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❊❧ ❡st✉❞✐♦ ❞❡ ❧❛ ❞✐♥á♠✐❝❛ ❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛❧❡s ❞❡✜♥✐❞♦s ❡♥ ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤ ♦ ❞❡
❋ré❝❤❡t ❡s ✉♥❛ r❛♠❛ ♠♦❞❡r♥❛ ❞❡❧ ❛♥á❧✐s✐s ❢✉♥❝✐♦♥❛❧ q✉❡ ❤❛ s✉r❣✐❞♦ ❛ ♣❛rt✐r ❞❡❧ tr❛❜❛❥♦
❞❡ ♠✉❝❤♦s ❛✉t♦r❡s✳ Pr♦❜❛❜❧❡♠❡♥t❡✱ ❡❧ ✐♥✐❝✐♦ ❞❡ s✉ ❡st✉❞✐♦ ❞❡ ♠❛♥❡r❛ s✐st❡♠át✐❝❛ ❡s ❧❛
t❡s✐s ❞♦❝t♦r❛❧ ❞❡ ❈✳ ❑✐t❛✐ ❡♥ ✶✾✽✷ ❬✷✸❪✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❣r❛♥ ♣❛rt❡ ❞❡ ❧❛ ❞✐❢✉s✐ó♥ ❞❡ ❡st❡
t❡♠❛ ❞❡ ❡st✉❞✐♦ ❞❡❜❡ s❡r ❛tr✐❜✉✐❞❛ ❛ ❧♦s tr❛❜❛❥♦s ❞❡ ●✳ ●♦❞❡❢r♦② ② ❏✳ ❍✳ ❙❤❛♣✐r♦ ❬✶✼❪
② ❑✳✲●✳ ●r♦ss❡✲❊r❞♠❛♥♥ ❬✷✵❪✳

P❛r❛ ❞❛r ✉♥❛ ✐❞❡❛ s✉♠❛♠❡♥t❡ s✐♠♣❧✐✜❝❛❞❛ ❞❡❧ t❡♠❛✱ ♣♦❞❡♠♦s ❞❡❝✐r q✉❡ ❡❧ ❝❡♥tr♦
❞❡ ❛t❡♥❝✐ó♥ ❡s ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛s s✉❝❡s✐✈❛s ✐t❡r❛❝✐♦♥❡s ❞❡ ✉♥ ♦♣❡r❛❞♦r ❧✐♥❡❛❧✳
❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ s❡ ❡st✉❞✐❛♥ s✐st❡♠❛s ❞✐♥á♠✐❝♦s ❞✐s❝r❡t♦s ❛s♦❝✐❛❞♦s ❛ ♦♣❡r❛❞♦r❡s
❧✐♥❡❛❧❡s✳ ❊♥ ❡❧ ❝♦♥t❡①t♦ ✜♥✐t♦ ❞✐♠❡♥s✐♦♥❛❧ ❡st❡ ♣r♦❜❧❡♠❛ s❡ ♣✉❡❞❡ r❡s♦❧✈❡r ❛ tr❛✈és
❞❡❧ ❡st✉❞✐♦ ❞❡ ❧❛ ❢♦r♠❛ ❞❡ ❏♦r❞❛♥ ❛s♦❝✐❛❞❛ ❛ ✉♥❛ ♠❛tr✐③✱ ② ❧♦s ❝♦♠♣♦rt❛♠✐❡♥t♦s s♦♥
r❡❧❛t✐✈❛♠❡♥t❡ s✐♠♣❧❡s ✭❞❡ ❛❤í q✉❡ ❡❧ ❝❛♦s s❡ ❛s♦❝✐❛ ♥❛t✉r❛❧♠❡♥t❡ ❛ s✐st❡♠❛s ♥♦ ❧✐♥❡❛❧❡s✮✳
❙✐♥ ❡♠❜❛r❣♦✱ ❡♥ ❡s♣❛❝✐♦s ❞❡ ❞✐♠❡♥s✐ó♥ ✐♥✜♥✐t❛ ❧♦s s✐st❡♠❛s ❧✐♥❡❛❧❡s ♣✉❡❞❡♥ s❡r ❝❛ót✐❝♦s✱
②❛ q✉❡ ❛♣❛r❡❝❡♥ ❢❡♥ó♠❡♥♦s ♥✉❡✈♦s✱ ❝♦♠♦ ♣♦r ❡❥❡♠♣❧♦ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ór❜✐t❛s ❞❡♥s❛s
❡♥ t♦❞♦ ❡❧ ❡s♣❛❝✐♦✳ ❊st❡ ♥✉❡✈♦ ❢❡♥ó♠❡♥♦ ❡s ❡❧ ❝❡♥tr♦ ❞❡ ❡st✉❞✐♦ ❞❡ ❧❛ t❡s✐s✳ ❈✉❛♥❞♦ ✉♥
♦♣❡r❛❞♦r ❛❞♠✐t❡ ór❜✐t❛s ❞❡♥s❛s s❡ ❞✐❝❡ ❤✐♣❡r❝í❝❧✐❝♦✳ ▲❛ ♣❛❧❛❜r❛ ✏❤✐♣❡r❝í❝❧✐❝♦✑ t✐❡♥❡ s✉
♦r✐❣❡♥ ❡♥ ❧❛ ♥♦❝✐ó♥ ❞❡ ✏♦♣❡r❛❞♦r ❝í❝❧✐❝♦✑✱ ❧✐❣❛❞♦ ❛❧ ♣r♦❜❧❡♠❛ ❞❡❧ s✉❜❡s♣❛❝✐♦ ✐♥✈❛r✐❛♥t❡✳
❊♥ ❡st❡ ❝❛s♦✱ ❧♦s ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s ❡stá♥ ❧✐❣❛❞♦s ❛❧ ♣r♦❜❧❡♠❛ ❞❡ ❡①✐st❡♥❝✐❛ ❞❡
s✉❜❝♦♥❥✉♥t♦s ✐♥✈❛r✐❛♥t❡s✿ ➽❞❛❞♦ ✉♥ ♦♣❡r❛❞♦r ❧✐♥❡❛❧ T : X → X✱ ❡s ♣♦s✐❜❧❡ ❡♥❝♦♥tr❛r
✉♥ s✉❜❝♦♥❥✉♥t♦ ❝❡rr❛❞♦ ♥♦ tr✐✈✐❛❧ F t❛❧ q✉❡ T (F ) ⊂ F❄

❈♦♥❝r❡t❛♠❡♥t❡✱ ❧❛s ❞❡✜♥✐❝✐♦♥❡s s♦❜r❡ ❧❛s q✉❡ ❞❡s❛rr♦❧❧❛r❡♠♦s ❡❧ tr❛❜❛❥♦ s♦♥ ❧❛ s✐❣✉✐❡♥✲
t❡s✳ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ❞❡ ❋ré❝❤❡t s❡♣❛r❛❜❧❡ ❞❡ ❞✐♠❡♥s✐ó♥ ✐♥✜♥✐t❛ ② T : X → X ✉♥
♦♣❡r❛❞♦r ❧✐♥❡❛❧ ② ❝♦♥t✐♥✉♦✳ ❉❛❞♦ x ∈ X✱ ❧❛ ór❜✐t❛ ❞❡ x ♣♦r T ❡s ❡❧ ❝♦♥❥✉♥t♦ ❞❡✜♥✐❞♦
♣♦r

Orb(x, T ) = {T nx : n ≥ 0}.
❊❧ ♦♣❡r❛❞♦r T s❡ ❞✐❝❡ ❤✐♣❡r❝í❝❧✐❝♦ s✐ ❡①✐st❡ x ∈ X ✭✈❡❝t♦r ❤✐♣❡r❝í❝❧✐❝♦✮ t❛❧ q✉❡ Orb(x, T )
❡s ❞❡♥s♦ ❡♥ X✳

❊s ✐♠♣♦rt❛♥t❡ ♥♦t❛r q✉❡ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ❝♦♥ ❡st❛ ♣r♦♣✐❡❞❛❞ ❡s só❧♦ ♣♦s✐❜❧❡
❡♥ ❡s♣❛❝✐♦s ❞❡ ❞✐♠❡♥s✐ó♥ ✐♥✜♥✐t❛ ②❛ q✉❡ ♣♦r ❡❥❡♠♣❧♦✱ s✐ T : X → X ❡s ✉♥ ♦♣❡r❛❞♦r
❧✐♥❡❛❧ ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❋ré❝❤❡t ② T ′ : X ′ → X ′ ❡s s✉ ♦♣❡r❛❞♦r ❛❞❥✉♥t♦✱ ❧❛ ❡①✐st❡♥❝✐❛
❞❡ ❛❧❣ú♥ ❛✉t♦✈❛❧♦r ♣❛r❛ T ′ ❣❛r❛♥t✐③❛ q✉❡ T ♥♦ ❡s ❤✐♣❡r❝í❝❧✐❝♦✳ ❊♥ ❧♦s ú❧t✐♠♦s ❛ñ♦s ❡❧
❡st✉❞✐♦ ❞❡ ❧❛ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ❞❡ ♦♣❡r❛❞♦r❡s ❤❛ t❡♥✐❞♦ ✉♥ ❞❡s❛rr♦❧❧♦ ✐♠♣♦rt❛♥t❡✱ ❝♦♠♦
r❡❢❡r❡♥❝✐❛ ♣✉❡❞❡ ❝♦♥s✉❧t❛rs❡ ❧❛ ❜✐❜❧✐♦❣r❛❢í❛ ❬✸❪ ② ❬✷✶❪✳ ❙❡ ❡♥❝♦♥tr❛r♦♥ s♦r♣r❡♥❞❡♥t❡s
r❡s✉❧t❛❞♦s✱ ❡♥tr❡ ❡❧❧♦s✱ ♣♦❞❡♠♦s ❝✐t❛r q✉❡ s✐ ✉♥ ♦♣❡r❛❞♦r ❛❞♠✐t❡ ✉♥ ✈❡❝t♦r ❝♦♥ ór❜✐t❛
❞❡♥s❛✱ ❡♥t♦♥❝❡s ❛❞♠✐t❡ ✐♥✜♥✐t♦s ❞❡ ❡st♦s ✈❡❝t♦r❡s✳ ▼ás ❛ú♥✱ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❧♦s ✈❡❝t♦r❡s

✺



✻ ❮◆❉■❈❊ ●❊◆❊❘❆▲

❝♦♥ ór❜✐t❛ ❞❡♥s❛ ❞❡ ✉♥ ♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦ ❡s ❞❡♥s♦✱ ❝♦♥❡①♦ ② ❤♦♠❡♦♠♦r❢♦ ❛❧ ❡s♣❛❝✐♦
❛♠❜✐❡♥t❡✳ ❚❛♠❜✐é♥ s❡ ♣r♦❜ó q✉❡ ♥♦ ❡①✐st❡♥ ♦♣❡r❛❞♦r❡s ❝♦♠♣❛❝t♦s ❤✐♣❡r❝í❝❧✐❝♦s✳

▲♦s ♣r✐♠❡r♦s ❡❥❡♠♣❧♦s ❞❡ ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s s✉r❣✐❡r♦♥ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ ❧❛ t❡♦rí❛
❞❡ ❢✉♥❝✐♦♥❡s ❛♥❛❧ít✐❝❛s✳ ❆sí✱ ❡♥ ✶✾✷✾✱ ●✳ ❉✳ ❇✐r❦❤♦✛ ❬✽❪ ♣r♦❜ó q✉❡ ♣❛r❛ t♦❞♦ a ∈ C✱ ❡❧
♦♣❡r❛❞♦r tr❛s❧❛❝✐ó♥ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢✉♥❝✐♦♥❡s ❡♥t❡r❛s ❞❡ ✈❛r✐❛❜❧❡ ❝♦♠♣❧❡❥❛ (H(C), τ)
❝♦♥ ❧❛ t♦♣♦❧♦❣í❛ ❝♦♠♣❛❝t♦✲❛❜✐❡rt❛✱ Ta : H(C) → H(C) ❞❡✜♥✐❞♦ ♣♦r Taf(z) = f(z+a) ❡s
❤✐♣❡r❝í❝❧✐❝♦✱ ② ❡♥ ✶✾✺✷✱ ●✳ ❘✳ ▼❛❝▲❛♥❡ ❬✷✺❪✱ ♠♦stró q✉❡ ❧♦ ♠✐s♠♦ ♦❝✉rr❡ ❝♦♥ ❡❧ ♦♣❡r❛❞♦r
❞❡ ❞✐❢❡r❡♥❝✐❛❝✐ó♥ ❡♥ H(C)✳ P♦r s✉♣✉❡st♦✱ ♥♦ ❡①✐tí❛ ❛ú♥ ❧❛ ♥♦❝✐ó♥ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞✱
② ❡❧ ✐♥t❡rés ❞❡ ❡st♦s tr❛❜❛❥♦s ♥♦ s❡ ❝❡♥tr❛❜❛ ❡♥ ❧❛ ❞✐♥á♠✐❝❛ ❞❡ ❧♦s ♦♣❡r❛❞♦r❡s s✐♥♦ ❡♥
♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❛♥❛❧ít✐❝❛s✳ ❊st♦s r❡s✉❧t❛❞♦s ❢✉❡r♦♥ ❣❡♥❡r❛❧✐③❛❞♦s ♣♦r ●✳
●♦❞❡❢r♦② ② ❏✳ ❍✳ ❙❤❛♣✐r♦ ❡♥ ✶✾✾✶ ❬✶✼❪ q✉✐❡♥❡s ♣r♦❜❛r♦♥ q✉❡ t♦❞♦ ♦♣❡r❛❞♦r ❧✐♥❡❛❧ ②
❝♦♥t✐♥✉♦ T : H(C) → H(C) q✉❡ ❝♦♥♠✉t❡ ❝♦♥ ❧❛s tr❛s❧❛❝✐♦♥❡s ② ♥♦ s❡❛ ✉♥ ♠ú❧t✐♣❧♦ ❞❡
❧❛ ✐❞❡♥t✐❞❛❞ ❡s t❛♠❜✐é♥ ❤✐♣❡r❝í❝❧✐❝♦✳

❊❧ ♣r✐♠❡r ❡❥❡♠♣❧♦ ❞❡ ❡①✐st❡♥❝✐❛ ❞❡ ❡st❛ ❝❧❛s❡ ❞❡ ♦♣❡r❛❞♦r❡s ❡♥ ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤ ❢✉❡
❡①❤✐❜✐❞♦ ♣♦r ❙✳ ❘♦❧❡✇✐❝③ ❡♥ ✶✾✻✾ ❬✷✼❪✳ ❊♥ ❡❧ tr❛❜❛❥♦ s❡ ♣r✉❡❜❛ q✉❡ ♣❛r❛ 1 ≤ p <∞✱ s✐
B : ℓp → ℓp ❡s ❡❧ ♦♣❡r❛❞♦r s❤✐❢t ❛ ✐③q✉✐❡r❞❛✱ B(x1, x2, x3, . . .) = (x2, x3, . . .)✱ ❡♥t♦♥❝❡s
T = λB ❡s ❤✐♣❡r❝í❝❧✐❝♦ ♣❛r❛ t♦❞♦ λ ∈ C✱ |λ| > 1✳

P❛r❛ ❝✐❡rt❛s ❝❧❛s❡s ❞❡ ♦♣❡r❛❞♦r❡s✱ s❡ ❤❛♥ ❡st✉❞✐❛❞♦ ❡♥ ❞❡t❛❧❧❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ♣❛r❛ q✉❡
s❡ ♣r❡s❡♥t❡ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞✳ P♦r ❡❥❡♠♣❧♦✱ s✉♣♦♥❣❛♠♦s q✉❡ G ⊂ C ❡s
✉♥ ❛❜✐❡rt♦ s✐♠♣❧❡♠❡♥t❡ ❝♦♥❡①♦ ❞❡❧ ♣❧❛♥♦ ❝♦♠♣❧❡❥♦ ② ❧❧❛♠❡♠♦s H(G, τ) ❛❧ ❡s♣❛❝✐♦ ❞❡
❢✉♥❝✐♦♥❡s ❤♦❧♦♠♦r❢❛s ❡♥ G✱ ❞♦t❛❞♦ ❝♦♥ ❧❛ t♦♣♦❧♦❣í❛ ❞❡ ❝♦♥✈❡r❣❡♥❝✐❛ ✉♥✐❢♦r♠❡ s♦❜r❡
❝♦♠♣❛❝t♦s✳ ❉❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ ❤♦❧♦♠♦r❢❛ φ : G → G✱ s❡ ❝♦♥s✐❞❡r❛ ❡❧ ♦♣❡r❛❞♦r ❞❡
❝♦♠♣♦s✐❝✐ó♥ Cφ : H(G, τ) → H(G, τ)✱ ❞❡✜♥✐❞♦ ♣♦r Cφf(z) = f ◦ φ(z)✳ ❊♥ ❬✶✷❪✱ P✳
❙✳ ❇♦✉r❞♦♥ ② ❏✳ ❍✳ ❙❤❛♣✐r♦ ❞❡t❡r♠✐♥❛♥ s✐ ❡❧ ♦♣❡r❛❞♦r ❞❡ ❝♦♠♣♦s✐❝✐ó♥ ❡s ❤✐♣❡r❝í❝❧✐❝♦
❡st✉❞✐❛♥❞♦ ❧❛ ❞✐♥á♠✐❝❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥ φ q✉❡ ❧♦ ✐♥❞✉❝❡✳ ❊♥ ❬✸✶❪✱ s❡ ❡st✉❞✐❛♥ ♦♣❡r❛❞♦r❡s
❞❡ ❝♦♠♣♦s✐❝✐ó♥ ❞❡✜♥✐❞♦s ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❍❛r❞② H2(D)✳

❊♥ ✶✾✽✷✱ ❈✳ ❑✐t❛✐ ❬✷✸❪ ✐♥tr♦❞✉❥♦ ❡♥ s✉ t❡s✐s ❞♦❝t♦r❛❧ ✉♥ ❝r✐t❡r✐♦ ❞❡ s❡♥❝✐❧❧❛ ❛♣❧✐❝❛❝✐ó♥ q✉❡
❜r✐♥❞❛ ❝♦♥❞✐❝✐♦♥❡s s✉✜❝✐❡♥t❡s ♣❛r❛ q✉❡ ✉♥ ♦♣❡r❛❞♦r s❡❛ ❤✐♣❡r❝í❝❧✐❝♦❀ ❡st❡ r❡s✉❧t❛❞♦ ❢✉❡
r❡❞❡s❝✉❜✐❡rt♦ ♣♦r ❘✳ ▼✳ ●❡t❤♥❡r ② ❏✳ ❍✳ ❙❤❛♣✐r♦ ❡♥ ✶✾✽✼ ❬✶✻❪✳ ▲❛s ❤✐♣ót❡s✐s s✉♣✉❡st❛s
s♦❜r❡ ❡❧ ♦♣❡r❛❞♦r T : X → X ♣❡r♠✐t❡♥ ♥♦ s♦❧♦ ♣r♦❜❛r s✉ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞✱ s✐♥♦ t❛♠❜✐é♥
❧❛ ❞❡❧ ♦♣❡r❛❞♦r T ⊕T : X⊕X → X⊕X✳ ❈✉❛♥❞♦ ❡❧ ♦♣❡r❛❞♦r T ⊕T : X⊕X → X⊕X
r❡s✉❧t❛ ❤✐♣❡r❝í❝❧✐❝♦✱ s❡ ❞✐❝❡ q✉❡ T ❡s ♠✐①✐♥❣ ❞é❜✐❧✳ ❊♥ ✶✾✾✾✱ ❏✳ ❇ès ② ❆✳ P❡r✐s ❬✻❪ ✐♥✲
tr♦❞✉❝❡♥ ✉♥ ❝r✐t❡r✐♦ s✐♠✐❧❛r ❛❧ ❛♥t❡r✐♦r✱ ❝♦♥♦❝✐❞♦ ❝♦♠♦ ❡❧ ✏❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞✑
② ♣r✉❡❜❛♥ q✉❡ ❧❛ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ❞❡ T ⊕T ✐♠♣❧✐❝❛ q✉❡ ❡❧ ♦♣❡r❛❞♦r T s❛t✐s❢❛❝❡ ❧❛s ❤✐♣ó✲
t❡s✐s ❞❡❧ ❝r✐t❡r✐♦✳ ❊st❡ r❡s✉❧t❛❞♦ ♣✉❡❞❡ tr❛❞✉❝✐rs❡ ❡♥ ❡❧ s✐❣✉✐❡♥t❡ ♠♦❞♦✿ ❧❛ ❛✜r♠❛❝✐ó♥
✏T ❡s ❤✐♣❡r❝í❝❧✐❝♦ ⇔ T ⊕ T ❡s ❤✐♣❡r❝í❝❧✐❝♦✑ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ❞❡❝✐r q✉❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s
❞❡❧ ❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ s♦♥ ♥❡❝❡s❛r✐❛s ♣❛r❛ ❧❛ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ❞❡ ✉♥ ♦♣❡r❛❞♦r T ✳
❊st❡ ♣r♦❜❧❡♠❛ ❢✉❡ ♣❧❛♥t❡❛❞♦ ♦r✐❣✐♥❛❧♠❡♥t❡ ♣♦r ❉✳ ❍❡rr❡r♦ ❬✷✷❪ ② ❞✐♦ ❧✉❣❛r ❛ ♥✉♠❡r♦s♦s
tr❛❜❛❥♦s ✭✈❡r ♣♦r ❡❥❡♠♣❧♦ ❬✶✽❪✱ ❬✶✾❪ ② ❬✷✾❪✮✳ ❊♥tr❡ ❧♦s q✉❡ s❡ ❡♥❝✉❡♥tr❛♥ ✈❡rs✐♦♥❡s ❡q✉✐✲
✈❛❧❡♥t❡s ❞❡ q✉❡ ✉♥ ♦♣❡r❛❞♦r s❡❛ ♠✐①✐♥❣ ❞é❜✐❧✳ ❊❧ ♣r♦❜❧❡♠❛ ♣❧❛♥t❡❛❞♦ ♣♦r ❉✳ ❍❡rr❡r♦
❡s r❡❝♦♥♦❝✐❞♦ ❝♦♠♦ ✉♥♦ ❞❡ ❧♦s ♣r♦❜❧❡♠❛s ♠ás ✐♥t❡r❡s❛♥t❡s ❞❡ ❧❛ t❡♦rí❛✱ ② ♣❡r♠❛♥❡❝✐ó
s✐♥ s♦❧✉❝✐ó♥ ❞✉r❛♥t❡ ✶✺ ❛ñ♦s✳ ❋✐♥❛❧♠❡♥t❡✱ ▼✳ ❉❡ ▲❛ ❘♦s❛ ② ❈✳ ❘❡❛❞ ❡♥ ✷✵✵✻ ♣r♦❜❛r♦♥
❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s ❡♥ ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤ q✉❡ ♥♦ s❛t✐s❢❛❝❡♥ ❡❧ ❝r✐✲
t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ❬✶✹❪✳ ▼ás ❛ú♥✱ ❡♥ ✷✵✵✼✱ ❋✳ ❇❛②❛rt ② ➱✳ ▼❛t❤❡r♦♥ ❬✹❪ ♠✉❡str❛♥



❮◆❉■❈❊ ●❊◆❊❘❆▲ ✼

❞✐✈❡rs♦s ❡❥❡♠♣❧♦s ❡♥ ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤ ❝❧ás✐❝♦s✱ ❝♦♠♦ ♣♦r ❡❥❡♠♣❧♦ ❡♥ c0(N) ♦ ℓp(N)✳

❯♥❛ ✈❡③ r❡s✉❡❧t♦ ❡st❡ ♣r♦❜❧❡♠❛✱ q✉❡❞❛ ❛❜✐❡rt❛ ❧❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❛q✉❡❧❧♦s ❡s♣❛❝✐♦s
q✉❡ ❛❞♠✐t❡♥ ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s✱ ② t❛♠❜✐é♥ ❞❡ ❛q✉❡❧❧♦s ❡s♣❛❝✐♦s ❡♥ ❧♦s q✉❡ t♦❞♦
♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦ ❡s ♠✐①✐♥❣ ❞é❜✐❧✳ P♦r ❡❥❡♠♣❧♦✱ ❡①✐st❡♥ ❡s♣❛❝✐♦s ❞❡ ❋ré❝❤❡t q✉❡
♥♦ ❛❞♠✐t❡♥ ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s ② t❛♠❜✐é♥ ❡①✐st❡♥ ❡s♣❛❝✐♦s q✉❡ ♥♦ s♦♥ ❧♦❝❛❧♠❡♥t❡
❝♦♥✈❡①♦s✱ q✉❡ ❛❞♠✐t❡♥ ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s✳ ❆❞❡♠ás✱ ❡♥ ❡❧ ❡s♣❛❝✐♦ ω := C

N t♦❞♦
♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦ ❡s ♠✐①✐♥❣ ❞é❜✐❧✳

❊str✉❝t✉r❛♠♦s ❡❧ tr❛❜❛❥♦ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛✳

❊♥ ❡❧ ♣r✐♠❡r ❝❛♣ít✉❧♦ ♣r❡s❡♥t❛♠♦s ❛❧❣✉♥❛s ❞❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ♠ás ✐♠♣♦rt❛♥t❡s ❞❡
❧♦s ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s✳ ❆♥❛❧✐③❛♠♦s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ✈❡❝t♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s ❞❡ ✉♥
♦♣❡r❛❞♦r✳ ❉❛♠♦s ❡❧ ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞✱ ② ♠♦str❛♠♦s ❧♦s ♣r✐♠❡r♦s ❞♦s ❡❥❡♠♣❧♦s✳

❉❡❞✐❝❛♠♦s ❡❧ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦ ❛ ❧♦s ❡❥❡♠♣❧♦s ♠ás ✐♠♣♦rt❛♥t❡s q✉❡ s❡ ❝♦♥♦❝❡♥✳ ❊st✉✲
❞✐❛♠♦s ❞❡♥tr♦ ❞❡ ❞✐st✐♥t❛s ❢❛♠✐❧✐❛s ❞❡ ♦♣❡r❛❞♦r❡s ❝♦♥❞✐❝✐♦♥❡s ♣❛r❛ q✉❡ ❡st♦s r❡s✉❧t❡♥
❤✐♣❡r❝í❝❧✐❝♦s✳ ❙❡ ❛♥❛❧✐③❛♥ ♦♣❡r❛❞♦r❡s ❞❡ ♠✉❧t✐♣❧✐❝❛❝✐ó♥✱ ❞❡ ❝♦♠♣♦s✐❝✐ó♥✱ ❞❡ tr❛s❧❛❝✐ó♥✱
❞❡ ❞❡r✐✈❛❝✐ó♥ ② ♦♣❡r❛❞♦r❡s s❤✐❢t✳

❊♥ ❡❧ t❡r❝❡r ❝❛♣ít✉❧♦ ❡st✉❞✐❛r❡♠♦s ♦♣❡r❛❝✐♦♥❡s q✉❡ ♠❛♥t✐❡♥❡♥ ❧❛ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ❞❡ ✉♥
♦♣❡r❛❞♦r✳ ❱❡r❡♠♦s q✉❡ ❡st❛ ♣r♦♣✐❡❞❛❞ s❡ ♠❛♥t✐❡♥❡ ♣♦r ♣♦t❡♥❝✐❛s ② r♦t❛❝✐♦♥❡s✳ ❆❞❡✲
♠ás✱ tr❛❜❛❥❛♠♦s ❡♥ ♣r♦❢✉♥❞✐❞❛❞ ❡❧ ❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ♣r❡s❡♥t❛❞♦ ❡♥ ❡❧ ♣r✐♠❡r
❝❛♣ít✉❧♦✳ ❱❡r❡♠♦s q✉❡ s✐ ✉♥ ♦♣❡r❛❞♦r s❛t✐s❢❛❝❡ ❡❧ ❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞✱ ❡♥t♦♥❝❡s
❡s ♠✐①✐♥❣ ❞é❜✐❧ ② ❤❡r❡❞✐t❛r✐❛♠❡♥t❡ ❤✐♣❡r❝í❝❧✐❝♦✳

❈♦♥str✉✐♠♦s ❡♥ ❡❧ ❝✉❛rt♦ ❝❛♣ít✉❧♦ ✉♥ ♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦ q✉❡ ♥♦ s❛t✐s❢❛❝❡ ❡❧ ❝r✐t❡r✐♦
❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞✳ ▼♦str❛♥❞♦ ❛sí✱ q✉❡ ❧❛ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ❡s ✉♥❛ ♣r♦♣✐❡❞❛❞ q✉❡ ♥♦ s❡
♠❛♥t✐❡♥❡ ♣♦r s✉♠❛s ❞✐r❡❝t❛s✳

❊♥ ❡❧ ú❧t✐♠♦ ❝❛♣ít✉❧♦✱ ✈❡r❡♠♦s ♦tr♦s r❡s✉❧t❛❞♦s ❞❡ ✐♥t❡rés q✉❡ s❡ r❡❧❛❝✐♦♥❛♥ ❝♦♥ ❧♦s
t❡♠❛s ❞❡s❛rr♦❧❧❛❞♦s✳ ❊st✉❞✐❛♠♦s ❝♦♥❞✐❝✐♦♥❡s q✉❡ ❛s❡❣✉r❛♥ q✉❡ ✉♥ ♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦
s❛t✐s❢❛❣❛ ❡❧ ❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞✳ ❚❛♠❜✐é♥ ❞❛♠♦s ❧♦s ❧✐♥❡❛♠✐❡♥t♦s ❣❡♥❡r❛❧❡s s♦❜r❡
❧♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s ❝❛ót✐❝♦s ② ♣♦r ú❧t✐♠♦ ❡♥✉♥❝✐❛♠♦s ✉♥❛ s♦❧✉❝✐ó♥ ❛❧ ♣r♦❜❧❡♠❛ ❞❡❧
✏s✉❜❝♦♥❥✉♥t♦✑ ✐♥✈❛r✐❛♥t❡✳
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❈❛♣ít✉❧♦ ✶

❖♣❡r❛❞♦r❡s ❍✐♣❡r❝í❝❧✐❝♦s

✶✳✶✳ ❙✐st❡♠❛s ❉✐♥á♠✐❝♦s ▲✐♥❡❛❧❡s

❊♥ ❡st❛ t❡s✐s ❞❡s❛rr♦❧❧❛♠♦s ❡❧ ❛♥á❧✐s✐s ❞❡ s✐st❡♠❛s ❞✐♥á♠✐❝♦s ❧✐♥❡❛❧❡s✳ ❚r❛❜❛❥❛r❡♠♦s
s♦❜r❡ ❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s X ❥✉♥t♦ ❝♦♥ ✉♥❛ t♦♣♦❧♦❣í❛ τ ✳ ❊❧ ♦❜❥❡t♦ ❞❡ ❡st✉❞✐♦ s❡rá♥
♦♣❡r❛❞♦r❡s ❧✐♥❡❛❧❡s ② ❝♦♥t✐♥✉♦s s♦❜r❡ ❡❧ ❡s♣❛❝✐♦ (X, τ)✳ ◆♦t❛♠♦s

L(X) := {T : X −→ X, T ❧✐♥❡❛❧ ② ❝♦♥t✐♥✉♦} .

❉❡✜♥✐♠♦s ❡♥t♦♥❝❡s✱ ❧♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s ❧✐♥❡❛❧❡s✳

❉❡✜♥✐❝✐ó♥ ✶✳✶✳✶✳ ❯♥ s✐st❡♠❛ ❞✐♥á♠✐❝♦ ❧✐♥❡❛❧ ❡s ✉♥ ♣❛r (X, T ) ❞♦♥❞❡ X ❡s ✉♥ ❡s♣❛❝✐♦
✈❡❝t♦r✐❛❧ t♦♣♦❧ó❣✐❝♦ r❡❛❧ ♦ ❝♦♠♣❧❡❥♦ ② T ∈ L(X)✳

▼✉❝❤❛s ✈❡❝❡s tr❛❜❛❥❛r❡♠♦s ❡♥ ❝♦♥t❡①t♦s ♠❡♥♦s ❣❡♥❡r❛❧❡s✱ ❝♦♠♦ s❡r ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤
♦ ❞❡ ❋ré❝❤❡t✳

❉❡✜♥✐❝✐ó♥ ✶✳✶✳✷✳ ❉❡❝✐♠♦s q✉❡ ❡❧ ❡s♣❛❝✐♦ ♠étr✐❝♦ (X, d) ❡s ✉♥ ❋✲❡s♣❛❝✐♦✱ s✐ ❡s ✉♥
❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ r❡❛❧ ♦ ❝♦♠♣❧❡❥♦ ❝♦♥ ✉♥❛ ♠étr✐❝❛ d✱ q✉❡ ❧♦ ❤❛❝❡ ❝♦♠♣❧❡t♦✳ ❙✐ ❛❞❡♠ás
X ❡s ✉♥ ❋✲❡s♣❛❝✐♦ ❧♦❝❛❧♠❡♥t❡ ❝♦♥✈❡①♦✱ ❞❡❝✐♠♦s q✉❡ X ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❋ré❝❤❡t✳

P❛r❛ ❡♥t❡♥❞❡r ❧❛ ❞✐♥á♠✐❝❛ ❞❡❧ s✐st❡♠❛✱ ❡st✉❞✐❛r❡♠♦s ❧❛s ór❜✐t❛s q✉❡ ❞❡✜♥❡ ❡❧ ♦♣❡r❛❞♦r
T ✳

❉❡✜♥✐❝✐ó♥ ✶✳✶✳✸✳ ❙❡❛ (X, T ) ✉♥ s✐st❡♠❛ ❞✐♥á♠✐❝♦ ❧✐♥❡❛❧✳ P❛r❛ x ∈ X✱ ❞❡✜♥✐♠♦s ❧❛
ór❜✐t❛ ❞❡❧ ❡❧❡♠❡♥t♦ x ♣♦r T ❝♦♠♦ ❡❧ ❝♦♥❥✉♥t♦

Orb(x, T ) = {T n(x) : n ∈ N0} .

P✉♥t✉❛❧♠❡♥t❡✱ ♥♦s ✐♥t❡r❡s❛ ❞❡t❡r♠✐♥❛r ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛❧❡s ② ❝♦♥t✐♥✉♦s
s♦❜r❡ ❡❧ ❡s♣❛❝✐♦ X q✉❡ ❛❞♠✐t❡♥ ór❜✐t❛s ❞❡♥s❛s✳

❉❡✜♥✐❝✐ó♥ ✶✳✶✳✹✳ ❙❡❛ (X, T ) ✉♥ s✐st❡♠❛ ❞✐♥á♠✐❝♦ ❧✐♥❡❛❧✳ ❉❡❝✐♠♦s q✉❡ T ❡s ❤✐♣❡r❝í❝❧✐❝♦
s✐ ❡①✐st❡ x ∈ X t❛❧ q✉❡ Orb(x, T ) ❡s ❞❡♥s♦ ❡♥ X✳ ❊♥ ❡s❡ ❝❛s♦✱ ❞❡❝✐♠♦s q✉❡ x ❡s ✉♥
✈❡❝t♦r ❤✐♣❡r❝í❝❧✐❝♦ ❞❡ T ② ♥♦t❛♠♦s HC(T ) ❛❧ ❝♦♥❥✉♥t♦ ❞❡ ❧♦s ✈❡❝t♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s ❞❡
T ✳

✾
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❖❜s❡r✈❛❝✐ó♥ ✶✳✶✳✺✳ ❊s ❝❧❛r♦ q✉❡ ❡st❛ ❝♦♥❞✐❝✐ó♥ ♥♦s r❡str✐♥❣❡ ❛ tr❛❜❛❥❛r s♦❜r❡ ❡s♣❛❝✐♦s
s❡♣❛r❛❜❧❡s✳

❙✐♠✐❧❛r♠❡♥t❡✱ ❞❡✜♥✐♠♦s ♦♣❡r❛❞♦r❡s ❝í❝❧✐❝♦s✳

❉❡✜♥✐❝✐ó♥ ✶✳✶✳✻✳ ❙❡ ❞✐❝❡ q✉❡ T ❡s ❝í❝❧✐❝♦ s✐ ❡①✐st❡ x ∈ X t❛❧ q✉❡

〈Orb(x, T )〉gen = K[T ]x = {P (T )x : P ∈ K[t]}

❡s ❞❡♥s♦ ❡♥ X✳

❚r❛❜❛❥❛♥❞♦ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ ❧♦s ❋✲❡s♣❛❝✐♦s ♣♦❞❡♠♦s ❤❛❝❡r ✉s♦ ❞❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✶✳✶✳✼ ✭❚❡♦r❡♠❛ ❞❡ ❧❛ ❝❛t❡❣♦rí❛ ❞❡ ❇❛✐r❡✮✳ ❙✐ X ❡s ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦
❝♦♠♣❧❡t♦✱ ❡♥t♦♥❝❡s t♦❞❛ ✐♥t❡rs❡❝❝✐ó♥ ♥✉♠❡r❛❜❧❡ ❞❡ ❛❜✐❡rt♦s ❞❡♥s♦s ❡s ❞❡♥s❛ ❡♥ X✳

❊st❡ t❡♦r❡♠❛ ❡s ♠✉② ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❧❛ t❡♦rí❛✱ ❛❧ ✐❣✉❛❧ q✉❡ ♠✉❝❤♦s t❡♦✲
r❡♠❛s ❞❡ ❆♥á❧✐s✐s ❋✉♥❝✐♦♥❛❧✱ ❝♦♠♦ s❡r ❡❧ t❡♦r❡♠❛ ❞❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❛❜✐❡rt❛ ② ❡❧ ♣r✐♥❝✐♣✐♦
❞❡ ❛❝♦t❛❝✐ó♥ ✉♥✐❢♦r♠❡✳

✶✳✷✳ ❘❡str✐❝❝✐♦♥❡s q✉❡ tr❛❡ ❧❛ ❞❡✜♥✐❝✐ó♥

❆sí ❝♦♠♦ ❧❛ s❡♣❛r❛❜✐❧✐❞❛❞ ❞❡ X✱ ♦tr❛s r❡str✐❝❝✐♦♥❡s s♦❜r❡ ❡❧ s✐st❡♠❛ (X, T ) ❞❡❜❡♥
❝♦♥s✐❞❡r❛rs❡✳ ❊♠♣❡③❛♠♦s ❝♦♥ ❡❧ ♣r✐♠❡r r❡s✉❧t❛❞♦ ❞❡ ❙✳ ❘♦❧❡✇✐❝③ q✉❡ ❛✜r♠❛ q✉❡ ❡st❡
❡s ✉♥ ❢❡♥ó♠❡♥♦ ♣✉r❛♠❡♥t❡ ✐♥✜♥✐t♦✲❞✐♠❡♥s✐♦♥❛❧ ❬✷✼❪✳

❚❡♦r❡♠❛ ✶✳✷✳✶✳ ◆♦ ❡①✐st❡♥ ♦♣❡r❛❞♦r❡s ❤✐♣❡r✐❝í❝❧✐❝♦s ❡♥ ❡s♣❛❝✐♦s ❞❡ ❞✐♠❡♥s✐ó♥ ✜♥✐t❛✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ X = K
N ② s✉♣♦♥❣❛♠♦s q✉❡ ❡①✐st❡ ✉♥ ♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦✱ T ∈

L(KN)✳ ❙❡❛ x ∈ HC(T )✳ ❆✜r♠❛♠♦s q✉❡ {x, T (x), T 2(x), . . . , TN−1(x)} ❡s ❧✐♥❡❛❧♠❡♥t❡
✐♥❞❡♣❡♥❞✐❡♥t❡✳ ❙✐ ♥♦ ❧♦ ❡s✱ ❡♥t♦♥❝❡s ❡①✐st❡♥ ai ∈ K, 0 ≤ i ≤ N − 1 ♥♦ t♦❞♦s ♥✉❧♦s✱ t❛❧❡s
q✉❡

N−1∑

i=0

aiT
i(x) = 0.

❙❡❛ i0 = max{i; ai 6= 0}✱ t❡♥❡♠♦s q✉❡

ai0T
i0+1(x) = −

i0−1∑

i=0

aiT
i+1(x) ∈ 〈x, T (x), T 2(x), . . . , T i0(x)〉gen.

▲✉❡❣♦✱

TN(x) = TN−i0−1
(
T i0+1(x)

)
∈ 〈TN−i0−1(x), . . . , TN−1(x)〉gen
⊂ 〈x, T (x), T 2(x), . . . , TN−1(x)〉gen.
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❚❡♥❡♠♦s q✉❡
〈Orb(x, T )〉gen = 〈x, T (x), T 2(x), . . . , TN−1(x)〉gen,

② ♣♦r ❧♦ t❛♥t♦

dim(〈Orb(x, T )〉gen) = dim(〈x, T (x), T 2(x), . . . , TN−1(x)〉gen) = N,

❧♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡Orb(x, T ) ♥♦ ❡s ❞❡♥s♦ ❡♥K
N ✳ ▲✉❡❣♦✱ ❧♦s ✈❡❝t♦r❡s s♦♥ l.i✳ ❙❡❛ α ∈ R>0❀

❝♦♠♦ T ❡s ❤✐♣❡r❝í❝❧✐❝♦ ❡①✐st❡ (nk)k∈N ⊆ N t❛❧ q✉❡ T nk(x) −→ αx✳ ❆❧ s❡r T ✉♥ ♦♣❡r❛❞♦r
❝♦♥t✐♥✉♦ ② {x, T (x), T 2(x), . . . , TN−1(x)} ✉♥❛ ❜❛s❡ ❞❡ K

N ✱ t❡♥❡♠♦s q✉❡

T nk(T i(x)) =T i(T nk(x)) −→ αT i(x) ∀i < N ;

⇒ T nk(z) −→ αz ∀z ∈ K
N ;

⇒ T nk −→ αI;

⇒ det(T nk) −→ αN .

❙✐ a := |det(T )|✱ ♦❜t❡♥❡♠♦s q✉❡ {an : n ∈ N} ❡s ❞❡♥s♦ ❡♥ R≥0✱ ❧♦ q✉❡ ❡s ✉♥❛ ❝♦♥tr❛✲
❞✐❝❝✐ó♥✳ P♦r ❧♦ q✉❡ s❡ ❞❡❞✉❝❡ q✉❡ ♥♦ ❡s ♣♦s✐❜❧❡ ❤❛❧❧❛r T ∈ L(KN) ❤✐♣❡r❝í❝❧✐❝♦✳

❈✉❛♥❞♦ ❡st✉❞✐❛♠♦s ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s ❡♥ ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤✱ ❞❡❜❡♠♦s ❝♦♥s✐❞❡✲
r❛r r❡str✐❝❝✐♦♥❡s s♦❜r❡ ❧❛ ♥♦r♠❛ ❞❡❧ ♦♣❡r❛❞♦r✳ P♦r ❡❥❡♠♣❧♦✱ s✐ ‖T‖ ≤ 1✱ ❧❛ ór❜✐t❛ ❞❡
❝✉❛❧q✉✐❡r ❡❧❡♠❡♥t♦ xo ❡s ✉♥ ❝♦♥❥✉♥t♦ ❛❝♦t❛❞♦✱

Orb(xo, T ) ⊆ B(0, ‖xo‖).

❊st♦ ❞✐❝❡ q✉❡ ✉♥ ♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦ ♥♦ ♣✉❡❞❡ s❡r ❝♦♥tr❛❝t✐✈♦✳ ❚❛♠♣♦❝♦ ♣✉❡❞❡ s❡r ❡①✲
♣❛♥s✐✈♦✱ ♣♦r q✉❡ t♦❞❛s ❧❛s ór❜✐t❛s s❡ ♠❛♥t❡♥❞rí❛♥ ❛❧❡❥❛❞❛s ❞❡❧ 0✳ ❘❡s✉♠✐❡♥❞♦✱ t❡♥❡♠♦s
❧❛ s✐❣✉✐❡♥t❡ ♦❜s❡r✈❛❝✐ó♥✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✷✳✷✳ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤✱ ② T ∈ L(X)✱

❙✐ ‖T‖ ≤ 1 ⇒ T ♥♦ ❡s ❤✐♣❡r❝í❝❧✐❝♦✱

❙✐ ‖Tx‖ ≥ ‖x‖, ∀x ∈ X ⇒ T ♥♦ ❡s ❤✐♣❡r❝í❝❧✐❝♦✳

❈♦♥t✐♥✉❛♠♦s ❛♥❛❧✐③❛♥❞♦ ♠ás ♣r♦♣✐❡❞❛❞❡s q✉❡ s✉r❣❡♥ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥✳ ❊♥ ❡st❡ ❝❛s♦✱ ✉♥❛
♣r♦♣✐❡❞❛❞ s♦❜r❡ ❡❧ ❡s♣❡❝tr♦ ❞❡ T ∗✳ ◆♦t❛♠♦s σp(R) ❛❧ ❡s♣❡❝tr♦ ♣✉♥t✉❛❧ ❞❡❧ ♦♣❡r❛❞♦r R✱
✐✳❡✳✱ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ❧♦s ❛✉t♦✈❛❧♦r❡s ❞❡ R✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✸✳ ❙❡❛ T ∈ L(X) ❤✐♣❡r❝í❝❧✐❝♦✳ ❊♥t♦♥❝❡s σp(T
∗) = ∅✳
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❉❡♠♦str❛❝✐ó♥✳ ❙✉♣♦♥❣❛♠♦s q✉❡ σp(T ∗) ♥♦ ❡s ✈❛❝í♦✳ ❙❡❛ α ∈ σp(T
∗) ② x∗ ∈ X∗ ✉♥

❛✉t♦✈❡❝t♦r ❞❡ T ∗ ❛s♦❝✐❛❞♦ ❛ α✳ ❙❡❛ x ∈ HC(T )✳ ❈♦♠♦ t♦❞❛ ❢✉♥❝✐♦♥❛❧ ♥♦ ♥✉❧❛ ❡s
s♦❜r❡②❡❝t✐✈❛✱ x∗(Orb(x, T )) ❡s ❞❡♥s♦ ❡♥ K✳ P❡r♦✱

x∗(Tx) = T ∗(x∗)(x) = αx∗(x),

② ❡♥t♦♥❝❡s✱

x∗(T nx) = (T ∗)n(x∗)(x) = αnx∗(x).

❆sí✱ ♦❜t❡♥❡♠♦s q✉❡ {αnx∗(x) : n ∈ N0} ❡s ❞❡♥s♦ ❡♥ K✳ ▲♦ q✉❡ ❡s ✉♥❛ ❝♦♥tr❛❞✐❝❝✐ó♥✱ ②
r❡s✉❧t❛ σp(T ∗) = ∅✳
❖❜s❡r✈❛❝✐ó♥ ✶✳✷✳✹✳ ❙✐ X ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤✱ ❧❛ ♣r♦♣✐❡❞❛❞ σp(T ∗) = ∅ ✐♠♣❧✐❝❛
q✉❡ T − α t✐❡♥❡ r❛♥❣♦ ❞❡♥s♦ ♣❛r❛ t♦❞♦ α ∈ K✱ ♣✉❡s

R(T − α)⊥ = Ker(T − α)∗ = Ker(T ∗ − α) = {0}.

❊st❛ ♣r♦♣✐❡❞❛❞ ❡s ❝✐❡rt❛ ♣❛r❛ ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s✱ ❛✉♥q✉❡ ♥♦ ❡st❡♠♦s ❡♥ ❡s♣❛❝✐♦s
❞❡ ❇❛♥❛❝❤✳ ❱❡r❡♠♦s ♠ás ❛❞❡❧❛♥t❡ q✉❡ P (T ) t✐❡♥❡ r❛♥❣♦ ❞❡♥s♦ ♣❛r❛ ❝✉❛❧q✉✐❡r P ∈ K[t]
♥♦ ♥✉❧♦✳

❙✐❣✉✐❡♥❞♦ ❝♦♥ ❧❛s r❡str✐❝❝✐♦♥❡s q✉❡ ✐♠♣♦♥❡ ❧❛ ❞❡✜♥✐❝✐ó♥✱ ♣❛s❛♠♦s ❛❤♦r❛ ❛❧ ú❧t✐♠♦ ❞❡
❧♦s r❡s✉❧t❛❞♦s q✉❡ ♣r❡s❡♥t❛r❡♠♦s ❡♥ ❡st❛ s❡❝❝✐ó♥✳ ❱❡r❡♠♦s q✉❡ ♥♦ ❡①✐st❡♥ ♦♣❡r❛❞♦r❡s
❝♦♠♣❛❝t♦s ❤✐♣❡r❝í❝❧✐❝♦s✳ ▲♦ ♣r♦❜❛♠♦s ♣r✐♠❡r♦ ♣❛r❛ ❡s♣❛❝✐♦s ❝♦♠♣❧❡❥♦s✱ ② ❧✉❡❣♦ ♣❛r❛
r❡❛❧❡s✳ ❘❡❝♦r❞❛♠♦s ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡❧ r❛❞✐♦ ❡s♣❡❝tr❛❧ ❞❡ ✉♥ ♦♣❡r❛❞♦r✳

❉❡✜♥✐❝✐ó♥ ✶✳✷✳✺✳ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ ② T ∈ L(X)✳ ❉❡✜♥✐♠♦s ❡❧ r❛❞✐♦
❡s♣❡❝tr❛❧ ❞❡ T ❝♦♠♦

ρ(T ) := sup{|λ| : λ ∈ σ(T )}.
▲❛ ❢ór♠✉❧❛ ❞❡ ●❡❧❢❛♥❞ ♣❛r❛ ❡❧ r❛❞✐♦ ❡s♣❡❝tr❛❧ ❡s

ρ(T ) = lim‖(T )n‖1/n.

Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✻✳ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ ❝♦♠♣❧❡❥♦ ② T ✉♥ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦✳
❊♥t♦♥❝❡s T ♥♦ ❡s ❤✐♣❡r❝í❝❧✐❝♦✳

❉❡♠♦str❛❝✐ó♥✳ ❘❡❝♦r❞❡♠♦s q✉❡ ❝♦♠♦ T ❡s ❝♦♠♣❛❝t♦✱ T ∗ t❛♠❜✐é♥ ❧♦ ❡s ② ❛❧ s❡r ✉♥
❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ s♦❜r❡ C✱ t❡♥❡♠♦s q✉❡ σ(T ∗) = {0} ∪ σp(T

∗)✳ ❙✐ σ(T ∗) 6= {0}✱ T ♥♦
❡s ❤✐♣❡r❝í❝❧✐❝♦ ♣♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✸✳ ❙✐ σ(T ∗) = {0}✱ s❡ t✐❡♥❡ t❛♠❜✐é♥ ρ(T ∗) = 0✳
▲✉❡❣♦✱ ❡①✐st❡ no ∈ N t❛❧ q✉❡ ‖(T ∗)n‖1/n 6 1 ♣❛r❛ t♦❞♦ n > no✳ ❊st♦ ✐♠♣❧✐❝❛ q✉❡

‖T n‖ = ‖(T n)∗‖ = ‖(T ∗)n‖ 6 1, ∀n > no

② ❛sí✱

Orb(x, T ) = {x, Tx, T 2x, . . . , T no−1x} ∪ {T nx : n > no}

⊆ {x, Tx, T 2x, . . . , T no−1x} ∪ B(0, ‖x‖).

❈♦♥ ❧♦ q✉❡ ❧❛ ór❜✐t❛ ❞❡ x ♣♦r T ❡s ✉♥ ❝♦♥❥✉♥t♦ ❛❝♦t❛❞♦✳ ▲✉❡❣♦ T ♥♦ ❡s ❤✐♣❡r❝í❝❧✐❝♦✳
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Pr♦❜❡♠♦s ❛❤♦r❛ ❡❧ ♠✐s♠♦ r❡s✉❧t❛❞♦ ❡♥ ❡❧ ❝❛s♦ r❡❛❧✳ P❛r❛ ❡s♦✱ ❝♦♠♣❧❡❥✐✜❝❛r❡♠♦s ❡❧
❡s♣❛❝✐♦ ② ✉s❛r❡♠♦s q✉❡ ②❛ ❤❡♠♦s ♣r♦❜❛❞♦ ❡❧ ❝❛s♦ ❝♦♠♣❧❡❥♦✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✼✳ ❙❡❛ ❳ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ r❡❛❧ ② T ✉♥ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦✳
❊♥t♦♥❝❡s T ♥♦ ❡s ❤✐♣❡r❝í❝❧✐❝♦✳

❉❡♠♦str❛❝✐ó♥✳ ❙✉♣♦♥❣❛♠♦s q✉❡ T ❡s ❤✐♣❡r❝í❝❧✐❝♦✳ ❍❛❝❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❝♦♥str✉❝❝✐ó♥
♣❛r❛ ❝♦♠♣❧❡❥✐✜❝❛r ❡❧ ❡s♣❛❝✐♦ ② ❡❧ ♦♣❡r❛❞♦r✳ ❈♦♥s✐❞❡r❛♠♦s Y = X ⊕ iX ❝♦♥ ❧❛ ♥♦r♠❛
❞❡✜♥✐❞❛ ♣♦r

‖x⊕ ix′‖ = ‖x‖+ ‖x′‖.
❊s ❢á❝✐❧ ✈❡r q✉❡ Y ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ ❝♦♠♣❧❡❥♦✳ ❉❡✜♥✐♠♦s S : Y −→ Y ❝♦♠♦
S(x ⊕ ix′) = T (x) ⊕ iT (x′)✳ ❱❡❛♠♦s q✉❡ S ❡s ✉♥ ♦♣❡r❛❞♦r ❛❝♦t❛❞♦ ② ‖S‖ = ‖T‖✳
◆♦t❡♠♦s q✉❡

‖S(x⊕ ix′)‖ = ‖T (x)⊕ iT (x′)‖

= ‖Tx‖+ ‖Tx′‖

≤ ‖T‖(‖x‖+ ‖x′‖)

= ‖T‖‖x⊕ ix′‖,

❡♥t♦♥❝❡s ‖S‖ ≤ ‖T‖✳ ❚♦♠❛♥❞♦ ✉♥❛ s✉❝❡s✐ó♥ xn ∈ X✱ ‖xn‖ = 1 t❛❧❡s q✉❡ ‖Txn‖ −→
‖T‖✱ t❡♥❡♠♦s q✉❡ S(xn ⊕ i0) = Txn ⊕ i0✱ ② ❧✉❡❣♦ ‖S‖ = ‖T‖✳
❱❡❛♠♦s ❛❤♦r❛ q✉❡ S ❡s ❝♦♠♣❛❝t♦✳ ❙❡❛ (yn)n∈N ⊂ Y ✉♥❛ s✉❝❡s✐ó♥ ❛❝♦t❛❞❛✳ P♦❞❡♠♦s
❡s❝r✐❜✐r yn = xn ⊕ ix′n✱ ❝♦♥ (xn)✱ (x′n) ⊂ X ❞♦s s✉❝❡s✐♦♥❡s ❛❝♦t❛❞❛s✳ P♦r ❝♦♠♣❛❝✐❞❛❞
❞❡ T ✱ ❡①✐st❡ x ∈ X ② (xnj

)j∈N ✉♥❛ s✉❜s✉❝❡s✐ó♥ t❛❧ q✉❡ Txnj
−→ Tx✳ ❈♦♠♦ (x′nj

) ⊂ X
❡s ❛❝♦t❛❞❛✱ ❡①✐st❡ x′ ∈ X ② (x′njk

) ✉♥❛ s✉❜s✉❝❡s✐ó♥ t❛❧ q✉❡ Tx′njk
−→ Tx′✳ P♦r ❧♦ t❛♥t♦

S(ynjk
) −→ Tx⊕ iTx′✳ ▲✉❡❣♦ S ❡s ❝♦♠♣❛❝t♦✳

❱❡❛♠♦s q✉❡ S∗ : Y ∗ −→ Y ∗ ♥♦ t✐❡♥❡ ❛✉t♦✈❛❧♦r❡s✳ ❙❡❛ y∗ ∈ Y ∗✱ y∗ 6= 0 ② λ ∈ C t❛❧ q✉❡
S∗(y∗) = λy∗✳ ❙❡❛ xo ∈ HC(T )✳ ❊♥t♦♥❝❡s

{|y∗(T nxo ⊕ i0)| : n ∈ N} = {|y∗(Sn(xo ⊕ i0))| : n ∈ N}

= {|(S∗)n(y∗)(xo ⊕ i0)| : n ∈ N}

= {|λny∗(xo ⊕ i0)| : n ∈ N} ,

❧♦ q✉❡ ❡s ✉♥❛ ❝♦♥tr❛❞✐❝❝✐ó♥✱ ♣✉❡s ❡❧ ♣r✐♠❡r ❝♦♥❥✉♥t♦ ❡s ❞❡♥s♦ ❡♥ R≥0 ② ❡❧ ú❧t✐♠♦ ♥♦✳
❚❡♥❡♠♦s ❡♥t♦♥❝❡s q✉❡ σ(S∗) = {0}✳ ❈♦♠♦ ❛♥t❡s✱ ❡①✐st❡ no ∈ N t❛❧ q✉❡ ‖Sn‖ < 1 ♣❛r❛
t♦❞♦ n ≥ no✳ P❡r♦ ‖T n‖ = ‖Sn‖ < 1 ♣❛r❛ t♦❞♦ n ≥ no✱ ② ❛r❣✉♠❡♥t❛♥❞♦ ❝♦♠♦ ❡♥ ❧❛
❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❝❛s♦ ❝♦♠♣❧❡❥♦✱ ♣♦❞❡♠♦s ✈❡r q✉❡ T ♥♦ ❡s ❤✐♣❡r❝í❝❧✐❝♦✱ ❡♥ ❝♦♥tr❛❞✐❝❝✐ó♥
❛ ❧♦ q✉❡ ❤❛❜í❛♠♦s s✉♣✉❡st♦✳
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✶✳✸✳ Pr♦♣✐❡❞❛❞❡s ❞❡ ❧♦s ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s

Pr❡s❡♥t❛♠♦s ❡♥ ❡st❛ s❡❝❝✐ó♥ ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧♦s ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s✳ ❈♦♠❡♥③❛♠♦s
❝♦♥ ❧♦s r❡s✉❧t❛❞♦s q✉❡ ♥♦s ♣❡r♠✐t✐rá♥ ❞❡♠♦str❛r ❝✉❛♥❞♦ ✉♥ ♦♣❡r❛❞♦r ❧✐♥❡❛❧ ❡s ❤✐♣❡r❝í✲
❝❧✐❝♦✳ ❊♥ ❣❡♥❡r❛❧✱ ♥♦ ❡s ✉♥ tr❛❜❛❥♦ s❡♥❝✐❧❧♦ ♠♦str❛r q✉❡ ✉♥❛ ❢✉♥❝✐ó♥ ❝✉❛❧q✉✐❡r❛ ❛❞♠✐t❡
ór❜✐t❛s ❞❡♥s❛s✱ ♣❡r♦ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❧✐♥❡❛❧ ❡①✐st❡ ✉♥ ❝r✐t❡r✐♦ ❞❡ ❢á❝✐❧ ❛♣❧✐❝❛❝✐ó♥ q✉❡ ❞❛
❝♦♥❞✐❝✐♦♥❡s s✉✜❝✐❡♥t❡s ♣❛r❛ q✉❡ ✉♥ ♦♣❡r❛❞♦r s❡❛ ❤✐♣❡r❝í❝❧✐❝♦✳ ❊❧ ♣r✐♠❡r r❡s✉❧t❛❞♦ s❡
❞❡❜❡ ❛ ●✳ ❉✳ ❇✐r❦❤♦✛ ❬✾❪✱ ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ❞❡ ❧❛ ❝❛t❡❣♦rí❛ ❞❡ ❇❛✐r❡ ②
r❡❧❛❝✐♦♥❛ s✐st❡♠❛s ❞✐♥á♠✐❝♦s ❧✐♥❡❛❧❡s ❝♦♥ s✐st❡♠❛s ❞✐♥á♠✐❝♦s t♦♣♦❧ó❣✐❝♦s✳

❉❡✜♥✐❝✐ó♥ ✶✳✸✳✶✳ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ t♦♣♦❧ó❣✐❝♦ ② T : X −→ X ❝♦♥t✐♥✉♦✳ ❉❡❝✐♠♦s q✉❡
T ❡s t♦♣♦❧ó❣✐❝❛♠❡♥t❡ tr❛♥s✐t✐✈♦✱ s✐ ♣❛r❛ t♦❞♦ ♣❛r ❞❡ ❛❜✐❡rt♦s ♥♦ ✈❛❝í♦s U ② V ✱ ❡①✐st❡
n ∈ N t❛❧ q✉❡ T n(U) ∩ V 6= ∅✳
❚❡♦r❡♠❛ ✶✳✸✳✷ ✭❚❡♦r❡♠❛ ❞❡ ❇✐r❦❤♦✛✮✳ ❙❡❛♥ X ✉♥ ❋✲❡s♣❛❝✐♦ s❡♣❛r❛❜❧❡ ② ✉♥ ♦♣❡r❛✲
❞♦r T ∈ L(X)✳ ❊♥t♦♥❝❡s✱ T ❡s ❤✐♣❡r❝í❝❧✐❝♦ s✐ ② s♦❧♦ s✐ T ❡s t♦♣♦❧ó❣✐❝❛♠❡♥t❡ tr❛♥s✐t✐✈♦✳
❊♥ ❡s❡ ❝❛s♦✱ HC(T ) ❡s ✉♥ ❝♦♥❥✉♥t♦ Gδ✲❞❡♥s♦✳

❉❡♠♦str❛❝✐ó♥✳ ❙✉♣♦♥❣❛♠♦s q✉❡ T ❡s ❤✐♣❡r❝í❝❧✐❝♦✳ ❖❜s❡r✈❡♠♦s q✉❡ s✐ x ∈ HC(T )✱
❡♥t♦♥❝❡s Orb(x, T ) ⊂ HC(T )✱ ♣✉❡s

Orb(T k(x), T ) = Orb(x, T )− {x, Tx, . . . , T k−1(x)},

② ❝♦♠♦ X ♥♦ t✐❡♥❡ ♣✉♥t♦s ❛✐s❧❛❞♦s✱ ❛❧ q✉✐t❛r ✜♥✐t♦s ♣✉♥t♦s ❡❧ ❝♦♥❥✉♥t♦ s❡ ♠❛♥t✐❡♥❡
❞❡♥s♦✳ ❆sí✱ HC(T ) ❡s ❞❡♥s♦✳ ❙✐ U ② V ✱ s♦♥ ❛❜✐❡rt♦s ♥♦ ✈❛❝í♦s ♣♦❞❡♠♦s t♦♠❛r x′ ∈
U ∩HC(T )✳ ▲✉❡❣♦✱ ❡①✐st❡ n ∈ N t❛❧ q✉❡ T n(x′) ∈ V ✱ ❝♦♥ ❧♦ q✉❡ T n(U)∩V ❡s ♥♦ ✈❛❝í♦✳

❘❡❝í♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❣❛♠♦s q✉❡ T ❡s t♦♣♦❧ó❣✐❝❛♠❡♥t❡ tr❛♥s✐t✐✈♦ ② s❡❛ {Vj}j∈N ❡s ✉♥❛
❜❛s❡ ♥✉♠❡r❛❜❧❡ ❞❡ ❛❜✐❡rt♦s ❞❡ X✳ ❚❡♥❡♠♦s q✉❡✱

x ∈ HC(T ) ⇐⇒ Orb(x, T ) ∩ Vj 6= ∅, ∀j ∈ N

⇐⇒ ∀j ∈ N, ∃n ≥ 0 : T n(x) ∈ Vj;

❡s ❞❡❝✐r✱
HC(T ) =

⋂

j∈N

⋃

n≥0

T−n(Vj)

❡s ✉♥ Gδ✳ ❙❡❛ Wj :=
⋃
n≥0 T

−n(Vj)✳ ❊♥t♦♥❝❡s✱ Wj ❡s ❛❜✐❡rt♦ ②

Wj = X ⇐⇒ ∀U ⊂ X ❛❜✐❡rt♦ ♥♦ ✈❛❝í♦, ∃n ∈ N : U ∩ T−n(Vj) 6= ∅

⇐⇒ ∀U ⊂ X ❛❜✐❡rt♦ ♥♦ ✈❛❝í♦, ∃n ∈ N : T n(U) ∩ Vj 6= ∅.

