Journal of Mathematical Analysis and Applications 263, 195-223 (2001)
d0i:10.1006 /jmaa.2001.7609, available online at http: //www.idealibrary.com on Iﬂikl®

Existence Results for the p-Laplacian with Nonlinear
Boundary Conditions'

Julidn Fernandez Bonder and Julio D. Rossi

Departamento de Matemdtica, FCEyN UBA (1428), Buenos Aires, Argentina
E-mail: jfbonder@dm.uba.ar, jrossi@dm.uba.ar

Submitted by Ravi P. Agarwal

Received October 6, 2000

In this paper we study the existence of nontrivial solutions for the problem
A U= ||~ %4 in a bounded smooth domain Q ¢ RV , with a nonlinear boundary
condition given by |Vu|?”%u/dv = f(u) on the boundary of the domain. The
proofs are based on variational and topological arguments. ~ © 2001 Academic Press
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1. INTRODUCTION

In this paper we study the existence of nontrivial solutions for the
following problem:

Apu=|u|p72u in Q,

(1.1) _, du
[Vul? ™" — =f(u) on |Q.

Here Q 1s a bounded domain in RY with smooth boundary, Aju=
div(|Vu|?~*Vu) is the p-Laplacian, and - is the outer unit normal derlva—
tive.

Problems of the form (1.1) appear in a natural way when one considers
the Sobelev trace inequality

p(N—l).

1
S /p||u||L4(,m) < llullwira), l<qg<p*= N—p
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In fact, the extremals (if they exists) are solutions of (1.1) for f(u) =
Nul?u. See [10] for a detailed analysis of the behavior of extremals and
best Sobolev constants in expanding domains for p = 2 in the subcritical
case, 1 < g < *=D1,

Also, one is led to nonlinear boundary conditions in the study of
conformal deformations on Riemannian manifolds with boundary (see, for
example, [5, 11, 12]).

The study of existence when the nonlinear term is placed in the
equation, that is, when one considers a quasilinear problem of the form
— A, u = f(u) with Dirichlet boundary conditions, has received consider-
able attention (see, for example, [15, 16, 21], etc.).

However, nonlinear boundary conditions have only been considered in
recent years. For the Laplace operator with nonlinear boundary condi-
tions, see, for example, [7, 8, 10, 17, 25]. For elliptic systems with nonlinear
boundary conditions see [13, 14]. For previous work for the p-Laplacian
with nonlinear boundary conditions of different type see [6, 22].

In this work, to obtain solutions of (1.1), we seek to understand critical
points of the associated energy functional,

1
(1.2) F(u) = ;fQ(IVuI” + lul?)dx — fmF(u)da,

where F'(u) = f(u) and do is the measure on the boundary.

In this paper we fix 1 < p < N and look for conditions on the nonlinear
term f(u) that provide us with the existence of nontrivial solutions of (1.1).

This functional .7 is well defined, and C! in W' ?(Q) if f has a critical
or subcritical growth, namely |[f(u)] < C(1 + |ul?) with 1 < ¢ < p*
= ﬁ—pl Moreover, in the subcritical case 1 < g < p*, the immersion
Wr(Q) = L1(3Q) is compact, while in the critical case g = p* is only
continuous.

First, we deal with a superlinear and subcritical nonlinearity. For sim-
plicity we will consider

(1.3) f(u) = Alul?*u,
where g verifies
N -1
1<gep =P D
N-p

In these cases we prove the following theorems, using standard variational
arguments together with the Sobolev trace immersion, which provide the
necessary compactness. See [16] for similar results for the p-Laplacian
with Dirichlet boundary conditions.



p-LAPLACIAN WITH NONLINEAR BOUNDARY CONDITION 197

THEOREM 1.1. Let f satisfy (1.3) with p < q < p*; then there exist in-
finitely many nontrivial solutions of (1.1) which are unbounded in W'7(Q).

THEOREM 1.2.  Let f satisfy (1.3) with 1 < q < p; then there exist infinitely
many nontrivial solutions of (1.1) which form a compact set in W 7(Q).

THEOREM 1.3.  Let f satisfy (1.3) with p = q; then there exists a sequence
of eigenvalues A, of (1.1) such that A, - +® asn — +oo.

In the case p = g, the equation and the boundary condition are homo-
geneous of the same degree, so we are dealing with a nonlinear eigenvalue
problem. In the linear case, that is, for p = 2, this eigenvalue problem is
known as the Steklov problem [2].

Next we consider the critical growth on f. As we have pointed out, in
this case the compactness of the immersion W7(Q) < LP'(9Q) fails, so
to recover some sort of compactness, in the spirit of [3], we consider a
perturbation of the critical power, that is,

(1.4) f(u) — |u|p*—2u + /\|u|r—2u _ |u|p(N—1)/(N—p)—2u + )\|L£|r_21/l.

Here we use the compensated compactness method introduced in [19, 20]
and follow ideas from [15]. We prove the following two theorems.

THEOREM 1.4. Let [ satisfy (1.4) with p <r < p*; then there exists a
constant A, > 0 depending on p, r, N, and Q such that if A > A, problem
(1.1) has at least a nontrivial solution in W1 ?(Q).

THEOREM 1.5. Let f satisfy (1.4) with 1 <r < p; then there exists a
constant A, > 0 depending on p, r, N, and Q such that if 0 <A <A,
problem (1.1) has infinitely many nontrivial solutions in W' P(().

Next, we deal with supercritical growth on f. More precisely, we study a
subcritical perturbation of the supercritical power; that is, we consider

(1.5) flu) = Nl u + lul" *u,

with g > p* > r > p. In this case, not only does the compactness fail, but
the functional . given in (1.2) is not well defined in W' ?((), so we have
to perform a truncation in the nonlinear term )Lluquzu, following ideas
from [4]. For this case we have

THEOREM 1.6.  Let f satisfy (1.5) with q¢ > p* > r > p; then there exists a
constant A, depending on p, q, r, N, and Q such that if 0 <A <A,,
problem (1.1) has a nontrivial positive solution in W?(Q) N L*(9Q).

