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Abstract

In this paper we study the applicability of energy methods to obtain bounds for the asymptotic decay of solutions to nonlocal
diffusion problems. With these energy methods we can deal with nonlocal problems that not necessarily involve a convolution, that
is, of the form u;(x,t) = fRd G(x —y)(u(y,t) —u(x,t))dy. For example, we will consider equations like,

i (e 1) = / TG )y 1) — uGe. ) dy + F ) (x. 1),
Rd

and a nonlocal analogous to the p-Laplacian,

ur(x,t) = / J(x, y)’u(y, 1) —u(x, t)|p_2(u(y, 1) —u(x, t)) dy.
R4

The energy method developed here allows us to obtain decay rates of the form,
e, ’)HLq(Rd) <cre,
for some explicit exponent « that depends on the parameters, d, ¢ and p, according to the problem under consideration.
© 2009 Elsevier Masson SAS. All rights reserved.
Résumé

Dans cet article, nous étudions les applications des méthodes d’énergie a I’ obtention de bornes pour la décroissance asymptotique
des solutions de problemes diffusifs non locaux. Avec ces méthodes d’énergie, nous pouvons considérer des problemes non locaux
qui ne sont pas nécessairement des convolutions, i.e. de la forme u; (x, 1) = fRd G(x —y)(u(y,t) —u(x,t))dy. Par exemple, nous
pouvons traiter le cas des équations,

i (ro1) = f TG ) (1) —ue, D) dy + £ (x.0),
Rd
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et de I’analogue non local du p-Laplacien,
-2
up(x,1) = / T, W |u(yt) —ue, )P (u(y, 1) —u(x, 1)) dy.
R4
Les méthodes d’énergie développées ici nous permettent d’obtenir des taux de décroissance de la forme,
Ju. 0] agay < €17%

pour des exposants explicites o qui dépendent des parametres d, g et p, selon le probleme considéré.
© 2009 Elsevier Masson SAS. All rights reserved.
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1. Introduction

In this paper our main aim is to apply energy methods to obtain decay estimates for solutions to nonlocal evolution
equations.

First, let us introduce the prototype of nonlocal equation that we have in mind. Let G : R¢ — R be a nonnegative,
compactly supported, radial, continuous function with fRd G (z)dz = 1. Nonlocal evolution equations of the form:

u;(x,t) =(G*xu—u)(x,t)= / Gx —yu(y,t)dy —u(x,t), (1.1)
Rd

and variations of it, have been recently widely used to model diffusion processes. Eq. (1.1) is called nonlocal diffusion
equation since the diffusion of the density u at a point x and time ¢ does not only depend on u(x, t), but on all the
values of u in a neighborhood of x through the convolution term G * u. As stated in [20], if u(x, t) is thought of as
a density at the point x at time ¢ and G(x — y) is thought of as the probability distribution of jumping from location
y to location x, then fRd G(y —x)u(y,t)dy = (G *u)(x,t) is the rate at which individuals are arriving at position
x from all other places and —u(x,t) = — fRd G(y — x)u(x,t)dy is the rate at which they are leaving location x
to travel to all other sites. This consideration, in the absence of external or internal sources, leads immediately to
the fact that the density u satisfies Eq. (1.1). For recent references on nonlocal diffusion see [1-9,11,13-22,26] and
references therein. This equation shares many properties with the classical heat equation, u, = Au, such as: bounded
stationary solutions are constant, a maximum principle holds for both of them and, even if G is compactly supported,
perturbations propagate with infinite speed [20]. However, there is no regularizing effect in general.

The asymptotic behavior as t — oo for the nonlocal model (1.1) was studied in [12], see also [21] and [22], where
the authors prove that every solution to (1.1) with an initial condition u¢ such that u, itg € LY(R9) has an asymptotic
behavior given by [lu(-, 1) || oo (re) < ct—a/2,

The proof of this fact is based on a explicit representation formula for the solution in Fourier variables. In fact,
from Eq. (1.1) we obtain u,(§,1) = (G(&) — 1)i(, 1), and hence the solution is given by, u(£, 1) = eV EO D17 (8).
From this explicit formula it can be obtained the decay in L®(R4) of the solutions, see [12] and [21]. This
decay, together with the conservation of mass, gives the decay of the L9(R?)-norms by interpolation. It holds,
lu(, Ol Laway < C 1~4/20=1/9) Note that the asymptotic behavior is the same as the one for solutions of the heat
equation and, as happens for the heat equation, the asymptotic profile is a Gaussian [12].

As we have mentioned, our main task here is to develop an energy method to obtain decay estimates. Our motivation
to introduce energy methods to deal with nonlocal problems is twofold, first we want to see how energy methods can be
applied to equations possibly without any regularization effect and moreover we want to deal with nonlinear problems
for which there are no explicit representation formula for the solution (in general, Fourier methods are not applicable
to nonlinear problems).
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To begin our analysis, we first deal with a linear nonlocal diffusion operator with a nonlinear source, that is, we
consider the following evolution problem:

ut(x,t)=/J<x,y>(u(y,r>—u(x,r>)dy+f<u><x,r>, (12)
Rd

with f alocally Lipshitz function satisfying the sign condition f(s)s < 0 and J(x, y) a symmetric nonnegative kernel.

We generalize the previous results in two ways, we allow a nonlinear term f(x#) imposing only a dissipativity
condition, f(s)s < 0, and, what is even more relevant, we can consider equations in which the nonlocal part is not
given by a convolution but for a general operator of the form fRd Jx, y)(u(y) —ux))dy.

Our first result reads as follows: under adequate hypothesis on J (see Theorem 2.1 in Section 2) and f a lo-
cally Lipshitz function satisfying the sign condition f(s)s <0, consider an initial condition ug € L'(R?) N L% (R?)
with d > 3. Then, for any 1 < q < oo the solution to (1.2) verifies the following decay bound:

d 1
fuc, 1) HLq(Rd) <ct 207,

Our main hypotheses on J can be summarized as follows: J (x, y) is strictly positive (= ¢1 > 0) for |y —a(x)| < c2,
where a is a function with bounded derivatives.

We remark that this decay bound need not be optimal, in the final section we present examples of functions J that
give exponential decay in L2(R). To obtain a complete classification of all possible decay rates seems a very difficult
but challenging problem.

Our energy approach not only simplifies the proof of the asymptotic decay in the linear case but also can de applied
to handle nonlinear operators, like a nonlocal analogous to the p-Laplacian. Let p > 2, and consider

ur(x, 1) =fJ(x,y)}u(y,t) —u(x,z)\”‘z(u(y,z) —u(x,1))dy. (1.3)
R4

This problem, with a convolution kernel, J (x, y) = G(x — y) was considered in [3] and [2] where the authors found
existence, uniqueness and the convergence of the solutions to solutions of the local p-Laplacian evolution problem,
vy = div(|Vu|P ~2Vy) when a rescaling parameter (that measures the size of the support of the convolution kernel G)
goes to zero.

