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FINITE ELEMENT ANALYSIS OF COMPRESSIBLE AND
INCOMPRESSIBLE FLUID-SOLID SYSTEMS

ALFREDO BERMUDEZ, RICARDO DURAN, AND RODOLFO RODRIGUEZ

ABSTRACT. This paper deals with a finite element method to solve interior
fluid-structure vibration problems valid for compressible and incompressible
fluids. It is based on a displacement formulation for both the fluid and the
solid. The pressure of the fluid is also used as a variable for the theoretical
analysis yielding a well posed mixed linear eigenvalue problem. Lowest order
triangular Raviart-Thomas elements are used for the fluid and classical piece-
wise linear elements for the solid. Transmission conditions at the fluid-solid
interface are taken into account in a weak sense yielding a nonconforming dis-
cretization. The method does not present spurious or circulation modes for
nonzero frequencies. Convergence is proved and error estimates independent
of the acoustic speed are given. For incompressible fluids, a convenient equiv-
alent stream function formulation and a post-process to compute the pressure
are introduced.

1. INTRODUCTION

Increasing attention has recently been paid to problems involving fluid-structure
interactions. For a survey of current results see [12] and references therein. In this
paper, we are concerned with the interaction between a fluid, either compressible or
incompressible, contained in an elastic structure (e.g., the internal elastoacoustics
or hydroelasticity problems).

We consider as a model problem a 2D elastic vessel completely filled by a fluid.
Displacement variables are used for both the fluid and the solid; however, to provide
a theoretical analysis, also the pressure in the fluid is used as a variable.

Under the usual assumptions leading to linear problems, the evolution of both
the fluid and the structure is governed by second order in time linear equations.
Their solution can be written in terms of the vibration modes of the coupled system
which are eigenfunctions of a linear eigenvalue problem.

When a displacement formulation is discretized, spurious modes use to appear;
this is the case, for instance, if continuous piecewise linear finite elements are used
for both the fluid and the solid (see [11] and [3]). Such spurious modes are approxi-
mations of pure rotational motions of the fluid which can be seen as zero frequency
eigenmodes of the continuous problem. These rotational eigenmodes are not rele-
vant from a physical viewpoint. However, when the discrete problem does not have
zero as an eigenfrequency with a corresponding eigenspace approximating this set
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of rotational motions, spurious eigenmodes arise with nonzero frequencies placed
among those of the relevant ones.

In [1] a finite element method which does not present spurious modes is intro-
duced for the case of a compressible fluid. It consists in using piecewise linear
elements for the solid and Raviart-Thomas elements of lowest order for the fluid,
the coupling of both being of nonconforming type. Such discretization yields a
linear symmetric eigenvalue problem.

We show that this method can be adapted to deal with incompressible fluids
too. In spite of the fact that incompressible fluids are the limit case of compressible
ones when the acoustic speed goes to infinity, the proofs in [1] have to be modified
since the constants in the estimates therein blow up with the acoustic speed.

We present an alternative approach covering both the compressible and the in-
compressible cases. We prove the convergence of our method and error estimates
not depending on the acoustic speed are given. We also prove that spurious modes
do not arise when sufficiently refined meshes are used. We analyze the asymptotic
behavior of the eigenfrequencies in the compressible case as the acoustic speed goes
to infinity. Finally, we discuss implementation issues in the incompressible case.
Numerical experiments showing the effectiveness of the method are reported in [3]
for compressible fluids and in [2] for incompressible ones.

2. THE MODEL PROBLEM

We consider the problem of determining the vibration modes of a linear elas-
tic structure containing an ideal (inviscid) barotropic fluid; the fluid can be com-
pressible or incompressible. Our model problem consists of a 2D polygonal vessel
completely filled with the fluid as that in Fig. 1.

FIGURE 1. Fluid and solid domains.

Let Q. and €} be the domains occupied by the fluid and the solid respectively
as in Fig. 1. We assume €2, to be simply connected but not necessarily convex. I,
denotes the interface between the solid and the fluid and v its unit normal vector
pointing outwards €2,. We denote by I';, 7 = 1,...,J, the edges of the polygonal
interface I'|; therefore, we have I', = U;.Izl I';. The exterior boundary of the solid
is the union of I') # 0 and I': the structure is fixed along I' ) and free of stress
along I'y; n denotes the unit outward normal vector along I'y,.
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Throughout this paper we use the standard notation for Sobolev spaces, norms

and seminorms. We also denote H(div, ) := {u € [L? (QF)]2 : divue L2(QF)}

2 2 2 :
and ||u||H(diV7QF) = ||U||[L2(QF)]2 + || div u||L2(QF). We denote by C a generic con-

stant not necessarily the same at each occurrence.
We use the following notations for the physical magnitudes; in the fluid:
u: the displacement vector,
p: the pressure,
pr: the density,
¢: the acoustic speed (¢ < ¢ < 0o, with ¢ = 0o for an incompressible fluid)
and in the solid:
v: the displacement vector,
ps: the density,
A and g the Lamé coefficients,

1 ( 0v; Ov;
2 8wj 617 ?

o(v): the stress tensor which is related to the strain tensor by Hooke’s law:

e(v): the strain tensor defined by ¢;;(v) =

2
0 (V) = Ag Z&“kk(v)éij +2pgei5(v), 4,5=1,2,
k=1

div [o(v)] = (Ag + pg)V(div v) + pg Av: the linear elasticity operator.

In the case of a compressible fluid, the classical elastoacoustics approximation
for small amplitude motions yields the following eigenvalue problem for the vibra-
tion modes of the coupled system and their corresponding frequencies w (see, for
instance, [4]).

SP: Find w > 0, u € H(div,Q,), v € [Hl(Qsﬂ2 and p € HY(Q,), (u,v,p) #
(0,0,0), such that:

(2.1) Vp—w?p,u=0, inQ,,
(2.2) pF02p +divu=0, inQ,,
(2.3) div [o(v)] + w?p,v =0, inQy,
(2.4) o(viv+pr=0, onl,
(2.5) u-v—v-v=0, onl,
(2.6) o(vin=0, onT,,
(2.7) v=0, onl,.

The coupling between the fluid and the structure is taken into account by equa-
tions (2.4) and (2.5). The first one relates normal stresses of the solid on the
interface with the pressure into the fluid. The second one means that fluid and
solid are in contact at the interface. In spite of the fact that equations (2.3)-(2.6)
of problem SP must be understood in the sense of distributions, since p € H(€,)

and v € [Hl(QS )} 2, these interface conditions are valid in the L*(T,) sense.

The problem with an incompressible fluid can be thought of as the limit case of
the previous one as ¢ goes to infinity. In this case (2.2) should be replaced by the
simple condition divu = 0. In order to deal with both cases in a same framework

1

we consider -— = 0 for an incompressible fluid (i.e., ¢ = 00); so (2.2) also makes
F
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sense in this case. All that follows in this paper is valid for ¢ = co as well as for
finite values of c.

3. VARIATIONAL FORMULATION

In order to state a variational formulation of problem SP we introduce the

functional spaces Q := L?(Q,.), H := [L2(QF)]2 X [LQ(QS)]2, X := H(div,Q,) x
2
[H%D (Qg )} (where H%D (Q) is the subspace of functions in H!(€),) vanishing on
T',) and
Vi={uv)eX:uv=v-v, onl}.

V is a closed subspace of X. We denote by || - || the natural norm on X, by | - | the
L? norm on H or on @ and by (-,-) the corresponding inner products.

