♦♠♦ ϕλ ❡s ✉♥ ❤♦♠❡♦♠♦r✜s♠♦✱

ϕλ(D) ⊆ 4D,

ψλ(4D) ⊇ D,

❞❡ ❞♦♥❞❡ ❡s ✐♥♠❡❞✐❛t♦ q✉❡ s♦♣(µ ◦ ψλ) ⊆ 4D✳
❊st♦ ♥♦s ❛s❡❣✉r❛ q✉❡ ❧❛s ❢✉♥❝✐♦♥❡s ψλ ❡stá♥ ❡♥ Σκ✱ ② ♣♦❞❡♠♦s ❛♣♣❧✐❝❛r ❡❧ ❧❡♠❛

✹✳✸✳✺✳❛✳ ▲♦ q✉❡ ♥❡❝❡s✐t❛♠♦s ♣r♦❜❛r ❡s q✉❡ ♣❛r❛ ❝❛❞❛ s✉❝❡s✐ó♥ kn → ∞✱ ② (λn)n∈N✱ ❡①✐st❡
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✉♥❛ s✉❜s✉❝❡s✐ó♥ (knj
)j∈N t❛❧ q✉❡ ψλnj

(·, knj
) → z ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♥ z✳ P♦r ❡❧ ❧❡♠❛✱ ♥♦s

❛❧❝❛♥③❛ ❝♦♥ ♠♦str❛r q✉❡ s✐❡♠♣r❡ q✉❡ kn → ∞✱ λn → λ ② ψλn(z, kn) → ψ∞(z) ∈ Σκ

✉♥✐❢♦r♠❡♠❡♥t❡ ❡♥ z ∈ 4D✱ ❡♥t♦♥❝❡s ψλn(·, kn) → z ✉♥✐❢♦r♠❡♠❡♥t❡✳
❈♦♥s✐❞❡r❛♠♦s ❛❤♦r❛ ❧❛ ú♥✐❝❛ s♦❧✉❝✐ó♥ Φλ(·, k) ∈ H1

❧♦❝
(C) ❞❡

∂Φ = −k
k
λ(µ ◦ ψ∞)e−k∂Φ,

Φ(z) = z +O

(
1

z

)
❝✉❛♥❞♦ z → ∞.

❊❧ s♦♣♦rt❡ ❞❡ µ ◦ψ∞ q✉❡❞❛ ❝♦♥t❡♥✐❞♦ ❡♥ 4D ♣♦r ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ✉♥✐❢♦r♠❡✳ ▲❛ ♣r♦♣♦s✐✲
❝✐ó♥ ✹✳✸✳✸ ♥♦s ❞✐❝❡ q✉❡

Φλ(z, k) → z ❝✉❛♥❞♦ k → ∞ ✭✹✳✷✼✮

✉♥✐❢♦r♠❡♠❡♥t❡ ❡♥ z ② λ✳
❆❤♦r❛ ✉s❛♠♦s ❡❧ ❧❡♠❛ ✹✳✸✳✺✳❜ ❝♦♥ 2 < p < 1 + 1/κ ② ❡❧ ❝♦r♦❧❛r✐♦ ✶✳✹✳✼ ✭ψλn ② Φλ

❡stá♥ ❡♥ W 1,p
❧♦❝

♣♦r s❡r ❝✉❛s✐❝♦♥❢♦r♠❡s✮✿

|ψλn(z, kn)− Φλ(z, kn)| =
1

π

∣∣∣∣
∫

4D

1

w − z
∂(ψλn(w, kn)− Φλ(w, kn)) dm(w)

∣∣∣∣
≤ C1||∂(ψλn(·, kn)− Φλ(·, kn))||Lp(4D)

≤ C1

(∫

C

|e−knkn/kn|p
1+ǫ
ǫ |λnµ ◦ ψλn(w, kn)− λµ ◦ ψ∞(w, kn)|p

1+ǫ
ǫ dm(w)

) ǫ
p(1+ǫ)

≤ C1

(∫

4D

|λnµ ◦ ψλn(w, kn)− λnµ ◦ ψ∞(w, kn)|p
1+ǫ
ǫ dm(w)

) ǫ
p(1+ǫ)

+

+ C1

(∫

4D

|λnµ ◦ ψ∞(w, kn)− λµ ◦ ψ∞(w, kn)|p
1+ǫ
ǫ dm(w)

) ǫ
p(1+ǫ)

≤ C1

(∫

4D

|µ(ψλn(w, kn))− µ(ψ∞(w, kn))|p
1+ǫ
ǫ dm(w)

) ǫ
p(1+ǫ)

+ C1|λn − λ| |4D|
ǫ

p(1+ǫ) .

✭✹✳✷✽✮

❆❤♦r❛✱ ♣❛r❛ t♦❞♦ 2 < p < 1+1/κ✱ s❡ ♣✉❡❞❡ ✈❡r ♣♦r ❧❛ ♠✐s♠❛ ❝✉❡♥t❛ ❝♦♥ q✉❡ s❡ ♦❜t✉✈♦
✭✹✳✷✻✮✱ q✉❡ s✐ g = ψ−1 ❝♦♥ ψ ∈ Σκ✿

∫

D

Jg(z)
p/2 dm(z) =

∫

D

(
|∂g(z)|2 − |∂g(z)|2

)p/2
dm(z)

≤
∫

D

|∂g|p dm

≤ C(κ).
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P❛r❛ ❝❛❞❛ η ∈ C∞
❝
(C) ✈❛❧❡ ❡♥t♦♥❝❡s q✉❡

∫

4D

|µ ◦ ψ − η ◦ ψ| p(1+ǫ)
ǫ dm ≤

∫

D

|µ− η| p(1+ǫ)
ǫ Jg dm

≤
(∫

D

|µ− η|
p2(1+ǫ)
ǫ(p−2) dm

) p−2
p
(∫

D

J
p
2
g

) 2
p

. ✭✹✳✷✾✮

❊st♦ s❡ ♣✉❡❞❡ ❤❛❝❡r ❛r❜✐tr❛r✐❛♠❡♥t❡ ❝❤✐❝♦ s✐ s❡ ❡❧✐❣❡ η ❛♣r♦♣✐❛❞♦✱ ② ést❡ η t❛♠❜✐é♥
♣✉❡❞❡ t♦♠❛rs❡ ❝♦♥ s♦♣♦rt❡ ❡♥ D✳ ❊s ❝❧❛r♦ ❡♥t♦♥❝❡s q✉❡ η(ψλn(z, kn)) ❝♦♥✈❡r❣❡ ✉♥✐✲
❢♦r♠❡♠❡♥t❡ ❛ η(ψ∞(z))✳ ❆ ♣❛rt✐r ❞❡ ✭✹✳✷✼✮✱ ✭✹✳✷✽✮ ② ✭✹✳✷✾✮✱ s❡ s✐❣✉❡ q✉❡ ψλn(z, kn) → z
✉♥✐❢♦r♠❡♠❡♥t❡ ❡♥ z ∈ C✱ ❝♦♠♦ s❡ q✉❡rí❛ ❞❡♠♦str❛r✳



