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Resumen 

'. :· 

El presente inform'e resume las tareas desarrolladas durante el n1edio ao sa.bá.tico desarro­
llado en el p"eríodo inencionado. Durante el inis1no visté la New '{ork University at Shang:hai 
(cuatro meses) y Stanford Uníversity (15 días). ' 

l. Visitas académicas 

l. New York Univesity at Shanghai, 1 de Septiembre de 2016 al 22 de Diciembre de 2016. 

2. Stanford University, 6 de Enero de 2017 a 21 de Enero de 2017 . 

2. Trabajo realizado 

Durante la visita a NYU Shanghai terminarnos la redacción de los artículos [13, 14]. Ambos 
han sido enviados para ser considerados para publicación en revistas internacionales con refera­
to. Asimismo, recibirnos un referato positivo del artículo [16] y trabajarnos en hs correcciones 
solicitadas por el referee que demandaron mucho más trabajo del esperado. El artículo será 
publicado en Stochastic Processes and their Applications. 

Paralelamente, trabajarnos junto con Vladas Sidoravicius (NYU-SH), Ruojun Huang (Stanford) 
y Amir Dembo (Stanford) en un nuevo proyecto denominado Lattice-free growth models [8] que 
describimos en la siguiente sección. Este trabajo fue lo que motivó tarnbin mi visita a Stanford 
en el mes de Enero de 2017. 

El t~rcer proyecto desarrollado en este período se denomina Tumor g_rowth Markov models [1.5]. 
Está'siendo realizado en colaboración con Krishnarnurti Ravishankar (New York St.~te Univer­
sity), quien visitó NYU-SH durante el mismo período. 

Por último, trabajamos junto con Matthieu Jonckheere y Juliá.n Martínez en el proyecto Hy­
drodynamíc limit and selection principie fo1· a bmnching-selection particle syst:em and the F-KP P 
eqv.iJ:tíon [12] que se encuentra en la etapa final ele redacción. 

3. Otros trabajos publicados 

En este período también se publicaron los artículos [l, 10] 

4. Proyectos 

4.1. Dinmica de poblaciones con seleccin natural 

La dimnica de poblaciones ha sido objeto de innumerables estudios desde el punto ele vista 
materntico. Entre ellos, una gra.n parte se ha dedica.do al estudio ele modelos que contemplan el 
fen111eno de seleccin natural: el proceso gradual por el cual rasgos biolgicos hereditarios se vuelven 
ms o menos comunes en una poblacin como una funcin del efecto de rasgos heredados en el xito 
reproductivo diferencial de los organis1nos que interactan con su entorno. Este mecanismo es 
clave para entender la evolucin. 
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Con la irrupcin de la gentica de poblaciones y la sntesis evolutiva moderna en los aos treinta 
del siglo pasado, el fenmeno de la seleccin natural pas a ser ampliamente aceptado y Junto con 
ello 1 los modelos n1ate1nticos cornenzaron a emerger. 1"'al es el caso de la rE;11ombrada ecuacin de 
F-KPP, introducida por Fisher en el ao 1937 e independientemente por Kolmogorov, Petrovskii 
y Pisknnov en el mismo ao [11, 18]. La ecuacin se lec 

av l a2v 
. at = 2 OX 2 + rf(v), X E IPI., t > 0, 

(1) 

v(O, x) = vo(x), x E IR. 

Asuma.mas para simplificar que f es de la forma f ( s) = s2 - s y nos restringimos a datos ini~ia.les 
vo que son funciones de distribucin de medidas de probabilidad en lPi.. 
Ms de dos mil artculos en revistas de primer nivel se han dedicado a estudiar distintos aspectos 
de esta ecuacin. Tanto Fisher por un lado como Kolmogorov, Petrovskii y Piskunov por el 
otro, probaron que esta ecuacin admite un nmero infinito de soluciones de tipo onda viajera 
v(t,:c) = Wc(X - et) que viajan a velocidad c. Este hecho es de alguna forma inesperado desde 
el punto de vista del modelado ya que uno esperara una nica onda viajera a la que converge la 
solucin independiente del dato inicial con el que se comienza. En palabras de Fisher [11, p. 359] 

"Common sense would, I think, lead us to believe that., though the velocity of 
advance might be temporarily enhanced by t.his method, yet ultimately, the velocit.y 
of advance would adjust. it.self so as to be the same irrespective of the initial eornli­
tions. If this is so, this equation nrnst omit sorne essential element of the problern, 
and it is indeed clear that while a coefficient of diffusion may represent the biological 
conditions adequately in places where large numbers of individua.Is of both tnies are 
available, it cannot do so at the extreme front and back of the advancing wave, where 
t.he numbers of the mutant and the parent gene respeet.ively are small, and where 
their distribution must be largely sporadic ". 

Fisher•propuso una forma de superar esta dificultad, relacionada con la representacin proba­
bilst.ica dada mas adelante por McKcan [21], basada en Movimientos Brownianos que ramifican 
(BBM). El principio general detrs de esto es que los efectos microscpicos deben ser tenidos en 
cuenta para describir correctamente el fenmeno fsico . 
Con Cl misn10 punto de vista, Brunet, Derrida y sus coautores [4, 5, 6, 7] con1enzaron en los 
aos n6venta un estudio meticuloso del efecto del ruido microscpico en la propagacin de frentes 
conjeturando cierta u11iversalidad de este fen111eno y sosteniendo esta conjetura con argun1entos 
heursticos y simulacio11es nurnricas. Esto dio lugar a una enorrr1e ca.ntidad de trabajos que 
estudian el cambio del comportamiento del frente de propagacin cuando los efectos microscpicos 
son tenidos en cuenta. 1a11to con argu1nentos heursticos y nun1ricos [4 1 5, 61 7, 17] como as 
tarnbin con pruebas rigurosas [2, 3, 9, 19, 20]. 
En este contexto, estudiamos una serie de sistemas de partculas que ca.en en esta clase de 
universalidad. Estudiamos sus propiedades y probamos que efectivamente pertenecen a esta 
clase, denominada clase de ·universalidad de la ecuacin F-KPP. Tbdos ellos son sistemas con N 
partculas en donde se presenta u11 mecanísn10 de ran1ificacin, uno de 111utacin y uno de seleccin. 
A continuacin menciona1nos dos de ellos. 

Supervivencia del ms apto Consideramos N partculas que se mueven de a.cuerdo a. Movi­
mientos Brownianos independientes. Cada una de ellas est asociada a un Proceso de Poisson de 
par111etro uno. A diferencia del modelo anterior, en los i11omentos en que s11ena. un reloj de Poís­
son, la part.cula involucrada elige a otra de las N - 1 partculas restantes y la menor ele ellas dos 
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toma la posicin de la mayor de ambas. Ciertamente este es un mecanismo de ramificacin-seleccin 
y se lo interpreta como el q11e el ms apto se rarnifica y el inenos apto rr1uere. Para este rnodclo 
probamos que la medida empírica converge, cuando ~N -r oo a una ec:u.acin macroscpica Imite 
que en este caso viene dada por la F-KPP (1). Es un desafo probar que lo mismo ocurre con 
procesos de Lévy ms genera.les. También probarnos que para cada N fijo, la nube de partículas 
se mueve asintóticamente (cuando t -+ oo) a una velocidad v N que es determinística y sólo 
depende de N. Más aún; estas velocidades son crecientes y VN / J2, la velocidad mínima! de 
la F-KPP. . 

Modelos de crecimiento de tumores En la misma !nea, junto con Krishnamurti Ravis­
hankar (NYU-Shanghai) trabajamos en el siguiente modelo. Denotamos con C~t(x), x EN) ar 
muero de partculas en el sitio x a tiempo t. 
Sea Q = (q(x, y), x, y E N) una matriz de tasas de un proceso de Markov a puro salto en N. 
q(x,O) = -(q(x,x) + L:xq(x,y)) es la tasa de absorcin desde el estado x . 

l. Las partculas evolucionan en forma independiente segn la matriz de tasas Q 

2. Las partculas son absorbidas en un estado que llamamos O a tasa Lx q(x, O) .. 

3. Se crean partculas en un estado, que llamamos 1, a tasa L:x/3(x)r¡,(x). 

Un caso de particular inters es cuando Q corresponde a un proceso de nacimiento y muerte. Este 
modelo ha sido utilizado para modelar el crecimiento de tumores bajo tratamiento. Nos interesa 
tambin particularmente el caso (3 ( x) = mx" for O < a s 1 por cuestiones de modelado. 
En [22] se prueba que bajo estas condiciones el proceso es supercrtico si y slo si 

Ao := fo00 

11(t)dt >l. 

Donde 
11(t) = 2.::fJ(x)IE(l{X[ = x}) 

X 

es la;tasa de creacin media. Ms precisamente, 

l. Ao < 1 =? IE77,(x) -+ O para todo x EN. 

2. Ao = 1 =? 1E77, ( x) converge a una constante . 

~- Ao > 1 =? IE77, ( x) crece exponencialmente. 

Pata este proceso espera.mas probar 

Caso supercrtico A0 > 1 

l. Existe <J > O tal que l77ile-ª' _,e> O cuando t -+ oo. 

2. 7)i(·)/1'7tl -+ v donde ves una medida de probabilidad en!':! que resulta ser la distribucin 
r.uasi-estacionaria. minin1al de Q. 

Caso subcrtico Ao < 1 

l. Extincin casi segura, es decir IP'(l77tl >O para todo t;::: O)= O. 

2. Existencia de medida cuasi estacionaria, es decir, existe una medida de probabilidadµ en 
NN tal que IP',,(>7t E Al l77tl 'f O)= ¡i(A) para todo A. boreliano de NN. . 

El caso crtico Ao = 1 es, como de costumbre, el ms dificil, pero esperarnos poder decir algo 
ta111bin en esta situacin. 
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4.2. J\ifodelos de crecimiento geométrico 

Dado un parámetro€> O, una función de densidad F(¡, ·)y un núcleo g: 3d-l -> JR.2'.0 simétrico 
y con ll9llL'(Sd-l) = 1 consideramos el siguiente proceso de Markov en'"el espacio de dominios 
estrellados con frontera parametrizada por ¡. Dado 'Yt se espera un tiempo exponencial T de 
media e y luego se sortea un punto~ en la esfera de acuerdo a la densidad F(¡t, O)dB. El nuevo 
estado viene dado por 

'Yt+T(e) = 1t(B) + ..fig(
8 -;,/'·1h,)· 
ye 

El parámetro Y-y es elegido para garantizar que el volumen medio afiadido es E. Dada la libertad 
para elegir el punto ~. este modelo incluye una gran cantidad de fenómenos distintos. Nos· 
interesan especialmente alguno de ellos como ser cuando F(¡, ·) es (i) la densidad de la medida 
armónica de¡, (íí) inversamente proporcional a la distancia al origen, (ííí) independiente de¡, 
( iv) una función monótona ele la curvaturn. 
Para estos procesos estudiamos el comportamiento ele /t cuando t --7 oo y cuando --7 O. Para 
el primer caso, para una clase muy amplía de densidades F podemos probar que el proceso es 
ergódico y por ende converge en distribución cuando t --7 oo. Estamos trabajando en una prueba 
del límite hidrodinámico para t fijo. La ecuación límite viene dada por 

d 1 

dt
'Yt = -F(¡,, ·). 

y,.Yt 

Observar que no depende ele g. Se puede ver que para una familia amplía de densidades F 
las soluciones ele esta ecuación convergen a una bola cuando t -+ oo. Esto da una clase de 
universalíclacl para este tipo ele modelos. Este trabajo esta siendo llevado a cabo en colaboración 
con A. Dembo, R. Huang y V. Sidoravicius [8]. 
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Front propagation and quasi-stationary· distributions: 
two faces of the sarne coin 

Pablo Groisman* ancl 11atthieu Jonckheeret· 

Dedicated to Chuck Newman on the occasion of his 70th birthday. 

Abstract 

We analyze the connection between front propagation and qnasi-stationary distribu­
tions in translation invariant one-dimensional Markov processes. vVe describe thc link 
between them through the microscopic models known as Bra11ching Brownian Motion 
with selection and Fleming-Viot. 

Introduction 

A selection mechanism in front propagation can be thought of as follows: a certain phe­
nomenology is described through an equation that aclmits an infinite number of traveling­
wave solutions, but there is only one which has a physical meaning, the one with mini­
mal velocity. Under milcl assumptions on initial conditions, the solution converges to this 
minimal-velocity traveling wave. The most remarkable example of this fact is the celebrated 
F-KPP equation (for Fisher, Kolmogorov-Petrovskii-Piskunov) 

' 
ov 1 éi2v 
Ot= 20x2 +rg(v), xElR.,t>O, 

(1) 

v(O,x) = v0 (x), x E IR. 

Assume for simplicity that g has the form g(s) = s2 
- s, but this can be generalized up 

to sorne extent. \Ve also restrict ourselvcs to initial data v0 that are distribution functions 
of probability measures in JR.. The equation was introcluced in 1937 [15, 24] as a rnoclel for 
the evolution of a genetic trait and since then, has been wiclely stuclied. 

Both Fisher and Kolmogorov, Petrovskii and Piskunov provee! inclependently that this 
equation aclmits an infinite numbcr of traveling wave solutions (TvV) of the form v(t,x) = 

'Departamento de Matemática, FCEN, Universidad de Buenos Aires, IMAS-CONICET and 
NYU-ECNU Institute of Jvlathernatical Sciences at NYU Shanghai. pgroisma©dm. uba. ar, 
http://mate.dm.uba.ar/,....,pgroisma. 

1'Jnstituto de Cálculo¡ FCEN, Universidad de Buenos _.i.\.ires and Il\.:JAS-CONICE'f. mjonckhe©dm. uba. ar, 
http://matthieujonckheere.blogspot.com. 
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wc(X - et) that travel at velocity c. This fact is somehow unexpected from the modeling 
point of view. 

Fisher proposed a way to overcome this difficulty, related to the probabilistic represen­
tation given later on by McKean [29], weaving links bctween solutioris to (1) and Branching 
Brownian Motion. The general principie behind is that microscopic effects should be taken 
into account to properly describe the physical phenomena. With a similar point of view in 
mind, Brunet, Derrida '!-nd coauthors [8, 9, 10, 11] started in the nineties a study of the 
effect of microscopic noise in front propagation for equation (1) and related models, which 
resulted in a lrnge number of works that study the change in the behavior of the fror:t when 
microscopic effects are taken into account. These works includc both numerical and heuristic 
arguments [8, 9, 10, 11, 22] as well as rigorous proofs [4, 5, 13, 26]. Befare that, BraÍnson ét 
al. [7] gave the first rigorous proof of a microscopic model for (1) that has a unique velocity 
for every initial condition. They also prove that these velocities converge in the macroscopic 
scale to the mínimum vclocity of (1), and cal! this fact a. micros copie selection principie, as 
opposed to the macroscopic selection principie stated above, that holds for solutions of the 
hydrodynamic equation. 

Considera Markov process X= (.Y,, t ::O: O), killed at sorne state or region that we call O, 
defined on certain filtercd probability space (O, F, (F,), IP'). Thc absorption time is defined 
by T = inf{t >O: X, E O}. The conditioned evolution at time t is defined by 

µ¡(-) := IP'~(X, E ·Ir> t). 

Here 1' denotes the initial distribution of the process. A probability measure v is said to 
be a quasi-stationary distribution (QSD) if µr = v for ali t ;:o: O. 

The Yaglom limü is a probability measure v defined by 

V := lin1 µ,fx 1 
t-+oo 

if it dists and <loes not depend on x. It is known that if the Yaglom limit exists, thcn it 
is a QSD. A general principie is that the Yaglom limit selects the minimal QSD, i.e. the 
Yaglom limit is the QSD with minima.l niean absorption time. This fact has been proved 
for a wide class of processes that include birth a.nd death process, Galton-'vVatson processes 
[31], ~andom walks [21] and Brownian Motion [27] among others. · 

It is a typical situa.tion that there is an infinite number of quasi-stationary distributions, 
but the Yaglom limd (the limit of thc conditioncd evolution of the process started from a 
deterministic: initial condition) selects the minimal one, i.e. the one with minimal expected 
time of absorption. 

This description reveals that similar phenomena. occur in both contexts (T'vV and QSD). 
The purpose of this note is to show why and how are they rclated. We first explain the link 
through the example of Brownian Motion and then we show how to extend this rela.tion to 
more general Lévy processes. This article has esscntia.lly no proofs. In thc companion paper 
[20] we give rigorous proofs for the existence of a precise bijection between TW and QSD in 
thc context of one-dimensional Lévy processes. 
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2 Macroscopic models 

VI/e elaborate on the two macroscopic models we study: front propagation and QSD. 
·: '·' 

2.1 Front propagation in the F-KPP 

Since the seminal papers [15, 24], equation (1) has received a huge amount of attention for 
severa! reasons. 'Among them, it is one of the simplest models e:iq)laini.ng severa! phenomena 
that are expected to be universal. For instance, it admits a continuum of traveli!lg wave 
solutions that can be parametrized by their velocity c. More precisely, for each e E [ffr, +oo) 
there exists a function Wc: lF!.---+ [O, l] such that · · 

v(t, x) = Wc(x - et) 

is a solution to (1). For e< .J2r, there is no traveling wave solution, [l, 24]. Hence e*= .J2r 
represents the mini.mal velocity and Wc• the minimal traveling wave. Moreover, if v0 verifies 
for sorne O < b < .J2r 

then 

lim ix(l - vo(x)) =a> O, 
x-;oo 

lim v(t, x +et)= wc(x), 
1--too 

1 
forc=r/b+ 2b, (2) 

see [29, 30]. Ifthe initial measure has compact support (or fast enough dec:ay at infinity), the 
solution converges to the mini.mal traveling wave and the domain of attraction and velocity 
of each traveling wave is determined by the tail of the initial distribution. A smooth traveling 
wave solution of (1) that travels at velocity e is a solution to 

~w" + cw + r(w2 
- w) =O. (3) 

2.2.' Quasi-stationary distributions 

For Markov chains in finite state spaces, the existence and uniqueness of QSDs as well as 
the convergence of the conditioned evolution to this unique QSD for every initial measure 
follows from Perron-Frobenius theory. The situation is more dclicate for unbounded spaces 
as t,iiere can be zero, one, or an infinite number of QSD. Among those distri.butions, the 
minimal QSD is the one that minimizes IEv(r). Here JE denotes expectation respect to Il'. 

The presence of an infinite number of quasi-stationary distributions might be anomalous 
from the modeling point of view, in the sense that no physical nor biological meaning has 
been attributed to them. The reason for their presence here and in the front propagation 
context is similar: when studying for instance population or gene dynamics through the 
conditioned evolution of a Markov process, we implicitly consider an infinite population and 
microscopic effects are lost. 

So, as Fisher suggests, in order to avoid the undesirable infinite number of QSD, we should 
take into account microscopic effects. A natural way to do this is by means of interac:ting 
particle systems. We discuss this in Section 3. 
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Brownian l\/Iotion with drift Quasi-stationary ditributions for Brownian Motion with 
constant drift towards the originare studicd in [27, 28]. Wc briefly revicw here somc of thc 
results of these papers and refer to them for the details. 