Finally, we end this article with a nonexistence result for (1.1) in the
half-space RY = {x, > 0} that shows that existence may fail when one
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considers critical or subcritical growth in an unbounded domain. This
nonexistence result is a consequence of a Pohozaev-type identity.

THEOREM 1.7. Let f satisfy (1.3) with q < p*. Let u € W"?(RY) N
C*(RY) N L1(9RY) be a nonnegative solution of (1.1) such that

IVu(x)IIxIN/p—>0 as |x| - +oo.

Then u = 0.

We remark that the decay hypothesis at infinity is necessary, because for
p =2 u(x) = e is a solution of (1.1) for every q.

Throughout the paper, by C we mean a constant that may vary from line
to line but remains independent of the relevant quantities.

The rest of the paper is organized as follows. In Sections 2, 3, and 4 we
deal with the subcritical case. In Section 2 we prove Theorem 1.1, in
Section 3 Theorem 1.2, and in Section 4 Theorem 1.3. Next, in Sections 5
and 6 we consider the critical case. In Section 5 we prove Theorem 1.4,
and in Section 6 Theorem 1.5. In Section 7 we deal with the supercritical
problem, Theorem 1.6, and finally in Section 8 we prove our nonexistence
result, Theorem 1.7.

2. PROOF OF THEOREM 1.1: THE SUBCRITICAL CASE I

In this section we study (1.1) with f(u) = Alul?"*u with p < g < p*.
Let us begin with the following lemma, which will be helpful in proving
the Palais—Smale condition.

LEMMA 2.1. Let ¢ € W'P(Q)', where W-P(Q)' denotes the dual space
of W1 P(Q). Then there exists a unique weak solution u € W-?(Q) of
(2.1) —Au+ lul? " *u = ¢.

Moreover, the operator A,: ¢ — u is continuous.

Proof. Let us observe that weak solutions u € Wh?(Q) of (2.1) are
critical points of the functional

() = -~ IVul® + [ul”)dx — (¢, u)
(u) = [ (Vul” + ul)dx = <),

where ¢ -, - ) denotes the duality pairing in W' (). Hence, existence and
uniqueness are a consequence of the fact that [ is a weakly lower
semi-continuous, strictly convex functional bounded below.
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For the continuous dependence, let us first recall the inequality (cf. [24])
(2.2)
C,lx —yl” ifp>2
(Ix1P 2% = [yI” 2y, x —y) > lx —yI?

e if p <2,
P (lxl + 1yl)>7*

where (-, ) denotes the usual scalar product in R".
Now, given ¢, ¢, € W7(Q)', let us consider u,u, € W-r(Q), the
corresponding solutions of problem (2.1). Then, for i = 1,2 we have

f (IVuilpszu,»(Vu1 —Vu,) + gl Pu(uy —uy) — ¢i(u, — uz))dx =0.

Q

Hence, substracting and using inequality (2.2), we obtain, for p > 2,
Cpfﬂqu1 = Vu,|” + luy — u,|” de < {(py — b,), (u; —uy))

<ll¢, - ¢2||W1’P(Q)’||u1 - M2||W1»P(Q)-

Therefore,

14,(1) = A,($2)llwray < Cldy = dallwrray) ",
Now, for the case p < 2, we first observe that
fQIV(ul —u,y)|” dx
IV(u, — uy)l @=py/2
fg (IVu, | + [Vuyl)* ™"

dx)p/z(fQ(IVull + |Vu, )’ dx)

and
w—wl " b )
Jluy =yl de < | [ ————5—dx (f (lay] + L, ) dx)
Q Q (luy| + luy) Q
As in the previous case, we get

||M1 - uz”W“’(Q)

— < Cllg, — dllwircay.

(2.3)

2
(||u1||W1~P(Q) + ”u2||W1”’(Q))
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Now we observe that
||u,-||5V1vP(Q) < ”d’,‘”WI'V(Q)’”ui“WI*p(Q)-
Hence, (2.3) becomes

||Ap(¢1) - Ap(d’z)“Wl*”(Q)

< C(H%H%I(g(nl)) + ||¢2||1W/§g(91))) ||¢1 = llwircay,
and the proof is finished. [
With this lemma we can verify the Palais—Smale condition for .%.
LEMMA 2.2.  The functional F satisfies the Palais—Smale condition.

Proof. Let (uy),., € W"?(Q) be a Palais—Smale sequence, that is, a
sequence such that

(2.4) Flu,) »c and  F'(uy) = 0.

Let us first prove that (2.4) implies that («,) is bounded. From (2.4) it
follows that there exists a sequence g, — 0 such that

\F (u)wl < glwllwiray, Vw e whr(Q).

Now we have

1 1
c+1>F(u,) — —F (up)u, + —=F (uy)uy
q q

1
=== = lullfprray + =F (u,)u
P q) k Q) 4 (g )y

\%

— = =l rray = —llugllw i) e
p ‘I) q

>—— - ||uk||%1,p(m - _HukHW”’(Q)'
p Q) q ’

hence, u, is bounded in W 7(Q).

By compactness we can assume that u, — u weakly in W?(Q) and
U, > u strongly in L"(&Q) and a.e. in J{). Then, as p < q < p*, it follows
that |u,|?" — |u|?"%u in L?"(9Q) and hence in WL-2(Q)'. Therefore,
according to Lemma 2.1,

w > A,(lulu),  inwhr(Q).

This completes the proof. |
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Now we introduce a topological tool, the genus, that was introduced in
[18], but we will use an equivalent definition due to [9].
Given a Banach space X, we consider the class

S={AcX:Aisclosed, A = —A}.
Over this class we define the genus, y: 3 — N U {}, as
y(A) = min{k € N: there exists ¢ € C(A4,R* - {0}),
o(x) = —¢(—x)}.

For the proof of Theorem 1.2, we will use the following theorem, the
proof of which can be found in [1].

THEOREM 2.1 [1, Theorem 2.23]. Let & X — R verify the following:
(1) 7€ CUX) and even.

(2) F verifies the Palais—Smale condition.

(3) There exists a constant r > 0 such that Fu) > 0in 0 < |lullx <r,
and Fw) = ¢ > 0 if llully =r.

(4)  There exists a closed subspace E, C X of dimension m, and a
compact set A, CE, such that <0 on A,, and 0 lies in a bounded
component of E,, — Am inkE,.