In this case the asymptotic decay is described as follows: given ug € L'(R?) N L®(RY) there exists a unique
solution to (1.3). Moreover, under adequate hypothesis on J (see Theorem 2.1 in Section 2) and 2 < p < d, its
asymptotic decay is bounded by:

”u(, 1 ”Lq(Rd) < Ct_(m)(l—é)’

for1< g < oo.

This asymptotic decay is the same one that holds for solutions to the local p-Laplacian, v, = div(|Vv|P~2Vv),
see Chapter 11 in [28].

The assumption on the initial data, ug € L! (Rd )N L“(Rd ), is imposed since, in general, nonlocal evolution equa-
tions have no regularizing L L(R?) — L9 (R?) effect. In the particular case of a convolution kernel J (x, y) = G(x — y),
i.e. Eq. (1.1), in [12] it is proved that solutions u can be written as u(t) = e 'ug + K; * ug, where K, is a smooth
function. As a consequence at any time ¢ > 0, the solution u is as regular as the initial datum u is. Thus, it is hopeless
to guarantee that at any time ¢ > 0, the solution u(¢) belongs to L4 (R%) without assuming that ug € L7 (RY).

We also have to mention that we are assuming the following hypothesis on the kernel J(x;-) € L'(R?). This
excludes the analysis of the possibility of a faster decay for u if for example J has fat tails, as happens for equations
involving generators of Levy processes.

The rest of the paper is organized as follows: In Section 2 we collect some preliminaries and prove a decomposition
theorem that will be used to apply energy methods; in Section 3 we deal with the decay of solutions with linear
nonlocal diffusion and a nonlinear dissipative source and in Section 4 we prove the decay for the nonlocal p-Laplacian.
Finally in Section 5 we present examples of J for which we can prove exponential decay bounds for the linear problem.
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2. Preliminaries

In this section we collect some preliminaries and state and prove a crucial decomposition theorem. In what follows
we denote by:

__rd
C(d-Dp)

the usual Sobolev exponent, while

denotes the usual conjugate exponent.
First, let us describe briefly how the energy method can be applied to obtain decay estimates for local problems.
Let us begin with the simpler case of the estimate for solutions to the heat equation in L?(R¢)-norm,

u; = Au.
If we multiply by u and integrate in R¢, we obtain:
d
—fuz(x,t)dx = —/ |Vu(x,t)|2dx.
dt
R4

R4
Now we use Sobolev’s inequality,

2/2*
/|Vu|2(x,t)dx >C</|u|2 (x,t)dx) ,
R4 R4

d . 27
E/uz(x,t)dx < —C(/|u|2 (x,t)dx) )
R4 R4

If we use interpolation and conservation of mass, that implies [|u (7)1 (gay < C for any 7 > 0, we have:

to obtain:

)] 2y < 1O |Gy 14O | 27ga, < )| 27 g,

with « determined by

l—«a . 2F -2
§=a+2—*’ that is, a:m.
Hence we get:
d 5 s 1/(0—a)
E/u (x,t)dxé—C(/u (x,t)dx) s
R4 Rd

from where the decay estimate
—daq-1
Ju®] o gay <C72072, 1> 0,

follows.
In the case of the p-Laplacian in the whole space,

ur = Apu,

the argument is similar, we multiply by u, integrate in R? and use Sobolev inequality, that in this case reads,

p/p*
/|Vu|”(x,t)dx>C</|u|” (x,t)dx) ,
d

R4 R
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and interpolation to get a similar inequality for the L?-norm of a solution,

d 2 2 ¢
= u“(x,t)dx <—-C u“(x,t)dx | ,
R4

R4

for an explicit < 1 that depends on p and d. As before this inequality implies a decay bound for the L2-norm.
We want to mimic the steps for the nonlocal evolution problem:

ur(x,t) = f J(x, y)(u(y, t) —u(x, t)) dy.
R4
Hence, we multiply by u and integrate in R? to obtain:
d
E/uz(x,t)dx =//](x,y)(u(y,t) —u(x,t)) dyu(x,t)dx. 2.1)
R4 R4 R4

Now, we need to “integrate by parts”. Therefore, let us begin by a simple algebraic identity (whose proof is imme-
diate) that plays the role of an integration by parts formula for nonlocal operators.

Lemma 2.1. If J is symmetric, J(x,y) = J(y, x) then it holds:

1
//J(x,y)(w(y)—¢(X))1/f(X)dydx=—5f/J(x,y)(<ﬂ(y)—w(X))(w(y)—llf(x))dde~

R4 R4 R4 R4

If we apply this lemma to (2.1) we get:

%/uz(x,t)dx=—%//J(x,y)(u(y,t)—u(x,t))zdydx,
R4 R4 R4

but now we run into troubles since there is no analogous to Sobolev inequality. In fact, an inequality of the form,

2/q
ff](x,y)(u(y,t)—u(x,t))zdydx>C(fuq(x,t)dx> ,

Re R4 R4
cannot hold for any g > 2.

Now the idea is to split the function u as the sum of two functions u = v 4+ w, where on the function v (the
“smooth” part of the solution) the nonlocal operator acts as a gradient and on the function w (the “rough” part) it does
not increase its norm significatively.

Therefore, we need to obtain estimates for the L? (R?)-norm of the nonlocal operators. The main result of this
section is the following.

Theorem 2.1. Let p € [1, 00) and J(-,-) :R¢ x R? > R be a symmetric nonnegative function satisfying:

(HJ1) There exists a positive constant C < oo such that

sup / J(x,y)dx <C.
yeRde
(HJ2) There exist positive constants c1, ¢y and a function a € C'(R?, RY) satisfying,

sup |Va(x)| < oo, (2.2)

xeR4

such that the set

Bx:{yeRd: |y—a(x)|<cz} (2.3)
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verifies
By C {yGRd: J(x,y) >C1}.
Then, for any function u € LP (R?) there exist two functions v and w such that u = v + w, and
1901+ 1010y <€) [ [ 705030 ]u0) = )| . 4
R? R4
Moreover, ifu € LY(RY) with q € [1, 00] then the functions v and w satisfy:

||U||Lq(Rd) < C(J»C])”u”Lq(Rd), (2.5)

and
lwll o gy < CU @l o e (2.6)

Before the proof we collect some remarks and a prove a corollary.

Remark 2.1. The above result says that there exists a decomposition of u# in a smooth part, v, and a rough part, w,
such that the action of the nonlocal operator is like a gradient on the smooth part and as the identity on the rough part.

