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[1] We study the Kelvin-Helmholtz (KH) instability at the dayside magnetopause,
modeling the flow, the magnetic field, and the density profiles in the transition from
magnetosheath to magnetosphere with hyperbolic tangent functions. The strength and the
direction of the fields on the sunward sides of the magnetopause are obtained from a
MHD simulation code of the magnetosheath, which includes the magnetic tension forces
on the plasma in the plasma depletion layer. The theory is applied to strongly northward
interplanetary magnetic fields. We work at slightly off-noon local times and compute at
three different latitudes. We find that as the latitude increases the instability growth
rate becomes negligible due to the increasing local magnetic shear, which reaches �21� at
the highest latitude examined. The KH growth rates for the most unstable modes are given
as functions of l/�, the ratio of the wavelength to the width of the transition. The KH
perturbation tends to be localized on the magnetospheric side when the configuration is
most unstable, whereas it shifts increasingly toward the magnetosheath side of the velocity
gradient region as the latitude increases and the growth rate diminishes substantially.
Growth rates for a tangential discontinuity model are within a 10% of those corresponding
to continuous profiles when l > 15�. The influence of temporary (sunward or earthward)
accelerations of the magnetopause on the KH modes is examined. The effect of a
difference between the scale length of the density profile and the width of the current
sheath on the KH instability, as in pristine magnetopauses, is also studied. INDEX TERMS:
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1. Introduction

[2] Very early in the development of space physics, the
Kelvin-Helmholtz (KH) instability at the magnetopause was
suggested as a means for enhancing the transfer of solar
wind momentum to the magnetosphere [Dungey, 1954]. The
presence of surface waves of KH origin on the magneto-
pause is also interesting because they are thought to be one

major source of ULF fluctuations of the geomagnetic field
in the Pc 5 range (1–10 mHz) via a complex coupling with
magnetospheric modes and resonant shells (e.g., Kivelson
and Southwood [1986], and references therein).
[3] Compared to other mechanisms such as reconnection,

however, the importance of the KH instability is still today a
matter of study and debate. Nevertheless, the anomalous
viscous drag that KH generates [Miura, 1984] has attracted
plenty of interest particularly when northward interplanetary
magnetic field (IMF) conditions prevail, because reconnec-
tion processes, that are also sources of momentum transfer,
are then less likely to occur. Summaries of the main
experimental, theoretical, and computational achievements
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in this field, and the status of several open questions, can be
found in many surveys such as those of Belmont and
Chanteur [1989], Kivelson and Chen [1995], Miura
[1995a], Farrugia et al. [1998a, 2001].
[4] This paper presents a theoretical study of the KH

instability at the dayside magnetopause for northward IMF
conditions, where we compute the stability of models with
continuous profiles for the magnetic field and the velocity
field (represented by hyperbolic tangent functions) at differ-
ent latitudes on the magnetopause, to examine the stabiliz-
ing effect of the local magnetic shear angle. Even when the
IMF points due north, the local shear increases with latitude
because of the draping of magnetosheath magnetic field
lines over the magnetopause. At the same time, the mag-
netosheath velocity also increases with latitude which, in
turn, might counteract the effect of shear.
[5] Some aspects that we have taken into account in this

work are the following. From a statistical study of low-
latitude, multiple crossings of the magnetopause made by
ISEE 1 and 2 over a 10-year period, Song et al. [1988]
concluded that for northward IMF the solar wind dynamic
pressure may be sufficient to explain magnetopause surface
oscillations with periods in the 2–30 min range, and so KH
would be at most a secondary effect. However, a detailed
study by Ogilvie and Fitzenreiter [1989], based on ISEE 1
high resolution data, favored the generation of magneto-
pause surface waves by KH, with the qualification that it is
necessary to distinguish the instability of the magnetopause
boundary from that of the inner edge of the boundary layer
(IEBL). In principle, both boundaries could go unstable, but
the Ogilvie and Fitzenreiter [1989] results indicate that the
IEBL should be more prone to the instability, while the
magnetopause should be much less oscillatory. Related to
this question, one of the aims of the present work is to
examine on which side of the velocity gradient region is the
amplitude of the KH modes larger. Later work on large-
amplitude, long-wavelength magnetopause oscillations on
the near-equatorial magnetopause flank under northward
IMF conditions has provided new experimental evidence
in support of the presence of KH activity on this boundary
(e.g., Chen and Kivelson [1993], Chen et al. [1993]). In the
analyses of Chen and Kivelson [1993] and Chen et al.
[1993], solar wind dynamic pressure changes could be
excluded as the cause of the oscillations from records of
solar wind data during the events. The study of multiple
magnetopause crossings on the near flanks by Seon et al.
[1995], is also indicative of the presence of surface waves
propagating tailwards, with the KH instability as a probable
cause. Furthermore, Farrugia et al. [2000] used Interball/
tail data to study the state of the near-tail magnetopause
during the passage of a high density filament early on
January 11, 1997 [Burlaga et al., 1998]. This boundary
was very oscillatory due to large amplitude waves, possibly
originated from active regions on the front side and prop-
agating toward the flanks.
[6] Another aspect of the magnetopause physics associ-

ated with the influence of the magnetosheath magnetic field
orientation on the KH instability has been investigated by
Miura [1995b] with numerical simulations carried out for
Alfvénic Mach number �1 and plasma beta �1.2 (magneto-
sheath values). Miura [1995b] found that northward IMFs
are more favorable to the instability than those pointing

southward, and that the magnetopause oscillates most
strongly when the magnetosheath magnetic field is due
north.
[7] In a study of the stability of the magnetopause front-