For e > O we consider a one-dimensional Brownian Motion X ~· (X1.)i>o with drift -e 
defined by X, = B1 - et. Here (B,)t?co is a one dimensional \iViener process defined in the 
standard Wiencr space. vVe use lP',, for the probability defined in this spacc such that (B,)i>o 
is Brownian Motion star.teci at x and lEx for expectation respec:t to lP' x. Define the hitti;g 
time ofzero, when thc process is started at x >O by rx(c) = inf{t >O: X,= O} and denote 
with P,c the sub-Markovian semigroup defined by · 

F'¡cf(x) = lEx(f(X,)l¡r,(c)>tJ)· (4) 

In this case, differentiating ( 4) and after sorne manipulation it can be seen that the 
conditioned evolution pP, has a density u(t, ·) for every t >O and verifies 

i'h1. ( ) ot t, X 

u(t, O) 

1 é!2u é!u 1 é!u 
= ? ,,2 (t,x) + cC>(t,x) + ?-::;-:(t,O)u(t,x), 

-u X ux -uX 
= u(t,+oo)=O, t>O, 

t > O,x >O, (5) 

It is easy to check that if 11 is a QSD, the hitting time of zero, started with 11 is an 
exponential variable of parameter r and hence v is a QSD if and only if there exists r > O 
such that 

11Pf = e-"'v, for any t >O. (6) 

Differentiating (4) and using the semigroup property and (6) we get that vis a QSD if ami 
only if 

j(~J"- c.f')dv = -rj.f dv, for all .f E Cg"(lll.+)· 

Integrating by parts we g·et that the density w of v rnust verify 
' 

1 ff I 
-w + cw + rw = O. 
2 

Solu~ions to this equation with initial condition w(O) = O are given by 

{

me-cxsin(,,/2r-c2x) r > ~' 
·w(x) = mxe-cx r = ~' 

me-cxsinh(,,/c2 - 2rx)· r < ~· 

(7) 

(8) 

Here m is a normalizing constant. Observe that w defines an integrable density function 
if and only if O < r ::::; c2 /2 ( or equivalently, e ~ ,/2r). One can thus parametrize the set of 
QSDs by their eigenvalues r, {vr: O< r::::; c2 /2}. For each r, the distribution function of v"' 
v(x) = J

0
x w(y) dy is a monotone solution of (8) with boundary conditions 

v(O) = O, v( +oo) = l. (9) 
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3 Particle systems 

In this section we introduce two particle systems. The first one is known as Branching 
Brownian Motion (BBM) with selection of the N right-most partickis (N-BBM). As a con­
sequence of the link between BBM and F-KPP that we describe below, this process can be 
thought of as a microscopic version of F-KPP. The second one is called Flemíng-Viot and was 
introduced by Burdzy, I11gemar, Holyst ancl March [12], in the context of Brownian Motion 
in a d-dimensional bounded domain. It is a slight variation of the original one introduced 
by Fleming and Viot [16]. The first ínterpretation of this process as a'rnicroscopic version 
of a conditioned evolution is due to Ferrari and Marié [14]. · 

3.1 BBM and F-KPP equation 

One-dimensional supercrítical Branching Brownian Motion is a well-understood object. Par­
ticles diffuse following standard Brownian Motion started at the origin and branch at rate 
1 ínto two particles. As already underlined, íts connection wíth the F-KPP equation and 
traveling waves was poínted out by McKean in the seminal paper [29]. Denote with N1 the 
munber of particles alive at time t;::: O and 1;1(1) '.:: · · · '.:: E,1(N,) the position of the particles 
enumerated from left to right. McKean's representation formula states that if O'.:: v0 (x) '.:: 1 
ancl we start the process with one partícle at O (i.e. N(O) = 1, fo(l) =O), then 

v(t, x) :=JE (fi vo(l;1(i) + x)) 

is the solution of (1). Of special interest is the case where the initial condition is the Heaviside 
function v0 = 1 {[O, +oo)} since in this case 

v(t, x) = IP'(/;1(1) + x >O) = IP'(l;1(N,) < x). 

This identity as well as various martingales obtained as functionals of this process have been 
widely exploited to obtain the precise behavior of solutions of (1), using analytic as well as 
prol;>abilistic tools. 

3.2 N-BBM and Durrett-Remenik equation 

Consicler now a variant of BBM where the N right-most particles are selected. In other 
words, ea.ch time a particle branches, the left-most one is killed, keeping the total nurnber 
of particles constant. 

This process was introduced by Brunet and Derrida [8. 9] as part of a farnily of mod­
els of branching-selection particle systems to stucly the effect of microscopic noise in front 
propagation. 

Durrett and Remenik [13] considered a slightly different process in the Brunet-Derrida 
class: N-BRW. The system starts with N pa:rticles. Eacl1 particle gives rise to a child at 
rate one. The position of the child of a particle at x .E lR is x + y, where y is chosen 
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according to a probability distribution with density p, which is assumed symmetric and 
with finite expectatíon. After each birth, the N + 1 particles are sortecl ancl the left-most 
one ís cleleted, in orcler to keep always N particles. They prove that if at time zero the 
particles are clistributed accorcling to inclependent variables with distribut.ion u0 (x)dx, then 
the empirical measure of thís system converges to a cleterministic probability measure 1/1 

for every t, which is absolutely continuous with density u( t, ·), a solution of the following 
free-boundary problem 

Find ( ¡, u) s1ich that 

~~ (t, x) - ;~: u(t, y)p(x - y) dy \fx > ¡(t), 

1
00 

11.(t, y) dy = 
-¡(t) 

11.(0,x) = 

1, 11(t,x)=O, 

uo(x) . 

\fx::; ¡(t), 

(10) 

They also find al! the traveling wave solutíons for this equation. Just as for the BBM, there 
exists a mínima! velocity e* E lR such that for e ~ e* there ís a uníque traveling wave solution 
with speed e and no traveling wave solution with speecl e for e < e*. The value e* ancl the 
behavior at ínfinity of the traveling waves can be computed explícítly in terms of the Laplace 
transform of the random walk. In Sectíon 4 we show that these traveling waves correspond 
to QSDs of drifted random walks. 

It follows from renewal arguments that for each N, the process seen from the left-most 
partícle is ergodíc, whích in turn implíes the existence of a velocity VN at which the empírica! 
measure travels for each N. Durrett ancl Remenik prove that these veloc:ities are increasing 
and converge to e* as N goes to infinity. 

We can ínterpret thís fact as a weak selection principie: the mícroscopic system has a 
uníque velocity for each N (as opposed to the lirnítíng equatíon) and the vclocities converge 
to thi! minímal velocity of the macroscopic equation. The word "weak" here · refers to the 
fact that only convergence of the velocities is proved, but not convergence of the empírica! 
rneasures in equílibrium. 

• I11 view of these results, the same theorem is expected to holcl for a N-BBM that branches 
at rate r. In this case the lírnitíng equation is conjectured to be given by 

Find (¡, 11.)such that 

01J. ( ·) -;::;- t, X 
,
00 

ut 

j u(t,y)dy 
r(t) 

l 82u 
--;:¡-(t, x) + rv.(t, x) \fx > 1·(t), 
2o-x 

- 1, u(t, x) =O, \fx::; ¡(t), 

·u(O, x) = uo(x). 

(11) 

The empírica! rneasures ín equilibrium are cxpected to converge to the minímal traveling 
vvave. 

6 



• 

• 

Traveling waves Let us look at the traveling wave solutions 11.(t, x) = w(x - et) of (ll). 
Plugging in the equation wc see that they must vcrify 

1 /1 I ( ) 2w + cw + rw = O, w O = O, (12) 

which is exactly (8). Note .nevertheless that in (12) the parameter r is part of the data of 
the problem (the branching rate) and e is part of the unknown (the velocity), while in (8) 
the situation is reversed: e is data (the drift) and r unknown (the absorption rate under the 
QSD). However, we ha ve the following relation 

e is a minimal velocity for r 
in (12) 

r is a ma.ximal absorption rate for e 
in (8) 

Observe also that 1/r is the mean absorption time for the QSD associated to r and hence, 
if r is maximal, the associated QSD is mínima!. So the minimal QSD for Brownian Motion 
in IR+ and the minimal velocity traveling wave of (ll) are one and the same. They are given 
by 

Uc•(r)(x) = 'Ur•(c) = 2r*xe-~ = (c')2xe-c'x, 

.which is the one with fastest dec:ay at infinity. 

Again, the distribution function v of u is a monotone solution to the same problem but 
with boundary conditions given by v(O) = O, v( +oo) = l. 

3.3 Fleming-Viot and QSD 

The flem.ing-Viot process can be thought of as a microscopic version of conditioned evo­
lution¡;. Its dynamics are built with a continuous time Markov process X = (X,, t ;:: O) 
taking values in a metric space A U {O}, that we cal! the driving proccss. vVe assume that O 
is absorbing in the sense that 

lP'60 (X, =O)= 1, vt ;:: o. 

As befare, we use T far the absorption time 

T = inf{t >O: X, rf. A}, 

ancl P, far the sub-Markovian semigroup defined by 

Ptf(;¡;) = IEx(f (X,)l{ T > t} ). 

For a given N ;::: 2, the Fleming-Viot process is an interacting particle system with N 
particles. We use ~t = (~,(1), ... , ~,(N)) E AN to denote the state of the process, ~,(i) 
denotes the position of particle ·i at time t. Ea.ch particle evolves according to X and 
independently of the others unless it hits O, at which time, it chooses one of the N - 1 
particles in A uniformly and takes its position. The genuine definition of this process is not 
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obvious and in fact is not true in general. It can be easily constructed for processes with 
bounded jumps to O, but is much more delicate for diffusions in bounded domains [6, 17] 
and it does not hold for diffusions with a strong drift close to the boundary of A. 

Here we are also interested in the empirical measure of the proc.e~s 

(13) 

Its evolution mimics the conditioned evolution: the mass lost frorn A is reclistribut.ed in J\ 
proportionally to the mass at each state. Hence, as N goes to infinity, we expect to. have a 
deterministic limit given by the conditioned evolution of the driving process X, i.e. . 

µ1/ (A) -7 ll'(X, E AIT > t) (N -> oo). 

This is proved in [32] by the martingale method in great generality. See also [18] for a 
proof basecl on sub and super-solutions for PDEs and correlations inequalities. A much 
more subtle question is the ergodicity of the process for fixed N and the behayior of these 
invariant measures as N --+ oo. As a general prínciple it is expected that 

Conjecture 3,L If the driving process X has a Yaglom limit 11, then the Fleming- Viot pro­
cess dr-iven by X is ergodic, with (unique) invariant measure >.N and the empirical measures 
(13) distrib·uted according to >.N converge to v. 

VI/e refer to [18] for an extended cliscussion on this issue. This conjecture has been provee! 
to be true for subcritical Ga.lton-Watson processes, where a continuum of QSDs arises [2] 
and also for certain birth ancl death processes [33]. 

We have again here a microscop·ic selection principie: whereas there exists an infinite 
number of QSDs, when microscopic effects are taken into account ( through the clynamics 
of thE> Fleming-Viot process), there is a unique stationary distribution for the ernpirical 
measure, which selects asymptotically the minimal QSD of the macroscopic moclel.. 

When the driving process is a one dimensional Brownian Motion with drift -e towards 
the origin as in Section 2.2, the proof of the whole picture remains open, but the ergodieity 
of F'\: for fixed N has been recently proved [3, 23]. 

So, from [32, Theorem 2.1] we have that for every t > O, µ1/ converges as N -+ oo 
to a measure l't with density 'U(/,·) satisfying (5). The open problem is to prove a similar 
statement in equilibrium. Observe that u is a stationary solution of (5) if ancl only if it solves 
(8) for sorne r > O. Hence, although equations (11) and (5) are pretty different, stationary 
solutions to (5) coincide with traveling waves of (11). 

3.4 Choose the fittest and F-KPP equation 

We introduce now the last microscopic model that is useful to explain the relation between 
ali these phenomena. In this subsection ¡;, = (l;,(1), ... , ~,(N)) will denote the state of the 
N - particle system that we describe below. In this model particles perform inclependent 
standard Brownian Motion. Adclitionally each particle has a Poisson process\vith rate 1/2 
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and when this process rings, the particle chooses uniformly among the other particles to 
form a pair. Among this pair of particles, the particle with the smaller position adopts the 
position of the other one. 

We consider again the empírica! measure of this process as ír{ (13) and de.note with 
vN (x, t) the cumulative distribution function 

N 
N 1 '\.°""' . 

v (x, t) := N L., 1{~; S x} 
i=l 

(14) 

It is proved in [19] that if there is a distributio.n function v0 such that vN(·, O) --+ v0 
uniformly, in probability, then for a.11 t > O 

lim llvN(·,t)-v(·,t)lloo =O, N-+oo 
in proba.bility. (15) 

Here vis the solution of the F-KPP equa.tion (1). Moreover, for each N it is ea.sily seen that 
the process is ergodic. This implies the existence of an asympotic velocity 

. E,(i) 
VN= hm--, 

t-H>O t 

independent of i. It is also proved in [19] tha.t, as N --+ oo, VN /' .,/2r, the minimal velocity 
of (1). 

Surnrning up 

l. The link between N-BBM a.nd F!erning Viot, in the Brownia.n Motion ca.se is c:lear. 
Both processes evolve according to N independent Brownian Motions a.nd branch into 
two particles. At branching times, the left-most particle is eliminated (seleetion) to 
keep the population size constant.. The difference is that while N-BBM branches a.t 
a constant rate Nr, Fleming-Viot branches ea.ch time a particle hits O. This explains 
why in the limiting equation for N-BBM the branching rate is data. and the velocity 
.is cletermined by the system while in the hydrodynamic equa.tion for Fleming-Viot the 
'.,velocity is data. a.ncl the branc:hing rate is determined by the system. 

2.' The empirical mea.sure of N-BBM is expected to converge in finite time intervals to 
the solution of (11). This is supported by the resnlts of [13] where the sarne result is 
proved for randorn walks. 

:3. The empirical measure of Fleming-Viot driven by Brownian Motion converges in finite 
time intervals to the solution of (5). 

4. Both N-BBM seen from the left-most partic:le and FV are ergodic and their empiric:a.l 
measure in equilibrium is expected to converge to the deterministic: mea.sure given by 
the mínima! solution of (12). 

Note though that while for N-BBM r is data and minimality refers to e, for Fleming­
Viot e is data and minimality refers to l/r (microscopic selection principie). 
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-5. u(t, x) = w(x - et) is a traveling wave solution of (11) if and only if w is the density 
óf a QSD for Brownian Motion with drift -e and eigcnvalue -r. 

6. e is mínima! for r (in (12)) íf and only if l/r is mínima.! for ;.c. So, we can talk of 
a "mínima! solution of (12)", whích is both a mínima! QSD and a mínima! velocíty 
traveling wave. 

7. The mícroscopic selection ·principie is conjectured to hold in.both cases, with the same 
límít, but a rígorous proof is still unavaílable. 

4 Traveling waves and QSD for Lévy processes 

Let X = (X,, t ;::: O) be a Lévy process with values in IR, defined on a filtered space 
(íl,F,(F,),IP'), Laplace exponent ·¡/J: lf!.-+ IR defined by IE(eex,) = e,p(e)t and-generator 
L. Thís centered Lévy process plays the role of Brownían Motíon in the prevíous sectíons . 
Now, for e > O we consider the drifted process xc gíven by X¡ = X, - et. It is immediate 
to see that the Lapla.ce exponent oí xe is given by 1f.1e(e) = ¡/J(@) - dJ, that C5 is contained 
in the domain of the generator Le of xc, a.nd that LcÍ = Lf - cf'. Recall that the forward 
Kolmogorov equa.tion for X is gíven by 

:tlEx(f(X,)) = Lf(x), 

while the forward Kolmogorov (or Fokker-Plank) equation for the density ·u (whic:h exists 
since a > O) is given by 

:t u(t, x) = í..*1t(t, ·)(x). 

Here :C: is the adjoínt of L. As in the Brownian case, we c:onsider 

• A branchíng Lévy process (BLP) ((,(1), ... , (,(N,)) driven by J::. 

• A branching Lévy process with selectíon of the N ríghtmost particles (N-BLP), driven 
'by L. ., 

•' A Flemíng-Viot process driven by Le (FV). 

We focus on the last two processes. For a detaíled account on BLP, we refer to [25]. 

Let us just mention that the F-KPP equation can be gencralízcd in thís context to: 

8v ot = L*1• + rg(v), x E IR, t >O, 

v(O, x) = v0 (x), x E IR. 

(16) 

A characterization of the traveling waves a.s well as sufficíent condítíons of existence are 
then provided in [20, 25]. 
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For N-BLP we expect (but a proof is Iacking) that the empirical measure converges to 
a dctenninistic measure whose density is the solution of thc gcneralizcd Durrett-Remenik 
equation 

Find ('Y, u) su ch that 

ou 
-(t x) = l*u(t, x) + ru(t, :r:), X> ¡(t), 

1
00 8t ' 

u(t, y) dy = 1, v.(t,x)=O, 

X?'. Ü. 

X:::; ¡(t), 
-y(t) 

u(O,x) = uo(x), 

Existence ancl uniqueness of solutions to this problem have to be examined. 

(17) 

We show below the existence of traveling wave solutions for this equation under mild 
conditions on l based on the existence óf QSD.s. 

Concerning FV, it is known [32] that the empirical measure converges to the cleterministic 
process given by the conditioned evolution of the process, which has a clensity for ali times 
and verifies 

ou 
8t (L x) J:,*u(t, x) + c0°~ (t, x) - u(t, x) roo l*u(t, y)dy t > Ü, X> Ü, 

X lo (18) 
u(t, O) u(t, +oo) =O, t >O, 

Proposition 4.1. The following statements are equivalent: 

• The probability rneasure v with density ·w ·is a QSD far xc with e·igenva.lue --r , 
• u(t, x) = w(x - et) is a travel-ing wave solution with speed e for the free-bo·unda.ry 

problem (17), with para.meter r. 

Proof. Denote (.f, g) = J f(x)g(x)dx. A QSD v for xc with eigenvalue -r is a solution of 
the equation 

(vlc + rv, f) =O, Vf E cg. 
Using that lU = l* f + cf' ancl writing that v has clensity w, we obtain tha.t 

l*w + cw' +rw =O, 

• which in turn is clearly equivalent to w being a traveling wave solution with speed e for (17). 
11 

In the companion paper [20] we prove that the picture that we clescribed for the Brownian 
Motion case holds in more generality. Our result states that, under milcl conclitions, for given 
r, e > O we have tha.t there exists a QSD vr for xc with eigenvalue -r if and only if there is a 
traveling wave Wc for (16) that travels at velocity e and moreover, l!r is minima.I for e if ancl 
only if Wc is minimal for r. Jointly with Proposition 4.1 this also proves that the existence 
of a traveling wave for (16) is also equivalent to the existence of a traveling wave for the 
Durrett-Remenik equation ( 1 7). 
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Front propagation and quasi-stationary distributions for 
one-din1ensional Lévy processes 

F,'ablo Groisman* and Matthicu Jonckhcerc1 

Abstract 

\¡\Te jointJy ínvesLiga.t.c thc cxi.<:">t,ence of quasi-stationary distriht1tions for onc din1t_·nsional Lóvy 
processes and the existence of t.raveling \Vaves for the Fisher-I{ohnogorov-f..>etrovskií-Piskunov 
(F-KPP) equation as.'3ociated -..vith t;he sarne rnotion. TJsíng probahilístic ideas developed ty S. 
Harris [13], we sho\v that the existence of a t.raveling \Vave for the F-I\.PP equation associa:!..ed 
vvith a centered Lévy processes tha.t branches at rate r and travels at velocity e ís equivalent to 
the existen(;e of a quasi-stat.ionary disLríbution for a Lé1ry proccss \ViLh the san1e n1overr1cnt but 
drifted by -e and killed at zero, with mean absorption tin1e 1/r. 'l'his also extends the "kno\V11 
existence c.onditions in both context.s. As it is <liscussed i11 [12], this is uot just a coincidence 
but the consequence of a ·relation betv.reen these tv..ro phenornena. 

