Alicia Dickenstein

Resolucidn C5-2017 No. 6446, cumpli con creces con el Plan de Trabajo presentado con
mi solicitud.

Durante los meses de febrero, marzo y abril, ejerci un cargo de Profesora
Invitada en el Royal Institute of Technology (KTH), Estocolmo, Suecia, por medio de un
subsidio de la prestigiosa fundacién sueca Kurt and Alice Wallenberg. En este marco
dicté la primer parte de una materia para alumnos graduados tanto del KTH como de
la Universidad de Estocolmo sobre “Topics in Applied Algebraic Geometry”.

En octubre/noviembre visité por un mes el international Center for Theoretical
Physics (ICTP), Trieste, Italia, en mi cardcter de Simons Senior Research Associate,

Por otra parte, participé de diversos encuentros matematicos internacionales, que
detallo a continuacion, en los gue dicté conferencias de investigacion invitadas:

* Conferencia Rey Pastor il, Reunidn Conjunta UMA-RSME, Argentina, Diciembre
2017.

¢ |CTP Basic Noticns Seminar, Trieste, italia, Noviembre 2017.

e |CTP Math Seminar, Trieste, Italia, Noviembre 2017.

* Max Planck Institute for Mathematics and the Sciences, Leipzig, Alemania,
Noviembre 2017,

* Tercera Escuela Latinoamericana de Geometria Algebraica (ELGA ), México,
Agosto 2017.

¢ SIAM AG 17, Atlanta, EEUU, Agosto 2017.

o |IMCARA, Conferencia Pienaria, Brasil, Julio 2017,

o MCA 2017, Session on Foliations and Singularities, Canada, Julio 2017.

* Workshop on Reaction Networks and Population Dynamics, MFO, Alemania,
Junio 2017.

s DMEGA 2017, Niza, Francia, Junio 2017.

¢ BIRS Workshop on Mathematical Analysis of Biological Interaction Networks,
Canada, Junio 2017.

* VIMAC], Conferencia plenaria, C. Rivadavia, Argentina, Mayo 2017.

¢ Colloguium, Stockholm Mathematics Center, Suecia, Abril 2017.

¢ Commutative Algebra Seminar, U. Stockholm. Suecia, March 2017.

* Algebraic Algorithms and Applications, U. Pisa, Italia, Marzo 2017.

s Polar Geometry, U. Oslo, Noruega, Enero 2017.

Asimismo, dicté una conferencia de divulgacidon en el Espacio Avanza, ANTEL,
Montevideo, organizada por docentes de la Facultad de Ingenierfa de la Universidad de
la Republica, Uruguay, Diciembre de 2017.
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Durante todo el afio continué con mis tareas de direccién de mi alumna dé¢
doctorado Magali Giaroli, con la direccién de los posdoctorandos Juliana Garcia Galofr
y Javier Gargiulo, asi como la direccion de tres Investigadores Asistentes del CONICET:
Mercedes Pérez Millan, M. Isabel Herrero y Nicolds Botbol.

En este periodo avancé en la mayoria de los puntos de mi plan de trabajo. Por un
lado, en el libro que estoy escribiendo con la Prof. Elisenda Feliu, de la Universidad de
Copenhaguen, sobre “Algebraic Methods for the Study of Biochemical Reaction
Networks”, que esperamos terminar en 2018. Por otro lado, realizamos las
correcciones requeridas por los editores del paper The structure of MESSI biological
systems, con M. Pérez Millan, que esta proximo a ser aceptado en el SIAM Journal on
Applied Dynamical Systems. Con la doctoranda Magali Giaroli y el Prof, Frédéric Bihan,
de fa U, Savoie Mont Blanc, Francia, estamos terminando la redaccién de dos trabajos,
titulados: “Lower bounds for positive roots and regions of mukltistationarity in chemical
reaction networks” and “Regions of multistationarity in cascades of Goldbeter-
Koshland loops”. Con la postdoctoranda Juliana Pérez Galofre, la Dra. M. Pérez Millan
(UBA-CONICET) y el Prof. Reinhard Laubenbacher (Department of Cell Biology,
University of Connecticut, USA) estamos terminando un trabajo cuyo titulo tentativo
es “Beyond Boolean Networks”. Con la Dra. Pérez Milidn y las Prof. Anne Shiu y
Xiaoxiao Tang (TAMU, EEUU), estamos terminando un trabajo titulado “Investigating
multistationarity in structured reaction networks”. Con la Dra. M. Isabel Herrero y el
Dr. Bernard Mourrain {INRIA Mediterranée, Francia) estamos terminando un trabajo
con titulo provisorio “An elementary tropical approach to the implicitization of generic
rational varieties”. Con la Prof. Sandra Di Rocco {KTH, Suecia) y el Prof. Ralph Morrison
(Williams College, USA) tenemos un trabajo en realizaciéon titulado “Iterated
multivariate discriminants and mixed discriminants”, que también esperamos terminar
en los proximos meses. He iniciado ademads otros tres trabajos de investigacion, que
se encuentran en etapas mas incipientes.

