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A harmonic oscillator model for reactive chemical collisions is proposed. The model is
solved rigorously for the reaction H, + H = H + H,. - The results show the appearance
of quite narrow resonance peaks for the reaction cross sections.

I. Introduction

The theoretical study of chemical reactions from the
standpoint of the general collision theory! requires the
knowledge of the cross sections involved in the reac-
tion. Recently, a number of experiments have been
conducted on this subject.? From the theoretical point
of view, the problem of the reaction cross sections is a
very difficult one, and not as much has been done.
However, classical approaches have been explored re-
cently.? Also, a quantum mechanical solution for a
reasonable potential surface has been attempted.*

Even in the simplest case, the solution of the problem
is very difficult. For this reason, it seems worthwhile
to study a model with an interaction potential which
only roughly approximates the real one, but which is
exactly solvable. The model will be described in sec-
tion II. It is similar to the model discussed by Eyr-
ing.®

Section III is devoted to the discussion of some fea~
tures of the cross section of the reaction

H+H=H4+H 1-1)
in the case of a head on collision.

II. The Broken Path Model

Let us take the simple case of reaction I-1 in one
dimension. Using Born-Oppenheimer’s approxima-
tion,* we write the Schroedinger equation of the system
as (see Figure 1)

ﬁ'l {: a? 62 aZ
- 2M1{ 57122 61’232 - brubrzg

]\II+V\I/=E\I'
(11-1)

The solutions for ry5 > ¢, (reactants or entrance chan-
nel) are of the form

o = [Aulet'k'ara + Ba’e_ikam]wa (11_2)
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and for ri; > g (products or exit channel)
bs = Ag'e*5 80, (11-3)

where 7, = r3s + Yarpand rg = ro + Y213 Bais
the amplitude of the ingoing wave. A, and A, are the
amplitudes of the outgoing waves for channels « and 8.
By is zero because there are no ingoing waves in chan-
nel 8. ¢, and gz are the smallest distances of no in-
teraction.

In the region where all three atoms interact, the
function V (eq II-1) has a complicated form.® The
solution of eq II-1 in this region is extremely difficult;
in principle, one could either search for approximate
solutions of the exact equation, using variation or per-
turbation methods, or look for an approximate potential
which is exactly solvable. In this paper we choose the
latter approach.

The exact potential V is thus replaced by two (or
eventually more) “cut parabolic saddles” (Figures 2
and 3). The approximation also replaces the usually
curved reaction path by a broken line.

Analytically, in region I, we have

Vi= —k'z® 4+ ky* + V° (11-4)
with z and y defined in eq I1-5.

(1) M. A. Eliason and J. Hirschfelder, J. Chem. Phys., 30, 1426
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2895 (1962); S. Datz, D. R. Herschbach, and E. H. Taylor, bid., 35,
1549 (1961).

(3) M. Karplus, R. N. Porter, and R. D. Sharma, ibid., 43, 3259
(1965).

(4) K. Pitzer and E. M. Mortensen, Special Publication No. 16,
The Chemical Society, London, 1962.

(5) H. Eyring, J. Walter, and G. E. Kimball, “Quantum Chemistry,”
John Wiley and Sons, Inc., New York, N. Y., 1954.
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X 719 COS ) — 723 sin 0

(I1-5)

Yy 712 sin 01 + 793 COS 01

where z is the distance along the reaction path, with y
the distance perpendicular to the reaction path. That
is
V] = VO + 7'122(]{7 cos? 01 hal k, sin2 01) +

7‘232(]0 sin? 01 — k' cos? 01) +

2roras(k + k') cos 6y sin 8, (I1-6)
Similarly, in region II
Vy = VO 4 rp2(k cos? 8, — k' sin? 6,) +
ros2(k sin? 6y — k' cos? 6,) +
2ryyras(k + k') cos 8, sin 6, (I1-7)

Equation II-1 is now solvable in each of the regions
of configuration space (Figure 3). Let us then find the
solutions for region I. Using normal coordinates’

