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1. Introduction

In this work we analyze the behaviour of the solutions to the eigenvalue problem corresponding to the p(x)-Laplacian
operator as p(x) — oo. More precisely, we consider the following problems

1.1
u=20, on ds2, (11)

[ —div(|Vu|Pr®=2Vu) = Ay [u[PP®2u, in £,
with £ c RN being a bounded smooth domain, and the sequence of functions pn:$2 — R such that p, € C(£2) and
pn(x) > 1, for every n > 1 and every x € §2.

For n fixed, solutions to the eigenvalue problem (1.1) have been analyzed in [10]. Our purpose in this work is to study
how the solutions to (1.1) behave when we consider a sequence of functions such that p,(x) — oo for every x € £2, as
n— oo.
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To give some motivation for this study, let us recall briefly what happens when p is constant in 2. In this case, the
limit of (1.1) as p — oo has been studied in [4,14,15], see also the survey [2], and leads naturally to the infinity Laplacian
eigenvalue problem

min{|Vu|(x) — Ascti(X), —Acou(x)} =0, (1.2)
where the infinity Laplacian, A, is given by

N du ou 9%u
! 0x; 0X;j 3X,’Xj.

Asoll = (Dquu) -Vu =

In fact, it is proved there that the limit as p — oo exists both for the eigenfunctions, u, — us uniformly, and for the
eigenvalues (Ap)‘/P — Ao, Where the pair us, A is a nontrivial solution to (1.2).

Solutions to —Asou = 0 (that are called infinity harmonic functions) solve the optimal Lipschitz extension problem (see
[1] and the survey paper [2]) and are used in several applications, for example, in optimal transportation, image processing
and tug-of-war games (see, e.g., [3,20,9,11,5,23,24] and the references therein). On the other hand, problems related to PDEs
involving variable exponents became popular recently due to applications in elasticity and the modeling of electrorheological
fluids. The functional analytical tools needed for the analysis have been extensively developed, see [17] and [8] and also
the recent survey [12] and references therein. Although a natural extension of the theory, the problem addressed here is
a natural continuation of recent papers. In [21], the authors treat the case of a variable exponent that equals infinity in a
subdomain of §£2 and in [19,22], the limit of p(x)-harmonic functions is studied, that is, the limit as p(x) — oo of solutions
to Apu =0 with u=g on 3.

Here we will assume that p,(x) is a sequence of C! functions in £2 such that

Pn(x) = 400, uniformly in £2, (1.3)
Vinpy(x) > £(x), uniformly in £2, (1.4)
%(x) — q(x), uniformly in £2. (1.5)

For the limit functions & and g we assume that £ € C(£2 : RV) and that g € C(£2 : R) is strictly positive.
Under these assumptions we have the following result.

Theorem 1.1. For any sequence ppn(x) satisfying (1.3)-(15) let A, and u,, be the corresponding first eigenvalues and eigen-
functions of the problem —Ap, (xup, = Ap,|up,|P*®2u, in 2 with Dirichlet boundary conditions, up, |se = 0, normalized by

® .
/, o 'Z'::X)X dx = 1. Then, there is a subsequence such that

Up, — U inCP(2), forsome0 < B <1,
and
(Ap)' M — A,
where U is nontrivial and U, Ao Verify, in the viscosity sense,

Min{—Asolico — |Vitoo |2 108(| Viteo ) (€, Vitoo), [Vitoo|? — Asctide} =0, in 2, (16)
Us =0, onads2.

Remark 1.1. Note that hypothesis (1.5) can be replaced by p,(x)/a, — q(x) for any sequence a, — oo as n — oo. The
corresponding statements can be rewritten in terms of a, (instead of n) but we prefer to simplify notation.

Remark 1.2. Comparing the limit problem (1.6) with (1.2), we note the dependence on x of the sequence p,. In fact, two
limits play a role here, VIn p,(x) — &£(x) and ’;—”(x) — q(x).

We now present some examples of possible sequences p,(x). We are specially interested in understanding (1.4) and (1.5)
and hope the examples shed some light on the meaning of this assumption.

) pn(x) =n; we have £ =0 and g =1.

) pn(X) = p(x) +n; we get again £ =0 and q = 1.

