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Abstract

In this article we extend the theory of shift-invariant spaces to the context of LCA groups. We introduce
the notion of H -invariant space for a countable discrete subgroup H of an LCA group G, and show that the
concept of range function and the techniques of fiberization are valid in this context. As a consequence of
this generalization we prove characterizations of frames and Riesz bases of these spaces extending previous
results, that were known for R? and the lattice Z9.
© 2009 Elsevier Inc. All rights reserved.
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1. Introduction

A shift-invariant space (SIS) is a closed subspace of L2(R) that is invariant under translations
by integers. The Fourier transform of a shift-invariant space is a closed subspace that is invari-
ant under integer modulations (multiplications by complex exponentials of integer frequency).
Spaces that are invariant under integer modulations are called doubly invariant spaces. Every re-
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sult on doubly invariant spaces can be translated to an equivalent result in shift-invariant spaces
via the Fourier transform. Doubly invariant spaces have been studied in the sixties by Helson [7]
and also by Srinivasan [16,10], in the context of operators related to harmonic analysis.

Shift-invariant spaces are very important in applications and the theory had a great develop-
ment in the last twenty years, mainly in approximation theory, sampling, wavelets, and frames.
In particular they serve as models in many problems in signal and image processing.

In order to understand the structure of doubly invariant spaces, Helson introduced the notion
of range function. This became an essential tool in the modern development of the theory. See
[3,4,14,1].

Range functions characterize completely shift-invariant spaces and provide a series of tech-
niques known in the literature as fiberization that allow to have a different view and a deeper
insight of these spaces.

Fiberization techniques are very important in the class of finitely generated shift-invariant
spaces. A key feature of these spaces is that they can be generated by the integer translations of a
finite number of functions. Using range functions allows us to translate problems on finitely gen-
erated shift-invariant spaces, into problems of linear algebra (i.e. finite dimensional problems).

Shift-invariant spaces generalize very well to several variables where the invariance is under-
stood to be under the group Z<.

When looking carefully at the theory it becomes apparent that it is strongly based on the
additive group operation of R? and the action of the subgroup Z¢.

It is therefore interesting to see if the theory can be set in a context of general locally compact
abelian groups (LCA groups). The locally compact abelian group framework has several advan-
tages. First because it is important to have a valid theory for the classical groups such as Z¢, T¢
and Z, . This will be crucial particularly in applications, as in the case of the generalization of the
Fourier transform to LCA groups and also Kluvanek’s theorem, where the Classical Sampling
theorem is extended to this general context (see [13,5]).

On the other side, the LCA groups setting, unifies a number of different results into a general
framework with a concise and elegant notation. This fact enables us to visualize hidden relation-
ships between the different components of the theory, what, as a consequence, will translate in a
deeper and better understanding of shift-invariant spaces, even in the case of the real line.

In this paper we develop the theory of shift invariant spaces in LCA groups. Our emphasis
will be on range functions and fiberization techniques. The order of the subjects follows mainly
the treatment of Bownik in R?, [1]. In [12] the authors study, in the context of LCA groups,
principal shift-invariant spaces, that is, shift-invariant spaces generated by one single function.
However they don’t develop the general theory.

This article is organized in the following way. In Section 2 we give the necessary background
on LCA groups and set the basic notation. In Section 3 we state our standing assumptions and
prove the characterizations of H -invariant spaces using range functions. We apply these results
in Section 4 to obtain a characterization of frames and Riesz bases of H -translations.

2. Background on LCA Groups

In this section we review some basic known results from the theory of LCA groups, that we
need for the remainder of the article. In this way we set the notation that we will use in the
following sections. Most proofs of the results are omitted unless it is considered necessary. For
details and proofs see [15,8,9].
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2.1. LCA Groups

Throughout this article, G will denote a locally compact abelian, Hausdorff group (LCA) and
I' (or G) its dual group. That is,

I' ={y : G — C: y is a continuous character of G},

where a character is a function such that:

@ lyx)|=1,VxeG.
® yx+y)=y®y©»),Yx,yeG.

Thus, characters generalize the exponential functions y; (y) = ¢***¥, from the case G = (R, +).
Since in this context, both the algebraic and topological structures coexist, we will say that
two groups G and G’ are topologically isomorphic and we will write G ~ G, if there exists a
topological isomorphism from G onto G’. That is, an algebraic isomorphism which is a homeo-
morphism as well.
The following theorem states some important facts about LCA groups. Its proof can be found
in [15].

Theorem 2.1. Let G be an LCA group and I' its dual. Then,

(a) The dual group T, with the operation (y + y')(x) =y (x)y’(x), is an LCA group.

(b) The dual group of I' is topologically isomorphic to G, with the identification x € G <
¢x € I', where ¢ (y) =y (x).

(c) G isdiscrete (compact) if and only if I' is compact (discrete).

As a consequence of item (b) of Theorem 2.1, it is convenient to use the notation (x, y) for
the complex number y (x), representing the character y applied to x or the character x applied
toy.

Next we list the most basic examples that are relevant to Fourier analysis. As usual, we identify
the interval [0, 1) with the torus T = {z € C: |z| = 1}.

Example 2.2.

(D In case that G = (R?,+), the dual group I is also (R4, 4), with the identification
x €R? &y, € I', where y, (y) = e27H5Y),
(II) In case that G =T, its dual group is topologically isomorphic to Z, identifying each k € Z
with y; € I, being y; (w) = e?7 ke,
(IIl) Let G =Z.If y € I', then (1, y) = ¥ for same « € R. Therefore, (k, y) = €27 Thus,
the complex number ¢>*/¢ identifies the character y. This proves that I" is T.
(IV) Finally, in case that G = Z,,, the dual group is also Z,.

Let us now consider H € G, a closed subgroup of an LCA group G. Then, the quotient G/H
is a regular (T3) topological group. Moreover, with the quotient topology, G/H is an LCA group
and if G is second countable, the quotient G/ H is also second countable.
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For an LCA group G and H C G asubgroup of G, we define the subgroup A of I" as follows:
A={yerl: (hy)=1, VheH}

This subgroup is called the annihilator of H. Since each character in I” is a continuous function
on G, A is a closed subgroup of I'. Moreover, if H C G is a closed subgroup and A is the
annihilator of H, then H is the annihilator of A (see [15, Lemma 2.1.3.]).

The next result establishes duality relationships among the groups H, A, G/H and I'/A.

Theorem 2.3. If G is an LCA group and H C G is a closed subgroup of G, then:

(1) A is topologically isomorphic to the dual group of G/H, i.e.. A= (E/F).
(ii) I'/A is topologically isomorphic to the dual group of H, i.e.. '/ A~ H.