Remark 2.2. The constant C(J; g) in the theorem depends only on the constants of (HJ1) and (HJ2) and not on any
other characteristic of the kernel J.

Remark 2.3. We note that in the case 1 < p < d using the classical Sobolev’s inequality [|v]|; ,* R S IVl e wa)
we get that (2.4) implies:

117 e ey + W7 ey < CU. P / / J o p)|u) —u)|"dxdy.
R Rd
Remark 2.4. In particular, we can consider a(x) = x, that is, the case of a convolution kernel, J(x,y) = G(x — y),

with G(0) > 0. In fact, it is reasonable to assume that J(x, x) > O since in biological models this means that the
probability that some individuals that are in x at time ¢ remain at the same position is positive.

To simplify the notation let us note by (A ,u, u) the following quantity:

(Apu,u) := / / J(x, y)|u(x) — u(y)|pdx dy.
Rd RY
Observe that, in order that the above quantity to be finite, we have to assume a priori that u belongs to L? (R%).

Note that our main result of this section, Theorem 2.1 gives estimates from below for (A ,u, u). A corollary of this
result is the following.

Corollary 2.1. Let J (-,-) : RY x R — R be a symmetric nonnegative function satisfying hypotheses (HI1) and (HJ2)
in Theorem 2.1 and p € [1,d). There exist two positive constants C1 = C1(J, p) and Co = C2(J, p) such that for any
u e L'(RY) N LP(RY) the following holds:

1—
111} ey < Crllel iy (A e, ) P + Cof A pu, ), 27
where o (p) satisfies:
l «
—= l? +1—a(p).
p p
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Remark 2.5. The explicit value of «(p) is given by:

P dip—1)
plipr=1) dp—D+p
Remark 2.6. In the case of the local operator B,u = — div(|Vul|? ~2Vu), using Sobolev’s inequality and interpolation

inequalities we have the following estimate:

< Cillull PP B u, uy P

p
||Lt|| Ll ]Rd)

LP(R")

In the nonlocal case an extra term involving (A ,u, u) occurs, see (2.7).

Proof of Corollary 2.1. We use the decomposition # = v + w given by Theorem 2.1 to obtain:

vl +llwlly

”u”LP(Rd) L”(Rd) Ll’(Rd)

Also, by (2.4), we have:

V01, oy < €, pI A, 1),
and

12, gy < C, P (Apt u).
Then, from the interpolation inequality,

Sy RN T et

IVl Le@ay < NN ay 10N 1 gay

we obtain that the L” (R?)-norm of u satisfies:

(p) (I—a(p))
el gy < NONT G 101 et A+ WY
1
< IVl Tl g + €L p) (Apu, )

1
< Cullull P (Apit, )™ P+ Co (A, u),

as we wanted to prove. 0O
Now we proceed with the proof of the decomposition theorem.

Proof of Theorem 2.1. We divide the proof in two steps. First of all, we prove under the assumptions (HJ1)—(HJ2)
the existence of a function p(-,-) satisfying:

(H1) p(x,-) € CX(R?) forae. x € R,
(H2) [ga p(x,y)dy=1forae.x eRY,
(H3) sup,cpa Jra p(x,y)dx <M < o0,
(H4) suppp(x,-) C By forae. x € RY,
(HS) SUpP, cRrd ||,0(X, .)”LP/(Rd) < M < oo,

(HO) Yty sup e 13,0 (x. ) 1t iy < M < 00,

Next, we define:

v(x) = / ox,yu(y)dy, and w=u—v,
R4
and prove (2.4), (2.5) and (2.6).
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Step 1. Construction of p. With ¢, given by (HJ2) we consider a smooth function y € C° (R?) supported in the
ball B, (0), 0 < ¢ < C and having mass one:

/ Y(x)dx =1.

By (0)
For any x € R? we consider the function a(x) and the set B, as in (2.3), see (HJ2). We then define p(x, y) by:

p(x,y) =¥ (y —ax)). (2.9)
We will prove properties (H3) and (H6) since the others easily follow with a constant M (J). We point out that

the assumption on the existence of a ball B, centered at a(x) with radius c; is necessary in proving (H5). Otherwise,
inf cpa | By| =0 and by Holder inequality, we get:

fRd )O(-x’ Y)dy 1
It M ow > =5 17— = e

and then

1
xseung [pGe ) ot gy = inf, g |Be| 7P~

Therefore, we cannot obtain property (HS).
We now prove property (H3). Observe that, by definition (2.9) of the function p(-,-) and the fact that ¥ < C we
have:

sup /,o(x y)dx = sup w —a(x) dx = sup / W(y —a(x)) dx
yeRd yeR yeRd
R4 [y—a(x)|<c2

< C sup Hx: ly —a@)| < e}l
yeRd

It remains to show that the last term in the right-hand side is finite. Indeed, given y, we have:

J(x, 1
x y)dxg—/l(x,y)dng
c1
d

[t [y —ato] <ol <

{x: lyn—a(x)|<c2}

C1

We now prove (HJ6). By definition (2.9) for any x € R? we have:
|95 0G| L ey = [V (- = a @) - dn,a@) | Ly gy < [05aO[IVE Ny gy -
Using (2.2) and the construction of i we obtain (HJ6).

Step I1. Proof of the estimates on u, v and w. We have proved that there exists a function p satisfying hypotheses
(H1)-(H6). Let us take

v(x) = / px,yu(y)dy, and w=u—v.
R4
First we prove (2.5) and (2.6). Holder’s inequality applied to the function v and (H2) guarantee that

lv)]? </p(x,y)lu(y)lqdy(fp(x,y)dy) ; =/p(x,y)|u(y)|q dy.

R4 R4 R4

Then, property (H3) gives us,

/|v<x>|qu<f|u(y>|q/p(x,y>dxdy< supd/p(x,y>dx/|u<y>|qdy
yeR

R4 R4 R4 R4 R

< M/ lu()|? dy,
d

which proves (2.5).
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Also, we obviously have:
||w||Lq(Rd) < ||M||Lq(]Rd) + ||v||Lq(Rd) < (1 + Ml/q)”u”Lq(Rd)-

We now proceed to prove (2.4). To do that we prove the following inequalities:

000y <t 500 02, [ [ I 9Nu0) —un]? dxay. 2.10)
xeR R B
and
d
||Vv||€p(Rd) < c;l sup ||3xk/0(X, ')”ZP’(Rd)//J(x’ y)|u(x) — u(y)|pdxdy. (2.11)
k=1 xeR4 R Rd

The fact that for any x € R?, p(x, -) is supported in the set B, and has mass one gives the following:

w(x)=u(x>—/p<x,y>u(y>dy=fp<x,y>(u<x)—u<y>)dy
R4 R4
= / p(x, y)(u(x) —u(y))dy.
By

Then by Holder’s inequality we get:

p
||w||1L)p(Rd)=/‘/P(X’y)(u(x)—u(y))dy dx
Rd B,
g//\u(x)—u(y)|pdy(/,0(x,y)pldy)p/ dx
Rd B, By
< sup (fp(x,y)"’dy> " //|u<x>—u(y>|”dydx
xeRd B, R By
<xs€u§d ||p(x,.)||’L’p,(Rd)/f|u(x)—u(y)|l’dydx.