) pn(x) =np(x); now we get a nontrivial vector field £(x) = V(In(p(x))) and a nontrivial q, q(x) = p(x).
) pn(x) =n%p(x/n) [scaling in x]; in this case, we have

(1
(2
(3
(4

v 1
V(Inpa(x) = Tp(x/")ﬁ -0

and so & = 0. Moreover, we have q(x) = p(0) if and only if a =1.
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These calculations also hold for p,(x) =n+ p(x/n), we have £ =0 and q(x) = 1.
(5) pa(x) =np(nx); we get

V(Inpn(x) = nv%(nxx

which does not have a limit as n — oo. The same happens with p,(x) =n + p(nx), for which
nVp(nx)
n+pnx)’

that does not have a uniform limit (although it is bounded).
(6) We can modify the previous example to get a nontrivial limit. Assume that r =r(0) is a function of the angular variable
and that 0 ¢ £2; then consider p,(x) =n 4+ r(nx) to obtain
nVr(nx)
V(lnpp(x)) = ——— — Vr(0).
(Inpy(x)) . ©)

In this case we get q(x) =1.
(7) Finally, we can combine examples (3) and (6). Let pn(x) =np(x) + r(nx), with q and £2 as in (6). We get

nVp(x) +nVrnx) N Vpx) 4+ Vr(9)
np(x) 4 r(nx) pX) '

v (ln DPn (X)) =

V(Inpa(®) =
In this case q(x) = p(x).
2. Preliminaries

We introduce now some notation and preliminary results. See [7,8,10,17] and the survey [12] for more details. The
variable exponent Lebesgue space LP®)(£2) is defined as follows

[PX(2) = {u such that u : £2 — R is measurable and /|u(x)|p(x) dx < +oo},
Q

and is endowed with the norm

u (X) px)

T

|u|p(x):inf{r>05uchthat/‘ dxgl}.
2
The variable exponent Sobolev space W1-P® (£2) is given by
WP®(2) = {u e LPY () such that |[Vu| € LP¥ (2)},

with the norm

u (X) pXx)

Vu(x @
()

lull = inf{t > 0 such that /’
Q

dxg]}.

Let us denote by W(}’p(x)(.Q) the closure of C5°(£2) in W1P® (£2). The following result holds.
Proposition 2.1.

(i) The spaces (LPX(£2), |- |p), (WTPX(2), || - |1) and (Wé’ PO (), || - |I) are separable, reflexive and uniformly convex Banach
spaces.
(ii) Holder inequality holds, namely

f luv|dx < 2|ulp Vigw, YueLlP®(2), Vv e l1W(2),
2

where ﬁ + ﬁ =1.
(iii) If g € C(£2) and 0 < q(x) < p*(x) for every x € §2, then the imbedding from W1.P® (£2) to LIX(£2) is compact and continuous,
where p*(x) is given by

p*(x):{l\;v_p;;)&)a p(x)<N,
00, p(x) = N.
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(iv) There exists a constant C > 0 such that
1,
ulpy < C|Vulp, foreveryue W, P ().

Therefore, |Vu|px and |lu|| are equivalent norms on W},"’(")(Q).

Let us introduce now some results concerning to problem (1.1) for fixed n. Namely, we consider the problem

—div(|VulP¥=2Vu) = App [ulPP2u, in £, (2.1)
u=0, onos2.

Definition 2.1. Let Ay €eR and u e Wa‘p(")(.@). We say that (Ap), u) is a solution to the eigenvalue problem (2.1) if

/|Vu|”(")_2Vqudx=Ap(x)/|u|p(")_2uvdx, vve Wy P?(@).
2 Q

As usual, we call Ap) an eigenvalue of (2.1) and u an eigenfunction corresponding to Ap ).
Let us denote X = Wé’p(x) (£2). We define the following functionals F,G: X — R by

F(u):/LWulp(")dx, G(U)Z/Lluw(")dx,
J P J P

and, for @ > 0, the C!-submanifold of X,
My = {u € X such that G(u) = }.