Terminé los siguientes articulos invitados:

o Algebraic tips in the study of biochemical reaction networks, por aparecer:
Oberwolfach Reports, European Math. Society Publishing House, 2018,

o Algebraic geometry in the interface of pure and applied mathematics, por
aparecer: Mathematical Intelligencer, 2018.

Los siguientes trabajos fueron publicados a lo largo del 2017:

o Higher selfdual toric varieties, con R, Piene, Annali Mat. Pur. Appl. (2017), Vol.
195, n.5, 1759-1777.

» Arithmetics and combinatorics of tropical Severi varieties of univariate
polynomials, con M. Isabel Herrero y Luis F. Tabera, Israel §. Math., September
2017, Volume 221, Issue 2, 741-777.

s Descartes' Rule of Signs for Polynomial Systems supported on Circuits, con F.
Bihan, International Mathematics Research Notices, Volume 2017, Issue 22, 1
November 2017, 6867-6893.




Internacional (IMU}, que se desarrollan durante todo el afio por via electrénica.
Ademas, asisti a la Reunion Anual del Comité Ejecutivo de la IMU que se realizd en
marzo en Londres, Inglaterra y a la Reunién Anual del Comité Ejecutivo de la
Commission for Mathematical Instruction (ICMI), dependiente de la IMU, que se
realizé en junio en Ginebra, Suiza.

Como miembro del Council de la American Mathematical Society (AMS) participé
de la reunion del Consejo que se realizé en Atlanta, EEUU, en enero de 2017 y de la
reunién del Committee for the Profession, que se realizé en Chicago, EEUU, en
octubre de 2017.

Realicé las siguientes tareas editoriales:

¢ Editora del Journal of Symbolic Computation.

¢ Editora de la Revista de la Unidn Matemdtica Argentina.

¢ Editora Correspondiente del SIAM Journal on Applied Algebra and Geometry.

¢ Editora del Vietnam Mathematical Journal,

* Referatos para diversas revistas de circulacidon internacional, incluyendo
Advances in Mathematics, Foundations of Computational Mathematics, Journal
of Mathematical Biology, etc,

Por otro lado, durante 2017 realicé las siguientes tareas profesionales de
asesoramiento, evaluacién y organizacion:

+ Miembro del | Scientific Program Committee del MCA2021, Argentina, 2021,

* Miembro del Program Committee del ICME14, a realizarse en Shangai, China,
2020.

¢ Miembro del Comité Cientifico del Workshop Nonlinear Algebra in Applications,
ICERM, Providence, EEUU, 2019,

¢+ Miembro del Comité Cientifico del ELGA IV, Chile, 2019,

» Miembro del Comité Cientifico del ELGA 1ll, México, 2017.

¢ Miembro del Comité Cientifico de SIAM AG17, EEUU, 2017.

¢ Coorganizacion de Sesién, MCA 2017, Canada, 2017.

»  Miembro del Comité Cientifico de IMCARA, Brasil, 2017.

o Miembro del Comité Cientifico del Pan African Congress of Mathematicians,
Marruecos, 2017.

e Miembro del Comité Asesor de la Red ARCADES, subvencionada por la Unién
Europea en el marco de las Marie Sklodowska-Curie Actions — Innovative
Training Networks {(ITN).

¢ Miembro del Comité Cientifico del CHMAT, Guanajuato, México.

» Jurado del Premio Ramanujan, 2017-2018, otorgado por la IMU y el ICTP,
Trieste. _

s  Miembro del Comité Evaluador del Heidelberg Laureate Forum, Alemania.
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» Miembro del Equipo Argentino del proyecto SAGA (STEM and Ge
Advancement), UNESCO. N

+ Evaluacion de proyecto para el Instituto Fields, Canada.

¢ Evaluacion de proyecto para ANR, Francia.

+ Evaluacion de proyecto para la Austrian Science Fund (FWF}, Austria.

¢ Evaluacion de proyecto para el FondeCyT, Chile.

+ Jurado de la Tesis Doctoral de Nardo Giménez, FCEN, UBA.

¢ Jjurado de la Tesis de Maestria de Lisa Niklasson, Universidad de Estocolmo,

Suecia.

s Miembro de la Subcomision de Doctorado, Departamento de Matematica,
FCEN, UBA,

+ Miembro del Consejo Asesor Departamental, Departamento de Matemdtica,
FCEN, UBA.

