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Abstract

We revisit the Vectorial A-Calculus [3], a system that provides a way to model a vector space
of terms by extending the classic terms of the A-calculus with linear combinations of them; and
by introducing a type system on top. The system can be summarized by the slogan

Ifr'rFt:TandI'Fr: Rthenl'Fa-t+8-r:a-T+3-R.

However, the type system in Vectorial only provides a weakened version of the Subject Reduction
property. We prove that our revised Vectorial A-Calculus supports the standard version of said
property as well as many others in the original system, such as Progress. We also introduce the
concept of weight of types and terms, and a new property relating the weight of a term with the
weight of its type.
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Chapter 1

Introduction

The study of quantum computing has implications on the way we understand physics today,
and can be considered a new computational paradigm altogether, which also has implications on
the way we understand computers, algorithms and logic. This field of study then proposes that
a computer is in fact a quantum physical system and, as such, it behaves according to the laws of
quantum physics. Modeling computers this way (and more specifically, computer algorithms),
has yielded important algorithmic results in the last few decades [8},/12,/17], which have no
classical counterpart; to such a degree that those algorithms are written using the primitive
model of quantum circuits, akin to how the algorithms of classic computation were modeled back
in the 1950s: there was no higher-level model available to write them. Consequently, several
researchers have started to develop new programming languages that capture the essence of
the quantum systems, while providing a higher-level abstraction. Selinger [16] established the
“quantum data, classic control” paradigm, which proposed that quantum computers will run
in specialized devices attached to classical computers, with the latter instructing the former
which operations to perform over which qubits. In this scheme, the classical computer is the one
that performs the measurements on the qubits to retrieve the classical bits to continue running
the program. Another approach is to model the programming language following a “quantum
data, quantum control” paradigm |[1,5], which avoids any additional classical registers and
programming structures. Recent results suggest that quantum control may turn out to be more
efficient than classical control when dealing with black-box algorithms [7}/15].

1.1 Linear-algebraic A-Calculus

Following the quantum control paradigm, the untyped linear-algebraic A-calculus Lineal
(Aiin) [5] was introduced. Ay, is a minimalistic language that is able to model high-level compu-
tation with linear algebra, and therefore provides a computational definition of vector spaces and
bilinear functions. The first problem addressed by this language was how to model higher-order
computable operators over infinite dimensional vector spaces, which serves as a basis for study-
ing wider notions of computability upon abstract vector spaces, whatever the interpretation of
the vectors might be (probabilities, number of computational paths leading to one result, etc.).
Therefore, the system is able to represent linear combination of terms, which is key to model one
of the most important characteristics of quantum systems: the state vector of a system. Thus,
the terms are modeled as said state vectors, and if t and u are valid terms, then it is possible
to write

a-t+p-u
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which is also a valid term that represents the superposition of the state vectors t and u. However,
the downside of this generality in the context of quantum computing, is that the operators are
not restricted to being unitary (as required by quantum physics), but it serves as a starting
point to build more specialized quantum languages by enforcing such restrictions, following for
example [9).

1.2 The Vectorial \-Calculus

While Ay, is enough to model the axioms of vector spaces in the simplest and most general
form, it remains an untyped A-calculus. Consider then the following example, Yy, = (Az.(b +
(x) z)) Ax.(b+ (x) ). Then Yy is reduced to b + Yp,. So the term Yy — Yy, is reduced to
0, but also is reduced to b + Y, — Y, and hence to b, breaking confluence. To solve this,
Alin introduced some restrictions to the reduction rules such as restricting the reduction rule
a-t+5-t— (a+ )t to be applied only when t is a closed normal term. This rule forbids the
reduction Yy, — Yy, — 0, thus regaining confluence. However, even then the system still admits
terms that do not normalise, such as the looping term 2 = (Az.(z) x) (Az.(z) z).

The Vectorial A-calculus [3], denoted as X, restricted Ay, by providiing a formal account
of linear operators and vectors at the level of the type system, including both scalars and sums
of types, which can then be summarized by the slogan:

Ifr'rt:TandI'Fr: Rthenl'Fa-t+8-r:a-T+5-R.
The type system exhibits the following accomplishments:
e The typed language features a weakened Subject Reduction property.
e The typed language features strong normalisation.

e In general, if t has type ), a; - U;, then it must be reduced to a t’ of the form Zij Bij - bij,
where: the b;;’s are basis terms of unit type U;, and Zij Bij = .

e In particular, finite vectors, matrices and tensorial products can be encoded within X¢¢. In
this case, the type of the encoded expressions coincides with the result of the expression.

Notice that since the type system features strong normalisation, the terms Yy, — Y, and §2
are no longer an issue, since they are not well-typed, thus allowing us to remove many of the
restrictions and consider a more canonical set of rewritten rules [2}3}6,/10].

1.3 Thesis plan

The main focus of this work is to bring back the property of Subject Reduction, while
preserving as many properties of the original system as possible. We also introduce the concept
of weight of terms and types, which represents the sum of all the components of the vectors
being modeled by them.

In this chapter we study X by presenting an in-depth analysis of the design choices
behind the system. We also discuss some of its limitations, particularly the weakened version
of the Subject Reduction property, whose restoration to the standard version of the property is
the main focus of this work.

We present a revised version of X*°, and discuss the design decisions behind the
revision in order to regain the standard version of the Subject Reduction property.

Francisco J. Noriega 2



Section 1.3 - Thesis plan

Here we prove that our revised version of the X°° satisfies the standard version
of the Subject Reduction property, and we present and prove all the lemmas and definitions

needed.
In this chapter we present proof for other desirable properties of the system:

e Progress (Section 5.1J).

e Weight Preservation (Section 5.2): We prove that once a term is reduced, the resulting
value has the same weight as its type.

Finally, we summarize the accomplishments, present several examples of vector
encoding using the new system and show some indications for future work.

Francisco J. Noriega 3



Chapter 2

The Vectorial A-Calculus

__ Chapter Summary

We examine the terms and types that constitute X*¢, and we show how the system
is able to characterise vectors, using the Hadamard Quantum Gate as an example of
how matrices can be encoded in the system.

We also show two system properties: Strong Normalisation of terms, and X¢’s weak-
ened Subject Reduction, further examining the latter and presenting the reasons why
the standard formulation of the property is not directly satisfied. [

E formally present X [3], and analyse the different design choices behind it. XN°¢ is
Wbased on Ay, [5], which admits the classical constructs of A-calculi: variables z,y, ...,
A-abstractions Az.s, and application (s) t. It also admits linear combinations of terms:
0, s+t and « - s are terms, where the scalar o ranges over a ring. As in Aj,, it follows a
call-by-basis strategy, in the sense that (Az.r) (s+t) is first reduced to (Az.r) s+ (Az.r) t until
basis terms (i.e. values in the standard sense) are reached, at which point beta-reduction applies.
The set of normal forms of terms can then be interpreted as a module and the term (Az.r) s

can be seen as the application of the linear operator Az.r to the vector s.
X then extends Ay, by providing a formal account of linear operators and vectors at the

level of the type system.

Chapter plan. In we examine the terms and the reduction rules. In we
present the type system along with the typing rules, and show some examples of how vectorial
computations can be encoded with it. Finally, in we show the system’s properties
and we study the weakened version of the Subject Reduction property that X°¢ proposes, and
the reason why its standard formulation cannot be directly satisfied.

2.1 The terms

We begin by considering the untyped language of X°¢ as described in For the
function application, we use the Krivine’s notation [14]: The term (s) t passes the argument t
to the function s.

The terms are divided in two categories:

e Basis terms: The only terms that can be used in a S-reduction step.

e General terms.
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This design, as in [2}[5/10], follows a call-by-basis reduction strategy: only the outermost redexes
are reduced: a redex is reduced only when its right hand side has been reduced to a basis term
(variable or lambda abstraction), cf. Group B in [Figure 2.1]

Besides the S-reduction rule, the system presents other reduction rules which follow an ori-
ented version of the axioms of vector spaces, determining the behaviour of sums and products. As
such, they are divided into the following groups: Elementary (E), Factorisation (F), Application
(A) and the Beta Reduction (B).

Essentially, the E and F groups rules, presented in [4], consist in capturing the equations of
vector spaces in an oriented rewrite system. For example, 0 -s is reduced to 0, as 0-s = 0 is
valid in vector spaces.

It should be noted that this set of algebraic rules is locally confluent [3], and does not
introduce loops. In particular, the two rules stating a-(t+r) — a-t+a-r and a-t+6-t — (a+3)-t
are not the inverse of the other when r = t. Indeed,

a-(t+t)ma-t+a-t—(at+a)-t

but not the other way around.

The Group A of rules formalises the fact that a general term t is thought of as a linear
combination of terms a.-r + 3 -r’ and the fact that the application is distributive on the left and
on the right. When s is applied to such a superposition, (s) t is reduced to a- (s) r+ 3 - (s) r'.
The term 0 is the empty linear combination of terms, explaining the last two rules of Group A.

Terms are considered modulo associativity and commutativity of the operator +, making
the reduction into an AC-rewrite system [13].

Scalars (notation «, 3,7, ...) form a ring (S, +, x), where the scalar 0 is the unit of addition
and 1 the unit of multiplication. We use the shortcut notation s — t instead of s + (—1) - t.

The set of free variables of a term is defined as usual: the only operator binding variables is
the A-abstraction. The operation of substitution on terms (notation t[b/xz]) is also defined as
usual, by taking care of variable renaming to avoid capture.

For a linear combination, the substitution is defined as follows:

(a-t+3-1)b/a] = a-tb/a] + 3 - r[b/a]

Terms: r,s,t,bus= b|(t)r|0|a-t|t+r
Basis terms: b= x|zt
Group E: Group F: Group A:
0-t—0 a-t+p-t—=(a+p)t (t+r)u— (t)u+(r)u

-t —t
-0—>0

t—r

1
a
a-(f-t) = (axp)-t
a-(t+r) > a-t+a-r

a-t+t— (a+1)-t
t+t— (1+1)-t
t+0—t

Group B:
(Az.t) b — t[b/x]

t—or t—r

(

(t) (r+u) = (t) r+(t) u
(a-t)r—>a-(t)r

(
(
(

t) (ar) > a-(t)r

t—or t—or

a-t—a'r ut+t—u+r

(u)t—(u)r

(tHhu—=(r)u Azt — Azr

Figure 2.1: Syntax, reduction rules and context rules of X¢°.

Francisco J. Noriega




Section 2.1 - The terms

Booleans in the Vectorial \-Calculus

Both in X°¢ and in quantum computing we can interpret the notion of booleans. In the
former, we can consider the usual boolean terms true = Az.A\y.xz and false = Ax.\y.y whereas,
in the latter, we consider the regular quantum bits true = |0) and false = |1).

In X°°, a representation of if r then s else t needs to take into account the special relation
between sums and applications. It is incorrect to directly encode this test as the usual ((r) s) t.
Indeed, if r, s and t were respectively the terms true, s; +s3 and t; +to, the term ((true) (s; +
s2)) (t1+t2) would be reduced to ((true) s1) t1+ ((true) s;) ta+((true) s2) t1+ ((true) sz) to,
then to 281 + 2 - 85 instead of s1 + so.

In order to “freeze” the computations in each branch of the test so that the sum does not
distribute over the application, X°° uses thunks |5]: they encode the test as {((r) [s]) [t]}, where
[—] is the term Af.— with f a fresh, unused term variable, and where {—} is the term (—) A\z.x.
Then,

() B) [} = ((0) (AF9) (g.8)) ()

(A y.x) (Af.s1+s2)) (Mgt +t2)) (A\z.x)
— (Ay.Af.s1+s2) (Ag.t1 +t2)) (\x.z)

— (Af.s1+s2) (\z.x)

— 81 + S92

The [—] encoding “freezes” the linearity while the {—} encoding “releases” it. Then the term
if true then (s1 + s2) else (t; + t2) is reduced to the term s; + so as could be expected. Note
that this test is linear, in the sense that the term if (o - true + 3 - false) then s else t is reduced
to a-s+ (- t, implementing the so-called quantum-if [1].

Quantum computing deals with complex, linear combinations of terms, and a typical com-
putation is run by applying linear unitary operations on the terms, called gates. For example,
the Hadamard gate H acts on the space of booleans spanned by true and false. It sends true

1

to %(true + false) and false to ﬁ(true — false). If x is a quantum bit, the value (H) z can

be represented as the quantum test

(H) x := ifx then <\}§(true + false)) else <\}§(true - false)).

As developed in [5], we can simulate this operation in X*¢ using the test construction we just
described:

(H) 2} = { <(x) [Mlé true + \}5 - falseD {\2 true — \}i . false] } .

Note that the thunks are necessary: without thunks the term

((x) <;§ true + \2 - false)) (\2 true — \}i -false>

would be reduced to the term

%(((w) true) true + ((z) true) false + ((z) false) true + ((z) false) false),

which is fundamentally different from the term H we are trying to emulate. With the same
procedure, X¢¢ can “encode” any matrix. If the space is of some general dimension n, instead of
the basis elements true and false, the terms Axj.--- .Azy,.z; can choosen for i = {1,...,n} to
encode the base of the space. We can also take tensor products of qubits. More details of these

encodings are provided in

Francisco J. Noriega 6



Section 2.2 - The type system

2.2 The type system

2.2.1 Intuitions

Before diving into the technicalities of the definition, we discuss the rationale behind the
construction of the type-system.

Superposition of types

XN begins by incorporating the notion of scalars into the type system: If A is a valid type,
the construction « - A is also a valid type and if the terms s and t are of type A, the term
a-s+ [ -tisof type (a+ ) - A. This was achieved in 2] and it allows to distinguish between
the functions Az.(1-z) and Az.(2-x): the former is of type A — A whereas the latter is of type
A—(2-4).