It is well known that (Ap),u) solves problem (2.1) if and only if u is a critical point of the functional F:= Fimy:
M, — R. In order to determine the critical points of this functional let us introduce the following sets

Y= {A C X \ {0} such that A is compactand A = —A},
Xy ={A € ¥ such that y (A) >k},
where y (A) denotes the genus of A. The values defined by

Cho = sup inf Flu), k=1,2,...,
AeXy, ACMy UEA

are critical values of F on My verifying c1,4 > ¢3¢ 2+ 2 Ckg 2 Ckt1,0 = - -+ and cx,¢ — 0 as k — oo. Then, if uy € My is a
critical point of F, its corresponding eigenvalue is given by

Jo IVuP®dx _ p~a

A = = s
pu-k f_Q |ug [P® dx P Cha
where
p~=minpkx), p"=maxpx). (22)
xef2 xe2

If we denote A = {Apx) €R such that Ay, is an eigenvalue of (2.1)}, we have that A is a nonempty infinite set such that
sup A = +oo. It is also known that in general inf A = 0, unless the function p is monotone in at least one direction, in
which case inf A > 0, see [10].

3. The limit problem as p,(x) - oo

Our interest in this section is to analyze the behaviour of the first eigenvalue (and its corresponding eigenfunctions) of
problem (1.1) when p,(x) — +oc. To this end, we note that from the previous section we have that the first eigenvalue
for pn(x) is given by

fQ |Vupn |Pn(X) dx
R ATMIEr

The function up, is the critical point for

Ap (31)

n .
¢iq= sup inf F(u),
AeX, ACM, UEA
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where we have fixed the parameter o = 1. Note that the definition above is equivalent to

Vi |Pn®) pn()
c'h:inf/de, withB:{ueX: /|u| dx:l}. (32)
© ueB Pn(x) pn(x)

It is known (see [10] for details) that for each n fixed up, (x) > 0 for every x € £2 or up, (x) < 0 for every x € £2. In the sequel
we will consider for each n the positive solution

up,(x) >0, foreveryxe 2. (3.3)

Our purpose is to study the pair (up,, Ap,), given by (3.1) and (3.2), as the function p,(x) goes to infinity as n — oo. Next,
we introduce the following notation: we define

p, =minpy(x),  p; =maxpy(x). (34)

xef2 xXef2

By (1.5) it is clear that there exist the limits

- +
im P —g= im P g, (35)

n—oo n n—oo n

for some q—, g*.
Our next aim is to find an upper bound for (Apn)”".

Lemma 3.1. Let A, be the first eigenvalue of problem (1.1) given in (3.1). There exists a positive constant K, independent of n, such
that
(Ap)VM < K. (3.6)

Proof. We begin with a uniform bound for (c’f»l)””. Let us consider the function u(x) = ad(x), with §(x) = dist(x, 9£2) and
the constant a > 0 such that u € B, that is, we chose a verifying

[ (@37
pn(x)

dx=1.

Let us show that a is uniformly bounded. Let us denote 21 = {x € 2: € <38(x) <1} and §2, = {x € £2: §(x) > 1}. Then,
taking into account the definitions (3.4) and (3.5) we have

§(x))Pn® 1/n - P41\ /"
1> < / %dx) > (max{api,ap" },u(.Q)(9 :_ )
pn(X%) Pn

21U,

> meix{a"+‘€,a"”’ﬂ(%r
Pn

for n sufficiently large and &€ > 0 small, and the uniform bound on a follows.
Using u as test function in

1/n
) > 3 max{aq+_8, a ey,

Vu|Pn®) u|Pn®)
cl ;= inf Ldx, withB:{ueX: ul dx:l}
’ Pn(X)

ueB pn(x)
w

we get that

pa® N\ 1/n R 1/n _ 1/n
=[P ) i (42)
’ p

s Pn(x%) n Pn

Since (%{2))1/" — 1 as n— oo, it holds that (¢} ;)'/" < C for n large.

We proceed now with the bound on the first eigenvalue. Let u,, be the point at which cf ; reaches its infimum. We
observe that

1/n v Pn(x) 1/n
</|Vupn|p"(x)dx> < (ﬁ/%dx) <2(ch,)""<2c. (3.7)
Q2 2

On the other hand
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1/n 1/n
( / |Vup, [ dx) = (Apnﬂ/"( / Jup, [P dx)
2 £2

. |up, [Pn®) 1/n .
> (U )/n<p”/ Pn(®) dx) > e
n

which together with (3.7) gives the uniform bound on the first eigenvalue (3.6). O

The previous result allows us to consider a subsequence n; — oo such that (Ap”i)]/"f — Ay and, as we see in the next
lemma, we can also extract a subsequence u pn; = Uoo in CA(£2).

