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INTRODUCTION

We discuss in this paper the differential equation
w™(t) = Au(s) (h

(u™(t) = (d/dt)"u), 4 a linear operator in the linear topological space E.
The Cauchy problem for (1) is assumed to be well posed, i.c., solutions of (1)
are assumed to exist, to be unique and to depend continuously on their
initial data for each t. The above conditions are natural enough when n = 1,
and the problem has been studied essentially in this formulation by various
authors (see [V,]?, chapter 111, Section 2 for a survey of results). Whenn > |
(say, n == 2) the equation (1) rarely arises in applications with the degree of
generality considered here. Usually additional information on A is available
that allows one to reduce the problem to a first order one by the usual device
of introducing derivatives as new unknowns. For instance if I is a Hilbert
space, A a nonpositive self-adjoint operator the Cauchy problem for (1) can
be reduced to a first order problem in the product space D((—A)*) x E
[D((—A)*) endowed with the graph norm], namely #' = u,,u; = Au.
In the general case, however, nothing like (—A)*! or its graph norm is
available a priori, and thus it is natural to study the Cauchy problem directly.
We obtain later as a result (Theorem (6.9) that if mild additional restrictions
are satisfied then a reduction to a first order problem quite similar to the one
outlined for selfadjoint nonpositive A can be carried out in the general case.
For n 2> 3 the situation is even simpler (see Remark 3.6).

Section 1 of this paper is of an introductory nature and deals with some
facts on linear topological spaces to be used later. We give in 2 the precise

1 Present address: University of California at Los Angeles, Department of Mathemat-
ics, Los Angeles, California.
2 All references are referred by letters.
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definition of a well posed (uniformly well posed) Cauchy problem, deduce
some relations between certain operator-valued solutions of (1), the propa-
gators (Lemma 2.1, 2.2) and give a criterion for uniform well posedness
of the Cauchy problem for (1) (Theorem 2.4) for Fréchet spaces. We apply
these results in 3 to show for a class of spaces £ that if » > 3 the Cauchy
problem for (1) is uniformly well posed if and only if 4 is continuous and
satisfies an additional condition (Theorem 3.1). Next we consider the case
when the solutions of (1) increase at infinity less than a given exponential
and characterize the operators 4 for which this happens (Theorem 3.3).
Paragraph 4 is devoted to the case # = I; here and in following paragraphs
we only consider the case in which the solutions of (1) have exponential
growth at infinity. The (more or less well known) result in this case is that
the Cauchy problem for (1), n = 1 is uniformly well posed if and only if 4
is the infinitesimal generator if a strongly continuous semigroup (Theorem 4.1).
We consider in 5 families of continuous operators in E satisfying S(0) = I,
S(t +5) -+ St — s) = 25(t)S(s) (the “‘cosine functional equation”), prove
several results for them in the spirit of semigroup theory (Lemma 5.3 and
following results) and apply them to the Cauchy problem for (1) (Theorem 5.9)
to obtain a result similar to the one in 4. We construct in 6 square roots of
certain translates of 4; under an additional condition (Assumption 6.4) these
square roots generate strongly continuous groups and the Cauchy problem
for (1), n = 2 can be reduced to a first-order Cauchy problem in the product
space £ X E (Theorem 6.9).

In case F is a Banach space, we are able to improve somewhat our results
or to obtain new ones; see for instance Remark 3.4, Theorem 4.2, Lemmas 5.2,
5.3 and 5.5.

Results in this paper have been announced in F; .

|. Lingar TOPOLOGICAL SPACES
Throughout this paper £ = {1, o,...} will be a (Hausdorff) complete,

barreled locally convex lincar topological space (L'TS) over the field C of
complex numbers ([B,], II, Section 2, III, Section 1 and Section 2). We shall

denote by & a set {| -|,...} of semi-norms determining the topology of E,
i.e. such that a generalized sequence {u,} converges to zero if and only if
lim, |u, | =0 for all | - | € &. If & can be chosen countable, then E is said

to be a Fréchet space. A Fréchet (in particular a Banach) space is always
barreled. For these spaces we also have

1.1 Tueorem (Closed graph theorem). Let E,F be Fréchet spaces, and A
a closed, everywhere defined linear map from E to F. Then A is continuous.
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For a proof see [B,], I, Section 3 (local convexity is not necessary here).
Let E, F be two complete, barreled locally convex LTS. We shall denote
L(E, F) the space of all continuous linear maps from E to F endowed with
the topology of uniform convergence on bounded sets of E; L(E, F) is a
quasi-complete ([B,], I11, Section 3) locally convex LTS. The topology of
L(E, F) is determined by the family .# of semi-norms

| A} = sup{l Au |, ue K}

where K ranges over all bounded sets of E, | - | over a family # of semi-norms
determining the topology of F. We shall only consider the cases F = F,
F = C and write L(E, E) = L(E) = {4, B,..}, L(E, C) = {u*, v*,...} = E*
(the dual space of E). If E is Banach so is L(E) (resp. £*) under the norm
"A=sup{| Au|,uckE, |u| < 1}(resp. | u* | = sup{|u*(w),uckE, |u| < 1}),
| - | the norm in E. We shall write

w*(u) = u¥,uy = u, uty, u*eE*, uck.
Frequent use will be made of

1.2 THeEOREM. Let o = {A,...} be a set in L(E) such that {Au; A € o/}
is bounded in E for each u € E. Then .o/ is equicontinuous

and of its corollary

1.3 THeOREM (Banach-Steinhaus theorem). Let {A,; be a generalized
sequence in L(E) such that {Au} converges and is bounded in E for each u € E.
Then A =: (pointwise) lim, A, is a continuous operator.

For a proof see [By], I11, Section 3. Note that the boundedness assumption
in Theorem 1.3 is automatically satisfied if {4} is a sequence.

Let D be a domain in the complex plane, f( -) an E-valued function.
f is said to be analytic in D if lim, A=Y f(z + h) — f(2)) = f'(2) exists
for all z e D.

1.4 Turorem. (a) Let T( ) be an L(E)-valued function defined in D such
that the scalar-valued function <w*, T( - Yu> is analytic in D for all ucE,
u* e E*. Then T( -) is analytic. (b) Let f( +) be an E-valued function defined
in D such that - w*, f( - > is analytic for all w* € E*. Then f( - ) is analytic.

For a proof in the Banach space case see [H,], 3.10.1. Since it is based in
Theorem 1.1 and quasi-completeness of L(E), it extends to our case without
major changes.

Most properties of scalar-valued analytic functions extend to the E-valued
case (See [H, , ITI). If f is analytic in | 2 — 2, | < a then it has derivatives
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of all orders there that can be developed in power series in the customary way.
The radius of convergence of the power series

Y an(z — z)" (1.1)
n=0
is given by 1/r,r = sup{limsup,_ .| a, |''*; - | €&}, i.e. (1.1) converges
absolutely and uniformly on compacts of | 5 — 2, | < 1/r, diverges for
|2 — 2| > l/r. The same propertics hold for L(E)-valued functions.
Finally, a word about integration in E. If f(s) is continuous in
—0 < a < s<b< o the integral f::f(s) ds can be defined and seen to
exist by means of Riemann sums in the same way as for ordinary functions.
Improper integrals like

J‘jf(s) ds (1.2)

and similar ones will be defined as the limit when & — oo of the integral
over (a, b). A simple criterion for existence of such integrals is given by

1.5 THEOREM. (a) Let the E-valued function f( - ) be defined and continuous
in (a, 0); assume that the real-valued function | f( - )| is integrable in (a, )
for all | -\ e&. Then (1.2) exists. (b) Let the L(E)-valued function A( ) be
defined in (a, o) and strongly continuous there; assume | A( - Yu | is integrable
in (a, ©) for alluckE, | - { € & Then (1.2) exists for A( - Yu, u € E and defines
a linear continuous operator in E.

The proof of (a) is immediate; the proof of (b) is a simple application of
Theorem 1.3. For Banach spaces we shall make use (in Corollary 5.3) of
Bochner’s integration theory; see [H,], 3.5.

2. Tur Caucny PrROBLEM

We shall write through this and following paragraphs R = (—o0, o0),
R, = (0, ), R, = (0, c0); C"(E) (resp. C{”(E), C™(E)) shall denote the
space of all E-valued functions #( - ) defined and » times (strongly) contin-
uously differentiable in R(resp. R, , R,). 4 will be a linear operator with
domain D(A4) dense in £ and range in E; we shall assume that p(4), the
resolvent set of A is non-void, i.e. that there exists A such that R(}; A) =
(Al — A)7! exists and is continuous. This implies that A is closed. The
subindex % (unless otherwise stated) will always take the values 0, 1,..., n — 1.