❈♦♠♦ T ❡s t♦♣♦❧ó❣✐❝❛♠❡♥t❡ tr❛♥s✐t✐✈♦✱ s❡ ❝✉♠♣❧❡ ❧❛ ú❧t✐♠❛ ❝♦♥❞✐❝✐ó♥ ② ♣♦r ❧♦ t❛♥t♦✱
Wj ❡s ❞❡♥s♦ ∀j ∈ N✳ ▲✉❡❣♦✱ HC(T ) ❡s ✐♥t❡rs❡❝❝✐ó♥ ♥✉♠❡r❛❜❧❡ ❞❡ ❛❜✐❡rt♦s ❞❡♥s♦s ② ♣♦r
❡❧ ❚❡♦r❡♠❛ ✶✳✶✳✼✱ HC(T ) 6= ∅ ② T r❡s✉❧t❛ ❤✐♣❡r❝í❝❧✐❝♦✳
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❊s ✐♥♠❡❞✐❛t♦ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ tr❛♥s✐t✐✈✐❞❛❞ q✉❡ s✐ T ❡s ✐♥✈❡rs✐❜❧❡✱ ❡♥t♦♥❝❡s ❡s t♦♣♦✲
❧ó❣✐❝❛♠❡♥t❡ tr❛♥s✐t✐✈♦ s✐ ② só❧♦ s✐ ❧♦ ❡s T−1✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ t❡♥❡♠♦s✿

❈♦r♦❧❛r✐♦ ✶✳✸✳✸✳ ❙❡❛ X ✉♥ ❋✲❡s♣❛❝✐♦ s❡♣❛r❛❜❧❡ ② T ∈ L(X)✱ T ✐♥✈❡rs✐❜❧❡✳ ❊♥t♦♥❝❡s

T ❤✐♣❡r❝í❝❧✐❝♦ ⇐⇒ T−1 ❤✐♣❡r❝í❝❧✐❝♦.

❊❧ ♣r✐♠❡r ❡❥❡♠♣❧♦ ❞❡ ✉♥ ♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦ ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤✱ ❢✉❡ ❞❛❞♦ ♣♦r
❙✳ ❘♦❧❡✇✐❝③ ❬✷✼❪✳ ▼♦stró q✉❡ ❡❧ s❤✐❢t λB : ℓp −→ ℓp✱ λB(x1, x2, . . .) = (λx2, λx3, . . .)
❡s ❤✐♣❡r❝í❝❧✐❝♦ ♣❛r❛ t♦❞♦ |λ| > 1✳ ❱❡r❡♠♦s ❧❛ ❞❡♠♦str❛❝✐ó♥ ❡♥ ❧❛ ❙✉❜s❡❝❝✐ó♥ ✶✳✹✳✷✳ ❊❧
❛r❣✉♠❡♥t♦ ✉s❛❞♦ ♣❛r❛ ❞❡♠♦str❛r ❡st❡ ❤❡❝❤♦✱ ❞❛❜❛ ✐♥❞✐❝✐♦s ❞❡ ♣♦❞❡r s❡r ❣❡♥❡r❛❧✐③❛❞♦
❛ ✉♥ ❝r✐t❡r✐♦ ♣❛r❛ t❡st❡❛r ❧❛ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ❞❡ ❝✉❛❧q✉✐❡r ♦♣❡r❛❞♦r✳ ❊st❡ ❝r✐t❡r✐♦ ❢✉❡
♣r❡s❡♥t❛❞♦ ❡♥ ♣r✐♠❡r❛ ✐♥st❛♥❝✐❛ ♣♦r ❈✳ ❑✐t❛✐ ❬✷✸❪✱ ❡♥ s✉ t❡s✐s ❞❡ ❞♦❝t♦r❛❞♦❀ ② ❧✉❡❣♦
r❡❞❡s❝✉❜✐❡rt♦ ♣♦r ❘✳ ●❡t❤♥❡r ② ❏✳ ❍✳ ❙❤❛♣✐r♦ ❬✶✻❪✳ ❊♥✉♥❝✐❛♠♦s ❛❤♦r❛ ✉♥❛ ✈❡rs✐ó♥ ❞❡❧
❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞✱ q✉❡ ❛♣❛r❡❝❡ ❡♥ ❧❛ t❡s✐s ❞♦❝t♦r❛❧ ❞❡ ❏✳ ❇és ❬✺❪✳

❉❡✜♥✐❝✐ó♥ ✶✳✸✳✹ ✭❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞ ✲ ❇és✮✳ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧
t♦♣♦❧ó❣✐❝♦ ② T ∈ L(X)✳ ❉❡❝✐♠♦s q✉❡ T s❛t✐s❢❛❝❡ ❡❧ ❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ s✐ ❡①✐st❡
✉♥❛ s✉❝❡s✐ó♥ ❝r❡❝✐❡♥t❡ (nk) ⊂ N❀ s✉❜❝♦♥❥✉♥t♦s ❞❡♥s♦s D1✱ D2 ⊂ X ② ❛♣❧✐❝❛❝✐♦♥❡s
Snk

: D2 −→ X✱ q✉❡ ❝✉♠♣❧❡♥✿

✶✳ T nk(x) −→ 0✱ ∀x ∈ D1

✷✳ Snk
(y) −→ 0✱ ∀y ∈ D2

✸✳ T nkSnk
(y) −→ y✱ ∀y ∈ D2

❖❜s❡r✈❛♠♦s q✉❡✱ ❡♥ ❧❛ ❞❡✜♥✐❝✐ó♥✱ ♥♦ s❡ s✉♣♦♥❡ q✉❡ ❧♦s ❝♦♥❥✉♥t♦s ❞❡♥s♦s D1 ♦ D2 s❡❛♥
s✉❜❡s♣❛❝✐♦s✱ ♥✐ q✉❡ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s Snk

s❡❛♥ ❧✐♥❡❛❧❡s ♦ ❝♦♥t✐♥✉❛s✳

P♦❞❡♠♦s ❡♥t♦♥❝❡s✱ ❞❛r ✉♥ ❡♥✉♥❝✐❛❞♦ ❡q✉✐✈❛❧❡♥t❡ ❞❡❧ ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞✳

❉❡✜♥✐❝✐ó♥ ✶✳✸✳✺ ✭❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞ ■✮✳ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ t♦✲
♣♦❧ó❣✐❝♦ ② T ∈ L(X)✳ ❉❡❝✐♠♦s q✉❡ T s❛t✐s❢❛❝❡ ❡❧ ❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ■✱ s✐ ❡①✐st❡
✉♥❛ s✉❝❡s✐ó♥ ❝r❡❝✐❡♥t❡ (nk) ⊂ N ② s✉❜❝♦♥❥✉♥t♦s ❞❡♥s♦s D1✱ D2 ⊂ X✱ q✉❡ ❝✉♠♣❧❡♥✿

✶✳ T nk(x) −→ 0✱ ∀x ∈ D1

✷✳ P❛r❛ ❝❛❞❛ y ∈ D2✱ ❡①✐st❡ (vk) ⊂ X t❛❧ q✉❡ vk −→ 0 ② T nkvk −→ y

❉❛♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❧❛ ✈❡rs✐ó♥ ♦r✐❣✐♥❛❧ ❞❡❧ ❝r✐t❡r✐♦ ❞❡ ❈✳ ❑✐t❛✐✳

❉❡✜♥✐❝✐ó♥ ✶✳✸✳✻ ✭❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞ ■■ ✲ ❑✐t❛✐✮✳ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦
✈❡❝t♦r✐❛❧ t♦♣♦❧ó❣✐❝♦ ② T ∈ L(X)✳ ❉❡❝✐♠♦s q✉❡ T s❛t✐s❢❛❝❡ ❡❧ ❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞
■■✱ s✐ ❡①✐st❡ ✉♥❛ s✉❝❡s✐ó♥ ❝r❡❝✐❡♥t❡ (nk) ⊂ N❀ s✉❜❝♦♥❥✉♥t♦s ❞❡♥s♦s D1✱ D2 ⊂ X ② ✉♥❛
❛♣❧✐❝❛❝✐ó♥ S : D2 −→ D2✱ q✉❡ ❝✉♠♣❧❡♥✿

✶✳ T nk(x) −→ 0✱ ∀x ∈ D1
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✷✳ Snk(y) −→ 0✱ ∀y ∈ D2

✸✳ T ◦ S = ID2

❊s ❢á❝✐❧ ✈❡r q✉❡ s✐ T s❛t✐s❢❛❝❡ ❡❧ ❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ■■ ✲ ❑✐t❛✐✱ ❡♥t♦♥❝❡s s❛t✐s✲
❢❛❝❡ ❧❛ ✈❡rs✐ó♥ ❞❡❧ ❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ✲ ❇és✳ ❙✐♠♣❧❡♠❡♥t❡ t♦♠❛♠♦s ❧❛ ♠✐s♠❛
s✉❝❡s✐ó♥ ❝r❡❝✐❡♥t❡ (nk) ⊂ N✱ ❧♦s ♠✐s♠♦s ❝♦♥❥✉♥t♦s ❞❡♥s♦s D1✱ D2 ⊂ X ② t♦♠❛♠♦s ❧❛s
❛♣❧✐❝❛❝✐♦♥❡s Snk

: D2 −→ X✱ ❝♦♠♦ ❧❛s s✉❝❡s✐✈❛s ❝♦♠♣♦s✐❝✐♦♥❡s ❞❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ q✉❡ ❞❛
❡❧ ❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ■■ ✲ ❑✐t❛✐✱ ❡s ❞❡❝✐r✱ Snk

= S ◦ · · · ◦ S = Snk ✳ ❆✳ P❡r✐s ❬✷✻❪
♠♦stró q✉❡ t♦❞♦s ❧♦s ❝r✐t❡r✐♦s ❡♥✉♥❝✐❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡ s♦♥ ❡q✉✐✈❛❧❡♥t❡s✳ ❉❡❝✐♠♦s q✉❡
T s❛t✐s❢❛❝❡ ❡❧ ❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞✱ s✐ T s❛t✐s❢❛❝❡ ❛❧❣✉♥♦ ❞❡ ❧♦s ❝r✐t❡r✐♦s ❡♥✉♥❝✐❛❞♦s
❛♥t❡r✐♦r♠❡♥t❡✳ ❈✉❛♥❞♦ s❡❛ ♥❡❝❡s❛r✐♦✱ ❛❝❧❛r❛r❡♠♦s q✉é ✈❡rs✐ó♥ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ♦
❝♦♥ r❡s♣❡❝t♦ ❛ q✉é s✉❝❡s✐ó♥ s❡ s❛t✐s❢❛❝❡ ❡❧ ❝r✐t❡r✐♦✳

❚❡♦r❡♠❛ ✶✳✸✳✼✳ ❙❡❛ X ✉♥ ❋✲❡s♣❛❝✐♦ s❡♣❛r❛❜❧❡ ② s❡❛ T ∈ L(X)✳ ❙✐ T s❛t✐s❢❛❝❡ ❡❧
❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ✶✳✸✳✹✱ ❡♥t♦♥❝❡s T ❡s ❤✐♣❡r❝í❝❧✐❝♦✳

❉❡♠♦str❛❝✐ó♥✳ ❱❡r❡♠♦s q✉❡ T ❡s t♦♣♦❧ó❣✐❝❛♠❡♥t❡ tr❛♥s✐t✐✈♦✳ ❙❡❛♥ U ✱ V ❞♦s ❛❜✐❡rt♦s
♥♦ ✈❛❝í♦s ❞❡ X✳ ❈♦♠♦ D1 ② D2 s♦♥ ❝♦♥❥✉♥t♦s ❞❡♥s♦s ❞❡ X✱ ♣♦❞❡♠♦s t♦♠❛r x ∈ U ∩D1

❡ y ∈ V ∩D2✳ ❚❡♥❡♠♦s ❡♥t♦♥❝❡s q✉❡

x+ Snk
(y) −→

k→∞
x ∈ U,

② ♣♦r ❧♦ t❛♥t♦✱

T nk(x+ Snk
(y)) = T nk(x) + T nkSnk

(y) −→
k→∞

y ∈ V

▲✉❡❣♦✱ t♦♠❛♥❞♦ k s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ t❡♥❡♠♦s q✉❡ T nk(U) ∩ V 6= ∅✳

❊♥ r❡❛❧✐❞❛❞✱ ❞❡ ❡st❛ ♠✐s♠❛ ♣r✉❡❜❛ s❡ ♣✉❡❞❡ ❞❡❞✉❝✐r ✉♥ r❡s✉❧t❛❞♦ ♠ás ❢✉❡rt❡ q✉❡
♦❜s❡r✈❛♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥✳ ❆♥t❡s✱ ♥❡❝❡s✐t❛♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❞❡✜♥✐❝✐ó♥✳

❉❡✜♥✐❝✐ó♥ ✶✳✸✳✽✳ ❙❡❛ {Ti}i∈I ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s Ti : X −→ Y ✱ ❡♥tr❡
❞♦s ❡s♣❛❝✐♦s t♦♣♦❧ó❣✐❝♦s X ❡ Y ✳ ❉❡❝✐♠♦s q✉❡ ❧❛ ❢❛♠✐❧✐❛ ❡s ✉♥✐✈❡rs❛❧✱ s✐ ❡①✐st❡ x ∈ X
t❛❧ q✉❡ {Ti(x)}i∈I ❡s ❞❡♥s♦ ❡♥ Y ✳ ◆♦t❡♠♦s q✉❡ ✉♥ ♦♣❡r❛❞♦r T ❡s ❤✐♣❡r❝í❝❧✐❝♦ s✐ ② só❧♦
s✐ ❧❛ ❢❛♠✐❧✐❛ {T n}n∈N0 ❡s ✉♥✐✈❡rs❛❧✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✸✳✾✳ ❊♥ ❡st❡ ❝♦♥t❡①t♦✱ t❡♥❡♠♦s ❞❡♠♦str❛❞♦ ❧♦ s✐❣✉✐❡♥t❡✿ s✐ T ∈ L(X)
s❛t✐s❢❛❝❡ ❡❧ ❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ s✉❝❡s✐ó♥ (nk)k≥0✱ ❡♥t♦♥❝❡s ♣❛r❛
❝✉❛❧q✉✐❡r s✉❜s✉❝❡s✐ó♥ (nkj)j≥0 ❞❡ (nk)k≥0 s❡ t✐❡♥❡ q✉❡ ❧❛ ❢❛♠✐❧✐❛ {T nkj }j≥0 ❡s ✉♥✐✈❡rs❛❧✳
❆❞❡♠ás✱

(T nkj ) ❡s ✉♥✐✈❡rs❛❧ ⇐⇒ ∀ U, V ❛❜✐❡rt♦s ♥♦ ✈❛❝✐♦s✱ ∃ j ∈ N; T nkj (U) ∩ V 6= ∅.
② ❡♥ ❡s❡ ❝❛s♦✱ s❡ ❝✉♠♣❧❡ ♣❛r❛ ✐♥✜♥✐t♦s j ∈ N✳

❊❧ ❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ♣r♦✈❡❡rá ❧❛ ♣r✐♥❝✐♣❛❧ ❤❡rr❛♠✐❡♥t❛ ♣❛r❛ ❞❡♠♦str❛r ❧❛ ❤✐✲
♣❡r❝✐❝❧✐❝✐❞❛❞ ❞❡ ❧❛ ♠❛②♦rí❛ ❞❡ ❧♦s ❡❥❡♠♣❧♦s q✉❡ ❡st✉❞✐❛r❡♠♦s✳

❊①✐st❡ ✉♥❛ ❝♦♥❡①✐ó♥ ❡♥tr❡ ❡❧ ❡s♣❡❝tr♦ ❞❡❧ ♦♣❡r❛❞♦r ❝♦♥ s✉ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞✱ ❝♦♠♦ ♠✉❡str❛
❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ q✉❡ s❡ ❞❡❜❡ ❛ ●✳ ●♦❞❡❢r♦② ② ❏✳ ❍✳ ❙❤❛♣✐r♦ q✉❡ ❛✜r♠❛ q✉❡ s✐ ✉♥
♦♣❡r❛❞♦r t✐❡♥❡ s✉✜❝✐❡♥t❡ ❝❛♥t✐❞❛❞ ❞❡ ❛✉t♦✈❡❝t♦r❡s✱ ❡♥t♦♥❝❡s ❡st❡ ❡s ❤✐♣❡r❝í❝❧✐❝♦ ❬✶✼❪✳
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❚❡♦r❡♠❛ ✶✳✸✳✶✵ ✭●♦❞❡❢r♦②✲❙❤❛♣✐r♦✮✳ ❙❡❛ T ∈ L(X) ❞♦♥❞❡ X ❡s ✉♥ ❋✲❡s♣❛❝✐♦
s❡♣❛r❛❜❧❡✳ ❙✉♣♦♥❣❛♠♦s q✉❡ t❛♥t♦

⋃
|λ|>1Ker(T − λ) ❝♦♠♦

⋃
|λ|<1Ker(T − λ)✱ ❣❡♥❡r❛♥

s✉❜❡s♣❛❝✐♦s ❞❡♥s♦s✳ ❊♥t♦♥❝❡s✱ T ❡s ❤✐♣❡r❝í❝❧✐❝♦✳

❉❡♠♦str❛❝✐ó♥✳ ❆♣❧✐❝❛♠♦s ❡❧ ❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ s✉❝❡s✐ó♥ (nk)k≥0✱
nk = k ♣❛r❛ t♦❞♦ k ≥ 0✱ ❧♦s ❝♦♥❥✉♥t♦s ❞❡♥s♦s

D1 =

〈
⋃

|λ|<1

Ker(T − λ)

〉

gen

② D2 =

〈
⋃

|λ|>1

Ker(T − λ)

〉

gen

② ❧♦s ♦♣❡r❛❞♦r❡s Sk : D2 −→ X ❞❡✜♥✐❞♦s ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿ Sk(y) := λ−ky s✐
T (y) = λy ❝♦♥ |λ| > 1✱ ② ❡①t❡♥❞❡♠♦s ❛D2 ✉s❛♥❞♦ q✉❡ ❧♦s s✉❜❡s♣❛❝✐♦sKer(T−λ), |λ| >
1 s♦♥ ❧✐♥❡❛❧♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s✳ ❱❡❛♠♦s q✉❡ s❡ ❝✉♠♣❧❡♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡❧ ❈r✐t❡r✐♦
✶✳✸✳✹✿

✶✳ ❉❛❞♦ x ∈ D1✱ ♣♦❞❡♠♦s ❡s❝r✐❜✐r x = x1 + . . . + xq ❝♦♥ ú♥✐❝♦s xi ∈ Ker(T − λi)✱
|λi| < 1✳ ❚❡♥❡♠♦s q✉❡✱

T k(x) =

q∑

i=1

T k(xi) =

q∑

i=1

λki xi −→
k→∞

0.

✷✳ ❙✐♠✐❧❛r♠❡♥t❡✱ ❞❛❞♦ y ∈ D2✱ ♣♦❞❡♠♦s ❡s❝r✐❜✐r y = y1 + . . . + yp ❝♦♥ ú♥✐❝♦s
yi ∈ Ker(T − λi)✱ |λi| > 1✳ ❚❡♥❡♠♦s q✉❡✱

Sk(y) =

p∑

i=1

1

λi
k
yi −→

k→∞
0.

✸✳ ❉❛❞♦ ❞❛❞♦ y ∈ D2✱ ♥✉❡✈❛♠❡♥t❡ ♣♦❞❡♠♦s ❡s❝r✐❜✐r y = y1 + . . . + yp ❝♦♥ ú♥✐❝♦s
yi ∈ Ker(T − λi)✱ |λi| > 1✳ ❚❡♥❡♠♦s q✉❡✱

T kSk(y) = T k

(
p∑

i=1

λ−ki yi

)
=

p∑

i=1

λ−ki T k(yi) = y.

❆sí✱ ♠♦str❛♠♦s q✉❡ T s❛t✐s❢❛❝❡ ❡❧ ❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞✱ ② ♣♦r ❧♦ t❛♥t♦✱ ❡s ❤✐♣❡r✲
❝í❝❧✐❝♦✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ♣r❡s❡♥t❛♠♦s ❡❧ ❝r✐t❡r✐♦ ❞❡ ❝♦♠♣❛r❛❝✐ó♥ ♣❛r❛ ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✸✳✶✶ ✭❈r✐t❡r✐♦ ❞❡ ❈♦♠♣❛r❛❝✐ó♥✮✳ ❙❡❛♥ X ② X0 ❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s
t♦♣♦❧ó❣✐❝♦s ② T : X −→ X✱ R : X0 −→ X0 ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s✳ ❙✉♣♦♥❣❛♠♦s q✉❡ ❡①✐st❡
J : X −→ X0 ❝♦♥t✐♥✉❛ ❞❡ r❛♥❣♦ ❞❡♥s♦ t❛❧ q✉❡ ❡❧ s✐❣✉✐❡♥t❡ ❞✐❛❣r❛♠❛

X T //

J
��

X

J
��

X0 R
// X0

❝♦♥♠✉t❛✳ ❊♥t♦♥❝❡s
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✭❛✮ Orb(J(x), R) = J(Orb(x, T ))✳ ▲✉❡❣♦✱ s✐ T ❡s ❤✐♣❡r❝í❝❧✐❝♦ ❡♥t♦♥❝❡s t❛♠❜✐é♥ ❧♦ ❡s
R✳

✭❜✮ ❙✐ J ❡s ❧✐♥❡❛❧ ② T s❛t✐s❢❛❝❡ ❡❧ ❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞✱ ❡♥t♦♥❝❡s R t❛♠❜✐é♥ ❧♦
s❛t✐s❢❛❝❡✳

❉❡♠♦str❛❝✐ó♥✳ ❖❜s❡r✈❡♠♦s ♣r✐♠❡r♦ q✉❡ J ♠❛♥❞❛ ❝♦♥❥✉♥t♦s ❞❡♥s♦s ❡♥ ❝♦♥❥✉♥t♦s ❞❡♥✲

s♦s✱ s✐ D ⊂ X ❡s ❞❡♥s♦✱ ❡♥t♦♥❝❡s J(D) = J(D) ⊃ J(D) = J(X) = X0✳

✭❛✮ ◆♦t❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ x ∈ X

Orb(J(x), R) =
{
Rn(J(x)) : n ∈ N0

}
=
{
J(T n(x)) : n ∈ N0

}
= J(Orb(x, T )).

❙✐ T ❡s ❤✐♣❡r❝í❝❧✐❝♦✱ ❡①✐st❡ x ∈ X t❛❧ q✉❡ Orb(x, T ) ❡s ❞❡♥s♦ ❡♥ X✳ ▲✉❡❣♦✱
J(x) ∈ HC(R)✱ ♣✉❡s J ♠❛♥❞❛ ❝♦♥❥✉♥t♦s ❞❡♥s♦s ❡♥ ❝♦♥❥✉♥t♦s ❞❡♥s♦s✳ ❆sí✱ R ❡s
❤✐♣❡r❝í❝❧✐❝♦ ② HC(R) ⊃ J(HC(T ))✳

✭❜✮ ❙✐ T s❛t✐s❢❛❝❡ ❡❧ ❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ■ ❞❡ ❧❛ ❉❡✜♥✐❝✐ó♥ ✶✳✸✳✺ ❝♦♥ r❡s♣❡❝t♦ ❛
(nk) ⊂ N✱ ② ❛ ❧♦s ❝♦♥❥✉♥t♦s ❞❡♥s♦s D1✱ D2 ⊂ X ❞❡♥s♦s✱ ✈❡❛♠♦s q✉❡ R s❛t✐s❢❛❝❡
❡❧ ❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ■ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ♠✐s♠❛ s✉❝❡s✐ó♥ (nk) ⊂ N ② ❧♦s
❝♦♥❥✉♥t♦s ❞❡♥s♦s J(D1)✱ J(D2) ⊂ X0✳

✶✳ ❉❛❞♦ x0 ∈ J(D1)✱ ❡①✐st❡ x ∈ D1 t❛❧ q✉❡ x0 = J(x)✳ ❊♥t♦♥❝❡s

Rnk(x0) = Rnk(J(x)) = J(T nk(x)) −→
k→∞

0

✳

✷✳ ❉❛❞♦ y0 ∈ J(D2)✱ ❡①✐st❡♥ y ∈ D2 ② (vk) ⊂ X t❛❧ q✉❡ y0 = J(y)✱ vk −→ 0 ②
T nk(vk) −→ y✳ ▲✉❡❣♦✱

J(vk) −→ 0 ② Rnk(J(vk)) = J(T nk(vk)) −→
k→∞

J(y) = y0.

❉❡❧ ❝r✐t❡r✐♦ ❞❡ ❝♦♠♣❛r❛❝✐ó♥ ♣♦❞❡♠♦s ❞❡st❛❝❛r ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✸✳✶✷✳ ❙❡❛♥ T ∈ L(X) ✉♥ ♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦ ② J : X → X ❝♦♥t✐♥✉❛
❞❡ r❛♥❣♦ ❞❡♥s♦ t❛❧❡s q✉❡ TJ = JT ✳ ❊♥t♦♥❝❡s HC(T ) ❡s J✲✐♥✈❛r✐❛♥t❡✳

❊♥ ❧♦ q✉❡ r❡st❛ ❞❡ ❡st❛ s❡❝❝✐ó♥ ❡st✉❞✐❛r❡♠♦s ❡❧ ❝♦♥❥✉♥t♦ HC(T )✳ ❖❜s❡r✈❡♠♦s q✉❡
♣❛r❛ ✉♥ ♦♣❡r❛❞♦r T ∈ L(X) ❝✉❛❧q✉✐❡r❛✱ ❡❧ ❝♦♥❥✉♥t♦ HC(T ) ❡s ❞❡♥s♦ ♦ ✈❛❝í♦✳ ❈✉❛♥❞♦
❡❧ ♦♣❡r❛❞♦r ❡s ❤✐♣❡r❝í❝❧✐❝♦✱ HC(T ) ❡s ✉♥ Gδ✲❞❡♥s♦✳ ❊st♦ ✐♠♣❧✐❝❛ q✉❡ ❡❧ ❝♦♥❥✉♥t♦ ❞❡
✈❡❝t♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s ❡s ❣r❛♥❞❡ ❡♥ ✉♥ s❡♥t✐❞♦ ❛❧❣❡❜r❛✐❝♦✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✸✳✶✸✳ ❙❡❛ X ✉♥ ❋✲❡s♣❛❝✐♦ ② T ∈ L(X) ❤✐♣❡r❝í❝❧✐❝♦✳ ❊♥t♦♥❝❡s✱ t♦❞♦
✈❡❝t♦r x ∈ X ❡s s✉♠❛ ❞❡ ❞♦s ✈❡❝t♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s✳
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❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ x ∈ X✳ ❈♦♥s✐❞❡r❛♠♦s ❧♦s ❝♦♥❥✉♥t♦s

A := HC(T ) ② B := x−HC(T ).

❱✐♠♦s ❡♥ ❡❧ ❚❡♦r❡♠❛ ✶✳✸✳✷✱ q✉❡ A =
⋂
j∈NWj✱ ❝♦♥ Wj ⊂ X ❛❜✐❡rt♦ ❞❡♥s♦ ♣❛r❛ t♦❞♦

j ∈ N✳ ❚❡♥❡♠♦s ❡♥t♦♥❝❡s q✉❡ B =
⋂
j∈N x − Wj✱ ❝♦♥ x − Wj ⊂ X ❛❜✐❡rt♦ ❞❡♥s♦

♣❛r❛ t♦❞♦ j ∈ N✳ P♦r ❧♦ t❛♥t♦✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✶✳✶✳✼ r❡s✉❧t❛ A ∩ B 6= ∅✳ ▲✉❡❣♦✱ ❡①✐st❡
y ∈ A ∩ B✳ ❊s ❞❡❝✐r✱ y ∈ HC(T )✱ ② ❡①✐st❡ z ∈ HC(T ) t❛❧ q✉❡ y = x− z✳

❊♥ ❧♦ q✉❡ s✐❣✉❡ ♣r❡s❡♥t❛♠♦s ✉♥❛ s❡r✐❡ ❞❡ r❡s✉❧t❛❞♦s ♥❡❝❡s❛r✐♦s ♣❛r ❞❡♠♦str❛r ❡❧ s✐✲
❣✉✐❡♥t❡ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✶✳✸✳✶✹✳ ❙❡❛♥ X ✉♥ ❡s♣❛❝✐♦ ❞❡ ❋ré❝❤❡t s❡♣❛r❛❜❧❡✱ ② T ∈ L(X) ✉♥ ♦♣❡r❛❞♦r
❤✐♣❡r❝í❝❧✐❝♦✳ ❊♥t♦♥❝❡s HC(T ) ❡s ❤♦♠❡♦♠♦r❢♦ ❛ X✳

▲❡♠❛ ✶✳✸✳✶✺✳ ❙✐ T ∈ L(X) ❡s ✉♥ ♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦ ② L ⊂ X ❡s ✉♥ s✉❜❡s♣❛❝✐♦
T ✲✐♥✈❛r✐❛♥t❡✱ ❡♥t♦♥❝❡s L = X ó L t✐❡♥❡ ❝♦❞✐♠❡♥s✐ó♥ ✐♥✜♥✐t❛ ❡♥ X✳

❉❡♠♦str❛❝✐ó♥✳ ❙✉♣♦♥❣❛♠♦s q✉❡ L 6= X ② dim(X/L) < ∞✳ ❙❡❛ q : X −→ X/L ❧❛
❛♣❧✐❝❛❝✐ó♥ ❝♦❝✐❡♥t❡✳ ❚❡♥❡♠♦s q✉❡ Ker(q) ⊂ Ker(q ◦ T )✱ ♣✉❡s ❛❧ s❡r L ✉♥ s✉❜❡s♣❛❝✐♦
T ✲✐♥✈❛r✐❛♥t❡✿

x ∈ Ker(q) ⇒ x ∈ L⇒ Tx ∈ L⇒ q ◦ Tx = 0 ⇒ x ∈ Ker(q ◦ T ).

▲✉❡❣♦ q ◦ T s❡ ❢❛❝t♦r✐③❛ ♣♦r q✱ ❡s ❞❡❝✐r✱ ❡①✐st❡ A ∈ L(X/L) t❛❧ q✉❡ A ◦ q = q ◦ T ✳

X T //

q

��

q◦T

##

X

q

��
X/L ∃A

// X/L

❚❡♥❡♠♦s ❡♥t♦♥❝❡s q✉❡ q ❡s ❝♦♥t✐♥✉❛ ② s♦❜r❡②❡❝t✐✈❛✱ ❧✉❡❣♦ ♣♦r ❡❧ ❈r✐t❡r✐♦ ❞❡ ❝♦♠♣❛r❛❝✐ó♥
✶✳✸✳✶✶✱ r❡s✉❧t❛ q✉❡ A ∈ L(X/L) ❡s ❤✐♣❡r❝í❝❧✐❝♦ ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❞✐♠❡♥s✐ó♥ ✜♥✐t❛✳ ▲♦
q✉❡ ❡s ✉♥ ❛❜s✉r❞♦ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✶✳✷✳✶✳

❉❡✜♥✐❝✐ó♥ ✶✳✸✳✶✻✳ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ t♦♣♦❧ó❣✐❝♦ ② T ∈ L(X) ✉♥ ♦♣❡r❛❞♦r
❤✐♣❡r❝í❝❧✐❝♦✳ ❉❡❝✐♠♦s q✉❡ ❡❧ s✉❜❡s♣❛❝✐♦ E ⊂ X ❡s ✈❛r✐❡❞❛❞ ❤✐♣❡r❝í❝❧✐❝❛ ❞❡ T ✱ s✐ E −
{0} ⊂ HC(T )✳

❱✐♠♦s ❡♥ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✶✳✷✳✹ q✉❡ s✐ X ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ ② L ∈ L(X) ❡s
❤✐♣❡r❝í❝❧✐❝♦✱ ❡♥t♦♥❝❡s T − α t✐❡♥❡ r❛♥❣♦ ❞❡♥s♦ ♣❛r❛ t♦❞♦ α ∈ K✳ ❊❧ s✐❣✉✐❡♥t❡ ❧❡♠❛
❣❡♥❡r❛❧✐③❛ ❡st❡ ❤❡❝❤♦ ♣❛r❛ ❝✉❛❧q✉✐❡r ♣♦❧✐♥♦♠✐♦✳

▲❡♠❛ ✶✳✸✳✶✼✳ ❙❡❛♥ T ∈ L(X) ✉♥ ♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦✱ ② P ✉♥ ♣♦❧✐♥♦♠✐♦ ♥♦ ♥✉❧♦✳
❊♥t♦♥❝❡s ❡❧ ♦♣❡r❛❞♦r P (T ) t✐❡♥❡ r❛♥❣♦ ❞❡♥s♦✳

❉❡♠♦str❛❝✐ó♥✳ ❙✐ ❡❧ ♣♦❧✐♥♦♠✐♦ P ❡s ❝♦♥st❛♥t❡✱ ❡♥t♦♥❝❡s P (T ) ❡s ✉♥ ♠ú❧t✐♣❧♦ ♥♦ ♥✉❧♦ ❞❡
❧❛ ✐❞❡♥t✐❞❛❞ ② ♣♦r ❧♦ t❛♥t♦ t✐❡♥❡ r❛♥❣♦ ❞❡♥s♦✳ ▲✉❡❣♦✱ ♣♦❞❡♠♦s s✉♣♦♥❡r q✉❡ gr(P ) ≥ 1✳
◆♦t❡♠♦s q✉❡Ran(P (T )) ❡s T ✲✐♥✈❛r✐❛♥t❡✱ ♣✉❡s T◦P (T ) = P (T )◦T ②✱ s✐ y ∈ Ran(P (T ))✱



✷✵ ❈❆P❮❚❯▲❖ ✶✳ ❖P❊❘❆❉❖❘❊❙ ❍■P❊❘❈❮❈▲■❈❖❙

❡①✐st❡ x ∈ X t❛❧ q✉❡ P (T )x = y✱ ❡♥t♦♥❝❡s Ty = P (T )(Tx) ∈ Ran(P (T ))✳ ▲✉❡❣♦✱ ❝♦♠♦
T ❡s ❝♦♥t✐♥✉❛✱ L := Ran(P (T )) ❡s T ✲✐♥✈❛r✐❛♥t❡✳
◗✉❡r❡♠♦s ✈❡r q✉❡ P (T ) ❡s ❞❡ r❛♥❣♦ ❞❡♥s♦✱ ❡s ❞❡❝✐r✱ L = X✳ P♦r ❡❧ ❧❡♠❛ ♣r❡✈✐♦ ❜❛st❛ ✈❡r
q✉❡ L t✐❡♥❡ ❝♦❞✐♠❡♥s✐ó♥ ✜♥✐t❛ ❡♥ X✳ ❙❡❛ x ∈ HC(T ) ② q : X −→ X/L ❧❛ ❛♣❧✐❝❛❝✐ó♥
❝♦❝✐❡♥t❡✳ ❉❛❞♦ Q ∈ K[t]✱ ❡①✐st❡♥ r, s ∈ K[t] ❝♦♥ gr(r) < gr(P ) ó r = 0 t❛❧ q✉❡
Q = Ps+ r✳ P♦r ❧♦ t❛♥t♦✱

Q(T ) = P (T )s(T ) + r(T ),

② ❡♥t♦♥❝❡s✱

Q(T )x = P (T )(s(T )x) + r(T )x ∈ Ran(P (T )) +
〈
T i(x) : i < gr(P )

〉
gen
.

❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ♦❜t❡♥❡♠♦s

K[T ]x ⊂ Ran(P (T )) +
〈
T i(x) : i < gr(P )

〉
gen
. ✭✶✳✶✮

❘❡s✉❧t❛✱ ♣♦r ✭✶✳✶✮
q(K[T ]x) ⊂

〈
q(T i(x)) : i < gr(P )

〉
gen

❛sí✱
dim

(〈
q(T i(x)) : i < gr(P )

〉
gen

)
<∞.

❈♦♠♦ x ∈ HC(T )✱ X/L = q(X) ❡s ❞❡ ❞✐♠❡♥s✐ó♥ ✜♥✐t❛✱ ② ♣♦r ❡❧ ❧❡♠❛ ❛♥t❡r✐♦r✱

⇒ L = X.

❚❡♦r❡♠❛ ✶✳✸✳✶✽✳ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ t♦♣♦❧ó❣✐❝♦ ② T ∈ L(X) ✉♥ ♦♣❡r❛❞♦r
❤✐♣❡r❝í❝❧✐❝♦✳ ❙✐ x ❡s ✈❡❝t♦r ❤✐♣❡r❝í❝❧✐❝♦ ♣❛r❛ T ✱ ❡♥t♦♥❝❡s K[T ]x ❡s ✈❛r✐❡❞❛❞ ❤✐♣❡r❝í❝❧✐❝❛
❞❡ T ✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ T ❛❞♠✐t❡ ✉♥❛ ✈❛r✐❡❞❛❞ ❤✐♣❡r❝í❝❧✐❝❛ ❞❡♥s❛✳

❉❡♠♦str❛❝✐ó♥✳ ❈♦♠♦ ✈✐♠♦s ❡♥ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✶✳✸✳✶✷✱ ♣❛r❛ ❝✉❛❧q✉✐❡r ♣♦❧✐♥♦♠✐♦ ♥♦ ♥✉❧♦
P ✱ s❡ t✐❡♥❡ q✉❡ HC(T ) ❡s P (T )✲✐♥✈❛r✐❛♥t❡✱ ♣✉❡s P (T ) ❝♦♥♠✉t❛ ❝♦♥ T ② t✐❡♥❡ r❛♥❣♦
❞❡♥s♦✳ ❉❡ ❛q✉í ❝♦♥❝❧✉✐♠♦s q✉❡ P (T )x ∈ HC(T )✱ ♣❛r❛ t♦❞♦ P ∈ K[t] ♥♦ ♥✉❧♦✳ ❘❡s✉❧t❛
K[T ]x ❞❡♥s♦ ♣✉❡s✱ Orb(x, T ) ⊂ K[T ]x✳

❈♦r♦❧❛r✐♦ ✶✳✸✳✶✾✳ T ∈ L(X) ❤✐♣❡r❝í❝❧✐❝♦✳ ❊♥t♦♥❝❡s HC(T ) ❡s ❝♦♥❡①♦✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ x ∈ HC(T ) ✜❥♦✳ ❖❜s❡r✈❡♠♦s q✉❡ HC(T ) s❡ ❡♥❝✉❡♥tr❛ ❡♥tr❡ ❧♦s
s✐❣✉✐❡♥t❡s ❝♦♥❥✉♥t♦s ❝♦♥❡①♦s✱

K[T ]x ⊂ HC(T ) ⊂ X,

❞♦♥❞❡ K[T ]x ❡s ❞❡♥s♦ ❡♥ X✳ P♦❞❡♠♦s ❞❡s❞❡ ❛q✉í ❝♦♥❝❧✉✐r q✉❡ HC(T ) ❡s ❝♦♥❡①♦✿
s✉♣♦♥❣❛♠♦s q✉❡ HC(T ) = A ∪ B✱ ❝♦♥ A✱ B ❛❜✐❡rt♦s ❞✐s❥✉♥t♦s✳ ❙❡ t✐❡♥❡ q✉❡ K[T ]x ⊂
A ∪ B ② ❛❧ s❡r ❝♦♥❡①♦✱ s✐♥ ♣❡r❞✐❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞✱ ♣♦❞❡♠♦s s✉♣♦♥❡r q✉❡ K[T ]x ⊂ A✳
P❡r♦✱ K[T ]x ❡s ❞❡♥s♦✱ B ❡s ❛❜✐❡rt♦ ② B∩K[T ]x = ∅✱ ❞❡ ❧♦ q✉❡ s✐❣✉❡ q✉❡ B = ∅✳ ▲✉❡❣♦✱
HC(T ) ❡s ❝♦♥❡①♦✳
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P❛r❛ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✶✳✸✳✶✹✱ ♥❡❝❡s✐t❛♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❞❡✜♥✐❝✐ó♥✳

❉❡✜♥✐❝✐ó♥ ✶✳✸✳✷✵✳ ❙❡❛ X s❡♣❛r❛❜❧❡ ❞❡ ❋ré❝❤❡t✱ A ⊂ X ❝❡rr❛❞♦✳ ❉❡❝✐♠♦s q✉❡ A ❡s
✉♥ Z − set s✐ ♣❛r❛ t♦❞♦ K ♠étr✐❝♦ ❝♦♠♣❛❝t♦ C(K,X − A) ❡s ❞❡♥s♦ ❡♥ C(K,X) ✭❝♦♥
r❡s♣❡❝t♦ ❛ ❧❛ t♦♣♦❧♦❣í❛ ❞❡ ❝♦♥✈❡r❣❡♥❝✐❛ ✉♥✐❢♦r♠❡ ❡♥ C(K,X)✮✳

◆♦t❡♠♦s q✉❡ A ❡s ✉♥ Z − set s✐ ❡s ❧♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡ñ♦ ❝♦♠♦ ♣❛r❛ ♥♦ ✐♥✢✉✐r
❡♥ ❧❛s ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s ❞❡ C(K,X)✳ P❛r❛ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✶✳✸✳✶✹ ♥♦s
❜❛s❛r❡♠♦s ❡♥ ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛✱ ❝✉②❛ ❞❡♠♦str❛❝✐ó♥ ♣✉❡❞❡ ❡♥❝♦♥tr❛rs❡ ❡♥ ❬✼❪✳

▲❡♠❛ ✶✳✸✳✷✶✳ ❙❡❛ X s❡♣❛r❛❜❧❡ ❞❡ ❋ré❝❤❡t✳ ❙✐ A ⊂ X ❡s ✉♥✐ó♥ ♥✉♠❡r❛❜❧❡ ❞❡ Z− sets✱
❡♥t♦♥❝❡s X − A ❡s ❤♦♠❡♦♠♦r❢♦ ❛ X✳

❉❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✶✳✸✳✶✹✳ ❘❡❝♦r❞❡♠♦s q✉❡ s✐ (Vj)j∈N ❡s ✉♥❛ ❜❛s❡ ♥✉♠❡r❛❜❧❡
❞❡ ❛❜✐❡rt♦s ❞❡ X✱ ♣♦❞❡♠♦s ❡s❝r✐❜✐r HC(T ) =

⋂
j∈N
⋃
n≥0 T

−n(Vj)✳ ❚♦♠❛♥❞♦ ❝♦♠♣❧❡✲
♠❡♥t♦s✱ ♦❜t❡♥❡♠♦s X−HC(T ) = ⋃j∈N

⋂
n≥0X−T−n(Vj)✳ ❉❡ ❛q✉í✱ ❛❧❝❛♥③❛ ❝♦♥ ♣r♦❜❛r

q✉❡ ♣❛r❛ t♦❞♦ V ❛❜✐❡rt♦ ♥♦ ✈❛❝í♦✱ ❡❧ ❝♦♥❥✉♥t♦
⋂

n≥0

X − T−n(V )

❡s ✉♥ Z−set✳ ◗✉❡r❡♠♦s ✈❡r q✉❡✱ ❞❛❞♦s ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦ K✱ f ∈ C(K,X)✱
② ✉♥ ❡♥t♦r♥♦ ❛❜✐❡rt♦ O ❞❡ 0 ❡♥ X✱ ❡①✐st❡ g ∈ C(K,X) t❛❧ q✉❡

g(K) ⊂ X −
(
⋂

n≥0

X − T−n(V )

)
=
⋃

n≥0

T−n(V ), ✭✶✳✷✮

②✱

(g − f)(K) ⊂ O.

❆❧ s❡r X ❧♦❝❛❧♠❡♥t❡ ❝♦♥✈❡①♦✱ ♣♦❞❡♠♦s ❛s✉♠✐r q✉❡ O ❡s ❝♦♥✈❡①♦✳ ❙❡❛ x ∈ HC(T )✳ P❛r❛
❝❛❞❛ t ∈ K✱ ❡❧❡❣✐♠♦s mt ∈ N t❛❧ q✉❡

Tmt(x)− f(t) ∈ O,

② ❞❡✜♥✐♠♦s Wt := {s ∈ K : Tmt(x) − f(s) ∈ O} ⊂ K✳ ❉❡ ❡st❛ ❢♦r♠❛✱ ♦❜t❡♥❡♠♦s
✉♥ ❝✉❜r✐♠✐❡♥t♦ ♣♦r ❛❜✐❡rt♦s (Wt)t∈K ❞❡❧ ❝♦♠♣❛❝t♦ K✳ ❘❡❝♦r❞❡♠♦s q✉❡ ✉♥ ❡s♣❛❝✐♦
♠étr✐❝♦ ❝♦♠♣❛❝t♦✱ ❝✉♠♣❧❡ q✉❡ ❧♦s ❛❜✐❡rt♦s s❡♣❛r❛♥ ❝❡rr❛❞♦s ❞✐s❥✉♥t♦s✱ ② q✉❡ ❡♥ t♦❞♦
❡s♣❛❝✐♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦ ✈❛❧❡ ❡❧ t❡♦r❡♠❛ ❞❡ ♣❛rt✐❝✐♦♥❡s ❞❡ ❧❛ ✉♥✐❞❛❞ ✜♥✐t❛s✳ ❊s ❞❡❝✐r✱
s✐ t♦♠❛♠♦s ✉♥ s✉❜❝✉❜r✐♠✐❡♥t♦ ✜♥✐t♦ (Wti)1≤i≤p ❡①✐st❡ (φi)1≤i≤p ♣❛rt✐❝✐ó♥ ❞❡ ❧❛ ✉♥✐❞❛❞
✜♥✐t❛ q✉❡ ❝✉♠♣❧❡

φi ❝♦♥t✐♥✉❛s✱

0 ≤ φi ≤ 1✱
∑p

i=1 φi = 1✱

sop(φi) ⊂ Wti ✳
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◆♦t❛♠♦s mi := mti ② g :=
∑p

i=1 φiT
mi(x)✳ ❱❡❛♠♦s q✉❡ s❡ ❝✉♠♣❧❡ ❧♦ q✉❡ ♥❡❝❡s✐t❛♠♦s✿

❚❡♥❡♠♦s q✉❡

g(s)− f(s) =

p∑

i=1

φi(s)T
mi(x)− f(s) =

p∑

i=1

φi(s)
[
Tmi(x)− f(s)

]
,

❝♦♥ ❧♦ ❝✉❛❧✱ g(s)− f(s) ❡s ✉♥❛ ❝♦♠❜✐♥❛❝✐ó♥ ❝♦♥✈❡①❛ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ O✳ ❆❧ s❡r O
❝♦♥✈❡①♦✱ ❝♦♥❝❧✉✐♠♦s q✉❡ (g − f)(K) ⊂ O✳

P❛r❛ ❝❛❞❛ a ∈ K✱ ♣♦❞❡♠♦s ❡s❝r✐❜✐r g(a) = Pa(T )x ❝♦♥ Pa(z) =
∑p

i=1 φi(a).z
mi

♣♦❧✐♥♦♠✐♦ ♥♦ ♥✉❧♦✳ ❈♦♠♦ ✈✐♠♦s ❡♥ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✶✳✸✳✶✷✱ Pa(T )x ∈ HC(T )✳
▲✉❡❣♦✱ ❡①✐st❡ na ∈ N t❛❧ q✉❡ T na(g(a)) ∈ V ✳ P♦r ❧♦ t❛♥t♦✱

g(K) ⊂
⋃

n≥0

T−n(V ).

♣♦r ❧♦ t❛♥t♦ g ✈❡r✐✜❝❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✶✳✷✮✳

❈♦♥❝❧✉✐♠♦s ❡♥t♦♥❝❡s✱ q✉❡ X − HC(T ) ❡s ✉♥✐ó♥ ♥✉♠❡r❛❜❧❡ ❞❡ Z − set ② ♣♦r ▲❡♠❛
✶✳✸✳✷✶✱ HC(T ) ❡s ❤♦♠❡♦♠♦r❢♦ ❛ X✳

✶✳✹✳ Pr✐♠❡r♦s ❊❥❡♠♣❧♦s ❞❡ ❖♣❡r❛❞♦r❡s ❍✐♣❡r❝í❝❧✐❝♦s

Pr❡s❡♥t❛♠♦s ❡♥ ❡st❛ s❡❝❝✐ó♥ ❞♦s ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s✳ ❉❡s❛rr♦❧❧❛r❡♠♦s ♠ás ❛❞❡✲
❧❛♥t❡✱ ❡♥ ♣r♦❢✉♥❞✐❞❛❞✱ ❧♦s ❡❥❡♠♣❧♦s q✉❡ ❞❛♠♦s ❛q✉í✳ ❋✉❡r♦♥ ❧♦s ♣r✐♠❡r♦s ♦♣❡r❛❞♦r❡s
❤✐♣❡r❝í❝❧✐❝♦s q✉❡ s❡ ❡♥❝♦♥tr❛r♦♥ ❞✉r❛♥t❡ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❧❛ t❡♦rí❛✳ ◆♦ ♣r❡s❡♥t❛r❡♠♦s
❧❛s ❞❡♠♦str❛❝✐♦♥❡s ♦r✐❣✐♥❛❧❡s ❞❡ ❧♦s ❛✉t♦r❡s✱ s✐♥♦ q✉❡ ❧♦ ❤❛r❡♠♦s ✉s❛♥❞♦ ❡❧ ❈r✐t❡r✐♦ ❞❡
❍✐♣❡r❝✐❝❧✐❝✐❞❛❞✳

✶✳✹✳✶✳ ❖♣❡r❛❞♦r ❞❡ ❉❡r✐✈❛❝✐ó♥

❊❧ s✐❣✉✐❡♥t❡ ❡❥❡♠♣❧♦ s❡ ❞❡❜❡ ❛ ●✳ ❘✳ ▼❛❝▲❛♥❡ ❬✷✺❪ ② ❞❛t❛ ❞❡❧ ❛ñ♦ ✶✾✺✶✳ ▲♦ ♣r❡s❡♥t❛♠♦s
❡♥ ❡❧ ❡s♣❛❝✐♦

H(C) = {f : C −→ C, ❤♦❧♦♠♦r❢❛},
❝♦♥ ❧❛ t♦♣♦❧♦❣í❛ ❞❛❞❛ ♣♦r ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ✉♥✐❢♦r♠❡ s♦❜r❡ ❝♦♠♣❛❝t♦s✳ ❊❧ ❡s♣❛❝✐♦ H(C)
❡s ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦ ② s❡♣❛r❛❜❧❡ ❝♦♥ ❧❛ ♠étr✐❝❛

d(f, g) =
∞∑

n=1

‖f − g‖n
2n
(
1 + ‖f − g‖n

) ,

❞♦♥❞❡✱ ‖f − g‖n := sup|z|≤n|f(z) − g(z)|✳ ❉❡✜♥✐♠♦s✱ D : H(C) −→ H(C)✱ D(f) = f ′✳
❈❧❛r❛♠❡♥t❡✱ D ❡s ❧✐♥❡❛❧ ② ❝♦♥t✐♥✉❛✳ ❆♣❧✐❝❛♠♦s ❡❧ ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞ ■■ ❞❡ ❧❛
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❉❡✜♥✐❝✐ó♥ ✶✳✸✳✻ ❝♦♥ ❧❛ s✉❝❡s✐ó♥ nk = k❀ ❧♦s ❝♦♥❥✉♥t♦s ❞❡♥s♦s D1 = D2 = C[z]✱ ②
S : C[z] −→ C[z] ❞❡✜♥✐❞❛ ♣♦r

S(a0 + a1z + · · ·+ anz
n) = a0z + a1

z2

2
+ · · ·+ an

zn+1

n+ 1
.

✶✳ ❉❛❞♦ P ∈ C[z]✱ t❡♥❡♠♦s q✉❡ Dn(P ) = 0✱ ♣❛r❛ t♦❞♦ n > gr(P )✳ ❉❡ ❛q✉í✱ ❡s ❝❧❛r♦
q✉❡ Dn(P ) −→

n→∞
0✳

✷✳ ❙✐ K ⊂ C ❝♦♠♣❛❝t♦✱ ❡①✐st❡ R > 0 t❛❧ q✉❡ K ⊂ {z : |z| ≥ R}✳ ❊♥t♦♥❝❡s✱

Sn(zk) =
zk+n

(k + n)(k + n− 1) · · · (k + 1)
=

k!zk+n

(k + n)!
,

② t❡♥❡♠♦s q✉❡✱

sup
z∈K

∣∣Sn(zk)
∣∣ ≤ k!Rk+n

(k + n)!
−→
n→∞

0,

P♦r ❧♦ t❛♥t♦✱ Sn(P ) −→ 0 ✉♥✐❢♦r♠❡♠❡♥t❡ s♦❜r❡ ❝♦♠♣❛❝t♦s✱ ♣❛r❛ t♦❞♦ P ∈ C[z]✳

✸✳ ❊s ❝❧❛r♦ q✉❡ ♣❛r❛ ❝✉❛❧q✉✐❡r ♣♦❧✐♥♦♠✐♦ P ✱ s❡ t✐❡♥❡ q✉❡ DS(P ) = P ✳

P♦r ❚❡♦r❡♠❛ ✶✳✸✳✼✱ D ❡s ❤✐♣❡r❝í❝❧✐❝♦✳ ❊s ✐♥t❡r❡s❛♥t❡ ♦❜s❡r✈❛r q✉❡✱ ❡①✐st❡ g ∈ H(C) t❛❧
q✉❡ Orb(g,D) ❡s ❞❡♥s♦ ❡♥ H(C)✳ ❆sí✱ ❞❛❞❛ ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ ❤♦❧♦♠♦r❢❛ ② ❝✉❛❧q✉✐❡r
R > 0✱ t❡♥❡♠♦s q✉❡ ❡♥ ❡❧ ❝♦♠♣❛❝t♦ {|z| ≤ R} ❧❛ ❢✉♥❝✐ó♥ f ✱ ❡s ♠✉② s✐♠✐❧❛r ❛ ✉♥❛
❞❡r✐✈❛❞❛ ❞❡ g✿

❞❛❞♦ ǫ > 0, ❡①✐st❡ n ∈ N t❛❧ q✉❡ sup
|z|≤R

|f(z)−Dn(g)(z)| < ǫ.

✶✳✹✳✷✳ ❖♣❡r❛❞♦r❡s ❙❤✐❢t

❖tr♦ ❡❥❡♠♣❧♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❧❛ t❡♦rí❛ ❡s ❡❧ ❞❡ ❧♦s ♦♣❡r❛❞♦r❡s ❙❤✐❢t✳ ❊st❛ ❢❛♠✐❧✐❛ ❞❡
❡❥❡♠♣❧♦s ❢✉❡ ♣r❡s❡♥t❛❞❛ ♣♦r ❙✳ ❘♦❧❡✇✐❝③ ❬✷✼❪✱ ❡♥ ❡❧ ❛ñ♦ ✶✾✻✶✳ ❙❡❛ B : ℓp(N) −→ ℓp(N)✱
❡❧ s❤✐❢t ❛ ✐③q✉✐❡r❞❛ ❞❛❞♦ ♣♦r

B(x0, x1, . . . ) = (x1, x2, . . . ), ❝♦♥ 1 ≤ p <∞.

❱❡❛♠♦s q✉❡ λB ❡s ❤✐♣❡r❝í❝❧✐❝♦✱ ♣❛r❛ t♦❞♦ |λ| > 1✳ ❆♣❧✐❝❛♠♦s ♥✉❡✈❛♠❡♥t❡ ❡❧ ❈r✐✲
t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞ ■■ ❞❡ ❧❛ ❉❡✜♥✐❝✐ó♥ ✶✳✸✳✻ ❝♦♥ ❧❛ s✉❝❡s✐ó♥ nk = k❀ ❧♦s ❝♦♥✲
❥✉♥t♦s ❞❡♥s♦s D1 = D2 = c00(N) ❢♦r♠❛❞♦s ♣♦r ❧❛s s✉❝❡s✐♦♥❡s ❞❡ s♦♣♦rt❡ ✜♥✐t♦✱ ②
t♦♠❛♠♦s ❧❛ ❛♣❧✐❝❛❝✐ó♥ S/λ ❝♦♥ S : ℓp(N) −→ ℓp(N)✱ ❡❧ s❤✐❢t ❛ ❞❡r❡❝❤❛ ❞❛❞♦ ♣♦r
S(x0, x1, . . . ) = (0, x0, x1, . . . )✱

✶✳ ❉❛❞♦ x := x0, x1, . . . ) ∈ c00(N) ❡①✐st❡ n0 ∈ N t❛❧ q✉❡ (λB)n(x) = 0 ♣❛r❛ t♦❞♦
n ≥ n0✳ ▲✉❡❣♦

⇒ (λB)n(x0, x1, . . . ) −→
n→∞

0.
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✷✳ ◆♦t❡♠♦s q✉❡ ‖S‖ = 1 ❡♥t♦♥❝❡s ‖S/λ‖ = 1/|λ|✳ ▲✉❡❣♦✱

‖(S/λ)n‖ ≤ 1/(|λ|)n −→
n→∞

0.

P♦r ❧♦ t❛♥t♦✱ ❞❛❞♦ x := (x0, x1, . . . ) ∈ c00(N)

(S/λ)n(x) −→
n→∞

0.

