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In this article we evaluate the Fourier transforms of retarded Lorentz-invariant
functions (and distributions) as limits of Laplace transforms. Our method works
generally for any retarded Lorentz-invariant functions ¢(¢) (€ R") which is,
besides, a continuous function of slow growth. We give, among others, the Fourier
transform of G,(¢, a, m?%, n) and G, a, m?, n), which, in the particular case @ = 1,
are the characteristic functions of the volume bounded by the forward and the
backward sheets of the hyperboloid u=m’ and by putting @ =—k are the
derivatives of k-order of the retarded and the advanced-delta on the hyperboloid
u=m’ We also obtain the Fourier transform of the function W(z, a.m?, n)
introduced by M. Riesz (Comm. Sem. Mat. Univ. Lund 4 (1939)). We finish by
evaluating the Fourier transforms of the distributional functions Gg(t. a, m. n).
G [{t.a.m?, n) and W(t. a. m’, n) in their singular points.

I. INTRODUCTION

We shall evaluate the Fourier transforms of retarded Lorentz-invariant
functions (and distributions) as limits of Laplace transforms. Schwartz [1,
especially p. 264] has evaluated the Fourier transforms of the Marcel Riesz
functions R_(x. n), by evaluating their Laplace transforms (first step), and
then passing to the limit (in S’) for y— 0, where v€ V_= {y € R"/y, <0,
yi—p—...—y> | >0} (second step). The method was later employed by
Lavoine [2], and Vladimirov [3, 299-302]. Gelfand and Shilov [11] and
Methée [14] also have evaluated the Fourier transforms of Lorentz-invariant
functions but they have employed different methods.

Our method works generally for any retarded Lorentz-invariant function
#(z) (+ € R™) which is, besides, a continuous function of slow growth.

We shall evaluate the Fourier transforms of the distributional functions
Ga(t,m*, a,n) and G,(t, m*, a,n) (formulas (I,2; 1) and (V, 2; 1), respec-
tively). In the particular case a =1, Gg(f, m% a, n) is the characteristic
function of the volume bounded by the forward sheet of the hyperboloid
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u=m?. (G, is the characteristic function of the volume bounded by the
backward sheet of the hyperboloid u=m’) Another particular case is
obtained by putting a = —k, G,(t, m%, a, n) is the derivative of k-order of the
retarded-delta on the hyperboloid u = m’.

We prove that in the particular case n =4, ¢ =0, our formulas coincide
with the formulas due to Constantinescu [17, p. 121, formula I1.55].

We shall also evaluate the Fourier transform of the function G, (and G,)
in the singular points.

Finally, we shall obtain the Fourier transform of the function
W(t, m’, a, n) (formula (VI 1; 1)) introduced by Riesz |4, p. 17] (cf. also |5,
p.89: 1, p. 179; and 6, p. 72}).

In this article we also generalize results due to Gorgé (cf. |16, 32-40]),
which obtains several distributional Fourier transforms in the case n = 4.

I.1. Definitions

Let t=(ty.t,s1,_,) be a point of P We shall write 1)
£?—...—2_=u. By I', we designate the interior of the forward cone:
I, ={tEP"|t,>0,u>0}; and by I', we designate its closure. Similarly,
I'_ designates the domain I'_ = {t € <" |1, < 0, u > 0}, and I"_ designates its
closure. We put z =(zy, 2, ... 2,,_ ) ET", where z, =x_+iy,.v=0, 1, 2....,
n—1, {t,zy=tyzg+ t,2,+t, 1Z,_,; and dt=dt,dt, ---dr,_,. The tube
T_ is defined by T_={z€C"/y€V_}, where V_={yeR"|y, <0,
Yo—¥i— - —pi_, >0} The tube T_is definedby T_={zEC"/yEV_|,
where V_={y€P"|y,<0, 5 —yi— - —»: | >0}

Similarly, we put T, ={ze{"/yeV |, where V, ={py&hi/p, >0,
Vo—yi— - —yi_i >0}

Let F(A) be a function of the scalar variable A, and let ¢(¢) be a function
endowed with the following properties:

(@) ()= F(u),
(b) suppg()ET,,
(c) e eEL, ifyeV_.
We call R the family of functions ¢(¢) which satisfies conditions (a), (b)
and (c). Similarly we call A the family of functions which satisfies conditions
(@) ¢(0)=F),
(b') suppo(t)El_,
(c) e’y eL,ifyeV,.

The Fourier transform of ¢(t) is

6] = e~ p()adt (1, 1:1)

Pn
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and the Laplace transform of ¢(¢) is
f(z) :L{é} — ‘ e_i([':)¢([) d[ (Iq 1; 2)
- fen

The Laplace transform of a function ¢(¢) € R, z € T_ can be evaluated by
means of the following formula (cf. [7, formula (I, 2; 1). p. 53]).

f(z)=Lig} = m” (L 1: 3)

- 2 2 2 2(n—2)/4
{zl+22+ +zn~l_20} "

L0 -
X | FQ)A 4K Azt + 254 o+ 22— 2V dA
-0

Here K, (z) designates the modified Bessel function of the third kind [8,
vol. I, p. 371].

1.2. The Laplace Transform of G(t, a. m*. n)

Let m be a nonnegative number and let a be a complex parameter.
We define the n-dimensional function

, (Ll _ ml)a—l
Gplt.a.m .n)zwf—
_ 2ya —1
_E_F_T)l_, if u—m?>0andr>0,
a
=0, if ¢ belongs to the complementary set.

The Laplace transform of G.(t, a,m* n) is (cf. [7, formula (I, 4; 5),
p- 59])

L{Gg(t. a, m*, n)} =22 (2T~ ot n-22p—a+2-m/2
X Koy inaa(mp). (1,2;2)
where we have put

pr=zi+zi4 2z —2zd. (I, 2; 3)
Formula (I, 2; 2), which we have proved on the assumption that Re a > I,
is valid, by analytical continuation, for every complex a and Im z; =y, < 0.
We shall evaluate the Fourier transform of G.(t, a, m?, n) by passing to
the limit (in S’) for y — 0, where y € V_, on its Laplace transform.



76 SUSANA ELENA TRIONE

That is to say, we shall consider the limit in formula (I, 2: 2) as

lim pP= lim {(ct+ 432 )= (5 +iep)'h 6> 0.
yo €
(yev ) (yp<0)

(I, 2;4)
Formula (I, 2; 4) coincides with the notation used by Schwartz [1, p. 264].
1.3. The Fourier Transform of Gg(t, a, m*, n)
We begin by subdividing the space " into four regions:

(i) the exterior of the light cone:
C,={xERYx;—xi— .- —x2 <0} (I, 3: 1)
(i1} the interior of the forward cone:
Cr={xER"xg—xi— - —xi_;>0,x,>0} (I, 3:2)
(iii) the interior of the backward cone:
Co={xERYxt—xi— - —x2_,>0,x,<0}: (I, 3:3)
(iv) the set of points
C={x ER/|xy| = (x} + -+ +x5_ )"} (1, 3;4)

To evaluate the Fourier transform of Gg(t, a, m’, n) we shall apply the
Schwarz method on each of the four regions (i)—(iv) and then we obtain the
final result, by the lineality of the Fourier transformation, by adding their
respective Fourier transforms.

We begin by evaluating the Fourier transform of G(t, a, m*, n) in C,.

We remark that outside the light cone there are no restrictions on y,.

Starting from formula (I, 2; 2) and passing to the limit for z,— x,, for all
v=0, 1,..., n — 1, we immediately obtain

[Gcl(t9 a, mz’ n)]A — za(zn)(n—l)/z ma+(n~2)/2

2 2 23172
Ky inonpdmxi+ o +x, = xg) "}

X
[EERE R I

, (I,3:5)

where x¢ —xI— .- —x2_, <0.

We shall evaluate now the Fourier transform of G,(f, a, m* n) in the
second region, it is in the interior of the forward cone.

We have, by putting in the formula (I, 2; 2),

pl= lirl(')l{x2 + -+ xi—l — (X + isyo)z}’
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with ¢ > 0 and y, <0,

[GC[(I, a, mz’ n)] — 2a(2n)(n—2)/2 ma+(n—2)/2 (L 3; 6)

Korinanime ™ (g —xi— - —x, )"

i(ﬂ/Z)(a+(n—2V2){(xg ,2,,1)14,2}“-”"_2)/2 4

X

e —X]— e —Xx
where x3 —x2— .- —x2_ >0, x4 > 0.

Now let the third region be the interior of the backward cone. Therefore, it
follows that

[GC,,(I* a, mz. n)].\ — 2a(2n)(n-2i/2 mn+1n—2)/2 (L 3; 7)
—iM2)(,.2 2 2 2
% Kosinoppime™ V(g —xi— - —x, 1))
e—t(n/Z)(aanZ)/Z){(x(Z) _ xf e — xiwl)L"Z}a+(n—2)/2 ’
I 2
where x; — x; — - —x,_, >0, x, < 0.