Let B be the unit ball in X. We define
I'={heC(X,X):h(0) =0, his an odd homeomorphism
and Z(h(B)) = 0},

and
={KcX:K= —K,Kiscompact, and y(K N h(dB)) = m
forallh € T}.
Then,
¢, = inf maxF(u)
Ke%, uek

is a critical value of &, with 0 <c <c,, <c,, ,, < %©. Moreover, if c,
Cp1 = " =Cpy, then y(K ) =1+ 1, where K, ={ue€X:5 )=
0,#A ) = c,,}.

Now we are ready to prove the main result of this section.

Proof of Theorem 1.1. We need to check the hypotheses of Theo-
rem 2.1.

+r
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The fact that .% is C! is a straightforward adaptation of the results in
[23]. The Palais—Smale condition has already been checked in Lemma 2.2.

Let us now check condition (3). From the Sobolev immersion theorem,
we obtain

F(u)

—||M||I€V‘>P(n) - —||M||liq((m) = —||M||I€V"P(Q) - C—||u||qW"P(Q)
p q p q

g(||u||W‘~l’(Q)),

where g(t) = ;17 — Ct%. As g > p, (3) follows for r = r(C, A, p, ¢) small.

Finally, to verify condition (4), let us consider a sequence of subspaces
E,, c W:?(Q) of dimension m such that E,, CE, ,, and u | ,o # 0 for
u+0,u € E,. Hence,

minf luldo > 0,
a0

u€eB,,

where B,, = {u € E,, : llullyrq) = 1}. Now we observe that

p At?

F(tu) < —lullyrro) — — min lul?do < 0
p q u€B,’9Q

for all u € B,, and t > t,. Therefore, 4 follows by taking A4, =t,B,,. |

To see that the critical points of .7 that we have found are unbounded in
WLP(Q), we need the following result:

LEmMMA 2.3. Let (c,) C R be the sequence of critical values given by
Theorem 2.1. Then lim Cpy = ®.

m —x m

Proof. Let M ={u € Whr(Q) — {0}: %”u”l{){/hl)(g) < llullfss0)}. By the
Sobolev trace theorem, there exists a constant » > 0 such that

(2.5) r <llullfsony,  Vu <M.
Let us define

b,, = sup inf  F(h(u)).
}

hel {we€dBNE;
It is proved in [1] that b,, < c,,; hence to prove our result it is enough to
show that b,, — .
Now, b,,, | = inf,, ¢ ;5 F(h(w)) for all & € T'. We will construct h, €
' such that lim, . inf,. 5, Ec%h (1)) = . First, let us define "the
sequence

d = inf{”M”le(Q) ueMn E;n}

m
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and observe that d,, — . In fact, if not, there exists a sequence u,, €
M N E¢ such that u, — 0 weakly in W'?(Q) and therefore u,, > 0 in
L1(9Q), a contradiction of (2.5).

Next, let us consider /,,(u) = R™'d,u, where R > 1 is to be fixed.
From #,, we will construct h

Given u € W'P(Q) such that u | ,o0 # 0, pick B8 = B(u) such that

—|| Bullfyrray = Il Bullfasn),

so Bu € M.

If we consider g(¢) = F(iu) with u |, # 0, it is easy to see that g is
increasing in [0, B(u)], so g achieves its maximum on that interval for
t = B(u).

Take u, € E;, N B such that u, | ,, # 0; then for R > 1,

R4, <d, <| Bugllwira)y = B(uy).

This inequality implies that for every R > 1 and for every u, € E;, N B
such that u, | ,, # 0, it holds that

F(h(uy)) =F(R™'d,uy) = 0.
As h,,(0) = 0, it follows that
h,(E, NB) clueWw"r(Q):5(u) = 0};

therefore, 4, | p. satisfies the requirements needed to belong to I', so it is
natural to try to extend h,, to W-P(Q) so it belongs to T.

Given & > 0, consider Zg =d, R '(E5 N B)+ e(E, N B). Let us see
that for & small, Z, c M. If not, there exists a sequence ¢ — 0 and a
sequence (u;) € M such that u;, € Z, . s In particular, u; is bounded in
Wr(Q), so we can assume that’

u, —~u  weaklyin Wh7(Q),

J

u;>u in L1(9Q).

Moreover, as u; € M it follows that u |,; # 0. On the other hand, as
|- llw1req) is weakly lower semi-continuous, we have that u € M, and, as
g — 0, u €d,R '(Ef, N B), a contradiction.

So we have proved that there exists &, > 0 such that Z, < M*. This fact
allows us to define

h,(u) =d, R 'u ifu ek,
gl ifuek,.

m()_



204 FERNANDEZ BONDER AND ROSSI

Now, if u € E,, N B we have

h,(u) =euez, <M

then
?(hm(u))
= O_(SOM) = ;Hé‘ouuﬁ/w(n) - 5”6‘0””%4({79)
= — a-1 lequllfyiry + | —lleoullyiray — llegullioin ) > 0.
g\ Ap Ap

That is, given u € B, if we decompose u = u; + u, with u1 € E; and
u, € E,, N B, we obtain i, (u) = h (uy) +h,(u,)=d, R" Yu, + ggu, €
Z, C M , from which it follows that 9(h (w)) = 0 and hence h, eT.
Flnally, we need to prove that F(h,, (u)) — was m — o for u € 9B N
, but this follows from the facts that d, — oo, that d,, < B(u) for
u e B N E,,, and that we can choose R large enough.
If u € dBNE., h,(u) =d, R 'u and
_ d, R’ Ad, R~ 1)’
gr(hm(u)) = % u

Hu”fVU’(Q) - ||M||(iq(m)

(alle)"(l

A _
- —(d,RY)’ ”||u||zq(m>)
p q

1 A _
> (dmR_l)p(; - ;(B(M)R_l)q p”””%‘l({m))

(d Rl)p(l RH)
" P rq

As g > p we conclude that if R is large enough, then F(&, (1)) — +. I

3. PROOF OF THEOREM 1.2: THE SUBCRITICAL CASE 1I

Now we deal with f(u) = Alu|? *u in the case 1 < ¢ < p. In this case,
we look for nonpositive critical values of 7.
We begin with the following lemma.