❈❛♣ít✉❧♦ ✺

❘❡❝♦♥str✉❝❝✐ó♥ ❞❡ ❧❛ ❝♦♥❞✉❝t✐✈✐❞❛❞

✺✳✶ ❉❡ Λσ ❛ τµ

Pr♦❜❛r❡♠♦s ❛❤♦r❛ q✉❡ ❡❧ ♠❛♣❛ ❉✐r✐❝❤❧❡t ❛ ◆❡✉♠❛♥♥ ❞❡t❡r♠✐♥❛ ✉♥í✈♦❝❛♠❡♥t❡ fµ(z) ②
f−µ(z) ♣❛r❛ z ❛❢✉❡r❛ ❞❡❧ ❞✐s❝♦ ✉♥✐t❛r✐♦✳ ❊st♦ ✐♠♣❧✐❝❛ ❡♥ ♣❛rt✐❝✉❧❛r q✉❡ Λσ ❞❡t❡r♠✐♥❛
τµ(k) ♣❛r❛ t♦❞♦ k ∈ C✳

Pr♦♣♦s✐❝✐ó♥ ✺✳✶✳✶✳ ❙✐ σ ② σ̃ s❛t✐s❢❛❝❡♥ ❧❛s ❤✐♣ót❡s✐s ❞❡❧ t❡♦r❡♠❛ 1 ❝♦♥ Λσ = Λσ̃✱ ② s✐
µ ② µ̃ s♦♥ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❇❡❧tr❛♠✐✱ ❡♥t♦♥❝❡s

fµ(z) = fµ̃(z) ② f−µ(z) = f−µ̃(z)

♣❛r❛ t♦❞♦ z ∈ C \ D✳

❉❡♠♦str❛❝✐ó♥✳ P♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✸✳✶✳✺✱ s❛❜❡♠♦s q✉❡ Λσ ❞❡t❡r♠✐♥❛ Λσ1 ✱ ② s❡rá s✉✜✲
❝✐❡♥t❡ ♣r♦❜❛r ❧❛ ♣r✐♠❡r❛ ❞❡ ❧❛s ❞♦s ✐❣✉❛❧❞❛❞❡s✳ ▲❛ ♠✐s♠❛ ♣r♦♣♦s✐❝✐ó♥ ♥♦s ❛s❡❣✉r❛ q✉❡
Hµ = Hµ̃✳

P♦r s✉ ❞❡✜♥✐❝✐ó♥✱ ❡s ✐♥♠❡❞✐❛t♦ q✉❡ Qµ = Qµ̃✳ ❙✐ ❞❡✜♥♦ f = fµ|∂D ② f̃ = fµ̃|∂D✱ ❝♦♠♦
fµ, fµ̃ ∈ H1(D)✱ ❡♥t♦♥❝❡s ♣♦r ❡❧ ❧❡♠❛ ✸✳✶✳✹✱ Qµ(f − f̃) ❞❡❜❡ s❡r ❝♦♥st❛♥t❡✳

P♦r ❡❧ ♠✐s♠♦ ❧❡♠❛✱ ❡①✐st❡ ✉♥❛ ❢✉♥❝✐ó♥ G ∈ H1(D) q✉❡ ✈❡r✐✜❝❛

∂G = µ∂G

❡♥ D ②

G|∂D = f − f̃ .

P♦❞❡♠♦s ❡①t❡♥❞❡r G ❛ t♦❞♦ ❡❧ ♣❧❛♥♦ ❝♦♠♦

G(z) = fµ(z)− fµ̃(z) s✐ |z| ≥ 1.

✼✾
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❊st❛ G ✈❡r✐✜❝❛rá

∂G(z)− µ(z)∂G(z) = 0

♣❛r❛ ❝❛s✐ t♦❞♦ z ∈ C✱ ♣✉❡sG ❡s ❝♦♥t✐♥✉❛ s♦❜r❡ ∂D✳ ❈♦♠♦G ∈ H1
❧♦❝
(C) ② ❡s ❝✉❛s✐r❡❣✉❧❛r✱

✈❛❧❡ G ∈ W 1,p
❧♦❝

(C) ♣❛r❛ t♦❞♦ p < 1 + 1/κ✳
❋✐♥❛❧♠❡♥t❡✱ s✐ ❞❡✜♥✐♠♦s G0 ∈ W 1,p

❧♦❝
(C) ♣♦r

G0(z) = e−ikzG(z),

s❛❜❡♠♦s ❞❡ ✭✹✳✶✲✹✳✷✮ q✉❡ G0(z) = O(1/z)✳ ❆❞❡♠ás

∂G0 − e−kµ∂G0 = e−ikz∂G− e−kµ(−ike−ikzG+ e−ikz∂G)

= e−ikz∂G− ike−kµe
ikzG− e−kµe

ikz∂G

= e−ikz∂G− ikµe−ke−ikzG− µe−ikz∂G

= −ike−kµG0.

❊♥t♦♥❝❡s G0 ✈❡r✐✜❝❛ ❧❛s ❤✐♣ót❡s✐s ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✸✳✸✳✶✳❛✱ ♣♦r ❧♦ q✉❡ ❡s ✐❞é♥t✐❝❛♠❡♥t❡
❝❡r♦✳ ❊s♦ ♣r✉❡❜❛ q✉❡ G ≡ 0✱ ② fµ = fµ̃ ❡♥ ❡❧ ❝♦♠♣❧❡♠❡♥t♦ ❞❡❧ ❞✐s❝♦✳

❈♦r♦❧❛r✐♦ ✺✳✶✳✷✳ ❊❧ ♦♣❡r❛❞♦r Λσ ❞❡t❡r♠✐♥❛ ✉♥í✈♦❝❛♠❡♥t❡ tµ(Mµ; ·), t−µ(M−µ; ·) ② τµ✳

❉❡♠♦str❛❝✐ó♥✳ P❛r❛ tµ ② t−µ ❡❧ r❡s✉❧t❛❞♦ s❡ s✐❣✉❡ ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✹✳✷✳✹✳ ◗✉❡ τµ q✉❡❞❛
❞❡t❡r♠✐♥❛❞♦ r❡s✉❧t❛ ❡♥t♦♥❝❡s ❡✈✐❞❡♥t❡ ❞❡ s✉ ❞❡✜♥✐❝✐ó♥✳