We shall evaluate the Fourier transform of Gg(t,a, m% n) in the
neighborhood of |x,| = (xI 4 -+ + x2_,)"2%
We begin by remembering the well-known asymptotic formula, valid for
s =0 (cf. formula (AIIL 2; 6) of the Appendix).
K (s)~2""'r(v)s™*. (I.3;8)

We have, taking into account formula (I, 3; 8),

-2 ,
Ko\ nonpa(mp) ~ 20+ 022271 (a + _nz_> (mp)~ =D (1, 3, 9)

By substituting (I, 3; 9) into (I, 25 2), we obtain,

L[Ga{f, a, m? n)] =22n+(n—4)/2(2n)(n~2)/21~ (a + hn _2) p—Z(n+(n—2)/2i’

(1, 3; 10)

for the values of | x,| in the neighborhood of |x,| = (x} + -+ + x;_,)"%
To evaluate the Fourier transform of Gg(t, a, m’, n) in the neighborhood
of [x,] = (x? + --- + x2_ )% we shall consider the limit

l‘:l_rf(} p= 12_1:1(} (] 4 -+ xp_y = (xo + 08)°}
U-<0) (e >0.y0<0)

in formula (I, 3; 10).
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We get

. —2
[Gdt,a,mzn)]“=22“+‘"-4”2(2n)‘"~2>~r(a+ ! ; ) (L 3: 11)

X lim{xf +oe xrzz—l = (xy + i},08)2}>>a+(n»—2;'1-

€0

We remark that in formula (I, 3;11) appears I'{a + (n—2)/2), this
function has simple poles if

n—2_

so=—L 1=0.12.. (L. 3; 12)

a -+

The distribution

X244 X2 = (xy + ivge)t)matin (1. 3; 13)

was studied by Vladimirov |3, formulas (136), p. 298, and (138), p. 299]|.
According to whether 2(a + (2 — 2)/2) is even or odd, the distribution is
of the form

{X% 4o +x§t—l _ (xo + 111‘08)1}—111+(n~2)/2)

232 1
:(_1)a+(nih)wpf 3 3 T a Y]
{xi+ -+ x)_ —xgiettnn?

2

N -2)2 2 .2 2
o(a-ﬁ-(n ), )(xl+"' +'\n—l_x0)

— il I, 314
K 3B X @t (n_2/2-1) (I 3:14)

if 2(a + (n — 2)/2) is even, and
{X%‘{' +xi-l - (xo__io)'.’}—(aﬂn—l)vli (I. 3: 15)

= [0(Q)Q]*1n+(n—2)/2) _ i(_1)a+n/2—3x‘l sgn xo[e(_Q)(__Q)l “la+(n=2)2)

if 2(a + (n— 2)/2) is odd.
Here we have put

(x — 0y &' lim (x - ie)', (L. 3; 16)

Q=xi+ - +x5.., —x;. (L.3;17)
oQ)=1, if Q>0
=0, if Q<O

(I. 3; 18)
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sgnx, =1, if x,>0, (L 3: 19)
=—1, if x,<0. "

Pf = finite part.
We remark that the finite part of {x] + .-« +x2 | —x2}~@+"=2/2 which
appears in formula (I, 3; 14) vanishes in the region |x,| = (x] + -+ + x2_ )%
Finally we have, from (I. 3; 11) and (I, 3: 14) and the previous remark,
that

. . -2
IG(_“([$ a. mz’ n)],\ — 22a+1n—4)x~(2n)(n—-)/21—- (a + n 5 )

(—1) i sgn x,
(a+(n—2)2-1)

' 5(Q)(a+4n—2b/l—l), (L 3; 20)

if 2(a + (n—2)/2) is even.
From (I, 3: 11) and (I, 3; 15) it results

[GF([’ a. mz. n)] = )% +(n-4)/2(2n)(n—2)/2r (a + n -2— 2 ) (L 3: 21)
X {[G(Q)Q]—(aﬂn—z)ﬂ) _ l-(_l)aHn/Z)—(J/Z) sgn xole(—Q)(—Q)] ~(a+in=-2)2 }
if 2(a + (n —2)/2) is odd.

Therefore, by adding the results (I, 3; 5), (I, 3; 6), (I, 3;7), (I, 3;20) or
(L. 3; 21), we obtain

[G(t, a, m*, n)|*

a n— a -2y Ka — {mQUZ}
= 2@ me ()~

+ 2a(2n)(n—2)/2 ma+(n—2)/29(_Q) g(xo)

K, iin-2y {m“v’i(nm(_Q)”2 }

X ei(ﬂ/l)(n +(n—2)/2)[(__Q)1/2 ]a +(n—-2)/2

+ 2a(2H)(n—2)/'2 me +(n‘2)/'20(_Q) 0(—)(0)

K, +(nkz)/z{me_im/z)(_Q)l/z}

X e—i(ﬂ/l)(a+(n—2)/2)[(_Q)l/2]a+(n—2)/2

N 22+ =20 =22 M@ + (n — 2)/2)(—1)i sgn x,,
(a+ (n—2)2—1)!
X 6(Q)(a+(n—2)/2—l)’ (L 3; 22)

409:84/1-6
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if 2+ (n—2)/2) iseven and Q=x>+ --- + x2_, —x2, and
[Gr(t, a, m?, n)]*

2
a+(n—2)/2{le/ }
(Ql/2)a+(n—2)/2

— za(zn)(n—Z)/Z ma+(n~2)/20(Q) K

+ 2a(2n)(n—2)/2 ma+(n—2)/29(_Q) 0()(0)

- ,
Ka+(n—2)/2{me’m/ )(_Q)m}

X ei(ﬂ/l)(a+(n—2)/2)[(_Q)1/2]a+(n—2)/2

+ 2{1(21])(!1—2)/2 mn+(n—2)/20(_Q) 0(—)(0)

K, +(n—2)/2{me_i(m2)(_Q)m}

X —l'(n/Z)(a+(n-2)/2)[(_Q)l/2]a+(n—2)/2

e

4 22a+ (=920 ry(n=22p (a + n ; 2 )

X {[6(Q) Q] @+ =) _ j(_[)ya+wd -2
X sgn x,[6(—Q)(—Q)] @+, {1, 3;23)
if 2@+ (n—2)/2)isodd and Q= x? + «-- + x2_, — x3.

L4. Equivalent Expressions of the Fourier Transform of G.(t, a. m?, n)

We shall give in this section an equivalent expression of formulas
(1, 3; 22) and (1, 3; 23).
We begin by remembering that

sgn xoa(Q)(aHn—M/Z) — JCh(Q)(a+(n~4)/2) _ 5Cf(Q)1a+(n—4)/2). (L 4; 1)

We also know that (cf. [9, p. 5, Vol. II, formulas (14)]) that

K, (2) = $ille! VP TH (D (2¢! 1), (I 4;2)
and
K,,(Z) — ___;_iHe—i(l/ZhyﬂHtZ)(Ze—i(n/Z))’ (L 4; 3)
where
H(z)=J,(2z) +iY (2), (I, 4; 4)
HP(z) =J,(2) — iY (2), (1,4:5)
where
eel —1 m 2 2m+v
J@)= (=1D"(z/2) (1.4 6)

— mIm+v+1)’

m=20
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Y (z) = (sinvil) [ (z) cos vl — J _ (z)]. L47)
From (I, 4;2) and (I, 4; 3), with v=0a + (n — 2)/2 and z = m(—Q)"% we

have
K, (n—z)/z{e_immm(_Q)V2 }

%I-Hei(vrll)(a+(n—2)/2)H:zl:—("_2)/2[m(_Q)1/2] (1,4; 8)

and

Ka+<n—2)/2{ei(n/2)m(_Q)V2}

_ -%iﬂe‘“"’/z"“+‘"_2)/2)Hf,21‘,,vz,/z[m(‘Q)l/zl- 1,4;9)

By substituting into the second and the third summands of the right-hand
members of (1, 3; 22) and (1, 3; 23) the functions
K, +(n—2)/2{e_i(n/2)m(_Q)V2} and Ka+(n—2)/2{ei(n/2)m(—Q)l/2} by their
equivalent equations (I, 4; 8) and (1. 4; 9), we obtain

[GR(t’ a, m?, n)]A

a+(n—2)/2{m(Q)l/2}

/ +(n-2)2 K
— za(zn)(n—l),zma [{ 2)/~0(Q) (Ql/Z)a+(n—2)/2

+ 2a(2H)(n—2)/2 ma+(n-2)/Ze—l(n/2)(a+1n—2)/2)
. —i(w ~2y2
X (_%) ille (2 a +(n~2)2)

Hfzzl n-2 _.Q)U2
X 8(—Q) (x,) [(_‘Q)K/’ffﬁ(m_m !