The E-valued function #( - ) will be called a solution of

u™(t) = Aut) 2.1
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in R(resp. R, , R.) if u( - ) € CV(E) (resp. C"(E), C"(E)), u(t) € D(A) for
all t e R(resp. R, , R,) and (2.1) is satisfied evervwhere.
The Cauchy problem for (2.1} will be well posed (w.p.) in R, it

(a) There exists a dense subspace D of £ such that if u,,..., %, €D
then there exists a solution u( - ) of (2.1) in R. such that

u"“(O ,;,,) . ;“BT? u(m(h) e Uy

(b) Let {u,( )} be a generalized sequence of solutions of (2.1) in R,
such that #*(0--) — 0 (we assume ul”(0+4) to exist). Then u,( )0
pointwise in R__ .

The Cauchy problem for (2.1) will be uniformly well posed (u.w.p.) in R,
if (b) is strenghtened to

(b") Let {u,( - )} satisfy the assumptions in (b). Then {u,( - )} converges
to zero uniformly on compacts of R .

Similar definitions for R, R, .

Assume the Cauchy problem for (2.1) is well posed, let 0 <Cj =iz~ |
and letu( - ) be asolution of (2.1) with u"(04-) = &4, 3;; the Kronecker delta.
‘The linear operators

St = u(t)

are, by virtue of (a) and (b) densely defined and continuous. We can then
extend S,(?) to all of £ by continuity; we shall denote the extensions with
the same symbols. The operators S,(z) will be called the propagators or
solution operators associated with (2.1). If u( - ) is any solution of (2.1) such
that #*}(0+-) exist, we have

n-1

u(t)y =Y Stu0-+) (2.2)

This is clear if the initial values #*}(0+) of #( - ) belong to D; if not we may

approximate them by elements of D and use the continuity of the S, .
If the Cauchy problem for (2.1) is u.w.p., then for any u e E, Sy( - Ju,...,

S,_1(t)u are continuous functions of ¢. In fact, Si( - ) is the limit, uniform

on compacts of {S;( - )u,}, {u,} any generalized sequence in D with u, — u.
Assume the Cauchy problem for (2.1} is w.p. Then we have

2.1 Lemma. (a) Let 1 <k won — 1, ue D. Then

Sty = S 1 (tu (2.3)
(b) . ,

Se = AS, 1(tu
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Proof. We shall carry it out for R, ; the proofs for R, R. are similar.
Letue D,

ut) = | ; Sy (suds 10 (2.4)

Plainly u( - ) € C"*(E), u'(s) = Sy5"(s)u, which implies
uD0+) =384, j=01,.,n—1 (2.5

Since Sk _(s)u e D(A) for s > 0 and AS;,_ 1(s)u = S, (s)u is continuous for
s >0, f S;_(sSyuds € D(A) forr >0, 4 I Sya(s)u ds = ft AS,(suds =
f S (s uds = ST V(N — SCV(r)u. Thus u(t)e D(A) and Au(t) =
S‘”_“(t)u S M0+ u = SPV(t)u = u™(¢t), which shows that u( - )
is a solution of (2.1). In view of (2.5) u(z) = Sy(t)u; differentiating we
get (2.3). Applying repeatedly (2.3) to S,_;(H)u we get S M(Hu = Sy(t)u;
differentiating once more, Sy(f)u = S (u = AS,_(t)u.

2.2 Lemma. The operators A, Sy(ty),..., Su_alta_y) all commute for any

Ly yorer by -

Proof. Asin Lemma 2.1 we only give the proof for R, . Let A € p(A4) and
letu(t) = R(A; A)S,(t)u, u € D. Itis easy to see that u( - ) is a solution of (2.1);
since #"(0-) = §;,R(\; A)u we have

R\ A)S,(Hu = SR A (2.6)

Since u is dense in E, (2.6) holds for any u € E. Applying (2.6) tou = (Al — A)v,
v e D(4) and applying Al — A to both sides we see that A commutes
with S,(#). The rest of the proof is similar.

23 Lemma. (a) Let O <k <{n — 2. Then

n—1

Suls +1) = z SOSO -4 T S8 @)
(b)
Spals + 1) = Y S{5)Su-i(2) (28)

Proof. Let ue D. The function u(s) = Sy(¢ -+ s)u (¢ fixed) is a solution
of (2.1). Then we have, by (2.2)

n—1

Su(s + tu = Z S;()SP(tyu
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Applying now Lemma 2.1 to compute S{(t)u we get (2.7), (2.8) for ue D.
Since D is dense in E, L.emma 2.3 follows.

2.4 Remark. 1f E is a Fréchet space we can drop the continuous depen-
dence hypothesis (6') at the cost of assuming existence and uniqueness of
solutions for certain choices of initial data, In fact, we have

2.5 Tueorem. Let E be a Fréchet space. Assume that for each u e D(A)
there exists a unique solution of (2.1) in R with u*(0+) = Syu. Then the
Cauchy problem for (2.1) is uniformly well posed in R, . Same conclusions
for R, R.

Proof. Let & be a(countable) set of semi-norms determining the topology
of E and let A € p(4). It is easy to see that D(A4) becomes a Fréchet space if
topologized by the family of semi-norms

jul =M — Aui,  |-|eé

Let now M be the subspace of C”(E) consisting of those functions u( * )
for which #®(0--) exist. M becomes a Fréchet space if topologized by the
family of semi-norms

n—1

(Y = 3, sup [u®(1)]
k=0 VS imm
+  sup | u™(2)], [ |ed, m=1,2,..
V/m=t<im

(here we have written #®(0) — u®(04-)). Consider the linear operator
from D(4) to M

u > Ku == Ku( +) (2.9)

Ku( - ) the solution of (2.1) with initial data #®(0+) = Sou . It is easy to
see that K is closed; by the closed graph theorem it is as well continuous.
Let #, ,..., u,_; € D(4). The function

u(t) = Kuyf(t) + 2 ﬁ f :)(t — sY1Ku,(s) ds (2.10)

is easily seen to be a solution of (2.1) with #®(0+4) == u, ; thus by uniqueness
it represents any solution of (2.1} with u*(0--) € D(A). Let {u,( - )} be a
sequence of solutions of (2.1) such that #{(0+)— 0. Since v,(-) =
R(A; A)u,( + ) is a solution of (2.1) with {(0+) = R(A; A)uy(0+) € D(A)
we get from (2.10) and the continuity of K that {z,,( - )} tends to zero in the
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topology of M; in particular, AR(X; A)u,(* ) — R(A; Aub( ) = () —0
uniformly on compacts of R, . Existence of solutions of (2.1) with u®}(0+) =u,
for any ug ,..., 4,4 € D(4) is shown by (2.10).

2.6 Remark. The idea of the proof of Theorem 2.5 is essentially the
same used in H, to prove Theorem 23.8.3.

3, Tue Case n =3
3.1 THEOREM. Assume the Cauchy problem for the equation
w™(t) = Au(t), n>=3 (3.1

isuw.p.in R, . Then D(A) = E, A is continuous and the series

> 643! (3.2)

converges in L(E) for all t > 0. Conversely, assume D(A) = E, A continuous
and (3.2) convergent for all t > 0. Then the Cauchy problem for (3.1) is
u.w.p. in R. The propagators S, can be extended to L(E)-valued entire functions
with McLaurin series

Su(s) = ¥, s EAY nf + ) (33)

i=0

Proof. We shall carry it out by first extending .S, _; to the complex plane
and then obtaining A by differentiation. Let w = exp(2mi/n). Divide the
complex plane in sectors

W, = {z; 2nkin < arg 2 < 27k + 1)/n}
Extend S; to the rays swF, s >> 0 by setting S;{sw*) = w*.S,(¢) and then

extend S, ; to the interior of each sector on the basis of equality (2.8)
extended to the complex plane, i.e.

n—1
Spa(2) = Sp_q(swk + 1wk 1) = ¥ S(sw*)S, ,_(twkt)
i=0

n—1
— Y @ IS()S, 4i(1) (3.4

7=0
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It is easy to see that if w € D, S, _,u has first partial derivatives in the interior
W, of each W), given by

wh g S, _ujos = wheS, _ujot

n—1

= Y @IS, (St A8, 1 (5)S 1 (1)
=1

n—1

=Y (@7 — DS ()i + Spo(s +u (3.5)
j=1

(in the last step we have made use of equality (2.7) for the case & = n — 2).
Since S)(t)u is continuous in R, for each ue E (see 2) it follows from
Theorem 1.3 that S;( - ) is equicontinuous on compacts of R, ; this, and
the fact that Sy(#)u is continuous in R, for each u# € D show S, _u and its
first partials to be continuous in the whole plane—except perhaps at the origin.
Next, observe that the relation (3.5) between the partials of S, ,u are the
Cauchy-Riemann equations with respect to the directions given by w*, w* ..
Then we obtain

(1) If ue D S,_;(z)u is holomorphic in the whole plane, except perhaps
at the origin.

