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We obtain a fast convergent series expansion for the Fermi-Dirac function Fer (a) for 
- lO<;;a<;; - 1. We give values of Feria) for £7 = n +! (n = 0,1,·.·,6) with a in the same range. 

P ACS numbers: 02.30.Mv 

I. INTRODUCTION 

The Fermi-Dirac functions F(7 (a), where £7 is a positive 
real parameter, is defined for all real numbers a by 

1 "" x
a

-

1 

Fa(a) = T(£7) Jo eX+u + 1 dx. 

A. Evaluation of I, 

First we expand the integrand denominator of 

f .- p. (y + 1 a I)"" - I 
II = dy 

.- I'" e" + 1 
in a series of powers of eY 

_1_ = L ( - lre"Y. 
e" + 1 npO 

(1 ) 

When £7 is an integer, this integral may be easily evaluat
ed by a power series; a complete discussion of this case is due 
to Rhodes. I For arbitrary a, there are several expansions 
depending on the range of values of a. 2--4 The calculation of 
F,,(a) for a < 0 is needed in many questions of quantum sta
tistical mechanics; for example, to solve the equations of 
state corresponding to extreme conditions (high pressure 
and nonzero temperature). Analytical expansions are avail
able in all ranges, except when - lO<;;a<;; - 1. Previous 
evaluations of Fa(a) for this range were made by numerical 
integration4

.
5 or by polynomial approximation.6 In this pa

per we obtain a fast convergent series expansion of Fa(a) for 
- lO<;;a<;; - 1. 

This series converges uniformly for leYl < 1, that is, for y < O. 
Now, by expanding e"Y at a convenient point Yo. we obtain 

II. SERIES EXPANSION FOR - 10<;;a<;; - 1 

For simplicity, let us define 

Sa
'" xa - I 

1= Iu(a) = T(a)Fa(a) = dx. 
o ex+a+l 

Substituting y = x + a in this integral gives 

f' (y+lalr-I 
1= _ a, e" + 1 dy. 

Now I will be calculated as 

I = 11 + 12 + 13 

by dividing the integration interval by the points - p andp, 
where 0 <p < la I. Another restriction on the values of p and 
convenient numerical suggestions will appear later. 

'''Fellow ofCONICET (Consejo Nacional de Investigaciones Cientificas y 
Tecnicas, Argentina). 

e"Y = e"Yo L nk(y - YOlk 
k;;.O k! 

By replacing successively in (1), taking into account the 
uniform convergence of the series to exchange the order of 
integrals and summations, it follows that 

nk 

II = L ( - Ij"eny
" L ., 

n40 k.;-ok. 

xf -I:: ly + lal)"- lly - YOlk dy. 

The integrals involved in this expression may be evaluated 
using the formula 

f (a + bx)" 
(a + bx)" - IX" dx = -'-..-:.-----'

b k + I 

( - 1 YCk)(a + bX)k - Jal 
XL . . 

O'J,k k -j + a 

where 

Ak= L (-lYCk)(lal-~)k-J(Yo+\a\y. 
Ojd k - j + £7 
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B. Evaluation of 12 

We notice that 

12 = lala-I JP (y/\a\ + 1)"-1 dy. 
-p eY+l 

Since 0 <p < ja j, the series 

C~I + lY-1 = ~J£T~ 1)(\:\)" 
converges uniformly. The same statement holds? for the 
series 

I 1 I (1 - 4k )Bky2k - I 

e>' + 1 = 2" + 2" ~ k(2k - I)! 

l OO (y + jaj)"-I 
13 = dy. 

P e>'+l 
Since the expansion of the integrand denominator in a 

series of powers of e - Y 

1 _ ~ I lIn - ny -----4.-\- e , 
e>'+l n>1 

is uniformly convergent for y > 0, by exchanging the integral 
and the summation, with the substitution z = n(y + jalJ we 
obtain 

when p < 1T, B k being the nonzero Bernoulli numbers. There
fore, arguments used in Sec. lA) apply here, yielding 

Thus,13 can be expressed in terms of incomplete Gamma 
functions as 

12=\a\a-1 L Cn ( 1 
n>1 £T - 2n + 1 

1 ~ Dk ) + -4.- ' jal k>l 2k + 2n - 1 

where 

C1 = (<7- l)p, 

= C (£T - 2n)(<7 - 2n - 1) ( p )2 
Cn + 1 n (2n + 1)2n ~ , 

DI = - 3BtPl, 

and 

C. Evaluation of 13 

Recall that 

( _ l)n + lenlal 

13 = I a r(£T,n(p + lal))· 
n>1 n 

From our numerical investigations we conclude that, in 
order to achieve a fast convergence, the values ofp andyo 
may be chosen as follows: 

P = lal/2, ifl~lal < 5; 

P = 2.5, if 5~lal~1O 

Yo = - (Ial + p)l2. 