— — i - . i _2
+ 2a(2H)(n 2)/2 met 2)/2el(n/2)(n+(n 2)/2y %l”el(n/l)(aﬂn »2)

HY, o2 {im(=Q)")
[(_Q)l/Z]a +(n-2y2

+ 22a +(n—4)/2(2H)(n—2)/2(_iH)
X [5Cb(Q)(a+("‘4)/2) _ 6C!(Q)(a+(n‘4)/2)], (I, 4; 10)

X (—=Q) 8(—x,)

if 2(a + (n—2)/2) is even and Q=x} + --- + x2_, — x2; and

n—1

[Galty @, m*, M)}

o +(n—2)/2{m(Q)m}

_ K
=2°(21)" "V ma (- D29(Q) Q)+ n-D72

+ 9(_Q) e(xo) 2a(2n)(n—2)/2 mn+(n—Z)/2e—i(H/2)(n+(n-2)/2)
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Hffl(,,_z)/z{m(—Q) vy
({_Q}I/Z)a+(n~2)/2
+ 0(__Q) 0(*-)(0) 2a(2n)(n—2)/2 ma+(n—2i/2ei(ﬂ/2)(a +(n—2)2)

X (__ %) iHe—i(ﬂ/Z)(aJr(n—?.)/Z)

(1) 1/2
X%inei(ﬂ/2)(a+(n—2)/2) H, - 2)/2(’"( Q)"")

[( Q)I/Z]a+(n 2)/2

4 2@ +("‘4)/2(2H)("’2”21" (a n n—2 )

2
X {[8(Q)Q] e+t =D _j(—)ernD -
X sgn XO[Q(_Q)(_Q)]_(‘H("_Z’/N}s (L 4;11)

if 2(a+ (n—2)/2)is odd and Q= x} + -+ + x2_, — x3.

II. ParTICULAR CASES OF ForRmuLAS (1, 4; 10) AnD (1, 4; 11)

L1. The Fourier Transform of G,(t,a=0,m*, n=4)
If we put a =0, n=4 in (I, 4; 10) we get
[Ge(t, e =0, m*, n=4)]" = [§¢,(u—m")]*

K, {m(Q)"}
"

+ 6(—Q) ITim [e( ) MC)

=6(Q) 2lIm

HY (m(—Q)""}
—0)”

= O0(—xy) — 75— —o)"

+ 2T6(Q) — 6¢,(Q)- (IL 1 1)

=
H"{m(—0)""} ]

Formula (I, 1; 1) coincides with formula (5.21) in [10, p. 141].
IL.2. The Fourier Transform of Gu(t,a = 1, m*, n)
If we put =1 in (I, 2; 1), we obtain

Gplt,a=1,m* n)=1, if u—m*>0andi, >0,
=0, if ¢ belongs to the complementary set.
(1L, 2; 1)
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Formula (IL, 2; 1) defines the characteristic function of the volume
bounded by the forward sheet of the hyperboloid u = m>.

We shall evaluate its Fourier transform. Putting a=1 in formulas
(I, 4; 10) and (I, 4; 11), we get
[Grt,a = 1, m%, n)|?

w2 Kunl M)}

— B(Q) 2(2”)(n—2)/2 m {Ql/z}nﬂ

n-2/2 . nj2; —i(/2)n H(Z; — )1/2
— 6(=0) B(x,)(2T)""~ " i~ D #j’g)_fw_}
n—2)2 2 iy 2 H“; B )1/2
+ 0(—Q) B—x,)2UT)" 2 T v _____'['/(_{’;()WQIW J
— (2”)(n~2)f’2 2(n—2)/2in[5cf(Q)((n—2)/2) _ 6C,,(Q)((n_2)/2)]1 (H, 2; 2)

if n is even and

(Grt,a=1,m?, n)]A

- 6Q) 22m)+- e Keal@ )
— B(=0) Bxy)2IT)" =7 =i Huzm(—Q) ) f({'g();gz;f}
+ 6(—Q) B(—x)) 2"~ piteivon Hul Q) T} if(ﬁi’g();g)ﬂ‘f}
£ mr (5 e@)el
— i(=1)"""" sgn x,[0(—Q)(—Q)] ~¥*}, (I, 2; 3)

if n is odd.

IL.3. The Fourier Transform of Gy(t, a = —k, m*, n) = 6\ (u — m?)

By putting a = —k in formula (I, 2; 1) and taking into account the formula
{cf. {11])

f(x—m)3h)
2 I'(a) Sa:‘k

where k=0, 1, 2,..., we obtain

=0, (I, 3; 1)

Grlt,a = ~k, m*, n) = 6 (u — m?). (11, 3;2)
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We shall evaluate the Fourier transform of the derivative of k-order of the
delta on the hyperboloid by putting a=—k in formulas (I, 4; 10) and
(I,4; 11).

Therefore, we have, if —2k + » — 2 is an even number,

(GR(t, @ = —k, m*, m)]*
= (6 — m?)*
K , b2
= §(Q) 2 +QIT)" =2 =kt n-22 {—(ké;rlr/;;Z;{:'("S_Qz))/z !
+ 9(_Q) 0()('0) 2—k(2H)(n—2)/2 m—k+(n—2)/2€fin(—k+(n—2),v‘2)
H(—Z;(+(n72)/2{m(_Q)l/2}

[(__Q)l/Z)—kJr(n—Z),fI

+ 0(__Q) 0(_x0) 2 —k(zH)(n—Z)/Z m—k+(n—2)/2ein(—k+ (n—2)/2)

X (—3)ill

o HO (o aim(=Q)"}
X %l” [(,(:(Q)l/zz)/lz—kﬂn—nﬂ
+ 272k+(n\4)/2(211)("—2)/2(_1-”) sgn xoé(Q)(~k+4n~4)/2). (II, 3; 3)

If —2k + n— 2 is odd, we have

{Grlty @ = —k, m*, n)}*
= (50— )"

V2
= 6(Q) 2—k(2H)(n~2)/2 m—k+ (=202 Kf(ké;'l'/;]zzi{:'(ln(—QZ))/l f

_ 0(__Q) B(XO) 2—k—l(2H)(n72)/'2 m—k+(n—2)/2e—in(—k+(n—2)/2)in

H(‘Z;H(n_z)/z{m(_Q)UZ }
[(—Q)?) K+ -2

+ 9(__Q) 0(—)(0) 2—k—l(2”)(n—2b/2 m-k+‘"_2)/26“1("”'("_2)/2)[.”

H(_l;w(n‘z)/z{m(_Q)l/Z}
[(___Q)I/Z] —k+(n-=-2)/2

42 k=2 ryn -2 (—k + n ; 2 )

X

X

X [{0(Q)Q}—(~k+(n—2)/2) 4 MM(—k+(n=2V2)
X sgn xo{g(_Q)(“Q)}_(~k+("‘2’/2)]. (II, 3: 4)
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Remark. Formula (11, 3; 4) requires, for its validity, that

2
ket

£,  1=0,1,. (11, 3; 5)

and this condition always is verified because n is odd.

III. THE FOURIER TRANSFORM OF G4(t,m=0,a,n)=u%""'/I(a)

We shall consider the particular case of formula (I, 2; 1) when m =0, we
get

ua -1
Gplt,m* =0,a,n) = I"Ea)
ua -1 .
=m, if u>0and¢ >0, (L, 15 1)
=0, if ¢ belongs to the complementary set.

The Laplace transform of the function defined by (II, 4; 1) is, taking into
account formula (II, 4; 6) of |7, p. 13],

L[Gg(t,m=0.a,n)|
-2
— (2”)(n—2)/2 2a+(n~4)/2p—2a+2—n1~ (a 4+ h 5 ) , (III, 1,2)

valid if

n—2

a+2

£—l, 1=0,1,... (III, 1; 3)

To evaluate the Fourier transform of G,(t,m =0, a, n) we shall proceed
as before, that is to say, passing to the limit (in S’), on the Laplace
transform, for y » 0, where y € V_.,

We obtain (¢ > 0, y, < 0)

[Gp(t, m=0,a,n)]*

= (20T)"" -2 Qra+n-sy2p (a + n ; 2 )

X Hm {x? 4+ -+ X2 — (%o + iye€)?} "2 -2 (110, 1; 4)

€0
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Taking into account {3, formulas (136), p. 298, and (138), p. 299], we
obtain

[Gr(t, m=0, a, n)]* = ()" -2 Qe+ n-n2p (a + 2 —2— 2 )

—ill /
e
1
4+ (=1)attn-22 Pf—(_—mg . (111, 1; 5)

if 2a + n— 2 is even, and

[Gi(t, m=0, a, n)}*

— ()"~ Qe+ (a n ”;2 )

X {[8(Q)Q] letwi=¥D -2 _j_ya+ni-2
X sgn x,[6(—Q)(—Q) ]~ (a+w2-¥1 -2y i L6

if 2a — 2+ n is odd.

IV. PARTICULAR CASES OF THE FOURIER TRANSFORM OF G (f, m =0, a, n)
IV.1. The Fourier Transform of Gy(t,a=1,m=0,n). The Characteristic
Function of the Volume Bounded by the Forward Cone

We shall consider two particular cases of formulas (III, 1;5) and
(III, 1; 6) when a =1 and a = —k.