K eywords: llna.si-staUonary distributions, Lraveling \.va ves, branching rando111 v.ralk, branch­
ing Lévy proceses. 

MSC 20.10: 60J68, 60J80, 60G51. 

1 Introduction 

Let [ be thc genera.tor of a centercd 011e-dirncusion;Ü Lf:vy process (precise clefi11itio11s anc.l 
assun1ptions are be given belo\V) and consider the (generalized) F-I<PP equation 

~u =Cu+ r(u2 
- u), x E Tft, t >O, 

(Jt (lJ 

Here .C'" denotes the adjoint of .C. Both Fisher and Koln1ogorov~ Petrovskii and Piskunov 
. . 

cQpsiderecl this equation for .C = d~-c~ and proved independently that in this case this equation 
ad111its traveling 1vave solutions of thc form u(l, :r) = ·u.1c(x - et) that travel at vclocity e for 
e~ery e 2: $, [11, 1.5). 

It. is '\vell knov.'n 15, G) 18, 24J that a 1argc class of cquations dcscribing thc propagation of a 
front into an unstable region have properties sinülar to (1). 'l'hese equatíons adnlit traveling­
\Vave. solutions for any velocity e larger than a rniniinal velocity e"' o.:nd the front. uioves '\vith 
this minilnal velocity e"' for any inítial data \vith "light enough" ta.íls. 

}br the Bro\v11ian e.ase L = ~f2 1ve have e* ~""' ,!2T and for n1ore general .C the rninin1al 
velocil.y can be con1putcd in tcr1ns of thc Lcgenrl.re t.ransÚ)r111 of thc proccss (sce T'hcorcm. 1.1 
belov..r). This \Vas essentially done by Kyprianou [16] using the seminal rvicKean's representatíon 
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f20] for the solutions of (1). \Ve con1plete this characterization in this note to arrive to our rnain 
theore1n. 

The theory of qua.•:>i-stationary distributions has its O'\Vll counterpart. It is a typicaJ situation 
that there is an infinite rnunber of qua..si-stationary distributions >.vhile l..l~e l'aglorn Unúl (t.11P 
linlit of the conditioned evolution of the process started from a deterrnil1íStic initial condition) 
se1ects the rninirnal one, i.e. the one \Vith rninirnal expected tirrie of a.bso:rption [7i 10, 23j. 

To be more precise, consider a Lévy process (Xt -- ci)t?:O ,,:1lith generator [, - e d~ killed at 
the origin defined in certain filtered space (f!, F, (F1.), lf') with expectation denoted by JE. The 
absorption ti.rne is defined by r = inf{ t > O: Xt ~et = O}. The condítioned cvolution at tinH· t 
is defined by 

1iiC) := IP-1(X, - et E ·IT > t). 

Here 'J denotes the initial distribution ofthe process and Jl>r(·) = IP'(·IXo ~ 'Yl· A probability 
rneasure vis said to be a quasi-stationary distribution (QSD) if µt = v for a11 t 2: O. 

The Yaglom lúnit is a probability ineasure ¡,1 defined by 

1,1 := lin1 µ~,,, 
t--+= 

if the lim.ít exists and cloes not depend on x. It is k.no\vn that if the Yaglo111 lilnit exísts, then it 
is a QSD. A general principle is that the "'{aglom li111it selr~cts thc ininin1al QSD, í.e. the '{aglom 
limit is the QSD with ininimal n1ean absorption time. 1,his fa.et has been provecl for a \\:icle class 
of processes that include birth and death process, subcritical Galton-V\Tatson proccsscs, driftecl 
randorn \valks and Bro,vnian motion among others, but the conjecture is stil1 pen for a much 
wider class of processes. 

In the last decades) B. great <leal of attention has bccn givcn to establish on thc onc hand 
conditíons for the exístence of quasi-stationary rneasures of Lévy processes (see for instance 
[17, 19IJ and on (;be other hand t;o the existence of trnveling waves far (1) [16]. The purposc of 
this note is to show that give1l para111eters 1\ e > O~ the existence of a traveling \Vave for ( 1) \vith 
velocity e is equivalent to the existence of a QSD v far C - cdd \Víth expected absorpt.ion tilne 

X 

Ev(T) = l/r. J\tloreovcr, nlinimal velocity TWs are in a one-to-one correspondence with 1ninin1al 
absorption tin1e (~SDs with the sanie parameters. Note that \i.then dealing with traveling-\vaves 
the branching ratc r is an input while the velocity e is choscn by the systcrn, v;hilc v.:hcn dea1ing 
\vith C~SDs the velocity e is the input and r is chosen by the systern. 

A..lthough our proof consists in sho\ving that the conditions for the existence of 'r\\T and QSD 
~oíncide1 in a companion paper [121 we show that these is not just a coincidcncc but. that. thc 
tvvo pheno1nena are essentially two faces of the sanie coin. 

A.11 in all, our main result reads. 

Theorem 1.1. Under assumption A (sta.ted belotu}, the follou1-ing are eq·uiva.lenl: 

J. There exists a non trivial tra·ueling wave for (l) u1ith velocity e, i.e. a. soli1.tio'J?, lo 

Cw+cw'+rw(w-1)=0. (2) 

;2. There ex·ists an (absolutely continuous) QSD for .C -- ca,ª; with expect.ed absorption tinie 
l/r. i.c. a. sohlt·ion /,o, 

[,*v -1- cv' + r·u =O. (3) 

3. r :S r(c), tvhere r ·is the Legendre transforrn of the Laplace exponent of L. 

4 . • 4 branching Lévy process driven by C - cd~:' absorbed fri O gets alrnost s1.crely e::rtinct. 

Jl,foreover, e is a minirnal velocity .far (.C*, r) ~f and only ·if l/r ·ís a rninim.al mean abso17dion 
i'i'"¿e for .C - c..!l. d.'t 

Ren1ark 1.2. In (2) f:he dom,a.in is IR?. a.nd the bounda.ry conditions are 'W(-!-oo) = l-u.1(-00) = 11 

while in (3) the doma·in is (O, +oo) and also v 2': O, v(O) = O, J v = 1 is ·imposed. 
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2 Preliminaries 

Let X = (X,),20 be a Lévy process with values in R, defined on a filtered space (11, F, (F,), 1') 
and Laplace exponent 'lj; : lR --;. ffi;. defined by 

such that 
. 202 

V•(B) = b& +" :¡- + g(IJ), 

\Vhere b E JR) O'> O (whích ensures that X is non-Jattice) a11d gis defined in terrns of the jun1p 
measure 11 supported in lft \{O} by 

k (1/\1:°)l1(d:r,) <OO. 

L te¡= sup{B: 1·~'(8)1 < oo}, B*_ = inf{B: 11"(8)1 < oo} and recall that ,,U is strictly convex in 
(B*_, B',) and by monotonicity ,,U(B±) = ,,U ( B*:¡:) and ,,U' ( B±J = ,,U' ( B*:¡:) are well clefined as well as 
the derivative at zero 'l,b'(O) = IE(X1): that i.ve assu1ne to be zero. \Ve also assume that 8:±-> O. 
'fhc gcnerator of )( applied to a functiou .f E C6, the cla.ss of cotnpactly supported funct.ions 
with continuous second derivatives, gives 

C.f(x) = ~a-2 .f"(2:) + bj'(x) + k (.f(2: +y) - .f(x) - yf'(x)I{IYI::; I})TI(dy). 

The adjoint of e is also well clefined in CiJ and has the form 

e .f(:r) = ~"' J"(x) - b!'(x) + 1 (.f(x - y) - .f(x) + yf'(x)l{lvl::; 1})11(dy). 

It is immediate to see that the La.place exponent of (X, - ct)t;,o is given by ,,U,(0) = ,,U(O) - cB 
for (} E [él~, 8.f.] and that CJ is containecl in the dornain of the generator L - cad~. \\Te denote by 
r the Legendre transform of -¡/\ i.e. ~ 

r(a) = sup ae - i/;(8). 
8El?. 

SY.rrülarly we \Vill denote f' the Legendre transfo1Tn of the La.place exponcnt of the dual process 
(-X,)t>o, 

f(a) = supee&-,,U(-8). 
BE~ 

Observe t.hat since a > O, r as vvell as f are define<l in IR. To sun1n1arize 1 hereaner \Ve assun1e 
' 

(A) <Y> O, B± >O and IE(X1) =O. 

R.ecall that the back\vard 1-\ohnogorov equation for _J( is givcn by 

d
d !Ex(.f(X,)) = C.f(x), 
t 

while the forward Kolmogorov (or Fokker-Plank) equation for the density u (vlhich exists since 
a > O) is given by 

i
d u(t,x) = Cu(t, ·)(x). 
d 

We \Vill consider 011 the one hand Lévy processes \Vith generator C, (or L"') that evolve in 
R and on the other hand Lévy processes \Vith generator .L - cd~~, killed at zero. A probability 
n1easure in R+ \Vith density v is a QSD for the process (Xt -· cl)t?;:.O killed at O, if and only if, v 
is a positive solution of (3). 

We v;ill need the follov;ring. 
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Lemma 2.1 (Girsanov theorem for Lévy processes). Det Mf .-·- exp(OX, - 1/•c(B)t) and the 
mea.sure tQ be defined by 

dQI º dlP' F, = M,. t E [O, +oo). 

T'hen (A-t!)t'2'.0 ·is 1J, 'fna:rtingale and u.nder Q, (-Yt)t;::o is a Lé·uy process ·w'ith drift ·JE~l(X 1 ) = 

"lf..1 ~(fJ) = 1//(8) - e, 'ua.riance ()2 .. and Ju:1np measure e8xd1T(x). 

2.1 Sorne useful· results on branching Lévy processes 

Consider a continuous time branching process v.ríth binary branching at rate r ::> O. Each 
individual perforrns índependent Lévy processes '\Víth generato1· .e sta1ted at the posi.t.ion of rtts 
ancestor at her birth-time. Details on the construction of thís process can be found in [16]. Ca11 
N, the number of individuals in the process at time t and ((', 1 ~ i :", t) the positions of the 
individuals that are alivc at tin1e t. '\Ve call Zt = ((/, ... , (t]Ji) and Z = (Zt)t;::o a. branching 
Lévy process (BLP) driven by L. For sorne results, we need to consider BLP killed at sorne 
barrier x E IR, the extension of the definition to this situation is straightforward. 

The following proposition is proved in [1, 2]. See also [4, Theorem 4.17] for an alternative 
proof \Vith spines and a setting closer to ours . 

Proposition 2.2. Le.t Z be a BLP driven by [, and Rt the position o.f the ma:t:imnm, of Zt. 
Then 

l . R, I'-'( ) im -= r. 
t_,.oo t 

By means of this proposit.ion \Ve obtain t.he follo\ving pn.rtia1 ext,ension of 1~heorcn1 1 ín f.:~¡. 

Proposition 2.3. Let z be a BLP driven by e - e~~ sta1·ted at X > o and killed at the origin. 

(i) If r ~ r(c).. thcn Z gets cxl'inct with probab-ility l. 

(ii) Ifr > f(c), then for any intcr·ual A e JR+, Il'(I;~1 l¡¿¡u¡ -> oo) >O. 

Proof. Observe that Z can be constructed straightforward \Vith the trajectories of a non­
absorbed process driven by the same generator. \Ve just nee<l to <lelete all the paths that 
touched the negative se1ni-axes at so1ne time. In the case r < f(c)i i,.ve ·can directly use the 
¡:)revious propositíon to see that the rncl...:<Ünurn of the non-absorbed. branehí.11g process satisfics 
Et ~ r-1 ( r) - e < O \vhich implies that R.t is alrnost surely negative after son1e finite ti111e. 1.~his 
in turn in1plies extinction of Z. For the critica! case, \Ve need to slightly refine the argun1ents 
given in [4]. 

Consider the branching Lévy process Z driven by [, (\vithout killing at O) defi.ned in the 
~ame filtered space (!!, F, (:Ft), 11') and define the martingale 

N,. 

zf = L: exp(e(f - (r/Jc(e) + r)t), 
i~=l 

as \Vell as the change of 1neasure, 
dlQ! e 
dll' l.,, = z,. 

On so1ne suitably augmented filtration f:t ::> Ft: the ne\V process can be seen as a branching 
proccss with a spine (St)t?.O i,.vhich branches at rate 2r and follov.•s a n1otion given by the changc 
of measure ( 4), i.e., a Lévy process with drift ·~'~(e) = rj;' ( 8) - e, variance a 2

, and jump measure 
e8zdrr(x). The other particles follow the usual process X. See [4] for dctails on this construction. 

Since we assumed r = r(c), we can define Be such that r/Jc(O,c) = -I'(c) and so v·~(Oc) =o, 
Fro1n IlOVJ on \Ve choose e = ec in the change of ineasure and hence, the spine (St) is centered. 
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As a consequence, it is recurrent (as a non trivial Lévy process). It follov.'S that lirn supt .51 :::::: c>0. 
NO\\' bounding zt<' by the contrihution of the spine, V.re havc 

limsupZ1' 2 limsupexp(fJ,S, -· (1/J,(@,) + r)t) = exp(&,S,). 

Since l/Z8" is a positive super-111artingale (under QJ, it converges iQ!-aln;ost surely and so does 
zªc.. IIence, 

Observe that. if B E Fix. \~·e have 

lün z~~ = 00: ir¿ - a.s. 
t_,co 

Q(B) = lli~:::pZfdW'+Q(Bn{li~:::pzf = XJ}). 

It then follows that if lim z2• = oo, under Q, then fün zf º =O, under W'. Finally, Jet 

Rt := max (i - et, 
l$.i$.l\'1. t 

and observe that exp(BcRi,) ::; Zf" > \JJlüd1 iruplies that. exp(OcRt) tends to O lP'-a.s. and hence 
Rt tends to -co. As before, t.his in1plies extinction of Z. 

To prove (ii), denote Zt(il) := I:~1 l{(iEA}· VVe nse t.he inany-t.o-onc lemnia to gCt 

IE(Zi(A)) = er1W'(X, - c:t E A, min X, - es 2 O). 
. OSsSt 

(5) 

To con1pute the last probability we can discretize the tin1e variable and consider the randon1 
\Valk S.~. = Xno - eón. Following !22, Theorern 4] and /14, Theoren1 2.lj \Ve obtain that thc <leca.Y 
parameter for the process (Xt - et) killed a.t zero ls given by I'(c) and hence for every r > r(c) 
the r.h.s of (-5) grows to infinity. Soi for any x >O >.ve can choose f" Iarge enough to guarantee 
IEx(Zt~ (A.)) > l. Let x = inf .. 4. VVe can assume x > O \Vit.hout loss .of gcncrality. Considcr 
the (discrete time) Galton-Wat.son process i.vith offspring dis.tribution Zt· (1.J.), started w·íth one 
individual at :i:. This process a.t. t.irne n bounds fron1 beloi,v Znt'" (.4) an<l since i{, is supercriLical 
we have that Znt• (~4) grows exponent.ially fast as n ---1 oo \Vith positive proba.bility. Now·i 

(
• Zn1·(A) •

1

. ·) W' Z,(A) S 
2 

for some nt' S s S (n + l)t z,,,. (A.) S 

?x(~Ys - es .".SO for so1ne (J:::; s $ l'")Z,.,r.·(A)/2 

and thc condit.ion<:tl Borcl-(:antelli l.e1nn1a [9, p. 2071 irnplies thc result. . 
111 

3 Quasi-stationary distributions and traveling waves 

In this section we prove the equivalence bet-..veen existence of tra.veling i,vaves and quasi-statjonary 
distributions. rfhe proof boils dO\Vll to shoi.v tha.t. both are equivalent to the ab.'3orption of a 
BLP <lriven by .C - e,~ and killed at the origin. 

3.1 Existence of Quasi-stationary disributions 

We first deal with the quasi-stationa.ry distributions. 

Proposition 3.1. The follo·wing are~ eq·u?'.valent 

1. There exists a QSD far L - cd~' killed at O with mean absorption ,time l/r. 

2. rSr(c). 
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Remark 3.2. The existence of a QSD far r = r(c) has been established ·in /17} ·under stronger 
assumptions on the Lévy process. 

Proo.f. 1) ==- 2) (1Von-existence). Assu1ne therc exist,s a non-trivial QSD v and supposc r >· 
f(c). Since (]' > O, there necessarily exists a density v beíng the R.aclon-Níl~.ody1n derivative of 
v \Vith respect Lo the Lebesguc 1neasure on lR+. Not.e tha.t v(O) = O and on IR+ ;,ve have 

L'"u -+- cv' -+- rv == O. 

Let. Z = ((f, ._ .. , (["~) be a branching Lévy process driven by L* +e.~ kiJled ;;1.t O ancr started 
at ::e > O. The process 

N, 

M, = L v((.(t)), 
i=l 

is a rnartingale. Ou the other hand, for every A C IR:+, 

N, 

JEX(M,) 2: (inf v)lE" "'l(("« 4) = (inf -u)er'JP'·"(-X, +et E A, min --X,+ es 2: O). (6) 
A ~ ,..... A O<s<.t 

i.=l - -

We want to show that the r.h.s in (6) goes to infinity. Observe that if \Ve take A = ire+ "\Ve 

know the asyn1ptol.ic behavior of thc probability 011 the r.h.s of (6), but. sinee infR+ v =:= O l;hís 
is useless. So \Ve need to choose a sn1aller A. Irreducibility in1p1ies that infA L' > O for every 
A e IR+ bounded and ata positive distance from the origín. VVe are going to choose A= [~,n.1 
far an aclequate n >O. Consi.der the process _yn = (X[')t?;CI \Vith generator i:, - cd~ killed at ~ 
and n and call p 11 (x, t, B) ~ Jfllx(-Y(· E B) the transition se1nigroup and >-n its decay parameter 
([22, Theorem 6]) such i;hat for cvery interval B 

. 1 
- hrn -logpn(;i_;, t, B) = An· 

f,-+= t 

\\Te use p00 , ), 00 ~ etc. "\Vhen \Ve deal "\Vith the process in m:.+ kiilecl at the orígin. \A/e will shO\V 
that ,\n ',, ),,00 = I'(c) and hence, since r· > I'(c) we can choose n such that r - An > O and the 
r.h.s of (6) goes to infinity. A contradiction to the fa.et that lvlt is a rnartingale. }!ere "\Ve are 
using t;he fact that the exi1; problcm from [ ~' ri] for a process \Vit;h gcncrat.or .C"" -!- r: d~ sLartcd at 
:i.:" is equívalent to the exit problen1 from the sanie interval for a process "\Vith generator í:. - e~~ .. 
sterted at y= n - ;i; + ~· 

Since ( >-n) is decreasing in n, Vv-e only need to shO\V lün An :5 ,\00 . By 1neans of tlll1e­
discretization1 using the splitting technique ("í.vhich allo"\VS us to assun1e that ... Y[i has an aton1) 
and the subadditive ergodic theore111 )22, Scction 4L it can be shO"l,\'ll that therc exists a sequencc 
af times tk / co, é > O and a constant e> O, both depending on :r and e but not on n such 
lp_at 

1 . ) e -- logpn(Y, lk, (y - e, y+ e) + - 2 An. 
~ ~ 

I?or fixed tk < oo ·we ca.n take n -? oo to obtain 

Now vve let k -> 00 to get ,.\oo ~: linln An. The fact Lhat >-00 = r(c) \Vas already shO\Vn in thu 
course of the proof of Proposition 2.3. 