By using test functions ¢ in (2.1) and 4 in (2.3) such that (¢,%) € V, and
q € Q in (2.2), the following mixed variational eigenvalue problem is obtained as a

variational formulation of SP:
VP: Find Ae R, (u,v,p) € V xQ, (u,v,p) # (0,0,0), such that:

[ et [ piva=r([ nweos [ ovs),

S
V(p,9¥) €V,
(3.2) —/ gdivu — 12/ pg=0, VqeQ,
Q PrC” Jay

F F

(3.1)

F F

where o(v) 1 e(¥) == 32, ;_ 5 0i;(vV)ei; () denotes the usual inner product. Let
us remark once more that 1/(p,c?) = 0 for an incompressible fluid; then, in this
case, (3.2) reduces to — fQF gdivua =0 for all g € Q.

As we show below, VP is a mixed eigenvalue problem which does not satisfy one
of Brezzi’s classical conditions ensuring well-posedness. We introduce some further
notation to analyze VP in this framework. We consider the following continuous
bilinear forms:

a((u,v), (¢, 9))

/Q o(v):e@®), (W), (6.9) € X,

S

b((u,v),q) = —/Q gdivu, (u,v)eX, ¢geqQ,

F

d((,v), (6.9) = /ppu-¢>+/ v, (u,v),(¢,9) € H.

Qp Qg

Form a is symmetric and positive in the sense that a ((u,v), (u,v)) > 0 for all
(u,v) € X. Form d is symmetric and coercive in H. Let

W= {(u,v) €V : b((u,v),q) =0, Vg€ Q} ={(u,v) € V : divu=0};

Brezzi’s conditions for the source problem associated to VP should be:

H1: a is coercive on W,
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H2: b satisfies the inf-sup condition

b
mf | osup  2@VRA g
1€Q | (uviev (V)| g
(u,v)#(0,0)

The first condition is clearly not satisfied since A = 0 is an eigenvalue of VP. In
fact, for any & € H}(€2,), (curl&,0) € W and a (( curl€,0), (curlé,0)) = 0.

Let us denote K := {(curl¢,0), £ € Hi(Q,)} the space of pure rotational mo-
tions into the fluid not inducing vibrations in the solid. We show below that A = 0
is an eigenvalue of problem VP with eigenspace K x {0}. To prove it we use that
the bilinear form b satisfies the inf-sup condition H2. Namely:

Lemma 3.1. There exists a strictly positive constant 3 such that for all ¢ € L*(€2,)

b((u,v),q
sup blw,v).a) ,, Blal.
(u,v)ev ”(u?V)”
(1,v)#(0,0)
Proof. Clearly, it is enough to show that, for all ¢ € L?(12,), there exists (u,v) € V
satisfying
(3.3) divu=gq in and I(u,v)|| < Clq|.
Let Q:=Q UQ,; let § € L2(2) be the extension of ¢ obtained by defining
1
(3.4) q:= ——/ q in .
|Qs| Qp

Therefore, § € L§(2) :={q € L*() : [,q = 0}. Since div is an isomorphism of
a subspace of [H&(Q)]Q onto L3(9) (see [9]), then there exists w € [H(}(Qﬂ2 such
that
divw = (j in and HWH[Hl(Q)]2 < C”(j”L?(Q)a
with C independent of ¢. Let u:= wlg_ and v := w|q_; hence, (u,v) € V and it
satisfies (3.3). O
Now it is simple to characterize the eigenspace of A = 0.
Theorem 3.1. A =0 is an eigenvalue of VP with eigenspace K x {0}.

Proof. V¢ € HE(Q,.), (curlé, 0,0) is clearly an eigenfunction of VP with eigenvalue
A = 0. Conversely, let (u,v,p) € V x @ be such that

/a<v>:e<¢>—/ pdivg = 0, V(g.)eV,
Q Q

S F
1
—/ gdiva — 2/ pqg = 0, VYqeQq.
Q PrC Ja,
Hence, divu = —plczp in Q. and then, by using (¢,%) = (u,v) in the first
F

equation, st o(v): dv)*’ﬁ fQF p? = 0. Therefore, because of Korn’s inequality,
v =0 in g and, in the compressible case, p = 0.

In both cases, u satisfies divu=0in Q_, and u-v =v-v =0 on I',. Therefore,
there exists € € HJ(£2,) such that u = curl¢ in Q.. To conclude the proof in
the incompressible case we use Lemma 3.1 to show that p = 0 since fQF pdive =

st o(v):e() =0 for all (¢,?) € V. O
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The bilinear form a is not coercive on W. However, a* := a + d can be used
instead of a. Let us consider this modified eigenvalue problem:
VP*: Find A€ R, (u,v,p) € VXQ, (u,v,p) # (0,0,0), such that:

a*((u,v), (¢,%)) +b((¢,%),p) = Ad((u,v),(9,9)), Y(¢,¥) €V,
b((u,V),Q)—ﬁ(p,q) = 0, VgeQ.

F

A is an eigenvalue of VP if and only if 1 + X is an eigenvalue of VP* and the
eigenfunctions for both problems coincide. Problem VP* is easier to deal with than
VP because of the following lemma.

Lemma 3.2. a* is coercive on {(u,v) € X : divu=0} DW.
Proof. For all (u,v) € X such that divu =0,
(v ) = [ o)ie@ s [l [ p v = al )l

Qg Qp Qg

with o being the minimum between p, and the constant in Korn’s inequality. [

The bilinear forms a* and b satisfy both of Brezzi’s conditions. Then, the mixed
source problem associated to VP™ is well-posed. Moreover, we have the following
result:

Lemma 3.3. Given (f,g) € H, w € Q and 6 > 0, there exists a unique solution
(u,v,p) € V X Q of the source problem

a*((u,v), (¢, 9)) +b((¢,),p) = d((f.g),(d,%)), V(p,¥) €V,
b((w,v),q) —o0(p.q) = (w,q), Vg€Q.
Moreover,
(3.5) [(w, v)[| + [p] = C(I(f, )] + |w]),

with a constant C independent of 6.

Proof. See, for instance, [5]. O

4. CHARACTERIZATION OF THE SPECTRUM

If we consider w =0 and 6 = p% in Lemma 3.3, we obtain the source problem
F
associated to VP*. Namely, to find (u,v,p) € V x Q such that

(4.1)
@ (0,V), (§,)) + b(6,9). ) = d((£,0), (&, 9)), V(o) € V.,

(4.2 H(u.v).0) = —(n0) =0, Vg€ Q.

Let

T: H — Vv
(f,g) — (u,v)
with (u,v,p) being the solution of (4.1)-(4.2). Because of (3.5), T is a bounded
operator and its bound does not depend on the acoustic speed ¢ (the bound being
valid even for ¢ = 00).
(A, (u,v)) is an eigenpair of T|y if and only if there exists p € L?(€2,) such that
(%, (u,v,p)) is a solution of VP* and, consequently, (+ — 1, (u,v,p)) a solution of
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VP. Therefore, the knowledge of the spectrum of T|y gives complete information
about the solutions of our original problem.

T|v is not compact; in fact, T|k is the identity on the infinite dimensional
subspace K C V. However, as we show below, the restriction of T to the orthogonal
complement of K is compact and this can be used to characterize the spectrum of
T.

For any function f € [LQ(QF)]2, we may write a Helmholtz decomposition
f = curlé + Vo with € € HE(Q,) and ¢ € H'(Q,). Therefore, the orthogo-
nal complement of K in H is

G =Ktu = {(Vgp,v), p € Hl(QF), v e [L2(QS)]2}

and, hence, K*v = GNV. The following lemma shows that GNV is invariant for
T.

Lemma 4.1. T(G) CGNV.

Proof. Let (f,g) € G and let (u,v,p) € V x @ be the solution of problem (4.1
(4.2); for any (curlé,0) € K, b((curl§ 0),p) = 0 and, hence, ((u,v), (curlé¢,0))

= o-a*((u,v), (curl,0)) = S-d((f,g), (curl¢,0)) = ((f,g), (curl¢,0)) = 0;
therefore, (u,v) € Ktv =Gn V O

On the other hand, T|qg is a regularizing operator. In fact we have the following
a priori estimate.