En 2017 recibi el Premio “Consagracién en Matematica”, otorogado por la Academia
Nacional de Ciencias Exactas, Fisicas y Naturales {ANCEFN), Argentina.
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BEYOND BOOLEAN NETWORKS

T GARCIA GALOFRE* *#, M. PEREZ MILLAN*,*#, R. LAUBENBACHER#+*, A. DICKENSTEIN#,*+

ABSTRACT. Weintroduce discrete multivalued networks with arbitrary finitely many states for each node and we model the
dynamtics of networks (for instance, gene regulatory networks) via operations in multivatued logic [1], which can be seen
as tropical operations. We are able 1o generalize several good propertics of Boolean networks. Inspired by [6, 7], we show
how to transform any input info a multivalued version of ANDYNOT networks, followed by a reduction of variables. We give
an algorithun to compute the steady states of the system that in most instances has a complexity which does not essentially
inceease with the number of states.

1. INTRODUCTION (¥*DRAFT VERSION¥)

This paper is an invitation to model biological networks with any (fixed) finite number of states for every node, in
particular to predict the qualitative behavior of gene regulatory networks. We fix a natural number #: and we consider
networks with m + 1 states

() X={ ,1,3,...,7"—1,1}.

m m e

In particular, we have a Boolean network when m = 1. Ouvr ain is to study the dynamics of the iteration of a function
f:+ X" = X7 withn € N, with syncronous updates.

Any Runction f defined over a finite set of cardinality a power of a prime number can be thought as a function over
a finite field F', moreover it can be expressed as a polynomial function and this opens the use of tools for computational
algebraic geometry as in [?]. However, we propose to use in the multivariate setting the operations @, & introduced
in Section 1 that come from multivalued logic [1, 2], which are more intuitive and closer to biological interpretations
than the usual operations in F (and there is no restriction on the number of values).

We show that via these operations of multivalued logic, which are indeed expressed in terms of linear inequalities,
we can recover most of the good propetlies of Boolean networks. Moreover, we show thal the computation of steady
states can be done algorithmically for any v using tools to find lattice points in rational polytopes and that in most
cases, the complexity to compule the steady states is essentially the same as in the Boolean setting. This is opposed to
the standard way of translating a multivalued model into a Boolean one, but with {(m + 1)n nodes (see for instance [5)
and the references therein).

Furthermore, even if we work with a syncronous update of the nodes, we exemplify with a siall nelwork extracted
from the foundational book [4] how the syncronous multivalued setting can model the features of an asyncronous
model, as the networks become more expressive.

In section 1 we introduce the ogic operations @, ©, neg together with their main properties and we give in The-
orem 7 a constructive way of turning data from a table into an expression of the finction in terms of @, neg and
constant functions. In section 2, we further show how to algorithmically translate any network into a © — neg network
similarly to the AND/NOT networks in the Boolean case, together with further possible reductions of the number
of variables as in [6, 7] (see Theorem G for the increase in the number of variables). We present in Example 8 the
translation o our setting of an interesting network exiracled from www.cellcolective.org, where the number of nodes
eventually decreases. One crucial algorithmic fact for @ — neg networks is Lemma 10, that allows us to antomatize
the computations without simulations, which would be too costly in general.

Section 5 addresses the computation of steady states for © —neg networks, which in turn compuie the steady states
of any network function F' : X™ — X™ by Lemma 15. Our approach is applied in Example 20 Finally, section 6
tfeatures a preliminary version into the multivalued syncronous setting of asyncronous Boolean networks.

G.G., PM and D. were partially supported by UBACYT 20020100100242, CONICET PIP 20110100580, and ANPCyT PICT 2013-1119,
Argentina; L, etc,
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LOWER BOUNDS FOR POSITIVE ROOTS AND REGIONS OF
MULTISTATIONARITY IN CHEMICAL REACTION NETWORKS

FREDERIC BIHAN, ALICIA DICKENSTEIN, AND MAGAL{ GIAROLI

ABSTRACT. Given a real sparse polynomial system, we present a general framework to
find explicit coefficients for which the system has more than one positive solution, based
on the recent article by Bihan and Spaenlehauer {3}. We apply this approach to find
explicit reaction rafe constants and total conservation constants in biochemical reaction
networks for which the assoctated dynamical system is multistationary.

1. INTRODUCTION

Multistationarity is a key property of biochemical reaction networks, because it provides
a mechanism for switching between different response states. This enables multiple out-
comnes for cellular-decision making in cell signaling systems. Questions about steady states
in biochemical reaction networks under mass-action kinetics are fundamentally questions
about nonnegative real solutions to parametrized polynomial ideals. In particular, multi-
stationarity corresponds to the existence of more than one positive steady state with fixed
conserved quantities. We refer the reader to [10] for an expansion of this point of view
and farther references.