As an application, values of FO"(a) for - 10~a~ - 1 
and (J' = n + 1 (n = 0,1, ... ,6) were computed with a maxi
mum relative error of 10- 5

• In particular, we have checked 
the accuracy of all previously tabulated values.4

•
6 In the 

course of the computation we have made use of 
Abramowitz's tables7 for Bernoulli numbers. The corre
sponding computing program is to be published elsewhere.s 

TABLE I. Values of F,,(a) for - lO<:;;a< - 1 and a = n + \ with n = 0,1,.",6. 

ALPHA 

-1.0 

-1.1 

-1 • .! 

-1.3 

-1.4 

-l.~ 

-1 .7 

-1.:1 

-1.9 

-2.J 

-2.1 

-2.2 

-2. ; 

-2.4 

-2.j 

-2.6 

-2.7 

453 

F1I2 

I.J27050 00 

I.07166D 00 

1.116230 00 

1.1606iJ 00 

1.2J511C 00 

1.2493.-C 00 

1.2931"C OJ 

1.3:l66;jC 00 

1.37964C 00 

1.42222lJ 00 

1.46'<29C DO 

1.50584C 00 

1.546830 00 

1.'j872JC 00 

1.6210dC 00 

1.66631;; 00 

1.7049<40 00 

1.7429bG 00 

F31Z 

1.5/56~D 00 

1.6>:058D OC 

1 .7<:99 7U 00 

1.<;~3840 OV 

2.C2UD 00 

2.1~4811) CC 

2.21l99C 00 

2.4UJ48u 00 

2.5~'l2~lJ Oc 

2.67939" ~}O 

2.8dno 00 

Z .91223C OJ 

3.12481J 00 

3.ZUS8u DC 

3 .4~230D 00 

3.6069€G OC 

3.7155~l CC 

3.9,195" CC 

f 512 

2.002250 00 

2.165020 CO 

2.3385/0 CO 

2.523/1(; 00 

2.719430 00 

2.9271'>1) 00 

3.148S·jiJ 00 

3.3622% 00 

3. 6294:~ 00 

3.8903-:0 00 

4.16S41IJ 00 

4.455170 CO 

4.76COCu 00 

5.0602gD uC 

5.416450 00 

5. 7688€C, CO 

6.13791) uO 

6.524110 00 
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F7/2 

2.294840 00 

2.503120 00 

2.728200 00 

2.9711 'JD 00 

3.233230 00 

3.51541D JO 

3.d191BD 00 

4.145630 00 

4.496100 00 

4.87195D OU 

5.274020 00 

5.10552 D DO 

6.166170 00 

6.6580"l; 00 

7.182750 00 

7.741dtlJ 00 

S.33101D 00 

8.97003D 00 

(continued) 

