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Abstract

Cortifias, G., J.A. Guccione and J.J. Guccione, Decomposition of the Hochschild and cyclic
homology of commutative differential graded algebras, Journal of Pure and Applied Algebra 83
(1992) 219-235.

We obtain an expression for the Hochschild and cyclic homology of a commutative differential
graded algebra under a suitable hypothesis.

Introduction

In Theorem 2.4 of [1] the authors show that the Hochschild and cyclic
homology of a free commutative differential graded k-algebra over a characteris-
tic zero field are the corresponding homologies of a bigraded S'-chain complex
which is simpler than the canonical one. This result allows them to compute the
Hochschild and cyclic homology of an arbitrary commutative differential graded
k-algebra (A, d) taking a free model p: (A(V),d)— (A, d) of (A, d) and
applying Theorem 2.4 of [1] to (A(V),d"). Using this technique they obtain
Hodge decompositions of the Hochschild and cyclic homology of (A, d) which
coincide with the ones obtained by Gerstenhaber and Schack in [3] and Loday in
[5], as Vigué-Poirrier showed in [7]. So, these decompositions do not depend on
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the choice of the model. Moreover, when the chosen model (A (V), d) is simple
enough they can make explicit computations. This happens, for instance, when

A= k[X,,...,X,]
(Foe i 1) |
with f,, .. ., f, a regular sequence of elements of k[ X, . .., X,]. Nevertheless, in

general the free models are too complex and hard to construct. For instance, with
this method, it is impossible to compute the cyclic homology of a localization of
the k-algebra A mentioned above. At the beginning of this investigation, our
purpose was precisely to solve this problem. With this in mind we prove in this
work that Theorem 2.4 of [1] remains valid for algebras of the form
(A, ®, A(V), d), with A, homologically regular over a characteristic zero field
(see Definition 2.1) and V=V, ®V,DV,P--- a graded k-vector space. This
allows us to obtain an elementary and self-contained proof of Theorem 5 of [2]. In
fact, we study the more general case of a k-algebra 4, with A homologically
regular and 7 an ideal which is locally a complete intersection (Corollary 3.4). As
an example of these algebras consider the localization of the ring of regular
functions of an affine variety that is locally a complete intersection.

The paper is divided in four sections. In the first one, a quick review of some
basic notions of differential graded algebras and S'-chain complexes is given. In
Sections 2 and 3 we generalize the result of Burghelea and Vigué-Poirrier,
mentioned in the beginning of this Introduction, and Theorem 5 of [2] to
homologically regular k-algebras. Finally, in Section 4, we give a theorem that
unifies the previous ones.

1. Preliminaries

In this section we recall some general definitions and properties about com-
mutative differential graded algebras and § '_chain complexes, that we are going
to use later. All mentioned definitions and properties are in [1].

Definition 1.1. Let k be a field of characteristic zero; a commutative differential
graded algebra (A, d) over k (k-CDGA) is an associative graded algebra over k,
A=%D, ., A,, with unit 1€ A, equipped with a differential d of degree —1,
satisfying

@) a,a,=(-1)"a,a,ifa,EA,anda, €A,

(b) d(A,)=0 and 1&Im(d),

(¢) d(ab) = (da)b + (—1)a(db) if a € A,

n’

Let V=€ano V, be a graded k-vector space; the free commutative graded
algebra generated by V, that we denote by A (V), is

A =5(@v.,)e (@ Vi,.).,
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where S is
(A, d) is called free if:

(a) A= A(V) for some graded k-vector space V,

(b) dV C A" (V), where A" (V) is the ideal in A (V) generated by the

elements of V.
The following result is proved in [1, Proposition 1.1].

Proposition 1.2. For any k-CDGA, (A, d*) there is a free k-CDGA (A (V), d)
and a quasi-isomorphism (A(V), d)— (A, d*). Such an algebra is called a model
of (A,d™"). O

Definition 1.3. An S'-chain complex C= (C,,d,, B,),=o is a chain complex of
k-vector spaces (C,, d,)=(C,,d,),-, equipped with linear maps 8,: C,— C, .,
(n=0) such that 8,°B,_,=0and B,_,°d,+d,,,°B,=0.