Theorem 4.1. There exist constants s € (2, 1} ,t€(0,1] and C > 0 (not depend-
ing on the acoustic speed ¢) such that if (u,v,p) € V x Q is the solution of problem
(4-1)-(4-2) with (f,g) € G, then u € [H ()], v € [H*(Q)]%, p € H'(Q)
and

||u||[Hs o+ ||VH[H1+t(QS)]2 + lIpll 1 (0,) < CI(f, 8)l.

Proof. Let (f,g) € G and let (u,v,p) € V x @ be the solution of problem (4.1)-
(4.2). Because of Lemma 4.1, (u,v) € G N'V. Therefore, there exists ¢ € H!(;)

such that u = V. Since (u,v) € V and divu = —p—lczp, then ¢ is a solution of
F
the compatible Neumann problem
Ap = —pF%p, in Q,
g—f = v-v, onI'.

By using the standard a priori estimate for this Neumann problem (see, for instance,
[10]) we know that ¢ € H'*5(Q, ), where s = 1, if Q_ is convex, and s = %, with ¢
the biggest reentrant corner of 2, otherwise, and

”uH[HS(QF)]z = ”v‘pH[Hs(QF)]z
(4.3) J
<C D Iv-vllaer, + = ||p||L2(QF) < C|(f, g)l,

j=1

where we have used (3.5) for the last inequality.
On the other hand, by using ¢ € [C5°(£,)]° and ¥ = 0 in (4.1), it turns out
that

(4.4) Vp + peu=p.f.
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Hence p € H(Q,) and, because of (3.5),
(4.5) 1Pl @) < CI(E, 8)|-
2
Finally, for all ¥ € [H%D (QS)} there exists ¢ € H(div,,) such that (¢, ) €
V. Then, by using (4.1) and (4.4), we obtain
2
[ o [ pvw=[ pgvr [ v e mt @)
Q Qg Qg r,

S

Hence, v is the solution (in the sense of distributions) of the following elasticity

problem:
—div [o(v)] + PV = Ps&; in €,
o-(v)y = —pv, on FI,
o(vin = 0, onl,
v = 0, onl',.
Therefore, by using the standard a priori estimate for this problem, v € [H ()] ?
and
(46) ||V||[H1+t(QS)]2 <C {”gH[L2(QS)]2 + HpHH1/2(FI)} < Cl(f7 g)'

with ¢ € (0,1] depending on the reentrant corners of 91, on the angles between
I, and T, and on the Lamé coefficients A, and pg (see [10]).

Finally, notice that the constants C in (4.3), (4.5) and (4.6) only depend on
standard a priori estimates and (3.5), hence they are independent of the acoustic
speed c. O

Now we can give a complete characterization of the eigenpairs of T|y and hence
of the solutions of VP.

Theorem 4.2. The spectrum of T|v consists of the eigenvalue A = 1 and a se-
quence of finite multiplicity eigenvalues {\, : n € N} C (0,1) converging to 0. K
is the eigenspace of X\ = 1 and each eigenvector (u,, v,,) associated to an eigenvalue
An < 1 satisfies curlu, = 0.

Proof. Since T|xk is the identity, K*v = GN'V and, T(GNV) C GNV (Lemma

4.1), it is enough to prove that T|gnv : GN'V — G NV is compact. Now,

because of Theorem 4.1, T(G N'V) C [H*(Q,)]* x [HHt(QS)]Q and the latter is
compactly imbedded in H. Therefore, T|gnv is compact. O

As a consequence of the last two theorems we have the following result.

Theorem 4.3. Let (u,v,p) be an eigenfunction of problem VP* with correspond-
ing eigenvalue X > 1. Then u € [H*(Q,)]?, v € [Hl‘”(Qs)f, p € HIT(Q,)
and

||u||[H5(QF)]2 + ||VH[H1+’5(QS)]2 + HpHH1+S(QF) < C|(u,v)|,

with s and t as in the previous theorem and C a strictly positive constant indepen-
dent of c.

Proof. Since A # 1, because of Theorem 4.2, (u,v) € G. Now, (u,v,p) is the
solution of problem (4.1)-(4.2) with (f,g) = $(u,v) € G. Therefore, Theorem
4.1 applies to this case. Moreover, Vp + p,u = Ap,u and so, because of (4.3),

pE H1+S(QF) with HpHH1+s(QF) < C|(u,v)|. O
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5. FINITE ELEMENT DISCRETIZATION

In the previous section it was shown that T|gnv is compact. However, a stan-
dard discretization of this operator would require to use finite element spaces of
irrotational functions. To avoid it, we will deal with the noncompact operator T
instead.

T has an infinite dimensional eigenspace K consisting of pure rotational mo-
tions which are not physically relevant since they do not induce vibrations into the
structure. However, a suitable numerical approximation should take care of them.
Otherwise, spurious modes may appear.

In [1] a discretization which does not present spurious modes is introduced for
the case of a compressible fluid. We will show that this method can be successfully
used for incompressible fluids too. However, the proofs in [1] are not directly valid
in this case since the constants in the estimates therein depend on the acoustic
speed; in fact, these constants blow up when ¢ goes to infinity. Alternative proofs
with constants not depending on ¢ will be given below.

Let {75} be a family of regular triangulations of Q, U, such that every triangle
is completely contained either in €2, or in € and such that the end points of I',
coincide with nodes of the triangulation. For each component of the displacements
in the solid we use the standard piecewise linear finite element space

Lp(Qy) == {ve H(Q) : v|p € P1(T),VT € Tp,, T C Q}
and, for the fluid, the Raviart-Thomas space [15]
Ry(Q,) :={ue H(div,Q,) : ul, € Ro(T),YT €Ty, T C Q. },
where
Ro(T) := {u e Pi(T)* : u(z,y) = (a +bx,c+by), a,b,c € R}.

The degrees of freedom in Ry, (2,,) are the (constant) values of the normal compo-
nent of u along each edge of the triangulation. The discrete analogue of X is

Xn = {(w.v) € Ru(@) x [Lu(@)] : vlp, =0}
Finally, for the pressures we use the space of piecewise constant functions
Qn={pe L) : plr €Py(T),VT €T, T C Q. }.

The conforming finite element spaces VNX}, are not adequate for our problem. In
fact, any function of these spaces has constant normal components along each edge
I'; of the polygonal interface I'; and, hence, only functions with this same property
could be well approximated. The vibration modes of the physical problem does
not have constant normal components along these edges, so we are led to impose
a weaker condition than (2.5) to define our discrete spaces. In fact, we use the
following ones:

Vh::{(u,v)EXh : /(u-u—v~u):0, Ve CT,, £ edgeof T, TeTh}.
¢

Let us remark that for (u,v) € V, u-v and v - v coincide at the midpoint of
each edge ¢ C I', but, in general, they do not coincide on the whole edge. Hence,
V5, ¢ V; that is, our method turns out to be nonconforming.

The theorem below shows that the bilinear forms a* and b satisfy both of Brezzi’s
conditions on the finite element spaces Vj, and Q.
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Theorem 5.1. The bilinear forms a* and b satisfy:

H1,: a* is coercive on W, := {(u,v) € V}, : b((u,v),q) =0, Vg € Qp},
H2;: There exists > 0 not depending on h such that

b((u,v),q)

inf sup | > 0.
€@ | @wev, [ v)lgl
(u,v)#(0,0)

Proof. For all u € Ry(9,), divau € Qp; then Wy, = {(u,v) € V}, : divu = 0}.
Since a* was proved to be coercive on {(u,v) € X : divu =0} D W} (Lemma
3.2), then H1y is true.

