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Let O be a set of real numbers unbounded on both sides and let B be a finite set
of positive integers. We characterize the entire functions that can be uniformly
approximated on bounded sets by polynomials of the form [, 5 p;(z/), where each
p,(z) is a polynomial with zeros in @.  © 1999 Academic Press

1. INTRODUCTION: PRELIMINARIES

A theorem of Weierstrass (see [ 1, pp. 155-159]) states that every entire
function can be written as

z z 1 /z\™
f(z)=7z"me"® <1—> ex <+ +<> >
11;[1 & P a ny\a;

where £ is an entire function, m is a nonnegative integer, ¢, are nonzero
complex numbers, and 7,> 0 are integers so that

R n+1
Z <|a|> < 0 for all R>0.
=1 1

When the sequence #,(/>1) can be chosen to be constant, the smallest
integer 7> 0 such that 3,_]a;| =" *" < oo is called the genus of

z z 1/z\"
“o=I1 (1= o (G (2))
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and 7(z) is called a canonical product. Otherwise it is said that the corre-
sponding product has infinite genus. A classical result of Laguerre [4] and
Polya [5] asserts that an entire function f can be uniformly approximated
on bounded sets by polynomials with real zeros if and only if
flz)= iz"'e"‘””zn(z), where A€ C, m >0 is an integer, a € R, y <0 and 7(z)
is a canonical product with real zeros of genus at most 1. See [2] for a
proof and several generalizations (see also [3]).

The purpose of this paper is to generalize this theorem in one of many
possible directions. Given a finite set of positive integers B and a set of real
numbers @ c R unbounded on both sides, we characterize the entire
functions f that can be approximated by polynomials of the form p(z)=
[1,c5p,(z7), where each p;(z) is a polynomial with zeros in . The charac-
terization involves a curious numerical function depending on B. We begin
by defining this function and studying some of its properties. This will
enable us to state the main result, Theorem 1.2. There follows a short dis-
cussion comparing our theorem with the Laguerre-Polya Theorem and
with a generalization of it given by Korevaar [2, Thm. 6.1 ]. Next we give
some definitions and an elementary lemma that will be used during the rest
of the paper. The proofs of necessity and sufficiency for Theorem 1.2 will
be given in Sections 2 and 3, respectively. We have split the proofs into
some preparatory lemmas and a final conclusive argument.

Let N denote the set of positive integers and let j, s € N. The notation
j | s will mean “j divides s” in N.

DEFINITION.  Let B< N be a finite set. The function Hz: N — {0, 1, 2}
is recursively defined by the following conditions.

(a) Hg(s)=1 if se B or there is je B such that j | s, s/j is odd and
Hyg(tj)=1 for all t<s/j.

(b) Hpg(s)=2 if Hg(s)#1 but there is je B such that j|s and
Hg(t)=1 for all ¢ <s/j.

(c) Hpg(s)=0 if s has no divisor in B or for every je B with j | s there
is t <s/j such that Hg(tj) =2.

Additionally, we define a function Vg: B— N as
Ve(j)=min{teN: Hg(tj)=2}, jeB.

Remark 1.1. We can recover Hyp from V, by the following rules.
Hg(s)=0 if and only if s has no divisor in B or jVg(j)<s for every je B
that divides s. The complementary case arises when there is some j € B such
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that j | s and s < jV (), that is, when s=1¢ for some je B and ¢ < V().
We then have

1 if < Vy())

2 i t=V,()) (1)

Hyls) = Hyl1j) = {

An immediate consequence is that Hg(s)= 0 only for finitely many values
of s. More precisely, if m=2]];.5j then every je B divides m and m/j is
even. Thus Hg(m)=+1, meaning that Hgz(m)=2 or 0. By (1.1) then
V(j) <m/j for every je B, and consequently Hgz(s) =0 for every s >m. An
analogous application of (1.1) shows that Hgz(s)=2 if and only if there is
some j, € B such that j,Vg(j,) =s. In the latter case we also have that
jVg(j) <s for every je B such that j | 5. Finally, observe that (1.1) and con-
dition (a) in the definition of H gz imply that V() is an even number for
every j€ B.

Now we can establish the result that motivates this paper. If fis an entire
function denote by Z(f) the family of its zeros, where repetitions are
allowed according to multiplicities. Also, if B N and @ c R, let .o2(O)
denote the class of entire functions that can be uniformly approximated on
bounded sets by polynomials of the form [T, 5 p;(z7), where each p;(z) has
its zeros in @. If @ denotes the closure of @ then it is clear that

o5(0) = ofx(O). Thus, we can restrict our analysis to closed sets @ = R.