Remark 2.4. According to Theorem 2.1, each element of G induces one character in . In
particular, if H is a closed subgroup of G, each h € H induces a character that has the additional
property of being A-periodic. That is, for every § € A, (h,y +6) = (h,y) forall y e I'.

The following definition will be useful throughout this paper. It agrees with the one given
in [11].

Definition 2.5. Given G an LCA group, a uniform lattice H in G is a discrete subgroup of G
such that the quotient group G/H is compact.

The next theorem points out a number of relationships which occur among G, H, I', A and
their respective quotients.

Theorem 2.6. Let G be a second countable LCA group. If H C G is a countable (finite or
countably infinite) uniform lattice, the following properties hold.

(1) G is separable.

(2) H C G is closed.

(3) G/H is second countable and metrizable.

(4) A C T, the annihilator of H, is closed, discrete and countable.

(5) H~T'/A and (G/H) ~ A.
(6) I'/A is a compact group.
Note that in particular, this theorem states that A is a countable uniform lattice in I".
2.2. Haar Measure on LCA groups
On every LCA group G, there exists a Haar measure. That is, a non-negative, regular borel
measure m g, which is not identically zero and trans-lation-invariant. This last property means

that,

mg(E +x) =mg(E)
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for every element x € G and every Borel set E C G. This measure is unique up to constants,
in the following sense: if m¢ and m{; are two Haar measures on G, then there exists a positive
constant A such that mg = Amy;.

Given a Haar measure mg on an LCA group G, the integral over G is translation-invariant in
the sense that,

/ Fx+ ) dmg(x) = / FE)dmo ()
G G

for each element y € G and for each Borel-measurable function f on G.
As in the case of the Lebesgue measure, we can define the spaces L? (G, mg), that we will
denote as L?(G), in the following way

L?(G) = {f :G — C: f is measurable and f‘f(x)‘pdm(;(x) < oo}.
G

If G is a second countable LCA group, L?(G) is separable, for all 1 < p < co. We will focus
here on the cases p=1and p =2

The next theorem is a generalization of the periodization argument usually applied in case
G =R and H = Z (for details see [9, Theorem 28.54]).

Theorem 2.7. Let G be an LCA group, H € G a closed subgroup and f € L'(G). Then, the
Haar measures mg, my and mg,; g can be chosen such that

[ rwancr= [ [ e dmuhamen (i),
G G/H H
where [x] denotes the coset of x in the quotient G/ H.

If G is a countable discrete group, the integral of f € L'(G) over G, is determined by the
formula

f f@dmex) =mg({0}) Y f(x),
G

xeG

since, due to the translations invariance, mg ({x}) = mg({0}), for each element x € G.

Definition 2.8. A section of G/H is a set of representatives of this quotient. That is, a subset
C of G containing exactly one element of each coset. Thus, each element x € G has a unique
expression of the foom x =c+h withce Cand h € H.

We will need later in the paper to work with Borel sections. The existence of Borel sections
is provided by the following lemma (see [11] and [6]).

Lemma 2.9. Let G be an LCA group and H a uniform lattice in G. Then, there exists a section
of the quotient G/ H, which is Borel measurable.
Moreover, there exists a section of G/H which is relatively compact.



C. Cabrelli, V. Paternostro / Journal of Functional Analysis 258 (2010) 2034-2059 2039

A section C € G of G/H is in one to one correspondence with G/H by the cross-section
map t: G/H — C, [x] +— [x] N C. Therefore, we can carry over the topological and algebraic
structure of G/H to C. Moreover, if C is a Borel section, 7 : G/H — C is measurable with
respect to the Borel o-algebra in G/H and the Borel o-algebra in G (see [6, Theorem 1]).
Therefore, the set value function defined by m(E) = mg/n (7 Y(E)) is well defined on Borel
subsets of C. In the next lemma, we will prove that this measure m is equal to mg up to a
constant.

Lemma 2.10. Let G be an LCA group, H a countable uniform lattice in G and C a Borel section
of G/ H. Then, for every Borel set E C C

mg(E) =mpy ({0)mgu (t~1(E)),

where T is the cross-section map.
In particular, mg(C) =mg({0)mg,u(G/H).

Proof. According to Lemma 2.9, there exists a relatively compact section of G/H. Let us call
it C’. Therefore, if C is any other Borel section of G/H, it must satisfy mg(C) = mg(C’).
Since C’ has finite m; measure, C must have finite measure as well.

Now, take E C C a Borel set. Using Theorem 2.7,

mG(E) = / X () dm (x) = / / 3 Ge by dm g () dmp ([x))

G G/H H

=my ({0) / > xe(x+hydmeu(Ix))

G/H heH

=mp({0}) / Xe-1(e)([X]) dmg ([x])
G/H

=mp({0)me/u(z~"(E)). O

Remark 2.11. Notice that C, together with the LCA group structure inherited by G/ H through 7,
has the Haar measure m. We proved that mg|c, the restriction of m¢ to C, is a multiple of m. It
follows that mg|c is also a Haar measure on C.

In this paper we will consider C as an LCA group with the structure inherited by G/H and
with the Haar measure mg.

A trigonometric polynomial in an LCA group G is a function of the form P(x) =
> i—1aj(x,y;), where yj € I'and aj € Cforall 1 < j <n.
As a consequence of Stone—Weierstrass Theorem, the following result holds, (see [15, p. 24]).

Lemma 2.12. If G is a compact LCA group, then the trigonometric polynomials are dense in
C(G), where C(G) is the set of all continuous complex-valued functions on G.

Another important property of characters in compact groups is the following. For its proof see
proof of [15, Theorem 1.2.5].
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Lemma 2.13. Let G be a compact LCA group and I' its dual. Then, the characters of G verify
the following orthogonality relationship:

/(X,V)(X,V/)dmc(x) =mg(G)dyy,
G

forally,y e I', where 8, =1ify =y"and s,, =0ify #y'.

Let us now suppose that H is a uniform lattice in G. If I" is the dual group of G and A is
the annihilator of H, the following characterization of the characters of the group I"/A will be
useful to understand what follows.

For each i € H, the function y +— (h, y) is constant on the cosets [y] = y 4+ A. Therefore, it
defines a character on I"/A. Moreover, each character on I"/A is of this form. Thus, this corre-
spondence between H and the characters of I"/A, which is actually a topological isomorphism,
shows the dual relationship established in Theorem 2.3.