Let now u € E, {u,} a generalized sequence in D such that u, -— u. It follows
again from equicontinuity of S,,_; on compacts of R, that S, _,(2)u, ~> S,_;(2)u
uniformly on compacts of each W,5%. Then S,_;(-) is holomorphic in
each W,%; by Theorem 1.4,

i) S,4(-) is holomorphic (as an L(E)-valued function) in each W)’

Let ue D, H(s, 2)u = Y0 S,(5)SY (2)u, s € R, . Using Lemmas 2.1 and
2.3 we see that H(s, 2)u = Sn_l(s -+ 2)u for € R, ; by analytic continuation
this holds as well for any complex & 7 0. Another analytic continuation
argument and (ii) show that

(i) X7 S (R)SE P (u = S, y(z + Quforze WO = W LU - U W),
(S2,(2) is bounded there), { = 0. For 2, { € W° all operators in (iii) are
continuous, thus (iii) holds as well for any u € E. But this plainly implies
that S, () is holomorphic in W0 + --- + W2, which is the entire
complex plane, i.e. S,_; is an L(E)-valued entire function. By Lemma 2.1,
so are Sy,..., S,_p,—they can be obtained from S, , by differentiation.
If ueD, by Lemma2.1 S"P(t)u = So(t)u, te R, ; then SF"V(t)u =
SM(tu == ASy(t)u. Letting t >0 we get S (0 = ASy(O)u = Au;
since 4 is closed D(4) = E and A4 = S&% 1’(O)E:L(E) It follows easily
from the definitions of the S}, that their McLaurin series are given by (3.3).
Since (3.2) equals S,(t'/?) its convergence follows from that of (3.3) for the
case k = 0.
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Assume now 4 is continuous and the series (3.2) converges for any ¢ > 0.
It is easy to see that this implies that all the series (3.3) converge uniformly
on compacts of the plane and define entire functions S ,..., S,_; , which are
the required solutions of (3.1). As for uniqueness, let u( - ) be a solution
of (3.1) with u(0) = #'(0) = -+ == u»(0) = 0. Integrating (3.1) repeatedly
we get (H; , p. 625)

1 B ni-1 i -
u(t) = mJﬂ(t — sy sy ds,  j=1,2,.. (3.6)

It follows from (3.2), from the definition of the topology of L(E) and from
the fact that u(s),0 <{s <X ¢ is bounded in E that lim; . ((f — 1))
(t — 5)®14%u(s) — O uniformly with respect to 5,0 < s <{ ¢ and then (3.6)
implies #(t) = 0 for all ¢, which ends the proof of Theorem 3.1.

3.2 Remark. Convergence of the series (3.2) is equivalent to convergence
of 3 #A%/(nf)! in E for all u € E; this, in turn is equivalent to the relation
lim; ., ((n)1y~2} A%u {*/7 = 0 for all semi-norms | - | in & In fact, if the series
2 t'A'uj(nj)! converges for each u € E then the limit lim, ., 37, 27 A%u/(nj)!
exists for each complex z and each ue E; by Theorem 1.3 it defines a
continuous operator F(z). But F( - )u is entire for each u € E, then F(+) is
entire as an L{E)-valued function (Theorem 1.5) which implies convergence

of (3.2) in L(E).

3.3 TueoREM. Assume E is a Banach space, and let the Cauchy problem
for 3.1) be w.p.in R, . Then A is bounded.

Proof. Consider the real-valued finite function m(f) = max{| S(¢)|,
k=0,1,..,n —1} defined in R,. Since {#;|Su(t) > 8 = User
{t; | Sp(t)u | > bl u |}, each of the sets on the union being open, m( - ) is
lower semicontinuous. Let @ > 0,7 = 1, 2,... and define

o =160 <t <amit) <j}

Since each e;, is closed and e; , U e, , U =+ = [0, a] we get from the
Baire category theorem that some e;, contains an interval («(a), B(a)),
ofa) < Bla) < a.
Apply now R(A; A) to both sides of (2.7). We get from this and from (2.8)
FR(A; A)Sy(s + 1)) << em(s)m(z), O<htn—2
FSpq(s + )] << em(s)m(t)

s,te R,_, c a constant independent of s, ¢. This and the preceding considera-
tions show that R(A; 4)S,(t) is bounded in some interval around any point

505/5/1-6
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in R, , thus is bounded on compacts of R, . Extend R(A; 4)2S,_; to the
complex plane by means of the formula

R(A; A4S, (sw® 4 twk+1)

= UD "f w IR, A)S,()RM; A)S,_y_,(1). (3.7)

i=0
Proceeding as in Theorem 3.1 ((iii) is now replaced by

(iii") Z RO ARSI (2R APRSEF(L) = R A)NSay(z + 1)

i=1

we can show that R(A; A4S, _; can be extended to an L(E)-valued entire

function.
Now let ue R(X; A®D. It is easy to see that A™S(-)ue C™(E),
0 < m < 3 and that

STt = AmS,_(tu, | <m <4, teR, (3.8)

Consider the L(E)-valued function
4
— z ( ))\4 m(—RA; AW,y ( - )™ (3.9)

Forue R(A; AD, te R,

Ty = RO A Y, () won—sipen

m=0

= RO APA — APS, (O = S, 4(t)u (3.10)

Since R(A; A)2D is dense in E, (3.10) shows that .S, _;( - ) can be extended
to an entire function and the proof ends now like that of Theorem 3.1.

AnL(E)-valued function S( - ) defined in R will be said to be of type <win R
(w a real number) if

{8, [ 2] = 1)

is a bounded set in E for each u € E. Similar definitions for R, , R, . The
Cauchy problem for (3.1) (for » = 1) will be of type <{w if the propagators
Sg .-y Sp_y are of type <w. For the case #n = 3 we have

3.3 TaeoreM. The Cauchy problem for (3.1) is u.w.p. and of type <w
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n R, for some w << o0 if and only if R(X; A) exists for | A | large enough and
is analytic at .
Proof. Assume R(\; A) exists for | A]| > a and is analytic at co. Let
RA; A) =37, A4, for |A| > a. Then if p > q,

1

T

J’ N-1R(\; A) d (3.11)
|A}=0

Since AR(A; A) = —I 4+ AR(A; A) is an L(E)-valued analytic function,
AA; can be computed by introducing 4 under the integral defining A4, ;
we obtain in this way

AAdy — —I+ 4,, A4, =A,,, j=12.. (312

Since A, = limy,,.,, R(A; 4), taking u e D(4), writing A-1R(\; A)Au =
—Au + R(A; A)u and letting | A | — oo we see that A = 0 for u € D(A4)
and thus 4y = 0. This and (3.12) show that 4 is continuous (= 4,) and
that 4, = 41,5 = 1, 2,.... Consequently we can write

R(A; 4) = Y X-wibgi, |A] > a
j=0
Then (sec 1) if | - | is a semi-norm in .%¥
lim sup;Le | 47 |1 < a
thus if & > a there exists a constant K such that
| A7 < Kuw?

This implies that the series (3.2) converges; moreover, the series (3.3) can
be estimated as follows:

[ Sk(R) < X L= M| AT ||+ R)!

i=0

S KY o | 5ifjl = Kelai

=0

This shows that the Cauchy problem for (3.1) is of type <w. Conversely,
assume the Cauchy problem for (3.1) is u.w.p. and of type <{w. Then it
follows from Theorem 1.5 that the Laplace transform

RO = [ e, (o de (3.13)
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exists for Re A > w and defines a continuous linear operator in E. It is casy
to see that it 1s permissible to integrate by parts # times the right-hand side
of (3.13) when u € D; in doing this and applying Lemma 2.1 we get

R() — X (I -+ AR()

in D and thus in all of £ This implies that R(}\) = R(A"; A). Since
{X*; Re A > w} is a neighborhood of oo if n 2= 3, we see that R(A; 4) is
holomorphic in a deleted neighborhood of co. But (3.13) implies that R(})
remains bounded—in fact, tends to zero— when Re A — oo, then R(A; 4)

is analytic at co.