side related to the present paper, theoretical charts of the KH
activity on the dayside were presented for the first time by
Farrugia et al. [1998b]. This work, which was specifically
elaborated for northward IMF configurations, was com-
puted with a model that takes into account the all-important
presence of the plasma depletion layer (PDL). The PDL is a
thin layer that is generally present next to the sunward side
of the magnetopause when the IMF points north [Phan et
al., 1994]. In the PDL the influence of magnetic forces on
the plasma flowing past the magnetosphere is strong,
altering the flow topology from stagnation point to stagna-
tion line flow [Sonnerup, 1974]. The modification of the
flow and magnetic fields in the PDL has a direct bearing on
the KH instability. The influence of the IMF clock angle q
(i.e., the angle between the IMF and the geomagnetic north)
on the position, shape, and size of the KH active regions is
emphasized in Farrugia et al. [1998b]. On the dayside
magnetopause, the KH instability is ordinarily tightly regu-
lated by q. It was shown in the same reference that even
when q is zero at the subsolar point (due north IMF) the
local magnetic shear angle is not zero at other positions on
the magnetopause, as a consequence of the three dimen-
sional field draping over the frontside.
[8] In the present paper we carry out an extension of that

work. The stability analysis was based on profiles having
two tangential discontinuities corresponding to the magne-
topause and the IEBL, respectively. By contrast, here we
examine continuous profiles. The KH eigenvalue problem
with velocity gradient profiles for the magnetopause was
studied, e.g., by Miura and Pritchett [1982], and Miura
[1995b]. Our main purpose is to investigate the properties of
the KH excitation as a function of latitude, incorporating
variations of the background fields across a boundary of
finite thickness. The velocity and the magnetic fields change
direction and intensity with position on the magnetopause,
and we take into account the variations at different locales
by using values for the field and flow given by results of a
magnetosheath MHD simulation model [Erkaev, 1988;
Farrugia et al., 1998b].
[9] Figure 1 shows an example of the results of this

model. The distribution of the magnetic shear angle is
indicated, the white regions corresponding to zero mag-
netic shear, while the darker shading represents regions
with 40 degrees or more. We can see how the magnetic
shear angle increases with the latitude. The velocity field
is depicted by the small arrows: the trend of the flow to
align itself orthogonal to the IMF (here set at zero clock
angle) is apparent, so that the flow is not symmetric about
the subsolar point, and rather looks as a stagnation line
flow. The effect is due to magnetic tension forces on the
plasma close to the magnetopause, which are properly
incorporated in the MHD code. This feature is in agree-
ment with observational studies of properties of the
plasma depletion layer for low magnetic shear [Phan et
al., 1994].
[10] At any given position we use a parallel velocity flow

across the boundary, in agreement with the viscous magne-
tosphere concept, where the flow in the magnetopause is
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induced from the magnetosheath by viscous drag (about the
so-called ‘‘viscous paradigm’’ see, e.g., Kennel [1995]).
Hence, the velocity field is assumed to retain the same
direction as in the adjacent magnetosheath and to approach
zero in the magnetosphere. In the three magnetopause
positions that we analyze, we study the variation of the
maximum growth rate with the wavelength-to-width ratio,
and the shape of the corresponding eigenfunctions, to
examine which part of the gradient region is more per-
turbed: the magnetosheath or the magnetosphere side (and
hence to infer which of the two regions is more wavy).
[11] The MHD equations for the KH perturbations are

treated in the incompressible approximation, since the
magnetosheath velocity on the frontside is much smaller
than the local speed of sound, Cs. When compressibility is
retained, a set of perturbation modes, the main branch (with
the largest growth rate) tends to the incompressible KH
modes as Cs ! 1. But there is also another set of modes
(with much smaller growth rates) that depend critically on
compressibility, and disappear in the limit Cs ! 1. The
paper does not study the influence of compressibility on the
KH instability, a subject that deserves further investigations
[see, e.g., Miura and Pritchett, 1982; Kivelson and Pu,
1984; González and Gratton, 1994]. For the study of the
KH modes with the largest growth rates, in subsonic regions
of the dayside magnetopause, the incompressible approx-
imation is sufficient [González et al., 2002]. The influence
of compressibility, however, is very important for the
analysis of the KH excitation at the supersonic flanks of
the magnetopause.
[12] In addition, we study the enhancement of the KH

instability due to sunward accelerations of the frontside

magnetopause, as well as the reduction of the excitation by
earthward accelerations, by the Rayleigh-Taylor effect, as
may happen during sudden changes in the solar wind
dynamic pressure [Mishin, 1993; Gratton et al., 1996].
Finally, we also examine the influence of a difference
between the thickness of the density transition and the
thickness of the current layer, on the KH instability. The
possibility of the presence of two different length scales in
magnetopauses called ‘‘pristine’’, i.e., those observed with-
out the adjoining magnetospheric boundary layer, is dis-
cussed in a statistical study of magnetopause crossings by
Eastman et al. [1996].
[13] Summarizing, the paper is directly related to some

of the questions raised by Farrugia et al. [1998b, 2000]:
(1) the effect of continuous profiles on the dayside KH
instability; (2) the latitude dependence; (3) the effect of
temporary accelerations; and (4) the effect of a scale
length in the density gradient different from the thick-
ness of the current layer and the velocity gradient
region. The layout of the paper is as follows. The
model of the magnetopause transition and the KH
perturbative theory is explained in section 2. In section
3 we give the main results of the stability analysis,
while in section 4 we consider the stability of a double-
scale length magnetopause. The last section contains our
conclusions.

2. Magnetopause Model and Perturbative
Equations

[14] At a given position on the magnetopause, the equi-
librium magnetic field B0 and flow velocity v0 across the

Figure 1. Spatial distribution of the magnetic shear angle, in gray scale, and the velocity field,
represented by arrows, over the dayside magnetopause for an IMF with zero clock angle, as predicted by
an MHD code for the magnetosheath (see text).
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magnetopause and parallel to its tangent plane are given by
equations of the form

v0 yð Þ ¼ v0x yð Þx̂þ v0z yð Þẑ;

B0 yð Þ ¼ B0x yð Þx̂þ B0z yð Þẑ:

Here x̂, ẑ, are unit vectors in the local tangent plane, and
y is along the outward-pointing normal to the magneto-
pause. Equilibrium quantities are denoted by a zero
subscript. The y-dependence of the fields accounts for
possible changes in direction and intensity across the
magnetopause, in particular, the presence of shear of
the magnetic lines. Passing from the magnetosheath to
the magnetosphere r0 = r0( y) indicates the change of
density. A gravity term, of the form g = 	gŷ, is also
assumed to act along the y axis, where g is equivalent to
the local acceleration of the magnetopause, as may occur
when the solar wind dynamic pressure varies, g > 0
corresponding to a sunward acceleration. Normally we
set g = 0, except when studying episodes of transient
acceleration.
[15] G. I. Taylor noted that the theory of instability of

an interface between two fluids that are accelerated in
common is mathematically identical to the gravitational
instability of the interface studied by Lord Rayleigh (see
commented references in Chandrasekhar [1961]). In
Gratton et al. [1996], there is a detailed discussion that
shows that this concept is appropriate to study the
stability of the magnetopause during periods of accel-
eration produced by fast changes of the solar wind
dynamic pressure. We must note that, being subsonic,
the dayside magnetosheath plasma moves together
with the magnetopause expansion (or compression).
The enhancement (or quenching) of the Kelvin-Helmholtz
instability by the Rayleigh-Taylor effect over the front
side magnetopause, is studied in Farrugia et al. [1998b],
where piecewise constant profiles are employed to model
the magnetopause and its low latitude boundary layer
(LLBL).
[16] Since the acceleration episodes last only a finite time,

the acceleration of the magnetopause is not uniform, so that
the constant parameter g stands for an average value. It is
plain that the results of the model are applicable only when
the time scale for the growth of the instability is smaller than
the period during which the system is accelerated. Several
examples of these time scales are reported in the quoted
references, but we will return to this point discussing the
results in section 3. Pressure balance across the magneto-
pause is given by the equation D( p0+ B0 
 B0/8p + r0gy) = 0,
where the operator D � d/dy indicates differentiation with
respect to y.
[17] The stability of the equilibrium is studied with the

perturbative equations of linearized, ideal (infinite conduc-
tivity) magnetohydrodynamics (MHD) [e.g., Chandrase-
khar, 1961]. The MHD modes are assumed to be of the
form Qp = Q1(y)exp[	iwt + ik 
 x], where Qp denotes any
perturbed quantity, and Q1(y) is the corresponding ampli-
tude. Here w is the (generally complex)angular frequency
and k = (kx, 0, kz), is the (real) wave number, which lies on
the tangent plane.

[18] The linearized continuity equation can be written as

@

@t
þ v0 � grad

� �
r1 ¼

d

dt

� �
0

r1 ¼ 	v1y
dr0
dy

	 r0div v1ð Þ:

Multiplying by a small time interval, we can set

dt  1

r0

d

dt

� �
0

r1 ¼
dr
r0

¼ dr
r0

� �
adv

þ dr
r0

� �
comp

;

where (dr/r0) is the relative density perturbation in a time
lapse dt, and

dr
r0

� �
adv

¼ 	z
1

r0

dr0
dy

;
dr
r0

� �
comp

¼ 	div x
!� �

: ð1Þ

We have introduced the perturbative Lagrangian displace-
ments, z = v1ydt, and x

!
= v1dt. The first equation (1) is the

relative density change due to density advection, the second
is the relative density perturbation due to compressibility.
The influence of compressibility on stability is only a small
correction when

dr
r0

� �
comp

� dr
r0

� �
adv

: ð2Þ

From the definition of the sound speed, we have

dr
r0

� �
comp

¼ dp
r0C2

s

:

The scale length L of the equilibrium density is

1

r0

dr0
dy

� 1

L
;

and therefore

dr
r0

� �
adv

� z
L
:

On the other hand, dp can be estimated as

dp � z
L
�p0;

where �p0 is a characteristic range of variation of the
equilibrium pressure, thus

dr
r0

� �
comp

� z
L

�p0

r0C2
s

; ð3Þ

The main branch of the Kelvin-Helmholtz spectrum
[González and Gratton, 1994] is driven by variations of
pressure associated with the kinetic energy available in the
unperturbed state, hence

�p0 � r0 v0j j2: ð4Þ
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Therefore inequality 2 holds when the following condition
is satisfied

v0j j2

C2
s

� 1; ð5Þ

that is, in subsonic flows compressibility has only a small
influence on the main branch of the KH instability.
[19] The case of the secondary, or compressible, branch

of the KH instability is excluded from the previous estimate,
as it has physical properties different from the main branch.
We do not study the compressible branch in this paper. The
compressible branch, if excited, has growth rates much
smaller than those of the main branch [González and
Gratton, 1994], although in some cases it may become
unstable while the main branch is stable. However, we must
not forget that the compressible KH branch and the influ-
ence of compressibility on the main branch, become
increasingly important as the flow approaches the speed
of sound away from the subsolar region, and are essential
elements of the stability problem of supersonic flows at the
magnetospheric flanks.
[20] Since the magnetosheath flow is subsonic over the

dayside magnetopause, the incompressibility approximation
(div(v) = 0) is well satisfied. Therefore Dv1y + ik 
 v1 = 0,
and from div(B) = 0, we have similarly DB1y + ik 
 B1 = 0. It
is found convenient to work with v1y and B1y as main
variables. When g 6¼ 0, r1 is also needed and follows from
the continuity equation that, under the incompressible con-
dition, reduces to v1yDr0 	 i�wr1 ¼ 0. We introduce the
following notation

�w ¼ w	 G; ð6Þ

with

G ¼ k 
 v0; ð7Þ

so that �w stands for the Doppler-shifted frequency. It is also
convenient to introduce the function

F ¼ k 
 B0: ð8Þ

[21] After some algebraic manipulations the linearized
equations for v1y, B1y, and r1 can be conveniently written
for numerical computations as

Dr0 GD	 DGð Þ þ r0 GD2 	 k2G
� �� �

v1y þ ik2gr1
þ 1=4pð Þ F k2 	 D2

� ��
þD2F

�
B1y ¼ w r0 k2 	 D2

� ��
þ Dr0D�v1y; 	F þ Gð Þv1y ¼ wB1y;	iDr0v1y þ Gr1 ¼ wr1; ð9Þ

where we have set k = jkj. A derivation of the perturbative
equations can be found in Farrugia et al. [1998b].
[22] The set of equation (9) is of the form of an extended

eigenvalue problem L(X ) = wM(X ), where L andM are linear
differential operators applied to the vector X = (v1y, B1y, r1),
and where the eigenvalue is the complex frequency w. The
operators are then discretized by finite differences, and
equation (9) is replaced by a matrix eigenvalue problem that
approximates the original one. The boundary conditions

require that the perturbative quantities tend to zero far from
the gradient region, which is assumed to be in the neighbor-
hood of y = 0. Since the boundary conditions are at y! ±1,
it is advantageous to carry out the numerical procedure using
a stretched coordinate defined as

h �
	 ln 1	 yð Þ y < 0;

ln 1þ yð Þ y > 0:

8<
:

After L andM are written in terms of h, finite differences are
applied. This method allows us to have a sufficient number
of grid points in the interval where the gradients are
concentrated, and to reach large jyj values with a moderate
range of jhj values (in practice, 3–4).
[23] Here we assume that the equilibrium fields are

represented by hyperbolic tangent functions, as indicated
explicitly further on. On the magnetosheath side, the
asymptotic values for y ! 1 of the unperturbed quantities
v01, B01, r01 are indicated by a subscript 1. Similarly in the
magnetosphere, when y ! 	1, the asymptotic values v02,
B02, r02 are denoted with a subscript 2. The width of the
transition from magnetosheath to magnetosphere is indi-
cated with � = 2h and h will be taken as unit of length in
our calculations. For instance, ~y = y/h, represents a non-
dimensional coordinate normal to the magnetopause, and
a = kh denotes the dimensionless wave number. However,
for simplicity of notation, we shall keep the same symbol y
for the nondimensional y-coordinate.
[24] In KH stability analysis it is customary to employ the

asymptotic values on one side of the gradient region as
reference for dimensionless variables. However, in our case
the values for the fields and density at different positions on
the magnetopause are taken from the MHD magnetosheath
model cited in the introduction. This model scales physical
quantities with solar wind values before the bow shock, i.e.,
the solar wind speed, Usw, and density, rsw. Thus we
normalize our variables using the same units, as follows.
We denote the dimensionless equilibrium density with
~r0 ¼ r0=rsw, and the normalized amplitude of the density
perturbation with r(y) = r1/rsw. Similarly, ~v0 = v0/Usw, v(y) =
v1y/Usw, indicate the normalized equilibrium velocity, and
the perturbative y velocity component, respectively. We also
introduce ~G =hG/Usw. The magnetic field intensity will
be measured in units of

ffiffiffiffiffiffiffiffiffiffiffiffi
4prsw

p
Usw, and we thus set

~B0 ¼ B0=
ffiffiffiffiffiffiffiffiffiffiffiffi
4prsw

p
Usw

� �
, and b yð Þ ¼ B1y=

ffiffiffiffiffiffiffiffiffiffiffiffi
4prsw

p
Usw

� �
,

for equilibrium and perturbative magnetic field, respec-
tively. Finally we introduce an acceleration unit, q	1 =
Usw

2 /2h, we set ~F ¼ hF=
ffiffiffiffiffiffiffiffiffiffiffiffi
4prsw

p
Usw

� �
, and define a dimen-

sionless eigenvalue ~w ¼ hw=Usw.
[25] In dimensionless variables equation (9) can be writ-

ten as

	~r0 ~G a2 	 D2
� �

	 ~r0 ~G
00 	 ~r00 ~G

0 þ ~r00 ~GD
� �

vþ ia2qgr

þ ~F a2 	 D2
� �

þ ~F 00� �
b ¼ ~w 	~r0 a2 	 D2

� �
þ ~r00D

� �
v;

	 ~Fvþ ~Gb ¼ ~wb;	i~r00vþ ~Gr ¼ ~wr; ð10Þ

where we have set f0
0 = df0(y)/dy, D~f = d~f /dy, and y, as

mentioned, is in units of h.
[26] Let us introduce now the dimensionless asymptotic

values for the magnetosheath side by fv = jv01j/Usw, fb =
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jB01j/(
ffiffiffiffiffiffiffiffiffiffiffiffi
4prsw

p
Usw), fd = r01/rsw. The corresponding asymp-

totic values on the magnetosphere side will be defined by
the following ratios: rv = jv02j/jv01j, rb = jB02j/jB01j, rd =
r02/r01. In Figure 2 we show a schematic of the equilibrium
fields and density profiles across the magnetopause. We
shall take the local z-axis along the geomagnetic field
(GMF) B02. The magnetosheath field, in general, will have
a shear angle, �B1,B2 � angle(B01, B02), with respect to the
GMF. On the magnetosheath side the velocity field has an
asymptotic direction defined by the angle with the GMF,
�v1,B2 � angle(v01, B02). As commented in the introduc-
tion, in this study we assume that the velocity does not
change direction across the boundary, and tends to zero for
y ! 	1.
[27] In order to examine the stability conditions of the

magnetopause we consider three positions on the dayside
surface, which will be represented by the paraboloid

X ¼ 1	 0:5 Y 2 þ Z2
� �

; ð11Þ

where Z points due north, Y toward east and X is along the
Sun-Earth direction; X, Y, Z, are in units of the radius of
curvature of the magnetopause at the subsolar point. The
three cases are on the line corresponding to 14:24 hours,
with increasing latitudes, as shown in Figure 3. The figure
indicates also the computational grid for the coordinates Y,
Z. The three positions are indicated in the first column of
Table 1 and correspond to latitudes of 0�, 29.3�, and 41.7�;
fv, fb, fd, rb, �v1,B2, and �B1,B2, are listed, respectively, in the
following columns. The values are taken from the numerical
results of the magnetosheath MHD code mentioned before
[see, e.g., Farrugia et al., 1998b]. The magnetic shear

angle increases from 0 to 21�, while the ratio of inner to
outer magnetic field strengths decreases from 1.3 to 0.5 with
an increase of latitude of 41.7�. The peculiar trend of
variation of the angle �v1,B2 is due to the interplay of

Figure 3. Position of the points of the dayside magneto-
pause where KH modes are studied. The star indicates the
subsolar point. The grid points shown in the figure
correspond to the MHD code quoted in the text.