To C, one associates the chain complex (,C,, zd,) defined by

*1 8
BCn: Cn@cn—z@”'

and
ﬁdn(xn’ Xp—25 - ) = (dxn + B‘xn72’ dxn—z + an—éts Tt ) .

Definition 1.4. The cyclic and the Hochschild homology HC*(C‘) and HH*(C‘ ) of
C=(C,,d,, B,),~, are the homologies of (,C,, zd.) and (C,, d,,), respectively.

One sees immediately that (,C,, 4d,) is related to the chain complex (C,, d,)
by the following exact sequence of complexes

0 (C, dy) = (4Csy )= (,Co_yy yd, ) =0,

*% 3

where S is obtained by dividing (,C,, zd,) by its first factor. This short exact
sequence gives rise to the long exact sequence

+-+=HH,(C)—HC,(C)——HC, ,(C)
—HH,_,(C)>HC,_(C)— -

Let C = (C,.d,, B,),-0and C'=(C., d!, B.),-, be S'-chain complexes. By a
morphism from C to C’ we mean a family f:= (f,: C,— C.),., of k-morphisms
such that d, f, =f,_,d,and B.f =f,.,B, Yn=0. Eachf: C— C’ induces maps
fo:(Chyd)—(CL,d.) and f,: (5Cx> pd.) = (5. Cy, g dy). It is clear that the
diagram
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0——(C,, d)— (BC*, 3d*) — (BC*—z, Bd*—z) —0

lf* lfx f*,z

, N

0——(Cy, di)—— (5 Chs pdi) = (5 Cipy pdi ;) ——0

commutes.

Definition 1.5. A bigraded S'-chain complex 6=(Cpq, qu, dﬁq, Boy)p.g=o is @
collection of k-vector spaces C, , (p =0, g=0), and k-linear maps

d" .Cc —C dt .C —>C

P4 P pg—1° g g p-1l,9° ﬁp-q : Cp-q_) Cp+1,q

such that

(@')7=0, (a%)7=0, B°=0,
Bod® +d%ep=0, Bod +d'oB=0, ded*+d"-d' =0.

For any such bigraded S'-chain complex, one has the total §'-chain complex

(Tot5)=<p€B C .d'+d5 ;;).

b
+g=n P4

Definition 1.6. The cyclic and the Hochschild homology of C are the cyclic and
Hochschild homologies of (Tot C).

Let (A, d) be a k-CDGA and A = A/k. We define:

T(A,d),,'= @D A,B40 @A fopqg=0,

i0+~-~+ip:q

p . .
dy (@, ® a )= (D" @ - Qde)® - Ba, ,
j=0

p-1 )
b, (4, - ®Ba):= > (—1)a,® - Raa, ®--QBa

i;
j+1
j=0

+ (_1)p+ip(i()+"‘+[p71)aipai0® a[]@ e ® aip,l ,

and
P

B, (a,® - ®a,):= > ~)®a,® a, ®a, Q- Ra,_,

[
j=0

with e(j) = jp + Nh_; 0B n ia)-
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One can check that T(A, d):=(T(A,d), ,» df‘q, b, ,s B, )y 4=0 is a bigraded
S'-chain complex.

Remark 1.7. If A=A, then (A),,=0 Vg>0 and the complex
(3 Tot(T(A)),, zb,) becomes the total complex of the double complex B(A),,im
defined in [6].

Definition 1.8. The cyclic and Hochschild homologies HC, (A, d) and HH (A, d)
of (A, d) are the cyclic and Hochschild homologies of T(A, d).

2. The cyclic homology of a homologically regular £-CDGA

In [1], the authors show that the cyclic homology of a free k-CDGA (A(V), d)
can be computed as the cyclic homology of a bigraded S'-chain complex simpler
than the one given in Definition 1.6, which can be identified with the algebra of
differential forms of (A (V), d). So Burghelea and Vigué-Poirrier’s result can be
seen as a version of the Loday—Quillen Theorem [6, Theorem 2.9] for free
k-CDGA'’s. Here we generalize both results; namely, we prove Burghelea and
Vigué-Poirrier’s result for homologically regular k-CDGA’s.