The terms true and false can be typed in the usual way with B = X — (X — X), for a
fixed type X. So let us consider the term ﬁ (true — false). Using the above addition to the
type system, this term should be of type 0, a type which fails to exhibit the fact that we have
a superposition of terms.

To address this problem, X¢¢ admits sums of types. For instance, provided that 7 = X —
(Y - X)and F =X — (Y - Y), we can type the term f - (true — false) with 1 (T = F),
which has Le-norm 1, just like the type of false has norm one.

At this stage the type system is able to type the term

H = \z. { <<x> Ui true + \}5 . falseD Ué true — \}5 . false} }

Indeed, as previously mentioned, the thunk construction [—] is simply A\f.(—) where f is a fresh
variable and that {—} is (—) Az.xz. So whenever t has type A, [t] has type I — A with I an
identity type of the form Z — Z, and {t} has type A whenever t has type I — A. The term
H can then be typed with ((I — L (T+ f)) = (I > B (T=F) 51— T) ST, with T
any fixed type.

Let us now try to type the term (H) true. This is made possible by takmg T tobe —= (T—{—]:)

But then, if we want to type the term (H) false, T needs to be equal to 75 s (T—-F ) It follows

that we cannot type the term (H) (ﬁ -true + ﬁ . false> since it is not p0881ble to conciliate
the two constraints on 7.

To address this problem, X°¢ introduces the universal abstraction in the type system, making
it a la System F. The term H can now be typed with VT.((I — % (T+F) =1 -7 (T -
F)) =1 —T)— T and the types T and F are updated to be respectively VXY.X — (Y — X)
and VXY.X — (Y — Y). The terms (H) true and (H) false can both be well-typed with
respective types —5 s+ (T + F) and 1 (T — F), as expected.

Type variables, units and general types

Because of the call-by-basis strategy, variables must range over types that are not linear
combination of other types, i.e. unit types. To illustrate this necessity, consider the following
counterexample. Suppose X allows variables to have scaled types, such as « - U. Then the
term Az.x + y could have type (a-U) — a-U +V (with y of type V). Let b be of type U, then
(Az.z +y) (o - b) has type a - U + V', however

AMaz+y) (a-b)wa- (Azrx+y)b—>a-(b+y) wa-b+a-y,

Francisco J. Noriega 7
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which is problematic since the type a- U + V does not reflect such a superposition. Hence, the
left side of an arrow will be required to be a unit type; that is, not a superposition of types.
This is achieved by the grammar defined in

Type variables, however, do not always have to be unit types. In fact, a universal abstraction
of a general type was needed in the previous section in order to type the term H. Therefore,
to distinguish a general type variable from a unit type variable (to make sure that only unit
types appear at the left of arrows), X°¢ defines two sorts of type variables: the variables X to be
replaced with unit types, and X to be replaced with any type (we use X when we mean either
one). The type X is a unit type whereas the type X is not.

In particular, the type of true, T, is now VXX — 9 — X, the type of false, F, is
VXY.X = 9 — 9 and the type of H is

VX.<<I—>\2-(T+}")> — <I—>\2-(T—]—")> —>I—>X> — X.

Note how the left sides of all arrows remain unit types.

The term 0

The term 0 will naturally have the type 0-7', for any inhabited type 1" (enforcing the intuition
that the term O is essentially a normal form of programs of the form t — t).

Even though there are reduction rules such as t +0 — t, X*¢ does not allow the equivalence
T+0-R=T. To understand why that decision was made, consider the following example. Let
Az.z be of type U — U and let r be of type R. The term Az.z+r—r is of type (U — U)+0- R,
and if X¢¢ allowed such equivalence, (U — U). If we were to choose b of type U, we would be
allowed to say that (Ax.z +r —r) b is of type U. This term is reduced to b+ (r) b — (r) b. But
if the type system is reasonable enough, it should at least be able to type (r) b. However, since
there are no constraints on the type R, this is difficult to enforce.

The problem comes from the fact that along the typing of r — r, the type of r is lost in the
equivalence (U — U)+0-R = U — U. Therefore, while the terms form a module (semantically),
the types form a weak module in the sense of [10].

2.2.2 Formalisation

We now present the type system of X°°: we first describe the language of types, then present
the typing rules.

Definition of types

Types are defined in (top). As with the terms, there are two kinds: wunit types and
general types, that is, linear combinations of types. Unit types include all types of System F' [11,
Ch. 11] and intuitively they are used to type basis terms. The arrow type admits only a unit
type in its domain. This is due to the fact that the argument of a A-abstraction can only be
substituted by a basis term, as discussed in

As previously mentioned, the type system features two sorts of variables: unit variables X
and general variables X. The former can only be substituted by a unit type whereas the latter
can be substituted by any type. We use the notation X when the type variable is unspecified.
The substitution of X by U (resp. X by S) in T is defined as usual and is written T'[U/X] (resp.
T1S/X]). We use the notation T[A/X] to say: “if X is a unit variable, then A is a unit type,
otherwise A is a general type”.

Francisco J. Noriega 8



Section 2.2 - The type system

Types: TR,S := Ul|a-T|T+R|X
Unit types: UV,W:= x|U—-T|Vx.U|VX.U
1-T =T a-T+p-T = (a+p)-T
a-(B-T) = (axp)-T T+R = R+T
a-T+a-R = a (T+R) +(R+S) = (T+R)+S
r=t:T Fx:UFt:T
ax o V1 =
Fx:UkFzxz:U I'-0:0-T Xzt U—-T
THt:Y o ¥VX.(U—T) Thr: Zﬁj U4,/ X
=1
n m —>E
YO ai x B T[4/ X]
i=1 j=1
THt:) oi-Ui X ¢ FV(D) THt:) o -YX.U;
=1 - VI =1 VE
THt:) o VXU Tkt: Zal- i[A/X]
=1
PHt:T P'Ft:T TFr:R I'~t:7 T=R
Tha-tia-T 7 Thetr:T+R ! THt:R -

Figure 2.2: Types and typing rules of XY*°. We use X when we do not want to specify if it is X

or X, that is, unit variables or general variables respectively. In T[A/X], if X = X, then A is a

unit type, and if X = X, then A can be any type. We also write V; and Vj (resp. V¢ and Vg)

when we need to specify which kind of variable is being used.

Francisco J. Noriega



Section 2.2 - The type system

In particular, for a linear combination, the substitution is defined as follows: (a-T+3-R)[A/X]| =
o-T[A/X] + - R[A/X]. We also use the vectorial notation T[A/X] for T[A;/X1]--[An/X0]
if X =Xq,...,X, and A= Aq,..., Ay, and also VX for VXi... X, =VX;..... VX,.

The equivalence relation = on types is defined as a congruence. Notice that this equivalence
makes the types into a weak module over the scalars: they would form a module were it not
for the fact that there is no neutral element for the addition. Indeed, the type 0 -7 is not the
neutral element of the addition.

We use the summation () ) notation without ambiguity, due to the associativity and com-
mutativity equivalences of +.

Typing rules

The typing rules are also established in [Figure 2.2 (bottom). Contexts are denoted by T', A,
etc, and are defined as sets {x : U, ...}, where x is a term variable appearing only once in the
set, and U is a unit type. We usually omit the curly braces and just write x : U, - - -.

e The axiom (ax) and the arrow introduction rule (—) are the usual ones.

e The V; and Vg allow the introduction and the elimination of universal abstraction for
types (V), respectively.

e The rule (0;) to type the term 0 takes into account the discussion in |Section 2.2.1 This
rule ensures that the type of 0 is inhabited, discarding problematic types such as 0-VX.X.

e Any sum of typed terms can be typed using rule (+7).
e Any scaled typed term can be typed with (ay).
e Rule (=) ensures that equivalent types can be used to type the same terms.

e Finally, the particular form of the arrow-elimination rule (—g) is due to the rewrite rules
in Group A that distribute sums and scalars over applications. The need and use of this
complicated arrow-elimination rule can be illustrated by the following three examples [3].

Example 2.2.1. Rule (—g) is easier to read for trivial linear combinations. It states that
provided that I' - s : VX.U — S and I' - t : V, if there exists some type W such that V =
U[W/X] then, since the sequent ' Fs:V — S[W/X] is valid, we also have T' - (s) t : S[W/X].
Hence, the arrow elimination here performs an arrow and a universal abstraction elimination at
the same time.

Example 2.2.2. Consider the terms by and bs, of respective types Uy and Uy. The term by +bg
is of type Uy + Us. We would reasonably expect the term (Ax.x) (by + ba) to also be of type
Uy + Uy. This is the case thanks to Rule (—g). Indeed, if we type the term \z.x with the type
VX.X — X the rule can now be applied. Note that we could not type such a term unless we
eliminated the universal abstraction together with the arrow.

Example 2.2.3. The projection of a pair of elements is a slightly more involved example. It
is possible to encode the notion of pairs and projections in System F: (b,c) = Az.((xz) b) c,
(b',c) = Ax.((x) ) , m = Ax.(z) (A\y.Az.y) and o = Ax.(z) (Ay.Az.2). Provided that b, b/,
¢ and ¢’ have respective types U, U', V and V', the type of (b,c) isVX.(U -V — X) — X and
the type of (b',c’) is VX.(U — V' — X) — X. The term m and m can be typed respectively
withVXYZ (X =Y - X) > Z2) > Z andVXYZ(X =Y = Y) = Z) — Z. The term
(m1 4+ m2) ({(b,c)+ (b, c')) is then typable of type U + U’ +V + V', thanks to Rule (—g). Note
that this is consistent with the rewrite system, since it is reduced to b +c+ b’ +c'.
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2.2.3 Example: Typing Hadamard

In this Section, we formally show how to retrieve the type that was discussed in[Section 2.2.1]
for the term H encoding the Hadamard gate.
Let true = Az.\y.x and false = Ax.\y.y. It is simple to check that

Ftrue: VX9 x — o9 - x=T,
Ffalse: VXy. X -9 — 9 =F.

We also define the following superpositions:

1 1
|+) = —= - (true + false) and |—) = - (true — false).

V2 V2

In the same way, we define

T ¢1§ (VXY X = 7 = X) + (VXX = 7 — ),
pa ¥
= \}i (VXY X =7 = X)— (VXX =7 — ).

T F
Finally, we recall [t] = Az.t, where z ¢ FV(t) and {t} = (t) I. So {[t]} — t. Then it is

easy to check that - [|[4)] : I — B and + [|-)] : I — B. In order to simplify the notation, let
F=(I—-H8)—-{I—-8)— [ —X). Then

2 FFa:F " g:Fr[)]: 18
2 FF@ [P ((=8) ==X F i FE]): =8
2P E (@) (1) (9]0 2% "
z: FHE{((=) [H)]) [2]}:X o,
FazA{((z) [0)]) 9} F =X
F oz (@) [0 [} V(I =8 51 =8) = (I —>X) =X

i

Now we can apply Hadamard to a qubit and get the right type. Let H be the term Az. {((z) [|+)]) [|-)]}

Ftrue: VX.VY. X =59 = X

I—H:VX.((I—)BH)—>(I%EI)—>(I—>X))—>Xv Ftrue:Vy.(I - H) -9 — (I - H) v
FH: (I -B)—-I—-8B)—-U—-H8)->H F Ftrue: (I - B) > (I —8)— (I —8)
F (H) true : B

Yet a more interesting example is the following. Let

EEIZ\}Q-(((I—>Hﬂ)—>(l—>5)—>(I—>EE))—|—((I—>BH)—>(I—>EI)—>(I—>EI)))

That is, B where the universal abstractions have been instantiated. It is easy to check that
F|+) : B;. Hence,

FH:VX(I—-HB)-I—-8->I-X)-X

1 1 B
FH)|+):— -B+—-8
(H) 1+) V2 V2
And since%-ﬁﬂ—i—%-EleXy.X—ﬂ)’%x, we conclude that

F(H) |+):VXr.x — 9 — X.

Notice that (H) |+) —* true.
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2.3 Properties

As previously mentioned, X°° does not directly satisfy the standard formulation of the Subject
Reduction property, but rather a weakened version of it.

Since the terms of X are not explicitly typed, the system is bound to have sequents such
as 't :7y and I' F t : T with distinct types 71 and T» for the same term t. Using Rules
(4+71) and (ay) it is possible to obtain the valid typing judgement I' - -t + 5 -t : - 17 + 3 - To.
Given that o -t + - t is reduced to (o + ) - t, a regular subject reduction would ask for
the valid sequent I' - (o + ) -t : a- Ty + 8- T>. But since, in general, the equivalence
a-Ty+B-To=(a+B) Ty = (a+ B) - Ty is not satisfied, a workaround was needed.

To solve this problem, X°¢ introduced a notion of order on types. Said order, denoted with
-, was chosen so that the factorisation rules make the types of terms smaller. In particular, it
satisfied that (o« +0) - T1 Da-Th+ - Tr and (a+ ) - To J - Ty + B - To whenever T} and Th
are types for the same term. This approach was also extended to solve a second pitfall coming
from the rule t +0 — t. Indeed, although x : X F 4+ 0: X+ 0-T is well-typed for any inhabited
T, the sequent  : X - : X4+ 0-T is not valid in general. Therefore, the ordering was extended
to also have x I X +0-T.

Notice that this ordering did not introduce a subtyping relation. For example, although
Fla+p) Az yz: (a+ ) VXX — (X = X)is valid and (« + ) - VXX — (X — X) O
a- VXX = (X = X)+8-VX¥.X = (¥ = ), the sequent - (a+ ) - Az \y.x : a- VXX — (X —
X)+ B-VXy. X — (9 — %) is not valid.

First, the (antisymmetric) ordering relation J is defined on types discussed above as the
smallest reflexive, transitive and congruent relation satisfying the rules:

1. (a+B)-TJa-T+pB-T if there are ', t such that TFa-t:a-TandTHB-t: 8- T
2. T 3T +0.R for any type R.