Figure 2. Schematic of the local model for the equilibrium velocity, top left, magnetic field, bottom,
and density profile, top right, across the magnetopause, assumed in the stability analysis.
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different rates of change in the directions of the geomag-
netic field and the velocity field, as we move toward higher
latitudes.
[28] In all cases we assume that rd = 0.1, a typical value

for the ratio between magnetosheath and magnetospheric
density. In equation (10) qg = 0 for a static boundary;
however, when we compute the effect of an accelerating
magnetopause we set jqgj = 0.0024. This particular value
for the nondimensional acceleration arises from the follow-
ing assumptions: jgj = 1km/s2, � = 2h = 600 km, Usw = 500
km/s. Estimates for g are discussed in [Sonnerup et al.,
1987; Mishin, 1993; Gratton et al., 1996; Farrugia et al.,
1998b]. For � we take the average value of the magneto-
pause thickness derived from a statistical analysis of ISEE 1
and 2 crossings [Berchem and Russell, 1982], and Usw is an
intermediate value for the solar wind speed.
[29] The following equations define the y dependence of

the nondimensional, unperturbed, velocity field, magnetic
field, and density distribution:

~v0x ¼ sin�v1;B2 
 m yð Þ 
 fv;~v0z ¼ cos�v1;B2 
 m yð Þ 
 fv;
~b0x ¼ sin�B1;B2 
 m yð Þ 
 fb; ~b0z ¼ cos½ �B1;B2 
 m yð Þþ rb 
 n yð Þ

�

 fb;

~r0 ¼ m �y=dð Þ þ rd½ 
n �y=dð Þ� 
 fd ; ð12Þ

where m(y) = 0.5 
 [1 + tanh (y)], and n(y) = 0.5 
 [1 - tanh
(y)]. Here, the x, z components are in a local coordinate
system lying in the magnetopause tangent plane, and d is the
scale length of the density profile. According to the analysis
of Eastman et al. [1996] d may be different from �, when
conditions of pristine magnetopause apply, i.e., in the
absence of low latitude boundary layer. Our stability
analysis will be carried out for two values, �/d = 1, and 5.

[30] The layout of the model, and the profiles defined by
equation (12), show that in this paper we are computing the
eigenvalues for a one step transition only. The important
influence of the PDL on the instability appears in the
asymptotic conditions on the magnetosheath side. But we
have not included in the model the field profiles of the PDL.
Thus for instance, the increment of inertia as y > 0 increases
on the magnetosheath side, is not accounted for in the
theory. Similarly, on the magnetospheric side, the model
does not include the presence of a low latitude boundary
layer with its associated inner edge (IEBL), a configuration
that requires more than one transition. For certain ranges of
wavelength, however, the results of the single transition
model can be reinterpreted as indicated in section 5, for
applications that need to reckon with the IEBL.

3. Latitude Dependence of the KH Instability

[31] We report now the results of numerical solutions of
the equations for the KH modes with the parameters of the
three positions of increasing latitude given in Table 1. In all
the cases examined in this section we assume �/d = 1. At
each position and any given wavelength, we compute the
growth rate varying the orientation of the wave vector k, in
order to find the mode with the maximum (nondimensional)
growth rate p ¼ = ~wð Þ ¼ = wð Þh=Usw. Figures 4, Figure 5,
and Figure 6 show the maximum growth rate as function
of l/� for three values of the acceleration g, at positions 1
to 3, respectively. The lines labeled with g = 0 correspond
to magnetopauses without acceleration. Two lines corre-
sponding to KH with acceleration g = 1 km/s2 > 0 and g =
	1 km/s2 < 0, are also shown for each position.
[32] Considering first the variations of p for g = 0 in

Figures 4 to 6, we see that the KH excitation decreases

Figure 4. Maximum growth rate p (nondimensional, given
in units of 2Usw/�) as function of l/� for three values of
the acceleration g, 1, 0, 	1, in km/s2 at position 1.

Figure 5. Maximum growth rate p as function of l/� for
three values of the acceleration g, with the same format of
Figure 4, at position 2.

Table 1. Position and Parameters Used in the Stability Analysis

Position (X, Y, Z) Latitude fv fb fd rb �v1, B2 �B1, B2

1 (0.920,0.4,0.0) 0� 0.2352 1.1994 0.7502 1.2670 90� 0�
2 (0.795,0.4,0.5) 29.3� 0.2658 1.0875 0.7387 0.8935 81� 6�
3 (0.675,0.4,0.7) 41.7� 0.2945 1.0055 0.7259 0.5288 92� 21�
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substantially with latitude. This is mainly due to the
increase of the local magnetic shear. As a consequence,
the projection of the velocity on the k vector is accom-
panied by a stabilizing magnetic tension contribution over
most of the y range of the perturbation and for all
orientations of k. In fact, this variation overcomes the
effect of the increment of the absolute value of the
velocity that increases from positions 1 to 3, while
the changes of the velocity angle with respect to the
GMF are minor (see Table 1). As a function of l/� the
growth rate, which is small for l/� < 2.5, increases with
l, and attains a maximum value at l/� �4.5 at the
positions 1 and 2. It then decreases steadily for longer
wavelengths. At position 3 represented by Figure 6, this
trend in the growth rate is not evident, but position 3 is
only marginally unstable for all l values. When translated
to dimensional values the growth rates for l �4–8� in
Figure 4 (g = 0) give (with parameter values indicated
after Table 1) e-folding times, te � 50–60 s. At station 2,
the values of p in Figure 5 give te � 90–120 s, but the
values of p of Figure 6, corresponding to position 3 lead
to e-folding times of 14 min. Thus in this case, the flow
and magnetic field configuration should remain stationary
for very long periods of time in order to produce a
significant amplification of KH waves, while the solar
wind generally varies on shorter timescales. We conclude
that unstable p values in the range 0.002 as in Figure 6
have no practical consequences. The large reduction of the
growth rate for �B1,B2 = 21� is in qualitative agreement
with the growth rate given in [Miura, 1995b] for a
magnetosheath Alfvénic Mach number, MA = 1, and
�B1,B2 = 30�, whereas we have MA = 0.34 at position 3,
as can be computed from Table 1.
[33] We have shown the maximum growth rate: changes