THEOREM 1.2. Let B< N be a finite set and let ® =R be a closed set
unbounded on both sides. Then f € o/z(O) if and only if [ has the form

flz)=iz" exp< Y dszs> I1 7z, (1.2)

s=1 jEB

where 7. is a complex constant, m =3 ;. gn; j for some integers n;>0if 0 € ©
and m=0 if 0¢ 0, d,=0 if Hg(s)=0, d, <0 if Hg(s)=2, d, is any real
number if Hy(s) =1, and each n;(z) is a canonical product of genus <V g(j)
with Z(n;) < 0.

If B={1} and ® =R then Hyz(1)=1, Hp(2)=2, Hp(s)=0 for s=>3
and V(1) =2. Therefore Theorem 1.2 says that .«7;(R) is the Laguerre—
Polya class. For a general B we cannot expect to write every f e .oZ5(R) as

f) =11 £;(z9) with  fi(z) € o 13(R). (1.3)

jeB
However, the theorem shows that this is the case for several particular
choices of B< N, for instance, when B has only odd numbers, when B has
a single element, for B= {1, 4, 5}, etc. In general, the class .o/(R) could be
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much wider than the class given by (1.3). Take, for instance,
B=1{1,2,3,4}. Then Hy(s)=1 for s=1,..,7, 9, Hg(s)=2 for s=8, 12
and Hg(s) =0 otherwise. Consequently Vg(1)=38, Vg(2)=4=1Vg(3), and
Vg(4)=2. So, the theorem asserts that .oZz(R) consists of the functions of
the form

4
Azmexpla;z+ -+ +a;z" +bgz® +agz’ +b1,2") [[ ni(z7),  (14)

where 1 is a complex constant, m is some nonnegative integer, a, are
arbitrary real numbers, b, <0, and 7;(z) are canonical products with real
zeros of genus < Vg(j). Hence, the function e~ isin o/5(R) but it is not
of the form (1.3), because the exponential of largest order in (1.3) is e**
with b <O0.

For general closed sets ® = R (unbounded on both sides) and B<= N
finite, the zeros of a function f € .o5( @) are contained in

#E{weC: w6 for some je B

Let C(#) denote the class of entire functions that can be uniformly
approximated on bounded sets by polynomials with zeros in #. Obviously
Ag(©) = C(R), and the inclusion is proper except for B={1}. Indeed, sup-
pose that there is je B\{1} and take xe @ with x <0. If w, (1 <I/< ) are
the j-roots of x then the polynomials z — w, belong to C(#) for I=1, ..., j,
but at least one of them does not belong to .oZ;(O).

In general, the difference between both classes of entire functions is much
more significant than the one expressed by the above polynomials. In [2,
Thm. 6.1 ] Korevaar obtained a result that, as a particular case, provides a
characterization of C(#) in terms of Weierstrass’s decomposition. So, a
direct comparison between his theorem and Theorem 1.2 shows how dif-
ferent C(#) could be from .o/;(O).

Let k be the smallest positive integer such that %% d=ef{ o*:weR} is con-
tained in an angular sector of opening <. It is easy to see that k =2m,
where m is the least common multiple of the elements of B.

THeEOREM (Korevaar). The class C(R) consists of the entire functions of
the form

iz exp< > cszx> n(z),
1<s<k

where A€ C, m=0 if 0€ @, and m =0 otherwise; n(z) is a canonical product
of genus <k —1 with zeros in Z\{0}, ¢,€C for 1 <s<k—1 and ¢, <0.
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Going back to our example ® =R and B={1, 2, 3, 4}, the theorem says
that C(#) is formed by the functions

Jzmexp(eiz+ - + 03222 4+ byyz?) 1(2),

where 1eC, m>0, genus n(z)<23 (with Z(n) =#\{0}), ¢,eC, and
b,, <0. The difference with (1.4) is clear.

It will be enough to prove Theorem 1.2 for a set ® not containing the
value 0. When 0 ¢ @, by a dilation of the variable z we can assume without
loss of generality that || > 1 for every 6 € ©. So, for the rest of the paper
O will denote a fixed closed set of real numbers of modulus >1 which is
unbounded on both sides.