3.4 Remark. 1f E is a Banach space, the hypothesis of Theorem 3.3 is
always satisfied. Then the Cauchy problem for (3.1), if w.p. is always of
type <w for some w < oo, Theorem 3.3 is closely related to Theorem 23.9.6
in [H,]; there A is assumed to have the form '™ (V a closed operator with
(V)= @) and a more stringent definition of solution is used. However,
solutions are assumed to exist only for certain particular choices of initial
data and no continuous dependence on them is required.

3.6 Remark. 1f the Cauchy problem for (3.1) in u.w.p., then it always
can be reduced to an u.w.p. first~order problem in the product space
E"=E X E x - x E (E" endowed with pointwise operations and the
product topology). In fact, we only have to set u,(¢) = u'¥(t); the equation
in the product space is wuy(f) = u;1(1), 0 < b <<n — 1, 4, 1(t) = Auy(2).
See Theorem 6.9 and Remark 6.10 for a similar problem in the case n = 2.

4, Tue Case n = 1

Equality (2.8) reduces to
Sos -+ 1) = S(s)So(t)

i.e. the propagator S, = S is a semigroup of continuous operators in £
(2 group in the case of R). We shall only consider the case in which the
Cauchy problem for

w(t) = Aut) 4.1y

is of type <w for some w << oo (for a study of semigroups not necessarily
satisfying this condition see [M;]). Also, we shall confine ourselves to the
cases R, R, ; the case R, is treated (for Banach spaces) in [F,], also in [Py]
with additional conditions.
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4.1 TueEOREM. The Cauchy problem for (4.1) is u.w.p. and of type <o
in R, (in R) if and only if A is the infinitesimal generator of a strongly continuous
semigroup (group) T of type <w. If S, is the propagator associated with (4.1),
S, = T; for each u € D(A) there exists a solution of (4.1) with u as initial value.

4.2 TueoreM. Let E be a Banach space. Assume the Cauchy problem
for (4.1)is w.p. in R. Then it is u.w.p. (This result is false if we replace Rby R, ).

Proof of Theorem 4.1.  Assume A4 is the infinitesimal generator of a strongly
continuous semigroup T( - ) of type <{w. Then u( +) == T( - )u is a solution
of (4.1) for any u € D(A). It is the only such solution. For, let «( - ) be a
solution of (4.1) with #(0) = 0. For ¢z > 0 set

h(s) = T(t — s)u(s), 0<<s<t

It is easy to see that £ is continuous in [0, #], continuously differentiable in
(0,7) and that A'(s) = T(t — s)Au(s) — AT — s)u(s) = 0. But then

= u(0) = A(0) = h(#) == u(?), which shows that #( -) = 0. Continuous
dependence of the solutions on the initial data is evident. Conversely, assume
the Cauchy problem for (4.1) is u.w.p. and of type <w in R, and let
S = S, be the propagator associated with (4.1). Plainly S is a strongly
continuous semigroup of type <w in R, . Let B be its infinitesimal generator,
u e D(B), {u,} a generalized sequence in D such that u, — u, t >> 0. We have

( " S()ug ds — f " S(syu ds

¢ ot t
A J S(s)u, ds = J AS(s)u, ds = f S*(s)u, ds
0 0

0
= S, —u, = SEu —u

thus u, == f:) S(s)u ds € D(A) and Au, = S(t)u — u. But, since t~'u, — u,
A(tu,) — Bu, u e D(A) and Au = Bu, i.e. BC A. Let us show in fact that
B = A. Assume this is false; let us ue D(A4), u¢ D(B), A p(B). Since
(Al — B)D(B) = E, there exists v € D(B) such that (Al — Ayv = (Al — B)jo =
(Al — Ay, thus, if w = u — v, w7~ 0 and

Aw = Aw

But then w(#) = e*w is a solution of (4.1) with w(0) = w e D(B), which is
absurd. The proof is similar for the case of a group.

Proof of Theorem 4.2. Tt is clear that it will follow from

4.4 Lemma. Let S( - ) be a group in the Banach space E such that t — S(t)u
is strongly measurable for any u € E. Then S( - ) is strongly continuous.
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For a proof of Lemma 4.4 see [D,] or [H,].

Operators A which are infinitesimal generators of strongly continuous
semigroups in Banach space arc caracterized by the Hille-Yosida-Feller—
Phillips theorem (see [D;], VII1.].13]. This characterization has been
extended by Miyadera [M,] for semigroups of type «le» <= o0 in Fréchet space.
The essential feature of this proofs being the equicontinuity criterion
furnished by Theorem 1.2, they extend without changes to the case of a
barreled, complete locally convex L'T'S. We have ([M,], Theorems 5.1 and 5.2).

4.5 THEOREM. The operator A is the infinitesimal generator of a strongly
continuous semigroup (group) S( - ) of type <w in R, (R) if and only if (a) for
each A, X > w(| A| > w), A& p(A), (b) for each u e E the set

{QA] —wy RN AYu; A > w(| A} > w)yn = 1,2,..}
is bounded in E.
The resolvent R(A; A) can be obtained from S( - ) by means of the formula
~0
R(A; Ay = ’ e S (Hyu dt (4.2)
o
valid for Re A > w. We shall make use later of

4.6 LemMma. Let S(-) be a strongly continuous family of continuous
operators of type <w in R, let A be an operator in E such that X € p(A4) for
A > w and (4.2) holds. Assume S(0) = I. Then S( - ) is a semigroup and A is
its infinitesimal generator.

The proof is similar to the one for the Banach space case (see [D,], VIII).

4.7 Remark. In the Banach space case every semigroup is of type <w
for some w < o0; thus any w.p. Cauchy problem is of type <<w for some w.

5. Tae Casg n =2

Assume the Cauchy problem for
u’(t) = Au(t) (5.1)
is w.p. Equalities (2.7) and (2.8) take for # == 2 the form
Sols + 1) == Sp(s)Sy(2) + AS1(s)Sy(t) (5.2)

Sas + 1) = So()S1(2) -+ Sy(s)Sy(t) (5.3)
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5.1 LemMa. Let the Cauchy problem for (5.1) be w.p. in R, (u.w.p. in R,).
Then it is w.p. in R (uw.p. in R).

Proof. Let the Cauchy problem for (5.1) be w.p. in R, . If u,(-) is
a solution of (5.1) in R, with #(0) = 0 it is easy to see that u(t) = u.(] £])
is a solution of (5.1) in R. On the other hand, if ©,( - ) is a solution of (5.1)
with #,(0) = 0 can be extended to a solution in R by setting v(t) = sgn tv (| ¢ |)-
Thus any solution u(f) = Sg(2)u(0) + S;(#)«’(0) can be extended to R and is
clear that uniqueness and continuous dependence on initial data hold as
well in R.

Assume now the Cauchy problem for (5.1) is u.w.p. in R, . Let s, t > 0,
s+t >0,

H(r; s, t) = 2Sy(s + 7)Solt +7) — So(s + ¢ + 2r) (5.4)

On account of the fact that S,{ - ) is equicontinuous on compacts of R,
S,( +) is continuous in R, for u € D one easily sees that H( - ; s, tju,ue D
is continuous for r > 0, continuously differentiable for r > 0. We have

(dldr)H(r; s, tyu = 2A8,(s + 7)Sy(t + r)u
+ 248y(s + 7)Sy(t +1)u — 24S,(s + ¢t -+ 2r)u =0

(we have made use of (5.3) in the last step). This, the fact that H is symmetric
with respect to s and ¢ and the equality

H(rys - bt +hy = H(r + h; 5, 1)

imply the existence of a L(E)-valued function K(r), r > 0 such that
H = K(|s — t|). Setting £ = 0 we see that K(| s |) = Sy(s); extending S,
to the entire real axis by means of Sy(¢) = S(| ¢ |), we obtain

Sols +2) + So(s — 1) = 25,(s)Sy(t), s, teR (5.5)

(Strictly speaking, we obtain (5.5) only for s, >= 0, s + ¢t > 0; however, it
can be readily extended for all values of s, # making use of the symmetry of S,
and of the fact that Sy(0) = 1.)