❈♦♠♦Mµ(·, 0) ≡ 1✱ s❛❜❡♠♦s q✉❡ τµ s❡ ❛♥✉❧❛ ❡♥ ❡❧ ♦r✐❣❡♥✳ ❱❡r❡♠♦s ❝ó♠♦ s❡ ❝♦♠♣♦rt❛
❣❧♦❜❛❧♠❡♥t❡✿

Pr♦♣♦s✐❝✐ó♥ ✺✳✶✳✸✳ ▲❛s s♦❧✉❝✐♦♥❡s ❝♦♠♣❧❡❥❛s ❞❡ ❧❛ ó♣t✐❝❛ ❣❡♦♠étr✐❝❛

f±µ(z, k) = eikzM±µ(z, k)

s❛t✐s❢❛❝❡♥✱ ♣❛r❛ t♦❞♦s k, z ∈ C✱ |z| > 1✱

∣∣∣∣
Mµ(z, k)−M−µ(z, k)

Mµ(z, k) +M−µ(z, k)

∣∣∣∣ ≤
1

|z| .

❆❞❡♠ás✱ ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐s♣❡rs✐ó♥ ✈❡r✐✜❝❛

|τµ(k)| ≤ 1

♣❛r❛ t♦❞♦ k ∈ C✳
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❉❡♠♦str❛❝✐ó♥✳ P♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✹✳✶✳✷✱ t❡♥❡♠♦s q✉❡
∣∣∣∣
Mµ(z, k)

M−µ(z, k)
− 1

∣∣∣∣ <
∣∣∣∣
Mµ(z, k)

M−µ(z, k)
− (−1)

∣∣∣∣
|Mµ(z, k)−M−µ(z, k)| < |Mµ(z, k) +M−µ(z, k)|. ✭✺✳✶✮

❊st♦ ♣r✉❡❜❛ q✉❡ ❡❧ ❝♦❝✐❡♥t❡

mk(z) :=
Mµ(z, k)−M−µ(z, k)

Mµ(z, k) +M−µ(z, k)

❡stá ❜✐❡♥ ❞❡✜♥✐❞♦ ② q✉❡ s✉ ♠ó❞✉❧♦ ❡s s✐❡♠♣r❡ ♠❡♥♦r q✉❡ 1✳ ❆❞❡♠ás✱ mk ❡s ❤♦❧♦♠♦r❢❛
♣❛r❛ z ∈ C \ D✱ ♣♦rq✉❡ ❧♦ s♦♥ M±µ(·, k) ✭❡❝✉❛❝✐ó♥ ✭✹✳✻✮✮✳ P♦r ✭✹✳✷✮ ✈❛❧❡ t❛♠❜✐é♥ q✉❡
limz→∞mk(z) = 0✱ ♣♦r ❧♦ q✉❡ s✐ s❡ ❞❡✜♥❡ mk(∞) = 0 ❧❛ ❢✉♥❝✐ó♥ s❡rá ❤♦❧♦♠♦r❢❛ t❛♠❜✐é♥
❡♥ ❡s❡ ♣✉♥t♦✳

❈♦♥s✐❞❡r❛♠♦s ❛❤♦r❛ ❧❛ ❢✉♥❝✐ó♥ f : D −→ D ❞❛❞❛ ♣♦r

f(z) = mk

(
1

z

)
.

❈❧❛r❛♠❡♥t❡ ❡s ❤♦❧♦♠♦r❢❛ ② ❝✉♠♣❧❡ f(0) = 0✳ ❊❧ ❧❡♠❛ ❞❡ ❙❝❤✇❛r③ ✭❬✹✱ ❚❡♦r❡♠❛ ✹✳✶✸❪✮
♥♦s ❛s❡❣✉r❛ q✉❡ |f(z)| ≤ |z| ❡♥ t♦❞♦ ❡❧ ❞✐s❝♦✱ ❧✉❡❣♦ |mk(z)| ≤ 1/|z| ❡♥ C \ D✱ ❝♦♠♦ s❡
❜✉s❝❛❜❛ ❞❡♠♦str❛r✳

❆❞❡♠ás✱ s❛❜❡♠♦s ♣♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✹✳✷✳✹ ② ❧❛ ❢ór♠✉❧❛ ✭✹✳✶✸✮ q✉❡

(Mµ(z, k)−M−µ(z, k))z = (bµ1(k)− b−µ
1 (k)) +O(1/z)

= tµ(Mµ; k)− t−µ(M−µ; k) +O(1/z)

= 2τµ(k) +O(1/z),

② ❡s ✐♥♠❡❞✐❛t♦ ❞❡ ✭✹✳✷✮ q✉❡

Mµ(z, k) +M−µ(z, k) = 2 +O(1/z).

❙❡ s✐❣✉❡ q✉❡

lim
z→∞

z mk(z) = τµ(k),

② ♣♦r ❧♦ ②❛ ♣r♦❜❛❞♦✱ |τµ(k)| ≤ 1✳

✺✳✷ ▲❛ ♠❛tr✐③ ❞❡ tr❛♥s♣♦rt❡

▲❛s s♦❧✉❝✐♦♥❡s ❝♦♠♣❧❡❥❛s ❞❡ ❧❛ ó♣t✐❝❛ ❣❡♦♠étr✐❝❛ fµ ❝✉♠♣❧❡♥✱ ♣❛r❛ k 6= 0✱ q✉❡ s✉
❞❡r✐✈❛❞❛ ∂fµ só❧♦ ♣✉❡❞❡ ❛♥✉❧❛rs❡ ❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ❝❡r♦ ✭♣♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥
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✷✳✶✳✶ ② ❡❧ t❡♦r❡♠❛ ✾✮✳ ❆sí✱ r❡❝✉♣❡r❛r µ s❡ ❧✐♠✐t❛ ❛

µ =
∂fµ

∂fµ
, ✭✺✳✷✮

② σ s❡ ♦❜t✐❡♥❡ ❝♦♠♦

σ =
1− µ

1 + µ
. ✭✺✳✸✮

P❛r❛ ❝♦♠♣❧❡t❛r ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ t❡♦r❡♠❛ ✶ ♥❡❝❡s✐t❛♠♦s ✈❡r q✉❡ ❧❛s s♦❧✉❝✐♦♥❡s fµ
q✉❡❞❛♥ ❞❡t❡r♠✐♥❛❞❛s ♣♦r ❡❧ ♠❛♣❛ ❉✐r✐❝❤❧❡t ❛ ◆❡✉♠❛♥♥✱ ❧♦ q✉❡ ②❛ s❡ ♣r♦❜ó ♣❛r❛ |z| > 1
❡♥ ❡❧ t❡♦r❡♠❛ ✺✳✶✳✶✳