LEMMA 1.3. Let f(z) =2e"® [1,cpn,(z7), where b(z) =35 (b /k)z* is
an entire function and m,(z) is a canonical product of genus g; with
Z(m;) = O for every je B. Then for s =1 integer,

Ll L8y y [Zja—s/f] (15)

2mi |zl =1 f(Z) Jje€B, jls, gi<slj L aeZ(x)

Proof. By the theorem of residues,

1 ’ 1
J f(Z)Z_st_ f (by+ - +b,z" ")z de
|zl =1

2711’ |z|:1f(Z) _%
1 . z7%
+— jz/ 1 .Z_SdZ}
2mjeBU|z|=1] ae;nj) a%(z/ —a)

. I =158, —s
= bs + Z Z ] Res <agI(Zj—>

jeB an(n:j) a)

=b,—) ) JjRes <agjl Y oa- Zj(d+gj+1>s1>.

jeB an(n]-) d=0
(1.6)

Here Res(/(z)) denotes the residue of A(z) at z=0. The residue vanishes
unless j(d+ g;+1)=s. If this equality holds then ; divides s and
d=s/j— g;—1>0. Hence, the residue is zero if j does not divide s or
g;=s/j, and it is

a~ & gt gl = gl if jls and g;<Ss/J.

Inserting this in (1.6) we obtain (1.5). |
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COROLLARY 14. Let p(z) =T1;cp p;(z7), where each p;(z) is a polyno-
mial with Z(p;) = ©. Then

I ! .
%L PG gy { Y joc_s/f} (1.7)

=1 p(2) jeBjlsLaezp)
for every integer s> 1.

Proof. This is a particular case of (1.5), where b,=0 for all se N and
=0 for all je B. |

DEFINITION.  Let B< N be a finite set and for each je B let P/ O be a
finite family (i.e., with repetitions allowed). For se N we write

BU{P/:jeB},s)E ¥ {Zja—s/j]

jeB, jlsLaecP

Observe that with this notation Corollary 1.4 asserts that S({Z(p,):
JeBY.s)=(—1/27i) [y r(p/p)(z) = .

2. PROOF OF NECESSITY: fe.«Z;(6) IMPLIES (1.2)

LemMA 2.1. Let P/ <@ (for je B and n=1) be finite families such that
for every seN there is C(s)>0 with |B({ P/ : je B}, s)| < C(s) for all n> 1.
Then there is K> 0 such that

Y || "Y' <K forall jeB and n>1.

ae P

Proof. By Remark 1.1, H;'(2) def{se N : Hy(s) =2} ={jVs(j):jeB).
Let us write its elements as s; <s, < --- <s§;,. We w111 prove by induction
on i that if je B is such that jVz(j) =s, then there is K, >0 such that

Y jla 7V <K,  forall n>1. (2.1)

aeP)

Suppose first that j, € B is such that j, V(j,) =s;. Since s; =min H 5 '(2),
for every je B that divides s; we must have Hg(zj) =1 for t <s,/j, and s, /j
must be even. Then

a” W =|a| =% forall aePi, jeB, j|s;.
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In particular, this holds for s, /j, = V(j,). Hence

Y ol W< Y {zjmWf}=ﬂ({Pz;:jeB},sl><C(s1>,

aeP jeB,jls; LaeP]

which proves the first inductive step with K, = C(s,;). Now suppose that
(2.1) holds when jVg(j)=s; for [=1,..,i—1, and let j, € B be such that
JoVs(Jjo)=s;. Remark 1.1 tells us that jVz(j) <s, for all j e B that divide s,.
Then

P{PL:jeB},s;)

SR P STl i e

JjeB, jls;, jVp(j)<s;LaeP] JEB, jVg(j)=s; LaeP]

=1,(n) + I)(n).

When je B is such that jVgz(j)=s; then s;/j=Vg(j) is even and conse-
quently o ~i¥ =|a| =5/ for ae PJ. In particular, this is the case for j,.
Therefore

ijo|“|_VB(j°)<12() BUPL:jeBY,s)—Li(n) <C(s) + |[L(n)].  (22)
oxeP)0

When jeB is such that jVz(j)<s; then jVg(j)e{s;, ... s;_1}, and
loe| =17 < || =¥2) for all « € P/ (because || >1). Therefore by the induc-
tive hypothesis

Lm< Y {Z”W,./,}

J€B, jls;, jVB(j)<s;LaeP]

. Va(j
< { J |O(| B(]):|
JE€B, jls; ]VB(1)<S aeP]

< ) max{K,, .. K,_} =#(B) max{K,, .., K,_,}, (2.3)