To prove H2j,, we are going to proceed as in Lemma 3.1 and show that for all
q € Qp, there exists (up,vy) € Vy, satistying

(5.1) divup, =¢q in{, and [l(an, vi)| < Clg|.
Since Qp C L*(Q,), let (u,v) € V be defined as in the proof of Lemma 3.1.
Then (u,v) satisfies (3.3).
Let vy, € [L,(9)])° be a Clement’s type interpolant of v, vanishing on 'y UT
and defined at the nodes B € I'| in the following way:
1

gl + 1] 05Ul

Vh(B) :

where {5 and £} are the two edges on I', sharing B. Proceeding as in [17] it is
simple to prove that ||Vh||[ 2 < Cllv|| and hence, because of (3.3),

2 §C|q|

H(9)] [z @)
||Vh||[H1(QS)]

On the other hand, by construction, fFI v, = fFI v and, hence, fFI v U =
fFI v.v=[puv= fQF divu = fQF g. Therefore, the following Neumann

problem is compatible,

Aacp = gq, in Q,
L= Vpv, on I

and, so, it has a unique solution ¢ € H'(Q.)/Po. Because of the usual a priori
estimate, p € H'7*(€,) with s as in Theorem 4.1 and

J
||V<P||[Hs(QF)]2 <C |lgl+ Z Vi vlge@,) | < Clal.

J=1

Let up, € Ry () be the standard Raviart-Thomas interpolant of Vi (see [15]).
For each edge £ C T, [,up-v = feg_f = [,vn - v; hence, (up,vy) € Vi, On
the other hand, divuy, is the L?(€2,) projection of div(V¢) = ¢ onto Qp; since
q € Qp, then divu;, = ¢q. Finally, by the stability property of this interpolation,
Huh”H(diV,QF) < C||V<p||H1+s(QF) < C|q| Therefore, (uh,vh) S Vh satisfies (51)

O

By applying the standard theory of mixed methods, we have an analogous result
to Lemma 3.3 for the discrete problem.
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Lemma 5.1. Given (f,g) € H, w € Q and § > 0, there exists a unique solution
(up, Vi, pn) € Vi, X Qp, of the source problem

a’*((uha Vh)’ (¢)7 ,l/))) + b((d)? ¢)7ph) = d((f7 g)’ (¢)7 ’(/J))? V(¢)7 1!7) S Vha
b((an, vn),q) = 6(pn, q) (w,q), Vg€ Qn.

Moreover,

(5.2) [(an, vi)ll + Ipal < C(|(f, 8)[ + [wl) ,
with a constant C independent of 6 and h.

Proof. See, for instance, [5]. |

we can define a discrete analogue of

Now, by considering w = 0 and 6 = a2
T. Namely T), : H — V}, where (up,vy) = Th(f,g) is such that there exists
pn € Qp satisfying

(5.3)

a’*((uha Vh)? (¢7 1/’)) + b((¢a w)vph) = d((f7 g)7 (¢7 1»[;))7 v((ﬁv "p) € th

(5.4) b((up,vh),q) — (pn,q) =0, Vg€ Qp.

PeC?

Because of (5.2), the operators T}, are bounded uniformly on h and ¢. The spectra
of these operators provide good approximations of the spectrum of T as is shown
in the next section.

In other words, we approximate the solutions of problem VP* by means of its
discrete analogue:
VP;: Find \, € R, (up, vh,pn) € Vi X Qn, (upn, vi,pr) # (0,0,0), such that:

(5.5)
a’*((uhv Vh)v (¢a w)) + b(((rba 1/’)7ph) = Ahd((uhv Vh)a (¢a 1/’))7 V((ﬁ, ¢) € Vp,

(5.6) b((up,vn),q) — (pr,q) =0, Vg€ Qp.

PeC?

6. SPECTRAL APPROXIMATION

In order to show that the eigenvalues and eigenfuctions of T|y can be well
approximated by those of Tp|y, we are going to use the theory developed in [7] for
noncompact operators as it is used (in the case of a compressible fluid) in [1].

Throughout this section we write o(-) to denote the spectrum of an operator.

Since V;, C X, T}, can be seen as a conforming discretization of the operator
T|x : X — X. On the other hand, the knowledge of the spectrum of T|x gives
complete information about the spectrum of T|y. In fact, o(T|x) = o(T|v) U {0}
(see [1]).

Two properties have to be proved to apply the theory in [7]. The first one (P1)
means that the finite element spaces used are adequate to approximate the physi-
cally relevant eigenfunctions of T. The second one (P2) means that T}, provides
good approximations of T when applied to sources (f, g) in the discrete space. Both
properties will be shown to be valid uniformly on c.

On the other hand, the discrete operators T} have eigenspaces providing good
approximations of the infinite dimensional eigenspace K of T with exactly the same
eigenvalue.
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Theorem 6.1. A =1 is an eigenvalue of T} with corresponding eigenspace Ky, =
KNV, = {(curlg,O), €€ Lu(®): &, = o},

Proof. The proof is omitted since it is essentially the same as that of Theorem 4.2
in [1]. |

A Vj-interpolant is introduced in [1] and the following approximation property
is proved:

Lemma 6.1. There exist a linear operator I, : Vﬁ{[HS(QF)]2 x [HH(Qy)] 2} —
V. and a strictly positive constant C such that, if diva € HY(Q,.), then

%) = T ) < C7 Il g+ vl + 19l g -
where r := min{s, t} with s € (3,1] and t € (0,1] as in Theorem 4.1.
Proof. See Theorem 5.2 in [1]. |

Property P1 is a simple consequence of the previous lemma.

Theorem 6.2. (P1) For each eigenfunction (u,v) of T associated to an eigenvalue
A € (0,1), with ||(u,v)|| = 1, there exists a strictly positive constant C, depending
neither on h nor on ¢, such that

dist ((u,v), V) < Ch",

where dist is the distance measured in the norm || - || and r := min{s,t} as in the
previous lemma.

Proof. Being T(u,v) = A(u, V), there exists p € L?(2,) such that (u,v,p) is an
eigenfunction of problem VP* with eigenvalue ; > 1. Hence, since ||(u,v)|| = 1,
by using Theorem 4.3, we have

g+ ¥+ Il ) < Clu,v)| < G,
with C depending on A but not on ¢. Moreover, since divu = ﬁp, then, for any
F
¢ > co (finite or infinite), || divu (o, ) < C. So, by applying Lemma 6.1, we have
dist ((u,v), V) < |[(u,v) = Ix(u,v)|| < Ch". O

To prove P2 we need to modify the proofs in [1] in order to obtain a result
independent of the acoustic speed, valid even for ¢ = occ.

Theorem 6.3. (P2) There exists a strictly positive constant C, depending neither
on h nor on ¢, such that, for all (f,g) € Vy,

(T = Ta) (£, 8)[| < CA"||(f, &),
with r = min{s,t} as above.

Proof. Since T and T}, coincide on Kp, it is enough to prove the theorem for

1 L
(f.g) € K, '". So, let (f,g) € K, "; since (f,g) € Vj, then the following
Neumann problem is compatible:

Ap = divf, in Q,
g—f = g-v, onI',.
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Let ¢ be a solution of this problem; because of the standard a priori estimate,
¢ € HF(Q,) and ||V<,0||[HS(Q 2 < C|(f,g)|l- Now, div(f — Vy) = 0 and
F

Jr (f = Vo) - v = 0; therefore, there exists ¢ € H'(£2,.) such that
I
(6.1) (f,g) = (curl(,0) + (Vo, g).