Lemma 3.2. There exists a subsequence {upni } converging to some nontrivial function u. in C# (82), for some 0 < 8 < 1.

Proof. Let us take m < n. Then by (3.7) we get

IJn(X) *) m/n 1-m/n
(1Vup,|°n |Vu WP®dx)  (u2) M<K,
2

thus |Vupn|p"T(X) is uniformly bounded in L™(£2), which implies that |Vu,,| is uniformly bounded in
Lm@ ™= () by Holder inequality (we take & such that g (x) — & > 1, Vx € £2). If we take now m such that

m(q~(x) — &) > N, then by the continuous embedding in (iii) of Proposition 2.1 we have that Wg'm(q_(x)fg) (£2) c cP(2),
0 < B < 1. Therefore, there exists a subsequence {“pn,- 0} such that

Up, (1) = Uoo, Weakly in wlma ™=y and Up,, () = Uco, Strongly in ch ). (3.8)

Note that we have the normalization

1 1/n
(/ |upn|p"(x)dx> =1,
pn(X)
2
1/n 1/n
( ) <[|u |Pn(X)dX> >1,

and then we have that

Q 1/n + _ n
(”;_ )> max{(Itp, loo) ™ » (s o) |7 > 1.

n

hence

If we pass to the limit as n — oo in the previous estimate, taking into account (1.5) and (3.8) we get that

. )
max{([luslloo)? s (lusollec)® } = 0",

and thus u., is nontrivial. 0O

In order to identify the limit problem satisfied by any cluster point u,, we introduce the concept of viscosity solutions
to problem (1.1). Assuming that up, are smooth enough to differentiate (1.1), we get

N ou, 9pn(x)
—|Vuy, |Pr®=2[ Au log(|Vu —Pn ZER
| pn' Dn + g(' Pn') ; aXi aXi

auPn aupn 8 upn
0x; 0xj 0x;0Xj

— (Pn(®) — 2)|Vup, [P~ Z

i,j=1

_Apn|upn|pn(X)_2uPn' (39)

We recall that the last operator involving the second derivatives is denoted as Ao, that is

du du  d%u
- 0x; 0X;j 3X,‘3Xj'

Al =
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Eq. (3.9) is nonlinear but elliptic (degenerate), thus it makes sense to consider viscosity subsolutions and supersolutions of
it. Let yeR, z,0 € RN, and S be a real symmetric matrix. We define the following continuous function
Hp,x (¥, 2,0, ) = —|z|P"™®~2(trace(S) + log(|z])(z, 8))
— (Pn®) =212/ 074(S - 2,2) — Ap, [y 2y (3.10)
To define the notion of viscosity solution we are interested in viscosity super- and subsolutions of the partial differential

equation

5 .
{Hpnm(upn, Vitp,, Vpn, D?up,) =0, in 2, (3.11)

up, =0, onods2.

Definition 3.1. An upper semicontinuous function u defined in 2 is a viscosity subsolution of (3.11) if, u|3 < 0 and, when-
ever xg € £2 and ¢ € C%(£2) are such that

(i) u(xo) = ¢ (xo0),
(i) u(x) < @), if x # xo,

then
Hp,x) (¢ (x0), Vo (x0), VPn(x0), D?¢(x0)) < 0.

Definition 3.2. A lower semicontinuous function u defined in §2 is a viscosity supersolution of (3.11) if, u|3e > 0 and, when-
ever xg € £2 and ¢ € C%(£2) are such that

(1) u(xo) = ¢ (x0),
(i) u(x) > ¢ (), if x # xo,

then
Hp,x) (¢ (x0), Vo (x0), VPn(x0), D*¢(x0)) = 0.

We observe that in both of the above definitions the second condition is required just in a neighbourhood of xo and the
strict inequality can be relaxed. We refer to [6] for more details about general theory of viscosity solutions, and [13,16,18]
for viscosity solutions related to the oo-Laplacian and the p-Laplacian operators. The following result can be shown as
in [15], we include the proof for convenience of the reader.

Lemma 3.3. A continuous weak solution to Eq. (1.1) is a viscosity solution to (3.11).

Proof. The proof is analogous to this one of Proposition 2.4 in [21]. We reproduce it here for the sake of completeness and
readability.