We begin by remembering that the function G(t, a, m?* n) is, for a = I,
m =0, the characteristic function of the volume bounded by the forward
cone:

Geltha=1,m=0,n)=1, if u>0,1>0,
=0, if ¢ belongs to the complementary set.

av.u: p
and, for a = —k, we get

Glt, a=—k,m=0, n) = 6{(u). (IV. 1;2)
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By putting ¢ =1 in formulas (III, 1; 5) and (III, 1; 6), we obtain
[Gplt, m=0,a=1,n)|*

— ()2 (%)
—in 2y~ 1) n2
X m sgn x05(Q) + (*1) Pf

ﬁ)ﬁz .V, 153)

if n is even, and
|Gt m=0,a=1.n)|"

'n
=271V (—
z)

X AIB@NQ)] 2 — i(—=1)"* "V sgn xo [A(—QN—Q)] "*},  (IV, 1;4)
if nis odd.

IV.2. The Fourier Transform of G4(t,a =—k, m =0, n) = 6 (u)
Putting a = —k in (III, 1; 5) and (IIL, 1; 6), we get
[Go(t, m=0,a = —k. n)]"

= [0’

= ()2 g+ (——k L ; 2)

—i

- (—k+(n—4)2)
X ks =2y B *00(Q)

+(“l)*k“"—2)npf(—__é_)~_kl+mg’ av. 2: 1)
where n is even and —k + (n —2)/2 # —I, [=0, 1....; and
[Ge(t,m=0,a=—k,n)]"
= 3P @)’

= (2[)\n-? g2 (—-k + ; 2)

X A[@QNQ)] K=Y =V (| ymkemi=Y2
X sgn x| (—Q)(—Q)] ~(-kma- -, (v.2:2)

where n is odd.
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Formulas (IV, 1;5) and (IV, 1; 6), putting £k = 0 and dividing by (2/7)" ",
coincide with formulas (142), p. 300, of [3].

\'

V.1. Equivalence of [ (u —m*)]*, whenn=4, k=0
with the Formulas Due to Lavoine and Schwartz

Putting ¢ =0, n =4 in (II, 3; 3), we obtain

K, {m(Q)"*}

[6R(u - mZ)]A = 0(Q) 20Im (Q)l/z

— 2IT% sgn x,6(Q)
HP? {m(—Q)"*}
Q)"

H{ {m(-0)") f
o |

+ 6(—Q) IMmi JH(xO)

— B(—x,) (V.1; 1)

By substituting, in the right-hand member of (V, 1; 1), the functions H}"
and H\? by their equivalent expressions (I,4;4) and (I, 4;5), with z=
m(—Q)"* and remembering that

8(x,) — O(—x,) = sgn x,, (V. 1, 2)
and

0(xo) + 0(—xo) = 15 (V. 1;3)
we obtain

[6p(u — m*)|* = 6(Q) 2ITm %UQJW} — 2IT% sgn x,6(Q)
+ 8(—Q) I’mi sgn x, LimC o)) {?l_(;)Qu)zm}
2
+ 60(—Q) I*'m % , (V.1;4)

where J,(z) and Y ,(z) are defined by formulas (I, 4; 6) and (I, 4; 7).
Formula (V, 1; 4) is equivalent to the formula due to Lavoine {2, p. 63].
Formula (V, 1; 4) coincides, also, with the formula due to Vladimirov [3,

pp. 86—88].

Formula (V, 1;4) is equivalent to the formula (15.10), [13, p. 126].
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Finally, we remark that formula (V, 1; 1) is equivalent to a formula due to
Constantinescu [17, p. 121, formula (11.55)].

V.2. The Fourier Transform of G ,(t, a, m*, n)

We define the n-dimensional function

_ mya-1
G.4(t’ a, mz’ n) =w
I(a)
(u _ mZ)a—l ) ,
=, if u—m >0and¢, <0, (V.2; 1)
I{a)
=0, if ¢ belongs to the complementary set.

Here m is a real nonnegative number and « is a complex parameter.
Taking into account formula (I, 4; 5) and the final phrase of II.6 of {7},
we have
L[GA(I, a, mz, n)] — 2a(2n)(n—2b/2 ma+(n~2)/2p—n+(n—2)/2KaHn_2)/2(mp)’
(Vv,2;2)
where Im z, =y, > 0.

We shall evaluate the Fourier transform of G,(t, a, m? n) in the same
manner as we evaluate the Fourier transform of G,(t, a, m?, n), in this case,

lim p? =lim (x4 + X0, = (oo o8l (V.253)
Y €
yev+

where ¢ > 0 and y, > 0.
Therefore, we obtain

|G (& a, m?, )]

Ka+(n—2)/z{m(Q)l/2}
[(Q)l/21a+(n—2)/2

+ g(_Q) 0(x0) 2a(2H)(n—2)/2 ma+(n—2)/2

—i(Iy2) 1/2
Kiiim—ppime” "7 (=0)")
e—i(n/Z)(a+(n—2)/2){(_Q)l/2}a+(n—2)/2

— e(Q) za(zn)(n—z)/z ma+(n—2)/2

X

+ 9(_Q) 9(__x0) 2“(2”)(" —2)/2 me +(n—-2)2

K, +(n~2)/z{meim/2’(—Q)m}

X ei(ﬂ/Z)(a +{n—-2y2) {(_Q)I/Z }a +(n—2)2

+ 22a+(n—4)/2(2H)(n—2)/2 il sgn xoa(Q)(aJr(nwt)/Z)’ (V, 2; 4)
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if 2(a + (n — 2)/2) is even, and
[G,(t, a, m*, n)]*

o K 1/2
= 6(Q) 2%(2T)" -V e+ n- 12 “(*Q‘"lfz;lii{f fg/)z )

+ 0(__Q) 0(x0) za(zn)(n—l)/Z ma+(n—2)/2

Ka+(n—2)/Z{me7”n/2’(__Q)l/2}
e—i(ﬂ/l)(n+(n—Z)/Z)[(_Q)l/2]a+(n—2)/2

X

+ 9(_Q) 9(_x0) 2a(2H)(n—2)/2 m® +{n—2)2

Koiin- 2)/2{”’9“”/2)(_Q)V2 }
i — /
et(ﬂ/Z)(n+(n 2),2)[(_Q)1/2]

X

+ 22a+(n—4)/2(2H)(n_2)/2I. (Ct " n ; 2 )

X {{0(_Q)(_Q)]—la+('l~2)/2) _ e‘i(”/l)(a+(n72)/2)
X sgn x,[(Q) Q@+ -y, (V,2:5)

if 2(a + (n — 2)/2) is odd.

V.3. An Equivalent Expression of the Fourier Transform of G ,(t, a. m*, n)
We shall express formulas (V,2:4) and (V, 2;5) in a different manner.

Taking into account formulas (L. 4; 8) and (I, 4;9), it follows that

(G, (t, a, m*, m)|*

Ka+(n-2)/2{m(Q)U2}
(Ql/l)a+(n—2)/2

— B(Q) 2a(2H)(n—2)/2 ma+(n—2)/2

+ 9(_Q) g(xo) 2a(2ﬂ)1n~2)/2 ma+(n—2)/2%iHein(a+(n~2),r2)
Hlel(n—z)/z{m(_Q)l/z}
[(_Q)I/Z]n+(nv2)/2
+ g(_Q) 6’(—x0) 2a(2H)(n~2)/2 ma+(n—2)/2(__ %) I-Hefin(a+(n-2)/2)
HszzL(n—zy/z{m(_Q)l/z}
[(_Q)l/2]a+((n—2)/2)

X

X + A{a, n, Q), (V,3: 1)

where

A(a, n, Q) — 22a+(n~4)/2(2H)(nf2)x‘2 il sgn XOO‘(Q)(QJA"-“':), (V. 3:2)
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if 2(a + (n — 2)/2) is even, and
A(a, n. Q) = 22a+(n—4)/2(2n)(n—2)/2{[0(_Q)(_Q)]—(a+(n72)/2)
_ e—in(a +(n—-2)2) sgn x(][e(Q)Q] —(a+(n-2)/2b’ (v! 3’ 3)
if 2(a + (n— 2)/2) is odd.

V.4. Equivalence of (8 (u — m*)|", when n=4, k=0
with the Formula Due to Bogoliubov and Chirkov
Putting o =0, n=4 in (V, 3; 1) and (V, 3; 2), we obtain
m 172
18,00 — w1 = 0(Q) 211m K]
Q
H{'[m(-0)"]
-Q)"
H" [m(-0)")
+ 2IT%i sgn x,6(Q). (V,4; 1)

+6(—Q) 8(xo)(—i) IT'm

+ 6(—0Q) 8(—x,) ill*m

Formula (V, 4; 1) coincides with formula (5.20), p. 141, of [10].

By substituting the functions H!" and H{” by their equivalent expressions
(I,4;4) and (I, 4; 5) and dividing both members of (V, 4; 1) by (2IT)%, we
get

1 ) A
maA(u —m )

Q) Kim(©@"]
4H2 Q1/2

00 Lm0
0T Q)"
_ 80 Vim0

T

1
4H —sgn x,0(Q) —

(V,4;2)

Formuia (V, 5; 1) is equivalent to formula (15.10), |12, p. 126].

VI

VI.1. The Fourier Transform of a Marcel Riesz Kernel W(t, a, m*, n)

We shall consider the following functions of the family R introduced by
Riesz [4, p. 17] (cf. also {5, p. 89; 1, p. 179; and 6, p. 72]):
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wi(t, a, m?, n)

(m—zu)(n~n)/4 .
=— - Joo_mal/miuy, i tE€T,
(n—2)/29(2a+n-2)/2 (a—ny2 +

[~ Qa+n-D/2 (g /7y (VI 1. 1)

=0, if t&r,.