3T JIJRand U JV, then T+S JR+S,aa-T Ja-R U—-T 33U — R and
VX.U JVX.V.

Note the fact that '+t : T and I' - t : 77 does not imply that -7 3 8- T’. For instance,
although -7 30-T + 3-T’, this does not mean that 0- T+ 3-T' =3 -T".

Let R be any reduction rule from and —pg a one-step reduction by rule R. A
weak version of the Subject Reduction theorem can be stated as follows.

Theorem 2.3.1 (Weak Subject Reduction [3, Theorem 4.1]). For any terms t, t', any context
I and any type T, if t =gt and T+t : T, then:

1. if R ¢ Group F, then T+t :T;

2. if R € Group F, then 3S 3 T such thatT'+t': S and T+ t:S.

The type system of X enforces Strong Normalisation of well-typed terms.

Theorem 2.3.2 (Strong Normalisation [3| Theorem 5.7]). If 't : T is a valid sequent, then
t is strongly normalising. [l
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Chapter 3

Our revision

__ Chapter Summary

We present the revisions we made to the terms and types of X, and the decisions

behind the new design. [

N this chapter we present a revision of X°°, denoted as X°“*. As previously discussed, X°¢ is
Inot able to satisfy the standard formulation of the Subject Reduction property. This stems

from the polymorphic nature of the system, which allows a single term to have more than
one type; and the fact that the reduction rules from group F collapse a sum of terms into a
single one.
Consider a term t, which types are T" and R; and the term o -t 4+ 8 - t. The latter term would
then be reduced to (a4 ) - t, but the system is unable to express all of its possible types: it
will collapse the type to either (a4 3)-T or (a+ ) - R, but it cannot type it with - T+ - R
as expected.

The revision presented in this chapter allows the system to type such terms correctly, and
lays the foundation to prove that this new system satisfies the standard Subject Reduction prop-

erty.

Chapter plan. In we examine the terms and the reduction rules. In we
present the type system along with the typing rules.

3.1 The terms

We begin by presenting the untyped version of X°*, described in In essence, the
system remains the same as the original X°°| except for one major change: the removal of the
term O.

The term 0 was removed in order to simplify the system. Indeed, to guarantee the Subject
Reduction property is satisfied, rules like t + 0 — t required that more typing rules were added
in order to relate those terms and their types.

13



Section 3.2 - Type system

Terms: r,s,t,bus= b|(t)r|a-t|t+r
Basis terms: b= z| Azt
Group E: Group F: Group A:
1-t—t at+8-t—=(a+p)-t (t+r)u—(t)u+(r)u
a-(f-t)=>(axp)t at+t—(a+1)-t (t) (r+u) = (t) r+(t) u
a-(t+r) —a-t+ar t+t—-(1+1)-t (a-t)r—>a-(t)r
(t) (a-r) > a-(t)r

Group B:
(Az.t) b — t[b/x]

t—r t—r t—r t—or t—r

a-t—ar utt—u+r (Wt—(u)r (t)u—(r)u Izt— Azr

Figure 3.1: Syntax, reduction rules and context rules of X°*.

3.2 Type system

We present the type system of X¢*, described in Note that the type grammar
remains the same as the original system, and only the typing rules have changed.

3.2.1 Typing rules

Since the main focus of this work is to provide a revision of X°° to recover the Subject
Reduction property, we deemed necessary to revise the typing rules. We start by analysing the
problem the original system had.

Consider a term t which types are T and R, and the term a-t+ (-t of type a-T+a-R. Upon
reducing the latter using the a-t+ -t — (a + ) - t rewrite rule, which in the original system
could not be coherently typed, since the type either collapsed to (o + ) - T or to (a + ) - R,
instead of the expected - T + - R.

We can generalise the problem, so for any term t that can be typed with T1,...,T,, then
the system should be able to type (3°1 ; a;) -t with >_"" | a; - T;. Notice that the only condition
we must satisfy is that the scalar associated with the term is equal to the sum of the scalars of
the type, which in this case is Y ;" | o.

The S rule was then introduced to solve this problem, and it also served as a replacement
for the o rule, which can be considered a particular case of the former one, as seen below:

L-t:T; Vie{l} 'Ht: 1Ty

S = le
I'Fa-t:a-1} I'Fa-t:a-T)

I

However, the S rule alone is not enough to solve the problem. Continuing with the example,
by applying the new S rule

I'HEt:T TFHt:R
TH(a+p) t:a-T+B R

Consider now that a + 8 =1,s0 ' 1-t: a-T + 8- R. By applying the 1 -t — t rewrite
rule, then we would want to derive ' Ht : «- T+ 8 - R, which cannot be done with the current
system. The 1g rule was introduced to solve this issue.
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Section 3.2 - Type system

Types: T,R,S := Ul|la-T|T+R|X
Unit types: UV,W:= Xx|U—=T|Vx.U|VXU
1.T =T a-T+B8-T = (a+B)-T
a-(B-T) = (axp)-T T+R = R+T
a-T+a-R = (T+ R) T+ (R+S) = (T+R)+S

Typing rules

Fx:UFt:T

T 1

a —
'e:Ukx:U I'tXzt:U—>T

THt:Y a-VX.(U=T) Thr:Y 8- Ul4/X]

i=1 j=1

=1

TEt:Y a;-Up X ¢ FV()

—E

FH(t)r: Zzai X /BJTz[fTJ/X]
i=1 j=1

n—1

I’I—t:Zai-Ui—{—an-VX.Un
=1

I'Ft+r: T+ R

I'Ft: R - 'Et:T

THt:T) Vie{l,...,n}

'k (Zn:ai) -t:zn:ozi-Ti
i=1 =1

S

n—1 vl n—1 VE
Tht:Y iU+ an VXU, ThHt:Y 0 Ui+ ay- U A/X]
i=1 i=1
I'Ft:T T'kr: R I'tt: T R=T 'F1-t:T
+7 = — 1

Figure 3.2: Types and typing rules of X°°*. As in X, we use X when we do not want to specify
if it is X or X that is, unit variables or general variables respectively. In T[A/X], if X = X,
then A is a unit type, and if X = X, then A can be any type. We also may write V; and V]
(resp. V¢ and Vg) when we need to specify which kind of variable is being used.

Francisco J. Noriega
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Section 3.2 - Type system

We also revised the V rules, and we considered necessary to make them introduce or remove
the V to one summand at a time, instead of affecting the whole sum; thus making both rules
(V; and Vg) less rigid. We made this change to ease some of the proofs and make them less
complex. Note that since the sum of types is defined as a congruence, it is possible to modify
any of the U; by simply “swapping” the desired " unit for the n'" one in the sum, and then
applying the V rule.

Lastly, we removed the Oy rule, since we do not have the term 0 anymore.

Francisco J. Noriega 16



Chapter 4

Subject Reduction

__ Chapter Summary

We prove that the classical formulation of Subject Reduction is satisfied by X°*, and
present several intermediate results that further characterise the system, such as the

generation lemmas for every term. [

S previously discussed, recovering the Subject Reduction property constitutes the main
Afocus of this work. In the original system, the Group F was the group of rules that

required special consideration and did not satisfy the property in full.

We will also introduce other intermediate results that, despite being needed for the demon-
stration, have intrinsic value as they help further characterise the system. Such is the case of
the generation lemmas which, given a sequent I' - t : T, provide a characterisation of the type
T based on the form of t.

Chapter plan. In we present all the intermediate results used in the Subject Re-
duction demonstration. In we prove that the Subject Reduction theorem is satisfied
by Xe*.

4.1 Prerequisites for the proof

The proof of the Subject Reduction theorem requires some intermediate results that we
develop in this section.
We will use the following notations:

e We use the standard notation for equivalence classes: [z] identifies the equivalence class
that contains the element z.

e Given a derivation tree 7 as following

=
THt:T

we note that tree as m# = I' =t : 7. We will also note size(m) to the number of sequents
present on it.

We show how types are characterised, in the following lemma.

17



Section 4.1 - Prerequisites for the proof

Lemma 4.1.1 (Characterisation of types [3| Lemma 4.2]). For any type T, there exist n,m €
N, ai,...,an, B1,...,8m € S, distinct unit types Uy, ..., U, and distinct general variables

Xi,..., X, such that
i=1 j=1

Our system admits weakening, as stated by the following lemma.

Lemma 4.1.2 (Weakening). Let t be such that x ¢ FV(t). Then I' =t : T is derivable if and
only if Uz : U -t : T is deriwable.

Proof. By a straightforward induction on the type derivation. O

The following two lemmas present some properties of the equivalence relation.

Lemma 4.1.3 (Equivalence between sums of distinct elements (up to =) |3, Lemma 4.4]). Let
Ui, ..., Uy be a set of distinct (not equivalent} unit types, and let Vi, ...,V be also a set distinct
unit types. If >0 o, - U; = Zj 1 Bj - Vj, then m = n and there exists a permutation p of m
such that Vi, a; = By and U; = Vi

Lemma 4.1.4 (Equivalences V). The following equivalences hold:
1370 0 Uy = 3700 By -V implies there exists k € {1,...,m} such that 37}~ Lo U +
an VXU = 021 85 Vi B VXV + 301 85+ V,
2. Y Uit an,- VX.Un =301 B Vit B VX Vit S0y BV for some k € {1,... m}
implies that Y ;. oy Ui+ oy - Un[A)X] = Z?;% Bj - Vi+ B Vi[A/ X+ 370 01 85+ Vj
Proof. THemn (1) e eeess oL

From m = n and there exists a permutation p of m such that for all i €
{1,...,n} we have that a; = ﬁp y and U; = V).

Then, > ;- Ui =30, Boi) - VoG-
Take k = p(n), therefore

ZO&L Ui+ ay - VXUn—ZBp( )+ﬁpn) \V/XV;?(”)
i=1 i=1

_Zﬁp@ Vi) + Br - VX Vi

ziﬁj-X/jJrﬂk.vx.vw > BV,

j=1 j=k+1

Item (2) ......................................................................................................................................

From m = n and there exists a permutation p of m such that for all i €
{1,...,n}wehavethatozl—ﬁp Ui = Vpi) if i # n, and VX.Up = VX.V,.

Then, > ;- Ui =31, Bo(i) - Vp(a)-
Without loss of generality, take k = p(n), therefore

Y Uit on - Un[A/X] = Zﬁp( Vite) + Botn) - Vo) [A/X]
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—ZBJ Vi + Br - Ve[A/X] + Z Bi -V,

Jj=1 j=k+1

The next lemma extends the way the V typing rules can be applied
Lemma 4.1.5. The following statements hold:

1 IfTHt:Y " 0;-Uiand X ¢ FV(T), thenT F t Zl 10y Ui+ak'VX.Uk+Z?:k+1 o;-U;,
forany ke {1,... n}.

2. IfT ¢t : Zl 1@ Ui+ o VXU + >0, 0 - Uy, then T F t ZZ 1041 U; + oy, -
UrlA/X]+ >0 @i - Ui, for any k€ {1,... n}.

Proof. Consider I'Ft: > | «; - U;, and the following definitions:

ZalU+akV+ZozZ i ZaZU+ZalU+akV

i=k+1 i=k+1
Item (1) ......................................................................................................................................

Taking any k € {1,... n}, we have

I‘I—t:f:ai-Ui X ¢ FV(I Zaz Ui = G(Ur)

=1 o
THt:G(U) - y
T Ft:G(VX.Uy) T gvx.Uy) = FUX.UL)
k—1 -
Dt FOYXUp) =Y ai- Ui+ o - VX.Up + Z ;- U,
=1 i=k+1
Item (2) ......................................................................................................................................
Taking any k € {1,... n}, we have
Tht:Y o Up=FVX.Up) FYX.Up) = G(VX.Uy)
i=1 _
Tk t:GVX.Up) - y
Tt G(Ux[A/X)) Y GA/X]) = FULA/X]) _
k—1 -
Tt FURA/X]) =D ai Ui+ ag - Ug[A/X] + Z a; - U;
i=1 i=k+1

O]

Next, we present the relation »= from X [3| Definition 4.6], which defines the relation
between types of the form VX.T and 7', with some alterations.

Francisco J. Noriega 19
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Definition 4.1.6. For any types T, R, and any context I' such that for some term t
I'Ht: R

I'kt:T
1. If X ¢ FV(T'), write R <xr T if either:

e R= Z?:1 a; Ui and T' = Z:-L;ll a; U+ ay -VX.U,, or
o R=Y1" ;- Ui+ oy VXU, and T'= Y17 o Uy + a - Un[A/ X].

2. If V is a set of type variables such that VN FV(I') = 0, we define <y inductively:

o IfR<xr T, then R Xyyixyr T
o IfVI, Vo CV, Sy rRand R=2y,r T, then S 2y,up,r T
e fR=T, then R=yrT.

Note that these relations only predicate on the types and the context, thus they hold for
any term t.

Example 4.1.7. Consider the following derivation.

n
TFt:T TEZai-Ui

i=1 _
THt:Y ;Ui X ¢ FV(T)
i=1
n—1 VI
I'Ht: Zai-Ui+an~VX.Un
= Ve
THt:Y Ui+ an - Un[V/X] Y ¢ FV(T)
=1 v
n—1 I n—1
THt:) o Ui+ an - VY.Up[V/X] > i Ui+ oy, VYU, [V/X] = R
i=1 i=1 -
THt:R -

Then R j{X,Y},F T.
Lemma 4.1.8. For any unit type U ZVX.V, if U 2y VX.V, then X ¢ FV(T).
Proof. By definition of <. O

The following lemma states that if two arrow types are ordered, then they are equivalent up
to some substitution.

