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It is established that, under certain conditions, the Dirichlet problem on a
bounded interval for the Painlevé II equation is uniquely solvable and solutions are
constructed in an iterative manner. Moreover, conditions for the existence of
periodic solutions are set down. — © 2002 Elsevier Science

1. INTRODUCTION

The Painlevé II equation [1] arose originally in work by Painlevé,
Gambier, and Fuchs on canonical forms for second-order ODEs whose
solutions do not admit movable singularities. The considerable interest in
Painlevé equations in recent times is due, in large measure, to the
celebrated Painlevé conjecture in soliton theory of Ablowitz and Segur [2]
concerning the admittance of symmetry reduction to a Painlevé equation
as a test for integrability. In this connection, the Painlevé II equation
arises, in particular, as a symmetry reduction not only of the KdV and
mKdV equations but also of the nonlinear Schrédinger equation [3]. In
addition, the Painlevé II equation arises directly as a physical model
describing the electric field in both electrolytes [4—6] and semiconductors
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[7]. The application of a Backlund transformation for Painlevé II in the
context of steady electrolysis has recently been discussed by Rogers et al.
in [8]. Whereas there is an extensive literature on initial value problems for
the Painlevé II equation, the literature on two-point boundary value
problems for this equation is relatively sparse. Hastings and McLeod [9]
investigated a boundary value problem on (—o0,) for Painlevé II which
arises in plasma physics in the work of DeBoer and Ludford [10]. Bound-
ary value problems for Painlevé II on (0,) were considered by Holmes
and Spence [11]. Thompson [12] investigated two-point boundary value
problems in two-ion electrodiffusion for a Painlevé Il-type equation.
Therein, the boundary conditions involved vanishing derivatives at the end
points. Here, attention is concentrated on the Dirichlet problem for
Painlevé 1II on a bounded interval, and conditions are established for its
unique solvability. An iterative procedure for solution construction is
described. To conclude, conditions are established for the solvability of a
class of periodic boundary value problems for Painlevé II.

2. UNIQUE SOLVABILITY OF THE DIRICHLET PROBLEM

Here, we study certain boundary value problems for the Painlevé 11+
equation

d*Yy
P*: F=2Y3iZY+C
Z

on the bounded interval [a, a] of the real line. Let us consider the usual
Sobolev spaces H™(I), where I = (a,a) and S;: H*(I) - L*(I) are the
semilinear operators given by

+ a’y +
SU—Y= ? — O'g_(Z,Y),
where g*(z,Y) =2Y? + zY and 0 < o < 1. It will be assumed through-
out that
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We denote §; = (7,)* + o min{g,0} and §, = (7,)* — o max{a,0}. In
the sequel we shall require the following classu:al result:

THE LERAY-SCHAUDER FIXED-POINT THEOREM. Let K be a compact
mapping of a Banach space E into itself and suppose there exists a constant M
such that ||x|lg < M for all x € E and o < [0, 1] satisfying x = o Kx. Then K
has a fixed point.

To apply the above result to our boundary value problem, we shall need
the following “a priori” bounds for the operators S *:

LEMMA 1. LetY,,Y, € H*(I) with Y, =Y, on dI. Then

||S0'in1 - S(riY2”2 = 8o'i”Yl - Y2||2
and

85 (a —

m

dy,  dy,

|| Sa-'_'— Yl - SUtYZHZ = dz dz

)
Proof. We have that
”SUin - Saiyz ||2||Y1 - Y2||2

%

_/;(Sain - SaiYZ)(Yl - Yz)

dy, ay,

f(:E——-——)-+of Y)Y, - Y,)

iaﬁzoq—)gf.

Since (Y} — Y7XY, — Y,) > 0, for S it is seen that

dy, dy,\’ R
|89, = Spvalllv = Yallo = f| =% = —= | + oallv = Va3,
From Poincaré’s inequality it is seen that a,allY - Y, <lldy,/dz —

dY,/dz|l,, and the result follows. The proof for S is analogous ]

We now apply the Leray—Schauder Theorem to derive the following
result:

THEOREM 1. The Dirichlet problem

d*y
D F=2Y3iZY+C, ZEI=(C_Z,(,_1)
. zZ

Y(a) =y, Y(a) =y
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is uniquely solvable in H*(I) for any C € L*(I) and arbitrary boundary data
», V€ R.

Proof. For every Y € H'(I) let

G#(2) = [1C(s) + 8% (5.¥(5))] ds.

I b R OL

a-—a

and define the operator K via

KY(2) =y + &(Y)(z —a) + /:Gyi(s) ds.