Since T and T}, are bounded uniformly on ¢ (and T}, on h too),

I(T = Tn)(curl ¢, 0)] < (T + [T [} [[(curl ¢, 0)] < Cleurlc], q -

Now, |cur1<|[ 2 < ChSHV<p||[ see Lemma 5.5 of [1]); hence,

He ()] (
(6.2) [(T —Tp)(curl(,0)|| < CR*[|(f, g)]|-

On the other hand, let (u,v) := T(Vy, g); let p € Q be such that (u, v, p) is the
solution of the mixed problem (4.1)-(4.2) with f substituted by V. Analogously,
let (up,vy) := Tr(Ve,g) and py € Qy, such that (up, vy, pr) is the solution of the
discrete problem (5.3)-(5.4) with f again substituted by V. That is, (up, vy, pn)
is the finite element approximate solution of (4.1)-(4.2) on V}, x Q. Since Vj, is
not a subspace of V| it is a nonconforming approximation; however, the standard
theory can be easily adapted to cover this case.

Following the lines of [5] (Sections I1.2.4 and I1.2.6), by using that Vj, and Qy,
satisfy both of Brezzi’s conditions (Theorem 5.1), it is easy to show that

(6.3)

L2(Q)

[[(u,v) = (ap, vp)|| < C| dist ((u,v), V) + dist (p, Qr)

b ey TV (0.%) . (89) -~ d(Veg).(6.9))

(6 )EV), (&, )] ’
(6,1)#(0,0)

with a constant C depending neither on ¢ nor on h.
Since (Vy, g) € G, by virtue of Theorem 4.1,

lulli e o 2 + 1Vl gase 2 + 1Pl 10, < Cl(Ve, 8)]
[H:(2,)] [H1+ ()]

(C independent of ¢); hence,

(6.4) dist (p, Qn) < Chllpllri(a,) < Ch|(Ve, g)|
and, by using Lemma 6.1 as in Theorem 6.2,
(6.5) dist ((u,v), Vi) < CR"|(Vp,g)|

The remaining consistency term in the right hand side of (6.3) can be bounded
proceeding as in Lemma 5.7 of [1]; by so doing, we obtain for all (¢,) € V;,

(6.6)

la*(u, v), (%)) + b(, (6, %)) — d(Vo, &), ()] = / p(é-v—3-v)

< Chlplm o, l(@: )]l
< Chl|(Ve,g)l (&, 9)]-
Therefore, by using (6.4), (6.5) and (6.6) in (6.3), we obtain
[T = T3)(Ve, @)l = ll(w,v) — (wn, va) | < C7|(Vi, g)] < CH(F, ),
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which, together with (6.2) and (6.1), allow us to conclude the theorem. O

Once properties P1 and P2 have been proved, we may apply the spectral ap-
proximation theory of [7] as it was used in [1] for a compressible fluid. The next
theorem shows that there are no spurious eigenvalues for h small enough.

Theorem 6.4. Let J be a closed interval such that J No(T) = 0. There exists a
strictly positive constant hy such that if h < hy, then JNa(Ty) = 0.

For an open interval I C (0, 1), let E; be the direct sum of the eigenspaces of T
associated with its eigenvalues in I. Let us denote by E’} the analogue for T},. We
have the following error estimates for approximate eigenmodes.

Theorem 6.5. There exist strictly positive constants C and hy such that, if h <
hr, then

1. for each (un,vy) € B with ||(up,vi)|| = 1, dist ((un,vi), Er) < Ch";

2. for each (u,v) € Er with ||(u,v)|| =1, dist ((u,v),E}) < Ch";

in both cases r := min{s,t} as above.

As a consequence of this theorem, if I N o(T) = {A}, with A € (0,1), then, for
h small enough, the dimension of the linear space E? must coincide with that of
E; (let us say n). This implies the convergence to A of exactly n eigenvalues of the
discrete problem /\21) e /\Ebn). Moreover, the following error estimate with a double
order of convergence has been proved in [14]:

Theorem 6.6. There exist strictly positive constants C and hy such that if h < hy
then

‘A—Aﬁj) <Ch, i=1,....n,

with v as above and C depending on .

This theorem implies that the eigenvalues A > 1 of VP™ are approximated with
order h?" by as many eigenvalues of VP} (repeated according to their multiplic-
ities) as the multiplicity of \. On the other hand, Theorem 6.4 shows that all
the eigenvalues of VP} are approximations of eigenvalues of VP*. Theorems 3.1
and 6.1 show that A = 1 is an eigenvalue of both problems with corresponding
eigenspaces K x {0} and K}, x {0} respectively. Moreover, VP} does not have any
other eigenvalue A\, # 1 converging to A = 1. In fact, if (A, (up, va,pr)) is an

1L
eigenpair of VP}, with (us,v,) € K, ", then A\, > 1+ & with § > 0 independent
of h and c. To prove this, it is enough to show that

1
(6.7) / o(vh) : £(va) + — / p%25</ polw? + / ps|vh|2>
Q PrC Ja, Q Qg

S F

(in fact, if (6.7) is true, then by using (¢,v,q) = (up,vi,pr) in VP it turns
out that A\, > 14 6). To prove (6.7) we split (up,vy) as in (6.1): (up,vy) =
(curl¢,0)+ (Vo, vy), again with (Vp, vy,) € V. Proceeding as in Theorem 6.3 we
have

vl < JeurlCliyag 2 + I(Teva)l

IN

Ch* [ (an, vl + © {Idivas | + Vil s 2} -
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Hence, for h small enough, ||(up,vp)|| < C {| divug| + ||VhH[H1(QF)]2} and so (6.7)
is a consequence of this inequality, Korn’s inequality and the fact that divu, =
pF%ph-

Now, let A\; < X2 < --- < A, < ... be all the eigenvalues of VP* (counted by
their multiplicities) with irrotational corresponding eigenmodes (i.e., those A, > 1;
see Theorem 4.2). Let Ay < Apa < -+ < M, be all the eigenvalues of VP
strictly greater than 1 (counted by their multiplicities too). Then, for all j € N,

(6.8) |Anj — \j| < Ch?"

with h small enough as to have Ny, > j and C depending on A; but neither on h
nor on ¢ € [¢g, 00.

7. ASYMPTOTIC BEHAVIOR FOR ¢ — 00

The vibration problem for an incompressible fluid is a limit case of that for a
compressible one. In this section we show that the eigenfrequencies in the first case
are actually limits of those in the second case as ¢ goes to infinity. This result is
true for the continuous problem as well as for the discretization analyzed above.

The results in this section show that it is possible to deal with a nearly incom-
pressible fluid by considering it as perfectly incompressible. An advantage of such
a treatment is that less degrees of freedom are necessary to discretize the fluid in
the last case. In fact, in the next section, we show that, in the incompressible case,
a stream function can be used instead of the displacements into the fluid in order
to save computational effort.

To analyze the asympotic behavior of our problem, we are going to use the
arguments in [8]. In that paper a different problem is considered: the Stokes one
and a regularized (or penalized) version of it. However, the arguments therein are
general as it can be easily verified; indeed their proofs are based on the min-max
principle and estimates like (7.1) and (7.2) below for the source problem.

Throughout this section we use an index c in order to remark explicitly the de-
pendence of certain magnitudes on the acoustic speed ¢ € [¢g, 00]. For instance, for
a given (f,g) € H, let (u®, v¢, p°) be the solution of the source problem (4.1)-(4.2)
and (u§, vy, p$) that of the corresponding discrete problem (5.3)-(5.4). Because of
(5.2), we know that these solutions are uniformly bounded with respect to h and
¢, that is,

(7.1) (| (uf,, vi)ll < CI(f, g)I.

On the other hand, since the discrete source problem is well-posed (Lemma 5.1),
then it is immediate to show that the solutions of (5.3)-(5.4) for finite ¢ converge
to that for ¢ = oo with an error of order Clz More precisely, we have

(72) (0, vE) — (0 V) < SI(E @)l

The number of solutions of the discrete problem for the incompressible case is
smaller than that for the compressible one. To show this, we rewrite the mixed
problem VP; as a true eigenvalue problem. We need to distinguish between the
compressible and the incompressible cases. In the first one, by using (5.6), the
pressure can be eliminated in (5.5) obtaining the following variational problem:
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CP;: Find \§ € R, (uf,v§) € Vy, (uf,v§) # (0,0), such that:
(V) (6,8)) + e [ v div g = Nd((uf ). (6,),

QF
v(¢a 1/’) € Vh-

CPy, is equivalent to VP} for ¢ < oo. In fact, clearly any solution of VP} gives
a solution of CP;. Conversely, if (A}, (uf,v$)) is an eigenpair of CPy, then
(XS, (ug, v, pec?divug)) is an eigenpair of VPj.