Qu = hre + hares

(11-8)
Qo1 = harie -+ hyrys
eq II-1 splits into two equations
d¥u |, 2 A
m + ﬁ[En - ”5Q112:|¢11 = 0 (11-9)
and
d¢s = 2 A2t
A0 + %;[En + EQ212:|¢21 =0 (II-10)

Equation II-9 is the usual Hermite equation for
harmonic oscillators. Equation II-10 is a confluent
hypergeometric equation, which has two linearly in-
dependent solutions known as the parabolic cylinder or
Weber functions®

D _ /2 -gies2) (Qm\/%—m) ;
D_q/m+au2 (Qu\/ —2ivy) (II-11)

where ¢ = 2Ey/ #V g and vy = % )C/ﬁ. The complete
solution for region I is then

¥ = eXp{"?IQ—nQuz}Hn(Qu\/;;) X
(41D — (1/2) - /) (Qn\/%—m) +

BlD—(1/2)+(fe/2)(Q21\/—2i721) (1I-12)
For region II, we have, similarly
¥, = exp{— Z;Qn?}H n(Qw\/zz) X
[A2D _(1/2) = (iey2) (@2 Y 28v2) +
BoD_ 172+ e/ (QeY —2iv2)]  (II-13)
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Figure 1. Activated complex.
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Figure 3. Configuration space.

Let us now specialize in cases in which all oscillators
are in their fundamental levels. For reaction I-1 this is
not a bad assumption since the activation energy is
about 7 kcal/mole, whereas the energy needed to excite
the first vibrational level is ca. 12 keal/mole.

Now the problem is reduced to that of finding the
values of the different A’s and B’s. This is done using
the conditions of continuity of the functions and the
first derivatives at the boundaries of the regions.

(7) E. B. Wilson, J. C. Decius, and P. C. Cross, “Molecular Vibra-
tions,” McGraw-Hill Book Co., Inc., New York, N. Y., 1959,

(8) P. M. Morse and H. Feshbach, ‘‘Methods of Theoretical Physics,”
MecGraw-Hill Book Co., Inc., New York, N. Y., 1953,
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Four boundary channel a-region I
‘pa(A/eikara + Bale—ikam)la = \Illlu (11_14)
ika‘pa(Aaieikara — Ba/e-—ikara)la = \I’I,,a (11_15)

For boundary region I-region II

Wifo = Tao (11-16)
Vo = &) (11-17)
For boundary region II-channel 8
Wolp = Ape™* B0y (I1-18)
Wy'ls = theds'e" 00y (I1-19)

Using conditions of orthogonality of the wave func-
tions of the stable oscillators, we get simpler rela-
tions.

For boundary channel a—region I

Aaeikara + Bae-—ikara = AIXa + BIXa* (11-20)

iha(Aag™ — B~ %) = A’ + Bix,*  (11-21)
For boundary region I-region IT
A + Bi* = Ay + Ba® (11-22)
A’ + Bi®* = Ay’ + Bay*’ (11-23)
For boundary region II-channel 8
A48 = Asxg + Baxs* (11-24)
iksd 88 = Agxy’ + Bixs*’ (11-25)

Here, we used the definitions

1/ @
xe = (2) [ drwexpl=Vaboalrn + gt +

vu@u?l 1D~ 1/2) - oy (@uY 2iyn)  (11-26)
2
A/ exp( — :—"—'—)
Va
2
B,’ exp( - -873’—)
yﬂ

and similar expressions for xs and A4’
Also

]

A,

B.

i

k= f dz exp{ —1/o(y12Q1e® + 'YuQuz)} X
D_ 19— tiesy(@uY 2iyn)  (11-27)

Ky = f dz exp{ "712Q122}D_(1/2)_(“/2)(%2\/21;722)
(11-28)
with », = '\/(m and z = (1/\/5) (ria + 723).
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Integration of these expressions gives (see Appendix)

Ve /s 1
o« = 1 -— _— a2 o) T
X (/ha)<m> exp(—ga’c )(4%2 TR

20, + 3\ :
( ) D_ - yn(—begaV2)  (11-29)

20, — 1

and a similar expression for x4
_ \r 1
(hs + h) Vv (das® + 1)

