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Shape optimization

1. Introduction

Sobolev inequalities have proved to be a fundamental tool in order to study differential equations.
Among Sobolev inequalities, one that has captured a great deal of attention in recent years is the
Sobolev trace inequality that states

p/q
S(/lulquN’1> </|Vu|p+|u|pdx,
082 2

for every u € W-P(£2) for some constant S > 0, 1 < q < p», where p, is the critical exponent in the
Sobolev trace immersion, i.e. p, =p(N—1)/(N—p) if 1 <p <N and p, = oo if p > N (the equality
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q = p+ does not hold in the limit case p = N). Here H* denotes, as usual, the s-dimensional Hausdorff

measure, 2 C RN is a smooth bounded domain (Lipschitz will be enough for most of our arguments).
In these inequalities, a fundamental role is played by the optimal constants and their associated

extremals. That is, respectively, the largest possible constant S in the above inequality defined as

o Jo IVulP + Ju|P dx
= Q = f
S=3Spql2):= Inf (g 1ul9 dHN-1)P/d

and extremals, which are functions w € X where the above infimum is attained. Here X’ is the space
of admissible functions, X := WP (£2)\ Wé‘p(Q).

It is a well-known fact that if 1<p <N and 1<qg<ps or p>N and 1< q < oo then the
constant S is positive. For the existence of extremals, the only case which is nontrivial is the critical
one, 1 < p <N and q = p, where the immersion W1-P(£2) c LP*(3£2) is no longer compact (see, for
instance [10,11]).

The critical case (i.e. 1 < p < N and q = p,) was analyzed in [12] and [16]. In those papers the
authors show that, under very mild assumptions on the domain £2 (e.g. the existence of a boundary
point of positive mean curvature) there exist extremals for S.

Motivated by some problems in shape optimization for stored energies under prescribed loadings,
in [15] the authors study a variant of the trace inequality (see [15] for further discussion on the
problem): Given a set A C §2, minimize the Rayleigh quotient over the class of functions that vanishes
on A, i.e.

Vu|P + |u|P dx
S(A):= inf Jo IVulP +1ul
ueXy ([fyq lul9dHN=-1)P/4

where
Xp:={ueX: u=0ae.onA}.

In the above mentioned paper [15], existence of extremals for S(A) is proved in the subcritical case
q < p« (see [16] for the critical case) and moreover the following shape optimization problem is
studied: Minimize S(A) among measurable sets A C £2 such that HN(A) = aHN(2) for some fixed
0<a < 1. A set A* that minimizes S(A) is called an optimal set.

In [15] the existence of optimal sets is established and some geometric properties of optimal sets
are analyzed. Moreover, in the case p =2 the interior regularity of optimal sets is studied in [14].
See [13], where some asymptotic behaviors of optimal sets are studied (see also, Section 4). Further,
in [8] and in [4] the so-called shape derivative for S(A) is computed with respect to regular deforma-
tions on the set A.

One observes that, in all the above mentioned works, the sets where the test functions are forced
to vanish are interior sets, i.e. A C £2 of positive Lebesgue measure. However, the important case of
boundary sets, i.e. I" C 3£2 was not treated previously. Hence, the main objective of this work is to
fill this gap.

So, in this paper we study the best Sobolev trace constant from W1-P(£2) into L9(3£2) for functions
that vanish on a subset I of 342, i.e.

VulP + |u|P dx
S(I):= inf Jo IVul? +ul

ueXr ([, |ul9dHN-T)p/a (11)

where

Xr={ueXx:u =0HN e r}.



L. Del Pezzo et al. / ]. Differential Equations 251 (2011) 2327-2351 2329

Here, we consider exponents 1< q < p, so that the immersion W1-P(£2) ¢ L9(3£2) turns out to
be compact. Therefore, the existence of extremals for S(I") follows by direct minimization.

The critical case could be treated by the same method employed in [16]. However, we will not do
it in this article.

Next, we study the following optimization problem: Given 0 < o < 1, we look for the value

S(a):=inf{S(I"): I ca2, KN (M) =aH"N 1 @52)}. (1.2)

A set I'* C 32 is called an optimal boundary hole, when it realizes the above infimum, i.e. S(I'*) =
S(@) and HN-1(I") = aHN1(382).

One of the main issues of this paper is to show the existence and geometric properties of optimal
boundary holes.

Organization of the paper

The rest of the paper is organized as follows. After a short Section 2 where we collect some pre-
liminary remarks, in Section 3 we establish the existence of optimal boundary holes. In Section 4, we
analyze the simpler case where the domain £2 is a Euclidean ball given a complete characterization
of optimal boundary holes for this simpler geometry. In order to have a better understanding of more
complex geometries, in Section 5 we use a dimension reduction technique to deal with domains that
are stretched in some directions. Finally, in Section 6, we compute the so-called shape derivative of
S(I') for regular deformations of a fixed boundary hole I".

2. Preliminary remarks

In this very short section, we give some preliminary observations that will be helpful in the re-
maining of the paper.

First, observe that if u is an extremal for S(I") then u turns out to be a week solution to the
following Euler-Lagrange equation

—Apu+uP?u=0 ing,
u
|Vu|1’—25 =AMul9%u ondR\T, (21)

u=0 onl,

where Apu = div(|Vu|P=2Vu) is the usual p-Laplacian, % is the outer unit normal derivative and A

is a positive constant that depends on the normalization of u. This is u € X and

/|Vu|P*ZVuV¢+|u|P*2u¢dx:x/|u|‘7*2u¢dHN*1,
2 982

for every ¢ € X'r. Observe that, if |[ullee) =1, then A = S(I").
As a consequence of (2.1), we have the following remarks:

Remark 2.1. By the regularity results of [21], an extremal u of S(I"), verify that u € C,]O’f(ﬂ) for some
0<dé<1.