with the angle of the wave vector k are similar to the well
known ones of the tangential discontinuity model, see
equation (13) of section 4. The direction of the wave
number for the maximum growth rate is nearly normal to
the largest magnetic field of both sides, at the three
positions studied. These is because the flow is sub-
Alfvénic, and the most unstable mode must eliminate the
largest magnetic tension, even at the cost of loosing part

of the projection of v01 on k, the latter being the source of
the instability.
[34] The effect of g 6¼ 0 is represented in Figures 4 and 5

with lines labeled g > 0 and g < 0, while in Figure 6 we show
only the line for g > 0 because the growth rate for g < 0 is
negligible.
[35] When applications of these results are considered we

must bear in mind that te must be smaller than Ta, a
characteristic time of the acceleration episode. Both Ta
and g have wide variations, so that any event must be
examined on its own. Here we focus attention on large
accelerations (g = 1 km/s2) for which Gratton et al. [1996]
estimated (from a model of the motion of the magneto-
pause-magnetosheath system) a typical time persistence of g
at peak values of the order of 2 minutes. From time to time,
observations of large amplitude oscillations of the magneto-
pause have reported even longer periods.
[36] Sunward accelerations of the magnetopause with g =

1 km/s2 > 0 may reduce te by factors of, roughly, 1.4 at
station 1 and 1.7 at station 2, enhancing the KH activity. In
fact, at the position 3, a sunward acceleration of this
magnitude would reduce te to 5–6 min, destabilising this
region which was shown to be nearly stable for g = 0. One
may observe that strong accelerations with definite sign,
lasting that long, are not common. On the other hand, we
may note that a free oscillation of the magnetopause may
last about 7–8 min, typically [Freeman et al. [1995], and
that Farrugia et al. [2000] report a large amplitude oscil-
lation lasting 7.5 min.
[37] At station 1, we can see from Figure 4 that the

earthward acceleration reduces the KH instability, but the
resulting growth rates are still important. Figure 5 corre-
sponding to position 2, however, shows that g < 0 practi-
cally stabilize the flow, as the resulting p become similar to
those of Figure 6 for g = 0.
[38] Figures 7–10, give the spatial shape of several

perturbative quantities, i.e., the eigenfunctions correspond-
ing to the KH mode with l/� = 5 and the maximum
growth rate with respect to all possible orientations of the
k vector. All eigenfunctions are normalized by setting v =
vr + ivi = 1 at y = 0, as can be seen in Figures 7 and 8;
this condition automatically sets the scale of the corre-
sponding perturbations b and r for the remaining figures.
The calculus of eigenvalues is mathematically a homoge-
neous problem, which allows for an arbitrary normaliza-
tion of the eigenfunctions. We choose here a simple, yet
physically meaningful, convention, setting the amplitude
of the velocity perturbation equal unity, midway in the
gradient region.
[39] In Figure 7 we show jvj versus h (defined in section 2)

in the top panel, with a y scale also given below for easier
reference. The bottom panels give similarly, vr on the left,
and vi on the right. All panels refer to the position 1, and in
each one we show results for three g values: g = 0 solid line,
g = 1 km/s2 dashed line, and g = 	1 km/s2 dot-dash trace.
Figure 7 shows the typical features of the vy perturbation for a
KH mode, i.e., the gradient region suffers sinusoidal dis-
placements with phase differences (at different positions y)
smaller than 90�. We note that the velocity perturbation is
stronger on the inner side of the gradient region (magneto-
sphere). The shape of the velocity eigenfunction is modified
when g changes, that is, the asymmetry of jvj increases

Figure 6. Maximum growth rate p as function of l/� for
two values of the acceleration g, 1, 0, with the same units as
in Figure 4, at position 3.
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while the growth rate of the mode decreases, when we
compare g > 0 with g < 0.
[40] Figure 8 shows jvj versus h for two positions, case

2 in the upper panel and case 3 in the lower panel, for

the mode of maximum growth rate and l/� = 5 as in
Figure 7. Here we show results for g � 0 only, as the
growth rates for g < 0 are negligible. We note that the
velocity perturbation is still larger on the magnetospheric

Figure 7. Velocity perturbation, corresponding to the maximum growth rate mode, as function of h for
l/� = 5 at position 1 for three g values: g = 0 solid line, g = 1 km/s2 dashed line, g = 	1 km/s2 dot-dash
trace. Eigenfuctions are normalized by setting v = vr + ivi = 1 at y = 0. (Top) jvj; (bottom) vr and vi.

Figure 8. Absolute value of the velocity perturbation, for the maximum growth rate mode, as function
of h for l/� = 5 at (top) positions 2 and (bottom) 3, for g = 0 (solid line) and g = 1 km/s2 (dashed line).
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than on the magnetosheath side at position 2, as it was in
1, while the reverse is true at the higher latitude position.
We have considered the latter case as practically stable
when g = 0, but unstable when g = 1 km/s2: we observe
that the perturbation occurs mainly on the outside for
latitudes where the KH activity is reduced, while it
happens for the most part on the inside at lower latitudes,
more prone to the KH instability.
[41] The reason for the shift of the perturbation from the

magnetospheric to the magnetosheath side of the transition
profile, as the latitude increases, is as follow. At the lower
latitude, position 1, the wave vector k of the mode with
maximum growth is normal to the magnetic field on both
sides, the shear angle being zero there. For a given amount
of kinetic energy of the mode, the amplitude of the velocity
perturbation is larger on the magnetospheric side, because
of the smaller inertia prevailing there. At the higher latitude,
position 3, the GMF has diminished considerably in com-
parison with the IMF, and even more so the respective
magnetic tensions, which are proportional to the square of
the fields. Here the vector k of the mode of fastest growth
becomes normal to the IMF, in order to reduce the largest
magnetic tensions. This is an orientation that still gives
significant values for the projection of v on k, on which the
instability depends. But now k subtends an angle of about
21� with the geomagnetic field, so that the mode suffers the
stabilizing effect of the remaining magnetic tensions on the
magnetospheric side. Hence, the velocity eigenfunction
tends to be localized on the magnetosheath part of the
transition, in spite of the larger inertia of that region, to
avoid as much as it is possible the residual magnetic

tensions. Altogether it results in a considerable decline of
the growth rate.
[42] In Figure 9 we show the magnetic field perturbation

jbj vs. h for the positions 2 (upper panel) and 3 since the
modes at position 1 do not entail perturbations in the
magnetic field; jbj is represented for the same parameters
l/�, p, and g of Figure 8. While the amplitude of the
magnetic field perturbation is nearly symmetric with respect
to y = 0 at position 2, it is localized almost completely on

Figure 9. Absolute value of the magnetic field perturbation, for the maximum growth rate mode, as
function of h for l/� = 5 at positions 2 (top panel) and 3 (bottom panel), for g = 0 (solid line) and g =
1 km/s2 (dashed line).