LeEmMA 3.1.  For every n € N there exists a constant ¢ > 0 such that
v(F7°) =n,
where 7 = {u € W"P(Q):9(u) < c}.
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Proof. Let E,C W“2(Q) be an n-dimensional subspace such that
ul,o#0forall ueE, u+0(cf. Section 2).
Hence we have, for u € E,, llullyirq) = 1,
P At tP At
(3.1) Fw)y=— - —[ u'do< — —a,—,
p q ‘0 p q

where a, = inf{[,o|ul’ do :u € E,, lullwir) = 1}. Observe that a, > 0
because E, is finite dimensional. As ¢ < p we obtain from (3.1) that there
exists positive constants p and & such that

F(pu) < —¢ foru € E,, lullwir) = p.

Therefore, if we set S, , = {u e E,: lullwrray = p}, we have that S,
C % °. Hence by the monotonicity of the genus,

Y(F %) 2 v(S,.,) =n,
as we wanted to show. |

LemMA 3.2. The functional & is bounded below and verifies the
Palais—Smale condition.

Proof.  First, by the Sobolev-trace inequality, we have
1
3“(”) = ;Hu“ﬁ/l’ﬂ(g) - CE“””C{VI'P(Q) = h(“u”Wl»P(m),

where h(t) = 517 — C2t%. As h(t) is bounded below we conclude that .7 is
bounded below.

Now to prove the Palais—Smale condition, let u; € W"?(Q) be a
Palais—Smale sequence. As ¢ = lim,_, ,#(u;), using that F'(u;) = & — 0
in W P(Q), we have that, for j large enough,

1
c—1<|——-— ||M-||vpv'vﬂ(m + =&, u;)
p q) J q jo

IA

1
; — g)IIuJ-nyhp(g) + E“gj”(Wl"’(Q))’”uj”Wl”’(Q)
1

<

- g)”uj”%lvﬂ(m + 5””/”W1'P(Q),
from which it follows that ||uj||W1«P(Q) < C (recall that p > q).
Therefore, for a subsequence,
u;—~u  weaklyin W7 (Q),
u > u in LY(9Q),
and the result follows as in Lemma 2.2. |
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Finally, the following two theorems give us the proof of Theorem 1.2.
THEOREM 3.1. Let
S ={Acwr(Q) - {0): Ais closed, A = —A},
S, ={AcX:iy(A4) =k},

where vy stands for the genus.

Then
— 1 (o4
¢, = inf sup F(u)
A€y yenq
is a negative critical value of , and, moreover, if c = ¢, = -+ = ¢, ,,, then

y(K)=r+ 1, where K, = {u € W-P(Q): 5 u) = c, 7' (u) = 0}.

Proof.  According to Lemma 3.1, for every k € N there exists ¢ > 0
such that y(¥ °) > k. As . is even and continuous it follows that
F ¢ € 3,; therefore ¢, < —& < 0. Moreover, by Lemma 3.2, & is bounded
below, so ¢, > —. Let us now see that ¢, is in fact a critical value for 5.
To this end let us suppose that ¢ =c, = -+ =c¢,,,. As F is even it
follows that K, is symmetric. The Palais—Smale condition implies that K,
is compact; therefore if y(K_,) < r by the continuity property of the genus
(see [23]) there exists a neighborhood of K, N;(K,) = {v €
whr(Q):d(v, K,) < 8}, such that y(N;(K,)) = y(K.) <.

By the usual deformation argument, we get

n(1,7°%°/2 = Ny(K,)) cg°*/2.

On the other hand, by the definition of ¢, , there exists 4 C 3, , such
that 4 ¢ F°*¢/% Hence

(3.2) n(1, A — N;(K,)) cg° */2

Now by the monotonicity of the genus (see [23]), we have
Y(4 = N;(K.)) = v(A4) = v(N;(K,)) = k.

As n(1, -) is an odd homeomorphism it follows that (see [23])
y(n(1,4 = Ny(K,))) = y(4 — N;(K,)) = k.

But as n(1,4 — N;(K,)) € 3, then

sup F(u) = c =cy,
uen(,4—-Ns(K,)

a contradiction of (3.2). 1
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We end the section by showing that the critical points of % are a
compact set of W7(Q).

THEOREM 3.2. The set K ={u € Wh?(Q):7'(u) = 0} is compact in
whr(Q).

Proof. As 7 is C! it is immediate that K is closed. Let u; be a
sequence in K. We have that

0= F’(uj)uj = ”ujnﬁ/l*”(ﬂ) - )\_/:m|uj|q do > ||uj||€vlvf’(0) - C/\Hu/'”ng'”(Q)-

As 1 < g < p, we conclude that u; is bounded in W1 P(Q). Now we can
use the Palais—Smale condition to extract a convergent subsequence. |

4. PROOF OF THEOREM 1.3: A NONLINEAR
EIGENVALUE PROBLEM

In this section we deal with f(u) = Alu|” “2u, which is a nonlinear
eigenvalue problem.
Let us consider M, = {u € W"2(Q): |lullfy1r(q) = pa} and

o(u) = if lul do.
P 760

With a minimax technique we are looking for critical points of ¢ restricted
to the manifold M,,.
Let us define p: W7(Q) — {0} - (0, +=) by

( ) ( pa )1/17
plu) =\ 77
||M||5/1vﬂ(sz)

This function p is even and bounded away from the origin and verifies that
p(wu € M, if u # 0. Moreover, we have that the derivative of p is given
by

(4.1) Cp'(u),0) = —(pa) llull, )
X(/ IVul? 2VuVo + |ul? 2uvdx|.
QO

We observe that p’ is odd and uniformly continuous over bounded sets
away from the origin. It is straightforward to check, from (4.1), that
{p'(w),v) =0 if and only if jQIVulp_zVuVU + |ul? Puvdx = 0.
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As p > 1, it follows that W"?(Q) is a reflexive uniformly convex
Banach space, so given ¢ € W 2(Q)’, there exists a unique element in
Wr(Q), that we will denote by J(¢) such that