It is easy to show in the same way that if we extend S; to R by setting
Su(t) = sgn t8,(/ £ 1),

Sy(s + 1) + Sy(s — t) = 28,(5)Sy(t), 5, teR (5.6)

Let now u € D. The functions So( - )u, S;( - Ju are solutions of (5.1) if ¢t A 0;
however, (5.5) and (5.6) allow us to express Sy(£)u, S;(¢)u for ¢ in the vicinity
of 0 by means of their values away from the origin, and thus they are solutions
in R. This takes care of existence of solutions in R, uniqueness being clear.
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As for continuous dependence on initial data, let {u,(2)} = {Sy{#)u,(0)

S1(t)u,(0)} be a generalized sequence of solutions of (5.1) with u,(0), u,(0) — 0.
So( ul(0), Sy( - Hu,(0) converge to zero uniformly on compacts of
(— o0, 0) U (0, c0); making use again of (5.5), (5.6) wc see that this is also
true for compacts of R.

We shall study in the sequel L(E)-valued functions S( - ) satisfying (5.5)
in the style of semigroup theory. Here we use some results and methods in
[K,], [K;] where such functions are considered although with somewhat
different continuity and measurability assumptions.

Through the rest of this paragraph S(¢), € R will be an L(E)-valued
function satisfying (5.5) and such that S(0) - .

5.2 LemMa. Let E be a Banach space. Assume t — S(tyu 1s a strongly
measurable function of t for each u € E. Then (a) S( - ) is bounded on compacts
of R. (b) t — S(t)u is continuous for each uc E. (c) t — | S(t)| is measurable.

Proof. Assume S( - ) is not bounded in some compact of R. Procceding
like in ([D,], VIIL.1.3) we can construct a null set ¢, and a separable subspace F
of E such that

@) SOFCFfortge,.

(i) There exists 2 bounded sequence #;, f,,... of real numbers and a
sequence iy, #,,... in F, |u, ' =1 such that | S(t,)u, | >nn=12,..

Define now m(t) = sup{| S@t)u |, ueF, ju| < 1}.
Since F' is separable, the sup can be taken over a countable subset of the
unit sphere of F, and then m( - ) is measurable. It is easy to sce that if s or

té e,
m(s + t) < 2m(sym(t) + m(s — 1) (5.7)

Thus (a) will follow from the auxiliary result.

(iii) Let m( - ), 0 < m(?) < o0 be a measurable function in R such that
m(—t) = m(t) and (5.7) holds when s or ¢ do not belong to a fixed null set e, .
Then m is bounded on compacts of R.

The proof of (iti) is an immediate generalization of 2 in K, (there e, = ).
Let #,, t, 7 € R. After some manipulations with (5.5) we get

Sty +7) — S(ty) = 2SSty + 7 — 1) — Sty — 1))
— (S(ty - r — 2t) — S(t, — 21)) (5.8)

Let now o < 8. Applying both sides of (5.8) to an element « € E, integrating
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between « and B and using the fact that S( - ) si bounded on compacts we
obtain, after simple changes of variable

(B — )l(S(t + 7) — S(to))u |

< const. ”t“4a|(3(1 Sr) — St ! dt

v to—B

ty—2a
i(

(1) | St +7) — S(t)u | dt (5.9)

to—28

The right-hand side of (5.9) tends to zero with 7, thus proving (b). As for (c),
observe that

{H1SW >a = {61 SOu| >aul}

uek

5.3 CoroLLARY. Let E be a Banach space. Assume the Cauchy problem
for (5.1) is w.p. in R, . Then it is uw.p. in R.

Proof. In view of Lemma 5.2, Corollary 5.3 will follow if we can show
that the propagator .S, satisfies (5.5) (it is easy to see that S, is strongly
measurable). Proceeding like in the proof of Theorem 3.3, we see that
| R(A; A)S( - )| is bounded on compacts of R, . Using now R(\; A)2H(r)
instead of H(r) in the proof of Lemma 5.1 we obtain (5.5) multiplied by
R(A; A)2. Since R(A; A)* is one-to-one, (5.5) holds.

Return now to the case of a general E. Assume S(-) to be strongly
continuous. The infinitesimal generator of S( - ) is the linear operator defined
as follows:

DAy ={uek; S(- e CE), Au = S"(0)u

5.4 Lemma. (a) D(A) is dense in E and A is closed. (b) If ue D(A),
S(@tyu e D(A) and S"(tyu = AS(tu = S(@)Au.

Proof. LetuecE,b>0,v, = fz S(s)u ds. It is easy to see using (5.5) that
S( - )v, € CIE); in fact S'(t)v, = H(S(t -+ b) — S(z — b))u. Consequently,

ifu, = fz S(s)v, ds, w, € D(A). Since b2y, -—> u as b — 0, D(A) is dense in E.
We obtain easily from (5.5) that

-5}1—2 (S(t + k) — 28(t) + S(t — h)u

= S(1) Zlg (S(h) — Du = ;,1—2 (S(h) — D)S(t)u
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Letting £ — 0 we get (b). Let {,} be a generalized sequence in D{(A) such
that u, — u, Au, > ve E. We have

N
Sy, = S@t)Au,,  S'(t)u, = J S(s)Auy, ds
0

thus {S( - )u,} converges uniformly on compacts of R together with its first
two derivatives. This clearly shows that S(-)u = imsS( - )u, € C®(E),
Au = S"(0u = lim S(0)4u, = .

As in the case n = 1, S(-) need not be of typee w for any w < 0.
However,

5.5 LemMA. Let E be a Banach space. Then S(-) is of type <w for
some w < o0.

Proof. Choose K, w such that
S(7)] < KeW (5.10)
0 <t < I,and
2 S(l)ie o + et < 1 (5.11)
Assume now (5.10) holds for ¢ <C n. Then, making use of (5.11)
S( 4 D) < 20 SOIS@) + | S(E — D] < Kewtts
thus (5.10) holds as well for ¢ < » -+ 1. By induction, it holds for all £ > 0;

since S(#) = S(—1), forall te R.

5.6 LEMMA. Assume S( ) has type <w, let A be its infinitesimal generator
and let Re A > . Then A*> € p(A) and

RO Ay~ | e S(tyu dt, (5.12)
© 0
R(A%; A) is analytic in Re A > w.
Proof. Call R(A) the right-hand side of (5.12). It is easy to see that if
u € D, we can integrate it by parts twice; after so doing we get
(A2 A)R(Nu = Au. (5.13)

Since 4 is closed, this implies that for any u e E, R(\)u € D{(A) and (5.13)
holds. A commutes with S( - ), thus also commutes with R(A). The fact that
R(A%; A) is analytic in Re A ™ w can be seen by applying functionals to both
sides of (5.12) and making use of Theorem 1.4.
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5.7 Remark. Lemma 5.6 shows that o(.4) C {A%; Re A < w} = {A; Re A
? — (Im A)2/4w?}, the region to the left of a parabola passing through the
points w?, 1-2iw? In particular, if w == 0, o(A4) is contained in the negative

real axis.

5.8 Lemma, Let A be a linear operator with domain D(A) such that
Aep(A)ifA = o, S( ) aL(E)-valued strongly continuous function of type <w,
S(0) = I. Assume (5.12) holds for A > w. Then S( ) satisfies (5.5) and A is

its infinitesimal generator.
Proof. LetueE, A, p > w. Integrating the expression
e~ Astut(S(s + 1) + S(s — ) — 28().S(t), (5.14)

with respect to s and ¢ in s, ¢ == O we get, after some changes of variable and
making use of (5.12),

— (A — W) YOR( A) — wR(u2; A
+ (A + p) AR A) + pR(u2; Ay — 20uR(N%; AR Ay (5.15)

It is not difficult to see with the help of the resolvent equation that (5.15)
vanishes identically. Then, by uniqueness of double Laplace transforms
so does (5.14) if s, ¢ = 0, a fortiori for all s, te R, i.e. S(-) satisfies (5.5).
If B is the infinitesimal generator of S( ) and XA > w, R(A%; 4) = R(A%; B),
thus 4 = B.