In this work, we develop tools from real algebraic geometry based on the paper [3] by
Bihan and Spaenlehauer, to analyze systems biology models (see the basic terminology in
Section 1.1 and a simple meaningful example in Section 1.2). We present a general frame-
work to find “explicit” parameters for which multistationarity occurs and we exemplify our
theoretical results in different biochemical networks of interest of arbitrary size and num-
ber of variables. For this, we need to adapt the theoretical results to make them amenable
to effective computations in a variety of specific imstances in the modeling of biochemical
systems. Qur developments are also based on the existence of explicit parametrizations of
the corresponding steady state varieties, as described in Theorem 4.1 in [25}.

We give two complementary approaches. On one side, we show how to deform a given
choice of reaction rate constants and total concentration constants in order to produce
multistationarity. On the other side, we describe open sets where multistationarity occurs
in the space of all these constants. We derive inequalities in the reaction constants and in
the total conservation constants whose validity implies the presence of multistationarity,

We show the practicality of our methods in our companion article |16}, where we apply
the theoretical tools develped in the paper to enzymatic cascades of Goldbeter-Koshland
loops {20} with any number n of layers, with a repeated phosphatase. In this case, the
associated polynomial systems have positive dimensions growing linearly with n and the
number of conservation relations (and then of total conservation constants) also grows
linearly with n, and it is at least four if n > 2 (the first case in which multistationarity
occurs [12]).

1.1. Basics on chemical reaction networks and multistationarity, Given a set of s
chemical species, a chemical reaction network on this set of species is a finite directed graph
whose vertices are labeled by complexes and whose edges R represent the reactions and

are labeled by parameters & € Rg%l, which are called reaction rafe constants. Complexes

AD and MG are partially supported by UBACY'T 20020100100242, CONICET PII* 11220150100473,
and ANPCyT PICT 2013-1118, Argentina.
1




2 FREDERIC BIHAN, ALICIA DICKENSTEIN, AND MAGALI GIAROLI

determine vectors in Z%, according to the species they consist of. We identify a com-
plex with its corresponding vector and also with the formal linear combination of species
specified by its coordinates. Under mass-action kinetics, the concentrations xy, zs,..., 25
of the species are functions funclions of time t which evolve according to the following
autonomous system of ordinary differential equations:

- }: 2 (Y — y),

dzy dig due )
yyeR

(L1) re) o= (S0 %

where 2 = (4,...,35), 2¥ = 21" ...2¥ and y - ¢/ indicates that (y,3') € R; that is,
the complex y reacts to the complex 3. The right-hand side of each differential equation

%ﬁi is a polynomial f; in ®1,...,2, with real coefficients. A concentration vector & € ]RSZO
is a steady state of the system il f{Z) = 0, and Z is a positive steady state if moreover
z € R,

We observe that the vector @(t) lies for all time ¢ in the so called stoichiometric subspace
S which is the linear subspace spanned by the reaction vectors {y —y : y = ¥ ¢ R}.
In fact, a trajectory #(2) beginning at a positive vector z(0) = 2% € R%, remains in the
intersection (2% + SYN R, of a parallel translate of S with the positive orthant, for all
t > 0. If the subspace S is cut out by linear equations § = {£1{z) = ..., {,{2) = 0}
each £; defines a conservation law for the dynamics; the constant terms Ty, ..., T, of the
linear equations of 2%+ § = {£1(z) = Th,...,fm(z) = Tr} are called total concentration
constants,

We say that the network has the capacity for multistationarily if there exists & choice
of reaction rate constants & such that there are two or more steady states in a same
stoichiometric compatibility class for some initial state z¥, that is, for an appropriate
choice of total conservation constants, Starting with [7, 8], several articles studied the
capacity for multistationarity from the structure of the digraph [1, 12, 14, 21, 24, 25}
Once the capacity for multistationarity is determined, the following difficult question is to
find values of multistationary parameters as exhaustively and explicitly as possible. This
problem is in principle effectively computable but the inherent high complexity does not
allow to treat interesting networks with standard general tools. Several articles addressed
this task, providing different answers based on ad-hoc computations, injectivity resuits
based on signs of minors, and degree theory |4, 5, 6, 18, 22, 30].