<<P, J( 90)> = ||§D||I%V1"1’(Q)’,

||J( QD) ”WI’P(Q) = || QDHWU’(Q)'-

Therefore we define J: W-P(Q) — W' P(Q) as the duality mapping
which is odd and uniformly continuous over bounded sets.
Let us now define

faﬂ'ulp do

(Pu;v) =
’ ||u||ﬁ/1~P(Q)

(f IVul? " 2VuVo + |lul” *uvdx
Q
_, du
—f [Vul?~* —vdo |,
a0 v

{Du;v) = f lul? *uvdo — {Pu;v),
a0
and
Tu = J(Du) — Au,
where A is given by
4o Cp'(u); J(Du)){Pu + Du;uy + {Pu; J(Du))
- ({p'(u);uy + 1){Pu + Du;uy ’

This application, 7, is uniformly continuous and odd. Moreover, it is
bounded in M, so there exist constants 7,, y, > 0 such that, for every
7€ [—7),7,] and every u € M, it holds that

lw + 7Tullyrqy = vy, > 0.
Now, we are able to define the flow,
H(u,7) =p(u + 7Tu)(u + 7Tu),

so we obtain a well-defined application, H, which is odd in u and
uniformly continuous and verifies H(u,0) = u.

The main property of H is that it defines trajectories in M, along which
the functional ¢ is increasing.

LEMMA 4.1. There exists an application r(u, 7) such that r(u,7) = 0 as
T — 0 uniformly inu € M, and

e(H(u,7)) = ¢(u) + '/(‘)”DMH%VW(Q), +r(u,s)ds

foreveryu e M, € [— 7y, 7.
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Proof. An elementary computation gives us

e(H(u,7)) = ¢(u) + f07<¢>’(H(u,s)); %(u,s)>ds

o(u) +/ 1Dulliy rcay + <¢> (H(u, s)) (u s)>
— {Du; J(Du))ds.

Hence, if we define r(u, 7) = (¢'(H(u, )); =H(u, s)) — {Du; J(Du)), by
our choice of A it holds that r(u,0) = 0, and the result follows as T (and
therefore H) is bounded in M. |

Now we are ready to prove the Deformation Lemma needed to apply
the mini-max technique.

LEMMA 4.2. Given B> 0, we denote @z = {(ueM,: o(u) > B). Let
B > 0 be fixed, and suppose that there exists a relatively open set U C M, and
positive constants & < p such that

| Dully1rqy = 8, fuev, = {ueM,:u¢&U, and |e(u) — Bl < p}.
Then, there exists an ¢ > 0 and a continuous, odd operator H,, such that
Hs(()DB—s - U) - ()DB+£‘

Proof.  First, we take 7, > 0 such that [r(u, 7)] < 382 for all u € M,
rel[—7,1]

By Lemma 4.1 we have that ¢(H(u, 7)) > @(u) + ;8°7 forevery u € V,
and 0 < 7 < 7.

Let & = min{ p, +8%r,}, and from the definition of v,ifuelV,ne, ,,
we obtain

¢(H(u’71)) > ¢o(u) +2e= B+ e.

Again by Lemma 4.1, given u € V,, we have that ¢(H(u, 1)) is strictly
increasing for = small, and hence we can define

t(u) = min{7>0: o(H(u,7)) = B+ &}.

This ¢,(u) is well defined and continuous and verifies 0 < ¢,(1) < 7,. Now,
we choose H, as

H(u,t,(u)) iftueVv,

H,(u) = ifueeg_,—(UUV,).
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Finally it is straightforward to check that H, satisfies all of our require-
ments. ]

Now we prove the Palais—Smale condition for the functional ¢ on M,.

LEMMA 4.3. Let B> 0 and (u;) € M, be a Palais—Smale sequence on
M, above level B, that is,

e(u;) =B, Du; - 0.

Then there exists a subsequence that converges strongly in W P(Q).

Proof. As M, is bounded, we can assume that u; = u weakly in
WLr(Q). Also, as ¢ is compact, we can assume that e(u;) = ¢(u) and

hence ¢(u) > B and

_ faull"jlp do _ Jyalul” do"

w = = ;
! [I7R| VAR ap
therefore u # 0 and ¢'(u) # 0.
Now, as ¢’ is compact and Du; — 0 we have

0= li}n Du; = li];11 @'(u;) —Pu; = ¢'(u) — p li;n Pyu;,
where

u
(Pyus vy = [1Vul? > VuVo + ul? Puvdx — [ |Vul”? —vdo.
Q v

F19)
Therefore Pyu; — w” ''(u), and the result follows from applying Lemma
21as A,=P;". 1

THEOREM 4.1. Let C, = {C c M, : C is compact, symmetric and y(C)
< k} and let

(4.2) B, = sup min ¢(u).
CECk uecC

Then B, > 0 and there exists u, € M, such that ¢(u,) = B, and u, is a
weak solution of (1.1) with A\, = a /.

Proof.  First, let us see that 8, > 0. It is immediate that y(M,) = +oo;
hence B, is well defined in the sense that for every k, C, # . As we can
choose a set C € C, with the property u | ,, # 0 if u € C, we conclude
that B, = sup. ¢, min, o e(u) > 0.

Now, for a fixed k let us prove the existence of the solution u,. First, let
us see that there exists a sequence (u;) € M,, such that ¢(u;) - B, and
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Du; — 0. To see this fact, assume that it is false; then there exists positive
constants 6 and p such that

||Dul| = 6, if u e M, and |o(u) — Bl < p.

We can assume that 6 < ;. By the deformation Lemma 4.2 there exists a
constant & > 0 and a continuous and odd H, such that H (¢, _.) C ¢ ..
By the definition of B, there exists C, € C, such that ¢(u) > B, — & for
every u € C,, then ¢(u) > B, + ¢ for every u € H,(C,). But we have
that y(H,(C,)) > k, a contradiction of the definition of B,. So we have
proved that there exits a sequence (u;) € M,, such that ¢(u;) - B, and
Du; —» 0. From Lemma 4.3 we can extract a converging subsequence
u; = u, that gives us the desired solution that must verify, by continuity of

@, go(uk) = B |

This theorem proves the existence of nontrivial solutions for (1.1), but
we can prove the following

THEOREM 4.2. Let K; = {ueM,;ou) = B, Du = 0}. If Bi = Bjs1 =
—B]+,,theny(K)>r+1

Proof. The proof is analogous to that of Theorem 3.1. |

In this way we have proved the existence of infinitely many solutions.
The next theorem gives us the existence of infinitely many eigenvalues.