✸✳ ❊s ❝❧❛r♦ q✉❡ B ② S s♦♥ ♠✉t✉❛♠❡♥t❡ ✐♥✈❡rs❛s ❡♥ ℓp(N)✱ ❧✉❡❣♦ λB ② S/λ s♦♥
♠✉t✉❛♠❡♥t❡ ✐♥✈❡rs❛s ❡♥ c00✳

❈♦♥❝❧✉✐♠♦s✱ ♣♦r ❚❡♦r❡♠❛ ✶✳✸✳✼✱ q✉❡ λB ❡s ❤✐♣❡r❝í❝❧✐❝♦ ♣❛r❛ t♦❞♦ λ ❝♦♥ |λ| > 1 ✳ ▲✉❡❣♦✱
♣❛r❛ ❝❛❞❛ |λ| > 1 t❡♥❡♠♦s ❛s❡❣✉r❛❞❛ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥❛ s✉❝❡s✐ó♥ ✉♥✐✈❡rs❛❧ x ∈ ℓp(N)
t❛❧ q✉❡

{
(λB)nx : n ∈ N0

}
❡s ❞❡♥s♦ ❡♥ ℓp(N)✳ P♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ t♦❞❛ s✉❝❡s✐ó♥ ❞❡

ℓp(N)✱ s❡ ❝♦♠♣♦rt❛ ❞❡ ♠❛♥❡r❛ s✐♠✐❧❛r ❛ ✉♥ tr✉♥❝❛❞♦ ❞❡ x✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✹✳✶✳ ❈♦♠♦ ‖B‖ = 1✱ ♣♦r ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✶✳✷✳✷✱ B ♥♦ ❡s ❤✐♣❡r❝í❝❧✐❝♦✳
❊st♦ ❞✐❝❡ q✉❡ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s ♥♦ ❡s ❝❡rr❛❞♦ ❡♥ L(X)✱ ♣✉❡s
λB −→ B✱ s✐ λ −→ 1+✱ λ ∈ R✳



❈❛♣ít✉❧♦ ✷

❊❥❡♠♣❧♦s ❞❡ ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s

❊♥ ❡st❡ ❝❛♣ít✉❧♦ ♣r♦❢✉♥❞✐③❛♠♦s ❧♦s ❡❥❡♠♣❧♦s q✉❡ ❡st✉❞✐❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡✳ ❱❡r❡♠♦s
❞✐st✐♥t❛s ❢❛♠✐❧✐❛s ❞❡ ♦♣❡r❛❞♦r❡s✱ tr❛t❛♥❞♦ ❞❡ ❝❛r❛❝t❡r✐③❛r ❡♥ ❝❛❞❛ ❝❛s♦✱ ❝✉❛♥❞♦ r❡s✉❧t❛♥
❤✐♣❡r❝í❝❧✐❝♦s✳ ❊s♦s s♦♥✿ ♦♣❡r❛❞♦r❡s ❞❡ tr❛s❧❛❝✐ó♥ ❡♥ ❡❧ ♣❧❛♥♦ ❝♦♠♣❧❡❥♦✱ ♦♣❡r❛❞♦r❡s s❤✐❢t✱
❞❡ ❝♦♠♣♦s✐❝✐ó♥✱ ❞❡ ♠✉❧t✐♣❧✐❝❛❝✐ó♥ ② ❞❡ ❞❡r✐✈❛❝✐ó♥✳ ❈♦♠❡♥③❛♠♦s ❝♦♥ ✉♥❛ ✐♥tr♦❞✉❝❝✐ó♥
s♦❜r❡ ❡❧ ❡s♣❛❝✐♦ H2(D) ② ♠♦str❛♠♦s ❛❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s✳ ■♥tr♦❞✉❝✐♠♦s ❧❛s s✐❣✉✐❡♥t❡s
♥♦t❛❝✐♦♥❡s✱ q✉❡ ✉s❛r❡♠♦s ❡♥ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❧♦s ❡❥❡♠♣❧♦s✳

D = {z ∈ C : |z| < 1}✱ ❡❧ ❞✐s❝♦ ✉♥✐t❛r✐♦ ❝♦♠♣❧❡❥♦✳

T = {z ∈ C : |z| = 1}✱ ❡❧ ❝✐r❝✉❧♦ ✉♥✐t❛r✐♦ ❝♦♠♣❧❡❥♦✳

H(D) = {f : D −→ C : f ❡s ❤♦❧♦♠♦r❢❛}✱ ❝♦♥ ❧❛ t♦♣♦❧♦❣í❛ ❞❡ ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛
✉♥✐❢♦r♠❡ s♦❜r❡ ❝♦♠♣❛❝t♦s ❞❡ D✳

H∞(D) = {f ∈ H(D) : f ❡s ❛❝♦t❛❞❛}✱ ❝♦♥ ❧❛ ♥♦r♠❛ ‖f‖∞ = sup
D

|f(z)|✳

✷✳✶✳ ❖♣❡r❛❞♦r❡s ❞❡ ❚r❛s❧❛❝✐ó♥ ❡♥ H(C)

❊❧ ♣r✐♠❡r ❡❥❡♠♣❧♦ q✉❡ ✈❡r❡♠♦s ❡s ❡❧ ❞❡ ❧♦s ♦♣❡r❛❞♦r❡s ❞❡ tr❛s❧❛❝✐ó♥ ❡♥ ❡❧ ♣❧❛♥♦ ❝♦♠♣❧❡❥♦✳
❙❡ ❞❡❜❡ ❛ ●✳ ❉✳ ❇✐r❦❤♦✛ ② ❞❛t❛ ❞❡❧ ❛ñ♦ ✶✾✷✾ ❬✽❪✳ ▼ás ❛❞❡❧❛♥t❡ ❢✉❡ r❡t♦♠❛❞♦ ♣♦r ●✳
●♦❞❡❢r♦② ② ❏✳ ❍✳ ❙❤❛♣✐r♦ q✉❡ ❞❡♠♦str❛r♦♥ q✉❡ ✉♥ ♦♣❡r❛❞♦r ❡♥ H(C) q✉❡ ❝♦♥♠✉t❛ ❝♦♥
t♦❞❛s ❧❛s tr❛s❧❛❝✐♦♥❡s ② ♥♦ ❡s ♠ú❧t✐♣❧♦ ❞❡ ❧❛ ✐❞❡♥t✐❞❛❞ ❡s ❤✐♣❡r❝í❝❧✐❝♦ ❬✶✼❪✳
P❛r❛ ❝✉❛❧q✉✐❡r ♥ú♠❡r♦ ❝♦♠♣❧❡❥♦ a ♥♦ ♥✉❧♦✱ s❡❛ Ta : H(C) −→ H(C)✱

Ta(f)(z) = f(z + a)

❡❧ ♦♣❡r❛❞♦r ❞❡ tr❛s❧❛❝✐ó♥✳ P❛r❛ ❛♣❧✐❝❛r ❡❧ ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞ ❛ Ta✱ ♥❡❝❡s✐t❛♠♦s
❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛ ♣r❡✈✐♦✳ ◆♦t❛♠♦s eλ ❛ ❧❛ ❢✉♥❝✐ó♥ z 7→ eλz✳

▲❡♠❛ ✷✳✶✳✶✳ ❙❡❛ A ⊂ C✱ ❝♦♥ ✉♥ ♣✉♥t♦ ❞❡ ❛❝✉♠✉❧❛❝✐ó♥ ❡♥ C✳ ❊♥t♦♥❝❡s

〈{eλ : λ ∈ A}〉gen
❡s ❞❡♥s♦ ❡♥ H(C)✳

✷✺
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❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ ϕ ∈ H(C)∗ t❛❧ q✉❡ ϕ(eλ) = 0 ♣❛r❛ t♦❞♦ λ ∈ A✳ ◗✉❡r❡♠♦s ✈❡r q✉❡
ϕ ≡ 0✳ ❈♦♠♦ ϕ ❡s ❝♦♥t✐♥✉❛✱ ♣♦❞❡♠♦s ❡❧❡❣✐r K = B(0, R) ⊂ C ❝♦♠♣❛❝t♦ ② c > 0 t❛❧
q✉❡ |ϕ(f)| ≤ c supz∈K |f(z)| = c ‖f |K ‖C(K)✳ P♦❞❡♠♦s ♣❡♥s❛r ❛ ϕ ❝♦♠♦ ✉♥❛ ❢✉♥❝✐♦♥❛❧
❝♦♥t✐♥✉❛ ❡♥ ❡❧ s✉❜❡s♣❛❝✐♦ {f |K : f ∈ H(C)} ❞❡ C(K)✳ P♦r ❡❧ ❚❡♦r❡♠❛ ❞❡ ❍❛❤♥✲❇❛♥❛❝❤✱
ϕ s❡ ❡①t✐❡♥❞❡ ❛ ϕ̃ ∈ C(K)∗✳ ▲✉❡❣♦✱ ♣♦r ❡❧ t❡♦r❡♠❛ ❞❡ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ❘✐❡s③ ❡①✐st❡
✉♥❛ ♠❡❞✐❞❛ ❝♦♠♣❧❡❥❛ µ ❝♦♥ s♦♣♦rt❡ ❡♥ K t❛❧ q✉❡

ϕ̃(f) =

∫

K

fdµ, ♣❛r❛ t♦❞❛ f ∈ C(K).

❊♥ ♣❛rt✐❝✉❧❛r✱ s✐ f ∈ H(C)✱ t❡♥❡♠♦s

ϕ(f) =

∫

K

fdµ.

❈♦♥s✐❞❡r❛♠♦s ❧❛ ❛♣❧✐❝❛❝✐ó♥ F (λ) := ϕ(eλ) =
∫
K
eλzdµ(z)✱ ❝♦♥ λ ∈ C✳ ❱❡❛♠♦s q✉❡ F ❡s

❛♥❛❧ít✐❝❛ ❝♦♥ F ′(λ) =
∫
K
zeλzdµ(z)✿

∣∣∣∣
F (λ)− F (λ0)

λ− λ0
− F ′(λ0)

∣∣∣∣ =
∣∣∣∣
∫

K

eλz − eλ0z

λ− λ0
− zeλ0zdµ

∣∣∣∣

≤ sup
K

∣∣∣∣
eλz − eλ0z

λ− λ0
− zeλ0z

∣∣∣∣.
∣∣µ(K)

∣∣ −→
λ→λ0

0

❚❡♥❡♠♦s ❡♥t♦♥❝❡s ✉♥❛ ❢✉♥❝✐ó♥ F : C −→ C ❛♥❛❧ít✐❝❛ t❛❧ q✉❡ F (λ) = ϕ(eλ) = 0 ♣❛r❛
t♦❞♦ λ ∈ A✳ ❈♦♠♦ A t✐❡♥❡ ♣✉♥t♦s ❞❡ ❛❝✉♠✉❧❛❝✐ó♥✱ F ≡ 0 ♣♦r ♣r✐♥❝✐♣✐♦ ❞❡ ✐❞❡♥t✐❞❛❞
❞❡ ❢✉♥❝✐♦♥❡s ❤♦❧♦♠♦r❢❛s✳ ❉❡r✐✈❛♥❞♦✱ ♦❜t❡♥❡♠♦s

0 = F (n)(0) =

∫

K

zndµ = ϕ(zn), ∀n ∈ N0

❆❧ s❡r 〈{1, z, z2, . . . }〉gen ❞❡♥s♦ ❡♥ H(C)✱ ❝♦♥❝❧✉✐♠♦s q✉❡ ϕ ≡ 0✱ ❝♦♠♦ q✉❡rí❛♠♦s ✈❡r✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✶✳✷✳ ❊❧ ♦♣❡r❛❞♦r Ta ❡s ❤✐♣❡r❝í❝❧✐❝♦ ♣❛r❛ t♦❞♦ a ∈ C✱ ♥♦ ♥✉❧♦✳

❉❡♠♦str❛❝✐ó♥✳ ❆♣❧✐❝❛♠♦s ❡❧ ❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ✭✈❡rs✐ó♥ ❑✐t❛✐✮ ❛ Ta ❝♦♥

D1 = 〈{eλ : |eλa| < 1}〉gen,

D2 = 〈{eλ : |eλa| > 1}〉gen,

② S : H(C) −→ H(C) ❞❛❞♦ ♣♦r S = T−a✳ ❊s ❝❧❛r♦ q✉❡ T ◦S = IdH(C) ②✱ ♣♦r ❧♦ ❛♥t❡r✐♦r✱
D1 ② D2 s♦♥ ❞❡♥s♦s✳ ❆❞❡♠ás✱ t❡♥❡♠♦s

(Ta)
n(eλ) = Tna(eλ) = eλ(z+na) = eλzeλna = (eλa)neλz −→n→∞ 0, s✐ |eλa| < 1.

❈♦♥ ❧♦ q✉❡ s❡ ❝✉♠♣❧❡ ❧❛ ♣r✐♠❡r❛ ❝♦♥❞✐❝✐ó♥ ❞❡❧ ❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞✳ ❆♥á❧♦❣❛♠❡♥t❡✱
s❡ ❝✉♠♣❧❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ♣❛r❛ S✳ ▲✉❡❣♦✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✶✳✸✳✼✱ r❡s✉❧t❛ q✉❡ Ta ❡s ❤✐♣❡r❝í❝❧✐❝♦
♣❛r❛ t♦❞♦ a ∈ C− {0}✳



✷✳✶✳ ❖P❊❘❆❉❖❘❊❙ ❉❊ ❚❘❆❙▲❆❈■Ó◆ ❊◆ H(C) ✷✼

❖❜s❡r✈❛❝✐ó♥ ✷✳✶✳✸✳ ▲♦ ❛♥t❡r✐♦r ♠✉❡str❛ q✉❡ ❧❛ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ♥♦ s❡ ♠❛♥t✐❡♥❡ ♣♦r
❝♦♠♣♦s✐❝✐♦♥❡s✳ P✉❡s Ta ◦ T−a = Id ♥♦ ❡s ❤✐♣❡r❝í❝❧✐❝♦✳

●✳ ●♦❞❡❢♦r② ② ❏✳ ❍✳ ❙❤❛♣✐r♦ ♠♦str❛r♦♥ q✉❡ ❡st❡ r❡s✉❧t❛❞♦ s❡ ❣❡♥❡r❛❧✐③❛ ❛ ♦tr♦s ♦♣❡r❛✲
❞♦r❡s ❝♦♠♦ ♣♦r ❡❧ ❡❥❡♠♣❧♦ ❡❧ ♦♣❡r❛❞♦r ❞❡ ❞❡r✐✈❛❝✐ó♥✳ P❛r❛ ♠♦str❛r ❧♦s r❡s✉❧t❛❞♦s q✉❡
♦❜t✉✈✐❡r♦♥ ♥❡❝❡s✐t❛♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❞❡✜♥✐❝✐ó♥✳

❉❡✜♥✐❝✐ó♥ ✷✳✶✳✹✳ ❉❡❝✐♠♦s q✉❡ φ ∈ H(C) ❡s ❞❡ t✐♣♦ ❡①♣♦♥❡♥❝✐❛❧ s✐ ❡①✐st❡♥ ❝♦♥st❛♥t❡s
♣♦s✐t✐✈❛s A✱ B t❛❧❡s q✉❡ |φ(z)| ≤ AeB|z| ♣❛r❛ t♦❞♦ z ∈ C✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✶✳✺✳ ❙❡❛ φ ∈ H(C) ② s❡❛ φ(z) =
∑

n≥0 cnz
n s✉ ❞❡s❛rr♦❧❧♦ ❡♥ s❡r✐❡✳

❊♥t♦♥❝❡s✱ φ ❡s ❞❡ t✐♣♦ ❡①♣♦♥❡♥❝✐❛❧ s✐ ② só❧♦ s✐ ❡①✐st❡♥ ❝♦♥st❛♥t❡s C✱ R t❛❧❡s q✉❡ |cn| ≤
CRn

n!

❉❡♠♦str❛❝✐ó♥✳ ✭=⇒✮ P♦r ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❈❛✉❝❤②✱ t❡♥❡♠♦s q✉❡ |cn|rn ≤ AeBr

♣❛r❛ t♦❞♦ r > 0✱ n ∈ N✳ P❛r❛ ❝❛❞❛ n ✜❥♦✱

mı́n
r>0

{
eBr

rn

}
=

en

(n/B)n

s❡ ❛❧❝❛♥③❛ ❡♥ r = n/B✳ ▲✉❡❣♦✱ |cn| ≤ A(n/B)−nen ≤ A (Be)n

n!
✳

✭⇐=✮ ❙✐ |cn| ≤ CRn

n!
✱ ❡♥t♦♥❝❡s

|F (z)| ≤
∑

n≥0

CRn

n!
|z|n = C

(∑

n≥0

(R|z|)n
n!

)
= CeR|z|.

❖❜s❡r✈❛❝✐ó♥ ✷✳✶✳✻✳ P❛r❛ φ ∈ H(C) ❞❡ t✐♣♦ ❡①♣♦♥❡♥❝✐❛❧✱ φ(z) =
∑
n∈N0

anz
n✱ ♥♦t❛♠♦s

φ(D)(f) =
∑

n∈N0

anDn(f).

▲❡♠❛ ✷✳✶✳✼✳ ❙❡❛ T : H(C) −→ H(C) ❧✐♥❡❛❧ ② ❝♦♥t✐♥✉❛ t❛❧ q✉❡ T ◦ Ta = Ta ◦ T ♣❛r❛
t♦❞♦ a ∈ C✳ ❊♥t♦♥❝❡s✱ ❡①✐st❡ φ ∈ H(C) ❞❡ t✐♣♦ ❡①♣♦♥❡♥❝✐❛❧ t❛❧ q✉❡ T = φ(D)✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ L : H(C) −→ C ❡❧ ❢✉♥❝✐♦♥❛❧ ❞❡✜♥✐❞♦ ♣♦r L(f) = ev0 ◦ T (f) =
(Tf)(0)✳ ❙❡ t✐❡♥❡ q✉❡ L ❡s ❝♦♥t✐♥✉♦ ②

Tf(z) =
(
Tz(Tf)

)
(0) =

(
T (Tzf)

)
(0) = L(Tzf)

♣❛r❛ t♦❞♦ z ∈ C✳ P♦r ✉♥ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r ❛❧ ❞❡❧ ▲❡♠❛ ✷✳✶✳✶✱ ♦❜t❡♥❡♠♦s c > 0✱
K = B(0, R) ⊂ C ② ✉♥❛ ♠❡❞✐❞❛ ❝♦♠♣❧❡❥❛ µ ❝♦♥ s♦♣♦rt❡ ❡♥ K t❛❧ q✉❡

L̃(f) =

∫

K

fdµ, ∀f ∈ C(K)
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②✱ ❡♥ ♣❛rt✐❝✉❧❛r✱ s✐ f ∈ H(C) t❡♥❡♠♦s q✉❡

L(f) =

∫

K

fdµ.

❊♥t♦♥❝❡s ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r Tf(z) ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

Tf(z) = L(Tzf) =

∫

K

Tzfdµ =

∫

K

f(w + z)dµ(w) =

∫

K

∞∑

n=0

f (n)(z)

n!
wndµ(w)

=
∞∑

n=0

(
1

n!

∫

K

wndµ(w)

)

︸ ︷︷ ︸
:=cn

Dnf(z) =
∞∑

n=0

cnDnf(z).

❆❞❡♠ás✱ t❡♥❡♠♦s q✉❡ |cn| ≤
(
Rn

n!

)
‖µ‖ ♣❛r❛ t♦❞♦ n ∈ N✳ ▲✉❡❣♦✱ φ(z) :=

∑
n≥0 cnz

n ❡s

❞❡ t✐♣♦ ❡①♣♦♥❡♥❝✐❛❧ ② T = φ(D)✳

❚❡♦r❡♠❛ ✷✳✶✳✽✳ ❙❡❛ T : H(C) −→ H(C) ❧✐♥❡❛❧ ② ❝♦♥t✐♥✉♦ t❛❧ q✉❡ T ◦ Ta = Ta ◦ T
♣❛r❛ t♦❞♦ a ∈ C✱ ② ♥♦ ❡s ✉♥ ♠ú❧t✐♣❧♦ ❞❡ ❧❛ ✐❞❡♥t✐❞❛❞✳ ❊♥t♦♥❝❡s✱ T ❡s ❤✐♣❡r❝í❝❧✐❝♦✳

❉❡♠♦str❛❝✐ó♥✳ ❈♦♠♦ T ❝♦♥♠✉t❛ ❝♦♥ Ta ♣❛r❛ t♦❞♦ a ∈ C✱ ❡①✐st❡ φ ❞❡ t✐♣♦ ❡①♣♦♥❡♥❝✐❛❧
t❛❧ q✉❡ T = φ(D)✱ ♣♦r ▲❡♠❛ ✷✳✶✳✼✳ ❈♦♠♦ T ♥♦ ❡s ✉♥ ♠ú❧t✐♣❧♦ ❞❡ ❧❛ ✐❞❡♥t✐❞❛❞✱ φ ♥♦ ❡s
❝♦♥st❛♥t❡✳ ❆♣❧✐❝❛♠♦s ❡❧ ❚❡♦r❡♠❛ ✶✳✸✳✶✵✳ ❱❡❛♠♦s q✉❡ ❧❛s ❢✉♥❝✐♦♥❡s eλ s♦♥ ❛✉t♦✈❡❝t♦r❡s
❞❡ T ✿

T (eλ) =
∑

n≥0

anDn(eλ) =
∑

n≥0

anλ
neλ = φ(λ)eλ, ∀λ ∈ C.

❈♦♥s✐❞❡r❛♠♦s ❡♥t♦♥❝❡s ❧♦s ❝♦♥❥✉♥t♦s

U = {λ ∈ C : |φ(λ)| < 1} ② V = {λ ∈ C : |φ(λ)| > 1}.

❈♦♠♦ φ ♥♦ ❡s ❝♦♥st❛♥t❡✱ U ② V s♦♥ ❛❜✐❡rt♦s ♥♦ ✈❛❝í♦s✳ P♦r ❡❧ ▲❡♠❛ ✷✳✶✳✶✱ ❝♦♥❝❧✉✐♠♦s
q✉❡

〈{eλ : λ ∈ U}〉gen ② 〈{eλ : λ ∈ V }〉gen
s♦♥ ❞❡♥s♦s ❡♥ H(C)✳ ▲✉❡❣♦✱ s❡ ✈❡r✐✜❝❛♥ ❧❛s ❤✐♣ót❡s✐s ❞❡❧ ❚❡♦r❡♠❛ ✶✳✸✳✶✵ ② ❛sí T ❡s
❤✐♣❡r❝í❝❧✐❝♦✳

P♦r ú❧t✐♠♦ ♦❜s❡r✈❡♠♦s q✉❡ ✉♥ ♦♣❡r❛❞♦r ❝♦♥♠✉t❛ ❝♦♥ t♦❞❛s ❧❛s tr❛s❧❛❝✐♦♥❡s s✐ ② só❧♦ s✐
❝♦♥♠✉t❛ ❝♦♥ ❡❧ ♦♣❡r❛❞♦r ❞❡ ❞❡r✐✈❛❝✐ó♥✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✶✳✾✳ ❙❡❛ T ∈ L(H(C))✳ ❊♥t♦♥❝❡s

T ◦ Ta = Ta ◦ T, ♣❛r❛ t♦❞♦ a ∈ C s✐ ② só❧♦ s✐ T ◦ D = D ◦ T.
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❉❡♠♦str❛❝✐ó♥✳ (=⇒)

D(Tf) = ĺım
h→0

Th(Tf)− Tf

h
= ĺım

h→0

T (Thf)− Tf

h

= ĺım
h→0

T
(Th(f)− f

h

)
= T (Df)

✭⇐=✮P❛r❛ ✈❡r ❡st❛ ✐♠♣❧✐❝❛❝✐ó♥✱ ✈❡❛♠♦s q✉❡ Ta = eaD✱ ♣✉❡s

Taf(z) = f(z + a) =
∑

n≥0

f (n)(z)

n!
an.

P♦r ♦tr♦ ❧❛❞♦✱

eaDf(z) = eaD(f)(z) =
∑

n≥0

anDn(f)

n!
(z) =

∑

n≥0

f (n)(z)

n!
an.

❉❡ ❡st❛ ❢♦r♠❛ ❝♦♥❝❧✉✐♠♦s

T (Taf) = T ◦ eaDf = T

(
∑

n≥0

anDn(f)

n!

)

=
∑

n≥0

anDn(Tf)

n!
= eaD(Tf) = Ta(Tf).

◆♦t❛✿ ❧♦s ♦♣❡r❛❞♦r❡s ❞❡ tr❛s❧❛❝✐ó♥ s♦♥ ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞❡ ♦♣❡r❛❞♦r❡s ❞❡ ❝♦♠♣♦s✐✲
❝✐ó♥✳ ❈♦♥s✐❞❡r❛♠♦s ❡❧ ❛✉t♦♠♦r✜s♠♦ ❞❡ C✱ τa(z) = z + a✳ ❊❧ r❡s♣❡❝t✐✈♦ ♦♣❡r❛❞♦r ❞❡
❝♦♠♣♦s✐❝✐ó♥ ❡s Cτa(f) = f ◦ τa ❛❝t✉❛♥❞♦ ❡♥ H(C)✳ ❙❡ t✐❡♥❡ q✉❡ Ta = Cτa ✳

✷✳✷✳ ❊❧ ❊s♣❛❝✐♦ ❞❡ ❍❛r❞②

❘❡❝♦r❞❡♠♦s q✉❡ t♦❞❛ ❢✉♥❝✐ó♥ ❤♦❧♦♠♦r❢❛ ❡♥ ❡❧ ❞✐s❝♦ ❡s ❞❡s❛rr♦❧❧❛❜❧❡ ❡♥ s❡r✐❡✱ ② ❧❛
❝♦♥✈❡r❣❡♥❝✐❛ ❡s ✉♥✐❢♦r♠❡ s♦❜r❡ ❝♦♠♣❛❝t♦s ❞❡ D✳ ❙✐ f ∈ H(D)✱ ♥♦t❛♠♦s f̂(n) = f (n)(0)

n!

❛❧ n✲és✐♠♦ ❝♦❡✜❝✐❡♥t❡ ❞❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ f ② t❡♥❡♠♦s q✉❡

f(z) =
∑

n∈N0

f̂(n)zn, ∀z ∈ D.

❉❡✜♥✐♠♦s ❡❧ ❊s♣❛❝✐♦ ❞❡ ❍❛r❞② H2(D) ⊂ H(D)✱ ❝♦♠♦ s✐❣✉❡✿

H2(D) =
{
f ∈ H(D) :

∑

n∈N0

|f̂(n)|2 <∞
}
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❝♦♥ ❡❧ ♣r♦❞✉❝t♦ ✐♥t❡r♥♦ ❞❛❞♦ ♣♦r

〈f, g〉H2 =
∑

n≥0

f̂(n)ĝ(n)

② ❧❛ ♥♦r♠❛ ✐♥❞✉❝✐❞❛

‖f‖ =
( ∑

n∈N0

|f̂(n)|2
)1/2

.

❚❡♥❡♠♦s ✉♥ ✐s♦♠♦r✜s♠♦ ✐s♦♠étr✐❝♦ ❡♥tr❡ ❧♦s ❡s♣❛❝✐♦s ❞❡ ❍✐❧❜❡rt H2(D) ② ℓ2(N)✱

H2(D) −→ l2(N)

f −→
{
f̂(n)

}
n∈N0

.

❱❛r✐❛s ♣r♦♣✐❡❞❛❞❡s ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❍❛r❞② s❡ ❞❡❞✉❝❡♥ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥✳ ❊❧ s✐❣✉✐❡♥t❡ ❤❡❝❤♦
♠✉❡str❛ q✉❡ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ H2(D)✱ ♥♦ ❝r❡❝❡♥ ❞❡♠❛s✐❛❞♦ rá♣✐❞♦✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✷✳✶ ✭❊st✐♠❛❝✐ó♥ ❞❡ ❈r❡❝✐♠✐❡♥t♦✮✳

f ∈ H2(D) =⇒ |f(z)| ≤ ‖f‖√
1− |z|2

, ∀z ∈ D.

❉❡♠♦str❛❝✐ó♥✳ ❯s❛♠♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛rt③ ② ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ z ∈ D✿

|f(z)| ≤
∑

n≥0

|f̂(n)||z|n ≤
(∑

n≥0

|f̂(n)|2
)1/2

.
(∑

n≥0

|z|2n
)1/2

= ‖f‖.
( 1

1− |z|2
)1/2

=
‖f‖√
1− |z|2

.

❊st❛ ❞❡s✐❣✉❛❧❞❛❞ ♠✉❡str❛ q✉❡ ❧❛ t♦♣♦❧♦❣í❛ ❞❡ H2(D)✱ ❡s ❝♦❤❡r❡♥t❡ ❝♦♥ ❧❛ ❞❡ H(D)✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✷✳✷✳ ❙❡❛♥ fn, f ∈ H2(D) t❛❧❡s q✉❡ fn −→ f ❡♥ H2(D)✳ ❊♥t♦♥❝❡s✱
fn −→ f ✉♥✐❢♦r♠❡♠❡♥t❡ s♦❜r❡ ❝♦♠♣❛❝t♦s ❞❡ D✳ ❊s ❞❡❝✐r✱ H2(D) →֒ H(D) ❡s ❝♦♥t✐♥✉❛✳

❉❡♠♦str❛❝✐ó♥✳ P❛r❛ 0 < r < 1 ✜❥♦✱ |z| ≤ r✱ t❡♥❡♠♦s

|fn(z)− f(z)| ≤ ‖fn − f‖√
1− |z|2

≤ ‖fn − f‖√
1− r2

▲✉❡❣♦✱

sup
|z|≤r

|fn(z)− f(z)| ≤ ‖fn − f‖√
1− r2

−→
n→∞

0



✷✳✷✳ ❊▲ ❊❙P❆❈■❖ ❉❊ ❍❆❘❉❨ ✸✶

▲♦ q✉❡ s✐❣✉❡✱ ❡s ✉♥❛ ❞❡✜♥✐❝✐ó♥ ❛❧t❡r♥❛t✐✈❛ ❞❡ ❧❛ ♥♦r♠❛ ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❍❛r❞② ♠❡❞✐❛♥t❡
♣r♦♠❡❞✐♦s ❡♥ ❧♦s ❝ír❝✉❧♦s {|z| = r} ❝♦♥ r < 1✳ ❙❡❛ f(z) =

∑
n≥0 f̂(n)z

n ∈ H2(D)✳
❊s❝r✐❜✐♠♦s z = reiθ ② ✉s❛♠♦s q✉❡ ❧❛s ❢✉♥❝✐♦♥❡s {einθ}n≥0 s♦♥ ♦rt♦❣♦♥❛❧❡s ❡♥ L2[−π, π]✳

M2(f, r)
2 :=

1

2π

∫ π

−π
|f(reiθ)|2dθ =

∑

n≥0

|f̂(n)|2r2n

♣✉❡s✱
∑

n≥0

|f̂(n)|2r2n =
∑

n≥0

(|f̂(n)|rn)2 =
∑

n≥0

(|f̂(n)|rn)2〈einθ, einθ〉L2[−π,π]

=
〈∑

n≥0

f̂(n)rneinθ,
∑

m≥0

f̂(m)rmeimθ
〉
L2[−π,π]

=
1

2π

∫ π

−π

∣∣(∑

n≥0

f̂(n)rneinθ
)∣∣2dθ

=
1

2π

∫ π

−π
|f(reiθ)|2dθ.

❉❛❞❛ f ∈ H2(D) ✜❥❛✱ ❧❛ ❢ór♠✉❧❛ ❛♥t❡r✐♦r ♠✉❡str❛ q✉❡ M2(f, r) ❡s ❝r❡❝✐❡♥t❡ ❡♥ r ②
❛❝♦t❛❞❛✱

M2(f, r) =
(∑

n≥0

|f̂(n)|2r2n
)1/2

≤
(∑

n≥0

|f̂(n)|2
)1/2

= ‖f‖.

❘❡❝í♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❣❛♠♦s q✉❡

ĺım
rր1

M2(f, r) =M <∞

❡♥t♦♥❝❡s✱
N∑

n=0

|f̂(n)|2r2n ≤
∑

n≥0

|f̂(n)|2r2n =
(
M2(f, r)

)2
≤M2

❞❡ ❛q✉í✱ ❤❛❝❡♠♦s r ր 1 ② ♦❜t❡♥❡♠♦s q✉❡ t♦❞❛s ❧❛s s✉♠❛s ♣❛r❝✐❛❧❡s
∑N

n=0 |f̂(n)|2
❡stá♥ ❛❝♦t❛❞❛s✱ ② ❛sí f ∈ H2(D)✱ ‖f‖ ≤ M ✳ ❉❡ ❡st❛ ❢♦r♠❛✱ t❡♥❡♠♦s ❧❛ ❝♦♥str✉❝❝✐ó♥
❛❧t❡r♥❛t✐✈❛ ❞❡ H2(D) q✉❡ ❜✉s❝á❜❛♠♦s✳ ❘❡s✉♠✐♠♦s ❡♥ ❧❛ s✐❣✉✐❡♥t❡ ♣r♦♣♦s✐❝✐ó♥ ❧♦ q✉❡
❝♦♥❝❧✉✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡✳ ❙✐ f /∈ H2(D)✱ ❡s❝r✐❜✐♠♦s ‖f‖ = ∞✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✷✳✸✳ ❙❡❛ f ∈ H(D)✱ ❡♥t♦♥❝❡s

‖f‖2 = ĺım
rր1

(
M2(f, r)

)2
= ĺım

rր1

1

2π

∫ π

−π
|f(reiθ)|2dθ,

② ✈❛❧❡✱
f ∈ H2(D) ⇔M2(f, r) ❡s ❛❝♦t❛❞♦ ❡♥ 0 < r < 1.

❆sí ❝❛r❛❝t❡r✐③❛♠♦s

H2(D) =
{
f ∈ H(D) : sup

r<1
M2(f, r) <∞

}
.
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❊①✐st❡ ✉♥❛ t❡r❝❡r❛ ❢♦r♠❛ ❞❡ ✈❡r ❡❧ ❡s♣❛❝✐♦ H2(D)✿ ❝♦♠♦ s✉❜❡s♣❛❝✐♦ ❞❡ L2(T)✳ ❚❡♥❡♠♦s
q✉❡ H2(D) ❡s ✐s♦♠étr✐❝♦ ❛ H2(T) := {ϕ ∈ L2(T) : ϕ̂(n) = 0 ♣❛r❛ t♦❞♦ n < 0}✱ ❞♦♥❞❡
ϕ̂(n) ❞❡♥♦t❛ ❡❧ n✲❡s✐♠♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❋♦✉r✐❡r ❞❡ ϕ✳ ❉❛❞❛ f ∈ H2(D)✱ ❡❧ ❧í♠✐t❡ r❛❞✐❛❧

ĺım
rր1

f(reiθ) =: f̃(eiθ)

❡①✐st❡ ♣❛r❛ ❝❛s✐ t♦❞♦ θ✱ ② ❧❛ ❢✉♥❝✐ó♥ f̃ : T −→ C ♣❡rt❡♥❡❝❡ ❛ H2(T) ❝♦♥

‖f‖ = ‖f̃‖L2 .

❆❞❡♠ás✱

〈f, g〉H2 = 〈f̃ , g̃〉L2 =

∫

T

f̃ .g̃.

✷✳✸✳ ❖♣❡r❛❞♦r❡s ❞❡ ▼✉❧t✐♣❧✐❝❛❝✐ó♥

❊❧ ♣r✐♠❡r ❡❥❡♠♣❧♦ q✉❡ ❞❛♠♦s ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❍❛r❞② ❡s ❡❧ ❞❡ ❧♦s ♦♣❡r❛❞♦r❡s ❞❡ ♠✉❧t✐✲
♣❧✐❝❛❝✐ó♥✳ ❊st♦s s♦♥ ♦♣❡r❛❞♦r❡s ❞❡ ❧❛ ❢♦r♠❛

Mφ : H
2(D) −→ H2(D),

Mφ(f) = φf, ❝♦♥ φ ∈ H∞(D) ✜❥❛. ✭✷✳✶✮

❖❜s❡r✈❛❝✐ó♥ ✷✳✸✳✶✳ ❙✐ φ ∈ H∞(D) ❡s ❛♥❛❧ít✐❝❛ ② ❛❝♦t❛❞❛ ❡♥ D✱ ❡♥t♦♥❝❡s

M2(φ, r) =
( 1

2π

∫ π

−π
|φ(reiθ)|2dθ

)1/2
≤ ‖φ‖∞,

♣❛r❛ t♦❞♦ r ∈ (0, 1) ② ❛sí✱ φ ∈ H2(D) ② ‖φ‖∞ ≤ ‖φ‖✳

❉❡ ✐❣✉❛❧ ❢♦r♠❛✱ s❡ ♠✉❡str❛ q✉❡

M2(φf, r) =
( 1

2π

∫ π

−π
|φ(reiθ)|2|f(reiθ)|2dθ

)1/2
≤ ‖φ‖∞

( 1

2π

∫ π

−π
|f(reiθ)|2dθ

)1/2

= ‖φ‖∞M2(f, r) ≤ ‖φ‖∞‖f‖
P♦r ❧♦ t❛♥t♦✱ ❡❧ ♦♣❡r❛❞♦r ❞❡ ♠✉❧t✐♣❧✐❝❛❝✐ó♥ Mφ : H2(D) −→ H2(D)✱ ❞❡✜♥✐❞♦ ❡♥ ✭✷✳✶✮
❡s ❝♦♥t✐♥✉♦ ② ✈❡r✐✜❝❛

ı́nf
D

{|φ|}‖f‖ ≤ ‖Mφ(f)‖ ≤ sup
D

{|φ|}‖f‖. ✭✷✳✷✮

❘❡❝♦r❞❡♠♦s q✉❡ fn −→ f ❡♥ H2(D)✱ ✐♠♣❧✐❝❛ q✉❡ fn −→ f ✉♥✐❢♦r♠❡♠❡♥t❡ s♦❜r❡
❝♦♠♣❛❝t♦s ❞❡ D✱ ♣♦r Pr♦♣♦s✐❝✐ó♥ ✷✳✷✳✷✳ ❊♥ ♣❛rt✐❝✉❧❛r ♣❛r❛ z ∈ D ✜❥♦✱ ❧❛ ❛♣❧✐❝❛❝✐ó♥
evz : H2(D) −→ C✱ evz(f) = f(z) ❡s ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛❧ ② ❝♦♥t✐♥✉❛✳ P♦r ❡❧ t❡♦r❡♠❛
❞❡ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ❘✐❡s③✱ ❡①✐st❡ kz ∈ H2(D) t❛❧ q✉❡

evz(f) = f(z) = 〈f, kz〉H2 . ✭✷✳✸✮

❊❧ ❡❧❡♠❡♥t♦ kz s❡ ❧❧❛♠❛ ❡❧ ♥ú❝❧❡♦ r❡♣r♦❞✉❝t♦r ❞❡ z✳
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❖❜s❡r✈❛❝✐ó♥ ✷✳✸✳✷✳ P♦❞❡♠♦s ❡st✐♠❛r ‖evz‖✱ ♠❡❞✐❛♥t❡ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✷✳✷✳✶✿

|f(z)| ≤ 1√
1− |z|2

‖f‖H2 .

❉❡ ❡st❛ ❢♦r♠❛✱ t❡♥❡♠♦s q✉❡

‖evz‖ ≤ 1√
1− |z|2

.

❊♥ ❡st❡ ❝❛s♦✱ ❡❧ ♥ú❝❧❡♦ r❡♣r♦❞✉❝t♦r kz ❡stá ❞❛❞♦ ♣♦r ❧❛ ❢ór♠✉❧❛ ❡①♣❧í❝✐t❛

kz(w) =
1

1− zw
♣✉❡s✱

〈kz, wn〉 = 〈wn, kz〉 = evz(wn) = zn, ∀n ∈ N.

▲✉❡❣♦✱ ❛❧ s❡r {wn}n∈N ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ H2(D)✱ r❡s✉❧t❛

kz(w) =
∑

n≥0

znwn =
1

1− zw
.

▲❛ ❡①♣r❡s✐ó♥ ✭✷✳✸✮ ❡s✱ ❡♥t♦♥❝❡s✱ ✉♥❛ r❡❢♦r♠✉❧❛❝✐ó♥ ❞❡ ❧❛ ❢ór♠✉❧❛ ✐♥t❡❣r❛❧ ❞❡ ❈❛✉❝❤②✿

f(z) = 〈f, kz〉H2 = 〈f̃ , k̃z〉L2 =

∫ 1

0

f(e2πit).
( 1

1− ze2πit

)
dt

=

∫ 1

0

f(e2πit)

1− e−2πitz
dt =

∫ 1

0

f(e2πit)

e2πit − z
.e2πitdt =

1

2πi

∫

T

f(w)

w − z
dw.

❖❜s❡r✈❛❝✐ó♥ ✷✳✸✳✸✳ ▲❛ ❛♣❧✐❝❛❝✐ó♥ evz : H2(D) −→ C ❡s s♦❜r❡②❡❝t✐✈❛ ② ❝♦♥t✐♥✉❛✳ ❙✐
Orb(f,Mφ) ❢✉❡r❛ ❞❡♥s♦ ❡♥ H2(D)✱ ❡♥t♦♥❝❡s evz

(
Orb(f,Mφ)

)
s❡rí❛ ❞❡♥s♦ ❡♥ C✳ P❡r♦

evz(Mφ(f)) =Mφ(f)(z) = f(z)φ(z),

② ❡♥t♦♥❝❡s✱
evz(M

n
φ (f)) =Mn

φ (f)(z) = f(z)(φ(z))n.

❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱
evz
(
Orb(f,Mφ)

)
=
{
(φ(z))nf(z) : n ∈ N0

}

♥✉♥❝❛ ❡s ❞❡♥s♦ ❡♥ C✳ P♦r ❧♦ t❛♥t♦✱ Mφ ♥✉♥❝❛ ❡s ❤✐♣❡r❝í❝❧✐❝♦✳

❙✐♥ ❡♠❜❛r❣♦✱ ❛❧❣♦ ♠ás s❡ ♣✉❡❞❡ ❞❡❝✐r ❞❡ ❧♦s ♦♣❡r❛❞♦r❡s ❞❡ ♠✉❧t✐♣❧✐❝❛❝✐ó♥✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✸✳✹✳ ❙❡❛M∗
φ : H2(D) −→ H2(D) ❡❧ ♦♣❡r❛❞♦r ❛❞❥✉♥t♦ ❞❡Mφ✳ ❊♥t♦♥❝❡s

〈f,M∗
φ(kz)〉H2 = 〈φf, kz〉H2 = φ(z)f(z) = φ(z)〈f, kz〉H2

= 〈f, φ(z)kz〉H2 , ∀f ∈ H2(D).

❊st♦ ❞✐❝❡ q✉❡ M∗
φ(kz) = φ(z)kz✱ ❡s ❞❡❝✐r✱ φ(z) ❡s ❛✉t♦✈❛❧♦r ❞❡ M∗

φ ♣❛r❛ t♦❞♦ z ∈ D✳
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◆♦t❡♠♦s q✉❡ ✉s❛♥❞♦ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✶✳✷✳✸✱ ♥✉❡✈❛♠❡♥t❡ ♦❜t❡♥❡♠♦s q✉❡ Mφ ♥♦ ❡s ❤✐♣❡r✲
❝í❝❧✐❝♦ ♣✉❡s σp(M∗

φ) 6= ∅✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✸✳✺✳ ❙❡❛ φ ∈ H2(D)✳ ❊♥t♦♥❝❡s✱

M∗
φ ❡s ❤✐♣❡r❝í❝❧✐❝♦ s✐ ② s♦❧♦ s✐ φ ♥♦ ❡s ❝♦♥st❛♥t❡ ② φ(D) ∩ (∂D) 6= ∅.

❉❡♠♦str❛❝✐ó♥✳ ✭⇐=✮ ❙❡❛♥ U = φ−1(B(0, 1)) = {z ∈ D : |φ(z)| < 1} ② V = φ−1
(
{w :

|w| > 1}
)
= {z ∈ D : |φ(z)| > 1}✱ q✉❡ ♣♦r ❡❧ t❡♦r❡♠❛ ❞❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❛❜✐❡rt❛ ♣❛r❛

❢✉♥❝✐♦♥❡s ❛♥❛❧ít✐❝❛s✱ s♦♥ ❛❜✐❡rt♦s ♥♦ ✈❛❝í♦s✳ ❯s❛♠♦s ❡❧ ❚❡♦r❡♠❛ ✶✳✸✳✶✵✳ P❛r❛ ❡st♦✱ ❜❛st❛
✈❡r q✉❡✱

〈 ⋃

z∈U
Ker

(
M∗

φ − φ(z)
)〉

gen

= 〈kz; z ∈ U〉gen

〈 ⋃

z∈V
Ker

(
M∗

φ − φ(z)
)〉

gen

= 〈kz; z ∈ V 〉gen

s♦♥ ❞❡♥s♦s ❡♥ H2(D)✳ ❱❡á♠♦s❧♦ ♣❛r❛ U ✳ ❙❡❛ f ∈ H2(D) ♦rt♦❣♦♥❛❧ ❛ kz✱ ∀z ∈ U ✳ P♦r
✭✷✳✸✮ t❡♥❡♠♦s q✉❡ f(z) = 0✱ ∀z ∈ U ✱ ❧♦ q✉❡ ✐♠♣❧✐❝❛ f ≡ 0 ♣♦r ❡❧ ♣r✐♥❝✐♣✐♦ ❞❡ ✐❞❡♥t✐❞❛❞
❞❡ ❢✉♥❝✐♦♥❡s ❤♦❧♦♠♦r❢❛s✳ ❉❡❧ ♠✐s♠♦ ♠♦❞♦ s❡ ♣r✉❡❜❛ ♣❛r❛ ❡❧ ❛❜✐❡rt♦ V ✳ ▲✉❡❣♦✱ M∗

φ ❡s
❤✐♣❡r❝í❝❧✐❝♦✳
✭=⇒✮ ❙✉♣♦♥❣❛♠♦s q✉❡M∗

φ ❡s ❤✐♣❡r❝í❝❧✐❝♦✳ ❊♥t♦♥❝❡s ‖Mφ‖ = ‖M∗
φ‖ > 1 ②✱ ❛sí ♣♦r ✭✷✳✷✮✱

1 < ‖Mφ‖ ≤ ‖φ‖∞✳ ❊s ♠ás✱ ı́nfD |φ(z)| < 1✳ ❙✐ ♥♦ ❧♦ ❢✉❡r❛✱ t❡♥❡♠♦s q✉❡ 1/φ ∈ H∞(D)✳
❉❡ ❛q✉í ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ M∗

1/φ ♥♦ ❡s ❤✐♣❡r❝í❝❧✐❝♦✱ ♣✉❡s ‖M∗
1/φ‖ = ‖M1/φ‖ =

supD | 1
φ(z)

| ≤ 1✳ ❈♦♠♦ M∗
1/φ = (M∗

φ)
−1✱ ♣♦r ❡❧ ❈♦r♦❧❛r✐♦ ✶✳✸✳✸ ♦❜t❡♥❡♠♦s q✉❡ M∗

φ ♥♦ ❡s
❤✐♣❡r❝í❝❧✐❝♦✱ q✉❡ ❝♦♥tr❛❞✐❝❡ ❧❛ ❤✐♣ót❡s✐s✳ ▲✉❡❣♦✱

ı́nf
D

|φ(z)| < 1 < sup
D

|φ(z)|.

❉❡ ❛q✉í ♦❜t❡♥❡♠♦s q✉❡ φ ♥♦ ❡s ❝♦♥st❛♥t❡ ②✱ ❝♦♠♦ {|φ(D)|} ⊂ R≥0 ❡s ❝♦♥❡①♦✱ s❡ t✐❡♥❡
q✉❡ φ(D) ∩ (∂D) 6= ∅✳

✷✳✹✳ ❖♣❡r❛❞♦r❡s ❞❡ ❈♦♠♣♦s✐❝✐ó♥

❉❛❞❛ φ : D → D✱ ♥♦s ✐♥t❡r❡s❛ ❡st✉❞✐❛r ♦♣❡r❛❞♦r❡s ❞❡❧ t✐♣♦ Cφ : H2(D) −→ H2(D)
❞❛❞♦s ♣♦r Cφ(f) = f ◦ φ✳ ▲❛ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ❞❡❧ ♦♣❡r❛❞♦r Cφ ❞❡♣❡♥❞❡ ❞✐r❡❝t❛♠❡♥t❡
❞❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛ ❢✉♥❝✐ó♥ φ✳ P❛rt✐❝✉❧❛r♠❡♥t❡✱ ❡st✉❞✐❛r❡♠♦s ❡♥ ♣r♦❢✉♥❞✐❞❛❞ ❧♦s
♦♣❡r❛❞♦r❡s ❞❡ ❝♦♠♣♦s✐❝✐ó♥ ❝✉❛♥❞♦ φ ❡s ✉♥❛ ❤♦♠♦❣r❛❢í❛ ❞❡❧ ♣❧❛♥♦ ❝♦♠♣❧❡❥♦ q✉❡ ❝✉♠♣❧❡
φ(D) ⊂ D✳ ❈♦♠❡♥③❛♠♦s ❝♦♥ ✉♥❛ ✐♥tr♦❞✉❝❝✐ó♥ s♦❜r❡ ❤♦♠♦❣r❛❢í❛s ❡♥ C✳ ▲♦s r❡s✉❧t❛❞♦s
❞❡ ❧❛ s✉❜s❡❝❝✐ó♥ q✉❡ s✐❣✉❡ ♣✉❡❞❡♥ ❡♥❝♦♥tr❛rs❡ ❝♦♥ ♠❛②♦r ❞❡t❛❧❧❡ ❡♥ ❧♦s ❧✐❜r♦s ❬✶✸❪ ♦
❬✸✶❪✳
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✷✳✹✳✶✳ ❍♦♠♦❣r❛❢í❛s

❉❡✜♥✐❝✐ó♥ ✷✳✹✳✶✳ ❯♥❛ ❤♦♠♦❣r❛❢í❛ ❡s ✉♥❛ ❢✉♥❝✐ó♥ φ : Ĉ → Ĉ✱

φ(z) =
az + b

cz + d
,

❝♦♥ a, b, c, d ∈ C ② ad−bc 6= 0✳ ◆♦t❛♠♦s LFT (Ĉ) ❛❧ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❧❛s ❤♦♠♦❣r❛❢í❛s✳

P❡♥s❛♠♦s ❛ ❧❛s ❤♦♠♦❣r❛❢í❛s ❝♦♠♦ ❛✉t♦♠♦r✜s♠♦s ❞❡ ❧❛ ❡s❢❡r❛ ❞❡ ❘✐❡♠❛♥♥ Ĉ✳ ❘❡❝♦r✲
❞❡♠♦s q✉❡ LFT (Ĉ) ❡s ✉♥ ❣r✉♣♦ ❜❛❥♦ ❧❛ ❝♦♠♣♦s✐❝✐ó♥✳ ❈❛❞❛ ❤♦♠♦❣r❛❢í❛ ♠❛♥❞❛ ❝✐r❝✉♥✲
❢❡r❡♥❝✐❛s ❞❡ ❧❛ ❡s❢❡r❛ ❞❡ ❘✐❡♠❛♥♥ ❡♥ ❝✐r❝✉♥❢❡r❡♥❝✐❛s ❞❡ ❧❛ ❡s❢❡r❛ ✲❝✐r❝✉♥❢❡r❡♥❝✐❛s ❡♥ ❧❛
❡s❢❡r❛ ❞❡ ❘✐❡♠❛♥♥ s♦♥✱ ✈í❛ ❧❛ ♣r♦②❡❝❝✐ó♥ ❡st❡r❡♦❣rá✜❝❛✱ ❝✐r❝✉♥❢❡r❡♥❝✐❛s ♦ r❡❝t❛s ❡♥ ❡❧
♣❧❛♥♦ ❝♦♠♣❧❡❥♦✲✳ ❉❛❞♦s ❞♦s ❝ír❝✉❧♦s ❞❡ ❧❛ ❡s❢❡r❛ ❡①✐st❡ ✉♥❛ ❤♦♠♦❣r❛❢í❛ q✉❡ ❛♣❧✐❝❛ ✉♥♦
❡♥ ❧❛ ♦tr♦✳ ▲♦ ♠✐s♠♦ ❡s ❝✐❡rt♦ ❡♥ t❡r♥❛s ❞❡ ♣✉♥t♦s ❞❡ ❧❛ ❡s❢❡r❛✱ ❞❛❞♦s ❞♦s ♣❛r❡s ❞❡
t❡r♥❛s ❞❡ ♣✉♥t♦s ❞❡ ❧❛ ❡s❢❡r❛ ❡①✐st❡ ✉♥❛ ú♥✐❝❛ ❤♦♠♦❣r❛❢í❛ q✉❡ ♠❛♥❞❛ ✉♥❛ t❡r♥❛ ❡♥ ❧❛
♦tr❛✳ ▲❛s ❤♦♠♦❣r❛❢í❛s ♣r❡s❡r✈❛♥ r❛③ó♥ ❞♦❜❧❡ ② á♥❣✉❧♦s✳ ❈❛❞❛ ♠❛tr✐③ ❝♦♠♣❧❡❥❛ ❞❡ ✷①✷
✐♥✈❡rs✐❜❧❡ ❞❛ ❧✉❣❛r ❛ ✉♥❛ ❤♦♠♦❣r❛❢í❛✱

A =

(
a b
c d

)
7→ φA(z) =

az + b

cz + d
.

❊st❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❡s ❝♦♥✈❡♥✐❡♥t❡ ❛❧ tr❛❜❛❥❛r ❝♦♥ ❤♦♠♦❣r❛❢í❛s ♣♦rq✉❡ ♠❛♥t✐❡♥❡ ❧❛s
♦♣❡r❛❝✐♦♥❡s ❞❡❧ ❣r✉♣♦✱

φA ◦ φB = φAB,

(φA)
−1 = φA−1 .

❉❡❜❡♠♦s t❡♥❡r ❡♥ ❝✉❡♥t❛ q✉❡ φA = φλA✱ ♣❛r❛ t♦❞♦ λ ∈ C✱ ♥♦ ♥✉❧♦✳ P♦r ❡st❛ r❛③ó♥✱
tr❛❜❛❥❛r❡♠♦s ❝♦♥ ♠❛tr✐❝❡s ♥♦r♠❛❧✐③❛❞❛s✱ ❝♦♥ ❞❡t❡r♠✐♥❛♥t❡ ✶✳

❉❡✜♥✐❝✐ó♥ ✷✳✹✳✷✳ ❙✐ ad− bc = 1✱ ❞❡❝✐♠♦s q✉❡ φ ❡stá ❡♥ ❢♦r♠❛ ❡stá♥❞❛r✳

❊st♦ tr❛❡ ✉♥ ♣❡q✉❡ñ♦ ✐♥❝♦♥✈❡♥✐❡♥t❡ ②❛ q✉❡ ♣❛r❛ ❝❛❞❛ ❤♦♠♦❣r❛❢í❛ ❤❛② ❞♦s ♠❛tr✐❝❡s q✉❡
❞❛♥ s✉ ❢♦r♠❛ ❡stá♥❞❛r✳ ❙✐ det(A) = 1 ❡♥t♦♥❝❡s A ② −A r❡♣r❡s❡♥t❛♥ ❧❛ ♠✐s♠❛ ❤♦♠♦✲
❣r❛❢í❛ ② ❡stá♥ ❡♥ ❢♦r♠❛ ❡stá♥❞❛r✳ P♦❞rí❛♠♦s ❛❣r❡❣❛r ♠ás ❝♦♥❞✐❝✐♦♥❡s ❛ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡
❢♦r♠❛ ❡stá♥❞❛r✱ ♣❡r♦ ♣❛r❛ s♦❧✉❝✐♦♥❛r ❡st❡ ♣r♦❜❧❡♠❛ t❡♥❞r❡♠♦s ❡♥ ❝✉❡♥t❛ ❡st❡ ♣♦t❡♥❝✐❛❧
±✱ ❝✉❛♥❞♦ s❡❛ ♥❡❝❡s❛r✐♦✳

❉❡✜♥✐❝✐ó♥ ✷✳✹✳✸✳ ❉❡❝✐♠♦s q✉❡ ❧❛s ❤♦♠♦❣r❛❢í❛s φ✱ ψ s♦♥ ❝♦♥❥✉❣❛❞❛s s✐ ❡①✐st❡ τ ∈
LFC(Ĉ) t❛❧ q✉❡ φ = τ ◦ ψ ◦ τ−1✳

P✉♥t♦s ❋✐❥♦s

Pr♦♣♦s✐❝✐ó♥ ✷✳✹✳✹✳ ❚♦❞❛ ❤♦♠♦❣r❛❢í❛ ❞✐st✐♥t❛ ❛ ❧❛ ✐❞❡♥t✐❞❛❞ t✐❡♥❡ ❛ ❧♦ s✉♠♦ ❞♦s ♣✉♥t♦s
✜❥♦s✳
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❊st❡ ❤❡❝❤♦✱ ❞❡♣❡♥❞❡ ❞✐r❡❝t❛♠❡♥t❡ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❞❡ ✉♥❛ ❡❝✉❛❝✐ó♥ ❝✉❛❞rát✐❝❛ ❡♥ ❧♦s
❝♦❡✜❝✐❡♥t❡s ❞❡ ❧❛ ❤♦♠♦❣r❛❢í❛✳ ❯♥❛ ❤♦♠♦❣r❛❢í❛ az+b

cz+d
✜❥❛ ∞ s✐ ② s♦❧♦ s✐ c = 0❀ ② ∞ ❡s

❡❧ ú♥✐❝♦ ♣✉♥t♦ ✜❥♦ s✐ ② só❧♦ s✐ a = d✳ ❊♥ ♦tr♦ ❝❛s♦✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❞✐r❡❝t❛♠❡♥t❡ ❧♦s
♣✉♥t♦s ✜❥♦s✳ ❊st♦s s♦♥✿

α, β =
(a− d)±

[
(a− d)2 + 4bc

]1/2

2c
.

❉❡✜♥✐❝✐ó♥ ✷✳✹✳✺✳ ❉❡❝✐♠♦s q✉❡ α ❡s ✉♥ ♣✉♥t♦ ✜❥♦ ❛tr❛❝t✐✈♦ ❞❡ φ✱ s✐ ♣❛r❛ t♦❞♦ ♣✉♥t♦ z
❞❡ ❛❧❣ú♥ ❡♥t♦r♥♦ ❞❡ α ❧❛ s✉❝❡s✐ó♥ ❞❡ ✐t❡r❛❝✐♦♥❡s {φn(z)} ❝♦♥✈❡r❣❡ ❛ α✳ P♦r ❡❧ ❝♦♥tr❛r✐♦✱
❞❡❝✐♠♦s q✉❡ α ❡s r❡♣✉❧s✐✈♦ s✐ ❧❛ s✉❝❡s✐ó♥ ❞❡ ✐t❡r❛❝✐♦♥❡s {φn(z)} s❡ ♠❛♥t✐❡♥❡ ❛❧❡❥❛❞❛ ❞❡❧
♣✉♥t♦ ✜❥♦ ♣❛r❛ t♦❞♦ ♣✉♥t♦ ❞❡ ❛❧❣ú♥ ❡♥t♦r♥♦ ❞❡ α✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✹✳✻✳ ❙❡❛ φ ❞❡ ❝❧❛s❡ C1 ❡♥ ✉♥ ❡♥t♦r♥♦ ❞❡❧ ♣✉♥t♦ ✜❥♦ α✳ ❙✐ |φ′(α)| < 1✱
❡♥t♦♥❝❡s α ❡s ❛tr❛❝t✐✈♦✳ ❙✐ |φ′(α)| > 1✱ ❡♥t♦♥❝❡s α ❡s r❡♣✉❧s✐✈♦✳

❚r❛③❛

❉❡✜♥✐❝✐ó♥ ✷✳✹✳✼✳ P❛r❛ φ ❡♥ ❢♦r♠❛ ❡stá♥❞❛r✱ ❞❡✜♥✐♠♦s ❧❛ tr❛③❛ ❞❡ φ ❝♦♠♦

tr(φ) = ± (a+ d) ,

❞♦♥❞❡ ❧❛ ❛♠❜✐❣ü❡❞❛❞ ❞❡❧ s✐❣♥♦ ✈✐❡♥❡ ❞❛❞♦ ♣♦r ❧❛s ❞♦s ♣♦s✐❜✐❧✐❞❛❞❡s ♣❛r❛ ❧❛ ❢♦r♠❛
❡stá♥❞❛r✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✹✳✽✳ ▲❛ ❤♦♠♦❣r❛❢í❛ φ t✐❡♥❡ ❛ ∞ ❝♦♠♦ ú♥✐❝♦ ♣✉♥t♦ ✜❥♦ s✐ ② só❧♦ s✐
φ(z) = z + b✱ ❡♥ ❝✉②♦ ❝❛s♦ |tr(φ)| = 2✳ ❙✐ ♥♦ t✐❡♥❡ ❛ ∞ ❝♦♠♦ ♣✉♥t♦ ✜❥♦✱ ♣♦❞❡♠♦s
❡①♣r❡s❛r ❧❛ ❢ór♠✉❧❛ ❞❡ ❧♦s ♣✉♥t♦s ✜❥♦s ✉s❛♥❞♦ ❧❛ tr❛③❛✱

α, β =
(a− d)± [tr(φ)2 − 4]

1/2

2c
.

❊st❛ ❡❝✉❛❝✐ó♥✱ ❥✉♥t♦ ❛ ❧♦ q✉❡ ♦❜s❡r✈❛♠♦s r❡❝✐é♥ ♥♦s ♣❡r♠✐t❡ ❝♦♥❝❧✉✐r ❧♦ s✐❣✉✐❡♥t❡✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✹✳✾✳ φ ∈ LFT (Ĉ) t✐❡♥❡ ✉♥ ú♥✐❝♦ ♣✉♥t♦ ✜❥♦ ❡♥ Ĉ s✐ ② s♦❧♦ s✐ |tr(φ)| = 2✳

❉❡r✐✈❛❞❛s ❡♥ ❧♦s ♣✉♥t♦s ✜❥♦s ❙✐ φ ❡stá ❡♥ ❢♦r♠❛ ❡stá♥❞❛r✱ ❡♥t♦♥❝❡s

φ′(z) =
ad− bc

(cz + d)2
=

1

(cz + d)2
.

❯s❛♥❞♦ ❧❛ ❡①♣r❡s✐ó♥ ❛♥t❡r✐♦r ♣❛r❛ ❧♦s ♣✉♥t♦s ✜❥♦s α, β✱ ❝❛❧❝✉❧❛♠♦s

φ′(α), φ′(β) = 4
[
tr(φ)±

[
tr(φ)2 − 4

]1/2]−2

.

❉❡ ❛❝á✱ s❡ ❞❡❞✉❝❡ q✉❡

φ′(α) =
1

φ′(β)
② φ′(α) + φ′(β) = tr(φ)2 − 2.

❊♥ ❝❛s♦ ❞❡ q✉❡ φ t❡♥❣❛ ❞♦s ♣✉♥t♦s ✜❥♦s✱ ✉♥♦ ❞❡ ❡❧❧♦s∞✱ ❞❡❜❡ s❡r ❞❡ ❧❛ ❢♦r♠❛ φ(z) = az+
b✱ ❡♥ ❞♦♥❞❡ ❞❡✜♥✐♠♦s φ′(∞) = 1/a✳ ❘❡s✉♠✐♠♦s ❧♦ ❛♥t❡r✐♦r ❡♥ ❧❛ s✐❣✉✐❡♥t❡ ♣r♦♣♦s✐❝✐ó♥✳
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Pr♦♣♦s✐❝✐ó♥ ✷✳✹✳✶✵✳ ❙❡❛ φ ∈ LFT (Ĉ)✳ ❙♦♥ ❡q✉✐✈❛❧❡♥t❡s✿

|tr(φ)| = 2

φ′ = 1 ❡♥ ✉♥ ♣✉♥t♦ ✜❥♦ ❞❡ φ

φ t✐❡♥❡ ✉♥ ú♥✐❝♦ ♣✉♥t♦ ✜❥♦ ❡♥ Ĉ

❈❧❛s✐✜❝❛❝✐ó♥ ❞❡ ❍♦♠♦❣r❛❢í❛s ❉❡❝✐♠♦s q✉❡ φ ∈ LFT (Ĉ) ❡s ♣❛r❛❜ó❧✐❝❛ s✐ t✐❡♥❡
✉♥ ú♥✐❝♦ ♣✉♥t♦ ✜❥♦ ❡♥ Ĉ✳ ❙✉♣♦♥❣❛♠♦s q✉❡ α ∈ C ❡s ❡❧ ♣✉♥t♦ ✜❥♦✱ s❡❛ τ ∈ LFT (Ĉ)✱
τ(z) = 1

z−α ✳ ❊♥t♦♥❝❡s Φ = τ ◦ φ ◦ τ−1 ∈ LFT (Ĉ)✱ ✜❥❛ s♦❧❛♠❡♥t❡ ❛ ∞✳ P♦r ❧♦ t❛♥t♦✱
Φ(z) = z + δ ♣❛r❛ δ 6= 0✳ ❉❡❝✐♠♦s q✉❡ Φ ❡s ✉♥❛ ❝♦♥❥✉❣❛❞❛ ♥♦r♠❛❧ ❛ φ✳ ❆sí✱ ❝✉❛❧q✉✐❡r
❤♦♠♦❣r❛❢í❛ ♣❛r❛❜ó❧✐❝❛ ❡s ❝♦♥❥✉❣❛❞❛ ❛ ✉♥❛ tr❛s❧❛❝✐ó♥✳
❙✐ φ ♥♦ ❡s ♣❛r❛❜ó❧✐❝❛✱ t✐❡♥❡ ❞♦s ♣✉♥t♦s ✜❥♦s α, β ∈ Ĉ✳ ❙❡❛ τ ∈ LFT (Ĉ) q✉❡ ♠❛♥❞❛
α ❛ ✵ ② β ❛ ∞✳ ❊♥t♦♥❝❡s Φ = τ ◦ φ ◦ τ−1 ∈ LFT (Ĉ)✱ ✜❥❛ ❛ ✵ ② ❛ ∞✳ P♦r ❧♦ t❛♥t♦✱
Φ(z) = λz✱ ♣❛r❛ λ 6= 1✱ λ ∈ C✳ ❉❡❝✐♠♦s q✉❡ Φ ❡s ✉♥❛ ❝♦♥❥✉❣❛❞❛ ♥♦r♠❛❧ ❛ φ ② q✉❡ λ ❡s
❡❧ ♠✉❧t✐♣❧✐❝❛❞♦r ❞❡ Φ✳ ❉❡ ❛q✉í✱

φ(z) = τ−1 (λτ(z)) , z ∈ C.

▲✉❡❣♦✱

φ′(α) = λ ② φ′(β) =
1

λ
.