From the imbedding H'(1) < C(I) we deduce that K: H'(I) —» H'(I) is
well defined and continuous. Moreover, it follows by construction that

d*(KY)
7(z)=C(z)+gJ—r(z,Y), KY |5 = o,

where

ya —

<1

a

z +

N

I

On the other hand, for Y € B, = {Y € H'(I): ||[Y|l;.» < R} we have that
Y]l < cR for some constant ¢, and then

lg*(¢ V). <2, |GE]. <@,

for some constant ¢ depending on R. Hence, K(By) is bounded in H?*(1),
and the compactness of the imbedding H?(1) — H'(I) implies that K is

compact. Let o € [0, 1] and assume that Y = ¢ KY. Then d*Y/dz* = o(C
+ g*(z,Y)) and Y|, = o¢. By Lemma 1

”Y - O-QDHI,Z < CO'“SUiY - Sa'i(o-q‘))HZ = CU” aC — So_i(O'QD) ”2

for some constant c, . Since {c,}, ., - is bounded, the set {Y: Y = o KY}
is uniformly bounded in H'(I), and by the Leray—Schauder Theorem, K
has a fixed point corresponding to a solution of the Dirichlet problem D. ||
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3. SOLUTIONS OF THE DIRICHLET PROBLEM
VIA ITERATION

Here, P* is embedded in a one-parameter family of equations to show
that a solution of the boundary value problem D can be obtained by
construction via a continuation-type procedure. Specifically, we consider a
parameter-dependent version of P* as follows:

d2

P/\i ﬁ =)\(2Y3iZY+ C)
y4

Starting at a solution corresponding to a value A, of the parameter A, we
construct a solution for A, + ¢ as the limit of a recursive sequence in the
Sobolev space H!(I). We remark that every term of this sequence is
obtained as a solution of a /inear Dirichlet problem. Let Y,, be a solution
of P,> with 0 < A, < 1 and with Dirichlet conditions Y(a) =y, Y,(a) =
We consider the sequence of boundary value problems

d*y,.,

— - (A + s)[(6Y2+z) o1 — 4+ C,
4

Y, 1(a) =) Y, .(a) =

for some z € I and € < 1 — A, to be determined. By classical results, {Y,}
is well defined. For simplicity, we introduce the following notation:

12(Ay + #) a—a
S AT R|,
5AU_+£ w

¢ (R) =

A7 (R) = 12Y3 + zY, + Cll,.

AW(' a)

We remark that 8,7, ,> & > 0 for some positive constant §, proving that
cI(R) is bounded and AX(R) > 0 as &£— 0 for any fixed R. The
following result may be established:

THEOREM 2. Choose R > 0 and & > 0 such that
1
A‘:(R)(E + c;(R)) <1

Then the sequence {Y,} converges in Br(Y,) C H'(I) to a solution of (P )
satisfying the Dirichlet boundary conditions.
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Proof. First we establish that [|dY,/dz — dY,/dz|l, < R for every n:
indeed, by definition we have

d*(Y, = Y,)
Ly(Y, - Y,) = 7

= ¢(2Y; +2Y, + C),

— (A + 3)(6Y02 +z)(Y, — Y)

and then, after the manner of Lemma 1, we obtain

H d(Y, = Y,)
dz

< L,(Y, =Y,
5 6/\;t+€(a_g) ” 0( 1 0)”2

™

&
3 — At
< (-0 |2Y3 + 2¥, + C|, = AX(R) <R.

More generally, we define L as the linear operator given by

T

T= — (A + £)(6Y, + 2)T,

L -
dz?

St

and then, for 7, = Y, ,, — Y,, we have
LET, = (A) + &)
x[2(%7 = YLy) £2(Y, = Y, = (0¥, £ 2)(Y, = Y,-0)]
=2(A + £)(2Y,  + V)T .
Moreover, since T,(a) = T,(a) = 0 it is seen that
2(Ag + &)

1Ly Tl = —————
6/\;)l+s(a - C_Z)

dT, i
H ||(2Ynfl +Yn)Tn71||2

dz

< “+ /= N
2 6A;+s(a _C_Z)

for n > 1. Assume that [|dY, /dz — dY, /dz|l, < R for every n < N; then

T a—alldy, dy, ﬁ—c_zR
— < - — <
" ofz = dz dz |, =
and [12Y,_, + Y,[l, < 3(1Y,ll, + “_“R). As
dT, 2(a —a) || dT, |’
RO e e P \ |,
a dz T dz |l
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we conclude that

2

dT, 12( Ay + &) a—a aT,_
] f(nnnz + —R) -
dz ||z Site T
Hence,
= e (R H R £(RYAx(R)) ' 4T
d22 ()d22 d22(()()) dz |2
and
dYy ., dy, N H ot 2n-1
- — R)AZ(R .
H dz dz |» nZ:: dz 2 dz 2n 0 ¢ (R) A2 ( ))

By hypothesis, cF(R)AZ(R) <1 — %Af(R), and then

1
21— cZ(R)AZ(R)

< R.
dz dz

H &Y., dy,

H dT,
2 dz

Our result is now established by induction. Furthermore,

n

Y (c2(R)AZ(R))

j=m

H dy, .
dz

H dT,

proving that {Y,} is a Cauchy sequence for the H' norm. Let Y =
lim, . Y,; then Y, — Y uniformly. Since

2
n

—5 (At e)[(6Y2 +2)Y — 4Y3 + C]

= (X +&)2Y*+2Y + C)

it is clear that Y € H*(I) is a solution of P, satisfying the stated
boundary conditions. [

Remark. Pg" is trivially solvable, and its unique solution is ¢ = (%)z

+ y: ¥ On the other hand, from Lemma 1 we deduce that

1Yy = dlli2 < c|SEY, - S o], <@
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for some fixed constant ¢, proving that the choice of the step & can be
considered as independent of A,. This implies the existence of a sequence

0=2A <A < <Ay=1,

where the solutions Y of P* are constructed as in Theorem 2, and Y,
the unique solution of the or1g1na1 problem.