Definition 2.1. (1) A k-algebra A is called homologically regular if the map

07 (A® A*, b)— (2*(A), 0) (see [6]) is a quasi-isomorphism and 2'(A) is flat.
(2) A k-CDGA (A, d) is homologically regular it A= A,&, A(V) with A,

homologically regular and V=V, &V, DV, @ --- is a graded k-vector space.

Example 2.2. If A’ is homologically regular, then so is A= S '(A'[X,: i € I]) for
each multiplicative subset S of A'[ X1 i € ].

Proof. Let A=S5"'(A'[X,:iEI]). We must prove that the map 05 is a quasi-
isomorphism. Since HH,(S™'(A'[X,: i €I])) =S~ '(HH,(A'[X,: i € I])), we can
assume S = {1}. Now the proof is immediate by observing that ¢} is the tensor
product of 65 and %" ‘'] which are quasi-isomorphisms by hypothesis and [1,
Theorem 2.4]. O

Definition 2.3. To any homologically regular k.-CDGA (A, & A(V), d) we as-
sociate the k-CDGA (2*(A,)® A(V@V), %), defined as follows:

(1) ‘7n+1 =V, (n=1),

(2) 8% 1is the unique derivation of degree —1 such that

8 sony=d and 8% B+ Bos"=0,

where @ is the derivation of degree +1 verifying
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3 — 1 . .
(i) B(w)=dyr(w) for w € N'(A,), where d (@) is the de Rham differential
of w,
(i) Bv)=vforveEV, (n=1),
(iii) BoB =0.

(Observe that 8(0) = —B(dv) (vEV) and 6%(w) =0 (w € 2'(A,)).)
Definition 2.4. Let (A,d)=(A,® A(V),d) be a homologically regular k-

CDGA. Let us call A” (V) (m =0) the vector subspace in A (V) generated by
the monomials v, - - - 7,,. With (A4, d) we associate the bigraded §'-chain complex

~ . d
%(A, d) T (%(A’ d)p.q’ 517,&1’ 0’ Bl’sq) ’

where

aa.a),,=D )8 (AVHBAD))

if p=0and ¢=0,

ptq—i

€(A,d),, =0 ifp<0orqg<0,
d _ i d
5 (0®x)=(~1)w-8)

we(a,), xe(AMOATD)

Bp,q(w Qx)=dow-x+ (—1)iw - B(x)
we2(4,), xe(AMBN V)

ptg-—i

Remark 2.5. Note that if A, = k[X,: i €[], then %(A, d) is the complex defined
in {1].

The main result of this section is the following:

Theorem 2.6. The cyclic (resp. the Hochschild) homology of a homologically
regular k-CDGA (A, d) is the cyclic (resp. Hochschild) homology of the bigraded

S'-chain complex €(A, d).

Proof. Let 0 : ;(A, d)— %(A, d) defined by

_pyotiat
0a, @ ®a)i= (o )a, Ba)- - B,

(ai]_e A,Q N (V)ij> .
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As shown in [1], 8 is a map of bigraded S'-chain complexes (i.e. 8°8 =0,
6od®=5%and 6o B = B°6). In order to see that 6 is an isomorphism we can
assume d = 0. Now the proof is immediate by noticing that

(1) Tot(A,0),,,0,b)= (A, ® A%, b)®Tot(T(A(V), 0),,,0,b),

(2) Tot(&(A, 0)p 2> 0,0) is the tensor product of Tot(4(A(V),0), ., 0, 0) with

the complex A, <2 0'(A,) < 2°(A,) <>} (A,) <",

3) 6 is the tensor product of  the quasi-isomorphisms
(A, ® A%, b)— (2%(A,),0) of Definition 2.1 and (T(A(V),0),.,0,b)—
(B(A(V),0),,,0,0) in [1, Section 2]. O

p.q®

p.q’

Corollary 2.7. (1) The cyclic homology of (A, d) splits into the sum of the
homologies HCY'(A, d) (j = 0) of the double complexes €V)(A, d)

54 54 &4 59
DA, dy €U (A, d) - Log (A, d) L84, d)
54 84 &4 54
(A, )V, d) L LE (4, d) L84, )
&4 54 &4 54

(A, d) L= F (A, d) L Lo DA, d) L (4, )

where €G71)(A, d) =Bt QAN B(AV)® A" (V) ., and 8%, B are
as in Definition 2.3.