R4 By

Using now that for any x € R? and y € B, we have J(x, y) > ¢ we obtain:

”w”IZIa(Rd) gcfl Sude,O(X,‘)”ZP/(Rd)//J(x, )’)’M(x) —M(}’)‘pdydx
xeR

R4 By
<cp! sup HP(XN)HZP’(W)//J(x,y)}u(x)—“(y)|pdydx’
xeRd RY R

which proves (2.10).
In the case of v we proceed in a similar manner, by tacking into account that for any x € R the mass of d, p(x, y),

k=1,...,d vanishes:
fakax,y)dy=axk</p(x,y>dy) —o.

R4 R4

The definition of v and this mass property gives,

Bxkv(X)=/8xkp(x,y)(u(y)—u(X))dy=/8xkp(x,y)(u(y)—u(x))dy-

R4 By
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Thus, by Holder inequality and the fact that J(x, y) > c; for all y € B, we obtain:

dx

15017 gty = f ‘ f By ) (u() — ) dy|

L
7

//|u(y)—u(x)|1’dy</|Bka<x [’ dy)’ dx

R B,
= sup [ 3y 0(x, )7/ (Rd)//!u(y>—u<x)|”dxdy
xeRd R B,
<c ' sup ||agp(x, )||L,, Rd)//.](x W|uy) —ux)|” dxdy
xeRd Rd By
<! sup Haxkp(x )“LP (Rd)//l(x,y)|u(y)—u(x)|dedy.
xeRd R R

Summing the above inequalities forall k =1, ..., d we get (2.11).
The proof is now finished since (2.10) and (2.11) imply (2.4). O

Now we present a similar result to Corollary 2.1 which can be used to obtain less accurate bounds (hence we
prefer to use the more general result presented above) in the particular case of the nonlocal Laplacian, i.e. p =2, and
J(x,y) = G(x — y). The result is no so general as Corollary 2.1, but it is obtained using Fourier analysis tools and
has the advantage that the previous decomposition ¥ = v + w can be better understood. We include it here just for
this purpose. In fact this decomposition can be viewed as a Fourier splitting of the function # in two parts, the first
one, v, corresponding to the low frequencies (the smooth part) of u, and the second one, w, corresponds to the high
frequencies component (the rough part) of u.

We will use that in the particular case p =2 and J (x, y) = G(x — y), G with mass one, the operator (A,u, 1) can
be represented by means of the Fourier transform of G as follows:

(Ao, u) = / / Glx — |u) — u(y)[2dxdy = /(1 _ @) .

R4 R4 R4
Lemma 2.2. Let d > 3 and G be such that its Fourier transform G (&) satisfies:
G _ ke
Ger<1-". 1<k, 012
GE)<1-34, €1 > R

for some positive numbers R and 8. Then, for any ¢ € (0, 1) there exists a constant C = C(¢, 8, R, d) such that the
following:

2(1—
Cllul\5 ) (A, )P + (Aqu, u) (2.13)

”u”L2(]R)
holds for all u € L' (R4) N L*(R?), where

(1—e)d

Ble) = ———F———.
d+2—e(d—-2)

Remark 2.7. The limit case ¢ = 0 cannot be obtained since an estimate of the type,

| g1 <m® [ 1 gy <l 1 oy

does not hold for all functions u € L'(R?). In dimension one this can be seen by choosing a sequence u, with
lluell 1 (rey = 1 such that u; — Jo, the Dirac delta. Then
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sin(Rx) sin Rx
—

(Lei<rytte) = e % — 2

k]

and the last function does not belong to L' (R?). Thus ||(1{|g|<R}ﬁ£)V||L1(Rd) — oo but [[u |l 11 gay = 1.

Remark 2.8. The same arguments can be used to obtain estimates for any function G which satisfies:

_ g G
-4, 1§

| <R,
| >R,

for some positive numbers R, § and s.

Proof of Lemma 2.2. For any function u € L>(R?) we define its projections on the low and high frequencies respec-

tively,
vi= (1{|§\<R}'Ii)v, w = (1{|§|>R}ﬁ)v. 2.14)
Using that the function G satisfies (2.12) we obtain the following estimate for the operator A;:

2
<Azu,u>=/(1—G<§>)|ﬁ<s>|2d§> / '%'|ﬁ<s>|2ds+5 / )2 de

R4 IEISR |EI=R

1 . —~
=5f|s|2|v(s>|2ds+a/|w(s>|2de
R4 R4

> c@®(IVVll 2@, + 1wl2ga))
= ) (10122 gy + W17 ga))- (2.15)
In order to estimate from above the LZ(R%)-norm of  as in (2.13), using the orthogonality of v and w it is sufficient
to estimate each projection v and w, since
1617 2 gty = 1017200y + W17 2 -

In the case of w, using (2.14) and (2.15) we have the rough estimate:

1
2
”w”LZ(Rd) < @(AZLL M) (216)

Next we estimate the L2(R?)-norm of v. We recall that classical results on Fourier multipliers (see Chapter 4 in
[27]) give us that for any p € (1, 00) the L?(R?)-norm of v, defined by (2.14), can be bounded from above by the
LP?(R%)-norm of u as follows:

IVl rray < C(p, d)ull Lprdy- (2.17)
Using this estimate and interpolation inequalities we obtain that v, the low frequency projection of u, satisfies:

1—- 2 1- 2
1013 2z, < (012G 101552 0 ) < (e el 28 101052 )

_ 2(1—
< Ao d)e®) P ) (Aau, )P (2.18)
where c(g, d) is given by applying (2.17) with p =1 + ¢ and B(¢) by:

1 1= B

27 1+ 2%

)

that is,
(1—-e¢)d

PO= -
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Combining (2.15), (2.16) and (2.18) we obtain:
2(1—
1132 gy < (e, 8, Dl 7500 oy (Aot 1)) + (Aou, ). (2.19)

The proof is now finished. O
We end this section with a crucial but simple result concerning the decay of solutions to a differential inequality.