1.2. Our resuits for a two-component system. We showcase our resulis in a simple
meaningful example . The following chemical reaction network is a {wo-component sys-
tem [26] with Aybrid histidine kinase (hybrid HK) whose multistationarity was studied
in [4, 22]. Two-component signal transduction systems enable bacteria to sense, respond,
and adapt to a wide range of environments, stressors, and growth conditions. This net-
work has six species X1i,...,Xq, ten complexes (e.g. X1 or X; 4 X, also identified with
the vectors e; and e; + eg in Z%} and six reactions {directed edges), with labels given by
positive reaction rate constants ky,..., kg!

x5 ! x By x,
(1.2) X3 —E—X5E}X1 + Xg
Xy + X5 2% Xp + Xg
s 2 X
This labeled digraph represent the following biological mechanism. Two component sig-
naling relies on phosphotransfer reactions between histidine and aspartate residues on
histidine kinases (H /(s) and response regulator (RR) proteins, The hybrid HK consists

of two phosphorylable domains. We denote the phosphorylation state of each site by p if
the site is phosphorylated and 0 if it is not; the four possible states of HK are denoted




LOWER BOUNDS AND REGIONS OF MULTISTATIONARITY 3

by HKge, HKpy, HEKqp,, and HK,,. We let RR be the unphosphorylated response reg-
ulator protein, and RR, the phosphorylated form. Upon receiving a signal, the T K can
auto-phosphorylate. Whenever the second phosphorylation site is occupied, the phosphate
group can be transferred to RR.

We denote by X,y,...,Xs the chemical species 1Ko, f Kpo, HEKop, HKpp, RR, RRp,
respectively. The concentration of the chemical species Xy,..,, X5 are denoted by lower-
case letters 2j,..., 2. These concentrations are assumed to be functions which evolve in
time ¢, according to the following polynomial autonomous dynamical system:

da dx

?ti = fi(k,z) = —kiw1 + kawsas, d—t2 = falk, 2} = ky2y — kozg + kszawms,
dx dx

_d_tg = fa(k,z) = kymy — kazz — kywaes, % = fak, x} = kzz3 — kszans,

de dx

?f = Jslk, @) = —kqzsws — kswaws + ke, —dt6 = fa(k, ®) = kywaws + ksvazs — kets.

It is straightforward to check that there are two linearly independent relations: fi + fo +
f3+ f1 = fs + fo = 0, which imply the existence of two constants Ty, T, such that for any
value of £

(1.3) by =m) t oot astag =11,
£ =25+ a5 = To,
Indeed, the stoichiometric subspace equals S = {{1(z) = £2(z} = 0}. We assume that

there is a positive point in the translate of § defined by the total conservation constants
11, 13, so they are positive real numbers.

We now explain our strategy. Our problem is to determine values of (k1, ..., ks, 71, T3)
in R® ;, for which the polynomial system
(1.4) filk,z) = = fo(k,a) = li(z) —~ 11 = bo(z) - T2 =0,

has more than one positive solution x € R%,. We have, using the framework of the main
Theorems 77 and 77:

Theorem 1.1, With the notation of (1.2} and (1.3), assume that o fived choice of reaction
rate constants and total concentration constants verifies the inequalities

11 T 101
1.5 kel —+— )<= <ks| T+
(15) 6(k2+k3) T 6(k1 +k2)
Then, there exist posilive constanis Ny, No such thatl for any values of Bs and Bs veryfying
B > Ni and % > Ng, the system (1.4) has al least three posilive steady states after

modifying only the parameters kq, ks via the rescaling ky = By ky, ks = Bs ks.

In {4], the authors present necessary and sufficient conditions for the multistationarity
of the network. They prove that the region of reaction rate constant space for which
multistationarity exists is completely characterized by the inequality k3 > k&, but they
do not describe the particular stoichiometric compatibility classes for which there ave
multistationarity. Note that our inequalities (1.5} imply in particular that ky < k3 as in
[4], but also involve the total concentrations. In [22] are provided necessary and suflicient
conditions on all the parameters of the system for bistability, with a treatment ad hoc
using Sturm’s Theorem.

1.3. The contents of the paper. The basic idea we develop in this paper is to detect
in the convex hull of the support of the monomials that define the equations of the steady
states, (at least two) simplices positively decorated (see Definition 77) that form part of
a regular subdivision. This ensures the extension of the positive real solutions of the
corresponding subsystems to the total system. In Sections 77 and 77 we state and explain
the theoretical setting which is of general interest for the search of positive solutions of
sparse real polynomial systems beyond the applications we consider. In Section 77 we




4 FREDERIC BIHAN, ALICIA DICKENSTEIN, AND MAGALI GIAROLI

worl with the same support for all the polynomials of the system. Our main results are
Theorems 77, 77. In Section 77 we present, a mixed approach to the results of Section 77,
considering different supports for each polynomial, summarized in Theorems 77 and ?77.
We refer the reader to [2, 3, 11, 7, 19, 7, 27] for the definitions and main properties of the
mathematical objects we deal with.