2) =? 1) (Ex'istence). As before, note that. ,, is a QSD with density v if ancl only if 

J f(C·v + cv' + rv) ~~O, (7) 

for all f E 'D "\Vhere 1) is a sub.set of the don1ain of t.he genera.tor with killing, i.e. the original 
generat;or but \Vith <loina.in co1nposecl of functions 'lanishing al; O, "\Vith the propert.y t;hn,t for evcry 
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tneasurable set .4 C IEt-:- 1 there exists a sequence fn in Di uniforrn]y bounded and converging 
point\vise to lA· Let fJ '.>O and denote by e_e the function .1~ t-+ e-0 x and v(x) = e-0xh(x). The 
function h: ffi.~o --> IEt \.vill be determined later. Let. (Xt)t;:::o be a Lévy process 'víth gEinerat.or 
L. Vle con1pute 

( C +e!:_) v(x) = _:!_JEo [e-e(x-X,+ct)h(x - X, -[-et)] , 
de< dt t~o 

=e-ex!!:_ [e1f(O)t1Eo (eeX,-íce+·t/J(e))th\x: - .. Yt + ctJ)] 
dt l=O 

=e-ex dd [eM8)-c8)t¡Eo (h('c - X,+ et))] 
t t=n 

= e-Bx ( (1/•(B) - cO)h(x) + f,h(x)) . 

here JE. denotes expectation under the ineasure iQ defined by (4) and l:, is the generator of a Lévy 
process with drift JE(.Y1 ) = JE(-X1 ) = c-1/i(B), variance <72 and jump mca.sure e-º"drr(-1,) as 
in Lem1na 2.1. Hence 

Cv + cv' + rv =.-ex (C.P(B) - e&+ r)h(x) + l,h(xl) . 

We obtained that (7) is equivalent to the fol!owing equation 

J fe-o(f,h + (r + ..j;,(B))h) =O, 

Note that since 'ljJ is a convex function and -r(c) ~ -r1 it is possible to choose e such that 
1/>(B) - cB = -r. Hence (7) is equivalent to 

for ali f E e_eD = {g = •-eu, u E 'D}. We then look for harmonic functions for the killed Lévy 
process X \Vith generator l. 

Define t.he renewal measure associated to X 

where fJ = (Íit)t>O is the ladder process associated t;o -~Y. 
Let e, be clefi;1ed by r(c) = ce, -1/1(8,). For e s: º" the process X cloes not clrift to -oo, 

1 
'Since 

íº(X1 ) = c-1/;'(0) = -1/1~(0):,:: o. 
1 1~his irnplies that the function h ís harmonic (see Le1n1na 1 in [8[) ancl since rnoreover X1 has 

a finite rnean, the renewal theoren1 irr1plies that h is asymptotically equivalent. to the identity 
and so 

j e_eh < oo. 

Then v is the density of a. QSD with absorption rate r. 11 

3.2 Existence of Traveling waves 

V\Te now prescnt the corresponding equivalencc for the case of travcling \Va.ves \Vhich ;,va.e; actually 
the in.5piration for the equivalence presented previously. Let l.L5 unclerline that these results are 
alrea.d.y knov.,.·n except in the crit;ica1 case r = f(c), [16]. The proof is íncluclecl for cornpletcness 
but follows the proof of [l:J] who himself quote the results of Neveu [21]. 

Proposition 3.3 ([13, 21]). The following are equ-ivalent 
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.1. There exists a solttt-ion to (2). 

2. r :S r(c). 

Proof . .1) ====? 2} (Non-e;cistence). j\ssurne t-.he exist.cnce of a. noll-l.rivial t;ra:yeling \:vav<~ 'ID. ]'his 
allovvs us to define the n1ultiplicative positi.ve inartingale .. 

N, 

M, =TI w((¡ +et). 
i=l 

Here z, = ( (f, ... , ({'') is a BLP driven by C ( with no killing). This martingale being positive 
and bounded, it. converges and its n1ea11 being 1D(;c), its li1nit. is not O. On thc othcr 'hanc:l, si:µcc 
w:::; 1, 

M, :S w(L, +et), 

vvhere Lt = inin1:S-i:SN: (j. R.en1ark that the minilnun1 of a BLP driven by,[ .. has the saine lai,.v 
as - IY!<:l,.."<1::::;i.$Ñi (i, \vhere Z = ((r;:·)1siSNi)t2:0 is a BL_P dri·ve11 by .C. Propositíon 2.2 ilnplies 
that if 1' > r(c), Flt - el= ma..-xl<i<Ñ (f - el--+ +oo. So Lt. --+ -oo and hence ]1,J,_ should.have 
a null li1nit. A contradiction to t11e tbe assun1ption. 

2) =='? 1) (Exislence). l\Tcveu's n1et.hod for proving the existence of traveling \va.ves consists 
in constructing a n1ultiplicative n1artingale fro1n a Galton-VVatson process obtained as follows. 

Considcr Za l3LP driven by C-cd~ v.rith killing at thc origiu and started vvith one individual 
at x > O as in Proposition 2.3. Since r :S: I'(c) the process is absorbed and then the total 
population size is finite a.s. \Ve can construct t.hi~ randorn number for every x > O using a 

unique BLP Z \Vith genera.tór .C* + e Íx sta.rted \vith one individual i:1.t the origin a11d killing 
(freezing) at x. If \Ve couple all the processes in this \Vily and call Cix < x the nun1ber of 
individuals of Z that have reached high ~'C, \Ve get that (Gx)x>o is a continuous-tüne GaJton-
V\r"at.son process, [13, 21]. Define -

fx(s) = IE(sª' ), 

and for somo fixed s E (O, 1) 
w(x) = fx-I (s). 

Note t;hat both quantitics are strictly posit.ive since Gx < oc·. For y 2: O define 

M~ := w(x +y)ª'. 

' 
It turns out that (l\f:)y?:,O is a convergent 1nartingale. 10 see that., observe that the branchi~1g 
propcrty gives us 

IE[J\,q, jFy] = IE[w(x +y')°"' j.F11], 

= (Jy•-y(w(x +y')))ª", 

= (Íy•-y(J;,~y(w(x+ y))))ª"= M,7. 
In addition, (J\1i}) 1,.2 o is positive and bounded and hence, it does converge and is unifonnly 
integrable. Follo\ving the argu1nents of [13], for fixed t and for all y large enough 

N, 

Gy = LG~-(ti 
k=l 

\Vhere the cc;·i)i;:-:1 are independent copies of G = (Gx)x;::o- Hence 
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and the limit of the rnartingale satisfies 

N, 
]\!fx = II ]\fx+~i ,1. 

i=l 

Takíng expectations leads to 
N, 

w(x) =E TI w(x + ~!), 
i=l 

which in turn implies (see Theorem 8 in [16)J that 

L"'·1.L' + e:1111 -!- r(n12 - u1) =O, 

3.3 Proof of Theorem 1.1 

Observe t.hat Proposi!;ion 3.3 gives us 1) ~ 3) while Proposition :~.l provcs 2) ~ 3). ~rhe 
equivlence 3) ..... ~ 4) is the content of Proposition 2.3. Finally sinee r is strictly increa.o::dng, 
tninirnality of 1/r (for a given e) as v.•ell as rninirnality of Ci for a g1veu r, reduces to 
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METASTABILITY FOR SMALL RANDOM PERTURBATIONS OF A 
PDE WITH BLOW-UP 

PABLO GROISMAN, SANTIAGO SAGLIETTI, AND NIGOLAS SAINTIER 

ABSTRA.CT. ~we study randon1 perturbations of a reaction-diffusion equation with a 
unique stable equilibrhun a.nd solutíons that blow-up in finite tüne. If the Strength 
of the perturbation e > O is small and the initial data ís in the don1ai11 of attraction of 
the stable equilibriurn: the systen1 exhibits metastable behavior: its tüne averages re­
n1ain stable around this equilibriun1 until an abrupt and unpredictable transition occurs 
':i:hich leads to explosion in a finite time (but exponentially large in -=-- 2 ). rvioreover, for 
initial data. in the doma.in of e.."<plosion vve sho\V that the explosion times converge to the 
one of t.he deter1ninistic solution . 

l. lNTRODUCTION 

We consider, for E > O, the stochastic process U"·' which fonnally satisfies the stochastic 
partía! differential equation 

{ 

a,U"·c = a;xuu,e + g(U"·') + e:VV 
(1.1) U"·'(t, O) = U"·'(t, 1) =O 

U"·'(O, x) = u(x) 

t>O,O<x<:l 
t >o 

where g: IR--+ lR is given by g(u) := ulul"-1 far fixed p > 1, IV is space-time white noise 
and u is a continuous function satisfying ·u(O) = u(l) =O. 

This process can be thought of as a random perturbation of the dynamical system U" 
given by the solution of (1.1) with E= O, i.e. U" satisfies the partia.! differcntial equation 

{ 

3,U" = e;xu" + g(U") t > o, o < X < 1 
U"(t,O) =0 t>O 

(1.2) U"(t, 1) =O t >O 
U"(O,x) = u(x) O< x <l. 

Equatkm (1.2) is of reaction-diffusion type, a broad class of evolution equations whieh 
natura,Ily arise in the study of phenomena as cliverse as cliffusion of a fluid through a 
porous' material, transport in a semiconductor, coup!ed chemical reactions with spatia.l 
diffusi~n. population genetics, among others. In ali these cases, the equation represents 
an approximate model of the phenomenon and thus it is of interest to understand how its 
description might change if subject to small random perturbations. 

An important fea.ture of (1.2) is that it a.dmits solutions which are only local in time 
a.nd blow up in a finite time. Indeed, the system has a unique stable equilibrium, the null 
function O, a.nd a countable family of unstable ec¡uilibria, ali of which are saddle points. 
The stable ec¡uilibrium possesses a doma.in of attraction 'Do satisfying that if ·u E 'Do then 
the solution U" of (1.2) with initial datum u is globally clefinecl ancl converges to O as 
time tends to infinity. Similarly, each unstable ec¡uilibrium has its own stable manifold, 
the union of which constitutes the boundary of D 0 . Finally, far u. E 'De := 'Do e the system 

Key ~oords a.nd phrases. stochastic partia1 different;ial equat;ions, randon1 perLurbations, blo\v-up, 
meta.5ta.bility. 

2010 Mathematics Subject Cla.ss\fication: GOH15, 35K57. 
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blows up in finite time, i.e. there exists a time O < r" < +oo such that the solution U" 
is defined for ali t E [O, r") but satisfies 

lim llU"(t, ·)lloo = +oo. 
t/-,T"" 

The behavior of the system is, in sorne aspects, similar to the double-well potential model 
stucliecl in ll, 12]. Incleed, (1.2) can be reformulated as 

a,u" = - 88 
(U") 

iJc.p 

where S is the potential formally given by 

¡1 [l (dv) 2 

] S(v) =Jo 2 dx + G(v) ' 

where we take G(v) := - 1~',:
1 

as opposed to the term G(v) = ;[v4- ~v2 appearing in the 
clouble-well potential moclel. In our system, instead of having two wells, each being the 
domain of attraction of the two stable equilibria of the system, we have only one which 
corresponds to D 0 . Sin ce our poten tia! tends to -oo along every direction, we can imagine 
the second well in our case as being infinity and thus there is no return from there once 
the system rea.ches its bottom. Moreover, since the potential behaves like -sP+l in every 
clirection, if the system fa.lis into this "infinite well" it will rea.ch its bottom (infinity) in a 
flnite time (blow-up). 

U pon aclding a small noise to (1.2), one wonders if there are any qualitative differences 
in behavior between the deterministic system (1.2) and ít.s stochastic perturbation (1.1). 
For short times both systems shoulcl behave similarly, since in this case the noise term 
will be typically of much smaller order than the remaining terms in the right hand side 
of (1.1). However, cine to the independent and normally distributecl increments of the 
pcrturbation, when givcn enough time the noise term will eventually rea.ch suffic.iently 
large values so as to induce a significant change of behavior in (1.1). We are interested in 
unddrstanding what changcs might occur in thc blow-up phenomenon dueto this situation 
and, more precisely, which are the asymptotic properties as E -+ O of the explosion time 
of (1.1) for the clifferent initial data. Basecl on ali of the considerations above, we expect 
the following scenario: 

' i. Thermahzat'ion. For initial data in D0 , the stochastic systcrn is at füst attracted 
towards this equilibrium. Once nea.r it, the terms in the right hand sicle of (1.2) 
bccomc negligible and so the process is then pushed away from thc equilibrium by 
noise. Being away from O, the noise becomes overpowerecl by the remaining terms 
in the right hand si de of ( 1.1) and this allows for the previo ns patt.ern to repea.t 
itself: a large number of attempts to escape from the equilibrium, followed by a 
strong a.ttrnction towards it. 

n. Tunnding. Eventually, after many frustratecl attempts, the process succeecls in 
escaping Do aml reaches the doma.in of explosion, the set of initia.l data for which 
(1.2) blows up in flnite time. Since the probability of such an event is very small, 
we expect this escape time to be exponentially large. Furthermore, clue to the 
la.rge nnmber of attempts that are necessary, we also expect this time to show 
little memory of the initia.l data. 

iii. Final excnrsion. Once inside the domain of explosion, the stochastic system is 
forced to explode by the dominating source term g. 

• 
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This type of phenomenon is known as metastabifüy: the system behaves for a long time 
as if it were under equilibrinm, but then performs an abrupt transition towards the real 
equilibrinm (in our case, towards infinity). The former descript.ion was provee! rigórously 
for the (infinite-dimensional) donble-well potential model in [l, 12], inspired by the work 
in [10] for its finite-dimensional analogue. Their proofs rely heavily ·on large devia.tions 
estimates for uu,e established in [8] far the infinite-dimensional system and in [9] far the 
finite-dimensional setting. In onr case, we are only capa.ble of proving the existence of 
local solutions of (1.1) ancl in fa.et, explosions will occur far ¡¡u,s. As a consequence, ·we 
will not be a.ble to apply these same estimates directly, as the valiclity of these estimates 
relies on a proper control of the growth of solutions which cloes not hold in our setti\ig. 
Localization techniques apply reasonably well to cleal with the process until it escapes ap.y 
fixed bonnded doma.in but they cannot be nsed to say what happens from then onwa.rds. 
Since we wish to facus specifically on trajectories that blow np in finite time, it is clear 
that a new approach is needed for this !ast part, one which involves a. careful stucly of 
the blow-up phenomenon. Unfartnnately, when dealing with pertnrba.tions of differential 
equations wíth blow-up, nnderstanding how the behavior of the blow-up time is modified 
or even showing the persístence of the blow-up phenomenon itself is by no mea.ns an easy 
task in most cases. There are no general results addressing this mattcr, not even for 
nonrandom perturbations. This is why the usual a.pproach to this kind of prohlems is to 
consider particular models such as ours. 

The article is organized as follows. In Section 2 we give sorne pre.liminary definitions, 
introduce the local Freidlin-Wentzell estimates and afterwards present our ma.in results. In 
Section 3 we give a deta.iled description of the determinístic system (1.2). Section 4 focuses 
on the explosion time of the stochastic systern far initial elata in the doma.in of explosion. 
The constrnction of an auxiliary doma.in G is performecl in Section 5 ancl the stucly of the 
esca.pe frorn Gis carried out in Section 6. In Sect.ion 7 we establish rnetasta.ble behavior for 
solutions with initial data in the doma.in of attraction of the stable equilibrium. Finally, 
we inc.lude at the end an appendix with sorne a.uxiliary results to be usecl throughont onr 
analy~is. 

2. DEFINITIONS AND RESULTS 

2.1. The deterministic PDE. Our purpose in this section is to study equa.tíon (1.2) . 
Wc ~sume tha.t the source term g : lR -+ lR is gíven by g(u) = ulul"-1 far fixed p > l 
ancl also that ·u belongs to the space CD([O, l]) of continuous functions 011 [O, l] satisfying 
homogeneous Dirichlet boundary conditions, namely 

Co([O, l]) = {v E C([O, l]): v(O) = v(l) e= O}. 

The space CD([O, l]) is endowed with the supremum norm, i.e. 

llvlloo = sup lv(x)I. 
xE[O,l] 

For any choice of r >O and v E CD([O, l]), we let Br(v) denote the closccl ball in CD([O, l]) 
of center v a.nd radius r. Whenever the center is the null fnnction O, we simp.ly write B,. 
Equation (1.2) can be rcfarmulatcd as 

(2.1) 
oS 

o,U = - oip (U) 



PABLO GROISMAN, SANTIAGO SAGLIETT!, AND N!COLAS SA!NTIER 

FIGURE l. Examples of unstable equilibria: z, z(2) and z(-3l. 

where the potentia.l 8 is the fnnctional on C'v([O, l]) given by 

{ 
(' [l (dv) 2 lvl"+I] 

S(v) = } 0 2 dx p + 1 

+oo 

if V E HJ((O, 1)) 

othcrwise. 

Here HJ((O, 1)) denotes the Sobolev space of square-integrable funct.ions defined on [O, 1] 
wíth square-íntegrable weakélerivative whích vanish at the boundary {O, 1}. Recall that 
HJ((O, 1)) can be embedded into C0 ([0, l]) so that the potential is indeed well-defined. 
We refer the reader t.o the appendix for a review of sorne of the main properties of 8 
which shall be required throughout our work. 

The formulation on (2. l) is interpreted a.s the validity of 

¡1 
. 8(U + h<p) - 8(U) 

8,U(t, x)<p(x)dx = lim 
o h--+0 h 

for any <p E C 1 ([0, l]) with 9c(O) = <p(l) = O. It is known that for any u E Cv([O, l]) 
ther<! exists a unique solution U" to equation (1.2) defined on sorne maximal time interval 
[O, r") where O< r":; +oo is callee! the explosion time of U" (see [17] for further details). 
In general, we will say that this solution belongs to the space 

Cv([O, r") x [O, 1]) = { v E C([O, r") x [O, 1]) : v(-, O)= v(., 1) =O}. 

Ho¡~•ever, whenever we wish to make its initial datum u explicit we will do so by saying 
tha.t the solution belongs to the space 

Cv"([O, r") x [O, 1]) = {v E C([O, r") x [O, l]J : v(O, ) =u and v(-, O) = v(., 1) =O}. 