Lemma 4.1.9 (Arrows comparison). V. — R =y V)Z.(U — T), then U - T = (V —
R)[A)Y], with Y ¢ FV(I).

Proof. Let ( - )° be a map from types to types defined as follows,

X° =X U—=T)P=U—=T (VXI)°=T1°
(- T =« -T° (T+R)°=T°+R°

We need three intermediate results:
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1. If T'= R, then T° = R°.

2. For any types U, A, there exists B such that (U[A/X])° = U°[B/X].

3. For any types V,U, there exists A such that if V =vr VX.U, then U° = V° [ff/)?]
Proofs.

1. Induction on the equivalence rules. We only give the basic cases since the inductive step,
given by the context where the equivalence is applied, is trivial.

e (1-T)°=1-T°=T°.
a-(B-T)°=a-(8-T°) = (axp) -T°=((axf) T).

a-T+a - R°=a-T°+a-R°=a-(T°+ R°)=(a-(T+ R))°.
a-T+B-TP=a-T°+8-T°=(a+8)-T° = ((a+f)-T)°.
T+R)P=T°+R° =R°+T°=(R+T)°.
T+(R+S)°=T°4+(R°+85°)=(T°+R°)+S°=(T+R)+5)°.

L]
~ N

[ ]
2. Structural induction on U.

e U =X. Then (X[V/X])° =V° =X[V°/Xx] = Xx°[V°/X].
o U=9. Then (9[4/X])* =9 =9°[A/X].

e U=V = T. Then (V — T)[A/X]))° = (V[A/X] — T[A/X])° = V[A/X] —
TA/X]=(V =T)[A/X]=(V = T)°[A/X].

o U = VY.V. Then ((WY.V)[4/X])° = (VWV.V[A/X])° = (V[A/X])°, which by the
induction hypothesis is equivalent to V°[B/X]| = (VY.V)°[B/X].
3. It suffices to show this for V' <x r VX.U. Cases:

e VX.U = VY.V, then notice that (VX.U)° =q) (WV)e=Vve.
o V=VYY.W and VX.U = W[A/X], then
(VR0 =) (WIA/X))® =) WOB/X] = (VY. W)°[B/X] =) V°[B/X].
Proof of thg leqmma. U—>T = jU — T)°, by the intermediate result 3, this is equivalent to
(V- R)°[A/X] = (V — R)[A/X]. O

The following lemmas express the formal relation between the terms and their types.
Five generation lemmas are required: two classical ones, for applications (Lemma 4.1.12)) and

abstractions (Lemma 4.1.13)); and three new ones for scalars (Lemma 4.1.10]), sums (Lemma 4.1.11))
and basis terms (Lemma 4.1.14)).

Lemma 4.1.10 (Scalars). For any context I, term t, type T, if t =T F «a -t : T, there exist
Ri,...,R,, a1,...,0, such that

o I'= Z?:l (673N Rl
o T =T'Ft:R;, with size(w) > size(m;), fori e {1,...,n}.

o D=
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Proof. By induction on the typing derivation

................................................................. Case S
FHt:T; Vie{l }
n n S
FF(Zai>-t Zaz T
i=1 =1
Trivial case.
................................................................. Case —

By the induction hypothesis there exist Si,...,S,, a1,...,a, such that
e T=R=>", 05
m =Tk t:5;, with size(n’) > size(m;), for i € {1,...,n}.
o D=

It is easy to see that size(w) > size(n’), so the lemma holds.

By induction hypothesis, there exist Ri,..., Ry, 81,...,8m such that
o T'= Z;nzl Bj- R
mj=TFa-t:R; with size(r) > size(m;) for j = {1,...,m}.

'Z 1B =1

Since size(m) > size(r;), then by applying the induction hypothesis again for all j = {1,...,m},
we have that there exist S(;,..., S(j,nj)’ Q1) - - -» Q(jny) Such that
o Rj =37 a0 S
o Ty =L Ft:Sg, with size(r;) > size(m(;;) fori € {1,...,n;}.
i Z’L 1 Od =
Given that I' -« - t : T, then
m m n m n
T=) B Ri=) B oua Sua=_ > (B xaga) - Su
j=1 j=1 i=1 j=1i=1
Finally, we must prove that 27:1 Yo (B X o) =
m n m n m m
DD (Bixaga) =D 8-> agy=) B a=a) fi=a
j=1i=1 j=1 i=1 j=1 j=1
— SN——
= =1
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n—1
Fl—a-t:Zai-Ui+an~VX.Un
i=1
By the induction hypothesis there exist Ri,..., R, U1, - ., im such that

o Yilioy Ui =300 py- Ry

o m; =T Ft: Rj, with size(n’) > size(nj), for j € {1,...,m}.

hd Z;n:1 By =
By applying [Lemma 4.1.1|for all j € {1,...,m}, and since ) ;" | a;-U; does not have any general
variable X, then R; =377 Bk - Vijk)-
h,
Hence 3 1, a; - U; = Z;nzl TP Bk - Ve
By |[Lemma 4.1.4] there exists (e, f) € {(4,k) | j € {1,...,m},k € {1,...,h;}} (without loss of

generality, we take (e, f) = (m, hy,)) such that

n—1 m—1 h; hm—1
Zai'Ui-i-OénVXUn = Z ,uj’z Bk - Vg Thm: ( Z Bimk) * Vimgk) + Bm,hm) 'VX-V(m,hm)>
i=1 =1 k=1 k=1

~~

R, = Rj,

We must prove that 't : R,

hm
Since T'Ft : Z/B(m,k) Vimy and X ¢ FV(T), then by [Lemma 4.1.5, 7" =T -t : R].
k=1

Then, -
mi=TFt:R;Vje{l,....m—1} 7" =TkFt:R],
m—1 S
ko t: Y R+ pm- Ry,
j=1

= S oy UitanVX.Un

Finally, we conclude by = rule that r =T F - t : Z?:_ll a; - Ui + oy - VX .U, where size(m) >

size(m;) for all j € {1,...,m — 1}, and size(r) > size(n”).
................................................................ Case VE Y
n—1
' =TFat:Y o U+an VXU,
i=1
n—1 VE‘
Fl—a-t:Zai-Ui—i—an-Un[A/X]
i=1

By the induction hypothesis there exist Ri,..., Rm, U1, - ., im such that
o Y i Uit o - VXUp =Y - Ry

o m; =T F t: Rj, with size(n’) > size(n;), for j € {1,...,m}.
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o Ditiky =
By applymgm for all j € {1,...,m}, and since ZZ 1 @ - Ui + ay, - VXU, does not
have any general variable X, then R; Ek B M) Viik)-

Hence Zi:l a; - Ui+ an - VX.Uy = Zj:l Ky Zk:l By - Viik)-
Without loss of generality, we assume that all unit types present at both sides of the equivalence

are distinct, then by [Lemma 4.1.3, n = Z;”Zl hj, and by taking a partition from {1, ..., Z;n:l h;}
(defining an equivalence class) and the trivial permutation p of n such that p(i) = i (which we
will omit for readability), we have

o o = ,u[z] X Yi, where Yi = B([Z],ﬁ)

[ Uz EV(hLﬁ)’ if 4 #n
e VX.U, = V(["L[%])’ SO V([”]vﬁ) =VX.W'.

Notice that ([n], ﬁ) = (m, hy,), then

hj R —1
Zaz Uit an VX.Uyp = Z g - Z/Bj,k) V]k + - < Z B(m,k) ’ V(m,k) + /B(m,hm) ’ VXW/>

7j=1 k=1 k=1
Rj = Rm

By [Lemma 4.1.4] there exists (e, f) € {(j,k) | 7 € {1,...,m},k € {1,...,h;}} (without loss of
generality, we take (e, f) = (m, hy,)), such that

m—1 h hm—1
ZoaU—i-Ozn A/X EZM]ZB],M +Mm<z Bmk‘ mk +/3mh W/[A/X]>
k=1

j=1

Rj = R!

m

We must prove that I'Ft: R,
Since I' -t : R, then by [Lemma 4.1.5, 7/ =T Ft: R .

Then,
mj=TFt:R;jVje{l,....m—1} 7" =TkFt:R],
m—1
Thot: Y R+ pm- Ry,
j=1

S apUtan -Un[A/X]

Finally, we conclude by = rule that 7 = T' - «a -t : Z?:_ll a; - Ui + ay - Uy[A/X], where
size(m) > size(m;) for all j € {1,...,m — 1}, and size(r) > size(n”). O

Lemma 4.1.11 (Sums). IfI'Ft+1r: S, there exist R, T such that
e S=T+R.
e 't :T.

e I'Hr:R.
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Proof. By induction on the typing derivation
................................................................ Case +I

I'tt:T T'Fr: R
I'Ft+r:T+R

+7r

THt+r:P S=P
I'Ft4+r:S o

By the induction hypothesis, S = P =T + R.

................................................................. Case 1E
m=I'F1-(t+r):T
'Ft4+r:T
By there exist Ri,...,Rm, B1,..., 8m such that
® TEZ?LBJ"RJ"
o m; =I'Ft+r: R; with size(r) > size(rw;) for j € {1,...,m}.
® Z;'nzlﬁj =1

Since size(m) > size(m;), by applying the induction hypothesis for all j € {1,...,m},

1g

* Rj =531+ 552

o TFt: Sy

e 'Fr:S3o.
Then,

T=) B-Ri=> B (S41+562) =8 Sen+ 2,8 Sua
J=1 Jj=1 7j=1 j=1

We can rewrite T' as follows:
Pl:zﬂj's(j,l) P2=Zﬁj'5(j,z) T=P +P
Jj=1 j=1

Finally, we must prove that Tt : P and ' Fr: Ps.
Since I' =t : S(j1) and ' Fr: S(;9) for all j € {1,...,m}, applying the S rule in both cases we
have

F"tS(%l) VJe{l,,m} g ]._‘I_tS(J’Q) Vje{l,,m}
'e1-t: P '1-r: P

S
Applying the 1g rule to both sequents, we have
I'Ht: P I'kr: P

Finally, by =rule, 't +r: T.
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n
Fl‘t—i—l‘:zai-Ui
=1

\

n—1

I’l—t+r:Zai~Ui+an-Vn
i=1

Rules Vi and Vg both have the same structure as shown above. In any case, by the induction

hypothesis 't : T and TkFr: RwithT+R=>" ;- U;.
Then, there exist N,M C {1,...,n} with NUM = {1,...,n} such that

T = Z o; - Ui + Z ol - Us and R= Z a; - U; + Z ol - U
iEN\M iENNM N N

where Vi € NN M, o + o = a.
Therefore, using = (if needed) and the same V-rule, we get three possible cases:

l.ne N\M

In this case, then 't : T = Zie(N\M)\{n} o Ui + > ienom @ - Ui + ay - Uy, and by

applying the V-rule, we get I' =t : T = 37\ ny @ Ui + 2iennn @ - Ui + o -

andT'Fr: R= ZiEM\N ;Ui 4+ iennm @ - U

2.ne M\ N
Analogous to the previous case.

3. neNNM

In this case, then ' H t : T = ZieN\M a; - U + EiE(NﬂM)\{n} o - U + o)

Vi

- U, and

'kFr:R= ZieM\N a; - U; + Eie(NmM)\{n} o Ui + o - Uy, and by applying the V-rule,

weget 't T =3 v @ Ui + 2ievamngny & - Ui +ag - Vyand I'E re

ZiGM\N) ;- Ui+ Zie(NﬂM)\{n} o Ui+ ap - V.

Lemma 4.1.12 (Application). If T' - (t) r : T, there exist Ry,..., Rn, 1y« fhs Vi, ..

such that T = Zzzl i - R, Zzzl ur =1 and for all k € {1,...,h}
e 'Ht: Zz 1ak1) VX(U—)T(;M))
o D'br: Y™ By ULy )/ X].

o 2k }”:’“1 1) % Biig) Ty Ay / K] Zwr Ree

Proof. By induction on the typing derivation

................................................................ Case —E

Tht:Y o VX.(U—T) Thr:» B UlA;/X]
i=1 Jj=1

Zzazxﬁj Ti[A;/X]

=1 j=1

Take i1, ..., pp such that 22:1 pr = 1, then

n

n m h m
ZZaiXB] 1A/ X] :Zuk ZZQ x Bj - Ti[A;/ X]
k=1

i=1 j=1 i=1j=1

R =

O]

Vh
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So this is the trivial case.

'E(t)r:P S=P
FE()r:S

By the induction hypothesis, there exist Ry,..., Rp, f1,-- ., th, V1,..., Vp such that P = § =
Zzzl - Ry, Ezzl pur =1 and for all k € {1,...,h},

o Dht: 30 agy VXU = Tir)-
e 'Fr: Z;n:kl ﬂ(k,j) : U[g(k,j)/i]'
o SIS iy X Biig) - Tiniy [Ak,)/X] 2vr R

So the lemma holds.

1g

By [Lemma 4.1.70] there exist Ry,..., Rp, g1, .., p such that
. Tzzzzlpk-Rk.
o 1, =IF (t) r: Ry, with size(n) > size(my), for k € {1,...,h}..
° ZZ:l Mk = 1.