Lemma 2.3. Let 9 > 0 and ¥ : [0, 00) — (0, 00) such that for all t > ty,
Vi +ayPr? <0, (2.20)

holds for some constants a > 0, B > 1 and y. Then there exists a positive constant c(«, B) such that

Y (t) < cla, B, y)(tyﬂ . té’“)’ﬁ

holds for all t > ty.

Proof. Inequality (2.20) gives us
Uiy P +ar” 0.
Integrating on [#, t] we find that for any ¢ > #o,

pIho ' e @ gt
-8 1-g YT ,F1 S

Then
a(t ™ =B - D+ DT <y P,
and hence

Y () <cla, B y) (7T = té’“) ﬁ’

where c(a, 8, y) is a constant. [
3. Decay estimates for the linear diffusion problem with a nonlinear source

In this section we will obtain the long time behavior of the solutions u to the following equation:

ur(x,t) = / Je, )y, ) —u(x, 1) dy + fw)(x, 1), (3.1)
R4
under suitable assumptions on the kernel J and the nonlinearity f. Our goal is to obtain here a proof of the decay rate

of the solution u to (3.1) by using energy methods.
The main result of this section is the following theorem.

Theorem 3.1. Let J(x, y) be a symmetric nonnegative kernel satisfying (HJ1) as in Theorem 2.1 and f be a locally
Lipshitz function with f(s)s < 0. For any ug € L'(R%) N L®(R?) there exists a unique solution to Eq. (3.1) which
satisfies:

|u@ ] 1 gay < luollpr@ey  and  [u@) || | gay < ltoll oo ey 3.2)

foreveryt > 0.
Moreover, if d > 3 and J also satisfies (HJ2) then the following holds:

_dq-1
|4 ]| L ay < €@ Dol 1yt 20, (3.3)

forall g € [1,00) and for all t sufficiently large.
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Remark 3.1. The proof uses the results of Theorem 2.1 and Corollary 2.1 obtained in Section 2 in the particular case
p =2.In order to apply Corollary 2.1 we need to assume d > 2, i.e. d > 3.

The same arguments we use here also work for the convection diffusion equation:

{u,(t,x) =(Gr*xu—u)t,x)+ (G % (|u|’_1u) — |u|’_1u)(t,x), t>0, xeRY,
u(0, x) =up(x), x eRY,

where r > 1 and G| and G, are positive functions with mass one. We have to mention that this time the dissipativity
condition on the nonlinear part have to be understood in the following sense:

f(G s (Jul™"u) — Jul" " u) |u) 972U <0,

R4

(34)

forany g > 1.

In the case of Eq. (3.4), the same decay as in (3.3) has been obtained in [21] by means of the so-called Fourier
Splitting method introduced by Schonbek in [23,24] and [25] in the context of the local convection—diffusion equation.
Our method also works if the convolution terms in (3.4) are replaced by integral operators as in (3.1).

The following lemma will be used in the proof of Theorem 3.1.

Lemma 3.1. Let d > 2 and u such that u(t) € LY(R9) N Lz(Rd)for all t > 0 satisfying:

d
o / uz(x, t)dx + (A2u(t), u(t)) <0, forallt=>D0,
R4
with J as in Theorem 2.1. Assuming that
(6] ||L1(Rd) < |u(0) ||L1(Rd), forallt >0, (3.5)

there exists a constant c(d, J) such that
—dq-1y
) 2y < 0. D@1 gy 4073
holds for all t large enough.

Remark 3.2. Under the same hypotheses we can replace the initial time # = 0 with any positive time 7(, the result
being the same for large time ¢,

[4 )] 2y < €@ |t 1 oy ¢ = 10) 7202,

Proof of Lemma 3.1. By Corollary 2.1 and property (3.5) we obtain:

2(1-a(2))

Ju®) 320, < CLDu® | gy (Azu(@), u®)*® + Co () Aqu(0), u (o))
2(1-a(2))

< 1D u©) 3G (A2 @), u )" + Co(D{Agu(0), u (o)),

where o (2) = d/(d + 2) is given by (2.8). To simplify the presentation we will assume without loss of generality that
C1(J) = Ca(J) =1 (otherwise one can track the constants that appear in each step of the proof). Then for any ¢ > 0,
(Apu(t), u(t)) satisfies:

«(2)

H™ (Ju@ Him&d)) < {Agu (1), u()),
where

H ) = [u )76 > +x.

Analyzing the function H, g(x) = axP +x,a>0, B € (0, 1), we observe that

1

2 =
Hop(x) < X x>aL,

2ax'3, x<al-p,
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and then
1
. e
_ 5 y>2a'F,
Ha,é()’) > 12 1 0 (3.6)
()P, y<2aTF
Applying this property to a = ||u(0) ||‘LT&§§;, B = a(2) we find that (A,u(t), u(t)) verifies:

)12, g, 1122 gty > 21O 2,

(Asu(t), u()) > llu ()2 @
| ( e ) o O 2 ey < 20O gy

2(1-a(2
2@ 5

Then, ¢ (¢) = ||u(t) || satisfies the following differential inequality for all # > 0:

L2(R)
¢>( ) o) @
o)+ —x | ——— X <0.
' {¢(’)>2””(0)”L1<Rd)} 2||u(0)||i(11 Ri)(z)) {¢(f)<2”“(0)“L1<Rd>} <

This implies the existence of a time fg such that ¢(#y) < 2||u(0)||
$(1) > 2[u(O)|2, > and

L1(Rd)" If not, then for all time ¢ > 1o we get
1
¢ (1) + 56 (1) <0

Integrating the above inequality on (7o, t) we obtain ¢ (1) < e~ ~0/2¢(19) which contradicts our assumption. Thus,
there exists #g such that ¢ () < 2||u(0) ”Ll(Rd) Using that ¢, (r) < 0 we obtain that ¢ (1) < 2[|u(0)||> holds for
all r >ty and ¢ (¢) satisfies the following differential inequality for all r >

(1) )ﬁ
H+ | ———— <0
no (2||u(0>||2“‘“(2”

LI(R4)

L (Rd)

Integrating it on (fy, ) we get by Lemma 2.3 with y = 0 that ¢ satisfies:

$ (1) < CluO®} gy € —10)740D 151,

in other words,

—dq-1y
[ 2y < Clu@ 1oyt 2",
holds for all time ¢ large enough. 0O
Proof of Theorem 3.1. Step 1. Global existence and uniqueness. First, let us prove the existence and uniqueness of

a local solution. To this end we use a fixed point argument.
Let us consider the space,

X =c°([0,71; L'(RY) N L®(RY)),
with the norm:
lleell =tg[1§f7}]{||”(t)||Ll<Rd) + |u®] oo ey }-
We observe that the operator A : X — X defined by
Au(x)=/J(x,y>(u<y,z>—u(x,t))dy

R4

is continuous since using (HJ1) and the symmetry of J we get:
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1Al o gty < 2llul ooy sup f T, y)dy <2C|ull poo gy,

d
xeR Rd

and

||Au||L1(RL]) <2”M”L1(Rd) sup /J(.X,y)dy §2C||u||L1(Rd).

d
xeR Rd

Since the map u — f(u) is Lipschitz continuous on bounded subsets of X (as a consequence of the properties of f)
classical results on semilinear evolution problems (see for example [10], Proposition 4.3.3) guarantees the existence
of a unique local solution u.