THEOREM 4.3. Let B, be as in (4.2); then
li =0,
llzn B

and therefore

lim A, = +oo.
k

Proof. Let E; be a sequence of subspaces of Wr(Q), such that
E, CE,, ,, UE,=W"r(Q) and dim(E,) =i. Let Ef be the topological
complementary of E,.

Let

B = sup min  ¢(u).
Cec, UECNE;_,

B, is well defined and B, > B > 0. Let us prove that lim, B, = 0. As-

sume, by contradiction, that there exists a constant « > 0 such that
Bi > k > 0 for all k. Then for every k there exists C, such that

B> min  ¢(u) > k.
ueC,NE;_,
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Hence there exists u, € C, N E;_, such that

:ék > o(uy) > k.

As M, is bounded, we can assume, taking a subsequence if necessary, that
u, —~u weakly in W"2(Q) and u, - u strongly in L?(3Q). Hence
¢o(u) > k > 0, but this is a contradiction of the fact that u = 0 because
u,€E;_,. 1

5. PROOF OF THEOREM 1.4: THE CRITICAL CASE I

In this section we study the critical case with a perturbation. We
consider f(u) = lul” "2u + Aul""*u with p <r<p*

To prove our existence result, since we have lost the compactness in the
inclusion W1 7(Q) = L?*(9(), we can no longer expect the Palais—Smale
condition to hold. In any case, we can prove a local Palais—Smale condition
that will hold for #(u) below a certain value of energy.

The technical result used here, the concentrated compactness method, is
mainly due to [19, 20].

Let u; be a bounded sequence in WL P(Q); then there exists a subse-
quence that we still denote u;, such that

u, —u weakly in Wh7(Q),

u - u strongly in L'(9Q), 1 <r <p*,
Vu;l? = dp,  ulsa)l” — dn,

weakly-* in the sense of measures. We observe that dn is a measure
supported on J€).

If we consider ¢ € C*(Q), from the Sobolev trace inequality we obtain,
passing to the limit,

. 1/p*
(5.1) (fm|¢|l’ dn) S1/p

1/p
< (f1o an+ [lurvor e [iour as)

where S is the best constant in the Sobolev trace embedding theorem.
From (5.1), we observe that, if u =0 we get a reverse Holder-type
inequality (but it involves one integral over J{) and one over ()) between
the two measures w and 7.
Now we state the following lemma due to [19, 20].
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LEMMA 5.1.  Let u; be a weakly convergent sequence in whr(Q) with
weak limit u such that
Vu,|P = du and I(uj Im)lp* —dny,
weakly-* in the sense of measures. Then there exists X, ..., x; € dQ such that

D) dn=1lul” + X8, n >0,
Q) dp=|Vul’ + Z§-=1 /.L]-(Sxf, w; >0,
(3) (nj)p/p* < M]/S
Next, we use Lemma 5.1 to prove a local Palais—Smale condition.
LEMMA 5.2. Let u; € W?(Q) be a Palais—Smale sequence for 7, with
energy level c. If c < (1/p — 1/p*)SP*/P"=P) ywwhere S is the best constant in

the Sobolev trace inequality, then there exists a subsequence u;_that converges
strongly in WhP(Q).

Proof.  From the fact that u; is a Palais—Smale sequence it follows that
u; is bounded in W' ”(Q) (see Lemma 2.2). By Lemma 5.1 there exists a
subsequence, that we still denote uj, such that

u; = u  weaklyin W7(Q),

u > u in L'(dQ), 1<r<p* and a..indQ,

I
(5.2)  IVul” —=dp = |Vul” + Y w8y
!

1

lu; 10l”" = dn=lulnl” + ¥ nb,.
k=1

Let ¢ € C*(RY) such that
2
¢=1inB(x,,s), ¢=0inB(x,,2¢), |Vpl<—,
&£

where x, belongs to the support of dn.
Consider {u ¢}. Obviously this sequence is bounded in W17(Q). As
F'(u;) = 0 in W1 2(Q)', we obtain that

lim (7’ (u]-), q'mj) = 0.
j—o> o
By (5.2) we obtain

llmfIVu |P~2Vu Nou; dx

Jj—o®

= [ pan+ [ llbdo [ ddu- [uldar
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Now, by Holder inequality and weak convergence, we obtain

0 < lim fIVujlp_zVujV(ﬁujdx‘
j== /0
(p=1/p 1/p
: P p p
< im (v ] o
1/p
<clf |V¢>|”|u|ﬂdx)
B(xy,2e)NQ
1/N (N-p)/pN
<clf |V¢>|Ndx) (f Iule/(N”)dx)
B(xy,2e)NQ B(xy,2e)NQ
(N-p)/pN
sCf Iule/(Np)dx) -0 as ¢ — 0.
B(xy,2e)NQ
Then
5.3 lim dn+ A |uldpdo — du — | |ul® dx]
(53) M[/M;bn /m¢> [ odu— [ lul’s
= — My = 0.

By Lemma 5.1 we have that (n,)?/7"S < w,; therefore by (5.3) we obtain
(m)"""S < .

Then, either 1, = 0 or

(5.4) M = S§P*/(p*-p)

If (5.4) does indeed occur for some k, then, from the fact that u; is a
Palais—Smale sequence, we obtain

1
(5.5) c= jl_)IIl,/o— u;) = jli_)ngo? u;) — ;(?(uj);uj)
11 ‘ L Py
= —_—*/|M|p do + - - S§P/p=p)
p P00 p p

+ A

1 1
- - = lul" do
V4 r]Je0

(1 1) e
>|— — — |§P/P" =),
p



p-LAPLACIAN WITH NONLINEAR BOUNDARY CONDITION 215

Asc <(1/p — 1/p*)Sp*/(p*’f’), it follows that fmlujlp* do— [,olul” do,
and therefore u; - u in L”(9Q). Now the proof is finished with the
continuity of the operator 4,. |

Proof of Theorem 1.4. In view of the previous result, we look for critical
values below level c. For that purpose, we want to use the Mountain Pass
Lemma. Hence we have to check the following conditions:

1) There exists constants R, r > 0 such that if ||ully 1,0, = R, then
Au) >r.