We omit the subscript n in this proof. Let us show that if u is continuous weak supersolution, then it is a viscosity
supersolution. Let xg € £2 and let ¢ be a test function such that u(xp) = ¢ (xo) and u — ¢ has a strict minimum at xg. We
want to show that

(X0)—2 (x0)—4

—Ap(xg)® (X0) = —|V¢(X0)’p A (x0) — (P(x0) — 2)\V¢(X0)]p Aot (X0)
— Ve x0)[P*? In(1V¢]) (x0) (Ve (x0), VP (X0))
> Aplo1P® 20 (x0).

Assume, ad contrarium, that this is not the case; then there exists a radius r > 0 such that B(xg,r) C £2 and

—Apd 0 = |V PP A — (p0) - 2)[Vo®) PP A (0
— Ve |PP " In(1Vel) (Ve (), V()
< Apw|¢PP %9 (0),
for every x € B(xp, ). Set

m= iﬂfl U —¢)(x)
X—Xo|=r

and let @(x) = ¢ (x) +m/2.
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This function @ verifies @ (xg) > u(xg), @ <u on dB(xg,r) and
—Ap® = —div([VOIPY2VD) < ApyldPP ™%, inB(xo,1). (312)
Multiplying (3.12) by (@ — u)*, which vanishes on the boundary of B(xg, 1), we get

VO IPO2vep . V(D — u)dx < / Ap|pIPP 20 (® — u) dx.
B(x0,nN{®>u} B(x0.1N{®>u}
On the other hand, taking (@ — u)™, extended by zero outside B(xg,r), as test function in the weak formulation of the
eigenvalue problem, we obtain
/ [VulP®=2vy . V(@ —u)dx = / Apo [ulPPO72u(d — u)dx.
B(xg,r)N{®>u} B(xg,r)N{®>u}

Upon subtraction and using a well-know inequality, we conclude

0> / (IVe|PO2Ve — |VuPW=2Vy) . V(P — u)dx
B(xp,r)N{®>u}
>c / V@ — Vu|PW dx,
B(xg,r)N{®>u}
a contradiction.
This proves that u is a viscosity supersolution. The proof that u is a viscosity subsolution runs as above and we omit the
details. O
We have all the ingredients to compute the limit of the equation
Hpyo (Upas Vitp,: VP, Dz“pn) =0

as pp(x) — oo in the viscosity sense, that is to identify the limit equation verified by any u, as in (3.8).
In the sequel we assume that we have a subsequence py, (x) — oo with the assumptions stated in the introduction such
that

lim up, =uoo
1—00

uniformly in §2 and (Apnl_)l/”i — Ax. We denote as up, and Ap, such subsequences for readable reasons.
We define for y € R, z,0 € RN and S a symmetric real matrix,

Hoo(y,2,q.60,S) =min{—(S - z,z) — log(1z]) (0, 2). |2|? — Accy?}. (3.13)

Note that Heo(u, Vu, q, £, D*u) =0 is the equation that appears in (1.6).

Theorem 3.1. A function u, obtained as a limit of a subsequence of {up, } is a viscosity solution of the equation
Hoo(u, Vu,q, &, D?u) =0,
with H, defined in (3.13), and & and q given by (1.4) and (1.5) respectively.
Proof. Consider ¢ € C2(£2) such that ux(x0) = ¢ (xg) and U (x) > ¢(x) for every x € B(xo, R), x # X0, with R > 0 fixed and
verifying that B(xg, 2R) C £2. For 0 <r < R it holds that
inf{us — ¢ in B(xo, R) \ B(xo,1)} > 0.

Since up, — Uy uniformly in B(xg, R), for n > ng the function up, — ¢ attains its minimum value in B(xo,r). Let us denote
by x; € B(xo,r) such a point. By letting r — 0 we get a subsequence such that x,, — xo as n, — oo. To simplify we denote
such subindexes by x; and up,.