We now prove (3.2) which guarantee the global existence of solutions to Eq. (3.1). We multiply Eq. (3.1) with
sgn(u) and integrate on R?:

%/|“(x”)|dx=/uz(x,t)sgn(u(x,t))dx
R4

R4
=/f](x,y)(u(y,t)—u(x,t)) sgn(u(x,t))dxdy

R4 Rd

+ / Futx,0)sgn(u(x, 1) dx.
R4
Using Lemma 2.1 and the fact that f(s)s <0, s € R, we get:

d
E/iu(x,t)|dxgff](x,y)(u(y,t)—u(x,t)) sgn(u(x,t))dydx
R4 R4 Rd
1

:—5//J(x,y)(u(y,t)—u(x,t))(sgn(u(y,t))—sgn(u(x,t)))dydx

Rd R4
From here it follows that
Hu(t)”Ll(Rd) < lluollprray-

Now, multiplying the equation by (u(x, ) — M), where M = |lug || ;0 (re). and integrating on R? we get:

_ 2
& [ = [t futn - ), dx

dt 2
R4 R4
Z//J(X,y)(u(y,t)—u(x,t))(u(x,t)—M)+dydx
R4 R4
+/f(u(x,t))(u(x,t)—M)+dx,
R4

Using Lemma 2.1, the sign property of the function f and the fact that for any two real numbers a and b we have:
jat — by ? < (a—b)ar —bs),

it follows that



178 L.I. Ignat, J.D. Rossi / J. Math. Pures Appl. 92 (2009) 163-187
d [ (ux,1) = M)3
il / R o
dt 2
R4

é//](x,y)(u(y,t)—u(x,t))(u(x,t)—M)+dydx

Rd R4
1
:‘Efff@»y)(u(y,r)—u(x,t>)((u<y’f>—M)+—(“(x’”‘MM)d"dy
R4 R4
1
g_E//J(x,y)‘(u(y,t)—M)_,’_—(u(x,t)—M)_,’_‘dedy.
Rd Rd

Therefore,

/wdxzo’
2
]Rd

and we obtain that u(x,7) < M forallt >0 and a.e. x € RY.
In a similar way we get u(x,t) > —M forallt >0 and a.e. x € R,
We conclude that |[u|| ;.00 (gey < [lt0]] oo (rey and that the solution u is global.

Step II. Proof of the long time behavior. We divide the proof in several steps.
Step II(a). The case p = 2. Multiplying Eq. (3.1) by sgn(x) and u we obtain:

d
T f |u(t, x)|dx <0,
R4
and
d 2
il (1) dx + (Azu(t), u(t)) <O0.
R4
Inequality (3.7) implies that (3.5) holds.
Inequalities (3.7) and (3.8) allow us to apply Lemma 3.1. Thus we obtain that

1] 2 g0y < ol 1yt~ 502

(3.7)

(3.8)

holds for large enough ¢. This gives us, by interpolation, the long time behavior of the solution « in any L?(R%)-norm

when 1 < g <2.

Step II(b). The case p =2"t1, We use an iterative argument to prove that once the result is assumed for p = 2"

we get the result for p = 2"+,
Assume that it holds for p = 2". Then

)] 2 g, < ol 1yt~ 20 7

holds for all ¢ large enough.
Let us fix r = 2"T!. We multiply Eq. (3.1) with «”~! to obtain:

Ld d r—1
;E/u (x,t)dxS/f](x,y)(u(x,t)—u(y,t))u (x,1)dxdy

R4 R4 R4
1
2
R4 R4

S—c(r)//](x,y)(u’/z(x,t)—ur/z(y,t))zdxdy.

R4 R4

:——//J(x,y)(u(x,t)—u(y,t))(urfl(x,t)—urfl(y,t))dxdy
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Then v = u’/? verifies:

d
o / v (x, ) dx + c(r){A2v(t), v(1)) <0, 1> 0.
R4
By Lemma 3.1 and Remark 3.2 we obtain that for large time ¢ the following holds:

o] 2 gay < [0@/2) ||L1(Rd),—%(1—%>.
Then

””rﬂ(t)”LZ(Rd) S H“r/z(t/z) ”L'(Rd)t_%(l_%)’
and using that r = 2"*1:
@) @y < C@.m |u/2) 22 (Rd)t—%u—%).

Using the hypothesis on the L% (R%)-norm of u we get:

_del 1
Ju@ ]| 1 gy < € /2D | o1 eyt 2Gr =)

—da-1 ALy
<C(d,n)||u0||Ll(Rd)[ 2 2T) T 2327 T gt

—dq-_L
SC, mlluoliprgayt > 21
The proof is now finished since we can interpolate between the cases r = 2" and r = 2ntl >0, an integer.

Indeed, given g € (1, co) we can find a positive integer n such that 2" < g < 27+1 Then

(1—
el o ety < el an gy el 1
where a = a(q, n) is given by

1 a 1—a

q ~on + on+1’
and the general case follows.
The proof of decay property (3.3) is now finished. O

4. Decay estimates for the nonlocal p-Laplacian

In this section we deal with the following nonlocal analogous to the p-Laplacian evolution,

-2
u(x, ) = / Je,»|uy, o) —u@, 0" (uy, 1) —ux, 1) dy. 4.1
R4
Existence and uniqueness of a solution follows from the results in [2] (see also [3] for the Neumann problem).

Again for this case we have to note that in those references a convolution kernel was considered J (x, y) = G(x — y)
but it can be checked that the same proof gives existence and uniqueness for a general J (x, y).

Theorem 4.1. (See [2, Proposition 2.4].) Let 1 < p < oo. For any initial condition ug € LP(RY) there exists a unique
global solution u € C ([0, 00) : L? (R?)) N W-1((0, 00) : LP(RY)) of Eq. (4.1).

Concerning the long time behavior of the solutions of Eq. (4.1) we have the following result:

Theorem 4.2. Let ug € L' (RY) N L¥(R?) and 2 < p < d. Forany 1 < q < 00 the solution to (4.1) verifies:

Jat o8] o gy < €1~ T O, (42)

for all t sufficiently large.
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Remark 4.1. The condition p > 2 is used in the inductive step in our proof. Also p < d is necessary in order to use
Corollary 2.1.