❉❡✜♥✐❝✐ó♥ ✷✳✹✳✶✶✳ ❙❡❛ φ ∈ LFT (Ĉ)✱ φ 6= Id
Ĉ
♥♦ ♣❛r❛❜ó❧✐❝❛✳ ❙❡❛ λ 6= 1 ❡❧ ♠✉❧t✐♣❧✐✲

❝❛❞♦r ❞❡ φ✳ ❉❡❝✐♠♦s q✉❡ φ ❡s✿

· ❊❧í♣t✐❝❛ s✐ |λ| = 1✱

· ❍✐♣❡r❜ó❧✐❝❛ s✐ λ ∈ R, λ > 0✱

· ▲♦①♦❞ró♠✐❝❛✱ ❡♥ ♦tr♦ ❝❛s♦✳

❈❧❛s✐✜❝❛♠♦s ❛sí LFT (Ĉ)− {Id}✿

· ❍♦♠♦❣r❛❢í❛s ♣❛r❛❜ó❧✐❝❛s ✭❝♦♥❥✉❣❛❞❛s ❛ tr❛s❧❛❝✐♦♥❡s✮✱

· ❊❧í♣t✐❝❛s ✭❝♦♥❥✉❣❛❞❛s ❛ r♦t❛❝✐♦♥❡s✮✱

· ❍✐♣❡r❜ó❧✐❝❛s ✭❝♦♥❥✉❣❛❞❛s ❛ ❞✐❧❛t❛❝✐♦♥❡s ♣♦s✐t✐✈❛s✮✱

· ▲♦①♦❞ró♠✐❝❛s ✭❝♦♥❥✉❣❛❞❛s ❛ ❞✐❧❛t❛❝✐♦♥❡s ❝♦♠♣❧❡❥❛s✮✳

❆❧ s❡r✱ λ+ 1
λ
= tr(φ)2 − 2✱ ♣♦❞❡♠♦s ❝❧❛s✐✜❝❛r ❧❛s ❤♦♠♦❣r❛❢í❛s ♣♦r s✉ tr❛③❛✳

❙❡❛ φ ✉♥❛ ❤♦♠♦❣r❛❢í❛ ♥♦ ❧♦①♦❞ró♠✐❝❛✱ ❡♥t♦♥❝❡s φ ❡s✿

· ♣❛r❛❜ó❧✐❝❛ ⇐⇒ |tr(φ)| = 2✱

· ❡❧í♣t✐❝❛ ⇐⇒ |tr(φ)| < 2✱
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· ❤✐♣❡r❜ó❧✐❝❛ ⇐⇒ |tr(φ)| > 2✳

◆♦s ✐♥t❡r❡s❛ ❡st✉❞✐❛r ❤♦♠♦❣r❛❢í❛s q✉❡ ❝✉♠♣❧❛♥ φ(D) ⊂ D✱ ❡s ❞❡❝✐r✱ ❡❧ s✉❜❣r✉♣♦ ❞❡
LFT (Ĉ) ❞❡ ❤♦♠♦❣r❛❢í❛s q✉❡ ✜❥❛♥ ❡❧ ❞✐s❝♦✳ ◆♦t❛♠♦s LFT (D) ❛❧ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❧❛s
❤♦♠♦❣r❛❢í❛s q✉❡ ❝✉♠♣❧❡♥ φ(D) ⊂ D✳ ❍❛r❡♠♦s ❤✐♥❝❛♣✐é ❡♥ ❧❛s ❤♦♠♦❣r❛❢í❛s ♣❛r❛❜ó❧✐❝❛s
❡ ❤✐♣❡r❜ó❧✐❝❛s✳
❙✉♣♦♥❣❛♠♦s q✉❡ φ ❡s ♣❛r❛❜ó❧✐❝❛ ② ✉♥❛ ❝♦♥❥✉❣❛❞❛ ♥♦r♠❛❧ ❡s Φ = τ ◦φ◦τ−1 ∈ LFT (Ĉ)✱
Φ(z) = z+ δ✳ ❊❧ ú♥✐❝♦ ♣✉♥t♦ ✜❥♦ ❞❡ Φ ❡s ∞✱ ② ❡s ❛tr❛❝t✐✈♦ ♣✉❡s Φn(z) = z+nδ −→ ∞
s✐ n → ∞✱ ♣❛r❛ t♦❞♦ z ∈ C✳ ▲✉❡❣♦✱ s✐ ❧❧❛♠❛♠♦s α ❛❧ ♣✉♥t♦ ✜❥♦ ❞❡ φ✱ t❡♥❡♠♦s q✉❡
φn(z) = τ−1(Φn(τ(z))) −→ τ−1(∞) = α✱ ♦ s❡❛ α ❡s ❛tr❛❝t✐✈♦ ♣❛r❛ φ✳ ❙✐ ❛❞❡♠ás
s✉♣♦♥❡♠♦s q✉❡ φ ∈ LFT (D)✱ t❡♥❡♠♦s q✉❡ |α| ≤ 1✳ ❱❡❛♠♦s ❡st♦✿ s✐ z, |z| < 1 t❡♥❡♠♦s
q✉❡ |φn(z)| < 1✱ ♣❛r❛ t♦❞♦ n ∈ N ② ♦❜t❡♥❡♠♦s q✉❡ φn(z) −→

n→∞
α✳

❙✐♠✐❧❛r♠❡♥t❡✱ s✉♣♦♥❣❛♠♦s q✉❡ φ ❡s ❤✐♣❡r❜ó❧✐❝❛ ❝♦♥ ♣✉♥t♦s ✜❥♦s α✱ β✳ ❙❡❛ Φ✱ ✉♥❛
❝♦♥❥✉❣❛❞❛ ♥♦r♠❛❧ ❞❡ φ✳ ❚❡♥❡♠♦s q✉❡ Φ = τ ◦ φ ◦ τ−1 ∈ LFT (Ĉ)✱ Φ(z) = λz ❝♦♥
λ ∈ R>0✱ ❡♥ ❞♦♥❞❡ τ(α) = 0 ② τ(β) = ∞✳ ❊❧ ♣✉♥t♦ ✜❥♦ ❛tr❛❝t✐✈♦ ❞❡ Φ ❡s ❡❧ ✵✱ ❧✉❡❣♦ α
❡s ❛tr❛❝t✐✈♦ ❞❡ φ✳ ❉❡❧ ♠✐s♠♦ ♠♦❞♦✱ α ∈ D✳ ❖❜s❡r✈❡♠♦s ❛❞❡♠ás q✉❡ |φ′(α)| = 1/|φ′(β)|✱
❡♥t♦♥❝❡s β ❡s ♣✉♥t♦ ✜❥♦ r❡♣✉❧s✐✈♦✳

❈✉❛♥❞♦ ❧❛ ❤♦♠♦❣r❛❢í❛ ❝✉♠♣❧❡ φ(D) = D✱ ❞❡❝✐♠♦s q✉❡ φ ❡s ✉♥ ❛✉t♦♠♦r✜s♠♦ ❞❡ D✳
❘❡❝♦r❞❡♠♦s q✉❡

Aut(D) =

{
eiθ

p− z

1− pz
: ❝♦♥ θ ∈ R, p ∈ D

}
.

▼❡❞✐❛♥t❡ ✉♥ ❛♥á❧✐s✐s ❞❡ ❧❛ ❢♦r♠❛ ❝♦♥❥✉❣❛❞❛ ♥♦r♠❛❧ ❞❡ ✉♥❛ ❤♦♠♦❣r❛❢í❛ ❤✐♣❡r❜ó❧✐❝❛✱ s❡
♣r✉❡❜❛ q✉❡ s✐ |α| = |β| = 1✱ ❡♥t♦♥❝❡s ❡s ✉♥ ❛✉t♦♠♦r✜s♠♦ ❞❡❧ ❞✐s❝♦✳

✷✳✹✳✷✳ ❚❡♦r❡♠❛ ❞❡ ▲✐tt❧❡✇♦♦❞

❍❛❜✐❡♥❞♦ ✐♥tr♦❞✉❝✐❞♦ ❧♦s r❡q✉❡r✐♠✐❡♥t♦s ♥❡❝❡s❛r✐♦s s♦❜r❡ ❤♦♠♦❣r❛❢í❛s ♣❛r❛ ❛♥❛❧✐③❛r
❧♦s ♦♣❡r❛❞♦r❡s ❞❡ ❝♦♠♣♦s✐❝✐ó♥✱ ❝♦♥t✐♥✉❛♠♦s ❝♦♥ ❡❧ ❡st✉❞✐♦ ❞❡ ❧❛ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ❞❡ Cφ✳
❊♥t♦♥❝❡s✱ s❡❛ Cφ : H2(D) −→ H2(D)✱ Cφ(f) = f ◦ φ ❝♦♥ φ ❤♦❧♦♠♦r❢❛✱ φ(D) ⊂ D✳
❉❡❞✐❝❛♠♦s ❡st❛ s❡❝❝✐ó♥ ❛ ❧❛ ❜✉❡♥❛ ❞❡✜♥✐❝✐ó♥ ② ❝♦♥t✐♥✉✐❞❛❞ ❞❡ ❡st❡ ♦♣❡r❛❞♦r✳ Pr✐♠❡r♦
tr❛❜❛❥❛r❡♠♦s ❝♦♥ φ ❤♦❧♦♠♦r❢❛✱ φ(0) = 0 ② φ(D) ⊂ D✳ ▲✉❡❣♦ ❝♦♥ ❛✉t♦♠♦r✜s♠♦s ❞❡❧
❞✐s❝♦ ❞❡ ❧❛ ❢♦r♠❛ p−z

1−pz ❝♦♥ p ∈ D✳ P♦r ú❧t✐♠♦ ♣r♦❜❛r❡♠♦s q✉❡ r❡s✉❧t❛ ❝♦♥t✐♥✉❛ ♣❛r❛
❝✉❛❧q✉✐❡r φ ❤♦❧♦♠♦r❢❛ q✉❡ ✈❡r✐✜q✉❡ φ(D) ⊂ D✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✹✳✶✷ ✭Pr✐♥❝✐♣✐♦ ❞❡ s✉❜♦r❞✐♥❛❝✐ó♥ ❞❡ ▲✐tt❧❡✇♦♦❞✮✳ ❙❡❛ φ ❤♦❧♦✲
♠♦r❢❛✱ φ(0) = 0 ② φ(D) ⊂ D✳ ❊♥t♦♥❝❡s Cφ : H2(D) −→ H2(D)✱ Cφ(f) = f ◦ φ ❡stá
❜✐❡♥ ❞❡✜♥✐❞♦ ② ❡s ❝♦♥tr❛❝t✐✈♦✳

❉❡♠♦str❛❝✐ó♥✳ ❉❡✜♥✐♠♦s B : H2(D) −→ H2(D)✱ Bf(z) =
∑

n≥0 f̂(n+ 1)zn✳ ❊❧ ♦♣❡r❛✲
❞♦r B ❛❝tú❛ ❝♦♠♦ ❡❧ s❤✐❢t ❡♥ l2(N)✱ ✈✐st♦ ❡♥ H2(D)✳ ❊s ❝❧❛r♦ q✉❡ B ❡s ❝♦♥tr❛❝t✐✈♦ ❡♥



✷✳✹✳ ❖P❊❘❆❉❖❘❊❙ ❉❊ ❈❖▼P❖❙■❈■Ó◆ ✸✾

H2(D) ② ✈❛❧❡♥ ❧❛s s✐❣✉✐❡♥t❡s ✐❞❡♥t✐❞❛❞❡s ♣❛r❛ f ∈ H2(D)✿

f(z) = f(0) + z.Bf(z), z ∈ D

Bkf(0) = f̂(k), k ∈ N0.

❙✉♣♦♥❣❛♠♦s ♣r✐♠❡r♦ q✉❡ f(z) = a0 + a1z + · · ·+ amz
m ❡s ✉♥ ♣♦❧✐♥♦♠✐♦✳ ❚❡♥❡♠♦s q✉❡

f ◦ φ ❡stá ❛❝♦t❛❞❛ ♣♦r k := |a0|+ |a1|+ · · ·+ |am| ♣✉❡s✱

|f ◦ φ(z)| ≤ sup
D

|f(z)| ≤ k

②✱ ❝♦♠♦ ✈✐♠♦s✱ ❡st♦ ✐♠♣❧✐❝❛ q✉❡ M2(f ◦φ, r) ≤ k ♣❛r❛ t♦❞♦ r < 1✱ ② ❛sí✱ f ◦φ ∈ H2(D)✳
P❛r❛ ✈❡r q✉❡ Cφ ❡s ❝♦♥tr❛❝t✐✈♦ ❞❡❜❡♠♦s ❡st✐♠❛r ❧❛ ♥♦r♠❛ H2(D) ❞❡ f ◦φ✳ P❛r❛ z ∈ D✱
✉s❛♠♦s q✉❡

f(φ(z)) = f(0) + φ(z)Bf(φ(z)),

♦ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱
Cφf = f(0) +Mφ (Cφ (Bf)) .

❈♦♠♦ φ(0) = 0✱ t♦❞♦s ❧♦s ❢❛❝t♦r❡s ❞❡❧ ❞❡s❛rr♦❧❧♦ ❡♥ s❡r✐❡ ❞❡ φ(z)Bf(φ(z)) t✐❡♥❡♥ ✉♥
❢❛❝t♦r z ❡♥ ❝♦♠ú♥✱ ♣♦r ❧♦ t❛♥t♦ s♦♥ ♦rt♦❣♦♥❛❧❡s ❛❧ tér♠✐♥♦ f(0)✳ ❉❡ ❛q✉í✱ t❡♥❡♠♦s q✉❡

‖Cφf‖2 = |f(0)|2 + ‖Mφ (Cφ (Bf)) ‖2 ≤ |f(0)|2 + ‖Cφ(Bf)‖2

❞♦♥❞❡ ❧❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞ ❡s ♣♦r q✉❡ Mφ ❡s ❝♦♥tr❛❝t✐✈♦✳ ❈❛♠❜✐❛♥❞♦ s✉❝❡s✐✈❛♠❡♥t❡
f ♣♦r Bf ✱ B2f ✱ . . . ❡♥ ❡st❛ ú❧t✐♠❛ ❡①♣r❡s✐ó♥ ♦❜t❡♥❡♠♦s✿

‖CφBf‖2 ≤ |Bf(0)|2 + ‖CφB2f‖2

‖CφB2f‖2 ≤ |B2f(0)|2 + ‖CφB3f‖2
✳✳✳

‖CφBkf‖2 ≤ |Bkf(0)|2 + ‖CφBk+1f‖2, ∀k ∈ N.

P♦♥✐❡♥❞♦ ❥✉♥t❛s ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛♥t❡r✐♦r❡s✱ ❧❧❡❣❛♠♦s ❛ q✉❡

‖Cφf‖2 ≤
k∑

n=0

|(Bnf)(0)|2 + ‖CφBk+1f‖2, ∀k ∈ N.

❈♦♠♦ gr(f) = m✱ Bm+1f = 0✱ ② ❞❡ ❡st❛ ❢♦r♠❛✱

‖Cφf‖2 ≤
m∑

n=0

|(Bnf)(0)|2 =
m∑

n=0

|f̂(n)|2 =
m∑

n=0

|an|2 = ‖f‖2.

P♦r ❧♦ t❛♥t♦✱ Cφ ❡s ❝♦♥tr❛❝t✐✈♦ ❡♥ ❡❧ s✉❜❡s♣❛❝✐♦ C[z]✳
P❛r❛ ❡❧ ❝❛s♦ ❣❡♥❡r❛❧✱ s❡❛ f ∈ H2(D) ❝✉❛❧q✉✐❡r❛✳ ❙❡❛ fn ❧❛ n✲❡s✐♠❛ s✉♠❛ ♣❛r❝✐❛❧ ❞❡❧
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❞❡s❛rr♦❧❧♦ ❞❡ ❚❛②❧♦r ❞❡ f ✳ ❚❡♥❡♠♦s q✉❡ fn → f ❡♥ H2(D)✱ ② ❝♦♠♦ ✈✐♠♦s ❡♥ ❧❛ Pr♦✲
♣♦s✐❝✐ó♥ ✷✳✷✳✷✱ fn → f ✉♥✐❢♦r♠❡♠❡♥t❡ s♦❜r❡ ❝♦♠♣❛❝t♦s ❞❡ D✳ ▲✉❡❣♦✱ fn ◦ φ → f ◦ φ
✉♥✐❢♦r♠❡♠❡♥t❡ s♦❜r❡ ❝♦♠♣❛❝t♦s ❞❡ D✳ ❊s ❝❧❛r♦ q✉❡ ‖fn‖ ≤ ‖f‖ ② ♣♦r ❧♦ ✈✐st♦ r❡❝✐é♥
♣❛r❛ ♣♦❧✐♥♦♠✐♦s ‖fn ◦ φ‖ ≤ ‖fn‖✳ ❆sí✱ ♣❛r❛ 0 < r < 1 t❡♥❡♠♦s✿

M2(f ◦ φ, r) = ĺım
n→∞

M2(fn ◦ φ, r) (❤❛② ❝♦♥✈❡r❣❡♥❝✐❛ ✉♥✐❢♦r♠❡)

≤ ĺım sup
n→∞

‖fn ◦ φ‖

≤ ĺım sup
n→∞

‖fn‖

≤ ‖f‖.

❈♦♥❝❧✉✐♠♦s q✉❡ f ◦ φ ∈ H2(D) ② ‖f ◦ φ‖2 = ĺımM2(f ◦ φ, r)2 ≤ ‖f‖2✱ ♣♦r ❧♦ q✉❡ ❡s
❝♦♥tr❛❝t✐✈♦✳

❊❧ s✐❣✉✐❡♥t❡ ♣❛s♦ ❞❡ ❧❛ ♣r✉❡❜❛ ❡s ✈❡r❧♦ ♣❛r❛ ψp(z) :=
p−z
1−pz ∈ Aut(D)✳

▲❡♠❛ ✷✳✹✳✶✸✳ ❙❡❛♥ p ∈ D ② ψp ∈ Aut(D)✳ ❊♥t♦♥❝❡s Cψp : H2(D) −→ H2(D) ❡s
❝♦♥t✐♥✉❛✳

❉❡♠♦str❛❝✐ó♥✳ ❙✐ f ∈ C[z]✱ f ❡s ❤♦❧♦♠♦r❢❛ ❡♥ R.D ♣❛r❛ ✉♥ R > 1 ✜❥♦✳ ▲✉❡❣♦ ♣♦❞❡♠♦s
❡①♣r❡s❛r ‖f‖2 = 1

2π

∫ π
−π |f(eiθ)|2dθ✳ ◆♦t❡♠♦s q✉❡ ψp ❡s s✉ ♣r♦♣✐❛ ✐♥✈❡rs❛✳ ❊♥t♦♥❝❡s

♠❡❞✐❛♥t❡ ✉♥ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡s ♦❜t❡♥❡♠♦s ❧❛ ❝♦t❛ q✉❡ ❜✉s❝❛♠♦s✿

‖f ◦ ψp‖2 =
1

2π

∫ π

−π
|f(ψp(eiθ))|2dθ =

1

2π

∫ π

−π
|f(eit)|2|ψ′

p(e
it)|dt

=
1

2π

∫ π

−π
|f(eit)|2 1− |p|2

|1− peit|2dt ≤
1− |p|2
(1− |p|)2

(
1

2π

∫ π

−π
|f(eit)|2dt

)

=
1 + |p|
1− |p|‖f‖

2.

❙❡❛ f ∈ H2(D) ❝✉❛❧q✉✐❡r❛ ② s❡❛ fn ❧❛ n✲❡s✐♠❛ s✉♠❛ ♣❛r❝✐❛❧ ❞❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❚❛②❧♦r ❞❡ f ✳
■❣✉❛❧ q✉❡ ❡♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❛♥t❡r✐♦r✱ fn −→ f ✉♥✐❢♦r♠❡ s♦❜r❡ ❝♦♠♣❛❝t♦s✱ ‖fn‖ ≤ ‖f‖
② r❡❝✐é♥ ✈✐♠♦s q✉❡ ‖fn ◦ ψp‖ ≤

√
1+|p|
1−|p|‖fn‖✳ ❆sí✱ ♣❛r❛ 0 < r < 1 t❡♥❡♠♦s✿

M2(f ◦ ψp, r) = ĺım
n→∞

M2(fn ◦ ψp, r) (❤❛② ❝♦♥✈❡r❣❡♥❝✐❛ ✉♥✐❢♦r♠❡)

≤ ĺım sup
n→∞

‖fn ◦ ψp‖

≤ ĺım sup
n→∞

√
1 + |p|
1− |p|‖fn‖

≤
√

1 + |p|
1− |p|‖f‖.
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P♦r ❧♦ t❛♥t♦✱

‖f ◦ ψp‖ ≤
√

1 + |p|
1− |p|‖f‖,

②

‖Cψp‖ ≤
√

1 + |p|
1− |p| .

P❛r❛ ❝♦♥❝❧✉✐r ❡❧ ❝❛s♦ ❣❡♥❡r❛❧ ❞❡s❝♦♠♣♦♥❡♠♦s ✉♥❛ ❢✉♥❝✐ó♥ φ ∈ H(D)✱ φ(D) ⊂ D✱ ❝♦♠♦
❝♦♠♣♦s✐❝✐ó♥ ❞❡ ❢✉♥❝✐♦♥❡s ❝♦♥✈❡♥✐❡♥t❡s✳

❚❡♦r❡♠❛ ✷✳✹✳✶✹✳ ❙❡❛ φ ∈ H(D)✱ φ(D) ⊂ D✳ ❊♥t♦♥❝❡s✱ ❡❧ ♦♣❡r❛❞♦r Cφ : H2(D) −→
H2(D) ❡stá ❜✐❡♥ ❞❡✜♥✐❞♦ ② ❡s ❛❝♦t❛❞♦✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛♥ p = φ(0) ② ϕ = ψp◦φ✱ ❡♥t♦♥❝❡s ϕ(0) = ψp(p) = 0✳ ❈♦♠♦ ψp◦ψp =
IdD✱ t❡♥❡♠♦s q✉❡ φ = ψp◦ϕ ② ❛sí Cφ ❡s ❝♦♠♣♦s✐❝✐ó♥ ❞❡ ♦♣❡r❛❞♦r❡s ❝♦♥t✐♥✉♦s ② ♣♦❞❡♠♦s
❡st✐♠❛r s✉ ♥♦r♠❛✿

Cφ(f) = f ◦ φ = (f ◦ ψp) ◦ ϕ = CϕCψp(f),

‖Cφ‖ ≤ ‖Cϕ‖.‖Cψp‖ ≤
√

1 + |φ(0)|
1− |φ(0)| .

✷✳✹✳✸✳ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞

❆❤♦r❛ s✐✱ ❡st❛♠♦s ❡♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ tr❛t❛r ❧❛ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ❞❡ ❡st♦s ♦♣❡r❛❞♦r❡s✳ ❚r❛❜❛✲
❥❛r❡♠♦s ❝♦♥ ❤♦♠♦❣r❛❢í❛s ♣❛r❛❜ó❧✐❝❛s ❡ ❤✐♣❡r❜ó❧✐❝❛s✱ ② ❝❛r❛❝t❡r✐③❛r❡♠♦s ❝✉á♥❞♦ r❡s✉❧t❛♥
❤✐♣❡r❝í❝❧✐❝♦s ❧♦s r❡s♣❡❝t✐✈♦s ♦♣❡r❛❞♦r❡s ❞❡ ❝♦♠♣♦s✐❝✐ó♥✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✹✳✶✺✳ ❙❡❛ φ ∈ H(D)✳ ❙✐ Cφ ❡s ❤✐♣❡r❝í❝❧✐❝♦ ❡♥ H2(D)✱ ❡♥t♦♥❝❡s φ ♥♦
t✐❡♥❡ ♣✉♥t♦s ✜❥♦s ❡♥ D✳

❉❡♠♦str❛❝✐ó♥✳ ❱✐♠♦s q✉❡ ❛❧ s❡r Cφ ❤✐♣❡r❝í❝❧✐❝♦✱ σp(C∗
φ) = ∅✳ ❙✉♣♦♥❣❛♠♦s q✉❡ φ(α) =

α✳ ❊♥t♦♥❝❡s✱

〈f, C∗
φ(kα)〉H2 = 〈f ◦ φ, kα〉H2 = f(φ(α)) = f(α) = 〈f, kα〉H2 .

❊st♦ ❞✐❝❡ q✉❡ kα ❡s ❛✉t♦✈❡❝t♦r ❞❡ C∗
φ ❞❡ ❛✉t♦✈❛❧♦r ✶✱ ❧♦ q✉❡ ❡s ❛❜s✉r❞♦✳

P♦r ❧♦ t❛♥t♦✱ ♥♦s r❡❞✉❝✐♠♦s ❛ ❢✉♥❝✐♦♥❡s φ ❤♦♠♦❣rá✜❝❛s s✐♥ ♣✉♥t♦s ✜❥♦s ❡♥ D✳ P♦r ❧♦
❤❡❝❤♦ ♣r❡✈✐❛♠❡♥t❡✱ t❡♥❡♠♦s ❧❛s s✐❣✉✐❡♥t❡s ♦♣❝✐♦♥❡s

❍♦♠♦❣r❛❢í❛s P❛r❛❜ó❧✐❝❛s ❝♦♥ ✉♥ ú♥✐❝♦ ♣✉♥t♦ ✜❥♦ ❛tr❛❝t✐✈♦ α ∈ T✱
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❍♦♠♦❣r❛❢í❛s ❍✐♣❡r❜ó❧✐❝❛s ❝♦♥ ✉♥ ♣✉♥t♦ ✜❥♦ ❛tr❛❝t✐✈♦ α ∈ T ② ♦tr♦ ♣✉♥t♦ ✜❥♦
r❡♣✉❧s✐✈♦ β ∈ Ĉ− D✳

Pr♦❜❛♠♦s ❛❤♦r❛ ✉♥ ❧❡♠❛ ❞❡ ✉t✐❧✐❞❛❞ ♣❛r❛ ❧♦s r❡s✉❧t❛❞♦s q✉❡ q✉❡r❡♠♦s ♠♦str❛r✳

▲❡♠❛ ✷✳✹✳✶✻✳ ❙❡❛ α ∈ C− D✳ ❈♦♥s✐❞❡r❛♠♦s Pα = {P ∈ C[z] : P (α) = 0}✳ ❊♥t♦♥❝❡s
Pα ❡s ❞❡♥s♦ ❡♥ H2(D)✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ f(z) =
∑

n≥0 f̂(n)z
n ∈ H2(D) ♦rt♦❣♦♥❛❧ ❛ Pα✳ ❊❧❡❣✐♠♦s zp+1 −

αzp ∈ Pα ② t❡♥❡♠♦s q✉❡

0 = 〈f, zp+1 − αzp〉H2 = f̂(p+ 1)− αf̂(p), ∀p ∈ N0.

❉❡ ❛❝á✱ f̂(p+ 1) = αf̂(p), ♣❛r❛ t♦❞♦ p ∈ N0✱ ♣❡r♦ ❝♦♠♦ |α| ≥ 1 ② f ∈ H2(D)✱ s❡ t✐❡♥❡
q✉❡ f̂(p) = 0 ♣❛r❛ t♦❞♦ p ∈ N0✳

❚❡♦r❡♠❛ ✷✳✹✳✶✼✳ ❙❡❛ φ ∈ Aut(D) ♣❛r❛❜ó❧✐❝♦ ♦ ❤✐♣❡r❜ó❧✐❝♦ s✐♥ ♣✉♥t♦s ✜❥♦s ❡♥ D✳
❊♥t♦♥❝❡s Cφ ❡s ❤✐♣❡r❝í❝❧✐❝♦ ❡♥ H2(D)✳

❉❡♠♦str❛❝✐ó♥✳ ❱❡❛♠♦s ❡❧ ❝❛s♦ ❤✐♣❡r❜ó❧✐❝♦✿ s❡❛♥ α✱ β ❧♦s ♣✉♥t♦s ✜❥♦s ❞❡ φ✳ ❚❡♥❡♠♦s q✉❡
β ∈ T ♣♦rq✉❡ ❡s ❡❧ ♣✉♥t♦ ✜❥♦ ❛tr❛❝t✐✈♦ ❞❡ φ−1✳ ❆♣❧✐❝❛♠♦s ❡❧ ❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞
❝♦♥ ❧♦s ❝♦♥❥✉♥t♦s ❞❡♥s♦s D1 = Pα✱ D2 = Pβ ② ❡❧ ♦♣❡r❛❞♦r S = C−1

φ = Cφ−1 ✳ ❉❡❜❡♠♦s
✈❡r ❡♥t♦♥❝❡s q✉❡ Cn

φ −→ 0 ❡♥ D1✳ ❙❡❛ z ∈ T− {β}✱ ❡♥t♦♥❝❡s φn(z) −→ α ② s✐ f ∈ D1✱
f(φn(z)) −→ 0✳ ▲✉❡❣♦

‖Cn
φf‖2 = ‖f ◦ φn‖2 = 1

2π

∫ π

−π
|f(φn(eiθ))|2dθ,

q✉❡ t✐❡♥❞❡ ❛ ✵✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡ ❈♦♥✈❡r❣❡♥❝✐❛ ▼❛②♦r❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✳ ❆♥á❧♦❣❛♠❡♥t❡✱
♣❛r❛ Cn

φ−1 −→ 0 ❡♥ D2✳
❊❧ ❝❛s♦ ♣❛r❛❜ó❧✐❝♦ ❡s ♠ás s❡♥❝✐❧❧♦✳ ❚♦♠❛♠♦s D1 = D2 = Pα ② S = Cφ−1 ✳ ❈♦♠♦ φ ❡s
♣❛r❛❜ó❧✐❝♦✱ φ−1 t❛♠❜✐é♥ ② ❡❧ r❡s✉❧t❛❞♦ s❡ s✐❣✉❡✳

❚❡♦r❡♠❛ ✷✳✹✳✶✽✳ ❙❡❛ φ ∈ LFT (D) ❤✐♣❡r❜ó❧✐❝♦ ♥♦ ❛✉t♦♠♦r✜s♠♦ s✐♥ ♣✉♥t♦s ✜❥♦s ❡♥
D✳ ❊♥t♦♥❝❡s Cφ ❡s ❤✐♣❡r❝í❝❧✐❝♦ ❡♥ H2(D)✳

❉❡♠♦str❛❝✐ó♥✳ ❙✉♣♦♥❣❛♠♦s q✉❡ α✱ β s♦♥ ❧♦s ♣✉♥t♦s ✜❥♦s ❞❡ φ✳ ❙❛❜❡♠♦s q✉❡ α ∈ T ❡s
❛tr❛❝t✐✈♦ ② β ∈ C−D r❡♣✉❧s✐✈♦✳ ❊❧ ❤❡❝❤♦ q✉❡ φ ♥♦ s❡❛ ✉♥ ❛✉t♦♠♦r✜s♠♦✱ ♥❡❝❡s❛r✐❛♠❡♥t❡
✐♠♣❧✐❝❛ q✉❡ |β| > 1✳ ❙✉♣♦♥❣❛♠♦s ♣r✐♠❡r♦ q✉❡ ❡❧ ♣✉♥t♦ ✜❥♦ r❡♣✉❧s✐✈♦ β s❡ ❡♥❝✉❡♥tr❛ ❡♥
❧❛ ❧í♥❡❛ q✉❡ ✉♥❡ ❛❧ ♦r✐❣❡♥ ❝♦♥ α✱ ♣❡r♦ ❞❡❧ ❧❛❞♦ ❛♥t✐♣♦❞❛❧ ❛ α✳ ❙❡❛ ∆ ❡❧ ❞✐s❝♦ ❝✉②♦ ❜♦r❞❡
❡s ♣❡r♣❡♥❞✐❝✉❧❛r ❛ ❡st❛ ❧í♥❡❛ ② ❝♦♥t✐❡♥❡ ❛ α ② ❛ β✱ ❝♦♠♦ s❡ ✈❡ ❡♥ ❡❧ s✐❣✉✐❡♥t❡ ❣rá✜❝♦✳
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❈♦♠♦ φ ❡s ✉♥❛ ❤♦♠♦❣r❛❢í❛✱ ♠❛♥❞❛ ❡❧ ❜♦r❞❡ ❞❡ ∆ ❡♥ ✉♥❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ ♦ r❡❝t❛ ❞❡❧
♣❧❛♥♦ ❝♦♠♣❧❡❥♦✳ ❊st❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ ♦ r❡❝t❛✱ ❝♦♥t✐❡♥❡ ❛ α ② ❛ β✱ ② ❝♦♠♦ φ ♣r❡s❡r✈❛
á♥❣✉❧♦s✱ ❧❛ ú♥✐❝❛ ♣♦s✐❜✐❧✐❞❛❞ ❡s q✉❡ s❡❛ ∂∆✳ ❈♦♥ ✉♥ ❛r❣✉♠❡♥t♦ ❞❡ ❝♦♥❡①✐ó♥ t❡♥❡♠♦s
q✉❡ φ(∆) = ∆✱ ♣♦rq✉❡ φ(D) ⊂ D✳ ❊♥t♦♥❝❡s✱ φ ∈ Aut(∆)✳
❙✐ β ♥♦ ❡stá ❡♥ ❡❧ ❧✉❣❛r ❞❡s❡❛❞♦✱ ♣♦❞❡♠♦s ❝♦♥str✉✐r τ ∈ Aut(D) q✉❡ ✜❥❛ ❛ α ② ♠❛♥❞❛
❛ β ❛❧ ❧✉❣❛r q✉❡ q✉❡r❡♠♦s✳ ❱❡❛♠♦s✱ t♦♠❛♥❞♦ ✉♥❛ r♦t❛❝✐ó♥ ❛❞❡❝✉❛❞❛ ♣♦❞❡♠♦s s✉♣♦♥❡r
q✉❡ α = 1✳ ❈♦♥s✐❞❡r❛♠♦s ω(z) = 1+z

1−z ✳ ❙❡ ❝✉♠♣❧❡♥ ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s ω(D) =
{z : Re(z) > 0}✱ ω(1) = ∞✱ Re(ω(β)) < 0✳ ❆♣❧✐❝❛♠♦s ❞❡s♣✉és ❧❛ ❤♦♠♦❣r❛❢í❛

γ(z) =
z − Im(ω(β))i

−2Re(ω(β))
;

γ(∞) = ∞✱ γ(ω(β)) = −1/2 ② γ ∈ Aut({z : Re(z) > 0})✳ ▲✉❡❣♦✱ t♦♠❛♠♦s ❧❛ ❤♦♠♦✲
❣r❛❢í❛ τ = ω−1 ◦ γ ◦ ω✱ τ ∈ Aut(D)✱ τ(1) = 1 ② τ(β) = −3✳
❙✉♣♦♥✐❡♥❞♦ q✉❡ φ t✐❡♥❡ s✉s ♣✉♥t♦s ✜❥♦s ❞♦♥❞❡ q✉❡r❡♠♦s✱ φ ∈ Aut(∆)✳ ❉❡✜♥✐♠♦s ❡♥
❢♦r♠❛ ❛♥á❧♦❣❛ H2(∆) = {f ∈ H(∆) :

∑ |f̂(n)|2 < ∞}✳ ❘❡str✐♥❣✐é♥❞♦♥♦s ❛ D✱ ✈❡♠♦s
q✉❡ H2(∆) |D⊂ H2(D) ❡s ❞❡♥s♦ ♣♦rq✉❡ ❝♦♥t✐❡♥❡ ❛ C[z]✱ ② ❡st❡ ♥✉❡✈♦ ❡s♣❛❝✐♦ t✐❡♥❡ ✉♥❛
t♦♣♦❧♦❣í❛ ♠ás ❢✉❡rt❡✳ ❙✐ fn −→ f ❡♥ H2(∆)✱ ❡♥t♦♥❝❡s fn −→ f ❡♥ H2(D) ✭❧♦s ❝♦❡✜✲
❝✐❡♥t❡s ❞❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❚❛②❧♦r s♦♥ ❧♦s ♠✐s♠♦s ❡♥ ❛♠❜♦s ❡s♣❛❝✐♦s✮✳ ❈♦♠♦ φ ∈ Aut(∆)✱
♣♦r ❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ Cφ ❡s ❤✐♣❡r❝í❝❧✐❝♦ ❡♥ H2(∆)✳ ❆♣❧✐❝❛♠♦s ❛❤♦r❛ ❡❧ ❈r✐t❡r✐♦ ❞❡
❝♦♠♣❛r❛❝✐ó♥ ✶✳✸✳✶✶✿

H2(∆)
Cφ //

|D
��

H2(∆)

|D
��

H2(D)
Cφ

// H2(D)

❘❡s✉❧t❛ ❛sí✱ Cφ ❡s ❤✐♣❡r❝í❝❧✐❝♦ ❡♥ H2(D)✳

◆♦s q✉❡❞❛ ❡♥t♦♥❝❡s ❞❡t❡r♠✐♥❛r q✉é s✉❝❡❞❡ ❝✉❛♥❞♦ t❡♥❡♠♦s ✉♥❛ ❤♦♠♦❣r❛❢í❛ ♣❛r❛❜ó❧✐❝❛
♥♦ ❛✉t♦♠♦r✜s♠♦✳ ❆♥t❡s ❞❡ ❞❛r ❧❛ r❡s♣✉❡st❛✱ ✈❡❛♠♦s ✉♥ ♣♦❝♦ ♠ás s♦❜r❡ ❤♦♠♦❣r❛❢í❛s
♣❛r❛❜ó❧✐❝❛s✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✹✳✶✾✳ ❙❡❛ φ ∈ LFT (D) ♣❛r❛❜ó❧✐❝❛ s✐♥ ♣✉♥t♦s ✜❥♦s ❡♥ D✳ P♦r s✐♠♣❧✐✲
❝✐❞❛❞ s✉♣♦♥❣❛♠♦s q✉❡ ❡❧ ♣✉♥t♦ ✜❥♦ ❛tr❛❝t✐✈♦ ❡s ✶✳ ❈♦♥❥✉❣❛♥❞♦ φ ♣♦r ❧❛ ❤♦♠♦❣r❛❢í❛
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ω(z) = 1+z
1−z ✱ ♦❜t❡♥❡♠♦s ♦tr❛ ❤♦♠♦❣r❛❢í❛ Φ q✉❡ ✜❥❛ ❛ ∞ ② Φ({z : Re(z) > 0}) ⊂ {z :

Re(z) > 0}✳ ❆sí
Φ(z) = λz + a,

❝♦♠♦ ∞ ❡s ❡❧ ú♥✐❝♦ ♣✉♥t♦ ✜❥♦ ❛tr❛❝t✐✈♦ ❞❡ Φ✱ ❡♥ r❡❛❧✐❞❛❞ t❡♥❡♠♦s q✉❡ λ = 1✱ ② q✉❡
Re(a) ≥ 0 ♣✉❡s Φ ♠❛♥❞❛ ❡❧ s❡♠✐♣❧❛♥♦ ❞❡r❡❝❤♦ ❡♥ sí ♠✐s♠♦✳ ▼❡❞✐❛♥t❡ ❡st❡ ❛♥á❧✐s✐s✱
♦❜t❡♥❡♠♦s ❧❛s ❢ór♠✉❧❛s✿

Φ(z) = z + a, ❝♦♥ Re(a) ≥ 0,

φ(z) = 1 +
2(z − 1)

2− a(z − 1)
.

❉❡r✐✈❛♥❞♦ ♦❜t❡♥❡♠♦s φ′(1) = 1 ✭q✉❡ ②❛ s❛❜í❛♠♦s✱ ♣♦rq✉❡ ❡s ♣❛r❛❜ó❧✐❝❛✮ ② φ′′(1) = a✳
❙✐ ❛❞❡♠ás s✉♣♦♥❡♠♦s q✉❡ φ ♥♦ ❡s ✉♥ ❛✉t♦♠♦r✜s♠♦ ❞❡❧ ❞✐s❝♦✱ ❞❡❜❡ s❡r q✉❡ Φ ♥♦ ❡s
❛✉t♦♠♦r✜s♠♦ ❞❡❧ s❡♠✐♣❧❛♥♦ ❞❡r❡❝❤♦✱ ❧✉❡❣♦ Re(a) > 0✳

❚❡♦r❡♠❛ ✷✳✹✳✷✵✳ ❙✐ φ ∈ LFT (D) ♣❛r❛❜ó❧✐❝♦ ♥♦ ❛✉t♦♠♦r✜s♠♦✱ ❡♥t♦♥❝❡s Cφ ♥♦ ❡s
❤✐♣❡r❝í❝❧✐❝♦✳

❉❡♠♦str❛❝✐ó♥✳ ❊❧ ♦❜❥❡t✐✈♦ ❞❡ ❧❛ ♣r✉❡❜❛ ❡s ✈❡r q✉❡ ❡❧ ♦♣❡r❛❞♦r Cφ ♥♦ ♣♦s❡❡ ór❜✐t❛s
❞❡♥s❛s✳ ❱❡r❡♠♦s ❛❧❣♦ ♠✉❝❤♦ ♠ás ❢✉❡rt❡✱ s♦❧❛♠❡♥t❡ ❧❛s ❢✉♥❝✐♦♥❡s ❝♦♥st❛♥t❡s ♣✉❡❞❡♥ s❡r
♣✉♥t♦s ❧í♠✐t❡s ❞❡ ❧❛s ór❜✐t❛s ❞❡ Cφ✳ P❛r❛ ❡st♦✱ ❞✐✈✐❞✐♠♦s ❧❛ ♣r✉❡❜❛ ❡♥ ♣❛s♦s✳
P❛s♦ ✶✳ P♦r ❧♦ ♦❜s❡r✈❛❞♦ ♣r❡✈✐❛♠❡♥t❡✱ t❡♥❡♠♦s q✉❡ Φ(z) = z + a✱ ❝♦♥ Re(a) > 0 ❡s
❝♦♥❥✉❣❛❞❛ ❛ φ✳ ▲✉❡❣♦✱ t❡♥❡♠♦s q✉❡ ❧❛s ✐t❡r❛❝✐♦♥❡s ❞❡ φ s♦♥ ❝♦♥❥✉❣❛❞❛s ❛ ❧❛s ✐t❡r❛❝✐♦♥❡s
❞❡ Φ✳ ❈♦♠♦✱ Φn(z) = z + na✱ t❡♥❡♠♦s q✉❡ φn s❡ ♦❜t✐❡♥❡ r❡❡♠♣❧❛③❛♥❞♦ a ♣♦r na ❡♥ ❧❛
❢ór♠✉❧❛ ❞❡ φ✱ ❡♥t♦♥❝❡s

φn(z) = 1 +
2(z − 1)

2− na(z − 1)
.

P❛r❛ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❜❡♠♦s ❡st✐♠❛r ❝✉❛♥ rá♣✐❞♦ s❡ ❥✉♥t❛♥ ❧❛s ór❜✐t❛s ❞❡ φ ❞❡ ♣✉♥t♦s
❞❡ D ❡♥tr❡ sí ② ❛❧ ♣✉♥t♦ ✜❥♦ ❛tr❛❝t✐✈♦ ✶✳ P❛r❛ ❡st♦ ❝❛❧❝✉❧❛♠♦s

φ(z)− φ(0) =
4z

(2 + a)(2 + a− az)
,

ĺım
n→∞

n[1− φn(z)] = ĺım
n→∞

n
−2(z − 1)

2− na(z − 1)
=

2

a
,

ĺım
n→∞

n2[φn(z)− φn(0)] = ĺım
n→∞

n2 4z

(2 + na)(2 + na− naz)
=

4z

a2(1− z)
.

P❛s♦ ✷✳ ▲♦ q✉❡ s✐❣✉❡ ❡s ✉♥❛ ❡st✐♠❛❝✐ó♥ s✐♠✐❧❛r ❛ ❧❛ ❤❡❝❤❛ ❡♥ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✷✳✷✳✶✱ ♣❡r♦
♣❛r❛ ❧❛s ❞❡r✐✈❛❞❛s ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ f ∈ H2(D)✳ ❙❡❛ z ∈ D✱
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|f ′(z)|2 =
∣∣∣∣∣

∞∑

n=1

nf̂(n)zn−1

∣∣∣∣∣

2

≤
( ∞∑

n=1

|f̂(n)|2
)( ∞∑

n=1

n2|z|2(n−1)

)

≤ ‖f‖2
( ∞∑

n=1

(n+ 1)n|z|2(n−1)

)

= ‖f‖2 2

(1− |z|2)3 ,

=⇒ |f ′(z)| ≤
√
2‖f‖

(1− |z|2)3/2 .

P❛r❛ ❧❧❡❣❛r ❛ ❧❛ ❡st✐♠❛❝✐ó♥ q✉❡ q✉❡r❡♠♦s✱ ❛❝♦t❛♠♦s |f(z)− f(w)| ✐♥t❡❣r❛♥❞♦ f ′ s♦❜r❡
❡❧ s❡❣♠❡♥t♦ q✉❡ ✉♥❡ z ❝♦♥ w✳ ❙✉♣♦♥❡♠♦s |z| ≤ |w|✱

|f(z)− f(w)| ≤
∫ w

z

|f ′(ζ)||dζ|

≤
√
2‖f‖

∫ w

z

1

(1− |ζ|2)3/2 |dζ|

≤
√
2‖f‖ |w − z|

(1− |w|2)3/2

❡♥t♦♥❝❡s✱ ♣❛r❛ ❝✉❛❧q✉✐❡r ♣❛r ❞❡ ♣✉♥t♦s z, w ∈ D✱

|f(z)− f(w)| ≤
√
2‖f‖ |w − z|

(mı́n{1− |w|, 1− |z|})3/2 .

P❛s♦ ✸✳ ❆❤♦r❛ ❞❡❜❡♠♦s ❡st✉❞✐❛r ❧❛ ❣❡♦♠❡trí❛ ❞❡ ❧❛s ór❜✐t❛s ❞❡ φ✳ ▲❛ r❡♣r❡s❡♥t❛❝✐ó♥
❡♥ ❡❧ s❡♠✐♣❧❛♥♦ ❞❡r❡❝❤♦ ❞❡ φ ❡s Φ(z) = z + a✱ ❡♥t♦♥❝❡s ❧❛ ❞❡ φn ❡s Φn(z) = z + na✳
❊❧ ❤❡❝❤♦ ❞❡ q✉❡ Re(a) > 0 ✐♠♣❧✐❝❛ q✉❡ ❧♦s ♣✉♥t♦s Φn(w) t✐❡♥❞❡♥ ❛ ∞ s♦❜r❡ ✉♥❛ r❡❝t❛
❡♥ ❡❧ s❡♠✐♣❧❛♥♦ ❞❡r❡❝❤♦ q✉❡ ♥♦ ❡s ♣❛r❛❧❡❧❛ ❛❧ ❡❥❡ ✐♠❛❣✐♥❛r✐♦✳ ❆❧ ✈♦❧✈❡r ❛❧ ❞✐s❝♦✱ ❡st♦
❢✉❡r③❛ ❛ ❧❛s ór❜✐t❛s {φn(z)} ❛ ❛♣r♦①✐♠❛rs❡ ❛❧ ♣✉♥t♦ ✜❥♦ ❛tr❛❝t✐✈♦ ♥♦ t❛♥❣❡♥❝✐❛❧♠❡♥t❡
❛ ✶ ❡♥ D✳ ❖ s❡❛✱ ❡①✐st❡ ε > 0 t❛❧ q✉❡

π

2
+ ε < ang(1− φn(z)) <

3π

2
− ε.

❊s ❞❡❝✐r✱ ❧♦s ♣✉♥t♦s ❞❡ ❧❛ s✉❝❡s✐ó♥ {φn(z)} q✉❡❞❛♥ ❞❡♥tr♦ ❞❡ ✉♥❛ r❡❣✐ó♥ ❛♥❣✉❧❛r ❝♦♠♦
✈❡♠♦s ❡♥ ❧❛ s✐❣✉✐❡♥t❡ ✜❣✉r❛✳
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❙❡❛ ❛❤♦r❛ z ∈ D✱ ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ♥♦ t❛♥❣❡♥❝✐❛❧ ❞❡ ❧❛s ór❜✐t❛s ♥♦s ❞❛ ✉♥❛ ❝♦♥st❛♥t❡
♣♦s✐t✐✈❛ c✱ t❛❧ q✉❡ ♣❛r❛ t♦❞♦ n ∈ N✱

1− |φn(z)| ≥ c|1− φn(z)| ② 1− |φn(0)| ≥ c|1− φn(0)|.

P❛s♦ ✹✳ ❋✐♥❛❧♠❡♥t❡✱ ❥✉♥t❛♥❞♦ t♦❞♦s ❧♦s r❡s✉❧t❛❞♦s ❛♥t❡r✐♦r❡s✱ ❧❧❡❣❛♠♦s ❛ q✉❡

|f(φn(z))− f(φn(0))| ≤ K
|φn(z)− φn(0)|

(mı́n {1− |φn(z)|, 1− |φn(0)|})3/2

≤ K
n−2

n−3/2

=
K√
n
−→
n→∞

0,

❡♥ ❞♦♥❞❡ ❧❛ ❝♦♥st❛♥t❡ K ❝❛♠❜✐❛ ❡♥ ❝❛❞❛ ♣❛s♦✱ ❞❡♣❡♥❞❡ ❞❡ f ✱ z ② φ✱ ♣❡r♦ ♥♦ ❞❡ n✳
❆❤♦r❛ sí✱ s❡❛ g ∈ H2(D) ♣✉♥t♦ ❧í♠✐t❡ ❞❡ Orb(f, Cφ)✳ ❊①✐st❡ ✉♥❛ s✉❜s✉❝❡s✐ó♥ (nk) ր ∞
t❛❧ q✉❡ f ◦ φnk −→ g ❡♥ H2(D)✳ ❊♥t♦♥❝❡s✱ ❝♦♠♦ t❡♥❡♠♦s ❝♦♥✈❡r❣❡♥❝✐❛ ♣✉♥t✉❛❧ ❡♥ z✱

g(z)− g(0) = ĺım
k→∞

[f (φnk(z))− f (φnk(0))] = 0

♣♦r ❧♦ t❛♥t♦✱ g ❡s ❝♦♥st❛♥t❡✳

P♦r ú❧t✐♠♦ ✈❡❛♠♦s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡❧ ❈r✐t❡r✐♦ ❞❡ ❝♦♠♣❛r❛❝✐ó♥ ✶✳✸✳✶✶✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✹✳✷✶✳ ❙❡❛ φ ∈ Aut(D) ❤♦❧♦♠♦r❢❛ s✐♥ ♣✉♥t♦s ✜❥♦s ❡♥ D✳ ❊♥t♦♥❝❡s ❡❧
♦♣❡r❛❞♦r ❞❡ ❝♦♠♣♦s✐❝✐ó♥ Cφ ❛❝t✉❛♥❞♦ ❡♥ H(D) ❡s ❤✐♣❡r❝í❝❧✐❝♦✳

❉❡♠♦str❛❝✐ó♥✳ ❙❛❜❡♠♦s q✉❡ Cφ ∈ L(H2(D)) ❡s ❤✐♣❡r❝í❝❧✐❝♦✱ H2(D) →֒ H(D) ❡s ❝♦♥✲
t✐♥✉❛ ❞❡ r❛♥❣♦ ❞❡♥s♦ ✭❧♦s ♣♦❧✐♥♦♠✐♦s s♦♥ ❞❡♥s♦s ❡♥ ❛♠❜♦s ❡s♣❛❝✐♦s✮ ② ❝♦♥✈❡r❣❡♥❝✐❛
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❡♥ H2(D) ✐♠♣❧✐❝❛ ❝♦♥✈❡r❣❡♥❝✐❛ ✉♥✐❢♦r♠❡ s♦❜r❡ ❝♦♠♣❛❝t♦s✳ ❆❞❡♠ás✱ ❡s ❝❧❛r♦ q✉❡ ❡❧
s✐❣✉✐❡♥t❡ ❞✐❛❣r❛♠❛

H2(D)
Cφ //

��

H2(D)

��
H(D)

Cφ

// H(D)

❝♦♥♠✉t❛✳ ▲✉❡❣♦✱ ♣♦r ❡❧ ❈r✐t❡r✐♦ ❞❡ ❝♦♠♣❛r❛❝✐ó♥ ✶✳✸✳✶✶✱ Cφ ❡s ❤✐♣❡r❝í❝❧✐❝♦ ❡♥ H(D) ✳

✷✳✹✳✹✳ ❯♥ ❡❥❡♠♣❧♦ ❡♥ Lp[0, 1]

❊①✐st❡♥ r❡str✐❝❝✐♦♥❡s s♦❜r❡ ❡❧ ❡s♣❛❝✐♦ X q✉❡ ❞❡❜❡♠♦s t❡♥❡r ❡♥ ❝✉❡♥t❛ ♣❛r❛ ❛s❡❣✉r❛r ❧❛
❡①✐st❡♥❝✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s✳ ❊s ❡✈✐❞❡♥t❡ q✉❡ ❞❡❜❡♠♦s tr❛❜❛❥❛r ❡♥ ❡s♣❛❝✐♦s
✈❡❝t♦r✐❛❧❡s s❡♣❛r❛❜❧❡s✱ ② ♠♦str❛♠♦s q✉❡ ❞❡❜❡♥ s❡r ❞❡ ❞✐♠❡♥s✐ó♥ ✐♥✜♥✐t❛✳ ❊♥ ✶✾✻✾✱ ❙✳
❘♦❧❡✇✐❝③ ♣r❡❣✉♥tó s✐ ❡st❛ ❡s ❧❛ ú♥✐❝❛ r❡str✐❝❝✐ó♥ q✉❡ s❡ ❞❡❜❡ t❡♥❡r ❡♥ ❝✉❡♥t❛ ♣❛r❛
❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤✱ ❡s ❞❡❝✐r✱ s✐ t♦❞♦ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ s❡♣❛r❛❜❧❡ ❞❡ ❞✐♠❡♥s✐ó♥ ✐♥✜♥✐t❛
❛❞♠✐t❡ ✉♥ ♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦✳ ❊st❡ ♣r♦❜❧❡♠❛ ❢✉❡ r❡s✉❡❧t♦✱ ❡♥ ❢♦r♠❛ ✐♥❞❡♣❡♥❞✐❡♥t❡✱ ❡♥
❡❧ ❛ñ♦ ✶✾✾✼ ♣♦r ❙✳ ❆♥s❛r✐ ② ▲✳ ❇❡r♥❛❧✳ ❙✳ ❆♥s❛r✐ ♠♦stró q✉❡ ✉♥❛ ❝❧❛s❡ ♠✉❝❤♦ ♠❛②♦r ❞❡
❡s♣❛❝✐♦s s✐❡♠♣r❡ ❛❞♠✐t❡♥ ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❡s♣❛❝✐♦s ❞❡ ❋ré❝❤❡t
❜❛❥♦ ❝✐❡rt❛ ❝♦♥❞✐❝✐ó♥ ❛❞♠✐t❡♥ ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s✳ ❯♥ ❛ñ♦ ❞❡s♣✉és✱ ❏✳ ❇♦♥❡t ② ❆✳
P❡r✐s ❬✶✵❪ ❞❡♠♦str❛r♦♥ q✉❡ ❡♥ t♦❞♦ ❡s♣❛❝✐♦ ❞❡ ❋ré❝❤❡t ❤❛② ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s✳

❚❡♦r❡♠❛ ✷✳✹✳✷✷✳ ❚♦❞♦ ❡s♣❛❝✐♦ ❞❡ ❋ré❝❤❡t s❡♣❛r❛❜❧❡ ❞❡ ❞✐♠❡♥s✐ó♥ ✐♥✜♥✐t❛✱ ❛❞♠✐t❡ ✉♥
♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦✳

P♦r ♦tr♦ ❧❛❞♦ ❡st❡ r❡s✉❧t❛❞♦ ♥♦ s❡ ♠❛♥t✐❡♥❡ ♣❛r❛ ❡s♣❛❝✐♦s ❝♦♠♣❧❡t♦s ❧♦❝❛❧♠❡♥t❡ ❝♦♥✲
✈❡①♦s✳ ❊①✐st❡♥ ❡❥❡♠♣❧♦s ❞❡ ❡s♣❛❝✐♦s s❡♣❛r❛❜❧❡s ❧♦❝❛❧♠❡♥t❡ ❝♦♥✈❡①♦s q✉❡ ♥♦ ❛❞♠✐t❡♥
♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s✳ ❱❡r❡♠♦s ✉♥ ❡❥❡♠♣❧♦ ❡♥ ❡s♣❛❝✐♦s ♥♦ ❧♦❝❛❧♠❡♥t❡ ❝♦♥✈❡①♦s q✉❡
sí ❛❞♠✐t❡♥ ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s✳ ❈♦♥s✐❞❡r❛♠♦s ❧♦s ❡s♣❛❝✐♦s Lp[0, 1]✱ ❝♦♥ 0 < p < 1✳

Lp[0, 1] =

{
f ♠❡❞✐❜❧❡✱ t❛❧❡s q✉❡ Np(f) :=

∫

[0,1]

|f |pdx <∞
}
.

❚❡♥❡♠♦s q✉❡ Np(f)
1/p ♥♦ ❝✉♠♣❧❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ tr✐❛♥❣✉❧❛r✱ ♣♦r ❧♦ t❛♥t♦ ♥♦ ❞❛ ✉♥❛

♥♦r♠❛ ♣❛r❛ ❡❧ ❡s♣❛❝✐♦❀ ♣❡r♦ sí s❡ ❝✉♠♣❧❡

Np(f + g) ≤ Np(f) +Np(g),

❞❡✜♥✐❡♥❞♦ ❛sí ✉♥❛ ♠étr✐❝❛ d(f, g) = Np(f−g)✱ q✉❡ ❧♦ ❤❛❝❡ ❝♦♠♣❧❡t♦✱ ♣♦r ❧♦ t❛♥t♦ ❡s ✉♥
❋✲❡s♣❛❝✐♦✳ ◆♦ s♦♥ ❡s♣❛❝✐♦s ❞❡ ❋ré❝❤❡t✱ t♦❞♦ ❛❜✐❡rt♦ ❝♦♥✈❡①♦ q✉❡ ❝♦♥t✐❡♥❡ ❛ ❧❛ ❢✉♥❝✐ó♥
♥✉❧❛✱ ❡s ♥♦ ❛❝♦t❛❞♦ ♣❛r❛ ❧❛ q✉❛s✐✲♥♦r♠❛ Np✱ ❧✉❡❣♦ ❡❧ ✈❡❝t♦r ✵ ♥♦ ♣♦s❡❡ ✉♥❛ ❜❛s❡ ❞❡
❡♥t♦r♥♦s ❝♦♥✈❡①♦s✳
❙✳ ❆♥s❛r✐ ♣❧❛♥t❡❛ s✐ ❡st♦s ❡s♣❛❝✐♦s ❛❞♠✐t❡♥ ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s ❬✶❪✳ ❊♥ ❡❢❡❝t♦✱ ❧♦s
❛❞♠✐t❡♥ ② ♣♦❞❡♠♦s ❞❛r ✉♥ ❡❥❡♠♣❧♦ ❞❡ ✉♥ ♦♣❡r❛❞♦r ❞❡ ❝♦♠♣♦s✐❝✐ó♥ ❤✐♣❡r❝í❝❧✐❝♦ ❡♥
Lp[0, 1]✳ ❈♦♥s✐❞❡r❛♠♦s ❧❛ ❢✉♥❝✐ó♥ φ : [0, 1] −→ [0, 1] ❞❡✜♥✐❞❛ ♣♦r

φ(t) =





t
2

s✐ t ≤ 1/2

3t−1
2

s✐ t ≥ 1/2
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❙❡❛ Cφ : Lp −→ Lp✱ Cφ = f ◦ φ ❡❧ ♦♣❡r❛❞♦r ❞❡ ❝♦♠♣♦s✐❝✐ó♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡✳ ❊s ❝❧❛r♦
q✉❡ Cφ ❡s ❝♦♥t✐♥✉♦ ❡ ✐♥✈❡rs✐❜❧❡✳ ❱❡❛♠♦s q✉❡ s❛t✐s❢❛❝❡ ❡❧ ❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ❝♦♥
r❡s♣❡❝t♦ ❛ ❧❛ s✉❝❡s✐ó♥ {nk}k∈N✱ nk = 2k ② ❛ ❧♦s ❝♦♥❥✉♥t♦s ❞❡♥s♦s

D1 = D2 = {f ❝♦♥t✐♥✉❛ t❛❧ q✉❡✱ f(0) = f(1) = 0}.

❉❡❜❡♠♦s ✈❡r q✉❡ C2n
φ (f) −→ 0 ♣❛r❛ f ∈ C[0, 1]✱ f(0) = f(1) = 0✳ P❛r❛ ❡❧❧♦✱ ❞❡❜❡♠♦s

❡st✉❞✐❛r ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s φn = φ◦· · ·◦φ✳ ▼❡❞✐❛♥t❡ ✉♥ rá♣✐❞♦ ❛♥á❧✐s✐s
✈❡♠♦s q✉❡ ❝❛❞❛ ❝♦♠♣♦s✐❝✐ó♥ φn✱ ❡s ✉♥❛ ❢✉♥❝✐ó♥ ✏❧✐♥❡❛❧✑ ❛ tr♦③♦s✳ ❊s ❞❡❝✐r✱ ♣❛r❛ ❝❛❞❛
n t❡♥❡♠♦s ✉♥❛ ♣❛rt✐❝✐ó♥ {0 < a1 < a2 < · · · < an < 1}✱ ❡♥ n + 1 ✐♥t❡r✈❛❧♦s ❞❡❧ [0, 1]✳
❊♥ ❝❛❞❛ ✉♥♦ ❞❡ ❡st♦s ✐♥t❡r✈❛❧♦s✱ φn ❡s ✉♥❛ r❡❝t❛ ② s❡ ❝✉♠♣❧❡ ❧♦ s✐❣✉✐❡♥t❡✿

❊♥ [0, a1]✱ φn ≤ (1/2)n+1✱

❊♥ [a1, a2]✱ φn ≤ (1/2)n✱

❊♥ [a2, a3]✱ φn ≤ (1/2)n−1✱

✳✳✳

❊♥ [an−1, an]✱ φn ≤ (1/2)2✱

❊♥ [an, 1]✱ φn ≤ 1✳

❈♦♥ an = 1− 1
2
(2
3
)n−1 ♣❛r❛ n ≥ 1✳ ▼♦str❛♠♦s ❡♥ ❧❛s s✐❣✉✐❡♥t❡s ✜❣✉r❛s✱ ❧♦s ❣rá✜❝♦s ❞❡

❧❛s ♣r✐♠❡r❛s ✸ ❝♦♠♣♦s✐❝✐♦♥❡s ❞❡ φ✳

❉❛❞♦ ε > 0✱ s❡❛♥ M > 0 t❛❧ q✉❡ |f(t)| ≤M ❡♥ [0, 1]✱ δ > 0 t❛❧ q✉❡ |f(t)| < (ε/2)1/p ❡♥
[0, δ] ② n ∈ N t❛❧ q✉❡ (1/2)n+2 < δ ② (2/3)n−1 < ε/Mp✳ ❚❡♥❡♠♦s ❡♥t♦♥❝❡s q✉❡

❊♥ [0, a1]✱ φ2n ≤ (1/2)2n+1✱

❊♥ [a1, a2]✱ φ2n ≤ (1/2)2n✱

❊♥ [a2, a3]✱ φ2n ≤ (1/2)2n−1✱

✳✳✳

❊♥ [an−1, an]✱ φ2n ≤ (1/2)n+2✱
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✳✳✳

❊♥ [a2n−2, a2n−1]✱ φ2n ≤ (1/2)3✱

❊♥ [a2n−1, a2n]✱ φ2n ≤ (1/2)2✱

❊♥ [a2n, 1]✱ φ2n ≤ 1✳

② ❛sí✱

d(C2n
φ (f), 0) =

∫

[0,1]

|f(φ2n(t))|pdt

≤
∫

[0,an]

|f(φ2n(t))|pdt
︸ ︷︷ ︸

(1)

+

∫

[an,1]

|f(φ2n(t))|pdt
︸ ︷︷ ︸

(2)

❊♥ ✭✶✮✿ t❡♥❡♠♦s q✉❡ t ∈ [0, an]✱ ❡♥t♦♥❝❡s φ2n(t) ≤ (1/2)n+2 < δ✳ ▲✉❡❣♦✱
∫

[0,an]

|f(φ2n(t))|pdt ≤ sup
[0,an]

|f(φ2n(t))|p.an ≤ ε/2.