Since size(m) > size(my), we apply the inductive hypothesis for all k£ € {1,...,h} (and omiting
the k index for readability), so there exist Si,...,Sp, m1,...,mp, Vi,...,V, such that R =

Zgzl g - Sq» Zgzl ng =1 and for all ¢ € {1,...,p},
o It:> M, Q(g,) VX (U — Tig.0))-
e 'tr: E;n:ql Bia,j) - U[j(q,j)/f]'

o S Y gy X Biagy - T [Aiady/ X] Zvar S

Then
h h Pk h  Dpr
T=) e Be=) D kg Seay = D1 D (1 X k) - Sirg
k=1 k=1 ¢=1 k=1gq=1
Finally, we must prove that i Dok (e X Neg)) = 1,
h Pk h Dk h
DD (e x M) = D pnc D Mgy = Dbk =1
k=1 g=1 k=1 =1 k=1
=1
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................................................................. Case VI
o =TF( ZaaV X ¢ FV(D)
a=1
b—1 VI
Th(t)r:Y o0 Votop VXV
a=1

By the induction hypothesis there exist Ry,..., Ry, u1,..., s, Vi,--., Vs such that Zzzl g -
Vo = 2221 pg - Ry, Zzzl pr =1 and for all k € {1,...,h},

oFI—r:ZJ " Bk,j) - U[ /X]

o 2T T A X Bikg) - Tok [ Aok /X] Swer Rie
By and since 22:1 04 -V, does not have any general variable, then for all k €
{1,...,h}, R = 3% ) - W(k,c)é
Hence 2221 a0 Vo = ZZ::[ Lh - Zcil N(k,e) W(k,c)'

Then by [Lemma 4.1.4] there exists (e, f) € {(k,c) | k€ {1,...,h},c € {1,...,dr}} (without loss
of generality, we take (e, f) = (h,dp)) such that

b—1 1 dy, dp—1
Z 0o Vatop-VX.Vy = Z o Z Nike) * Wik,e) THn- ( Z Nhe) " Wine) T Nhdy,) - VX-W(h,dh)>
k=1 c=

a=1 c=1

Ry R;z

Finally, we must prove that Y ") > 7" sy X Binj) - Tin,i) [g(h7j)/f] =y r R}.
Notice that Ry, =y,u(x},r I}, then by definition of <, taking V} = V), U {X},
Do 200 Ay % Bng) - Tiniy Ay /X] 2y 0 By,

................................................................ Case VE
b—1
Th(t)r:Y oa-Votop VXV
a=1
b—1 VE
TH(t)r: Y oq-Vatoy Vo[A/X]
a=1

By the induction hypothesis there exist Ry,..., Ry, p1,-.., n, V1,..., Vyp such that Z _1 g -
Vaotop VXV, = Zk 1 Mk Rk,zk 1uk—1andforallk€{1 },

e 'Ht: Z Qg5 VX(U—)T(;H))
o Thr: Y™ By - Uldp/X].
o ST T A X Bikg) - Tk [ Aok )/ X] Sver Rie

By [Lemma 4.1.1} and since 22;11 0q - Vo + op - VXV, does not have any general variable, Ry =
d

21 k) - Wike)-

Hence >0} 00 Va+ 03 - VXV = S0y - Sy Ny - Wikie)-

Without loss of generality, we assume that all unit types present at both sides of the equivalence
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are distinct, then by [Lemma 4.1.3) b = 2221 dy, and by taking a partition from {1, ..., Zzzl di}

(defining an equivalence class) and the trivial permutation p of b such that p(a) = a (which we
will omit for readability), we have that

® 04 = H[q] X Ya, Where 7, = n([aLﬁ)'

o V, = W([dLﬁ)’ if a # 0.

XV, = =VX.W'.
oV Vb W([H:ﬁ)’ SO W([b],ﬁ) vYX.W
Notice that ([b] ﬁ) (h,dp), then
b—1 h—1 dp—1
Zaa-Va+0b'VX-Vb Zuk Zﬁ(kc *Wik,e) Tn: (E Nhe) " Wine) T Bihdy) - fOT'allX-W'>
a=1 c=1
Ry Ry,

By [Lemma 4.1.4] there exists (e, f) € {(k,c) | k € {1,...,h},c € {1,...,dy}} (without loss of
generality, we take (e, f) = (h,d})) such that

b-1 h-1 dp—1
Y o VatopVilA/X] = ZH] ZU ko) " Wik,e) Thn ( Nhe) " Winse) + Bihdy) - W/[A/X]>
c=1

a=1

Ry, R;z

Finally, we must prove that y ;" Tzhl iy X Bingy - Tin, 1)[ /X] <y r R}
Notice that Ry, <y, r Ry, then taking V; =V,
2o 205 gy X Bing) - Tty [Ang) /X] 2,0 By, O

Lemma 4.1.13 (Abstractions). If I' = Ax.t : T, then there exist Ty,...,T,, Ri,...,Rp,
Ui,...,Upn, ai1,...;an, Vi,...,Vy such that T = > " o - T3, >0y = 1 and for all i €
{1,...,71},

(] F,x:UZ-I—t:R,-.
o Uy — R =2y, 1r T;.
Proof. By induction on the typing derivation

................................................................ Case _>I

Iz:UFt: R
%
'FXt:U—R

Trivial.

I'FXxt:R R=T B
I'FXzet: T -

By the induction hypothesis, there exist 11, ..., Ty, R1,..., Ry, U1, ..., Un, 1, ..., n, Vi,..., Vn
such that T=R=3Y" 0;-T;, > ya; =1 and for all i € {1,...,n},
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[ ] F,Z‘UZFtRl
o U, — R, 2y, r T;.

So the lemma holds.

m=0IF1-(Azt):T
I'HXzt: T

By there exist Ri,..., Rm, B1,..., 8m such that
[ J TEZT:lﬁlRJ
o m =I'Ft:R;, with size(m) > size(m;), for j € {1,...,n}.
[ ] Z?:l Bz =1.

Since size(m) > size(;), by induction hypothesis, for all j € {1,...,n} there exist S(; 1y,...,S

1g

Py Bm)s UG5 Uliing)s 0G0+ -5 Ming)s Vs> Vg Such that By = i Gy
Sy 2ait1 MGy = 1 and for all i € {1,...,n;},
[ ] P,x : U(],’L) [ t: P(],’L)

* Uiy = Pli) 2v;..0 SG0)-

Then we have

m m nj m 7
T=Y 6 Ri=Y Bi-Y nua Suan=p_ 2 (B xmGa) - Sga
j=1 j=1 =1 j=1i=1
Finally, we must prove that 377", S (B xngay) =1
m Ny m nj m
ZZ(B]' X i) = Zﬂj : Zﬁ(j,i) = Z@' =1
j=1i=1 j=1 =1 j=1
=1

n—1

Azt Y Y Vit - W
k=1

V-rules (V; and Vg) both have the same structure as shown above. In both cases, by the
induction hypothesis, there exist T1,...,Ty, Ri,..., Rm, Ur,....Un, a1,...,m, V1,..., Vi
such that > 0 - Ve =>t 05 - T3, Yo" ya; = 1 and for all ¢ € {1,...,m},

e z:U;Ft: R,

e U, —> R; jVi,F T;.
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By [Lemma 4.1.1} and since > ;_; 7% - Vi does not have any general variable X, then T;
bi . . W/

a1 Bisa) (4,a)"

Hence > o vk Ve =D ity 0y - Zi’jzl Biia) - W(/i,a)‘

By [Lemma 4.1.4] there exists (e, f) € {(i,a) | ¢ € {1,...,m},a € {1,...,b;}} (without loss of

generality, we take (e, f) = (m, by,)) such that

n—1 m—1 b; bm—1
Z Yoo Vi +9n - Wi = Z @i > Blia) - W(/i,a) + Uy, - ( Z Bmya) * W(’m,a) + B(m,bm)-w(’;n bm)>
k=1 i=1 a=1 a=1 '

= Ti = T,,’n

Finally, we must prove that Uy, — Ry, 2y T, for some V).
Since Uy, — Ry 2y,,.r Trn and Ty, Zyr ¢ Ty, then by < and using V;,, = Vi, UV, we conclude
that Um — Rm jy;mp T,fn O

Lemma 4.1.14 (Basis terms). For any context I', type T' and basis term b, if ' =b : T there
exist Uy,..., Uy, ay,...,a, such that

e T=3", 0a;-U.
e I'tb:U, forie{l,...,n}.
[ ] 2?21041':1-

Proof. By induction on the typing derivation

................................................................. Case ax

Fxe:UFt:T
Tt U—=T

ax
Ne:Ukax:U

Trivial cases.

By the induction hypothesis, there exist Uy,...,U,, ai,...,a, such that
e T=R=>",0;-U,.
e I'Fb:Uj, forie{l,...,n}.
o> ijai=1

So the lemma holds.

By there exist Ri,...,Rm, B1,..., 8m such that

o T'=37"1 0 Rj.
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o > Bj=1,and m; ='Fb: R; with size(r) > size(r;) for j = {1,...,m}.

[ ] ZT:IIBJ =1.

Since size(m) > size(m;), by induction hypothesis, for all j = {1,...,m} there exist U; 1, ..., U
Q(j1)s - - X(jn,) Such that

o Rj =31 a4 Uja-
e I'Fb: U(],z)a for 7 € {1,,71]}

o« >V L) = 1.

Then
m m j m 7y
T=) Bi-Ri=) B ) oG Usy=D_ > (Bixagy) Uy
j=1 j=1 i=1 j=1i=1
Finally, we must prove that 3 7" S (B % o) = L
m Ny m nj m
YD Bixagy) = B Y agy=) Bi=1
j=1 i=1 j=1 i=1 j=1
=1
.................................................................. Case v
TEb:> Vi
k=1 v
n—1
TEb:> Vit Wa
k=1

V-rules (V; and Vg) both have the same structure as shown above.
In both cases, by the induction hypothesis, there exist Uy, ...,U,, ai,...,a, such that

e I'tb: U, forie{l,...,n}.

[ ] Z?:l oy = 1.

Without loss of generality, we assume that all unit types present at both sides of the equivalence
are distinct, so by then m = n and there exists a permutation p of m such that
for all i € {1,...,n}, then V; = U,;) and v; = ayy(;), which means that 7, v, = 1.

Finally, we know that I' - b : V,,, and by applying the corresponding V rule, we have that
'kb:W,. O

The following lemma ensures that by substituting type variables for types or term variables
for terms in an adequate manner, the derived type is still valid.

Lemma 4.1.15 (Substitution lemma). For any term t, basis term b, term variable x, context
I', types T, U, type variable X and type A, where A is a unit type if X is a unit variable,
otherwise A is a general type, we have,

1. ifTHt:T, then T[A/X] F t: T[A/X];
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2. ifT,e:UkFt:T andT'Fb:U, thenT - t[b/x]: T

Proof.
Item (1) ......................................................................................................................................

Induction on the typing derivation.

ax
Tz:U:kxz:U
Notice that I'A/X],z : U[A/X] F x : U[A/X] can also be derived with the same rule.
................................................................ Case _>I

Tx:UkFt:T
I'tXet:U—>T

—7

By the induction hypothesis I'|A/X],z : U[A/X| F t : T[A/X], so by rule —, I'[A/X]| F Az.t :
UA/X]| = T[A/X] = (U — T)[A/X].

TEt:) o -VY.(U—T) Thr: Zﬂj [B;/Y]
i=1

ZZO&ZXﬁ] J/Y}

=1 j=1

By the induction hypothesis T[A/X] -t : (321, o;-VY .(U — T;))[A/X] and this type is equal to
SI oY (U[A/X] - Ti{A/X]). Also T[A/X] F (S5, 85 - ULB;/P)[A/X] = S ;-
U[B;/Y][A/X]. Since Y is bound, we can consider ¥ ¢ FV(A). Hence U[B;/Y]|[A/X] =
U[A/X][B,[A/X]/Y], and so, by rule — g,

IA/ X+ ZZ@ x B - TilA/X][B[A/X]/Y]
ZZ% x BT, J/Y])[A/X]
................................................................. Case VI

Ikt: Zal U Y ¢ FV(T)

n—1
Tht:Y) o Ui+ an - VYU,
i=1
By the induction hypothesis FA/XIFt: (O 0 - Ui)[A/X] =01 o - Ui[A/X]. Then, by
rule V7, M[A/X] F t: Zl L o UilA/ X+ oy - VYUL[A/X] = (Z?z_ll a; Ui+ oy, - VY.U,)[A) X].
Since Y is bound, we can consider Y ¢ FV (A).
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n—1
I‘I—t:Zai-Ui—i—an-VY.Un
=1

VE

n—1

THt:Y ai-Ui+ay- Uy [B/Y]
i=1
Since Y is bound, we can consider Y ¢ FV(A).
By the induction hypothesis T[A/X] F t : (X0} ay-Us+an VYU, [A/X] = S0 i Ui [A)/ X+
ap - YY.U,[A/X]. Then by rule Vg,
T[A/X]Ft: 30 ai - Uf[A/X] + a, - Un[A/X][B/Y]. We can consider X ¢ FV(B) (in other
case, just take B[A/X] in the V-elimination), hence

Za, A/ X] + - Un[A/X][B)Y] = Zaz A/ X] + oy, - Un[B/Y][A) X]

= (Zaz Ui + an - Up[B/Y])[A/X]

THt:T,Vie{l,...,n}

'k (zn:OQ) 'tZEn:Oéi'Ti
i=1 =1

By the induction hypothesis, for alli € {1,...,n}, T[A/X]|F t: T;[A/X],sobyrule S, T[A/X]| F
(imy i) -t 200 i T[A/X] = (320 o - Th)[A/X].

................................................................ Case +I

I'tt:T T'tr: R
I'tt+r: T+ R

+1

By the induction hypothesis I'A/X| F t : T[A/X] and T'[A/X] F r : R[A/X], so by rule +7,
IMA/X]Ft+r:T[A/X]+ R[A/X] = (T + R)[A/X].
................................................................. Case = N

I'Et: T T=R
I'Ht: R

By the induction hypothesis I'lA/X] -t : T[A/X], and since T' = R, then T[A/X]| = R[A/X],
so by rule =, T'[A/X] Ft: R[A/X].

By the induction hypothesis I'[A/X]F1-t: T[A/X]. By rule 1g, I'A/X] -t : T[A/X].
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Item (2) ......................................................................................................................................
We proceed by induction on the typing derivation of 'z : U Ft : T.