2a + i\
(b @ a0

Ky

X

and a similar expression for wx. a,, b, ¢, etc., are

numerical constants which depend on the parameters of

the potential energy, and are defined in the Appendix.
Upon solving eq I11-20-25, we obtain

Ao/Ba = (Qu/Q)eHHare
2k Ads
? 188 e—zkaTa -

(I1-31)

Ag/B, = o kgrs (11-32)
where
@ = —Ci(DiCs — D.Cy) + Co(D¥™C3 — Diy*Cy)
(11-33)
2 = —Cy(D\Cs — D:.Cg) +
Ca(De*Cs — Dy*Cs) (11-34)
and

As = xgxs* — xs'xs%; A1 = kr* — xi'i)*

*/ *

= ’ . _ ’
.D1 = KoKy — Ky Ko™y Dz = KoKi1 — Kz Kz*

Cr = xg* — thgxs*; (I11-35)
Cs
4

05 = 'L.k:!Xa - Xa ;

Cr = x5’ — tksxs

04 = ikaXa* + Xa*,

Y

thaXa + Xa';
CG = ikaXa* = Xe

If some of the oscillators are in excited states, then
the matching procedure described here is not sufficient.
In that case a more general theory, the R-matrix
theory?, may be used. The use of this theory will be
discussed in separate papers.

III. Discussion of Results
In this section we discuss the coefficients

T = |44Y/|Bd?
B = [4]"/|B.*

(I1I-1)
(I11-2)

where T is the probability of reactive scattering and R
is the probability of elastic scattering.

(9) A. M. Lane and R. G. Thomas, Rev. Mod. Phys., 30, 257 (1958).
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The parameters of the interaction potential V' varied
with the range of physically reasonable values. The
results of some calculations for different values of the
parameters are shown in Table I. In all the cases we

Table I: Position and Width of First Resonances®
First
Teso-
41, 6, Reduced nance,
k k! deg deg width e
5 —0.20 50 40 108 0.8
5 —0.20 60 30 5 X 103 0.27
5 —-0.20 70 20 2 X 10-3 1.1
3 —-0.20 60 30 10-3 0.6
7 —-0.20 60 30 10-2 0.9

¢ Force constants are given in mdynes/A; ¢ = 0.1 A — ¢
is defined by eq II-11.

observed the presence of resonances (see Figure 4).
Just at the top of the resonance peaks, 1I-31 and -32
are not very accurate (estimated error at the top, <15).

Though all the cases of Table I were computed using
eq II-31 and -32, Breit and Wigner's resonance for-
mula®® gives a more accurate estimate at the top of the
peak. Also, the functional dependence on the parame-
ters ¢, (which is a function of the interaction potential
parameters) and g, (the range of the potential) is better
seen in that formula.

r IT,
“(E — E;)? 4 1/,

(ITI-3)

where
[oaka|xal?; Teakglxsl?; T = Tq+ Ty (I11-4)

is the total width of the level. In our case

I' = exp(—2¢,qa2) (I111-5)

as may be seen from (II-29). The estimated widths
of Table I are given using this formula. It is clear that
the dependence on the parameters of the potential,
particularly g,, is very strong. For this reason, more
accurate calculations are needed to prove the existence
of such a behavior.

In particular, we are studying the unidimensional re-
action with a Eyring-Sato® potential, using a varia-
tional method. Our preliminary results indicate that
for ¢, = 0.35, ¢, is of the order of 7; that is, the levels
are relatively broad.

Resonances in molecular collisions have been dis-
cussed in several cases.!!—1? The influence of these
resonances in chemical reactions is to reduce the steric

I
1 3
0.5
.0 + + - T
0.25 0.30 0.35
Figure 4. First resonance: k = 5.0, k' = —0.2;

6, = 60° 8, = 30°; go = g8 = 0.1 A; ¢f. eq II-11 for e.

factor.!* The precise nature of these resonances will
be discussed in forthcoming papers. They may be due
to some kind of dynamical matching between the mo-
tion of the atoms, but they may also be due to a poor
overlap of the internal wave function with the channel
wave functions. This overlap would be greater in a
“‘curved reaction path.”
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Appendix