In Section ?7 we present a class of biological systems which contains many impor-
tant mechanisms, called MESSI systems [25]. We focus on a particular class of MESSI
systems called s-toric MIEESSI systems, for which explicit monomial parametrizations of
the steady states are given in [25]. We present two examples of s-toric MESSI systems:
the known case of sequential distributive multisite phosphorylation systems (with any
number n of phosphorylation sites) and the case of enzymatic cascades with a single
phospo/dephosphorylation cycle in each layer. We show a parametrization of the steady
states following the algorithm given in [25]. We apply our method using this parametriza-
tion and a complete description of the conservation laws. This application is not straight-
forward. We need to develop special results, that we state and prove in general, beyond the
particular enzymatic networks of interest that we study explicitly in Sections 77 and 77.

It Section 7?2, we study the sequential distributive multisite phosphorylation systems.
Such systems were studied by many authors, starting with Wang and Sontag [30], who gave
bounds and conditions for monostationarity and multistationarity in the parameters, with
an interesting treatment ad hoc which also allowed them to find improved lower bounds
(see also [18]). In [6], Conradi and Mincheva showed using degree theory and computations
with the aid of a computer algebra system, that catalytic constants determine the capacity
for multistationarity in the dual phosphorylation mechanism. They also indicate in the
case n = 2 how to find values of the tolal concentrations such that multistationarity occurs.
The more general interesting approach in [4] is also based on degree theory. The authors
show how to find conditions on the reaction rates to guarantee mono or multistationarity,
but they do not describe the particular total concentration constants for which there are
multiple equilibria. With our approach, we obtain a system of three polynomial equations
in three variables that describes the steady states (independently of n), that are in the
framework of [3]. We give conditions on all the parameters (both on the reaction constants
and on the total concentration constants) so that there are at least two positively decorated
simplices in the triangulation of the convex hull of our support and by rescaling the rest of
the parameters, we guarantee the existence of at least two non-degenerate positive steady
states.
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REGIONS OF MULTISTATIONARITY IN CASCADES OF
GOLDBETER-KOSHLAND LOOPS

MAGAL{ GIAROLI, FREDERIC BIHAN, AND ALICIA DICKENSTEIN

We consider cascades of enzymatic Goldbeter-Koshland loops [17] with any number n of
tiers, for which there exist two layers involving the same phosphatase. Fven if the number
of variables and the number of conservation laws tend to infinity as n goes to infinity,
we find explicit regions in reaction rate constant and fotal conservation constant space for
which the associated mass-action kinetics dynamical system is multistationary.

Our computations are based on the theoretical results of our companion paper [4], which
are inspired by results in real algebraic geometry by Bihan and Spaenlehauer {3]. In the
case of enzymatic cascades of Goldheter-Koshland loops with any number n of layers, the
associated polynomial systems have positive dimensions growing linearly with n and the
number of conservation relations (and then of total conservation constants) also grows
linearly with n, and it is at least four if n > 2. Such systems were studied in [5, 25] when
all the enzymes are different, in which case there cannot be more than one positive steady
state. In the case of two layers, it was shown in [13] that in the case n — 2 {see Figure 1),
if the same phosphatase is acting at both tiers, then the network has the capacity for
multistationarity. It can be deduced from the results in [1], that if there are any number
of tiers, and the last two share a phosphatase, multistationarity parameters for the case
i = 2 can be extended fo produce multistationarity parameters in the general case. Qur
approach allows us to describe open sets in the rale constant and total concentration
parameters which ensure multistationarity as long as al any pair of tiers in the cascade
there is a shared phosphatase.

To clarify our resulls, we postpone some computations and technical proofs to an Ap-

pendix.
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Preface

In the recent years the number of applications of algebraic geometry to the life sciences, and to
the sciences in general, has dramatieally increased. In this book we address one such application,
namely the use of algebraic techniques and approaches to study the solutions to polynomial systems
that naturally arise when modeling biochemical reaction networks. The techniques we develop are
also applicable in many other applied questions.

This book is intended to advanced undergraduates in mathematics, graduate students, and
anyone interested in discovering the field. It can be used for personal reading, or as a fextbook
of a course in this topie. Standard courses in basic linear algebra and caleulus are required, and
knowledge on ordinary differential equations is advantageous. It is also recommended to have access
to symbolic software to do the exercises. Extra background in algebra or dynamical systems is
provided in the book, either in the main text, or in appendices.

We have tried to avoid technicalities whenever possible and fllustrated definitions, results and
proofs with numerous examples. Our wish is that the book is written such that the advanced
mathematician is able to enjoy reading it on the bus, while the young mathematician, with not
much experience in algebra nor in the topics of this book, can follow the text and do the exercises,
no need to say, with the appropriate effort.