................................................................. Case ax

ax
Fx:UFt:T

Cases:

e t=x,then T =U,and so'Ft[b/z]: T and I' - b : U are the same sequent.

e t = y. Notice that y[b/z] = y. By Lemma|Lemma 4.1.2/ T 2 : U F y: T implies 'y : T

xz:Uy:VFEr:R
4)
z:UFXxAyr:V — R

Since our system admits weakening (Lemma 4.1.2)), the sequent I';y : V = b : U is derivable.
Then by the induction hypothesis, I';y : V F r[b/z] : R, from where, by rule —, we obtain

I'F Ay.r[b/x] : V — R. We conclude, since A\y.r[b/z] = (Ay.r)[b/z|.

I

................................................................ Case —E

Lo:Ubr:Y o VY.(VoT) Da:Ubu:d ;- V[B/Y]
i=1 j=1

Do:Uk(r)u:Y > a;ix B Ri[B/Y]
i=1 j=1

By the induction hypothesis, T' F r[b/z] : 37 a; - VY .(V — R;) and T' F u[b/z] : > By
V[B/Y]. Then, by rule —p, ' r[b/a] ulb/z] : 30 27 | o x B - Ri[B/Y].

................................................................. Case VI

—E

Too:Ukt:Y o;-V; Y ¢ FV(T)UFV(U)

=1

Vi

n—1
Do:Ubt:Y o Vit VWV,
i=1
By the induction hypothesis, T' - t[b/xz] : 27| a; - Vi. Then by rule V7, T'F t[b/z] : 377 a; -
Vi 4+ an - VY.V,

n—1
Doz :Ukt: Y o Vit oy VYV,
i=1

VE

n—1
T,z :Ukt:Y o Ui+ an-Un[B/Y]
=1
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By the induction hypothesis, T - t[b/z] : 3" o - Vi + v, - YY.V,,. By rule Vg, T+ t[b/z] :
S ai Vit an - Va[B/Y.

Coe:UkRt:T;Vie{l,...,n}

F,:C:Ul— <iaz> -t:iai-Ti
i=1 i=1

By the induction hypothesis, for all i € {1,...,n}, I' - t[b/z] : T;. Then by rule S, I' I
(i1 i) - t[b/a] : 3oL, i - Ty Notice that (325, o) - t[b/z] = (3252, i) - £)[b/x].
................................................................ Case +I

Nz:UFr:R Iz:UkFu:S
I''z:UFr+u:R+S

+7

By the induction hypothesis, I' - r[b/z] : R and I' + u[b/z] : S. Then by rule +;, I' -
r(b/z] + ulb/z] : R+ S. Notice that r[b/z] + u[b/z] = (r + u)[b/z].
................................................................. Case =

Fx:UFt:T T=R
I'z:UFt:R -

By the induction hypothesis, I' - t[b/z] : R. Hence, by rule =, T'F t[b/z] : T.

................................................................. Case lE

Fx:UF1-t:T
Fx:UFt:T

E
By the induction hypothesis, I' - 1 - t[b/x] : R. Hence, by rule 1z, I' - t[b/xz] : T O
We introduce the equivalence relation between contexts.

Definition 4.1.16. The equivalence between contexts I' = 1" is defined by v : A € T if and only
if there exists x : A’ € I such that A= A’.

4.2 Proof

We state the Subject Reduction theorem and prove that X°°* satisfies it.

Theorem 4.2.1 (Subject Reduction). For any terms t,t', any context T' and any type T, if
t =t andT+t:T, thenT -t/ :T

Proof. Let t =+t and I' -t : T, we proceed by induction on the rewrite relation:

................................................................ G'I'Oup E

............................................................ Case 1t =t
Consider I' =1 -t : T, then by 1g rule, then I' -t : T'.
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................................................. Case - (/3 . t) - (Oé X 6) -t

Consider 1 =T+ a - (B -t) : T, then by applying [Lemma 4.1.10, there exist Ry,..., R,
at, ..., o, such that

e T=3" 0;-R;.
o m;=0F (3 -t:R;, with size(n) > size(m;), for i € {1,...,n}.
o Yiii=a

By applying [Lemma 4.1.10] for all i € {1,...,n}, there exist S 1y, -+, S m.)s Ba1)s- -+ Blims)
such that

o R, = Z 1BG,5) * Sj)-
® T = I'Ft: 5’(

.Z /B,j) B

Notice that

i), With size(m;) > size(m(; j)), for j € {1,...,m;}.

n m; n n
Zai'zﬁ(w‘):Zai'ﬁzﬁ'zaiZﬁXa:axﬁ
~— ——
B a
Then applying the S rule,

' (axp)- Zal Zﬁ(w (1.5)

Since for all i € {1,...,n}, Z] 1 ﬁ )
we conclude that I' - (a X fp)-t

S(ij) = Ri, and since Y 1" | a; - R; =T, then by = rule,

............................................... Case a- (t + I.) S a-t +a-r

Consider I' F - (t + 1) : T, then by [Lemma 4.1.10| there exist Ry,..., Ry, a1,...,a, such
that

e T=3" 0;R;.
m=1TFt+4+r: R, with size(r) > size(m;), for i € {1,...,n}.
o Yii=a

Since size(m) > size(m;), then by [Lemma 4.1.11} for all i € {1,...,n}, there exist S; 1, S; 2 such
that

o ' l_ t: S(i,l)'
e 'Fr: S(i,Z)'

® Syt Su2 = Ri
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Then applying the S rule,

F"tS(%l) VZE{L,TL} Fl‘I‘S(Z72) VZG{L,TL}

I‘l—a-t:Zai-S(m) FFQ'PZZai'S(i,Q)
=1 =1
By applying the +; rule,
Fl—a~t:Zai-S(i71) Fl—a-r:zai's(i,z)
i=1 . :L=1 4
Fl_Oé‘t+Oé'rIZO&i'S(Z‘71)+Zai'S(i,2)
i=1 i=1

Notice that

Zai . S(i,l) + Zai . S(i,2) = Z 7 (S(i,l) + S(i,2)) = Zai -R; =T

i=1 i=1 =1 =1

Finally, applying the = rule, we conclude that ' a -t +a-r: T.

................................................................ G’I'Ollp F

............................................... Case a-t + ﬁ = (O{ _{_5) -t

Consider 'Fa-t+ -t :T.

For simplicity, we rename o = p1; and 8 = ug, then by there exist Sp, S5 such
that

e m =0Fpu -t:5.
e mo=I1F po-t:5.
e 51 +5,="T.
And by for k = 1,2, there exist R 1y, -5 Rkong)s V(k,1)s - -+ > Vkny) Such that
® Sk =3 Yk - Ry
o T = t: Ry, with size(my) > size(m(yy), for i € {1,...,ng}.
D Vi) = Mk
Notice that

n1 no
Zﬂ(u) + Zﬂ(z,z‘) =p1+pr=a+p
=1 i1

= = po

Then applying the S rule,
r-t: R(l,i) Vie{l,...,n1} Fl—t:R(gﬂ-) Vie{l,...,na}

S
ni n2
't(a+pB)-t: Z iy - Ry + Z 1(2,0) - B2
i=1 i=1

We also know that

ni na
Zﬂ(u) ‘R =51 Zu(zi) “Riaq) = 52 Si+ S =T
=1 =1
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Finally, we conclude by = rule that ' - (o + ) -t : T.

.................................................. Case a-t +t RN (Oé + 1) -t

Consider I' - o - t +t : T, then by there exist S1, S5 such that
er=IFao-t:5].
e I'FHt:5;.
e 51+ 5=T.
And by there exist Ry,...,R,, a1,...,q, such that
e Si=>1",0R;
o m;=0Ft:R;, with size(m) > size(m;), for i € {1,...,n}.
o > o=
Then applying the S rule,
FFt:R;Vie{l,...,n} ThEt:5S g

I‘I—(a—i—l)-t:Zai'Ri—i-SQ

i=1
We also know that .
Zﬂi‘RiEsl S1+S,=T
i=1

Finally, we conclude by = rule that '+ (e +1) -t : T.

.................................................... Case t +t N (1 + 1) -t

Consider I' -t + t : T, then by [Lemma 4.1.11] there exist 77,75 such that
e I'Ht:Ty.

e 't :T5.
[} T1—|—TQET

Then applying the S rule,
Fl—tITl F"tZTQ

F}_(l—{—l)tTl—i-Tg

Finally, by = rule we conclude that ' (14+1)-t: 7.

................................................................ Group B

.................................................... Case ()\xt) 'b —>t[b/.'13]
Consider I' + (Az.t) b : T, then by |[Lemma 4.1.12] | there exist Ri,...,Rp, f1,...

Vi,...,Vy such that T = 22:1 i - Ry, 22:1 ur =1 and for all k € {1,...,h},
o ')Azt h (ki) ‘VX'.(U = Tiriy)-
o THb: Y0 By - Uldp,/X):

o ST T A X Bikg) - Tok [ Aok )/ X] Swer Rie

s lhs

Francisco J. Noriega

39



Section 4.2 - Proof

For the sake of readability, we will split the proof:

1. We will prove that T,z : U[A(,y/X] F t : Typg[Ap,)/X], for all k € {1,...,h}, j €
{1,....m},i€{1,...,n}.

2. We will prove that T' - t[b/x] : T(y,[Ap,)/X], for all k € {1,...,h}, j € {1,...,m},
ie{l,...,n}.

3. We will prove that I' - t[b/z] : T

Item (1) ......................................................................................................................................

We will prove that T', x : U[j(k,j)/X] T [j(k7j)/X], forall k € {1,...,h}, j€{1,...,m},
ie{l,...,n}.

For simplicity, we will omit the k£ index, which would otherwise be present in all the types,
scalars and upper bound of the summations.

Considering Az.t is a basis term, by [Lemma 4.1.14] then there exist W1y,..., Wy, 71,...,7 such
that

o > N Wa=S i VXU = T).
o ' Ax.t: W, forae{1,...,b}.

b
* Za:l Yo = L.

Without loss of generality, we assume that all unit types present at both sides of the equivalences
are distinct, so by then b = n and there exists a permutation of n, p, such that
VX.(U — T;) = Wy and a; = ), for all i € {1,...,n}.

Since for all i € {I,...,n} we have I' I Az.t : VX.(U — T,), then by and
Lemma 4.1.3|, we know that I'yz : V; =t :.5;, and V; — S; =y, 1 V)_('.(U = T).

By applying [Lemma 4.1.9|7 then U = V;[B/Y] and T; = S;[B/Y], with Y ¢ FV(T).

Then, by [Lemma 4.1.15| and = rule, we have that T,z : U -t : T} for all i € {1,...,n}.

By |Lemma 4.1.8L since V; — S; <y, VX.(U = T;) for all i € {1,...,n}, then we know
X ¢ FV(I) and so by [Definition 4.1.16, ' = T'[C//X], for any C.

Therefore, by applying [Lemma 4.1.15 multiple times, we have I, z : U[[l}/X] -t Ti[A;/X] for
all je{l,...,m},ie{l,...,n}.

Following this procedure for all k € {1,...,h}, then we proved that I',x : U[/T(k’j)/X] Ft:
Ty [ A jy/X), for all k € {1,...,h}, j € {1,...,m}, i € {1,...,n}.

Item (2) ......................................................................................................................................

We will prove that T' - t[b/x] : T(k,i)[zéf(w)/X], for all k € {1,...,h}, j € {1,...,my}, i €

{1,...,n%}.
For simplicity, we will omit the k¥ index, which would otherwise be present in all the types,
scalars and upper bound of the summations.

Since b is a basis term, by [Lemma 4.1.14| there exist W{,..., W/ ni,...,n. such that
© Dam1a Wo=2200 8- Ul4;/X].
e I'Fb: W,/ forae{l,... ,c}.

o> Ma=1.
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Without loss of generality, we assume that all unit types present at both sides of the equivalences
are distinct, so by then ¢ = m, and there exists a permutation g of m, such that
U[4;/X] = W;(j) and B = 1), for all j € {1,...,m}.

Then, following Item (1), by applying we have that T F t[b/z] : Tj[A;/X] for all
je{l,...,m}, i€ {l,...,n}. Following this procedure for all k£ € {1,...,h}, then we proved
that T t[b/z] : Ty [Ajy/X], for all k € {1,..., A}, j € {L,....,m}, i € {1,...,n}.

Item (3) ......................................................................................................................................

Using the results of Item (1) and Item (2), and since in both items we already proved that for all
ke{l,....h}, 350 i = 377 Bj = 1, then by applying the S rule for all k € {1,...,h} (we
will omit the k index for simplicity, that will be present in all types, scalars and upper bound
of the summations),

IHtlb/z]: T, -[A‘-/X]We{1 Ln}, Yie{l,...,m}

S
re-1- tb/m:ZZazxﬁj A/X]
=1 j=1 1E
I'Ftlb/z] : ZZazxﬁj A/ X]
i=1 j=1

Since Yo%) ST ) X Bkg) - Ty [A(r)/X] Zwr Ri, then T'Ft[b/a] : R
Considering that Z w—1 Mk = 1, then by applying the S and the 15 rule again,

I'-tb/x]: Ry Yk € {1,...,h}

. S
TH1-tlb/z]:> - Ry
k=1 1
h E
T'tlb/z]: Y - Ry
k=1

Finally, since uy - Ry = T, we conclude by = rule that I' - t[b/x] : T
................................................................ Group A

.............................................. Case (t+r) u— (t) u-+ (I‘) u

Consider T' - (t + r) u : T, then by [Lemma 4.1.12 there exist Ry,..., Rp, f1,-- -, ln,
Vi,...,Vy such that T = Zzzl 1 - R, ZZZl pur =1 and for all k € {1,...,h}

o ThHt+1: 30 ag VXU = Tiky)-
e I'Hu: z;”:kl 6(k7j) . U[A‘]/X]
o >k j= 1a(kz X B(k.j) (k,i)[/f(k,j)/)z] =V B

We will simplify the rest of this proof by omitting the k£ index, which would otherwise be present
in all the types, scalars and upper bound of the summations. The rest of this proof then should
be applied to all k € {1,...,h}.

