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Relativistic Schrodinger equation with a nonlinear potential interaction describes the
dynamics of a particle, with rest mass m, travelling to a significant fraction |v| < 1
of the light speed ¢ = 1. At first, we deal with the local and global existence of
solutions of the flux, and in the second term, and according to the relativistic na-
ture of the problem, we look for boosted solitons as ¥ (x, t) = e/ @, (x — vt),
where the profile ¢, € H'/?(R) is a minimizer of a suitable variational prob-
lem. Our proof uses a concentration-compactness-type argument. Stability results
for the boosted solitons are established. © 2012 American Institute of Physics.
[http://dx.doi.org/10.1063/1.4726198]

Il. INTRODUCTION

In this paper, we study the existence of solutions of the potential nonlinear relativistic
Schrodinger equation, for the critical case. For the one-dimensional case, this is the cubic equa-

tion given by
oy = (,/—af+m2—m)w—|w|2w, (1)

where m > 0 is the rest mass of a relativistic particle. Operator \/—92 + m? is defined via its symbol

V&% 4+ m? under Fourier transform. The nonlinear term represents a self-interaction of the charge
density. With this type of nonlinearity, Eq. (1) is a relativistic equation because the nonlinear term is
Lorentz covariant as well as its linear part, this is a significant difference with the semi-relativistic
equation given in Refs. 5 and 6, where the authors deal with a Hartree’s type nonlinear term. In
this work, they take advantage of the smoothing effect of this kind of nonlinearity with the aim to
establish the existence of ground states. Also, in a recent paper,' its authors study another semi-
relativistic equation, they deal with the Scrhodinger-Poisson-Slater equation, which arises in the
approximation of the Hartree-Fock model for N particles. They have a nonlinearity with two terms,
a Hartree’s type as the first one and as a second term a potential nonlinearity. By effect of this last
term, they only rely on a slightly smoothing effect due to the Hartree nonlinearity, and they require a
new technique in order to prove the existence of the, nonboosted, ground state. In neither of the two
previous works cited, the authors discuss the local and global existence of the flux of their respective
equations.

At the first part of this work, we deal with the well posedness of the initial problem associated
with Eq. (1). The first result is the local existence in the time, of solutions of Eq. (1) in the space
H’ (R), with s > 1/2, for initial data ¥o (x) € H* (R). In a second step, we prove global existence
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in the time of these solutions, if the charge density of the initial data ¥¢(x) is small enough. An
estimation of the bound of || 1/f0||§, under which global existence is guaranteed, is provided.
Throughout this work, we use profusely that the density of charge N (1) = || ||§ and the energy

functional
1 . 1
5(‘#):5/]1{1// (\/—3f+m2—m>¢dx—Z/R|1//|4dx 2)

are conserved along the flux of Eq. (1).

In the second part of this paper, we study solitary wave solutions of Eq. (1). By the focusing
nature of the nonlinearity in (1), there exist ground states solutions. In addition, due to the relativistic
nature of the problem, and taking into account the need of the fulfilment of the Lorentz’s invariance
of the solution, we propose, such as in Ref. 5, a ground state solution as a boosted solution, i.e.,

¥t x) = e, (x —v1), 3

where |v| < 1 is the normalize velocity of the particle (v = 1 is the light speed) and i € R is a phase
parameter. Plugging ansatz (3) into Eq. (1), we obtain the equation that has to satisfy the profile
@y (x) of the ground state given in (3),

(\/w - m) @y +iv0 @y — |(pv|2(pv = —UPy, @

which is the Euler-Lagrange’s equation for the following functional and its related constrained
minimization problem

1 1
£U(<p)=§<<p, <,/—8§+m2—m+iv8x)<p>—Z/R|¢|4dx such that ' (¢) = N, (5)

E,(N)=:inf{&,(p) /¢ € H/*(R), N(p) =N}. (6)

From now on, we call a minimizer ¢, € H'/>(R) of (6) as the profile of a boosted ground
state.One of the goals of this paper is to prove the existence of solutions of the constrained problem
(4), by solving minimization problem (6).

At the last part of this work, we introduce a weak orbital stability concept and we check that
the flux of Eq. (1) verifies it.

Il. PRELIMINARIES

For s € R, we introduce fractional Sobolev spaces

s/2 A

H* (R) = |1p eS®R): (147" e LZ(]R)},

where v is the Fourier transform of the function ¥ € S’ (R) (space of temperate distributions). Also
we will considerer the inner product in H* (R) given by

(o, ¥)ys =Re (/ (14+£%) ¢* &)V &) dS)- (N
Notice that H* (R) is a real Hilbert space and, if s > 1/2, 1& e L' (R), thus ¥ € Cy (R).

We define the following operators, with domain in H* (R) for s > 1/2, and their symbols under
Fourier transform:

Dy = /-2y = €], (8a)

Loy = (D +ivd) ¥ = (€] — vE) 4, (8b)
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JY = /=02 +m>y = /m? + 2, (8¢)
Lo = =mD g +ivay = ((Vm? +8 —m) —vg) (89)

and their corresponding quadratic forms

v w1 = [ 1l e )
(Lo = [ et - v " d. 9b)
Ty ) = /];g ST 1 &0 de, %)
(L) = [ (Vi€ = m = ot) |9 at. ©d)

In the following propositions, we present useful estimations in H* (R).

Proposition 1: If s > 1/2, there exists c¢; > 0 such that if v € H* (R) it verifies

[Vllo < cs (1 + 1l g1z /log (2 + WHm)) _
Proof: It is a special case of a general result (see Refs. 4 or 8). ]

Proposition 2: If s > 0, there exists ¢; > 0 such that if o, ¥ € H® (R) N L* (R) it verifies
oWl < e (Iolgs 1V lloo + 9llo W11 5:) -

As a special case, if s > 1/2 we have the following algebra structure:

oVl < csll@las 1Y llas - (10)

Proof: See Ref. 8. |
Proposition 3: If x € Cg° (R), then [Lg, x]1 € B (L2 (R)) and

I[Lo, x1¥ 1l < Cldxx Ly Y113 -
Proof: See. Ref. 8. |

Now, we present a very important estimation of the norm in L*(R) by the product of the
semi-norm (9a) and the norm L? (R).