(2) The Hochschild homology of (A, d) splits into the sum of the homologies
HHY(A, d) of the complexes €'(A, d) = the first column of €(A,d)
(j=0).

(3) The Gysin—Connes long exact sequence is the sum of the long exact
sequences of homology associated with the short exact sequences of complexes

T=1"

0—8(A, d),., = Tot(€(A, d)), = Tot(£/""(A, d)), ,—0

Proof. It follows from the fact that
&Y A, d)yc €Ul (A, d) and
B(EST(A, d)C eVl (A d). O

Remark 2.8. Let f:(A,d)— (A',d’) be a morphism of homologically regular
k-CDGA'’s. The family of maps
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E(1)=(8(1),.,: E(A, d), = EAd"), )00 s
given by

E()ygw-x-0,---0, )= )W) flx): B(f(v)) - B(f(v,-))
(wE Q'(AY), xEAWV), 0, 0,_,EAN"(V)),

p

is a morphism of bigraded § 1-chz%in complexes from €(A, d) into %(A’, d").
Moreover, the maps induced by &(f) between the respective Hochschild and
cyclic Pomologies~ coincide with those induced by the canonical map

T(f): T(A, d)— T(A', d").

Proof. Since_p and 8 are derivations, to prove that 8o %( = %( f)eoB and
SdO%(_f)= E(f)es? it is enough to verify these equalities on the elements
weE N'(A,), vEV and v EV. But,

BoE(f) (@)= Bof)(w)=dpro 2(f)(w)=E(f)°B(w)

= &(f)° dpr(w) = 2(f)edpr(@) |
B E(f)(v)=Bef(v) = E(f)(0)=E(f)°B),
BoE(NH(W)=BBf(v)=0 and &(f)°B@)=&(f)(0)=0,
8% 8(f)(@)=8'°0(f)(w)=0 and &(f)=8%w)=2(f)(0)=0,
80 E(f)v) =58"°fv)=dof(v) = fod(v)

= &(f)od(v) = &(f)°8"(v),
8% E(f) () =8"Bof(v)=—Bod"flv)=—Bod°f(v)

= —Bofod(v)=—Be°E(f)od(v)

= —&(f)°Bod(v)=&(f)°8(V).

To finish the proof it is enough to observe that the diagram

(A, d)—L0 Fa, d)

I I

A, ) &, d)

commutes. [
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3. Some computations

In [2, Theorem 5], the authors compute the cyclic homology for an algebra of
the type 4, where A is the ring of regular functions of a nonsingular variety and /
is locally a complete intersection ideal of A. In this section we give an elementary
and self-contained proof of this result. We also give a similar decomposition for
the Hochschild homology. This last theorem generalizes the main result of [8] and
also appears in [4].

3.1. Let (A, d) be a homologically regular k<-CDGA and /:=d(A,)C A,. For
each j =0 we consider the complexes

I/-QO(AU) dpr Ijil'Ql(Ao)
I''0%A,) r'n'(A,)

dor  dor QI(A())
10/(A,)

L (AD): 0

—0

and
_-QO(AO) dpR -QI(AO)
IIHQO(A()) IjQI(Ao)

dor  dor -Qj(Ao)
I0(A,)

D} \(AyD): 0

—0,

where dp, is induced by the de Rham differential. We define morphisms
(EE;’_) from Tot(&'’(A,d)) to DI *(A,/1) and ¢ from €9(A,d) _, to
L7y " (Ay/I), setting

T=1

) m—J ) 92]—m(A )
—(j) . (j—h) 0
@, D € (A, d)—> Im—j+1gzj—m(AO) ,

h=0

‘ﬁfr{)(w'x";l U y)

0 ifdg(x)>0ordg(v,)>1forsome l=t<j—h—1i,

(-1 "W x-d,) - d(v, , ;) otherwise,

(note that dg(x) =0 and dg(v,)=1V1=t=<j—p—iisequivalent to 2j — m =)
and

"0 A,)
Im~j+192j—m(A0) >

e, €A, d)—

() 5 = ~G = =
el (w'x'Ul"'U;-i):éoin’)(w‘x'vl"'U;_[)-
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It follows easily from the definitions that ¢ and ¢’ are morphisms of
complexes.