F9/2 

l.478b7[) 00 

2.718420 00 

2.979800 00 

3.26461(. 00 

3.574720 00 

3.'l11geC 00 

4.27855D 00 

4.<)1b590 00 

5.U8450 00 

5."nb4C 00 

b.tl~3740 00 

b.6.l2S'l 00 

7.225860 00 

7.~~bBJlJ 00 

!!.558550 00 

9.J044!!lJ 00 

I.JD810;)1 

1.09732U 01 

Hl/2 

2.587160 00 

2.846840 00 

).131580 00 

3.443bOO 00 

3.1B536D 00 

4,)59460 00 

4.56B72D 00 

5.01620D 00 

5.505160 00 

6.03913D 00 

6.621810 00 

7.25126u 00 

7.94979lJ 00 

8.704000 00 

9.52483U 00 

1.041750 01 

1.i3~1711 01 

1.244120 01 

F1312 

2.64B3GO DC 

2.919!!OO DC 

3.2184'10 00 

3.'>47<:10 CO 

3.9Ct!200 00 

4. )0'11 W 00 

4.141210 )0 

5.220lg0 cO 

5.745900 00 

6. 32<!7 JD 00 

0.9553,D DC 

7.04t;HiD 00 

8.40~6dD GO 

9.24JH4D (JO 

/.015110 01 

1.114dLO :;1 

1.2231<0 Cl 

1. 34~B:;D Cl 
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-2.H 

-2.9 

-3.0 

-3.1 

-3.2 

-3.3 

-3.4 

-3.5 

-3.6 

-3.1 

-3.8 

-3.9 

-4.J 

-4.1 

-4.2 

-4.3 

-4.4 

-4.5 

-4.6 

--4.7 

-4.~ 

-4.9 

-5.0 

-5.1 

-5.2 

-5 oJ 

-5.4 

-5.5 

-5.6 

-5.7 

-5.8 

-5.9 

-6.0 

-& .1 

-6.2 

-6.3 

-6.4 

-6.5 

-6.6 

-6.7 

-6.iI 

-6.9 

-1.0 
-701 

-1.2 

-7.3 

-7.4 

-7.5 

-1.6 

-1.1 

-7.8 

-7.9 

-8.0 

-801 

-8.2 

-8.3 

-8.4 

-B.5 

-6.6 

-B.7 

-8.8 

-8.9 

-9.0 

454 

1.780411- 00 

1.81724~ 00 

1.8534)D 00 

1.889biJ 00 

1.'l2424C 00 

1.958TlC 00 

1.9)275[; 00 

2.0261% 00 

2.1)59120 00 

2.0915J(' 00 

2012340J 00 

2.15489~ 00 

2.18587u DO 
2.216390 00 

2.24648D DO 

2.276l1tLJ 00 

2.3053% 00 

2.3342,0 00 

2.;62710 00 

2.3906llJ 00 

2.41855(, 00 

2.44594~ 00 

2.4729')0 00 

2.4991l~ 00 

2.526120 00 

2.552220 00 

2.5780JlJ 00 

2.60355C 00 

2.628790 00 

2.65376" 00 

2.678480 00 

2.70294C 00 

2.727150 00 

2.7~1l20 00 

2.174870 00 

2.798390 0':' 

2.821690 00 

2.fl4417C 00 

2.867660 00 

2.890340 00 

2.9128LlJ 00 

2.935120 00 

2.957230 00 
2.979160 00 

3.000920 00 

3.02250C 00 

3.043920 00 

3.065170 00 

3.086270 00 

3.10720e 00 

3.127990 00 

3.148630 00 

3.169120 00 

3.189480 00 

3.209690 00 

3.229770 00 

3.249110 00 

3.269530 00 

3.28922U 00 

3.308780 00 

3.328220 00 

3.347540 00 

3.366150 00 

4. il412U OJ 

4.30401~ 00 

4.487550 OC 

4.67469') 00 

4.865360 00 

5.0'.,952(; 00 

5.2')710[, 00 

5.4~8050 CC 

5.662320 OJ 

5.869860 OC 

6 .ellGo 10 00 

6.29453U DC 

6.51151ll CO 

6.7316% 00 

6.954840 00 

7. HC91l. CC 

7.410050 00 

7.64204U 00 

7.S/689C CC 

8.11457U CO 

8.35504U 00 

8.598270 DC 

8.844220 DC 

9.0<'2850 00 

9.34415[, 00 

9.59807U 00 

9.8;4580 00 

1.011310 01 

1.037530 01 

1.(63<)40 01 

1.090600 01 

1.1L75llJ 01 

1.14466D 01 

1.172050 01 

1.1,/<)68U 01 

1.2t7550 01 

1.2;,5650 01 

1.2b3980 01 

1.312540 01 

1. 341330 01 

1.3 i 0 3 50 01 

1.3<)9590 01 

1.429050 01 
1.4;8730 01 

1.41;8630 01 

1.518750 01 

1.549080 01 

1.57'1630 01 

1.610390 01 

1.641350 01 

1.612530 01 

1.1c3910 01 

1.735500 Cl 

1.767300 01 

1.799290 01 

1.831490 01 

1.8&3890 01 

1.896480 01 

1.929280 01 

1.9b2210 01 

1.9'15450 01 

2.028830 01 

2.062400 01 

TABLE 1. (Continued). 