❊♥ ✭✷✮✿ t❡♥❡♠♦s q✉❡
∫

[an,1]

|f(φ2n(t))|pdt ≤Mp.(1− an) =Mp(1/2)(2/3)n−1 < ε/2.

❆♥á❧♦❣❛♠❡♥t❡✱ ✉s❛♥❞♦ q✉❡ f(1) = 0 ♣r♦❜❛♠♦s q✉❡ C2n
φ−1(f) −→ 0 ♣❛r❛ f ∈ C[0, 1]✳

◆♦t❛✿ ❉❡ ❛q✉í✱ ♣♦❞❡♠♦s ❞❡st❛❝❛r ❞♦s ♣r♦❜❧❡♠❛s q✉❡ ❛ú♥ s❡ ♠❛♥t✐❡♥❡♥ s✐♥ s♦❧✉❝✐ó♥✳

✶✳ ❈❛r❛❝t❡r✐③❛r ❧♦s ❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s t♦♣♦❧ó❣✐❝♦s q✉❡ ❛❞♠✐t❡♥ ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í✲
❝❧✐❝♦s✳

✷✳ ❉❡t❡r♠✐♥❛r s✐ ❡♥ t♦❞♦ ❋✲❡s♣❛❝✐♦ s❡♣❛r❛❜❧❡ ❞❡ ❞✐♠❡♥s✐ó♥ ✐♥✜♥✐t❛ ❤❛② ♦♣❡r❛❞♦r❡s
❤✐♣❡r❝í❝❧✐❝♦s✳

✷✳✺✳ ❖♣❡r❛❞♦r❡s ❙❤✐❢t

❊♥ ❡st❛ s❡❝❝✐ó♥ ❝♦♥t✐♥✉❛♠♦s ❡❧ ❡st✉❞✐♦ ❞❡ ❧♦s ♦♣❡r❛❞♦r❡s s❤✐❢t✳ ❊♥ ❡❧ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r
✈✐♠♦s q✉❡ s✐ B ❡s ❡❧ s❤✐❢t ✉♥✐❧❛t❡r❛❧ ❛ ✐③q✉✐❡r❞❛ λB ❡s ❤✐♣❡r❝í❝❧✐❝♦ ♣❛r❛ t♦❞♦ λ, |λ| > 1✳
❊st✉❞✐❛♠♦s ❛❤♦r❛ ♦♣❡r❛❞♦r❡s s❤✐❢t ❜✐❧❛t❡r❛❧❡s ❝♦♥ ♣❡s♦s ❡♥ ❡❧ ❡s♣❛❝✐♦ ℓ2(Z)✳ ❱❛♠♦s
❛ ❞❡t❡r♠✐♥❛r ❝✉❛♥❞♦ r❡s✉❧t❛♥ ❤✐♣❡r❝í❝❧✐❝♦s ❡♥ tér♠✐♥♦s ❞❡ ❧❛ s✉❝❡s✐ó♥ ❞❡ ♣❡s♦s✳ ▲♦s
r❡s✉❧t❛❞♦s q✉❡ ✈❡r❡♠♦s s❡ ❞❡❜❡♥ ❛ ◆✳ ❙❛❧❛s ❬✸✵❪✳ ❊♥ ❝♦♥❝r❡t♦✱ ❞❡✜♥✐♠♦s B✇ : ℓ2(Z) −→
ℓ2(Z)✱ B✇(en) = wnen−1✱ ❡♥ ❞♦♥❞❡ (en)n∈Z ❡s ❧❛ ❜❛s❡ ❝❛♥ó♥✐❝❛ ❞❡ ℓ2(Z) ② ✇ = (wn)n∈Z
❡s ✉♥❛ s✉❝❡s✐ó♥ ❛❝♦t❛❞❛ ❞❡ ♥ú♠❡r♦s r❡❛❧❡s ♣♦s✐t✐✈♦s✱ q✉❡ ❧❧❛♠❛r❡♠♦s s✉❝❡s✐ó♥ ❞❡ ♣❡s♦s✳
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❊s ❝❧❛r♦ q✉❡ ‖B✇‖ ≤ ‖✇‖∞✳ ❊♥ ✈❡③ ❞❡ tr❛❜❛❥❛r ❝♦♥ s❤✐❢ts ❝♦♥ ♣❡s♦s ❡♥ ❡s♣❛❝✐♦s s✐♥
♣❡s♦s✱ tr❛❜❛❥❛r❡♠♦s ❝♦♥ ❡❧ s❤✐❢t ❜✐❧❛t❡r❛❧ ❛ ✐③q✉✐❡r❞❛ s✐♥ ♣❡s♦s ❡♥ ✉♥ ♥✉❡✈♦ ❡s♣❛❝✐♦
ℓ2(Z, ω)✳ P❛r❛ ❝❛❞❛ s✉❝❡s✐ó♥ ❞❡ ♣❡s♦s ✇ = (wn)n∈Z✱ ❝♦♥s✐❞❡r❛♠♦s ✉♥❛ ♥✉❡✈❛ s✉❝❡s✐ó♥
ω = (ωn)n∈Z ❞❡ ♥ú♠❡r♦s ♣♦s✐t✐✈♦s ❞❡✜♥✐❞❛ ♣♦r ω0 = 1 ② ωn/ωn+1 = wn+1 ✭♥♦t❛r ❧❛
❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ω ② w✮✳ ❆sí ✐♥tr♦❞✉❝✐♠♦s ❡❧ ❡s♣❛❝✐♦

ℓ2(Z, ω) :=

{
x ∈ C

N, t❛❧ q✉❡ ‖x‖2 :=
∑

n∈Z
ω2
nx

2
n <∞

}

② tr❛❜❛❥❛r❡♠♦s ❝♦♥ ❡❧ s❤✐❢t ❜✐❧❛t❡r❛❧ s✐♥ ♣❡s♦s B : ℓ2(Z, ω) −→ ℓ2(Z, ω)✳ ❚❡♥❡♠♦s q✉❡
B ② B✇ s♦♥ ✉♥✐t❛r✐❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s ♠❡❞✐❛♥t❡ ❡❧ ♦♣❡r❛❞♦r U : ℓ2(Z) −→ ℓ2(Z, ω)✱
U(xn) = (xn/ωn)✳ ❊s ❝❧❛r♦ q✉❡ U ❡s ✉♥✐t❛r✐♦ ② q✉❡ U ◦ B✇ = B ◦ U ✳ ▲✉❡❣♦✱ ♣♦r ❡❧
❈r✐t❡r✐♦ ❞❡ ❝♦♠♣❛r❛❝✐ó♥ ✶✳✸✳✶✶✱ ❧❛ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ❞❡ B✇ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ❧❛ ❞❡ B✳

❚❡♦r❡♠❛ ✷✳✺✳✶✳ ❙❡❛ ✇ = (ωn)n∈Z ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ♥ú♠❡r♦s ♣♦s✐t✐✈♦s t❛❧❡s q✉❡

sup
n

ωn
ωn+1

<∞,

② s❡❛ B ❡❧ s❤✐❢t ❜✐❧❛t❡r❛❧ s✐♥ ♣❡s♦s ❛❝t✉❛♥❞♦ ❡♥ ℓ2(Z, ω)✳ ❊♥t♦♥❝❡s B ❡s ❤✐♣❡r❝í❝❧✐❝♦ s✐
② só❧♦ s✐

∀q ∈ N : ĺım inf
n→+∞

ω±n+q = 0.

◆♦t❛✿ ▲♦ q✉❡ q✉❡r❡♠♦s ❡①♣r❡s❛r ❡♥ ❧❛ t❡s✐s ❞❡❧ t❡♦r❡♠❛ ❝✉❛♥❞♦ ❡s❝r✐❜✐♠♦s

ĺım inf
n→+∞

ω±n+q = 0,

❡s q✉❡ ♣❛r❛ ❝❛❞❛ q ∈ N ❡①✐st❡ ✉♥❛ s✉❝❡s✐ó♥ ❝r❡❝✐❡♥t❡ (nk) ⊂ N q✉❡ ❝✉♠♣❧❡ s✐♠✉❧tá♥❡❛✲
♠❡♥t❡✿

ωnk+q −→ 0 ② ω−nk+q −→ 0

❉❡♠♦str❛❝✐ó♥✳ ❙✉♣♦♥❣❛♠♦s ♣r✐♠❡r♦ q✉❡ B ❡s ❤✐♣❡r❝í❝❧✐❝♦✳ ❋✐❥❡♠♦s q ∈ N✳ ❚♦♠❛♠♦s
δ ∈ (0, 1) ② ❝♦♥s✐❞❡r❛♠♦s ❧❛ ❜♦❧❛ B(eq, δ)✳ P♦r ❧❛ tr❛♥s✐t✐✈✐❞❛❞ ❞❡ B✱ ♣♦❞❡♠♦s ❛s❡❣✉r❛r
q✉❡ ❡①✐st❡ n > 2q ② x ∈ ℓ2(Z, ω)✱ t❛❧ q✉❡

‖x− eq‖ < δ ② ‖Bn(x)− eq‖ < δ.

▼✐r❛♥❞♦ ❧❛ q✲és✐♠❛ ② ❧❛ (n+ q)✲és✐♠❛ ❝♦♦r❞❡♥❛❞❛ ❞❡ ‖x− eq‖✱ ♦❜t❡♥❡♠♦s q✉❡

|ωq(xq − 1)| < δ ② |ωn+qxn+q| < δ.

▼✐r❛♥❞♦ ❧❛ q✲és✐♠❛ ② ❧❛ (−n+ q)✲és✐♠❛ ❝♦♦r❞❡♥❛❞❛ ❞❡ ‖Bn(x)− eq‖✱ ♦❜t❡♥❡♠♦s q✉❡

|ωq(xn+q − 1)| < δ ② |ω−n+qxq| < δ.
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❈♦♥ ❡st♦ t❡♥❡♠♦s q✉❡✱ ♣❛r❛ δ < ωq✱

ωn+q ≤ |ωn+qxn+q|+ |ωn+q(1− xn+q)| < δ + ωn+q.
δ

ωq

=⇒ ωn+q.

(
1− δ

ωq

)
< δ

=⇒ ωn+q <
δωq
ωq − δ

.

❚❛♠❜✐é♥✱

ω−n+q ≤ |ω−n+qxq|+ |ω−n+q(1− xq)| < δ + ω−n+q
δ

ωq

=⇒ ω−n+q.

(
1− δ

ωq

)
< δ

=⇒ ω−n+q <
δωq
ωq − δ

.

❯s❛♥❞♦ ❡st❛ ❝♦t❛ r❡♣❡t✐❞❛s ✈❡❝❡s ♦❜t❡♥❡♠♦s ❧❛ s✉❝❡s✐ó♥ q✉❡ ❜✉s❝❛♠♦s✳ ❚♦♠❛♠♦s δ1 >
0✱ t❛❧ q✉❡ δ1ωq

ωq−δ1 < 1/2✱ ❡♥❝♦♥tr❛♠♦s n1 ∈ N t❛❧ q✉❡

ω±n1+q <
1

2
.

P❛r❛ ❤❛❧❧❛r n2✱ t♦♠❛♠♦s δ2 > 0✱ t❛❧ q✉❡ δ2ωq

ωq−δ2 < 1/4✱ ❡♥❝♦♥tr❛♠♦s n2 ≥ n1 t❛❧ q✉❡

ω±n2+q <
1

4
.

❘❡♣✐t✐❡♥❞♦ ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦✱ ♦❜t❡♥❡♠♦s ❡❧ r❡s✉❧t❛❞♦✳
❘❡❝í♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❣❛♠♦s q✉❡

∀q ∈ N : ĺım inf
n→+∞

ω±n+q = 0.

② ✈❡❛♠♦s q✉❡ B s❛t✐s❢❛❝❡ ❡❧ ❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞✳ ❙❡❛ C ✉♥❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛
t❛❧ q✉❡ C > máx{1, supn(ωn/ωn+1)}✳ ❈♦♥str✉✐♠♦s ✉♥❛ s✉❝❡s✐ó♥ ❝r❡❝✐❡♥t❡ (nk) ∈ N✱ t❛❧
q✉❡

ωnk+k ≤ C−3k ② ω−nk+k ≤ C−3k.

P❛r❛ n1✱ t♦♠❛♠♦s C−3 > 0 ② ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r n1 t❛❧ q✉❡

ωn1+1 ≤ C−3 ② ω−n1+1 ≤ C−3.
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P❛r❛ n2✱ t♦♠❛♠♦s C−6 > 0 ② ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r n2 > n1 t❛❧ q✉❡

ωn2+2 ≤ C−6 ② ω−n2+2 ≤ C−6,

② ❛sí s✉❝❡s✐✈❛♠❡♥t❡✳
▲✉❡❣♦✱ ωnk+i −→ 0 ② ω−nk+i −→ 0 ❝✉❛♥❞♦ k → ∞ ♣❛r❛ t♦❞♦ i ∈ Z✳ ❉❡ ❤❡❝❤♦✱ s✐
✜❥❛♠♦s i ② k ≥ |i| t❡♥❡♠♦s✱

ωnk+i ≤ Ck−iωnk+k ≤ C−2k−i ≤ C−k

ω−nk+i ≤ Ck−iω−nk+k ≤ C−2k−i ≤ C−k.

❊♥t♦♥❝❡s ✈❡❛♠♦s q✉❡ s❡ s❛t✐s❢❛❝❡ ❡❧ ❝r✐t❡r✐♦ ♣❛r❛ ❧❛ s✉❝❡s✐ó♥ (nk)✳ ❚♦♠❡♠♦s ❧♦s ❝♦♥❥✉♥✲
t♦s ❞❡♥s♦s D1 = D2 = c00(Z) = 〈ei : i ∈ Z〉gen ② s❡❛ S ❡❧ s❤✐❢t ❛ ❞❡r❡❝❤❛ S(ei) = ei+1✳
❈♦♠♦ BS = Id ❡♥ D2✱ ❞❡❜❡♠♦s ♣r♦❜❛r q✉❡ Bnk(ei) ② Snk(ei) ❛♠❜♦s t✐❡♥❞❡♥ ❛ ✵ ♣❛r❛
t♦❞♦ i ∈ Z ✭② ❧✉❡❣♦ ❝♦♥❝❧✉✐♠♦s ✉s❛♥❞♦ ❧✐♥❡❛❧✐❞❛❞✮✱ ♣❡r♦ ❡st♦ ❡s ❝❧❛r♦ ♣✉❡s

‖Bnk(ei)‖ = ω−nk+i ② ‖Snk(ei)‖ = ωnk+i.

❱♦❧✈✐❡♥❞♦ ❛ ℓ2(Z) ② s❤✐❢ts ❝♦♥ ♣❡s♦s✱ ♣♦❞❡♠♦s ❞❛r ❧❛ ✈❡rs✐ó♥ ❛♥á❧♦❣❛ ❞❡❧ t❡♦r❡♠❛
❛♥t❡r✐♦r✳

❚❡♦r❡♠❛ ✷✳✺✳✷✳ ❙❡❛ B✇ ❡❧ s❤✐❢t ❜✐❧❛t❡r❛❧ ❛ ✐③q✉✐❡r❞❛ ❛❝t✉❛♥❞♦ ❡♥ ℓ2(Z)✱ ❝♦♥ s✉❝❡s✐ó♥
❞❡ ♣❡s♦s ✇ = (wn)n∈Z✳ ❊♥t♦♥❝❡s B✇ ❡s ❤✐♣❡r❝í❝❧✐❝♦ s✐ ② só❧♦ s✐✱ ♣❛r❛ t♦❞♦ q ∈ N✱

ĺım inf
n→+∞

máx{(w1 · · ·wn+q)−1, (w0 · · ·w−n+q+1)} = 0

❉❡♠♦str❛❝✐ó♥✳ ❙✐♠♣❧❡♠❡♥t❡ ♦❜s❡r✈❛r q✉❡ ❧❛ s✉❝❡s✐ó♥ ❛s♦❝✐❛❞❛ (ωn) ❝✉♠♣❧❡

ωn+q = (w1 · · ·wn+q)−1 ② ω−n+q = (w0 · · ·w−n+q+1).

❆❤♦r❛ ❞❛♠♦s ❧❛ ✈❡rs✐ó♥ ❞❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r ♣❛r❛ s❤✐❢ts ✉♥✐❧❛t❡r❛❧❡s✳ ❈♦♥s✐❞❡r❛♠♦s
❡♥ ℓ2(N) ❡❧ ♦♣❡r❛❞♦r B✇✱ ❞❡✜♥✐❞♦ ♣♦r B✇(e0) = 0 ② B✇(en) = wnen−1 ♣❛r❛ n ≥ 1✱
❡♥ ❞♦♥❞❡ (en)n∈N0 ❡s ❧❛ ❜❛s❡ ❝❛♥ó♥✐❝❛ ❞❡ ℓ2(N) ② ✇ = (wn)n ❡s ✉♥❛ s✉❝❡s✐ó♥ ❛❝♦✲
t❛❞❛ ❞❡ ♥ú♠❡r♦s ♣♦s✐t✐✈♦s✳ ❙❡ ♣✉❡❞❡♥ ❞❛r ✈❡rs✐♦♥❡s s✐♠✐❧❛r❡s ❛ ❧❛s q✉❡ ✈✐♠♦s ❡♥ ❧❛s
❞❡♠♦str❛❝✐♦♥❡s ♣❛s❛❞❛s✳ P❡r♦ ❡st❛ ✈❡③ ❞❛r❡♠♦s ✉♥❛ ♣r✉❡❜❛ ❜❛sá♥❞♦♥♦s ❡♥ q✉❡ ②❛ t❡✲
♥❡♠♦s ❡❧ r❡s✉❧t❛❞♦ ♣❛r❛ s❤✐❢ts ❜✐❧❛t❡r❛❧❡s✳ Pr♦❝❡❞❡♠♦s ♠♦str❛♥❞♦ q✉❡ ❛❧ ✏❝♦♠♣r✐♠✐r✑
✉♥ ♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦ ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt✱ s❡ ♠❛♥t✐❡♥❡ ❧❛ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞✳

❉❡✜♥✐❝✐ó♥ ✷✳✺✳✸✳ ❙❡❛♥ H = ℓ2(Z)✱ T ∈ L(H) ② Λ ⊂ H ✉♥ s✉❜❡s♣❛❝✐♦✱ ❞❡✜♥✐♠♦s ❧❛
❝♦♠♣r❡s✐ó♥ ❞❡ T ❛ Λ ❝♦♠♦ ❡❧ ♦♣❡r❛❞♦r PTP r❡str✐♥❣✐❞♦ ❛ Λ✱ ❞♦♥❞❡ P ❡s ❧❛ ♣r♦②❡❝❝✐ó♥
♦rt♦❣♦♥❛❧ s♦❜r❡ Λ✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✺✳✹✳ ❙❡❛ T ✉♥ ♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦ ❡♥ ℓ2(Z)✳ ❙✉♣♦♥❣❛♠♦s q✉❡ Λ ❡s
✉♥ s✉❜❡s♣❛❝✐♦ ✐♥✈❛r✐❛♥t❡ ♣❛r❛ T ∗✳ ❊♥t♦♥❝❡s ❧❛ ❝♦♠♣r❡s✐ó♥ ❞❡ T ❛ Λ ❡s ❤✐♣❡r❝í❝❧✐❝♦ ❡♥
Λ✳
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❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ P ❧❛ ♣r♦②❡❝❝✐ó♥ ♦rt♦❣♦♥❛❧ s♦❜r❡ Λ ② PTP ❧❛ ❝♦♠♣r❡s✐ó♥ ❞❡ T ❛
Λ✳ ◆♦t❛♠♦s P⊥ := I − P ❧❛ ♣r♦②❡❝❝✐ó♥ ♦rt♦❣♦♥❛❧ s♦❜r❡ Λ⊥✳ ❈♦♠♦ Λ ❡s s✉❜❡s♣❛❝✐♦
✐♥✈❛r✐❛♥t❡ ❞❡ T ∗✱ Λ⊥ ❡s s✉❜❡s♣❛❝✐♦ ✐♥✈❛r✐❛♥t❡ ❞❡ T ✳ ❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ PTP⊥ = 0✳ ▲♦
q✉❡ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ❞❡❝✐r q✉❡ PT = PTP ✳ ❆✜r♠❛♠♦s q✉❡

T n = (PTP )n +
n∑

k=1

(P⊥T )k(PT )n−kP + (P⊥TP⊥)n. ✭✷✳✹✮

❙✐ n = 1✱ t❡♥❡♠♦s

PTP + (P⊥T )P + P⊥TP⊥ = PTP + (T − PT )P + (T − PT )(I − P )

= PTP + TP − PTP + T − PT − TP + PTP = T.

❙✉♣♦♥❣❛♠♦s q✉❡ ❡s ❝✐❡rt♦ ♣❛r❛ n ② ♣r♦❜❡♠♦s ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✹✮ ♣❛r❛ n + 1✳ ◗✉❡r❡♠♦s
✈❡r q✉❡✿

T n+1 = (PTP )n+1 +
n+1∑

k=1

(P⊥T )k(PT )n+1−kP + (P⊥TP⊥)n+1.

❱❡r❡♠♦s q✉❡

(PTP )n+1 +
n+1∑

k=1

(P⊥T )k(PT )n+1−kP + (P⊥TP⊥)n+1−
[
(PTP )n +

n∑

k=1

(P⊥T )k(PT )n−kP + (P⊥TP⊥)n

]
T = 0

❍❛❝❡♠♦s ❧❛s s✐❣✉✐❡♥t❡s ❛s♦❝✐❛❝✐♦♥❡s✿

[
(PTP )n+1 − (PTP )nT

]
︸ ︷︷ ︸

(1)

+

[
n∑

k=1

(P⊥T )k(PT )n+1−kP −
(

n∑

k=1

(P⊥T )k(PT )n−kP

)
T

]

︸ ︷︷ ︸
(2)

+
[
(P⊥TP⊥)n+1 + (P⊥T )n+1P − (P⊥TP⊥)nT

]
︸ ︷︷ ︸

(3)

❡♥ ❧❛s q✉❡ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s tr❡s tér♠✐♥♦s ❡s ❝❡r♦✳
P❛r❛ ✭✶✮✿

(PTP )nT = (PTP )n−1(PT )(PT ) = (PTP )n+1.

P❛r❛ ✭✷✮✿
[

n∑

k=1

(P⊥T )k(PT )n+1−kP −
(

n∑

k=1

(P⊥T )k(PT )n−kP

)
T

]
=

n∑

k=1

[
(P⊥T )k(PT )n−k(PTP − PT )

]
= 0.
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P❛r❛ ✭✸✮✿

(P⊥TP⊥)nT − (P⊥T )n+1P − (P⊥TP⊥)n+1 = (P⊥TP⊥)n[T − TP⊥]− (P⊥T )n+1P

= (P⊥TP⊥)nTP − (P⊥T )n+1P = [(P⊥TP⊥)n − (P⊥T )nP⊥]TP = 0.

❉❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✹✮✱ s❡ ❞❡❞✉❝❡ q✉❡ ♣❛r❛ x ∈ H ② z ∈ Λ

T nx− z = ((PTP )nx− z)︸ ︷︷ ︸
∈Λ

+

(
n∑

k=1

(P⊥T )k(PT )n−kPx+ (P⊥TP⊥)nx

)

︸ ︷︷ ︸
∈Λ⊥

▲✉❡❣♦✱
‖(PTP )nx− z‖ ≤ ‖T nx− z‖.

❉❡ ❡st❛ ❢♦r♠❛✱ s✐ ❡❧❡❣✐♠♦s x ∈ HC(T )✱ t❡♥❡♠♦s q✉❡ Px ❡s ✈❡❝t♦r ❤✐♣❡r❝í❝❧✐❝♦ ♣❛r❛
PTP ❡♥ Λ✳

❚❡♦r❡♠❛ ✷✳✺✳✺✳ ❙❡❛ B✇ ❡❧ s❤✐❢t ✉♥✐❧❛t❡r❛❧ ❛ ✐③q✉✐❡r❞❛ ❛❝t✉❛♥❞♦ ❡♥ ℓ2(N)✳ ❊♥t♦♥❝❡s✱
B✇ ❡s ❤✐♣❡r❝í❝❧✐❝♦ s✐ ② só❧♦ s✐ supn(w1 · · ·wn) = ∞✳

❉❡♠♦str❛❝✐ó♥✳ ❙✉♣♦♥❣❛♠♦s q✉❡ supn(w1 · · ·wn) = ∞✳ ❈♦♠♦ ✈✐♠♦s ❡♥ ❧❛ ❙✉❜s❡❝❝✐ó♥
✶✳✹✳✷✱ ❝✉❛♥❞♦ wn = λ ❝♦♥ |λ| > 1✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❡❧ ❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ❞❡
♠❛♥❡r❛ s✐♠✐❧❛r✳ ❘❡❝í♣r♦❝❛♠❡♥t❡✱ t♦♠❛♠♦s B✇ ∈ L(ℓ2(N)) ❝♦♠♦ ❧❛ ❝♦♠♣r❡s✐ó♥ ❛ ℓ2(N)
❞❡ ✉♥ s❤✐❢t ❜✐❧❛t❡r❛❧ ❡♥ ℓ2(Z) ❝✉②♦s ♣❡s♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ tér♠✐♥♦s ♥❡❣❛t✐✈♦s s♦♥
✶✴✷✳ ❆♣❧✐❝❛♥❞♦ ❡❧ ❚❡♦r❡♠❛ ✷✳✺✳✷ ② ❧❛ ♣r♦♣♦s✐❝✐ó♥ ❛♥t❡r✐♦r t❡♥❡♠♦s ❡❧ r❡s✉❧t❛❞♦✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✺✳✻✳ ❯♥ s❤✐❢t ✉♥✐❧❛t❡r❛❧ ❛ ❞❡r❡❝❤❛ ♥✉♥❝❛ ♣✉❡❞❡ s❡r ❤✐♣❡r❝í❝❧✐❝♦✳ ❉❡
❤❡❝❤♦✱ s❡❛ B✇ ∈ L(ℓ2(N))✱ B✇(en) = anen+1✳ ❙✐ x ∈ ℓ2(N)✱ ❧❛ ♣r♦②❡❝❝✐ó♥ ♦rt♦❣♦♥❛❧ ❞❡
Orb(x,B✇) s♦❜r❡ ❡❧ s✉❜❡s♣❛❝✐♦ ❣❡♥❡r❛❞♦ ♣♦r {ek : k < n} t✐❡♥❡ ❛ ❧♦ s✉♠♦ n ✈❡❝t♦r❡s✳

✷✳✻✳ ▲❛ ❢✉♥❝✐ó♥ ❩❡t❛ ❞❡ ❘✐❡♠❛♥♥

❍❛st❛ ❛❤♦r❛✱ ❡♥ t♦❞♦s ❧♦s ❡❥❡♠♣❧♦s q✉❡ ❡st✉❞✐❛♠♦s✱ ♦❜t✉✈✐♠♦s q✉❡ ♠✉❝❤♦s ♦♣❡r❛❞♦r❡s
s♦♥ ❤✐♣❡r❝í❝❧✐❝♦s ❤❛❝✐❡♥❞♦ ✉s♦ ❞❡❧ ❝r✐t❡r✐♦ ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞✳ ❙✐♥ ❡♠❜❛r❣♦✱ ♣♦❝❛ ✐♥✲
❢♦r♠❛❝✐ó♥ t❡♥❡♠♦s ❞❡ ❧♦s r❡s♣❡❝t✐✈♦s ✈❡❝t♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s✱ ♠ás ❛❧❧á ❞❡ s✉ ❡①✐st❡♥❝✐❛✳
❉❡ ❤❡❝❤♦✱ ❧❛ ♠❛②♦rí❛ ❞❡ ❧❛s ✈❡❝❡s ♣r♦❜❛♠♦s q✉❡ ❡①✐st❡♥ ♠❡❞✐❛♥t❡ ✉♥ ❛r❣✉♠❡♥t♦ q✉❡
✐♥✈♦❧✉❝r❛ ❡❧ ❚❡♦r❡♠❛ ❞❡ ❧❛ ❈❛t❡❣♦rí❛ ❞❡ ❇❛✐r❡✳ ❙♦r♣r❡♥❞❡ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ❡①✐st❛♥ t❛❧❡s
✈❡❝t♦r❡s✱ ♣❡r♦ ♥✉♥❝❛ ❤❡♠♦s ❡①❤✐❜✐❞♦ ✉♥♦ ❝♦♥❝r❡t♦✳ ❆ ♣❡s❛r ❞❡ t♦❞♦✱ sí ❡①✐st❡ ✉♥ ❝❛s♦
q✉❡ ♣♦❞❡♠♦s ❞❡st❛❝❛r✳
▲❛ ❢✉♥❝✐ó♥ ❩❡t❛ ❞❡ ❘✐❡♠❛♥♥ s❡ ❞❡✜♥❡ ❡♥ ❡❧ s❡♠✐♣❧❛♥♦ ❝♦♠♣❧❡❥♦ {Re(s) > 1} ♠❡❞✐❛♥t❡
❧❛ ❢ór♠✉❧❛

ζ(s) :=
∑

n≥1

1

ns
,

② ❧✉❡❣♦ s❡ ❡①t✐❡♥❞❡ ❛ ✉♥❛ ❢✉♥❝✐ó♥ ♠❡r♦♠♦r❢❛ ❡♥ C ❝♦♥ ✉♥ ♣♦❧♦ s✐♠♣❧❡ ❡♥ s = 1✳ ▲❛
❢r❛♥❥❛ ❝rít✐❝❛ ❡s

Ω = {s ∈ C : 1/2 < Re(s) < 1}.
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◆♦t❛♠♦s
H∗(Ω) = {f ∈ H(Ω); f ♥♦ t✐❡♥❡ ❝❡r♦s ❡♥ Ω}.

▲❛ ❍✐♣ót❡s✐s ❞❡ ❘✐❡♠❛♥♥ ❛✜r♠❛ q✉❡ ζ ♥♦ t✐❡♥❡ ❝❡r♦s ❡♥ ❧❛ ❢r❛♥❥❛ ❝rít✐❝❛ Ω✳ ❊s ❞❡❝✐r✱
❧❛ ❍✐♣ót❡s✐s ❞❡ ❘✐❡♠❛♥♥ ❞✐❝❡ q✉❡ ζ ∈ H∗(Ω)✳ ❊s ✉♥♦ ❞❡ ❧♦s ♣r♦❜❧❡♠❛s ❛❜✐❡rt♦s ♠ás
✐♠♣♦rt❛♥t❡s ② t✐❡♥❡ ❝♦♥❡①✐ó♥ ❝♦♥ ✈❛r✐❛s r❛♠❛s ❞❡ ♠❛t❡♠át✐❝❛✳ ❍❛st❛ ❡❧ ♠♦♠❡♥t♦✱ t♦❞♦s
❧♦s ❝❡r♦s ♥♦ tr✐✈✐❛❧❡s q✉❡ s❡ ❝♦♥♦❝❡♥ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ζ t✐❡♥❡♥ ♣❛rt❡ r❡❛❧ ✶✴✷ ② ❧♦s ❧❧❛♠❛❞♦s
❝❡r♦s tr✐✈✐❛❧❡s s♦♥ ❧♦s r❡❛❧❡s ♣❛r❡s ♥❡❣❛t✐✈♦s✳
▲❛ ❢r❛♥❥❛ ❝rít✐❝❛ ❡s ✐♥✈❛r✐❛♥t❡ ♣♦r tr❛s❧❛❝✐♦♥❡s ♣✉r❛♠❡♥t❡ ✐♠❛❣✐♥❛r✐❛s✱ t❡♥❡♠♦s ❡♥t♦♥❝❡s
❜✐❡♥ ❞❡✜♥✐❞♦ ❡❧ s❡♠✐❣r✉♣♦✶ ❞❡ tr❛s❧❛❝✐ó♥ (Tt)t≥0 ✭❜❛❥♦ ❧❛ ❝♦♠♣♦s✐❝✐ó♥ ❞❡ ♦♣❡r❛❞♦r❡s✮✱
❛❝t✉❛♥❞♦ ❡♥ ❡❧ ❡s♣❛❝✐♦ H(Ω)

Ttf(s) = f(s+ ti).

❊❧ ❚❡♦r❡♠❛ ❞❡ ❱♦r♦♥✐♥ ❬✸✷❪ ❛✜r♠❛ q✉❡ ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ ❞❡ H∗(Ω) s❡ ♣✉❡❞❡ ❛♣r♦①✐♠❛r
♣♦r tr❛s❧❛❝✐♦♥❡s ♣✉r❛♠❡♥t❡ ✐♠❛❣✐♥❛r✐❛s ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❩❡t❛ ❞❡ ❘✐❡♠❛♥♥✳

❚❡♦r❡♠❛ ✷✳✻✳✶ ✭❚❡♦r❡♠❛ ❞❡ ❱♦r♦♥✐♥✮✳ ❉❛❞♦s f ∈ H∗(Ω)✱ ε > 0 ② ✉♥ ❝♦♠♣❛❝t♦
K ⊂ Ω✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ♥ú♠❡r♦s r❡❛❧❡s ♣♦s✐t✐✈♦s t t❛❧❡s q✉❡

|ζ(s+ it)− f(s)| < ε, ♣❛r❛ t♦❞♦ s ∈ K.

❆sí✱ s✐ ❧❛ ❍✐♣ót❡s✐s ❞❡ ❘✐❡♠❛♥♥ ❡s ❝✐❡rt❛ ❡♥t♦♥❝❡s ❧❛ ❢✉♥❝✐ó♥ ❩❡t❛ ❞❡ ❘✐❡♠❛♥♥ ❡s ✉♥
✈❡❝t♦r ❤✐♣❡r❝í❝❧✐❝♦ ❞❡❧ s❡♠✐❣r✉♣♦ ❞❡ tr❛s❧❛❝✐ó♥ (Tt) ❛❝t✉❛♥❞♦ ❡♥ ❡❧ s✉❜❡s♣❛❝✐♦ ✐♥✈❛r✐❛♥t❡
H∗(Ω) ⊂ H(Ω)✳

✶❯♥ s❡♠✐❣r✉♣♦ ❡s ✉♥ ❣r✉♣♦ ❡♥ ❡❧ ❝✉á❧ s✉s ❡❧❡♠❡♥t♦s ♥♦ t✐❡♥❡♥ ✐♥✈❡rs♦✱ ✐✳❡✱ ✉♥ ❝♦♥❥✉♥t♦ ❝♦♥ ✉♥❛

♦♣❡r❛❝✐ó♥ ❛s♦❝✐❛t✐✈❛ ❝♦♥ ❡❧❡♠❡♥t♦ ♥❡✉tr♦✳
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❈❛♣ít✉❧♦ ✸

❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞

❊♥ ❡st❡ ❝❛♣ít✉❧♦ ❡st✉❞✐❛♠♦s ♦♣❡r❛❝✐♦♥❡s q✉❡ ♠❛♥t✐❡♥❡♥ ❧❛ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ❞❡ ✉♥ ♦♣❡✲
r❛❞♦r✳ ❨❛ ♦❜t✉✈✐♠♦s ❡❥❡♠♣❧♦s q✉❡ ♠✉❡str❛♥ q✉❡ ❡st❛ ♣r♦♣✐❡❞❛❞ ♥♦ s❡ ♠❛♥t✐❡♥❡ ❜❛❥♦
❝♦♠♣♦s✐❝✐♦♥❡s ② q✉❡ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s ♥♦ ❡s ❝❡rr❛❞♦✳ ◆♦t❡♠♦s q✉❡
t❛♠♣♦❝♦ s❡ ♠❛♥t✐❡♥❡ ♣♦r s✉♠❛s✱ s✐ t♦♠❛♠♦s T ② −T ❝♦♥ T ✉♥ ♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦✱
❛♠❜♦s r❡s✉❧t❛♥ ❤✐♣❡r❝í❝❧✐❝♦s ♠✐❡♥tr❛s q✉❡ ❧❛ s✉♠❛ ♥♦ ❧♦ ❡s✳ ❘❡❝✐❡♥t❡♠❡♥t❡✱ ❙✳ ●r✐✈❛✉①
♠♦stró q✉❡ t♦❞♦ ♦♣❡r❛❞♦r ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt ❝♦♠♣❧❡❥♦ ② s❡♣❛r❛❜❧❡ s❡ ❡s❝r✐❜❡
❝♦♠♦ s✉♠❛ ❞❡ ❞♦s ❤✐♣❡r❝í❝❧✐❝♦s✳ P✉♥t✉❛❧♠❡♥t❡ tr❛t❛r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ♣r♦❜❧❡♠❛s✿ s✐
T ❡s ❤✐♣❡r❝í❝❧✐❝♦✱ ❡s ❝✐❡rt♦ q✉❡

· T n ❧♦ ❡s❄

· µT ❧♦ ❡s✱ ❝♦♥ |µ| = 1❄

· T ⊕ T ❧♦ ❡s❄

❊❧ ú❧t✐♠♦ ❞❡ ❧♦s tr❡s✱ t✐❡♥❡ ❣r❛♥❞❡s ❝♦♥❡①✐♦♥❡s ❝♦♥ ❧❛ t❡♦rí❛ ❞❡s❛rr♦❧❧❛❞❛ ② ✈♦❧✈❡r❡♠♦s
s♦❜r❡ ❡st❡ ♣r♦❜❧❡♠❛ ❡♥ ❡❧ ❝❛♣ít✉❧♦ s✐❣✉✐❡♥t❡✳

✸✳✶✳ Pr✐♠❡r♦s ❘❡s✉❧t❛❞♦s

❱✐♠♦s q✉❡ s✐ T ❡s ✉♥ ♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦ ❡♥ ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ t♦♣♦❧ó❣✐❝♦ X✱ ❡♥t♦♥✲
❝❡s ❡❧ ❝♦♥❥✉♥t♦ HC(T ) ❞❡ t♦❞♦s ❧♦s ✈❡❝t♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s ❞❡ T ❡s ❝♦♥❡①♦✳ ❊st❡ ❤❡❝❤♦
❛❧❝❛♥③❛ ♣❛r❛ ♣r♦❜❛r q✉❡ s✐ ✉♥ ♦♣❡r❛❞♦r T ∈ L(X) ❡s ❤✐♣❡r❝í❝❧✐❝♦✱ ❡♥t♦♥❝❡s T n ❡s ❤✐✲
♣❡r❝í❝❧✐❝♦✱ ❝♦♥ ❧♦s ♠✐s♠♦s ✈❡❝t♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s✳ ❊st❡ r❡s✉❧t❛❞♦ s❡ ❞❡❜❡ ❛ ❙✳ ■✳ ❆♥s❛r✐
❬✷❪✳

❚❡♦r❡♠❛ ✸✳✶✳✶ ✭❆♥s❛r✐✮✳ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ t♦♣♦❧ó❣✐❝♦ s♦❜r❡ K = R ♦ C✳ ❙✐
x ∈ X ❡s ✉♥ ✈❡❝t♦r ❤✐♣❡r❝í❝❧✐❝♦ ♣❛r❛ T ∈ L(X)✱ ❡♥t♦♥❝❡s x ❡s ✈❡❝t♦r ❤✐♣❡r❝í❝❧✐❝♦ ♣❛r❛
T n ♣❛r❛ t♦❞♦ n ∈ N✳

❉❡♠♦str❛❝✐ó♥✳ ❆♥t❡s ❞❡ ❞❛r ❧❛ ♣r✉❡❜❛ ❣❡♥❡r❛❧ ✈❡❛♠♦s ❡❧ ❝❛s♦ n = 2✳ ❙❡❛ x ∈ HC(T )✳

✺✼
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❉❛❞♦ U ❛❜✐❡rt♦ ♥♦ ✈❛❝í♦✱ q✉❡r❡♠♦s ❡♥❝♦♥tr❛r q ∈ N t❛❧ q✉❡ T 2q(x) ∈ U ✳ ❉❡✜♥❛♠♦s

F0 :=HC(T ) ∩ {T 2n(x) : n ≥ 0},
F1 :=HC(T ) ∩ {T 2n+1(x) : n ≥ 0}.

❯s❛♥❞♦ q✉❡ x ∈ HC(T )✱ ❡s ❢á❝✐❧ ✈❡r q✉❡ F0∪F1 = HC(T )✳ ❊st♦s ❝♦♥❥✉♥t♦s s♦♥ ❝❡rr❛❞♦s
❡♥ HC(T ) ② ♥♦ ✈❛❝í♦s ♣✉❡s x ∈ F0 ② T (x) ∈ F1✳ P♦r ❧❛ ❝♦♥❡①✐ó♥ ❞❡ HC(T )✱ ❡①✐st❡
z ∈ F0 ∩ F1✳ ❈♦♠♦ z ∈ HC(T )✱ ❡①✐st❡ m ∈ N t❛❧ q✉❡ Tm(z) ∈ U ✳ ❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱
T−m(U) ❡s ✉♥ ❡♥t♦r♥♦ ❛❜✐❡rt♦ ❞❡ z✳

· ❙✐ m ❡s ♣❛r✱ ✉s❛♠♦s q✉❡ z ∈ F0 ♣❛r❛ ❡♥❝♦♥tr❛r ❡❧ q q✉❡ ❜✉s❝❛♠♦s✳ ❚❡♥❡♠♦s q✉❡
z ∈ {T 2n(x) : n ≥ 0}✱ ❡♥t♦♥❝❡s ❡①✐st❡ n ∈ N t❛❧ q✉❡ T 2n(x) ∈ T−m(U) ② t♦♠❛♠♦s
q = n+m/2✳

· ❙✐ ❡♥ ❝❛♠❜✐♦✱m ❡s ✐♠♣❛r✱ ♣r♦❝❡❞✐❡♥❞♦ ❞❡ ❢♦r♠❛ s✐♠✐❧❛r ✉s❛♥❞♦ q✉❡ z ∈ F1✱ ❡①✐st❡
n ∈ N t❛❧ q✉❡ T 2n+1(x) ∈ T−m(U)✱ ② t♦♠❛♠♦s q = n+ (m+ 1)/2✳

P❛r❛ ❡❧ ❝❛s♦ ❣❡♥❡r❛❧✱ ♥♦t❛♠♦s V := K[T ]x = {p(T )x : p ∈ K[t]}✱ V ❡s ✈❛r✐❡❞❛❞ ❤✐✲
♣❡r❝í❝❧✐❝❛ ❞❡♥s❛✱ ❝♦♥❡①❛ ② T ✲✐♥✈❛r✐❛♥t❡✳ ❙❡❛ A := T |V ✳ ❚♦❞♦ ✈❡❝t♦r ♥♦ ♥✉❧♦ ❞❡ V ❡s
❤✐♣❡r❝í❝❧✐❝♦ ♣❛r❛ T ✱ ❡♥t♦♥❝❡s Orb(y, A) ❡s ❞❡♥s♦ ❡♥ V ♣❛r❛ t♦❞♦ y ∈ V ✱ ♦ s❡❛✱ t♦❞♦ ❡❧❡✲
♠❡♥t♦ ❞❡ V ❡s ❤✐♣❡r❝í❝❧✐❝♦ ♣❛r❛ A✳ ❙❡❛ n ∈ N ② S = Orb(x,An) = {x,Anx,A2nx, . . . }✱
✈❡r❡♠♦s q✉❡ S

V
= V ✱ ❡♥ ❞♦♥❞❡ (.)

V
❞❡♥♦t❛ ❧❛ ❝❧❛✉s✉r❛ ❡♥ V ✳ ❯♥❛ ✈❡③ ✈✐st♦ ❡st♦✱

♣♦❞❡♠♦s ❞❡❞✉❝✐r q✉❡ S ❡s ❞❡♥s♦ ❡♥ X✳ ❊♥ ❡❢❡❝t♦✱ t♦♠❛♠♦s U ⊂ X ❛❜✐❡rt♦ ♥♦ ✈❛❝í♦✱
❡♥t♦♥❝❡s V ∩ U ⊂ V ❡s ❛❜✐❡rt♦ ❡♥ V ② ♥♦ ✈❛❝í♦✳ ▲✉❡❣♦✱ s✐ S

V
= V ✱ s❡ t✐❡♥❡ q✉❡ ❡①✐st❡

s ∈ (U ∩ V ) ∩ S✱ ② ❛sí U ∩ S 6= ∅✳
❉❡✜♥✐♠♦s ❧♦s ❝♦♥❥✉♥t♦s

Sk =
⋃

0≤i1<···<ik≤n−1

Ai1S
V ∩ · · · ∩ AikSV , ♣❛r❛ 1 ≤ k ≤ n.

❊s ❝❧❛r♦ q✉❡ Sk ❡s ❝❡rr❛❞♦ ❡♥ V ② Sn ⊂ Sn−1 ⊂ · · · ⊂ S1✳ ❆❞❡♠ás✱

S1 =
⋃

0≤i≤n−1

AiS
V
=

⋃

0≤i≤n−1

AiS
V

=
⋃

0≤i≤n−1

Ai(Orb(x,An))
V

=
⋃

0≤i≤n−1

{Aix,Ai+nx, . . . }
V

= {Akx : k ∈ N0}
V
= Orb(x,A)

V
= V

❆✜r♠❛♠♦s q✉❡✿

✶✳ Sk ❡s A✲✐♥✈❛r✐❛♥t❡ ♣❛r❛ t♦❞♦ 1 ≤ k ≤ n✱

✷✳ 0 ∈ Sn✱

✸✳ Sn = V ✳
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❉❡ ❛q✉í✱ ♣♦❞r❡♠♦s ❝♦♥❝❧✉✐r ❡❧ r❡s✉❧t❛❞♦✱ ♣✉❡s

Sn = S
V ∩ ASV ∩ · · · ∩ An−1S

V
= V =⇒ V ⊂ S

V
.

P❛r❛ ✶✳
P❛r❛ ❝✉❛❧q✉✐❡r 0 ≤ i1 < · · · < ik ≤ n− 1✱ ❡①✐st❡ 0 ≤ j1 < · · · < jk ≤ n− 1 t❛❧ q✉❡

A
(
Ai1S

V ∩ · · · ∩ AikSV
)
⊂ Ai1+1S

V ∩ · · · ∩ Aik+1S
V
= Aj1S

V ∩ · · · ∩ AjkSV ⊂ Sk,

· s✐ ik < n− 1✱ ❡♥t♦♥❝❡s t♦♠❛♠♦s jr = ir + 1 ♣❛r❛ r ≤ k✱

· s✐ ik = n− 1✱ ❡♥t♦♥❝❡s t♦♠❛♠♦s jr = ir + 1 ♣❛r❛ r < k✱ jk = 0✱ ♣✉❡s

AnS = {Anx,A2nx, . . . } = S − {x}

▲✉❡❣♦✱ A(Sk) ⊂ Sk✳

P❛r❛ ✷✳
◆♦t❡♠♦s q✉❡ S1 = S

V ∪ ASV ∪ · · · ∪ An−1S
V
= V ② Sn = S

V ∩ ASV ∩ · · · ∩ An−1S
V
✳

❈♦♠♦ 0 ∈ S1✱ ❡①✐st❡ i t❛❧ q✉❡ 0 ∈ AiS
V
✳ ❆♣❧✐❝❛♥❞♦✱ A r❡♣❡t✐❞❛s ✈❡❝❡s ② r❡❝♦r❞❛♥❞♦ q✉❡

A(Aj(S)
V
) ⊂ Aj+1S

V
② AnS

V ⊂ S
V
♦❜t❡♥❡♠♦s q✉❡ 0 ∈ AjS

V
♣❛r❛ t♦❞♦ 0 ≤ j ≤ n−1✳

P❛r❛ ✸✳
❙❛❜❡♠♦s q✉❡ S1 = V ② 0 ∈ Sn ⊂ Sk ♣❛r❛ t♦❞♦ k ≤ n✳ ❙✉♣♦♥❣❛♠♦s q✉❡ Sk = V ♣❛r❛
❛❧❣ú♥ k, 1 ≤ k < n✳ ❱❡r❡♠♦s q✉❡ Sk+1 = V ✳
❙✐ ♣♦r ❡❧ ❝♦♥tr❛r✐♦ s✉♣♦♥❡♠♦s Sk+1 6= V ✳ ❙✐ ❡①✐st❡ x ∈ Sk+1, x 6= 0✱ ❛❧ s❡r A✲✐♥✈❛r✐❛♥t❡✱
Ax ∈ Sk+1✳ ❊♥t♦♥❝❡s✱ Ajx ∈ Sk+1 ♣❛r❛ t♦❞♦ j ∈ N✱ ② ❛sí Orb(x,A) ⊂ Sk+1✳ P❡r♦✱

V = Orb(x,A)
V ⊂ Sk+1

V
= Sk+1,

❧♦ q✉❡ ❝♦♥tr❛❞✐❝❡ Sk+1 6= V ✳ P♦r ❧♦ t❛♥t♦✱ Sk+1 6= V ✐♠♣❧✐❝❛ Sk+1 = {0}✳
◆♦t❡♠♦s q✉❡ s✐ {i1, . . . , ik} 6= {j1, . . . , jk}✱ ❡♥t♦♥❝❡s

[
Ai1S

V ∩ · · · ∩ AikSV
]
∩
[
Aj1S

V ∩ · · · ∩ AjkSV
]

︸ ︷︷ ︸
❤❛② ❛❧ ♠❡♥♦s (k + 1) tér♠✐♥♦s ❞✐st✐♥t♦s

⊂ Sk+1

P♦r ❧♦ t❛♥t♦✱
[(
Ai1S

V ∩ · · · ∩ AikSV
)
− {0}

]
∩
[(
Aj1S

V ∩ · · · ∩ AjkSV
)
− {0}

]
⊂ Sk+1 − {0} = ∅.

❙❡ t✐❡♥❡ ❡♥t♦♥❝❡s q✉❡✱

V − {0} = Sk − {0} =
⋃

0≤i1<···<ik≤n−1

[(
Ai1S

V ∩ · · · ∩ AikSV
)
− {0}

]

︸ ︷︷ ︸
❝❡rr❛❞♦s ❡♥ V − {0}✱ ❞✐s❥✉♥t♦s
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❈♦♠♦ V − {0} = Sk − {0} ❡s ❝♦♥❡①♦✱ ✉♥♦ ❞❡ ❧♦s ❝♦♥❥✉♥t♦s ❞❡ ❧❛ ✉♥✐ó♥ ❡s V − {0} ②
❧♦s ❞❡♠ás s♦♥ ✈❛❝í♦✳ ❙❡❛ {l1 < · · · < lk} ❡st❛ k✲✉♣❧❛✳ ❚❡♥❡♠♦s q✉❡

(
Ai1S

V ∩ · · · ∩ AikSV
)
− {0} =

{
V − {0} s✐ {i1, . . . , ik} = {li, . . . , lk}
∅ s✐ {i1, . . . , ik} 6= {li, . . . , lk}

❚❡♥❡♠♦s q✉❡

A
((
Ai1S

V ∩ · · · ∩ AikSV
)
− {0}

)
=

{
A(V − {0}) s✐ {i1, . . . , ik} = {li, . . . , lk}
∅ s✐ {i1, . . . , ik} 6= {li, . . . , lk}

P❡r♦✱

A
((
Al1S

V ∩ · · · ∩ AlkSV
)
− {0}

)
⊂
(
Ai1S

V ∩ · · · ∩ AikSV
)
⊂ {0}.

P♦r ❧♦ t❛♥t♦✱
A(V − {0}) ⊂ {0},

❧♦ q✉❡ ❡s ✉♥❛ ❝♦♥tr❛❞✐❝❝✐ó♥✱ ♣✉❡s A(V − {0}) ❡s ❞❡♥s♦ ❡♥ V ✳

❊♥ ❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r s❡ ♣✉❡❞❡ ✐❞❡♥t✐✜❝❛r ✉♥❛ ❝♦♥❡①✐ó♥ ❝♦♥ ❧❛ t❡♦rí❛ ❞❡ ❣r✉♣♦s✳ ❚❡✲
♥❡♠♦s ❧❛ ❢❛♠✐❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ❣❡♥❡r❛❞❛ ♣♦r T ✱ ❡s ❞❡❝✐r✱ G = {T n : n ∈ N0}✳ ❊st❛
❢❛♠✐❧✐❛✱ ❡s ✉♥ s❡♠✐❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❜❛❥♦ ❧❛ ❝♦♠♣♦s✐❝✐ó♥✳ ❙✐ T ❡s ❤✐♣❡r❝í❝❧✐❝♦✱ ést❛ ❡s ✉♥❛
❢❛♠✐❧✐❛ ❤✐♣❡r❝í❝❧✐❝❛ ♦ ✉♥✐✈❡rs❛❧✳ ❊♥ ❡st❡ ❝♦♥t❡①t♦✱ ❡❧ t❡♦r❡♠❛ ❞❡ ❆♥s❛r✐ ❛✜r♠❛ q✉❡ t♦❞♦
s✉❜s❡♠✐❣r✉♣♦ ♥♦ tr✐✈✐❛❧ ❞❡ G ❡s ❤✐♣❡r❝í❝❧✐❝♦✳ ❆q✉í✱ s❡ tr❛t❛ ❞❡ ❞❡t❡r♠✐♥❛r s✉❜s❡♠✐✲
❣r✉♣♦s ❞❡ ✉♥❛ ❢❛♠✐❧✐❛ ❤✐♣❡r❝í❝❧✐❝❛ q✉❡ ♠❛♥t✐❡♥❡♥ ❧❛ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞✳ ❊♥ ❛❧❣ú♥ s❡♥t✐❞♦✱
❡st❛♠♦s tr❛t❛♥❞♦ ❞❡ ✏❛❝❤✐❝❛r✑ ❧❛s ór❜✐t❛s ♠❛♥t❡♥✐é♥❞♦❧❛s ❞❡♥s❛s✳ ❖tr❛ ✐♥st❛♥❝✐❛ ❞❡❧
♠✐s♠♦ ❢❡♥ó♠❡♥♦✱ ❡s ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ q✉❡ s❡ ❞❡❜❡ ❛ ❋✳ ▲❡ó♥✲❙❛❛✈❡❞r❛ ② ❱✳ ▼✉❧❧❡r
❬✷✹❪✳

❚❡♦r❡♠❛ ✸✳✶✳✷✳ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ t♦♣♦❧ó❣✐❝♦ s♦❜r❡ C✳ ❙❡❛ T0 ✉♥ s❡♠✐❣r✉♣♦
❞❡ L(X) ② T ❡❧ s❡♠✐❣r✉♣♦ ❞❡ L(X) ❢♦r♠❛❞♦ ♣♦r t♦❞❛s ❧❛s r♦t❛❝✐♦♥❡s ❝♦♠♣❧❡❥❛s ❞❡
♦♣❡r❛❞♦r❡s ❞❡ T0✱ ✐✳❡✱ T = {λS : (S, λ) ∈ T0 × T}✳ ❙✉♣♦♥❣❛♠♦s q✉❡ ❡①✐st❡ T ∈ L(X)
t❛❧ q✉❡ TS = ST ♣❛r❛ t♦❞♦ S ∈ T0 ② T − α t✐❡♥❡ r❛♥❣♦ ❞❡♥s♦ ♣❛r❛ t♦❞♦ α ∈ C✳
❊♥t♦♥❝❡s✱ s✐ ❡❧ s❡♠✐❣r✉♣♦ T ❡s ❤✐♣❡r❝í❝❧✐❝♦✱ t❛♠❜✐é♥ ❧♦ ❡s T0✱ ❝♦♥ ❧♦s ♠✐s♠♦s ✈❡❝t♦r❡s
❤✐♣❡r❝í❝❧✐❝♦s✳

❯♥ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ❡st❡ r❡s✉❧t❛❞♦✱ s❡ ♦❜t✐❡♥❡ t♦♠❛♥❞♦ T0 = {T n : n ∈ N0} ♣❛r❛ ✉♥
♦♣❡r❛❞♦r ❞❛❞♦ T ∈ L(X)✳ ❙✐ ❡❧ s❡♠✐❣r✉♣♦ T := {λT n : n ∈ N, λ ∈ T} ❡s ❤✐♣❡r❝í❝❧✐❝♦✱
❡♥t♦♥❝❡s T ❡s ❤✐♣❡r❝í❝❧✐❝♦✳ P♦❞❡♠♦s ❡♥t♦♥❝❡s ❞❡st❛❝❛r ✉♥ ❝♦r♦❧❛r✐♦ q✉❡ s❡ ❞❡❞✉❝❡ ❞❡
❛q✉í✳

❈♦r♦❧❛r✐♦ ✸✳✶✳✸✳ ❙✐ T ∈ L(X) ❡s ❤✐♣❡r❝í❝❧✐❝♦✳ ❊♥t♦♥❝❡s ♣❛r❛ t♦❞♦ µ ∈ T✱ ❡❧ ♦♣❡r❛❞♦r
µT ❡s ❤✐♣❡r❝í❝❧✐❝♦✱ ❝♦♥ ❧♦s ♠✐s♠♦s ✈❡❝t♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s✳

❉❡♠♦str❛❝✐ó♥✳ ❋✐❥❛♠♦s µ ∈ T ② ❛♣❧✐❝❛♠♦s ❡❧ t❡♦r❡♠❛ ❞❡ ▲❡ó♥✲❙❛❛✈❡r❞❛ ② ▼✉❧❧❡r ❝♦♥
T0 = {(µT )n : n ∈ N0}✳ ❊❧ s❡♠✐❣r✉♣♦ ❛s♦❝✐❛❞♦ T ❡s

T = {λT n : n ∈ N, λ ∈ T}.
❊s ❝❧❛r♦ q✉❡ s❡ ✈❡r✐✜❝❛♥ ❧❛s ❤✐♣ót❡s✐s ❞❡❧ ❚❡♦r❡♠❛ ✸✳✶✳✷✳ ❊❧ s❡♠✐❣r✉♣♦ T ❝♦♥t✐❡♥❡ ❛
T ② ♣♦r ❧♦ t❛♥t♦ ❡s ❤✐♣❡r❝í❝❧✐❝♦✳ ❊❧ ♦♣❡r❛❞♦r T ❝♦♥♠✉t❛ ❝♦♥ T0 ②✱ ♣♦r ❡❧ ▲❡♠❛ ✶✳✸✳✶✼✱
T − α t✐❡♥❡ r❛♥❣♦ ❞❡♥s♦✱ ♣❛r❛ t♦❞♦ α ∈ C✳ ▲✉❡❣♦✱ ❝♦♥❝❧✉✐♠♦s q✉❡ T0 ❡s ❤✐♣❡r❝í❝❧✐❝♦ ②✱
♣♦r ❧♦ t❛♥t♦ t❛♠❜✐é♥ ❧♦ ❡s µT ✳
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✸✳✷✳ ❊❧ ♣r♦❜❧❡♠❛ ❞❡❧ ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞

❙✐❣✉✐❡♥❞♦ ❡♥ ✉♥❛ ❞✐r❡❝❝✐ó♥ s✐♠✐❧❛r✱ ❡s ♥❛t✉r❛❧ ♣r❡❣✉♥t❛rs❡ s✐ T ⊕ T ♠❛♥t✐❡♥❡ ❧❛ ❤✐♣❡r✲
❝✐❝❧✐❝✐❞❛❞ ❞❡ T ✳ ❊st❛ ♣r❡❣✉♥t❛✱ q✉❡ ♣✉❡❞❡ ♣❛r❡❝❡r ✐♥♦❝❡♥t❡✱ ❡s ♠✉❝❤♦ ♠ás ♣r♦❢✉♥❞❛ ❞❡
❧♦ q✉❡ ♣❛r❡❝❡✳ ❉✐♦ ❧✉❣❛r ❛ ♠✉❝❤♦s tr❛❜❛❥♦s✱ ❝♦♠♦ ♣♦r ❡❥❡♠♣❧♦ ❬✹❪✱ ❬✻❪✱ ❬✶✹❪ ♦ ❬✶✽❪✳ ❚✐❡♥❡
❣r❛♥❞❡s ❝♦♥❡①✐♦♥❡s ❝♦♥ ❡❧ ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞ q✉❡✱ ❝♦♠♦ ✈❡r❡♠♦s✱ ❞❡❥❛rá ❞❡ s❡r
s✐♠♣❧❡♠❡♥t❡ ✉♥❛ ❤❡rr❛♠✐❡♥t❛ út✐❧ ♣❛r❛ t❡st❡❛r ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞✳

❈♦♥s✐❞❡r❛♠♦s T ×T : X×X −→ X×X ❞❡✜♥✐❞♦ ♣♦r T ×T (x, y) = (Tx, Ty)✳ ❈✉❛♥❞♦
T ❡s ❧✐♥❡❛❧✱ ✐❞❡♥t✐✜❝❛♠♦s T × T ❝♦♥ ❡❧ ♦♣❡r❛❞♦r T ⊕ T ∈ L(X ⊕X)✳

❉❡✜♥✐❝✐ó♥ ✸✳✷✳✶✳ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ t♦♣♦❧ó❣✐❝♦✳ ❯♥❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ T :
X −→ X s❡ ❞✐❝❡ ✭t♦♣♦❧ó❣✐❝❛♠❡♥t❡✮ ♠✐①✐♥❣ ❞é❜✐❧ s✐ T ×T ❡s t♦♣♦❧ó❣✐❝❛♠❡♥t❡ tr❛♥s✐t✐✈♦
❡♥ X ×X✳