Furthermore, since I"/ A is compact, we can apply Lemma 2.13 to I"/A. Then, for h € H, we
have

r/a)y ith=o,
/(h’[y])dmm([y])z{gim( /A) ;fh;«éO. (1)
r/a

2.3. The Fourier transform on LCA groups

Given a function f € L'(G) we define the Fourier transform of f, as

fy)= / f)(x, —y)dmg(x), yeTl. )

G

Theorem 2.14. The Fourier transform is a linear operator from L' (G) into Co(I"), where Co(I")
is the subspace of C(I") of functions vanishing at infinite, that is, f € Co(I") if f € C(I") and for
all € > 0 there exists a compact set K C G with |f(x)| <e if x € K€.

Furthermore, A : L'(G) — Co(I") satisfies

f)=0 Vyel' = f(x)=0 aexecG. 3)

The Haar measure of the dual group I" of G, can be normalized so that, for a specific class of
functions, the following inversion formula holds (see [15, Section 1.5]),

f(x)=/f(y><x,y)dmp(y>.
I

In the case that the Haar measures m g and m  are normalized such that the inversion formula
holds, the Fourier transform on L! (G) N L2(G) can be extended to a unitary operator from L%(G)
onto L2(I"), the so-called Plancherel transformation. We also denote this transformation by “A”.
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Thus, the Parseval formula holds

(frg) = / FEFE dmg(x) = / FOE dmr () = (F.3),
G r

where f, g € L*(G).
Let us now suppose that G is compact. Then I" is discrete. Fix mg and m in order that the
inversion formula holds. Then, using the Fourier transform, we obtain that

1=mp({0))mg(G). )

The following lemma is a straightforward consequence of Lemma 2.13, Eq. (1) and state-
ment (3).

Lemma 2.15. If G is a compact LCA group and its dual I' is countable, then the characters
{y: vy € I'} form an orthogonal basis for L*(G).

For an LCA group G and a countable uniform lattice H in G, we will denote by £ a
Borel section of I'/A. In the remainder of this paper we will identify L?(£2) with the set
{p e L>(I'): ¢ =0ae. '\ 2} and L' (£2) with the set {¢p € L' (I'): p =0ae. I"\ 2}.

Let us now define the functions ny : I' — C, as n;(y) = (h, —y) x2(y). Using Lemma 2.15
we have:

Proposition 2.16. Let G be an LCA group and H a countable uniform lattice in G. Then,
{nn}nen is an orthogonal basis for LZ(SZ).

Remark 2.17. We can associate to each ¢ € L%(£2), a function ¢’ defined on I'/A as ¢'([y]) =
Y sea ©(y +8). The correspondence ¢ — ¢', is an isometric isomorphism up to a constant
between L2(£2) and L>(I"/A), since

2
01720y = malO) €' 2 a)-

Combining the above remark, Proposition 2.16, and the relationships established in Theo-
rem 2.3, we obtain the following proposition, which will be very important on the remainder of
the paper.

Proposition 2.18. Let G be an LCA group, H countable uniform lattice on G, I' = G and A
the annihilator of H. Fix §2 a Borel section of I'/ A and choose my and mr, such that the
inversion formula holds. Then

_ mpg({0p'/?
leon =@

)

L%(£2)

> anm

heH

for each a = {ap}pen € €>(H).
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Proof. Let a € £2(H). So,
lall 21y = 1@l 21y )
since H ~ I'/A and therefore A: H — '/ A.

Take ¢(y) =Y ey an(h, —y) x2(y). Then, by Proposition 2.16, ¢ € L?(£2). Furthermore,
¢’ ([y]) = ¢(y), ae. y € 2. So, as a consequence of Remark 2.17, we have

112 1
1oy a0 = mrciop 191220 (6)
Now, a([y]) = mpy ({0}) ZheH ayp(h, —[y]). Therefore, substituting in Egs. (5) and (6),

mp ({0})
lalle2 sy = Wllwllm(m-

Finally, since m(£2) = ma({ODm /A (I"/A), using (4) we have that

my({0)  mpy({0)'/?
ma({OD'2 "~ mp ()12

which completes the proof. O
We finish this section with a result which is a consequence of statement (3) and Theorem 2.7.

Proposition 2.19. Let G, H and $2 as in Proposition 2.18. If ¢ € L'(2) and $(h) =0 forall
heH,then p(w)=0a.e weS2.

3. H-invariant spaces

In this section we extend the theory of shift-invariant spaces in R? to general LCA groups.
We will develop the concept of range function and the techniques of fiberization in this general
context. The treatment will be for shift-invariant spaces following the lines of Bownik [1]. The
conclusions for doubly invariant spaces will follow via the Plancherel theorem for the Fourier
transform on LCA groups.

First we will fix some notation and set our standing assumptions that will be in force for the
remainder of the manuscript.

Standing Assumptions 3.1. We will assume throughout the next sections that.

e G is a second countable LCA group.
e H is a countable uniform lattice on G.

We denote, as before, by I" the dual group of G, by A the annihilator of H, and by 2 a fixed
Borel section of I'/A.

The choice of particular Haar measure in each of the groups considered in this paper does not
affect the validity of the results. However, different constants will appear in the formulas.
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Since we have the freedom to choose the Haar measures, we will fix the following normaliza-
tion in order to avoid carrying over constants through the paper and to simplify the statements of
the results.

We choose ma and mpy such that ma({0}) = mpy({0}) = 1. We fix mp/a such that
mp/a(I"/A) =1 and therefore the inversion formula holds between H and I'/A. Then, we
set m such that Theorem 2.7 holds for m -, m ;A and m . Finally, we normalize m ¢ such that
the inversion formula holds for m and mg.

As a consequence of the normalization given above and Lemma 2.10, it holds that
mr(§£2) = 1. Note that under our Standing Assumptions 3.1, Theorem 2.6 applies. So we will
use the properties of G, H, I" and A stated in that theorem.

3.1. Preliminaries

The space L2(82,02(A)) is the space of all measurable functions @ : 2 — 22(A) such that

/||<D(w) ||§2(A) dmp(w) < o0,
2

where a function @ : £2 — ¢2(A) is measurable, if and only if for each a € £2(A) the function
w > (®(w), a) is a measurable function from 2 into C.

Remark 3.2. This is the usual notion of weak measurability for vector functions. If the values of
the functions are in a separable space, as a consequence of Petti’s Theorem, the notions of weak
and strong measurability agree. As we have seen in Section 2 and according to our hypotheses,
A is a countable uniform lattice on I". Therefore, Zz(A) is a separable Hilbert space. Then, in
L?(£2,€%(A)) we have only one measurability notion.