5.9. THrOREM. The Cauchy problem for (5.1) is u.w.p. in R and of type <w
if and only if A is the infinitesimal generator of an L(E)-valued strongly continuous
Sfunction S( ) of type <w satisfying (5.5), S(0O) = 1. If S, , S, are the propa-
gators associated with (5.1), Sy(t) = S(2), Sy(t) = T(2), where

T(tyu — "( S(s)u ds, (5.16)

(ff @ = O we have to require T( - ) itself to be of type Lw).

Progf. Assume A generates a L(E)-valued, strongly continuous function,
S(0) =1, satisfying (5.5). Then(Lemma5.4) if u, ve D(A4), u(t) = S(t)u + T(t)v
is a solution of (5.1) in R with #(0) = «, #'(0) = .

This takes care of existence. As for uniqueness, let #( - ) be a solution of
(5.1) with #(0) = #’(0) = 0. Let t > 0, A e p(4) and consider the E-valued
function A(s) = R(A; A)S(t — syu'(s) + R(A; A)YAT(t — s)u(s), 0 < s << ¢
It is easy to see that A( - ) has zero derivative in (0, t), is strongly continuous
in [0, t]. Then

0 = h(0) = h(t) = u'(t) =0



92 FATTORINI

This shows that  is constant; since #(0) = 0 it vanishes identically. Same
reasoning for ¢ << 0.

Assume now the Cauchy problem for (5.1) is v.w.p. and to type - w.
Then S(-) - Sy ) is of type - o, satisfies (5.5) and S(0) : - 1. Let

Dy = {ue E; S( - )uis a solution of (5.1)},

B the infinitesimal generator of S( - ), u € D(B), {u,} a generalized sequence
in D such that %, — u, t > 0. We have

T, - T(t)u
AT, = HSC2t) — 28@) = Du, — (S(t) — Du,

Thus u, = T(t)u e D(A) and Au, = §(SQ2t) — 25(@) + Du + (S(t) — Du.
But t2u, — u, A(t"%u,) — Bu, which shows that u e D(A), Au = Bu, i.e.
BC A, D, = D(B).

Assume now D, D(A); let weD(A), u¢ Dy, Aep(B). Since
(A — B)D(B) = (A — B)D, = E, there exists v € D, such that (A — B)v =
(A — Ay = (A — A)u, i.e. there exists w(= u — o) such that (A — A)w == 0,
w¢ D,. Let w(t) = cosh(Att)w. Plainly () is a solution of (5.1) with
4'(0) = 0 whose initial value does not belong D, , absurd.

5.10 Remark. We obtain as a by product of the proof of Theorem 5.9
that D, = D(A); similarly, if we define D, = {ue E; T( - )u is a solution
of (5.1)}, D; 2 D(A). We give later more precise information about 1, .

5.11 Remark. Assume the Cauchy problem for (5.1) is u.w.p. and of
type <w < 0. Then the Cauchy problem for #'() = Au(z) is as well u.w.p.
in R, and of type <<w?; more precisely, . is the infinitesimal generator of
a strongly continuous semigroup U(#), == 0 of type =iw? that can be
analytically extended to the right haif-planc. In fact, define

U = (mty™* ( Je' $*ALS(sYu ds (5.17)

0

for ue E, t > 0. On the basis of Theorem 1.5 it is easy to see that (5.17)
defines a continuous operator in k¥ for cach ¢t > 0.Ifue E, | - | € & then there
exists a constant K such that | S(s)u | < Ke»*; using this estimate in (5.17)
we get, after some manipulations '

00
LUty < 2Kmte®t | et ds << 2Keo™

v o—wi®
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which shows that U( ) is of type <=? in R_. It is plain that U(-) is
strongly continuous for ¢ > 0; as for the origin, write

~00
Uty —u = (mty+ J e=5114(S(s) — Iu ds (5.18)
0
Divide now the right-hand side of (5.12) in two parts, /; the integral from
0 tom, I, from »n to oo. If | - |, K are as before, then

Ly < 2Ky e ‘00 e ds
E n(4f)_%—wt§
as for [, it can be made small by taking » small enough and exploiting the
continuity of S( - ) at the origin. Thus we see that (strong) lim,_,, U(?) = 1.
Let now A > w, u e E. Making use of (5.17) and interchanging orders of
integration we obtain

o0 N 1 oo
f eUudt = [ eS(suds = RO A)
0 Aty
(in the last step we have made use of Lemma 5.6). Applying now Lemma 4.6
we see that U( -) is a semigroup, A its infinitesimal generator. The fact
that U( - ) can be analytically extended to the right half-plane follows from
the fact that the integral in the right-hand side of (5.17) converges for ¢
in the right half-plane and differentiation under the integral sign is possible.

6. THE CASE n = 2 (CONTINUATION)

Through this paragraph, as in 5, S(-) (sometimes with a subindex)
shall be a L(E)-valued, strongly continuous function satisfying (5.5), S(0) = I
of type <w for some w <C 0o, 7( - ) (with the same subindex) will be defined
from S by means of (5.16).

6.1 Lemma. Let A be the infinitesimal generator of S. Then
Ay =4 — b4

(b any complex number) is the infinitesimal generator of a strongly continuous
L(E)-valued function Sy( ) satisfying (5.5), Sy(0) = 1. If S has type <o,
S, has type <w + 5],

Proof. Define, inductively

So(t) = S, Su(tw = | Tt )8,y (s)u ds 6.1)
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n =1, 2,... Plainly, S;,S;,... are strongly continuous functions of ¢.
Let W™ be the set of all n-tuples (¢, €5 ,..., &,), € = =1; W has 27
elements. It is easy to sec by induction, starting from (5.5) that if ¢, s, ,...,
s, ER

S(5:)S(5u 1) -+ S(52)S(63)Sto)
] ,
= o 2 Sty sy e easy) (6.2)
(61,65, €,) € W, Let Ot << <4<, =t>0,
0 < sp <t — 3y . Since S( - ) is of type <{w we have

| S(u | < Keltl,  teR

for any u € £ and any semi-norm | - | in &. Since | £, + e5, + - e,8, | < ¢
we can estimate (6.2) as follows:

| S(5,)S (5o S(s2)S(51)S(to)u | = Ket (63)

Integrating now (6.2) with respect to s, ,..., s, in the #-dimensional parallelo-
piped 0 << s, <ty — 1,k = 1., n (8, =) and making use of (6.3)
we get

i T(t - tn——l)T(tnAl - tn—z) T(tl - tO)S(tO)u |
LKty — )y — ) o (B — e

Now, since

St = ‘ T(t — t, ) - Tty — 1o)S(to)u dty - dt,,_,

the integral taken on the region 0 < £, < £, - < ¢,_; < ¢, it follows that

t2n

(2n)!

[S,(u! < Ket
Consequently, the series

Sy = 3 (-BrS,(t)u
n=_0
converges uniformly on compacts of R for each u & E. This plainly implies
that Sy( - ) is an L(E)-valued function, strongly continuous, and that S,(0) = 1.
If|-1ed,

2n
| bt | < Kelo+tibit

| Sp(t)u | < Keot Y, o <

n=0

which shows that Sj is of type <w + | & |.
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It is easy to see by induction, using (5.12) that

[00 eMS, () dt = AR(X%; A)*u, n=1,2,..

Y0

and thus, finally
[ eMS,(t)u dt = A Z RO Aty (6.4)
Yo n—0

The L(E)-valued function R( - ; A) is analytic in Re A* > @ (Lemma 5.6).
Expanding it as a power series (the derivatives of R( - ; 4) are easily computed
by means of the resolvent equation) we see that the right-hand side of (6.4)
equals AR(A% + b%; A) = AR(A%; A,). Applying now Lemma 5.8 we get the
desired result.

Let A be the infinitesimal generator of a S( - ) of type <w. If | - | is any
semi-norm in & we easily obtain, taking into account (5.12) and the fact that
1 S(t)u | < Kewt for some constant K

| R(A% dy)u | = | R(® + b%; A)u |

K K’

SNREEPE—o) S

(6.5)

for b > w, which in the Banach space case is condition (H) in [B,], p. 420
for A4,. Following [B;] we define, for ue D(A4) = D(4,),0 < o < 1

sin am

Joou = J:o ALR(N; Ay)(— Ay )u dA (6.6)

It is plain that (6.6) converges at co; for A near zero we use the fact that
R(A; Ay)Ayu = AR(A; Ay)u — u. The following facts about the operators J,*
are proved just like in the Banach space case (see [B;]) replacing the norm
of the space by the family & of semi-norms.