◆♦t❡♠♦s q✉❡ s✐ X ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛✐r❡ s❡♣❛r❛❜❧❡ s✐♥ ♣✉♥t♦s ❛✐s❧❛❞♦s✱ ❡❧ ❚❡♦r❡♠❛ ❞❡
❇✐r❦❤♦✛ ✶✳✸✳✷ ♥♦s ♣❡r♠✐t❡ ❝❛♠❜✐❛r ✏t♦♣♦❧ó❣✐❝❛♠❡♥t❡ tr❛♥s✐t✐✈♦✑ ♣♦r ✏❤✐♣❡r❝í❝❧✐❝♦✑ ❡♥
❧❛ ❞❡✜♥✐❝✐ó♥ ❛♥t❡r✐♦r✳ ❆sí✱ ✉♥ ♦♣❡r❛❞♦r T ❡♥ ✉♥ ❋✲❡s♣❛❝✐♦ s❡♣❛r❛❜❧❡ ❡s ♠✐①✐♥❣ ❞é❜✐❧ s✐
② só❧♦ s✐ T ⊕ T ❡s ❤✐♣❡r❝í❝❧✐❝♦✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✷✳✷✳ ❙❡❛ T = T1 ⊕ T2 ✉♥ ♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦ ❡♥ X = X1 ⊕ X2✳
❊♥t♦♥❝❡s Ti ❡s ❤✐♣❡r❝í❝❧✐❝♦ ❡♥ Xi✱ (i = 1, 2)✳

❉❡♠♦str❛❝✐ó♥✳ ❈♦♥s✐❞❡r❛♠♦s ♣❛r❛ i = 1, 2✱ ❧❛ ♣r♦②❡❝❝✐ó♥ ❡♥ ❧❛ i✲❡s✐♠❛ ❝♦♦r❞❡♥❛❞❛✱
πi : X −→ Xi✳ ❚❡♥❡♠♦s q✉❡ πi ❡s ❝♦♥t✐♥✉❛✱ s♦❜r❡②❡❝t✐✈❛ ② ❡❧ s✐❣✉✐❡♥t❡ ❞✐❛❣r❛♠❛

X
T //

πi
��

X

πi
��

Xi Ti
// Xi

❝♦♥♠✉t❛✳ ▲✉❡❣♦✱ ♣♦r ❈r✐t❡r✐♦ ❞❡ ❈♦♠♣❛r❛❝✐ó♥ ✶✳✸✳✶✶✱ Ti ❡s ❤✐♣❡r❝í❝❧✐❝♦✱ ② πi(HC(T )) ⊂
HC(Ti)✳

❈♦r♦❧❛r✐♦ ✸✳✷✳✸✳ ❙✐ T ❡s ♠✐①✐♥❣ ❞é❜✐❧✱ ❡♥t♦♥❝❡s ❡s ❤✐♣❡r❝í❝❧✐❝♦✳

❚❡♥❡♠♦s ❡♥t♦♥❝❡s ❡❧ s✐❣✉✐❡♥t❡ ♣r♦❜❧❡♠❛✱

Pr♦❜❧❡♠❛ ✲ ▼✐①✐♥❣ ❉é❜✐❧✿ ❊s ❝✐❡rt♦ q✉❡ s✐ T ❡s ✉♥ ♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦ ❡♥ ✉♥
❋✲❡s♣❛❝✐♦ s❡♣❛r❛❜❧❡ X✱ ❡♥t♦♥❝❡s ❡s ♠✐①✐♥❣ ❞é❜✐❧❄ ❆♥t❡s ❞❡ ❞❛r ❧❛ s♦❧✉❝✐ó♥ ❛❧ ♣r♦❜❧❡✲
♠❛✱ ❞❛♠♦s r❡s✉❧t❛❞♦s r❡❧❛❝✐♦♥❛❞♦s ❛ ❡st❡ ♣r♦❜❧❡♠❛✱ ❝♦♥s✐❞❡r❛♥❞♦ s✉♠❛s ❞❡ ❞✐st✐♥t♦s
♦♣❡r❛❞♦r❡s✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✷✳✹✳ ❙✐ T = T1 ⊕ T2 s❛t✐s❢❛❝❡ ❡❧ ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞✱ ❡♥t♦♥❝❡s
Ti t❛♠❜✐é♥✳

❉❡♠♦str❛❝✐ó♥✳ ◆♦t❛r q✉❡ πi ❡s ❧✐♥❡❛❧ ② ❛♣❧✐❝❛r ♥✉❡✈❛♠❡♥t❡ ❡❧ ❈r✐t❡r✐♦ ❞❡ ❈♦♠♣❛r❛❝✐ó♥
✶✳✸✳✶✶✳
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Pr♦♣♦s✐❝✐ó♥ ✸✳✷✳✺✳ ❙❡❛♥ T1 ∈ L(X1) ② T2 ∈ L(X2) ❞♦s ♦♣❡r❛❞♦r❡s q✉❡ s❛t✐s❢❛❝❡♥
❡❧ ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞ ♣❛r❛ ❧❛ ♠✐s♠❛ s✉❝❡s✐ó♥ (nk) ∈ N✳ ❊♥t♦♥❝❡s T1 ⊕ T2 ❡s
❤✐♣❡r❝í❝❧✐❝♦✳ ▼ás ❛ú♥✱ T1 ⊕ T2 s❛t✐s❢❛❝❡ ❡❧ ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞✳

❉❡♠♦str❛❝✐ó♥✳ ◆♦t❛r q✉❡ ❡♥ X1⊕X2 t❡♥❡♠♦s ❧❛ t♦♣♦❧♦❣í❛ ♣r♦❞✉❝t♦✳ ▲✉❡❣♦✱ ♣r♦❞✉❝t♦
❞❡ ❝♦♥❥✉♥t♦s ❞❡♥s♦s ❡s ❞❡♥s♦ ② ✉♥❛ s✉❝❡s✐ó♥ ❡♥ X1 ⊕X2 ❝♦♥✈❡r❣❡ s✐ ② só❧♦ s✐ ❝♦♥✈❡r❣❡
❡♥ ❝❛❞❛ ❝♦♦r❞❡♥❛❞❛✳

❈♦r♦❧❛r✐♦ ✸✳✷✳✻✳ ❙✐ T s❛t✐s❢❛❝❡ ❡❧ ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞✱ ❡♥t♦♥❝❡s ❡s ♠✐①✐♥❣ ❞é❜✐❧✳

❙✉r❣❡ ❛q✉í✱ ♦tr❛ ♣r❡❣✉♥t❛ ♠✉② ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❧❛ t❡♦rí❛ ❞❡ ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s✳
❋✉❡ ♣r❡s❡♥t❛❞❛ ♣♦r ♣r✐♠❡r❛ ✈❡③ ♣♦r ❉✳ ❆✳ ❍❡rr❡r♦ ② ❡s ❝♦♥s✐❞❡r❛❞❛ ✉♥♦ ❞❡ ❧♦s ♣r♦❜❧❡♠❛s
♠ás ❛tr❛❝t✐✈♦s✳

Pr♦❜❧❡♠❛ ✲ ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞✿ ❊s ❝✐❡rt♦ q✉❡ t♦❞♦ ♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦
❡♥ ✉♥ ❋✲❡s♣❛❝✐♦ s❡♣❛r❛❜❧❡ X✱ s❛t✐s❢❛❝❡ ❡❧ ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞❄

❚♦❞♦s ❧♦s ❡❥❡♠♣❧♦s q✉❡ ❡st✉❞✐❛♠♦s ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✷✱ ❝✉♠♣❧❡♥ ❡❧ ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐✲
❝❧✐❝✐❞❛❞✱ ♣♦r ❧♦ t❛♥t♦✱ s❡rí❛ r❛③♦♥❛❜❧❡ ♣❡♥s❛r q✉❡ ❡st❡ ♣r♦❜❧❡♠❛ t✐❡♥❡ ✉♥❛ r❡s♣✉❡st❛
❛✜r♠❛t✐✈❛✳ ❊st♦ ✐♠♣❧✐❝❛rí❛ q✉❡ ❡❧ Pr♦❜❧❡♠❛ ✲ ▼✐①✐♥❣ ❉é❜✐❧ t✐❡♥❡ r❡s♣✉❡st❛ ❛✜r♠❛t✐✈❛✳
❱❡♠♦s ❡♥ ❡st❡ ❡sq✉❡♠❛✱ ❧❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❛♠❜♦s ♣r♦❜❧❡♠❛s✳

Pr♦❜❧❡♠❛ ✲ ▼✐①✐♥❣ ❉é❜✐❧✿ ❍✐♣❡r❝í❝❧✐❝♦ ? +3 ▼✐①✐♥❣ ❉é❜✐❧

Pr♦❜❧❡♠❛ ✲ ❈r✐t❡r✐♦ ❍✐♣❡r❝✐❝❧✐❝❞❛❞✿ ❍✐♣❡r❝í❝❧✐❝♦ ? +3 ❈r✐t❡r✐♦

KS

❆♥t❡s ❞❡ ❞❛r ❧❛ r❡s♣✉❡st❛ ❛ ❧♦s ♣r♦❜❧❡♠❛s✱ ❞❛♠♦s ♦tr❛ ❞❡✜♥✐❝✐ó♥ q✉❡ s❡ r❡❧❛❝✐♦♥❛ ❝♦♥
❡st♦s ❝♦♥❝❡♣t♦s✳

❉❡✜♥✐❝✐ó♥ ✸✳✷✳✼✳ ❙❡❛ X ✉♥ ❋✲❡s♣❛❝✐♦ s❡♣❛r❛❜❧❡ ② T ∈ L(X)✳ ❙❡❛ (nk) ✉♥❛ s✉❝❡s✐ó♥
❝r❡❝✐❡♥t❡ ❞❡ ♥ú♠❡r♦s ♥❛t✉r❛❧❡s✳ ❉❡❝✐♠♦s q✉❡ T ❡s ❍❡r❡❞✐t❛r✐❛♠❡♥t❡ ❍✐♣❡r❝í❝❧✐❝♦ ❝♦♥
r❡s♣❡❝t♦ ❛ (nk) s✐✱ ♣❛r❛ t♦❞❛ s✉❜s✉❝❡s✐ó♥ (n′

k) ❞❡ (nk)✱ ❧❛ ❢❛♠✐❧✐❛ {T n′

k} ❡s ✉♥✐✈❡rs❛❧✳
❊s ❞❡❝✐r✱ ❡①✐st❡ x ∈ X t❛❧ q✉❡ {T n′

kx : n ∈ N0} ❡s ❞❡♥s♦ ❡♥ X✳ ❉❡❝✐♠♦s q✉❡ T ❡s
❍❡r❡❞✐t❛r✐❛♠❡♥t❡ ❍✐♣❡r❝í❝❧✐❝♦✱ s✐ ❧♦ ❡s ❝♦♥ r❡s♣❡❝t♦ ❛ ❛❧❣✉♥❛ s✉❝❡s✐ó♥ (nk)✳

❊s ❝❧❛r♦✱ q✉❡ s✐ ✉♥ ♦♣❡r❛❞♦r ❡s ❤❡r❡❞✐t❛r✐❛♠❡♥t❡ ❤✐♣❡r❝í❝❧✐❝♦✱ ❡♥t♦♥❝❡s ❡s ❤✐♣❡r❝í❝❧✐❝♦✳
❆❞❡♠ás✱ ✈✐♠♦s ❡♥ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✶✳✸✳✾✱ q✉❡ s✐ ✉♥ ♦♣❡r❛❞♦r s❛t✐s❢❛❝❡ ❡❧ ❈r✐t❡r✐♦ ❞❡ ❍✐✲
♣❡r❝✐❝❧✐❝✐❞❛❞✱ ❡♥t♦♥❝❡s ❡s ❤❡r❡❞✐t❛r✐❛♠❡♥t❡ ❤✐♣❡r❝í❝❧✐❝♦✳ P❛r❛ t❡r♠✐♥❛r ❞❡ ❝♦♠♣r❡♥❞❡r
❧❛ ❝♦♥❡①✐ó♥ ❡♥tr❡ ❡st♦s ♣r♦❜❧❡♠❛s✱ ♣r♦❜❛♠♦s ❡❧ t❡♦r❡♠❛ ❞❡ ❇ès✲P❡r✐s✱ q✉❡ ❛✜r♠❛ q✉❡
❧♦s tr❡s ❝♦♥❝❡♣t♦s s♦♥ ❡q✉✐✈❛❧❡♥t❡s✳ P♦r ❧♦ t❛♥t♦✱ ❧♦s ♣r♦❜❧❡♠❛s t❛♠❜✐é♥ ❧♦ s♦♥✳

❚❡♦r❡♠❛ ✸✳✷✳✽ ✭❇ès✲P❡r✐s✮✳ ❙❡❛ X ✉♥ ❋✲❡s♣❛❝✐♦ s❡♣❛r❛❜❧❡✱ ② T ∈ L(X)✳ ❙♦♥ ❡q✉✐✲
✈❛❧❡♥t❡s✿

✭✐✮ T s❛t✐s❢❛❝❡ ❡❧ ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞✱
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✭✐✐✮ T ❡s ❤❡r❡❞✐t❛r✐❛♠❡♥t❡ ❤✐♣❡r❝í❝❧✐❝♦✱

✭✐✐✐✮ T ❡s ♠✐①✐♥❣ ❞é❜✐❧✳

❉❡♠♦str❛❝✐ó♥✳ (i) ⇒ (ii) ▲♦ ✈✐♠♦s ❡♥ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✶✳✸✳✾✳

(ii) ⇒ (iii) ❙✉♣♦♥❣❛♠♦s q✉❡ T ❡s ❤❡r❡❞✐t❛r✐❛♠❡♥t❡ ❤✐♣❡r❝í❝❧✐❝♦ ❝♦♥ r❡s♣❡❝t♦ ❧❛ s✉✲
❝❡s✐ó♥ (nk)✳ ❙❡❛♥ U1✱ U2✱ V1✱ V2 ❛❜✐❡rt♦s ♥♦ ✈❛❝í♦s ❞❡ X✳ ❈♦♠♦ ❧❛ ❢❛♠✐❧✐❛ {T nk} ❡s
✉♥✐✈❡rs❛❧✱ ❡①✐st❡ (mk) s✉❜s✉❝❡s✐ó♥ ❞❡ (nk) t❛❧ q✉❡ Tmk(U1) ∩ V1 6= ∅ ♣❛r❛ t♦❞♦ k ∈ N✳
◆✉❡✈❛♠❡♥t❡✱ ♣♦r ❤✐♣ót❡s✐s✱ ❧❛ ❢❛♠✐❧✐❛ {Tmk} ❡s ✉♥✐✈❡rs❛❧✱ ❡♥t♦♥❝❡s ❡①✐st❡ k ∈ N t❛❧
q✉❡ Tmk(U2) ∩ V2 6= ∅✳ ▲✉❡❣♦✱ (T × T )mk(U1 × U2) ∩ (V1 ∩ V2) 6= ∅✳ P♦r ❧♦ t❛♥t♦✱ T ❡s
♠✐①✐♥❣ ❞é❜✐❧✳

(iii) ⇒ (i) ❙✉♣♦♥❣❛♠♦s q✉❡ T ⊕ T ❡s ❤✐♣❡r❝í❝❧✐❝♦ ❝♦♥ x ⊕ y ∈ HC(T ⊕ T )✳ ❱❡❛✲
♠♦s q✉❡ T ✈❡r✐✜❝❛ ❡❧ ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ❝♦♥❥✉♥t♦s ❞❡♥✲
s♦s D1 = D2 = Orb(x, T )❀ ❝♦♠♦ x = π1(x ⊕ y) ❡s ✈❡❝t♦r ❤✐♣❡r❝í❝❧✐❝♦ ❞❡ T ✱ t❡✲
♥❡♠♦s q✉❡ Orb(x, T ) ❡s ❞❡♥s♦✳ ❆✜r♠❛♠♦s q✉❡ x ⊕ T n(y) ∈ HC(T ⊕ T ) ♣❛r❛ t♦❞♦
n ∈ N✳ ❉❡ ❤❡❝❤♦✱ x ⊕ T n(y) = (I ⊕ T n)(x ⊕ y)❀ I ⊕ T n ❝♦♥♠✉t❛ ❝♦♥ T ⊕ T ② t✐❡♥❡
r❛♥❣♦ ❞❡♥s♦✱ ♣✉❡s T n t✐❡♥❡ r❛♥❣♦ ❞❡♥s♦ ♣♦r s❡r ❤✐♣❡r❝í❝❧✐❝♦✳ ▲✉❡❣♦✱ ♣♦r ❧❛ ❖❜s❡r✈❛✲
❝✐ó♥ ✶✳✸✳✶✷✱ HC(T ⊕ T ) ❡s I ⊕ T n✲✐♥✈❛r✐❛♥t❡✳ ❈♦♠♦ y ∈ HC(T )✱ ♣❛r❛ ❝❛❞❛ ❛❜✐❡rt♦
♥♦ ✈❛❝í♦ U ⊂ X✱ ❡①✐st❡ n ∈ N t❛❧ q✉❡ T n(y) ∈ U ❀ ♦ s❡❛✱ ❡①✐st❡ u ∈ U t❛❧ q✉❡
x⊕u ∈ HC(T ⊕T )✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❡①✐st❡ uk ∈ B(0, 1/k) t❛❧ q✉❡ x⊕uk ∈ HC(T ⊕T )✳
❚♦♠❛♥❞♦ Vk := B(0, 1/k) ⊕ B(x, 1/k)✱ ❝♦♥s❡❣✉✐♠♦s ✉♥❛ s✉❝❡s✐ó♥ ❝r❡❝✐❡♥t❡ (nk) t❛❧
q✉❡ (T ⊕ T )nk(x ⊕ uk) ∈ Vk✱ ✐✳❡✱ uk −→ 0✱ T nk(x) −→ 0 ② T nk(uk) −→ x✳ ❉❡✜♥✐♠♦s
❢✉♥❝✐♦♥❡s✱ Snk

: D2 −→ X✱ Snk
(T j(x)) = T j(uk) ♣❛r❛ j ∈ N0✱ ♥♦t❡♠♦s q✉❡ Snk

❡stá
❜✐❡♥ ❞❡✜♥✐❞♦ ♣♦rq✉❡ T i(x) 6= T j(x) s✐ i 6= j✳ ❉❡ ❡st❛ ❢♦r♠❛✿

T nk(T j(x)) = T j(T nk(x)) −→ 0, ∀j ∈ N

Snk
(T j(x)) = T j(uk) −→ 0, ∀j ∈ N

T nkSnk
(T j(x)) = T j(T nk(uk)) −→ T j(x), ∀j ∈ N.

P♦r ❧♦ t❛♥t♦✱ T s❛t✐s❢❛❝❡ ❡❧ ❈r✐t❡r✐♦ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ s✉❝❡s✐ó♥ (nk)✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✷✳✾✳ ▲❛ ♣r✉❡❜❛ ❛♥t❡r✐♦r ♠✉❡str❛ q✉❡ s✐ T s❛t✐s❢❛❝❡ ❡❧ ❈r✐t❡r✐♦ ❞❡
❍✐♣❡r❝✐❝❧✐❝✐❞❛❞✱ ❧♦ ❤❛❝❡ ❝♦♥ ❡❧ ♠✐s♠♦ ❝♦♥❥✉♥t♦ ❞❡♥s♦ D = D1 = D2✱ ② ❝♦♠♦ ❧♦s
✈❡❝t♦r❡s T j(x) s♦♥ ❧✐♥❡❛❧♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡s✱ ❧❛s ❢✉♥❝✐♦♥❡s Snk

s❡ ♣✉❡❞❡♥ ❡①t❡♥❞❡r
♣♦r ❧✐♥❡❛❧✐❞❛❞ ❛ 〈Orb(x, T )〉gen❀ ❛sí ❡♥ ❡❧ ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞ ♣♦❞❡♠♦s t♦♠❛r ❧❛s
❛♣❧✐❝❛❝✐♦♥❡s Snk

❧✐♥❡❛❧❡s✳

❚❡♥❡♠♦s ❡♥t♦♥❝❡s✱ q✉❡ ❧♦s ♣r♦❜❧❡♠❛s ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞ ② ▼✐①✐♥❣ ❉é❜✐❧ s♦♥
❡q✉✐✈❛❧❡♥t❡s✳

❈♦r♦❧❛r✐♦ ✸✳✷✳✶✵✳ ❙❡❛ X ✉♥ ❋✲❡s♣❛❝✐♦ s❡♣❛r❛❜❧❡✳ ❙✐ T ∈ L(X) s❛t✐s❢❛❝❡ ❡❧ ❈r✐t❡r✐♦
❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞✱ ❡♥t♦♥❝❡s T n t❛♠❜✐é♥ ❧♦ s❛t✐s❢❛❝❡✳

❉❡♠♦str❛❝✐ó♥✳ ❈♦♠♦ T s❛t✐s❢❛❝❡ ❡❧ ❈r✐t❡r✐♦✱ T⊕T ❡s ❤✐♣❡r❝í❝❧✐❝♦✳ ❊♥t♦♥❝❡s✱ (T⊕T )n =
T n ⊕ T n ❡s ❤✐♣❡r❝í❝❧✐❝♦✳ ▲✉❡❣♦✱ T n ❡s ♠✐①✐♥❣ ❞é❜✐❧✱ ♣♦r ❧♦ t❛♥t♦ T n s❛t✐s❢❛❝❡ ❈r✐t❡r✐♦✳
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✸✳✸✳ ❈❛r❛❝t❡r✐③❛❝✐♦♥❡s ❞❡❧ ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞

❊♥ ❡st❛ s❡❝❝✐ó♥ ❞❛♠♦s ♠ás ❝❛r❛❝t❡r✐③❛❝✐♦♥❡s ❞❡❧ ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞✳ ❊st♦s
r❡s✉❧t❛❞♦s s❡ ❡♥❝✉❡♥tr❛♥ ❡♥ ❡❧ ❛rtí❝✉❧♦ ❞❡ ❙✳ ●r✐✈❛✉① ❬✶✽❪✳

❉❡✜♥✐❝✐ó♥ ✸✳✸✳✶✳ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ t♦♣♦❧ó❣✐❝♦✳ ❯♥ ♦♣❡r❛❞♦r T ∈ L(X) s❡
❞✐❝❡ ✭t♦♣♦❧ó❣✐❝❛♠❡♥t❡✮ ♠✐①✐♥❣ s✐ ♣❛r❛ t♦❞♦ ♣❛r ❞❡ ❛❜✐❡rt♦s ♥♦ ✈❛❝í♦s U ② V ✱ ❡①✐st❡
n0 ∈ N t❛❧ q✉❡ T n(U) ∩ V 6= ∅ ♣❛r❛ t♦❞♦ n ≥ n0✳

❊st❛ ❞❡✜♥✐❝✐ó♥ ❡s ❝❧❛r❛♠❡♥t❡ ✉♥❛ ✈❡rs✐ó♥ ♠ás ❢✉❡rt❡ ❞❡ ❧❛ tr❛♥s✐t✐✈✐❞❛❞ ✭t♦♣♦❧ó❣✐❝❛✮✳
❙✐ X ❡s ✉♥ ❋✲❡s♣❛❝✐♦ s❡♣❛r❛❜❧❡✱ ❡♥t♦♥❝❡s ❧♦s ♦♣❡r❛❞♦r❡s ♠✐①✐♥❣ s♦♥ ❤✐♣❡r❝í❝❧✐❝♦s✳ P❡r♦✱
✈❛❧❡ ✉♥ r❡s✉❧t❛❞♦ ♠ás ❢✉❡rt❡✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✸✳✷✳ ❙❡❛ X ✉♥ ❋✲❡s♣❛❝✐♦ s❡♣❛r❛❜❧❡ ② T ∈ L(X)✳ ❊♥t♦♥❝❡s✱ T ❡s ♠✐①✐♥❣
s✐ ② só❧♦ s✐ T ❡s ❤❡r❡❞✐t❛r✐❛♠❡♥t❡ ❤✐♣❡r❝í❝❧✐❝♦ ❝♦♥ r❡s♣❡❝t♦ ❛ N✳

❉❡♠♦str❛❝✐ó♥✳ ❊❧ ♦♣❡r❛❞♦r T ♥♦ ❡s ♠✐①✐♥❣ s✐ ② só❧♦ s✐ ❡①✐st❡♥ ❛❜✐❡rt♦s ♥♦ ✈❛❝í♦s U ✱ V
② ✉♥❛ s✉❝❡s✐ó♥ ✐♥✜♥✐t❛ (nk) t❛❧❡s q✉❡ T nk(U) ∩ V = ∅ ♣❛r❛ t♦❞♦ k ∈ N✳ ❈♦♠♦ ✈✐♠♦s
❡♥ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✶✳✸✳✾✱ ❡st♦ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ q✉❡ ❧❛ s✉❝❡s✐ó♥ {T nk} ♥♦ s❡❛ ✉♥✐✈❡rs❛❧✳

❘❡❝♦r❞❡♠♦s q✉❡ ✉♥ ♦♣❡r❛❞♦r ❡s ❤✐♣❡r❝í❝❧✐❝♦ s✐ ② só❧♦ s✐ ❡s t♦♣♦❧ó❣✐❝❛♠❡♥t❡ tr❛♥s✐t✐✈♦✳
❆sí✱ T ⊕ T ❡s ❤✐♣❡r❝í❝❧✐❝♦ s✐ ② só❧♦ s✐ ♣❛r❛ ❝✉❛❧q✉✐❡r ♣❛r ❞❡ ❛❜✐❡rt♦s ♥♦ ✈❛❝í♦s (U1, V1)
② (U2, V2)✱ ❡①✐st❡ n ∈ N t❛❧ q✉❡ T n(Ui) ∩ Vi 6= ∅✱ (i = 1, 2)✳ ❖ s❡❛✱ ♠✐①✐♥❣ ❞é❜✐❧ ❡s
✉♥❛ ♣r♦♣✐❡❞❛❞ q✉❡ ✐♥✈♦❧✉❝r❛ ❝✉❛tr♦ ❛❜✐❡rt♦s✳ ▲♦ s✐❣✉✐❡♥t❡ ♠✉❡str❛ q✉❡ ❡st❛ ❝♦♥❞✐❝✐ó♥
♣✉❡❞❡ s❡r s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ❞❡❜✐❧✐t❛❞❛ ❛ ✉♥❛ ♣r♦♣✐❡❞❛❞ q✉❡ ✐♥✈♦❧✉❝r❛ tr❡s ❛❜✐❡rt♦s✳ ❊❧
♣✉♥t♦ (iv) ✉s✉❛❧♠❡♥t❡ s❡ ❧❧❛♠❛ ✏❈♦♥❞✐❝✐ó♥ ❞❡ ❧♦s ❚r❡s ❆❜✐❡rt♦s✑✳

❚❡♦r❡♠❛ ✸✳✸✳✸✳ ❙❡❛♥ X ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ s❡♣❛r❛❜❧❡ ② T ∈ L(X)✳ ❊♥t♦♥❝❡s✱ ❧❛s
s✐❣✉✐❡♥t❡s ❝♦♥❞✐❝✐♦♥❡s s♦♥ ❡q✉✐✈❛❧❡♥t❡s✳

(i) T ⊕ T ❡s ❤✐♣❡r❝í❝❧✐❝♦

(ii) P❛r❛ t♦❞♦ ♣❛r ❞❡ ❛❜✐❡rt♦s ♥♦ ✈❛❝í♦s U ② V ✱ ❡①✐st❡ n ∈ N t❛❧ q✉❡ T n(U) ∩ V 6= ∅
② T n+1(U) ∩ V 6= ∅✳

(iii) ❊①✐st❡ ✉♥ ♥ú♠❡r♦ ♥❛t✉r❛❧ p t❛❧ q✉❡ ♣❛r❛ t♦❞♦ ♣❛r ❞❡ ❛❜✐❡rt♦s ♥♦ ✈❛❝í♦s U ② V ✱
❡①✐st❡ n ∈ N t❛❧ q✉❡ T n(U) ∩ V 6= ∅ ② T n+p(U) ∩ V 6= ∅✳

(iv) P❛r❛ t♦❞♦ ♣❛r ❞❡ ❛❜✐❡rt♦s ♥♦ ✈❛❝í♦s U ② V ✱ ② ♣❛r❛ ❝✉❛❧q✉✐❡r ❡♥t♦r♥♦ ❛❜✐❡rt♦ W
❞❡ ✵✱ ❡①✐st❡ n ∈ N t❛❧ q✉❡ T n(U) ∩W 6= ∅ ② T n(W ) ∩ V 6= ∅✳

❉❡♠♦str❛❝✐ó♥✳ ❉✐✈✐❞✐r❡♠♦s ❧❛ ♣r✉❡❜❛ ❡♥ ❞♦s ♣❛rt❡s✳ Pr✐♠❡r♦ ✈❡r❡♠♦s q✉❡ ❧❛s tr❡s
♣r✐♠❡r❛s ❝♦♥❞✐❝✐♦♥❡s s♦♥ ❡q✉✐✈❛❧❡♥t❡s ② ❧✉❡❣♦ q✉❡ ❡st❛s ❡q✉✐✈❛❧❡♥ ❛ ❧❛ ❝✉❛rt❛✳ ❊s ❢á❝✐❧
✈❡r q✉❡ (i) ✐♠♣❧✐❝❛ (ii)✳ ❙✐♠♣❧❡♠❡♥t❡ t♦♠❛♠♦s n ∈ N t❛❧ q✉❡ T n(U) ∩ V 6= ∅ ②
T n(U) ∩ T−1(V ) 6= ∅✳ ❊s ♦❜✈✐♦ q✉❡ (ii) ✐♠♣❧✐❝❛ (iii)✳ ▲✉❡❣♦✱ ❞❡❜❡♠♦s ♣r♦❜❛r q✉❡ (iii)
✐♠♣❧✐❝❛ (i)✳ P❛r❛ ❡❧❧♦✱ ❝♦♥s✐❞❡r❛♠♦s ❛❜✐❡rt♦s ♥♦ ✈❛❝í♦s U1✱ U2✱ V1 ② V2✳ ◗✉❡r❡♠♦s ✈❡r
q✉❡ T n(Ui)∩ Vi 6= ∅✱ (i = 1, 2)✳ ◆♦t❡♠♦s q✉❡ ❡♥ (iii)✱ ❡stá ✐♠♣❧í❝✐t❛ ❧❛ tr❛♥s✐t✐✈✐❞❛❞ ❞❡
T ✳ ▲✉❡❣♦✱ ♣♦❞❡♠♦s t♦♠❛r v1 ∈ V1 ∩HC(T )✳ ❊①✐st❡ r1 ∈ N t❛❧ q✉❡ u1 := T r1(v1) ∈ U1✳
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❈♦♠♦ T r1 t✐❡♥❡ r❛♥❣♦ ❞❡♥s♦✱ ♣♦r s❡r ❤✐♣❡r❝í❝❧✐❝♦✱ ❡①✐st❡ ❛❧❣ú♥ ✈❡❝t♦r w2 ∈ X t❛❧
q✉❡ u2 := T r1(w2) ∈ U2✳ ❙❡❛ v2 ❝✉❛❧q✉✐❡r ❡❧❡♠❡♥t♦ ❞❡ V2✳ ❚♦♠❡♠♦s δ > 0 t❛❧ q✉❡
B(u2, δ) ⊂ U2 ② B(v2, δ) ⊂ V2✳ P♦r ❡❧ ❚❡♦r❡♠❛ ✶✳✸✳✶✽✱ K[T ]v1 ❡s ✈❛r✐❡❞❛❞ ❤✐♣❡r❝í❝❧✐❝❛
❞❡ T ✱ ② ❛sí (T p − I)v1 ∈ HC(T )✳ ❊♥t♦♥❝❡s✱ ❡①✐st❡ q1 ∈ N t❛❧ q✉❡

‖T q1(T p − I)v1 − (−v2 + w2)‖ <
δ

2‖T‖r1 .

❉❡❧ ♠✐s♠♦ ♠♦❞♦ ❡①✐st❡ p1 ∈ N t❛❧ q✉❡

‖T p1v1 − (v2 − T q1v1)‖ <
δ

2‖T‖r1 .

❉❡♥♦t❡♠♦s z = T p1u1 + T q1+pu1✱ s❡ t✐❡♥❡ q✉❡ z ∈ U2✳ ❉❡ ❤❡❝❤♦✱ z ∈ B(u2, δ)✱

‖z − u2‖ =‖T p1+r1v1 + T q1+p+r1v1 − T r1w2‖

≤ ‖T r1‖.‖T p1v1 + T q1+pv1 − w2‖

≤ ‖T r1‖.
[
‖T p1v1 − (v2 − T q1v1)‖+

∥∥v2 − T q1v1 + T q1+pv1 − w2

∥∥]

< δ.

❉❡ ❢♦r♠❛ s✐♠✐❧❛r✱ s✐ ❞❡♥♦t❛♠♦s y = T p1v1+T q1v1✱ s❡ t✐❡♥❡ q✉❡ y ∈ B(v2, δ) ⊂ V2✱ ♣✉❡s

‖y − v2‖ = ‖T p1v1 + T q1v1 − v2‖ < δ.

❈♦♥s✐❞❡r❛♠♦s ❧♦s ❛❜✐❡rt♦s✱ Uk = B(u1,
1
2k
) ② Vk = B(v1,

1
2k
)✳ ❆♣❧✐❝❛♠♦s ❡♥t♦♥❝❡s ❧❛

❤✐♣ót❡s✐s (iii) ♣❛r❛ ❡❧ ♣❛r ❞❡ ❛❜✐❡rt♦s Uk ② Vk✳ ❉❡ ❡st❛ ❢♦r♠❛✱ ♦❜t❡♥❡♠♦s ✉♥❛ s✉❝❡s✐ó♥
(nk)k∈N t❛❧ q✉❡

T nk(Uk) ∩ Vk 6= ∅ ② T nk+p(Uk) ∩ Vk 6= ∅.
▲✉❡❣♦✱ t❡♥❡♠♦s ❞♦s s✉❝❡s✐♦♥❡s ❡♥ Uk✱ (u′k)k∈N ② (u′′k)k∈N q✉❡ ✈❡r✐✜❝❛♥ s✐♠✉❧tá♥❡❛♠❡♥t❡

T nk(u′k) ∈ Vk ② T nk+p(u′′k) ∈ Vk.

❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ✈❡♠♦s q✉❡ ❧❛s s✉❝❡s✐♦♥❡s (u′k)k∈N ② (u′′k)k∈N ❝✉♠♣❧❡♥

u′k −→ u1 ② u′′k −→ u1,

T nk(u′k) −→ v1 ② T nk+p(u′′k) −→ v1.

P❛r❛ ❝♦♥❝❧✉✐r✱ ✉s❛♥❞♦ q✉❡ u′k −→ u1 ② T nk(u′k) −→ v1✱ ♦❜t❡♥❡♠♦s q✉❡ ❡①✐st❡ k0 ∈ N

t❛❧ q✉❡ T nk(U1) ∩ V1 6= ∅ ♣❛r❛ t♦❞♦ k ≥ k0✳ ❙✐♠✐❧❛r♠❡♥t❡✱ ♦❜s❡r✈❡♠♦s q✉❡

T p1u′k + T q1+pu′′k −→ T p1u1 + T q1+pu1 = z ∈ U2

T nk
(
T p1u′k + T q1+pu′′k

)
−→ T p1v1 + T q1v1 = y ∈ V2.
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❊①✐st❡ ❡♥t♦♥❝❡s✱ k1 ≥ k0 t❛❧ q✉❡ T nk(U2) ∩ V2 6= ∅✱ ♣❛r❛ t♦❞♦ k ≥ k1✳ ❈♦♥❝❧✉✐♠♦s
❡♥t♦♥❝❡s q✉❡ T ⊕ T ❡s t♦♣♦❧ó❣✐❝❛♠❡♥t❡ tr❛♥s✐t✐✈♦✱ ② ♣♦r ❡♥❞❡ ❤✐♣❡r❝í❝❧✐❝♦✳ ❍❛st❛ ❛q✉í
t❡♥❡♠♦s ❞❡♠♦str❛❞❛ ❧❛ ❡q✉✐✈❛❧❡♥❝✐❛ ❞❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s (i)✱ (ii) ② (iii)✳ ❖❜s❡r✈❡♠♦s q✉❡
s✐ T ⊕ T ❡s t♦♣♦❧ó❣✐❝❛♠❡♥t❡ tr❛♥s✐t✐✈♦✱ ❡♥t♦♥❝❡s s❡ ✈❡r✐✜❝❛ (iv)✳ ▲✉❡❣♦✱ ♣❛r❛ ✜♥❛❧✐③❛r
❧❛ ❞❡♠♦str❛❝✐ó♥ ✈❡r❡♠♦s q✉❡ (iv) ✐♠♣❧✐❝❛ (ii)✳ ❈♦♥s✐❞❡r❡♠♦s ❞♦s ❛❜✐❡rt♦s ♥♦ ✈❛❝í♦s U
② V ❝✉❛❧❡sq✉✐❡r❛✱ ② ✉♥ ❡♥t♦r♥♦ W ❞❡ ✵✳ ❆♣❧✐❝❛♥❞♦ (iv)✱ ❛ ❧♦s ❛❜✐❡rt♦s U ✱ W ∩ T−1(W )
② T−1(V ) ♦❜t❡♥❡♠♦s q✉❡ ❡①✐st❡ n ∈ N t❛❧ q✉❡

T n(U) ∩ (W ∩ T−1(W )) 6= ∅ ② T n(W ∩ T−1(W )) ∩ T−1(V ) 6= ∅.

▲♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡✱

T n(U) ∩W 6= ∅, T n(W ) ∩ V 6= ∅, T n+1(U) ∩W 6= ∅, T n+1(W ) ∩ V 6= ∅.

❆sí✱ s✐ u ② v s♦♥ ✈❡❝t♦r❡s ❞❡ U ② V r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❝♦♥ ✉♥ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r ❛❧
❛♥t❡r✐♦r✱ t♦♠❛♥❞♦ ❜♦❧❛s ❝❡♥tr❛❞❛s ❡♥ u ② ❡♥ ✵✱ ♦❜t❡♥❡♠♦s s✉❝❡s✐♦♥❡s (uk)k∈N✱ (u′k)k∈N✱
(wk)k∈N ② (w′

k)k∈N t❛❧❡s q✉❡

uk −→ u ② T nk(uk) −→ 0,

wk −→ 0 ② T nk(wk) −→ v,

u′k −→ u ② T nk+1(u′k) −→ 0,

w′
k −→ 0 ② T nk+1(w′

k) −→ v.

❉❡ ❛q✉í✱ ♦❜t❡♥❡♠♦s q✉❡

uk + wk −→ u ② T nk(uk + wk) −→ v

u′k + w′
k −→ u ② T nk+1(u′k + w′

k) −→ v.

❈♦♥❝❧✉✐♠♦s ❞✐❝✐❡♥❞♦ q✉❡ s✐ k ❡s s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ T nk(U)∩V 6= ∅ ② T nk+1(U)∩
V 6= ∅✳ ▲✉❡❣♦✱ s❡ ✈❡r✐✜❝❛ ❧❛ ❝♦♥❞✐❝✐ó♥ (ii)✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✸✳✹✳ ❍❛❝❡♠♦s ♥♦t❛r q✉❡ ❡st❡ r❡s✉❧t❛❞♦ ❞❛ ✉♥❛ s❡♥s❛❝✐ó♥ ❞❡ ❝❡r❝❛♥í❛
❛ ❧❛ t❡♦rí❛ ❞❡ ♥ú♠❡r♦s ② ❧❛ ❝♦♠❜✐♥❛t♦r✐❛✳ ❉❡✜♥✐♠♦s✱ ♣❛r❛ ✉♥ ♣❛r ❞❡ ❛❜✐❡rt♦s ♥♦ ✈❛❝í♦s
U ② V ❡❧ ❝♦♥❥✉♥t♦

N(U, V ) = {n ∈ N t❛❧❡s q✉❡ T n(U) ∩ V 6= ∅}.

P❛r❛ ❝❛❞❛ ♣❛r ❞❡ ❝♦♥❥✉♥t♦s A ② B ❞❡ ♥ú♠❡r♦s ♥❛t✉r❛❧❡s✱ ❞❡✜♥✐♠♦s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❧❛s
❞✐❢❡r❡♥❝✐❛s ❝♦♠♦

A− B = {n−m ❝♦♥ n ∈ A,m ∈ B ② n ≥ m}.
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❱❡♠♦s q✉❡ ✉♥ ♦♣❡r❛❞♦r ❡s ♠✐①✐♥❣ ❞é❜✐❧ s✐ ② só❧♦ s✐ 1 ∈ N(U, V ) − N(U, V ) ♣❛r❛
t♦❞♦ ♣❛r ❞❡ ❛❜✐❡rt♦s ♥♦ ✈❛❝í♦s U ② V ✱ s✐ ② só❧♦ s✐ ❡①✐st❡ ❛❧❣ú♥ ♥❛t✉r❛❧ p t❛❧ q✉❡
p ∈ N(U, V ) − N(U, V ) ♣❛r❛ t♦❞♦ ♣❛r ❞❡ ❛❜✐❡rt♦s U ② V ✳ ❚❛♠❜✐é♥ ❡s ❡q✉✐✈❛❧❡♥t❡
❛ q✉❡ N(U,W ) ∩ N(W,V ) 6= ∅ ♣❛r❛ ❝✉❛❧q✉✐❡r ♣❛r ❞❡ ❛❜✐❡rt♦s ♥♦ ✈❛❝í♦s U ② V ②
❝✉❛❧q✉✐❡r ❡♥t♦r♥♦ ❛❜✐❡rt♦ W ❞❡ ✵✳ ❉❡ ❛q✉í s❡ ❞❡s♣r❡♥❞❡ ✉♥❛ ♥✉❡✈❛ ❞❡✜♥✐❝✐ó♥ r❡s♣❡❝t♦
❛ ❧❛ ❢r❡❝✉❡♥❝✐❛ ❝♦♥ q✉❡ ❧❛s ór❜✐t❛s ❞❡❧ ♦♣❡r❛❞♦r ✈✐s✐t❛♥ ❧♦s ❛❜✐❡rt♦s ❞❡❧ ❡s♣❛❝✐♦✳

❉❡✜♥✐❝✐ó♥ ✸✳✸✳✺✳ ❙❡❛ A ⊂ N✳ ❉❡✜♥✐♠♦s ❧❛ ❞❡♥s✐❞❛❞ ✐♥❢❡r✐♦r ❞❡ A ❝♦♠♦

dens(A) := ĺım inf
N→∞

♯{n ∈ A : n ≤ N}
N

.

❞♦♥❞❡ ♯ ❞❡♥♦t❛ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ❡❧❡♠❡♥t♦s ❞❡❧ ❝♦♥❥✉♥t♦✳

❉❡✜♥✐❝✐ó♥ ✸✳✸✳✻✳ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ t♦♣♦❧ó❣✐❝♦ ② T ∈ L(X)✳ ❯♥ ✈❡❝t♦r
x ∈ X s❡ ❞✐❝❡ ❢r❡❝✉❡♥t❡♠❡♥t❡ ❤✐♣❡r❝í❝❧✐❝♦ ♣❛r❛ T ✱ s✐ ♣❛r❛ t♦❞♦ ❛❜✐❡rt♦ ♥♦ ✈❛❝í♦ U ⊂ X✱
❡❧ ❝♦♥❥✉♥t♦

N(x, U) := {n ∈ N : T nx ∈ U}
t✐❡♥❡ ❞❡♥s✐❞❛❞ ✐♥❢❡r✐♦r ♣♦s✐t✐✈❛✳ ❊♥ ❝❛s♦ ❞❡ q✉❡ ❡①✐st❛ ✉♥ ✈❡❝t♦r ❛sí✱ ❞❡❝✐♠♦s q✉❡ T ❡s
❢r❡❝✉❡♥t❡♠❡♥t❡ ❤✐♣❡r❝í❝❧✐❝♦✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✸✳✼✳ ❱✐♠♦s ❡♥ ❡❧ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦ q✉❡ ✉♥ ♦♣❡r❛❞♦r ❡♥ H(C) q✉❡
❝♦♥♠✉t❛ ❝♦♥ t♦❞❛s ❧❛s tr❛s❧❛❝✐♦♥❡s ② ♥♦ ❡s ✉♥ ♠ú❧t✐♣❧♦ ❞❡ ❧❛ ✐❞❡♥t✐❞❛❞✱ ❡s ❤✐♣❡r❝í❝❧✐❝♦✳
❆✳ ❇♦♥✐❧❧❛ ② ❑✳✲●✳ ●r♦ss❡✲❊r❞♠❛♥♥ ♠✉❡str❛♥ q✉❡ ❡st♦s ♦♣❡r❛❞♦r❡s s♦♥ ❢r❡❝✉❡♥t❡♠❡♥t❡
❤✐♣❡r❝í❝❧✐❝♦s ❬✶✶❪✳

✸✳✹✳ ■♥❞✐❝✐♦s ❞❡ ✉♥❛ r❡s♣✉❡st❛ ♥❡❣❛t✐✈❛

❊♥ ✉♥ tr❛❜❛❥♦ r❡❝✐❡♥t❡ ❞❡ ❙✳ ●r✐✈❛✉①✱ s❡ ❞❡♠✉❡str❛ q✉❡ ❡♥ t♦❞♦ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤
s❡♣❛r❛❜❧❡ ❞❡ ❞✐♠❡♥s✐ó♥ ✐♥✜♥✐t❛ ❤❛② ♦♣❡r❛❞♦r❡s ♠✐①✐♥❣✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✹✳✶✳ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ s❡♣❛r❛❜❧❡✳ ❊♥t♦♥❝❡s X ❛❞♠✐t❡ ✉♥
♦♣❡r❛❞♦r ♠✐①✐♥❣✳

P♦r ❞❡✜♥✐❝✐ó♥✱ ♠✐①✐♥❣ ❞é❜✐❧ ✐♠♣❧✐❝❛ tr❛♥s✐t✐✈✐❞❛❞✳ ❊♥ s✐st❡♠❛s ❞✐♥á♠✐❝♦s t♦♣♦❧ó❣✐❝♦s
s❡ ♣✉❡❞❡♥ ❡♥❝♦♥tr❛r ❝♦♥tr❛❡❥❡♠♣❧♦s ♣❛r❛ ❡❧ r❡❝í♣r♦❝♦✳ P♦r ❡❥❡♠♣❧♦✱ ♣♦❞❡♠♦s ❝✐t❛r✱ ❧❛
r♦t❛❝✐ó♥ ♣♦r α ❡♥ [0, 1)✱ ❞❡✜♥✐❞❛ ♣♦r Rα(x) = x+ α mód 1✳
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❈✉❛♥❞♦ α ∈ R ❡s ✐rr❛❝✐♦♥❛❧✱ ❧❛ ❢✉♥❝✐ó♥ ❡s tr❛♥s✐t✐✈❛ ♣❡r♦ ♥♦ ❡s ♠✐①✐♥❣ ❞é❜✐❧✳ ❊st❡
❡❥❡♠♣❧♦✱ ❞❛ ✐♥❞✐❝✐♦s ❞❡ q✉❡ ❡❧ ♣r♦❜❧❡♠❛ ▼✐①✐♥❣ ❉é❜✐❧ ❞❡❜❡rí❛ t❡♥❡r r❡s♣✉❡st❛ ♥❡❣❛t✐✈❛✳
■♥s✐st✐♠♦s ❡♥ q✉❡ t♦❞♦s ❧♦s ❡❥❡♠♣❧♦s ❡st✉❞✐❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡ s❛t✐s❢❛❝❡♥ ❡❧ ❈r✐t❡r✐♦
❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❡①✐st❡♥ ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s q✉❡ ♥♦ s♦♥ ♠✐①✐♥❣
❞é❜✐❧✳ ❉❡❞✐❝❛r❡♠♦s ❡❧ ❝✉❛rt♦ ❝❛♣ít✉❧♦ ❛ ❡st❡ t❡♠❛✳ P❡r♦ ❛♥t❡s✱ ✈❡❛♠♦s q✉❡ ❡①✐st❡♥
❞♦s ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s t❛❧❡s q✉❡ ❧❛ s✉♠❛ ❞✐r❡❝t❛ ♥♦ ❡s ❤✐♣❡r❝í❝❧✐❝❛✳ P❛r❛ ❡❧❧♦
r❡t♦♠❛♠♦s ❧❛ ❝❧❛s❡ ❞❡ ❖♣❡r❛❞♦r❡s ❙❤✐❢t✳ ❊♥✉♥❝✐❛♠♦s ❧❛ ✈❡rs✐ó♥ ❛♥á❧♦❣❛ ❛❧ ❚❡♦r❡♠❛
✷✳✺✳✺✱ ♣❛r❛ s✉♠❛s ❞❡ ♦♣❡r❛❞♦r❡s s❤✐❢ts ✉♥✐❧❛t❡r❛❧❡s ❛ ✐③q✉✐❡r❞❛✳

❚❡♦r❡♠❛ ✸✳✹✳✷✳ ❙❡❛♥ Bi✱ 1 ≤ i ≤ m✱ s❤✐❢ts ✉♥✐❧❛t❡r❛❧❡s ❝♦♥ ♣❡s♦s ❡♥ ℓ2(N)✱ Bi(en) =

w
(i)
n en−1 ② Bi(e0) = 0✳ ❊♥t♦♥❝❡s✱

⊕
Bi ❡s ❤✐♣❡r❝í❝❧✐❝♦ s✐ ② só❧♦ s✐✱

sup
n∈N

{
mı́n

{
n∏

s=1

w(i)
s : 1 ≤ i ≤ n

}}
= ∞.

❈♦r♦❧❛r✐♦ ✸✳✹✳✸✳ ❊①✐st❡♥ ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s B1✱ B2✱ t❛❧❡s q✉❡ B1 ⊕ B2 ♥♦ ❡s
❤✐♣❡r❝í❝❧✐❝♦✳

❉❡♠♦str❛❝✐ó♥✳ ❚♦♠❛♠♦s s❤✐❢ts ✉♥✐❧❛t❡r❛❧❡s ❝♦♥ ♣❡s♦s✱ Bi(en) = w
(i)
n en−1✱ ❞❡ ❢♦r♠❛

t❛❧ q✉❡ s❛t✐s❢❛❝❡♥ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✸✳✹✳✷ ❝❛❞❛ ✉♥❛ ♣♦r s❡♣❛r❛❞♦✱ ♣❡r♦ ♥♦ ❧❛
s❛t✐s❢❛❝❡♥ ❥✉♥t❛s✳ P♦r ❡❥❡♠♣❧♦✱ ♣♦❞❡♠♦s t♦♠❛r

{
w

(1)
2n−1 = n, n ≥ 1

w
(2)
2n = 1/n, n ≥ 1

②





w
(2)
1 = 1

w
(2)
2n = 2n, n ≥ 1

w
(2)
2n+1 = 1/2n, n ≥ 1

❚❡♥❡♠♦s q✉❡

k∏

i=1

w
(1)
i =

{
k+1
2

s✐ k ❡s ✐♠♣❛r
1 s✐ k ❡s ♣❛r

②
k∏

i=1

w
(2)
i =

{
1 s✐ k ❡s ✐♠♣❛r
k s✐ k ❡s ♣❛r

② ♣♦r ❧♦ t❛♥t♦✱

mı́n

{
k∏

i=1

w
(1)
i ,

k∏

i=1

w
(2)
i

}
= 1.

❊s ❝❧❛r♦ q✉❡ ❝❛❞❛ ♦♣❡r❛❞♦r s❛t✐s❢❛❝❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ♣♦r s❡♣❛r❛❞♦✱ ♣❡r♦ ♥♦ ❧♦ ❤❛❝❡♥ ❥✉♥t♦s✳
▲✉❡❣♦ B1 ② B2 s♦♥ ❤✐♣❡r❝í❝❧✐❝♦s ♣❡r♦ B1 ⊕ B2 ♥♦ ❧♦ ❡s✳



❈❛♣ít✉❧♦ ✹

❈♦♥tr❛❡❥❡♠♣❧♦ ❞❡❧ ♣r♦❜❧❡♠❛ ▼✐①✐♥❣
❉é❜✐❧

❉❡❞✐❝❛♠♦s ❡st❡ ❝❛♣ít✉❧♦ ❛ ♠♦str❛r q✉❡ ❡①✐st❡♥ ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s q✉❡ ♥♦ s♦♥
♠✐①✐♥❣ ❞é❜✐❧✳ ❚r❛❜❛❥❛r❡♠♦s ❡❧ ♣r♦❜❧❡♠❛ ❡♥ ❧❛ ❢♦r♠❛ T ⊕ T ✳ ❊s ✉♥ tr❛❜❛❥♦ ❡♥ ❝♦♥❥✉♥t♦
❞❡ ❋✳ ❇❛②❛rt ② ➱✳ ▼❛t❤❡r♦♥ ❬✹❪✱ ♣✉❜❧✐❝❛❞♦ ❡♥ ❡❧ ❛ñ♦ ✷✵✵✼✳ ▲❛ ❝♦♥str✉❝❝✐ó♥ q✉❡ ❤❛r❡♠♦s
♥♦s s❡r✈✐rá ♣❛r❛ ♣r♦❜❛r ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ❡st♦s ♦♣❡r❛❞♦r❡s ❡♥ ♠✉❝❤♦s ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤
❝❧ás✐❝♦s✱ ❝♦♠♦ s❡r c0(N) ♦ ℓp(N)✱ 1 ≤ p < ∞✳ ❆♥t❡r✐♦r♠❡♥t❡ ❡❧ ♣r♦❜❧❡♠❛ ❢✉❡ ❡♥❝❛r❛❞♦
♣♦r ♠✉❝❤♦s ❛✉t♦r❡s✳ ❘❡❝✐é♥ ❡♥ ✷✵✵✻ ▼✳ ❉❡ ▲❛ ❘♦s❛ ② ❈✳ ❘❡❛❞ ❬✶✹❪ ♣✉❞✐❡r♦♥ r❡s♦❧✈❡r
❧❛ ✐♥❝ó❣♥✐t❛ ❝♦♥str✉②❡♥❞♦ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ ② ✉♥ ♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦ q✉❡ ♥♦ ❡s
♠✐①✐♥❣ ❞é❜✐❧✳ ❆✉♥q✉❡ ♥♦ ❡s ❞✐❢í❝✐❧ ❝♦♠♣r❡♥❞❡r ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡❧ ❡s♣❛❝✐♦ X✱ ♥♦ s❡ s❛❜❡
s✐ s❡ ♣✉❡❞❡ ✐❞❡♥t✐✜❝❛r ❝♦♠♦ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ ❝❧ás✐❝♦✳

✹✳✶✳ ▲❛ ❡str❛t❡❣✐❛

Pr✐♠❡r♦ ✜❥❛♠♦s ❡❧ ❝♦♥t❡①t♦ ❡♥ ❡❧ q✉❡ tr❛❜❛❥❛r❡♠♦s ② ❞❛♠♦s ❧♦s ♣r❡❧✐♠✐♥❛r❡s q✉❡ ♥♦s
♣❡r♠✐t✐rá♥ ❞❡♠♦str❛r ❡❧ r❡s✉❧t❛❞♦✳

❉❡✜♥✐❝✐ó♥ ✹✳✶✳✶✳ ❙✐ (ei)i∈N ❡s ✉♥❛ s✉❝❡s✐ó♥ ❧✐♥❡❛❧♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ ✈❡❝t♦r❡s ❞❡
✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧✳ ❊♥t♦♥❝❡s ❡❧ s❤✐❢t ❛ ❞❡r❡❝❤❛ ❛s♦❝✐❛❞♦ ❛ (ei)i∈N s❡ ❞❡✜♥❡ ❝♦♠♦ ❡❧
♦♣❡r❛❞♦r ❧✐♥❡❛❧ S : E −→ E✱ S(ei) = ei+1✱ ❡♥ ❞♦♥❞❡✱ E = 〈ei : i ∈ N〉gen✳

❊❧ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❛❧ q✉❡ q✉❡r❡♠♦s ❧❧❡❣❛r ❡s

❚❡♦r❡♠❛ ✹✳✶✳✷✳ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤✳ ❙✉♣♦♥❣❛♠♦s q✉❡ X t✐❡♥❡ ✉♥❛ ❜❛s❡
✐♥❝♦♥❞✐❝✐♦♥❛❧ ♥♦r♠❛❧✐③❛❞❛ (ei)i∈N✱ ♣❛r❛ ❧❛ ❝✉❛❧ ❡❧ s❤✐❢t ❛ ❞❡r❡❝❤❛ ❛s♦❝✐❛❞♦ ❡s ❝♦♥t✐♥✉♦✳
❊♥t♦♥❝❡s✱ X ❛❞♠✐t❡ ✉♥ ♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦ t❛❧ q✉❡ T ⊕ T ♥♦ ❡s ❤✐♣❡r❝í❝❧✐❝♦✳

❈♦r♦❧❛r✐♦ ✹✳✶✳✸✳ ❊①✐st❡♥ ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s ❡♥ c0(N) ♦ ℓp(N)✱ 1 ≤ p < ∞ q✉❡
♥♦ s❛t✐s❢❛❝❡♥ ❡❧ ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞✳ ❊♥ ♣❛rt✐❝✉❧❛r s❡ ♣✉❡❞❡ ❡♥❝♦♥tr❛r ❡st❡ t✐♣♦
❞❡ ♦♣❡r❛❞♦r❡s ❡♥ t♦❞♦ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt s❡♣❛r❛❜❧❡✳

✻✾
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✹✳✶✳✶✳ ❙♦❜r❡ ❜❛s❡s ✐♥❝♦♥❞✐❝✐♦♥❛❧❡s ❡♥ ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤

❚r❛❜❛❥❛r❡♠♦s ❡♥ ❡s♣❛❝✐♦s ❞❡ s✉❝❡s✐♦♥❡s✱ ❡s ❞❡❝✐r✱ ❛q✉❡❧❧♦s ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤ q✉❡
♣✉❡❞❡♥ s❡r ♣r❡s❡♥t❛❞♦s ❡♥ ❢♦r♠❛ ♥❛t✉r❛❧ ❝♦♠♦ ❡s♣❛❝✐♦s ❞❡ s✉❝❡s✐♦♥❡s✳ ■♥tr♦❞✉❝✐r❡♠♦s
✉♥❛ ♥♦❝✐ó♥ ❞❡ ✏s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✑✱ ❡♥ ❛❧❣ú♥ s❡♥t✐❞♦✱ ❛♥á❧♦❣♦ ❛ ✉♥❛ ❜❛s❡ ❡♥
❡s♣❛❝✐♦s ❞❡ ❞✐♠❡♥s✐ó♥ ✜♥✐t❛✳

❉❡✜♥✐❝✐ó♥ ✹✳✶✳✹✳ ❯♥❛ s✉❝❡s✐ó♥ {ei}i∈N ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ X✱ s❡ ❞✐❝❡ ❜❛s❡ ❞❡
❙❝❤❛✉❞❡r ❞❡ X s✐ ♣❛r❛ t♦❞♦ x ∈ X ❡①✐st❡ ✉♥❛ ú♥✐❝❛ s✉❝❡s✐ó♥ ❞❡ ❡s❝❛❧❛r❡s {xi}i∈N t❛❧❡s

q✉❡ x =
∞∑
i=1

xiei✳ ❉❡❝✐♠♦s q✉❡ ❡s ♥♦r♠❛❧✐③❛❞❛ s✐ ‖ei‖ = 1✱ ♣❛r❛ t♦❞♦ i ∈ N✳

❚❡♥❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❜❛s❡s ❞❡ ❙❝❤❛✉❞❡r✳

Pr♦♣♦s✐❝✐ó♥ ✹✳✶✳✺✳ ❙❡❛ {ei}i∈N ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ✈❡❝t♦r❡s ❞❡ X✳ ❊♥t♦♥❝❡s✱ {ei}i∈N ❡s
❜❛s❡ ❞❡ ❙❝❤❛✉❞❡r ❞❡ X s✐ ② só❧♦ s✐ ❧❛s s✐❣✉✐❡♥t❡s tr❡s ❝♦♥❞✐❝✐♦♥❡s s❡ ❝✉♠♣❧❡♥✳

✶✳ ❚♦❞♦s ❧♦s ✈❡❝t♦r❡s ei s♦♥ ♥♦ ♥✉❧♦s✳

✷✳ ❊①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ K t❛❧ q✉❡✱ ♣❛r❛ t♦❞❛ ❡❧❡❝❝✐ó♥ ❞❡ ❡s❝❛❧❛r❡s {xi}i∈N ② ♥❛t✉r❛❧❡s
n < m✱ s❡ t✐❡♥❡ q✉❡ ∥∥∥∥∥

n∑

i=1

xiei

∥∥∥∥∥ ≤ K

∥∥∥∥∥

m∑

i=1

xiei

∥∥∥∥∥ .