Figure 10. Absolute value of density perturbation,
corresponding to the maximum growth rate mode, as
function of h for l/� = 5 and g = 1 km/s2 at positions 1
(solid line), 2 (dashed line), and 3 (dotted-dashed line).
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the magnetosheath side at position 3 instead, as expected
from the previous discussion.
[43] In Figure 10 we give an example to illustrate the

behaviour of the amplitude of the density perturbation at the
three positions examined; we show the jrj eigenfunctions
for g = 1 km/s2 only, and for the same mode parameters of
Figures 8 and 9. Here a solid line corresponds to position 1,
and the dashed and dot-dash lines are for positions 2 and 3,
respectively. The shift of the density perturbation toward the
outside part of the gradient region at position 3 is also
apparent.

4. Effect of Two Length Scales on
the KH Instability

[44] The current layer at the magnetopause separates the
interplanetary magnetic field from the geomagnetic field. In
Eastman et al. [1996] 235 passes of ISEE 2 (1977–1978)
and 125 crossings of AMPTE/CCE (1984–1988) were
examined. From these about 10% were identified as pristine
cases, defined as those that do not exhibit an adjoining
magnetospheric boundary layer or, at most, have a low
density plateau. For pristine crossings these authors have
reported very sharp density gradients, with scale lengths
smaller than those of the current layer region, frequently
less than 20%. Thus pristine magnetopauses often exhibit a
double scale length feature, although this property is
reduced away from noon and tends to disappear at the
dawn-dusk meridian.
[45] Motivated by these observations we examine here the

influence of a possible difference in the widths of the current
layer and the density gradient regions. To find out the
consequences of a double-scale assumption on the instabil-
ity let us reconsider the equatorial position 1, where the
current layer, according to our model, is due to the differ-
ence of magnetic field intensity (see Table 1). Using the
same model for the equilibrium and the perturbative equa-
tions given in section 2, we now compute the KH modes
with �/d = 5. Figure 11 summarizes the main results,
showing the growth rates as a function of l/�. For each
wavelength the corresponding p is the maximum value over
all possible k orientations. There are three lines labeled g = 0
corresponding to the KH instability without the assistance
of accelerations of the boundary. The line styles distinguish
the different assumptions made for the scale lengths. The
solid line is for �/d = 5, and the dashed line corresponds to
�/d = 1, which is shown for comparison. The dotted -
dashed line corresponds to the results of a simple tangential
discontinuity profile in all equilibrium quantities, computed
with the same parameters on both sides of the discontinuity
as given in Table 1. Denoting with k̂ a unit vector oriented
as k and using the dimensionless quantities defined in
section 2 we can write the dispersion equation for the
tangential discontinuity model as

wh=Usw ¼ pfv�
1þ rdð Þl k̂ 
 ~v01�

�
k̂ 
 ~B01

� �2þ k̂ 
 ~B02

� �2h ih
1þ rdð Þ


 f 2b f 	2
v f 	1

d 	 rd k̂ 
 ~v01
� �2	 1	 r2d

� �
qgf 	2

v p	1l=�
�1=2i

ð13Þ

The line for the tangential discontinuity is calculated
with this equation. The tangential discontinuity model

represents the asymptotic limit of the hyperbolic tangent
model as l/� ! 1. We may note that the results of the
model with �/d = 5 differ substantially from those for
the case �/d = 1 at small wavelengths (l/� �2–3)
where the one-scale model growth rate is strongly
reduced while that of the double scale model is still
close to its maximum value. Thus for the same l/� ratio
in the quoted range, the pristine magnetopause model is
KH unstable, while the model with a unique scale length
has negligible growth rates. For larger wavelengths l/�
> 5, however, the two models give qualitatively similar
results, with somewhat smaller growth rates in the double
scale case. The dotted - dashed line shows how well the
tangential discontinuity model, used in many papers as a
first estimate for the KH instability, may approximate the
model with continuous (hyperbolic tangent) profiles. As
expected, the three lines for g = 0 converge for long
wavelengths, but note that to approximate the growth
rate for the continuous one-scale model, with an error
not larger than 10%, using the tangential discontinuity
KH formula, one must take l/� > 15. The three lines
with g = 0 give growth rates within a 10% difference for
l/� > 20.
[46] The lines labeled g > 0 in Figure 11 correspond to

sunward accelerated magnetopauses (g = 1 km/s2), the solid
line is for the double scale model while the dashed line is
for d/� = 1. Although the maximum growth rate increases,
with respect to the g = 0 case, as expected (by a factor
�1.4–1.6) the behaviour of p versus l is qualitatively
similar to that noted for g = 0 at short wavelengths (l/�
< 5). The ratio of maximum growth rates for d/� = 5 and
d/� = 1 when g > 0, is somewhat larger than the
corresponding ratio when g = 0 (1.25 versus 1.1), indicat-
ing a slight intensification of the instability by the Ray-
leigh-Taylor effect in the case of the sharper density

Figure 11. Maximum growth rate as function of l/�, for
g = 1 km/s2 and g = 0, at position 1 with different
assumptions made for the scale length of the equilibrium
model (see text). The solid line is for the double scale
model, �/d = 5, the dashed line is for �/d = 1, and the
dotted-dashed line corresponds to the results of a tangential
discontinuity model.
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gradient model. For long wavelengths (l/� � 7) the
growth rates of the two models approach each other
closely, faster than in the g = 0 case.