Proposition 4: Given € H'/? (R), it verifies that

8
iy < — . DY) lwll3 - (1)

Proof: By Hausdorf-Young’s inequality (see Ref. 9) we have that

iy < @o)y " ], ;- (12)
If R > 0, applying Holder’s inequality we have that

2/3
[ ol s <er” (/ |1/>(k>|2dk)
|k|<R |k|<R

. 2 1/3 . 2/3
[ o an < (E) (f K] |¢(k)]2dk> |
|k|>R [k|>R
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Taking R = | D2y |2 / 19113, we obtain

~14/3 4/3 172, 11%/3 2/3
s =27 D2y ] vl
therefore, using this estimation into inequality (12). we obtain (11). |

At last, we introduce a Gronwall’s type lemma.

Lemma 5: Let a > 0 be, and an increasing and positive function f € C(0, + 00), such that
faool/f (n)dn = +oo. If u € C[0, T], u(t) > 0, such that it verifies the following inequality:

u(t) < a+/tf(u(f))dr,
0

then there exists an increasing function G, € C'[0, + 00), with G4(0) = a such that
ut)<Gy,(t) forallt €0, T].

Proof: It is an elementary calculus. |

lll. EVOLUTION PROBLEM
A. Generalization to pseudo-differential operators

Let M : R" — C, a function that satisfies the following property:
M@l _ M (§)

0 < liminf < limsu < 00, (13)
Elooo  |E] glooo €]
then we define a pseudo-differential operator L as
Ly =M. (14)
If y € R, we can consider the following general pseudo-differential Cauchy problem:
iV =Ly —y [yl (152)
¥li=o = Yo- (15b)

From condition (13), it is easy to check that there exist numbers 0 < a < b such that a/1 + &2
< |M (&)| < by/1+ &2, then we have that the pseudo-differential operator L verifies

al¥li: < W Ly) <b ¥l . (16)
Combined (16) with Proposition 4, we can assert that there exists ¢ > 0 such that for v € H'/2(R),
Iyl < clvli3 G, L), (17)
therefore, from (17), the following quotient is bounded from below
(¥, Ly) Iy li3
VL) =1 ———2 > (18)
¥y

Now using (11) and (16), we have that there exists a positive constant

vy =: inf V() > 0. (19)
yeH2(R)

We can define the energy operator for L, such as in (2), as it follows:

1
EW) =5 (W, L) - % Iyl (20)
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B. Local and global existence of solutions

In this section, we prove local and global existence of solutions of the general pseudo-differential
problem given in (15).
Notice that if (¢, x) is a solution of (15), then ¥ (¢, x) = ¥* (—t, —x) verifies

. 5 ~ 12 5
ive =Ly —y ¥V,
KZ‘|I=0 = ‘&09
where o (x) = Yy (—x), then in order to solve (15) it is enough to consider only ¢ > 0.

Theorem 6 (Local Existence): Let s > 1/2 and g€ H* (R), then there exists T*
=T* (||l/fo||Hs) > Osuchthatforall0 <T < T¥*, (15) has aunique solutiony € C ([0, T], H* (R)) N
c! ([O, T], H! (R)). Also, application Yo+ ¢ from H* (R) in C ([0, T], H® (R)) is local Lips-
chitz continuous.

Proof: If S(f) = exp (— itL), ¥ is a solution of the problem (15) if and only if it verifies the fix
point equation given by

V() =S Yo +iy / St — )Py (e )dr'.
0

Since S is an unitary group in H* (R) and using (10) and the fix point Banach’s theorem, conclusion
follows. u

Proposition 7 (Conservation Laws): Let s > 1/2 and € C ([0, T*), H® (R)) a solution of the
problem (15), then N (¥ (¢)) = N (Yo) and € (f (1)) = E (Yo) for all t € [0, T*), where £ (y (1))

was given in (20).

Proof: If s > 1, we have that ¢ € C' ([0, T, L* (R)), then, from the continuous embedding of
H' (R) into L? (R) and from the fact that L is a bound operator from H'/>(R) in H~'/?(R), we
have that NV (1) and £ () are differentiable operators on the time. Then

d
TN O) =2, ) = 2(—iLy + iy [Y Py, ¥) =0,

d
E@O) =i, Ly —y WP ) = (=iLly +iy WPy, Ly —y W1 ¥) =0,
therefore, A (v (¢)) and &€ (v (¢)) are constants. ||

If 1/2 < s < 1, we take a sequence {0,},eny C H'(R) such that it verifies p, — ¢ in
H* (R). If 4, is the solution of the problem (15) with initial data p,, we know that v, —
in C ([0, T], H* (R)). But, due to N (1,) and € (1,) are constants and operators A" and £ are
continuous in H* (R), conservation laws follow.

Corollary 8: If y <0, there exists a constant C > 0 such that if € C ([0, T*), H® (R)) is the
solution of the problem (15) for s > 1/2, then || (I)Hip/z < CE (Yy) forallt € [0, T*).

Proof: If y < 0, we know that (¥, Ly) < E(WY) = E (Yy), then the result follows
from (16). |

Lemma 9: Let s > 1/2 and ¥ € C ([0, T*), H® (R)) a solution of the problem (15), then

2
s dr.

¥ O < ol + a1 [ v () v 0]
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Proof: If ¥y € H*T' (R), we know that ||y ||%{S is differentiable and by using (7), we have that
d . s 5
T WOl =, I ) = (=i LIy, Iy
+y (WP ) I y) < ey LIV 19l

where, in the last estimation, we used Proposition 2. Integrating in [0, 7], we obtain the inequality.
The general case is proved by approximating ¢, by functions of H**! (R) and using the continuous
dependence of the function g > . |

Corollary 10: Under above conditions, we have that

2 .
e dr.