✸✳ ❊❧ s✉❜❡s♣❛❝✐♦ ❣❡♥❡r❛❞♦ ♣♦r {ei}i∈N ❡s ❞❡♥s♦ ❡♥ X✳

❆♥t❡s ❞❡ ❞❛r ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❜❛s❡ ✐♥❝♦♥❞✐❝✐♦♥❛❧✱ ✈❡♠♦s ❡♥ ❧❛ s✐❣✉✐❡♥t❡ ♣r♦♣♦s✐❝✐ó♥
❞✐st✐♥t❛s ❢♦r♠❛s ❡q✉✐✈❛❧❡♥t❡s ❞❡ ❞❡✜♥✐r ❝♦♥✈❡r❣❡♥❝✐❛ ✐♥❝♦♥❞✐❝✐♦♥❛❧✳

Pr♦♣♦s✐❝✐ó♥ ✹✳✶✳✻✳ ❙❡❛ {ei}i∈N ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ✈❡❝t♦r❡s ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ X✳
▲❛s s✐❣✉✐❡♥t❡s ❝♦♥❞✐❝✐♦♥❡s s♦♥ ❡q✉✐✈❛❧❡♥t❡s✳

✶✳ ▲❛ s❡r✐❡
∞∑
i=1

eπ(i) ❝♦♥✈❡r❣❡ ♣❛r❛ t♦❞❛ ♣❡r♠✉t❛❝✐ó♥ π ❞❡ N✳

✷✳ ▲❛ s❡r✐❡
∞∑
n=1

ein ❝♦♥✈❡r❣❡ ♣❛r❛ t♦❞❛ s✉❝❡s✐ó♥ ❝r❡❝✐❡♥t❡ (in)n∈N✳

✸✳ ▲❛ s❡r✐❡
∞∑
i=1

θiei ❝♦♥✈❡r❣❡ ♣❛r❛ t♦❞❛ ❡❧❡❝❝✐ó♥ ❞❡ s✐❣♥♦s θi = ±1✳

✹✳ P❛r❛ t♦❞♦ ε > 0✱ ❡①✐st❡ n ∈ N t❛❧ q✉❡

∥∥∥∥
∑
i∈S

ei

∥∥∥∥ < ε ♣❛r❛ t♦❞♦ s✉❜❝♦♥❥✉♥t♦ S ❞❡ N

q✉❡ ❝✉♠♣❧❡ mı́n{i; i ∈ S} > n✳

❯♥❛ s❡r✐❡ q✉❡ ❝✉♠♣❧❡ ❝✉❛❧q✉✐❡r❛ ❞❡ ❧❛s ❝✉❛tr♦ ❝♦♥❞✐❝✐♦♥❡s ❛♥t❡r✐♦r❡s s❡ ❞✐❝❡ q✉❡ ❝♦♥✲
✈❡r❣❡ ✐♥❝♦♥❞✐❝✐♦♥❛❧♠❡♥t❡✳
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❉❡✜♥✐❝✐ó♥ ✹✳✶✳✼✳ ❯♥❛ ❜❛s❡ ❞❡ ❙❝❤❛✉❞❡r {ei}i∈N ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ X s❡ ❞✐❝❡
✐♥❝♦♥❞✐❝✐♦♥❛❧ s✐ ♣❛r❛ t♦❞♦ x ∈ X✱ ❧❛ ❡①♣r❡s✐ó♥ ❞❡ x ❡♥ ❧❛ ❜❛s❡ ❝♦♥✈❡r❣❡ ✐♥❝♦♥❞✐❝✐♦♥❛❧✲
♠❡♥t❡✳

▲❛ ❝♦♥✈❡r❣❡♥❝✐❛ ✐♥❝♦♥❞✐❝✐♦♥❛❧ ❡♥ ✉♥❛ ❜❛s❡ ❞❡ ❙❝❤❛✉❞❡r ♥♦s ♣❡r♠✐t❡ ♦❧✈✐❞❛r♥♦s ❞❡❧
♦r❞❡♥ ❡♥ ❧❛ s✉❝❡s✐ó♥ {ei}i∈N✱ ② ♣♦❞❡r ♠✐r❛r❧♦ ❝♦♠♦ ✉♥ ❝♦♥❥✉♥t♦✳

❚❡♦r❡♠❛ ✹✳✶✳✽✳ ❙❡❛ {ei}i∈N ✉♥❛ ❜❛s❡ ✐♥❝♦♥❞✐❝✐♦♥❛❧✳ ❊①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ K > 0 t❛❧
q✉❡ ♣❛r❛ t♦❞❛ ❡❧❡❝❝✐ó♥ ❞❡ ❡s❝❛❧❛r❡s {xi}i∈N ♣❛r❛ ❧♦s ❝✉❛❧❡s

∑
i xiei ❝♦♥✈❡r❣❡ ② ♣❛r❛

❝✉❛❧q✉✐❡r s✉❝❡s✐ó♥ λ ∈ ℓ∞(N)✱ λ = {λi}i∈N✱ s❡ t✐❡♥❡ q✉❡

∥∥∥∥∥

∞∑

i=1

λixiei

∥∥∥∥∥ ≤ 2K sup
i

|λi|
∥∥∥∥∥

∞∑

i=1

xiei

∥∥∥∥∥ .

❊s ❞❡❝✐r✱ ♣❛r❛ t♦❞❛ s✉❝❡s✐ó♥ ❛❝♦t❛❞❛ λ = {λi}i∈N✱ t❡♥❡♠♦s ✉♥ ♦♣❡r❛❞♦r ❧✐♥❡❛❧ ❡♥
E = 〈ei : i ∈ N〉gen ❞❡✜♥✐❞♦ ♣♦r Mλ(ei) = λiei✳ ❘❡s✉❧t❛ q✉❡

‖Mλ‖ ≤ 2K sup
i

|λi|.

❊♥ ♣❛rt✐❝✉❧❛r✱ s✐ ❝♦♥s✐❞❡r❛♠♦s s✉❝❡s✐♦♥❡s ❞❡ ❧❛ ❢♦r♠❛ λj = 1 ♣❛r❛ ❛❧❣ú♥ j ∈ N ② λi = 0
♣❛r❛ t♦❞♦ i 6= j✱ ❧❧❛♠❛♠♦s Mj =Mλ ② ♦❜t❡♥❡♠♦s q✉❡

Mj(x) =Mj

( ∞∑

i=1

xiei

)
= xjej,

② ‖Mj‖ ≤ 2K✳ P❡r♦✱ s✐ ❝♦♥s✐❞❡r❛♠♦s {e∗i }i∈N ❧❛ s✉❝❡s✐ó♥ ❞❡ ❢✉♥❝✐♦♥❛❧❡s ❞❡ X∗ ❛s♦❝✐❛❞❛s
❛ {ei}i∈N✱ t❡♥❡♠♦s q✉❡

Mj(x) = e∗j(x)ej.

❆sí✱
‖Mj(x)‖ ≤ |e∗j(x)|‖ej‖ ≤ ‖e∗j‖‖ej‖‖x‖.

▲✉❡❣♦✱ ‖Mj‖ = ‖e∗j‖‖ej‖ ② ❡♥t♦♥❝❡s supj ‖e∗j‖‖ej‖ < ∞✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ s✐ {ei}i∈N ❡s
❜❛s❡ ♥♦r♠❛❧✐③❛❞❛✱ {e∗i }i∈N ❡s ❛❝♦t❛❞❛✳

✹✳✶✳✷✳ Pr❡❧✐♠✐♥❛r❡s ❆❧❣❡❜r❛✐❝♦s

P❛r❛ ❞❡♠♦str❛r ❡❧ ❚❡♦r❡♠❛ ✹✳✶✳✷✱ ❞❛r❡♠♦s ✉♥❛ ❡s♣❡❝✐❡ ❞❡ ✏❝r✐t❡r✐♦ ❞❡ ♥♦✲❤✐♣❡r❝✐❝❧✐❝✐❞❛❞✑
♣❛r❛ ❧❛ s✉♠❛ ❞✐r❡❝t❛ T ⊕ T ✳ ❊♠♣❡③❛♠♦s ❝♦♥ r❡s✉❧t❛❞♦s ❛❧❣❡❜r❛✐❝♦s q✉❡ ❞❛rá♥ ❧✉❣❛r ❛
❡st❡ ✏♥✉❡✈♦ ❝r✐t❡r✐♦✑✳

▲❡♠❛ ✹✳✶✳✾✳ ❙❡❛ A ✉♥ á❧❣❡❜r❛ ❝♦♥♠✉t❛t✐✈❛ ❥✉♥t♦ ❝♦♥ ✉♥❛ t♦♣♦❧♦❣í❛ τ ✳ ❙❡❛ n ✉♥❛
s❡♠✐♥♦r♠❛ ❡♥ A t❛❧ q✉❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ (p, q) 7→ pq ❡s ❝♦♥t✐♥✉❛ ❞❡ (A, τ) × (A, τ) ❡♥
(A, n)✳ ❉❛❞♦s a✱ a′✱ b✱ b′ ❡♥ A✱ s✉♣♦♥❣❛♠♦s q✉❡ ❡①✐st❡♥ tr❡s s✉❝❡s✐♦♥❡s (pn)n∈N✱ (qn)n∈N
② (rn)n∈N ❡♥ A t❛❧❡s q✉❡ pn → a✱ qn → b✱ rnpn → a′ ② rnqn → b′✳ ❊♥t♦♥❝❡s n(ab′−a′b) =
0✳
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❉❡♠♦str❛❝✐ó♥✳ ❯s❛♠♦s q✉❡ A ❡s ✉♥ ❛❧❣❡❜r❛ ❝♦♥♠✉t❛t✐✈❛ ② t❡♥❡♠♦s q✉❡

pn(rnqn) // ab′

(rnpn)qn // a′b

▲✉❡❣♦✱ ❛❧ s❡r (p, q) 7→ pq ❝♦♥t✐♥✉❛ ❞❡ (A, τ)× (A, τ) ❡♥ (A, n)✱ t❡♥❡♠♦s q✉❡

0 = n(0) = n(pn(rnqn)− (rnpn)qn) −→ n(ab′ − a′b).

❈♦r♦❧❛r✐♦ ✹✳✶✳✶✵✳ ❙✉♣♦♥❣❛♠♦s q✉❡ ❡❧ á❧❣❡❜r❛ A t✐❡♥❡ ✉♥✐❞❛❞✱ ② q✉❡ ♣❛r❛ ❝✉❛❧❡sq✉✐❡r❛
a✱ a′✱ b✱ b′ ❡♥ A✱ ❡①✐st❡♥ s✉❝❡s✐♦♥❡s (pn)n∈N✱ (qn)n∈N ② (rn)n∈N ❡♥ A q✉❡ ❝✉♠♣❧❡♥ ❧❛
❤✐♣ót❡s✐s ❞❡❧ ▲❡♠❛ ✹✳✶✳✾✳ ❊♥t♦♥❝❡s n = 0✳

❉❡♠♦str❛❝✐ó♥✳ ❚♦♠❛♠♦s a ∈ A ❝✉❛❧q✉✐❡r❛✱ b′ = 1A ② a′ = b = 0✳ ▲✉❡❣♦✱ ♣♦r ✹✳✶✳✾✱
n(a) = n(a1A − 0) = 0 ♣❛r❛ t♦❞♦ a ∈ A✳

❆♣❧✐❝❛r❡♠♦s ❡❧ ❈♦r♦❧❛r✐♦ ✹✳✶✳✶✵✱ ❛❧ á❧❣❡❜r❛K[T ]e0✱ ❡♥ ❞♦♥❞❡ T ∈ L(X)✱X ❡s ✉♥ ❡s♣❛❝✐♦
❞❡ ❇❛♥❛❝❤ ② e0 ❡s ✉♥ ✈❡❝t♦r ❝í❝❧✐❝♦ ❞❡ T ✳ ❘❡❝♦r❞❡♠♦s q✉❡ ✉♥ ✈❡❝t♦r ❝í❝❧✐❝♦ ❝✉♠♣❧❡ q✉❡

K[T ]e0 = {P (T )e0, P ♣♦❧✐♥♦♠✐♦} = 〈Orb(e0, T )〉gen,

❡s ❞❡♥s♦ ❡♥ X✳ ❊❧ ♣r♦❞✉❝t♦ ❡♥ ❡❧ á❧❣❡❜r❛ K[T ]e0 ❡stá ❞❛❞♦ ♣♦r

P (T )e0.Q(T )e0 = (P.Q)(T )e0,

② e0 ❡s ❧❛ ✉♥✐❞❛❞ ❞❡❧ á❧❣❡❜r❛✳ ❆❞❡♠ás✱ K[T ]e0 ❤❡r❡❞❛ ❧❛ t♦♣♦❧♦❣í❛ ❞❡ X✳

❈♦r♦❧❛r✐♦ ✹✳✶✳✶✶✳ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ ❞❡ ❞✐♠❡♥s✐ó♥ ✐♥✜♥✐t❛✳ ❙❡❛ T ∈ L(X)
✉♥ ♦♣❡r❛❞♦r ❝í❝❧✐❝♦ ❝♦♥ ✈❡❝t♦r ❝í❝❧✐❝♦ e0✳ ❙✉♣♦♥❣❛♠♦s q✉❡ ❡①✐st❡ ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛❧ ♥♦
♥✉❧❛ φ : K[T ]e0 −→ K✱ t❛❧ q✉❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ (x, y) 7→ φ(x.y) ❡s ❝♦♥t✐♥✉❛ ❡♥ K[T ]e0 ×
K[T ]e0✳ ❊♥t♦♥❝❡s T ⊕ T ♥♦ ❡s ❤✐♣❡r❝í❝❧✐❝♦ ❡♥ X ×X✳

❉❡♠♦str❛❝✐ó♥✳ ❙✉♣♦♥❣❛♠♦s✱ ♣♦r ❡❧ ❛❜s✉r❞♦✱ q✉❡ T ⊕ T ❡s ❤✐♣❡r❝í❝❧✐❝♦✳ ❚❡♥❡♠♦s ❡♥✲
t♦♥❝❡s✱ q✉❡ HC(T ) ❡s ❞❡♥s♦ ❡♥ X ⊕X✳ ❙❡❛♥✱ a✱ a′✱ b✱ b′ ❡♥ K[T ]e0 ❝✉❛❧❡sq✉✐❡r❛✳ ❊①✐st❡
xk ⊕ yk ∈ HC(T ⊕ T ) t❛❧ q✉❡ xk ⊕ yk −→ a⊕ b ② ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ♥ú♠❡r♦s ♥❛t✉r❛❧❡s
(nk)k∈N t❛❧❡s q✉❡ T nkxk ⊕ T nkyk −→ a′ ⊕ b′✳ ❈♦♠♦ K[T ]e0 ❡s ❞❡♥s♦ ❡♥ X✱ ♣♦❞❡♠♦s
❡♥❝♦♥tr❛r s✉❝❡s✐♦♥❡s ❞❡ ♣♦❧✐♥♦♠✐♦s ❡♥ K✱ (Pk)k∈N✱ (Qk)k∈N t❛❧❡s q✉❡

‖xk − Pk(T )e0‖ < mı́n

{
1

k
,

1

k‖T nk‖

}
② ‖yk −Qk(T )e0‖ < mı́n

{
1

k
,

1

k‖T nk‖

}
.

❊s ❝❧❛r♦ q✉❡ Pk(T )e0 −→ a ② t❛♠❜✐é♥

‖T nk(Pk(T )e0)− a′‖ ≤ ‖T nk(Pk(T )e0)− T nkxk‖+ ‖T nkxk − a′‖

≤ ‖T nk‖mı́n

{
1

k
,

1

k‖T nk‖

}
+ ‖T nkxk − a′‖ −→ 0.
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❆♥á❧♦❣❛♠❡♥t❡ ♣❛r❛ ❧❛ s✉❝❡s✐ó♥ Qk(T )e0✳ ❈♦♥s✐❞❡r❛♠♦s ❡♥t♦♥❝❡s pk = Pk(T )e0✱ qk =
Qk(T )e0 ② rk = T nke0✳ ❚❡♥❡♠♦s q✉❡

pk = Pk(T )e0 −→ a,

qk = Qk(T )e0 −→ b,

rk.pk = T nke0.Pk(T )e0 = T nk ◦ Pk(T )e0 −→ a′, ②

rk.qk = T nke0.Qk(T )e0 = T nk ◦Qk(T )e0 −→ b′.

❆♣❧✐❝❛♠♦s ❡❧ ❈♦r♦❧❛r✐♦ ✹✳✶✳✶✵ ❝♦♥ ❧❛ s❡♠✐♥♦r♠❛ ❞❡ K[T ]e0✱ n(z) = |φ(z)|✳ P♦r ❤✐♣ót❡s✐s✱
K[T ]e0 ❡s ✉♥ á❧❣❡❜r❛ ❝♦♥♠✉t❛t✐✈❛ ② (z, w) 7→ |φ(z.w)| ❡s ❝♦♥t✐♥✉❛✳ ❖❜t❡♥❡♠♦s ❞❡ ❡st❛
❢♦r♠❛ ✉♥❛ ❝♦♥tr❛❞✐❝❝✐ó♥ ♣✉❡s φ ❡s ♥♦ ♥✉❧❛✳

✹✳✶✳✸✳ P❛s♦s ❛ s❡❣✉✐r

❊♥ ❧♦ q✉❡ r❡st❛ ❞❡ ❡st❡ ❝❛♣ít✉❧♦ X s❡rá ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ ❝♦♥ ❜❛s❡ ♥♦r♠❛❧✐③❛❞❛
✐♥❝♦♥❞✐❝✐♦♥❛❧ (ei)i∈N ❝✉②♦ s❤✐❢t ❛ ❞❡r❡❝❤❛ ❛s♦❝✐❛❞♦ ❡s ❝♦♥t✐♥✉♦✳ ◆♦t❛♠♦s c00 := 〈ei; i ∈
N〉gen✳ ❊❧ ❚❡♦r❡♠❛ ✹✳✶✳✷ q✉❡❞❛rá ♣r♦❜❛❞♦ s✐ s♦♠♦s ❝❛♣❛❝❡s ❞❡ ❝♦♥str✉✐r ✉♥ ♦♣❡r❛❞♦r
❧✐♥❡❛❧ T : c00 −→ c00 ② ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛❧ ♥♦ ♥✉❧❛ φ : c00 −→ K t❛❧❡s q✉❡ s❡ ✈❡r✐✜❝❛♥
❧❛s ♣r♦♣✐❡❞❛❞❡s s✐❣✉✐❡♥t❡s✳

✭❛✮ 〈T ie0; i ∈ N〉gen = 〈ei; i ∈ N〉gen✱ ✐✳❡✱ K[T ]e0 = c00✳

✭❜✮ ❊❧ ❝♦♥❥✉♥t♦ {T ie0 : i ∈ N} ❡s ❞❡♥s♦ ❡♥ c00✳

✭❝✮ T ❡s ❝♦♥t✐♥✉♦✳

✭❞✮ ▲❛ ❛♣❧✐❝❛❝✐ó♥ (x, y) 7→ φ(x.y) ❡s ❝♦♥t✐♥✉❛ ❡♥ c00 × c00✳

❉❡ ❤❡❝❤♦✱ ✭❝✮ ♥♦s ♣❡r♠✐t❡ ❡①t❡♥❞❡r ❡❧ ♦♣❡r❛❞♦r ❛ t♦❞♦ ❡❧ ❡s♣❛❝✐♦ X✳ P♦r ✭❛✮ ② ✭❜✮✱ T
t✐❡♥❡ ❛ e0 ❝♦♠♦ ✈❡❝t♦r ❤✐♣❡r❝í❝❧✐❝♦✳ ❋✐♥❛❧♠❡♥t❡ r❡s✉❧t❛✱ ♣♦r ✭❛✮✱ ✭❞✮ ② ❡❧ ❈♦r♦❧❛r✐♦ ✹✳✶✳✶✶
q✉❡ T ⊕T ♥♦ ❡s ❤✐♣❡r❝í❝❧✐❝♦✳ ▲♦ q✉❡ r❡st❛ ❞❡ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❡s ❝♦♥str✉✐r ❡❧ ♦♣❡r❛❞♦r T
② ❧❛ ❢✉♥❝✐♦♥❛❧ φ✳ ❆♠❜♦s ❞❡♣❡♥❞❡rá♥ ❞❡ tr❡s s✉❝❡s✐♦♥❡s ❞❡ ♥ú♠❡r♦s ♣♦s✐t✐✈♦s (an)n∈N0 ✱
(bn)n∈N0 ② (w(n))n∈N✳ ❊s♣❡❝✐✜❝❛r❡♠♦s ❡♥ ❡❧ ❝❛♠✐♥♦✱ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ♥❡❝❡s❛r✐❛s s♦❜r❡
❧❛s s✉❝❡s✐♦♥❡s✳ P♦r ❝♦♥✈❡♥✐❡♥❝✐❛ ♣❡❞✐♠♦s a0 = 1 ② b0 = 0✳

◆♦t❛❝✐♦♥❡s ❙✐ P ❡s ✉♥ ♣♦❧✐♥♦♠✐♦✱ ♥♦t❛♠♦s gr(P ) ❛❧ ❣r❛❞♦ ❞❡ P ② |P |1 ❛ ❧❛ s✉♠❛
❞❡ ❧♦s ♠ó❞✉❧♦s ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ P ✳ ❋✐❥❛♠♦s✱ ❞❡ ❛❤♦r❛ ❡♥ ♠ás✱ ✉♥ ❝♦♥❥✉♥t♦ ❞❡♥s♦
♥✉♠❡r❛❜❧❡ Q ⊂ K✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ♣♦❧✐♥♦♠✐♦s P = {Pn}n∈N ❡s ❛❞♠✐s✐❜❧❡
s✐ P0 = 0 ② P ❡♥✉♠❡r❛ t♦❞♦s ❧♦s ♣♦❧✐♥♦♠✐♦s ❝♦♥ ❝♦❡✜❝✐❡♥t❡s ❡♥ Q ✭♥♦ ♥❡❝❡s❛r✐❛♠❡♥t❡
❞❡ ❢♦r♠❛ ✐♥②❡❝t✐✈❛✮✳ P❡❞✐♠♦s ❞❡s❞❡ ❛❤♦r❛ q✉❡ bn − 1 > gr(Pn) ♣❛r❛ t♦❞♦ n ∈ N✳

✹✳✷✳ ❊❧ ♦♣❡r❛❞♦r T

❆✜r♠❛❝✐ó♥ ✹✳✷✳✶✳ ❙❡❛ P ✉♥❛ s✉❝❡s✐ó♥ ❛❞♠✐s✐❜❧❡ ❞❡ ♣♦❧✐♥♦♠✐♦s✳ ❆ ❧❛s s✉❝❡s✐♦♥❡s P✱
(an)n∈N✱ (bn)n∈N ② (w(n))n∈N✱ ❧❡ ♣♦❞❡♠♦s ❛s♦❝✐❛r ✉♥ ú♥✐❝♦ ♦♣❡r❛❞♦r ❧✐♥❡❛❧ T : c00 −→
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c00 q✉❡ ❝✉♠♣❧❡ ❧❛s s✐❣✉✐❡♥t❡s ❞♦s ❝♦♥❞✐❝✐♦♥❡s✳

Tei = w(i+ 1)ei+1 s✐ i ∈ [bn−1, bn − 2] ♣❛r❛ t♦❞♦ n ∈ N, ✭✹✳✶✮

T bn(e0) = Pn(T )e0 +
1

an
ebn ♣❛r❛ t♦❞♦ n ∈ N. ✭✹✳✷✮

❉❡♠♦str❛❝✐ó♥✳ ❊♥ ❡❢❡❝t♦✱ ♥♦t❡♠♦s q✉❡ ❡♥ r❡❛❧✐❞❛❞ ❡st❛♠♦s ❞❡✜♥✐❡♥❞♦ T s♦❜r❡ t♦❞♦s
❧♦s ✈❡❝t♦r❡s ❞❡ (ei)i∈N✳ P❛r❛ ♠♦str❛r ❝ó♠♦ ❡s q✉❡ q✉❡❞❛ ❞❡✜♥✐❞♦ T (ebn−1)✱ ❧♦ ✈❡♠♦s
♣r✐♠❡r♦ ❝♦♥ n = 1✳ ❚❡♥❡♠♦s q✉❡

Tei = w(i+ 1)ei+1 s✐ i ∈ [b0, b1 − 2],

T b1(e0) = P1(T )e0 +
1

a1
eb1 .

❆♣❧✐❝❛♠♦s T r❡✐t❡r❛❞❛s ✈❡❝❡s ❛❧ ✈❡❝t♦r e0 ♣❛r❛ ❞❡s♣❡❥❛r ❡❧ ✈❛❧♦r ❞❡ T (eb1−1)✿

Te0 = w(1)e1,

T 2e0 = w(1)w(2)e2,

✳✳✳

T b1−1e0 = w(1)w(2) . . . w(b1 − 1)eb1−1 := Web1−1.

▲✉❡❣♦✱ t❡♥❡♠♦s ❧❛s s✐❣✉✐❡♥t❡s ❞♦s ❡①♣r❡s✐♦♥❡s ♣❛r❛ T b1(e0)✳ P♦r ✉♥ ❧❛❞♦✱

T b1(e0) = WT (eb1−1),

② ♣♦r ❡❧ ♦tr♦ ❧❛❞♦✱

T b1(e0) = P1(T )e0 +
1

a1
eb1 .

❆sí✱

T (eb1−1) =
1

w(1) . . . w(b1 − 1)
T b1(e0)

=
1

w(1) . . . w(b1 − 1)

(
P1(T )e0 +

1

a1
eb1

)
.

❈♦♠♦ gr(P1) < b1− 1✱ T (eb1−1) ❡stá ❜✐❡♥ ❞❡✜♥✐❞♦✳ ❉❡ ✐❣✉❛❧ ❢♦r♠❛✱ s❡ ❞❡s♣❡❥❛ T (ebn−1)
❡♥ ❡❧ ❝❛s♦ ❣❡♥❡r❛❧✿

T bne0 = T bn−bn−1T bn−1e0

= T bn−bn−1

(
Pn−1(T )e0 +

1

an−1

ebn−1

)

= T bn−bn−1Pn−1(T )e0 +
w(bn−1 + 1) . . . w(bn − 1)

an−1

T (ebn−1).

❉❡ ❛q✉í✱ ♣♦❞❡♠♦s ❞❡s♣❡❥❛r T (ebn−1) ✉s❛♥❞♦ ♥✉❡✈❛♠❡♥t❡ q✉❡ T bne0 = Pn(T )e0+
1
an
ebn ✳

Tebn−1 := εnebn + fn ✭✹✳✸✮
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❝♦♥
εn =

an−1

anw(bn−1 + 1) . . . w(bn − 1)
②

fn =
an−1

w(bn−1 + 1) . . . w(bn − 1)
(Pn(T )e0 − T bn−bn−1Pn−1(T )e0). ✭✹✳✹✮

❈♦♠♦ gr(Pn) < bn − 1 ♣❛r❛ t♦❞♦ n ∈ N✱ t❡♥❡♠♦s ❞❡✜♥✐❞♦ T ❡♥ t♦❞♦s ❧♦s ✈❡❝t♦r❡s ❞❡
❧❛ ❜❛s❡ ♣♦r ✭✹✳✶✮ ② ✭✹✳✸✮✳

❖❜s❡r✈❛❝✐ó♥ ✹✳✷✳✷✳ ❚❡♥❡♠♦s✱ ♣♦r ❞❡✜♥✐❝✐ó♥ ❞❡ T ✱ {P (T )e0; gr(P ) ≤ N} = 〈e0, . . . , eN〉gen
♣❛r❛ t♦❞♦ N ∈ N✳ ▲✉❡❣♦✱ K[T ]e0 = c00✳ ❙❡ s✐❣✉❡ q✉❡ {Pn(T )e0; n ∈ N} ❡s ❞❡♥s♦ ❡♥ c00✱
♣✉❡st♦ q✉❡ P ❡s ❛❞♠✐s✐❜❧❡✳ ❊♥t♦♥❝❡s ♣♦r ✭✹✳✷✮✱ t❛♠❜✐é♥ ❧♦ ❡s ❡❧ ❝♦♥❥✉♥t♦ {T ie0; i ∈ N}✳
❉❡ ❡st❛ ❢♦r♠❛✱ t❡♥❡♠♦s ❛s❡❣✉r❛❞❛s ❧❛s ♣r✐♠❡r❛s ❞♦s ❝♦♥❞✐❝✐♦♥❡s ✭❛✮ ② ✭❜✮✳

◆♦t❡♠♦s q✉❡ ❧❛s s✉❝❡s✐♦♥❡s P✱ (an)n∈N✱ (bn)n∈N ② (w(n))n∈N s♦♥ ♣❛rá♠❡tr♦s ❡♥ ❧❛
❞❡✜♥✐❝✐ó♥ ❞❡ T ✳ P♦❞❡♠♦s ❡♥t♦♥❝❡s ❡♥❝♦♥tr❛r ❞✐st✐♥t♦s ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s q✉❡ ♥♦
s❛t✐s❢❛❝❡♥ ❡❧ ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞✳ P❛r❛ s✐♠♣❧✐✜❝❛r ❧❛ ♥♦t❛❝✐ó♥ t♦♠❛♠♦s ❛❤♦r❛ ②
♣❛r❛ ❡❧ r❡st♦ ❞❡ ❧❛ ❝♦♥str✉❝❝✐ó♥✱

w(n) := 4

(
1− 1

2
√
n

)
,

an := n+ 1,

bn := 3n.

❖❜s❡r✈❛♠♦s q✉❡ w(n) ❡s ❝r❡❝✐❡♥t❡ ② 2 ≤ w(n) ≤ 4✱ ♣❛r❛ t♦❞♦ n ≥ 1✳

❉❡✜♥✐❝✐ó♥ ✹✳✷✳✸✳ ❉❡❝✐♠♦s q✉❡ ✉♥❛ s✉❝❡s✐ó♥ ❛❞♠✐s✐❜❧❡ P ❡stá ❝♦♥tr♦❧❛❞❛ ♣♦r ✉♥❛
s✉❝❡s✐ó♥ ❞❡ ♥ú♠❡r♦s ♣♦s✐t✐✈♦s {un}n∈N✱ s✐ gr(Pn) < un ② |Pn|1 < un ♣❛r❛ t♦❞♦ n ∈ N✳
❊♥ ❡s❡ ❝❛s♦✱ t❛❧ s✉❝❡s✐ó♥ {un}n∈N s❡ ❧❧❛♠❛ ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ❝♦♥tr♦❧✳ ❊s ❝❧❛r♦ q✉❡ ♣❛r❛
❝✉❛❧q✉✐❡r s✉❝❡s✐ó♥ ♥♦ ❛❝♦t❛❞❛ {un}n∈N✱ ❡①✐st❡ ✉♥❛ s✉❝❡s✐ó♥ ❛❞♠✐s✐❜❧❡ ❞❡ ♣♦❧✐♥♦♠✐♦s P✱
q✉❡ ❡stá ❝♦♥tr♦❧❛❞❛ ♣♦r {un}n∈N✳
❉❡✜♥✐❝✐ó♥ ✹✳✷✳✹✳ P❛r❛ x ∈ c00✱ x =

∑
i∈N xiei ✱ ❞❡✜♥✐♠♦s ❧❛ ♥♦r♠❛ ℓ1✱ ❝♦♠♦ ‖x‖1 :=∑

i∈N |xi|✳

❊❧ ♣ró①✐♠♦ ❧❡♠❛ ♥♦s ♣❡r♠✐t✐rá ♣r♦❜❛r ❧❛ ❝♦♥t✐♥✉✐❞❛❞ ❞❡ T ✳ ◆♦t❛♠♦s dn = gr(Pn)✳

▲❡♠❛ ✹✳✷✳✺✳ ❈♦♥ ❧❛s ♥♦t❛❝✐♦♥❡s ❞❡ ❧❛ ❆✜r♠❛❝✐ó♥ ✹✳✷✳✶✱ s❡ ❝✉♠♣❧❡✿

✶✳ εn ≤ 1 ♣❛r❛ t♦❞♦ n ≥ 1✳

✷✳ ❙✐ n ≥ 1 ② s✐ ‖fk‖1 ≤ 1 ♣❛r❛ t♦❞♦ k < n ❡♥t♦♥❝❡s

‖fn‖1 ≤ n 4máx(dn,dn−1)+1

( |Pn|1
2bn−1

+ |Pn−1|1 exp(−c
√
bn−1)

)
,

❡♥ ❞♦♥❞❡ c > 0 ❡s ✉♥❛ ❝♦♥st❛♥t❡ ✉♥✐✈❡rs❛❧✳
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❉❡♠♦str❛❝✐ó♥✳ ▲❛ ♣r✐♠❡r❛ ♣❛rt❡ ❡s ♦❜✈✐❛ ♣✉❡s✱ w(n) ≥ 1✱ ❡♥t♦♥❝❡s

εn =
n

(n+ 1)w(bn−1 + 1) . . . w(bn − 1)
<

n

n+ 1
< 1.

P❛r❛ ♣r♦❜❛r ❧❛ s❡❣✉♥❞❛ ♣❛rt❡✱ ✜❥❡♠♦s n ∈ N ② s✉♣♦♥❣❛♠♦s q✉❡ ‖fk‖1 ≤ 1✱ ♣❛r❛ t♦❞♦
k < n✳ P❛r❛ ❝❛❞❛ j ∈ N✱ ♥♦t❛♠♦s Ej := 〈e0, . . . , ej〉gen✳ ❚❡♥❡♠♦s q✉❡ ❝♦♠♦ {w(i)} ❡s
❝r❡❝✐❡♥t❡ ② w(i) ≥ 2✱ s✐ j < bn− 1 ❡♥t♦♥❝❡s ‖T (x)‖1 ≤ w(j +1)‖x‖1 ♣❛r❛ t♦❞♦ x ∈ Ej✳

❱❡❛♠♦s✱ s✐ x =
j∑
i=1

xiei✱ s❡ t✐❡♥❡ q✉❡

T (x) =

j∑

i=1

xiT (ei) =
∑

i=bk−1

xiT (ei) +
∑

i 6=bk−1

xiT (ei)

=
∑

i=bk−1

xi(εkebk + fk) +
∑

i 6=bk−1

xiw(i+ 1)ei.

❆sí✱

‖T (x)‖1 ≤
∑

i=bk−1

|xi| (εk‖ebk‖1 + ‖fk‖1)︸ ︷︷ ︸
≤2≤w(j+1)

+
∑

i 6=bk−1

|xi|w(i+ 1)‖ei+1‖1

≤ w(j + 1)

j∑

i=1

|xi| = w(j + 1)‖x‖1.

❉❡ ❛q✉í✱ ❞❡❞✉❝✐♠♦s q✉❡

‖T pe0‖1 ≤
p∏

i=1

w(i),

♣❛r❛ t♦❞♦ p ∈ [1, bn)✳ ▼✐r❛♥❞♦ ❡♥ ✭✹✳✹✮✱ ♦❜t❡♥❡♠♦s q✉❡

‖fn‖1 ≤
n
(
|Pn|1

∏dn
i=1w(i) + |Pn−1|1

∏bn−bn−1+dn−1

i=1 w(i)
)

w(bn−1 + 1) . . . w(bn − 1)
;

② ❝♦♠♦✱ 2 ≤ w(i) ≤ 4 ♣❛r❛ t♦❞♦ i ∈ N✱ s❡ s✐❣✉❡ q✉❡

‖fn‖1 ≤ n

(
|Pn|14dn
2bn−bn−1−2

+ |Pn−1|14dn−1+1

bn−bn−1−1∏

i=1

w(i)

w(i+ bn−1)

)

≤ n4máx(dn,dn−1)+1

(
|Pn|1

2bn−bn−1−1
+ |Pn−1|1

bn−bn−1−1∏

i=1

w(i)

w(i+ bn−1)

)
.

❈♦♥s✐❞❡r❛♠♦s ❧❛ ❢✉♥❝✐ó♥ h(u) = (1−u)eu✱ ❝♦♥ u ∈ [0, 1)✳ ❚❡♥❡♠♦s q✉❡ h ❡s ❞❡❝r❡❝✐❡♥t❡
♣✉❡s✱ h′(u) = −ueu ≤ 0✱ s✐ u ∈ [0, 1)✳ ▲✉❡❣♦✱ s✐ ❝♦♥s✐❞❡r❛♠♦s 0 ≤ u < v < 1✱ t❡♥❡♠♦s
q✉❡

(1− v)ev ≤ (1− u)eu ⇐⇒ 1 ≤ (1− u)eu

(1− v)ev

⇐⇒ 1− v

1− u
≤ eu−v ⇐⇒ ln

(
1− v

1− u

)
≤ u− v.



✹✳✷✳ ❊▲ ❖P❊❘❆❉❖❘ T ✼✼

❆sí✱ ♦❜t❡♥❡♠♦s q✉❡

ln

(
bn−bn−1−1∏

i=1

w(i)

w(i+ bn−1)

)
=

bn−bn−1−1∑

i=1

ln


 1− 1

2
√
i

1− 1

2
√
i+bn−1




≤
bn−bn−1−1∑

i=1

(
1

2
√
i+ bn−1

− 1

2
√
i

)
.

❈♦♥ ❧♦ ❝✉❛❧✱

bn−bn−1−1∏

i=1

w(i)

w(i+ bn−1)
≤ exp

[
bn−bn−1−1∑

i=1

(
1

2
√
i+ bn−1

− 1

2
√
i

)]
.

❈♦♥s✐❞❡r❛♠♦s ❧❛ ❢✉♥❝✐ó♥ g(u) = 1
2
√
x
✱ ❝♦♥ x > 0✳ ❚❡♥❡♠♦s q✉❡ g′(x) = −1

4x3/2
✳ ❯s❛♠♦s ❡❧

❚❡♦r❡♠❛ ❞❡❧ ❱❛❧♦r ▼❡❞✐♦✱ ② ♦❜t❡♥❡♠♦s q✉❡ ❡①✐st❡ µ ❡♥tr❡ i ② i+ bn−1✱ t❛❧ q✉❡

1

2
√
i+ bn−1

− 1

2
√
i
= g(i+ bn−1)− g(i) = g′(µ)(bn−1) =

−bn−1

4µ3/2
.

P♦r ❧♦ t❛♥t♦✱

1

2
√
i+ bn−1

− 1

2
√
i
≤ −bn−1

4(i+ bn−1)3/2
,
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◆♦t❡♠♦s q✉❡ bn−1 = 3n−1 ≤ 3n − 3n−1 − 1 = bn − bn−1 − 1✱ t❡♥❡♠♦s ❡♥t♦♥❝❡s q✉❡✱

bn−bn−1−1∏

i=1

w(i)

w(i+ bn−1)
≤ exp

[
bn−bn−1−1∑

i=1

(
1

2
√
i+ bn−1

− 1

2
√
i

)]

≤ exp

(
bn−bn−1−1∑

i=1

−bn−1

4(i+ bn−1)3/2

)

≤ exp

(
−1

4

bn−1∑

i=1

bn−1

(i+ bn−1)3/2

)

= exp


−1

4

2bn−1∑

i=bn−1+1

bn−1

i

1

i1/2




≤ exp


−1

8

2bn−1∑

i=bn−1+1

1

i1/2




≤ exp

(
− 1

8
√
2

√
bn−1

)
.

❚♦♠❛♥❞♦ c = 1
8
√
2
✱ ♦❜t❡♥❡♠♦s ❡❧ r❡s✉❧t❛❞♦✳ P♦r ❧♦ ❤❡❝❤♦ ❛♥t❡r✐♦r♠❡♥t❡ ② ✉s❛♥❞♦ q✉❡

bn−1 ≤ bn − bn−1 − 1✱

‖fn‖1 ≤ n4máx(dn,dn−1)+1

(
|Pn|1

2bn−bn−1−1
+ |Pn−1|1

bn−bn−1−1∏

i=1

w(i)

w(i+ bn−1)

)

≤ n4máx(dn,dn−1)+1

( |Pn|1
2bn−bn−1−1

+ |Pn−1|1 exp(−c
√
bn−1)

)

≤ n4máx(dn,dn−1)+1

( |Pn|1
2bn−1

+ |Pn−1|1 exp(−c
√
bn−1)

)
.

P♦❞❡♠♦s ❡♥t♦♥❝❡s✱ ♠♦str❛r q✉❡ s✐ ❡❧❡❣✐♠♦s ❛❞❡❝✉❛❞❛♠❡♥t❡ ❧❛ s✉❝❡s✐ó♥ ❛❞♠✐s✐❜❧❡ P✱ T
r❡s✉❧t❛ ❝♦♥t✐♥✉❛✳

Pr♦♣♦s✐❝✐ó♥ ✹✳✷✳✻✳ ❊①✐st❡ ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ❝♦♥tr♦❧ {un}n∈N t❛❧ q✉❡ s✐ P ❡stá ❝♦♥tr♦❧❛❞❛
♣♦r {un}n∈N✱ ❡♥t♦♥❝❡s T ❡s ❝♦♥t✐♥✉♦ ❡♥ c00 ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ t♦♣♦❧♦❣í❛ ❞❡ X✳
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❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ {un}n∈N ✉♥❛ s✉❝❡s✐ó♥ ❝r❡❝✐❡♥t❡ ❞❡ ♥ú♠❡r♦s ♣♦s✐t✐✈♦s t❛❧ q✉❡

ĺım
n→∞

un = ∞ ②

n4un+1
( un
2bn−1

+ un exp(−c
√
bn−1)

)
≤ 1

2n
,

♣❛r❛ t♦❞♦ n ≥ 1✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r t❛❧ s✉❝❡s✐ó♥ ♣✉❡s bn = 3n✳ ❙✐ P ❡stá ❝♦♥tr♦❧❛❞❛
♣♦r {un}n∈N✱ ❡♥t♦♥❝❡s ❛♣❧✐❝❛♥❞♦ ❡❧ ▲❡♠❛ ❛♥t❡r✐♦r ❥✉♥t♦ ❝♦♥ ✉♥❛ ✐♥❞✉❝❝✐ó♥ ❞✐r❡❝t❛✱
t❡♥❡♠♦s q✉❡

‖fn‖1 ≤
1

2n
, ♣❛r❛ t♦❞♦ n ≥ 1.

❉❡s❝♦♠♣♦♥❡♠♦s ❡♥t♦♥❝❡s T ❝♦♠♦ T = R+K✱ ❞♦♥❞❡ R ❡s ✉♥ s❤✐❢t ❛ ❞❡r❡❝❤❛ ❝♦♥ ♣❡s♦s
❛s♦❝✐❛❞♦ ❛ ❧❛ s✉❝❡s✐ó♥ ❛❝♦t❛❞❛

rn =

{
w(i+ 1) s✐ i 6= bn − 1
εn s✐ i = bn − 1

② K ❡stá ❞❡✜♥✐❞♦ ♣♦r K(ebn−1) = fn ♣❛r❛ t♦❞♦ n ∈ N ② K(ei) = 0 s✐ i ♥♦ ❡s ❞❡ ❧❛ ❢♦r♠❛
bn − 1✳ ❈♦♠♦ ❡❧ s❤✐❢t ❛s♦❝✐❛❞♦ ❛ {ei}i∈N ❡s ❝♦♥t✐♥✉♦ ② ❧❛ ❜❛s❡ {ei}i∈N ❡s ✐♥❝♦♥❞✐❝✐♦♥❛❧✱
t❡♥❡♠♦s q✉❡ R ❡s ❝♦♥t✐♥✉♦✳ ❚❛♠❜✐é♥✱ ❝♦♠♦ {ei}i∈N ❡s ♥♦r♠❛❧✐③❛❞❛

‖K(ebn−1)‖ = ‖fn‖ ≤ ‖fn‖1.
❆sí✱ s✐ x ∈ c00✱ ‖x‖ ≤ 1✱ s❡ ❡①♣r❡s❛ ❡♥ ❧❛ ❜❛s❡ {ei}i∈N✱ ❝♦♠♦ x =

∑
i xiei ❝♦♥ |xi| =

|e∗i (x)| ≤ ‖e∗i ‖‖x‖ ≤ ‖e∗i ‖ ② ❧❛ s✉❝❡s✐ó♥ {e∗i }i∈N ❡s ❛❝♦t❛❞❛ t❡♥❡♠♦s q✉❡

‖K(x)‖ =

∥∥∥∥∥K
( ∞∑

i=1

xiei

)∥∥∥∥∥ =

∥∥∥∥∥

∞∑

j=1

xbj−1fbj−1

∥∥∥∥∥

≤
∞∑

j=1

|xbj−1|‖fbj−1‖1 ≤
∞∑

j=1

‖e∗bj−1‖
1

2j
,

❡stá ❛❝♦t❛❞♦ ② ❧✉❡❣♦ K ❡s ❝♦♥t✐♥✉♦✳ P♦r ❧♦ t❛♥t♦✱ T ❡s ❝♦♥t✐♥✉♦✳

✹✳✸✳ ▲❛ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛❧ φ

P❛r❛ ❝♦♥❝❧✉✐r ❝♦♥ ❧❛ ♣r✉❡❜❛ ❞❡❧ ❚❡♦r❡♠❛ ✹✳✶✳✷✱ ♥♦s r❡st❛ ❝♦♥str✉✐r ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛❧
♥♦ ♥✉❧❛ φ : c00 −→ K✱ t❛❧ q✉❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ (x, y) 7→ φ(x.y) s❡❛ ❝♦♥t✐♥✉❛ ❡♥ c00 × c00✳
❊❧ s✐❣✉✐❡♥t❡ ❧❡♠❛ ♥♦s ❜r✐♥❞❛ ✉♥❛ ❤❡rr❛♠✐❡♥t❛ ♣❛r❛ ❛s❡❣✉r❛r❧❛✳

▲❡♠❛ ✹✳✸✳✶✳ ❙❡❛ φ ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛❧ ❡♥ c00✳ ❙✉♣♦♥❣❛♠♦s q✉❡
∑

p,q |φ(ep.eq)| <∞✳
❊♥t♦♥❝❡s ❧❛ ❛♣❧✐❝❛❝✐ó♥ (x, y) 7→ φ(x.y) ❡s ❝♦♥t✐♥✉❛ ❡♥ c00 × c00✳

❉❡♠♦str❛❝✐ó♥✳ ❊s❝r✐❜✐♠♦s x =
∑

p xpep ② y =
∑

q yqeq✱ t❡♥❡♠♦s q✉❡

|φ(x.y)| ≤
∑

p,q

|xp||yq||φ(ep.eq)| ≤ C2
∑

p,q

|φ(ep.eq)|‖x‖‖y‖,

♣❛r❛ t♦❞♦ (x, y) ∈ c00 × c00✱ ❞♦♥❞❡ C = supi‖e∗i ‖✳
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❉❡❜❡♠♦s ❡♥t♦♥❝❡s✱ ❡st✐♠❛r ❧♦s tér♠✐♥♦s φ(ep.eq)✳ ❊♥ ❡st❡ ♣✉♥t♦✱ s❡ ♣r❡s❡♥t❛ ❡❧ ♣r♦❜❧❡♠❛
❞❡ ❝♦♠♣r❡♥❞❡r ❧♦s ♣r♦❞✉❝t♦s ep.eq✳ ❘❡❝♦r❞❡♠♦s q✉❡ c00 = K[T ]e0✱ ♣♦r ❡st❛ r❛③ó♥
tr❛❜❛❥❛♠♦s ❝♦♥ ❧❛ ❜❛s❡ {T i(e0)}i∈N q✉❡ ❡s ✏♥❛t✉r❛❧✑ ♣❛r❛ tr❛❜❛❥❛r ❝♦♥ ❡❧ ♣r♦❞✉❝t♦ q✉❡
❤❡♠♦s ❞❡✜♥✐❞♦ ❡♥ c00 = K[T ]e0✳

❉❡✜♥✐❝✐ó♥ ✹✳✸✳✷✳ ❉❡❝✐♠♦s q✉❡ x ∈ c00 ❡stá s♦♣♦rt❛❞♦ ❡♥ I ⊂ N s✐

x ∈ 〈T i(e0); i ∈ I〉gen.

❖❜s❡r✈❛❝✐ó♥ ✹✳✸✳✸✳ P❛r❛ ❝❛❧❝✉❧❛r |φ(ep.eq)|✱ ✜❥❛♠♦s p ≤ q✱ ② ❡s❝r✐❜✐♠♦s p = bk + u✱
q = bl + v✱ ❝♦♥ u ∈ [0, bk+1 − bk) ② v ∈ [0, bl+1 − bl)✳ P♦r ❞❡✜♥✐❝✐ó♥ ❞❡ T t❡♥❡♠♦s q✉❡

T p(e0) = T u(T bk(e0)) = T u
(
Pk(T )(e0) +

1

k + 1
ebk

)

= Pk(T )T
u(e0) +

w(bk + 1) . . . w(bk + u)

k + 1
ep.

▲✉❡❣♦✱

ep =
k + 1

w(bk + 1) . . . w(bk + u)

(
T bk − Pk(T )

)
T u(e0).

❉❡ ❢♦r♠❛ s✐♠✐❧❛r✱

eq =
l + 1

w(bl + 1) . . . w(bl + v)

(
T bl − Pl(T )

)
T v(e0).

P♦r ❧♦ t❛♥t♦✱ ♣❛r❛ ❝✉❛❧q✉✐❡r ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛❧ φ : c00 −→ K s❡ t✐❡♥❡ q✉❡

|φ(ep.eq)| ≤
(k + 1)(l + 1)

2u+v
|φ(y(k,u)(l,v))|,

❡♥ ❞♦♥❞❡
y(k,u)(l,v) = (T bk − Pk(T ))(T

bl − Pl(T ))T
u+v(e0).

P♦r ❧♦ t❛♥t♦✱ ❜❛st❛rá ❛s❡❣✉r❛r ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ❞❡

∑ (k + 1)(l + 1)

2u+v
|φ(y(k,u)(l,v))|.

❉❡✜♥✐♠♦s φ ❝♦♠♦ s✐❣✉❡✿ φ(e0) = 1 ② φ(T i(e0)) = 0 ♣❛r❛ i ∈ (0, b1)✳ ❙✐ i ∈ [bn, bn+1)✱❝♦♥
n ≥ 1✱ ♣♦♥❡♠♦s

φ(T i(e0)) =





φ(Pn(T )T
i−bn(e0)) s✐ i ∈ [bn, 3bn/2) ∪ [2bn, 5bn/2)✱

0 ❡♥ ♦tr♦ ❝❛s♦.

◆♦t❡♠♦s q✉❡ φ(T i(e0)) ❡stá ❜✐❡♥ ❞❡✜♥✐❞♦ s✐ ❝♦♥♦❝❡♠♦s t♦❞♦s ❧♦s ✈❛❧♦r❡s q✉❡ t♦♠❛ φ ❡♥
♣♦t❡♥❝✐❛s ♠❡♥♦r❡s q✉❡ i✱ ♣✉❡s dn+ i− bn < i ② ❡♥t♦♥❝❡s Pn(T )T i−bn(e0) ❡stá s♦♣♦rt❛❞♦
❡♥ [0, i)✳
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▲❡♠❛ ✹✳✸✳✹✳ ❙✉♣♦♥❣❛♠♦s q✉❡ dn := gr(Pn) < bn/3 = 3n−1✱ ♣❛r❛ t♦❞♦ n ∈ N✳ ❙✐
0 ≤ k ≤ l✱ s❡ t✐❡♥❡♥ ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s✿

|φ(y(k,u)(l,v))| = 0 s✐ u+ v < bl
6
✳

|φ(y(k,u)(l,v))| ≤Ml(P) := máx
0≤j≤l

(1 + |Pj|1)2
∏

0<j≤l+1

máx(1, |Pj|1)2✳

❆♥t❡s ❞❡ ❞❛r ❧❛ ♣r✉❡❜❛✱ ♥❡❝❡s✐t❛♠♦s ✉♥ ❧❡♠❛ ♣r❡✈✐♦ ♣❛r❛ ♣♦❞❡r ❞❡♠♦str❛r ❡❧ s❡❣✉♥❞♦
✐t❡♠✳

▲❡♠❛ ✹✳✸✳✺✳ P❛r❛ t♦❞♦ n ∈ N✱ s❡ ❝✉♠♣❧❡ q✉❡

máx
i∈[0,bn)

|φ(T i(e0))| ≤
∏

0<j<n

máx(1, |Pj|1)2.

❉❡♠♦str❛❝✐ó♥✳ ❖❜s❡r✈❡♠♦s ♣r✐♠❡r♦ q✉❡ s✐ R ❡s ✉♥ ♣♦❧✐♥♦♠✐♦ ❡♥t♦♥❝❡s ❛♣❧✐❝❛♥❞♦ ❧❛
❞❡s✐❣✉❛❧❞❛❞ tr✐❛♥❣✉❧❛r ♦❜t❡♥❡♠♦s✱

|φ(R(T )e0)| ≤ |R|1 máx
j≤gr(R)

|φ(T j(e0))|.

◆♦t❛♠♦s
Kn :=

∏

0<j<n

máx(1, |Pj|1)2 ② φi := |φ(T i(e0))|.

❙✐ n = 0 ♦ n = 1✱ ❛s✐❣♥❛♠♦s ❡❧ ✈❛❧♦r ✶ ❛ ✉♥ ♣r♦❞✉❝t♦ ✈❛❝í♦ ② ❡❧ r❡s✉❧t❛❞♦ ❡s ❝✐❡rt♦✳
❙✉♣♦♥❣❛♠♦s q✉❡ ❡s ✈á❧✐❞♦ ♣❛r❛ ❛❧❣ú♥ n ≥ 1✱ ✈❡á♠♦s❧♦ ♣❛r❛ n + 1✳ ❚❡♥❡♠♦s q✉❡
Kn+1 = Kn.máx(1, |Pn|1)2 ≥ Kn✳ ◗✉❡r❡♠♦s ✈❡r q✉❡

máx
i∈[0,bn+1)

φi ≤ Kn+1.

❆♣❧✐❝❛♥❞♦ ❧❛ ❤✐♣ót❡s✐s ✐♥❞✉❝t✐✈❛ t❡♥❡♠♦s q✉❡

máx
i∈[0,bn)

φi ≤ Kn ≤ Kn+1.

▲✉❡❣♦✱ ❜❛st❛ ✈❡r q✉❡
máx

i∈[bn,bn+1)
φi ≤ Kn+1.

▲♦ ❤❛r❡♠♦s ❡♥ ❞♦s ♣❛rt❡s✳ ❊♥ [bn, 2bn)✱ ✉s❛♠♦s ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s bn/2 + dn < bn ②
|Pn|1 ≤ máx(1, |Pn|1) ≤ máx(1, |Pn|1)2 ② t❡♥❡♠♦s q✉❡

máx
i∈[bn,2bn)

φi = máx
i∈[bn,3bn/2)

|φ(Pn(T )T i−bn(e0))|

≤ |Pn|1 máx
j<bn/2+dn

φj

≤ |Pn|1Kn ≤ Kn+1.
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❊♥ [2bn, bn+1)✱ ✉s❛♠♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ 3/2bn + dn < 2bn ② t❡♥❡♠♦s q✉❡

máx
i∈[2bn,bn+1)

φi = máx
i∈[2bn,5bn/2)

φi

≤ |Pn|1 máx
j<2bn

φj

≤ |Pn|21.Kn ≤ Kn+1.

❆sí✱ ♣r♦❜❛♠♦s ❡❧ r❡s✉❧t❛❞♦✳

❆❤♦r❛ sí✱ ❞❛♠♦s ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ▲❡♠❛ ✹✳✸✳✹✳

❉❡♠♦str❛❝✐ó♥✳ ❱❡❛♠♦s ❧❛ ♣r✐♠❡r❛ ♣❛rt❡✿ ♦❜s❡r✈❡♠♦s ♣r✐♠❡r♦ q✉❡ s✐ z ❡stá s♦♣♦rt❛❞♦
❡♥ A := [0, bk/2) ∪ [bk, 3bk/2)✱ ❡♥t♦♥❝❡s φ((T bk − Pk(T ))z) = 0✳ P✉❡st♦ q✉❡ s✐ z =∑
α∈A

zαT
α(e0)✱ t❡♥❡♠♦s q✉❡

φ((T bk − Pk(T ))z) = φ

(
∑

α∈A
zαT

bk+α(e0)

)
− φ

(
Pk(T )

∑

α∈A
zαT

α(e0)

)

=
∑

α∈A
zαφ(T

bk+α(e0))−
∑

α∈A
zαφ(Pk(T )T

α(e0))

=
∑

α∈A
zαφ(Pk(T )T

bk+α−bk(e0))−
∑

α∈A
zαφ(Pk(T )T

α(e0)) = 0.

❙✉♣♦♥❣❛♠♦s ❛❤♦r❛ q✉❡ u+ v < bl
6
✱ ❝♦♥ l ≥ 1✳ ❈✉❛♥❞♦ k = l ≥ 1✱ ❡s❝r✐❜✐♠♦s

y(k,u)(l,v) = (T bk − Pk(T ))(T
bk − Pk(T ))T

u+v(e0)

= (T bk − Pk(T ))(z1)− (T bk − Pk(T ))(z2).

❊♥ ❞♦♥❞❡✱ z1 := T bk+u+v(e0) ❡stá s♦♣♦rt❛❞♦ ❡♥ [bk, bk+u+v] ⊂ [bk, 7bk/6) ⊂ [bk, 3bk/2)
② z2 := Pk(T )T

u+v(e0) ❡stá s♦♣♦rt❛❞♦ ❡♥ [0, dk + u + v] ⊂ [0, bk/3 + bk/6) = [0, bk/2)✳
▲✉❡❣♦✱ ❛♠❜♦s tér♠✐♥♦s s❡ ❛♥✉❧❛♥ ② φ(y(k,u)(l,v)) = 0✳ ❈✉❛♥❞♦ l > k✱ ❡s❝r✐❜✐♠♦s

y(k,u)(l,v) = (T bl − Pl(T ))(z),

❡♥ ❞♦♥❞❡✱ z := (T bk − Pk(T ))T
u+v(e0) ❡stá s♦♣♦rt❛❞♦ ❡♥ [0, bk + u + v] ⊂ [0, bl/2)✳

P❛r❛ ❧❛ s❡❣✉♥❞❛ ♣❛rt❡✱ ♥♦t❛r q✉❡ ❡❧ ✈❡❝t♦r y(k,u)(l,v) t✐❡♥❡ ❧❛ ❢♦r♠❛ R(T )e0✱ ❝♦♥ R ✉♥
♣♦❧✐♥♦♠✐♦ ❡♥ K✳ ❙❡ ❝✉♠♣❧❡ q✉❡ gr(R) ≤ bk + bl + u+ v < bk+1 + bl+1 < 2bl+1 < bl+2 ②
|R|1 ≤ (1+ |Pk|1)(1+ |Pl|1) ≤ (1+ |Pl|1)2✳ ❉❡ ❛q✉í✱ ❥✉♥t♦ ❝♦♥ ❡❧ ▲❡♠❛ ✹✳✸✳✺ s❡ ❝♦♥❝❧✉②❡
❡❧ r❡s✉❧t❛❞♦✳
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❆❤♦r❛ sí✱ ♣♦❞❡♠♦s ♣r♦❜❛r q✉❡ s✐ ❡❧❡❣✐♠♦s ❝♦rr❡❝t❛♠❡♥t❡ ❧❛ s✉❝❡s✐ó♥ ❛❞♠✐s✐❜❧❡ P✱ ❧❛
❢✉♥❝✐♦♥❛❧ φ s❛t✐s❢❛❝❡ ❧♦ q✉❡ ♥❡❝❡s✐t❛♠♦s✳

Pr♦♣♦s✐❝✐ó♥ ✹✳✸✳✻✳ ❊①✐st❡ ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ❝♦♥tr♦❧ {vn}n∈N✱ t❛❧ q✉❡ s✐ P ❡stá ❝♦♥tr♦✲
❧❛❞❛ ♣♦r {vn}n∈N✱ ❡♥t♦♥❝❡s ❧❛ ❛♣❧✐❝❛❝✐ó♥ (x, y) 7→ φ(x.y) ❡s ❝♦♥t✐♥✉❛✳

❉❡♠♦str❛❝✐ó♥✳ ◆♦t❛♠♦s Λ := {(m,w) ∈ N× N; w < bm+1 − bm}✳ ❊♥t♦♥❝❡s✱
∑

p,q

|φ(ep.eq)| ≤
∑

(k,u)∈Λ
(l,v)∈Λ

(k + 1)(l + 1)

2u+v
|φ(y(k,u)(l,v))|

≤ 2
∞∑

k=0

∑

l≥k
(l + 1)2Ml(P)

∑

u+v≥ bl
6

1

2u+v

≤
∞∑

k=0

∑

l≥k
(l + 1)2Ml(P)

∑

i≥ bl
6

i+ 1

2i
.

❚♦♠❡♠♦s ❛❤♦r❛✱ ✉♥❛ s✉❝❡s✐ó♥ {An}n∈N ❞❡ ♥ú♠❡r♦s ♣♦s✐t✐✈♦s t❡♥❞✐❡♥❞♦ ❛ ✐♥✜♥✐t♦✱ ❝♦♥
An ≥ 2✱ t❛❧ q✉❡

∞∑

k=0

∑

l≥k
(l + 1)2Al

∑

i≥ bl
6

i+ 1

2i
<∞.