2) There exists v, € W"?(Q) such that [|vyllyeq) > R and F(v,)
<r.

Let us first check 1). By the Sobolev trace theorem we have

F(u)

"l 1[ Wl do— 2 [l
—lUllwircy — — u o — — u o
p W pr g roa

v

||u||W P S ||u||W|p - C“u”W L .
Q) E3 Q) Q)

g(t) = ltl’ - iSP*tP* - iCt’.
p p* r
It is easy to check that g(R) > r for some R, r > 0.
2) is immedate, as for a fixed w € W ?(Q) with w | ,, # 0 we have
,li_)nolc F(tw) = —oo.

Now the candidate for critical value according to the Mountain Pass
Theorem is

(5.6) c= inf sup F(¢(1)),
PEZ te(0,1]

where @ = {¢:[0,1] > W7(Q); continuous and ¢(0) =0, ¢(1) = v,}.
The problem is to show that ¢ < (1/p — 1/p*)SF*/(P"~P) to apply the
local Palais—Smale condition.

We fix w € W2(Q) with [[wll.» 0, = 1 and define a(t) = F(tw). We
want to study the maximum of h. As lim, ., h(z) = —oo it follows that

there exists a ¢, > 0 such that sup,. ,F(tw) = h(¢,). Differentiating, we
obtain

(5.7) 0="n'(t,) = tf Hwllfr) — " = 6" Awllra),
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from which it follows that
wllfy ey = t)\p*ip + t17PA||W||2’(ﬁQ)-

Hence ¢, < ||w||£’V/1(p’ZQ)p) then from (5.7), as /" =" + Alwllrs0) = = as
A — oo, we obtain that
(5.8) lim ¢, = 0.
A—>

On the other hand, it is easy to check that if A > A it must be F(t5w) >
F(t,w), so by (5.8) we get

lim #(t,w) = 0.

A—>
But this identity means that there exists a constant A, > 0 such that if
A > A, then

1 1
sup F(tw) < (— - —*)S”*/(”*‘I’),
t>0 p p

and the proof is finished if we choose v, = t,w with ¢, large to have
FAtw) <0. 1

6. PROOF OF THEOREM 1.5: THE CRITICAL CASE II

In this section we deal with problem (1.4) when 1 < g < p; that is, we
are considering f(u) = |ul”" "*u + Mu|"”*u. Applying a mini-max tech-
nique, we will show the existence of infinitely many nontrivial critical
points of the associated functional .# when A is small enough.

We begin, as in the previous section, by using Lemma 5.1 to prove a
local Palais—Smale condition.

LeEmMA 6.1, Let (u;) € W"P(Q) be a Palais—Smale sequence for &, with
energy level c. If ¢ < (1/p — 1/p*)SP/ TP — KAPT/(PT71) ywhere K de-
pends only on p, r, N, and |0, then there exists a subsequence (u;) that
converges strongly in W1 P(Q)).

Proof.  From the fact that u; is a Palais—Smale sequence it follows that

u; is bounded in W' 7(Q) (see Lemma 2.2 and Lemma 5.2).
Now the proof follows exactly as in Lemma 5.2 until we get to

1 1 .
c>|— - — lul” do +
p p 70

1 1
- = = lul"do,
P r]Je0

where u is the weak limit of u; in whr(Q).

1 1
— | s/
p

+ A
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Now applying Holder inequality, we find

1 1
cx>|—— —|SP/PTP 4 | — — —)IIuII{?*(m)
(p p*) p pF
1 1 1-r/p* r
+ Al = — = 19QI P NullLr 0,
p r

where |9€Q| is the N — 1-dimensional Hausdorff measure of 4€). Now, let
f(x) = ¢,;x”" — Ac,x". This function reaches its absolute minimum at
xo = (Ac,r/p*c )V P 70; that is,

£x) = f(xg) = —KAP/T0,

where K = K(p, g, N,|9Q).
Hence ¢ > (1/p — 1/p*)§r/®"=p) — KX\PY/(P"=1 which contradicts
our hypothesis. Therefore,

1imf Ju;|”” da—f " do,
ji=>*76Q a0

and the rest of the proof is as that of Lemma 5.2. |i

We now observe, using the Sobolev trace theorem, that

1 .
F(u) = ;Hu”fww(u) — cillullfiray = Acyllulliy oy = j(lullwiry),
where j(x) = Jx” —c,x?" — Ac,x". As j attains a local but not a global
minimum (j is not bounded below), we have to perform some sort of
truncation. To this end let x,, x; be such that m <x, < M <x,, where m
is the local minimum of j and M is the local maximum and j(x,) > j(m).
For these values x, and x; we can choose a smooth function 7(x) such
that 7(x) = 1if x < x,, 7(x) = 0if x > x;, and 0 < 7(x) < 1. Finally, let
e(u) = 7(llullyrrq)) and define the truncated functional as follows:

. 1 - 1 , A .
F(u) = ;fﬂwm + |ul” dx — —*/Qlul o(u)do — 7fmlu| do.

As above, F(u) >](||u||W1P(Q)) where ](x) —x” —cxPr(x) — Acyx’
We observe that if x <x, then j(x) = j(x), and if x > x, then j(x) =
—xp — Acyx’

Now we state a lemma that contains the main properties of F.

LEMMA 6.2. Fis C'; zf,?(u) < 0 then ||lullyriq) < x, and F(v) —j(u)

for every v close enough to u. Moreover, there exists A, > 0 such that if
0 < A < A, then & satisfies a local Palais—Smale condition for ¢ < 0.
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Proof. We only have to check the local Palais—Smale condition. Ob-
serve that every Palais—Smale sequence for & with energy level ¢ < 0
must be bounded; therefore by Lemma 6.1 if A verifies 0 < (1/p —
1/p*)SP/P"=P) — KA\P"/(P"=1) then there exists a convergent subse-

quence. 1

The following lemma gives the final ingredients needed in the proof of
Theorem 1.3.