Here a is a complex parameter, m a real nonnegative number and n the
dimension of the space.

wi(t, a, m?, n), which is an ordinary function if Rea > n, is an entire
distributional function of a.

The Laplace transform of W(, a, m?, n) is, taking into account formula
(IL, 1; 3) of [7, p. 10],

L{W(t, a,m*, n)] = (p* + m*) "% (VI, 1;2)

This formula is valid for Re a > 2n — 4 and Re p > 0, this last condition
effectively holds as a consequence of our assumption that z € T_. From this,
p? + m? never vanishes and we conclude, by appealing to the principle of
analytical in continuation, that (VI, 1; 2) is valid for every a.

We remember that

pr=z 4 +zi —2zp. (VL 1; 3)

To evaluate the Fourier transform of W(t, a, m’, n) we proceed in a
manner analogous to that of the previous paragraphs. Therefore, we obtain

[W(I, a, mZ, n)]A — G(Q)(Q + mZ)—n/Z + 0(_Q) B(XO) e—imm'Z)(_Q + mz)—n,z
+0(=Q) B(—xo) M (=Q + m*) ", (VI 1:4)

where Q= x} + -+ +x}_, — x;.

VI1.2. Particular Case of |W(t, a, m*, n)|, when m =0 and the
Equivalence with a Formula Due to Schwartz
Putting m =0 in formula (VI, 1; 1), we obtain (cf. |7, formula (IL 3; 1),
p. 11])

(a~ny2

u

W(t,a,m=0,n)=R_(u)= if ter,,

H,(a) (VL 2; 1)
=0, if t&r,.

Here we have put

—n+2
H (a) = B2 (i) r (&) : (VI, 2; 2)



RETARDED LORENTZ-INVARIANT FUNCTIONS 93

The R,(u) were introduced by Riesz [5, p.31]. We obtain the Laplace
transform of R (u) by putting m =0 in (VI, 1; 2), we arrive at the formula

L[R,(w)]= (") (V1 2:3)

We obtain the Fourier transform of R_(u) immediately, putting m =0 in
(VL. 1; 4).
It follows that

[Ra(0)]* = 8(0) 07" + 6(=Q) Bx,) e~ Q)+
+0(=0) (—xy) €MV (—Q) = (VL 2:4)

Formula (VI, 2; 4) coincides with formula (VIL, 7; 8) [1, p. 264].

Remark. Formulas (VI, 1;4) and (VI 2;4) must be interpreted in
different ways according to whether «a is, or is not, an exceptional value.

In this section we obtain the formulas in the case that a is not an excep-
tional value. The particular case when a is an exceptional value will be
studied in Sections XI-XIII.

VII

VIL.1. The Fourier Transform of G(t,a, m?’, n)= Gg(t,a,m*, n)+
G (t, a,m*, n)

We shall define the function G(t, @, m?, n) by

G(t, a0, m*, n) = Go(t, @, mt, n) + G (t,a,m% n),  (VIL 151)

where G, and G, are defined by formulas (I, 2; 1) and (V, 2; 1), respectively.
Its Fourier transform will be evaluated by adding the Fourier transforms
of G and G,.
Therefore we have, taking into account (I, 4; 10) ((I, 4; 11)) and (V, 3; 1)
((V, 3; 2)), the formula

[G(t,a,m*, n)]* =4 +B +C, (VIL, 1; 2)
where
ma+(n—2)/2
A=0(Q) 22" WKnn&(an)/Z{vaz}’ (VIL 1; 3)
B = 9(__Q) L 1(211)("—2)/2 ma+(n—2b/2Hiein(a+1n—2)/2)
(1 Y2
3% Ha+(n‘2)/2{m( Q) } (VII, 1;4)

Q)" ’
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C= _0(_Q) 2af1(2H)(n—2)/2 ma+(n—2)/2ine—in(a+(n—2>/2)

Hizzjr(n —2)/2{m(_Q)U2 }
0"

X (VIL 1: 5)

Remembering that the following formulas are valid (cf. formulas (9), p. 4.
[9, vol. II; 11, 289-290]):

H(l:a+("_2)/2)[m(_Q)1/2] — ei(a+("_ZVZHIH::i("ﬁz)/z[m(—Q)l"vzl, (VII, l: 6)
H(_zza+(nfz),rz)[m(_Q)Uz] — e—i(a+(n72)/2)HHLZi("_2)/2[m(__Q)L’Z]’ (VII, l.', 7)

Ka+(n—2b/2[m(Q - iO)I/Z] _ Ka+(n—2)/2(mQU2)
(Q _ l'O)(l/Z)(a+(n—2)/2) - (Ql/2)a+(n—2)/2

I, H(J:aﬂn—z)m(m(_Q)llz)

+ =1 atn= s VII, 1; 8)
2 [(—Q)72 =T =272 (
Ka+(n—2)/2[m(Q + iO)ln] 3 Ka+(n'2)/2(le'/l)
(Q + I'O)(I/Z)(a r(n—-2v2) (Ql/z)aﬂnvzv:
ﬂ ; H(—Z:a+(n~2)/2)(m(_Q)132) (VI[’ 1t 9)

— -/
2 [(_Q)l,/2]a+(n—2),.
Taking into account formulas (VII, 1; 6)—(VIL, 1; 9) we finally obtain
[Glt, a, m?, n)]* (VIL, 1; 10)
— za(zn)tn-l),/z ma+(n-2),v'2

Kot in-ay2im(Q — io)m} Koy noppim(Q + "O)UZ}
(Q _ io)(l/Z)(a+(n42)/2) (Q + l'O)(l/Z)(a+(n—2)/2)

VIL2. The Particular Cases of |G(t, a, m*,n)| when a =0 and m = 0.
The Equivalence between the [(u — m*®)|" due to Gelfand and Our
Formula

Putting ¢ =0 in formula (VII, 1; 10) we obtain
[G(t, @ =0, m?, n)|*
— [6(“ _ mZ)]A — 2n/2 — lmn,"Z— lHn/Z—l

Ko 11m(Q —i0)""} Ky {m(Q +10)")
[(@— i) ]v2-! [(Q +i0)72]"2-T

X (VIL 2; 1)

Formula (VII, 2; 1) coincides with formula (7), p. 294, of |11].
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Remarks. (1) Putting m=0 in formula (VII, 2; 1) we obtain

uafl A
Gltya,m=0,n)]*= (——] . VIL 2: 2
Gl am=0,m))* = (=) (VIL 2:2)
(2) We can also obtain the Fourier transform of G.(¢, @, m =0, n) by
putting, directly, m = 0 in the Laplace transform of G, (¢, a, m, n).

VIII

VIIL1. The Equivalence between the |8 (u)]* Due to
Methée and Our Formula, when n Is Even

In this section we shall prove the equivalence between the Fourier
transform of 6“’(u) (when k is a regular or a singular point) due to Methée
[14. p. 156 and our formulas (IV, 2; 1) and (IV. 2; 2).

Methee [14. p. 156, formula (5.5)] proves that, for k #. 1 = {(n —2)/2,
/2. (n+ 2)/2...,(n —2)/2 4+ h, h=0, L,...; n even} and » even the following
formulas are valid:

(H‘:— ).\ — (_1)(n—2)/2+k vz(n. k) 0.2~n+2k, (VHI, 1; 1)
(Hk_ ).\ — _l-znVZ—Zan"ZH(Il—4)/'2—k. (VIII. 1 2)
where
e -2
vy(n, k) = [T =220 —2-2kp (” ; —k). (VILL, 1; 3)
H* = H* + A, (VII, 1; 4)
H* = "I, )= ", (VI 1; 5)
H* = 6% (Ir_)= 6%, (VIIL, 1; 6)
I, ={x€Ru=x5—xI—..-—x% =0.x,> 0} (forward cone),
I ={x€ER"u=xj—x:—-.—x. ,=0,x,<0} (backward cone)
o’ =P" 4+ P", (VIIL, 1;7)
if m is even, and
o*™=PpP" —pP", (VIIL, 1; 8)
if m is odd, where
P=u=xj—xi—-—x2_|. (VIIL, 1; 9)

409:84,1-7
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From (VIII, 1; 4) we have

H*=4{H, +H_\. (VIIL, 1; 10)

From (VIII, 1; 1), (VIIL, 1; 2) and (VIII, 1; 10) we obtain, if #n is even and
L+ ¢
KF.7

[Hk]/\ - {%(_1)(n—2)/2+k Vz(n, k) O.Z—n+2k . l-zn—Z—Zan/ZH(_rt—4)/’2—k}.
(VIIL, 1: 1)
Taking into account (VIII, 1; 3), it must be —&k + (n — 2)/2 # —I, k, I =

0, 1, 2...., and also, 2(—k + (n — 2)/2) even, which implies n even.
Formula (VIII, 1; 11) can be explicitly written

[6%(u)) =% (—1)n=2v2+k pin-2v2n-2-kp ( "”2' 2 _ k) §

X [P(Z—n+2k)/2 +P(2—n+2k)/2]
" -
— UG gl m =) (VL 1 12)
Formula (VIII, 1; 12), due to Methée, which expresses the derivative of k

order of the delta on the cone, when # is even, coincides (taking into account
(I, 4; 1) and (VIII, 1; 7)) with our formula (IV, 2; 1).