Moreover, by [20], if 822 \ T € C'7, then the regularity up to the boundary is u € C,lo'cy (2\T) for
some 0 <y < 1.
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Remark 2.2. If u is an extremal of S(I"), then we have that |u]| is also an extremal of S(I™). Thus,
using that |u| is a week solution of (2.1) and the maximum principle (see [24]), we have that u has
constant sign. Therefore, we can always assume that

u>0 inf2 and u>0 onads2.

Moreover, by Hopf's Lemma (see [24]) and the boundary regularity we obtain that nonnegative solu-
tions u to (2.1) verify

u>0 in2\T.

Finally, we need the following lemma on pointwise convergence for Sobolev functions. We believe
that this result is well-known but we were unable to find it in the literature.

Lemma 2.3. Let { fu}nen C W'P(2) with 1 < p < N be such that f, — 0 as n — oo in W'P(£2). Then,
there exist a subsequence {fnj }jen C {fnlnen and a set B C §2 such that cap,(B) = 0 and

fajX) >0, asj— ooforxe2\B.

Proof. The lemma is a consequence of Lemma 1 and Theorem 1 in Section 4.8 of [6]. In fact, by
Lemma 1 in Section 4.8 of [6], we have, for o > 0, the Tchebyshev-type inequality

C
cap,(Mf > @) < E”fnevl.p(_g)’

where C is a positive constant that depends only on N, p and Mf is the Hardy-Littlewood maximal
function. So, if f, — 0 in W1-P(£2), there exists a subsequence, {fn;}jen such that

. C
capp,(Mfn; > 1/J) < TR

Let us define Aj := {Mfn; > 1/j} and let By, := Uj’im Aj. Therefore,

cap, (Bm) <

oo
j=m

=1
cap,(Aj) <C Y 7
j=m

Now, if x € £\ Bm, Mfn;(x) <1/j and by Theorem 1, Section 4.8 of [6], it follows that |fy; (x)| <
1/j,s0 fo; — 0 as j— oo in £\ By for all m e N.
Since cap,(Bm) — 0 as m — oo the result follows. O

3. The existence of an optimal boundary hole

In this section, following ideas from [15], we first prove that S(I") is lower semi-continuous with
respect to the hole (Theorem 3.1). Then, we prove the existence of an optimal boundary hole.

Theorem 3.1. Let (I, }.-¢ be a family of positive HN~!-measurable subsets of 352 and I'y C 352 be a positive
HN=1-measurable set, such that

*

Xr, — Xr, *-weaklyinL*(3%2),
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where x4 is the characteristic function of the set A. Then,

S(Ip) < liminf S(Iy).
e—0t

Proof. Let {I}}nen be a subsequence of {I':}c~¢ such that
L= lignjglfS(Fg) = nll)ngo S(Iy).

For each n € N, we consider u, € Xr, to be an extremal of S(I7), such that
up 20 and uplape) =1.

Therefore, the sequence {uplnen is bounded in W1P(£2) and hence there exists a function u €
W1P(£2), such that, for a subsequence still denoted by {un}nen,

up —~u  weaklyin WP (£2), (3.1)
Up — u strongly in LP (£2), (3.2)
up — u  strongly in L9(9£2). (3.3)

In particular, we have that u >0, ||ulse) =1 and

lullwir ey < I%ngfnun lw1.p(g2)-
Moreover, for each n € N, u, =0 HN~1-ae. on I}. Thus, as

Xr A Xr, *-weaklyin L*°(3£2)

and by (3.3), we have

0= lim undHN_lzfudHN_l.

n—oo
I Iy

Therefore, since u > 0, we have that u =0 HN~1-a.e. on I'. Thus u is an admissible function in the
characterization of S(Ij) and

S(Ip) < Jlull? < liminf|[ug|| L.
n—oo

p —
wlp() wipr(2) —
This finishes the proof. O

Remark 3.2. There isn’t any monotonicity assumption on the family {I%}e¢~0.

The continuity of S(I”) with respect to the topology of Theorem 3.1 does not hold, as is shown in
the following example:
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Example 3.3. We take 1 < p < N. The case for p > N is easier by the compact embedding of W1-P(£2)
into continuous functions.

Let £2 be a bounded domain in R" that satisfies the interior ball condition for all x € 9£2. Let xg €
92 and let E C 92 be set of zero HN~!-measure such that cap,(E) > 0 and there exists r > 0 such

that B(xg,7) NE = @. Then, we take I' = B%(xo) N9s$2 and I, = I'UE, where E, = J,.p B(x, %)nafz
for all n € N. Observe that

Xr i)(r x-weakly in L (3£2).

Si=

Let u, be a positive normalized extremal for S(I7,). If we assume that S(I},) — S(I') as n — 400, we
have that there exist u € WP (£2) such that, for a subsequence still denote {up}nen, Un — u strongly
in WP(£2) and u, — u strongly in L9(3£2). Therefore u is a positive normalized extremal for S(I").
Moreover, by the Hopf’s Lemma, u, >0 on 92\ I, and u>0on 92\ I.

On the other hand, by Lemma 2.3, there exist a subsequence {un;}jen of {Uun}nen and a set B C 2
such that cap,(B) =0 and Un;(x) > u as j— oo for x € 2 \ B. Then, as Uun;(x)=0 for all x € E and
j €N, and cap,(E) > 0, we have that u(x) =0 for all x € E, contrary to u >0 on 92\ I".