In the incompressible case, instead, (5.6) implies that divu;® = 0 in Q, and
hence the solutions can be found in the subspace Wy, := {(u,v) € V}, : divu = 0}.
Therefore, in this case, we have the following problem:

IP,: Find A° € R, (up®,vi?) € Wy, (up®,vi®) # (0,0), such that:

a”((up”, vi?), (@, 9)) = Ad((up?, vi), (0, 9)), V(g ¢p) € Wp.
IP;, is equivalent to VPj for ¢ = oo. In fact, clearly, any solution of VPj
gives a solution of IP;. Conversely, given an eigenpair (A°, (up®, vi®)) of IPy,
since b satisfies the inf-sup condition H2j, then there exists pj° € @ such that
(A2, (ugpe, vio, pi°)) is an eigenpair of VP (see [9]).

Now, let M, and Np, be the number of eigenvalues of VP} (counted by their
multiplicities) for a compressible and for an incompressible fluid respectively. Be-
cause of the previous analysis, these numbers are equal to the dimensions of Vy,
and Wy, respectively. Since Wy, C V,, then Ny < Mj,.

In both cases, the smallest eigenvalue is A, = 1 with the same multiplicity;
in fact, its eigenspace is Kj x {0} independently of ¢ (Theorem 6.1). The other
eigenvalues of the incompressible problem are approximated by those of the com-
pressible one. In fact, let M| := M}, — dim(K},) and N; := Nj — dim(Ky); let
Af1 S Ay < < )\,CIM;L and A\ < A5 <00 < /\ﬁ.oN,g be all the eigenvalues strictly
greater than one in each case. We have the following result:

Theorem 7.1. For any j € N, there exist strictly positive constants h*, ¢* and C
such that if h < h* and ¢ > c*, then
C
[Ahj — Al < 2
with C independent of h and c.

Proof. The arguments in [8] can be followed exactly in our case. Indeed, the proofs
therein are based on estimates like (7.1) and (7.2) and on the fact that [A75 —A°| —
0 as h — 0, with A7° being the corresponding eigenvalue of the continuous problem
VP* which, in our case, is a consequence of (6.8). O

A similar result is valid for the continuous problem. Also in this case, for finite
or infinite values of ¢, the smallest eigenvalue is A = 1 with the infinite dimensional
eigenspace K x {0} (Theorem 3.1). Let A{ < A§ < --- < A% < ... be all the
eigenvalues of VP* (counted by their multiplicities), such that AS > 1. We have
the following result:

Theorem 7.2. For any j € N, there exist strictly positive constants ¢* and C such

that if ¢ > c*, then
C
IA] = A < 2

with C independent of h and c.
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Proof. By adding and subtracting Ay, and A% and by using Theorem 7.1 and (6.8)
we conclude the theorem by passing to the limit as A — 0. O

In the discrete as well as in the continuous case, the problem with a compress-
ible fluid has eigenfrequencies w, = v/A° which do not converge to those of the
incompressible one as the acoustic speed goes to infinity. These additional eigenfre-
quencies correspond to vibration modes which, in the case of a compressible fluid
into a perfectly rigid cavity, are exactly proportional to c¢. In the case of an elastic
solid it has been experimentally observed (see [2]) that there are eigenfrequencies
in the discrete compressible problem which blow up like ¢ as ¢ — oc.

We can characterize these high eigenfrequencies by using formal asymptotic ex-
pansions. Let A € R and (u®,v¢,p¢) € V be a solution of VP. By eliminating p©
into (3.1) by means of (3.2) we have that

1 . e
= o(v ):€(¢)+/ pp divu©div ¢
Qg Q.
(7.3)
— 5 (/ puc o+ [ pst-z,b) . o) eV,
Q. Qg
with 6¢ := i‘—; Let us assume that there are asymptotic expansions in powers of c%
of the form
. 1 1
(7.4) (u ,V):(UO,VQ)+c_2(u1,V1)+c_4(ug,V2)+"' ,
. 1 1
(75) 6260+c—261+c—462+"'

(An attempt to do this rigorously could be made by following the techniques in [16];
for instance, such analysis has been made in [13] for the case of a solid surrounded

by a fluid.)
By replacing (7.4) and (7.5) into (7.3) and equating the 0*" order terms we
obtain:
/ pp divug div g = do (/ PpUg - d)—f—/ PsVo -¢> , V(o,¢) eV,
QF QF QS

Now A¢ = ¢26g + 61 + 62 + - -+ is one of the eigenvalues blowing up with c if and
only if 8o # 0. In this case, by taking ¢ € C5°(Q,) and ¢ = 0, we deduce that
vo = 0. Therefore,

(76) / div o div ¢ = 60/ up - ¢,
QF QF
for all ¢ € H(div, () such that there exists ¢ € [Hl(QS)]2 with (¢,4) € V;in

particular, for all ¢ € [H'(€,)] ?. Hence (7.6) is equivalent to

—V(diVUO) = (50110, inQF,
divuy = 0, onl,

and the latter is equivalent to the eigenvalue problem for the Laplace operator with
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homogeneous Dirichlet boundary conditions,
(7.7) —Ag=6pq, inQ,
(7.8) g=0, onl,

with ¢ = divuy.

Therefore, assuming the asymptotic expansions (7.4) and (7.5) to be valid, we
have the following characterization for the eigenvalues blowing up with ¢ for the
compressible fluid

1
)\620260+61+C—262+'--

with 8y any eigenvalue of the Dirichlet problem (7.7)-(7.8). These eigenvalues do
not appear in the case of an incompressible fluid.

Notice that (7.3) is a singular perturbation spectral problem since, as ¢ goes to
infinity, the integral over the solid domain in the right hand side disappears. From
a physical point of view this means that the solid become softer and softer and, in
the limit, the whole interface I', would be free for the fluid; that is, the kinematic
condition u- v = v -v would be lost and p = 0 on I', would be the boundary
condition instead. Thus, for very large ¢, the problem has a boundary layer at the
interface allowing for this kinematic condition to hold. The numerical experiments
confirm such a behavior for the high eigenfrequencies of the discrete compressible
problem.

8. THE INCOMPRESSIBLE CASE

In the previous section, it was shown how the pressure can be eliminated in VP;.
Two alternative discrete problems have been obtained: CPj, for a compressible fluid
and IP;, for an incompressible one. Problem CPj has been analyzed in [1] and
numerical experiments with this problem have been reported in [3]. In this section
we describe how to solve problem IP;,. We also show how to impose efficiently
the interface conditions and how to compute the pressure into the fluid for each
eigenmode.

Let us remark that for any (u,v) € Wy, the fluid displacement u is the curl of a
piecewise linear continuous stream function in Q. In fact, it is immediate to verify
that {u € Ry(R,) : divu = 0} = {curl{ : £ € L,(R,)}. Therefore, problem
IP;, can be thought of as a piecewise linear continuous discretization of a stream
function formulation of our problem for an incompressible fluid.

Much less degrees of freedom are necessary to represent the fluid displacements
in this way. In fact, the dimension of { curl¢ : £ € L, ()} is equal to the number
of vertices of 7;, in €, minus 1 whereas the dimension of Ry (€,) is equal to the
respective number of edges.