6.921610 00 

7.349C6D 00 

7.18B6W 00 

8.2466YO 00 

e.12367,) CO 

9.21 S8dtJ 00 

9.7356d) 00 

1.02714) 01 

1.082740 01 

1.1404cO 01 

1.20015J 01 

1.26202() 01 

1.32605) 01 

1.392260 Cl 

1.4606'll! 01 

1.531310 01 

1.60430 01 

1.67<;5dll 01 

1.75717) 01 

1.837130 01 

1.9194{J 01 

2.004240 01 

2.0914,) 01 

2.181130 01 

2.27331) 01 

2.3680,» 01 

2.465280 01 

2.56'>120 01 

2.667560 01 

2.77264D 01 

2.880360 01 

2. '1901&D 01 

3.103870 01 

3.219700 01 

3. 33829~ 01 

3.459650 01 

J.58381D 01 

3.710HO 01 

3.84061D 01 

3.9733eo 01 

4.108880 01 

4.24738) 01 

4.38881D 01 
4.5332(J 01 

4.6805bU 01 

4.830930 01 

4.984320 01 

5.140760 01 

5.30025lJ 01 

5.462840 01 

5.628530 01 

5.797350 01 

5.9693LO 01 

6.144460 01 

6.322790 01 

6.50432) 01 

6.6890<)0 01 

6.87111J 01 

7.06839D 01 

7.262970 01 

7.460850 01 

1.662070 01 

7.866630 01 

9.64248) Qu 
1.03562D 01 

1.111290 01 

1.191450 01 

1.276290 01 

1.365990 01 

1.460750 01 

1.560710 01 

1.666250 01 

1.777390 01 

1. ;;94390 01 

2.017490 01 

2.146610 01 

2.282770 01 

2.42540D 01 

2.574980 01 

2.731 750 01 

2.895920 01 

3.067740 01 

3.241440 01 

3.435250 01 

3.631410 01 

3.836180 01 

4.04'178D 01 

4.272480 01 

4.~04530 01 

4.746170 01 

4.997670 01 

5.259290 01 

5.531210 01 

5.813900 01 

6.107440 01 

6.41214D 01 

6.728300 01 

7.056180 01 

7.396050 01 

1.148200 01 

8.112910 01 

8.490450 01 

8.881120 01 

9.285210 01 

9.703000 01 

1.013480 02 
1.058090 02 

1.104150 02 

1.151710 02 

1.200780 02 

1. 251400 02 

1.3031>10 02 

1.357420 02 

1.412870 02 

1.470000 02 

1.528830 02 

1.589400 02 

1.651730 02 

1.715860 02 

1.781830 02 

1.649660 02 

1.91938D 02 

1.991040 02 

2.064650 02 

2.140260 02 

2.211900 02 

(continued) 
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1.190340 01 

1.2903:10 01 

1.397610 01 

1.,1271lJ 01 

1.63606lJ 01 

1.7&813001 

1.9J942D 01 

2.060460 01 

2.221760 01 

2.39';890 01 

2.51743D 01 

2.712970 01 

2.'13 114[) 01 

3.20257[, 01 

3.43792LJ 01 

3.1>87880 01 

3.95315tJ 01 

4.214470 01 

4.S32590 01 

4.8482BD 01 

5.18235(; 01 

5.53561001 

5.9J892~ 01 

6.3iH14D 01 

6.719181) 01 

7.1:'795001 

7.6204HJ 01 

8.101510 01 

8.b202~ll 01 

9.159120 01 

9.726880 01 

1.032290 02 

1.,,94870 02 

1.1~0570 02 

1.229480 02 

1.301HU 02 

1.317440 02 

1.456740 02 

1.539740 02 

1.626590 02 

1.7174lU 02 

1.812340 02 

1.911520 02 
2.0150BO 02 

2.123180 02 

2.235960 02 

2.353570 02 

2.476170 02 

2.603910 02 

2.736950 02 

2.875450 02 

3.019580 02 

3.169500 02 

3.325400 02 

3.487440 02 

3.655810 02 

3.830670 02 

4.012230 02 

4.200670 02 

4.396110 02 