1Y O < ol +e |y|f0 (14 [ () e tog 2+ ¥ (1)) v ()]

Lemma 11: Let oy € H® an initial data, s > 1/2 and y > 0, then there exists ¢ > 0 such that if
P € C([0, T*), H* (R)) is a solution of the problem (15) and N" (y¢) < v /y, where v is given in
(19), then

I Ol < c (X =y /v N (o)™ E (o) forall € [0, T%). ey

Proof: From (18) and (19), we have that
Ity < v i3 (v, Ly) = v lvoll3 (v, L),

therefore, we have that

1
EW=EW) = 3 (1 - U%N(%)) (o, L o) -
By using (16) and the above inequality, estimation (21) follows. |

Now, we are in condition to deal with the global existence of solutions. We need to distinguish
two cases, according to the sign of the parameter y at initial value problem (15).

Theorem 12 (Global Existence): Let s > 1/2 and V¢ € H’, we have that:

1. Ify <0, there exists a unique ¥ € C (R, H* (R))N C! (R, Hs! (]R)) solution of the prob-
lem (15). In addition, if T > 0, then function Yo+ ¥(t) is continuous from H*® (R) in
C(-T,T], H* (R)).

2. Ify > 0and N (Y9) < vr/y, we have a similar conclusion like in the case y < 0.

Proof: If y <0, we are going to prove that 7* (|| t/fOIIHA) = +400. From Corollaries (8) and (10),
we have that

I Ol < [1Wollz + e IJ/I/0 (14 & W) log 2+ |[¥ ()]

|12 ’
a)) [V () [y ar'
Let A, B > 0 be, then function f(n) = A (1 + Blog (2 + ﬁ)) n verifies the hypothesis of the
Gronwall’s lemma (5). Therefore, there exists G € C'([0, + 00)) such that ||y (t)||%,l < G (t). By
an usual prolongation argument of solutions we can assert that v(¢) is defined on [0, + 00). The

continuity on the initial data is a direct consequence of the local existence theorem.
If y > 0and \V (1) < vi/v, conclusion follows from (21). |

IV. STATIONARY PROBLEM
A. Basic estimates

By using definitions given in (8) and the trivial inequality |&| < /m? + &2 < m + |£|, we have
the following relationship between their operators and also between their corresponding quadratic
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forms on H'/2 (R),

J—mI<D<J, (22a)
(L, ¥r) < LoV, ) < (L +mD) ¥, ), (22b)

If p € H'/2(R) and |v| < 1, taking note that inequality \/m? + £2 — vE > m+/1 — v?2 holds,
and using the right side of (9d), we have that

(0. Lug) = =m (1=VT=22) ol (23)

Lemma 13: If ¢ € H'2(R) and |v| < 1, then

(@, Log) llell3 . (24)

8
ol < ———
fT (=)

Proof: Since |v| < 1, itis easy to check that (1 — |v]) |§] < || — vE < (1 + |v]) |&] . Using the
above first inequality, we obtain

1 1
L — vl 1 — vl
Plugging (25) into (11), we obtain (24). |

(0. Dg) =/R|s||¢)|2 dt < /R<|s|—vs>|¢|2 dt = (0. Log). (25

From now on we call V; (¢) the quotient given in (18), where L = L.
As in (19), taking L = Ly, and using (24), we know that V), is bounded from below and

wwy = inf Vgz 24

2
peH' (R) 8 (20

In the next remark, we take note about the changes in the norm I?, in the norm L* and in the
quadratic form (9b) when we introduce a rescaling.

Remark 14: Let ¢ € H'2(R), |v| < 1 be, y € Rand p, A > 0, we consider a change of scale
Y(x) = u'? o(M(x — y)). It is easy to check that Y(£) = u'/> A\~ le V6 G(A1E), therefore,

I3 = nr~" llel3. (27a)
Iwlls = w2 el (27b)
(Y, Loy) = u/Rua —vE) 2|9 (W E) [P dE = g, Low) , (27¢)
and
Vo () = Vo (). (28)

The last part of this section is devoted to show how different norms change when we introduce
a concentration function.

Proposition 15: Let p € C$° (R) given by
exp(ﬁ + 1) if x| <1,

p(x)=
0 if Ixl>1,
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and its integer translations pi(x) = p(x — k), with k € Z. Then, there exists a constant C > 0 such
that, if p € H'/2 (R), we have that

Y loeollFe < Cligllye - (29)
keN

Proof: Notice that supp (or) = (k — 1, k+ 1), 0 < pp(x) < 1, and |3, pr (x)| < % Now, we
make an inequality in the way of (29) for ¢ € L? (R) and for ¢ € H' (R) . At last, we conclude (29)
by an interpolation argument.

If ¢ € L?(R), we have that

> lecell; <213 - (30)
keZ

If p € H' (R), we have the following bound:
35
219 (orp)lly = == llgly - 31
keZ

From (30), we have that application L? (R) — P(Z, L*(R)), given by ¢ — (pr¢), is continuous.
Analogously, we have the same application H' (R) — *(Z, H'(R)). Then, by interpolation, we
have that application H'/? (R) — 2(Z, H'/*(R)) is continuous. Thus estimation (29) follows. M

Lemma 16: Given p(x) and p(x) as to the lemma above, and ¢ € L* (R), then

lold <2 llocels - (32)
keZ

Proof: For each k € Z, functions p; and py 4 | are the only two functions of {p;} evaluated on
the interval [k, k 4+ 1]. Moreover, it is easy to check that 1< ,o,f (x) + ,0,? 1 (x) <1, and ifk — 1
< x <k + 1, we have that % < ,0,‘{‘71 x)+ p,f x)+ ,o,‘c‘+1 (x) < 1. Then inequality (32) follows. H

Lemma 17: If o € H'2(R) and 0 < |v| < 1, then

8
P — 2 , L . 33
Ioli = = —p k% o113 (Pre. Lo (pr)) (33)
Proof: Applying estimates (24) and (32), inequality (33) follows. ]

B. Concentration-compactness principle and some of its consequences

Now we present a concentration-compactness lemma adapted to our operator. This result is an
adaptation of a similar one made in Ref. 5.