By [Lemma 4.1.11] there exist Sy, S such that
e 'Ht: Sl.
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e I'Fr: SQ.
¢ S1+ S =" -VX.(U = T)).
Hence, there exist N1, No C {1,...,n} with Ny U Ny = {1,...,n} such that

Si= Y @ VX.U-T)+ > n-VX.(U—T) and

1€N1\ N2 1€N1NNy
So= Y o VX.U-T)+ > n-VX.(U—T)
iGNQ\Nl 1€N1NN2

where for all i € Ny N Ny, n; + 1} = ;. Therefore, using = we get

Pht: Y o VX.(U—=T)+ Y n-VX.(U—T) and

iENl\NQ 1€N1NN2
Thr: Y o VX.(U—=>T)+ Y n-VX.(U—=T)
1€N2\ Ny 1€N1NN2

So, using rule — g, we get

Z Zazxﬁj Z anxﬂj Ti[A;/X] and

zGNl\NQJ 1 iEN1NN2 j=1
Z Zalxﬁj A/X Z meﬁj'j—‘i[jj/)?]
’LENQ\Nlj 1 i€N1NNgy j=1

By rule +; we can conclude

TF(t)u ZZaMBJ 4,/ X]

=1 j=1

Since S27%0 S iy X Bekgy - Ty [A(r,j)/ X] Zv,r Bi for allk € {1,..., b}, then by definition
of <, we can derive I' - (t) u+ (r) u: Ry.
By applying the S and 1g rules, then

Lk (t)u+ ()U‘Rka‘E{l Jk}

LE1-((t) Zﬂk Ry,

1g

Fl—(t)u+(r)u:2uk-Rk
k=1

Finally, by the = rules, then I' - (t) u+ (r) u: 7.
............................................. Case (t) (r+u) RN (t) r_|_ (t) u

Consider T' F (t) (r + u) : T, then by [Lemma 4.1.12] there exist Ry,..., Rp, f1,-- -, tn,
Vi,...,Vy such that T = Zzzl 1 - R, ZZZl pur =1 and for all k € {1,...,h}

e I'Ht:) 10y \V/X-(U_)T(k,i))'
el'Fr+u: ZT:’H Bk,j) - U[j(k,j)/j]-

o YT T A X Bikg) - Tok [Aew)/X] Swer Rie
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We will simplify the rest of this proof by omitting the k£ index, which would otherwise be present

in all the types, scalars and upper bound of the summations. The rest of this proof then should

be applied to all k € {1,...,h}.
By [Lemma 4.1.11] there exists S, So such that

e I'Fr:5;
e 'Fu:5
o S1+8=3"" B UA;/X]

Hence, there exist N1, No C {1,...,m} with Ny U Ny = {1,...,m}, such that

S UK Y g ULA/R] and

jENl\NQ JENINN2
Z Bi-U ]/X Z 77k] J/X]
1€N2\ N1 JEN1NN2

where for all j € N1 N Na, i + nfﬁj = B;. Therefore, using = we get

S 5-UA/E+ Y myULA/E) and

jENl\NQ JENINN2
Z Bi-U A /X Z 77k3 A /X]
JEN2\N1 JENINN,

So, using rule — g, we get

FI—(t)r:Z Z a; x B - Ti|A;/ X+Z Z Qi X Mgj - Ti[A;/X] and

i=1 jGNl\NQ i=1 jEN1NN2
n n

w:y Y aix B -TA/XI+Y Y aix, - T[4/ X]
i=1 jENZ\ Iy i=1 jENINNy

By rule 47 we can conclude

Tk (t)r ZZa,xﬂ] Ti[A;/X]

=1 j=1

Since Y *, ZJ 1 ki) X By Tiksi [A(kj /X] =y,.r R forallk € {1,...,h}, then by definition

ofj,wecandenvel“l—( )r+( ) u: Ryg.
By applying the S and 1g rules, then

Tk (t)r+ ()u'RkaG{l b}

IE1-((t) Zuk Ry,

1p
Fl—(t)r—i—(t)u:Zuk-Rk

Finally, by the = rules, then ' - (t) r + (t) u: 7.

................................................... Case (a-t) r— - (t) [ teeeseeeenesesssieniit e

Consider I' - (- t) r : T, by [Lemma 4.1.12] there exist Ri,..., Rp, 1, thy Vi,--os Vi
such that T' = Zzzl i - Ry, Zzzl pur =1 and for all k € {1,...,h}
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e, =TFa-t: ZZ 19k VX(U%T(kz))
e 'Fr: Z;nzkl Bk.j) - U[A(k,j)/X]'

o 2T k) X Bikg) - Tk [Agy /X] Zvir Bie

We will simplify the rest of this proof by omitting the k£ index, which would otherwise be present
in all the types, scalars and upper bound of the summations. The rest of this proof then should
be applied to all k € {1,...,h}.

By [Lemma 4.1.10] there exist S, ..., Sp, 71, ...,n such that
o " i VX.(U—=T) =" 17 Sa

o m=0Ft:5,, with size(m) > size(n,), for a € {1,...,b}.

b
s Za:l Na = Q.
Considering 37" | a; - VX.(U — T;) does not have any general variable X and that >>7" | o - VX .(U — T}) =
22:1 Na * Sq, then by [Lemma 4.1.1, S, = Zf;li1 Yae) " Viae)-
Without loss of generality, we assume that all unit types present at both sides of the equiv-
alences are distinct, so by [Lemma 4.1.3] then n = Zb_ dg, and by taking a partition from

a=1
{1,... ,2221 dq} (defining an equivalence class) and the trivial permutation p of n such that

p(i) = i (which we will omit for readability), we have

o« =) X 04, where o; = fy([,] i >
i
oVX.(U—)E)EV(H 2).
"

Take f(a) = Zz;ll de, s0 we rewrite S, = Zg“ 1Y) " Viae) as

fla)+da fla)+da .
Sa= Y oy V([ng) = Y 0, VX.(U—>Tp)
9=f(a) W =f@
Applying —f for all a € {1,...,b},
f(a)+da B
Tht: Y o0, VX.(U—T,) Thkr: Zﬁj U4/ X]
g=1(a) N
a)+da m £
Z Z (og % Bj) - Ty[A;/X]
g=f(a) 7=1
We rewrite Zg f(tf)l“ >ty (g x By) - TylA /X] = P,, then by applying the S rule we have

'E({t)r:P,Yae{l,...,b}

b
Fl—a-(t)r:Zna-Pa
a=1

Now we begin to unravel the final result

b b a)t+da m
Zna'PaEZTIa' Z Z (og X B) - g[[(j/)_(']
a=1 a=1 g=f(a) J
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Then,
F'Fa-(t)r: ZZ(%’ X ﬁ])TZ[/Y]/)_(']

Since Zzl:kl ;-nzkl(a(]m) X /B(k,j)) : T(k7l)[g(k’])/X] jvhp Rk, then for all & € {1,. . .,h}, I+
a-(t) r: Rg.
By applying the S and 1g rules, then

F'Fa-(t)r: Ry Vke{l,...,h}

S
h

THE1-(a-(t)r): > - Ry
k=1

h le
Fl—a-(t)r:Zuk-Rk
k=1

Finally, by the = rule, then '« - (t) r: T O
.................................................. Case (t) (@ T) = q- () T oo

Consider I' - (t) (a-r) : T, by [Lemma 4.1.12] there exist Ry,..., Rp, fi1y--+yfhy V1., Vi
such that T' = ZZ:l i - Ry, 22:1 ur =1 and for all k € {1,...,h}

o THt: M apy VX.(U — Tik,i))-
® T = I'Fa-r: Z;’l:kl ﬂ(k,j) . U[/T(k,])/)z]

o ST k) X Bikg) - Toriy [ Ak jy/ X] Zvir Bie
We will simplify the rest of this proof by omitting the k£ index, which would otherwise be present
in all the types, scalars and upper bound of the summations. The rest of this proof then should
be applied to all k € {1,...,h}.
By [Lemma 4.1.10] there exist Sy,...,Sp, n1,...,7 such that

o Y7L B ULA;/X] = Y110+ Sa-

o m;=TFr:S,, with size(m) > size(m,), for a € {1,...,b}.

b
hd Ea:l 77a = Q.

Considering Y 7" | 8;-U [A;/X] does not have any general variable X and that >y BpU [4;/X] =
Zzzl N - Sa, then by [Lemma 4.1.1) S, = Zzlil Yare) - Viae)-

Without loss of generality, we assume that all unit types present at both sides of the equiv-
alences are distinct, so by [Lemma 4.1.3] then m = 22:1 dq, and by taking a partition from
{1,... 72221 do} (defining an equivalence class) and the trivial permutation p of m such that
p(j) = j (which we will omit for readability), we have
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o Bi=mn1 X 05, where 0; =y, .. .-
Bi =y J j 7([317[%)

U[A;/X] = V<H )

Ih 1]

Take f(a) = 22;11 de, so we rewrite S, = Zgil Yase) " Viae) as

F(@)tda F(@) 4 o
Sa= Y. % Vg ) = > oy UlAy/X]
g=1(a) g=f(a)

Applying —p for all a € {1,...,b},

n f(a)-‘rda
THt:Y o -VX.(U—T) Thr: > o4-Ul4y/X]
=1 9=/(a)
n f(a)+da B
r: Z Z (a; x 0g) - Ti[Ag/X]
i=1 g=f(a)

We rewrite >, Z +da (0 X 0g) - Ti[ﬁg/f] = P,, then by applying the S rule we have

'F({t)r:P,Yae{l,...,b}

) S
FI—a-(t)r:Zna‘Pa
a=1
Now we begin to unravel the final result
a)+da
Zna Pa—zna Z Z (ai x ag) - Ti[Ag/ X]
=1 g= f

b f(a)+da m

EZ Z Z(aixn[g] X(Tg) Tl[ﬁg/)?]
a=1 g=f(a) j=1
b fla)+da m

EZ Z Zazxﬁg g/X]

a=1 g=f(a) j=1

EZZO&IX/BJ A/X]
=1 j=1
Then,
F'Fa-(t) r: ZZ@ZXBJ A/X]
=1 j=1

Since » 0% DT (k) X Br,g)) - T(k’i)[A'(kJ)/X] =y.r R, then for all £ € {1,...,h}, '
a-(t) r: Ry.
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By applying the S and 1g rules, then
'Fa-(t)r: Ry Vke{l,... ,h}

S
h

TH1-(a-(t)r):> - Ry
k=1

h Le
Fl—a-(t)r:Zuk-Rk
k=1

Finally, by the = rule, then 'F - (t) r: T
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Chapter 5

Other properties

__ Chapter Summary

We present the Progress property and we prove it is satisfied by X*. We also
formalise the concept of weight of terms and types, and prove that the weight of
normalized terms is the same as the weight of their types. [

property of Progress, satisfied by X [3| Theorem 6.1], which allows us to characterise
he form of the values. We prove that X°“* also satisfies this property.

WE present two additional properties that are satisfied by X°*. One of them is the
t

In this chapter we also formalise the concept of weight for both types and terms, which refers
to the sum of all the components of the vectors they model. From this definition we formulate
a new property, Weight Preservation, which guarantees that for any typed term F t : T, upon
normalizing t —* v, the weight of v is the same as the weight of T". This result provides a way
to statically characterise the weight of a term before it is reduced, by looking at the weight of
its type.

Plan of this chapter. In we prove the Progress property is satisfied by X°¢°*.
In we formalise the concept of weight of terms and types, and we state and prove
the property of Weight Preservation.

5.1 Progress

We state and prove the Progress property.

Theorem 5.1.1 (Progress). GivenV = {2?21 a; b+ 370 by | Vi, by # bj} and NF the
set of terms in normal form (the terms that cannot be reduced any further), then if =t : T and
t € NF, it follows thatt € V.

Proof. By induction on t:
................................ Case t = Z?:l o - bz + Z;’n:n—s—l bj | \V/’L',j, bz ?é bj

................................ Case t = Z?:l o - bz + Z;’n:n—s—l bj | El’i,j, bz _ bj

t ¢ NF, since at least one reduction rule from Group F can be applied.
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............................................................ Case t — (I‘) S

By induction hypothesis, we know that r =31, a; - b; + 3701, | b; € V. We consider the
following cases:

e If m >n+1orn # 0, then at least one reduction rule from Group A can be applied,
hence (r) s ¢ NF.

elfm=n+1andn =0, thenr = b,4; € V. Since FV(r) = ), then r = Az.r/, which
implies (r) s is a beta-redex or at least one reduction rule from Group A can be applied,
hence (r) s ¢ NF.

............................................................ CASE b = (u - T -vroteesresemssennesorssmimutitteesisiiiintteenssonnes

By induction hypothesis, we know that r = >""" | a; - b; + Z;n:m_l b; € V. We consider the
following cases:

e If m # n—+1orn # 0, then at least one reduction rule from Group E can be applied,
hence (r) s ¢ NF.

elfm=n+1l,n=0anda=1,thenr=b eV, butl-r=1-b— b, hence a-r ¢ NF.

elfm=n+1l,n=0anda#1,thenr=beVanda-r=a-beV.

.......................................................... Case t — t‘l + t2 eeevccsceessrssteessstssssarestsessasestsesesrsstserssrset

nk

By induction hypothesis, we know that t, =", ok bk + Zgn+1 bg‘? eV, with £k =1,2.