VIIL2. The Equivalence between the [ (u)]* Due to
Methée and Our Formula, when n is Odd

Here, we shall prove the equivalence between the formula due to Methée
[14, p. 156, formula (5.5)] and our formula (IV, 2;2) which expresses the
Fourier transform of the derivative of k-order of the delta on the cone, when
n is odd.

Methée’s formula says

[Hk]"\ — %{vz(n, k)[/ 2—n+2k +l-(__l)1n—l)/2+k Sl‘~n+2k“, (VIH. 2; 1)

where
-2
vy(n, k) = [T~ /3gn=2-2kf (f_z___ k) , (VIIL, 2; 2)

.77 coincides with the distribution Q% (cf. (11, p. 269, formula (47)]):
2otk (o n s 2k02 (VIIL, 2; 3)
Q=xf+...+xi'l—x(2), (V11192;4)
S-nt2k . g2-n+2k _ S2-n+2k (VIIL, 2; 5)
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= 8(=0) Bxg)(— Q)"+ — 6(~Q) Bl—xy)(~ Q) "
(VIIL, 2; 6)

With our notation formula (VIIL, 2; 1) says
= e (52
K 2

X {0(Q) Q¥ "+ 4 j(— 1) 2K [G(—Q) B(x, )(—Q) T IVE K
= 0(=0) 0(—x,)(—Q)" "+ A, (VIIL, 2; 7)

when n is odd and k<. /1 '={(n—-2)/2+h, h=0,1,...}.

Taking into account that O(x,) — @(—x,)=sgnx,, the coincidence
between the formula (VIII, 2; 7) due to Methée and our formula (IV, 2; 2), is
evident.

VIIL3. The Equivalence between the Fourier Transform of a Power
of the Cone Due to Methée and Our Formula

In this section we shall prove the equivalence between the formula due to
Methée {14, p. 162, formula (7.7)] and our formula (III, 1; 6), which express
the Fourier transform of a power of the cone.

We write, as does Methée,

§P = y"?, (VIIL 3; 1)
u >0, x, > 0, p positive integer.
In our notation this is
2 2
spzr(f“;—) G, (t.%—,mzo,n). (VIIL 3; 2)

By multiplying the both members of (III, 1;6) by I'((p +2)/2) and
putting a@ = (p + 2)/2, it results

2 2 A
[$7)* = [F (%) Gy (t.%,m:O,n)] (VIIL, 3; 3)
— gn+p-lpn-2y2p <P+n)1-(P+2)
2 2

X [0(Q) @72 — i(~1 P2+ "1 V2 sgn x, 6(—Q)(~Q) ™"},

where p + n is odd.



98 SUSANA ELENA TRIONE

Formula (VIIL, 3; 3) coincides with formula (7.7), of [14, p. 162] due to
Methée, which says:

I
[SP]* = 7l(n,p) 3—1’SZ””’ sin(n + p) g

oo .
+ 8.7 P cos(n+p) 5+ ‘"”g » (VIIL3:4)

where

1y 2
snup)= - (1E2) £ (252),

$5 = 5"+ § = 0-0)(-Q)*"

(VIIL 3; 5)
where S* and S* are defined by (VIII, 2;6) and .7 ? by (VIII, 2; 3).

IX

IX.1. The Fourier Transform of 6 (u), in the
Singular Points (k=(n—2)/2+h, h=0,1,..)

In this section we shall evaluate the Fourier transform of %’(u), when
ke t'={n—-2)2+h h=0,1..}
We start by writing formula (IV, 2; 1):
[5}{"(1{)]'\ — (ZH)(n-Z)/Z 2~2k+{n—4),v'2(_l-H) sgn xoé(Q)1—k+(nv4>,2)
+ (_1)(2H)(n-2),"2 2—2k+(n—4)/2

I

g oo (IX,1: 1)

—2
xr(—k+"2 )Pf

where Q=x?+4 .- +x2 ,—x}. This formula is valid when 2(—k +
(n—2)/2) is even, which implies n even, and —k+ (n—2)/2+# —h,
h=0,1,...

We shall evaluate (IX, 1; 1) in the singular points, that is to say when
ke. 1"

h=0,1,... (IX, 1;2)

We know that

=0(Q)". (IX, 13 3)
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Then, we have

—k+(n—4y2) __ —1—h) _ Qh .
Q) D = §(Q) "’—m. (IX. 1;4)

Now, we shall study the second summand of the right-hand member of
(IX.1;1) when k€. 1"

To do this we shall first evaluate 3¢ (u —m?) when k= (n—2)/2 +h,
h=0, 1,.. and then we shall pass to the limit for m — 0.

We begin by considering the following formula due to Gelfand' (cf. [11,
p. 294, formula (6)])

[5(!—1)(’"2 + Q)}\ — (_1)z+l 2n/2-znn/2_,m,,/2_, (IX’ 1; 5)
o | Ko m(@—10)"] | K [m(Q +10)"])
(Q — ig)2wz=o (Q + 0)FWvT=0 |’

Remembering that K, =K_, and taking into account formula defining
K.(z) 9, p. 9, formula (37)], we have

K, [m(Q—i0)"?]
(Q — 10)7FW=D

(_1)r+l 2n/'2—tHn/2—tmn/2~l o ]
= (Q_iO)lr’Z('l/Z—!) {(_l)t n2+11t_w2[m(Q_IO)l/2]]

X log[3(m(Q — i0)"*)]

(_1)r+l ZWZ—anﬂ—lmn/Z—t

+ i (17 1m@ oy e LML= )
D Y (3n(Q — 0y
X [“’(’_"ﬁ(jf:/;i);(pH)] : (IX, 1; 6)
where
v L ey

and w(z) =I'(2)/I(2).

' We remark that Gelfand defines [f]* = [p. e’ ™*f(x) d(x) while Methée and the author
both define | f|' = [p.e” “*f(x) dx.
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We remember that

log [m(Q —i0)Y?

" ]:logm—log2+%log(Q—i0)

=logm —log 2 + 1{log |Q| — iITH(—Q)),

where H is the Heaviside function.
Then the first summand of the right-hand member of (IX, 1; 6) results

(__1)t+l zrvl—[Hn/Z—tmn/Z‘l(__l)l—n/lwkl

I,_ya|m(Q — i0)V) log((1/2) m(Q — i0)"?]
(Q _ i0)1/2(n/2—it)

(1/2)2p+l—n/2 mZp(Q . I-O)pﬂr—m'l

X

— (_l)n/Z 2n/2—tHn/2—l \OO‘

o plIi(p+t—n/2+1)
X {log m —log 2 + 3[log | Q| — ilTH(-Q)}]. (IX.1:7)

Taking into account that in our case is t — 1 =k = (n—2)/2 + h, and by
passing to the limit for m - 0 in (1X, 1; 7) we, finally, obtain

02 _ino\Vv?
lim (—1)”“2“*'17"“—‘1"”2['"@ ZOQ)_],.S%ESQ,{M(Q o

(n—2¥2

h!

272" Qk{—log 2 + } log Q — LilTH(—Q)).
(IX.1: 8)

— (__l)n/z

Considering the third summand of the right-hand member of (IX, 1;6)
when = n/2 + h one obtains

b (1) 29 1

fw(t~(n/2)+p+ 1) +y(p+ 1)]

x 3 [hom(Q — i0) 2]

p=0 it —(n/2) + p)!
= (—1)" WD U= L= 2kgh =22 [ w(h+ lh)"“ w(l) ] ‘ (X, 1;9)

Proceeding in the same manner for the second summand of (IX, 1;5), we
have
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QW22 =1 I_ [m(Q + io)m] log[(1/2) m(Q + io)w]
(Q+ io)(l/Z)(n/Z—t)

lim (—1)"?
m—0

_

S 7 1272Q" [—log 2 + § log Q + HIlTH(—Q)],

(IX. 1; 10)
and
E}'rj}) (—l )r+1 2n/2—an/2—lmn/Z—r%(_l)l—n/Z

lw(t—n/2+p+ 1)+ y(p+1)]
P (t—n/2 +p)!

X N [Hm(Q + o))
p=0

_( 1) n/2+12 1- ZthH(n 2)2 [W(h+ lh)'+v/(l)] . (IX, 1; 11)

Adding (IX, 1;8), (IX, 1;9), (IX, 1; 10) and (IX, 1; 11) we finally obtain

H(n~2)/
27T+ 1)

X {Q"[w(h + 1) + w(1) + 2 log 2 — log | Q|]}.

hm [6%(m* + Q)| = (=t (IX, 15 12)

Therefore, we have
n— Q
|64 (u)]* = —i(2T)"- D2 2 ~w2i-2hppon x 2 D) (IX, 1513)

(n—2)/2

+2|—_zhr(h—+l) [Q"[w(h + 1) + w(1) + 2 log 2 — log | O] ].