Next we prove the existence of an optimal boundary hole. For this, we first need to show the
following lemma:

Lemma 3.4. For each o € (0, 1), S(«) has also the following characterization:

IvI5,s.
S@) =infl — 22Dy ey 1NN (v=0}) > a KV (002) |
P
||V||Lq(ag)
Proof. Let o € (0,1) and
S . ”V”€V“’(9) N—1 N-1
S(a):=infl ——=:veXx, H' '({v=0})2aH" '(0Q).
P
||V||Lq(ag)

We want to prove that S(a) = S(a). For this, we proceed in two steps.

Step 1. First, we show that S) < S@).

Let I" be a subset of 352 such that HN—1(I") =« HN=1(8£2). Let u € X1 be a nonnegative extremal
for S(IN). _

Observe that, u is an admissible function in the characterization of S(«) and

p
~ ||u||W1'p(Q) _

S() < S).

lu ||fq(9)
Consequently, we have that S(o) < S(@).

Step 2. Now, we show that S() < S(a). _
Let {V;}nen be a minimizing sequence of S(w), i.e. v, € X,

- 2T
S() = lim ———*2

HN " ({va =0}) > aHV1(02) VneNl.
n—>00 ||vpllLaae)
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Thus, for each n > 1, we take
Fn C {Vn = 0}

such that I, is HN~1-measurable and HN=1(I};,) =« HN~1(852). Thus, we have

p
||Vn ”Wlp(g)

S(a) <SUp) < vn eN.

1Vallfa )

Then, passing to the limit in the above inequality when n — oo, we have

p
”Vﬂ ”Wlp(g) &

S(x) < lim S(Iy) = lim S(a).
n—oo

p
n—00 ”Vn”LQ(Q)

The proof is complete. O
Now, we establish the main results of this section.
Theorem 3.5. Let 0 < @ < 1. Then, there exist:

(@) Aset Iy C 982, such that HN=1(Ip) = aHN=1(82) and S(a) = S(Ip);
(b) Afunction u € X with HN=1({u = 0}) > aHN~1(942), such that

p
”u”W],p(Q)

S(a) =

||u||fq(a_(z)
Proof. We divide the proof into two steps.

Step 1. First, we prove (b).
Let {vy}nen be a nonnegative normalized minimizing sequence for S(«), i.e. for eachn>1,

0<vneX, |vallwooy=1, H ' ({va=0}) = aH"N 1 (0%2),
and

. p _
nllpgo ” Vn ”Wl,p(Q) - S(a)

Thus the sequence {Vy,}nen is bounded in W1-P(£2) and, therefore there exists a function u € W1-P(2)
and a subsequence still denote {v;}nen such that

vpn—u weaklyin WP (£2), (3.4)
vp— u  strongly in LP(£2), (3.5)
vp — u strongly in L9(3£2), (3.6)
vp—u HN"l-ae.in (8£2). (3.7)

From (3.6) and (3.7), we have that |Jul|s32) =1 and

HN T (fu = 0}) > limsup " ! ({vy = 0}) = aHN 1 (32).
n—-oo
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Thus, u is an admissible function in the definition of S(«), and therefore

S(Ol) < ”u”p‘/vl,p(g)'

The reverse inequality is clear, since from (3.4)

p H p —
1l 1y < M 1Vall 1) = S(@).

Step 2. We show that (b) implies (a).
By (b), there exists u € X such that HN"1({u=0}) >« HN~1(3£2) and

p
_ ||u||W1p(Q)
—
||u||Lq(a_Q)
Thus, there exists a set Iy C {x € 92: u(x) =0} HN~'-measurable such that

HN V() = aHN 1 (090).

Then we have that

Il 10 ()
STY) S —5—— =S(@),
||u||LL7(a_Q)
and HN-1(Ip) = aHN-1(8£2). Therefore
S(a) = S(I).

This finishes the proof. O
In the next theorem we make a refinement of Theorem 3.5 and prove, under further regularity
assumptions on 92, that for any extremal u € X, it holds that HN~"1({u = 0}) = «HN"1(8£2) (i.e.
I'o = {u = 0} with the notation of the above proof).
Theorem 3.6. Let u € X be an extremal of S(c). Then, if §2 satisfies the interior ball condition, we have that
HY  ({u=0}) =aH" 1 (092).

Proof. Let u € X be an extremal of S(«), ie. HN"1({u =0}) > aHN~1(3£2) and

p
_ ”u”Wl,p(Q)

||”||IL)q(aQ) .
By contradiction, suppose the thesis were false, then
HYN 1 ({u=0}) > aHV 1 (02).

Since HS is a Borel regular measure (0 < s < 00), see [6], there exists a closed set Iy C {x €
082: u(x) =0} such that

HN T (u=0}) > HV 1) > eV (092).
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Consequently, it follows that
S() < STo).

On the other hand, the function u is admissible in the characterization of S(Ig), hence

p
”u”Wl,p(_Q) _

S(a).

S(Io) < 5
||u||Lq(aQ)

Therefore, S(o) = S(Ip) and so u is also an extremal of S(Ip). Thus u is a week solution of the
following problem

—Apu+uPfu=0 ing,
ou
|Vu|p_2% =Aul"%u onadf2\ I, (3.8)
u=0 on Iy,
where A depends on the normalization of u. Moreover, by Remark 2.1, u € CL)’(Q U (082 \ I'p)) for

loc
some 0 <y <1 and we can assume that u > 0 in £2.
Now, by our assumption on §2 we can apply Hopf's Lemma (cf. Remark 2.2), to get

u
E >0 on{xedR2: ux)=0}\Ip.

That is a contradiction. O
Corollary 3.7. The set function S is strictly increasing with respect to .