❉❡ ❛❤♦r❛ ❡♥ ♠ás ✈♦❧✈❡r❡♠♦s ❛ tr❛❜❛❥❛r ❝♦♥ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❝♦♥❞✉❝t✐✈✐❞❛❞✳ ❉❡✜♥✐♠♦s

u1 = h+ − ih− = ❘❡(fµ) + i ■♠(f−µ),

u2 = i(h+ + ih−) = −■♠(fµ) + i❘❡(f−µ),

❞♦♥❞❡ h+ ② h− ❡stá♥ ❞❛❞❛s ♣♦r ✭✹✳✶✺✮ ② ✭✹✳✶✻✮✳ ❉❛❞♦ q✉❡ µ ❡s ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❇❡❧tr❛♠✐
❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ ❝♦♥❞✉❝t✐✈✐❞❛❞ σ ② −µ ❡s ❡❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ 1/σ✱ ❡❧ ❧❡♠❛ ✸✳✶✳✶
❛s❡❣✉r❛ q✉❡ u1 ② u2 s♦♥ s♦❧✉❝✐♦♥❡s ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❝♦♥❞✉❝t✐✈✐❞❛❞

∇ · σ∇u1 = 0,

∇ · 1
σ
∇u2 = 0.

❆❤♦r❛✱ ♣♦r ❡❧ t❡r♦❡♠❛ ✶✻ ❡s ✐♥♠❡❞✐❛t♦ q✉❡ u1 ② u2 s♦♥ ❢✉♥❝✐♦♥❡s C1 ❞❡ k ✭♣❛r❛ z
✜❥♦✮✳ ❯s❛♥❞♦ ✭✹✳✶✼✲✹✳✶✽✮✱ s❡ ♦❜t✐❡♥❡ q✉❡

∂ku1 = ∂k(h+ − ih−) = τµ(h− − ih+) = −iτµu1,
∂ku2 = ∂k(ih+ − h−) = τµ(ih− − h+) = −iτµu2,

② ❝♦♠♦ fµ(z, 0) ≡ 1 ♣❛r❛ ❝✉❛❧q✉✐❡r µ ✭|µ| ≤ κ < 1✮✱ t❛♠❜✐é♥

u1(z, 0) ≡ 1,

u2(z, 0) ≡ i.

❊s ❝❧❛r♦ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✺✳✶✳✶ q✉❡ ❡❧ ♠❛♣❛ ❉✐r✐❝❤❧❡t ❛ ◆❡✉♠❛♥♥
❞❡t❡r♠✐♥❛ ❧♦s ✈❛❧♦r❡s ❞❡ u1 ② u2 ❛❢✉❡r❛ ❞❡❧ ❞✐s❝♦❀ u1 ② u2 t❛♠❜✐é♥ ❞❡t❡r♠✐♥❛♥ fµ ② f−µ

❡♥ ❡s❛ r❡❣✐ó♥✳ P❛r❛ ❞❡♠♦str❛r ❡❧ t❡♦r❡♠❛ q✉❡ ❡s ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st❛ t❡s✐s✱ ❢❛❧t❛ ❡♥t♦♥❝❡s
✈❡r q✉❡ ❡❧ ✈❛❧♦r ❞❡ ❧❛s uj ❛❢✉❡r❛ ❞❡❧ ❞✐s❝♦ ❞❡t❡r♠✐♥❛ ❡❧ q✉❡ t♦♠❛♥ ❛❞❡♥tr♦✳

❉❡❧ ♠✐s♠♦ ♠♦❞♦ q✉❡ ❡♥ ✭✺✳✶✮✱ h+(z, k) 6= 0 ♣❛r❛ t♦❞♦ z, k ∈ C✱ ②
∣∣∣∣
h−(z, k)

h+(z, k)

∣∣∣∣ =
∣∣∣∣
F−(z, k)

F+(z, k)

∣∣∣∣ =
∣∣∣∣
Mµ(z, k)−M−µ(z, k)

Mµ(z, k) +M−µ(z, k)

∣∣∣∣ < 1.



✺✳✷✳ ▲❆ ▼❆❚❘■❩ ❉❊ ❚❘❆◆❙P❖❘❚❊ ✽✸

▲✉❡❣♦ u2 = i(h+ + ih−) = ih+(1 + ih−/h+) t❛♠♣♦❝♦ ♣✉❡❞❡ ❛♥✉❧❛rs❡ ❡♥ ♥✐♥❣ú♥ (z, k)✳
❈♦♠♦

u1
u2

= −ih+ − ih−
h+ + ih−

= −i1− ih−/h+
1 + ih−/h+

= −i1− |h−/h+|2 − 2i❘❡(h−/h+)
|1 + ih−/h+|2

,

② |h−/h+| < 1✱ s❡ s✐❣✉❡ q✉❡ u1/u2 /∈ R✳ ❊s ❞❡❝✐r✱ q✉❡ ♣❛r❛ ❝❛❞❛ z, k ∈ C✱ {u1(z, k), u2(z, k)}
❡s ❜❛s❡ ❞❡ R2 ❝♦♠♦ R✲❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ s✐ ✜❥♦ ✉♥ ♣✉♥t♦ z0 ∈ C✱ |z0| > 1✱
s❡ ♣✉❡❞❡ ❡s❝r✐❜✐r

u1(z, k) = a1(z, z0; k)u1(z0, k) + a2(z, z0; k)u2(z0, k),

u2(z, k) = b1(z, z0; k)u1(z0, k) + b2(z, z0; k)u2(z0, k),

❝♦♥ aj ② bj ❢✉♥❝✐♦♥❡s ❛ ✈❛❧♦r❡s r❡❛❧❡s✳ ❉❡✜♥✐♠♦s ❧❛ ♠❛tr✐③ ❞❡ tr❛♥s♣♦rt❡ ♣❛r❛ ❧❛ ❝♦♥✲
❞✉❝t✐✈✐❞❛❞ σ✱ ❝♦♠♦

T σ
z,z0

(k) =

(
a1(z, z0; k) a2(z, z0; k)
b1(z, z0; k) b2(z, z0; k)

)
.