Proof. We multiply Eq. (4.1) by |u|"~2u(x), 1 <r < 0o, and integrate to obtain, using Lemma 2.1,

d
E/IuV(x,t)dx=/|u|r_2uut(x,t)dx

R4 R4
:C//J(x,y)|u(y,t) —u(x,t)|p72
R4 Rd
X (u(y,t) —u(x,t))|u|r_2u(x,t)dydx
:—C/f](x,y)|u(y,t)—u(x,t)|p_2(u(y,t)—u(x,t))
R4 Rd
X (|u|r_2u(y, 1) — |u|r_2u(x t)) dydx
<=cun [ [ 16" 0o - ™ ol dyx.
R4 R4

In the last line we have used that for any p, r > 1 the following holds:

v = P72 = D (x| 2x = 1) > c(p,r)\|x| — 1|7, vxeR.

The above inequality gives us that for any 1 < r < 00, u, the solution to (4.1), satisfies:

—/|u| (t,x)dx +C(p,r)(A |u(t)| ) 0. (4.3)

This inequality is crucial to obtain the long time behavior (4.2) of a solution u to (4.1).
Next, we will prove by induction that the sequence {p, },>0 defined by:

po=1, Pn+1=ppn—p+2, n=0,
satisfies

@ ||y gay < 1%, (4.4)

5 (7)
dy=— —[1-——).
dip—2)+p Dn

As the sequence p,, verifies p, — 0o as n — oo the desired inequality (4.2) follows by interpolation. Indeed, given
1 < g < oo there exists n such that p, < g < pn+1. Then, we conclude applying (4.4) and the standard interpolation
inequality:

where

]_
Nl o ety < Nl ey N1 )

where a = a(n, q) is given by

l_a 1—a

q Pn Pn+1 .

Now, we proceed with the inductive proof of (4.4).
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Case I. n = 0. Observe that in this case inequality (4.4) holds since the LY (RY)-norm of u does not increase:

%/|"‘(X’f)|dx=/uz(x,t)sgn(u(x,t))dx

Rd R4

= / f J(x, y)|u(y, t) —u(x, t)|p_2(u(y, t) —u(x, t))(sgn(u(x, t)) — Sgn(u(y, t))) dydx
R4 Rd
<0.
Case II. Inductive step. We assume that

H”(t) ” Lon (Rd) S ct =,

and prove that
” M([) || LPn+1 (Rd) < Ct~ntt,

To this end we will obtain a differential inequality for the L7+ (R¢)-norm of u.
Step 1. Differential inequality for the LP»+1 (R4)-norm of u. Using inequality (4.3) with r = p, 1| we get:

%/|u(x,t)|p"+' dx—i—c(p,q)(Ap’u(t) P u(t) p"><0. 4.5)

R4

We now get an upper bound for (A [u|?", |u|P") in terms of ||u[|;ru+1 (ga)- This together with (4.5) will allow us to
construct a differential inequality for [lu|;ru+1 re), integrating it we will obtain the desired result.

By the crucial decomposition estimates of Corollary 2.1, for any function v € L' (R%) N L? (R¢) we have that

1
101 gy < IVIGS iy (Apv, 0} P 4+ (A v, v).

This implies, taking v = |u(¢)| P77 =2/P that

5 ey 2 P ] 77 a2
+(Ap|u(t)|(17+r_2)/l7’ |M(t)|(p+r_2)/p>, (46)

where a(p) = p*/p’(p* — 1). Using that r = p,+ we get:
p+r—=2=p+pur1 —2=ppa,

and then u satisfies

[ 15 oy < [ O] 'y A ] e [+ (Ap )| o]
Using that p > 2 we get p,41 < pp,. Thus we can use now the interpolation inequality:
&n 1—- n
”u(t)”Lan(]Rd) I (RY) ”“(’)”LI(SW) <C| (Rd)
where ¢, satisfies
1 & 1—¢,
Pn+1 B PPn I
ie.
PPn Pn+1 — 1
&n = _.
Pnt1 ppn —1
Then for any ¢ large enough by (4.6) we get:
e[ < cluollyy:
< Hu(t) i:(l a(p))p(Ap|u(t)|pn’ pn>a(p) +<Ap|u(t) Pn. |pn>
< Cfd"(lfa(p))pp”(Ap|u(t)|p", |u(t)|17n>a(p) + <A,,|u(t) Pn’ |u(t)|17n>.
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Denoting ¥ (¢) = ||u(t)||§::i} and using (4.5) we get that for ¢ large enough i satisfies the following differential
inequality:

prn—1
Y+ Hy Ly 1) <0, 4.7
where

Hy,(x) =t~ = @)ppnya(p) 4 o

Using inequality (3.6) for the function H, with
a= t_dn(l_a(p))ppn ,

and B = a(p) we get:

! %’ y>2t—dnpnl7’
H, " (y)= _ (4.8)
n (m)l/w), y < 2t~ dnpPnp,
Thus v satisfies the following differential inequality:
ppn—1 ppn—1
Y 0) + 9 T @ (97T () > 2700
ppn—1 _1 dy pnp(1—a(p)) ppn—1
+ w Pnt1—1 a(p) ([)t%p)px (w P11 (l) < 2t—annP) < 0. (49)
Step 2. Decay of the function . First, we show that the function i satisfies:
lim ¥ (¢) =0. (4.10)
—>00

First observe that (4.7) gives us that i is a nonincreasing function. Let us assume that there exists a sequence f,, — 00
such that

Y (ty) < 2ty U7

Using that ¥ is a nonincreasing function we get (4.10).
In the case when the above assumption is not satisfied we obtain the existence of a time #y such that for all # > g,
V() > 2t~%PnP Using (4.9) we obtain that for any 7 > 1o, ¥ satisfies:

prn—1
n

Y () + ¢ et (1) <0
The definition of the sequence (p,),>0 guarantees that pp, — 1 > p, 1 — 1 and then v (¢) satisfies (4.10).
Step 3. Sub- and supersolutions for (4.7). We prove that any two functions ¥ and ¥ which satisfy

V() + Hn—l(w%_-ll) >029,(1)+ H,,—l(y%_-ll) for all 1 > 19,
¥ (10) > ¥ (1),
verifies
V() > y(r), foralls> 1. 4.11)

To prove gle above statement let us assume that (4.11) does not holds for all # > ¢y. Then there exists a first t; > 1y
such that ¢ (t;) = ﬂ(fl)- Thus

0> W —y)(t) > H;l(g% (1)) — H,! (W— (1)) =0.
This implies that our assumption does not hold and then (4.11) holds for all ¢ > 1.
Step 4. Construction of a supersolution. We consider supersolutions of the type
V() =kt ~Ont1Posl (4.12)

since out final goal is to obtain a bound of the type ¥ () < ¥ (t) < Ct~n+1Pn+1,
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We prove the existence of positive constants k and #o such that v is a supersolution for Eq. (4.7):

and

—1
U (t) + Hy L (g o T

ppn—1

JPn+l_l () < t_dnl’np’

PPn

)>0,

Introducing the explicit form of v given by (4.12) in (4.13) we get:

ppn—1
kl’)H»l*l t

Using that for any n > 0,

dnpn
Pn — 1

it remains to impose that 7y and k satisfy:

prn—1

k P11 < tC(Pvd)(P_l)’

=c(p,d)=

dnt1Pnt1 d,
—nrltnal —1 __Anpn
Put1—1 (ppn—1) <

t

Vt > 1y,

vVt > 19.

dan (p,—1)p

dip—2)+p’

VYt > 1.