(i) J,*is an analytic function of « for u € D(4).

(ii) Let we D(A4%),0 < o, B < 1. Then J,2ue D(4) and [J,*].f = JtBu,
(ii) lim,,;_J,*u = —Auu for u e D(A4).

(iv) Each J,* is closable.

6.2 Lemma. Let A} = closure of iJ}. Then (A})? = Ay; if X2 ep(4,),
Nep(A}) and R A) — (I + ADRO 4,).
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Proof. Let ue D(A%). Then, in view of (i) and (iii) J} [ = lim
T Jiu = lim,,,_ [;**u = — Ayu. Let 2 € p(4,). The operator

a>4—

RQ) = (AL + i J})R(A% Ay) = (M + AR 4,)

is easily seen to be continuous. ( JR(A%; 4,) can be seen to be continuous by
introducing R(A?; 4,) under the integral defining J}). This and the fact that
(AyPu = Ayu for u € D(A2) show that (A — ANRNu = u = RN — A})u
for u € D(4?). Using now the fact that 4} is closed we see that the left-hand
side of the preceding equality holds for all u € E, the right hand side for all
u e D(A). Thus R(A) = R(A; A}). The fact that A}D(A,) C D(A}) and that
AYAtu = Ayu for all uwe D(4,) follow from the easily verifiable identities

AIR(E Ay) - RO AY) — AR(A%; 4,),
AIARROZ A,) = (1 4+ NBRO; Ay)) = A,R(; 4,)

6.3 Lemma. Let b, b' = w,0 << o < 1. Call |, = closure of ],>. Then
D(Jy) = D(Ji.) and J,* — Ji., is a continuous operator in E.

Proof. We can suppose that b’ > w so that R(A; 4,) is continuous
at A = 0. Let u € D(A4). Divide the integral (6.6) defining J,* in two parts,
I~ taken from O to I, K,* taken from 1 to co. Same notation for J;. . Write

Jeu — Jpu = (Lo — L3 +— K*u — K2 u

It follows from (6.5) and from Theorem 1.5 that K;*, Kj. define continuous
operators. As for I,* — I}, it can be expressed (save for a constant factor)
as an integral in (0, 1) with integrand

ATHRQA; Ap) — RO Ay)N(—4y)
= AR 4 8% A) — R(A + % A)(—4y)
= 102 — BYR(A; Ay ) — AR(A; 4y))
thus it also defines a bounded operator.
We shall henceforth assume that S( -), 4 satisfy
6.4 Assumption. Let b > w. Then T()EC D(4}) and ATt is
a strongly continuous function of 1.

We begin by showing that the operator A in Assumption 6.4 can be
conveniently translated. In fact,

6.5 Lemma. Let Sy(+), To( *) be as in Lemma 6.1. Then Ty(t)E C D(A})
and A}T(t)u is a strongly continuous function of t.
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Proof. Consider the series

S (—BPT( - (6.7)
n=0
S (BB, (6.8)
n=0

T(t) = T(t), To(t)u = f YT — 9T, (s ds
Py(t) = A} T(t), Pu(tyu = f Tt — Py y(s)u ds

n = 1, 2,.... Proceeding much like in the proof of Lemma 6.1 we can show
that (6.7) and (6.8) converge in the topology of E uniformly with respect to ¢
on compacts of R. Since T,(t)u = f S,(s)u ds, S, given by 6.1 1t 1s plam
that (6.7) equals Ty(t). Since A} commutes with T(-), P(t) = A; T, ().
But A4} is closed, thus T,(t)E C D(A}) and A}T,(t) equals (6. 8) Wthh

1s a continuous function of ¢.
6.6 THEOREM. For each b > w, A} generates a strongly continuous group
Uy(t) = Sy(t) + AT,(2), teR

Iif S(-) is of type <o, Uy(-) s of type <w +|b]| + 74 for all n > 0.

Proof. The fact that U, is a group follows easily from (5.2) and (5.3).
We estimate now its type. It follows from (5.2) and (5.5) that 4, T,(t)* =
Sy(28) — Sy ()2 = 3{(S,(2¢) — I), thus

l n
(TP = 57 ¥, (— 1 (3] Sieok (6.9)
k=0
Using now (6.2) for & — 1, ¢, = s, = *++ =5, = 2t, we get
Y (h vk 1
Sp(2t)F = T Y Sy(2t(1 + €y + - + €y)) (6.10)

(ey 500 1) € WP 1), Since | 1 + ¢, + - + €, | < &, if Sy is of type <o,
uek, | -] edé& we get easily from (6.10) and (6.9)

(AT, (0))ru | < Z ( )(ezw't)k < Kepno't (6.11)

505/5/1-7
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This implies that there exists K’ such that
(AETy()ut < Klene't (6.12)

In fact, (6.12) reduces to (6.11) for n even; if n = 2m + 1 we only have to
write (AFT,(8))2m+t = (AFT,()NAETy(t))*™ and use the fact that A}T,(1),
being a continuous operator, maps bounded sets into bounded sets.

Let us now estimate U, . We have, from its definition

n

n
Uy(nt) = Uty = Z (k) Sy(£)(AETy(t)* (6.13)
k=0
An application of (6.12), of the fact that .S, is of type <{w' and of Theorem 1.2
shows the existence of a constant K” such that

1Sb(t)k(A;}Tb(t))n—ku} < K"ekw'ten—ko't — K7gnw't
n == 1, 2,...; thus, in view of (6.13)
| Up(nthu | < K"(2e2")", n=12,..

the constant K” depending on #, | - |, £. Let now n > 0. Choose £, so large
that 2 < ™. Write t = nt, -+, 0 <{r < t, forany ¢ = 0. By Theorem 1.2
{U(r); 0 < 7 < ty} is an equicontinuous family in L(E); then there exists K"
such that | Uy(t)u | = | Uy(r)Uy(sto)u | << K”e!“+Mt, Repeating the preceding
argument for any u € E, | - | € & as well as for + << 0 we see that U, is of
type <w' - 7 for ally > 0.

ForallueE A > o

QC
[ e Ut dt = (AL + AHROE; A = R(; Abu,
Y0

which shows (Lemma 4.6) that A} generates U, .

6.7 Remark. ILemma 6.3 shows that if Assumption 6.4 holds for some
b > w, then it holds for all b > w. We do not know at present whether
Assumption 6.4 is true in every case; this is the case, for instance when 4
is a self adjoint operator in Hilbert space. Also, if we replace 4} by J,=,
0 < o << } we obtain a true statement, independent of b by virtue of
Lemma 6.3.

Assumption 6.4 is equivalent to the following Assumption 6.8, which is
cast in terms of the Cauchy problem for (5.1).

6.8 AssumPTION. Let #(-) be a solution of (5.1) with #'(0) e D(4}),
b = w. Then u'(t) € D(A4}) for all t€ R and A}u'(¢) is continuous.
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In fact, assume this is true. Take u(t) = S(t)u, u e D(4). Since #'(¢) = T(¢)Au
it follows that T'(¢)Au e D(A}), A}T(t)Au is continuous for all u e D(4).
If now A € p(A4) it is easy to see that the same happens replacing 4 by Al — 4,
and since (Al — A)D(A) = E the result follows. On the other hand, let
Assumption 6.4 hold, and let u(t) = S(£)u(0) + T(¢)u'(0) be a solution of (5.1)
with %(0) € D(A4), '(0) € D(4}). Since u'(t) = T(t)Au(0) + S@t)u'(0) and
S@)D(A}) C D(A}) (S(t) commutes with A}) it follows that u'(f)e D(A})
and that A}u/(¢) is continuous.

When Assumption 6.4 holds we can reduce the Cauchy problem for (5.1)
to a first-order Cauchy problem, u.w.p. in R in the product space € = E x E.
Recall that €, endowed with pointwise operations and the product topology
is a barreled, complete locally convex LTS. We shall use in Theorem 6.9
a matrix notation for operators in & (and a vector notation for elements of )
whose meaning is clear.