After some elementary transformations we may write
(I1-26) in the form

(V )1/: e—-ca’m’ ©

a

x == _— —_— dx X
« T hsV vad -«

7o T RID @V ) (A-D)

where
1
- 2 -
Qo 2h32721(v,, + vuhe?) (A-2)
1
ba’ = h—_...[“/nh1(h2 - h1h4/h3) -
3V Ya
valhs/hs — tgb1)] (A-3)
o' = Yelvalhe/hs — tg61)* +
‘Y11(h2 - h1h4/ ha)z] (A‘4)

(10) See, for example, T. Y. Wu and T. Ohmura, ‘‘Quantum Theory
of Scattering,”” Prentice-Hall Inc., Englewood Cliffs, N. J., 1962.

(11) 8. Matthiess and V. G. Neudachin, Soviet Phys. JETP, 18, 95
(1964).

(12) A. M. Brodskii and A. Y. Temkin, Dokl. Akad. Nauk SSSR,
152, 127 (1963).

(13) L. Blum, Bull. Am. Phys. Soc., 9, 42 (1964).
(14) L. Blum, Nuovo Ctmento, 35, 1164 (1964).
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Using the integral representation of the Weber func-
tion?

-—p?
e 1z3/2

1 e
i(3+3)

@
f dt ¢~ (VD= GVA—A/D+G/D (A5
0

D_a/n—n@V2) = X

we get

Xog = (_VL)I/!__e_.:f:.,:z_"_ ® dz e—aa.‘t’ — ba’zras X
= o) i)
hsl“(z + 2)

fwdt e —1/2 —zt\/ﬂt —(1/2) + (1¢/2) (A—6)
0
Changing the order of integration

-]
f df e=*/2=WD+GD o
Q

—ca'raa?

Ve 1/,
Xa = ;721 h P(l + 1:_6)
“\2 "2

fm dg e—%Maa +i/2) — z(a’rn + 14/7)) (A-7)

om 2]

21 I‘(l n z_e) (ap + 3/2)" X
2 2
% 1y o —t1/2,— (1/2)+ (ie/2) (ba’ 123 + t\/fi)z] )
fo dee exP[: 220, + 1) (A-8)
Ve 2 —ca'rh? e‘bal’m’/2(2a+i)
= (l/ha)(;;;) 1 ie (aa + i/z)l/’ X
AR

ﬂ&dt 6—73/2[(206—1')/20014-'5)] + [(ba’Tust /i) /(202 +4)] X
- A/DHGYD (4 gy

and changing variables to

y oo t(2a“ — i)l/’
T \2a, + 1

(A-10)

we get
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—ca'ras? —ba’rs?/2(2aa+1)
a = 1 h(Va\ : . ¢ 3 1 X
X /h vl [1 | i\ (aq+ i/2)
T 3 + >

N\ Va(i+ie) i
(2(1‘, + 1’) ) wadtl e—t"/2)+t’\/2ibanstl—(1/2)+(ie/2)
2a¢ ) 0

(A-11)
where
ba’
ba = 4a,’ + 1
Recalling the definition of the Weber function A-5, we
get, after some simplifications

1/p -\ te/4
Ve s 1 /2aa + z)
. = hal ~%- ca’qa ; -
X 1/ s(m) ¢ (4%2 + 1) /'\2% —1
D_ (- —bagaV'2%) (A-13)

with ¢, = ¢,/ — a.b,
To find « and «» we note that (II-27) and (II-28)
can be written as

1 ® ~ajz? .

(A-12)

(A-14)
withj = 1, 2 and
1

U= e T i et BT ulh )]
(A-15)
_ vulhs £ ko) (A-16)

" ya(hn + hg)?
Using (A-13) we get

- VT 1
! ‘\/2—')’_21(h3 + hi) (40 + 1)]/4

2a, + 7\'/*
(éa_;_:) D_q/9-ayn(0) (A-17)

X

(15) I. 8. Gradshtein and I. M. Ryahik, “Tablitsii Integralov Summi
Riadov i Proizvedenii,”” Moscow, 1962.