LEMMA 6.3. For every n € N there exists € > 0 such that
y(F %) = n,

where ¢ = {u, F(u) < —&).
Proof. The proof is analogous to that of Lemma 3.1. ||
Finally, we are ready to prove the main result of this section.

Proof of Theorem 1.5. The proof is analogous to that of Theorem 1.2;
here we use Lemma 6.1 and Lemma 6.3 instea_d of Lemma 3.2 and Lemma

3.1, respectively, to work with the functional % and Lemma 6.2 to conclude
on 7. |

7. PROOF OF THEOREM 1.6: THE SUPERCRITICAL
CASE

In this section we will consider a nonlinearity f of the form
_ q—2 r—2
f(u) = Mul®""u + lul""u,

where g > p* > r > p. In this case the functional .% is not well defined in
WLP(Q), so to apply variational arguments we perform a truncation on
the supercritical term, find a solution of the truncated problem, and finally
show that this solution lies below the truncation level, so it is a solution of
our original problem.

Proof of Theorem 1.6. We follow ideas from [4]. Let us consider a
truncation of |ul?™ *u,

0 u <o,
h(u) = {u™! 0<u<K,
Ka—ryr—1 u>K.

Then h verifies h(u) < K9 "u"~ 1
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So we consider the truncated problem
Au=ur"! in Q,

(7.1)

du
|Vu| P2 = Mi(u) +u! on 9,
14

and we look at a positive nontrivial solution of (7.1) that satisfies u < K.
Such a solution will be a nontrivial positive solution of (1.1).
To this end, we consider the truncated functional

1 p p _ _ E
(7.2) /A(u)=;/0(|w| + |ul”)dx ALQH(u)dU [{m —do,

where H(u) verifies H'(u) = h(u).

By the results of Section 2 there exists a Mountain Pass solution u = u,
for (7.1) that is a critical point of % with energy level c¢,. One can easily
check that this least energy solution u is positive. Moreover, the energy
level ¢, is a decreasing function of A, so we have that F(u) = ¢, < ¢,.
Now using (7.2), (7.1), and that H(u) < ‘h(u)u, we have that

|ul”

1
o _ p P
co=FH(u) = '/;2|Vu| + |ul? dx )\/;mH(u)da' fﬁn " do

%

l[|Vu|P+|u|de— l()\f h(u)uda+[ |u|'da)
pP’Q r aQ aQ

1 1
(— - —)[qulp + Jul” dx.

P r)’a
So, as r > p we obtain

HMHWW(Q) <C-= C(Co,p,r).
Now by the Sobolev trace inequality we get
(7.3) lull Lscony < 87V PMullwrrey < C = C(cy, p,1,5,Q).
Let us define
u(x) u(x) <L,

ur(x) = L u(x) > L.

Multiplying the equation (7.1) by u?Pu, we get

fQ|Vu|p72VuV(u£Bu)dx + /Qu”ufﬁ dx

=2 h(u)uui’ﬁda—kf uulPdo.
o0 20
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Therefore, using that 2(u)u < K7 "u" and the definition of u,, we obtain
/IVuI”u{de + fupufﬁdx < (AKT7T + 1)/ uutfdo.
Q Q Q0

Now we set w, = uuf. Then, we obtain

Iwellfroay = [ 19w, 17 + lw, |7 dx
Q
< c(f IVul?up? ds + [ uBPup®=VIVu,|” dx + [uruph dx)
Q Q Q
< C(fIVulpu,{’de + [urup? dx)
Q Q

<COAKT" + 1) [ wuffdo.
E19)
Therefore, by Holder and Sobolev trace inequalities, we get

I 2oy < Sy oy < CQAK ™ + 1) [ wupf do
Q)

(r=p)/p* p/a¥
u? do ) ( wi do ) ,
0

where a* = pp*/(p* —r + p) < p*. So by (7.3),

< C(AKT" + 1)(]Q

w12 a0y < COAKT™ + Dlull g w1 e o)
= C( AKT™" + 1)||W1_||{°‘“(0m)-

Now if uf*! € L*"(9Q), by the dominated convergence theorem and
Fatou’s lemma we get

||MB+1||£1’*(39) < C(AKT" + 1)||MB+1||p“'(m),
that is,
lull Lo vgaay < COAKT™ + 1) 7P Vllu]] prisnga),.
Let k = p*/a*. Iterating the last inequality, we have
. - 0
llull a0y < C(AKT™" + 1) lull L= 40y,
where 6 = Y7, k. Again using (7.3), we get

llull=s0) < C(AKT™" + 1)0.
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Hence, if K, > C, for every K > K, there exists A(K) such that if
A < MK) then

||M||L*(an) <K.

This finishes the proof. |

8. PROOF OF THEOREM 1.7: A NONEXISTENCE RESULT

In this section we prove a nonexistence result for positive regular
decaying solutions for (1.1) in RY = {x, > 0}. That is, we are dealing with a
positive regular solution of

Aju=ur! in RY,
8.1 du
( ) |VL£|P72 3_ =yd! on ﬁRf,
v

that satisfies the hypotheses of Theorem 1.7.

We observe that in the special case p = 2 there exists a solution if
we drop the decaying assumption, namely u(x) = e™! is a solution for
every q.

Proof of Theorem 1.7. First we multiply the equation in (8.1) by u and
integrate by parts to obtain

p P — q ! =
(8.2) fm(wm + uP)dx j:;[Mu dx' = 0.
Note that our decaying and integrability assumptions on u justify all of the
integrations by parts made along this proof.
Now we multiply by xVu and integrate by parts to obtain

1
—f |Vul?~>VuV(xVu)dx + / u?' xVudx' = — | xVuP dx.
RY IRY p v
Hence further integrations by parts give us

/RQ’WMP dx — NT_I‘/;RQ’quX/ = %fRNup dx.

s

N
-1+ —
p

Using (8.2), we arrive at
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Therefore, if u is not identically zero, we must have

N N-1
-1+ — - >0,
p q
that is,
N-1
0> pt = p( ) ’
N-p
as we wanted to show. ||
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