6.9 TuEOREM. Assume the Cauchy problem for (5.1) is w.w.p. and of
type <o and that Assumption 6.4 holds. Then the Cauchy problem (in &)

w1 70 A} - BTy [uy
[uz] = [ —inr o ”uz] (6.14)
(b = w) is uw.p. and of type <w 42| b| + 7 for all 7 > 0. There is a
1 — 1 correspondence between the solutions of (5.1) and those of (6.14) with
1,(0) € D(A) given by

u(-) > L(fﬁg.f )

Proof. Call U, the operator in the right-hand side of (6.14); write
A = By, + 5P,

(6.15)

8, = |

It is easy to see that if A2 € p(4,)

AR(®; 4;)  ARR(N Ab)]

R By) = [A,}’R(/\Z; A) AR A4,)

(6.16)
Now let

_[ S ATy
ub(t)_[AgTb(t) sip | teR

A simple computation based in (5.2) and (5.3) shows that U,( - ) is a strongly
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continuous group; as a consequence of Theorem 6.6 it has type <w -+ | b| + 9
for all 4 > 0. Taking the Laplace transform of U,( ) for A > w | b},
applying Lemma 5.6, Lemma 4.6 and the representation (6.16) for R(A; B,),
we see that 1, is generated by B, . By Theorem 4.5, for any » > 0 the set

{(0A] — VR By [ A > o' n == 1,2,...) (6.17)

(w = w + | b] 4 1) is bounded in € for cach ue €. Consider the series
2. RO By)(R(; By)bP)ss -+ R(A; By )(R(; By)bB)eom (6.18)
Rys kg vy ky, =0, 1,2, | A] > w'. It is easv to see that
R(A; By) P — —PR(—A; By)
thus each term of (6.18) can be written
(BBYR(—A; B,)*R(A; B,)7, (6.19)
k=73 k;,p+ qg==~k 4 n(incidentally, p = 3 [(&#; + 1)/2] where [r] == integer
part of r). Observe now that the three sets {B*}, {(| A | — w')?R(—A; B,)?},
{(J A} — YR By) A pg = 1,2,.., 1 A] > o' are equicontinuous in

L(€) (the last two by virtue of (6.17) and Theorem 1.2). Then so is the set
{(| A ] — 2" PHPER(—A; B,)PR(A; B,)}, all the parameters as before. This

implies that if | - | is a semi-norm in € the series (6.18) is dominated (with
respect to | - |) by a constant times the numerical series
1 b kybkgtedk,
(A] — )" ) [m J]

t

- [(l ,\\1»w @) ) [;A ! b~- w]k] [ﬂT‘éTTﬂ

Thus (6.18) converges in € for each u e €. Now, it is easy to see by direct
computation that (6.18) equals R(}; B, + sPu = R(A; W )u when n = |,

thus equals R(A; )"t when n = 1. Collecting our results we see that
{(A] — (o +H)RA W A ] > +1b|n=1,2,..}

is bounded in ¢ for each ue ¢ which shows, via Theorem 4.5 that 9,
generates a strongly continuous group of typew’ 4+ | b | = w +21b| |- 7,
in particular that the Cauchy problem for (6.14) is u.w.p. in R.

If w( - ) is a solution of (5.1), it is clear that the image of u( -} by the
map (6.15) is a solution of (6.14). The correspondence (6.15) will be shown
to be I — 1 as soon as we demonstrate the existence of a solution of (5.1)
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for every u(0)e D(A), w'(0) € D(A}); this in turn amounts to show that
T(-)u is a solution of (5.1) for every we D(A}). Clearly T(t)e D(A);

in fact

A,T() = A} (u = AXT(t)Adu

Let now v € D; by Lemma 2.1 we have

~t

A T(syods = f " AT(sy ds — S(tyo (6.20)

Using the facts that 4 is closed and D dense we easily see that (6.20) holds
as well for u; then T( - Yue CHE). (T'(*u = S(- ), (THu)" = AT(t)u,
which shows that T(-)u is a solution of (5.1). This ends the proof of
Theorem 6.9.

6.10 Remark. It should be noted that the Cauchy problem for (5.1) can
always be reduced to a first-order problem in E by means of the procedure
outlined in Remark 3.6. However, this first-order problem may not be
well posed.

6.11 Remark (See Remark 5.10). We have shown in the course of the
proof of Theorem 6.9 that

D, 2 D(4}), b2 ow
6.12  Remark. 'Theorem 6.6 shows that if A generates a S( - ) satisfying
(5.5) and Assumption 6.4 holds then
A = B* + b1 (6.21)

(B = A}), B the infinitesimal generator of a group U, -). Conversely,
assume A admits the representation (6.21). If U(-) is the semigroup
generated by B, then S(¢) = $(U(#) + U(—1t)) satisfies (5.5), S(0) = I and
it is easy to see (taking its Laplace transform) that B? is its infinitesimal
generator. Applying Lemma 6.1 we see that B% 4 b2/ generates a S( )
satisfying (5.5). But it is not clear whether Assumption 6.4 holds for it.

6.13 Remark. It is possible to cast Assumption 6.4 in a form that does
not involve explicitly the operator A} . In fact, let

I'(t) = ': log s(T(s +t) — T(s —t)) ds

Then Assumption 6.4 is equivalent to

6.14 AssumpPTiON. V(6)E € D(A4) and AV (#) is a strongly continuous
function of .
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To prove the equivalence we shall express the operator 4} directly on
terms of S( - ) for & > w. If we replace R(A; 4) in the definition (6.6) of J}
we get (after an easily justifiable interchange in the order of integration) that

o= —A,Fu (6.22)
for u € D(A4), where
F=| “ £b; 0)S(@) at, (6.23)
0

Fbi1) = & |7 OO+ BN exp(—h + )% dh = 2 Ko

([R4], p- 356). Here K, is the McDonald or modified Bessel function of
order zero; see ([R,], p. 975) for its expression in terms of Bessel and elemen-
tary functions. We only need the following properties of K ; there exist
two entire functions g, , g, such that

Ky(t) = gi(t) log t + £5(2) (6.24)

and K, and its derivatives of any order satisfy an estimate of the type
L KP@1)] =0(e?t) as  t— oo (6.25)

This shows, via Theorem 1.5 that the operator F, defined by (6.22) is

continuous; since A} = ]}, we also have
14;? == —“l.Abe .

Using now equation (5.6) we can write

A () = —

21 © .

A, [ Kybe)(T(s A £) — T(s — 1)) ds,
™ RS

and then, using the expression (6.24) for K,

K

T AIT() = 504,V (1)

+ ., ]: B(Y(T(s + 1) — T(s — 1)) ds

Ay [ KT ) - (s — 1) ds

= A(&1(0)V(2) + Wi(1) + Wy(2)), (6.26)
h(s) = (&:(s) — £1(0)) log s + g1(s) log b + £4(s)

Equality (6.26) makes clear that the equivalence between Assumptions 6.4
and 6.14 will be established as soon as we have shown that W(t) € D(A4)
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and that AW,(¢), 7 = 1, 2 are strongly continuous functions of ¢. In view of
the representation (6.24) and the estimate (6.25) this is taken care of by

6.15 LemMA. Let 7(+) be a (scalar-valued) function defined in (o, B),
0 < a<B < oo. Assume v is continuously differentiable in (x, f) and that
[ n(s)le*s, | v'(s)|e=® are summable there. Then if u € E,

8
u(t) = f () T(s + ) ds (6.27)

u(t) € D(A) for all t and Au(t) is a continuous function of t.

Proof. Let ue D(A). Then the operator A can be introduced under the
integral sign in (6.27); integrating by parts we obtain

Au(t) = 9BSE + 1) — oS+ 1) — [ 7E)S(s + e ds (628)

which makes the required property evident. If u € E, take {u,} C D(4) such
that u, —> u, and let u,(¢) be the function that (6.27) attaches to each u, .
Since the right hand side of (6.28) depends continuously on # uniformly for
¢t on compacts, Au,( ) — some continuous function o -) uniformly on
compacts. But 4 is closed, then 4u(t) = ©(¢). This ends the proof.

6.16 Remark. We have been able to prove that Assumption 6.4 holds
whenever E is an L? space, 1 < p < c0. This will be the subject of a forth-
coming paper.

Note added in proof: The author has become aware of a paper by M. Sova (Cosine
operator functions, Rozprawy Matematyczne XLIX, 1-46 (1966)). Here operator-
valued functions S(-) satisfying S(0) = I and (5.5) are considered in Banach space.
There is some overlapping of results with 5 and 6 of the present paper. See also G.
Da Prato-E. Giusti, Una caratterizzazione dei generatori di funzioni coseno astratte,
Bulletino Unione Matematica Italiana 22, 357-362 (1967).
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