4. THE PERIODIC BOUNDARY VALUE PROBLEM FOR P*

In this section, we study the existence of solutions of the periodic
boundary value problem for P *, namely,

dZ
=2Y3 4+ zY+ C, zel
P- dz?
' v v dy dy
(2) =Y(a), E(g) = E(“)‘

In this connection, define Y, as the unique solution of the Dirichlet
problem

d’y
F=2Y3iZY+C, zel
v

Y(a) = Y(a) = s
for fixed s € R. By Theorem 1, the mapping # given by ¢(s) = Y, is well
defined. Furthermore,

LEMMA 2. ¢: R —> H'(I) is continuous.

Proof. We have that

%
|
—~
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2
s S a . 2
dz  dz ) + /;IZ(YS Y)
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Hence, using that

1Y, = Yl <[|Y, = Y, = (s = so) ||, + Is = sol(@ — a)""?

a—aldy, dYsU | (@ 1/2
—_ + —_ —_ ,
e
we obtain, for P¥,
dy, dy,\|"
(s SO)( dz dz )2
ay, 4y, |’ 2
> - — 2 + Y -Y
‘dz &l * 20
‘dYs ", minfa.0 Iy, - v, II3
Z - T + b s - s
&z dz |, T min{a 0y, =Yl

8 (a —a)’||ay, dv, |’
> 5

T dz dz

s S0

dz dz

+ min{a,0} |2 12

s = sol(a@ — a)
2

+(s = 50) (@ —a)|.

In the same way we obtain, for P~

dy, dv, \|"
(s = 50) dz  dz a
br(a—a)|ay, dv,|’
2 7 T L
T dz dz |2
7.0 2‘7_@ dy; dYxo | (@ 1/2
— max{a, 0} —\ % & 2s—so(a—c_z)

+(s—s0)(@a—a)|.

Let s —s,. Then [|dY,/dz — dY; /dz|l, - 0, provided that ||dY,/dz —
dy, /dz|l, and (dY,/dz — dY, /dz)|, are bounded. Since

IY; = slhi2 < cl||SliYs - SFS||2 = C1||C - (2s3 * zs)||2,
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we conclude that [|dY,/dz||, is bounded. Moreover,
=

dz*
which establishes that Y, is bounded in H2(I) < C'(I). This implies the

s -

boundedness of ||dY,/dz — dYSU/dzllz and (dY,/dz — dYSO/dz)IZ, and so
completes the proof. |

=levr s+l

To consider the solvability of the periodic boundary value problem, we
observe that Y is a solution of P if and only if Y = Y, for some s such that
J& d*Y,/dz* = 0. Thus, we may define the mapping 6: R — R given by

0(s) = faZYS3 +zY, + C.
Continuity of 6 follows immediately from Lemma 2 and the imbedding

H(I) = c().

THEOREM 3. The periodic boundary value problem P is solvable for any
C € L™(I). Furthermore, there exist s;y, S, € R such that any solution of P
belongs to the compact arc {Y;: ;0 <5 < s3,.}.

Proof. 1t suffices to establish the existence of s;,¢, s, such that

6(s_) <0< 6(s,)
for any s_< s;,, 5,> sy, Let s > 0 and consider z, such that Y{(z,) is
maximum. Note that if we define

(YY) =2Y° £z2Y + C(z2),

then considering Y large we may assume that ¢, is increasing for any z.
Hence, if Y,(z,) > s we obtain that

2

dz?
a.e. in a neighborhood of z,, a contradiction. Thus, Y, < s, and then
Y ay, _ o
5, (@) = -~ (@) = 0(s).

The proof for s, is analogous. [

z)>2s+zs+C(z) >0

0<

Remark. 1t is straightforward to compute sufficient values of s;,; and

Ssup €Xplicitly in each case. For a general formulation, we may define

L | =e ifes’tz>0foreveryseR, z €[
i sup{s € R: 65> + z < 0 for some z € I} otherwise
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and note that ¢, is increasing for Y > y* and Y < —y*. Hence, it
suffices to take

Sqp = max{y *,sup{s € R: 25 + zs + C(z) < 0 for some z € I}}

and

Co

10.

11.

12.

Sie = min{ —y ¥, inf{s € R: 2s® + z5 + C(z) > 0 for some z € I}}.
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