However, by using this discrete stream function formulation, it is more compli-
cated to impose the interface conditions. When using Raviart-Thomas elements for
the fluid this was quite simple since the constant values of u - v|; for £ C T'; could
be substituted by the average of v - |, at both vertices of £. Instead, now, there is
no local way of imposing this interface condition.

To avoid dealing with global constraints we have used the following hybridization
process. Let Y, := {(curlé,v) : € € Ly(), v € [Ln())°, v|r, = 0} be the
subspace of X;, with divergence free displacements into the fluid. Let P, := {u €
L3(T,) : ple € Po(f), V¢ C T,}. Let us consider the hybrid problem:
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HP,: Find M\, € R, (up, v, n) € Yr X Py, (up, vy, pr) # (0,0,0), such that:

(81) a*((Uh,Vh),(¢),’l/))) +‘/F Mh(¢)V_'l,b V) = )‘hd((uh7vh)7(¢)a¢))7
v((ﬁv"p) S th
(82) / C(uh-I/—VhJ/):O, VCGP}L.
FI
Problems IP;, and HP;, are equivalent. In fact,
Wh:{(¢>,1/)) €Yy : /F C(d)-u—’l,b-l/)zo, VCEPh}

and hence any solution of HP}, gives a solution of IP;. The converse is also true.
Let (A, (up, vh, 1un)) be an eigenpair of IP,. As it is shown below (Lemma 8.2)
the bilinear forms in problem HP};, satisfy both of Brezzi’s conditions; hence there
exists a unique solution (@, Vg, pp) of the mixed source problem

a* (i, 1), (&, ) + / in(@ v =) = And((unva), (63),

v((ﬁaw)eYha
/C(flh'l/—f’h-u) = 0, V(€ P,
FI

Hence, (Qp,Vvy) € Wy, and it satisfies a*((Qp, Vp), (@, %)) = Ad((up, vi), (¢, 1)),
for all (¢,v) € Wy,. Since the only solution of this problem is (up,vy), then
(A, (ap, Vi, 1)) is an eigenpair of HP,.

Since problems IP; and HPj are equivalent, the latter may be conveniently
solved to compute the approximate eigenvalues of our original problem. On the
other hand, we show below that u;, is an approximation of the pressure of the fluid
at the interface p|p1. Notice that HP;, can also be considered as a conforming
discretization of the following variational eigenvalue problem:

HP: Find AeR, (u,v,u) €Y x P, (u,v,u) #(0,0,0), such that:

a* (1, ), (6,9)) + / v —1p-v) = M(w,v), (6,9)), V($9) €Y,

I

/ ((u-v—v-v)=0, V(eP,
FI

where P := L*(T;) and Y := {(u,v) € X : divu=0inQ, and u-v|r € L*(T))}
with the norm ||(u, v)[|3 := |[|[(u, v)||* + [Ju- VH%%FI)'

The continuous bilinear forms ¢* on Y x Y and fFI ((u-v—v-v)onY x P
satisfy both of Brezzi’s conditions:

Lemma 8.1. (i) a* is coercive on {(u,v) €Y : [. ((u-v—v-v)=0,V(e P}.
I
(ii) There exists 3 > 0 such that
Jp ¢(u-v—v-v)
sup !

(uv)eY [[(w, v)llv
(u.v)#(0,0)

> BlCllzzr,), VCE P
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Proof. Since {(u,v) € Y : fFI (u-v—-v-v)=0,Y¢C € P} =W, (i)is a
consequence of Lemma 3.2 and the fact that, for all (u,v) € W, [lu- v r) =
v vl < OVl s < )l

To prove (ii) we are going to show that for each ( € P = L*(T,), there exists
(u,v) € Y such that

(w-v—v-v)=¢ and  [(uv)ly <Cl|¢]lL2r,)
Let ¢ € L?(T,). Since the normal trace operator is onto H~'/2(T",), then there
exists ¢ € H(div, Q) such that ¢ -v = —( and [|¢|[z(aiv.,) < Cll¢llL2r,). Let

q = div¢ and G be its extension to  := Q, UQ, asin (3.4). Let w € [H&(Q)]Q
be as defined in Lemma 3.1; that is,

divw=ginQ and  [[wl[jz1 ()2 < Clldllr2e) < Clldive| L2 q,)
Let u := wlg_ — ¢ and v := w|g_; then (u,v) € Y, (u-v—v-v) = ( and
[(w,v)lly < Cll¢llrzr,)- O

By using the previous lemma, problem HP can be shown to be equivalent to
VP* for ¢ = oo, with y = p|r, being the pressure of the fluid at the interface. Since
this pressure is harmonic in 2, it can be recovered from these boundary values. We
are going to show that, for each eigenpair of HPy, pp € Py, gives an approximation
of that pressure at the interface that can be used to effectively compute it into the
fluid.

First we show that the bilinear forms a* and fFI ¢(u-v — v -v) satisfy both of

Brezzi’s conditions on the discrete spaces Y, and Pj uniformly on h:

Lemma 8.2. (i) a* is coercive on {(u,v) € Y}, : fr (wv—v-w)=0,YC € P}.
(it) There exists 3 > 0 (independent of h) such that

fFI((u-V—v~V)

sup > BlI¢llr2ry, V¢ € P.
wvey, V)l "
(u,v)#(0,0)
Proof. Since {(u,v) € Y}, : fr v—v-v)=0,VY € P} =Wy, (iisa

consequence of Theorem 5.1 and the fact that, for all (u,v) € Wy, u-v|r, is the
L*(T,) projection of v - v|r onto P, and, hence, |[u - V ez, < v vlzer,) <
C||V||[H1(QS)]2 < ”(qu)H

In order to prove (ii), for ¢ € Py, let ¢ := ﬁfr ¢ and ¢* := ¢ — (; hence,
fr ¢* =0, both ¢ and ¢* belong to P, and ||CHL2(F ) = =|1¢*12 T2y T ||C||L2 r)”

Let g(x), x € T,, be the piecewise linear function obtained by integrating ¢*
along I', from a given point xg € I', to x. Since fF ¢* = 0, then g is continuous
I

and |[g[| g (r,) < ClI¢*[|p2(r))-
Let £ € H'(Q,) be the solution of the Dirichlet problem

AL = 0, in Q,
& = g, onl,.

By a standard a priori estimate, £ € H'*¢(€,.) for any € € (0, ) and (€l mr+e o,
<9l ) < ClC | z2r
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Let ¢! € L,(9,) be the Lagrange interpolant of &; hence curlé! - v = g—T =(*
onI', and || CurlflﬂH(div,QF)ﬁ Cllél m+=(a,) < ClIC I 2r))-

On the other hand, since ¢ € L%(T,), we have shown in the proof of Lemma 8.1
that there exists (u,v) € Y satisfying

(v-vr)=C  ad V)l < Cl¢r,).

Now we proceed as in Theorem 5.1. Let vj, € [Ly(,)]” be the Clement’s type
interpolant of v defined therein; then ||Vh||[H1(QS)]2 < C||VH[H1(QS)]2 < C|Cllrzr,)s

fFI v = fFI v and, hence, the following Neumann problem is compatible:

Ap = 0, inQ,
g—f = v v+, onl,.

Its solution ¢ € H'*(Q2,) with s € (3,1] as in Theorem 4.1; thus, its gradient
is smooth enough as to define its Raviart-Thomas interpolant up € Rp,(€,). This
interpolant satisfies

divuy, =0, /uh-V:/(vh-V—l—Q_“), vecr,,
¢ ¢
and
J — —
urllmiv.a,) < C|\V%0||[Hs(QF)]2 <CY vi-v+llmer, < Clclaer,
j=1

(in the last inequality we have used that ¢ is constant). Now, (uy + curlé!, vy,) €
Y, [[(up + curlél,vi)lly < C|¢|lz2(r,) and

J

since (|; is constant for each ¢ C T',. So, we conclude the lemma. |

1

(s ewne) v viow) = [ c@rer= [ ¢

Now we are able to prove the convergence of the pressures at the interface. More
precisely, given an eigenpair (A, (u, v, u)) of HP, since problems HP and HP),
are respectively equivalent to problems VP* and VP, by virtue of Theorems
6.5 and 6.6, there exists an eigenpair (An, (ap, Vi, tr)) of problem HP}, such that
IA—Ap| < Ch? and ||(u,v) — (up, va)|| < C||(u,v)||h". The next theorem shows
that the pressures at the interface converge with the same order as that of the
displacements.