The space L2(£2, £2(A)), with the inner product
@)= (0@, ¥@) 5, dr (@)
Q

is a complex Hilbert space.
Note that for @ € L*(£2, €*(A)) and w € 2

1,2
ol ey = (Ll@w),f)
JeA

where (@ (w))s denotes the value of the sequence @ (w) in 8. If @ € L2(£2, £>(A)), the sequence
@ (w) is the fiber of @ at w.
The following proposition shows that the space L2(£2, £2(A)) is isometric to L2(G).

Proposition 3.3. The mapping T : L2(G) —> L2(£2,£%(A)) defined as
Tf() ={fl0+8};,-

is an isomorphism that satisfies |7 fll2 = || fll L2(G)-
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The next periodization lemma will be necessary for the proof of Proposition 3.3.

Lemma 3.4. Let g € L*(I"). Define the function G(w) = Y sca |g(@ + 8)|*. Then, G € L' (£2)
and moreover

g2y = 1911 (0)-

Proof. Since §2 is a section of I'/A, we have that I = ( J;., £2 — 8, where the union is disjoint.
Therefore,

/|g<y)| dmr(y)=Y_ / |g(@)|>dmp ()

6eA_Q

_Z/‘g(w—i—&’ dmr (o)

BEAQ

/Z\g<w+a>y dm ().

SeA
This proves that G € L'(£2) and ||gl .2y = Gl 11(@)- O

Proof of Proposition 3.3. First we prove that 7 is well defined. For this we must show that,
V f € L?(G), the vector function 7 f is measurable and 17 fll2 < oo.

According to Lemma 3.4, the sequence {f(w + 8))sen € £2 (A) ae o€ 2, forall f e
L%(G). Then, given a = {as}sen € £2(A), the product (7 f(w), a) 256A f(a) + &)ag is finite
a.e. w € 2. From here the measurability of f implies that w — (7 f(w), a) is a measurable
function in the usual sense. This proves the measurability of 7 f.

If fe L2(G), as a consequence of Lemma 3.4, we have

17 £15= / |7 £ @) 2, dmr (@)
2

:/Z|f(w+5)|2dmp(w)

o €A

=/|f<y)|2dmp<y)
:/|f(x)|2dmc(x).

Thus, || 7 f|l2 < oo and this also proves that ||7 f||, = 1 fllz2(G)-

What is left is to show that 7 is onto. So, given @ € LZ(.Q, 52(A)) let us see that there
exists a function f € L*(G) such that 7 f = &. Using that the Fourier transform is an isomet-
ric isomorphism between L%(G) and L*(I"), it will be sufficient to find g € L2(I") such that
{g(@+8)}ser = P(w) a.e. w € §2 and then take f € L2(G) such that f: g.
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Given y € I', there exist unique w € £2 and § € A such that y = w +§. So, we define g(y) as

g() = (P(),.

The measurability of g is straightforward.
Once again, according to Lemma 3.4,

/|8(V)|2dmr(3/)=/Z|g(w+5)|2dmr(w)
r 2

SeA

= / S (@ @s) P dm ()

o JdeA

= [0 @z dmr @)
2

=||®]|3 < +o0.
Thus, g € L>(I") and this completes the proof. 0O

The mapping 7 will be important to study the properties of functions of L*(G) in terms of
their fibers, (i.e. in terms of the fibers 7 f (w)).

3.2. H-invariant spaces and range functions
Definition 3.5. We say that a closed subspace V C L*(G) is H-invariant if
feV=ufeV VheH,

where 1, f (x) = f(x — y) denotes the translation of f by an element y of G.

For a subset A C L%(G), we define

Epg(A)={thg: € A, he H} and S(A)=3spanEgy(A).

We call S(A) the H-invariant space generated by A. If 4 = {¢} , we simply write Ey () and
S(¢p), and we call S(¢) a principal H -invariant space.

Our main goal is to give a characterization of H -invariant spaces. We first need to introduce
the concept of range function.
Definition 3.6. A range function is a mapping

J: 2 — {closed subspaces of EZ(A)}.
The subspace J (w) is called the fiber space associated to w.

For a given range function J, we associate to each w € §2 the orthogonal projection onto
J(®), Py : 02(A) = J(w).
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A range function J is measurable if for each a € £2(A) the function w — P,a, from £2 into
£2(A), is measurable. That is, for each a, b € £2(A), w — (Pya, b) is measurable in the usual
sense.

Remark 3.7. Note that J is a measurable range function if and only if for all @ € L?(£2, £2(A)),
the function w — P, (® (w)) is measurable. That is, Vb € £2(A), w > (P, (<D (a))), b) is measur-
able in the usual sense.

Given a range function J (not necessarily measurable) we define the subset M as

My ={® e L*(2,0%(A)): (0) € J(w) ae.w e 2}.

Lemma 3.8. The subset M is closed in L*>($2, (2(A)).

Proof. Let {®;};cn € M such that @; — & when j — oo in L2(82, £2(A)). Let us consider
the functions g; : 2 — R defined as g;(w) := || (w) — cD(w)Hﬁz(A). Then, g; is measurable
for all j € N and Yo > 0 it holds that

1 1
mr({g; > a}) < ;/g,»(w) dmp (o) = ;fucbj(w) — @) | o) (@) = 0,
2 2

when j — oo. So, g; — 0 in measure and therefore, there exists a subsequence {gj, }xen Of
{gj}jen which goes to zero ae. w € £2. Then, @, (w) - P (w) in 2(A) ae. w e 2 and
hence, since @, (w) € J(w) ae. w € 2 and J(w) is closed, @ (w) € J(w) a.e. w € §2. There-
fore ® e M;. O

The following proposition is a generalization to the context of groups of a lemma of Helson,
(see [7] and also [1]).

Proposition 3.9. Let J be a measurable range function and P, the associated orthogonal pro-
Jjections. Denote by P the orthogonal projection onto M ;. Then,

(PO)(®) = Py(P (@), aewef, VoeL*(2,02(A)).

Proof. Let Q: L2(£2, ¢2(A)) — L%(£2, £2(A)) be the linear mapping @ — Q@ where
(QP)(w) 1= Py(®(w)).
We want to show that Q = P.

Since J is a measurable range function, due to Remark 3.7, Q@ is measurable for each @ €
L2(£2, £2(A)). Furthermore, since P,, is an orthogonal projection, it has norm one, and therefore

Qa3 = / [(Q@)(@) 72 d (@) =f | Po(@ @) 2 5 dmr (@)
Q 2
<f||q><w>||§2(A) dmp (@) =3 < oo.
2

Then, Q is well defined and it has norm less or equal to 1.
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From the fact that P, is an orthogonal projection, it follows that 0? = Q and 9* = Q. So,
@ is also an orthogonal projection. To complete our proof let us see that M = M, where M :=
Ran(Q).