In what concerns (4.14) we use that (4.13) holds. Thus, (4.8) gives us that

_ ppn—1 _ ppn—1
H (T (1) > 271w (tdnpn(l_a(p))p g Pnr] (;))1/“(”),

and

Vi) + Hy (i)

2 _kdn+1pn+1t—d,,+1pn+1 + 2—1/0((])) (td,lpn(l—ot(p))pt_ n+1Pn+1 Pnt1—1 )I/W(P).

Hence, we have to choose k and 7y such that

L ARy A

We claim that

dnl’n(l - (X(P))P — dp+1Pnt1

prn—1

PPn —
Pntr1—1

ppn—1

1
= —a(p)dns1Pn+1 — a(p).
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(4.13)

4.14)

(4.15)

(4.16)

4.17)

(4.18)

This implies that (4.17) holds for k small enough. Once & is fixed we choose 7o such that (4.16) also holds. We have
constructed a function ¥ which verifies (4.14) for all ¢ > 1.
We now prove the above claim, (4.18). Using (4.15) we have to check that

c(p.d)(pa — D(1 —a(p))p —c(p.d)(ppn — 1) = —a(p)c(p, d)(pny1 — 1) —a(p),

or equivalently

c(p,da(p)(p— ppy) —c(p,d)(p— 1) = —a(p)c(p, d)(pny1 — 1) — a(p).

Using the definition of p,+1 = pp, — p + 2 we get:

c(p,d)a(p)(p— ppn) —c(p,d)(p—1) =c(p,d)a(p)(—put1+2) —c(p,d)(p—1)

=—c(p.d)a(p)(ppt1 = D +c(p, da(p) —c(p.d)(p = D).

It remains to prove that

p—1

c(p,d)|:1 — —:| =-—1.

a(p)

Using the definition of «(p) we easily can prove this fact:

p—1
alp)

1

1

_dp-D+p _
d

c(p,d)
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Step S. Decay of . Let us choose k, 7y and ¥ as in Step 4. Using Step 2 we can find 7 > 0 such that
Y (T + tg) < ¥ (tp). Thus ﬂ(t) =¥ (T +1t) is a subsolution for Eq. (4.7) which satisfies ﬂ(tg) < ¥ (tp). Step 3 gives
us that ¥ () < ¥ (¢) for all t > to. Then
V(1) <k(t —tg— T) D+1Prl Vi > .

The proof is now finished. O
5. Examples of exponential decay

In this section we present a simple example of J(x, y) for which we obtain exponential decay of the solutions to
the linear problem:

e = [ 16 (60~ ute. ) dy. (5.1
R
Note that, to simplify, we restrict ourselves to one space dimension.

Lemma 5.1. Let a : R — R be a diffeomorphism. Assume that

1
Jay) =5 only—aw|<1
where the function a satisfies

s§p|(a_l)x| <1 or iﬁf|(a‘1)x| > 1,

then there exists a positive constant C such that

(Asu,u) = Cllullgs -

Proof. Using the symmetry of the function J we get:
1
J(x,y) > 3 on ]x —a(y)| < 1.

Thus
1

4
Let us consider ¢ : R — R a smooth positive function, supported on (—1, 1). Then

20 Loy d (x, ) = px, y) =¥ (x —a(y) + ¥ (y —a(x))

1
J(x,y) 2 7 X a<1} T = X{ly—a@)|<1}- (5.2)

and
2
2l (o) > [ [ ptx (o)~ u) dxdy, 53)
Let be 6 a positive constant which will be fixed latter. Using the elementary inequality
2_ 32 2 2 1, , ¢
(b—0c)=b>+c*—2bc>b*+c* —0b — g€ =1-0)|b —7 )

we get:

//P(x y) u(x)—u(y)) dxdy > (1—9)//¢ (y —ax) ( 2(x) — ()’)>d dy
2(1—9)(/“2(x)dX/1/f(y)dy— gfuz(}’)/lﬂ(y—a(x))dxd)’>
R R R R
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1
=<1—e>/u2(x)</w<y>dy— 5/w(x—a<y>)dy)dx

R R R
1
=(1 —e)f»ﬂ(x)(f ydy -5 f ¥(x — y)l(a‘l)x(y>|dy> dx
R R R

_ —1
:1 9/¢(y)dy/u2(x)<9_ (Y *|(a )xl)(X)>dx
R R

0 Jr () dy
Then
//p(x,y)(um —u(y))*dxdy
R2
1—-0 sup, Rw*l(a‘)ﬂ)
— d 2 (9— < dx, 6<1,
- [vmay [ e e
> R R 1
1-6 infy % (@),
- d 2 (9—7)51, 0>1.
- /Wy) y/u(x) ) >
R R
If
sup |(a*1)x(x)| <1,
xeR
then

sug(w * }(ail)x|)(x) < / v(y)dy.
Xe

R
We choose 6 satisfying

supg ¥ * (@~ )x|

0<1,
evmdy

and thus by (5.3)
209 |y (Azu, u) = CO, ¥, @) ul ]2 -
The other case,
. -1
inf |(@™), @] > 1,

can be treated in a similar way. Here we have:

inf (y (@), ])x) > /W(y) dy,
R

and then we choose 6 satisfying

infg ¢ * (@~ x|

60>1,
Lvmdy

and thus
20 L) (Azu,u) = CO ¥, @) ullfs . O

Theorem 5.1. Let ug € L' (R) N L®°(R). Then the solution to (5.1) verifies
Juc:, t)”LZ(]R) <Ce™

forallt > 1.
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Proof. Multiplying Eq. (5.1) by u we obtain

d
Efuz(z) dx + (Azu(t), u()) <0,
R4
and using our previous estimate (Lemma 5.1) we get:

dt
R4 R4

ifuz(t)dx+c/u2(t)dxgo

from where the result follows. O
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