Lemma 18: Let {¢,},cN be a bounded sequence in H'? (R) with N (¢,) = N, for all n > 0.
Then there exists a subsequence { ©n, } reN Satisfying one of the three following properties:

1. Compactness: There exists a sequence {yi}reny C R such that, for every € > 0, there exists O
< R(g) < oo with

/ |, ) dx = N —&.
[x—yk|<R
2. Vanishing: For all R > 0,

lim supf |<pnk (x)’2 dx =0.
[x—yl<R

k— 00 yeR
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3. Dichotomy: There exists o € (0, N) such that, for every ¢ > 0, there exist R > 0, {yi}ien
C R, {Rihen C (0, 00), with Ry — 00, and two bounded sequences, {r} }ren and {2 }ren C
H'/2(R), such that the following properties hold:

(a) supp (Wkl) COr—R, v +R), Supp(l//kl) COx—R, yo + R, as a consequence
dist(supp(wkl), supp(w,f)) — oo as k — oo.
(b) llen, — (Wkl + 1/1,3)||§ < 8 (e)with(e) > 0ase — 0.
2 2
(c) ‘”wk' H2 — a‘ <& and “\1,013”2 — (N —Ol)‘ <e.
(d) Forallm > 0:limy_,  inf ((gank, Lm%k) - <1pkl, mek1> — (1//,3, L,,u/f,f)) > —C (¢) el 0.

Proof: See Ref. 5. |

In the last part of this section, we present some consequences when each property of Lemma
18 is satisfied.
First, we show a consequence if compactness (property 1 in Lemma 18) is satisfied.

Lemma 19 (Local compactness): Let A be a bounded set in H'/* (R), such that, for all ¢ €
Allell2 = N, and for any € > 0 there exists R > 0 such that f_RR lpl>dx = N — &,V € A, then A
is a relatively compact set of L°(— R, R).

Proof: 1t follows from the Frechet-Kolmogorov strong compactness principle in L7 (see Ref. 3).
It is enough to prove that for all R > 0,

e Vo eA:|loll2r) = C.
e Ve > 0, 38(e) > 0, such that V|i| < § and Vo € A, it satisfies |7, — ¢ | 2_g r) < & Where
Thp(xX) = p(x + h).

First condition is verified by hypothesis. In order to verify the second condition, we can calculate

It — I3 = (e — o) = /Re — 2cos (he) |2 dt.

2—2cos(hx)

— < 81, then second condition holds. |
1+x s

By hypothesis [l¢]|7» < C and gj (x) =
Now, we present a result when vanishing (property 2 in Lemma 18) is satisfied.

Lemma 20: Let {@,},cny C H'/? (R) satisfying property 2 in Lemma 18, then the subsequence
{@n, } given in that property, verifies

lowll, =0 34

—+00
Proof: Applying (33), with v = 0, on each element of this subsequence, we have that

8
lonls = = D loson e loseonlly vk ez
JEZL

By hypothesis | p;¢, Hi < ¢ for k > ko uniformly in j € Z, then for (29) we have that

Z ||pj(pnk Hi,l/z = C ”(pnk ||i]1/2 = C
JEZ

because subsequence {g,, } is bounded in H'/? (R). Thus

s 8
lonll = ZCe, 2. 0

which proves (34). ||
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At last, we show two results when dichotomy (property 3 in Lemma 18) is satisfied.

Lemma 21: Let {¢,},cn C H'Y? (R) satisfying property 3 in Lemma 18. I]”{wkl}keN, {sz}keN
C H'/2(R) are the subsequences given at the dichotomy property, we have that

dim (9. Lo (Ve +92)) = (i Lo vie) = (V. Lo ¥ig)) = 0. (35)

Proof: From (3a) and using that 9, is a local operator we have that
kli)ngo(w,f, ivd, ¥} ) =kli)ngo(wkl, ivd, ¥;) = 0.
Then, in order to prove that limit (35) holds, it is enough to prove that
Jim (v7. D) = i 1 DY) =
Due to our problem is invariant under translations, we can suppose that y; = 0, for all k. Let

Xk € CERYWithO < xx <1,xx=1in(— R, R), xx =0in (— Ry, R;)° and such that |9, x ||, <
C/(Ry — R) ,then

(W, D) = (Wi, D e = (W2 o D)+ (Wi, 1D ol v

From Lemma 183a, we have that (w,f, XD wk') =0, and by using Proposition 3 we have that
(w2, D, xk1¥{)| < C/(Rx — R), then (35) follows. [

Lemma 22: Let {¢,},eny C H'?(R) be, satisfying property 3 in Lemma 18, and if{lﬂkl HeeN,
{Iﬁ,f Jeen C H'/2(R) are the subsequences given in the dichotomy property, then

lowlls < Wil + V2], + ot (36)

Proof: We call By = ¢, — (wkl + 1/f,f) and from {wk' + t/f,f}keN is bounded in H'/2(R). From
(24), we have that

181} = [ one — () + VD)3 < C lom — (Wi + )|, > 0 withk — +o0.  (37)
In order to prove inequality (36), we can consider

12
lion Iy = 186+ v+ willy = It I+ 1wl + 18+ 30

j=1

where /; = ch |1//k1 |a |1ﬂ,?|y |B¢|° dx with o + y + 8 = 4.By hypothesis wkl and w,f are bounded
in H'2(R) and dist(supp(1//k1), supp(lﬂ,f)) — 0 when k — oo. Therefore, from (37) forall 1 <j <
12, we have that /; — 0 when k — oco. Hence (36) follows. |

C. Existence of minimum of V),

In this section, we prove that the infimum v (see (26)) is reached on H 172 (R).