Remark 3.2. (1) The diagram with exact rows

0—> €A, d),.,— Tot(8(4, d)),—> Tot(£"" (4, d)),_,—0

lwif) lw) lﬂgl)

0—> LI *(AJ/I)—— D¢}, *(Ay/)—— DI { (A I)——0
commutes.
(2) Given a morphism f:(A,d)—(A’,d’) of homologically regular k-
CDGA'’s, the diagram

00— %(j)(A,, d,)le —>T01(%’U)(A’7 d/))*_)TOt(%(j_l)(A/’ d’))*‘z—-—)O

e e e

0— €94, d) Tot(€ (A, d)),—> Tot(€"" (A, d)),_,—>0

=1
0—> L&, " (AVT) D "(AYT) Dy NAYT) ———0

2j-* -t
A) %2 A) N /(;j-,”m

0——> LIZT*(A /) —— D ¥ (Ay/ 1) ——— DN (A1) —— 0

where the upper face arrows are induced by €Y(f) and a?’};*( ) yfﬁ;*( ),

y¢_1,(f) are all induced by f, commutes.

Theorem 3.3. Let (A,d) be a homologically regular k-CDGA satisfying:
H(A,d)=0Vi>0and l:=d(A,)C A, is locally a complete intersection. Hence,
(,o(’ ) and ¢\ are quasi-isomorphisms.

Proof. From Remark 3.2 one sees (through induction on j) that it suffices to
prove the theorem for ¢'’. We shall prove that the map @J>O<p(*’), from
Tot(%(A, d),.,, 8%, 0) = Eszo(%g“’(A, d),.,). into Do L7 *(A,/1) is an iso-

morphism. Since, after localization, (A, d) = (A,® A(V), d) is quasi-isomorphic

to a quotient 4’ where A/ has the same properties as A, and I'= (P, ..., P,)
with P,,..., P, a regular sequence, we can work with the Koszul complex
K*(A,, P, ..., P,) (Remark 3.2). So we assume that (A,d)=
K*(A,, P,, ..., P). Recall that this complex has the form (4,® A(V, ) d) with

V)= EB,  k-e, d(e)= P, Now, the quasi-isomorphism 7 : (4, d)— % induces
a quasi-isomorphism 7 ®, id from

Tot(8(A, d), ,, 8,0)= <A0®/\ V), d) ®A0(n*(A0) RN V), 5")
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into

Do, (0 )BT, 5).

On the other hand, since I is generated by a regular sequence, 4 is a free 5
module generated by (cl P, ..., cl P,) where cl P, is the class of P, in 5, and we
have an isomorphism of (%")-algebras between

. (1
SA0/1<F> and @ TR

where S} () is the polynomial algebra constructed on the 5* free module #.
Let us consider that the elements of ;7i; have degree 2n. We have the following
isomorphisms of graded algebras

A -
7 ®,, 2 (A)®N (V)
(A _ .
B <T®A(vl)> ®A0'Q (AO)
* . g
=g 0/!( )®AUQ*(A0) <smce V,= F>
Irl
E<"620 —17+_1>®A0‘Q*(A0)

I"0*(A)
n=0 I""'Q*(A,)

~

(since 2%(A,) is A,-flat) .

It is easy to see that this map defines an isomorphism ¥, of k&-CDGA’s from
T ®,, (25(A)® A(V), 8%) onto D, LY *(A,/I). To finish the proof it is
enough to check that @]>0 eV =t o(r® 4,1d), which is immediate. O

Corollary 3.4. Under the same hypothesis of Theorem 3.3, we have:
[n/2]
(1) HC,(A,/]) = EB H" (D _ (A .
[rl/2]

2) HH, (A, /]) = GB H" (LY (AGD) .

(3) The Gysin—Connes long exact sequence is the sum of the long exact
sequences of homology associated with the short exact sequences of complexes

0— L(l)(AO/l)—> D(])(A 11— D(/ (A 1)—0.