Chapters 2-6, rely on the foundational Chapter 1, but the dependencies among them have
been kept to a minimum. Therefore, the reader can jump directly to a chapter of interest,

The current verston (as of November 30, 2017) contains complete versions of Chapters 1 and 4,
plus the frst part of Chapter 2 (still in draft form). We also included motivations and lists of subjects
to be expanded, together with some very preliminary parts of text. Of course, as we complete the
book, we will also polish the current chapters.

‘We hope you enjoy reading the book and find the topic as interesting and challenging as we
do. There are definitely many open questions to address. Comments and suggestions are welcome,

Alicia Dickenstein and Elisenda Feliu
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Abstract

Many dynamical systems arising in applications exhibit multistationarity (two or
more positive steady states), but it is often difficult to determine whether a given
gystem is multistationary, and if so to identify a witness to multistationarity, that is,
specific parameter values for which the system exhibits multiple steady states. Here we
investigate both problems, We prove two sufficient conditions for multistationarity in
reaction networks: (1) when the steady states admit a parametrization and a certain
critical function changes sign, and (2) when the steady-state equations can be replaced
by equivalent triangular-form equations. We also investigate the mathematical struc-
ture of thig critical function, and give conditions that guarantee that triangular-form
equations exist. Finally, we present methods for finding witnesses o multistationar-
ity, which we show work well for certain structured reaction networks, including those
common $o biological signaling pathways and those for which the steady states are
defined by binomial equations. Our work relies on results from degree theory and on
the specialization of Grébner bases.

Keywords: reaction network, mass-action kinetics, multistationarity, parametriza-
tion, binomial ideal, Brouwer degree, Grobner basis.

1 Introduction

An important problem in applications is to determine whether a given dynamical system is
multistationary, and if so to find a witness to multistationarity (parameter values for which
the system exhibits two or more steady states). Here we resolve this problem for dynamical
systems arising from reaction networks with certain structure. Specifically, our main results
are criteria for multistationarity and procedures for obtaining witnesses for certain networks:




(A) networks that admit a parametrization of the steady states and where the resulting
critical function changes sign (Theorem 3.4), and

(B) networks for which the steady-state equations are equivalent to binomial equations
(Theorem 4.6) or triangular-form equations (Theorem 5.5).

The critical function in (A) refers to the composition of the steady-state parametrization with
the determinant of the Jacobian matrix. Theorem 3.4 therefore generalizes recent results,
which rely on degree theory, due to Conradi, Feliu, Mincheva, and Wiuf [2]. Also, we show
by example that our critical functions can be simpler to analyze than theirs.

Additionally, we explain how critical functions are related to discriminants (Proposi-
tion 3.9), investigate the mathematical structure of critical functions arising from “binomial
networks” {Lemma 4.4), and give conditions that guarantee that triangular-form equations,
as in (B) above, exist. This last result relies on prior work on the specialization of Grébner
bases. Finally, we illustrate our results on a number of reaction networks arising in biology.

QOur results fit in the context of recent progress on the problems of deciding multista-
tionarity (reviewed in [20]; sce also [1, 9]), obtaining witnesses for multistationarity (e.g.,
{23, 25]), and characterizing parameter regions for multistationarity (e.g., [2, 17, 28, 31]).
Indeed, here we give new criteria for multistationarity and methods for witnesses, and also
show for some networks that the multistationary parameter regions arising from degree the-
ory are open sets and thus full-dimensional (Theoremn 4.10).

As mentioned above, one of our criteria for multistationarity involves examining the de-
terminant of the Jacobian matrix. The first such criterion (without composing with a stcady-
state parametrization) was given by Craciun and Feinberg [6}, and then was extended by
many researchers {e.g., [1, 7, 24, 27, 32]). One version of such a result, a so-called injectiv-
ity criterion, says: If every term in the determinant of the Jacobian matrix has the same
sign, then the network is not multistationary. Also, under some hypotheses, the converse
holds [1, 2, 6, 11]. Here we prove analogous results, after using steady-state parametrizations.

Steady-state parametrizations have already been shown to be useful in analyzing reaction
networks [2, 3, 23, 25, 30], and we build on those prior works. Similarly, like many before
us, we use degree theory to decide multistationarity (see e.g. [2, 8, 10]) and develop theory
attuned to networks with certain structure [12, 15, 23], including binomials {18, 24, 25].

Given that our work harnesses several techniques that have already been used for analyz-
ing reaction networks — steady-state parametrizations, degree theory, and structured reaction
networks — we emphasize that our final results rely on a new technique. Specifically, we use
results on specialization of Grobuer bases [22]. To our knowledge we are the first to use such
methods for analyzing multistationarity in reaction networks.