On the other hand we have that u,, is a viscosity supersolution of (3.11). Then,

— |V ) [PV 72 (A (xn) + 1og (| Ve (xn) ) (V P (), Vb (k)
— (Pa ) — 2)| Ve () | "V (%) D2 (x1), Vb (x0))
> Ap, ) [PV 72 (). (3.14)
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We observe that, at the point x;

n(Xn)—2 n(Xn)—2
Apn|¢(xn)|p () ¢ (xp) = Apn|upn(xn)|p () up, (xp) >0,

if we assume that uy,(xg) > 0. In consequence, by (3.14) we deduce that |V¢(x,)| > 0 and we can multiply this inequality
by (pn(Xn) —2) 71|V ()|~ Pn®n)=%) to obtain that

— |V (Xn) 1> (Ap (Xn) +108(I VD (xn) ) (V P (Xn), Vb (Xn)))
Pn(Xp) — 2

><Aéﬁ"¢><><n>pn"“">>” V6 () (x0)
"\ (Vo) Fen ) (n(én) — 2| xa) 2

If we take limit as n — oo in the previous inequality, taking into account (1.4) we have that

— (Vo Xn)D*¢ (xn), Vo (X)")

— Ao (X0) — [V (x0)|* log(| Ve (x0)]) (£ (x0), Vé (x0))

[<A2£"¢(xn>"7"“">>” V6 ()45 () ]

> lim o 3
|V (%) 1 &) ) (Pn(Xn) — 2)|¢ (Xn)]

n—oo

(3.15)

For any ¢,
IVox)l*o ()
n—>00 (pn(Xn) — 2)|¢ (xn)|?
By (1.5) it also holds that

1 P
L ARG T A (0100
=0 Vg (x| T [V(x0)|d0)

(3.16)

Now, we claim that the previous limit is smaller than one, namely,

Ve 00)|"™ = Aot (x0)7*) > 0. (317)
To prove this claim we argue by contradiction. Assume that

Acotp (x0)1%0)

[V (x0)[10)
Then, from (3.16) we conclude that there exists 6 > 1 such that

1 pn
AL () B 00

|V (xa)| 7 0
for n large. Therefore,

- [(Aéﬁ”wxn)%"(""’)” |V ()| (xn) ]>1. 9”[ 19019 () ]
=00 \ |V (xp)| &0 ) (Pn(xn) — 2)16 (xn)|? Pnl)=2) |65 (x,) |2

> .
n—oo n

Hence the limit in (3.15) diverges, but the left hand side is bounded, so we reach a contradiction.

Now, if us(xg) =0 and V¢ (xg) #0 we can use the same arguments to conclude that (3.17) holds, and if V¢ (xp) =0,
then (3.17) holds trivially.

On the other hand, it always holds that

— Moot (X0) — |V (x0)[* 10g(| Ve (x0) |) (& (x0), Vb (x0)) > 0. (3.18)
Thus, we can combine the two equations (3.17) and (3.18) into the following

min{—A s (X0) — [V (x0) 1> log(| Vep (x0) | ) (E (X0), Ve (%0)), |V (x0) "™ — Ao (x0)7%} > 0. (319)

To complete the proof it just remains to see that u., is a viscosity subsolution. Let us consider a point xp € £2 and a
function ¢ € C2(£2) such that us(xo) = ¢ (xo) and e (x) < ¢ (x) for every x in a neighbourhood of xp. We want to show
that

Hoo (¢ (x0), Vo (X0), q(X0), & (X0), D*¢(x0)) < 0.
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We first observe that if V¢ (xg) =0 the previous inequality trivially holds. Hence, let us assume that V¢ (xo) # 0. Now, we
argue as follows: assuming that

|V (x0)[ "™ — Aooip (0)7%0) > 0, (320)
we will show that
— Moot (x0) — |V (x0)[* 10g(| Ve (x0) |) (& (x0), Vb (x0)) < O. (3:21)
As before, we get a sequence of points x, — Xg such that
— |V () [*(A¢ (xn) + 10g(IV X)) {V P (Xn), Vb (xn)))
Pn(xp) — 2
< (Aiaﬁ"mxn)%"‘*"’)" V6 (k) 4 (xn)
S\ Ve o) 00 ) (Prn) — 2)1 (xa) 2

Taking limit as n — oo in the above inequality we get an equation similar to (3.15), namely

— (Vo xn)D*¢ (xn). Vo (x)")

— Aot (x0) — [V (x0)|? log(| V¢ (x0)|) (€ (x0), Ve (x0))
[(Aéﬁ"qﬁ(xn)%"“‘"))” Vb () b (k) }
IV (x)| 70 ) (Pn(xn) —2)|¢p (%) |2 |

Now, we observe that the limit above is equal to zero, since we are assuming (3.20). Thus (3.21) holds and the proof is
complete. O

> lim
n—oo
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