❊s ✐♥✈❡rt✐❜❧❡ ♣✉❡s {u1(z, k), u2(z, k)} ❡s ❜❛s❡ ♣❛r❛ t♦❞♦ z, k✳ P❛r❛ ❞❡♠♦str❛r ❡❧ t❡♦r❡♠❛
♣r✐♥❝✐♣❛❧ ✶ ❜❛st❛rá ❡♥t♦♥❝❡s ♣r♦❜❛r

❚❡♦r❡♠❛ ✶✽✳ ❙❡❛ Ω ⊆ R2 ✉♥ ❞♦♠✐♥✐♦ ❛❝♦t❛❞♦ ② s✐♠♣❧❡♠❡♥t❡ ❝♦♥❡①♦✱ s❡❛♥ σ1, σ2 :
Ω −→ (0,∞) ❢✉♥❝✐♦♥❡s ♠❡❞✐❜❧❡s✳ ❙✉♣♦♥❣❛♠♦s q✉❡ ❡①✐st❡ c > 0 t❛❧ q✉❡ c−1 ≤ σi ≤ c✳
❙✐ Λσ = Λσ̃✱ ❡♥t♦♥❝❡s ♣❛r❛ t♦❞♦ z0, z, k ∈ C✱ |z0| > 1✱ s❡ t✐❡♥❡ q✉❡

T σ
z,z0

(k) = T σ̃
z,z0

(k).

❊❧ r❡st♦ ❞❡ ❡st❛ s❡❝❝✐ó♥ ❡st❛rá ❞❡st✐♥❛❞❛ ❛ ❡st❡ r❡s✉❧t❛❞♦✳ ❊♠♣❡❝❡♠♦s ♣♦r ♦❜s❡r✈❛r
q✉❡✱ ❝♦♠♦

(
❘❡(u1(z0, k)) ❘❡(u2(z0, k))
■♠(u1(z0, k)) ■♠(u2(z0, k))

)(
a1(z, z0; k)
a2(z, z0; k)

)
=

(
❘❡(u1(z, k))
■♠(u1(z, k))

)

② ❡st❛ ♠❛tr✐③ ❡s ✐♥✈❡rt✐❜❧❡✱ a1 ② a2 s❡rá♥ C1 ❝♦♠♦ ❢✉♥❝✐♦♥❡s ❞❡ k✱ ❛❧ ✐❣✉❛❧ q✉❡ u1 ② u2✳
❙✐ ❞❡✜♥✐♠♦s α = a1 + ia2✱ s❡ t✐❡♥❡ q✉❡

−iτµ(k)u1(z, k) = ∂ku1(z, k)

= ∂ka1(z, z0; k)u1(z0, k) + a1(z, z0; k)∂ku1(z0, k)+

+ ∂ka2(z, z0; k)u2(z0, k) + a2(z, z0; k)∂ku2(z0, k)

= ∂ka1(z, z0; k)u1(z0, k)− iτµ(k)a1(z, z0; k)u1(z0, k)+

+ ∂ka2(z, z0; k)u2(z0, k)− iτµ(k)a2(z, z0; k)u2(z0, k)

= −iτµ(k)u1(z, k) + ∂kα(z, z0; k)h+(z0, k)− i∂kα(z, z0; k)h−(z0, k),
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❧✉❡❣♦

∂kα(z, z0; k) = i
h−(z0, k)

h+(z0, k)
∂kα(z, z0; k) = νz0(k)∂kα(z, z0; k). ✭✺✳✹✮

❊s ❞❡❝✐r✱ α ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❝✉❛s✐r❡❣✉❧❛r ❝♦♠♦ ❢✉♥❝✐ó♥ ❞❡ k✳ P♦r ♦tr❛ ♣❛rt❡✱ s✐ ❡s❝r✐❜✐✲
♠♦s ❡①♣❧í❝✐t❛♠❡♥t❡ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❞❡ µ✱

uµ2 = i(hµ+ + ihµ−) = i(h−µ
+ − ih−µ

− ) = iu−µ
1 ,

uµ1 = hµ+ − ihµ− = h−µ
+ + ih−µ

− = −iu−µ
2 .

❉❡✜♥✐❡♥❞♦ ❛❤♦r❛ β = b1 + ib2✱ ❡s ✐♥♠❡❞✐❛t♦ q✉❡

βµ = iα−µ, ✭✺✳✺✮

② s❡ s✐❣✉❡ ❛ s✉ ✈❡③ q✉❡ β ❡s t❛♠❜✐é♥ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❝✉❛s✐r❡❣✉❧❛r ❝♦♥

∂kβ(z, z0; k) = νz0(k)∂kβ(z, z0; k).

❱❡❛♠♦s ❛❤♦r❛ ❝✉á❧ ❡s ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❛s✐♥tót✐❝♦ ❞❡ α ② β✳

Pr♦♣♦s✐❝✐ó♥ ✺✳✷✳✶✳ ❙❡❛ z0 ∈ C ✜❥♦✱ ❝♦♥ |z0| > 1✳ ❊♥t♦♥❝❡s✿

✭❛✮ P❛r❛ ❝❛❞❛ k 6= 0✱ ❡①✐st❡ ✉♥❛ ❢✉♥❝✐ó♥ v ∈ L∞(C) ❝♦♥t✐♥✉❛ t❛❧ q✉❡

α(z, z0; k) = eikz+v(z)

♣❛r❛ t♦❞♦ z ∈ C✳ ▲❛ ❢✉♥❝✐ó♥ v t❛♠❜✐é♥ ❞❡♣❡♥❞❡ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞❡ k✳

✭❜✮ P❛r❛ ❝❛❞❛ z ∈ C ✜❥♦✱ ✈❛❧❡ s✐ k 6= 0 q✉❡

α(z, z0; k) = eik(z−z0)+kǫ(k),

❞♦♥❞❡ ǫ(k) → 0 ❝✉❛♥❞♦ k → ∞✳ ▲❛ ❢✉♥❝✐ó♥ ǫ ❞❡♣❡♥❞❡ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞❡ k ② z✳

❊s ❝❧❛r♦ q✉❡ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❛s✐♥tót✐❝♦ ❞❡ β s❡rá ❡❧ ♠✐s♠♦✱ s❛❧✈♦ ♣♦r ❡❧ ❢❛❝t♦r i✳

❉❡♠♦str❛❝✐ó♥✳ P❛r❛ ❞❡♠♦str❛r ✭❛✮✱ ❝♦♠♦ h+ = (fµ + f−µ)/2 ♥♦ s❡ ❛♥✉❧❛✱ ♣♦❞❡♠♦s
❡s❝r✐❜✐r

u1 =
1

2
(fµ + f−µ + fµ − f−µ)