Proposition 23: Given |v| < 1, there exists Q, € H'Y? (R) such that Vo(Q,) = vo(v) (Q, is a
minimum of V). In addition (Q,, Q,) = 2vg (v) . Therefore,

104l = — (Qu, LoQu) 10413 = 2(Qy, Lo Q) . (38)

Proof: Let {¢,},,eny € H'/? (R) a minimizer sequence of (26). In (27a) and (27c), we can take
suitable values A and u so that we can suppose ||g0,,||% =« and (¢,, Ly ¢,) = B, for prescribed
a and B € R, such that this sequence satisfies the hypothesis of Lemma 18. Then, there exists a
subsequence {¢y, }xen such that satisfies one of the three possible alternatives.

1
Vo
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At a first step, we prove that vanishing or dichotomy hold we obtain respective contradictions,
then, since Lemma 18, compactness happens.

Let us suppose that case 2 of Lemma 18 occurs. At the begin of this proof, we can take
l0n, ||% = o and (¢, , Lo ¢y, ) = B, then the minimization problem (26) is equivalent to the following
maximization problem:

J(a, ﬁ>=s1;13{||¢||2 / llpll3 = a and (p, Lop) = B} .
(2

Notice that in the particular case « = g = 1, from (24) we know that

0<J(1, 1< (39)

8
71—l
If {¢,} is a maximizer sequence, there exists a subsequence {¢,,} such that 53 (1, 1) < [l¢,, I3 <
J(1,1). Due to this sequence satisfies 2 of Lemma 18, it verifies (34). Hence, ||@,, ||i < %3(1, 1)
for all k great enough, this is a contradiction.

Let us suppose that case 3 of Lemma 18 occurs. Let {¢, } be a maximizer sequence of J (1, 1)
and {¢,, } is a subsequence for which there exist the sequences {wkl} and {1/fk2} given in 3 of Lemma
18. For ¢ > 0, there exists @ € R such that for k greater enough, we have that

lon — () + )]s <&, (40)
wil; - | <eand [[u2]; -0 - <& 1)
(Wi + ¢, Lo (¥ + 7)) < {@m- Lo pn,) + & 42)

We define the rescaled functions (p,! (x) = 1Pk] (A1x) and go,f x) = ul/ztﬁf (A2x). Asin (27a)—(27¢),
we have that

2
2

2 oty = mr" 192

ot 5= 27" 1]

4
40

4 le? s = w2ay" w2

oty =2 v

{0t Lowd) = (v, Lovid), {0f Lowi) = (2 Lowi).

Ifwecall B = (wkl, Ly 1//k1), from (35) and (¢, , Lo ¢n,) = 1, itis easy to check that 8 < 1. Fixing A;
_ il ) — _asllvils 1=
w0 T (v Lovi) (Wi Lov])
=1—a,and (¢}, Lop}) = 1 — B. Hence

,and p = we have that ||g} |13 = o, (9}, Low}) = B, 9213

loil; <3@p and o =30 -0 1-p) “3)
and, moreover,
1 2
ot =1k g
oz} = Wi LWL e
(I—-a)(-p)
In order to prove the subadditivity property
JLD =T (, B +TA —-a,1-p), (44)

we only need, from (43), to prove that ||<p,,k H: < ||<p,§ ||Z + “(p,f ||: +o0(e).
From (36), we know

loncls < 1wills + [w21s + o
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now, by a simple calculus we have that

(Il - «)

2. Law) (19212~ o)
attetvart = W2 e e, W tavl (e -0 o)

I —a)(1—-B)

el

(w2, Lov})
1-p
Using (24) and (41) in the first and third terms, we have that both terms are o(¢). In addition, from
2 2
(35) and (42), we have that W < 1. Then we conclude that

4
+ k], -

lon i = ekl + 62 s+ ot

then we proved inequality (44).
By rescaling, it is easy to check that

J(e, ) =apI(1, 1)
and plugging this expression into (44) we have that
<o+ -a)(1 -8 =14+208—a—8,
then
O<a(B-D+B@—1)

this is a contradiction because 0 < o, 8 < 1.

This says neither alternatives 2 and 3 of Lemma 18 are true for a minimizer sequence {¢,},
then this sequence satisfies alternative 1 of Lemma 18 (compactness).

We define ¢i(x) = ¢(x — ), then {¢;} is compact in L? (R) (see Lemma 19), hence there
exists a subsequence, that without of generality we can call ¢, such that kli)n;o =0, L*R).

Due to this sequence is bounded in H'/? (R), we can take a new subsequence such that it converges
weakly to Q,, i.e., ¢p — Q, in H'/?(R), therefore, (0,, Ly Q,) < 1. Using (24) we know that ¢
tends to O, in L* (R), then V, (Qv) < vy. How vy is the infimum value of V), then

Vo (0,) = wo.

At last, we can consider Q, = /2v9Q,. then from (28) we have that Vy (0,) = Vo (Q,) and
104113 = 2vo. Then (38) follows. -

Definition 24: We note N, (v) =: || Q, ||% . Moreover, we know that N, (v) = 2uvy.

D. Existence of boosted ground states

With the above results, especially Proposition 23, now we are able to follow a similar way as it
was taken in Ref. 5. We prove the existence of solutions of Eq. (4) through finding the minimizers
of the problem (5). Previously, we need to adapt some results to our case.

In a first step we remake, for our energy operator, the lemma where we set up N, as a critical
value of the charge. Actually, NV, is a critical value for N because if N < N, there exists minimum
and if N > N, it does not exist.

Lemma 25: Let ¢ € H'/* (R) be, such that N = ||<p||§ Afm > 0and |v| < 1, then

I &@=>1 (1 — NL@)) (9. Lop) — %

2. If E, (N) is the minimum of the energy, given in (6), then
(a) If0 < N < N.(v) = E, (N) = —imN.
(b) If N > N, (v) = E, (N) = —cc.
(c) If0 < N < N, (v), all minimizer sequence is bounded.
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Proof: We prove each one of the above statements.