Finally, our work is related to the following open question: If s network G admits a
positive steady state that is degenerate, does this guarantee that & admits multiple positive
steady states? (This question is similar to the Nondegeneracy Conjecture [21].) One might
hope that perturbing the parameters, i.e., rate constants and conservation-law values, would
break apart the degenerate steady state into two or more steady states.

Several prior results answered the above question, under some hypotheses, in the affir-
mative [2, 6, 12, 14, 29]. Some of these results also yield a procedure for generating a witness

2




to multistationarity. Here, we add new results to this list, in the settings listed earlier: when
the critical function changes sign, and when the steady-state equations can be replaced by
equivalent triangular-form equations.

The outline of our work is as follows. In Section 2, we introduce mass-action kinetics
systems and recall a well-known result about Newton polytopes. In Sections 3 and 4, we
consider networks that admit steady-state parametrizations. We prove that multistationarity
is guaranteed (by degree theory) when the critical function changes sign. We also explain
how these critical functions are related to discriminants, and prove that, for networks whose
steady-states are defined by binomials, the regions of multistationarity guaranteed by degree
theory are full-dimensional. In Section 5, we consider the networks whose steady-state
equations can be replaced by equivalent triangular-form equations. We give conditions for
such a network that guarantee that a degenerate steady state breaks into two steady states.
We also show that triangular-form equations exist under general conditions. Finally, we end
with a Discussion in Section 6.

2 Background

In this section, we introduce reaction networks and their mass-action kinetics systems (Sec-
tion 2.1}, and then recall a useful result pertaining to Newton polytopes (Section 2.2).

2.1 Reaction networks

Here we largely follow the notation of Conradi, Felin, Mincheva, and Wiuf [2]. A reaction
network G consists of a set of s species {X;,...,X,} and a set of m reactions:

g 3
Zains' ¥ Zﬁini: Jj=L...,m,
i=1 i=1

where oy; and f;; are non-negative integers. The stoichiometric matriz of G, denoted by N,
is the s x m matrix with (4, 7)-entry equal to By — ;. Let ém(N)* denote the orthogonal
complement of the image of the stoichiometric matrix N, and let d = s — rank(N). A
conservation-low maotriz of G, denoted by W, is any row-reduced d x s-matrix whose rows
form a basis of im{N )1, When every column of W contains at least one nonzero entry, that
is, every species takes part in some conservation law, then G is conservative.

The concentrations of the species Xi,...,X, are denoted by z,...,zs respectively.
The evolution of the concentrations with respect to time is given by a system of ordinary

differential equations:
i = f(z) = N-v(a), (1)

where £ = (21,...,%,) and v : Ry, = RY, is a reaction rate function. This function, in the
case of mass-action kinetics, is given by:

- 1g o .
() = gyay 72l j=1,...,m,
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assume 1pp,(g) = «3* - 22} ", M a;_; = 0, then g € G, NClby, ..., bn,%y,..., 7, and
by the induction hypothesis, g € {g;,...,9s}. If aj_1 > 0, then lpp,(g;—1)/lpp,{g) since
Ipp,(gj—1) = x;-1. By the definition of noncomparable subset, g = g;—1. O

Remark 6.6. If the polynomial system F C Q[by,...,b,, %1,...,%s], by the Buchberger’s
algorithm [5], we know a Grobner basis G of Z{F) is also a subset of Q[by,..., b, z1,...,5s)
and hence the polynomials g1, . .., g, stated in Theorem 5.8 will all have rational coefficients.
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a la Dra. Alicia Marcela Dickenstein, Profesora Titular Plenaria con dedicacion exclusiva del
Departamento de Matematica a hacer uso del Afio Sabatico,

Que por Resolucion €S N° 6446/17 se aprobd dicha solicitud otorgando
licencia entre el 1 de enero de 2017 vy hasta el 31 de diclembre de 2017,

Que en cumplimiento con el Art. 12¢ de la Resolucion CS N° 4518/93 la Dra.
Alicia Marcela Dickenstein presentd  su informe de actividades,

Que es necesario cumplir con lo establecido por los Art. 13° y 14° de |3 citada

resolucion,
Lo aconsejado por la Comisién de Ensefianza, Programas v Planes de Estudio,
Lo actuado por este cuerpo en la sesion realizada en el dia de la fecha,
En uso de las atribuciones que le confiere el art. 1139 del Estatuto
Universitario,

EL CONSEJO DIRECTIVO DE LA FACULTAD DE CIENCIAS
EXACTAS ¥ NATURALES
RESUELVE:

Articulo 19: Aprobar el informe correspondiente a las actividades desempefiadas por la Dra.
Alicia Marcela Dickenstein durante su Afio Sabético.

Articulo 29; Enviar un ejemplar del informe a la Biblioteca de esta Facuitad.
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