Proof. It is clear that S(«) is nondecreasing. Now, if we suppose that there exists 0 < @ < 8 < 1, such
that S(@) = S(B), then an extremal for S(B) is also an extremal for S(«). But, if u is an extremal for
S(B), then

HN  (u=0}) = pH"1(092) > a N1 (052),
which is a contradiction to Theorem 3.6. Thus, S is strictly increasing. O

4. Example: the unit ball

Now, we study symmetry properties of optimal holes in the special case where §2 is the unit ball,
£2 = B(0, 1). First, we recall some of the definitions and results concerning spherical caps. We address
the reader to [19,23].

Spherical symmetrization

Given a measurable set A C RN, the spherical symmetrization A* of A is constructed as follows:
for each positive r, take AN 3B(0,r) and replace it by the spherical cap of the same HN~1-measure
and center rey. This can be done for almost all r. The union of these caps is A*. Now, the spherical
symmetrization u* of a given measurable function u > 0 defined on £2 is constructed by symmetrizing
the super-level sets so that, for all ¢, {u* >t} = {u > t}*. See [19,23].

The following theorem is proved in [23] (see also [19]).
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Theorem 4.1. (See [23].) Let u € WP(B(0,1)) and let u* be its spherical symmetrization. Then u* €

WLP(B(0, 1)) and
/|Vu*‘pdx< / [Vul|P dx,

B(0.1) B(0,1)
|u*|pdx= / [u|P dx,
B(0,1) B(0,1)
f|u*|"dHN*1= / |ul?dHN T (4.1)
3B(0,1) 3B(0,1)

In this case we can prove the following

Theorem 4.2. Let 2 = B(0, 1) and let 0 < o < 1. Then, there exists an optimal boundary hole which is a
spherical cap. Moreover, when p = 2, I' is an optimal boundary hole if, and only if I" is a spherical cap (up to
sets of zero HN~1-measure).

Proof. Fix « € (0,1), by Theorem 3.5, there exists a function u € X such that HN"1({u = 0}) =
aHN=1(3B(0,1)) and

p
”u ” WLP(B(O,]))

S(a) =

B .
||u||Lq(aB(0_1))

Let u* be the spherical symmetrization of u. Then u* is an admissible function in the definition of
S(a) and, by Theorem 4.1,

*|P p
lu ”Wl,p(g(oj)) ”u”WLI’(B(OJ))

=S(w).

~

p = p
||“*||LQ(33(0,1)) ||u||Lq(33(0,1))

Therefore

||U* ”a/l.p(g(o 1)
S(e) = —— D) (4.2)

p
||U*||Lq(33(0,1))

Moreover, I" := {x € 8B(0,1): u*(x) = 0} is a spherical cap and, since HN~'({fu = 0}) =
aHN=1(3B(0, 1)), we have that HN—1(I") = aHN~1(3B(0, 1)). Then, using (4.2), we get that

S(a)=ST).
Now consider p = 2. Let I" be an optimal boundary hole and let u be an extremal of S(I"). In this

case, it is proved in [5] that if equality holds in (4.1) then for each 0 < r < 1 there exists a rotation
R; such that

ulpon) = (4" o Rr)|yp0.: (4.3)
We can assume that the axis of symmetry ey was taken so that Ry = Id. Therefore u and u* coincide

on 9B(0, 1). Then the set {x € dB(0,1): u(x) =0} is a spherical cap and, by Theorem 3.6, HN~1({u =
0) =aHN-1(3B(0,1)). O
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5. Dimension reduction

In this section, we are interested in the characterization of optimal boundary holes, when we
shrink some of the dimensions of the set £2. This procedure of dimension reduction is interesting for
such domains §2, where one of the directions is smaller than other ones. We begin with a fundamen-
tal case when the set §2 is given by a Cartesian product, then we extend our results for more general
domains.

The ideas in this section follow closely the ones in [9] where the behavior of the best Sobolev trace
constant for shrinking domains was analyzed and [13] where the interior set problem was studied.

5.1. The product case

Let £2; and £2; be bounded domains respectively in R" and R¥, which are connected and have
smooth boundaries. Set £2 = £27 x £2; and for some 0 < u < 1, define

2 =21 x 2 = {(x, uy): (x,y) € 2}. (5.1)

It is easy to see that 302, = 21 x ud2; U321 x 42, and
HNTN 082, = TR Q) H N 0922) + W HT T 020 H (22). (52)
where we recall that N =n 4 k. Moreover we see that, formally, £21 represents the boundary of £2,

in the limiting process. This fact will be made clear a posteriori.
Now let u,, be a function defined in £2,,. We define, for each (x, y) € £2,

VX, y) =uyu (X, uy).

Then, v, is defined in £ and enjoys the same regularity than u,. More precisely, we have the fol-
lowing

Lemma5.1.Ifu, € WLP(.Q,L), thenv, W1-P(£2). Moreover,

HN T ({u, =01 N 982,,)
=T HN T (v, = 0y N (821 x 3522)) + pfHN T (v, = 0} N (0521 x £22)).
Proof. The regularity of v, is clear. On the other hand, since xp = x4 o T, where
A={x ) e up(x,0)=0},  B={(xy) €2; vux,y)=0},

and T, : 2 — 2, Tu(x,y) = (x, 1y). We have that,

HNH(A) = / xadHN!

ETom
= // xadH T dx + // xadH"1dy
21x 82, 3921 X 1182,

= pk1 // xp dH 1 dx + pk // xgdH™ 1 dy

21 %082 0821 x52;
= THN TN (BN (21 x 9522)) + FHN (BN (9921 x 22)).

The proof is now complete. O
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In the remainder of this section, we consider subcritical exponents 1 < q < p*, where p* is the
critical exponent for the Sobolev embedding W1-P(§21) < L9(£21), given by

p¥= ’ ifil<p<n or p*=o0 ifp>n.