IX.2. The Equivalence between the Fourier Transform of 6% (u) in the
Singular Points k=(n—2)/2 + h, h=0, 1,..., and Our Formula

We start by writing the formula due to Methée [14, p. 159]:

1 —ir? . mn=»7
a*rth + 1) 4* rth + 1)

[5 (u)((n 2)/2+h)]_
X [o™(w(h + 1) + w(1) + log 4) — N*** 'L, (IX,251)
where

dlog F(z) Ir'(z)
(2)= dz Ir(z)"’

(IX,2;2)
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Nk — |y |™ logk u if x€0un,,

. (IX.2:;3)
=u"log" |ul if xen,.
In (IX,2;3)02,=I,,2,=I_and 2, =%, JI_)
g'm=P" + P,
if m is even, and (I1X, 2; 4)
o™ =P" — P",
if m is odd.
P=u=x;—Xxi— - —x_,
PL=P'ifP>0, Pt =0 itP>0,
and _ (IX, 2;5)
=0 ifP<O =(—P)'if PO.
We know that
Slhzslh_§2h
= 0(x,) 6(Q) Q" — 6(—x,) 6(Q) Q" (1X,2;6)
=Q"sgnx,.

Therefore, taking into account formulas (IX, 1;4), (IX,1;12) and
(IX, 2; 6) we prove, immediately, the equivalence between the Methée
formula (IX, 2; 1) and our formula (IX, 1:13).

Remark. We observe that in the case that 2(—k + (n —2)/2) is odd,
which implies n odd, the Fourier transform of §%’(u) has no singular points
because the argument of /'(z), which appears in the second summand of the
right-hand member of (IX, I; 1), never is a negative integer or zero.

X. THE FOURIER TRANSFORM OF G (t, & = —k, m*, n)

In this paragraph we shall study the Fourier transform of G.(t. a, m?, n),
when a = —k, it is [0 (u — m*)|*.

We begin with the case n even. Taking into account the formula (I, 3; 22),
we must study

KAk+(n72)/’2[mi(:tQ)l/21
(£Q)72C k=27

and §(Q)' K+~ 3D We write, by definition, 8(+Q)(+Q)' = (Q+)".
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From the definitory formula of K,(z) [9, p. 9, formula (37)] and remem-
bering (cf. [11, p. 255]) formulas (15) and (15') that (Q+)" has two kinds of
singularities, for A =—1,—2,..,—/ and A =—n/2, —n/2 — 1,..., —n/2 — I, we
must interpret (+Q)~", r=1...n/2—k—1, KEZ"*, as the finite part of

Y, for A=—r,r=1,..,n/2—k— 1, k€ Z". This finite part is evaluated in
the Appendix, paragraph V of [19]. On the other hand, §(Q)' ~**"~*¥? has
no singularities. This is a consequence of the fact that 5(Q)'®' has no
singularities when a > (n — 2)/2 [11, p. 250] and in our case is a =—k +
(n—4)/2, k=0,1....

Now we shall consider the case n odd.

In this case

. 2
K‘k+(n—2)/2{ml(:tQ)l }
(iQ)l/2(7k+(n—2)/2)

and (iQ)—(—an—!)fZ)—l/Z

do not have singularities.
Therefore, we can conclude that, in both cases, n even or odd,

[G(t.a = —k, m*, n)|* = [8F(u — mH)]* (X, 1; 1)

does not have singularities.

We remark that, taking into account formulas (I, 3;22) and (V, 2;4),
when a = —k. n even, and (L, 3;23) and (V.2;5) when a=—k, n odd, it
results that

|GRt, a = —k, m*, n) + G, (t, a = —k, m*, n)|* = [6P (u — m")|*

has no singular points and our result coincides with the formula due to
Gelfand |11, p. 294, formula (6) and (7)].

XI

XI1.1. The Fourier Transform of the Marcel Riesz Kernel
W(t, a, m*, n) in the Singular Points

We shall evaluate in this section the Fourier transform of the Riesz
function (cf. (VI, 1; 1) when « is an exceptional value).

We start with the particular case of formula (VI, 1;1), when m=20
(formula (VI, 2; 1)). We repeat here, by commodity, formula (VI, 2; 1):

u(a-n),’l
W(t,a,m=0,n)=R (u)=——+— if tET,,
H,(a) (XL 1)
=0 it t&r,.
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In this formula

—n+2
H, (@)= IT"-%20-r (%)r(———a ;’+ )

The Laplace transform of R_(u) is, taking into account the formula
(I, 3; 3), p. L1, of 7],

(a—ny2

L[W([,a,m:(), n)]:L [H—(a)_

J=ore ey

We remember that
P=zi 4 n_ 2k (XL 1;2)

Applying our method for evaluating the Fourier transforms by evaluating
their Laplace transforms and then passing to the limit (in S’) for y -0,
where y € V_, we have

[W(t, @, m =0, )| = lim (57) ", (XL 1; 3)
¥
where yEV_, itis, pER" yy=Imz, <0, yg—p} — - —p> | >0,
From (XI, 1; 3) and (I, 2; 4), with gy, = —¢, we have
[(Wt,a,m=0,n)]" = {xt+ -+ x2_, — (x, — i0)*} %% (XI, 1;4)
The distribution {x} + -+ + x2_, — (x, — i0)2} "%? was studied by

Vladimirov [3, p. 298, formula (136), p. 299, formula (138)], accordingly as
a is even or odd), and is given by the following formulas

2y a2 —iI sgN xB(Q) Y
b e G = 0 = e
1
FED P, (KLLS)
ifa=2k, k=0,1,..and Q=x) —x} — - —x2_;

fx 4 o+ xh = (g — i0)?}
= [0(Q@)Q] 7~V — i(—1)" sgn x,[6(—Q)-0Q)] %, (XL, 15 6)
ifa=2k+ 1, k=0,1,...

XL.2. The Fourier Transform of W(t,a,m+ 0, n)

We shall study now the Fourier transform of W(z, a, m, n), when m # 0.
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We repeat the definitory formula of W{t, a, m, n) (cf. formula (VI, I; 1))

wit, a, m, n)

(m—zu)(a—n)/d > .
= [ D @atn=D[ (g ) JiaompiV/ mul, if rer,.

=0, if t&r,.
(XL, 25 1)

In this formula o is a complex parameter, m a real nonnegative number
and n the dimension of the space.

The Laplace transform of W(t, a, m’, n) is, taking into account the
formula (11, 1; 3), p. 10, of [7],

L{W(t, a, m’, n)] = (p* + m*) "2 (X1, 2;2)
Therefore, as always,

[W(t, a.m’, n)]* = lim Im* + xt 4 o X2 = (xg +Higyy) Y (XL, 2;3)

where 3, < 0.
When Re a < 0, we obtain
[W(t, a, m?, )| = (m* + Q)™ %7, (I1X,2;3)
when x{ —xi — - —x3_, <O0.
Here is
Q=xi+-+xi_,—x. (X1,2;4)

This is a consequence of the fact that we evaluate the Fourier transform in
the exterior of the forward cone and in this region there are no prescriptions
over .

Now, we shall consider the interior of the forward cone: xj — xZ — ... —
x: ,>0and x,>0.

From (XI, 2; 3) results

[W(t.a, m?, n)|* = {m® + x] + x} + -+ + x2_; — (x,— i0)?) =2

X1, 2;5
= (m* + Q +10)™, oL 2

when x) —x} — -+ —x%_, >0 and x, > 0.
Taking into account the formulas on pp. 565 and 566, of [15], we have
1e0)

(m* + Q £ 10y = (m? + QA +e*™M(m? + 0%, (X1, 2:6)
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where
(m* + Q) = (m? + Q). if m+0>0
. (XL 2:7)
=0, if m +Q<0.
and
(m*+ Q) =0, if m+0>0
(XL, 2;8)

= [—(m* + Q)]", if m*+Q<O0.
Then, formula (XI, 2; 5) can be written, equivalently,
(W(t,a,m’. n)|* = (m* + Q) + e MD(m? + 0)*, (XI,2;9)

when Q <0 and x, > 0.

Let now, x;—xj— -+ —xi >0 and x,<0 be the interior of the
backward cone.

From (XI, 2; 3) and (XI, 2; 6) one obtains

[, a, m?, n)]‘ (m +0— 10)’“"2
= (m? + Q)79 + M@V (m? 4 Q)= 2,

when Q <0 and x, < 0.
Finally, summarizing the results (XI, 2; 3), (XI, 2; 9) and (XI, 2: 10), we
have

(XL 2; 10)

(W, a,m?, m)|* = B(Q)(m* + Q)" (X1, 2: 11)

v

+6(—Q) Ox){(m* + Q)7%* + e "1 (m* + Q) "7}
+0(—Q) O(—xo){(m* + Q)7 ¥* + &1V (m? + Q) =V,

2

where Rea<0and Q=x2+ -+ +x._, —x;.