Proof. It follows immediately from Corollary 2.7 and Theorem 3.3. O
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4. Final result

In this section we obtain a generalization of Corollary 2.7, for k-CDGA’s
(B, d®) with B=2®, A(V) (V=V,®V,DV,D:--), where A, is a homologi-
cally regular k-algebra and I C A, is locally a complete intersection ideal of A,.
When =0 we recover Corollary 2.7 and when V= {0} (i.e. A(V)=k) we
recover Theorem 3.3.

Proposition 4.1. Let A, be a homologically regular k-algebra, I C A an ideal and
y (A, d*)— 5 a model of 3, with A=A, @ AN(W) (W=W,OW,OW, D
-). For each k-CDGA (B, d"), with B—@® AV) (V=V,8V,8V,®
~-), there exists a k-CDGA (C,d®) and a quasi-isomorphism 7 : (C, d)—
(B, d®), verifying:
(i) C= A& A(W)B, A(V),
(i) d|, =d",
(iii) ¥ =7 ®id A,

Proof. For each j=1 we will denote with AP (W) the vectorial subspace of
A (W) formed by the elements of degree j. We have to define a differential dc of
C that extends d” and such that y ®id 5

B (4B A WBA? 1)) B (4,8 NWBAW))

i+j=1 i+j= l

af B

P OAWY)

~\g<~>

FL

#OAW)

is a quasi-isomorphism.

For each i =0, let C'=AR, A(V,® --®V)=A, ®k/\(W)®k/\(VEB
EBV) and let (B', d®) be the differential graded subalgebra of (B d®) generated
by 2 ® AV, D" EBV) We will prove the existence of d by showing that
each differential d< of C’ such that

YBUAe-av)

’yi : (Ci, dc") (Bi’ dBi)

. . . . . il i1 -
is a quasi-isomorphism, can be extended to a differential d<"" of C'"' in such a
way that

y®idA(V1®"'®"i+1)

+1 :(Ci+l’ dc"“) (Bi+1, dB"“)

is a quasi-isomorphism. _
Let (v));e;,, be a basis of V, . For each j €I, there exists a; € C, verifying

Y (e;) =y ®id 5 v,.-av,y(@) = d°(v;) and d(a))=0.
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In fact, since y is a qu351 isomorphism, there exists a} € C such that d© (a })=0

and y (a y=d" (v) + d”(a) for some a € B!, ,. Now, as y' is an epimorphism we

can modify a; by takmg @ =a;— d“(b) with b = C,| such that y'(b) = a.
Now we deﬁne d"" as the unique derivative of degree —1 of C'"' verifying

i i+1 i
d“"(v)=a VjEL,, and d° |.=d.
. i+l 2 . . .
It is clear that (d“ )*=0. It remains to prove that YR Aye.0v,, I8 2

quasi-isomorphism, which follows immediately from the following statements:
(1) Cy'is the total complex of the double complex

Coe CLONT (VL) < CL@AP (V) -
(2) B! is the total complex of the double complex

BB, ANV, )—B.@N\* PV, )

and
(3) y'"!is the morphism from C,’' to B%'"' induced by

C —C, ®/\(IH)( +1)<—C ®/\(2[+2)( )

lyi t@id/\(,ﬂ)(v o l i®id/\(2 *’)(V o

(i+1) (2i +2)
B < B ®/\I (Vier) Bl /\l (Vie) <
and the vertical arrows y' ®id Aty ) are quasi-isomorphisms.  []

Theorem 4.2. Let A be a homologically regular k-algebra. I C A an ideal which
locally is a complete intersection and (B, d”) a k-CDGA, with B= 4" ®, A (V)
V=V, @V,®V,®---). Then we verify that:

(1) The cyclic homology of (B, d”) splits into the direct sum of the homologies
HCY' (B, d?) (j=0) of the double complexes €(B, d®)

84 54 54 54

B
€0, (B, d®)y L% (B, d®) L L8 (B, d") L& "(B, d”)
54 54 854 54

€(B, d®) L5 (B, a%) L. .. Lg)(B, a") L€ "(B, d”)