Given «, u € (0, 1), we define
Su(@) :=inf[S(IN): I' 32, HN (D) = aHN 1 (982,))
and

p
”V”Wl,p(Q]) .

S(@) := inf{ ve W'P(2y), H'({xe 21: v(x) =0}) > aH”(Ql)}.

p
||V||Lq(gl)

Observe that S(«) is the best Sobolev constant of the embedding W -P(£2;) c L9(£2;) for functions
that vanish on a subset of §£2; of a given positive measure greater than or equal to aH"(§21).

Remark 5.2. Arguing as in Section 2 (cf. with [15] where the interior set case is studied), we can
prove that for every 0 <« < 1 there exists v € WP(£21) such that

vl
H'({xe 215 va(®) =0}) =aH"(2)) and S(@) = ——0 20

p
”V(X”]_Q(,Ql)
Moreover, S(«) is strictly increasing as a function of «.

Next, we give a characterization of the asymptotic, as & — 0T, behavior of Sy (o). In fact, we see
that, properly rescaled, the limit behavior is given by S(«).
In order to do this, we need a couple of lemmas. The first one is easy and was proved in [8].

Lemma 5.3. (See [8, Lemma 3.1].) Let 21 C R" be a domain and let f;, f:£21 — R be nonnegative mea-
surable functions (j =1,2,...) such that f; — f ae.in £1.Set Aj ={xe £21: fj(x) =0} and A={xe
£21: f(x) =0} and suppose that H"(A;) — H"(A) as j — +o0. Then

Jlim ®N7'(A;AA) =0.

J—>+o0
The second lemma gives the right continuity of S(«) with respect to «.
Lemma54.let1<p<n1<qg<p*and0 < ag < 1. Then,

lim+ S(a) = S(ap).

a—ay

Moreover, if we denote by v, a nonnegative extremal for S(o) normalized such that ||vy|lLa(2,) = 1, then
there exists a sequence {aj} jen, o¢j > O for every j € N, such that aj — ocar as j — +oo and

lim vg;=v stronglyin W"P(2y), (5.3)

j—>+o0

where v is a nonnegative extremal for S(cg).
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Lastly, if Aj = {x € £21: Vo;(x) =0} and A = {x € £21: v(x) = 0}, we have that

lim H"(A;AA) =0. (5.4)

j—+o0
Proof. For this, we proceed in three steps.

Step 1. First, we prove that S(o) — S(ag) as @ \( &p.
We begin by observing that, since S(-) is increasing by Remark 5.2, there exist

L= lim S(@) and L > S(ap). (5.5)

+
d—>a,

On the other hand, by Remark 5.2, there exists vy, € W1P(£21) an extremal of S(xg) such that
IVaollza(2;) =1 and

H" (Agy) = toH" (£21),

where Ay, = {X € £21: vgy(x) =0}.
Now we choose a smooth function 7 satisfying

n=0 inB(0,1),
n=1 inR"\ B(0,2),
0<n<1 and [[VnllLern < 2.

Take xg € £21 \ Ay, a point of density one (see definition in Chapter 1.7 of [6]) and for each ¢ > 0,
set e (x) = n(*=22) and we = g va, € W1P(£2). Observe that

&

H" ({x € 211 we(x) =0}) > aoH"(£21), (5.6)
for ¢ sufficiently small and
lim_ [welliae) = Vel Vae[l,p*]. (5.7)
e—>0t

Moreover
IVWellr(2) S IVNeVag + e VVagllir 2
S IVNeVaqllr @) + 1V liLe2y)
C
< g||Voto||LP(B(xo.28)\B(xo,s)) + Vv lle 2
and, by Holder’s inequality, we get that
IVwellr(2) < Cllvy, “LP*(B(XO,Ze)\B(xo,e)) + IV llire (), (5.8)
where C is a constant independent of €. Then, by (5.6), there exist § > 0 such that
H'({x€ 211 we(x) =0}) > aH"(21) YO <o —ap <$.

Therefore, w, is an admissible function in the definition of S(«) and, using (5.8), we have that
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p
||W8||W1,p(91)

~

IWell oo,

< (C”VOI()||LP*(B(XO!25)\B(X0’5)) + Vv llr2)? + lwe ||fp(91)

X

p
lwe ”LQ(_Q])

for all @ > «p. Then, by (5.5),

< (Cllveg “LP*(B(xo,Ze)\B(xO,e)) + I Vvagllr2)? + ||W8||fp(gl)

S 3] Ve > 0.
||Ws||Lq(_(z])

Lastly, taking limit as & — 0" and using (5.7) and (5.5), we get that

1Vao Iy,

w = S(ap) < L.

”VOlo”LQ(Ql)
Then, we have that
lim+ S(o) = S(ap), (5.9)

OtA)D[O
as we wanted to show.

Step 2. Now, we prove that (5.3) holds.
Let v, be a nonnegative extremal for S() normalized such that ||vgllra(e,) = 1. Thus, by (5.9),
we have that

S(etg) = lim_S(e) = lim_||ve 1P (5.10)

WP (2)
a—og a—og

and therefore {vy} is bounded in W'-P(£2;). Then, there exists a sequence {aj} such that oj — aar
as j — +oo and

Va; — Vv weakly in WP (£2y), (5.11)
Vg, — v strongly in LP (£27), (5.12)
vo; — v strongly in L9(£27), (5.13)
Vo; >V ‘H"-a.e.in (£27), (5.14)

where v e WP (£21). Since Ve llizace) =1 for all j e N, using (5.13), we have that ||v|ise,) =1 and
by (5.14) v is nonnegative. By (5.10), (5.11) and (5.12), we get that

. H p p
S = lim_ VeIG5> IV Iy, (515)
and using (5.14), we have that
ooH"(§21) < liminfH"(Aj) <limsupH"(A;) < H'(A), (5.16)
J—=>+oo j—+oo
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where Aj = {x e £: Va;(x) =0} and A = {x € £21: v(x) =0}. Then, v is an admissible function in the
definition of S(¢), and using (5.15), we get that

S(@o) < IVIIjy1pq,, < S@o).