X1

XI1.3. The Fourier Transform of W(t, a, m # 0, n), in the
Singular Points

We consider now the particular case of (XI, 2;3) when a= 2k,
k=1,2,....
We have from (XI, 2; 3)

(W(t, a,m’, n)]* = lim {m + x4 xi = (xp +ieyy)’ R (XL 33 1)
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When x; > 0, we have
[W(t.a, m?, n)|* = (m* + Q + i0) % (X1, 3;2)
while, when x, <0, is
(W(t, a, m*, n)|* = (m* + Q —i0)~ X (XI, 3;3)

Taking into account formula (1.6), p. 565, of [15] that says

(m*+Q +£i0)™*=(m*+ Q)" ¥ % 8% V(m*+ Q). (XL 3;4)

Finally, from (XI. 3; 2), (XL, 3; 3) and (XI, 3; 4), we have

k.
Wi(t.a=2k,m*, n)]=(m* + Q)+ —((;—1_)11—)1'7sgn x, 6% "(m* + Q).
' (X1, 3;5)

We remark that formula (XI, 2;11) is also valid when o =2k + 1,
k=0, L.

XII. THE FOURIER TRANSFORM OF G,(t, a > 0, m’, n)
IN THE SINGULAR POINTS

We shall study the Fourier transform of Gg(t, a, m?, n), when a >0,
m #0, n even or odd, in the singular points.

We start by studying [G(s, a > 0, m? n)]*, when n is even.

From (I, 3; 22) we must study the terms of the form

K, o2y |m(20)") @t e by
( ;‘Q)(f/’z’f(amﬁz,/z) and  §(Q)rinR,

An explicit and detailed study of

Ko n-paim(20)")
0)"
in their singular points appears in the Appendix, A.IV of [19]. On the other

hand, we know that §(Q)**'"~*"» (cf. [11, Chap.III, Sect.2.1]) has no
singularities if @ < 1. When a > 1 we interpret 5(Q)**""~*? as follows:

(_l)aJrn/Z

G gy = — (I w),  (XIL L 1)
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where
w(r, x,)= J ¢ dQ" dx,, (XII, 1; 2)
U *=u"°, if u>0,
i (XIL 1: 3)
=0, if u<O.

dQ'” is the element of area of the p-dimensional sphere.

We can regularize u,® for a+#n, n positive integer, by analytical
continuation of 7%, Rea < 1 and for @ = n, 4" is the constant term in the
Laurent development of u,“ in the neighborhood of a = n.

When # is odd, taking into account formula (I, 3; 23) we must study the
terms of the form

/2
Ka+(n—2)/z{m(iQ)l }
(iQ)(l/Z)(a+(n-2)/2)

and (iQ)—l/Z—(a+(n—3)/2).
For the study of

K, +(n—2)/2{m(2tQ)U2 }
(£ Q) VPar =2/

see A.IV of the Appendix of [19].
We know that [11, p. 255, formulas (15) and (15')] (+Q)" has two kinds
of singularities when

n n n (XIL 15 4)
A=—~—2-,——2—— l,...,—7—k,
In our case is
A-—-——a—%+1, n odd. (XIL 1; 5)
Therefore if
a=r+1, r=..,—2,-1,0,1,2,., (XII, 15 6)

or,

a=s, s=1, 2., (XIL, 1: 7)
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(£Q)~*~"**! has singularities and in this case, we must interpret
(+Q)~@~"2+! as the finite part of (+Q)*, for A = —a — n/2 + 1. The explicit
evaluation of this finite part appears in A.V. of the Appendix of [19], where
we write, by definition, #(+Q)(+0)* = (Q+)".

XIII

XIIL.1. The Fourier Transform of G.(t, @, m =0, n) in the
Singular Points, when 2a —2 + n Is Even

From (III, 1; 5) we have, when 2a — 2 + n is even,

[Ge(t,m =0, a, n)]* (XIIL, 13 1)
— (217)‘"—1)/2 2la+(n-4)/1(_in) sgn xoa(Q)(n+(n—4)/2)

1

Qa+(n—2)/2 *

-2
211 (n—2)2 2a+(n—4)/2r n -1 a+(n-2)2 Pf
+@m (a4 557) D)

In the first summand of the right-hand member appears §(Q)@* "~ *?.

When a>1 we must substitute 6(Q)@*"~*2 by its “regularized”
expression (see paragraph XIL1).

When a + (n—2)/2=—r, r=0, l,.., I'(z) has simple poles while Q" has
no singular points. To regularize the second summand of the right-hand
member of XIII.1 we write, as usual,

d ) 1
1111,11’ J (2[1)("—2)/2 22('1_("_2'/")H"_“/Z)(l + r)(—l)" f(l) PfET

=H(",z)/2272r+(n-4)/2(_1)’ Qr 1Pf [‘(l)

+ IOy res T(1) Pf[Q7Y) (XIIL 152)

where

(XIIL, 1; 3)

The second summand of the right-hand member of (XIII, 1; 2) vanishes
because Q" has no singular points.

The explicit evaluation of the finite part and the residue of I'(4), for
A = —r, appears in A.I of the Appendix of [19].



110 SUSANA ELENA TRIONE

XIIL.2. The Fourier Transform of G(t,a,m =0, n) in the
Singular Points, when 2a — 2 + n Is Odd

Now, we shall consider formula (I1I, [; 6). We have, for 2a — 2 + n odd,

[Galt, m =0, a, n)|* = ()22 Qe+ —bi2p (a n ; D) )

X (H(Q) Q‘(Q-H"_J)Jz'f‘”'2 _ i(_l)a+m2_3,r2
X g0 % 8(—Q)(~Q)~ " T H L (XIL 2:11)

When a =—h + 1 —n/2 the function I'(a + n/2 — 1) has simple poles and
when a=r, r=1,2,.. or a=s—n/2, s=1,2,..; n odd, the distribution
Q:%""**! has singularities. We observe, therefore, that double poles never
exist in (XIIL, 2; 1).

We know that Q7 has the same set of singularities of Q" (it is sufficient
to interchange the roles of p and ¢ of the quadratic form Q). Therefore we
shall only regularize, by the usual method, the first summand of the right-
hand member of (XIII, 2: 1).

For

a=—h— % +1,  h=0,1,2,.. nodd, (XIIL 2; 2)

we have

Pf [(21])111—2)/2 22a+(n—4)/21— <a _'_i_ l) Q_:nn"2+l:|

e=-m2-h+1 2

= 1 —_—

a-»—h—n2+1 da

(a + h + g__ 1) (2n)(n—l);2 22a+<n—4),l

Xr (a+%_ I)Qlafn/2+l‘

2 n
=2—2hH(H72)/-Q'i Pf 1'(a+_-l)

a=-h-m2+1 2

) " n
+27 = Res F(a+—— 1)
a=—h-n2+1 2

d
% _Q—(a+n/2Al)] ) (XIII, 2; 3)
[da * a=-~h—mw2+1
The explicit evaluation of the finite part and residue of I'(z) appears in A.I
of the Appendix of [19]. Taking into account formulas (A.l, 2;3) and
(A.L 15 6), we, finally, obtain,
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a=-n/2-h+1

n— at+in— n —a-n
Pf [(2n)1 2)/2 22 +( 4)/2F (a_+_7_ 1) Q+ m2+1]

— - 2hppin-22 ( [W(l +h) Q" —log Q" |, (XIII, 2: 4)

where w(l +n)=1+1/2+ ... + I/n — %, with # Euler constant.

For
a=k+1, k=0,1... (XIIL, 2: 5)

we have

a= k+l

[(217)4" /2 yla+n- 4)/21~< o+ "'2“2>Q:m+mz~n]

= llm i (a _ _ 1)(2”)("—2)/'2 22a+(n—4)/2
da

a—k+1

-2
Xr(a+n2 )Q:(a-&-n/lvl)z
= (1)~ D2 2kt w2 ;I’ (k+%) Pf Qie-wi+

a=k+1

(X111, 2; 6)

4 i a—-n2+1t
r(k+3) Res, 03
The explicit value of the finite part and the residue of Q1 for A = —k,
appears in A.V and A.VI of the Appendix of [19].
For

a=k+1-—., k=12.. nodd,  (XIIL2:7)

2

we write, as always,

Pf [(217)("2)/2 22a+(n—4)/21—-(a + (n — 2)/2) Q:a—n/2+lj|

a=k+1i-n2

. d
= lim _
a-k+1-n2 da

(a —k—14— ) (217)(" 212 92a+(n—4)2

)
xr<a+—n2 )QI"'"’“'(

=(217)‘"‘2”222""“{F(k)la:k+1fmz Qi

k+l /2

+1'(k) Res Qre-wi+i (XIIL, 2; 8)

a=k+1—-w2

409/84:1-8
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Remark. We obtain the same result putting m =0 in the regularized

formula of [G.(t,m # 0, a, n)|* or regularizing [G,(t, m =0, a, n)]* in the
singular points.

at

Starting by {G(t, m # 0, a, n)| we must express K (z) in a neighborhood
the origin (see the asymptotic development of K (z). cf. A.II of the

Appendix) of [19], instead of formulas (I, 3;22) and (I, 3;23) and this

pr

ocess is equivalent to regularizing directly [G(t, m =0, a,n)|".
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