1. From (22b) and (38), we have that

1
& (@) > 3 (1 - ) (@, Lop) — Zn. (45)

N. (v) 2

2. In order to prove that N, (v) is a critical value of the charge, we can consider the following
cases:
(a) If0 < N < N, (v), coefficient (l — NL(U)) > 0. From (9b), it is easy to check that (¢, Lop)

> 0, then using inequality (45) we have that

E,(N)> —%N.

(b) If N > N, (v), we consider the evaluation of the energy &£, on the straight line spanned by
Q,, and using that \/m? — 32 —m < ,/—09? (see (22a)),
Ev (N) = gv ()\Qv) =< Ev O‘Qv)|m=0 forall A € R.
The right side is explicitly computable using the definition of &, and (38),

2_)\'4

A4 A
28, (AQW)|meo = A2 (04, LoQ,) — > 10,13 = 5 10,13 -
Therefore,
A (3 =1) 4
E,(N) =< & ()‘Qv)|m=0 = _T ||Qv||4 .

Taken |A| > 1, we have that E, (N) < &, (AQ,) < 0 and also &, (A Q,) x:oo —o00, then
E,(N)= —o0.

(¢) f 0 < N < N.(v), we know that for each N the functional &, (¢) has infimum. Fixed a
value of N we consider a minimizer sequence {¢, }, such that |¢, ||§ = N. In order to prove
that sequence remains bounded in H'/? (R) we only need to prove that term (¢,, Dg,) is
bounded from above.

From inequalities (25) and (45), for each ¢, we have that

m
gv (gon) = C(l - |U|) <<Pn, D(pn) - EN

but, due to ¢, is a minimizer sequence, we have that |&, (¢,)] < M for n greater enough,
then (¢,, Dg,) < C.

1. Non-relativistic boundedness

Next step is to provide an upper bound for E, (N) given for the energy of the non-relativistic
ground state. At first term, we will define the non-relativistic problem and its energy.

Definition 26: Let m > 0 and |v| < 1, we define the following energy functional in H' (R) :

V1 =22 1
nr —- 8x 2 _ 4 4

& W) P ox i3 i vy (46)

and its corresponding minimization problem
E) (N)=:inf {&" () /¥ € H' (R), N (¥) = N} (47)

with Euler-Lagrange equation
V1 =2

RV — Iy = —py. (48)

0



062301-14 J. P. Borgna and D. F. Rial J. Math. Phys. 53, 062301 (2012)

The study of the stationary 1D cubic Schrodinger equation (48) is a classical subject in the
literature, and it is very important for its physical means, although, actually, it is just a special case of
the nonlinear potential-type equation. Existence of solution for this stationary equation was studied
for many authors. For instance, existence in R was studied in Refs. 10 and 11 and the Cauchy
Periodic problem, in an interval, in Ref. 2.

In order to give a bound of E, (N) using E}" (N), we need some previous results.

Lemma 27: Let ¥ € H' (R) an even function, with |||> = N. Consider |v| < 1 and the one
parametric family of functions

Yy (x) = ™y (x),  where A > 0, (49)
then the following formulas hold:
i = -y (50)
A V0ox = - )
5 W A >
(¥, =0295) = (¥, —929) + A% [P N. (51)
Proof: Equality (50) follows from the fact that ¥ (x) and ¥ (£) are even functions. Equality (51)
follows from Re [ (¥ 0,%)dx = 0. [ |

Lemma 28: If > > 0, the following inequality holds:

m2— 92 < — (=3 +m* +27). (52)

55 (
Proof: Let ¢ € H'/2 (R), using Parseval’s equality we have that

1 1

o (=82 +m? + 22 =—/ 2 2102 1612 d

2)L(<p( i+ mT+ )<p> 2)\ R(E +m” + )I(pl X
and (52) follows. |

Now, we are able to prove an upper bound for E, (N) using the energy of the non-relativistic
ground state.

Proposition 29: Given m > 0 and |v| < 1, the following bound of the energy holds

. 1
E,(N) = EY (N) = 3 (1 _J1- u2) mN (53)
and, immediately, E, (N) < 0.

Proof: This proposition performs a similar result to it was proved in Ref. 5. In that work, the
authors show an estimation similar to (53), working over the linear part of the energy. Actually, our
problem differs from the problem discussed in Ref. 5 only in its nonlinear part, then this proposition
is verified by a similar way. We are going to make a sketch of the proof that it was given there,
adapted to our problem.

Let v be an even function in H' (R), such that || ||§ = N, and v, is like in (49). We look for a
bound of &£, () depending on X, and then we prove the existence of A*, a minimizer of this bound.

By using (50)—(51), and |, | = |¢|, we have that
(v, —0}y) +m?N (1

1 4
— - . 4
oy 2mN—i— 1 ||1ﬁ||4> (54)

E () < %(l—vz)wr

Evaluating (54) at A* = %, we have that

1—v?

E,(N) <& (Ye) < —% (1 V1= v2) mN +E () withy € H' (R) even.  (55)
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We know (see Ref. 10) that there exists an even y, € H' (R), where functional EM () reaches
its minimum value, i.e., E)" (N) =&} (). Now, evaluating inequality (55) at ¥+ we get
estimation (53).

Due to E7" (N) < 0 and inequality (53), we have that E, (N) < 0. |

2. Subadditivity of the energy E, (N)

Now, we give a last previous result that we will use in the proof of the existence of ground
states. It is a strict subadditivity condition by a general function.

Lemma 30: If f : R — R is a function such that Vx € R and VA > 1: f (Ax) < Af(x), then f(x)
satisfies the following strict subadditivity condition: given x € R and 0 < a < |x|, then

f) < f@+fx—a. (56)

Proof: It is an elementary calculus. |

In the following proposition, we use the above lemma y order to prove a strict subadditivity
condition for the energy E, (N).

Proposition 31: If m > 0 and |v| < 1, then E, (N) satisfies the following strict subadditivity
condition for0 < N < N, (v) : if0 < o < N, then

Ey,(N) < Ey()+ Ey (N — ). (57)
Moreover, E, (N) is a strict decreasing and concave function on the interval 0 < N < N, (v).