The origin O E Cv([O, 1]) is the unique stable equílibrium of the system and it is in fact 
asympt.ot.ica!J.y stable. It. corresponds to the unique local mínimum of the potent.ial 8. 
'I'here is also a family of unstable equilibria. of the system corresponding to the remaining 
crír.íeal points of the potent.ial 8, all of which are saddle points. Among these unst.a.ble 
equilíbria there exists only one of them which is nonnegative (see [4, p. 3] for detaiJs) which 
we denote by z. It can be shown that this equilibrium z is in fact: strictly positive for 
x E (O, 1), symmetric with respect to the axis x = ~ (i.e. z(x) = z(l- x) for ali x E [O, 1]) 
ancl that is both of minimal potential and minimal ¡:;orm among al! the unstable equilibria. 
The remaining equilibria are obtained by alternating scaled copies of both z and -z as 
Fignre 1 shows. We establish this fact rigurously in Section 3. 

• 
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? ? Definition of solution far the SPDE. In general, equations like (1.1) <lo not 
admit strong solutions in the usual sense as they may not be globally defined but instead 
defined up to an explosion time. In the following we formalize the idea of explosion aml 
properly define the concept of solutions of ( 1.1). . 

First, we fix a probabilit.y space (f!, F, P) on which we have defined a Brownian sheet 

w = {vV(t,x): (t,x) E IR.+ X [O, l]}, 

i.e. a stochastic process satisfying the following properties: 

i. 1V has continuous paths, i.e. (t, x) >--+ iV(t, x)(w) is continuous for every w En. 
ii. IV is a centered Gaussian process with covariance structure given by 

Cov(W(t,x), W(s,y)) = (t /\ s)(x /\y) 

for every (t, x), (s, y) E JR.+ x [O, 1]. 

Then, for every t ~ O we define 

91 = o-(W(s,x): O ::O: s ::-;: t,x E [O, 1]) 

ancl denote its augmentation by F,.1 The fomily (F,),20 constitutes a filtration on (n, F). 
A solution np to an explosion time of the equat.ion (1.1) on (f!, F, P) with respect to 
the Brownian sheet vi! and with initial datum u E Cn([O, 1]) is a stochastic process 
uu,s = {Uu•'(t, x) : (t, x) E JR+ x [O, 1]} satisfying the following propcrties: 

i. uu,s(o, ·) =u 
ii. U"·' has continuous paths ta.king values in lR := lR U {±oo}. 

iii. U"·' is adaptcd to the filtration (Ft)t>o, i.e. for evcry t ~ O thc mapping 

(w, x) >--+ U"·'(t, x)(w) 

is F, ® B( [O, 1 ])~measurable. 
iv. If il? denotes the fundamental solution of the heat equation on the interval [O, 1] 

, with homogeneous Dirichlet boundary conditions, which is given by the formula 

'"'(· )--1 ~[ ( (2n+y-xf)-· (-(2n+y+a;)
2
)] "' t, x, y - r:;-:::; ¿_, exp 

4 
exp 

4
. , 

y47!"t - t t nE.o 

and for n EN we define the stopping time TJnJ,u := inf{t >O: llU"•º(t, ·)lloo ~ n} 
' then for every n EN we have P-a.s.: 
) . 

1 tt,'T'~n),u -

• { { lil?(t/\T:n),u_s,x,y)g(U"·'(s,y))idsdy<+ooforalltEJ!I.+ 
lo lo · 

• U"·'(t 1\ T;nl.",x) = 1j7i(t,x) + Jt')(t, x) for ali (t,x) E¡¡¡_+ X [O, l], where 

1);1(t, x) = ¡1 

il?(t A T¡n).u, :e, y)u(y)dy 

and 
tlvrJn),,, 1 

(2.2) ¡);l(t,x) = ¡ ¡ iP(t/\T¡n),u - s,x,y) (g(U"·'(s,y))dyds+édVV(s,y)). 

1This means that :F, = a-(91. uN) whcrc N denotes the class of all P-null sets of 9= = cr(9t : t E Jm+). 
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The stochastic integral in the right-hand side of (2.2) is to be understood in the sense of 
vV>1lsh [20]. We call the rnndom variable r';; := limn-Hoo rJn),u the explosion time of U"•'. 
Notice that the assumption of continuity of U"·' over IR implies that: · 

• r;' = inf{t >O: [[U"·'(t, ·)[loo= +oo} 
.. : .. 

• [IU"''((r;')-, ·)[loo= [[U"·"(r;', ·)l[oo = +oo on {r;' < +oo}. 

\!Ve stipulate tha.t U"·'(t, ·) = U"•'(r';;, ·) for t 2: T whenever r;' < +oo but we do not 
¡~-;sume that lim1.-;+ .. u uu,.e (t;, . ) exists if r;' = +oo. F\1rthermore, since any initial datum 
u E Cv([O, l]) is bounded, we always have P(r," > O) = l. It can be shown that there 
exists a (pa.thwise) unique solution U"·' of (1.1) up to an explosion time and that it J:a.s 
the strong !Markov property, i.e. if f is a stopping time of U"•' then, conditional on f < r';; 
and U"·'(f, ·) = v, the future {U"•'(t + 7, ·): O < t < r';; -T} is independent of the p'ast 
{U"·'(s, ·): Os; s s; T} and identical in la.w to the solution of (1.1) with initiaJ da.tum v. 
We refer to [13, 20] for details. 

2.3. Local Freidlin-Wentzell estimates. One of the main tools we use in the stúdy of 
solutions of (1.1) is the local large deviations principie we briefly describe next. • 

Given v. E C'v([O, l]) and T >O, we consider the metric space of continuous functions 

Cn, ([O, T] x [O, l]) = {v E C([O, T] x [O, 1]) : v(O, ·)=u and v(-, O) = v(-, 1) =O} 

with the distance dT induccd-by thc supremum norm, i.e. for v, w E Cv,, ([O, T] x [O, l]) 

dT(v, w) := sup [v(t, x) - w(t, x)I, 
(t.x)E[O,T] x [0,1] 

and define the rate fonction D} : Cvu ([O, T] x [O, l]) -7 [O, +oo] by the formula 

. . , { ~ rT r' 10,rp - f)",.rp - g(rp)l2 
f){(<p) = - lo lo 

. +oo 

if rp E W,,'•2 ([0, T] x [O, l]), rp(O, ·)=u 

otherwise. 

' Hcrc w~·2 ([0, T] X [O, l]) is the closurc of C00 ([0, T] X [O, l]) with respect to the norm 

' 
[l'Pll1-v;'' = (1T 11 

[!'P[2 + [él,rp[2 + [8x'P[2 + [8xx'P! 2
]) 

2

, 

i.e. , ·the Soholev space of square-integrable functions defined on [O, T] x [O, l] with one 
sqnare-integrable weak time derivat.ive a.nd two squa.re-integrable weak space derivatives. 

By following the lines of [l, 8, 19], it is possible to establish a large deviations principie 
for solutions of (1.1) with rate function 1 as given above whenever the source term gis 
globally Lipschitz ( even though they do not work with a. globally Lipschitz source, their 
analysis carries over to this simpler context). Unfortunately, this is not the case for us. 
Nonetheless, by employing localization arguments like the ones ca.rried out in [11], one can 
obtain a wca.ker vcrsion of this principie which only holcls locally, i.e. while thc process 
rema.ins inside a.ny fixed bounded region. More precisely, we ha.ve the following result. 

Theorem 2.1. If.for each n EN and u E C'n([O, l]) we define 

T(n),n := inf{t >o: llU"(t, ·)!loo 2: n} and 

where rJ"1·" 'is defined os in Section 2.2, then the follow-ing est,imates hold: 

• 
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• Lower bound. Por any 5, h > O a.nd n E N. thcrc eccists co s·ach that 

( 

tL ~ . ) - IJf(opJ+!:_ 
(2.3) P dn~ln).• (U •", <p) < ó 2: e , 

for ali O< e< co, u E CD([ü, 1]) o.nd <p E CD.([O, T] x [O, l]) 11iíth ll'Plloo::; n. 

• {Jpper bound. Por any 6 > O a.nd n E N. there e.rist co > O a.nd C > O sitch tho.t 

(2.4) sup p ( dTAJ;(n),u (U"·º, U")> o) ::; e-~' 
uECr>([O,lj) . 

for a.ll O < e < En. 

The usual large deviatíons estimates far these type of systems usually feature a móre 
refined version of the upper bound than the one we givc here (scc [l], for example). 
However, the estímate in (2.4) is enough for our purposes and so we do not pursue any 
generalizations of it here. Also, notice that both estimates are sornewhat unifonn in the 
initial datum. This uniformíty is obtained as in [l] by usíng the fact tha.t g is Lipschitz 

• when restricted to bounded sets. We refer to [l, 8] for further details. 

• 

2.4. Main results. Our purpose is to study the asymptotic behavior as s --+ O of U"·', 
the solution of (1.1), for the different initial data 'IL E C0 ([0, l]). We now state our result.s. 
For simplicity purposes, in the following when computing probabilities of events we may 
c\rop the superscript ti from the usual notation anc\ instead make the initial datum explicit 
py adding it a.s a subscript under the probability sign. In this way, whenever we write Pu 
insteac\ of P it means that in the event in question ali initial data are set to u. 

In many occa.sions throughout the seque! we will be interested in obta.in.ing estimates 
which hold (in a suitable sense) uniformly in the initial condition. However, since Cn([O, l]) 
is an infinite-dirnensional space, uniformity over compact sets will not be very informative, 
while uniformity over closed bounded sets alone will in general be too much to expect. 
The following c\efinition introduces the precise class of subsets for which we will be able 
to obt.ain uniform estimates. 

Definition 2.1. Given D <:;; CD([O, l]), we will say that /C <:;; CD([O, l]) is D-compactifiable 
if /C is bounded and there exists t0 > O such that inf.u.EIC r" > /:o and for ea.ch t E (O,.to] 
the closure of !C(t) := {U"(t, ·): ?t E IC} is a compact set contained in D . 

It is straightforward to see that any compact set /( is 'D-cornpactifiablc far any D having 
/C in \ts interior. However, due to the regularizing property of the solutians to 1.2 studiec\ 
in the appendix, there exist many D-compactifiable sets which are not cornpact. Indeed, 
in Lemma 5.3 below we will see tha.t if D <:;; CD([O, l]) is open anc\ /C is a compact set 
contained in D then any sufficiently small neighborhood of IC is also D-compactifiable. 

Now, our first result c\eals with the continuity ofthe explosion time for initial data in the 
domain of explosion De. In this case one expects t.he stochast.ic and deterministic systems 
both to exhibit a similar behavior for a.ny E: > O sufllciently small, since then the noise will 
not be able to grow fast enough so as to overpower the quickly exploding source term g. 
We show this to be truly the case for -u E D, such that U" remains bounded from one side. 

Theorem 2.2. Let v; be the set of initial data u E 'D, such that U" explodes only through 
one side, i. e. U" remains boitnded either from below or above v,ntil its explosion time r". 
Then given ó > O and a D;-cornpactifiable set /C there ex·ists a consta.nt C > O such that 

e 
sup Pu(lr< - rl > 5) $ e-;;-z. 
uEJC 
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The rnain differences in behavior between the stochastic ancl deterrninistic systems 
appea.r for initial data in D 0 , where metastable behavior is observed. According to the 
characterization of metastability for stochastic processes in [3, 10], this behavior is given by 
two facts: the time averages of the process remain stable until an abr.t,pt transition occurs 
and a different value is attained; furthermore, the time of this transition is unpredictable 
in the sense that, when suitably rescaled, it should have an exponential distributíon. 
vVe mana.ge to estahlish this description rigorously for our system whenever 1 < p < 5. 
This rigorous clescriptioh is contaínecl in the remaining results. 

Define the quantity D.:= 2(8(z) - 8(0)). Our second result states that for any u E 'Do 
" the asympt.otic magnitude of T;' is, up to logarithmic equivalence, of order e?. 

Theorem 2.3. Given i5 >O anda D0 -compactifiable set K, if 1 < p < 5 then we haije 

lim [sup IP" (e~ < T, <e~) - il] =O. 
c-·-,.O uEK 

Thcorcm 2.3 suggcsts that, for initial data ·u E Do, the typical route of uu,E tbwards 
infinity involves passing through one of the unstable equilibria of minimal energy, ±z. 
This seems rcasonablc sincc, as we will see in Section 5, for 1 < p < 5 the barrier imposed 
by the potential 8 is the lowest there. The following result establishes this fact rigorously. 

Theorem 2.4. Given ó >O anda D0 -compactifiable set K, if 1 < p < 5 then we have 

~~ [~~f: IP,, (T~(Dg) < T,, U'(r,(D~), ·)E B;(±.z)) - 11] =O, 

where T;'(Dó) := inf{t >o: uu·'(t. ·) rf. Do} and B5(±z) := B5(z) u B;(-z). 

Our next result is concerned with the the asyrnptotic loss of memory of T-;-. For E: > O 
define the scaling coefficient 

(2.5) 

Observe that Theorem 2.3 implies that the family ((3,),>o satisfies lim,_,0 s 2 log ¡3, = 6. 
Thit1 next result sta;tes that for any u E Do the normalized explosion time ;: . converges 
in clistrihution to an exponential ranclom variable of mean one. 

Theorem 2.5. Given ó > O and a D0 -compact-ifiable set K, ~f' 1 < p < 5 then we have 

lim [sup !Pu(T, > t(J,) - e-'¡] =O. 
é"--TÜ 11EK. 

foi- any t > O. 

Finally, we show the stahility of time a.vera.ges of continuous functions evaluated a.long 
paths of the proccss startíng in D0 , i.e. they remain closc to the value of the function at O. 
These time averages are taken along intervals of length going to infinity ancl times may be 
taken as being alrnost (in a suitable scale) the explosion time. This is telling us that, up 
until the explosion time, the system spends most of its time in a small neighborhood of O. 

Theorem 2.6. There ex·ists a sequence (Rc)e>O with limHo R, = +oo and limc-;0 1;J:- =O 
S'll.ch that given ó > O for any D0 - compa.ct·ifiable set JC we ha ve 

l~;6 [~~~Pu Cst~~~3R,\ ~' ¡t+R, f(U'(s,-))ds - J(O) 1 > 6)] = O 
for a:ny bo·nnded continuous function f: Cn([O, 1]) -1-11!.. 

• 

• 



• 

• 

METASTABILITY FOR Slv!ALL RANDOM PERTURBATIONS OF A PDE WJTH BLOW-UP 9 

Theorem 2.2 is provecl in Section 4, the remaining results are provecl in Sections 6 ancl 7. 
Perhaps the proof of Theorem 2.2 is where one fincls major differences with other works in 
the literature dealing with similar problems, namely [10, 12]. This is due t.o the fac.t. that 
for this part we cannot use large cleviations estimates as these do. Th~ remaining results 
were established in [l, 12] for the tunneling time in an infinite-climensional double-well 
potential model, i.e. the time the system takes to go from one well to the bottom of the 
other one. Our proofs are similar to the ones founcl in these references, although we have 
the additional difficulty of dealing with solutions which are not globally defined. 

3. PHASE DIAGRAM OF THE DETERMfNISTIC SYSTEM 

In this section we review the behavior of solutions to (1.2) for the different initial data 
in C0 ([0, l]). We begin by characterizing the unstable equilibria of the system. 

Proposition 3.1. A function w E CD([O, l]) is an equilibrium of thc systcm if and only if 
there exists n E :Z such that w = z(nl, where for each n EN we define z(n) E CD([O, l]) 
by the formula 

{ 
n,,:, z(nx - [nx]) 

z\n)(x) = 
-nP:, z(nx - [nx]) 

if [nx] is even 

if [nx] is ocld 

and also define z(-n) := -zín) .and z(O) :=O. Furthermore, for ea.ch n E :Z we have 

(3.1) and ( ) ''(>±2) S(z") =!ni" •-' S(z). 

Proof. Since the function z is smooth ancl strictly positive on (O, 1), it follows from (1.2) 
that Dxz is decreasing in (O, 1) so that the limits Dxz(o+) and Dxz(l -) exist. Moreover, since 
z is symmetric with respect to the a;= ~ axis, we have in fact that Uxz(ü+) = -axz(l-). 
Similarly, since z vanishes in the boundary of [O, l], we also have o;xz(O+) = o;xz(l -) = O. 
From these observations, it is simple to verify that ea.ch z(n¡ is an equilibrium of the system 
(in particular, twice diffcrcntiable) ancl satisfies (3.1). Thercfore, wc must only check that 
for any equilibrium w E C0 ([0, l]) - {O} there exists n E :Z-- {O} such that w = zl"l. 

Thu~, !et w E CD([O, l]) - {O} be an equilibrium of (1.2) and define the sets 

e+= {r E (O, 1) : w(a:) >O} ancl e- = {r E (O, 1) : w(:r,) < O}. 

Since w f' O at least one of these sets must be nonempty. On the other hand, if only one 
of thém is nonempty then, since z is the unique nonnegative equilibrium different from O, 
we m¿st have either w = z or w = -z. Therefore, we may assume that both e+ and e-' . . 
are nonempty. Notice that since e+ and e- are open sets we may write them as 

c+=LJ~ ~ ~~u~ 
kEN kEN 

where the unions are clisjoint and each Jf' is a (possibly empty) open interval. 
We first show that ea.ch union must be finite. Take k E N ancl suppose we can write 

It = (ak,bk) for sorne O$ ak < bk:::; l. It is easy to check that wk: [O, l] __,IR given by 
2 

ü1k(x) := (bk - ak)•-'w(ak + (bk - ak)x) 

is a nonnegative equilibrium of the system different from O and thus it must be ·wk = z. 
2 . 2 

This implies that llwllco 2'. (bk - ak)-p-i llüiklloo = (bk - akrp- 1 llzlloo from where we see 
that an infinite number of nonempty It would contradict the fa.et that w is boundecl. 
Thus, we see that G+ is a finite union of open interva.ls and by symmetry so is e-. 
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The same argument also irnplies that for each interval I'{: = (a¡,, bk) the graph of ·wl 1t 
2 

coincides wit,h that of ±z but when scaled by the factor (bk - <Lk)-¡;::-¡. More pr.ecisely, 
for aU x E [O, l] we have 

(3.2) ·w(a,k + (bk - a,k)x) = ±(bk - ak)-,:l,z(a:). 
'. ;.· 

Now, Hopf's Lemma [7, p. 330] irnplies that 8xz(ü+) > O and 8xz(l-) < O. Furtherrnore, 
since z is symrnetric with respect to x = ~ we have in fact that 8xz(ü+) = -élxz(l -) > O. 
In li'ght of (3.2) and the foct tha.t w is fflierywhere differentiable, the forrner tells us that 
plus and minus intervals must present thernselves in alternating arder, that their closures 
cover all of fo, l] and a.lso that their lengths are al! the same. Cornbining this with rn,2) 
we conclucle the proof. . O 

As a consec¡uence of Proposition 3.1 we obtain the following important corollary. 

Corollary 3.2. The functions ±z minimize the pontential S and the supremum norm 
among al! the unstablc equilibria of (1.2). In particular, wc have inf,,Ew S(n) = S(±z), 
where 

}V:= {u E Cv([O, l]) : ru = +oo and lün uu(t, ·) = zln) for sornen E Z - {O}} 
t-++oo 

denotes thc union of all stablc manifolds corrcsponcling to the cliffcrent unstable equilibria. 

Proof. The first staternent is dcar from Proposition 3.1 while the second onc is deduced 
frnm the first sine e the mapping t ...,. S (U" ( t, ·)) is monotone decreasing and continuous 
for any u E H¡}((O, 1)) (sec Proposition 8.7). O 

Concerning the asymptotic behavior of solutions to (1.2), the following dichotomy 
was proved by Cortá.zar and Elgueta in [4]. 