= fµ
1 + fµ−f−µ

fµ+f−µ

1 + fµ−f−µ

fµ+f−µ

.
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P♦r ✭✺✳✶✮✱ s❡ s❛❜❡ q✉❡

|fµ(z, k)− f−µ(z, k)|
|fµ(z, k) + f−µ(z, k)|

< 1

♣❛r❛ t♦❞♦ z, k ∈ C✳ ▲✉❡❣♦ t❛♥t♦ ❡❧ ♥✉♠❡r❛❞♦r ❝♦♠♦ ❡❧ ❞❡♥♦♠✐♥❛❞♦r ❡♥ ❧❛ ❡①♣r❡s✐ó♥
❛♥t❡r✐♦r t✐❡♥❡♥ ✉♥ ❧♦❣❛r✐t♠♦ ❝♦♥t✐♥✉♦✳ ❈♦♠♦ ❛❞❡♠ás✱ ♣♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✺✳✶✳✸✱ ❞❡❜❡♥
s❡r ❞❡ ❧❛ ❢♦r♠❛ 1 + O(1/z)✱ ❞✐❝❤♦ ❧♦❣❛r✐t♠♦ s❡rá ❛ s✉ ✈❡③ O(1/z)✳ P♦r ❡❧ ❧❡♠❛ ✹✳✸✳✶✱
❝♦♠♦ k 6= 0✱ ✈❛❧❡ q✉❡ fµ(z) = eikϕ(z) ❝♦♥ ϕ(z) = z +O(1/z)✳ ❚❡♥❡♠♦s ❡♥t♦♥❝❡s q✉❡

u1(z, k) = eikz+Ok( 1
z ).

❊❧ ❡①♣♦♥❡♥t❡ s❡ ♣✉❡❞❡ t♦♠❛r ❝♦♥t✐♥✉♦✱ ❝♦♠♦ ❢✉♥❝✐ó♥ ❞❡ z ② ❞❡ k✳
P♦r ♦tr❛ ♣❛rt❡✱

u1(z, k) = a1(z, z0; k)u1(z0, k) + a2(z, z0; k)u2(z0, k)

= α(z, z0; k)h+(z0, k)− iα(z, z0; k)h−(z0, k),

❡s ❞❡❝✐r✱

u1(z, k)

h+(z0, k)
= α(z, z0; k)− iα(z, z0; k)

h−(z0, k)

h+(z0, k)
,

❧♦ q✉❡ s❡ r❡s✉❡❧✈❡ ♣❛r❛ α ❝♦♠♦

α(z, z0; k) =

(
1 +

∣∣∣∣
h−(z0, k)

h+(z0, k)

∣∣∣∣
2
)(

1 + i
h−(z0, k)u1(z, k)

h+(z0, k)u1(z, k)

)
u1(z, k)

h+(z0, k)
✭✺✳✻✮

= Cz0,k

(
1 + i

h−(z0, k)u1(z, k)

h+(z0, k)u1(z, k)

)
u1(z).

❈♦♠♦ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✺✳✶✳✸ ♥♦s ❞✐❝❡ q✉❡ |h−(z0, k)/h+(z0, k)| ≤ 1/|z0| < 1✱ ❡❧ s❡❣✉♥❞♦
tér♠✐♥♦ ❞❡ ❡st❡ ♣r♦❞✉❝t♦ ❛❞♠✐t❡ ✉♥ ❧♦❣❛r✐t♠♦ ❝♦♥t✐♥✉♦ ② ❛❝♦t❛❞♦ ♣❛r❛ t♦❞♦ z✳ ❊st♦
❝♦♠♣❧❡t❛ ❧❛ ♣r✉❡❜❛ ❞❡ ✭❛✮✳

P❛r❛ ♣r♦❜❛r ✭❜✮✱ ♦❜s❡r✈❡♠♦s ❛♥t❡ t♦❞♦ q✉❡

u1 = fµ
1− ih−

h+

1 + ih−

h+

.

◆❡❝❡s✐t❛r❡♠♦s ❡❧ s✐❣✉✐❡♥t❡

▲❡♠❛ ✺✳✷✳✷✳ P❛r❛ ❝❛❞❛ z ∈ C ✜❥♦✱
∣∣∣∣
h−(z, k)

h+(z, k)

∣∣∣∣ ≤ 1− e−|k|ǫ(k),

❞♦♥❞❡ ǫ(k) ∈ R>0 ✈❡r✐✜❝❛ ǫ(k) → 0 ❝✉❛♥❞♦ |k| → ∞✳
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❉❡♠♦str❛❝✐ó♥✳ ❈♦♠♦ |h−/h+| ❡s s✐❡♠♣r❡ ♠❡♥♦r q✉❡ ✉♥♦✱ r❡s✉❧t❛ ❝❧❛r♦ ❣❡♦♠étr✐❝❛♠❡♥t❡
q✉❡ ❜❛st❛ ❝♦♥ ♠♦str❛r q✉❡

inf
0≤t<2π

∣∣∣∣
fµ(z, k)− f−µ(z, k)

fµ(z, k) + f−µ(z, k)
+ eit

∣∣∣∣ ≥ e−|k|ǫ(k)

♣❛r❛ t♦❞♦ z ② ♣❛r❛ t♦❞♦ k✳ ❉❡✜♥✐♠♦s

Φt = e−it/2

(
fµ cos

t

2
+ if−µ s❡♥

t

2

)
.

P❛r❛ ❝❛❞❛ k ✜❥♦ s❡ t✐❡♥❡ q✉❡

Φt(z, k) = eikz
(
1 +O

(
1

z

))
,

② ❛❞❡♠ás

∂Φt = e−it/2

(
µ∂fµ cos

t

2
− iµ∂f−µ s❡♥

t

2

)

= µ eit/2
(
∂fµ cos

t

2
+ i∂f−µ s❡♥

t

2

)

= µe−it∂Φt.

❊s ❞❡❝✐r✱ Φt = fλµ ♣❛r❛ λ = e−it✳ P❡r♦

fµ − f−µ

fµ + f−µ

+ eit =
(1 + eit)fµ + (eit − 1)f−µ

fµ + f−µ

= 2eit/2
cos t

2
fµ + is❡♥ t

2
f−µ

fµ + f−µ

=
2eitΦt

fµ + f−µ

=
fλµ
fµ

2eitMµ

Mµ +M−µ

.