8d sd 54 s5d

€(B, d”) <8V (B, d°) - L8 (B, d®) L€ (B, d”)
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where

€TINB. d )—@D(H,)(A /I)®</\(V)®/\’ " '(V))

—2h—i

™ 2(AY)
-8 s ® (AVBN WD)

8w ®x)=(-1)w-8%x) and

Blw®x) = dpg(w) - x + (1) - Bx) ‘“67%

(with the same notations as in Definition 2.3).
(2) The Hochschild homology of (B, d®) splits into the direct sum of the
homologies HHY (B, d®) of the double complexes £YAB, d®)

54 54 54 84

.ff(l)z(B,d Ye—o $§1+11)(B’ dB)(i_...(_[f_x(sl)(B’ dB)<B—$(20)(B, dB)
5d 5d 5d 54
F\(B, d")y 2B, d¥) - L PO(B, d®) <L 2B, d”)

54 5d 5d 54

LOB, d") L2 (B, d") L L P (B, d”) L2 (B, d)

where

PB4 =D Liy, (AN E(A VIS NTWD),

—2h—i

_ LAy

Facse(AmeN W)

2h—i

8w ®x)=(—1)w-6%x) and
,. I"2'(A,)
B(w®x)=dDR(w)'x+(—1)w-B(x) wEm.

(3) The Gysin—Connes long exact sequence is the sum of the long exact
sequences of homology associated with the short exact sequences of complexes

0— Tot(£ (B, d®)), — Tot((B, d°)).
—Tot(¢Y""(B, d")),_,—0.
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Proof. Let y:(A,d")— % be a model of %, with A=A, A(W) (W=
W, OW,OW,D---). Let (C,d) and 7 : (C, d)— (B, d®) be as in Proposition
4.1. We define morphisms ¢ from Tot(€‘(C, d°)) to Tot(€(B, d®)) and
¥ from €V(C, d°), ., to Tot(£Y(B, d?)), setting:

m—j m—j
~(j i—h c ji—h B
v B EITNC d) > B B, d"),
P (@, Wy WX, 0 Vi)

R N S S R
= @opra(@ X, W, W, ) X, U, Ui_n-i>

where ¢ is the morphism of 3.1, @ - x, W, - == w,_ ~x,- v, -+ 0, , € Q'(A,) ®
(NS ATT(W)B(A (VIR AT (V) zy, and a=dg(w x, W,
w;_,), and

m=j

. . : - 5

v ED(C,d) > D LB, d7)

Yo (@ X, W WX, 0 0,)
:¢£}{)(w-xw'u—)l..'n_)ifr.xv.6l”'lyjfi)‘

Since the diagram

0——8(C, d),.,—— Tot(&"(C, d)),—> Tot(€""(C, d)), ,— 0

o o [

0—Tot(£ (B, d”)),— Tot(¢ (B, d*)),—> Tot(€" (B, d*),_, —>0

commutes, it is enough to see that ¢%’ is a quasi-isomorphism. Now,
€Y(C, d°),., is the total complex of the double complex

- e - -
MO jt2 M1.1+2 Mz,j+2 M3 j+2
MD lav 1av lav av
M, " a a
0,j+1 Ml,j+1 Mz j+1 3,j+1°
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where
M,,= & wmas(Amenm),
=& & aups(Amenm)
s(AVeN @)
ah(w'xw'wf""_’i—r'xu'ﬁ]"'5,-—,-)
:ﬁdA(w'xw'W1"'“_’i7r)'xu'171"‘17,>ia
av(w'xw'wl'”wi—r'xu'v_]"'Gj—i)
= (~1) o x, Wy W, 87 (e, 0y U
for

cED (4,dM)® (/\ VSN <V>>q7,

and ¢(*j). is the morphism induced by the double complex morphism
l/lEk],)* MY — $Y(B, d”%), defined by

(’)(w x, M—)l..'wi—r'xu'ﬁln'v_j—i)

(J) VoW, X Dt
=gl (@ X, Wi W x0T )

In order to finish the proof it is enough to observe that, from Theorem 3.3, tp(’ ; is
a quasi-isomorphism for each ¢ =0. 0
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