By definition of Q, M C M.

If we suppose that M is properly included in M then there exists ¥ € M such that ¥ # 0
and ¥ 1 M. Then, V& € L2(2,£2(A)), 0= (Q®, W) = (P, QW).

Hence, Q¥ = 0 and therefore P, (¥ (w)) =0 a.e. w € 2. Since ¥ € My, ¥(w) € J(w) a.e.
w € 2, thus P, (¥ (w)) =¥ (w) a.e. w € £2. Finally, ¥ =0 a.e. w € §2 and this is a contradic-
tion. O

We now give a characterization of H -invariant spaces using range functions.

Theorem 3.10. Let V C L*(G) be a closed subspace and T the map defined in Proposition 3.3.
Then, V is H-invariant if and only if there exists a measurable range function J such that

V={feLl*G): Tf(w) e () ae weR}.
Identifying range functions which are equal almost everywhere, the correspondence between
H -invariant spaces and measurable range functions is one to one and onto.

Moreover, if V.= S(A) for some countable subset A of L*(G), the measurable range function
J associated to V is given by

J(w) = SW]{TQD(CU)Z Y€ .A}, ae w€S.
For the proof, we need the following results.

Lemma 3.11. If J and K are two measurable range functions such that My = Mg, then J(w) =
K(w) a.e. we 2. That is, J and K are equal almost everywhere.

Proof. Let P, and Q,, be the projections associate to J and K respectively. If P is the orthogo-
nal projection onto M; = M, by Proposition 3.9 we have that, for each ® € L?(£2, £>(A))

Po)(w) = Pa,(CD(a))) and (Po)(w) = Qw(d)(a))) ae we.

S0, Po(®(w)) = Qu(P(w)) ae. w € £2, for all @ € L*(£2,£2(A)). In particular, if e; €
£2(A) is defined by (ex)s = 1if § = A and (e))s = 0 otherwise, Py,(e)) = Qp(ey) a.e. w € £2,
for all A € A. Hence, since {e;},ca is a basis for £2(A), it follows that P, = 0, ae. we 2.
Thus J(w) =K(w)ae. we 2. O
Remark 3.12. Note that for f € L>(G) and for h € H,

Tty f(w) = (h, —w)T f(w),

since Vy € G, t/y7(y) =(y, —y)f(y) and, as we showed in Remark 2.4, the character (4, .) is
A-periodic.
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Proof of Theorem 3.10. Let us first suppose that V is H-invariant. Since L?(G) is separable,
V = S(A) for some countable subset A of L2(G).

We define the function J as J(w) = Span{7 ¢(w): ¢ € A}. Note that since .A is a countable
set, J is well defined a.e. w € §£2. We will prove that J satisfies:

() V={fel*G): Tf(w)eJ(w) ae. we R},
(i1) J is measurable.

To show (i) it is sufficient to prove that M = My, where M := 7TV. Let ® € M. Then,
T '® € V = span{typ: h € H, ¢ € A}. Therefore, there exists a sequence {gj}jen C
span{ty¢: h € H, ¢ € A} such that Tg; := @; converges in L2(£2, (*(A)) to @, when j — oo.

Due to the definition of J and Remark 3.12, @;(w) € J(w) a.e. w € £2. Thus, in the same
way that in Lemma 3.8, we can prove that @ (w) € J(w) a.e. w € £2 and therefore @ € M. So,
MC M.

Let us suppose that there exists ¥ € Lz(.Q, EZ(A)), such that ¥ # 0 and ¥ is orthogonal
to M. Then, for each ® € M, (@, W) =0. In particular, if ® € TACTV =M and h € H, we
have that (h, .)®(.) € TV = M since (h, )®() =T (t_, 7 '®)()and r_, 7 '@ e V.

So, as (h, .) is A-periodic,

0={(h, .)<D(.),W):/(h,a))(fb(a)),W(cu))ez(A) dmp (o).
2

Hence, by Proposition 2.19, (@ (w), ¥ (®))s2n) =0 a.e. w € £2, and this holds V@ € T(A).
Therefore ¥ (w) € J(w)* ae. w € 2.

Now, if M is properly included in M, there exists ¥ € M, with ¥ # 0 and orthogonal to M.
Hence, ¥ (w) € J ()’ a.e. w € £2. On the other hand since ¥ € M, ¥ (w) € J(w) a.e. w € £2.
Thus, ¥ (w) =0 a.e. w € 2 and this is a contradiction. Therefore M = M.

It remains to prove that the range function J is measurable. For this we must show that, for
all a,b € £2(A), w+— (Pya, b) is measurable, where P, : 2(A) > J(w) are the orthogonal
projections associated to J(w),

Let 7 be the identity mapping in L?(£2,€%(A)) and P : L2(£2,€*(A)) — M the orthogonal
projection associated to M. If ¥ € L2(£2, £2(A)), the function (Z — P)V¥ is orthogonal to M
and, by the above reasoning, (Z — P)¥ (») € J(w)*, a.e. w € 2. Then,

Pu((Z = P)¥ (0)) = Po(¥ () — P¥ () =0

a.e. w € £2 and therefore P, (¥ (w)) = P,(P¥ (w)) = P¥ (w) a.e w € §2. In particular, P,a =
Pa(w) ae. w € 2,Va € £2(A). Thus, since w — (Pa(w)a, b) is measurable Vb € £2(A), w
(P,a, b) is measurable as well.

Conversely, if J is a measurable range function, let us see that the closed subspace in L2(G),
defined by V := T~Y(Mjy) is H-invariant. For this, let us consider feVand h € H and let us
prove that#, f € V.

Since 7 (t;, f)(w) = (h, —0)7T f(w) ae.w € 2 and 7 f € My, we have that (h, —w)7 f(w) €
J(w) a.e. w € 2. Then, T (t;, f) € M and therefore t;, f € V.

Furthermore, V = S(A) for some countable set A of L2(G). Then,

K(w)=%pan{Tp(): p € A} ae. weR,
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defines a measurable range function which satisfies V = T ' (Mg). Thus, Mx =TV = M.
Since J and K are both measurable range functions, Lemma3.11 implies that / = K a.e. w € £2.
This also shows that the correspondence between V and J is onto and one to one. O

4. Frames and Riesz basis for H -invariant spaces

Let H be a Hilbert space and {u; };c; a sequence of H.
The sequence {u;};cs is a Bessel sequence in ‘H with constant B if

SIfun P < BISIZ, forall feH.

iel

The sequence {u;}ics is a frame for H with constants A and B if

2
AIFIZ <Y (foun)|" < BIFIP. forall f eH.
iel
The frame {u;};cs is a tight frame if A = B, and the frame {u;};c; is a Parseval frame if A =
B=1.