Proposition 3.3. Let U" denote the solution to (1.2) with initial datum ·u E Cv([O, l]). 
Then one of these two possibilities rnust hold: 

,i. r" < +oo a.ne! U" blows upas t /' r", i.c. limvc" llU"(t, ·)lloo = +oo 
ii. r·u == -t-oo ancl U" converges to sorne stationary solution zln) as t _, +oo. 

Proposition 3.3 allows us to split thc spacc Cv([O, l]) of initial data into thrce parts 

(3.3) Cv([O, l]) =Do U W U De 

• 

whete Do denotes the clornain of attraction of the origin O, De is the domain of explosion • 
of the systern, i.e. the set of all initial elata for which the systern explodes in finite time, 
and W denotes the union of ali stable manifolds associatecl to the unstable ec¡uilibria. It 
can be seen that both Do a.ne! De are open sets and that W is the cornrnon boundary 
separating them. The following proposition gives a. useful cha.racteriza.tion of De. 

Proposition 3.4 ([17, Theorem 17.6]). The domain of explosion De sa.tisfies 

D, = {11 E C0 ([0, l]) : S(U"(t, ·)) <O for sorne O :S t < r"}. 

Furthermore, we ha.ve limth" S(Uu(t, ·)) = -oo. 

From these results one can obtain a precise description of the domains Do and De in 
the region of no11negative data. Cortáza.r a:nd Elg11eta proved the follo,vil1g result in f 5 J. 

Proposition 3.5. 

i. Assume u E Cv([O, l]) is nonnegative and such tha.t U" is globally defined and 
converges tozas t -> +oo. Then for v E Cv([O, l]) we have that: 



• 
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FIGURE 2. The phase diagram of equation (1.2). 

• O $ v $ u = uv is globally defined and converges to O as t -> +oc. 
• u $ v = uv explodes in finite time. 

11. For every nonnegative ·u E CD([O, l]) there exists .\~>O such that for every .\>O: 
• o < ). < ).~ = u>-u is globally defined and converges to o as t -+ +ex:•. 
• .\ = .\~ = U'" is globally defined. and converges to z as t -+ +oc . 
• ,\ > ).~ .,. u>-u explodes in finite time. 

This last result yields the e.xistence of an unstable manifold of the saddle point z which 
is contitined in the region of nonnegative init.ial data and which we shall denote·by w,;. 
It is 1-dimensional, has nonempty intersection with both Do and De and joins 2 with. O. 
By symmetry, a simil>tr description also holds for the opposite unstable equilibrium -·z. 
Figure 2 depicts the clecomposition in (3.3) together with the unstable manifolcls w;" . 
By exploiting the structure of the remaining unstable equilibria given by Proposition :).1 
one dn verify for each of them the analogue of (ii) in Proposition 3.5. Details in [18]. , . 

4. ASYMPTOT!C BEHAVIOR OF T;' FOH U E D, 

In this section we investiga.te the continuity properties of the e.xplosion time T;' for 
init.ial elata in the domain of explosion D,. We show that, uncler suitable conclitions on 
the initial clatum u E D., the ranclom explosion time r: converges in probability to the 
detenninistic explosion time Tu as E -+ O. To be more precise, !et us consicler the sets of 
initial data in D. which explocle only through +oc or -oc, i.e. 

D+ - { D · . f" TT"( · ) - } 1.~ - i1,E e·. _lnu ., t,.r: > 00 
(1,x)E[Ü,T )x[O.l] 

and 

D; = {u E D.: sup U"(t, x) <+oc}. 
(t,x)E[D,.r") X [0,1] 
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Notice that 'D;t ancl 'D;; are disjoint and also that they sa;t.isfy the relation 'D;; = -D;t. 
Furthermore, we shall see below that D;t is an open set. Let us write v; := 'D;t U 'D;;. 
The result. we <'tre to prove is t.he following. 

Theorem 4.1. Far any v;-compact-ifiable set JC and ó >O there exist~ a constant C >O 
such that e 

sup Pu(l7e - 71 > 8) :'::'. e-i'. 
uE!C 

\Ve split the proof of Theorem 4.1 into two parts: proving first a 1ower bound and then 
an upper bound for 7" Thc first one is a consequence of the continuity ·of solutions to 
(1.1) with respect to e: on intervals where the deterministic solution remains bounded. 
The precise estímate is contained in the following proposition. 

Proposition 4.1. Given any 'D.-compactifiable set JC and ó > O, there exists a constant 
e > o such that 

(4.1) 

Proof. First, Jet us observo that si11ce JC is 'De-compactifiablc we may assume that 7"· > ó 
for al.l u E IC. Now, for each u E 'De define the quantity 

M,, := sup llU"(t, ·)lloo· 
Os;t::::;n1ax:{O,ru-J} 

By the continuity of solutioüs .. once again we obtain that the application u r-+ Mu is both 
upper semicontinuous ancl fi11ite 011 'D, so that, si11ce for each n E JC we havc 

Mu:'::'. sup llUu(t, ·)lloo + Mu"(to.-) ~ sup llUº(t, ·)lloo + sup M, 
tE[O,to] tE[O.to] uE/C(t0 ) 

for ali to < infuEK 7" - o, by Proposition 8.2 we co11clucle that M := supuEK M,. < +oo. 
Simila.rly, si11ce ·u rl Tu is both conti.11uous and fi11ite on 'D, (see Corollary 4.4 below for a 
proof of this) we also obtain that T := supuEIC 7° < +co. Hence, for ·u E IC we get 

Pu(7;' < T" - ó) :'::'. p (d(r"-6)AT)M,,nJ,u (U"'', uu) > ~) 

~ P (d(T-S)AT,;(Mil),u (Uu,e, U")>~). 
By the estima.te (2.4) we conduele ( 4.1). 

' 

'.fo establish t.he npper bou11d we consider for ea.eh u E 'D'); t.he process 
zu,e := uu,E: _ \/O,t: 

D 

where U'"' is the solutio11 of (1.1) with initial datum u and Vº·' is the solution of (1.1) 
with source term g = O a11cl initial datum O, co11strncted usi11g the same Brow11ian sheet in 
both cases. Note that Vº·º =O and also that, since the source term O is globally Lipschitz, 
the family (VIO.e) )e>O sa.tisfies a global large deviations principie, i.e. analogous to the 011e 
stated in Theorem 2.1 but with TA To(n),u replacecl by T everywhere. Also, observe that 
zu.e satisfies the rnnclom partia.l differe11tia.l equatio11 

{ 

e.·tZ""' = EJ~,zu.,e + g( zu,e + Vº·") 
( 4.2) zu,o (t, O) = Z"·'(t, 1) = O 

Z"·'(O, x) = u(x). 

t>O,O<x<l 
t >o 

Furthermore, since Vº" is globally defi11ed a11d remains bou11ded 011 finite time i11tervals, 
we hm·e that Z'"' and U"''' share the same explosio11 time. He11ce, to obtai11 the desirecl 

• 

• 
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upper bound on r; we may study the behavior of zu,e. The advant.age of this approad1 
is that, in general, the behavior of zu,e will be easier to understand than tha.t of U"·'. 
Indeed, ea.ch realiza.tion of zu,e is the solut.ion of a. pa.rtia.l differentia.l equa.tion whid1 one 
can ha.ndle with PDE techniques. . ;· 

Now, a. straightforwa.rd ca.lcula.tion using the mean va.lue theorem shows tha.t whenever 
llVº·'lloo < 1 the process zu,e sa.tisfies the inequality 

(4.3) 8,Z"•'?: 8;;"zu,e + g(Z"·") - hlZ"·'IP-1 
- h 

where h := p2P-1f1Vº·"ll 00 >O. Therefore, to establish the upper bouncl i;m r; we first 
consider for h > O the solution zU"),u to the equa.tion 

{ 

8,z<hJ,u = él';,,z<hJ,u + g(z<lil,u) - hlZ(hJ,ulp-1 - h 
(4.4) zlhJ,u(t, O) = z<hJ,u(t, 1) =O 

zth),u(o, x) = u(x). 

t>O,O<:c<l 
t>O 

a.nd obtain a convenient uppcr bound for the cxplosion time o.f this new proccss va.lid for 
every h sufficiently sma.11. By showing then that for h suita.bly sma.11 the process zthJ,u 
e:i..-plodes through +oo, the fact tha.t zu,e is a supersolution to ( 4.4) will yield the dcsired 
upper bound on the explosion time of zu,e, provided tha.t 11Vº·'·11 00 remains small enough. 
For this last part is where the assumption that u E D'/: is necessa.ry. Lemma 4.3 below 
contains the proper estimate on r_(h),u, the explosion time of z<hJ,u. 

Definition 4.2. For h?: O we define the potential !}_(h) on Cv([O, l]) associated to (4.4) 
by the formula 

{ 

[1 [~ (dv) 2 
_ lvlP+l + hg(v) + h-v] 

;}_lhl(v) = }0 2 dx p + 1 p 

+oo 

if v E Hcl((O, 1)) 

otherwise. 

Notice ,that ;}_(O) coincides with our original potential S. IVIoreover, it is easy to check that 
for ali /¡ ?: O the potential !}_(h) satisfies all properties established for S in the appendix. 

Lemma 4.3. Given o > O there exists A!f > O such that: 

i. For every O::; h < 1, any u E Cv([O, 1]) with ;}_(hl(u)::; - 1~ verifies r_(h),u < ~-
ii. Given K > O there exist consta.nts PM,K, hM.K > O depending only on J\;J a.ne! K 

'such tha.t a.ny u E Cv([O, l]) satisfying S(u) ::; -l'i!f and /lulloo::; K verifies 
' 

sup I.(h),v < o 
vEBPJ.1,K(u) 

for a.ll Ü :s; h < hM,K. 

Proof. Let us take 5 > O ancl show first that (i) holds for an appropriate choice of M. 
For fixed M >O a.nd O ::; h < 1, !et ·u E Cv([O, 1]) be such that !}_(h!(u) :::; _A,ff ancl 
consider the application rf>(h),u : [O, r_(hl.u) -¡ JR+ given by the formula 

<P(hJ,u(t) = ¡' (z<"l·"(t,x))' dx. 

It is simple to verify that </i(h),u is continuous a.nd that for any t0 E (O, r_(h),"·) it satisfies 

(4.5) ~</i~:),u (t0)?: -4!}_(hl(v;~l)+'.l ¡1 

[ (~ ~ ~) lu);")lv+l - h (1L; 2
) lul;')I" - hlu);•11] 
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where we write u;;•):= z(h),"(t0, ·) for convenience. Héilder's inequality reduces (4.5) to 
( 4.6) 

d~~:.j·"-(t0 ) 2 -4,S:("\ul~l)+2 [ (~ ~ } ) llui'.') 111;,~_,', - h ( p_; 2) llvi~l 11~:"'' - hllv;:j llL•"] · 

Observe that, by definition of ,s:Ch) ancl the fact that the map t >--t ,S:(hl(v;"1) is decreasing, 
we obtain the inequalities 

J..i s·chJ (. C"l) 1 11· (h) llp+l h 11 (h) 11" hll (h) 11 2- ::; -f;_ Uto ~ p + 1 Uto LP+l + . Uto LV+l -r 'Uto LP,+ 1 

from which we deduce that. by taking J\f sufficiently large onc can force llu;~) 11 Lv• i to ·be 
large e.nough so as to guara11tee tl1at 

(p -1) 11· (h) llp+l 1 (p + 2) 11 (h) llp 111 (h) 11 . 1 (p - 1) 11 (h) llp+l 
j) + 1 Uto LP+l - i -p- Uto LP+l - 1 'l..Lto ¡,p,l ~ 2 JJ + 1 Uto LP+l 

i:; satisfied for any O $; h < l. Thercfore, wc sce that if M sufficiently largc then for all 
O ::; h < 1 the application cjJ(h),n satisfies 

(4.7) --(to) 2 2M + - (<P(h),u(to)) 2 
d</}hJ,n (p -1) l±l 

dt p + 1 

for cvery t0 E (O,L(hJ"'), whcrc to obtain (4.7) we ha.ve once again used Holcler's inequality 
miel thc fact tha.t the ma.p t >-+ ,;?'.(hl(v;h)) is dccreasing. Now, it is straightforwa.rd to show 
tha.t the solution y of the orclinary differentia.l equation 

{ 
y = 2NI + (E=l) v"'P-p+1 ' 

y(O) 2 O 

explodes before time 
l±l ) 15 22(p+l 

T = 4 + (p - 1)2 (Mó)'Y-. 

Indcc¡¡l, cithcr y cxplocles befare time i or iJ :=y(· + 1l satisfies 

{ 

. ( ') l±l J]?:_~fj2 

fj(O) 2 ~;s, 

ancl ij ca.n be seen to explode before time 

- 2"i
1
(p+l) 

T=-----~ 
(p - 1)2(-Mó)'Y-

by performing the standard integra.tion method. If M is taken sufficiently la.rge then T 
can be made strictly smaller than ~ which, by ( 4.7), implies that L(hJ.u < ~ as desired. 

Now let us show statement (ii). Given K >O !et us take M >O as above and consider 
11 E Cn([O, l]J satisfying S(n) ::; -i\1 and llvlloo ::; K. Using Propositions 8.9 and 8.7 
a.dapted to the system ( 4.4) we may fine! PM,K > O sufficiently small so a.s to gua.rantee 
tha.t for sorne small O < tu < fr any v E BPM,K (-u) satisfies 

s_(h)(z__(h),v(t,,, ·))::; ,s:Chl(u) + ]\: 

for ali O ::; h < l. Notice tha.t this is possible since the consta.nts in Proposition 8.9 
ada.pted to this context can be ta.ken inclependent from h provided tha.t h rema.ins boundecl. 
These consta.nts still clepend on 11-ulloo though, so tha.t the choice of PM.K will inevita.bly 

• 

• 
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depend 011 both M and K. Next, !et ns take O < hMJ< < 1 so as t.o guarantee that. 
s_(h)(u) $ - 3~1 for every O$ h < hM.K· Notice that, since s_(h)(u) $ S(u) + h(KP + K), 
it is possible to choose hM,K depending 011ly on M a11d K. Thus, for any v E BPM.1Ju) we 
obtain s_(hl(z(h),v(t,,, ·)) $ -lff which, by the choice of M, irnplies that Éh),v < tu+% < 6. 
This concludes the proof. D 

Let us observe that the systern z<o).u coincides with U" for every ·u E CD([ü, l]). Thus, 
by the previous lernrna we· obtain the following corollary. 

Corollary 4.4. The application v. H r" is continuous 011 D,. 

Proof. Give11 u E De a11d ó > O we show that there exists p > O such that for ali v E Bµ(v,) 
we have 

-ó + r" < r"" < r" + ó. 

To see this we first notice that by Proposition 8.3 there exists p1 > O such that -ó+r" < r" 
for a11y v E Bp1 (u). Moreover, by (i) in Lemrna 4.3 we may take Nl,¡)2 >O such tha.t 
r" < J for a.ny ii E B¡;Ju) wit.h ü E Cv([O, l]) verifying S(ü) $ -M. For a.ny such M, 
by Proposition 3.4 we rnay fine! sorne O < tM < t" such tha.t S(U"(tM, ·)) $ -M and 
using Proposition 8.3 we may take p2 > O such tha.t U'(tM, ·) E Bp,(U"(tM, ·)) for any 
v E Bp,(u). This irnplies that r" < tM +J < r" +o for ali v E Bp,(u) and thus by taking 
p = rnin{pi, p2 } we obtain the result. D 

The following two lernrnas provide the necessary tools to obtain the uniforrnity in thc 
upper bound cla.imed in Theorern 4.1. 

Lemma 4.5. Given M > O and 11. E De !et us define the qua.ntities 

7/.1 = inf{t E [O, r"): S(Uu(t, ·)) < -M} a.ne! R'/,,1 = sup llU"(t, ·)lloo 
0'.5t~7j\'¿ 

Then the applications ·u H Tjj and ·u H RX1 are both upper semicontinuous on De. 

Proof .•We must see that the sets {7lv1 < a} and {RM < a} are open in De for ali °' > O. 
But the, fact that {7lvr <a} is open follows at once from Proposition 8.9 and {RM <a} 
is open by Proposition 8.3. D 

Lemma 4.6. For ea.ch u E D¿ !et us define the quantity 

T' := inf U"(t, x). 
(t,"lE{O. r") X {0,1] 

Then the application u H zu is !ower semicontinuous on D¿. 

Proof. Notice tha.t I" $O for any u E D¿ since Uu(t, O)= U"(t, 1) =O for a.11 t E [O, r"). 
Therefore, it will suffice to show that the sets { °' < I} are open in D¿- for every a: < O. 
With this purpose in mine!, given a < O and ·u E D¿ such that °' < I", take /3i. /32 < O 
such tha.t a < /31 < /32 < I" and Jet y be the solution to the orclinary differential equa.tion 

(4.8) { fJ = -lyl" 
y(O) = /32. 

Define tr; := inf{t E [O, tr, .. J : y(t) < /31}, where t~'ª" denotes the explosion time of y. 
Notice that by the lower semicontinuity of S for any .!Vf >O we ha.ve S(Uu(Ti.1, ·)) :S -!VI 
and thus, by Lemrna 4.3, we may choose M such that 

(4.9) sup r" < lr; 
.,EB,(U•(T,i,.)) 



• 
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for sorne small p > O. Moreover, if p < I" - (32 then every v E Bp(U"(T;J, ·)) satisfies 
infxE[O,l] v(x) ::;:· (32 so that U" is in fact a supersolution to the equation (4.8). By (4.9) this 
implies that v E D'/; ancl I" :O: (31 > o:. On the other hand, by Proposition 8.3 we may 
take ó >O suffieiently small so that far every w E B;(u) we have 7J.~·.< r"' ancl 

sup llUw(t, ) - U"(t, ·Jlloo <p . 
tE[D.'li:\] 

Combinecl with the prev\ous argument, this yields the inclusion B8(u) \;; D'/; n {o:< 1} 
In particular, this shows that {o: < I} is open and thus condueles the proof. O 

Remark 4. 7. The preceding proof shows, in particular, that the set D'/; is open. 

The conclusion of the proof of Theorem 4.1 is cont.ained in the next proposition. 

Proposition 4.8. Given a.ny v;-compactifiable set JC and i5 > O there exists a constant 
e > o such that 

(4.10) 

Proof. Since D;; = -D'/; and u-u= -U" far u E Cv([O, l]), without loss of genera.lit.y 
we may assume that K. is contained in IJ~·. Let us begin by noticing that far any i\!l > O 

7A1 := sup /Al < +oo and RM := sup Rj\1 < +oo. 
uEJC ·-· uEJC 

Indeecl, by Proposition 8.2 \~e may choose to :O: O small so as to guarantee that the orbits 
· {U"(t, ·):O::; t::; t0 , !/.E K.} remain unifarmly bounclecl and the family {U"(t0 , ·) : !/.E K.} 
is contained in a compact set JC' \;; D'/; at a positive clista.nce from éJD'/;. But then we have 

1A1 ::0: to+ sup /A1 ancl 'RM ::0: sup llU"(t, ·)lloo + sup RX, 
uEK.1 O~t::Sto,uEJC ·uEIC' 

ancl both right ha.ne! sicles are finite clue to Lemma 4.5 a.ne! the fact that 0.'.í ancl RM are 
both finite far each n E IJ,, by Proposition 3.4. Similarly, by Lemma 4.6 we also have 

IK := inf I"' > -oo. 
v.EIC 

' Now, for each ti E JC ancle> O by the Markov property we have far any p E (O, 1) 

(4.11) Pu(T, > T + ó) S: P(dT .w.l''-M+'i.u(U"'', U")> p) + snp Pv(Te > ó). 
Af - vEBp(U"(~,.)) 