5. Discussions and Conclusions

[47] We have used continuous equilibrium profiles for
fields and density to study the properties of the KH
instability at the dayside magnetopause, for a configuration
with due north IMF. Local parameters for the magneto-
sheath and magnetospheric sides, at three positions of
increasing latitude, have been obtained from the predictions
of a numerical MHD model for the magnetosheath. An
important element incorporated in the latter calculation is
the presence of a plasma depletion layer adjacent to the
magnetopause, a feature characteristic of northward point-
ing IMFs, which is now well confirmed experimentally. In
the plasma depletion layer (a) the density decreases while
(b) the magnetic field intensity grows, with respect to
magnetosheath values. In addition, (c) the velocity field
tends to become perpendicular to the IMF, as we move
away from the subsolar point. The three effects mentioned
all exert an important influence on the development of the
KH instability. We have found that the KH excitation
decreases substantially with the latitude. This effect is a
consequence of the increase of local magnetic shear angle
between the magnetosheath and the magnetospheric field,
which cancels the effect of increasing velocity. Thus away
from the subsolar stagnation point, even when the clock
angle q = 0, which is the most favorable IMF configuration
for the KH instability, the activity does not cover the entire
dayside magnetopause. We have also noted that the KH
perturbation occurs mainly in the magnetosheath part of the
velocity gradient region, at latitudes where the KH activity
is reduced, while it happens for the most part on the
magnetospheric side at lower latitudes, which are more
prone to the KH instability. The particular localization of
the perturbation eigenfunctions at the high latitude position
is due to the decreased intensity of the GMF with respect to
the IMF, and to the increment of the magnetic shear angle.
In that case, the best chance for the growth of a KH mode
relies on a setting in which k is perpendicular to the IMF,
while the eigenfunction amplitudes are peaked on the
magnetosheath side.
[48] In a recent paper we have examined, using only the

tangential discontinuity model, the alterations of the main
branch of the KH dispersion relation due to compressibility,
at the same three magnetopause positions we have consid-
ered here. The changes in the growth rate and the unstable
range between compressible and incompressible calcula-
tions turned out to be insignificant, as expected [González et
al., 2002].
[49] We have seen that the stabilization of the high

latitude magnetopause is related to the increased magnetic
shear angle of this region, and the fact that the orientation of
the velocity field tends to become normal to the magneto-
sheath magnetic field. The latter is a consequence of the
plasma depletion layer formation for northward IMFs. As
the shear angle increases, the projection of the velocity field
on k is accompanied with a substantial projection of the
magnetic field on k, which provides the stabilizing tension.
However, the small growth rate at high latitudes, which are

marginally stable for a quiescent magnetopause, increases
during strong sunward acceleration episodes (as shown in
Figures 4 to 6) and the instability may then produce a wavy
surface also in these regions. This is a consequence of the
Rayleigh-Taylor effect that enhances the Kelvin-Helmholtz
instability.
[50] Pristine magnetopauses, i.e., those without boun-

dary layer [Eastman et al., 1996] often exhibit a peculiar
double scale length: the density gradient region is thinner
than the region where the change of the magnetic field,
from magnetosheath to magnetospheric, occur. Stimulated
by this fact, we have examined the KH growth rates for a
two scale model with �/d = 5. Significant differences with
the model with a unique scale are concentrated mainly at
small wavelengths, i.e., l/� �2–3, while for longer l
both models give similar growth rates. If we take � = 600
km as a typical thickness of the current layer [Berchem
and Russell, 1982] the maximum growth rates for the
‘‘pristine’’ model occur for l � 1200–1800 km. These
KH perturbations generate surface waves with frequencies,
f, of the order of jv01j/[l(1 + rd)]. For the same wavelength
range, however, a model with only one scale length gives
negligible growth rate for KH modes. The latter case
corresponds to magnetopauses with a companion magneto-
spheric boundary layer.
[51] From this consideration a prediction follows: space-

craft crossings of pristine magnetopauses should observe
activity at the ratio l/� � 2–3 and its corresponding
frequency range. But negligible KH activity should be
measured at the same l/� ratio, and its associated fre-
quency range, when normal crossings are registered. Thus a
correlation of observations during spacecraft crossings with
records of magnetic fluctuations of ground magnetometers
in the frequency range from 50 to 200 mHz (depending on
the local speed jv01j) higher than the Pc 5 range ordinarily
associated with KH activity, may be attempted to detect a
possible enhancement of the power spectrum in the case of
pristine magnetopauses, and test this prediction.
[52] The theory with hyperbolic tangent profiles does

not take into account specifically the possible presence of
a magnetospheric boundary layer. The transition from the
magnetosheath to the magnetosphere is assumed to occur
in one step only. However, we may note that asymptoti-
cally, for y ! ±1, the KH modes decay as exp(�ky), so
that their penetration length is of the order of d = l/2p.
Therefore we may still apply the hyperbolic tangent model
when a second transition (from boundary layer into
magnetosphere proper) is present in nature. However, in
this case l must be limited from above, roughly, by l �
�BL, where �BL indicates the width of the boundary layer,
so that the second transition can be approximately ignored.
The width �BL may vary widely, but 1/3–1/2 RE can be
taken as indicative values. Moreover, the hyperbolic tan-
gent model can be also applied when l � �BL, as the
magnetopause and the boundary layer can then be lumped
together into one transition, ignoring the fine structure
with two steps. In the latter case, the width � of our
theory should be taken as ��BL.
[53] The model treated here does not include the field

profiles of the PDL either. The width of the PDL, variable as
it is, can be about 3000 km in average, thus perturbation
modes with wavelengths, such that l > 5�, lie on a non
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uniform density region of the magnetosheath side. Of
course, we may expect that modes with very long wave-
lengths, l � 3000 km, see again an averaged one step
transition, and for them the fine details of the transition from
magnetosheath to magnetosphere are erased.
[54] The last two comments (on LLBL and PDL) show

that the theory of the MHD stability of the subsolar
magnetopause regarding the KH instability is not yet
completed. We hope, nevertheless, to have contributed to
the understanding of the conditions for the excitation of
Kelvin-Helmholtz activity on the dayside.
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