The sequence {u;};cs is a Riesz sequence for ‘H if there exist positive constants A and B such
that

2

<BY lail?
H

iel

A lail <

iel

E aipug

iel

for all {a;};c; with finite support. Moreover, a Riesz sequence that in addition, is a complete
family in H, is a Riesz basis for H.

We are now ready to prove a result which characterizes when Ef (A) is a frame of LZ(G) in
terms of the fibers {7 ¢(w): ¢ € A}. It generalizes Theorem 2.3 of [1] to the context of groups.

Theorem 4.1. Let A be a countable subset of L>(G), J the measurable range function associated
to S(A) and A < B positive constants. Then, the following propositions are equivalent:

(1) The set Ep(A) is a frame for S(A) with constants A and B.
(ii) For almost every w € §2, the set {T p(w): ¢ € A} C 22(A)is a frame for J (w) with constants
A and B.

Proof. Since (f, g>L2(G) = <Tf, Tg)LZ(Q,KZ(A))» by Remark 3.12 we have that

Z Z‘(l‘hfﬂ’ f)L2(G)|2 = Z Z|(T(fh§0), Tf)LZ(_Q,eZ(A))|2

heH pe A heH pe A

=2

peAheH

2
2
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Let us define for each ¢ € A, the following,

Rip)=)

heH

2

/(ha —a))(T(p(a)), Tf(a)))£2(A) de(CU)
2

and

T (p) =/!(Tfﬂ(w),Tf(w))gzm)fdmr(w)-
2

(i) = (i) If Eg(A) is a frame for S(A), in particular it holds that Vf € S(A),

Y herpenltne, £)IF < oo,
Then, for each ¢ € A, we have that R(¢) < oco. Therefore, the sequence {cj}ncq, with

o = / (h. ) To(@). T f (@), dmr (@),
2

belongs to 02(H).

Let us consider the function F(w) =), <H Chn(w), where n;, are the functions defined in
Lemma 2.16. Then, since {cp}lnen € ¢2(H) and {nn}nen is an orthogonal basis of L2(R2), we
have that F € L2(£2) € L' (£2) (recall that m - (§2) < 00).

On the other hand, the function ¥ (w) := (T¢(w), T f(w))ep2a) belongs to LY(£2). So,
V¥ — F € L'(£2) and moreover

/ (h, ) (¥ (@) — F(@)) dmp(@) = c_p — c_p =0
2

for all h € H. Thus, Proposition 2.19 yields that F = a.e. w € £2. Therefore ¥ € L*(£2) and

Y(@)= Y cum(@),

heH

ae weS2.

As a consequence of Proposition 2.18, we obtain that R(¢) = T (¢) holds for all ¢ € A.

We will now prove that, for almost every w € 2, {7 p(w): ¢ € A} is a frame with constants
A and B for J(w).

Let us suppose that

2
AlPod s n) < D_IT(@), Pod)|” < BllPudljays, (7)
peA

ae. w € §2, for each d € D, where D is a dense countable subset of £2(A) and P, are the
orthogonal projections associated to J. Then, for each d € D, let Z; C §2 be a measurable set
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with m (Z;) = 0 such that (7) holds for all w € §£2 \ Z;. So the set Z = UdeD Zg has null m -
measure. Therefore for w € §£2 \ Z and a € J(w), using a density argument it follows from (7)
that

Alal? < Y |(Te@). ) < Bllal.
peA

Thus, it is sufficient to show that (7) holds. For this, we will suppose that this is not so and we
will prove that there exist dy € D, a measurable set W C §2 with m (W) > 0, and ¢ > 0 such
that

S To@), Podo)|* > (B + &)l Pudol®. Yo e W
peA

or

S To@). Pudo)|* < (A = &) | Pudol®, Vo € W.
peA

So, let us take dp € D for which (7) fails. Then at least one of this sets
{we 2: K(w) — B||Pudol* >0},  |we2: K(w)— Al Pudoll* < 0}

has positive measure, where K (w) := the AT (), Pydo) 2. Let us suppose, without loss of
generality, that

mr({o € 2: K(w) — B||Podo|* > 0}) > 0.

Since

1
{we2: K@) — Bl Pudol* >0} = {a)e 2: K(w) — (B + —_>||Pwd0||2 > o},
\ J
jeN

there exists at least one set in the union, in the right-hand side of this equality, with positive
measure and this proves our claim.
Then, we can suppose that

S (To@), Pudo)* > (B+ &)l Pudol, Ve W )
peA

holds. Now take f € S(A) such that 7 f (w) = xw (w) P,dp. Note that this is possible since, by
Theorem 3.10, xg(w) P,dop is a measurable function.
As Ep(A) is a frame for S(A) and

S S lwe. Pl =" f (Tp@). T £(@))ay, | dmr (@),

heH pe A peAq
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we have that

AlFIP< ) / (Te(@). T f (@) dmr (@) < B 1. ©)

(pE.A_Q

Using Proposition 3.3, we can rewrite (9) as

AITFIPSY /|<T¢(w),7f(w))|2dmr(w> <BITfIP. (10)
(pE.AQ

Now,

ITFI? = f 3w (@) | Pudo |2 dim (@)
2

and if we integrate in (8) over W, we obtain

> / (T9(@). xw (@) Pudo)|* dmp(@) > (B + )T f]%.
(pGA_Q

This is a contradiction with inequality (10). Therefore, we proved inequality (7).
(ii) = (1) If now {7 ¢(w): ¢ € A} is a frame for J(w) a.e. w € £2 with constants A and B, we
have that

Alal? < Y |(Te@). a)* < Blal?
peA

for all @ € J(w). In particular, if f € S(A), by Theorem 3.10, 7 f(w) € J(w) a.e. w € §2 and
then,

A|TF@)|* <D [(To@). T f@)* <B|Tf@)]|’ (11)
peA

ae we 2.
Thus, integrating (11) over §2, we obtain

AIITfII2</ S Te@). T f@))’ dmr(@) < BIT £ (12)
o veA

So, (T¢(.), T f(.)) belongs to L%(£2) for each ¢ € A and the equality R(¢) = T (¢), can be

obtained in a similar way as we did before.
Finally, since |7 £ 13 = [ 13 and

> Yl P =Y f (Tp@). T £(@))y, | dmr (@),

heH pe A peAg

inequality (12) implies that E g (A) is a frame for S(A) with constants A and B. O
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Theorem 4.1 reduces the problem of when Eg(A) is a frame for S(A) to when the fibers
{To(w): ¢ € A} form a frame for J(w). The advantage of this reduction is that, for example,
when A is a finite set, the fiber spaces {7 ¢(w): ¢ € A} are finite dimensional while S(A) has
infinite dimension.