4.598940 02 

4.809170 OZ 

5.0210&D 02 

1.3584S[) 01 

1.482420 01 

1.616750 01 

1.762200 01 

1.919570 01 

2.089700 01 

2.27350lJ 01 

2.471910 01 

2.685<)30 01 

2.916620 01 

3.165090 01 

3.432510 01 

3.720110 01 

4.029180 01 

4.36109iJ 01 

4.717250 01 

5.u9917U 01 

5.,08420 01 

5.946630 01 

6.415520 01 

6.916900 01 

7.452630 01 

8.024690 01 

8.635120 01 

9.286050 01 

9.979710 01 

1.071840 02 

1.150460 02 

1.234080 02 

1.322960 02 

1.417370 02 

1.517590 02 

1.623920 02 

1.736670 02 

1.856140 02 

1.982610 02 

2.11660D 02 

2.258280 02 

2.40BOBO 02 

2.56636D 02 

2.133530 02 

2.909980 02 

3.0%130 02 
3.292430 02 

3.49930D 02 

3.717220 02 

3.946660 02 

4.18810002 

4.442060 02 

4.709060 02 

4.989630 02 

, .284340 02 

5.593140 02 

5.918440 02 

6.259030 02 

6.616130 02 

6.990400 02 

7.382490 02 

7.793080 02 

8.222860 D2 

8.672560 02 

9.142900 02 

9.634650 02 

1.47L'l,0 01 

1.614U,,0 01 

1.169730 Cl 

1.'13tl'>00 01 

2.1225/0 01 

2.122920 D1 

2.54u970 01 

2. I7IH 10 01 

3.035~ 10 01 

3.31'>8';0 01 

3.(,19790 01 

3.949';<0 01 

4.3C6960 01 

4.b94240 01 

5.1135(0 Cl 

5.567210 01 

6.057870 01 

6.588:J 10 01 

7.160520 01 

1.178370 01 

8.444710 01 

9.162S90 01 

9.936440 01 

1.07,,910 02 

1.1604,,0 02 

1.262710 02 

1.366230 02 

1.471'CO 02 

1.5964HO 02 

1. 7242GO 02 

1.8612~0 02 

2.0C79tO 02 

2ol649t-D 02 

2.3329tO CZ 

2.512540 02 

2.704420 02 

2.909320 02 

3.12tlO:,0 02 

3.361250 02 

3.6099'.'0 02 

3.b74B,0 02 

4.156910 02 

4.457140 02 
4.7764eO 02 

5.115970 02 

5.476710 02 

5.B598LO 02 

6.266440 02 

6.697840 02 

7.1552tlO 02 

7.640lCO 02 

8.153bHO 02 

8.6'17460 02 

9.272'140 02 

9.8816UO 02 

1.052530 03 

1.1205;0 03 

1.1924(0 03 

1.268260 03 

1.348320 03 

1.432780 03 

1.521840 03 

1.615110 03 
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Cont. from Table I. 
-9.1 3.385830 00 2.096170 01 

-9.2 3.404810 00 2.130120 01 

-9.3 3.423610 00 2.16lt260 01 

-9.4 3.442430 00 2.198590 01 

-9.5 3.461080 00 2.233110 01 

-9.6 3.419620 00 2.267810 01 

-9.1 3.498060 00 2.3J2700 01 

-9.8 3.5161000 00 2.337770 01 

-9.9 3.53106100 00 2.373030 01 

-10.0 3.552780 00 2.40810 10 01 

'P. Rhodes, Proc. Roy. Soc. A 204,396 (1950). 
2A. Sommerfeld, Z. Phys. 47,1 (1928). 

8.074551) 01 

8.28587D 01 

8.500580 01 

8.118730 01 

8.9lt0310 01 

9.16535D 01 

9.393880 01 

9.625900 01 

9.861440 01 

1.010050 02 

2.297610 02 5.252820 02 1.014860 03 1.714610 03 

2.379410 02 5.481>650 02 1.068550 03 1.818160 03 

2.463340 02 5.728710 02 1.124620 03 1.928400 03 

2.549430 02 5.919390 02 1.183150 03 2.043170 03 
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