• 

The' first tcrrn on the right hand siclc is taken care of by (2.4) so that in order to show • 
( 4.1 O) it only remains to cleal with the seco ne! tenn by choosing M ancl p appropriately. 
The argurnent given to deal with this term is similar to that of t.he proof of Lemma 4.6. 
Let y be the solution to the orclinary clifferential equation 

(4.12) { iJ = -lyl" - IYlp-l - 1 
y(O) = IK - ~-

Define t:r : = inf { t E [O, tl;,axl : y( t) < IK - 1}, where tfnax denotes the explosion time of y. 
By Lemnia 4.3, we may choose f\!/ such that 

(4.13) sup T(hj,v < min{ó, t:r} 
vEBp¡.,1(Un(TN¡,.)) 

far all O::; h < hM, where PM >O ancl hM >O are suitable constants. The key observation 
here is that, since 'RM < +oo, we may choose these constants so as not to clepend on ·u 
but ra.ther 011 M a.ne! nM themselves. Moreover, if PM < ~ then every V E BPM(U"(0,'.í, ·)) 
satisfies infxE[D.l] v(x) :O: IK ·-- ·~ so that zlh),v is in fact a supersolution to the equation 
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(4.12) for ali O ::;; h. < rnin{hM, l}. By (4.13) the former implies that z_(hJ,c explodes 
through +oo and that it remains bounded from below by IK - 1 until its explosion time 
which, by (4.13), is smaller than ó. In particular, we see that if llVº·'ffoc, < min{l, "~i:'d 
then zv,e explodes befare z(h),v <loes, so that we have that T, < o undét such conditions. 
Hence, we conclude tha.t 

sup." , P,,(r~ > ó) ::O: P ( ~up [[Vº·'(t, ·)[feo~ min {1, ~1 }) 
vEBpM (U: (T,1 ,.)) f.e[0.8] p 

which, by the upper bound in the LDP for the farnily (Fº·')c>O, gives the desircd control 
on the second term in the right hand side of (4.11). Thus, by taking p := PM in (4.lÍ), 
we obtain the result. · 

[] 

This last proposition in fa.et shows that for ó > O ancl a given D;-c:ornpactifiable there 
exist constants lit/, C > O such that 

e 
sup Pu(Tc > 'T;;¡ -1- ó) ::O: e-;or . 
uE!C 

By using the fa.et that 'Tí.1 < +oo far all fi.1 > O we obtain the following useful corollary. 

Corollary 4.9. For any D;-cornpactifiable set K ancló > O there exist constants TI(, C > O 
such that 

5. CONSTRUCTION OF AN AUXILIARY DOMAIN 

To study the behavior of the explosion time for initial elata in D 0 it is convenient to 
introduce an auxiliary boundecl clomain G <:::; Cn([O, l]) containing a neighborhood Be of 
the stable equilibrium ancl such.that for any initial elata v. E B,, the escape time from this 
clomain is asymptotically equivalent to the explosion time. By cloing so we can then reduce 
our ori,ginal problem to a simpler one: characterizing the escape from t.his doma.in. This 
beconies a simpler problem beca.use, since the escape only clepends on the behavior of the 
system while it remains inside a bounclecl region, local large deviation estimates can -be 
successfully appliecl to its stucly. This approach is not new, it was originally proposecl in 
[10] tp study the finite-climensional double-well potential moclel. However, in our present 
setting the construction of this auxiliary domain is much more involvecl and, a.s· a matter 
of fa.et, a priori it is not even clear that such a clomain exists for every value of p > l. 
The aim of this section is to construct such a clomain for 1 < p < 5. The following lemma 
will play a key role in this. Its proof was communicated to us by Philippe Souplet. 

Lemma 5.1. If 1 < p < 5 then the set {v. E D0 : S(u)::;; a} is compact in CD([O, 1]) for 
any a> O. 

Proof. For a > O and v E {u E Do : S( u.) ::;; a} consider .,¡, : llll.;::o ---> IR;::o given by 

'fj;(t) := ¡1 

(U"(t, ·))2
-

A clirect computation shows that for every t0 > O the function -¡/; satisfies 

d-¡/;~o) = -4S(Uv(t, ·)) -1- 2 (; ~ ~) ¡1 

fU"(t, ·)lp+l. 
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By Proposition 8. 7 and Hi:ilder's inequality we then obtain 

------ > -4a + 2 --- (1f;(t0)) 2 
d1j•(t0 ) (P -1) = 

dt - p+ 1 
' .. ;. 

which implies that ·VJ(O) :s; B := [ 2a (¡;:ti)] ,!, since otherwise 1/' ( and therefore U") 
would explode in finite time. Now, by the Gagliardo-Niremberg interpolation inequality 
( recall that v is absolutely continuous since S ( v) < +oo) 

llvll~ :s; C'-mllvll1,2ll8xvllu, 

which for p < 5 implies the bound 

(5.1) 
! ¡¡-1 E.±1. E::! 5-p 

) { . } fo 1vl"+1 :s; B := max 2a, [caiv B • 2 ' ] . 

Since 8(v) :s; a we see that (5.1) irnplies the bouncl ll3xvllu :s; v'2fF. Thus, we conclude 
1 

llvlloo :s; (C~/J2BB')' 
which shows that. {u E f5~ .: .S(u) :s; a} is bounclcd in CD([O, l]). On the other hand, by 
. the absolute continuity of 1J we have tha.t for any x :s; y E [O, l] 

lv(y) - v(x)I :s; }~y l3xvl ::; llDxvllu vlx - YI::; )2B'lx - YI 

which shows {u E Do: S(u) :s; a.} is also equicontinuous. By thc Arzela-Ascoli theorem, 
we con elude that {u E D0 : 8( 1i) :s; a} has compact closure. Finally, since this set is also 
closed by the lower semicont.inuity of 8 (see Proposition 8.8), we conclucle the result. D 

Rerr¡ark 5.2. Thc proof of Lcmma 5.1 is the only instance throughout our work in which 
the "'isumption p < 5 is usecl. As a rnatter of fact, we only require the wea.ker conclition 
tlia.t t.herc cxists °'>O such that the set {v. E D0 : 8(11.) :s; S(z)+a} is compact. However, 
cleterrnining the validity of this condition for arbitrary p > 1 cloes not seern simple. 

The following lemma will a.lso play an importa.nt role in the construct.ion. 

• 

Len'pna 5.3. IfD c;:; CD([O, l]) is open then for any compact set K c;:; D there exists íj >O • 
sucl,1 that the 5-neighborhood of K 

K; :={u E Cv([O,l]): d(u,IC)::; ó} 

is V-compactifiable. 

Proof. It fo.llows from Propositions 8.3 ancl 8.5 that for any u E D there exists sorne 6, > O 
such tha.t the ba.ll Bs., (u) is D-cornpactifiable. Now, by the cornpactness of K we can select 
u.1, ••• , Uk E IC such that 

k 

K c;:; LJB~(u,). 
i=l 

2 

It is then straightforward to check tha.t for /5 : = rnini=l,. . .,k ~ we have 

k 

Kó e;; LJ Bi.,Ju;). 
i=l 
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Finally, sin ce the finite union of D-cornpactifiable sets is again D-cornpactifiable, it follows 
that ICs is D-cornpactifiable since it is a subset of a D-compactifiable set. O 

Before we can carry on with the neA."t proposition, we need to introduce sorne definitions. 

Definition 5.4. Given T >O ancl ip E Cn([O, T] x [O, 1]) we define thc rate l(ip) of ip by 
the formula 

J(ip) := r;.<o,)(<p), 

where rpo,.) is defined as in Section 2.3. 

Definition 5.5. \Ve say that a function ip E Cn([O, T] x [O, 1]) is regular if both derivativ~s 
Ot'P and e;x'P exist and belong to Cn([O, T] X [O, 1]). 

Proposition 5.6. Given T >O, for any ip E Cn n Wi·2 ([0, T] x [O, 1]) such that a;;x<p(O, ·) 
exists and belongs to Cn([O, l]) we have that 

(5.2) f(ip) ;:o: 2 [0¡~~T (S(<p(T', ·)) - S(ip(O, ·)))] . 

Proof Assurne first that ip is regular. Using tha.t (x - y) 2 = (x + y) 2 
- 4xy far x, y E lf!., 

for any O :S T' :S T we obtain tha.t 

T' 1 

= ~ ( ( [18,ip + a;,'P + g(ip)l 2 --4 (a;,x'P + g(ip)) D,ip] - lo lo 

;:o: 2 (S(<p(T', ·)) - S(ip(O, ·))). 

Taking supremum on T' yields the result in this particular case. N ow, if <p is not necessaríiy 
regular then by [8, Theorern G.9] we rnay t.aJce a sequence ( 'Pn)nEN of regular funct.ions 
conve1·ging to <pon Cn"º··>([O, T] x [O, 1]) and such that lür1n-->+oc /(ip,.) = J(ip) is sa.tisfied. 
The result in t.he general case then follows from the validity of (5.2) for regular funct.ions 
and the lower sernicontinuity of S. O 

In order to properly interpret the content of Proposition 5.6 we need to introduce the 
concept of quasipotentúil for our system. We do so in the following definitions. 

Definition 5.7. Given u, v E Cn([O, 1]) a path from ti to v is a continuous function 
<p E CD([O, T] x [O, 1]) for sorne T >O such that ip(O, ·)=u and ip(T, ·)=v. 

Definition 5.8. Given 'U, v E Cn([O, 1]) we define the qu.o.sipotentia.l V(u, v) frorn u to v 
by the formula 

F(u, v) = inf{J(ip) : <p path frorn u to v }. 

Furtherrnore, given a subset B e;;; CD([O, 1]) we define the quasipotential from ·u to B as 

11(-u, B) := inf{1í(·¡¡,, v) : v E B}. 

Vve refer the reader to the appendix far a review of the properties of 1í we shall use. 
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In a limiting sense, made rigorous through the large deviations estirnates in Section 2.3, 
the quasipotential V (u, v) represents the energy cost far the stochastic systern to travel 
from v. to (an arbit.rarily small neighborhood of) v. Notice that Lemma 5.1 implies that 
limn··H·cc V(O, 8BnnV0 ) = +oo, which says that the energy cost for the stochastic system 
starting from O to explode in a finite time while remaining inside 'D.0 is infin.ite. Thus, 
should explosion occur, it would ínvolve the system stepping outside V 0 a.nd crossing W. 
In view of Proposition 5.6, the crossíng of W will typical take place through ±z since 
the energy cost far pe1forming such a feat is the lowest there. Therefore, if we wish the 
esca.pe from G to capture the essential characteristics of the explosion phenomenon in 
the stochastic system (at least when starting from OJ then .it is .important to guara.ntee 
that t.his escape involves passing through (an arbitrarily small neighborhood of) ±.z. Not 
o.rtly th.is, but we also requíre that once the system escapes this doma.in then it explodes 
with overwhelrning probability in a quick fashion, i.e. before sorne time r* which does 
not depcncl on E. More prcciscly, wc wish to considera boundcd doma.in Ge;: Cn([O, l]) 
verifying the following properties: 

Conclitions 5.9. 

i. The.re exists r 0 > O such that B2, 0 e;: D0 n G. 
11. There cxíst.s e > O snd1 t.ha.t B,. e;: B.,.0 ami for all 7' E B,, thc solnt.ion U.,., t.o (1.2) 

with inítial clatum v is globally clefined ancl converges to O without escaping B,
0

• 

111. There exíst.s a closec\ subset. a±z of t.he bouncla.ry DG which sa.t.isfies 
• V(O, oG - 3±z) :> V(O, é)±o) = V(O, ±z). . 

•• ()±;; is v;'-con1pactifiable. 

In principie, wc ha.ve scen that such a doma.in is uscful to study t.he bc.ha.vior of the 
explosion time whenever the initial da.tum of the stoc.hastic system is ( close to) the origin. 
Ncvcrthclcss, by thc local cstimatc (2.4), whcn starting insidc V 0 thc syst.cm wíll typically 
visit a small neighborhood of the origin before crossing W and thus such a choice of G 
will also be suitable to study thc explosíon time for a.rbítrnry initial data. in Do. 

The construction of the doma.in G' ís done '"s follows. Since V 0 is open we may choose 
r0 > O snch that B3,0 is containcxl in Vo. F\irthennore, by the asymptotic stability of O 
wc rn'ay choose e> O verifying (ii) in Conditíons 5.9. Now, gíven ( 1 > O by Lemma 5.1 we 
rn<w take n0 E N su ch tha;t n0 > :3ro a.nd the set {u E V 0 : S ( 1i) S S ( z) + (1 } is contained 
in the interior of the hall Bno-.l· vVe then define the pre-doma.in Gas 

Noticc t.hat sincc both Rn.0 ancl V 0 are closcd sets wc havc that 

80 = (W í"I Bn0 ) u (8Bn0 n Vo) 

whích, by the particular choice of n0 and Proposition 8.7, implies minuEBG S(u.) = S(.o). 
By Propositions 5.6 and 8.8 we tlms obtain 11(0, 80) ;::: Ll.. Next, if for u E CD([O, l]) 
wc lct ·u- denote thc negativc part of u, i.e. 1i- = ma.x{-u, O}, then sincc z- = O wc 
may find í\ > O such that --·11.- E 'Do for any v. E B,,(zJ. Finally, íf for r >O we wríte 
B,.(±z) := B,(z) U B,.(-:) ancl takc Tz >O such that Tz Si\, B2.,.J±o) is conta.inecl in 
the interior of Bno, z is the unique equilibrium point of the system lying inside B,, (o) and 
B,,(zj n B,j-zj = 0, thcn wc clcfíuc our final dornain Gas 

G "G U B,,(±z). 

Let us now check that t.his doma.in satisfies all the required cond.itions. We begin by 
noticing that (í) a.nd (íi) in Conditions 5.9 are immedia.tely satisfied by the cho.ice of n0. 

• 

• 
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N ow, Jet us also observe that for any r > O 

(5.4) inf{S('u) : v E éiG - B,.(±z)} > S(z). 

Indeed, if this were not t.he case then t.here would exist a sequence ( 11.k}ki'.N E éJG- B.,., ( ±z) 
such that limk-++oo S(uk) = S(z). Since infuEBB,,,pDo S(u) > S(z) holds by choice of no, 
we can assume that uk E W - B,.(±z) and S(uk) :S: S(z) + (1 for ali k EN. Therefore, 
we conclude by Lemma 5.1 that thcre exists a subsequencc (uk_;)JEN which converges to 
sorne lirnit -u.00 E. C0 ([0, l]) as j --+ +oo. Since the potentiHl 8 is lower semicontinuous 
and W is both dosed and invariant under the deterministic f!ow, by Proposition 8.7 
we conclude that v.00 = ±z which contraclicts the fact that (uk.;)JEN was at a positive 
distance from these equilibria. Hence, we obtain (5.4). In particular, this irnplies that 
V(O, éiG - B,.(±z)) > 6 holds for any choice of r >O. Let us then take ( 2 >O such that 
6 + (2 < V(O,éiG - Br,r(±z)) and define 

f;z :={u E éiB,.,(z)nVe: V(O,u) :S 6+(2}. 

The set 8° is nonempty, compact and containecl in V"J". Indeecl, eme can const.ruct for eac.h 
a> O'" path frorn O to B,., (z) n Ve with rate function less than 6 +a, which irnmediately 
irnplics tha.t f¡z is nonempty. This path is essentially obtained by going frorn O to z by 
describing the orbit given by the unstable manifold w;; in reverse order, then making a 
linear interpolation towarcls (1 + h).z for sorne h E (O, rz) sufficiently srna.11 ancl ultirnately 
following the deterministic flow until it reaches Br,(z) (notice that this will eventually 
happen since (1 + h)z E Ve by Proposit.ion 3.5 and Ve is invariant). \Ve refer to [18, 
Lemrna 4.3] for details on the construction. To see that it compact, we first notice that, 
being a subset of Br, ( z), we have 

(5.5) sup llitlloo S llzlloo + rz < +oo 
uE8" 

which shows that f¡z is bouncled. Furthermore, since 

sup 8(u) :::; S(z) + (2 

uEfJ' 2 

by Proposition 5.6, using (5.5) and the lower sernicontinuity of V (sce Proposition 8.10), 
one can proceed as in the proof of Lemrna 5.1 to show that [¡z is equicontinuous and thus 
also l;ornpact. Finally, to check that f¡z is contained in V"/' we first show that Jzn W = 0. 
Inde~d, ifthere existed sorne u E f¡z nW then, since B,.,(z) is contained in Bn,, we would 
have that u E W n Bno ancl therefore, since u belongs to éJB,., (z), that u E éiG - B'i!-(±z) 
by definition of 8°. This would imply the contradiction V(O,iiG- Bo;¡,(±z)) :S: 6 + (2 

and therefore tJz n W rnust be empty. In particular, we obtain that f¡z is containcd in Ve. 
To see that it is in fact contained in V"/' we note that, by the eomparison principie ancl 
choice of r z) we 11a·ve 

-(X)< inf u-u-(t,x):::: inf uu(t,x) 
(t,x)E[O,r•) x [O,I] (t,x)E[O;r") x [O,I] 

for ali u E tJ:z, so that the inclusion fjz <;;:: V°/' is now irnrnediate. 
It follows from ali these facts about f¡z and Lemma 5.3 that there exists sorne c5 > O 

such that the neighborhood 8t is also V"/'-compactifiable, so that we may define 

3z := 8¡ n éiBr,(z) 
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·. :·· 

FIGURE 3. The auxiliary domain G 

and set e±z := e' u ( -ez). Since eme can easily check that 

eG ~ [eG - Br,(±z)] u [eB,.,(±z) n v.] 
. wc concludc that F(O, eG - e±z);::: L:!. + (2- On the other hand, by using Proposition 5.6 
together with the existence of paths as described above, which go from O to tJz by passing 
through z and have a rnte function which Cf111 be made arbitrarily close to L:!., we get that 
11(0, il') = \/(O, tJz) = F(O, ±z) = L:; from which one obtains 

V(O, eG - e±z) > 1í(O, e') = \í(O, ±z). 

FinaLly, since -ez is v;:- -cornpactifiable by the syrnrnetry of (1.2), we conclude that J±. 
is v;-cornpactifiable and so condition (iii) also holds. See Figure 3 . 

• 
Remark 5,10. Lct us noticc that, by Corollary 4.9, ( .. ) in Conditions 5.9 implies that 
there exist constants T*, C > O such that 

G 
sup Pu( To > T') :::; e-<' 

uED±z 

for den s > O sufficiently srnall. Since ( •) guarantees that the escape frorn G will typically 
tak~ place through e±z, this tells us that both T, and T, ( eG) are asymptotically equivalent, 
so that it will suffice to study the escape frorn G in order to establish each of our results. 