If A ={¢}, Theorem 4.1 generalizes a known result for the case G = R to the context of
groups. This is stated in the next corollary, which was proved in [12]. We give here a different
proof.

Corollary 4.2. Let ¢ € L*(2) and 2, = {w € 2: Y s [§(@ + 8)|> # 0}. Then, the following
are equivalent:

(1) The set Ey(¢) is a frame for S(¢) with constants A and B.
(i) A<SY sen @@ +8)> < B, ae. we 2,

Proof. Let J be the measurable range function associated to S(¢). Then, by Theorem 3.10,
J(w) = span{7 ¢p(w)} a.e w € £2. Thus, each a € J(w) can be written as a = A7 ¢(w) for some
reC.

Therefore, by Theorem 4.1, (i) holds if and only if, for almost every w € §2 and for all A € C,

A To@)|* <P To@)|* < B3 Tew@)|. (13)
Then, since |7 ¢()[|> = > sc 1@(@ + 8)%, (13) holds if and only if

ASY o+ <B. acwe2, O
seA

For the case of Riesz basis, we have an analogue result to Theorem 4.1.

Theorem 4.3. Let A be a countable subset of L>(G), J the measurable range function associated
to S(A) and A < B positive constants. Then, they are equivalent:

(1) The set Eg(A) is a Riesz basis for S(A) with constants A and B.
(ii) For almost every w € 2, the set {T¢(w): ¢ € A} C £2(A) is a Riesz basis for J(w) with
constants A and B.

For the proof we will need the next lemma.

Lemma 4.4. For each m € L°°(§2) there exists a sequence of trigonometric polynomials { P }reN
such that:

1) Pr(w) > m(w), a.e. w € $2,
(ii) There exists C > 0, such that || Px|lco < C, forall k € N.

Proof. By Lemma 2.12, taking into account Remark 2.11, we have that the trigonometric poly-
nomials are dense in C(£2).

By Lusin’s Theorem, for each k € N, there exists a closed set Ey C £2 suchthatm (2 \ Ey) <
2=k and m| £, 18 a continuous function where m|g, denotes the function m restricted to Ej.

Since £2 is compact, E} is compact as well. Therefore, m|g, is bounded.

Let my, my : Ex — R be continuous function such that m|g, =mj + im2. As a consequence
of Tietze’s Extension Theorem, it is possible to extend m and m», continuously to all £2 keeping
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their norms in L°°(E}). Let us call the extensions i and #, and let my = mq + imy. Then, we
have:

(1) Wl—k'Ek =m|Ekv
(2) lmilloo < M1 lloo + IM2lloe < lIMilloo + IM2loo < 2[lm|loo-

Now, by Lemma 2.12, there exists a trigonometric polynomial Py such that | P, — mg |l <
2% So,

(@) |Pr(w) —m(w)| <27%, forall w € Ey,
) 1Pllos < Pk — intglloo + 1Mk lloe <27 + 2[m|log < 1+ 2[Im|so.

Repeating this argument for each k € N, we obtain a sequence { Py }xcn of trigonometric poly-
nomials and a sequence { Ex }xen of sets, which satisfy conditions (a) and (b).

Let E = U722, Ex. It is a straightforward to see that mp(£2 \ E) = 0. Let us prove
that if w € E, Pr(w) - m(w), for k — 00. Since w € E, there exists kg € N for which w € Ej,
Vk > ko. Then, for all k > ko, we obtain that | Px(w) — m(w)| = | Pr(w) — mx(w)| <275 — 0,
when k — oo. This proves part (i) of this lemma and taking C := 1 4 2||m||» we have that (ii)
holds. O

Proof of Theorem 4.3. Since S(A) = Span Egy(A) and, by Theorem 3.10, J(w) =
span{7 ¢(w): ¢ € A}, we only need to show that Eg(A) is a Riesz sequence for S(A) with
constants A and B if and only if for almost every w € 2, the set {7 ¢(w): ¢ € A} C 2(A) is a
Riesz sequence for J(w) with constants A and B.

For the proof of the equivalence in the theorem, we will use the following reasoning.

Let {ag,n}p,neAxn be a sequence of finite support and let P, be the trigonometric polyno-
mials defined by

Py(@) =Y apnm(@),

heH

with w € 2 and 7 as in Proposition 2.16.

Note that, since {ay i}y neAxn has finite support, only a finite number of the polynomials
Py, are not zero.

Now, as a consequence of Proposition 3.3 we have

2 2

Z agp hth e Z a(p,hTthﬁo

(p,h)eAxH L2(G) (p.heAxH L2(2.62(A))
2
[l ¥ anchoTiw| dnre
o " (p.heAxH ()
2
= / Y Py@)Te@)|  dmr(w). (14)
2(A)

o veA
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Furthermore, by Lemma 2.18,

> lagnl? = [{agntner [ = 1 PollZaq).
heH

and adding over A, we obtain

Yo lagalP = 1Pl g (15)

(p,h)e AxH peA

(i1)) = (i) If we suppose that for almost every w € 2, {7 ¢(w): ¢ € A} C €2(A) is a Riesz
sequence for J(w) with constants A and B,

A layl’ <

peA

2
<BY  la,|? (16)

L@ geh

Y a,To)
peA

for all {ay},ec 4 with finite support.
In particular, the above inequality holds for {ay}yc 4 = {Py(®)}peca. Now, in (16), we can
integrate over §2 with {ay}yec 4 = {Py(®)}ye 4, in order to obtain

2
AX Pl < [| T Pi@To@)|  anr)
peA o geA &)
<B Y NPol2g) (17)
peA

Using Eqgs. (14) and (15) we can rewrite (17) as

A Z lag.n|* < Z g, hth

(p.h)e AxH (p.h)e AxH

2

<B Z |a(/),h|2~

LX(G) (p,h)e AxH

Therefore Eg (A) is a Riesz sequence of S(.4) with constants A and B.
(i) = (ii) We want to prove that, for every a = {ap}yec 4 € £2(A) with finite support, we have
ae. weS?