P♦r ❡❧ t❡♦r❡♠❛ ✶✼✱ M±µ(z, k) = eik(ϕ1(z,k)−z) ✈❡r✐✜❝❛ q✉❡

e−|k|ǫ1(k) ≤ |M±µ(z, k)| ≤ e|k|ǫ1(k),

② ❞❡❧ ♠✐s♠♦ ♠♦❞♦

e−|k|ǫ2(k) ≤ inf
λ∈∂D

∣∣∣∣
fλµ(z, k)

fµ(z, k)

∣∣∣∣ ,
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❝♦♥ ǫ1(k), ǫ2(k) → 0 ❝✉❛♥❞♦ k → ∞✳ ❊♥ ❝♦♥❝❧✉s✐ó♥✱
∣∣∣∣
fµ − f−µ

fµ + f−µ

+ eit
∣∣∣∣ ≥ e−|k|ǫ2(k)

e−|k|ǫ1(k)

e|k|ǫ1(k)
,

♣❛r❛ t♦❞♦ t✱ ❝♦♠♦ s❡ q✉❡rí❛ ❞❡♠♦str❛r✳

❚❡♥❡♠♦s ❡♥t♦♥❝❡s q✉❡

e−|k|ǫ(k) ≤
∣∣∣∣∣1 + i

h−(z, k)

h+(z, k)

∣∣∣∣∣ ≤ 2,

e−|k|ǫ(k) ≤
∣∣∣∣1− i

h−(z, k)

h+(z, k)

∣∣∣∣ ≤ 2.

❊s ❞❡❝✐r q✉❡ u1(z, k) = fµ(z, k)e
kǫ3(k) = eikz+ik(ϕ1(z,k)−z)+kǫ3(k) = eikz+kǫ̃3(k)✱ ❞♦♥❞❡

ǫ3(k), ǫ̃3(k) → 0 ❝✉❛♥❞♦ k → ∞✳ ❈♦♠♦ ❛❞❡♠ás

h+ =
fµ

1 + ih−/h+
,

✉♥ r❛③♦♥❛♠✐❡♥t♦ s✐♠✐❧❛r ♠✉❡str❛ q✉❡ ❡❧ r❡s✉❧t❛❞♦ s❡ s✐❣✉❡ ❞❡ ❧❛ ❢ór♠✉❧❛ ✭✺✳✻✮✳

❉❡♠♦str❛❝✐ó♥ ❞❡❧ t❡♦r❡♠❛✳ ❋✐❥❛♠♦s |z0| > 1 ② ❡s❝r✐❜✐♠♦s ❝♦♠♦ ❞❡ ❝♦st✉♠❜r❡ µ = (1−
σ)/(1+σ)✱ µ̃ = (1− σ̃)/(1+ σ̃)✳ ❙❡ ❜✉s❝❛ ❞❡♠♦str❛r q✉❡ αµ(z, z0; k) = αµ̃(z, z0; k) ♣❛r❛
t♦❞♦ z, k ∈ C✳ ❉❡✜♥✐♠♦s ♣❛r❛ ❡st♦✱ ❡♥ k 6= 0✱

δµ(z, z0; k) = ik(z − z0) + kǫ1(k),

δµ̃(z, z0; k) = ik(z − z0) + kǫ2(k),

❞♦♥❞❡ ǫ1 ② ǫ2 s♦♥ ❧♦s ❞❛❞♦s ♣♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✺✳✷✳✶✳❜ ♣❛r❛ αµ ② αµ̃✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
❙❛❜❡♠♦s ❡♥t♦♥❝❡s q✉❡ s♦♥ ❝♦♥t✐♥✉❛s ✭❝♦♠♦ ❢✉♥❝✐♦♥❡s ❞❡ z ② k✮ ② q✉❡ s♦♥ ❧♦❣❛r✐t♠♦s ❞❡
αµ ② αµ̃✳ ❈♦♠♦ αµ(z0, z0; k) = 1✱ s❡ ♣✉❡❞❡ s✉♣♦♥❡r q✉❡ δµ(z0, z0; k) = kǫ1(k) = 0 ♣❛r❛
t♦❞♦ k ∈ C \ {0}✱ s✐♥ ♣ér❞✐❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞✳

❉❡ ❛❤♦r❛ ❡♥ ♠ás ❝♦♥s✐❞❡r♦ ✉♥ k 6= 0 ✜❥♦ ✭♣❛r❛ k = 0 ❡s ♦❜✈✐♦ q✉❡ αµ = αµ̃✮✱ ❡s ❞❡❝✐r
q✉❡ ❡st✉❞✐♦ ❧❛ ❢✉♥❝✐ó♥ z 7→ δµ(z, z0; k)✳ P♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✺✳✷✳✶✳❛✱

δµ(z, z0; k) = ikz + ṽk(z) + 2λ̃(z)πi = ikz

(
1 +

vk(z)

ikz

)
.

❈♦♠♦ ṽk ♣✉❡❞❡ t❛♠❜✐é♥ t♦♠❛rs❡ ❝♦♥t✐♥✉❛✱ λ̃ : C −→ Z ❞❡❜❡ s❡r ❝♦♥st❛♥t❡✱ ② ♣♦r
❝♦♥s✐❣✉✐❡♥t❡ vk = ṽk+2λ̃πi ∈ L∞(C)✳ ❊s ❝❧❛r♦ ♣♦r ❡st❛ ❡s❝r✐t✉r❛ q✉❡✱ s✐ ❡❧✐❥♦ ✉♥ w ∈ C

❝✉❛❧q✉✐❡r❛✱ ♣❛r❛ ✉♥ R s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❧❛ ✐♠❛❣❡♥ ♣♦r δµ ❞❡ ❧❛ ❝✉r✈❛ ∂B(0, R)
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❞❛rá ✉♥❛ ✈✉❡❧t❛ ❛❧r❡❞❡❞♦r ❞❡ w✳ ❈♦♠♦ ∂B(0, R) ❡s ❤♦♠♦tó♣✐❝❛ ❛ ✉♥ ♣✉♥t♦ ❡♥ C✱ ❞❡❜❡
❤❛❜❡r ✉♥ ♣✉♥t♦ z ❝♦♥ ♠ó❞✉❧♦ ♠❡♥♦r q✉❡ R t❛❧ q✉❡ δµ(z, z0; k) = w✳

❍❡♠♦s ♣r♦❜❛❞♦ ❡♥t♦♥❝❡s q✉❡ z 7→ δµ(z, z0; k) ❡s ❝♦♥t✐♥✉❛✱ s♦❜r❡②❡❝t✐✈❛ ② s❡ ❛♥✉❧❛ ❡♥
z0✳ ▲♦ ♠✐s♠♦ ✈❛❧❡✱ ♣♦r s✉♣✉❡st♦✱ ♣❛r❛ δµ̃✳ P❛r❛ ♣r♦❜❛r ❡❧ t❡♦r❡♠❛ ♥❡❝❡s✐t❛♠♦s ✈❡r q✉❡
δµ(z, z0; k) = δµ̃(z, z0; k)✱ ❧♦ q✉❡ ♣♦r ❧❛ s✉r②❡❝t✐✈✐❞❛❞ s❡ ♣♦❞rá ❧♦❣r❛r s✐ s❡ ❞❡♠✉❡str❛
q✉❡