P♦❞❡♠♦s ❡♥t♦♥❝❡s ✜❥❛r ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ❝♦♥tr♦❧ {vn}n∈N✱ t❛❧ q✉❡ s✐ P ❡stá ❝♦♥tr♦❧❛❞❛ ♣♦r
{vn}n∈N ❡♥t♦♥❝❡sMn(P) ≤ An❀ ♥♦t❛r q✉❡Mn(P) ❞❡♣❡♥❞❡ s♦❧❛♠❡♥t❡ ❞❡ ❧♦s ♣♦❧✐♥♦♠✐♦s
❞❡ P✳ ▲✉❡❣♦✱ ∑

p,q

|φ(ep.eq)| <∞

② ♣♦r ❡❧ ▲❡♠❛ ✹✳✸✳✶✱ ♦❜t❡♥❡♠♦s ❡❧ r❡s✉❧t❛❞♦✳

❏✉♥t❛♥❞♦ ❧❛s Pr♦♣♦s✐❝✐♦♥❡s ✹✳✷✳✻ ② ✹✳✸✳✻✱ t❡♥❡♠♦s q✉❡ s✐ ❧❛ s✉❝❡s✐ó♥ ❛❞♠✐s✐❜❧❡ P ❡s✲
tá ❝♦♥tr♦❧❛❞❛ ♣♦r mı́n{un, vn}✱ s❡ ❝✉♠♣❧❡♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✭❝✮ ② ✭❞✮✳ ❉❡ ❡st❛ ❢♦r♠❛
❝♦♥❝❧✉✐♠♦s ❧❛ ♣r✉❡❜❛ ❞❡❧ ❚❡♦r❡♠❛ ✹✳✶✳✷✳

✹✳✹✳ ❱❛r✐❛❝✐♦♥❡s ❞❡❧ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧

❊❧ ♠✐s♠♦ ❚❡♦r❡♠❛ ✹✳✶✳✷ ♥♦s ♣❡r♠✐t❡ ❡♥❝♦♥tr❛r ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s q✉❡ ♥♦ s♦♥
♠✐①✐♥❣ ❞é❜✐❧ ❡♥ ✉♥❛ ❝❧❛s❡ ♠ás ❣r❛♥❞❡ ❞❡ ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤✳

▲❡♠❛ ✹✳✹✳✶✳ ❙❡❛♥ X0✱ Y ❞♦s ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤ s❡♣❛r❛❜❧❡s ❞❡ ❞✐♠❡♥s✐ó♥ ✐♥✜♥✐t❛✳ ❙✐
T0 ❡s ✉♥ ♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦ ❡♥ X0✱ ❡♥t♦♥❝❡s ❡①✐st❡ ✉♥ ♦♣❡r❛❞♦r R ∈ L(Y ) t❛❧ q✉❡
T := T0 ⊕R ❡s ❤✐♣❡r❝í❝❧✐❝♦ ❡♥ X := X0 ⊕ Y ✳
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❉❡♠♦str❛❝✐ó♥✳ P♦r ❡❧ ❚❡♦r❡♠❛ ✸✳✹✳✶✱ t♦♠❛♠♦s R ∈ L(Y ) ✉♥ ♦♣❡r❛❞♦r ♠✐①✐♥❣✳ ❊♥t♦♥✲
❝❡s✱ T0 ⊕R ❡s t♦♣♦❧ó❣✐❝❛♠❡♥t❡ tr❛♥s✐t✐✈♦✱ ❧✉❡❣♦ ❤✐♣❡r❝í❝❧✐❝♦✳

❈♦♥ ❡st❡ ❧❡♠❛ ② ❡❧ ❚❡♦r❡♠❛ ✹✳✶✳✷✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r ❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✹✳✹✳✷✳ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ s❡♣❛r❛❜❧❡✳ ❙✉♣♦♥❣❛♠♦s q✉❡ X ❛❞♠✐t❡ ✉♥
s✉❜❡s♣❛❝✐♦ ❝♦♠♣❧❡♠❡♥t❛❞♦ X0 q✉❡ t✐❡♥❡ ❜❛s❡ ♥♦r♠❛❧✐③❛❞❛ ✐♥❝♦♥❞✐❝✐♦♥❛❧ ❝✉②♦ s❤✐❢t ❛s♦✲
❝✐❛❞♦ ❛ ❞❡r❡❝❤❛ ❡s ❝♦♥t✐♥✉♦ ② t✐❡♥❡ ❝♦❞✐♠❡♥s✐ó♥ ✐♥✜♥✐t❛✳ ❊♥t♦♥❝❡s ❡①✐st❡ ✉♥ ♦♣❡r❛❞♦r
❤✐♣❡r❝í❝❧✐❝♦ ❡♥ X q✉❡ ♥♦ s❛t✐s❢❛❝❡ ❡❧ ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞✳

❉❡♠♦str❛❝✐ó♥✳ ❚♦♠❛♠♦s T0 ∈ L(X0) ❤✐♣❡r❝í❝❧✐❝♦ q✉❡ ♥♦ s❛t✐s❢❛❝❡ ❡❧ ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r✲
❝✐❝❧✐❝✐❞❛❞✳ ▲✉❡❣♦✱ ❛♣❧✐❝❛♠♦s ❡❧ ▲❡♠❛ ✹✳✹✳✶ ② ♦❜t❡♥❡♠♦s ✉♥ ♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦ q✉❡ ♥♦
s❛t✐s❢❛❝❡ ❡❧ ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞ ✭r❡❝♦r❞❡♠♦s q✉❡ s✐ T0 ⊕ R s❛t✐s❢❛❝❡ ❡❧ ❈r✐t❡r✐♦
❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞ ❡♥t♦♥❝❡s T0 t❛♠❜✐é♥ ❧♦ s❛t✐s❢❛❝❡✮✳

❈♦r♦❧❛r✐♦ ✹✳✹✳✸✳ ❙✐ X ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ s❡♣❛r❛❜❧❡ q✉❡ ❝♦♥t✐❡♥❡ ✉♥❛ ❝♦♣✐❛
❝♦♠♣❧❡♠❡♥t❛❞❛ ❞❡ ❛❧❣ú♥ ℓp(N)✱ 1 ≤ p < ∞ ♦ ✉♥❛ ❝♦♣✐❛ ❞❡ c0(N)✱ ❡♥t♦♥❝❡s ❡①✐st❡ ✉♥
♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦ ❡♥ X q✉❡ ♥♦ s❛t✐s❢❛❝❡ ❡❧ ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞✳ ❊♥ ♣❛rt✐❝✉❧❛r✱
♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ❡st❡ t✐♣♦ ❞❡ ♦♣❡r❛❞♦r❡s ❡♥ L1[0, 1] ② C[0, 1]✳

❉❡♠♦str❛❝✐ó♥✳ ❊❧ r❡s✉❧t❛❞♦ ❡s ♦❜✈✐♦ s✐ ❝♦♥t✐❡♥❡ ✉♥❛ ❝♦♣✐❛ ❝♦♠♣❧❡♠❡♥t❛❞❛ ❞❡ ❛❧❣ú♥
ℓp(N)✱ 1 ≤ p < ∞✳ P❛r❛ ❧❛ ♣❛rt❡ ❞❡ c0(N)✱ ✉♥ r❡s✉❧t❛❞♦ ❞❡ ❆✳ ❙♦❜❝③②❦ ❛✜r♠❛ q✉❡
s✐ X ❝♦♥t✐❡♥❡ ✉♥❛ ❝♦♣✐❛ ❞❡ c0(N)✱ ❡♥t♦♥❝❡s c0(N) ❡stá ❝♦♠♣❧❡♠❡♥t❛❞♦ ❡♥ X✳ P❛r❛
❛♣❧✐❝❛r ❡❧ r❡s✉❧t❛❞♦ ❛ ❧♦s ❡s♣❛❝✐♦s L1[0, 1] ② C[0, 1]✱ ♥♦t❛r q✉❡ L1[0, 1] ❝♦♥t✐❡♥❡ ✉♥❛ ❝♦♣✐❛
❝♦♠♣❧❡♠❡♥t❛❞❛ ❞❡ ℓ1(N) ② C[0, 1] ❝♦♥t✐❡♥❡ ✉♥❛ ❝♦♣✐❛ ❞❡ c0(N)✱ q✉❡ ♥❡❝❡s❛r✐❛♠❡♥t❡ ❡stá
❝♦♠♣❧❡♠❡♥t❛❞❛✳
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❈♦♠❡♥t❛r✐♦s ❋✐♥❛❧❡s

P❛r❛ ✜♥❛❧✐③❛r ❡❧ tr❛❜❛❥♦✱ ❞❛♠♦s ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s ❞❡ ✐♥t❡rés✳ ❙♦♥ ♣r♦❜❧❡♠❛s q✉❡ q✉❡✲
❞❛♥ ❛❜✐❡rt♦s ❞❡♥tr♦ ❞❡ ❧❛ t❡♦rí❛✳ P♦r ❡❥❡♠♣❧♦✱ s❡ tr❛t❛ ❞❡ ❝❛r❛❝t❡r✐③❛r ❧♦s ❡s♣❛❝✐♦s ❡♥
❧♦s q✉❡ t♦❞♦ ♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦ ❡s ♠✐①✐♥❣ ❞é❜✐❧ ♦ ❛♣r♦①✐♠❛rs❡ ❛ ✉♥❛ s♦❧✉❝✐ó♥ ❞❡❧
♣r♦❜❧❡♠❛ ❞❡❧ s✉❜❡s♣❛❝✐♦ ✭♦ s✉❜❝♦♥❥✉♥t♦✮ ✐♥✈❛r✐❛♥t❡✳

✺✳✶✳ ❖♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s q✉❡ s♦♥ ♠✐①✐♥❣ ❞é❜✐❧

❙❛❜❡♠♦s q✉❡ ❧♦s ❝♦♥❝❡♣t♦s ❞❡ ❤✐♣❡r❝✐❝❧✐❝✐❞❛❞ ② ♠✐①✐♥❣ ❞é❜✐❧ ♥♦ s♦♥ ❡q✉✐✈❛❧❡♥t❡s✳ ❱❡r❡✲
♠♦s q✉❡ ❛❣r❡❣❛♥❞♦ ❤✐♣ót❡s✐s ❡①tr❛ ❞❡ r❡❣✉❧❛r✐❞❛❞ s♦❜r❡ ❡❧ ♦♣❡r❛❞♦r ♣♦❞❡♠♦s ❛s❡❣✉r❛r
q✉❡ T ⊕ T s❡❛ ❤✐♣❡r❝í❝❧✐❝♦✳

❚❡♦r❡♠❛ ✺✳✶✳✶✳ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ s❡♣❛r❛❜❧❡ ❞❡ ❞✐♠❡♥s✐ó♥ ✐♥✜♥✐t❛✳ ❉❛❞♦
T ∈ L(X) ❤✐♣❡r❝í❝❧✐❝♦✱ s♦♥ ❡q✉✐✈❛❧❡♥t❡s ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥❞✐❝✐♦♥❡s✳

✭✐✮ T ⊕ T ❡s ❤✐♣❡r❝í❝❧✐❝♦✳

✭✐✐✮ T ⊕ T ❡s ❝í❝❧✐❝♦✳

✭✐✐✐✮ P❛r❛ ❝✉❛❧❡sq✉✐❡r❛ ❛❜✐❡rt♦s ♥♦ ✈❛❝í♦s U1✱ U2✱ V1 ② V2 ❞❡ X✱ ❡①✐st❡ ✉♥ ♣♦❧✐♥♦♠✐♦
p ❝♦♥ ❝♦❡✜❝✐❡♥t❡s ❡♥ K✱ t❛❧ q✉❡ ❧♦s ❝♦♥❥✉♥t♦s p(T )(U1) ∩ V1 ② p(T )(U2) ∩ V2 s♦♥
♥♦ ✈❛❝í♦s✳

✭✐✈✮ P❛r❛ t♦❞♦ ♣❛r ❞❡ ❛❜✐❡rt♦s ♥♦ ✈❛❝í♦s U ② V ② ♣❛r❛ t♦❞♦ ❡♥t♦r♥♦ ❛❜✐❡rt♦ W ✱ ❞❡ ✵✱
❡①✐st❡ ✉♥ ♣♦❧✐♥♦♠✐♦ p ❝♦♥ ❝♦❡✜❝✐❡♥t❡s ❡♥ K✱ t❛❧ q✉❡ ❧♦s ❝♦♥❥✉♥t♦s p(T )(U) ∩W
② p(T )(W ) ∩ V s♦♥ ♥♦ ✈❛❝í♦s✳

❉❡♠♦str❛❝✐ó♥✳ ▲❛s ✐♠♣❧✐❝❛❝✐♦♥❡s (i) ⇒ (ii) ② (iii) ⇒ (iv) s♦♥ ♦❜✈✐❛s✳ ❱❡❛♠♦s (ii) ⇒
(iii)✳ ❙✉♣♦♥❣❛♠♦s q✉❡ T ❡s ❤✐♣❡r❝í❝❧✐❝♦ ② T ⊕ T ❡s ❝í❝❧✐❝♦✳ ❆✜r♠❛♠♦s q✉❡ ❡❧ ❝♦♥❥✉♥t♦
❞❡ ✈❡❝t♦r❡s ❝í❝❧✐❝♦s ❞❡ T ⊕ T ❡s ❞❡♥s♦ ❡♥ X ⊕X✳ ❚♦♠❛♠♦s x ⊕ y ✈❡❝t♦r ❝í❝❧✐❝♦ ♣❛r❛
T ⊕ T ② p ✉♥ ♣♦❧✐♥♦♠✐♦ ❝✉❛❧q✉✐❡r❛ ♥♦ ♥✉❧♦✳ ❙❡ t✐❡♥❡ q✉❡ p(T )x ⊕ p(T )y ❡s ❝í❝❧✐❝♦ ❞❡
T ⊕ T ✱ ♣✉❡s

K[T ⊕ T ](p(T )x⊕ p(T )y) = (p(T )⊕ p(T ))K[T ⊕ T ](x⊕ y)

✽✺
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❡s ❞❡♥s♦ ♣♦r q✉❡ (p(T )⊕p(T )) t✐❡♥❡ r❛♥❣♦ ❞❡♥s♦ ② K[T ⊕T ](x⊕y) ❡s ❞❡♥s♦ ❡♥ X⊕X✳
❚❡♥❡♠♦s ❡♥t♦♥❝❡s ❧♦s ❛❜✐❡rt♦s ❞❡ X ⊕X✱ U1⊕U2 ② V1⊕V2✳ ❚♦♠❛♠♦s x⊕ y ∈ U1⊕U2

✈❡❝t♦r ❝í❝❧✐❝♦ ❞❡ T⊕T ✳ ❈♦♠♦ K[T⊕T ](x⊕y) ❡s ❞❡♥s♦ ❡♥ X⊕X✱ ❡①✐st❡ p ♣♦❧✐♥♦♠✐♦✱ t❛❧
q✉❡ p(T )x⊕ p(T )y ∈ V1⊕V2✳ P♦r ❧♦ t❛♥t♦✱ ❧♦s ❝♦♥❥✉♥t♦s p(T )(U1)∩V1 ② p(T )(U2)∩V2
s♦♥ ♥♦ ✈❛❝í♦s✳ P♦r ú❧t✐♠♦ ✈❡r❡♠♦s (iv) ⇒ (i)✳ ▼♦str❛r❡♠♦s q✉❡ s❡ ❝✉♠♣❧❡ ❧❛ ❝♦♥❞✐❝✐ó♥
❞❡ ❧♦s tr❡s ❛❜✐❡rt♦s ♣❛r❛ T ✳ ❱✐♠♦s ❡♥ ❡❧ ❚❡♦r❡♠❛ ✸✳✸✳✸✱ q✉❡ ❡st❛ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ q✉❡ ❡❧
♦♣❡r❛❞♦r T s❡❛ ♠✐①✐♥❣ ❞é❜✐❧✳ ❚♦♠❡♠♦s ❡♥t♦♥❝❡s ❛❜✐❡rt♦s U ② V ♥♦ ✈❛❝í♦s ② ✉♥ ❡♥t♦r♥♦
❛❜✐❡rt♦ W ❞❡ ✵✳ ◗✉❡r❡♠♦s ✈❡r q✉❡ ❡①✐st❡ n ∈ N t❛❧ q✉❡ T n(U) ∩ W ② T n(W ) ∩ V
s♦♥ ♥♦ ✈❛❝í♦s✳ P♦r ❤✐♣ót❡s✐s✱ ❡❧❡❣✐♠♦s ✉♥ ♣♦❧✐♥♦♠✐♦ p ❝♦♥ ❝♦❡✜❝✐❡♥t❡s ❡♥ K✱ t❛❧ q✉❡ ❧♦s
❝♦♥❥✉♥t♦s p(T )(U) ∩W ② p(T )(W ) ∩ V s♦♥ ♥♦ ✈❛❝í♦s✳ ❙❡❛ x ∈ HC(T ) t❛❧ q✉❡ x ∈
U ∩(p(T ))−1(W )✱ ✭♣♦❞❡♠♦s ❡❧❡❣✐r t❛❧ x✱ ♣✉❡s U ∩(p(T ))−1(W ) ❡s ✉♥ ❛❜✐❡rt♦ ♥♦ ✈❛❝í♦ ②
HC(T ) ❡s ❞❡♥s♦ ❡♥ X✮✳ ❉❡ ❛q✉í✱ ♣♦❞❡♠♦s ✜❥❛r n ∈ N t❛❧ q✉❡ T n(x) ∈ W ∩(p(T ))−1(V )
✭♣♦❞❡♠♦s ❡❧❡❣✐r t❛❧ n✱ ♣✉❡sW∩(p(T ))−1(V ) ❡s ✉♥ ❛❜✐❡rt♦ ♥♦ ✈❛❝í♦ ② Orb(x, T ) ❡s ❞❡♥s♦
❡♥ X✮✳ ▲✉❡❣♦ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ x ∈ U ② T n(x) ∈ W ✱ ♣♦r ❧♦ t❛♥t♦ T n(U) ∩W ❡s
♥♦ ✈❛❝í♦✳ ❉❡ ❢♦r♠❛ s✐♠✐❧❛r✱ p(T )x ∈ W ② T n(p(T )x) = p(T )(T n(x)) ∈ V ✱ ❛sí t❡♥❡♠♦s
q✉❡ T n(W ) ∩ V ❡s ♥♦ ✈❛❝í♦✳

❖❜s❡r✈❛❝✐ó♥ ✺✳✶✳✷✳ ◆♦t❛r q✉❡ ❡♥ ❧❛ ♣r✉❡❜❛ ❞❡ ❧❛ ✐♠♣❧✐❝❛❝✐ó♥ (iv) ⇒ (i) s♦❧❛♠❡♥t❡
✉s❛♠♦s q✉❡ p(T ) ② T ❝♦♥♠✉t❛♥✳ ▲✉❡❣♦ ❧❛ ♠✐s♠❛ ♣r✉❡❜❛ s✐r✈❡ s✐ ♣❛r❛ ❝✉❛❧q✉✐❡r ♣❛r ❞❡
❛❜✐❡rt♦s ♥♦ ✈❛❝í♦s U ② V ✱ ② ❝✉❛❧q✉✐❡r ❡♥t♦r♥♦ ♥♦ ✈❛❝í♦ W ❞❡ ✵✱ ❡①✐st❡ ✉♥ ♦♣❡r❛❞♦r A
q✉❡ ❝♦♥♠✉t❛ ❝♦♥ T t❛❧ q✉❡ A(U) ∩W ② A(W ) ∩ V s♦♥ ♥♦ ✈❛❝í♦s✳

❊❧ ❛♥t❡r✐♦r ❡s ✉♥ r❡s✉❧t❛❞♦ ❞❡ ❙✳ ●r✐✈❛✉①✳ ❆❞❡♠ás ❞❡ ést❡✱ ❡❧❧❛ ❞✐♦ ♦tr♦s r❡s✉❧t❛❞♦s q✉❡
❛s❡❣✉r❛♥ q✉❡ ✉♥ ♦♣❡r❛❞♦r ❤✐♣❡r❝í❝❧✐❝♦ ❡s ♠✐①✐♥❣ ❞é❜✐❧✳ P♦r ❡❥❡♠♣❧♦✱ ♣♦❞❡♠♦s ❝✐t❛r q✉❡
s✐ T t✐❡♥❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡♥s♦ ❞❡ ✈❡❝t♦r❡s ❝♦♥ ór❜✐t❛ ❛❝♦t❛❞❛ ❡♥t♦♥❝❡s ❡s ♠✐①✐♥❣ ❞é❜✐❧✳

✺✳✷✳ ❈❛♦s ② ❈❛♦s ▲✐♥❡❛❧

❘❡❝✐❡♥t❡♠❡♥t❡ ❧♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s ❝❛ót✐❝♦s ❤❛♥ s✐❞♦ ✉♥ ♦❜❥❡t♦ ❞❡ ❡st✉❞✐♦ ❡♥ ❝♦♥s✲
t❛♥t❡ ♣r♦❣r❡s♦ ❛❧ ✐❣✉❛❧ q✉❡ ❧♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s ❧✐♥❡❛❧❡s✳ ❆✉♥q✉❡ ♥♦ s❡ r❡❝♦♥♦❝❡ ✉♥❛
❞❡✜♥✐❝✐ó♥ ❢♦r♠❛❧ ❞❡ ❝❛♦s✱ ♣♦❞❡♠♦s ❞❡❝✐r q✉❡ ✉♥❛ ❞❡ ❧❛s ♠ás ❡st✉❞✐❛❞❛s ❢✉❡ ❧❛ ❞❡✜♥✐❞❛
♣♦r ❘✳ ▲✳ ❉❡✈❛♥❡② ❡♥ ❡❧ ❛ñ♦ ✶✾✽✾ ❬✶✺❪✳ ❙❡ ✐♥t❡♥t❛ ❞❡✜♥✐r ❢✉♥❝✐♦♥❡s ❝✉②❛s ór❜✐t❛s s❡
❝♦♠♣♦rt❛♥ ❞❡ ♠❛♥❡r❛ ❝♦♠♣❧✐❝❛❞❛ ❡ ✐♠♣r❡❞❡❝✐❜❧❡✳ ❊st❛ ❞❡✜♥✐❝✐ó♥ ✐♥✈♦❧✉❝r❛ tr❡s ❝♦♥✲
❝❡♣t♦s q✉❡ ❥✉♥t♦s ❞❛♥ ❧❛ ♥♦❝✐ó♥ ❞❡ ❝❛♦s ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ ❘✳ ▲✳ ❉❡✈❛♥❡②✳ ❯♥♦ ❞❡ ❡❧❧♦s
❡s ❧❛ tr❛♥s✐t✐✈✐❞❛❞ t♦♣♦❧ó❣✐❝❛ q✉❡ ❞❡✜♥✐♠♦s ❡♥ ❡❧ ❈❛♣ít✉❧♦ ✶✳ ▲❛s ♦tr❛s ❞♦s s♦♥ ❧❛s
s✐❣✉✐❡♥t❡s✳

❉❡✜♥✐❝✐ó♥ ✺✳✷✳✶✳ ❙❡❛♥ (X, d) ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ② f : X → X ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛✳
❉❡❝✐♠♦s q✉❡ x ∈ X ❡s ✉♥ ♣✉♥t♦ ♣❡r✐ó❞✐❝♦ s✐ ❡①✐st❡ k ∈ N t❛❧ q✉❡ fk(x) = x✳ ❊♥ ❡s❡
❝❛s♦✱ ❞❡❝✐♠♦s q✉❡ k := mı́n{n ∈ N : fn(x) = x} ❡s ❡❧ ♣❡rí♦❞♦ ❞❡ x✳

❉❡✜♥✐❝✐ó♥ ✺✳✷✳✷✳ ❙❡❛♥ (X, d) ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ② f : X → X ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛✳
❉❡❝✐♠♦s q✉❡ f t✐❡♥❡ s❡♥s✐❜✐❧✐❞❛❞ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s s✐ ❡①✐st❡ δ > 0 t❛❧ q✉❡ ♣❛r❛
t♦❞♦ x ∈ X ② ♣❛r❛ ❝✉❛❧q✉✐❡r ❡♥t♦r♥♦ ❛❜✐❡rt♦ N ❞❡ x✱ ❡①✐st❡ y ∈ N ② n ∈ N t❛❧ q✉❡
d(fn(x), fn(y)) > δ✳ ❊♥ ❡s❡ ❝❛s♦✱ ❞❡❝✐♠♦s q✉❡ δ ❡s ✉♥❛ ❝♦♥st❛♥t❡ ❞❡ s❡♥s✐❜✐❧✐❞❛❞ ♣❛r❛
f ✳
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❈♦♥ ❧❛s ❞❡✜♥✐❝✐♦♥❡s ❛♥t❡r✐♦r❡s ♣♦❞❡♠♦s ❞❛r ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❝❛♦s ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ ❘✳ ▲✳
❉❡✈❛♥❡②✳

❉❡✜♥✐❝✐ó♥ ✺✳✷✳✸✳ ❙❡❛♥ (X, d) ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ② f : X → X ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛✳
❉❡❝✐♠♦s q✉❡ f ❡s ❝❛ót✐❝❛ s✐

f ❡s t♦♣♦❧ó❣✐❝❛♠❡♥t❡ tr❛♥s✐t✐✈❛✱

❧♦s ♣✉♥t♦s ♣❡r✐ó❞✐❝♦s ❞❡ f ❢♦r♠❛♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡♥s♦ ❡♥ X✱

f t✐❡♥❡ s❡♥s✐❜✐❧✐❞❛❞ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s✳

❯♥♦ ❞❡ ❧♦s ♣r♦❜❧❡♠❛s q✉❡ tr❛❡ ❡st❛ ❞❡✜♥✐❝✐ó♥ ❡s q✉❡ ❧❛ t❡r❝❡r❛ ❝♦♥❞✐❝✐ó♥ ♥♦ ❡s✱ ❡♥
❣❡♥❡r❛❧✱ ♣r❡s❡r✈❛❞❛ ♣♦r ❝♦♥❥✉❣❛❝✐♦♥❡s t♦♣♦❧ó❣✐❝❛s✳ ❊s ❞❡❝✐r✱ s✐ t❡♥❡♠♦s ✉♥❛ ❢✉♥❝✐ó♥
❝❛ót✐❝❛ f ② ✉♥ ❞✐❛❣r❛♠❛ ❝♦♥♠✉t❛t✐✈♦

X
f //

h
��

X

h
��

X0 g
// X0

❝♦♥ X0 ♦tr♦ ❡s♣❛❝✐♦ ♠étr✐❝♦ ② h ✉♥ ❤♦♠❡♦♠♦r✜s♠♦✳ ❊s ❝✐❡rt♦ q✉❡ g ❡s ❝❛ót✐❝❛❄
◗✉❡❞❛ ❝❧❛r♦ q✉❡ ❧❛s ♣r✐♠❡r❛s ❞♦s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❧❛ ❉❡✜♥✐❝✐ó♥ ✺✳✷✳✸ s♦♥ ♣✉r❛♠❡♥t❡ t♦♣♦✲
❧ó❣✐❝❛s ② ♣♦r ❧♦ t❛♥t♦ s♦♥ ♣r❡s❡r✈❛❞❛s ♣♦r ❝♦♥❥✉❣❛❝✐♦♥❡s t♦♣♦❧ó❣✐❝❛s✳ P❡r♦ ♥♦ ♣♦❞❡♠♦s
❞❡❝✐r ❧♦ ♠✐s♠♦ ❞❡ ❧❛ s❡♥s✐❜✐❧✐❞❛❞ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s✳ ❙✐♥ ❡♠❜❛r❣♦✱ ✈❡r❡♠♦s ❡♥
❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ q✉❡ ❧❛ tr❛♥s✐t✐✈✐❞❛❞ ② ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡♥s♦ ❢♦r♠❛❞♦
♣♦r ♣✉♥t♦s ♣❡r✐ó❞✐❝♦s ❛s❡❣✉r❛♥ q✉❡ ❧❛ s❡♥s✐❜✐❧✐❞❛❞ s❡ ♣r❡s❡r✈❡ ♣♦r ❝♦♥❥✉❣❛❝✐♦♥❡s t♦♣♦✲
❧ó❣✐❝❛s✳ ▼ás ❛ú♥✱ ❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ ♠✉❡str❛ q✉❡ ❧❛ t❡r❝❡r❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❧❛ ❉❡✜♥✐❝✐ó♥
✺✳✷✳✸ ❡s r❡❞✉♥❞❛♥t❡✳

❚❡♦r❡♠❛ ✺✳✷✳✹✳ ❙❡❛♥ (X, d) ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ✐♥✜♥✐t♦ ② f : X → X ✉♥❛ ❢✉♥❝✐ó♥
❝♦♥t✐♥✉❛✳ ❙✐ f ❡s t♦♣♦❧ó❣✐❝❛♠❡♥t❡ tr❛♥s✐t✐✈❛ ② ❛❞♠✐t❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡♥s♦ ❢♦r♠❛❞♦ ♣♦r
♣✉♥t♦s ♣❡r✐ó❞✐❝♦s✱ ❡♥t♦♥❝❡s f t✐❡♥❡ s❡♥s✐❜✐❧✐❞❛❞ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s✳

❉❡♠♦str❛❝✐ó♥✳ ❖❜s❡r✈❡♠♦s ♣r✐♠❡r♦ q✉❡ s✐ q1 ② q2 s♦♥ ❞♦s ♣✉♥t♦s ♣❡r✐ó❞✐❝♦s ❞❡ f
t❛❧❡s q✉❡ Orb(q1, f) ∩ Orb(q2, f) 6= ∅✱ ❡♥t♦♥❝❡s Orb(q1, f) = Orb(q2, f)✳ ❊♥ ❡❢❡❝t♦✱ s✐
q ∈ Orb(q1, f)∩Orb(q2, f)✱ s❡ t✐❡♥❡ q✉❡Orb(q, f) = Orb(q1, f) ②Orb(q, f) = Orb(q2, f)✳
P✉❡st♦ q✉❡✱ ❝♦♠♦ q ∈ Orb(q1, f) ♦❜t❡♥❡♠♦s q✉❡ Orb(q, f) ⊂ Orb(q1, f)✳ P♦r ♦tr♦ ❧❛❞♦✱
s✐ fk(q1) = q1 ② f j(q1) = q ❝♦♥ j ≤ k✱ ❡♥t♦♥❝❡s

q1 = fk−j(f j(q1)) = fk−j(q) ∈ Orb(q, f).

▲✉❡❣♦✱ Orb(q1, f) ⊂ Orb(q, f)✳ ❉❡ ✐❣✉❛❧ ❢♦r♠❛ s❡ ♠✉❡str❛ q✉❡ Orb(q, f) = Orb(q2, f)✳
❉❡ ❛q✉í✱ ❛s✉♠✐❡♥❞♦ q✉❡ X ❡s ✐♥✜♥✐t♦ ② ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ♣✉♥t♦s ♣❡r✐ó❞✐❝♦s ❡s ❞❡♥s♦✱
♣♦❞❡♠♦s ❛s❡❣✉r❛r ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ❞♦s ♣✉♥t♦s ♣❡r✐ó❞✐❝♦s q1 ② q2 t❛❧❡s q✉❡

Orb(q1, f) ∩Orb(q2, f) = ∅.

❙❡❛ δ0 = d(Orb(q1, f), Orb(q2, f))✳ ❉❡ ❡st❛ ❢♦r♠❛✱ ✉s❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ tr✐❛♥❣✉❧❛r✱
❝♦♥s❡❣✉✐♠♦s q✉❡ ♣❛r❛ ❝✉❛❧q✉✐❡r x ∈ X ❧❛ ❞✐st❛♥❝✐❛ ❞❡ x ❛ ❛❧❣✉♥❛ ❞❡ ❧❛s ór❜✐t❛s
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Orb(q1, f) ó Orb(q2, f) ❡s ♣♦r ❧♦ ♠❡♥♦s δ0/2✳ ▼♦str❛r❡♠♦s q✉❡ f t✐❡♥❡ s❡♥s✐❜✐❧✐❞❛❞
❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ❝♦♥ ❝♦♥st❛♥t❡ ❞❡ s❡♥s✐❜✐❧✐❞❛❞ δ := δ0/8✳
❙❡❛ x ∈ X ❛r❜✐tr❛r✐♦ ② s❡❛ N ✉♥ ❡♥t♦r♥♦ ❛❜✐❡rt♦ ❞❡ x✳ P♦r ❞❡♥s✐❞❛❞✱ ❡①✐st❡ p ∈ X
♣✉♥t♦ ♣❡r✐ó❞✐❝♦ ❞❡ f t❛❧ q✉❡ p ∈ U := N ∩ B(x, δ)✳ ❙❡❛ n ∈ N ❡❧ ♣❡rí♦❞♦ ❞❡ p✳ P♦r
❧♦ ♦❜s❡r✈❛❞♦ ♣r❡✈✐❛♠❡♥t❡✱ ❡①✐st❡ ✉♥ ♣✉♥t♦ ♣❡r✐ó❞✐❝♦ q ∈ X t❛❧ q✉❡ ❧❛ ór❜✐t❛ Orb(q, f)
❞✐st❛ ❞❡ x ❝♦♠♦ ♠í♥✐♠♦ ❡♥ 4δ✳ ❈♦♥s✐❞❡r❛♠♦s

V :=
n⋂

i=0

f−i(B(f i(q), δ)).

❊s ❝❧❛r♦ q✉❡ V ❡s ❛❜✐❡rt♦ ② ♥♦ ✈❛❝í♦ ♣✉❡s q ∈ V ✳ ❈♦♠♦ f ❡s tr❛♥s✐t✐✈❛✱ ❡①✐st❡ k ∈ N

t❛❧ q✉❡ V ∩ fk(U) 6= ∅✳ ❊s ❞❡❝✐r✱ ❡①✐st❡ y ∈ U t❛❧ q✉❡ fk(y) ∈ V ✳
❈♦♥s✐❞❡r❛♠♦s ❛❤♦r❛✱ j ∈ N ❧❛ ♣❛rt❡ ❡♥t❡r❛ ❞❡ k/n+1✳ ❙❡ t✐❡♥❡ q✉❡ k/n < j ≤ k/n+1✱
② ❧✉❡❣♦✱ 1 ≤ nj − k ≤ n✳ P♦r ❝♦♥str✉❝❝✐ó♥ t❡♥❡♠♦s q✉❡

fnj(y) = fnj−k(fk(y)) ∈ fnj−k(V ) ⊂ B(fnj−k(q), δ).

❆❧ s❡r✱ fnj(p) = p ❛♣❧✐❝❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ tr✐❛♥❣✉❧❛r ♦❜t❡♥❡♠♦s

d(fnj(p), fnj(y)) = d(p, fnj(y))

≥ d(x, fnj−k(q))− d(fnj−k(q), fnj(y))− d(p, x).

P♦r ❧♦ t❛♥t♦✱ ✉s❛♥❞♦ q✉❡ p ∈ B(x, δ) ② fnj(y) ∈ B(fnj−k(q), δ) s❡ t✐❡♥❡

d(fnj(p), fnj(y)) > 2δ.

P❛r❛ ❝♦♥❝❧✉✐r✱ ♥♦t❡♠♦s q✉❡ ❛♣❧✐❝❛♥❞♦ ✉♥❛ ✈❡③ ♠ás ❧❛ ❞❡s✐❣✉❛❧❞❛❞ tr✐❛♥❣✉❧❛r t❡♥❡♠♦s
q✉❡

d(fnj(x), fnj(y)) > δ ♦ ❜✐❡♥ d(fnj(x), fnj(p)) > δ,

② t❛♥t♦ p ❝♦♠♦ y ♣❡rt❡♥❡❝❡♥ ❛ N ✳ ❘❡s✉❧t❛ ❡♥t♦♥❝❡s✱ q✉❡ f t✐❡♥❡ s❡♥s✐❜✐❧✐❞❛❞ ❛ ❧❛s
❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s✳

❱♦❧✈✐❡♥❞♦ ❛❧ ❝♦♥t❡①t♦ ❧✐♥❡❛❧✱ ❧♦s ♦♣❡r❛❞♦r❡s ❤✐♣❡r❝í❝❧✐❝♦s ✈❡r✐✜❝❛♥ ✉♥❛ ❡s♣❡❝✐❡ ❞❡ s❡♥✲
s✐❜✐❧✐❞❛❞ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ♠ás ❢✉❡rt❡ q✉❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ✺✳✷✳✷✳

Pr♦♣♦s✐❝✐ó♥ ✺✳✷✳✺✳ ❙❡❛ X ✉♥ ❋✲❡s♣❛❝✐♦ s❡♣❛r❛❜❧❡ ② s❡❛ T ∈ L(X) ❤✐♣❡r❝í❝❧✐❝♦✳ ❊♥✲
t♦♥❝❡s✱ ♣❛r❛ ❝✉❛❧q✉✐❡r x ∈ X ❡①✐st❡ ✉♥ ❝♦♥❥✉♥t♦ Gδ ❞❡♥s♦ G(x) ⊂ X t❛❧ q✉❡ ❡❧ ❝♦♥❥✉♥t♦
{T n(y)− T n(x); n ≥ 0} ❡s ❞❡♥s♦ ❡♥ X ♣❛r❛ ❝✉❛❧q✉✐❡r y ∈ G(x)✳

❉❡♠♦str❛❝✐ó♥✳ ❉❛❞♦ x ∈ X✱ ❜✉s❝❛♠♦s ✉♥ ❝♦♥❥✉♥t♦ Gδ ❞❡♥s♦ t❛❧ q✉❡ y − x ∈ HC(T )
♣❛r❛ ❝✉❛❧q✉✐❡r y ∈ G(x)✳ ❙✐♠♣❧❡♠❡♥t❡ t♦♠❛♠♦s G(x) := x+HC(T )✱ ② ❧✐st♦✳

❆sí ❡♥ ❡❧ ❝♦♥t❡①t♦ ❧✐♥❡❛❧✱ ♣❛r❛ ❝✉❛❧q✉✐❡r ❡❧❡♠❡♥t♦ x ∈ X ② ❝✉❛❧q✉✐❡r ❡♥t♦r♥♦ ❛❜✐❡rt♦
♥♦ ✈❛❝í♦ N ❞❡ x✱ ❡①✐st❡ y ∈ G(x)∩N ✳ P♦r ❧♦ t❛♥t♦✱ y ∈ N ② {T n(y)−T n(x); n ≥ 0} ❡s
❞❡♥s♦ ❡♥ X✳ ▼✐❡♥tr❛s q✉❡ ❡♥ ❧❛ ❞❡✜♥✐❝✐ó♥ ✺✳✷✳✷ ♣❡❞í❛♠♦s q✉❡ ♣❛r❛ ❝✉❛❧q✉✐❡r ❡❧❡♠❡♥t♦
x ∈ X ② ❝✉❛❧q✉✐❡r ❡♥t♦r♥♦ ❛❜✐❡rt♦ ♥♦ ✈❛❝í♦ N ❞❡ x✱ ❡①✐st❛ y ∈ N t❛❧ q✉❡ ❛❧❣✉♥❛
✐t❡r❛❝✐ó♥ ❞❡ f s❡♣❛r❡ ❛ x ❞❡ y ❡♥ ♠❛②♦r ❞✐st❛♥❝✐❛ q✉❡ δ✳



✺✳✷✳ ❈❆❖❙ ❨ ❈❆❖❙ ▲■◆❊❆▲ ✽✾

❉❡s❞❡ ❛q✉í✱ ❛s✉♠✐♠♦s q✉❡X ❡s ✉♥ ❋✲❡s♣❛❝✐♦ ❝♦♠♣❧❡❥♦✱ s❡♣❛r❛❜❧❡ ❞❡ ❞✐♠❡♥s✐ó♥ ✐♥✜♥✐t❛✳
▲✉❡❣♦✱ ✉♥ ♦♣❡r❛❞♦r T ∈ L(X) ❡s ❝❛ót✐❝♦ s✐ ② só❧♦ s✐ T ❡s ❤✐♣❡r❝í❝❧✐❝♦ ②

Per(T ) := {x ∈ X; x ❡s ♣✉♥t♦ ♣❡r✐ó❞✐❝♦ ❞❡ T }

❡s ❞❡♥s♦ ❡♥ X✳

Pr♦♣♦s✐❝✐ó♥ ✺✳✷✳✻✳ ❙✐ ❛❞♠✐t❡ T ♣✉♥t♦s ♣❡r✐ó❞✐❝♦s ❡♥t♦♥❝❡s ❡①✐st❡♥ ❛✉t♦✈❡❝t♦r❡s ❞❡ T
❝✉②♦ ❛✉t♦✈❛❧♦r ❡♥ ✉♥❛ r❛í③ ❡♥és✐♠❛ ❞❡ ❧❛ ✉♥✐❞❛❞✳ ▼ás ❛ú♥✱

Per(T ) = 〈{x ∈ X t❛❧❡s q✉❡ ❡①✐st❡ n ∈ N ② λ ∈ C ❝♦♥ λn = 1 ② Tx = λx}〉gen.

❉❡♠♦str❛❝✐ó♥✳ ❊s ❝❧❛r♦ q✉❡ Per(T ) ❡s ✉♥ s✉❜❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧✱ ♣✉❡s T ❡s ❧✐♥❡❛❧✳ ❙✐
Tx = λx ♣❛r❛ ❛❧❣ú♥ λ ∈ C ② n ∈ N ❝♦♥ λn = 1✱ ❡♥t♦♥❝❡s T nx = x ② ❧✉❡❣♦ x ∈ Per(T )✳
P❛r❛ ❧❛ ♦tr❛ ✐♥❝❧✉s✐ó♥✱ s✐ T nx = x✱ ❞❡s❝♦♠♣♦♥❡♠♦s ❡❧ ♣♦❧✐♥♦♠✐♦ zn− 1 ❡♥ ✉♥ ♣r♦❞✉❝t♦
❞❡ ♠♦♥♦♠✐♦s

zn − 1 = (z − λ1) . . . (z − λn).

❈♦♠♦ t♦❞❛s ❧❛s r❛í❝❡s λi✱ ❝♦♥ i = 1, . . . , n s♦♥ ❞✐st✐♥t❛s✱ ❡s ❢á❝✐❧ ✈❡r q✉❡ {p1(z), . . . , pn(z)}
❝♦♥ pi(z) =

∏
j 6=i(z − λj)✱ ❡s ✉♥❛ ❜❛s❡ ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❧♦s ♣♦❧✐♥♦♠✐♦s ❞❡ ❣r❛❞♦ ♠❡♥♦r

❡str✐❝t♦ q✉❡ n✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❡①✐st❡♥ αi✱ i = 1, . . . , n t❛❧❡s q✉❡

1 =
n∑

i=1

αipi(z).

❊✈❛❧✉❛♥❞♦ ❡♥ T ✱ ♦❜t❡♥❡♠♦s

I =
n∑

i=1

αipi(T ).

❈♦♥s✐❞❡r❛♠♦s ❛❤♦r❛✱ yi := pi(T )x. ❚❡♥❡♠♦s q✉❡

(T − λi)yi = (T − λi)
∏

j 6=i
(T − λj)x = (T n − I)x = 0,

② ❡♥t♦♥❝❡s Tyi = λiyi ❝♦♥ λni = 1✳ ❆❞❡♠ás✱ x =
∑n

i=1 αiyi✳ ❉❡ ❡st❛ ❢♦r♠❛✱ x ❡s
❝♦♠❜✐♥❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡ ❛✉t♦✈❡❝t♦r❡s ❞❡ T ❛s♦❝✐❛❞♦s ❛ ❛✉t♦✈❛❧♦r❡s q✉❡ s♦♥ r❛í❝❡s ❡♥és✐♠❛s
❞❡ ❧❛ ✉♥✐❞❛❞✳

❈♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛ ❞✐r❡❝t❛ t❡♥❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡❧ ❈♦r♦❧❛r✐♦ ✶✳✸✳✶✵✳

❈♦r♦❧❛r✐♦ ✺✳✷✳✼✳ ❙❡❛ X ✉♥ ❋✲❡s♣❛❝✐♦ ❝♦♠♣❧❡❥♦✱ s❡♣❛r❛❜❧❡ ❞❡ ❞✐♠❡♥s✐ó♥ ✐♥✜♥✐t❛✱ ②
T ∈ L(X)✳ ❙✐

⋃

|λ|>1

Ker(T − λ),
⋃

|λ|<1

Ker(T − λ) ②
⋃

|λ|=1

Ker(T − λ),

❣❡♥❡r❛♥ s✉❜❡s♣❛❝✐♦s ❞❡♥s♦s✱ ❡♥t♦♥❝❡s T ❡s ❝❛ót✐❝♦✳
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✺✳✷✳✶✳ ❖♣❡r❛❞♦r❡s ❙❤✐❢t

❊♥ ❧❛ ❙❡❝❝✐ó♥ ✶✳✹✳✷✱ ✈✐♠♦s q✉❡ ❡♥ ℓp(N) ❝♦♥ 1 ≤ p < ∞✱ ❡❧ ♦♣❡r❛❞♦r λB : ℓp → ℓp ❝♦♥
|λ| > 1 ❡s ❤✐♣❡r❝í❝❧✐❝♦✳ ❱❡❛♠♦s q✉❡ s♦♥ ❝❛ót✐❝♦s✳ ❉❡❜❡♠♦s ♠♦str❛r q✉❡ Per(λB) ❡s
❞❡♥s♦ ❡♥ ℓp✳ ❊♥ ❡❢❡❝t♦✱ ♦❜s❡r✈❡♠♦s q✉❡ ❞❛❞❛ ✉♥❛ s✉❝❡s✐ó♥ x = (x1, x2x3, . . . ) ♣♦❞❡♠♦s
❡♥❝♦♥tr❛r x(n) ♣✉♥t♦s ♣❡r✐ó❞✐❝♦s ❞❡ λB✱ t❛❧❡s q✉❡ x(n) −→

n→∞
x ❡♥ ℓp✳ ❚♦♠❛♠♦s

x(n) =
(
x1, x2, . . . , xn,

x1
λn
,
x2
λn
, . . . ,

xn
λn
,
x1
λ2n

,
x2
λ2n

, . . . ,
xn
λ2n

, . . .
)
.

▲✉❡❣♦✱ ❝♦♠♦ |λ| > 1 s❡ t✐❡♥❡ q✉❡ x(n) ∈ ℓp ♣❛r❛ t♦❞♦ n ∈ N✳ ❊s ❝❧❛r♦ q✉❡ (λB)nx(n) =
x(n)✱ ②

‖x− x(n)‖p =
( ∞∑

i=n+1

|xi − x
(n)
i |p

)1/p

−→
n→∞

0.

❈♦♥❝❧✉✐♠♦s q✉❡ ❧♦s ♣✉♥t♦s ♣❡r✐ó❞✐❝♦s ❞❡ λB s♦♥ ❞❡♥s♦s✱ ② ❧✉❡❣♦ ❡❧ ♦♣❡r❛❞♦r ❡s ❝❛ót✐❝♦✳

✺✳✷✳✷✳ ❖♣❡r❛❞♦r ❞❡ ❉❡r✐✈❛❝✐ó♥

❖tr♦ ❡❥❡♠♣❧♦ ❞❡ ♦♣❡r❛❞♦r ❝❛ót✐❝♦ ❡s ❡❧ ♦♣❡r❛❞♦r ❞❡ ❞❡r✐✈❛❝✐ó♥ q✉❡ ❞❡✜♥✐♠♦s ❡♥ ❧❡
❙❡❝❝✐ó♥ ✶✳✹✳✶✳ ❱❡❛♠♦s ❛❤♦r❛ q✉❡ ❧♦s ♣✉♥t♦s ♣❡r✐ó❞✐❝♦s ❞❡ D : H(C) → H(C) s♦♥
❞❡♥s♦s ❡♥ H(C)✳ ❙❡❛ λ ∈ C ✉♥❛ r❛í③ ♥✲és✐♠❛ ❞❡ ❧❛ ✉♥✐❞❛❞✳ ▲✉❡❣♦ eλ ∈ H(C) ❡s ✉♥
♣✉♥t♦ ♣❡r✐ó❞✐❝♦ ❞❡ D✱

Dn(eλ) = λneλ = eλ.

❆❞❡♠ás✱
S := 〈{eλ;λ r❛í③ ❞❡ ❧❛ ✉♥✐❞❛❞}〉gen

❡s ✉♥ s✉❜❡s♣❛❝✐♦ ❢♦r♠❛❞♦ ♣♦r ♣✉♥t♦s ♣❡r✐ó❞✐❝♦s✳ P✉❡st♦ q✉❡ s✐ λ1 = e
2πi
n1 ② λ2 = e

2πj
n2

s♦♥ ❞♦s r❛í❝❡s ❞❡ ❧❛ ✉♥✐❞❛❞ ② α ∈ C✱ ❡♥t♦♥❝❡s

Dn1n2(eλ1 + αeλ2) = eλ1 + αeλ2 .

P♦r ▲❡♠❛ ✷✳✶✳✶✱ ❝♦♠♦ ❡❧ ❝♦♥❥✉♥t♦ A := {λ ∈ C; λ r❛í③ ❞❡ ❧❛ ✉♥✐❞❛❞ } t✐❡♥❡ ✉♥ ♣✉♥t♦
❞❡ ❛❝✉♠✉❧❛❝✐ó♥✱ t❡♥❡♠♦s q✉❡ S ❡s ❞❡♥s♦✳ P♦r ❧♦ t❛♥t♦✱ D ❡s ❝❛ót✐❝♦✳

✺✳✷✳✸✳ ❈r✐t❡r✐♦ ❞❡ ❈❛♦t✐❝✐❞❛❞

❱❡r❡♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ✉♥ ❝r✐t❡r✐♦ q✉❡ ❞❛ ❝♦♥❞✐❝✐♦♥❡s s✉✜❝✐❡♥t❡s ♣❛r❛ ❞❡t❡r♠✐♥❛r s✐
✉♥ ♦♣❡r❛❞♦r ❡s ❝❛ót✐❝♦✳ ❘❡❝♦r❞❡♠♦s q✉❡ s❡❣✉✐♠♦s tr❛❜❛❥❛♥❞♦ ❡♥ ❋✲❡s♣❛❝✐♦s ❝♦♠♣❧❡❥♦s✱
s❡♣❛r❛❜❧❡s ❞❡ ❞✐♠❡♥s✐ó♥ ✐♥✜♥✐t❛✳

❚❡♦r❡♠❛ ✺✳✷✳✽✳ ❙❡❛ T ∈ L(X)✳ ❙✉♣♦♥❣❛♠♦s q✉❡ ❡①✐st❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡♥s♦ D ⊂ X ②
✉♥❛ ❛♣❧✐❝❛❝✐ó♥ S : D → D q✉❡ ❝✉♠♣❧❡♥

✭✶✮ ▲❛s s❡r✐❡s
∑

n≥1 T
n(x) ②

∑
n≥1 S

n(x) ❝♦♥✈❡r❣❡♥ ✐♥❝♦♥❞✐❝✐♦♥❛❧♠❡♥t❡ ♣❛r❛ t♦❞♦
x ∈ D✱



✺✳✸✳ ❊▲ P❘❖❇▲❊▼❆ ❉❊▲ ❙❯❇❊❙P❆❈■❖ ■◆❱❆❘■❆◆❚❊ ✾✶

✭✷✮ TS = I ❡♥ D✳

❊♥t♦♥❝❡s✱ T ❡s ❝❛ót✐❝♦✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡ s✐❣✉❡ ❞❡ ✭✶✮✱ q✉❡ T n(x) −→ 0 ② Sn(x) −→ 0 ♣❛r❛ ❝✉❛❧q✉✐❡r x ∈ D✳
P♦r ❧♦ t❛♥t♦✱ T s❛t✐s❢❛❝❡ ❡❧ ❈r✐t❡r✐♦ ❞❡ ❍✐♣❡r❝✐❝❧✐❝✐❞❛❞✳ ❆❤♦r❛✱ ❞❛❞♦s x ∈ D ② k ≥ 1✱
❝♦♥s✐❞❡r❛♠♦s

xk :=
∞∑

n=1

Snk(x) + x+
∞∑

n=1

T nk(x).

P♦r ❧❛ ❉❡✜♥✐❝✐ó♥ ✹✳✶✳✻✱ ❧❛s s❡r✐❡s ❞❡✜♥✐❞❛s ❛♥t❡r✐♦r♠❡♥t❡ ❝♦♥✈❡r❣❡♥ ② ❡♥t♦♥❝❡s xk −→
k→∞

x✳

❆❞❡♠ás✱ s❡ s✐❣✉❡ ❞❡ ✭✷✮ q✉❡

T k(xk) =
∞∑

n=1

T k(Snk(x)) + T k(x) +
∞∑

n=1

T (n+1)k(x)

=
∞∑

n=1

S(n−1)k(x) + T k(x) +
∞∑

n=1

T (n+1)k(x) = x+
∞∑

n=2

S(n−1)k(x) +
∞∑

n=1

T nk(x)

= xk.

P♦r ❧♦ t❛♥t♦✱ ❝✉❛❧q✉✐❡r ♣✉♥t♦ ❞❡ D s❡ ❛♣r♦①✐♠❛ ♣♦r ♣✉♥t♦s ♣❡r✐ó❞✐❝♦s ❞❡ T ✱ ❝♦♥❝❧✉✐♠♦s
❡♥t♦♥❝❡s q✉❡ Per(T ) ❡s ❞❡♥s♦ ❡♥ X✳ ❉❡ ❡st❛ ❢♦r♠❛ q✉❡❞❛ ❞❡♠♦str❛❞♦ q✉❡ T ❡s ❝❛ót✐❝♦✳

◗✉❡❞❛ ❝❧❛r♦ q✉❡ s✐ T s❛t✐s❢❛❝❡ ❡❧ ❈r✐t❡r✐♦ ❞❡ ❈❛♦t✐❝✐❞❛❞ ❡♥t♦♥❝❡s ❡s ♠✐①✐♥❣ ❞é❜✐❧✳ P❡r♦
✈❛❧❡ ♥♦t❛r q✉❡ t♦❞♦s ❧♦s ♦♣❡r❛❞♦r❡s ❝❛ót✐❝♦s s♦♥ ♠✐①✐♥❣ ❞é❜✐❧✳ P❛r❛ ♠♦str❛r❧♦✱ ❝✐t❛♠♦s
❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ ❞❡ ❙✳ ●r✐✈❛✉① ❬✶✽❪✳

❚❡♦r❡♠❛ ✺✳✷✳✾✳ ❙✐ T ∈ L(X) ❡s ❤✐♣❡r❝í❝❧✐❝♦ ② ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ✈❡❝t♦r❡s ❝♦♥ ór❜✐t❛
❛❝♦t❛❞❛ ❡s ❞❡♥s♦✱ ❡♥t♦♥❝❡s T ❡s ♠✐①✐♥❣ ❞é❜✐❧✳

❈♦r♦❧❛r✐♦ ✺✳✷✳✶✵✳ ❙✐ T ∈ L(X) ❡s ❝❛ót✐❝♦ ❡♥t♦♥❝❡s ❡s ♠✐①✐♥❣ ❞é❜✐❧✳

✺✳✸✳ ❊❧ Pr♦❜❧❡♠❛ ❞❡❧ ❙✉❜❡s♣❛❝✐♦ ■♥✈❛r✐❛♥t❡

P❛r❛ ❝♦♥❝❧✉✐r✱ ❝♦♠❡♥t❛♠♦s ✉♥ r❡s✉❧t❛❞♦ ❞❡ ❈✳ ❘❡❛❞ ❬✷✽❪✱ q✉❡ r❡s✉❡❧✈❡ ❞❡ ❢♦r♠❛ ♥❡❣❛t✐✈❛
❡❧ ♣r♦❜❧❡♠❛ ❞❡❧ s✉❜❡s♣❛❝✐♦ ✐♥✈❛r✐❛♥t❡ ♣❛r❛ ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤✳
Pr♦❜❧❡♠❛ ❞❡❧ ❙✉❜❡s♣❛❝✐♦ ■♥✈❛r✐❛♥t❡✿ ❡s ❝✐❡rt♦ q✉❡ ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ t♦❞♦
♦♣❡r❛❞♦r ❛❝♦t❛❞♦ ❛❞♠✐t❡ ✉♥ s✉❜❡s♣❛❝✐♦ ♣r♦♣✐♦ ❝❡rr❛❞♦ ❡ ✐♥✈❛r✐❛♥t❡❄
❊♥❝♦♥tr❛r ✉♥ ❝♦♥tr❛❡❥❡♠♣❧♦ ♣❛r❛ ❡❧ Pr♦❜❧❡♠❛ ❞❡❧ ❙✉❜❡s♣❛❝✐♦ ■♥✈❛r✐❛♥t❡✱ ❡s ❡q✉✐✈❛❧❡♥t❡
❛ ❡♥❝♦♥tr❛r ✉♥ ♦♣❡r❛❞♦r ❛❝♦t❛❞♦✱ t❛❧ q✉❡ ❡❧ s✉❜❡s♣❛❝✐♦ ❣❡♥❡r❛❞♦ ♣♦r ❧❛ ór❜✐t❛ ❞❡
❝✉❛❧q✉✐❡r ❡❧❡♠❡♥t♦ ♥♦ ♥✉❧♦ s❡❛ ❞❡♥s❛✳

❚❡♦r❡♠❛ ✺✳✸✳✶ ✭❈✳ ❘❡❛❞✮✳ ❊①✐st❡ ✉♥ ♦♣❡r❛❞♦r ❧✐♥❡❛❧ ② ❝♦♥t✐♥✉♦ ❡♥ ℓ1(N) t❛❧ q✉❡ t♦❞♦
✈❡❝t♦r ♥♦ ♥✉❧♦ ❡s ❤✐♣❡r❝í❝❧✐❝♦✳

❊s ♠ás✱ ❡st❡ ♦♣❡r❛❞♦r ♥♦ t✐❡♥❡ ❝♦♥❥✉♥t♦s ♣r♦♣✐♦s ❝❡rr❛❞♦s ❡ ✐♥✈❛r✐❛♥t❡s✳ ❙✐ F 6= ∅ ❡s
❝❡rr❛❞♦✱ T ✲✐♥✈❛r✐❛♥t❡ ② x ∈ F ❡♥t♦♥❝❡s✱ X = Orb(x, T ) ⊂ F ✳
❚♦❞❛✈í❛ q✉❡❞❛ ❛❜✐❡rt♦ ❡❧ ♣r♦❜❧❡♠❛ ♣❛r❛ ❡s♣❛❝✐♦s ❞❡ ❍✐❧❜❡rt✳
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❬✶❪ ❙✳ ■✳ ❆♥s❛r✐✱ ❊①✐st❡♥❝❡ ♦❢ ❤②♣❡r❝②❝❧✐❝ ♦♣❡r❛t♦rs ♦♥ t♦♣♦❧♦❣✐❝❛❧ ✈❡❝t♦r s♣❛❝❡s✱ ❏✳
❋✉♥❝t✳ ❆♥❛❧✳ ✶✹✽ ✭✶✾✾✼✮✱ ♥♦✳ ✷✱ ✸✽✹✕✸✾✵✳

❬✷❪ ❙✳ ■✳ ❆♥s❛r✐✱ ❍②♣❡r❝②❝❧✐❝ ❛♥❞ ❝②❝❧✐❝ ✈❡❝t♦rs✱ ❏✳ ❋✉♥❝t✳ ❆♥❛❧✳ ✶✷✽ ✭✶✾✾✺✮✱ ✸✼✹✲✸✽✸✳

❬✸❪ ❋✳ ❇❛②❛rt ② ➱✳ ▼❛t❤❡r♦♥✱ ❉②♥❛♠✐❝s ♦❢ ❧✐♥❡❛r ♦♣❡r❛t♦rs✱ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t②
Pr❡ss✱ ❱♦❧✳ ✶✼✾ ✭✷✵✵✾✮✳

❬✹❪ ❋✳ ❇❛②❛rt ② ➱✳ ▼❛t❤❡r♦♥✱ ❍②♣❡r❝②❝❧✐❝ ♦♣❡r❛t♦rs ❢❛✐❧✐♥❣ t❤❡ ❤②♣❡r❝②❝❧✐❝✐t② ❝r✐t❡r✐♦♥
♦♥ ❝❧❛ss✐❝❛❧ ❇❛♥❛❝❤ s♣❛❝❡s✱ ❏✳ ❋✉♥❝t✳ ❆♥❛❧✳ ✷✺✵ ✭✷✵✵✼✮✱ ♥♦✳ ✷✱ ✹✷✻✕✹✹✶✳

❬✺❪ ❏✳ ❇ès✱ ❚❤r❡❡ ♣r♦❜❧❡♠❵s ♦♥ ❤②♣❡r❝②❝❧✐❝ ♦♣❡r❛t♦rs✳ P❤✳❉ t❤❡s✐s✱ ❇♦✇❧✐♥❣ ●r❡❡♥ ❙t❛t❡
❯♥✐✈❡rs✐t②✱ ❇♦✇❧✐♥❣ ●r❡❡♥✱ ❖❤✐♦✱ ✶✾✾✽✳

❬✻❪ ❏✳ ❇ès ② ❆✳ P❡r✐s✱ ❍❡r❡❞✐t❛r✐❧② ❤②♣❡r❝②❝❧✐❝ ♦♣❡r❛t♦rs✱ ❏✳ ❋✉♥❝t✳ ❆♥❛❧✳ ✶✻✼ ✭✶✾✾✾✮
✾✹✕✶✶✷✳

❬✼❪ ❈✳ ❇❡ss❛❣❛ ② ❆✳ P❡❧❝③②♥s❦✐✳ ❙❡❧❡❝t❡❞ ❚♦♣✐❝s ✐♥ ■♥✜♥✐t❡✲❉✐♠❡♥s✐♦♥❛❧ ❚♦♣♦❧♦❣②✱
P❲◆✱ ❲❛rs❛✇✱ ✶✾✼✺✳

❬✽❪ ●✳ ❉✳ ❇✐r❦❤♦✛✱ ❉è♠♦♥str❛t✐♦♥ ❞✬✉♥ t❤é♦r❡♠❡ ❡❧❡♠❡♥t❛✐r❡ s✉r ❧❡s ❢♦♥❝t✐♦♥s ❡♥t✐❡✲
r❡s✱ ❈✳ ❘✳ ❆❝❛❞✳ ❙❝✐✳ P❛rís ✶✽✾ ✭✶✾✷✾✮✱ ✹✼✸✕✹✼✺✳

❬✾❪ ●✳ ❉✳ ❇✐r❦❤♦✛ ❙✉r❢❛❝❡ tr❛♥s❢♦r♠❛t✐♦♥s ❛♥❞ t❤❡✐r ❞②♥❛♠✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❆❝t❛
▼❛t❤✳✱ ✹✸✿✶✲✶✶✾✱ ✶✾✷✷✳

❬✶✵❪ ❏✳ ❇♦♥❡t ② ❆✳ P❡r✐s✱ ❍②♣❡r❝②❝❧✐❝ ♦♣❡r❛t♦rs ♦♥ ♥♦♥✲♥♦r♠❛❜❧❡ ❋ré❝❤❡t s♣❛❝❡s✱ ❏✳
❋✉♥❝t✳ ❆♥❛❧✳ ✶✺✾ ✭✶✾✾✽✮✱ ✺✽✼✕✺✾✺✳

❬✶✶❪ ❆✳ ❇♦♥✐❧❧❛ ② ❑✳✲●✳ ●r♦ss❡✲❊r❞♠❛♥♥✱ ❖♥ ❛ t❤❡♦r❡♠ ♦❢ ●♦❞❡❢r♦② ❛♥❞ ❙❤❛♣✐r♦✳ ■♥✲
t❡❣r❛❧ ❊q✉❛t✐♦♥s ❖♣❡r❛t♦r ❚❤❡♦r② ✺✻ ✭✷✵✵✻✮✱ ♥♦✳ ✷✱ ✶✺✶✕✶✻✷✳

❬✶✷❪ P✳ ❙✳ ❇♦✉r❞♦♥ ② ❏✳ ❍✳ ❙❤❛♣✐r♦✱ ❈②❝❧✐❝ P❤❡♥♦♠❡♥❛ ❢♦r ❈♦♠♣♦s✐t✐♦♥ ❖♣❡r❛t♦rs✱
▼❡♠♦✐rs ❆▼❙ ✺✾✻✱ ❱♦❧✳ ✶✷✺ ✭✶✾✾✼✮✱ ✶✕✶✵✺✳

❬✶✸❪ ❏✳ ❇✳ ❈♦♥✇❛②✱ ❋✉♥❝t✐♦♥s ♦❢ ❛ ❝♦♠♣❧❡① ✈❛r✐❛❜❧❡✱ ✷♥❞ ❡❞✳✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥
❛♥❞ ◆❡✇ ❨♦r❦✱ ✶✾✼✽✳

❬✶✹❪ ▼✳ ❉❡ ▲❛ ❘♦s❛ ② ❈✳ ❘❡❛❞✱ ❆ ❤②♣❡r❝②❝❧✐❝ ♦♣❡r❛t♦r ✇❤♦s❡ ❞✐r❡❝t s✉♠ ✐s ♥♦t ❤②♣❡r❝②✲
❝❧✐❝✱ ♣r❡♣r✐♥t✱ ✷✵✵✻✳

✾✸
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❬✶✺❪ ❘✳ ▲✳ ❉❡✈❛♥❡②✱ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❝❤❛♦t✐❝ ❞②♥❛♠✐❝❛❧ s②st❡♠s✳ ❙❡❝♦♥❞ ❡❞✐t✐♦♥✳
❆❞❞✐s♦♥✲❲❡s❧❡② ❙t✉❞✐❡s ✐♥ ◆♦♥❧✐♥❡❛r✐t②✳ ❆❞❞✐s♦♥✲❲❡s❧❡② P✉❜❧✐s❤✐♥❣ ❈♦♠♣❛♥②✱
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