We consider the following cases:

o Ji,j / bz1 = b?, then at least one reduction rule from Group F can be applied, hence
t1 +to ¢ NF.

o Vi,j /bl # bJZ, then by definition of V, t1 + to € NF. O

5.2 Weight Preservation

As previously discussed, the objective of the system is to be able to model vector spaces. In
this context, we know that the basis terms represent base vectors, while general terms represent
any vector. From here, it follows that if v = a - by + 3 - by, then b; represents the vector [1, 0],
by represents the vector [0, 1], and v represents the vector [a, 8] = a-[1,0]+ 5+ [0, 1]. Therefore,
the weight of v should be a + 3, since that is effectively the weight of [«, 5].

This is analogous for types: the unit types represent base vectors (which is why they type
basis terms), and the general types represent any vector.

We proceed then to formalise the concept of weight of types and terms. It is worth mentioning
that our definition of weight for terms is not complete, in the sense that we define it inductively
and only consider the cases we need for our proof: the terms representing applications are not
included, since for Weight Preservation we are only considering the weight of value, which means

that all the application terms have already been reduced, due to

Definition 5.2.1 (Weight of types). We define the relation W (e): Type — Scalar inductively
as follows:

e W (U)=1.

Francisco J. Noriega 49



Section 5.2 - Weight Preservation

e W(a-T)=a W(T).
o W(T +R)=W(T) + W (R).

Example 5.2.2. Consider the type Y ;| c; - U;, then
i=1 i=1
i=1

Definition 5.2.3 (Weight of terms). We define the relation W (e): Term — Scalar inductively

as follows:
o W(b)=1.
o W(a-t)=a W(t).
o W(t+1)=W(t) + W(r).

Example 5.2.4. Consider the term ;" | «; - b;, then
n n
W (ZO&Z . bl') = ZO&Z" W(bz)
i=1 i=1
n
-y
i=1

Lemma 5.2.5. If T = R, then W (T)=W (R).

Proof. We prove the lemma holds for every definition of =

........................................................... Case 1 - T =T cooeeeererreeeeermmmm,

W(a-(8-T)) = a- W (B-T)= (ax B)- W(T)=W((ax §) - T)

............................................. Case - T + o - R =a- (T + R)

W(a-T+a-R)=W(a-T)+ W (a-R)
=aW(T)+a W(R)=a- W(T)+WI(R))
=a-W(T+R))=WI(a-(T+R))

.............................................. Case o - TJrB T = (a Jrﬁ) R ANNRTTTTPPPPRIIPPRRP PP

W(a-T+p-T)=W( - T)+W (B -T)=a W(T)+8 W(T)
=(a+8)- W(T)=W({(a+p)-T)

...................................................... Case T+RER+T

W (T + R)=W (T) + W (R)=W (R) + W (T)=W (T + R)

Francisco J. Noriega
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............................................. Case T+ <R+ S) = (T+ R) _|_ S et eeeteietieteeeiatiaetaetataaetaetatananann

W(T+ (R+5S5)=W(T)+W(R+S)=W(T)+W(R)+W(S)
=W(T+R)+W(S)=W({(T+R)+5)

Lemma 5.2.6. If-v =" a; b+, b : T, then W(T)=W (v).

Proof. We proceed by induction on n.

There are two possible escenarios:

e

In this scenario, consider m =F «q -by : T. By|[Lemma 4.1.10] there exist R1,..., R, 51,-..,8m
such that

o T'=37"1 0 R
o m; =I'F by : Rj, with size(m) > size(n;), for j € {1,...,m}.
o YiLiBj=an

Then by [Lemma 4.1.14] for each j € {1,...,m} (we will omit the j index for readability), there
exist Uy,...,Up, 01,...,0p such that

® REzzzlo‘k-Uk.
o I'FDby: Uy, fOI'kE{l,...,h}.

h
> v 0r=1

Then,
m m h]‘
T=) Bi-Ri=) 8- oGn Uyw)

j=1 j=1 k=1
Finally, by definition of W (e), we have
1 1

W (V) :W (Z (6738 bi> = Z (678 W (bl)
i=1 i=1
1 m m h;
:Zaz:alzzlgj:ZBj ZU(],k)
i=1 i=1 i=1 k=1
—— —
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o

In this scenario, consider - by : T. By there exist Uy, ..., Un, B1,---,Bm such
that

° TEZTﬂﬁk'UJ-
e I'by:Uj, for je{l,...,m}.
* Z;n:1 Bj =1
Finally, by definition of W (e), we have

W (v) =W (b)=1=) 3
j=1
2253 W(Uj)_w ZBJ Uj
7=1 7j=1

.......................................................... Induction Step

Consider now that - v = v/ + v/ : T, where v/ = 3% a; - b; + > j—kt1 bj and either

v'=f-b,or v = b. By we know there exists R and S such that
e =R+ S.
e 'V : R
e I'Hv":S.

By induction hypothesis, since - v/ = 3% ;- b; + > =gy by ¢ R, then W(R)=W (v'); and
since either v/ = - b or v/ = b, in both cases we know that W (S)=W (v”). Finally, and

considering by [Lemma 5.2.5 that W (T)=W (R) + W (S), we have

Theorem 5.2.7 (Weight Preservation). If -t : T and t —* v, then W (T)=W (v).

Proof. Since t —* v, by [Theorem 5.1.1|, v =" a;-bi+ 3" bj, where b; # b; for all
ie{l,...,n}, j€{1,...m}. Also, by [Theorem 4.2.1, we know then that - v : T'. Finally, by
Lemma 5.2.6, we know that W (T)=W (v). O
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Chapter 6

Conclusion

6.1 Summary

We have introduced X°“* and proved that it satisfies the standard formulation of the Subject
Reduction property , which guarantees that upon reducing a term, its type will
be preserved. It is worth mentioning that in the process of doing so, we faced several problems
regarding the changes we needed to make to the original X°¢ system. Indeed, one of the first
approaches we considered involved keeping most of the typing rules as in the original system,
adding subtyping. The main problem with such approach was that, besides making the system
more complex, the proofs became unnecessarily complex as well.

In the end, we realized that the property could be satisfied just by modifying the typing
rules, which yielded a simpler and more elegant system than the one we first devised. The
summary of the changes made to the original system is:

e We added the S rule, that deals with superposition of types of a single term:
FHt:T;Vie{l,...,n}

'k (Zn:ai)tizn:ai-ﬂ
i=1 i=1

e We added the 1 rule, to allow the removal of the scalar if said scalar is equal to 1:
'E1-t:T
I'Ht:T

S

1g

e We relaxed the V rules to only predicate over a given summand at a time, instead of all
the summands at once:

n n—1
THt:Y o-U; X ¢ FV(T) THt: Y o Ui+ an - VXU,
=1 i=1
n—1 vl n—1 vE
THt:Y o Uit an VXU, THt:Y Uit ay- Up[A/X]
=1 =1

e We removed the term 0, to avoid introducing typing rules just to handle the rewrite rules
associated with it in the Subject Reduction proof.

We were also able to prove Progress ([Section 5.1)), which allowed us to characterise the terms
that cannot be reduced any further. This particular result was very significant since it enabled
us to formalise the concept of weight of types and terms, and to prove that terms had the same

weight as their types (Section 5.2]).
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Section 6.2 - Future directions

6.2 Future directions

In the following paragraphs, we present some unproven intuitions of properties that we
believe can serve as a starting point for future work.

6.2.1 Strong Normalisation

In we mentioned that one of the properties satisfied by X°¢ was Strong Nor-
malisation. Since the main focus of our revision was to recover the standard formulation of the
Subject Reduction property, we did not prove if X*** satisfied the Strong Normalisation property
as well. However, we believe that X°°* satisfies this property since it could be possible to prove
the sequents of X°°* and X¢° are related:

IfI' =t : T, then there exists R such that I' =yt : R.

If that statement is proved, and since the terms in X°¢ are strongly normalising, then it follows
that the terms in X*®* must be strongly normalising as well.
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A.1 Interpretation of typing judgements

A.1.1 The general case

In the general case the calculus can represent infinite-dimensional linear operators such as
Az.z, A Ay.y, Ax. Af.(f) x,...and their applications. Even for such general terms t, the vectorial
type system provides much information about the superposition of basis terms ) _, o;-b; to which
t is reduced to, as proven in How much information is brought by the type system

in the finitary case is the topic of

A.1.2 The finitary case: Expressing matrices and vectors

In what we call the “finitary case”, we show how to encode finite-dimensional linear operators,
i.e. matrices, together with their applications to vectors, as well as matrix and tensor products.
The encoding of 2-dimensional vectors differs from that of X°¢, but the general encodings are
the same [3, 6. Interpretation of typing judgements|. We still show all the encodings in this
section.

In 2 dimensions

In this section we come back to the motivating example introducing the type system and we
show how X°“* handles the Hadamard gate, and how to encode matrices and vectors.

With an empty typing context, the booleans true = \z.Ay.x and false = Ax.\y.y can be
respectively typed with the types T = VXY X — (9 — X) and F = VXY X — (9 — 7). The
superposition has the following type F a - true + 5 - false : - 7 + 3 - F. (Note that it can also
be typed with (o + ) - VX.X — X — X).

The linear map U sending true to o - true + b - false and false to c¢-true + d - false, that is

true — a - true + b - false,

false — c - true + d - false

is written as
U= Mz.{((z) [a-true+b-false]) [c-true+ d - false]}.

The following sequent is valid:
FUVX(I=(@a-T+b-F)=T—=(c-T+d-F))—>1—-X)->X,

This is consistent with the discussion in the introduction: the Hadamard gate is the case a =
b=c= % and d = —%. One can check that with an empty typing context, (U) true is well
typed of type a - T + b - F, as expected since it is reduced to a - true + b - false:

(U) true = (Az. {((x) [a - true + b - false]) [c - true + d - false]}) (Az.\y.z)

=Az. ((((x) (Af.a-true+b-false)) (Ag.c-true+d-false)) (Az.z)) (Az.\y.z)
((Ax.Ay.z) (Af.a-true + b-false)) (Ag.c- true + d - false)) (Az.z)
((Ay.Af.a-true + b - false) (Ag.c - true + d - false)) (A\x.x)

(Mf.a-true + b - false) (A\z.x)

— a - true + b - false

—
—
—

Francisco J. Noriega 55



Section A.1 - Interpretation of typing judgements

The term (H) % - (true + false) is well-typed of type 7 +0 - F.

(H) (\}5 - (true+false)> Ly ( H) (;E -true>> + ((H) (\}5 . false))
< L (H) true) + Jli . (H) false)

—~

—

1

S

1 1 1
—* — . true + 3 false + 5 true — 5 false

N | =

— 1-true+ 0 - false
— true 4 0 - false
Since the term is reduced to true + 0 - false, this is consistent with the subject reduction.

But we can do more than typing 2-dimensional vectors or 2 x 2-matrices: using the same
technique we can encode vectors and matrices of any size.

Vectors in n dimensions

The 2-dimensional space is represented by the span of Azxizs.z1 and Axqixo.z9: the n-
dimensional space is simply represented by the span of all the Az - - .24, for ¢ € {1,...,n}.
As for the two dimensional case where

F oy Arize.x1 + ag - Ax1x0.29 : o - VX1 Xo. X1 + o - VX Xo. Xa,
an n-dimensional vector is typed with
n n
[ ZO&Z' AT T TG Zai VXY X X
i=1

i=1
We use the notations

n n
e = A\r1 - Tp.X4, E'=VX - XX
and we write
n
-e
term a1 1
a1 + n
: — Ce. = Z oy e?’
=1
an || +
Q- en
n
«
type 1 1
a1 + n
: = = > o -E!
=1
an || +
oy, - EP

n X m matrices

Once the representation of vectors is chosen, it is easy to generalise the representation of
2 X 2 matrices to the n x m case. Suppose that the matrix U is of the form

@11 o Oam

U =

Qpl -+ Qpm
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then its representation is

o1t - ey 1y, - €7
+ +
[Ulxm = Az.q || (@
+ +
| an1 ey | | € |
and its type is
[ oy - ET [ o1 - ET ]
+ +
[U]PPe = WX e - e - [X]| =X,
+ +
| an1 - Ej | | anm - Ej |

that is, an almost direct encoding of the matrix U.

We also use the shortcut notation
mat(ti,...,t,) = Az.(... ((z) [t1])...) [tn]

A.1.3 Useful constructions

In this section, we describe a few terms representing constructions that will be used later on.

Projections The first useful family of terms are the projections, sending a vector to its i

coordinate:
aq 0

(67 — (67

Qi 0

Using the matrix representation, the term projecting the i*" coordinate of a vector of size n is

i™" position \

p; = mat(0,---,0, e, 0,---,0).

We can easily verify that

0 0 o "
Fpi:| O 1 0
0 0o - 0
d nXxn
and that
n
(pr) (Z ;- e?) —" ay - €.
i=1
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Vectors and diagonal matrices Using the projections defined in the previous section, it is
possible to encode the map sending a vector of size n to the corresponding n x n matrix:

a1 a1 0

o, 0 o,

with the term
diag” = Ab.mat((p7) {b}, ..., (py) {b})

of type

type type

Qg a1 0
+ diag" : : —

« (0%
n n 0 n nxn

It is easy to check that

n

(diag") [Z a; - e?] —* mat(ay -ef,...,a, - €e))
i=1

Extracting a column vector out of a matrix Another construction that is worth exhibiting
is the operation
Qi - Qlp a1

Qm1 - Omp Qi

It is simply defined by multiplying the input matrix with the i*® base column vector:
col! = Az.(x)el

and one can easily check that this term has type

type type
Q11 o0 Olp a4

F col} : : : N

Qm1 - Qmp mxn Qg m

Note that the same term col}' can be typed with several values of m.
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