6. THE ESCAPE FROM G 

The problem of escaping a bounded doma.in with similar characteristics to the ones 
detailed in Conditions .5.9 already appears in the literature. In [10, 15], the a.uthors study 
the escape from a finit.e-dimensional domain containing a st.able equilibrium and only one 
saddle point. Our dorna.in G bears the aclditional difficulties of being infinite-dirnensional 
and also of possibly containing ot.her unstable equilibria besides ±z. On the other hand, 
in [l] the author deals with an infinite-dimensionaJ dornain, but this domain has unstable 
equilihria only in its boundary and does not contain any.of them in its interior as opposed 
to wha.t ha:ppens in our current situation. Despite the fact that our dorna.in does not quite 
fall into any of the cases stndied before, ali the results of interest in our present setting 

• 

• 
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can still be obtained by combining the ideas from these previous works, eventually making 
sorne slight rnodifications along the way. We outline below the main results regarding the 
escape from the domain G and refer t.he reader to [18] far details on their proofs. Hereafter, 
e> O is taken as in Conditions 5.9. Also, far any given closed set r ~ C0 ([0, l]) we w:rite 

T,;'(r) := inf{t >o: U"·"(t, ·) E r}. 

Our first result deals with the asymptotic order of magnitude of the exit time from G. 

Theorem 6.1. Given li > O we have 

~im [sup IPu (e~< r,(aG) <e";!,¡) - 11] =O. 
~--tO uEBc 

The second result gives infarmation about the typical escape routes chosen by U". 

Theorem 6.2. The stochastic system verifies 

\im [sup P, (Uº(r,(aG), ·) €/. a±z)] =O. 
e-l-Ü uEBc 

Furthermore, if G is the pre-domain constructed in Section 5, then far any J > O 

(6.1) lim [sup P, (u' (r,(aG), ·) fj. Bs(±zl)] =O. 
c--tÜ uEBc .. 

The asymptotic distribution of the exit time is established in this thi:rd result. 

Theorem 6.3. For each E: > O define the norma.lization coefficient ~1, > O by the rela.tion 

P0 (r,(3G) > ¡,) = e-1
. 

Then there exists p > O such tha.t far every t ::"'. O 

(6.2) !im [sup 1P,,(r,,(8G) > t¡,) - e-'1] =O. 
,._,.o uEBp 

Fina~ly, the stability of time averages is shown in the fourth and last result. 

Theorem 6.4. There exists a sequence (R,),>o with lim,__,0 R, = +::x; and lime-to~; = O 
such that given J > O we have 

~im[supPu( sup IR1 
J,t+R,f(U"(s,·))ds-f(O)l>ó)] =0 

~....,..o ·uE.Bc o::;t:::;-r .. (8G)-3R¡; e t 

for any bounded continuov.s fimction f: C0 ([0, l])--+ IR. 

Remark 6.1. We would like to point out that the main teclmical point in the proof of 
Theorem 6.3 is to show that for small p > O 

(6.3) !im [ sup [sup IP,(T,(8G) > t1c) - Pv(r,(aG) > to¡,J1]] =O. 
c---rO u,vEBp t>to 

\Ve do this by proceeding as in 12] with the help of the coupling of solutions with different 
initial data proposed in [1·1]. Sorne technical difliculties which are not present in [2] arise in 
the construction of the coupling due to the behavior of the source term g but, nonetheless, 
ít is still possible to couple solutions with inítial data sufficiently clase to O so that ( 6.3) 
can be obtainecl. We refer to [18] for details. 
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. 7. ASYMPTOTIC BEHAVIOR OF T~ FOR 'LJ, E 'Do 

'vVe now use the a.nalysis from Section 6 to derive our main results with respect to 
the metastable behavior of U"'' for initial data 1i E 'D0 . We begin by showing that, 
uniformly over 'D0-compactifiable sets,. for u E 'Do the system U"''' typically visits a small 
ncighborhood of O befare explosion without ever exiting D0 . · 

Lemma 7.1. For any Il0-compactifiable set JC and p > O 

(7.1) lim [sup !Pu (T,(Bp) < T,) - 11] =O. 
s->-O uEK 

Proof. Note that for any u E 'D0 the system U" reaches the interior of B§ in a finite time 

T"(B~) := inf{t ;:>:O: d(U"(t, ·),O)< 5} 
2 . 

while remaining at ali t.imes inside the ball Bru, where r" := SllPt>O llU"(t, ·)11 00 < +oo. 
Furthermore, for any 'D0-compactifiable set JC the quantities T¡:;,~ := supuEK r"(B%) and 
r¡:; := supuEK r"' are both finite. Indeed, observe that for any to > O we have that • 

(7.2) supT"(BJ)::;, t0 + sup T"(BJ). 
uEJC utlC(to) 

Now, since the applica.tion 11 >--+ r",+(Bó) is upper sernicontinuous (and finite) on 'D0 by 
the cont.inuity of the solutions to (1.2) with respect to the initial datum (Proposition 8.3), 
it follows that. the right.-hancl side of (7.2) is finite for t0 > O sufüciently srnall since then 
IC(t0) has compact closure contained in 'D0. Similarly, to see tha.t r¡:; is finite we note that 
for any to > O 

(7.:3) r¡:; '.":: sup llU"(t, ·)lloo + sup ¡¡uu(t, ·)lloo 
'ILE/(,,/,E [ü,lo] uEIC,t2.to 

ancl that by Proposition 8.2 the first term in the right-hand side of (7.3) is finite for every 
t0 sufficicntly small. That sup,,EK,t>to llU"(t, ·)11 00 is finite then follows as befare, dueto 
the tact that the application u H r·'" is also both upper semicontinuous and finite on Il0 . 

Finally, let us notice that if we write T,.K := r¡:;,~ 1\ r~r,;+J) then for any u E IC we have 
the bound 

(7.4) 
, 

with 

and 

Pu (r, ::S. r¡:;,~) ::S. Pu ( dr,t:(U', U)>~). 
The uniforrn bouncls given by (2.4) now· allow us to conclude the result. o 

The next step is to show that, for initial data. in a srnall neighborhoocl of the origin, 
the explosion time and the exit time frorn G are asyrnptotically equivalent. 

Lemma 7.2. If r' > O is taken as in Remark 5.10 then 

(7.5) ~ün [sup Pu(r, > r 0 (i:JG) + T')] =O. 
~-..,.O tiEBc 

• 
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Proof. For any u E Be the strong Markov property implies that 

P,,(ro > r,(8G) + r*) :S: sup P,, (U'(r0 (8G), ·) </:. 3±z) + sup P,,(T, > r*) .. 
·vE.Bc vEél±z 

We may now conclude the result by using Theorem 6.2 and Remark5 .. 10. D 

With these two lemmas at hand, we can now show the remaning results of Section 2.4. 
Indecd, Theorem 2.3 follows from Theorem 6.1 by using the strong Markov propcrty 
together with Lemmas 7·. l and 7.2. F\irthermore, Theorem 2.4 follows from Lemma 7.4 
for p =e, where·c is as in Conditions 5.9, together with (6.1) for i5 >O sufficiently small 
so as to guarantee that B;(±z) is contained in the interior of E"º' where n0 is as in (5.3). 
Finally, Lemma 7.2 implies that lim0 _,0 ~; = 1 from which, together with Lemma 7.4 a,nd 
the strong Markov property, we get Theorems 2.5 and 2.6 by using Theorems 6.3 ancl 6.4. 
We leave the cletails to the reader, which are cornpletely strnightforward. 

8. APPENDIX 

• 8.1. Comparison principie. 

• 

Proposition 8.1. Let fi, h : lR -f IR be globally Lipschitz functions. For 11, ·u E C([O, l]) 
consider uu ancl U" the solutions of the equation 

. 8,U = o,;xu + f,(U) + j,(U)iir 

.with initial data u and v, respectively, and bounclary conclitions sa.tisfying 

P(U(t, ·)[&fo,11 ;::: V(t, ·)[a¡o,11 for ali t;::: O)= l. 

Then, if u ;::: v we have that 

P (U"(t, x) ;::: U"(t, x) for ali t;::: O, x E [O, 1]) =l. 

A proof of this result can be founcl on [6, p. 130]. Let us notice tha.t by taking .f2 =O 
one o)Jta.ins a compa.rison principie for deterministic pa.rtial differen ial equations. 

8.2. Growth and regularity estimates. 

Proposition 8.2. Given a bounclecl set B ~ Cv([O, 1]) therc cxists t3 > O such that 
T" > t B for every u E B a.ne! 

sup [[U"(t, ·) lloo < +oo. 
uEB,IE[D,1.B] 

Proof. For each n EN !et us considera. globally Lipschitz rna.p 9n such tha.t 9n[B,, = g[s,., 
ancl !et U(n)"' be the solution of (1.2) with g replaced by g.,,. Notice tha.t, by uniqueness 
of the solution of (1.2), for ali u E Cv([O, l]) we ha.ve tha.t 

uu(t, x) = u(n).u(t, x) 

for ali x E [O, l] a.nd t ::; T(n).u, where 

T(n),u := inf {t;::: (): [[U(n),u(t,-)[[co;::: n} 

and a.lso that, since 9n is globally Lipschitz, U(n),u,o is globa.lly delinee!. Now, if y};, y;,· 
rcspcctively denote the solutions to thc ~quations 

{ 
ii!t = 9n(Y!t) 
y;(o) = ± supuEB [[u[[oo 
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then by the continuity of y1; and y;; there exists tn,B > O sufficiently small so that 

sup y~'(t) ~ sup llullc"' + 1 and inf . y;;(t) 2: - (sup llulloo + i). 
tE[O,tn,B} uEB tE[O,tn,B] uEB 

·. :· 
Hence, by the comparison principle we conclude that 

sup llU(n).u(t, ·)lloo ~ sup llulloo + L 
11EB,tE[O,tn,B] uEB 

In particular, if:we take' n > SllPuEB llulloo + 1 then for any ·u E B we have T(n),u > tn,B 

ancl therefore that 
sup l\U"(t, ·)lloo < +oo. 

uEB,tE[O,tn,B] 

sincc U" coincides with U(n);u until T(n),u. From this the result immediately follows. D 

Proposition 8.3. The following local and pointwise growth estimates hold: 

i. Given a bounded set B <:;; Cn([O, l]) there exist Cs, t8 >O such that 
• Tu > tB for any u E B 
• Far any pair u, v E B and t E [0, tB] • 

llU"(t, ·) - U"(t, ·)lloo ~ éB'l\u - vlloo· 

ii. Givcn 11ECD([O,1]) and t E [O, T") there exist Cu,t, Óu,t >O such that. 
• T" > t for a.ny ,,V-E B;u,,( U) 
• For any v E !36,,,, (u) and s E [O, t] 

\\U"(s, ·) - U"(s, ·)\\oc~ é"'8 llti - v\loo· 

Proof, These are standard continuity estimates with respect to the initial datum which 
can be found, for cxamplc, in [16]. D 

Proposition 8.4. If u E Cn([O, l]) then a;xuu exists for any t E (O, T"). Furthermore, 
for any bounded set B <:;; Ca([O, lj) there exists a time tB >O such that 

· • T 11
' > t8 for a.r1y 11. E B 

. '• For any t E (O, tB) we ha.ve supuEB [max{llEJxU"(t, ·)llco, \\EJ~xU"(t, ·)\loo}]< +oo. 

Proof. One can obta.in this result by following the a.nalysis in the proof of [l, Lemma A.l]. 
D 

Pr~position 8.5. For any bounded set B <:;; Cn([O, 1]) there exists tB > O such that • 

, • T"' > t B for a.ny ·u E B 
• For any t E (O, t 8 ) there ex.ist positive constants R,, N, such that for every 11 E B 

the function U"'(t, ·) belongs to the compa.ct set 

/R,,N, = { v E Cn([O, l]) : l\vlloo ~ R,, lv(x) - v(y)\ ~ Nt\x - YI for a.11 x, y E [O, l]}. 

Proof. This is direct consequence of Propositions 8.2-8.4 and the mean va.lue theorem. D 

Proposition 8.6. The following local a.nd pointwise growth estima.tes hold: 

L Given a bounded set B <:;; Cn([O, 1]) there cxists tB > O such that 
• Tu. > tB for 8.11)' 11. E B 
• For a.ny t E (O, tB) thcre exists Ct,B >O such that for ali ti, v E B 

llEJxUu(t, ) - OxU"(t, ·)lloo ~ CtBll11 - v\\co-

ii. Given 11 E Cn([O, l]) a.nd t E (O, T") there exist Cu,t. Óu.t >O such tha.t 
• T' > t for any V E Biu,t (U) 
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• For a11y '/J E 85
11

.f. (v.) 

llBxU"(t, ·) - 8,,U"(t, ·)11 00 :S Cu,tllu - vlloo· 

Proof. These estimates also follow from the analysis in the proof of [l\Lemma A.l]. O 

8.3. Properties of the potential S. 

Proposition 8.7. The rhapping t H S(U"(t, ·)) is rnonotone decreasing and continuous 
for any 11. E H¿((O, 1)). 

Proof. An easy computation shows that 

d r' dt S(Uu(t, ·)) = - Jo (8,Uu(t, x)) 2 dx :SO 

from which the result follows. Details can be found in [17, Lernrna 17.5]. o 
• Proposition 8.8. The potential S is lower sernicontinuous. 

• 

Prnof. Let (vk)kEN <;;; Cv([O, l]) be a sequence converging to some limit v00 E Ci)([O, l]). 
\Ve rnust check that 

(8.1) 

Notice that since (vk)kEN is convergent in the supremum norm we have, in particular, that 

(8.2) sup llvk!ILP+> < +co 
kEI~ 

and therefore that lirninfk->+oo S(vk) > -oo. I-Ience, by pass.ing to an subsequence if 
necessary, we may assume that the limit in (8.1) exists and is finite so that, in particular, 
we ha.ve that (S(vk))kE,, is bounded. This irnplies tha.t each vk is a.bsolntely continnous 
a.nd, fµrt.herrnore, tha.t the sequence (·uk)kEN is bounded in HJ((O, l)) by (8.2). Therefore, 
there exists sorne subsequence (vk;)jEN which is weakly convergent in HJ((O, 1)) and also 
strongly convergent in L2([0, l]) to sorne limit v::O. Notice tha.t since (vk)kEN converges in 
the supremurn norm to u00 , it also converges in L" for every q 2': l. In particular, we ha.ve 
that ,v::O = v00 a.nd thus, by the lower semicontinuity of the HJ-norrn with respect to the 
wea.kitopology, we conclnde tha.t · 

Finally, since (vkhEro converges to v00 in LP+l a.nd we ha.ve S(·u) = ~llé!x11.ll'i.2 - P!1 ll·nll';,;~, 
for a.11 ·u E HJ, we obta.in (8.1). O 

Proposition 8.9, Given 11. E Cn([O, l]) a.nd t E (O, T") there exist consta.nts Cu.t> Óu,t >O 
such tha.t. 

• T" > t for any v E B;.,Ju) 
• For a.ny v E Bó" Ju) one has 

llS(U"(t, ·)) - S(U"(t, ·))!loo :S C",tllu - vi!°',. 

Proof. This is a direct consequence of Propositions 8.6 a.nd 8.3. o 
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S.4. Properties of the quasipotential V. 

Proposition 8.10. The mapping u>-+ V(O, u) is lower semicontinuous on CD([O, lj). 

Proo,f Let (uk)kEN <:;; CD([O, l]) be a sequence converging to some lirhft u00 E CD([O, l]). 
We must check that · 

(8.:3) V(O,,u00 ) :S liminfV(O,vk). 
k-++oo 

If S( u00 ) = +oo then by Proposition 5.6 we see that V(O,-u00 ) = +oo and thus by the 
lower semicontinuity of S we conclude that lim,,-+u V(O, v) = +oo which establishes (8i3) 
in this particular case. Now, if S(u00 ) < +oo then, by the lower semicontinuity of S and 
the continuity in time of the solutions to (1.2), given ó > O there exists t0 > O sufficiently 
small such that S(U"00 (t0 , ·)) > S('u00 ) - ~· Moreover, by Proposition 8.3 we may even 
a._ssume that t0 is such that 

for any k E N sufficiently large. Thus, given k sufficient,Jy large and a path 'Pk from O to Uk 

we construct a path 'Pk,oo from O to u00 by the following steps: 

í. We start from O and follow 'Pk until we rea.ch uk· 
ii. From Uk we follow the deterministic flow U"·k until time t0 . 

iií. Wc then join U'k ( t0 ,-) and uu00 
( t0 , ·) by a linear interpolation of spced one. 

iv. From [/"00 (t0 , ·) we follow the reverse deterministic flow untíl we reach u00 • 

By t,he consicleratfons macle in the proof of [18, Lemma 4.3] it is not difficult to see that 
there exists C > O such that for any k E N snfficiently large we have 

Sü tha.t we ultimately obtain 

V(O, u00 ) :S liminf V(O, IJ,k) + Ó. 
k-1-+co 

Since 5 >O can be taken arbitrarily small we conclude (8.3). O 

• 

Pro~osition 8.11. For any u, v E Cv([O, l]) the map t H V (u, U"(t, ·)) is decreasing. • 

Proof. Gíven O :S s < t and a path <p from 1i to U"(s, ·) we may extencl 'P to a path (/> 
from u to U"(t, ·) simply by following the deterrninistic flow afterwards. It follows that 

V (u, U"(t, ·))::; J(<f;) = l(<p) 

which, by ta.king infimum over all paths from u to U"(s, ·), yields the desired monotonícity. 
o 
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EXACTASi 

'. .. · 

Ref.: Exp. (FCEN) Nº 505.663/15 

Ciudad de Buenos Aires, 

VISTO lo dispuesto en el artículo SOº del Estatuto Universitario que instituye el Año Sabático 
para profesores regulares de la Universidad, 

CONSIDERANDO: 

Que por Resolución CD Nº 467 /16 se solicitó al Consejo Superior se autorice al 
Dr. Pablo José Groisman Profesor Regular Adjunto con dedicación exclusiva del Departamento 
de Matemática a hacer uso del Año Sabático, 

Que por Resolución es Nº 4782/16 se aprobó dicha solicitud otorgando 
licencia entre el 1 de agosto de 2016 y hasta el 28 de febrero de 2017, 

Que en cumplimiento con el Art. 12º de la Resolución es Nº 4518/93, el Dr. 
Pablo José Groisman presentó su informe de actividades, 

resolución, 

universitario, 

Que es necesario cumplir con lo establecido por los Art. 13º y 14º de la citada 

Lo aconsejado por la Comisión de Enseñanza, Programas y Planes de Estudio, 

Lo actuado por este cuerpo en la sesión realizada en el día de la fecha( 

En uso de las atribuciones que le confiere el art. 113º del Estatuto 

EL CONSEJO DIRECTIVO DE LA FACULTAD DE CIENCIAS 
EXACTAS Y NATURALES 

RESUELVE: 

Artículo 1°: Aprobar el informe correspondiente a las actividades desempeñadas por el Dr. 
Pablo José Groisman durante su Año Sabático. 

Artículo 2°: : Enviar un ejemplar del informe a la Biblioteca de esta Facultad. 

Artículo 3°: Regístrese, notifíquese a quienes corresponda, elévese al Consejo Superior y 
cumplido, archívese. 

RESOLUCIÓN CD Nº 057t 