Therefore v is an extremal for S(cp) and, by (5.10), we have
j—liToo Ve llwie ey = IVIwte ) (517)

Moreover, using (5.11) and (5.17), we can conclude that

lim vg; =v stronglyin WP (£2y).
J—>+00

Step 3. Lastly, we prove that (5.4) holds.

First, we prove that H"(A) = agH"(£21). On the contrary, suppose that H"(A) > agH"(£21), then
there exists jo such that H"(A) > a;H"(£27) for all j > jo and therefore

S(@o) = 1Vllyy1q,, > S@;)) > S(ao)

and we obtain a contradiction. Thus H"(A) = agH"(£21) and by (5.16)

lim H"(Aj) =H"(A).
J—=>+00

Then, by (5.14) and Lemma 5.3, we have that

lim H"(AjAA)=0.
+o00

j—
This finishes the proof. O

We arrive now at the main result of this section.
Theorem 5.5. Let 0 <o, u < 1,1 < p <n,and1<q < p*, then

Su@) M2

lim k@=p)+p

3 = S().
n—0 o q kal (392)

b
q

Proof. We begin by proving

Sule) HH($22)

X S(e).
MR e 1(902y) “

lim sup
n—0t m

b
q

Let

H1 (aron"(fzz))

= 1
% 0’< T 2T (052)

and take v € W1-P(§2;) such that

HY(A) = apH (£21),
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where
A={xe 2 v(x)=0}.
Then, if we take u(x, y) = v(x) for all (x, y) € £2,,, we have that
HN T ((w =0y n382,) = HN T ({w =0} N (21 x pnd )

>HN1(A x nd2y)
= ukTH (AR (9522)
> W oy HN(@2)H T (3522
=aHN 1 (@02,).

Therefore, u is an admissible function in the characterization of S, () (see Lemma 3.4), then

[ o, IVWIP +|w|P dxdy
Spla) < —

p
q

(fyg, IWl7dHN-1)
B HEHE(22) [, IVVIP +|v|P dx
(U =THE=1(3822) [, V19 dx+ K HK($2) [, V]9 dHTT)

p
aq

ka=p)+p HE(2) S, IVVIP+IvIPdx

h H102)1 ([ [vI9d0)T

Thus, taking infimum over all v e W1P(£2;) such that
H'({x € 21: v(x) =0}) > K" (21),
we get that

Sule) H¥(£22)
I<(q—;)+17 = k=1 (9522)

S(oy).

4
q

u

Therefore, using Lemma 5.4,

i Su(@) H*(£22)
Imsup k@—p)+p k1
=0t H1(982,)

S(a). (5.18)

P
q
On the other hand, for each w there exists an extremal u, € W“’(QM) of S, (a) such that

f/ v 9dxdH T + 1 // v l?dH"1dy =1, (5.19)

21%x08§2, 0821 x 822

where v, (x, ) = uy (X, 1Ly).



Then,

Thus,

Sula) =

L. Del Pezzo et al. / ]. Differential Equations 251 (2011) 2327-2351

ffﬂu [Vu,|P + |uy,|Pdxdy
q N-1yp/q
(fa.o,t [ty [TdHN-T)

I o (Vv 1V v )P + vy [Pk dxdy

= il
(= [f gy caey Wl Gk AHET 4k [ v, 9 drn-dy)d
391 XQZ

k(g—
e ( //|(vau,u’lvyvu)|p + |vM|pdxdy>.
2

S;L ()

—1 p
k(@=p)+p ://KVX‘/M’/‘L vyvll)| +|Vﬂ|dedy Vi € (0,1).
q
2

Let {1t} jen be a sequence such that pj — 0% as j — oo and

. Syl . Sy (@)

llmmfk“7= lim ,5”7

0t B @ptr oo (q—:H—p
Hj

To simplify the notation, we write v; instead of v;,; for all jeN.
Then, by (5.18), we have that {v;};en is bounded in W1.P(2). Therefore, there exist a function
v e WLP(£2) and a subsequence of {vj}jen (still denoted by {v;}jen) such that

vi—v weaklyin WP (),
vj— v stronglyin LP(£2),

vj— v stronglyin L9(3£2).

Observe that, by (5.23), we have that

vj— v strongly in L(321 x £2;),

vij— v strongly in LY(£21 x 3£27),

and, using (5.19), (5.24) and (5.25), we get

// v|9dxdH T =1,

21%32,

from where we conclude that v # 0.
Now, using again (5.18) and (5.20), we have that there exists a constant C such that

//’M]T1Vyvj|pdxdy<C VjeN,
2

2343

(5.20)

(5.21)
(5.22)
(5.23)

(5.24)
(5.25)
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then {/Lj_lvyvj}jeN is bounded in LP(£2) and

/ |Vyvj|pdxdy<CM§ —0 asj— oo.

Therefore v does not depend on y, i.e. v=v(x) and

// [v]9 dxdHKT =1k l(a.czz)/wﬂdx (5.26)

Q] XOQZ

On the other hand, using that {/L;lvij}jeN is bounded in LP(£2), there exist w € LP(£2) such
that

;Lj’lvyvj —w weaklyin LP(£2).