2

A Z |a<p|2 <

peA

<B Y la,|*. (18)

2(A) ped

Y a,To()
peA

Let us suppose that (18) fails. Then, using a similar argument as in Theorem 4.1, we can
see that there exist a = {ayp}pea € £2(A) with finite support, a measurable set W C £2 with
mpr (W) > 0and ¢ > 0 such that

2

>(B+8)Z|a¢|2, VYo e W (19)
22(A) oeA

> a,To()
peA



2056 C. Cabrelli, V. Paternostro / Journal of Functional Analysis 258 (2010) 2034-2059

or

<(A=28)) layl’, VoeW. (20)
22(A) ped

Z a(pT(ﬂ(a))
peA

With a = {ay},e4 and W, we define for each ¢ € A, my := ay xw. Thus, m, € L*°(£2) and
only finitely many of these functions are not null.
By Lemma 4.4, for each ¢ € A there exists a polynomial sequence { P,f }ken such that

@) P,f—>m¢,
(i) 1P oo < 14 2lmylloc, Yk € N.

Since Ep(A) is a Riesz sequence for S(A) with constants A and B,

2
A Z lag.n* < Z g nth
(0. h)eAxH (0. h)eAxH L*(G)
<B Y lagal’
(p,h)e AxH

for each sequence {ayp 1} (p,n)e.Ax # With finite support.

Now, for each k € N take {ay 1}y neAxH 10 be the sequence formed with the coefficients of
the polynomials { P,f JocA-

Then, using (14) and (15), we have for each k ¢ N

AN e < / > r

peA peA

2(A) peA

Therefore, since m  (§2) < co and by the Dominated Convergence Theorem, inequality (21) can
be extended to m,, as

AY Imyla, </
2

peA

> mw(w)qu(w)
peA

dmr(@) <B Y Imgljag,  (22)
2 oy

So, if (19) occurs, integrating over §2 we obtain

/

which contradicts inequality (22). We can proceed analogously if (20) occurs. Hence, (18)
holds. O

> mgo(wmp(w)
peA

dmp(w>>(B+e)/Z|m¢(w)\ dmr,

() peA

For the case of principal H -invariant spaces we have the following corollary.
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Corollary 4.5. Let ¢ € L*(2). Then, the following are equivalent:

(1) The set Ey (@) is a Riesz basis for S(¢) with constants A and B.
(i) A< Y scnlp@+8)I?< B, ae we .

Proof. The proof is a straightforward consequence of Theorem 4.3 and Theorem 3.10. O

We now want to give another characterization of when the set Ey(A) is a frame (Riesz se-
quence) for S(A) with constants A and B. For this we will introduce what in the classical case
are the synthesis and analysis operators.

For an LCA group G and for a subgroup H as in (3.1) let us consider a subset A = {¢;: i € I}
of LZ(G) where [ is a countable set.

Let £2 be a Borel section of I'/A. Fix w € §2 and let D be the set of sequences in 02(I) with
finite support. Define the operator K, : D — 2(A) as

Ko@) =Y ciTgi(w). (23)
iel
The proof of the following proposition can be found in [2, Theorem 3.2.3].

Proposition 4.6. The operator K, defined above is bounded if and only the set {T ;(w): i € I}
is a Bessel sequence in ZZ(A).
In that case the adjoint operator of K, K’ : 2(A) — £2(1), is given by

KZ:(CZ) = (<T(Pz (a))» a)ﬁz(A))iGI'
The operator K,, is called the synthesis operator and K, the analysis operator.

Definition 4.7. Let {¢;: i € I} € L?(G) be a countable subset and K, and K ~ the synthesis and
analysis operators. We define the Gramian of {T ¢;(w): i € I} as the operator G, : £2(I) —
02(I) given by G, = K} K, and we also define the dual Gramian of {T ¢;(w): i € I} as the
operator G,, : £2(A) — £2(A) given by G, = K, K.

The Gramian G, can be associated with the (possible) infinite matrix

Go = (Z@<w+a>@<w+a>)

LISVAN i,jel

since (Gue;i, ;) = (T i (w), T ¢j(w)), where {e;};cs be the standard basis of £2(1). In a similar
way, considering the basis {es}sca Of ?2(A), we can associate the dual Gramian G, with the
matrix

Cow = (Z@(era)@(wH/))

iel 5,5’€A

Remark 4.8. The operator K, (K}) is bounded if and only if G, (Gw) is bounded. In that case
we have || Ko [1* = K3 1% = 1Goll = IGa .
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Now we will give a characterization of when Ep (A) is a frame (Riesz sequence) for S(A) in
terms of the Gramian G,, and the dual Gramian G,,,.

Proposition 4.9. Let A= {¢;: i € I} € L*>(G) be a countable set. Then,

(1) The following are equivalent:
(a1) Eg(A) is a Bessel sequence with constant B.
(b1) supess,g 19, < B.
(c1) supess,cq 1Goll < B.
(2) The following are equivalent:
(a2) Eg(A) is aframe for S(A) with constants A and B.
(by) For almost every w € 2,

Alal)? < (Goa, a) < Blal?,

for all a € span{7 ¢;(w): i € I}.
(c2) For almost every w € §2,

(Gw) S {0}U[A, B].
(3) The following are equivalent:

(a3) Eg(A) is a Riesz sequence for S(A) with constants A and B.
(b3) For almost every w € 2,

Allell* < (Gwe, ¢) < Bllell?,

forall ¢ € £%(1).
(c3) For almost every w € §2

oY) S[A, B].

Proof. It follows easily from Theorem 4.1, Theorem 4.3, Proposition 4.6 and Remark 4.8. O
Note that Corollary 4.2 and Corollary 4.5 can also be obtained from the previous proposition.

Definition 4.10. For an H-invariant space V C L%(G) we define the dimension function of V as
the map dimy : £2 — Ny given by dimy (w) = dim J (w), where J is the range function associ-
ated to V. We also define the spectrum of V as s(V) = {w € 2: J(w) # 0}.

As in the R? case, every H-invariant space can be decomposed into an orthogonal sum of
principal H-invariant spaces. This can be easily obtained as a consequence of Zorn’s Lemma
as in [12]. The next theorem establishes a decomposition of H-invariant space with additional
properties as in [1]. We do not include its proof since it follows readily from the R? case (see
[1, Theorem 3.3]).
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Theorem 4.11. Let us suppose that V is an H-invariant space of L*(G). Then V can be decom-
posed as an orthogonal sum

V=0 S,

neN

where E i (¢,) is a Parseval frame for S(¢,) and s(S(¢n+1)) C s(S(¢,)) foralln € N.
Moreover, dimg(y,) (@) = || T g, (w)|| for all n € N, and

dimy (©) = Y [ Tpu (@)

neN

, ae we€S2.
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