Proof: Despite the differences between the nonlinear part of our model and the same term of
the equation of Lemma 2.3 in Ref. 5, the technic of proving and the conclusion remains true. Now,
we provide a sketch of the proof.

We take in account that from the definition of the non-relativistic energy, we know that E" (V)
< E",(N) < 0, Using this estimation into inequality (53), we have

E,(N) < —% (1 ~J1- v2) mN. (58)

Lete, (N) := ir%f {% (¢, Lnp) — % ||<p||i} . It is easy to check that e, (N) is decreasing on N and
lellz=1
that e, (N) < 0. This follows from

E,(N)=Ne,(N). (59)

Moreover, e, (V) is strict decreasing on N. For proving this last assertion, it is enough to check that
each N > 0, there exists a constant cy > 0 such that

.l > cn >0 Vn. (60)

This follows by making a proof by contradiction, as it was made in Ref. 5: supposing that any
minimizer sequence {g, } of e, (N) satisfies | ¢, IIf1 — 0, then equality (59) and estimation (23) lead
to a contradiction with (58).

Now, from equality (59) and the strict decrease of e, (N), we have that forall A > 1 and 0 < N
<N,

E,(AN) < A E,(N). (61)

Then, function E, (N) satisfies the hypothesis of Lemma 30, then inequality (57) follows. W
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E. Main result

Theorem 32: Given m > 0 and |v| < 1, let €, (¢) and E, (N) as in (5) and (6), respectively. If
N, (v) is the positive constant given in Definition 24, then the following hold:

1. For0 < N < N, (v) problem (6) has a minimizer, ¢, € H'/* (R), and it is a solution of Eq. (4)
forsome u € R. Moreover, every minimizer sequence {, } of problem (6) is relatively compact
in H'? (R) up to translations, i.e., there exists a sequence {y,} C R and a subsequence {¢,, )
such that @, (. + yr) = @, strongly in H'2(R).

2. For N > N.(v), no minimizer exists for problem (6), even though E, (N) = —%mN in the
case N = N, (v).

Proof Part 1: If 0 < N < N, (v) ,there exists a minimizer ¢, € H'?(R).

Let {g,} C H'?(R), a minimizer sequence for problem (6), i.e., lim,_, o, &, (¢,) = E, (N) and
ll@n II% = N. From Lemma 25 we know that, in this case, E, (N) > —oo and a minimizer sequence
is bounded in H'/? (R), then we can apply the concentration-compactness principle (Lemma 18).
We need to prove that a minimizer sequence {¢, } does not satisfy neither vanishing nor dichotomy

property.
1. Letus suppose that a minimizer sequence {¢, } satisfies property 2 in Lemma 18 (vanishing),
. 4 - -
then there exists a subsequence such that ||<pnk || 4y — 0 (see (34)), but it is a contradiction
—+00

(see the proof of inequality (60).

2. Letus suppose that a minimizer sequence {¢, } satisfies property 3 in Lemma 18 (dichotomy),
and suppose that subsequence {¢,, } and sequences {wkl } and {1//,3} satisfy property 3 in Lemma
18. Therefore, from Lemma (18 3 ¢), we know there exists 0 < o < N such that for all ¢ > 0
and k greater enough

|[Wii<a+e and [y2]s <N —a)+e. (62)

Using (36) joint to Lemma (18 3 d), we have that
E,(N) = lim &,(¥,) > lim inf &, (Y;) + lim inf &, () — o (e)

and due to E, decreases in N and inequalities (62), we have that

E,(N) 2 Ey(a+e)+ Ey (N —a+¢e)—r(e).
Here, E, is continuous because it is strictly concave, then taking limit with ¢ — 0,

E,(N) > Ey(0)+ E, (N — )

but this is a contradiction by the subadditivity of E, (see (57)).

In consequence, from Lemma 18, a minimizer sequence {¢, } satisfies the property of compact-
ness, then it has a weak limit ¢, € H'/2 (R), up to translations. As a second step, we will prove that
this sequence has a subsequence {¢,, } such that ¢,, — ¢, in H 172 (R) (strong convergence).

Due to {¢,,} is bounded in L?(R), then it converges weakly to ¢, in L? (R). Hence we can
apply Theorem 8.6 of Ref. 7: weak convergence implies strong convergence over small sets, adapted
to H'/2(R), i.e., g, — @, in L” for all 2 < p < oo, over compact sets. Due to {g,,} satisfies
alternative 1 at Lemma 18, we know that the last condition hold, then

@n, = @y in L7 (R) forall2 < p < oo. (63)

Now, we will prove that the minimum value of &, is reached at ¢,, i.e., &, (¢,) = E, (N). For
this is enough to prove that H(pnk Hj — oy IIi . Using (63) we have that

1/2 1/2
|”(pnk ”i - ||§0v||i| = <./]R (goyzl,‘ + §05)2 (‘pnk + %)zdx) (/R |(pnk - §0u|2dx>

=< C ”‘pnk — Qv ”2 .
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Hence, by using (63) with p = 2 we obtain that
w13 = llgull3. (64)

From Lemma A.4 of Ref. 5, we know the functional L,, is weakly lower semi-continuous and, due
to, ¢, — @, in H'/? (R) we have that

lim inf(Ly@n,) > Ln(ey),
k— o0
then

Eu (N) = kll>nolo gu(%k) > gu((pv) > EU(N) (65)

and in consequence we have the equality &, (¢,) = E, (N), then ¢, € H'/?2(R) is a minimum of
the energy under restriction N (¢,) = N.

At last, in order to prove the strong convergence ¢,, — ¢, in H'/>(R), we take note, again,
of Lemma A.4 of Ref. 5, where was proved that is enough to see that limy_, o L@, = L (¢y) in
order to prove that ¢,, — ¢, in H'/?(R). From (64) and the equality (65), we can assert this fact
holds. Then

@n, — @y strongly in H'? R).