Then
— Su(a) . Sp;(@)
l:{ibqf kg-pip = ame Kg-p)ip
27 Wi
— i ] P P
_jETm//|(va]’Mj Vyvj)|© + [vjIP dxdy

2//|(va,w)|p+ [v|P dxdy

> HE(22) | v)P

WLp(2)
and, by (5.26), we get
lim inf —2®) i (22) ”v”W”’(”) (527)
- kg-ptp = _ 2 )
PO T HE(0829) ||v||Lq(9])

Lastly, by (5.2), Lemma 5.1 and since uy,; is an extremal for S, () for all j € N, we have that

aH" (20 H 1 (0522) <HN T ({v; =0y N (21 x 8822)) + MV ({v; =0} N (821 x $22))

for all j € N. Then, using (5.25), we get that

aH"(20)H1(9525) <limsup HN 1 ({v; = 0} N (21 x 3522))

j—+oo
<HN T (v =01 N (21 x 822))
=H""(({v=0}N21) x 352,)
=H"({v=0}N2;)H (02
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Thus,
aH (21) <H({v =0} N £21),

and v is an admissible function in the characterization of S(c). Then, using (5.18) and (5.27), we have
that

HK(522) Su(a)

S k2
H=1(082,) 9 wooa

<limsup — <
SR k1 (92,)

+
n—0 u

S().

n—0t %

The proof is now complete. O
5.2. Thecasen=1

When the limit problem is one-dimensional we can give a more precise description of the situa-
tion. So in this subsection we consider the case 21 = (a, b) C R, an interval.
In [13] the following theorem regarding the limit problem for n =1 is proved:

Theorem 5.6. (See [13, Theorem 1.2].) The optimal limit constant S(«) is attained only for a hole A* = (a, a +
o(b—a)) or A* = (b —a(b—a),b), that is the best hole is an interval concentrated on one side of the interval
(a, b). Moreover, the optimal limit constant is given by

S(@) = e D
Ra(b —a)psin (%))P

As a consequence of this theorem, we have the following corollary on the approximate shape and
location of optimal boundary holes:

Corollary 5.7. For (¢ small enough the best boundary hole I'y, for the domain $2,, = (a, b) x 2, with mea-
sure HN-1 ) = aHN-1 (082),) looks like I'y, ~ (a,a+o(b—a)) x 02, orlike I'y ~ (b—a(b—a),b) x
a,l,L.Qz.

5.3. General geometries

We finish this section by observing that, once the product case is studied, the extension of our
results to more general domains §2 in RN than a product is done by a standard procedure. Cf. with
[9,13].

So, in this case we let £2, ={(x, uy): (x,y) € £2}.

We have the following

Theorem 5.8. Let £2 be a bounded and Lipschitz domain in RN. Let §2x be the x-section of 2 and P(£2) be the
projection of §2 onto the x variable, i.e.

2v={yeR" x,y) e} and P(2):={xeR": 2,#0}.
Then, if we call p(x) = H¥(£2y) and B(x) = H*~1(382x) we have that

. Su(a)
lim G =S@. p. ),
n— n q
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where

Vv|P p d
Joi IVVIP + V] )p(:) x veA(a)}
(fpiy V9B dx) @

S(e, p, B) = inf{

with
A(e) ={ve W'P(P(22), p): H'({x € P(£2): v(x) =0}) > aH"(P(£2))}.

Here W1-P(P(£2), p) is the weighted Sobolev space,

W”’(P(.Q),,o): {V:P(Q)—HR: / (|Vv|”+|v|”)p(x)dx<+oo].
P(£2)

Proof. Once the product case is studied, the extension to general geometries is analog to Theorem 1.1
in [9]. See also Theorem 1.3 in [13]. We omit the details. O

6. Shape derivative

In this section, we are interested in the computation of the derivative of the set function S(-)
with respect to regular deformations of the set. The formula obtained in this way could be used in
the (numerical) computation of optimal boundary holes. This approach has been used with relevant
success in similar problems. See [3,8,17,22] and references therein.

Since the domains of S(-) are sets contained at the boundary 92 which is a manifold of codimen-
sion one, we must take deformations of sets, which stay in 952.

We begin describing the kind of variations we are going to consider. Let V :RN — RN be a Lips-
chitz field such that, V - v =0 on 942, where v is the outer unit normal vector to 32, and

spt(V) C £25 := {x e RN: dist(x, 352) < §}

for some § > 0 small, where spt(V) is the support of V.
Now, we consider the flow associated to the field V. Let & : [0, co) x RN — RN, satisfying

d
adst(x) =V(P(®), Po(x)=x,

where &;(-) = & (t, -).

It is not difficult to see that, for each t fixed, &; is a diffeomorphism. Indeed, by construction of
the flow, &; is invertible with inverse given by ®@_;. In [17], the following asymptotic formulas were
proved

Di(x) =x+tV(x) +o(t),
D®i(x) =Id+tDV (x) +o(t),
DPi(x)" ' =Id —tDV (x) +0(1),
J®:(x) =1+ tdivV (x) +o(t),
Je@:(x) =1+ tdive V(X) +0(0),

for all x e RN, where J&; is the Jacobian of the flow and div, denotes the tangential component of
the divergence operator.
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So, given I C 352, we are allowed to define
It :=d¢(I") C 082, (6.1)
and
s(t):=SU1). (6.2)
Observe that s(0) = S(I').

Remark 6.1. By construction, the flow preserves the topology of the initial domain. Therefore, if I" is
a connected set, then I; will be also connected. In fact, this is one of the characteristics of the shape
derivative, opposite, for instance, to the topological derivative, see [1,2,7,18], etc.