Theorem 8.1. Let (A, (u,v,p)) and (Ap, (up, Vi, pr)) be eigenpairs of HP and
HPy, respectively such that A, — X as h — 0 and ||(u, v)—(ap, vp)|| < CJ|(u, v)||h".
Then || — prllL2r,) < Ch7|[(a, V)|, with r as in Section 6.

Proof. For all (¢,v) € Yy, CY we have

0 (w,v) — (un, vi), () + / (pin) (- v — b - 1)

FI
=d\(u,v) — Ap(up, vi), (d,9));
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hence for ¢ € P, and (¢, 1) € Yy,

/(c—uh>(¢>-u—w-v)
I

1

=/ <<—u><¢-u—w-u>+/ (=) (v —p - v)
FI

Iy

- / (€= )@ v —1p 1) +dAWv) — A (un, va), (&, %))

Iy

- a*((u7 V) - (th Vh)7 ((r/)7 1/)))7
and, because of the discrete inf-sup condition in the previous lemma,

Jo C—pn)(@-v—24-v)
BI¢C = pnllLz@,) < sup a

(6,4)EY) (¢, %)y
(6,1)7(0,0)

< 0¢ = wllzaey) + © [N, v) = A, va)| + 1w, v) = (an, va)| |-

Therefore, by using the triangle inequality,
[l — MhHLz(rI)

< C | nf €= pllzzer,) + AW V) = An(un, va)| + [l (u, v) — (uh,Vh)Il} :

By using Theorem 6.6 and the assumed bound on ||(u, v)— (up, vi)||, the two last
terms in the right hand side can be bounded by Ch”|(u,v)||. On the other hand,
by using Theorem 4.3, we know that p € H'*5(Q,.) for s > 1/2 with [pllE+e(a,) <

|(u,v)| and, hence, = p|r, € H'(T,). Therefore,
inf [|¢ — pllzzr,) < Chllpllair,) = Chlpllar,) < Chl(u,v)|.
CEP
Consequently, || — pin || z2r,) < Ch"|[(u, v)]|. |

The computed approximation of the pressure at the interface can be used to
recover the pressure into the fluid by solving a Dirichlet problem by means of
piecewise linear continuous finite elements. However juy, ¢ H'/2(T',); moreover, up,
is discontinuous at the vertices on I', and these nodal values are needed to solve
the discrete problem. Therefore, py should be post-processed.

For each vertex B € T, let {5 and £5 be the two edges on T'; sharing B. We
define pj as the piecewise linear continuous function on I', with average nodal
values

) 1
py(B) = B (,Uh|e§ +Uh|eg) '

Let A : L*(T,) — Lp(T,) := {¢ € HYT,) : ¢|l¢ € P1(¢), V¢ C T} be the
Clement’s type interpolation defined by the nodal values

1 1 1
An¢(B) -—§<@ ZBC-F@/EEC),
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then pj = Appp and, by using the techniques in [6], it is straightforward to show
that

N

[AnCllee) < lCllzeqry, V¢ € LA(TY),
1€ = Ancllzz,y < Chlclluir,), V¢e HY(T,)

By using these estimates, the fact that p = p|rI7 a standard trace theorem,
Theorem 8.1 and Theorem 4.3, we have:

I = willzz@,) < k= Anpllizee,) + 1A (L — mn)ll 22 )
< Chllpllmrr,) + (e — pr)llr2r))
< Chllpllasr2(q,) + Ch"[[(a, v)||
< Ch||(u,v)|

(8.3)

Therefore, pj gives an approximation of p|pI of the same order as py, in L*(T),).
Now, we can approximate the pressure into the fluid by means of the solution
Dn € Lp(82;) of the following discrete Dirichlet problem:

/ Vpn-V¢ = 0, VCeL(,),
QF
pn = Mp, only,

where L%(QF) = {C € Lh(QF) : (=0 on FI}'
We have the following error estimates:

Theorem 8.2. If the family of meshes {7y} is quasiuniform, then

Ip = PnllL2,) < CR[|(w, V)],
IV = Bn)ll 220,y < CR2(I(u, V)],

where r ;= min{s,t} with s and t as in Theorem 4.1.

Proof. We prove first the second inequality. Let p' be the Lagrange interpolant of

p. We extend pj to the interior of {2, as a piecewise linear continuous function

by defining u} (B) := p(B) for all the interior nodes B € 2, of the triangulation.

Standard arguments show that ||V (p — 13;1)||[L2(Q 2 < |V(p — ,u;‘L)||[L2(Q 2 and
F F

hence
(8.4)
V(p— ﬁh)||[Lz(QF)]2 <[Vip- p1)||[L2(QF)]2 + V' - ﬂZ)H[Lz(QF)]?-
Since
(35) 190~ ) a0, < OFpllire=ca, ) < OB )]

and s > % >r— %, then we only need to estimate the second term in the right

hand side of (8.4).
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For any B € T, node of 7y, let ¢, be the basis function of Lj(2,) associ-
ated to B. Since p! and uj coincide at the interior nodes we have p' — p} =

ZBGFI [pI(B) — /LZ(B)} ¢ and then

Bel'
<CY P = il
LCTy

where in the last inequality we have used that ||V, ||[ 2 is bounded indepen-

L2(9y)
dently of h. By using an inverse inequality,

" = i | oe ey < CLOT2 D" = g2 2oy
and hence

VG = i)y, e < € 3 g1l = rillcor

LCTy

Since the mesh is assumed to be quasiuniform, |[¢| > Ch for any edge ¢ of the
triangulation and hence

(8.6)
IV = mi)llLa(e,) < ChY2|Ip = il car,)

< Ch~1/2 [||pI = pllzzw) +llp - uZIIL%FI)}
< O™ [l ey + b7, v) ]
< ChY2 | (u, ),

where we have used standard error estimates for (p — pI)|pI, (8.3) and the a priori
estimate for p. Therefore, by using (8.4), (8.5) and (8.6), since r — 1/2 < s, we
prove the second estimate of the theorem.

Finally, a standard duality argument shows that

P = PrllLzo,) < CRPIV(p = Br)ll2(e,) + CRllp — phll2r,) < CR|[(u, V)| O

Let us remark that whenever the singularities of the solution in the structure
are not too strong, r > 1/2 (see [10]), and hence this theorem shows that Vp;, also
converges to Vp.

9. CONCLUSIONS

We have introduced a finite element method able to solve internal fluid-structure
vibration problems for compressible as well as for incompressible fluids. In both
cases we have proved convergence and given optimal error estimates for eigenmodes
and eigenfrequencies. We have also proved that this method does not present
spurious modes.

In the case of compressible fluids, the approach in this paper can be seen as
a theoretical alternative to that in [1, 3] allowing to obtain error estimates not
depending on the acoustic speed.
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An asymptotic analysis shows that the eigenfrequencies for a problem with an
incompressible fluid are limits of those for a compresssible one when the acoustic
speed goes to infinity. This, being true in the continuous as well as in the discrete
problem, allows to deal with a nearly incompressible fluid by approximating it with
a perfectly incompressible one.

In the incompressible case, a discretization based on the stream function of the
fluid displacements is introduced to save computational effort. A hybrid implemen-
tation of this method and a convenient computation of the pressure in the fluid
have been also analyzed. Numerical results for this problem are reported in [2].
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