Part 2: No minimizer exists for N > N, (v).

If N > N, (v), from Lemma 25 2(b), we know that E, (N) = —o0, then no minimizer exists.

Now, we deal with the case N = N, (v). First, we prove the that E, (N) = —%mN. From
Lemma 25 2(a) we know that E, (N) > —%mN , then in order to prove the equality is enough to
prove the opposite inequality. We take an optimizer Q, € H'/?(R), as it was given in (38), and we
consider the rescaling Q" (x) = A!/2Q, (Ax) , therefore | O ||§ = Q113 = N. (v), then

1 n 1 1
EN) =& () =5 [ (VRE T =0 1e1) 10, @) de = SmNe ) = —3mNe ().

Finally, we prove that there does not exist a minimizer for problem (6) with N = N, (v). We
argue by contradiction as follows. Suppose that @, € H'/? (R) is a minimizer for (6), thus, from the

previous result and the inequality \/m? — 32 > ,/—92, we have that

1 5 1 - 1.
—5mNe (V) = & (@) = 5 (Gu, Ln@) — 5 @l

| N 1 |
> 5 (v Lo@o) = 5mNe () = 2 [19ully

then

I@ulls > 2 (Go, Loy) -

But this is a contradiction because, using Definition 24 and Proposition 23,

N (v) (@v: Lo@y) 180113
— =1y < —_—
2 @y
then
IBull3 < 2 (@v, Lodo) -
Hence, conclusion follows. ]

V. REGULARITY AND WEAKLY ORBITAL STABILITY

At the last part, we conclude with two very important properties of the boosted ground states
solutions (3). The first property is the regularity of the ground states.
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Proposition 33: If ¢ € H'? (R) is a solution of (4), then ¢ € H* (R) for all s > 1/2.

Proof: We use a bootstrapping argument. We know that H'/? (R) — L? (R) for all 2 < p
< 00, in particular ¢ € L°(R) and therefore |(p|2 @ € L?>(R). Thus, a solution ¢ of (4) satisfies

(,/—Bf +m?+ ivax) @ € L>(R), and this implies ¢ € H' (R). By repeating this argument we
have that ¢ € H? (R), and so on. |

At the second term, we prove that solutions of Eq. (1) are weakly orbital stable, i.e., if the initial
data ¥ (x) € H* (R), with s > 1/2, is near to a ground state profile ¢,, in the sense of H'”> norm,
thus the flux of Eq. (1) remains near to the set of ground states profiles, also in the sense of H'?
norm. More precisely, let S, y be the set of minimizers of £, with V' (¢,) = N, i.e.,

Son={on e H?R) / & (9) = E,(N), N (9,) = N}.

Notice that, from Proposition 33, ¢, € S, x implies that ¢, € H* (R) for all s > 1/2. Also, from
Theorem 32, set S, y is non-empty, for N < N, (v).
We define the following concept of stability.

Definition 34: The flux of Eq. (1) is weakly orbitally stable with regard to the set S, y if for
Yo (x) € H* (R), with s > 1/2, and every € > 0, there exists § > 0 such that

inf o — @ullgz <8 =sup inf |[Y (t) — @yl <e,
PuESy,N >0 PvESuN

where () = Y (t, x) is the solution, at time t, of Eq. (1) with initial data V.

Theorem 35: Given m > 0, |v| < 1, 0 < N < N, (v) and initial data V¢ € H’, with s > 1/2,
then the flux of Eq. (1) is weakly orbitally stable with regard to the set S, y.

Proof: We can work in the lines of Theorem 2 of Ref. 5. First, if 0 < N < N, (v) < N., we can
choose 6 > 0 small enough such thatif v/ (x) € H* (R) andinfy, c5, , 10 — @ull g1z < & guarantees
that N (¥9) < N,, then by the global well-posedness result for Eq. (1) given in Theorem 12, we
have that its corresponding solution has global existence, thus taking sup,.., is well defined.

Now, we assume that the weak orbital stability does not hold, then there exists ¢ > 0 and a
sequence of initial data {v, (0)},, C H* (R) such that

inf ||¥, (0) —@yllys — 0 and inf ||V, () — @ullys > & foralln >0, (66)
PuESyN n—00 PuESYN
where #, > 0 is a suitable sequence of times. Notice that from (66) and for the imbedding of H* (R)
in L2 (R), we have that N (1, (0)) — N as n — oo. Then, we can assume that A" (v, (0)) < N,
for all n > 0, which guarantees that the corresponding solution v,,(¢), exists globally in time.
From Proposition 7, N () and £ () are conserved by the flux of (1), and it is easy to check
that the charge current (id,Y, 1) is also conserved, then we conclude that the energy &, (¥) is

conserved.
We call ¢, (x) := v, (x, t,) € H* (R). By the conservation law of A/ (¥) and &, (), we have
that N (¢,) =N (¥, (0)) - N asn— o0, and &, (¢,) = &, (¥, (0)) . Hence

lim & (¢,) = E,(N) and lim N (¢,) = N.

Then sequence {¢,} is a minimizer sequence for energy &,, even it has not the required charge N.
We can define a rescaled sequence

q’;n = an¢n with ay = N/N(d)n)’

we obtain that N ((ﬁ,,) = N. Now, we want to prove that ¢, is also a minimizer sequence of (2).
From Lemma 25, we know {¢, } is bounded in H'/? (R) , then we have the following estimation:

||¢n—<5n||H|/z§C|1—an|—>0, asn — 00. (67)
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By continuity of &, : H'/2(R) — R, we have that
lim &, () = Ey (N),
n—0o0

then {(f)n} is a minimizer sequence of (2), under the constraint A/ (1) = N. By Theorem 32, there
exists a subsequence {&nk} strongly convergence in H'/?(R), up to translations, to a minimizer
¢ € S, y. From (67), we can replace ¢, by ¢,. But, this fact contradicts the second part of (66).
Then, weak orbital stability holds. |
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