Our first result of this section shows that, s(t) is continuous with respect to t at t =0.
Theorem 6.2. With the previous notation,

lim s(t) =S(I").
t—0t

Proof. Let u € X and we consider v =u o ®; ' € Xr;. By the change of variables formula, we have

/|v|pdx=/|u|pdx+t/|u|pdx+o(t),
2 2 2

and
/|Vv|pdx:/|Vu|pdx+t/(|Vu|pdivV —pIVulP~2(Vu, DVTvuT)) dx + o (D).
2 2 2
Then,
/|Vv|p+|v|pdx:f|Vu|p+|u|”dx+tR(u)+o(t),
2 2
where

R(u)=/(|u|p+|Vu|p)didex—p/|Vu|p_2<Vu,DVTVuT>dx.
2 2

On the other hand, by the change of variables formula on manifolds, see [17], we obtain

/|v|‘JdHN—1=/|u|qc1HN—1+r/|u|Qdiv,VdHN—1+o(t).
982 082 982
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Then,

Jo IVVIP +|v|Pdx
(o IVIdHN-1)d
Jo IVUulP + u|P dx + tR(u) + o(t)

s(t) <

= , (6.3)
p
(fyo Ul dHN=T +t [i o |ul9div; V dHN=T +o(t))
and therefore
VulP + |u|P dx
limsups(t) < fQ' | lul > Yuear.
t—0+ (fa(z [uld dHN-1)q
Then
limsups(t) < S(I). (6.4)
t—0+
Now, let {tn}nen such that t; — 0% as n — oo and
liminfs(t) = lim s(ty). (6.5)
t—0t+ n—oo

For each n € N, let v, be a positive normalized extremal of s(t,), i.e. v, € Xﬂn- vp >0 in £2,
lvallLaey =1 and

s(tn) =f [Vval? + |va|P dx. (6.6)
2

Using (6.4) and (6.5), we have that {vhlnen is bounded in W1P(£2) and therefore there exist u e
W1P(£2) and some subsequence of {vy}nen (still denote {vylnen) such that

vp—u weaklyin WHP(£2), (6.7)
vp — u strongly in LP(£2), (6.8)
vp — u strongly in LY(3£2). (6.9)

Then, u >0 and |Jula2) =1 and

liminfs(t) > / [Vul? + |u|P dx.
t—0t
2

On the other hand, since ®@_; — Id in the C! topology when t — 0 and using (6.9), we have

/ uxr dHN="1=0
a2
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and therefore u € Xr. Then, using (6.4)

SN < / [Vul? + JulPdx < limigrlfs(t) < limsups(t) < S).
t—=0
Q2

t—>07t

Thus,

lim s(t) =S(I").
t—07t

The proof is now completed. O

Remark 6.3. Observe that, in the above prove, we really have that v, — u strongly in W1-P(£2) when
n — oo because ||[Vally1.p(o) = lullwirz) when n— oo and by (6.7).

Now we arrive at the main result of this section.

Theorem 6.4. If I" C 952 is a positive HN~1-measurable subset, we have that s(t) is differentiable at t = 0
and

%(0) = —35(1“) / lul9dive VdHN "1 + R(u), (6.10)
982

where
Ru) = /(|u|p +|VulP)divV dx — p/ [VulP~4(Vu, DVTvuT)dx
Q 2
and u is an extremal of S(I").
Proof. Let u be a positive normalized extremal of S(I"). Then, using (6.3), we have that

S(I") +tR(u) +o(t)
(14t [, luddive VAHN=1 +o(t))

s(t) < -
q

Thus, for all t >0

p
q

s = SUr) _ S0 1—(1+¢t [, lul?dive VAHNT +o(1))
E Tt A4t uldive VRN o)
N R(u) 4+ o(1) _
(14t [, lulddive VAHN-1 +o(t)) e

Therefore

- S
limsupM < b

<=-=
t—0t t q

S(F)/ lul?dive VdHN ! + R(u). (6.11)
082
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On other hand, let {t,},en be a positive sequence such that t, — 07 when n — oo, and

. SO -=SU) L s(ty) — SUT)
liminf ——— = lim ———.

t—0t t n—o00 th

Observe that, by Lemma 6.2, we have that s(t;) — S(I"). We can now proceed analogously to the
proof of Lemma 6.2, and we find a subsequence of {t;}nen (still denote {t,}ncn) such that

vpn— u strongly in WP (),
where v, is a positive normalized extremal of s(t;) for all n € N and u is a positive normalized
extremal of S(I"), see also Remark 6.3.

Thus, taking u, = vy o @y, € W}Jp(.Q), we get

S(tp) — taR(vp) + o(ty)

S(N) < .
(1 = tn o 1val9dive V dHN-1 4 o(tn)) @
Then
) = S() _ ) (1=t fyg lenl*dive V AHN ! 4 0(t0)) 7 — 1
tn (1= ty [, Ival9 dive V AHN-1 4 0(t) @
n R(vp) +0(1)
(A = tn [0 [valddive VAHN=T +0(t)) 7
Therefore
.. .S —=S5) . S(tp) — S(IN)
liminf — = lim ——~
{0+ t nooo

> —25(1“) / [ul?dive VdHN T 4+ R(u). (6.12)
982

Thus, by (6.11) and (6.12), we have that s(t) is differentiable at t =0 and (6.10) holds. O
Remark 6.5. One observes that, we do not need in our approach the derivative of the eigenfunctions.

Remark 6.6. It would be desirable to obtain a simplification of formula (6.10). In many problems (cf.
[8,17,22], etc.) this can be done by using, in an appropriate way, the equation satisfied by u. In our
case, the obstruction we have encountered in order to do that, is the lack of regularity of u at the
boundary. A similar problem was found in [3] where the authors attempt to overcome this difficulty
by working on a subset £25 C £2 and then passing to the limit (however, the results are not completely
satisfactory). In our case, since we cannot control the normal derivative of u in £25, this approach does
not seem to be feasible.
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