JjeB

where #(B) denotes the number of elements in B. By (2.2) and (2.3) then
(2.1) holds for i with K;= C(s;) + #(B) max{ K|, .., K;_,}. The lemma now
follows if one takes K=max{K,: | <I<k}. |

We are ready to prove that every fe.oZ(@) has the form (1.2). Let
Pn € -45(0) be a sequence of polynomials that tends to f uniformly on
bounded sets. If we write {w,} for the zero sequence of f, it is clear that
for every w, there is some je B such that w, is a j-root of some element in
0. Since we are assuming that every element of @ has modulus bigger than
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1 then |w;|>1 for all k. If m=2]];.p j, the zeros of p,(z) are contained
in the rays argz=2zn//m for I=1, .., m, implying that y~"=|y| =" for
every y € Z(p,). Then for an arbitrary N e N the theorem of residues gives

Y o T"<limsup ) |y =limsup ) p”

1<k<N " yeZ(p,) " yeZ(p,)

=1 D
=lim — = "d
1'£n i J|z|=1 Py (2) z 4

Il R A
=5 J|z|=l 7 (z) z7™ d-=.

Therefore > ;- |w,| ™™ < o0, and by the theorem of Weierstrass we can
factorize f(z) = Ae®®@n(z), where A is constant, b(z) is an entire function
such that h(0)=0, and =(z) is a canonical product. Moreover, the
geometry of Z(p,) makes it clear that we can arrange the zeros of 7(z) in
such a way that 7n(z)=T];cp7;(z/), where each 7,(z) is a canonical
product of finite genus with zeros in 0.

Let j, € B. Among the several possible factorizations of the type p,(z) =
[T,csp; a(z7) with Z(p, ,) = ©, choose one for every n that maximizes the
number of zeros of p; ,(z). If {a,} is the zero sequence of 7 (z) then
Lemma 2.1 implies that

Z |ak| —VB(jy) <lim sup Z |O(| =V « o
1<k<N " xeZ(p;, )

for all N> 1. So, g; = genus 7, (z) < V(Jo)-

If >0 and / is an entire function such that 4(0) %0, let T,/ denote the
polynomial defined by the conditions (7,4)(0)=1 and Z(T,h)=
{weZ(h): |w| <r}, where multiplicities are taken into account. For r>0

consider ¢,(z) = p,(2)/T,p,(z) and g(z) = f(2)/T, f(2). So, q,(z) and g(z)
are zero free on |z| <r, and ¢,(z) - g(z) uniformly on bounded sets if f(z)
has no zeros on |z| =r. Furthermore,

g(z) = Ae"@eZsen s T 7,(27),
JEB

where

A J J 1 /20\&
s L (5ol (0) -2
an(nj), la| >r/ a a gj a
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z/ 1 /z\&
e 5 |G a]
an(nj), lal <r/ a gj a

In the above two formulas the expression between square brackets reduces
to 0 if g;=0. Write also b(z) =5 (b /k) z~.

Suppose that s is a positive integer such that Hgz(s) =2 or 0. Then either
there is no je B that divides s or for every je B that divides s we have
JVg(j)<s. Since we have proved that g;< V() then jg;<s for every
divisor je B of s. This means that for every such j the polynomial /;(z) has
degree less than s. Hence, by (1.5),

and

SN D

JEB, j|s, g<s/j L aeZ(n,|al >l

—1 g .o—1 q,
— | f@rrd=tim—| Ir):za
2mi f|z|=1 g( Jerd =l f|z|=161n (#)z = ds

=lim ) { Y joc_s/]}. (2.4)
" jeB,jlsLaez(p ). lal>ri

Let &> 0. The condition g; < s/j implies that Zaez(,,j) la| =¥ < 0. So, if r is
large enough we obtain

Y { Y ja‘s/f} ‘ <e. (2.5)

jeB, jls, g<s/j L aeZ(x), lal > ri

On the other hand, since jVg(j) <s for every je B that divides s then we
can split the sum under the limit in (2.4) in two sums, according to whether
JVe(j)<s or jVg(j)=s. Lemma 2.1 tells us that there is a constant K> 0
not depending on j or n such that Y,c ., , J lol —"8() < K. Therefore, for
large values of r we also get

2 [ ) jasff}

jeB, jls, jVe()<slaeZ(p; ) lal>r

< Z { Z J |oc|_VB(j) |a|—s/j+ VB(j)]