δµ̃(z1, z0; k) 6= δµ(z2, z0; k) ♣❛r❛ t♦❞♦ z1 6= z2 ✭s✐ k 6= 0✮✳

❋✐❥❛♠♦s ❡♥t♦♥❝❡s z1 6= z2✳ ❊♥ ❧❛ ❢ór♠✉❧❛ ✭✺✳✹✮✱ ❡❧ ❝♦❡✜❝✐❡♥t❡ νz0(k) s❡rá ❡❧ ♠✐s♠♦ ♣❛r❛
δµ ② δµ̃✱ ♣✉❡s h− ② h+ ❝♦✐♥❝✐❞❡♥ ❡♥ |z0| > 1 ✭♣r♦♣♦s✐❝✐ó♥ ✺✳✶✳✶✮✳ ❙❡ s✐❣✉❡ ❡♥t♦♥❝❡s q✉❡

∂kδµ =
∂kαµ

αµ

=
νz0(k)∂kαµ

αµ

= νz0(k)
αµ

αµ

∂kδµ = νz0(k)e
δµ−δµ∂kδµ,

② ❞❡❧ ♠✐s♠♦ ♠♦❞♦

∂kδµ̃ = νz0(k)e
δµ̃−δµ̃∂kδµ̃.

▲❛ ❞✐❢❡r❡♥❝✐❛

g(k) = δµ(z2, z0; k)− δµ̃(z1, z0; k)

✭❡①t❡♥❞✐❞❛ ❛ k = 0 ❝♦♠♦ 0✮ ✈❡r✐✜❝❛

∂kg − νz0e
δµ−δµ∂kg = νz0∂kδµ̃

(
eδµ−δµ − eδµ̃−δµ̃

)
,

∂kg − η∂kg = γg,

❞♦♥❞❡ |η| ≤ |νz0 | < 1 ②

|γ| = |νz0∂kδµ̃|
∣∣∣∣∣
eδµ−δµ − eδµ̃−δµ̃

δµ − δµ̃

∣∣∣∣∣ ≤ 2|∂kδµ̃|.

P♦r ❧❛ ❞❡✜♥❝✐ó♥ ❞❡ ❧♦s δ✱ t❡♥❡♠♦s q✉❡ g(k) = i(z2 − z1)k + kǫ(k)✳ ❈♦♠♦ αµ, αµ̃ s♦♥
❢✉♥❝✐♦♥❡s C1 ❞❡ k✱ ✈❛❧❡ q✉❡ g ∈ W 1,p

❧♦❝
(C) ② q✉❡ γ ∈ Lp

❧♦❝
(C) ✭s✐❡♠♣r❡ ❝♦♠♦ ❢✉♥❝✐♦♥❡s ❞❡

k✮✳ ❊st♦ ♥♦s ❝♦❧♦❝❛ ❡♥ ❧❛s ❤✐♣ót❡s✐s ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✸✳✸✳✶✳❜✱ ♣♦r ❧♦ q✉❡ g só❧♦ ♣✉❡❞❡
❛♥✉❧❛rs❡ ❡♥ ✉♥ ♣✉♥t♦✱ q✉❡ ❡s k = 0.

❊st♦ ❝♦♠♣❧❡t❛ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❡♥ ❧♦ q✉❡ ❝♦♥❝✐❡r♥❡ ❛ α✳ ❋❛❧t❛ ✈❡r q✉❡ β t❛♠❜✐é♥
q✉❡❞❛ ❞❡t❡r♠✐♥❛❞♦ ♣♦r ❡❧ ♠❛♣❛ ❉✐r✐❝❤❧❡t ❛ ◆❡✉♠❛♥♥✳ P❡r♦ s❛❜❡♠♦s ✭♣r♦♣♦s✐❝✐ó♥ ✸✳✶✳✺✮
q✉❡ Λσ ❞❡t❡r♠✐♥❛ Λσ−1 ✱ ② ✉s❛♥❞♦ ❧♦ ②❛ ❞❡♠♦str❛❞♦ s❡ t✐❡♥❡ q✉❡ α−µ = α−µ̃✳ ❙ó❧♦ q✉❡❞❛
r❡❝♦r❞❛r ✭✺✳✺✮✳
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▲❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ t❡♦r❡♠❛ ✶ s❡ ♦❜t✐❡♥❡ ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❧♦s ❝♦♠❡♥t❛r✐♦s ❛♥t❡r✐♦r❡s✳
❙✐ Λσ = Λσ̃ ❡♥t♦♥❝❡s ♣♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✺✳✶✳✶ ❞❡❜❡ ✈❛❧❡r q✉❡ uσj (z) = uσ̃j (z) ♣❛r❛ t♦❞♦
z ∈ C ❝♦♥ |z| > 1✳ ❈♦♠♦ ❛❞❡♠ás ❧❛s ♠❛tr✐❝❡s ❞❡ tr❛♥s♣♦rt❡ s♦♥ ✐❣✉❛❧❡s ✭♣♦r ❡❧ t❡♦r❡♠❛
✶✽✮✱ ❞❡❜❡ s❡r uσj ≡ uσ̃j ✭♣❛r❛ j = 1, 2✮✱ ❧✉❡❣♦ fµ = fµ̃✳ ❙❡ s✐❣✉❡ q✉❡ σ = σ̃ ♣♦r ✭✺✳✷✮ ②
✭✺✳✸✮✳

❊st❛ ♠✐s♠❛ ❞❡♠♦str❛❝✐ó♥ ♣✉❡❞❡ ❡♠♣❧❡❛rs❡ ♣❛r❛ r❡❝♦♥str✉✐r ❧❛ ❝♦♥❞✉❝t✐✈✐❞❛❞✳ ▲❛
ú♥✐❝❛ ❞✐✜❝✉❧t❛❞ s❡ ❤❛❧❧❛ ❡♥ ♦❜t❡♥❡r fµ|∂D ❛ ♣❛rt✐r ❞❡ Λσ✳ ❙❡ ♣✉❡❞❡ ❝♦♥s✉❧t❛r ❬✽❪ ♣❛r❛
✉♥❛ ❢♦r♠❛ ❞❡ r❡s♦❧✈❡r ❡st❡ ♣r♦❜❧❡♠❛✳
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