JeB, jls, jVB(j)<s L aeZ(p; ,), el >r/

< y r—s+jVB(j)|: y j|a|—VB(j):|

JEB, s, jVB(j)<s xeZ(p; )

<r ! > K<r '#(B)K < e (2.6)

JE€B, jls, jVB(j)<s



46 DANIEL SUAREZ

Let

A=} X

JjeB, jVs()=s LaeZ(p; ), lal >ri

where A(n) reduces to 0 if there is no je B such that j Vz(j)=s. Taking
estimates (2.5) and (2.6) into equality (2.4) we obtain

lim sup |b,+ A(n)| < 2e. (2.7)

Summing up, (2.7) holds when Hg(s)=2 or 0, f(z) is zero free on |z| =7
and r is large enough so that (2.5) and (2.6) hold.

Since by Remark 1.1 Vg(j) is even for every je B, in the sum defining
A(n) we have o=/ =oa =" = |¢| ~"3) Consequently A(n)>0 for all n,
which together with (2.7) gives b, < 2e. Since ¢ is arbitrary then b, <0, as
wished.

If Hg(s)=0 there is no je B such that jVz(j)=s (because otherwise
Hg(s)=2). Therefore A(n)=0 and (2.7) says that |b,| <2e. So, actually
b,=0, concluding the proof of necessity. ||

3. PROOF OF SUFFICIENCY: f AS IN (1.2) IMPLIES fe </(0).

My original proof was based on three preparatory lemmas. All of them
can be replaced by the next simpler and ingenious result of Korevaar (per-
sonal communication). Thanks to him this paper is shorter and much
easier to read.

Since .Z5(@) is multiplicative we can factorize a general f of the form
(1.2) as convenience dictates and prove that each of the factors is in .oZ5( ).
Notice also that .oZ;(@) is closed in the topology of uniform convergence
on bounded sets.

Lemma 3.1.  Let f be an entire function of the form
flz)=exp(byz+byz?>+ - +b,25+ ),

where b,=0 if Hg(s)=0, b,<0 if Hg(s)=2 and b, is an arbitrary real
number if Hg(s)=1. Then f belongs to </g(O).

Proof. We will use induction on the set NB={z:7eN and je B}. Let
s € B and suppose that =0 is a real number. For re R let [r] denote the
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integer part of r (i.e., [r]<r<[r]+1). If ae® is such that ab <0 then
m=[ —ab] >=0. Taking limits when |a| —» o0 we get

<1 —Z> — exp(bz®),

a

with uniform covergence on bounded sets. Since Hg(s) =1 for every s€ B,
this proves the first step of the induction. Suppose now that s NB is not
in B and Hg(s) 0. Therefore

s=vj, where jeB, v>1 and Hg(t)=1 for 1<zt<v. (3.1)

If Hg(s)=1 we can further assume that v is odd, while v is necessarily even
if Hg(s)=2. The inductive hypothesis says that the lemma holds for every
s € NB with s <s. Let 50 be an arbitrary real number if Hgz(s)=1 and
b <0 if Hg(s)=2. In any of these cases, by choosing a € @ such that ab <0
we obtain m=[ —va’h]>0. Using that log(l —w)= —3,., ©*/k for
|w| < 1, we see that for |z7| < |al,

j U v
m10g<1 >+m< 22+----|- v>=—m Y ke (3.2)

It is clear from our choice of m =m(a) that the right member of (3.2) tends
uniformly to 0 on bounded sets when |a| — co. Therefore, letting |a| — oo
with ae ® and ab <0, one finds that

. z\™ zJ L0=1)j
exp(bzvf)zlim<l—> exp{m<+ +1>} ,
a a (v—1)a®="V

with uniform convergence on bounded sets. The polynomial in the above
expression is in .Zz(@) and each one of the exponentials exp(mz¥/ta’), with
1 <t<w, belongs to .oZ5(O) by (3.1) and the inductive hypothesis. ||

Let je B. In order to finish the proof we must see that if 7;(z) is a
canonical product with Z(z;) = {a,} = © and g, = genus 7,(z) < VB( ) then
m;(z7) is in Z(@). But 7,(z7) is the uniform limit on bounded sets of the
functions

oo [ G 0-5) e
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where the expressions between square brakcets reduce to 0 if g;=0. Since
Jjg;<jVp(j) then Hpg(j)=Hg(2j)= --- = Hg(jg;)=1. Therefore Lemma
3.1 tells us that the exponential in (3.3) is in .&%(@). Consequently so is
m,(z7).
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